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ABSTRACT

This thesis consists of some interesting combinatorial problems on matrix poly-
nomials over finite fields. Using results from control theory, we give a proof of a
result of Lieb, Jordan and Helmke (2016) which solves the problem of counting
the number of linear unimodular polynomial matrices over a finite field. This
problem was essentially considered by Kociecki and Przytuski in an attempt to
estimate the proportion of reachable linear systems over a finite field. As an appli-
cation of our results, we give a new proof of a theorem of Chen and Tseng, which
answers a question of Niederreiter on splitting subspaces. We use our results to
affirmatively resolve a conjecture on the probability that a matrix polynomial is
unimodular.

We consider another enumerative problem on the similarity class of an arbi-
trary linear map defined on a subspace of a vector space over a finite field. Let
V' be a finite-dimensional vector space over the finite field F, with ¢ elements
where ¢ is a prime power and suppose W and W are subspaces of V. Two linear
transformations T : W — V and T : W — V are said to be similar if there exists

a linear isomorphism S : V' — V such that the following diagram commutes:

In other words, we must have SoT = To Sw where Sy denotes the restriction of
S to W. Given a linear map T defined on a subspace W of V, sometimes referred
to as a partial linear map, we discuss the similarity invariants for 7. We then
give an explicit formula for the number of linear maps that are similar to 7. The

case where T' is a linear operator on V' (the case W = V) is well-studied and we
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extend the result where W is an arbitrary subspace of V. In fact, the problem of
counting the similarity class size of a linear operator 7' is equivalent to counting
the number of square matrices over the finite field F, in a conjugacy class. This
problem has been studied by Kung (1981) and Stong (1988) among others, and
an explicit formula due to Philip Hall is known. Our results extend the explicit
formula of Philip Hall on matrix conjugacy class size. As a consequence of the
results, we provide another proof of a theorem of Lieb, Jordan and Helmke on

the number of linear unimodular matrix polynomials.
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Chapter 1

Introduction

We denote by F, the finite field with ¢ elements where ¢ is a prime power. Let
[F,[z] denote the ring of polynomials over F, in the indeterminate x. Throughout
this thesis, n and k denote nonnegative integers. For any ring R, define M, x(R)
to be the set of all n x k matrices over R. Similarly M (R) denotes the ring of
k x k matrices over R. Denote by I, the matrix in M, x(F,) whose (i, 7)™ entry
is zero whenever ¢ # j and equal to 1 for ¢ = j. We begin by providing a general

overview of the problems that we have explained in the thesis.

1.1 Unimodular matrix polynomials over finite

fields

This part is devoted to the study of matrix polynomials over finite fields. A
matrix polynomial over a field F' in the variable z is a sum Zj:o A;x', where A; €
M, ,(F)(0 < i < d) for some fixed positive integers n, k. It is often convenient to
view such a matrix polynomial as a single matrix whose entries are polynomials in
x (sometimes referred to as a polynomial matrix) and we freely alternate between
these two points of view. A matrix polynomial A = Zf:o Aixt € M, (F,[z]) is

unimodular if the greatest common divisor of all » x r minors of A is equal to 1

1



INTRODUCTION

where r = min{n, k}. The notion of unimodularity can be defined more generally
for rectangular matrices over an arbitrary integral domain. A landmark result
in the setting of unimodularity is the Quillen-Suslin theorem [40, 48] formerly
known as Serre’s conjecture. We refer to [22, 32, 34, 50| for other contexts where
unimodularity is considered. We begin with a combinatorial question concerning

matrix polynomials over a finite field.

Question 1.1.1. Given positive integers n,k and a prime power ¢, determine
the number of matrices A € M, x(F,) for which the matrix polynomial =1, , — A

is unimodular.

This question was essentially considered by Kociecki and Przytuski [28] (also
see [42, Prob. 1.2]) in an attempt to determine the number of reachable pairs of
matrices over a finite field. Reachability is a fundamental notion in the control
theory of linear systems. The question was fully answered only recently by Lieb,
Jordan and Helmke |33, Thm. 1| who showed that the answer is equal to Hle(q”—
q"). In fact, the problem of counting reachable pairs of matrices is equivalent to
the problem of determining the number of simple linear transformations (see
Definition 3.2.1) and the problem of counting the number of zero kernel pairs of
matrices. We briefly state the alternate formulations of the result of Lieb et al
in Chapter 2 (see introduction of [42] for more details).

One of our main result is Lemma 3.2.9. This lemma allows us to give a new
proof (Corollary 3.2.12) of the theorem of Lieb et al. An essential ingredient in our
main lemma is a control theoretic result of Brunovsky on completely controllable
pairs.

Further applications of our results appear in Chapter 4. In Section 4.2 we con-
sider splitting subspaces (defined below) which were introduced by Niederreiter
[36, Def. 1] in the context of his work on the multiple recursive matrix method for

pseudorandom number generation. Here is the definition of a splitting subspace.



1.1 UNIMODULAR MATRIX POLYNOMIALS OVER FINITE FIELDS

Definition 1.1.2. Let d,m be positive integers and consider the vector space

F,ma over F,. For any element o € F ma an m-dimensional subspace W of F ma

q

is a-splitting if
Fpra =W &aW @ ®a’'W.

Niederreiter was interested in the following question on splitting subspaces.

Question 1.1.3. Given a € Fma such that F me = Fg(), what is the number

of a-splitting subspaces of F ms of dimension m?

It may be noted that the same question was also considered by Goresky and
Klapper (see the remark in |21, p. 1653] and [21, Thm. 3(4)]). In addition
to the evident cryptographic aspect, Niederreiter’s question also has interesting
connections with group theory and finite projective geometry via block compan-
ion Singer cycles. We refer to [17, 18] for more on this topic. The case m = 2
of Niederreiter’s question was settled in [18] using a result that answers the fol-
lowing question: What is the probability that two randomly chosen polynomials
of a fixed positive degree over a finite field are coprime? This question on the
probability of coprime polynomials goes back to an exercise in Knuth [27, §4.6.1,
Ex. 5] and has subsequently been considered by Corteel, Savage, Wilf and Zeil-
berger [10] in the more general setting of combinatorial prefabs. Further results
on the degree distribution of the greatest common divisor of random polynomials
over a finite field appear in [15]. In fact, our main result relies on Lemma 3.2.3
which may be viewed as a probabilistic result on coprime polynomials. Chen
and Tseng [8, Cor. 3.4] eventually answered Niederreiter’s question on splitting
subspaces by proving the following theorem which was initially conjectured in

[18, Conj. 5.5].

Theorem 1.1.4 (Splitting Subspace Theorem). For any a € Fma such that

F,ma = Fg(a), the number of a-splitting subspaces of F ma of dimension m is

q
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precisely

&qm(mw(dﬂx
qm _ 1

In Chapter 4, a control-theoretic result of Wimmer (Theorem 4.2.7) is used
to prove Theorem 4.2.8 from which the Splitting Subspace Theorem follows as a
corollary.

In Section 4.3, a generalization of Question 1.1.1 is considered. The answer
to this question which was stated earlier can be given a probabilistic flavour as

follows.

Theorem 1.1.5. If a matrix A is selected uniformly at random from M,, ,(F,),

then the probability that z1,; — A is unimodular is given by Hle(l —qm).

Using results in Section 3.2, we prove a conjecture (Theorem 4.3.1) proposed
in [42| on the proportion of unimodular polynomial matrices which generalizes

Theorem 1.1.5.

1.2 Enumerating partial linear transformations in
a similarity class

We now consider the similarity of linear transformations defined on a subspace
of a vector space over the field F,. Let V' be an n dimensional vector space
over the field F, with ¢ elements and let W be a subspace of V. Let L(W,V)
denote the vector space of all F -linear transformations from W to V. Two linear
transformations 7 € L(W, V) and T € L(W, V) defined on subspaces W and W
of V respectively are similar if there exists a linear isomorphism S : V' — V such

that the following diagram commutes:



1.2 ENUMERATING PARTIAL LINEAR TRANSFORMATIONS IN
A SIMILARITY CLASS

In other words, we must have SoT = To St where Sy denotes the restriction
of S to W. Let L(V') denote the union of the vector spaces L(W, V') as W varies
over all possible subspaces of V. Given T' € L(V) define C(T'), the conjugacy
class of T', by

C(T):={T:T e L(V), T is similar to T}.

We are interested in determining the cardinality of C(7T') for an arbitrary linear
map 7. The case where T is a linear operator on V' is well-studied. Given such a
linear operator T', one can view V' as an F,[z]-module where the element = acts
on V as the linear transformation 7. By the structure theorem for modules over

a principal ideal domain |25, p. 86|, V' is isomorphic to a direct sum

~ T Fy[z]

V=BT

of cyclic modules where py, ps, . . ., p, are monic polynomials of degree at least one
over F, with p; dividing p;;; for 1 <7 <r —1. The p; are known as the invariant
factors of T" and uniquely determine 7" up to similarity; two linear operators 7" and
T on V are similar if and only if they have the same invariant factors. In this case
the problem of determining |C(7)| is equivalent to counting the number of square
matrices over F, in a conjugacy class. An explicit formula [45, Eq. 1.107] for the
size of C(T') for a linear operator 7" was given by Philip Hall based on earlier work
by Frobenius. This problem has also been studied by Kung [30] and Stong [46]
who employ a generating function approach. In particular, Kung introduced a
vector space cycle index which is an analog of the Polya cycle index and can be
used to enumerate many classes of square matrices over a finite field. We refer to
the survey article of Morrison [35] for more on this topic. The invariant factors
p; of a linear operator 1" appear as the nonunit diagonal entries in the Smith
Normal Form [24, p. 257] of 21 — A where A is the matrix of T" with respect to

some ordered basis for V. For more details, we refer Section 2.2.
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In this part we determine the size of the similarity class C(T") for an arbitrary
transformation 7' € L£(V'). Our methods are mostly combinatorial and we use
ideas from the theory of integer partitions. We first recall the definition of a
partition. A partition of a nonnegative integer n is a sequence A = (A1, Ag,...)
of nonnegative integers with A\; > A\;q for ¢ > 1 and ) A\, = n. If Ay =0 for
some integer ¢, we also write A = (\1,...,Ar). The notation A - n or |A| = n will
mean that A is a partition of the integer n. The first step is to characterize the
similarity invariants for a linear transformation 7" defined only on a subspace W
of an n-dimensional vector space V' (such linear transformation could be referred
to as a partial linear transformation). Accordingly, let T € L(V') be a linear
transformation and let U denote the maximal T-invariant subspace, and suppose
dim U = d. Interestingly, in this case the similarity classes are indexed by pairs
(A, Z) where X is an integer partition of n — d and Z is an ordered set of monic
polynomials corresponding to the invariant factors of the restriction of 1" to U.
The precise details are in Chapter 5. When the domain of T is all of V, the
partition A above is empty and the similarity class C(7T') is completely determined
by the invariant factors of 7. We prove (Corollary 5.4.8) that the size of the

conjugacy class corresponding to the pair (A, Z) is given by

;] q H 1I M q <q ),

i>1

CAT)| = g/t

where £k = n — \; and Hq denotes a g-binomial coefficient while |C(Z)| denotes
the number of square matrices in the conjugacy class specified by Z. In fact Hall’s
result on matrix conjugacy class size may be recovered from Theorem 5.4.6 as

well as Corollaries 5.4.7 and 5.4.8 by setting A to be the empty partition.

While the problem of estimating similarity class sizes in L(V') seems quite
natural and is an interesting combinatorial problem in its own right, it also has

some connections with mathematical control theory. As a consequence of our



1.3 ORGANIZATION OF THE THESIS

results we give another proof of a theorem of Lieb et al mentioned in the beginning
on reachable linear systems over a finite field. Reachability also arises in the
context of discrete automata theory, convolutional error correcting codes and
linear sequential machines [12, 23, 44] among others. We refer to [31, 47] for
some recent papers where reachability is considered in the setting of finite fields
and to the book by Fuhrmann and Helmke [13] for more on this topic. It is
worth noting that reachability has also been considered [6] in the setting of linear

systems over commutative rings.

1.3 Organization of the thesis

Chapter 1 provides a general introduction and overview of the problems explored
in the thesis. Chapter 2 is essential for the thesis as it briefly explains the back-
ground details and the concepts used throughout the thesis. Chapter 3 focuses
on the results of unimodular matrix polynomials, and Chapter 4 contains appli-
cations of our results. The work of Chapters 3 and 4 is contained in our paper
published in the Journal of Algebraic Combinatorics |5]. In Chapter 5, we study
the similarity of partial linear transformations, and this work appears in Linear
Algebra and its Applications [4]. In Chapter 6, we briefly discuss some interesting

problems in this direction.
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Chapter 2

Some Preliminaries

2.1 Introduction

This chapter contains related background information and well-known facts that
will be employed later. To begin with, we give a definition of invariant factors
in Section 2.2. We then introduce the notion of similar matrices and provide
an explicit formula due to Philip Hall on the number of square matrices in a
conjugacy class. In the next section, we briefly discuss the connection of the
problem of determining the number of linear unimodular matrix polynomials

(Question 1.1.1) with other equivalent problems.

2.2 Similarity

A polynomial matrix P € M, (F,[z]) is invertible if and only if the determinant
of P is a nonzero element of F,. Let A, B € M, (F,[x]). Then A is equivalent
to B (written A ~ B) over I [z] if there exist invertible matrices P € M, (F,[z])
and ) € My(F,[z]) such that

PAQ = B.

9



SOME PRELIMINARIES

For 1 < i < min(n, k), we define i*® determinantal divisor of A (denoted by §;(A))
to be the greatest common divisor of all ¢ x ¢ minors of the matrix A. It can be

shown that if A ~ B, then

0;(A) = 0;(B), for 1 <i < min(n, k).

Every nonzero polynomial matrix A € M, ;(F,[z]) is equivalent to a diagonal

matrix of the form

_pl O 0 0_
0 py O 0
0o 0 . 0
Dt i
0
0 0|

where the nonzero entries on the diagonal are monic polynomials p; (1 <1 < t)
satisfying p; | piy1 for 1 < i < t. This diagonal form is known as the Smith
normal form of A. We express this in brief by writing A ~ diag, ,(p1,...,p:)-
The polynomials pq,ps,...,ps are called the invariant factors of A. It is easy to

see that p; are uniquely determined by

We now consider the notion of similarity for square matrices. Let A and A’
be n x n matrices over F,. We say that A’ is similar to A over F, if there is an
invertible n x n matrix P over F, such that A’ = P~'AP. Tt is well known fact
that two square matrices A, A" € M, (F,) are similar if and only if xI,, — A and

xl, — A" are equivalent over F,[x], i.e., if and only if they have same invariant



2.2 SIMILARITY

factors (see [24, Sec. 7.2| for more details). More precisely, if xI,, — A and
xl, — A" have the Smith normal form as diag,, ,(p1, ..., pn) and diag,, ,(p}, ..., D))
respectively, then A, A" are similar if and only if p; = p for 1 < i < n. Thus
the similarity class of A containing all matrices similar to A is characterized by
the ordered set Z = {p1,...,p,} of invariant factors of A. It is reasonable to ask
the following question: if we are given any matrix A € M, (F,) with ordered set
Z = {p1,...,pn} of invariant factors, how many matrices are in the conjugacy
class of A? The explicit answer (see Theorem 2.2.1) to this question can be found
in Stanley [45, Sec. 1.10]. We denote by C(Z) the conjugacy class characterized
by the ordered set Z = {p1,...,p,} of invariant factors with deg(p; - - - p,) = n.

Let Par denote the set of all partitions of all non negative integers. We write
A nif A is a partition of n. Given any partition A = (A1, Ay, ...) € Par, let X' =
(A1, Ay, ...) denote the conjugate partition to A, and let m; = m;(\) = \; — \j

denote the number of parts of A\ of size i. Set
hi =X+ X+ -+ AL

For A € Par and any irreducible f € F,[z] of degree d, define

) =TT TT - g

i>1 j=1

For f,g € F,[z] with f irreducible and g nonzero, set

vf(g) := max{e: | g}.

Given an ordered set Z = {p1,...,p,} of invariant factors, let S(Z) denote the

set of all monic irreducible polynomials which divide p,. To each f € S(Z), we
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associate a partition ®z(f) - v(P) by defining

q)I(f) = (Vf(pn)a Vf<pn—1)7 R Vf(pr)) )

where r = min{i : v¢(p;) > 0}. Let GL,(F,) denote the general linear group of
n X n nonsingular matrices over F,. The following theorem (refer [43, Sec. 2|)
gives the size of the conjugacy class corresponding to given ordered set of invari-

ant factors.

Theorem 2.2.1 (P. Hall). Let Z = {py,...,p,} be any ordered set of invariant
factors with deg(py ---p,) = n. Then size of the conjugacy class corresponding

to the ordered set of invariant factors Z is given by

|GL.(F)
HD =1 e @)

In Chapter 5, we extend the above result of Hall to the setting of rectangular

matrices.

2.3  Unimodular Matrices And Zero Kernel Pairs

Recalling the definition of unimodularity, a matrix polynomial A € M, ;(F,[z])
is unimodular if the greatest common divisor of all » X  minors of A is equal to 1
where r = min{n, k}, i.e., A has all invariant factors equal to 1. We are interested
in determining the number of matrices A € M, ,(F,) having the property that
the linear matrix polynomial x1,, ;, — A is unimodular (refer Question 1.1.1). This

problem is equivalent to the following combinatorial matrix completion problem.

Question 2.3.1. Determine the number of matrices in M, ,(F,) that occur as
the submatrix formed by the first & columns of some matrix in M, (F,) with

irreducible characteristic polynomial.



2.3 UNIMODULAR MATRICES AND ZERO KERNEL PAIRS

As a corollary to the result of Wimmer [51] (also see [11, Thm. 15]) for the case
of irreducible polynomial, the following proposition (|42, Cor. 2.2|) establishes

the equivalence of Question 1.1.1 and Question 2.3.1.

Proposition 2.3.2. Let A € My(F,) and C € M,_;x(F,). The block matrix
A

C

acteristic polynomial if and only if all the invariant factors of

€ M, ,(F,) can be completed to a matrix in M, (F,) with irreducible char-

.Tfk - A
—C

are equal to 1.

Now we consider a sequence x, which is widely used in many areas such
as control systems, linear sequential machines, discrete automata theory and
convolutional error correcting codes (see [12],[23],[44]). For a fixed column vector

X in [, we define the sequence x; in F’q“ as
Xs+1 = Axs + Bug (s > 0),

where A € My(F,), B € My ,,—(F,) are fixed and us(s > 0) is some sequence in
Fg_k’. By using backward substitution, we can solve the recurrence for x; and

obtain

U1

U2

xp = A'xo + B AB ... A’HB]

Up

It is usually needed that x; take all possible values in IF’; by suitably varying

the ‘input sequence’ uy(0 < s < k — 1). This is possible if and only if the
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reachability matrix defined by
C(A,B) = [B AB ... AFB

has full rank k. This leads to the definition of a reachable pair of matrices.

Definition 2.3.3. The ordered pair (A, B) € M(F,) x My ,—(F,) is said to be
reachable if

rank C(A, B) = k.

Kociecki and Przytuski [28] considered the following problem of counting the

number of reachable pairs of matrices over finite fields.

Question 2.3.4. Determine the number of reachable pair of matrices (A, B)

lying in M (F,) X My —i(F,).

This is an interesting problem and is equivalent to the problem of counting
the number of zero kernel pairs (also called observable pair in the terminology of

linear control theory).
Definition 2.3.5. The ordered pair (C, A) € M,y ,(F,) x My(F,) is zero kernel
pair ([42, def. 2.3 ] or |20, sec. X.1|) if
k-1
| ker (CA") = {0}.
i=0
Reachable pairs are related to zero kernel pairs by the following characteriza-

tions ( [20, Thm. IX.3.3], [44, Thm. 23]) of zero kernel pairs.

Proposition 2.3.6. Let A € M(F,) and C € M, _;x(F,). Then the following

statements are equivalent:

1. The pair (C, A) is zero kernel pair.
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2. The product of invariant factors of

ZL’Ik —A
—C
is 1.
3. The block matrix ) )
C
CA
CAF1

has rank k.

Proposition 2.3.6 implies that (C, A) is zero kernel pair if and only if (AT, CT)
is reachable. This shows the duality between reachable and zero kernel pairs of
matrices. Proposition 2.3.6 further shows that Question 2.3.4 is equivalent to
solving Question 1.1.1 and hence Question 2.3.1.

The above problems are further equivalent to the problem of counting the
number of simple linear transformations. We first recall the notion of a simple

linear transformation [42, Def. 3.1].

Definition 2.3.7. Let V denote a vector space over a field F' and let W be a
subspace of V. An F-linear transformation 7' : W — V is simple if the only

T-invariant subspace properly contained in V' is the zero subspace.

Remark 2.3.8. Note that the definition requires that there are no T-invariant
subspaces properly contained in V' rather than in W. The reason being that if W
is a proper subspace, then the definition does not allow W itself to be T-invariant.
In the case W =V we necessarily have that W is T-invariant. It can be shown
that a linear operator T on a finite dimensional vector space V is simple if and

only if it has an irreducible characteristic polynomial. In fact simple maps defined
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on a proper subspace W of a vector space V are precisely the restrictions to W

of simple maps defined on all of V.

Question 2.3.9. Let V be an n-dimensional vector space over IF, and suppose
W is a fixed k-dimensional subspace of V. Determine the number of simple linear

transformations T defined on the subspace W of V.

The following proposition [42, Prop. 3.2| facilitates the connection between

simple linear transformations and zero kernel pairs.

Proposition 2.3.10. Let W be a k-dimensional subspace of an n-dimensional
vector space over F,. Let B be a fixed ordered basis for W and let B,, be an
extension of the basis By to an ordered basis of V. Then, a linear transformation

T : W — V is simple if and only if the matrix of T" with respect to the bases B

and B, is of the form for some zero kernel pair (C, A).

C

Proposition 2.3.10 shows that counting zero kernel pair is equivalent to count-
ing simple maps and establishes the equivalence of Question 2.3.4 and 2.3.9. Thus
Questions 1.1.1, 2.3.1, 2.3.4 and 2.3.9 are equivalent and have the same answer
given by Hle(q” —¢'). By applying our results, we give two different solutions
of Question 1.1.1 in Chapter 3 and Chapter 5.



Chapter 3

Unimodular Polynomial Matrices

over Finite Fields

3.1 Introduction

As discussed in the introduction to this thesis, the notion of unimodularity has
been well studied during the last decade. In Chapter 2, we discussed the con-
nection of Question 1.1.1 of determining the number of linear unimodular matrix
polynomials with other interesting enumeration problems. The question was fully
answered only recently by Lieb, Jordan and Helmke [33, Thm. 1] who showed that
the answer is equal to Hle(q” —q"). The objective of this chapter is to give a new
proof of Question 1.1.1 by first proving our main result Lemma 3.2.9. The proof

of our main lemma relies on a control theoretic result of Brunovsky on completely

controllable pairs and uses some elementary methods in linear algebra.

3.2 Simple Linear Transformations
We begin by recalling the notion of a simple linear transformation.

Definition 3.2.1. Let V denote a vector space over a field F' and let W be a

17
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subspace of V. An F-linear transformation 7' : W — V is simple if the only

T-invariant subspace properly contained in V' is the zero subspace.

The following proposition elucidates the connection between simple linear

transformations and unimodularity.

Proposition 3.2.2. Let V be an n-dimensional vector space over I’ with ordered
basis B,, = {v1,...,v,}. Let By = {vy,..., v} denote the ordered basis for the
subspace W spanned by vy,...,v. Let T': W — V be a linear transformation
and let Y € M, (F') denote the matrix of 7" with respect to By, and B,. Then T

is simple if and only if x/,; — Y is unimodular.

Proof. See [42, Prop. 2.5] and [42, Prop. 3.2|. ]

Let m be a positive integer and let a = (ay,...,a,) € F* be an arbitrary
but fixed nonzero vector. Let t be the largest index such that a; # 0. Let
dy > dy > --- > d,, be a nonincreasing sequence of integers with d; > —1. Let
Na(dy, .. .d,,) denote the number of m-tuples (fi, ..., f,) of polynomials over F,
such that f; = a;z%* +h; and deg h; < d; for 1 < i < m with ged(fy,..., fr) = 1.
Here we interpret negative powers of z to be zero. Since a; # 0, we necessarily
have deg f; = d; + 1 for any tuple (f1,..., fm) € Na(di,...,dy). We adopt the
convention that the degree of the zero polynomial is —oo. Note that if there
is some s > t such that d; < 0 for each s < ¢ < m, then N,(dy,...,d,) =
Na(dy,...,ds) where &' = (aq, ..., as).

We adapt an argument in the proof of [16, Thm. 4.1] to prove the following

lemma which is central to our main result.

Lemma 3.2.3. Let m be a positive integer and let dy > dy > --- > d,, > 0 be a
sequence of integers. Let a = (aq,...,a,) € ;" be a fixed nonzero vector. We

have

Na(dla cee 7dm) = qurm - qk+17

where k =dy + -+ + d,,.
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Proof. Fix a positive integer m. Let S(di,...,d,,) denote the set of ordered
m-tuples (fi,..., fm) where f; = a;z%*! + h; for some h; with degh; < d; for
1 < < m. Let t be the largest index such that a, # 0. We partition S(dy, ..., d,)
into disjoint subsets Sp, Si, ..., Sg,+1 where the set S; (0 < d < d; + 1) denotes
the set of m-tuples in S(dy,...,d,) whose GCD is a monic polynomial of de-
gree d. For each monic polynomial h over I, of degree d and any coprime m-
tuple (g1, ..., gm) of polynomials in S(dy —d,...,d,, —d), it is easy to see that
(g1h, goh, ..., gmh) € Sq. Conversely, for any tuple (fi,..., fim) € Sq, the polyno-
mial h = ged(f1,. .., fin) is monic of degree d and (f1/h, ..., fi/h) is an ordered
m-tuple of coprime polynomials in S(d; —d,...,d,, —d). As a result, we have

1Sal = ¢*Na(dy — d, ... dp —d) for 0 < d < dy+1. For k =dy + - + dpn, We

have
di+1 di+1
¢ =" 1S = ¢"Naldr —d,....dy — d). (3.1)
d=0 d=0

Replacing d; by d; + 1 for each 1 <1 < m, we obtain

di+2
¢ = " ¢'Na(di +1—d,... . dp +1—d)
d=0
di+1
= Z qd+1Na(d1 - d7 Ce ,dm - d)
d=—1
di+1
=Na(di+1,....dp+ 1) +q Y _ ¢'Na(di — d,....dy — d)
d=0

= Na(di +1,...,dp + 1)+ q(¢"™),

where the last equality follows from (3.1). It follows that Na(di+1,...,d,+1) =
"2 (1 — ¢'=™), or equivalently, Na(di, ..., dy) = ¢"™™ — ¢**! as desired. [

As the language of control theory is used in the proof of our main result we
collate here a few definitions |20, IX.2] and results that are referred to later on.

In what follows, F' denotes an arbitrary field and k, ¢ are fixed positive integers.



20 UNIMODULAR POLYNOMIAL MATRICES OVER FINITE FIELDS

Definition 3.2.4. A matrix pair (A, B) € My, ,(F) x My, +(F) is a reachable pair
if the k& x k¢ matrix S(A,B):= |B AB --- Akle] has rank equal to k.

Remark 3.2.5. A pair (A, B) is reachable if and only if the polynomial matrix

[z, — A B] is unimodular.

Definition 3.2.6. Associate with each pair (A, B) € My x(F) x My (F) a se-

quence of integers p;(i > 1) by defining p; := rank B and for i > 2,
pi = rank |B AB ... Ai—lB} — rank [B AB ... Ai—2B:| )

Consider the dual sequence k;(j > 1) defined by k; = #{r : p, > j}. The numbers
ki, ..., ke are called the controllability indices of the pair (A, B).

For any positive integer m, denote by GL,,(F) the general linear group of

m X m nonsingular matrices over F. Define [52, P. 3]

P 0
Fk,g = € GLk+g(F) P e GLk(F>,Q S GL@(F), R e Mg,k(F)

R Q
Definition 3.2.7. Two pairs (A, By) and (As, Bs) in My, 5 (F) x My (F) are said
to be I'y -equivalent [52, Def. 2.1] if there exists a matrix P € 'y, such that
for each pair of matrices Cy € M, ,(F) and Dy € M,(F), there exist matrices
Cy € M&k(F) and Dq € Mg(F) such that

A B Ay By
¢y Dy Cy Dy

-1

When the values of k, ¢ are clear from the context, we refer to I'y ;-equivalence
simply as I'-equivalence. The following result (|7], [52, Lem. 2.7]) is due to

Brunovsky.
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Theorem 3.2.8. Let (A, B) € M, ,(F) x My ((F). Suppose (A, B) is a reachable
pair with rank B = r and ky > -+ > k. > k.1 = -+ = k(= 0) are the
controllability indices of (A, B). Then (A, B) is I'-equivalent to a pair (A., B.) €
My i (F) x My (F) of the following form:

i) A, is the block diagonal matrix diag(Ay,...,A,) where A; is the k; x k;

matrix
0 I,

0 O

ii) B, is of the block form [B’ 0], where B’ denotes the k x r matrix

and e; denotes the i*® row of the r x r identity matrix.
The following lemma is our main result.

Lemma 3.2.9. Let n,k be integers with 0 < £ < n — 1. Let V be an n-
dimensional vector space over F, and let W, W’ be fixed subspaces of V' of di-
mensions k£ and k + 1 respectively with W C W’. Suppose T': W — V is a
simple linear transformation. Then the number of simple linear transformations

T": W' — V such that Tjy, = T (the restriction of 7" to W is T)) is equal to

Proof. First suppose k = 0. In this case W’ is spanned by some nonzero vector
w € V. Then T" is simple precisely when 7"(w) does not lie in the span of w. So
the number of such linear transformations is clearly ¢" — ¢.

Suppose k > 1. Let By, = {vy,..., v} be an ordered basis for W and B, =
{v1,...,v,} be an ordered basis for V' obtained by extending By. Let Y be the

matrix of 1" with respect to By and B,. Since T is simple, Y = zl,; — Y
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A
is unimodular by Proposition 3.2.2. Suppose that Y = for some A €
C

My, (F,) and C € M,y (F,). Since Y = x[,, — Y is unimodular, it follows by
Remark 3.2.5 that (A, C") is a reachable pair. Suppose that rank(C') = r, and
kv > ko >--->k.> k.1 =+ =k, =0 are the controllability indices of the
pair (A?, C"). We have ky + - - -+ k, = k. By Theorem 3.2.8 we may assume that
A and C are of the following form:

0 0
A =diag(Ay, Ay, ..., A,), where A; is the k; x k; matrix :
I,.1 O
/
C = , where C' = [El s E/r] € Mr’k(Fq) with F;, = [0 61‘} € Mr,ki<Fq);

0

and e; denotes the i column of the r x r identity matrix for 1 < i < r. Let
Ay = Zle k; for 1 < s < r and set A\g = 0. Then the linear transformation 7T'

can be described by

Upys if j = A for some s, 1 < s <
T(v;) = (3.2)
vj41  otherwise,

where 1 < 7 < k. Also the matrix Y can be described by

Y = [e)\0+27 SRS YRR -7 T E PILC) VD PIPRPE ) PRI~/ T PINRINPE ) WP ISR 5 W ek:—‘r?"]a

where e; is the i*" column of the identity matrix I,,. Let U = span(B, \ By) be
the subspace of V spanned by {vgy1,...,v,}. We have V=W @ U.

Now W C W' and W' is of dimension k + 1. Since V = W & U, there is a
nonzero vector w € W' NU. Let {v,,; = w,v},,,...,v,} be an ordered basis
for U. Since V.= W @ U, we have B, = {vi,..., 0,V 4,...,v,} is an ordered

basis for V. Let R be the matrix of the identity map 1y on V with respect to
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the bases B, and B,,. Note that the matrix R can be expressed as

I 0O
0 S

)

where S is the matrix of the identity map 1y on U with respect to the bases
B, \ By and B, \ By. Let vi, = 37 ;. ¢;vu; for some scalars ¢;. Then the first
column of S'is given by (Cit1, ..., ¢n)" € Fi7%. The matrix Y of T with respect to
By and B, is given by Y = R™'Y. Define B}, , = {v1, ..., 0, v}, } and let Y’ be
the matrix of 7" with respect to the bases Bj_; and B;,. Since Tjy;, = T' we have
Y’ = R7'[Y b] for some column vector b € 7. By Proposition 3.2.2, T" is simple
if and only if Y' = 2/, p11 — Y’ is unimodular. Let Yy, = RY' = R(zl, 541 —
R7'Y b]) = 2Ry, 1 —[Y b], where Ry is the submatrix formed by the first (k+1)

columns of R. We have Yy, = [Y zc—b], where ¢ = (0,...,0, cx41,...,c0)" € Fy.

Suppose b = (b, by, ..., b,)" € F. Then the matrix Y3, = [Y" b] is of the form

A 0 ... 0 by
0 A, ... 0 by
Y, = : (3.3)
0 0 A, b,
E, E, E, b
0 0 0 b
where b; = (by,_,41.-..,0y,) € Fhifor 1 < i <7, b = (bysn, ..., bgsr)' € Fr, and

E) - (bk+r+17 ey bn)t € F(r;ikir.

Now consider the polynomial matrix Yy, = [Y xc — b]. We permute the rows
of Yy, in the following way: for each 1 < i < r — 1, arrange the (k + 1) row of

Y}, in between the i*® and (i + 1)*® block rows appearing in (3.3). The resulting
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matrix Z is of the following form:

Z, 0 ... 0 Db}
0 Z, ... 0 Db
Z = Do N (3.4)
0 0 ... Z b
O 0 ... 0 Vb
I, 0 b,
where Z, = x — , bl = for 1 < ¢ < randb =
0 I, Chti® — Dpges
(Chari1T — barits - -, cnx — by)t. Now we apply the following sequence of ele-

mentary row operations to Z to eliminate x in the first k£ columns: in the first
block row appearing in (3.4), add x times the (i + 1) row to the i*® row suc-
cessively for ¢ = ki, k1 — 1,...,1 in that order. Similarly we apply elementary
row operations to the other block rows. By appropriate elementary column op-
erations, the entries in the last column can be made zero at suitable positions.

Eventually we can transform the matrix to the following form:

Z, 0 ... 0 bYf
0 Z, ... 0 b}
Z=|: : o, (3.5)
0O 0 ... Z b
O 0 ... 0 Vb
hereZ/= — | [ br= | 7| with = Ritl_py ok SR i1
where 4; = — ; by = with f;(z) = cpr™ ™ —by iz —ijl Nic1+5 T
I, 0
for1<i<randb' = (ck+r+1_x — Dsrats -+ Ca — byt

Let g = ged(f1, fo, -y frs Chari1® — bpypst, - -, Cn@ — by). The matrix Z’ is
unimodular if and only if ¢ = 1. By Lemma 3.2.3 it follows that the number of

vectors b € F} such that g = 1 is given by ¢" —¢"*'. As Y’ and Z' are equivalent,
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the result follows.

The lemma can be recast in the setting of matrices as follows.

Corollary 3.2.10. Let Y € M, ;(F,) be such that the linear matrix polynomial
xl,, — Y is unimodular. For each column vector b € Fy let Y, = [V b] €
My j41(Fy). Then the number of column vectors b € F} for which x1,, 51 — Yy

is unimodular equals ¢ — ¢"*+1.

We can now give an alternate proof of [412, Thm. 3.8] concerning the number

of simple linear transformations with a fixed domain.

Corollary 3.2.11. Let V be an n-dimensional vector space over F, and W be a
proper k-dimensional subspace of V. The number of simple linear transformations

T:W — V equals
k

[T —d).

i=1
We may use Proposition 3.2.2 to reformulate the corollary in terms of matrices.

This allows us to answer Question 1.1.1 stated in the introduction.

Corollary 3.2.12. Let n, k be positive integers with £ < n. The number of

matrices A € M, (F,) such that =1, — A is unimodular equals

By repeated application of Corollary 3.2.10 we obtain the following extension

which is used later on in Sections 4.2 and 4.3.

Lemma 3.2.13. Let n, k,t be positive integers such that k + ¢ < n. Suppose
that the matrix polynomial z1,, ; — Y is unimodular for some Y € M,, (F,). The

number of matrices A € M,,,(F,) such that the matrix polynomial

x[n7k+t — [Y A]
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is unimodular is equal to Hle(q” — g" ).



Chapter 4

Unimodular Polynomial Matrices

and Splitting Subspaces

4.1 Introduction

It is a well-known property of the finite field that finite dimensional vector spaces
over them naturally possess a canonical and compatible field structure. More
precisely, we can write Fj' ~ F.. This leads to interesting concepts connecting
the field structure and the linear structure, that of which is of splitting subspace
stemming from the work of Niederreiter (1995) [36] on pseudorandom number
generation. Recall the definition of splitting subspace given earlier in the Chapter

1.

Definition 4.1.1. Let d,m be positive integers and consider the vector space

F,ma over F,. For any element o € F ma an m-dimensional subspace W of F ma

q

is a-splitting if
Foa =W @& aW & - @ o’ 'W.

For example, for any o € Fma such that Fma = Fy(a), {1, a%, o, ... , a(m=1d1

27
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spans an m-dimensional a-splitting subspace. If d = 1, then Fma = Fym is
the only a-splitting subspace; and if m = 1 with a € Fyme = F,a such that

F,ma = F4(a), then every 1-dimensional subspace is a-splitting.

In this chapter, we provide an alternate proof of the Splitting Subspace The-
orem (stated below) which answers a question considered by Niederreiter [36,
p.11], stated and conjectured by Ghorpade and Ram [18, Conj. 5.5] and origi-
nally resolved by Chen and Tseng [8, Cor. 3.4].

Theorem 4.1.2 (Splitting Subspace Theorem). For any a € F ma« such that

F,ma = F4(c), the number of a-splitting subspaces of F ma of dimension m is

q

precisely

¢t — 1qm(m—1)(d—1)‘
qm —1

Using a control-theoretic result of Wimmer (Theorem 4.2.7) and results on
unimodular matrix polynomials in Chapter 3, we prove Theorem 4.2.8 from which

the Splitting Subspace Theorem follows as a corollary.

In the last section, we consider a generalization of Question 1.1.1 which shows
that for a uniformly random matrix A € M, x(F,), the probability that z1,, — A
is unimodular is given by Hle(l —¢"™™). Using results from Chapter 3, we prove
a more general result Theorem 4.3.1 on the density of unimodular polynomial

matrices which was earlier conjectured in [42].

4.2 The Splitting Subspace Theorem

We first define the notion of block companion matrices which are closely related

to splitting subspaces.

Definition 4.2.1. For positive integers m, d, an (m, d)-block companion matrix
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over [, is a matrix in M,,4(F,) of the form

0O 0O 0O 0

I, 00 0 0

0O 0O L, 0 Cy_,

0O 0O 0o I, C;,

where Cy, C1,...,Cq1 € M,,,(F,) and I,,, denotes the m x m identity matrix over

[F, while 0 denotes the zero matrix in M,,(F,).

Remark 4.2.2. It was shown (see the discussion after Conjecture 5.5 in [18] or
Appendix A in [19] for an overview) that the Splitting Subspace Theorem is in

fact equivalent to the following theorem on block companion matrices.

Theorem 4.2.3. For any irreducible polynomial f € F [z] of degree md, the
number of (m, d)-block companion matrices over F, having f as their character-

istic polynomial equals

m—1

gD T (g™ = ).
i=1
It is noteworthy that the problem of counting specific types of block compan-
ion matrices having irreducible characteristic polynomial has been considered in
other contexts [9, 26, 41] where pseudorandom number generation is of interest.
We now deduce Theorem 4.2.3 as a special case of Theorem 4.2.8 which we prove

below, thereby providing an alternate proof of the Splitting Subspace Theorem.

Definition 4.2.4. For positive integers k, ¢ with k < £, let J** denote the ¢xk
matrix given by

Jbk = 0
I
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Lemma 4.2.5. The linear matrix polynomial

is unimodular.

Proof. Since the k x k minor formed by the last k£ rows of the above matrix

polynomial equals (—1)* it follows that the GCD of all k x k minors is 1. O

Definition 4.2.6. Let m,{ be positive integers such that m < ¢. An m-

companion matrix of order ¢ over F, is a square matrix C of the form
C=[JHm A

for some A € My,,(F,). We denote the set of all m-companion matrices of order

¢ over F, by C(¢,m;q). Note that |C(¢,m;q)| = ¢"™.

Let P(¢,FF,) denote the set of all monic polynomials of degree ¢ over F,. Now
consider the map ® : C(¢,m;q) — P(¢,F,) given by

O(C) :=det(xl, — C).

To determine the size of the fibers of ®, we require a theorem of Wimmer.

Theorem 4.2.7 (Wimmer). Let F' be an arbitrary field and let Y € M, (F).
Suppose f € F[z] is a monic polynomial of degree ¢ and let fi(x) | --- | fe(x) be
the invariant factors of the polynomial matrix xl,; — Y. There exists a matrix
Z € Myy_(F) such that the block matrix [Y Z] has characteristic polynomial
f(x) if and only if the product [[F_, fi(z) divides f(x).

Proof. See Wimmer [51] or Cravo [11, Thm. 15]. O
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Theorem 4.2.8. Suppose that f € P({,F,) is irreducible. Then

m—1

= [ -~

t=1
Proof. Let C = [J%™ A] € C(¢,m;q) with A = [a; ay - -+ a,,_1 a,,, where the
a;’s are the columns of A. Let Cyp = J%™ and let C; = [J**™ a; ay --- a;]
denote the submatrix of C' formed by the first £ — m + ¢ columns for 1 <7 < m.
Suppose that &(C) = f. Since f is irreducible, it follows by Lemma 4.2.5 and

Wimmer’s theorem that the linear matrix polynomials

[7m 1
T~ (4.2)
0
are unimodular for 0 < ¢ < m — 1. Conversely, if a;,...,a,,_1 are chosen such

that the matrix polynomials in (4.2) are unimodular, then there is a unique choice
of a,, for which ®(C) = f. This follows since there are ¢* total choices for a,,
and for each monic polynomial g of degree ¢, Wimmer’s theorem ensures that
there exists some choice of a,, such that the characteristic polynomial is g. By
Lemma 3.2.13 it follows that the number of choices for the first m — 1 columns

of A is equal to [[ ;l(qe — ¢"™*%) which proves the result. ]

Remark 4.2.9. In the case where m divides ¢, say d = ¢/m, the set C({, m;q)
consists precisely of all (m, d)-block companion matrices over IF,. This observation

yields the following corollary stated earlier as Theorem 4.2.3.

Corollary 4.2.10. For any irreducible polynomial f € F,[x] of degree md, the
number of (m, d)-block companion matrices over F, having f as their character-

istic polynomial equals

m—1

—_

.
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Proof. 1t follows by the above remark that the number of (m, d)-block companion

matrices over [F, having f as their characteristic polynomial equals

m—1 m—1

(qmd . qm(d—1)+i) _ H qm(d—l)(qm . qz’)’
=1 =1

which is clearly equal to the given product. O]

In light of the above corollary and Remark 4.2.2 we can view Theorem 4.2.8
as a more general result than the Splitting Subspace Theorem. While our proof
relies on results in control theory, it is shorter than the proofs of the theorem

appearing in [8] and [29].

4.3 Probability of Unimodular Polynomial Matri-

ces

We apply Lemma 3.2.13 to positively resolve a conjecture [42, Conj. 4.1| concern-
ing the number of unimodular polynomial matrices. For positive integers d, k,n

with k£ < n, define

d—1
M, ;(F,[z];d) := {A = a:dlmk + inAi : A€ My p(F,) for 0 <i<d-— 1} )

1=0

Theorem 4.3.1. The probability that a uniformly random element of the set
M, ;(F,[z]; d) is unimodular is given by Hle(l —q").
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Proof. To each element A in M, (F,[x]; d), we associate the corresponding d-

tuple of its coefficients (A, Ay, ..., Ag_1) € [M,1(F,)]?. Now consider the matrix

00 ... 0 —A
I, 0O 0 -4

B = (4.3)
0 0 I, —Ay .

of dimension nd x (nd —n + k). Let

Ia—1yn+
0

By adding z times the i*® block row to the (i — 1) block row successively for

1=d,d—1,...,2in B and using suitable column block operations, we obtain
[0 0 0 A ]
I, O 0 0
B = ,
| 0 0 I, 0

where A = 29I, ;. + Ef:_ol ' A; € M, 1 (F,[z];d). Observe that B is equivalent to
B’. So the invariant factors of B and B’ are the same. Therefore B is unimodular
if and only if A is unimodular. By Lemma 3.2.13, the number of ways to choose
the last k& columns of the matrix B in (4.3) in such a way that B is unimodular

is

On the other hand, the cardinality of M, ;(F,[z];d) is clearly ¢"*® and therefore

the probability that a uniformly random element of M, ;(F,[z]; d) is unimodular
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is precisely [, (1 — ¢"™). O
Note that the probability computed in the theorem is independent of d.

Remark 4.3.2. The above theorem is a generalization of Corollary 3.2.12 which

is evidently the special case d = 1.

Theorem 4.3.1 parallels a result of Guo and Yang [22, Thm. 1] who prove

that the natural density of unimodular n x k matrices over F,[z] is precisely

[T, (1 —g™).

Remark 4.3.3. To study the invariant factors of an element A € M, ,(F,[z]; d),
it suffices to study those of the corresponding linear matrix polynomial B asso-
ciated to the matrix B as defined in Equation (4.3). The matrix polynomial B

is called the linearization of A.



Chapter 5

Enumerating partial linear

transformations in a similarity class

5.1 Introduction

Let V be an n dimensional vector space over [F, and let W be a subspace of
V. Let L(W,V) denote the vector space of all F,-linear transformations from
W to V. Recalling the definition of similar linear transformations from Chapter
1, we say that the two linear transformations T € L(W,V) and T € L(W,V)
defined on subspaces W and W of V respectively are similar if there exists a

linear isomorphism S : V' — V such that the following diagram commutes:

In other words, we must have SoT = To Sw where Sy, denotes the restriction
of S to W. Let L(V') denote the union of the vector spaces L(W, V) as W varies

over all possible subspaces of V. Given T" € L(V) define C(T'), the conjugacy

35
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class of T', by
C(T):={T:T e L(V), T is similar to T}.

In this chapter, we determine the cardinality of C(T") for an arbitrary linear
map 7. The case where T is a linear operator on V' (the case W = V) is a well-
studied problem. Two linear operators 7" and T on V are similar if and only if they
have the same invariant factors. In this case, the problem of determining |C(T)|
is equivalent to the problem of counting the number of n X n square matrices
over a finite field in a conjugacy class. An explicit formula for the size of C(T")
for an arbitrary linear operator T' was given by Phillip Hall (see Section 2.2).
On the other hand, rectangular matrices arise in many contexts in linear control
theory and matrix completion problems and are also of considerable interest. We
refer to Cravo [11, Thms. 15, 32| for specific examples of matrix completion
problems. Thus, the case of an arbitrary linear transformation 7" is an intriguing
combinatorial problem, and we extend the result on square matrices to the setting
of rectangular matrices by giving an explicit counting formula for the size of the

conjugacy class of an arbitrary transformation 7' € L(V).

In contrast with the case of linear operators, the invariant factors do not form
a complete set of similarity invariants for an arbitrary linear map defined only
on a subspace. If two linear transformations T € L(W, V) and T € L(W,V) are
similar, then they necessarily have the same invariant factors but the converse
is not true in general. We first characterize the similarity invariants for a linear
transformation 7" defined only on a subspace W of an n-dimensional vector space
V' in Section 5.2 (which we referred to as partial linear map). Accordingly, let
T € L(V) be a linear transformation and let U denote the maximal T-invariant
subspace, and suppose dim U = d. Interestingly, in this case the similarity classes
are indexed by pairs (A\,Z) where \ is an integer partition of n — d and Z is
an ordered set of monic polynomials corresponding to the invariant factors of

the restriction of 7" to U. When the domain of 7" is all of V| the partition A
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above is empty and the similarity class C(T) is completely determined by the
invariant factors of T. If T € L(V) is simple with domain a proper subspace
of V, then the maximal T-invariant subspace U is necessarily the zero subspace
and therefore the similarity class of T is determined by the pair (), () for some
integer partition A of dim V' with largest part dimV — dim W where W is the
domain of T'. In Section 5.3, we determine the conjugacy class size for an arbitrary
simple linear transformation 7' € £(V'). We finally extend our results to arbitrary
transformations 7' € L(V') by considering the operator part and the simple part
of T" as defined in Section 5.4. In fact Hall’s result on matrix conjugacy class size

may be recovered from Theorem 5.4.6 as well as Corollaries 5.4.7 and 5.4.8.

Using our results in Section 5.3, we give another proof of the theorem of Lieb,
Jordan and Helmke [33, Thm. 1] discussed in the previous chapters, which solves
the problem of counting the number of zero kernel pairs of matrices or, equiva-
lently, reachable linear systems over a finite field. Reachability is a fundamental
notion that arises in the context of control systems, discrete automata theory,
convolutional error correcting codes and linear sequential machines just to name

a few (see [12, 23, 44] ).

5.2 Similarity invariants for maps defined on a

subspace

We begin by describing a complete set of similarity invariants for a linear map
in L(W,V). Given T € L(W,V), define a sequence of subspaces [20, sec. 1I1.1]
W; =W;(T)(1 >0) by Wy =V, W, =W and

Wi =WnT W) ={veW,: TveW;} fori>1.
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The descending chain of subspaces Wy 2 Wy O --- eventually stabilizes as the
dimensions of the subspaces are nonnegative integers. Let d; = d;(T) := dim W
for 1 > 0 and let

(=4(T) :=min{i : W; = Wi}

The subspace W, is clearly a T-invariant subspace which is evidently the maximal
T-invariant subspace. Therefore the restriction Ty, of T' to W/, is a linear operator
on W,. Denote by Zp the ordered set of invariant factors of Tyy,. Since the
characteristic polynomial of Ty, equals the product of the invariant factors of

Tw,, it follows that

d, = deg H .

pelr
Now define
>\j == )\j<T) =051 —Clj for 1 S ] S L.
Definition 5.2.1. |20, p. 52| The integers A\;(T")(1 < j < ¢) are called the defect
dimensions of T'.

Lemma 5.2.2. For any 7' € L(V), we have \;(T) > \j11(T) for 1 < j < /(¢ —1.

Proof. Let the subspaces W;(j > 1) be as above. Note that T'(W;) C W,_; for
each j. Fix j > 1 and define a map ¢ : W;/W; 1 — W;_1/W; by

p(v+ Wip) = Tv+ W

We claim that ¢ is well defined. Suppose vy + W;; = vy + W,y for some
v1,v2 € Wj. Then vy — vy € W44 and consequently T'(vy — vg) € W;. Therefore
Tvy + W; = Tvy + W; proving that ¢ is well defined. The linearity of ¢ follows
easily from the fact that 7' is linear. In fact ¢ is also injective. Suppose for some
v € W; we have

oo+ Wyp) = To+ W, = 04+ W,

Then T'v € W; and since v itself lies in W;, it follows that v € W, as well. Thus
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v+ W4y is the zero element in W; /W, ; and ¢ is injective. The injectivity of
¢ implies that dim(W;_,/W;) > dim(W,/W;11), or equivalently, \; > A4 for
1<j<f—1. O

Hereon the sequence W;(T)(i > 0) will be referred to as the chain of subspaces

associated with 7.

Corollary 5.2.3. For T' € L(V), let £ = ((T). Then the sequence Ay =
(AM(T), ..., (T)) is an integer partition of n — d,(T).

We will prove that the pair (Ar, Zr) completely determines the similarity class
of a linear transformation 7T in the sense that two maps T, T € £(V) are similar
if and only if Ay = A7 and Zr = Z5. We require a lemma to prove this result. As
the terminology in [20] differs considerably from that in this chapter, we include

a proof here for the sake of completeness.

Lemma 5.2.4. |20, Ch. III, Lem. 3.3] Let I/V,/VIV/ be subspaces of V. For
T € L(W,V) and T € L(W,V), let T and Tﬁ denote the restrictions of 7" and
T to the subspaces

U={veW :TveW}landU={veW: :Tve W}

respectively. Then T is similar to T if and only if Ty is similar to ’_ZN}7 and

dim W = dim W.

Proof. First suppose that T is similar to T. Then there exists a linear isomor-
phism S : V — V such that SW = W and SoT = T o S. It follows that
dim W = dim W. We claim that Ty is similar to Tﬁ with respect to the same
linear isomorphism S. To see this, we first show that S maps U onto U. Suppose
v € U. Then, by definition, v € W and Tv € W. This implies that Sv € W and
consequently ToSv=SoTv e W which further implies that Sv € U. Thus
SU C U. Now the isomorphism S~!: V — V has the property that S™1W = W
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and S 1oT =To S L. By reasoning as above it follows that S cCU. It
follows that SU = U. Now since Ty and Tﬁ are restrictions of T and T to U and
U respectively, it is easy to see that S o Ty = le 0 .S and it follows that Ty and
fﬁ are similar.

For the converse, suppose dim W = dim W and Ty is similar to Tﬁ. This
implies that there exists a linear isomorphism S’ : V' — V such that S’ o U = U
and S o Ty = fﬁ o S’. First construct a linear isomorphism S” : V. — V
such that S"W = W and S o Ty = fﬁ o S”. Note that T(U) € W. We
simply set S"v = S’v for all v lying in the subspace U + TU of W. Since
S (uy + Tug) = S'ug + 8" o Tyug = S'uq + Tg o S'uy € U+ Tfj, it is clear that
S": U+TU — U+TU is an isomorphism. Since dim W = dim W, we may extend
the definition of S” to all of W to obtain a linear isomorphism S” : W — W
which may be further extended to a linear isomorphism S” : V — V.

Now we use S” to construct another linear isomorphism S : V' — V such that
SW =W and SoT = T o S which will imply that the linear transformations
T and T are similar. Let Sv = S”v for any v € W and let Sv' = T o S"v
for any v = Tv € TW. We assert that S : W +TW — W+ TW is well
defined and a linear isomorphism. If v" = Tw lies in W, then v € U and hence
S = S"oTv = S"oTyv = TvﬁOS”U = T'05"v. Therefore Sv’ is uniquely defined.
If Tv = Tu for some v,u € W, then T'(v—u) = 0 lies in W. Thus, SoT(v—u) =
S"oT(v—u) = 0 which further implies 70 8'v — T'0 S'u = T'0 §'(v —u) = 0, and
hence S o Tv = S oTwu. This implies that S is well defined. To prove that S is
injective, let o/ = T for some v € W and Sv' = 0. This implies Sv' = T'0S"v = 0
which further implies S” o T'v = 0 and since S” is invertible, it follows v" = 0. It
is easy to check that S is surjective and SoT = ToS. Furthermore, it can be

extended to a linear isomorphism S : V' — V. This completes the proof. O]

Proposition 5.2.5. The linear transformations T € L(W,V) and T € L(W,V)

are similar if and only if Ay = Az and Zp = Z5.
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Proof. For T' € L(W, V), consider the sequence of subspaces W; such that Wy =
V,Wiy=Wand Wiy ={veW;,: Tve W} Let { = min{i : W; = W1} and
denote by T; the restriction of T" to W; for 1 < ¢ < /. Similarly, define m, T;, (
for T € L(W, V). By Lemma 5.2.4, it follows that 7} is similar to T if and only
if T5 is similar to TVQ and dim W; = dim Wl. Using the lemma again, it is clear
that 7T} is similar to ﬁ if and only if T3 is similar to Tg, dim Wy = dim WQ and
dim W; = dim Wl. By repeated application of the lemma, it is evident that T
is similar to 7" if and only if Ty is similar to TZ with ¢ = ¢ and dim W; = dim /WJZ
for 1 < i < (. The linear operators 1, : W, — W, and f,[: Wz — Wz are similar
if and only if Zr = Z5. Thus, it follows that 7" and T are similar if and only if
Ar = A and Iy = I5. O

Definition 5.2.6. For any ordered set of invariant factors Z, define

degZ = deg Hp.

peL

Remark 5.2.7. In view of the above proposition similarity classes in £(V') are
indexed by pairs (A, Z) where X is an integer partition (possibly the empty par-

tition) and Z C I [z] is an ordered set of invariant factors satisfying
|A| + degZ = dim V.

Denote the similarity class in £(V') corresponding to the pair (A, Z) by C(\, 7).
For a given subspace W of V and an integer partition \ with largest part dim V' —
dim W, denote by Cw.y (A, Z) the set of all linear transformations in L(W, V)

corresponding to the pair (A, Z), i.e.,
Cwv(\ZI) = L(W,V)NC(\I).

In the case W =V, the similarity class Cy,v (A, Z) is defined only when A is the
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empty partition and it depends only on the invariant factors Z. In this case
Cyv(0,7) is abbreviated to C(Z). A closed formula for the size of C(Z) (briefly
stated in Theorem 2.2.1) can be found in Stanley [45, Eq. 1.107].

We present simple examples for better understanding of the similarity invari-

ants.

Example 5.2.8. Let W be any subspace of V. Let T" € L(W, V) be the identity
transformation defined by Tv = v. By definition, Wy =V and W; = W. Clearly,
W is the maximal T-invariant subspace. Thus the similarity invariants of 1" are
given by the pair (Ar,Zr) where Ay = (dim V' — dim W) is the integer partition
and Zr denotes the ordered set of invariant factors of the identity map Ty from

W to W.

Example 5.2.9. Let V be the vector space with basis By = {vy,vs,...,v,}. For
k < n, let W be the k-dimensional subspace spanned by the vectors vy,..., vs.
Consider T' € L(W,V) defined by Tv; = v;4q for 1 < i < k. By definition,
Wo=V, W, =W and

W, = span{v; : 1 <j<k—i+1}

for 1 <17 < k+ 1. It is easy to see that the maximal T-invariant subspace is

Wis1 = {0}. Thus the partition A\p = (n — k,1,1,...,1) b n and Zy = 0.

Example 5.2.10. Let V be the vector space of dimension 6 with basis By =
{v1,...,v6} and let W be the subspace of V' spanned by the vectors vy, ..., v,.
We define T' from W into V by

T
v — V1,

T T
Vg — V3 — Us,

T
Vg4 — Vg.
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Clearly, T' € L(W, V). We then have a descending chain of subspaces W;(T")(i >
0) given by
V O W D span{vy, vy} D span{v; }.

In this case, Ay = (2,2,1) and Zr is the ordered set of invariant factors of the
restriction Ty, of T' to W3 = span{v;}. Smith normal form of xI — Ty, is the

1 x 1 matrix whose entry is z — 1 which implies Zp = {z — 1}.

5.3 Counting simple linear transformations

Let us briefly recall the definition of simple linear transformation from Chapter

2.

Definition 5.3.1. A linear transformation 7" € L(V') is simple if, for each T-
invariant subspace U, either U = {0} or U = V.

It follows from the definition that simple maps are injective. If T € L(V)
is simple with domain a proper subspace of V', then the maximal T-invariant
subspace is necessarily the zero subspace and therefore T € C(\, () for some
integer partition A of dim V' with largest part dim V' — dim W where W is the
domain of T. TIn this section we determine the size of C(\, ) for an arbitrary
partition A\ of dim V. We begin with some combinatorial lemmas.

The number of k-dimensional subspaces of an n-dimensional vector space over

[F, is given by the g-binomial coefficient [49, p. 292]

Lemma 5.3.2. Let U C W be subspaces of an n-dimensional vector space V'

over F, with dim U = d and dim W = k. The number of k-dimensional subspaces
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of V' whose intersection with W is U equals

n—=k
g D?
k—d .

Proof. We count the number of k-dimensional subspaces W’ for which WNW’' =

U. Given any ordered basis of U, there are Hfﬁ;d_l(q

n

—¢') ways to extend it to
an ordered basis of W’. Counting in this manner, the same subspace W' arises
in precisely Hzg_l(qk — ¢') ways. Thus the total number of such subspaces W’

is given by

(e —a) _ {n - k] k-7
= ¢k —¢) Lk—d],
0

Definition 5.3.3. |14, p. 95| A flag of length r in a vector space V is an

increasing sequence of subspaces W;(0 < i <r) such that
{0}:WOCW1 C"'WT,1CWTIV

The following lemma gives the number of flags of length r with subspaces of

given dimensions.

Lemma 5.3.4. |35, Sec. 1.5] Let ny,...,n, be positive integers with ny +--- +
n, = n. The number of flags Wy C --- C W, of length r in an n-dimensional
vector space V' over F, with dimW; = n; + ny + --- + n; is given by the ¢-

multinomial coefficient

In the statement of the following theorem and the rest of this chapter, the

number of nonsingular k£ x k matrices over I, |35, Sec. 1.2| is denoted by v,(k) =
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1 (¢" — q').

Theorem 5.3.5. Let A\ be a partition of n. Then

COO == T e )

Proof. We count the number of simple linear transformations 7" € £L(V') having
defect dimensions (A1, Aa, ..., A¢) defined on some subspace of V' of dimension
n — M. Fix a subspace W of V of dimension n — A;. We first determine the
cardinality of Cyw,v (A, 0). For T € Cyw,y (A, 0) consider the chain of subspaces
{W; = W;i(T)}_, associated with T. Define a sequence {W/}¢_, by W/ = T(W;).
Since T is injective, we have dim W; = dim W/ = d; for ¢« > 1. By the choice of
T we have d;_y —d; = A;. Note that W, N W/ = W/, for 1 <i < ¢ —1. The
sequence {W;}¢_, is a flag in W of length ¢ — 1:

{O}:WZC"'WQCW1:W
such that dim W; = d; = A\¢ + A1 + - - - Air1. By Lemma 5.3.4, the number of

bl
)‘ea)\e—lv"w/\Q q.

For a given choice of {W;}{_,, the total number of choices for the sequence

such flags is

{W!}_, equals the total number of flags
{0y=w,c---WyCcW, =TW

of length ¢ — 1 where dim W} = d; and W; N W/ = W}, for 1 <7 < ¢ —1. Thus
W,_, is a subspace of Wy_5 of dimension d,_; that intersects W,_; trivially. It
follows by Lemma 5.3.2 that W/_; can be chosen in

dZ—2 - dZ—l (de—1—dg)? _ )\6—1 22
q = q
de—1 —dy |, Ae |,
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ways. Similarly, the conditions W, _, € W,_3 and W,_o N W,_, = W,_, imply

that W;_, can be chosen in

d£—3 - d£—2 (defzfdeq)Q o )\6—2 A2
q = g
dpo —dy1], M1,

ways. Proceeding in this manner, it is seen that the total number of choices for

the sequence {W/}(_, is equal to

[Aﬂ 7 BH] P m ¢ = =i {A NG
Y4 q Z—lq 2q 17 A2, A2 7 A3y .- vy fq

For each choice of the flags {W;}._, and {W/}‘_,, we count the number of pos-
sibilities for 7. Note that 7T is injective and TW; = W/ for 1 < i < ¢. Thus
the number of ways to map W,_; onto W,_; is equal to the number of invertible
A¢ X A¢ matrices over F,, i.e., 7,(A;). The number of ways to extend T to Wy_y

such that TW,_, = W/_, is evidently

de—1+Ae-1—1

[T @ =) =a" ().

1=dg_1

Following this line of reasoning, the total number of choices for the map T for

a given choice of {W;}¢_, and {W/}{_, equals

14

4 By
et T 0

i=2
It follows that

n—)\1

)\€7 AK—I? R )‘2:| qq

K3

A p—
ICw,v (A, 0)] [ M= Ao do — Agy e N\

14 )\ 4
=2 >‘2 |: 1 i=2 dz)\z
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We expand the values of v,()\;) and simplify the above expression.

|: :| [n_ )\1}(1! q fzgdi)\i
A= A2, 00 = A Ad] (A [Ae gl [Aalg!

=2
f— 25:2 )‘22 |: >\1 :| n — )\ | Zz 2d i _ 1 Ao+
I /\1_>\2,>\2 )\3, ..,)\g q[ ] 4 (q )
X q(?)Jr +(%¥)
=q =2 N A1 [n _ )\1] !<q _ 1)n—>\1q(”*2>\1)
)\1_)\27/\2_A37"'7>\€q a
¢ a2 A1
= g== — ). 1
! [Al VS P Ag] Dl =) (5.1)

Since the domain of 7" is an arbitrary n — A; dimensional subspace of V', we sum

over all (n — A;) dimensional subspaces of V' to obtain

coml= 3 |CWV()\,(Z))]=[n_n)\J Cwy (X, 0)] -

W:dim W=n—X\;

Substituting the expression for [Cy.v (), 0)| obtained earlier, we obtain

cool=|, " |

Z’L QA?

A

v 1

i= 1 —_ A
1 ) |:/\1 _A27A2_A37"'7)\£:|q7q(n 1)

— ). O
A%_._’MLMn )

q
n

4 |:7L—>\17>\1—

Corollary 5.3.6. Let W be a proper subspace of an n-dimensional vector space
V over F,. Let A = n with Ay = dimV — dimW. Then the number of simple

linear transformations defined on W with defect dimensions A is given by

o) = [Cur (A, 0)] = ¢ z>w<n—A1>H[AZ’L.

>\i+1
>1

Proof. Follows from Equation (5.1) in the proof of the above theorem. ]
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F1GURE 5.1: The Young diagram of (6,3, 2).

The above corollary may be used to deduce the number of simple linear trans-
formations with a fixed domain by summing o () over partitions with a fixed first
part. We first collate some basic results on partitions. A useful graphic repre-
sentation of an integer partition is the corresponding Young diagram. Given a
partition A = (A1, Ag, ...), put \; (unit) cells in row i to obtain its Young diagram.

For instance, the Young diagram of the partition (6, 3,2) is shown in Figure 5.1.

Definition 5.3.7. For integers m,r, s denote by p(m,r,s) the number of parti-

tions of m with at most r parts in which each part is at most s.

The geometric interpretation of p(m,r,s) is that it counts the number of
partitions of m whose Young diagrams fit in a rectangle of size r x s. The
following lemma shows that the generating function for p(m,r, s) for fixed values

of r and s is a g-binomial coefficient.

Lemma 5.3.8. [3, Prop. 1.1] We have

r+s . i
{ } =Y pli,r,9)q.
S -
q i>0

The rank [45, p. 71| of a partition A is the largest integer ¢ for which X\; > i.
Geometrically, the rank of a partition corresponds to the side length of the largest
square, called the Durfee square, contained in the Young diagram of A\. The
Durfee square of the partition A = (6,4, 3,2) is indicated by the shaded cells in

Figure 5.2.
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FIGURE 5.2: The Durfee square of the partition (6,4, 3,2).

Proposition 5.3.9. For positive integers m < n, we have

2 Ai m2an—m | — 1
;(JZAZHL\ML:(J ' [Z—Jq.

i>1
Ai=m

Proof. Let S denote the set of all partitions p of rank m and largest part n with
precisely m parts. Visually S consists of partitions whose Young diagrams fit
inside an m x n rectangle R and have at least m cells in each row with precisely

n cells in the first row. We compute the sum

Z g™

pes

in two different ways. Note that each p € S is uniquely determined by the
partition p' = (us —m, pug —m, .. .) since the first row and first m columns of the
Young diagram of p are fixed. As the diagram of y fits in the (m — 1) x (n —m)
rectangle at the bottom right corner of R, it follows by Lemma 5.3.8 that

Z g = qm2+n*m Z qlu’\

HES HES
_ m?4n—m n—1
- q m — 1 )
q

which accounts for the expression on the right hand side of the proposition. Now
for any p € S consider the partition ¢(u) = A F n defined as follows: A; is the
rank of i, Ao is the rank of the partition whose diagram is to the right of the Durfee
square of pu, etc. For example, when p = (8,7,6,5), we have p(u) = (4,2,1,1)
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F1aURE 5.3: The partition ¢(u) = (4,2,1,1) corresponding to u = (8,7,6,5).

as shown in Figure 5.3. As p varies over S, the partition ¢(u) varies over all

partitions of n with largest part m. Therefore

quﬂl _ Z Z qlul‘

pes AFn pES
AL=M () =\

Consider the inner sum on the right hand side. If p(u) = A, then A defines
a sequence of squares (corresponding to the shaded cells in Figure 5.3) which
accounts for Y, A? cells in the diagram of p. The cells of p that do not lie
in any square in the sequence (the unshaded cells in the running example of
Figure 5.3) correspond to a sequence of partitions: the first is a partition that
fits in a rectangle of size (A\; — Ay) X A, the second is a partition that fits in
a rectangle of size (A\y — A3) X A3 etc. Putting these observations together and

applying Lemma 5.3.8, it is clear that

2 | A A
T gl = T [)\1} {;}
21qLM31g

neS
p(p)=A

and the proposition follows. O

We now deduce the theorem of Lieb, Jordan and Helmke alluded to in the

introduction.

Corollary 5.3.10. 33, Thm. 1] Let W be a proper k-dimensional subspace of
a vector space V' of dimension n over F,. The number of simple linear transfor-

mations with domain W equals Hle(q” —q').
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Proof. The number of simple linear transformations with domain W is equal to

S o= X =L |

i
AFn A i>1 L7l
Ai=n—k Ai=n—k

by Corollary 5.3.6. Setting m = n — k in Proposition 5.3.9 the sum on the right

hand side above becomes

n—1_ 1\...(m—1 _ k—1\ k=1 ,
qk |:n_ 1:| ’Yq(k) :qk(q 1) (q Q) )H( k_qz)

; =1 =) 11

= [ - o). -

The corollary above can also be obtained [5, Cor. 2.12] by counting certain

unimodular matrices over a finite field.

5.4 Arbitrary linear transformations defined on a

subspace

In this section we extend the results obtained on the conjugacy class size of simple
linear transformations to arbitrary maps in £(V'). Let T € L(V) be a fixed but
arbitrary linear transformation with domain W and let U denote the maximal
invariant subspace of T'. Define a map T from the quotient space W/U into V/U
by

~

Tw+U)=Tv+U.

Then 7 is well defined. If v1+U = v9+U for some vy, vy € W then v1—vy € U
and consequently T'(v; —vg) € U since U is T-invariant. It follows that T, +U =
Ty + U and thus 7' is well defined. The linearity of T is an easy consequence of

the fact that T is linear.



ENUMERATING PARTIAL LINEAR TRANSFORMATIONS IN A SIMILARITY
52 CLASS

Lemma5.4.1. Let W={veW:Tve W}and W = {a € W/U : T(a) € W/U}.
Then W = W/U.

Proof. Note that U C W. We have

v+UeW <= v+UeW/Uand Tv+U € W/U
< veWandTveW

<— v e W. O

Lemma 5.4.2. Let W be a proper subspace of an n-dimensional vector space V'
over F, and let T € L(W,V). Let U denote the maximal T-invariant subspace
and suppose dim U = d. Suppose T' € C(\, Z) for some integer partition A - n—d.
Then the linear transformation 7' : W/U — V/U defined by T'(v + U) = Tv + U
is simple and 7' € C(\, ).

Proof. To show that T is simple, it suffices to show that the maximal invariant
subspace of T is the zero subspace. Let {W;}t_, be the chain of subspaces as-
sociated with 7' with W, = U. Similarly, there is a chain of subspaces {W;}¢_,
associated with 7. It follows by Lemma 5.4.1 that Wy = Wy /U. By applying
the lemma again to the restriction of 7' to W, /U, we obtain W3 = Ws/U. By
repeated application of the lemma it is clear that W, =W, JU for 0 < i < /. This
implies that ¢ = ¢ and that the maximal invariant subspace W, of T' is the zero

subspace. Thus T is simple. Since
diij_l/U — dlmVV]/U == diij_l - dlmVVJ = /\j
for 1 < j </, the sequence of defect dimensions of T is \. O

Definition 5.4.3. For T' € £(V'), the map T defined above is called the simple

part of T.
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Definition 5.4.4. For T' € L(V), the operator part of T denotes the linear

operator obtained by restricting 7' to its maximal invariant subspace.

Given a subspace W of V and any T" € L(W,V), associate with it a pair
(T, T) where T denotes the operator part of 7' and T denotes the simple part of
T. The following proposition asserts that the number of linear transformations

having prescribed simple and operator parts is a power of q.

Proposition 5.4.5. Let U C W be subspaces of an n-dimensional vector space
V over F, and suppose that the dimensions of U and W are d and k respectively.
Let T, be a linear operator on U with ordered set of invariant factors Z and
let T, € L(W/U,V/U) be a simple linear transformation with defect dimensions
A+ n—d. The number of linear transformations 7' € L(W, V') with operator part
T, and simple part T} is given by ¢**=9.

Proof. Let B = {a,...,aq} be an ordered basis for U. Extend B to a basis
B = {ay,...,an} for W. Let T, and T be as in the statement of the theorem.
If a linear transformation 7" € L(W, V') has operator part T,, then 7T is uniquely
defined at each element of B. It remains to define 7" on each o; for d+1 < i < k.
Suppose that T(a; +U) = f; + U for some 5; € V and d +1 < i < k. Then
Toa, +U = 6; + U for d+1 < i < k. It therefore suffices to count maps T
satisfying
Ta; =i+ forsome v, €U (d+1<i<k).

The number of such maps is clearly ¢**~9. O

The function o(\) defined in Corollary 5.3.6 counts the number of simple
maps with defect dimensions A when )\ is a partition of a positive integer. As
the simple part of any linear operator on V' is trivial, it is natural to extend the

domain of definition of o(\) to the empty partition by declaring o(0)) = 1.

Theorem 5.4.6. Let U C W be subspaces of an n-dimensional vector space V'

over [F, and suppose dimU = d and dimW = k. Let A\Fn —d with \; =n -k
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and Z be an ordered set of invariant factors of degree d. The number of maps in

Cwv (A, Z) with maximal invariant subspace U equals
¢ @ o (N). (5:2)

Proof. There are precisely |C(Z)| possibilities for the operator part of 7. Setting
W' =W/U and V' = V/U, the simple part of T' can be chosen in |Cy (A, 0)] =

o(A) ways. The result now follows from Proposition 5.4.5. O

Corollary 5.4.7. Let W be a k-dimensional subspace of an n-dimensional vector
space V over IF,. Let Z be an ordered set of invariant factors with degZ = d <
dimW and let AF-n —d with A\ = n — k. Then

D = 1] el (5.3

Proof. The corollary follows from Theorem 5.4.6 as there are mq possibilities for

the maximal invariant subspace. O

In the case W =V, the above expression for [Cy.y (A, Z)| reduces to |C(Z)],
the number of square matrices whose invariant factors are given by Z. The next

corollary determines the size of the similarity classes in L(V).

Corollary 5.4.8. Let V be a vector space over I, of dimension n. If degZ = d
and A= n — d, then

o= 1] [3] leio,

where kK =n — \;.

Proof. Any map in C(X\,Z) has domain of dimension k. The result follows from
Corollary 5.4.7 by summing |[Cy.v (A, Z)| over all k-dimensional subspaces of V.
[
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Corollary 5.4.9. [43, Thm. 3.8] Let W be a fixed k-dimensional subspace of
an n-dimensional vector space V' over F,. The number of linear transformations
T € L(W,V) for which the operator part of 7' has invariant factors Z with
degZ = d equals
k i |
] el T -o
q i=d+1

Proof. By Corollary 5.4.7 the desired number of linear transformations equals

_a[F]
2. [Gn WD =g * 1 fe@] Y o
AFn—d ) An—d
Ai=n—k A=n—k
L k—d ’
=" @[ =)
L1 g j=1
k k
- [o ean - o)
q i=d+1

The second equality above is a consequence of Corollary 5.3.10. O]
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Chapter 6

Future Outlook

This chapter presents brief conclusions and the future scope of this work. We

discuss some of the interesting open problems in this research direction.

6.1 Splitting subspaces of linear operator over fi-

nite fields

Let d,m be positive integers. Ghorpade and Ram [19, p. 54| provided a more
general version of Niederreiter’s question on the number of a-splitting subspace
by considering transforms of an m-dimensional subspace of F m« by an endo-
morphism of F ma instead of considering its multiples by powers of a. More
precisely, given any I -linear endomorphism 7' : Fyma — F ma, we say that an

m-dimensional subspace W of Fma is T-splitting if
Fna =W &TW @ -+ @& T 'W,

where T; denotes the i-fold composite of T" with itself (0 < i < d). For any element
a € Fyma, if T : Fyma — Fyma is the Fg-linear endomorphism mapping v — awv,

then clearly an m-dimensional subspace W of F ma is T-splitting if and only if
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it is a-splitting. The following question is the generalization of Niederreiter’s

question.

Question 6.1.1. Determine the number of m-dimensional T-splitting subspaces

of Fyma for every Fy-linear endomorphism 7' of Fjma.

The solution to this problem is challenging for an arbitrary 7'; however, there
has been some recent remarkable progress by putting certain restrictions on 7.
Apart from the case where T has an irreducible characteristic polynomial (see
Splitting Subspace Theorem in Section 4.2), the solution is also known for the
cases where T is cyclic nilpotent [2], is regular split semisimple [38, 37|, the
invariant factors of T satisfy certain degree constraints [1|, or when d = 2 [39].

The general case still remains open and would be an interesting topic to study.

6.2 Similarity invariants of extensions

Let V' be an n-dimensional vector space over F, and let W, W’ be fixed subspaces
of V of dimension k and k + 1 respectively with W C W’. For a given simple
linear transformation 7" € L(W, V), we determined the number of simple linear
transformations 7" € L(W’, V) such that T}, = T' (see Lem. 3.2.9) in Chapter 3.
In Chapter 5, we proved that the similarity invariants for an arbitrary transfor-
mation 7" € L(W, V) are characterized by the pair (Ar,Zr) where A F n denotes
the defect dimensions of 7" and Z C F,[z] is an ordered set of invariant factors of

the restriction of 7" to its maximal T-invariant subspace U satisfying
A + degZ = dim V.

We further determined the size of the similarity class C(T") of T. Furthermore,
we showed that if 7" is simple, then the similarity class C(T") of T is characterized
by the pair (A7, () and is completely determined by defect dimensions Ap of T



6.2 SIMILARITY INVARIANTS OF EXTENSIONS

Given a simple linear transformation 7" € L(W,V') with defect dimensions Ar,
it would be an interesting problem to determine the similarity invariants for an
arbitrary simple linear transformation 7" € L(W',V) such that Ty, = T. We

propose the following conjecture on the defect dimensions of 7.

Conjecture 6.2.1. Let V be an n-dimensional vector space over F, and let W, W’
be fixed subspaces of V' of dimension k£ and k+1 respectively with W C W’. Sup-
pose T' € L(W,V), T" € L(W’, V) are simple linear transformations with T|’W =T
and defect dimensions Ay = (A1, Ao, A, ..., Ap) F gy A = (A, AL NS, . ) o
respectively. Then we can obtain Ay starting from the Young diagram of Ap in

the following manner.

(i.) For some positive integer r, we remove a single cell in each of the first r

TOws.

(ii.) We successively add r corner cells, i.e., the cells having cells to its left and
above in the Young diagram in such a way that none of the new cells are

in the same row or column as a previously deleted cell.

Conversely, let T € L(W,V) be a simple linear transformation with defect
dimensions Ayr = (A1, Ao, Az, ..., A\¢) F n. Suppose p = (u1, i, 3, - - ., per) is the
partition of n obtained from the Young diagram of Ay by applying steps (i.) and
(ii.). Then there exists a simple transformation 7" defined on some subspace W”

of V' of dimension k£ + 1 containing W with T"{,V =T and defect dimensions pu.
Let us consider an example for ease of understanding.

Example 6.2.2. Let W, W’ be any subspaces of dimension 5 and dimension 6
of a vector space V of dimension 9 with W C W’. Suppose T' € L(W,V) is a
fixed simple linear transformation with defect dimensions Ar = (4,3,1,1). Let
T" € L(W',V) be any simple map with T"W = T and defect dimensions A7. We

will apply the steps from the above conjecture to obtain all possible partitions
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F

F1GURE 6.1: The Young diagrams of (4,3,1,1), (3,3,2,1) and (3,3,1,1,1).

Fi¢ure 6.2: The Young diagrams of (4,3,1,1), (3,2,2,2), (3,2,2,1,1) and
(3,2,1,1,1,1).

for Ayr. Consider the Young diagram of the partition A\ (see Figure 6.1). For
r = 1, we remove the shaded cell from the first row of the Young diagram of
Ar and add a corner cell so that the new cell has cells to its left and above to
obtain a partition of 9. This can be done in two ways and we obtain the partitions
(3,3,2,1) and (3,3, 1,1, 1) as shown in Figure 6.1. Now for » = 2, we remove a cell
from each of the first two rows (see the shaded cells in Figure 6.2) and add back
two corner cells such that no new cell is in the same row or column as a previously
deleted cell. This is possible in three ways; and we obtain partitions (3,2, 2, 2),
(3,2,2,1,1) and (3,2,1,1,1,1) as shown in Figure 6.2. Further, removing r > 2
cells is not possible in this case. So the possible partitions for A\ are (3,3,2,1),

(3,3,1,1,1), (3,2,2,2), (3,2,2,1,1) and (3,2,1,1,1,1).

The conjecture has been verified using computer programs for smaller values
of n and k, but it still seems open in the general case. Further, for given subspaces
W, W’ of V of dimensions k& and k + 1 respectively with W C W’ and a simple

map T € L(W, V) with defect dimensions Ar, it would be interesting to count the
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FIGURE 6.3: The Hasse diagram of 11, for n = 7.

number of simple extension maps 7" € L(W' V') corresponding to every possible

partition A7 obtained from Ar by following the steps in Conjecture 6.2.1.

The theory of partially ordered sets (or posets) plays an important unifying
role in enumerative combinatorics. We can make the set I, of all the integer
partitions of n into a poset. To do this, we first recall that a partially ordered
set (or poset) P is a set together with a binary relation < that is reflexive (¢t <t
for all t € P), antisymmetric (if » < s and s < r, then r = s for all r,s € P)
and transitive (if r < s and s < ¢, then r < t for all r,s,t € P). We define
A < p in 11, if there exists simple linear transformations 7', 7" defined on some
subspaces W, W’ with W C W’ of an n-dimensional vector space V having defect
dimensions as A, p respectively and 7"y = T'. It is easy to verify that the set II,,
with the relation ‘<’ forms a poset. For example, when n = 7, the Hasse diagram

for the poset is shown in the Figure 6.3. It would be another interesting problem
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to study the properties of this poset for an arbitrary n.
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