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Abstract

Public transportation can be a potential source of generating a tremendous amount of

data as a part of its daily operation. GPS (Global Positioning System) installed system

can be used to track the position of buses and thereby collect a massive stream of traffic

speed/ETA (Estimated Time of Arrival) data. An alternate approach called drive-by sensing

where sensors can be installed on moving vehicles is a way of collecting highly-granular

space/time datasets that can be merged with public transportation (buses) to provide a

cost-effective solution. This approach can be used to sense a wide range of phenomena,

including traffic speed, air pollution, road lighting, street surface quality, unsafe pedestrian

movement, record parking violations, traffic congestion, and crowd flows. Our work

mainly focuses on traffic speed and air quality data sensing. The data sampled using sensor

sources contain missing values due to sensor malfunctioning or the irregularity in the

sensor measurements. The missing data percentage further shoots up in case of drive-by

sensing data collection.

In this work, we explored three problems spatiotemporal sampling, estimation and

prediction for effective and reliable public transportation data acquisition and analysis.

First, we propose a Robust Variational Bayesian Subspace Filtering framework for missing

data estimation and outlier removal. We also propose an Extreme Matrix completion for

missing data estimation using Variational Bayesian Filtering with Subspace information for

a higher percentage of missing data. We showed that incorporating the previous subspace

information can reduce the sampling complexity of the data; therefore, it can be a potential

algorithm to estimate the data in case of moving sensors. Second, we propose Regressive

Facility Location, a sampling algorithm to pick sets of paths (using vehicles) that perform

representative sampling in space and time. Third, we propose a deep learning-based



vii

generative model that predicts the ETA information of buses for a trip and updates it as the

trip progresses based on the real-time information.
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Chapter 1

Introduction

Without big data, you are blind and

deaf and in the middle of a freeway

Geoffrey Moore

The transportation network accounts for about 64% of global oil consumption, 27%

of all energy use, and 23% of the world’s energy-related carbon dioxide emissions [4].

Therefore, sustainable transportation is a direction in progressing towards sustainable devel-

opment, fulfilling the social and economic requirements of the people while respecting the

needs of future generations. Sustainable transportation aims to support society’s mobility

needs that are least damageable to the environment. Transportation built around public

transit is a way to attain sustainable mobility that can provide economic accessibility along

with lower emissions and congestion on the roads. Many countries have targeted increasing

public transit usage to achieve balanced, sustainable mobility goals. For example, Dubai

set a target to increase the public transport modal share to 30% by 2030, Malaysia set

an increase in the public transport modal share to 40% by 2030, Copenhagen’s vision is

that at least 1/3 of all driven traffic in the city should be made by bicycle 1/3 by public

transport and not more than 1/3 by car [5]. Promoting public transit to users is crucially

dependent on its reliability. One of the primary metrics that measure the reliability of public
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transit is the predictability of its vehicles in reaching specific pre-determined locations. A

predictable and reliable public transportation attracts more users, thereby increasing the

economic viability of the transit as well as reducing congestion on the road, a huge urban

challenge, especially in the developing world. Establishing reliability in public transit is

built around gathering, analyzing and providing data to users so that they can optimize

their journey and authorities to plan and operate efficient transit networks. In this thesis,

we work on delivering solutions to reliable transportation by estimating and predicting

network traffic state, which is a challenging problem, especially in developing countries

due to randomness in road traffic, non-homogeneous infrastructure and the presence of

multimodal transport .

A critical aspect of sustainable mobility is sustainability in terms of its environmental

impacts. Promoting public transit can help in the reduction of private vehicles, which

in turn can reduce the environmental impact. Further, a transportation network can be

used to monitor the environmental impact, e.g. monitoring of air quality of a region. Air

quality has drawn attention in recent years because of its effect on the health of the people,

which includes cardiovascular diseases, lung cancer etc. It is crucial to assess the level

of pollution in a region to check if it meets the air quality standards. The air quality

measurements are required to make strategies for emission control, verify strategies for

emission control, and provide the air quality index data (AQI) to the general public and

authorities for decision-making. In this thesis, we work towards providing an effective

strategy for sensing and providing AQI data using a transportation network.

Overall, this thesis provides a sustainable solution for effective sensing using public

transit and delivers reliable real-time and future data to the user. The data obtained using a

transportation network includes spatiotemporal dimensions and exhibits correlation in the

spatial and temporal dimensions. We discuss the spatiotemporal data and the associated

correlation in the next section. We then discuss the spatiotemporal mobility data collection
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Fig. 1.1 Traffic Data
Fig. 1.2 Air Quality Data

using public transit and underline the motivating factors leading to the research pursued in

this thesis. Lastly, we briefly explain the objectives and contributions of this thesis. In the

end, we provide an overview of follow-up chapters.

1.1 Spatiotemporal Data

A large amount of spatiotemporal data is collected in diverse domains like transportation,

remote sensing, climate science, social sciences, neuroscience etc. Spatiotemporal data

samples are not independent and identically distributed, instead follow a structure and are

correlated in space and time. Spatially associated patterns are often observed in the data

measured across different locations. Such spatial patterns change over time, and therefore

the temporal factor of the signal needs to be examined along with the spatial aspect. In this

section, we discuss the spatial, temporal and spatiotemporal dimensions of a dataset.

Spatial dimension Points, and links can be used to denote the spatial dimension of an

observation as shown in Fig. 1.1-1.2. Point is the most commonly used spatial dimension

as shown in Fig. 1.2, where the observation corresponding to a particular point l will be

the data reading for that point l. Link can be used to denote a road segment as shown in
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Fig. 1.3 Different time stamps for a spatiotemporal signal. All the locations are denoted by
black. Blue denotes the sampled observations at a given time stamp.

Fig. 1.1, where the traffic data (e.g. speed) on a road segment l can be a proxy of data for

that road segment l. For L spatial observations, we can refer to the point or the links from

l = 1 to L. Tobler’s first law of geography states that "Everything is related to everything

else, but near things are more related than distant things" [6]. This means that there exists

a spatial dependence in the data, and data is spatially distributed in a non-random manner.

In this thesis, we exploit the correlation in spatial observations.

Temporal dimemsion Spatial observations vary in time. However, there is a correla-

tion in the spatial observations over time. For every spatial observation l, we can record

the observations temporally. The data arriving can be sampled for different time stamps

or averaged for different time intervals. The spatial observation evolves slowly with time

t = 1 to T , and we will exploit this temporal correlation in this thesis.

Spatiotemporal Dimension Sensing the spatiotemporal data using a static sensor

can be regarded as a sequence of temporal dimension data for all the spatial dimensions.

Sensing the spatiotemporal data using a moving vehicle where a vehicle follows a trajectory

can be regarded as a sequence that varies in spatiotemporal dimensions. An example of

such trajectory data is shown in Fig 1.3, where for different time instances, we observe

spatial data at different locations. In both cases, there is a spatiotemporal correlation in the

data. In this thesis, we will exploit this spatiotemporal correlation in the data.
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1.2 Mobility Data Acquisition using Public Transporta-

tion

Public transit, e.g. buses, can be used as GPS (Global Positioning System) probe vehicles

that relay back the vehicle’s position along with the sensed data to a server at different

time intervals to collect spatiotemporal data. We discuss two ways of acquiring mobility

data in this section. One is the transit data that is used by the transit agency to get real-time

bus data. Another is the drive-by sensing, where the moving sensor paradigm can be used

to obtain high coverage spatiotemporal data map without needing an expensive setup of

hundreds of static monitors [7, 8]. Sensors can be installed on public transit for real-time

environmental monitoring of cities.

• Transit data

Rapid population growth in many major cities results in a strain on the existing public

transportation infrastructure. Collecting the mobility data and providing information

to the public can be beneficial for public comfort. This also provides a doorstep

for better resource management, planning etc. Therefore, public transportation

operators are motivated to publish their transportation network and schedule data in

electronic form, accessible to the public via a unified API (Application programming

interface) known as the transit data. The data format is GTFS (General Transit Feed

Specification) which has become an industry standard for transit data. One such

open transit data is available for Delhi, India [9], which provides static and real-time

bus transit data. Static data refers to the information about the schedule, routes, and

stops provided by bus agencies. Real-Time Data provides the live GPS coordinates

and registration number of each bus running at that particular moment. We will

explore the Delhi bus transit data [9] in this thesis.

• Selective Drive-by sensing
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A large number of static monitors are required to sample different locations in a

geographical area, thereby making it a costly option. Dense spatiotemporal coverage

can be achieved using only a fraction of static sensors by deploying them on the

moving vehicles, known as the drive-by sensing paradigm. We do not need static

monitors at all times and in all locations; one may "move" these monitors to sample

at other locations. Since one monitor can be used to sample many locations during

different timestamps, the actual number of sensors needed is just a fraction of the

total number of nodes. Vehicle-based drive-by sensing emerged as a paradigm to

create high granular spatiotemporal datasets [10]. Drive-by sensing can be employed

using dedicated vehicles [11]. However, this increases the cost of the data collection.

Therefore, we explore the drive-by sensing paradigm using public transit (buses) in

this thesis.

1.3 Research Overview

With the advent of smartphones, public transportation services, as well as private on-

demand transportation companies, are increasingly relying on the availability of real-time

spatiotemporal traffic maps for resource allocation and logistics. Further, authorities can

take effective strategies against air pollution and climate change based on spatiotemporal

air quality data. The availability of reliable real-time spatiotemporal data can attract

more users and help them make more informed decisions. So it is crucial to provide a

spatiotemporal data map of an area, where a user can avail the data for any location and

for any time period. Building an anytime-anywhere real-time dense data map for a city

requires first sensing/sampling the spatiotemporal data using GPS enabled probe vehicles

that upload the observations and corresponding location tags at sporadic times to the server,

as shown in Fig 1.4.
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The spatiotemporal data acquired using the transit as discussed in section 1.2 is incom-

plete and is often ridden with outliers. Further, the problem of incomplete data shoots up

when employing drive-by sensing. Therefore, the next task to provide dense spatiotemporal

maps is to estimate spatiotemporal data at locations and times where no measurements are

available in the presence of outliers. Overall, providing reliable real-time spatiotemporal

dense data maps requires jointly solving the problem of spatiotemporal sampling and

spatiotemporal estimation. Finally, predicting the future spatiotemporal data can further

improve the user experience; for example, predicting traffic in the near future is necessary

to calculate expected-time-of-arrival (ETA), fastest route, and other related quality service

metrics for road users. The future traffic prediction problem becomes particularly challeng-

ing in regions with diverse modes of transport, such as in India, where ETA calculations

must account for the multimodal nature of traffic. This thesis delivers solutions to collect

and provide accurate spatiotemporal data to the users. As shown in figure 1.4, firstly,

we can employ spatiotemporal sampling framework to collect the data by selected GPS

vehicles and develop a model to estimate and predict the spatiotemporal data. The next

section will elaborate on the spatiotemporal sampling, estimation and prediction problems,

and our thesis contribution.

1.4 Thesis Contribution

In this dissertation, we investigate the following problems

• How can we estimate the missing data by exploiting the spatiotemporal structure of

the data (Spatiotemporal Estimation).

• How can we select the set of vehicles that provide an effective spatiotemporal

sampling (Spatiotemporal Sampling).

• How can we predict the future spatiotemporal data (Spatiotemporal Prediction)
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Fig. 1.4 Setup for dense maps. First, use spatiotemporal sampling to collect the data by
selected GPS vehicles and send it to the server. Then use a spatiotemporal estimation and
prediction model.

1.4.1 Spatiotemporal Estimation

Real-world data collected from various sensors are often incomplete and noisy, with the

possibility of outliers. Consequently, such data naturally demands filling the missing entries

and removal/segregation of outliers to perform tasks in a meaningful manner. Examples of

applications that benefit from imputing missing data include road traffic estimation and

prediction, air quality measurement across the city network, and electricity load prediction

and estimation. The collected data in these applications can be represented in the form of

a spatiotemporal matrix with missing entries that need to be estimated by exploiting the

spatiotemporal structure. The inference of the missing entries is further affected by the

presence of outliers in the sampled data. Therefore, the estimation of the spatiotemporal

data in the presence of outliers is another problem that needs attention. A more recent way

of collecting the sensor data is employing drive-by sensing. The drive-by sensing scheme

uses relatively fewer sensors resulting in high data "gaps" in both spatial and temporal
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dimensions. This motivates the problem of extreme spatiotemporal estimation, where the

percentage of data sampled may be as low as 10%.

Our Contribution

We explored the traffic and air quality datasets in our work [1–3, 12, 13]. The algorithm

proposed in this work can be applied to the static sensor as well as drive-by sensing missing

data problems as well. To extrapolate the missing entries, we exploit the underlying low

rank and slowly time-varying structure of the spatiotemporal traffic/air quality data. Jointly

exploiting the spatiotemporal and periodic structure, which is generally not captured

by classical matrix completion approaches, can improve the imputation performance of

sensor data in such real-world conditions. We propose the Variational Bayesian Subspace

Filtering (VBSF), a low-rank subspace filtering approach for data imputation. We consider

low-rank matrices whose underlying subspace evolves according to a state-space model.

As incomplete columns of the data matrix arrive sequentially over time, the low-rank

components, as well as the state-space model, are learned in an online fashion using the

variational Bayes formalism. Moreover, we extended the probabilistic model to the Robust

Variational Bayesian Subspace Filtering (RVBSF) case that is flexible enough to allow

imputation while handling outliers. We further capture the periodic evolution in the data

by a penalty function on the slowly varying subspace using Variational Bayesian Filtering

with Subspace Information (VBFSI). This improves the performance for high missing data,

referred to as extreme matrix completion in this work.

1.4.2 Spatiotemporal Sampling

Fixed static sensing is a primary way to monitor environmental data like air quality in

cities. However, to obtain a dense spatial coverage, a large number of static monitors

are required, thereby making it a costly option. Dense spatiotemporal coverage can be
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achieved using only a fraction of static sensors by deploying them on the moving vehicles,

known as the drive-by sensing paradigm. There are two steps to create a dense data map for

an area. The first is to sample the best representative sampling set of the city in space and

time, and the second is the extrapolation or imputation of the data based on the sampled

set. The second problem is discussed already in section 1.4.1 as the inherent temporal

and spatial redundancy available in the spatiotemporal data can be used to impute the

remaining (incomplete) data by utilizing the matrix completion techniques and obtaining

a dense data map in a fraction of the corresponding fixed sensing cost. However, the

accuracy of imputation is dependent on the extent to which the moving sensors capture the

inherent structure of the spatiotemporal matrix. There has been limited research on the

spatiotemporal sampling problem where the challenge is to pick those sets of paths (using

vehicles) that perform representative sampling in space and time.

Our Contribution

Most works [14–17] in the current literature for vehicle subset selection focus on maxi-

mizing the spatiotemporal coverage by maximizing the number of samples for different

locations and time stamps, which is not an effective representative sampling strategy and

results in noisy imputations. We present a novel regressive facility location-based drive-by

sensing, an efficient vehicle selection framework that incorporates the smoothness in

neighbouring locations and autoregressive time correlation while selecting the optimal set

of vehicles for effective spatiotemporal sampling. We show that the proposed drive-by

sensing problem is submodular, thereby lending itself to a greedy algorithm but with per-

formance guarantees. We address the problem of the choice of efficient drive-by-sensing

routes for Delhi. In our work, we investigate the usage of public transit buses for drive-by-

sensing. We pick those routes using the proposed regressive facility location that exploits

the spatiotemporal structure in the air quality data resulting in an effective imputation and
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therefore achieving the required dense air quality map. We illustrate that the proposed

method samples the representative spatiotemporal data in turn reducing the extrapolation

error. Our approach, therefore, has the potential to provide cost-effective dense air quality

maps.

1.4.3 Spatiotemporal Prediction

The next problem we focus on is predicting future spatiotemporal data by exploiting the

historic spatiotemporal patterns. This thesis explores the use-case of predicting the accurate

spatiotemporal ETA data. From the point of view of the transit operators, predictability

is key to maintaining its efficiency. From the passenger’s perspective, predictability is

generally measured by the accurate determination of the expected time of arrival (ETA) of

a vehicle on a route. Predicting the accurate expected time of arrival (ETA) information is

crucial in maintaining the quality of service of any public transit.

Our Contribution

We present a simple but robust model for spatiotemporal ETA prediction for a bus route that

only relies on the historical data of the particular route. We propose a system that generates

ETA information for a trip and updates it as the trip progresses based on the real-time

information. We train a deep learning based generative model that learns the probability

distribution of ETA data across trips and conditional on the current trip information updates

the ETA information on the go. Our plug and play model not only captures the non-linearity

of the task well but that any transit agency can use without needing any other external data

source.
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1.5 Thesis Organization

In chapter 2, we present Variational Bayesian Subspace Filtering, a Bayesian model that

fits sequential multivariate measurements arising from a low-dimensional time varying

subspace. The proposed model learns the underlying subspace and its state-transition

matrix. We use this approach to predict real time missing data. In chapter 3, we present a

Robust Variational Bayesian Subspace Filtering approach to predict the missing data in the

presence of outliers. We also predict the location and value of the outliers in the data. In

chapter 4, we present a Variational bayesian approach for extreme matrix completion for

high percentage of missing data. We exploit the subspace information of previous days to

reduce the sample complexity and improve the estimation performance. In chapter 5, we

present regressive facility location based drive by sensing, an efficient vehicle selection

framework for effective spatiotemporal sampling. In Chapter 6, we present a deep learning

based generative model that learns the probability distribution of spatiotemporal ETA data

across trips and conditional on the current trip information predicts the ETA information

on the go. Conclusion and future research outline is discussed in Chapter 7.
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modeling framework for ETA prediction." In 2019 IEEE Intelligent Transportation

Systems Conference (ITSC), pp. 3076-3081. IEEE, 2019.

• Paliwal, Charul, Uttkarsha Bhatt, Pravesh Biyani, and Ketan Rajawat. "Traffic

estimation and prediction via online variational bayesian subspace filtering." IEEE

Transactions on Intelligent Transportation Systems 23, no. 5 (2021): 4674-4684.



1.6 Publications of this Thesis 13

• C. Paliwal and P. Biyani, Variational Bayesian Filtering for spatiotemporal matrix

completion, in NeurIPS Workshop on Gaussian Processes, Spatiotemporal Modeling,

and Decision-making Systems, 2022.

• Paliwal, Charul, Pravesh Biyani, and Ketan Rajawat. "Variational Bayesian Filtering

with Subspace Information for Extreme Spatio-Temporal Matrix Completion." arXiv

preprint arXiv:2201.08307 (2022).

• Paliwal, Charul, and Pravesh Biyani. "Dense Air Quality Maps Using Regressive

Facility Location Based Drive By Sensing." arXiv preprint arXiv:2201.09739 (2022).



Chapter 2

Variational Bayesian Subspace Filtering

2.1 Overview

Sensor measurements are often incomplete, noisy due to malfunctions or intermittent

errors. Imputation of the missing entries is a critical first step that must be carried out prior

to any data analytics. Examples of applications that benefit from such a pre-processing

step include estimation/prediction of city-wide road traffic, regional air quality, electricity

consumption in power distribution networks and foreground-background separation in

videos. For most of these applications, the measurements can be arranged as a matrix,

some of whose entries may be missing. Pertinent approaches model the measurements as

arising from a low-dimensional subspace whose recovery allows us to reject the noise and

impute the missing entries [18–23].

Many real-world applications, including the aforementioned ones, involve time-varying

data that arrives in a sequential manner and must be processed as such. As a result, the

data matrices arising in such applications comprise of low-dimensional subspaces that

evolve over time. State-of-the-art approaches for processing time-varying subspaces can

mostly be classified into approaches based on tensor completion [24] and regularized

matrix completion [25]. Matrix or tensor completion is applied to data collected as a whole
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to impute the missing entries. In contrast, many real-world applications including the ones

mentioned above follow a common theme of inherently dynamic, consisting of sequentially

arriving data that must be dealt in an online manner. Also, offline algorithms based on

matrix completion often involve tuning parameters with very limited possibility of altering

them in an online fashion. On the other hand, Bayesian approaches offer a higher degree

of flexibility in modeling the data vis-a-vis the matrix completion based approaches. As

a result, Bayesian formulation can be potentially more effective in the above mentioned

scenarios. In this chapter, we discuss the problem of spatiotemporal estimation, where we

estimate the missing data by exploiting the spatiotemporal structure of the sensor data by

using a Bayesian approach.

The organisation of this chapter is as follows. We begin in section 2.2 with Variational

Bayesian Subspace Filtering (VBSF), where we introduce the approach to estimate the

missing data with temporal evolution and motivate the proposed approach to two main

applications of traffic prediction and air quality estimation. We then provide the literature

review in section 2.3. We discuss the proposed VBSF framework in section 2.4. We

provide details of the data and the experiments in section 2.5. Finally, in section 2.6, we

conclude the chapter.

2.2 Variational Bayesian Subspace Filtering

This chapter considers low-rank robust subspace filtering approach for matrix imputation.

Unlike approaches for subspace tracking, we capture the temporal evolution in the data,

a structure available in many applications like traffic, air quality and electricity data etc.,

through a state space model as shown in Fig. 2.1. As incomplete columns of the data

matrix arrive sequentially over time, the low rank components as well as the state-space

model are learned in an online fashion using the variational Bayes formalism. In particular,

component distributions are chosen to allow automatic relevance determination (ARD)
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and unlike the matrix or tensor completion works, the algorithm parameters such as rank,

noise powers, and state noise powers need not be specified or tuned. A low-complexity

forward-backward algorithm is also proposed that allows the updates to be carried out

efficiently. Enhancements to the proposed algorithm, capable of learning time-varying

state-transition matrices, operating with a fixed lag are also detailed. Our approach is

general and we demonstrate its efficacy on various settings. In particular, we discuss the

traffic estimation problem and air quality estimation and show that the variational Bayesian

approach can be used to impute road traffic densities and air quality observations from only

a few observations. The superior performance of our algorithm vis-a-vis other state of the

art subspace tracking and online matrix factorisation algorithms may be attributed to the

proposed state space model as well as the flexibility in the data modeling provided by the

variational Bayesian approach. In summary, we present VBSF algorithm and demonstrate

its ability to perform data modeling, imputation and temporal prediction in an online

setting wherein the key algorithmic parameters are automatically tuned.

Fig. 2.1 Online Variational Bayesian Filtering
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2.2.1 Applications

Traffic Estimation

Traffic estimation is the central component of any urban traffic congestion management

system [26]. Comprehensive traffic density maps not only aid in the discovery of traffic

flow patterns but are also invaluable for city planners. With the advent of smartphones,

public transportation services as well as private on-demand transportation companies, are

increasingly relying on the availability of real-time traffic maps for resource allocation

and logistics [27]. Such providers rely on GPS enabled probe vehicles and possibly

crowd-sourced agents that upload speed measurements and corresponding location tags

at sporadic times. The traffic estimation problem entails estimating traffic densities at

locations and times where no measurements are available. A class of pertinent approaches

have sought to visualize the traffic data as an incomplete matrix or tensor and exploited

this correlation to fill-in the missing entries [28–31]. These techniques fail to model the

temporal evolution in the data.

Air Quality Estimation

The burning of fossil fuels and crops, as well as industrial emissions, are one of the

most significant contributory factors of climate change ([32]). Measuring the local air

quality (AQ) is a reliable proxy of measuring the emissions in a given location. Apart

from impacting climate, poor AQ is also a major cause of cardiovascular diseases and

lung cancer, etc. ([33, 34]). The measurement of AQ parameters in a locality is the first

crucial step towards the localization of credible pollution sources like local industrial units,

transportation, or even crop burning. Due to the environmental disturbance, communication

error or sensor fault, it is inevitable that data may be lost during the collection process

[35]. Air quality data exhibits both spatial and temporal correlation thereby generating

redundancy (not high rank nature). The presence of correlation may be attributed to
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the contribution of common pollution sources in the adjacent geographies. The spatial

correlation is unsurprising as there exist finite pollution sources and comparatively many

more nodes in a city network. Further, in a given location, the pollution data varies slowly

in time. By appropriately modeling the spatio-temporal structure present in the data, one

can extrapolate/impute the missing data in an accurate fashion.

2.3 Related work

Variational Bayesian approaches for matrix completion and robust principal component

analysis are well known [20, 21, 31, 36–41]. One of the first works considered the

measured matrix to be expressible as a product of low-rank matrices, associated with

appropriate ARD priors [20] while faster algorithms for similar settings were proposed

in [36, 37]. More recently, other approaches towards modeling the measured matrices

have also been proposed [38], [39]. Moreover, variational Bayesian approaches have also

been applied to road traffic estimation; see e.g. [31]. However, these approaches do not

explicitly model the evolution of the underlying subspace. Likewise, none of the existing

variational Bayesian approaches for low rank matrix completion model the evolution of the

subspace [20, 39, 41]. In contrast to these, the state-space modeling in our work is inspired

from [40], where the low-complexity updates were first proposed in the context of linear

dynamical models. The VBSF algorithm in the current work extends and generalizes that

in [40] to incorporate low-rank structure and outliers.

On a related note, temporal evolution of the additive noise is modeled in [21] using

a forgetting factor. Different from [21] however, we use a state-space model to capture

the evolution of the underlying subspace. An online Bayesian matrix factorization model

is also proposed in [42] wherein the time-stamps are directly incorporated as features. In

contrast, the present model is more specific and suited to a slowly time-varying system.
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Several non-Bayesian algorithms have been proposed to address the online subspace

estimation problem from incomplete observations[19, 42–44]. GROUSE [19] is one of

the early approaches that uses an update on the Grassmannian manifold to estimate the

subspace.

2.4 Proposed Framework

Data for m locations are collected into the matrix X ∈ Rm×t , where t denotes the number

of time instances over which measurements are made. For instance, if h measurements

are made per day, we have that t = dh after the end of d days. More generally, X is an

incomplete and growing matrix whose columns arrive sequentially over time. Specifically,

for each column xτ with 1 ≤ τ ≤ t, only entries from the index set Ωτ ⊂ {1, . . . ,m} are

observed. Our goal is to achieve imputation which yields {ŷiτ}i/∈Ωτ
for 1≤ τ ≤ t.

2.4.1 Hierarchical Bayesian Model

We begin with detailing a generative model for the matrix X. The proposed model will

capture not only the rank deficient nature of X [45] but also the temporal correlation

between successive columns of X [46]. Recall that the standard low-rank parametrization

of the full matrix X takes the form X = UV where U ∈ Rm×r and V ∈ Rr×t where r is the

rank of matrix X. Classical non-negative matrix completion approaches seek to obtain

such a factorization. In such algorithms, the choice of r is critical to avoiding underfitting

or overfitting.

Within the Bayesian setting however, the measurements are modeled as arising from a

distribution with unknown hyper-parameters, while various components or parameters are

assigned different prior distributions. The Bayesian framework allows the use of ARD,
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wherein associating appropriate priors to the model parameters leads to the pruning of the

redundant features [45].

Adopting a Gaussian noise model, the entries of X are generated to capture the low

rankness in the data. The likelihood distribution is obtained as

p(xiτ | ui·,vτ ,β ) = N (xiτ | vT
τ ui·,β

−1) i ∈Ωτ (2.1)

for all τ ≥ 1, where U ∈ Rm×r, V ∈ Rr×t , and β ∈ R++ are the (hidden) problem parame-

ters. Unlike the deterministic setting however, the rank hyper-parameter r is not critical

to the imputation or prediction accuracy but is only required to be chosen according to

computational considerations. The temporal evolution of the entries of X is modeled by

making the columns of V adhere to the following first-order autoregressive model:

vτ = Fvτ−1 +noise (2.2)

In the Bayesian setting, we model the autoregressive model as

p(vτ | F,vτ−1) = N (vτ | Fvτ−1,Ir) 2≤ τ ≤ t (2.3)

for τ ≥ 2, where F ∈ Rr×r is again a problem parameter. Here, F captures the temporal

structure of the underlying subspace and is learned from the data itself. The scaling

ambiguity present in matrix factorization allows the transition matrix F to capture both

slow and fast variations in vτ without the need to explicitly model the state noise variance.

It follows from (2.3) that the conditional distribution of vτ given F is given by

p(V | F) = N (v1; µ1,Λ1)
t

∏
τ=2

N (vτ | Fvτ−1,Ir). (2.4)
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Observe that the model complexity depends on the rank r, which is also the number of

columns in U and F. In order to ensure the value of r is learned in a data-driven fashion,

the columns of U and F are assigned multivariate Gaussian priors with column-specific

precisions, i.e.,

p(U | γ) =
r

∏
i=1

N (ui | 0,γ−1
i Im) (2.5)

p(F | υ) =
r

∏
i=1

N (fi | 0,υ−1
i Ir) (2.6)

where the precisions γ and υ are problem parameters. It can be seen that if any of γi or υi are

large, the corresponding columns will be close to zero and consequently irrelevant. Indeed,

the priors in (2.5)-(2.6) aid in automatic relevance determination since the subsequent

optimization process may drive some of the precisions to infinity, yielding a low-rank

factorization.

Finally, the three precision variables are selected to have Jeffrey’s priors [45]

p(β ) =
1
β
, p(γi) =

1
γi
, p(υi) =

1
υi

(2.7)

for 1≤ i≤ r. Let xΩ denote the collection of measurements {yiτ}ti∈Ωτ ,τ=1. Collecting the

hidden variables into H := {U,V,F,β ,γ,υ}, the joint distribution of {xΩ,H } can be

written as

p(xΩ,H ) = p(xΩ|U,V,β )p(U|γ)p(V|F)p(F|υ)p(β )p(υ)p(γ)

The full hierarchical Bayesian model adopted here is summarized in Fig. 2.2.
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Fig. 2.2 Hierarchical Bayesian Model for Matrix Completion

2.4.2 Variational Bayesian Inference

Having specified the generative model for the data, the goal is to determine the posterior

distribution p(H |xΩ) given the likelihood probability of xΩ and the prior distribution

of H . However, the posterior distribution p(H |xΩ) is intractable as p(xΩ) needs to be

marginalized over all parameters (H ). Therefore, we utilize the mean-field approximation,

wherein the posterior distribution factorizes as:

p(H | xΩ) = qU(U)qV(V)qF(F)qυ(υ)qβ (β )qγ(γ). (2.8)

In other words, the posterior is now restricted to a family of distributions that adhere to (2.8).

The factors qU, qV, qF, qυ , qβ , and qγ can be determined by minimizing the Kullback–

Leibler divergence of p(H |xΩ) from q(H ), usually via an alternating minimization

approach [47]. Indeed, thanks to the choice of conjugate priors for the parameters, it can
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be shown that the individual factors in (2.8) take the following forms [40]:

qV(V) = N (vec(V) | µV,ΞV) (2.9a)

qui· = N (ui· | µU
i ,Ξ

U
i ) (2.9b)

qfi· = N (fi· | µF
i ,Ξ

F
i ) (2.9c)

qβ (β ) = Ga(β ;aβ ,bβ ) (2.9d)

qγi(γi) = Ga(γi;aγ

i ,b
γ

i ) (2.9e)

qυi(υi) = Ga(υi;aυ
i ,b

υ
i ) (2.9f)

where, µV ∈ Rrt , Ξ
V ∈ Rrt×rt , µU

i ∈ Rr, Ξ
U
i ∈ Rr×r, µF

i ∈ Rr, Ξ
F
i ∈ Rr×r, and aβ , bβ , aγ

i ,

bγ

i , aυ
i , bυ

i ∈ R++.

We use EM Algorithm [48] to derive the posterior distribution in (2.9). EM algorithm

treats Hh := {U,V,F} as hidden variables (with posterior pdf qh(Hh) := qV(V)qU(U)qF(F))

and uses maximum a posteriori (MAP) estimates for the precision variables Hp :=

{υ ,γ,β}.

2.4.3 Update Equations

Each iteration of EM algorithm simply involves updating the variables {µV,ΞV,{µU
i },{ΞU

i },

{µF
i },{ΞF

i }, υ̂ , γ̂, β̂} in a cyclic manner. Let us denote ωτ := |Ωτ | and let ω := ∑τ ωτ be

the total number of observations made. Then, the updates for hyperparameters {υ ,γ} take

the following form

υ̂i =
m−2

∑
m
k=1
(
[µF

k ]
2
i +[ΞF

k ]ii
) (2.10a)

γ̂i =
m−2

∑
m
k=1
(
[µU

k ]
2
i +[ΣU

k ]ii
) . (2.10b)
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Since vτ denotes the τ-th column of VT , its posterior distribution may be written as

qvτ
(vτ) = N (vτ | µV

τ ,Ξ
V
τ ), where µV

τ and Ξ
V
τ comprise of the corresponding elements of

µV and Ξ
V, respectively. Also, define the posterior covariance matrices as

Σ
V
τ,ι := µ

V
τ (µ

V
ι )

T +Ξ
V
τ,ι (2.11)

Σ
F
i := µ

F
i (µ

F
i )

T +Ξ
F
i (2.12)

Σ
U
i := µ

U
i (µ

U
i )

T +Ξ
U
i . (2.13)

Therefore, the update for β̂ becomes

β̂ =
ω−2

∑
t
τ=1 ∑i∈Ωτ

[
y2

iτ −2yiτ(µ
U
i )

T µV
τ + tr

(
Σ

U
i Σ

V
τ,τ

)] . (2.14)

Next, the updates for the factors F ,U and V take the following form

µ
F
i = [ΞF

i Σ
V
τ,τ−1]·i (2.15a)

Ξ
F
i =

(
Diag(υ̂)+

t−1

∑
τ=1

Σ
V
τ,τ−1

)−1

(2.15b)

µ
U
i = β̂Ξ

U
i ∑

τ∈Ω′i

µ
V
τ yiτ (2.15c)

Ξ
U
i =

γ̂iIr + β̂ ∑
τ∈Ω′i

Σ
V
τ,τ

−1

(2.15d)
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µ
V = Ξ

V



β̂ ∑i∈Ω1 yi1µU
i +Λ

−1
1 µ1

β̂ ∑i∈Ω2 yi2µU
i

...

β̂ ∑i∈Ωt yit µ
U
i


. (2.16)

(2.17)

[
Ξ

V
]−1

= β̂Diag
(

Ξ
U
(1), . . . ,Ξ

U
(t)

)
+

+



Λ
−1
1 −F̂ . . . 0

−F̂ Ir +Σ
F −F̂ . . .

...
...

...

. . . 0 −F̂ Ir


. (2.18)

where Ω′i := {τ | i ∈Ωτ}, F̂ := E[F | xΩ] as the matrix whose i-row is given by (µF
i )

T , and

Σ
F := ∑

r
i=1 Σ

F
i It is remarked that although the rt× rt matrix [ΞV]−1 is block-tridiagonal,

the matrix Ξ
V is dense, and direct inversion would be prohibitively costly. Moreover, the

classical Rauch-Tung-Striebel (RTS) smoother cannot be directly applied since evaluat-

ing the conditional expectations under q(V) is difficult and not amenable to the Matrix

Inversion Lemma [40, 48]. The RTS correction method is a smoothing technique widely

used in Gaussian Linear models. It cannot be applied in Variational Bayesian parameter

learning, since they are derived for the point-parameters model. Interestingly, observe that

the updates in (2.14) and (2.15) depend only on diagonal and super-diagonal blocks of

Ξ
V, namely Ξ

V
τ,τ and Ξ

V
τ,τ−1, respectively. The next subsection details a low-complexity

algorithm for carrying out the updates for these blocks as well as for µV.
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2.4.4 Low-complexity updates via LDL-decomposition

Thanks to the block-tridiagonal structure of [ΞV]−1, it is possible to use the LDL decom-

position to carry out the updates in an efficient manner. Decomposing [ΞV]−1 = L DL T ,

the key idea is that left multiplication with Ξ
V is equivalent to left multiplication with

L −T D−1L −1. Towards this end, we utilize the algorithm from [40], that comprises of

two phases: the forward pass that carries out the multiplication with D−1L −1 and the

backward pass that implements the multiplication with L −T . Let us define for 2≤ τ ≤ t,

Ψτ := β̂ ∑
i∈Ωτ

Σ
U
(i)+ Ir +11τ ̸=t

r

∑
i=1

Σ
F
i (2.19)

vτ := β̂ ∑
i∈Ωτ

yiτ µ
U
i . (2.20)

The forward pass outputs intermediate variables Ξ̆
V
τ,τ , Ξ̆

V
τ,τ+1, and µ̆τ , that are subsequently

used in the backward pass. The updates take the following form:

1. Initialize Ξ̂
V
1,1 = Λ1 and µ̂

V
1 = µ1 + β̂ ∑i∈Ωτ

yiτΛ1µU
i

2. For τ = 1, . . . , t−1

Ξ̆
V
τ,τ+1 =−Ξ̂

V
τ,τ F̂ (2.21a)

Ξ̆
V
τ+1,τ+1 = (Ψτ+1− (Ξ̆

V
τ,τ+1)

T
Ψ

V
τ,τ+1)

−1 (2.21b)

µ̆
V
τ+1 = Ξ̆

V
τ+1,τ+1(vτ+1− (Ξ̆

V
τ,τ+1)

T
µ̆

V
τ ) (2.21c)

3. For τ = t−1, . . . ,1

Ξ
V
τ,τ+1 =−Ξ̆

V
τ,τ+1Ξ

V
τ+1,τ+1 (2.21d)

Ξ
V
τ,τ = Ξ̆

V
τ,τ − Ξ̂

V
τ,τ+1(Ξ

V
τ,τ+1)

T (2.21e)

µ
V
τ = µ̆

V
τ − Ξ̆

V
τ,τ+1µ

V
τ+1 (2.21f)
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4. Output {ΞV
τ,τ+1,Ξ

V
τ,τ ,µ

V
τ }tτ=2

Note that while Ξ
V
i, j ̸= 0 for |i− j|> 1, these blocks are neither calculated in the forward

and backward passes nor required in any of the variational updates.

Finally, the predictive distribution p(yiτ | xΩ) for τ /∈Ωi or τ ≥ t+1 is still not tractable

in the present case. Instead, we simply use point estimates for estimating the missing

entries. Specifically, for τ /∈Ωi, the missing entries are imputed as

yiτ = (µV
τ )

T
µ

U
i . (2.22)

Likewise for τ ≥ t +1, the prediction becomes

yiτ = (F̂τ−t
µ

V
t )

T
µ

U
i . (2.23)

It can be seen that as compared to the updates in (2.16)-(2.18) that incur a complexity of

O(t3), the complexity incurred due to (2.21) is only O(t). Overall, the different parameters

are updated cyclically until convergence for each t = 1,2, . . ..

Remarks on the Convergence of VBSF

The VB framework used in the present work is a special case of a more general mean field

approximation approach. The convergence of the VB algorithm is well-known; see e.g.

[49], [50]. Intuitively, the variational approximation renders the evidence lower bound

convex in individual factors, and thus amenable to coordinate ascent iterations. Since

the lower bound is also differentiable with respect to each factor, the coordinate ascent

iterations converge to a stationary point; see [51] for a more general result. However,

convergence to the global optimum is not guaranteed.
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Algorithm 1: Variational Bayesian Subspace Filtering
1 Initialize γ,β ,v, sub = 1, Ωτ , Ω′i,Ξ

U,µU,ΞV,µV,ΞF
diag,µ

FΛ1,µ1,

2 X̂ = µA(µV)T

3 while Xconv < 10−5 do
4 Xold = X̂
5 Γ = diag(γ)
6 if sub == 1 then
7 Update using(2.21)
8 sub = 2
9 Update using(2.10a), (2.11), (2.15a), (2.15b) ∀ 1≤ i≤ r

10 else if sub == 2 then
11 Update using(2.13), (2.15c), (2.15d), (2.10b) ∀1≤ i≤ m
12 sub = 1
13 end
14 X̂ = µA(µV)T

15 Update using (2.14)

16 Xconv =
∥X−Xold∥F
∥Xold∥F

17 end
18 return (X̂,ΞU,µU,ΞV,µV,ΞF

diag,µ
F)

2.4.5 Fixed-lag tracking

Algorithm 1 can be viewed as an offline algorithm that must be run for every t. In practical

settings, it may be impractical to remember and process the entire history of measurements

at each t. Moreover, given data at time t, estimates may only be required for entries at time

t−∆ for some ∆ < h. Towards this end, we consider a sliding window of measurements.

Since Ut and Ft may be seen as transition matrices for the latent states and between latent

state and observations, we initialize the next sliding-window with inferred approximate

distributions on the transition matrices of the current window. For instance, within the

context of traffic density prediction, the inferred approximate distribution for a day may

be used as a prior for the coming days. That is, the distributions for U, V, and F for a day

and sliding window can be initialized with the approximate distributions obtained from the

previous month’s data.
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2.5 Experimentation

2.5.1 Performance Index

To measure the effectiveness of our algorithm and for the comparison with other relevant

algorithms, we use mean relative error (MRE) as the performance index. For any time

instance τ , the MRE denoted by MREτ is defined as:

MREτ =
1
z

z

∑
k=1

∥ x̂τ,k−xτ,k ∥2

∥ xτ,k ∥2
. (2.24)

where xτ,k and x̂τ,k are the ground truth and estimated data for kth day and τ th time instance

and ∥ x̂τ,k−xτ,k ∥2 denotes the L2 norm error in the ground truth and estimated data.

Since the value for the known data (sampled entries) may be modified post-estimation,

we compute the MRE over the whole column for a given time instance. For calculating

the overall accuracy of prediction for a day, we calculate MRE averaged over z days. The

value of z is taken as 50 for weekdays (Mon-Fri) and 10 for the weekends (Sat-Sun).

2.5.2 Real Time Traffic Estimation

We now discuss the performance of the proposed VBSF algorithm for real-time traffic

estimation. To evaluate the VBSF algorithm, we use the partial road network of Delhi

with an area of 200 square km consisting of m = 519 edges. We collect the traffic data in

the form of the average speed of vehicles on a particular segment using the Google map

APIs for nearly 3 months across 519 edges. Taking advantage of the slow varying nature

of the speed in the network edges, we sample the traffic data at the rate of one sample

every ts = 15 minutes. Unlike the complete data available from the API, real-world data

may have missing entries. For instance, over the smaller area shown in Fig. 2.4, speed
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Fig. 2.3 Region where traffic data is collected

Fig. 2.4 Map with red as missing and blue as known traffic entries

measurements may be available on the blue edges but not on the red ones. Finally, we

evaluate our algorithm for real-time traffic estimation.

In order to evaluate the VBSF algorithm, an incomplete data set is created by randomly

sampling a fraction p of the measurements. In our evaluations, we consider three different

cases with 0.75, 0.5 and 0.25 fractions of present data. We select previous h = 30 time

intervals for the traffic dataset. We compare our algorithm with other methods that

potentially solve the current traffic estimation problem in the missing data scenario. The

algorithms are
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• Low rank tensor completion (LRTC) [24].

• Grassmannian Rank-One Update Subspace Estimation (GROUSE) [19].

• Bayesian augmented tensor factorization(BATF) [52].

We now discuss simulation results for the current traffic estimation based on the current

and past missing data using the VBSF algorithm. For a typical day, Fig. 2.5a shows the

heatmap of the actual traffic data. The x-axis of each heatmap represents time instances

while the y-axis represents different edges (519 edges). Each pixel of a heatmap indicates

the speed, where higher speed is represented by a lighter colour. Figures 2.5b, 2.5e and

2.5h are heatmaps with missing entries of varying degrees. The corresponding completed

matrices using VBSF algorithm are shown in Figs. 2.5c, 2.5f, and 2.5i. Since the proposed

VBSF is an online method that completes one column at a time given the incomplete

data from previous columns, the corresponding heatmaps are also generated in an online

fashion. In other words, in the spirit of the online methodology, the window of h+ 1

incomplete columns is used to complete the last column followed by moving the window

by one column. Finally, all the completed columns form a matrix represented in these

heatmaps. Unsurprisingly, the heatmaps show that the performance of VBSF improves as

the size of missing data decreases.

The MRE values for real time traffic estimation using VBSF for weekends are shown

in Fig. 2.6a. It is observed that the prediction error is higher during the peak traffic time

(in the evening) vis-a-vis non-peak time intervals. This may be due to a greater variance in

traffic during the peak time intervals. However, the difference between the MRE values

for 50% and 25% missing data case is only about 0.15 in the worst case. Equivalently, the

average error of estimation of speed is only around 2 km/hr during the peak-time when

the average speed is 15 km/hr even with 75% missing data. Similarly, for non-peak hours,

even though the observed speed are higher (around 30-40 km/hr), the MRE values for
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(a) Actual data

(b) Sampled data p=0.25 (c) Estimated data (d) Residual error

(h) Sampled data p=0.75

(e) Sampled data p=0.5 (f) Estimated data

(i) Estimated data (j) Residual error

(g) Residual error

Fig. 2.5 Estimation of traffic speed data for different percentage of missing entries
(a) Actual Traffic data , (b) Traffic data for p = 0.25, (c) Estimated Traffic for p = 0.25,

(d) Residual error for estimation for p = 0.25 , (e) Traffic data for p = 0.5 , (f) Estimated
Traffic with for p = 0.5, (g) Residual error for estimation for p = 0.5, (h) Traffic data for
p = 0.75 , (i) Estimated Traffic for p = 0.75, (j) Residual error for estimation for p = 0.75
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p = 50% and p = 25% is around 0.1, which in other words indicate an average error of

3-4 km/hr in the estimation of speed.

The performance of the proposed VBSF algorithm is compared with that of Mean,

(LRTC) [24], (GROUSE) [19] and (BATF) [52]. We used a grid search based approach

for rank initialization in GROUSE and choose the rank that gives the least error. Table 2.1

presents the overall results along with the standard deviation of MRE over z days. Further,

Figs. 2.7a and 2.7b show the comparison of our algorithm for different percentage of

missing traffic data. It is observed that for high sampling rate of traffic data (p=75%), the

LRTC and VBSF obtain similar performance. And for low sampling rate of traffic data

(p=25%), the BATF and VBSF obtain similar performance. Also, for all the cases, VBSF

performs better than GROUSE. This difference in performance can be attributed to the fact

that the VBSF framework captures the temporal dependencies as well as the latent factors

in the traffic matrix better than other methods. In terms of running time, VBSF is faster

than LRTC, BATF and is comparable to GROUSE as shown in Table 2.2.

p = 0.25 p = 0.50 p = 0.75
MRE MRE MRE

VBSF 0.1439 ± 0.022 0.11277 ± 0.0167 0.09336 ± 0.0106
GROUSE 0.372 ± 0.024 0.3446 ±0.0233 0.3085 ± 0.0245
LRTC 0.1921 ± 0.041 0.1418 ± 0.0284 0.09578 ± 0.0195
BATF 0.1352 ± 0.026 0.12067 ± 0.0194 0.10142 ± 0.0176
Mean 0.1696 ± 0.0118 0.1692 ± 0.0115 0.1693 ± 0.0116

Table 2.1 Performance comparison for real-time traffic estimation

2.5.3 Air Quality Estimation

We motivate the problem of air quality estimation as: For a given day d the AQ data is

represented in the form of a matrix X ∈ Rm×t where m and t are the numbers of spatial

1Experiments are conducted to evaluate average running time per column on Matlab using PC: Intel
i5-6200U CPU 2.4 GHz.
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(a) (b)

(c) (d)

Fig. 2.6 Real-time traffic estimation and prediction for different missing entries
(a) Real-time traffic estimation for different missing entries, (c) Weekday prediction 50%

missing entries, (d) Weekend prediction 50% missing entries, (d) Overall prediction

Fig. 2.7 a)Real-time traffic estimation for p = 0.75, b) Real-time traffic estimation for
p = 0.25.
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p = 0.25 p = 0.50 p = 0.75
time(sec) time(sec) time(sec)

VBSF 7.001 8.685 9.675
GROUSE 7.935 8.5324 9.23960
BATF 9.388 9.5911 9.94917
LRTC 29.2 43.2 62.3

Table 2.2 Comparison of running time for different algorithms1

location and time slots respectively. In this work, we first randomly sample p percentage of

real-world AQ data collected for Beijing and Guangzhou in China([1–3]). We then exploit

the structure in the AQ data using VBSF and predict the missing data and report the results

in Table. 2.3 and Fig. 2.9. We observe that even with a fraction of sampled data, we can

complete the remaining matrix with reasonable accuracy.

Fig. 2.8 China data ([1–3])

p = 0.25 p = 0.50 p = 0.75
MRE MRE MRE

VBSF 0.308 0.231 0.2
GROUSE 0.509 0.446 0.418
LRTC 0.322 0.236 0.201
BATF 0.301 0.242 0.217

Table 2.3 Performance comparison for Air Quality Estimation
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Fig. 2.9 Air quality estimation for 50% sampling

2.6 Summary

In this chapter we model the problem of spatiotemporal estimation where multivariate data

arrives sequentially that resides in a time-varying low-dimensional subspace. The temporal

evolution of the underlying low-rank subspace is characterized via a state-space model and

low-complexity variational Bayesian subspace filtering algorithms are proposed for matrix

completion. Simulation experiments quantify that the suggested model can be deployed to

estimate the missing traffic data and missing air quality data with a reasonable accuracy

even with a fraction of random measurements in the network. Extensive simulations on

both the data sets (Traffic and Air Quality) demonstrate that the suggested model and

the accompanying algorithms seem to capture the temporal evolution of the data well

as compared to the current state-of-the-art matrix completion and the online subspace

estimation algorithms.



Chapter 3

Robust Variational Bayesian Subspace

Filtering

3.1 Overview

Sensor measurements are often depleted due to malfunction or intermittent errors that are

often called as the outliers. In the context of mobility data, traffic densities are inferred

from speed measurements, and they are often ridden with outliers, e.g., corresponding to

random velocity changes unrelated to traffic due to sensor malfunctions, communication

errors, and impulse noise. Also, for air quality observations, high AQI peaks can be

observed due to the sudden smoke or malfunction of the sensor. An example of such

outliers for AQI readings is shown in Fig. 3.1. In the previous chapter, we discussed

the problem of estimating the missing entries of the spatio-temporal matrix. Estimating

the spatio-temporal matrix in the presence of outlier data can result in noisy estimates.

In this chapter, we will propose a Robust Variational Bayesian Subspace Filtering that

improves the performance of spatio-temporal estimation in the presence of outlier data.

The robust subspace filtering problem is more difficult as the removal of such outliers

entails estimating their magnitudes as well as locations. And unlike the missing entries, the
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Time stamps 
Time stamps 

AQ
I

AQ
I

Fig. 3.1 Outliers in the sensed AQI data

location of these outliers is not known. For example, two cases are shown for the outlier

in Fig. 3.1. For the first scenario, the location of the outlier is evident, but for the second

scenario, the locations of the outlier are not evident. If we apply a filter based on the

magnitude in the second scenario, actual AQI data at time stamp 24000 will be considered

as outlier.

The organisation of this chapter is as follows. We begin in section 3.2 with Robust

Variational Bayesian Subspace Filtering (RVBSF), where we introduce the approach to

estimate the missing data in the presence of outlier data. We then provide the literature

review in section 3.3. We discuss the proposed RVBSF framework in section 3.4. We

provide details of the data and the experiments in section 3.5. Finally, in section 3.6, we

conclude the chapter.

3.2 Robust Variational Bayesian Subspace Filtering

Performance of VBSF and other matrix estimation frameworks discussed in Sec. 2.4

degrades in the influence of anomalies or outliers. For example, if an outlier is sampled

as shown in Fig 3.2(b), then the sampled outlier, affects the estimation as shown in Fig
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Fig. 3.2 Effect of an outlier in Estimation. (a) actual data with an outlier (b) outlier is
sampled (c) effect of an outlier in the estimated data

3.2(c). Therefore we propose a Robust version of VBSF in this chapter to improve the

performance of estimation in case of an outlier as well as to detect the outliers in the

observations. The RVBSF (Robust Variational Bayesian Subspace Filtering) recovers the

low-rank matrix L from highly corrupted measurements as Y= L+E. Unlike the noise

discussed in Sec. 2.4, the entries in E are sparse and have a larger magnitude. These

sparse entries are the anomalies in the measurements. Robust low-rank estimation, also

denoted as Robust Principal Component Analysis (RPCA) in literature, is applied to

various applications in the field of image and video processing; specifically, the foreground-

background separation problem [53, 54]. However, this is not explored in the case of traffic

or air quality observations. In this chapter, a robust version of the VBSF algorithm is

proposed for outlier removal and data cleansing.
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3.3 Related Work

Several non-Bayesian algorithms have been proposed to address the online subspace

estimation problem from incomplete observations[19, 42–44]. GROUSE [19] is one

of the early approaches that uses an update on the Grassmannian manifold to estimate

the subspace. The robust variant of GROUSE, namely GRASTA , handles outliers by by

incorporating the l1 norm cost function [43]. OP-RPCA[42] is a robust subspace estimation

technique that uses alternating minimization to compute the outliers and the underlying

subspace. A number of online subspace tracking algorithms, such as ROSETA [44], have

since been proposed. The proposed approach is compared with some of these algorithms

in Sec. 3.5.

3.4 Proposed Framework

In this section we consider the robust version of the variational Bayesian subspace filtering

problem in Sec. 2.4. Within this context, in addition to the missing entries in X, some

entries of X are also contaminated with outliers. Unlike the missing entries however, the

location of these outliers is not known. In the traffic prediction problem, such entries arise

due to sensor malfunctions, communication errors, and impulse noise. The robust subspace

filtering problem is more difficult as the removal of such outliers entails estimating their

magnitudes as well as locations.

Within the deterministic robust PCA framework, the traffic matrix is modeled as

taking the form X = UV+E where U ∈ Rm×r, V ∈ Rr×t are low-rank matrices as before.

Additionally, we also need to estimate the sparse outlier matrix E ∈ Rm×t . As before,

both r and the level of sparsity in E are tuning parameters that must generally be carefully

selected.
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yτU

bτbτ−1

r

Jυ

β

eτ

τ = 1,2....t

Fig. 3.3 Robust Hierarchical Bayesian Model for Matrix Completion

Here, we put forth the variational Bayesian subspace filtering algorithm that makes

use of ARD priors to prune the redundant features. Consider the measurement matrix X,

whose entries are generated from the following pdf:

p(yiτ | ui·,vτ ,eiτ ,β ) = N (yiτ | vT
τ ui·+ eiτ ,β

−1) i ∈Ωτ (3.1)

for all τ ≥ 1, and apart from the matrices U and V defined earlier, we also have {eiτ}tτ=1,i∈Ωτ

as the additional (hidden) problem parameter that captures the outliers. The generative

models for U and V are the same as before, i.e.,

p(V | F) = N (v1; µ1,Λ1)
t

∏
τ=2

N (vτ | Fvτ−1,Ir) (3.2a)

p(U | γ) =
r

∏
i=1

N (ui | 0,γ−1
i I) (3.2b)

p(F | υ) =
r

∏
i=1

N (fi | 0,υ−1
i I) (3.2c)

for τ ≥ 2, and γ and υ are problem parameters. Additionally, we also associate an ARD

prior to the outliers, i.e.,

p(eiτ) = N (eiτ | 0,α−1
iτ ) i ∈Ωτ (3.3)
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for 1 ≤ τ ≤ t, where the precision αiτ is a hidden variable, that would be driven to

infinity whenever ei j is zero. It is remarked that the prior for eiτ is only specified for the

measurements, i.e., for i ∈Ωτ and no predictions are made for the outliers. As before, we

associate Jeffery’s prior to the precisions β , {γi}, {υi}, and {αiτ}.

p(β ) =
1
β
, p(γi) =

1
γi
, p(υi) =

1
υi
, p(αiτ) =

1
αiτ

. (3.4)

Let the vectors e∈Rω and α ∈Rω collect the variables {eiτ} and {αiτ}, respectively. Like-

wise, defining all the hidden variables as H := {U,V,F,e,β ,γ,υ}, the joint distribution

of {xΩ,H } can be written as

p(xΩ,H )

= p(xΩ|U,V,β )p(U|γ)p(V|F)p(F|υ)p(e|α)p(β )p(υ)p(γ)

=
t

∏
τ=1

∏
i∈Ωτ

N (yiτ | vT
τ ui·,β

−1)N (eiτ | 0,α−1
iτ )

1
αiτ

×
r

∏
i=1

[
N (ui | 0,γ−1

i I)N (fi | 0,υ−1
i I)

]
×N (v1; µ1,Λ1)

t

∏
τ=2

N (vτ | Fvτ−1,I)
1
β

r

∏
i=1

1
γiυi

. (3.5)

The full hierarchical Bayesian model adopted here is summarized in figure 3.3(b).

3.4.1 Variational Bayesian Inference

Utilizing the mean field approximation, the posterior distribution p(H | xΩ) factorizes as

p(H | xΩ)≈ q(H )

= qU(U)qV(V)qF(F)qe(e)qυ(υ)qβ (β )qγ(γ). (3.6)
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where the individual factors take the same forms as in (2.9), in addition to

qe(e) =
t

∏
τ=1

∏
i∈Ωτ

N (eiτ |µ iτ
e ,Ξiτ

e ). (3.7)

As before, the variational inference problem can be solved by updating the variables

{µV,ΞV,{µU
i },{ΞU

i },{µF
i },{ΞF

i }, {µ iτ
e },{Ξiτ

e },aβ ,bβ , {aγ

i },{b
γ

i },{aυ
i },{bυ

i }} in a cyclic

manner. However, a more compact form for the updates may be derived as follows.

3.4.2 Update Equations

Specifically, the updates for {υ̂i, γ̂i} remain the same as in (2.10). However, the update for

β̂ takes the form:

β̂ =
ω

∑
t
τ=1 ∑i∈Ωτ

νiτ
(3.8)

νiτ :=y2
iτ −2(yiτ −µ

iτ
e )(µU

i )
T

µ
V
τ −2yiτ µ

iτ
e

+(µ iτ
e )2 +Ξ

iτ
e + tr

(
Σ

U
i Σ

V
τ,τ

)
. (3.9)

Further, the parameters µ iτ
e and Ξiτ

e are updated as

Ξ
iτ
e =

1

β̂ +(µ iτ
e )2 +Ξiτ

e
(3.10a)

µ
iτ
e = β̂Ξ

iτ
e (yiτ − (µU

i )
T

µ
V
τ ). (3.10b)
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Proceeding similarly, the updates for {µF
i }, {ΞF

i }, and {ΞU
i } remain the same as in (2.15),

while the updates for {µU
i } become:

µ
U
i = β̂Ξ

U
i ∑

τ∈Ω′i

µ
V
τ (yiτ −µ

iτ
e ). (3.11)

Finally, the updates for Ξ
V remain the same but the updates of µV change. Specifically,

the low complexity updates via LDL-decomposition remain mostly the same, except for

the modified definition of vτ in (2.20) which now looks like

vτ = β̂ ∑
i∈Ωτ

(yiτ −µ
iτ
e ). (3.12)

The full robust subspace filtering algorithm is summarized in Algorithm 2. The predictions

for yiτ for i /∈Ωτ and for τ ≥ t +1 are obtained as in (2.22) and (2.23), respectively.

3.5 Results

The GPS data that is collected using probe vehicles may be corrupted by noise and may

often contain outliers which need to be removed before further processing is performed.

To mitigate the performance degradation due to outliers, we employ the robust variational

Bayesian subspace filtering (RVBSF) that models the presence of outliers in the data in

the sparse outlier matrix E . To test the RVBSF algorithm, on a given day, we randomly

sample a certain po percentage of the already sampled traffic data xi,τ and replace these

values with oi,τ as follows:

oi,τ = max(xi,τ−1,xi,τ+1)+ c µt . (3.13)
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Algorithm 2: Robust Variational Bayesian Subspace Filtering
1 Initialize α,γ,β ,v, sub = 1, Ωτ , Ω′i,Ξ

U,µU,ΞV,µV,ΞF
diag,µ

FΛ1,µ1,

2 Ŷ = µU(µV)T

3 while Yconv < 10−5 do
4 Yold = Ŷ
5 Γ = diag(γ)
6 if sub == 1 then
7 Update using(2.21)
8 sub = 2
9 Update using(2.10a), (2.11), (2.15a), (2.15b)∀ 1≤ i≤ r

10 else if sub == 2 then
11 Update using(2.13), (2.15c), (2.15d), (2.10b) ∀1≤ i≤ m sub = 3
12 end
13 else
14 Update using(3.10a), (3.10b) ∀ 1≤ i≤ m, ∀ 1≤ τ ≤ t
15 sub = 1
16 end
17 Ŷ = µU(µV)T

18 Update using(3.8)

19 Yconv =
∥Y−Yold∥F
∥Yold∥F

20 end
21 return (Ŷ,ΞU,µU,ΞV,µV,ΞF

diag,µ
F)
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(a) (b)

(c) (d)

Fig. 3.4 Robust Bayesian subspace filtering for traffic data
(a) Comparison for VBSF and RVBSF with 5% outliers and c = 0.75, (b) Comparison for
VBSF and RVBSF with 2% outliers and c = 0.75 (c) Comparison of VBSF and RVBSF for

c = 1.25, (d) Number of outliers detected for different outlier values

In other words, the outlier is created by adding a large value c µt to the maximum of xi,τ−1

and xi,τ+1. Here, µt is the mean of observed entries at time t and c is a scaling parameter.

The RVBSF algorithm is then applied to solve the real time traffic estimation problem. The

detected artificial outliers are those points residing in the matrix E.

The accuracy of outlier detection depends on the outlier value as shown in Fig. 3.4d.

The value of c for simulations is chosen from the set [0.75,1,1.25,1.5,1.75]. We compare

the robust VBSF (termed as RVBSF) with VBSF for two scenarios. First, when no outliers

are added (VBSF), second, when outliers are present in the data but only VBSF was

used (VBSF_with_outliers). Table 3.1 summarises the overall performance of the RVBSF

algorithm. Understandably, RVBSF improves over VBSF when outliers are present, but is

still worse than the MRE of VBSF for the case when no outliers were present. We also

compare the performance of RVSF with MAD_VBSF and VBSF_MAD. MAD_VBSF

first detect and remove the outliers based on heuristics (MAD filter) and then apply VBSF.
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VBSF_MAD first apply VBSF, then detect and remove the outliers based on heuristics

(MAD filter). For 25% missing entries, po = 5% and c = 0.75, the plots in Fig. 3.4a

illustrate the performance of the RVBSF algorithm. Similarly for 75% of missing entries,

po = 2% the results are shown in Fig. 3.4b. When po = 5% and c = 0.75, we observe that

RVBSF detects outliers reasonably well vis-a-vis VBSF_with_outliers. Similar observation

holds when outlier values increase as shown in Fig. 3.4c and Fig. 3.4d.

c = 0.75 c = 0.75 c = 1.5
po = 5% po = 2% po = 2%

VBSF 0.09462 0.09457 0.09434
VBSF_outlier 0.13406 0.11643 0.15318
RVBSF 0.11741 0.1127 0.10912
MAD_VBSF 0.1251 0.1151 0.1178
VBSF_MAD 0.1474 0.1289 0.1568

Table 3.1 RVBSF: overall performance

The performance of the proposed RVBSF algorithm is compared with that of OP-

RPCA[42] GRASTA[43] and ROSETA[44] in Table 3.2. The RVBSF algorithm performs

better than the subspace estimation and tracking algorithms. The difference in performance

may be due to a better modeling of the temporal structure available in the data.

c = 0.75 c = 0.75 c = 1.5
po = 5% po = 2% po = 2%

OP-RPCA 0.2594 0.2298 0.2165
ROSETA 0.1859 0.1819 0.1723
GRASTA 0.1493 0.1507 0.1492
RVBSF 0.11741 0.1127 0.10912

Table 3.2 Performance Comparison for Robust Traffic Estimation

Further AQ data may be outlier-corrupted. However, the locations of such outliers are

not known apriori. We randomly include a few outliers in the data and then estimate

the location as well as their magnitude using the robust version of variational Bayesian

subspace filtering.
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Fig. 3.5 Robust Air Quality Estimation for 50% sampling

A possible limitation of the suggested robust estimation framework is following. While

there may be outliers present due to an erroneous speed estimation, there might be cases

when the so called outlier value may actually be a real value. The current method may not

be able to distinguish between such cases. Hence, a sudden drop in speed along an edge

may be treated as an outlier and its possible impact on the traffic of nearby edges be be

ignored by the model.

3.6 Summary

In this chapter, Robust Variational Bayesian Subspace Filtering is proposed for outlier

removal and data cleansing. We solved the problem of outlier removal as well as estimate

the missing observations in the data simultaneously. The estimation algorithm treats

the sampled data as the true data and estimates the rest of the entries. Therefore, we

observed degradation in estimation performance due to the outliers. We proposed RVBSF

where detection and estimation of outliers are done simultaneously. We showed that the
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performance of the RVBSF improved in the presence of an outlier as compared to the VBSF.

Also, it performs better than the other state of the art methods for robust spatiotemporal

estimation.



Chapter 4

Variational Bayesian Subspace Filtering

with Subspace Information

4.1 Overview

Copious amounts of sensors are deployed in major cities for sensing the spatio-temporal

variation in various urban environment characteristics like air pollution, traffic speed, etc.

Formerly, the most common way of sensing data across a city is to deploy many stationary

sensors or monitors across the city. Ideally, these static monitors should have a dense

spatial coverage to achieve a fine-grained local source apportionment. Deploying static

sensors in such large numbers is not only expensive, but also challenging to maintain, and

as a result, most cities, especially in the developing world, have a sparse network of sensor

monitors [55]. One way to improve the spatio-temporal data coverage is to use drive-by

sensing or moving sensors that sample various parts of a region at different time instances

[8, 56]. Since one sensor can be used to sample many locations at different timestamps,

the actual number of moving sensors needed is just a fraction of the total number of static

sensors needed to get the same spatial coverage.
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Data acquired from both static and moving sensors contains missing data due to sensor

malfunction, irregularity in sensor measurements, etc. Additionally, the drive-by sensing

scheme uses relatively fewer sensors resulting in high data "gaps" in both spatial and

temporal dimensions [56]. This motivates the problem of extreme matrix completion,

where the percentage of data sampled may be as low as 10%. Hence, a natural question to

ask is: how to fill the missing entries within a reasonable error range? In addition to the

missing entries, sensor measurements can be contaminated with outliers emerging from

the sensor malfunctioning, communication errors, or impulse noises. The occurrence of

outliers in the measurements can further degrade the performance of data imputation. But,

unlike the missing entries, the location and the value of outliers are not known, which

makes the problem more challenging. The other question to ask is: how to estimate the

missing data while detecting the noisy outliers? In this chapter, we exploit the underlying

structure available in the data for extreme matrix completion.

The organisation of this chapter is as follows. We begin in section 4.2 with Variational

Bayesian Filtering with Subspace Information (VBFSI), where we introduce the approach

for extreme matrix completion. We then provide the literature review in section 4.3. We

discuss the proposed VBFSI framework in section 4.4. We provide details of the data and

the experiments in section 4.5. Finally, in section 4.6, we conclude the chapter.

4.2 Variational Bayesian Filtering with Subspace Infor-

mation

In this chapter, we provide a solution to the problem of extreme matrix completion using

Variational Bayesian Filtering with Subspace Information. We motivate the problem of

spatio-temporal matrix completion as follows. For a given day d, the data is represented in

the form of a matrix X ∈Rn×t where n and t are the numbers of spatial locations and time
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slots respectively. Our goal is to estimate the missing entries in the matrix X. We motivate

a low-rank robust subspace filtering approach for online matrix imputation, specifically for

the extreme scenario of very sparse spatio-temporal sensing. One way of imputation is

to exploit the low-rank structure available in the data [31]. However, enforcing only the

low-rank structure in the data does not take into account the temporal variation (generally

slow variation) of the data in a given location [57]. We incorporate a state-space model

to capture the temporal evolution in the data. Moreover, exploiting reliable subspace

information from historic data termed as prior subspace information can reduce the sample

complexity of matrix completion and improve the imputation performance [58]. We update

the subspace on day d using the prior subspace () estimated of the day d−1 to capture

the periodicity in the data. Incorporating this prior subspace can improve the performance

for an extreme case of sparsely sampled data. We use the Variational Bayes approach to

update the parameters in an iterative fashion. In our work, the subspace distribution is

chosen to allow automatic relevance determination (ARD) and unlike the matrix or tensor

completion methods, the algorithm parameters such as rank, noise powers, need not be

specified or tuned.

We propose Variational Bayesian Filtering with Subspace Information (VBFSI), a

novel matrix completion framework that simultaneously models the low rank nature of the

data, temporal evolution through a state space model, and periodicity through subspace

tracking. We experimentally show that incorporating the prior subspace over days can

improve imputation performance, especially for low data sampling. We also illustrate that

our subspace can reduce the sample complexity, thereby motivating VBFSI for extreme

matrix completion. Critical parameter, like the rank of the model, is automatically tuned

using ARD approach. We also propose a robust version of the VBFSI algorithm for

imputing the data in the presence of outliers. We conduct comprehensive experiments on
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real-world spatio-temporal datasets that show the efficacy of the proposed method over

other state-of-the-art imputation methods.

We compare the performance of the proposed algorithm with various state-of-the-art

algorithms on many real-world air quality and traffic datasets. The result shows modeling

of the evolution of the subspace leads to improvement in performance even when a small

percentage of random measurements are available for the purpose of imputation. A likely

impact of our method is that cities with a low sensing budget can perform random drive-by

sampling of the urban environment, and the suggested matrix completion framework can

provide a reasonably accurate imputation leading to better decision making.

4.3 Related work

Big data matrices can be approximated as low rank matrices [59]. Matrix completion is

used to exploit the low rank structure in the data to impute the missing data [31, 60]. Robust

PCA is used for matrix completion in the presence of outliers by incorporating a sparse

outlier matrix [61, 62]. The traditional matrix completion framework is not applicable

for time series data imputation, as it does not take into account the ordering among the

temporal embeddings [57]. Autoregressive model can model these temporal embeddings

and in turn capture the temporal evolution in the time series data [57, 63, 64]. However,

these models fail to capture the prior subspace information that can be exploited to capture

periodicity in the time series data. Exploiting the 3-way pattern in the data using tensor

completion based frameworks can incorporate the periodic pattern in the data and, in turn

improve the imputation performance [31, 65, 66]. However, the temporal evolution and

subspace evolution are not modeled in the traditional tensor completion frameworks.

Variational Bayesian approaches are proposed for matrix/tensor completion and robust

principal component analysis by modeling the matrix/tensor as low rank [31, 60, 62, 65, 67].

A state space model to capture the temporal evolution is also proposed in [63, 64]. However,
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these approaches do not explicitly model the evolution of the subspace to capture the

periodicity in the data.

4.4 Proposed Framework

Let X ∈ Rn×t be the data matrix for a day, where n and t denote the number of spatial

locations and time stamps, respectively. The low rankness in the data can be imposed using

the equation

L1 = min
U,V
||PΩ(X−UVT )||F (4.1)

where U∈Rn×r and V∈Rt×r and r =rank(X)<< min(n, t) implying the low rankness in

the data. For sampling percentage of p, set Ω denotes the sampled data containing p×n× t

samples. PΩ is the indicator matrix where Pi j = 1 ∀(i, j) ∈ Ω. To capture the temporal

evolution in the data, we can regularize the columns of V to follow an autoregressive

model.

R(V) =
t

∑
i=1
||vi−Fvi−1|| (4.2)

To capture the periodicity over days the subspace evolution can be modeled as follows:

R(U) = η

n

∑
i=1

(ui−ud−1
i )T (Ξ

Ud−1
i )−1(ui−ud−1

i ) (4.3)

where R(U) corresponds to the mahalanobis distance between each row vector of Ud−1

(subspace estimate of previous day) and U (current subspace estimate for a given day d).

Ξ
Ud−1

denotes the covariance matrix of Ud−1. Here η controls the effect of prior subspace

(Ud−1, Ξ
d−1
i ) in the estimation of U.
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4.4.1 Spatio Temporal Matrix Completion with Subspace Informa-

tion (STMC)

In this section, we will obtain a Bayesian framework for spatio-temporal matrix com-

pletion. The optimization formulation in (4.1) is equivalent to minimizing the negative

log-likelihood function.

L1 = min
U,V

(− ln p(XΩ | U,V,β )) (4.4)

where likelihood function on the entries of XΩ can be defined as:

p(XΩ | U,V,β ) = ∏
(i, j)∈Ω

N (Xi j | ui.v j.
T ,β−1) (4.5)

here β is the noise precision. The prior on the noise is assumed to be non-informative

Jeffrey’s prior.

p(β ) = β
−1 (4.6)

Regularization on the columns of U defined in (4.3) can be incorporated by initializing

a prior on the columns of U.

p(U | γ) =
r

∏
i=1

N (ui | ud−1
i ,γ−1

i Im) (4.7)

Columns of U are enforced with a sparsity profile using precision γi to automate the rank.

When γi are driven to a large value, this enforces the column mean to be zero and in turn,

reduces the rank thereby modeling the low rank in the Bayesian framework. This way of

determining the rank on the go is referred to the as the Automatic Rank Determination
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[60]. Further, the autoregressive regularization in (4.2) can be modeled as

p(V | F) = N (v1; µ1,Λ1)
t

∏
τ=2

N (vτ | Fvτ−1,Ir) (4.8)

F is assigned multivariate Gaussian priors with column-specific precisions υ .

p(F | υ) =
r

∏
i=1

N (fi | 0,υ−1
i Ir) (4.9)

Precision variables γ and υ are selected to have Jeffrey’s priors

p(γi) =
1
γi
, p(υi) =

1
υi

(4.10)

The overall joint distribution for STMC can be expressed as

p(XΩ,U,V,F,β ,γ,υ) = p(XΩ|U,V,β )p(U|γ)

× p(V|F)p(F|υ)p(β )p(υ)p(γ) (4.11)

4.4.2 Robust STMC (RSTMC)

For robust matrix completion, we model the X = UVT +E+N, where E denotes the sparse

outlier matrix and N is the dense error matrix. The conditional distribution of generating

the entries of X can be defined as

p(X | U,V,E,β ) = ∏
(i, j)∈Ω

N (Xi j | (ui.v j.
T +Ei j),β

−1) (4.12)
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Columns of U ,V and F and precision variables γ,β ,υ follows the same prior distribution

defined in (6-10). Each entry of sparse outlier matrix Ei j is assigned a precision αi j.

p(E|α) = ∏
i|((i, j)∈Ω)

∏
j|((i, j)∈Ω)

N (Ei j | 0,α−1
i j ) (4.13)

where the αi j have the non informative prior

p(αi j) =
1

αi j
(4.14)

This works similar to the ARD where instead of column of the matrix, each entry of the

matrix is assigned with a precision. Whenever αi, j is driven to a large value , the Ei, j→ 0

thereby enforcing sparsity. The overall joint distribution for RVBSF is expressed as

p(XΩ,U,V,F,E,β ,γ,υ ,α) = p(XΩ|U,V,β )p(U|γ)

× p(V|F)p(F|υ)p(E|α)p(β )p(υ)p(γ) (4.15)

xτU
Ud−1

Ξ
Ud−1
i

vτvτ−1

γ

Fυ

β

t

n

Fig. 4.1 Variational Bayesian Filtering with Subspace Information
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xτU
Ud−1

Ξ
Ud−1
i

vτvτ−1

γ

Fυ

β

eτ

t

n

Fig. 4.2 Robust Variational Bayesian Filtering with Subspace Information

4.4.3 Variational Bayesian Inference

Approximate posterior distribution of parameters θ := {U,V,F,β ,γ,υ} and

θ R := {U,V,F,E,β ,γ,υ ,α} for STMC and RSTMC respectively are derived using Varia-

tional Inference. We utilize the mean-field approximation, wherein the posterior distribu-

tion of STMC is factorized as:

p(θ | xΩ) = qU(U)qV(V)qF(F)qυ(υ)qβ (β )qγ(γ). (4.16)

whereas the posterior distribution of parameters θ R in RSTMC is factorized as:

qU(U)qV(V)qF(F)qE(E)qυ(υ)qβ (β )qγ(γ)qα(α).

The posterior distribution of all the parameters is determined by minimizing the

Kullback–Leibler divergence of p(θ |xΩ) from q(θ), usually via an alternating minimiza-

tion approach [47].

Since we are exploiting the prior subspace information in our model, we call this

framework Variational Bayesian Filtering with Subspace Information (VBFSI) and Robust
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Variational Bayesian Filtering with Subspace Information (RVBFSI) respectively. The full

graphical model for VBFSI and RVBFSI is depicted in Fig 4.1,4.2.

4.4.4 VBFSI

We use variational inference to estimate the posterior distribution of qU, qV, qF, qυ , qβ , and

qγ for sampled data Z = PΩ(X). The updates for the posterior distribution of parameters

are similar to the updates derived in [60, 64].

The posterior distribution for a row of U is given by

qui = N (ui | µU
i ,Ξ

U
i ) (4.17)

The updates of mean and covariance of U are derived as

(ΞU
i )
−1 = γ̂iIr + β̂ ∑

τ|(i,τ)∈Ω

(µV
τ (µ

V
τ )

T +Ξ
V
τ,τ)

+η(Ξ
Ud−1
i )−1 (4.18)

µ
U
i = Ξ

U
i (β̂ ∑

τ|(i,τ)∈Ω

µ
V
τ Ziτ +η(Ξ

Ud−1
i )−1

µ
Ud−1
i ) (4.19)

The mean and covariance for the Posterior Distribution of V are as follows:

qV(V) = N (vec(V) | µV,ΞV) (4.20)
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µ
V = Ξ

V



β̂ ∑i|(i,1)∈Ω Zi,1µU
i +Λ

−1
1 µ1

β̂ ∑i|(i,2)∈Ω Zi,2µU
i

...

β̂ ∑i|(i,t)∈Ω Zi,t µ
U
i


(4.21)

[
Ξ

V
]−1

= β̂Diag
(

Ξ
U
(1), . . . ,Ξ

U
(t)

)
+

+



Λ
−1
1 −F̂ . . . 0

−F̂ Ir +Σ
F −F̂ . . .

...
...

...

. . . 0 −F̂ Ir


(4.22)

The direct inversion of the dense matrix Ξ
V would be costly. The block-tridiagonal

structure (ΞV)−1 can be exploited to carry out the updates for Ξ
V in an efficient manner

using LDL decomposition [63, 64].

The updates of the posterior distribution of F are given by

qfi = N (fi | µF
i ,Ξ

F
i ) (4.23)

µ
F
i = [ΞF

i (µτ(µτ−1)
T +Ξ

V
τ,τ−1)]i (4.24a)

(ΞF
i )
−1 = Diag(υ̂)+

t−1

∑
τ=1

(µτ(µτ−1)
T +Ξ

V
τ,τ−1) (4.24b)
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The posterior distribution for hyperparameters {β ,γ,v} are given by

qβ (β ) = Ga(β ;aβ ,bβ ) (4.25a)

qγi(γi) = Ga(γi;aγ

i ,b
γ

i ) (4.25b)

qυi(υi) = Ga(υi;aυ
i ,b

υ
i ) (4.25c)

where Ga(x,a,b) denotes the Gamma pdf with parameters a and b. The updates for

{β ,γ,v} are given by

υ̂i =
r

∑
r
k=1
(
[µF

k ]
2
i +[ΞF

k ]ii
) (4.26a)

γ̂i =
m+n

∑
m
k=1
(
[µU

k ]
2
i +[ΣU

k ]ii
)
+∑

n
k=1
(
[µV

k ]
2
i +[ΣV

k ]ii
) (4.26b)

β̂ =
pnt

∥ Z−PΩ(UV T ) ∥2
F

(4.26c)

We update the mean, covariance of U,V,F and the hyperparameters γ,υ ,β iteratively as

shown in Algorithm 2

Algorithm 3: VBSFI
1 Input: Ξ

Ud−1,µUd−1,PΩ(X)

2 Initialization:γ,β ,υ ,ΞU,µU,ΞV,µV,ΞF,µF,Z
1: while Xconv < 10−5 do
2: Xold = X̂

Compute V,F,υ ,β using (4.21, 4.22, 4.26a, 4.26c)
Compute U,γ,β using (4.18, 4.19, 4.26b, 4.26c)
X̂ = µU(µV)T

Xconv =
∥X̂−Xold∥F
∥Xold∥F

3: end while
4: Output: X̂
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4.4.5 RVBFSI

In this section, we obtain the results for RVBFSI. The posterior distribution of qU, qV,

qF, qυ , qβ , and qγ takes the same form for Z = PΩ(X−E) as shown in (17-26c). The

posterior distribution for E takes the following form ∀(i, j) ∈Ω.

q(Ei j) = N (Ei j | µE
i j ,Ξ

E
i j) (4.27)

µ
E
i, j = β̂ Ξ

E
i, j(Xi, j−µ

A
i.(µ

B
j.)

T ), Ξ
E
i, j =

1

β̂ + ˆαi, j
(4.28)

α̂
new
i, j =

1− α̂old
i, j Ξ

E
i, j

(µE
i, j)

2 (4.29)

α̂new
i, j is the fixed-point update for α . This is used in the sparse bayesian learning that

leads to much faster convergence and enhanced sparsity [60, 68]. For robust estimation of

entries in the presence of outliers, we update the mean, covariance of U,V,F,E and the

hyperparameters γ,υ ,β ,α iteratively as shown in Algorithm 3.

Algorithm 4: RVBSFI
1 Input: Ξ

Ud−1,µUd−1,PΩ(X)

2 Initialization:γ,β ,υ ,ΞU,µU,ΞV,µV,ΞF,µF,µE,ΞE,α,Z = PΩ(X−E)
1: while Xconv < 10−5 do
2: Xold = X̂

Compute V,F,υ ,β using (4.21, 4.22, 4.26a, 4.26c)
Compute U,γ,E,α,β (4.18, 4.19, 4.26b, 4.26c)
Compute E,α,β using (4.28-4.29, 4.26c)

X̂ = µU(µV)T

Xconv =
∥X̂−Xold∥F
∥Xold∥F

3: end while
4: Output: X̂
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4.5 Results

In this section, we will evaluate the performance of VBFSI on various spatiotemporal

datasets against the recent state of the art imputation methods. We further compare the

performance of RVBFSI in the presence of artificially corrupted outliers.

4.5.1 Experiment Setting

Datasets

We used traffic speed and air quality (PM 2.5) data for performance evaluation.

• Data (DT): Delhi traffic speed data [64]. This data contains traffic speed data of

519 road segments over 60 days with a sampling resolution of 15 min from 7 am

to 11 pm in Delhi, India. The data can be organized as a tensor with dimensions

RRR519×67×60.

• Data (GT): Guangzhou urban traffic speed data [69]. This data contains traffic

speed data of 214 road segments over 61 days with a sampling resolution of 10

mins in Guangzhou, China. The data can be organized as a tensor with dimensions

RRR214×144×61.

• Data (PT): Pems traffic speed data [70]. This data contains traffic speed data of 228

road segments over 44 days with a sampling resolution of 5 mins in California. We

process the data for a sampling resolution of 30 mins. The data can be organized as

a tensor with dimensions RRR228×48×44.

• Data (CA): China Air Quality data [71]. This data contains the AQI data collected in

the cities near Beijing and Guangzhou in China. We pre-process the data and extract

the PM2.5 AQI data for 313 locations and 60 days with a sampling resolution of 1

hr. The data can be organized as a tensor with dimensions RRR313×24×60.
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Parameters Setting

We only tune the parameter η ; otherwise, our approach does not require the tuning of any

hyperparameters. We grid search the best η for different sampling percentages. Then, we

fit the exponential model for η vs p, as shown in Fig. 4.3. We observe that for a higher

sampling percentage, imputation performance decreases with an increase in η . After

fitting the exponential model for traffic data (DT) η is set as η = 1.09∗ exp(−3.87∗ p)+

0.00862∗ exp(3.76∗ p) whereas η = 1.282∗ exp(−11.18∗ p)+0.0289∗ exp(1.74∗ p) is

set for air quality data (CA). We tune η for data (DT) and generalize it to the other two

traffic data (PT and GT).

The initial subspace U0 is calculated using the eight days average for all the datasets.

Then we run the algorithm in an online fashion for the next 30 days for all the datasets. All

the experiments are run on Matlab with the system configuration of 2.3 GHz and 8 GB

RAM.
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(b) η vs p performance for Data:CA

Fig. 4.3 Hyperparameter setting for η .

It is observed that the prior subspace have more effect on the traffic data (DT) than air

quality data (CA).
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Evaluation Metrics

We use the mean relative error (MRE), and root mean square error (RMSE) as evaluation

metrics:

MRE =

∥∥∥X(Ω′)− ˆX(Ω′)
∥∥∥

∥X(Ω′)∥

RMSE =

√
1
|Ω′| ∑

(i, j∈Ω′)

(X̂i j−Xi j)2

where Ω′ represents the set of missing entries.

4.5.2 Baseline Algorithms

We compare our model with recent state of the art matrix and tensor imputation methods.

Matrix completion Frameworks

• VBSF: Variational Bayesian Subspace Filtering [64], VBSF proposes an online

variational Bayesian formulation to estimate low-rank matrices whose subspace

evolves according to a state-space model.

• VMC: Variety-based Matrix Completion [72]. VMC exploit low-complexity non-

linear structures in the data to estimate the matrix that can be possible high-rank.

The high-rank matrix becomes low-rank after mapping each column to a higher

dimensional space.
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• TRMF: Temporal regularized matrix factorization [57]. TRMF exploits the autore-

gressive structure among temporal embeddings vt . TRMF uses a set (L) containing

the lag indices l denoting a dependency between tth and (t− l)th time points. We

take the lag as {1, 2,T }, where T denotes the number of time intervals in a day.

We stack d−8,d−7, . . .d data matrices to predict the samples for dth day, thereby

incorporating the dependencies over days and week.

• BTMF: Bayesian Temporal Matrix Factorization [73] is a Bayesian extension of

TRMF which outperforms TRMF and other imputation methods for traffic data.

Tensor Completion Frameworks

To evaluate the performance of the tensor completion algorithms with VBFSI we use

XXX ∈RRRn×t×k, a three-way tensor. For an effective comparison between matrix and tensor

completion frameworks, k is set as 7 [31]. However, we set the k = 8 to capture the weekly

pattern, usually observed in traffic data.

• BCPF: Bayesian CP Factorization [65]. BCPF is a bayesian tensor-based imputation

method that incorporates a sparsity-inducing prior over multiple latent factors. BCPF

is effective even for a higher percentage of missing data.

• TRLRF: Tensor ring low-rank factors [74] is an efficient and high-performance

tensor completion algorithm based on TR(Tensor Ring)decomposition, which em-

ployed low-rank constraints on the TR latent space. TRLRF outperforms the state of

the art tensor completion algorithm for synthetic and real-world data.

Robust Imputation Frameworks

We compare RVBFSI with the following robust imputation methods.



68 Variational Bayesian Subspace Filtering with Subspace Information

• RegL1: Regularized L1 Augmented Lagrange Multiplier [61] is proposed to approx-

imate a low-rank data matrix in the presence of missing data and outliers.

• BRTF: Bayesian Robust Tensor Factorization [62] uses a variational Bayesian

approach for robust tensor factorization in the presence of missing entries and

outliers.

4.5.3 Performance Comparison

The performance comparison of VBFSI with the current state of the art methods is shown

in Table 4.1 and Fig 5.4. The performance of RVBFSI for the imputation task for outlier

corrupted data is shown in Table 4.2.
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Comparison with matrix completion methods:VBFSI outperforms VBSF for all the

datasets. The performance of VBSF is comparable to VBFSI for higher sampling. In

contrast, for lower sampling, the performance of VBSF degrades. VMC experience a

similar trend as VBSF, where the performance is comparable for higher sampling and

degrades for low sampling. VBFSI outperforms VMC for almost all the cases for traffic

data (DT, PT, GT). However, for the air quality data (CA), the performance of VMC is

better than VBFSI for a higher sampling percentage. VMC can capture the nonlinearity in

the data for a high sampling percentage.
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Fig. 4.5 Robust Matrix completion using RVBFSI for p=25% and o=10% (a) Actual Traffic data
(DT) matrix X, (b) X is sampled with 25 % of the entries, (c) 10% of the sampled locations will
be corrupted with depicted outlier magnitude and location, (d) Sampled Matrix with outliers are
estimated using RVBFSI (e) Sparse outlier matrix estimated using RVBFSI

Comparison with matrix completion frameworks exploiting previous days infor-

mation: For low sampling percentage, VBFSI performs is comparable to BTMF in most

of the cases. However, for higher sampling percentage, VBFSI outperforms BTMF. VBFSI

outperforms TRMF in all the scenarios. One of the disadvantages of BTMF and TRMF is

that rank is not tuned automatically. Moreover, BTMF uses gibbs sampling to impute the
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tensor along with the temporal regularization. Gibbs sampling is relatively slower than the

Variational Bayesian approach for parameter estimation [75].

Comparison with tensor completion methods: VBFSI outperforms TRLRF for all the

scenarios. VBFSI performance is comparable to BCPF in most of the cases.

Effect of η on the performance of VBFSI

When η = 0, VBFSI reduces to VBSF. For higher sampling, the performance of VBFSI is

comparable to VBSF. However when the sampling is low, then the performance of VBSF

degrades. Incorporating even the noisy prior subspace information in the architecture can

reduce the sampling complexity of the algorithm by a logarithmic factor [58]. Therefore,

for low sampling, VBFSI performs better than VBSF as we have incorporated the prior

information in the architecture using η . For lower sampling (p is low), the value of η is

high, and it decreases exponentially with the increase in sampling as shown in Fig. 4.3.

Performance analysis in the case of outlier

To compare the performance of VBFSI and RVBFSI in the case of outliers, we artificially

add the outliers in the Data: DT. We randomly add 5% and 10% of the outliers in the total

sampled data, i.e., the number of outliers is o× p fraction of the overall data. The entries

corrupted with outliers are uniformly distributed between [−σ ,σ ], where σ is set as 100

in our experimentation. This artificial injection of outlier is used to evaluate the robustness

of the algorithm in the literature [76]. The imputation performance of VBFSI degrades

in the presence of outliers (Fig. 4.4(b)). However, RVBFSI can improve the performance

of imputation, as shown in Fig. 4.4(b). Moreover, the locations and magnitude of the

outliers can be recovered, as shown in Fig. 4.5(e). Performance comparison RVBFSI and

VBFSI with other imputation methods are shown in Table 4.2. The performance of VBFSI

and BCPF is comparable for all the sampling. In comparison, the performance of VBFSI
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is similar to VBSF for high sampling. While RVBFSI outperforms all other imputation

methods, including RegL1 and BRTF significantly.

4.6 Summary

In this chapter, we presented a Bayesian approach towards extreme matrix completion

wherein we estimate the underlying temporarily varying subspace using a Variational

Bayesian technique. We enforced the low-rank structure to estimate the matrix, where the

rank is automatically learned using data by an automatic relevance determination (ARD)

approach. The Bayesian approach offers greater flexibility in modeling the data, especially

in the case of extreme missing case or fewer samples. The above formulation is jointly

coupled with the state space autoregressive model, as well as a penalty function on the

slowly varying subspace to model the temporal and periodic evolution in the data. We

evaluate the proposed Variational Bayesian with Subspace Information (VBFSI) method to

impute matrices in real-world traffic data sets.



Chapter 5

Spatio-Temporal Sampling

5.1 Overview

There are two steps to create a dense spatiotemporal data map for an area. The first is to

sample the best representative data samples of an area in space and time, and the second is

the extrapolation or imputation of the data based on the sampled set. The second problem

is discussed in previous chapters. The inherent temporal and spatial redundancy available

in the spatiotemporal data can be used to impute the remaining (incomplete) data by

utilizing the matrix completion techniques and obtaining a dense data map in a fraction of

the corresponding fixed sensing cost. However, the accuracy of imputation is dependent

on the extent to which spatiotemporal sampling captures the inherent structure of the

spatiotemporal matrix. There has been limited research on the spatiotemporal sampling

problem where the challenge is to pick those sets of paths (using vehicles) that perform

representative sampling in space and time.

In this chapter, we address the problem of the choice of efficient drive by sensing

routes for the city of Delhi to sample AQI (Air quality index) data. We investigate the

usage of public transit buses for drive-by sensing. We propose novel frameworks to pick
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those routes that exploit the spatiotemporal structure in the air quality data resulting in an

effective imputation and therefore achieving the required dense air quality map.

We begin in section 5.2 with the problem of selective drive-by sensing, where we

introduce the problem of sampling with the moving vehicles and further motivate the repre-

sentative spatiotemporal sampling using moving vehicles. We then provide a background

review in section 5.3 of all the terms that are used in this chapter. Rather than running

dedicated vehicles to sample the data, we motivate the problem of sampling the data using

public transit, i.e. buses. We discussed the bus selection framework for selective drive-by

sensing in section 5.4 where we select the best set of buses to sample the spatiotemporal

data. We propose two frameworks for representative sampling of spatiotemporal data in

section 5.4.2 and 5.4.3.

The best way to test the efficacy of the proposed method is to test the estimation

performance on the unsampled data. However, practically it is not possible to access

the real-world air quality data without deploying the sensors on the selected set of buses.

Therefore, to evaluate the performance of the proposed drive-by sensing framework,

we proposed to simulate real-world air quality data by exploiting the smoothness in

the spatiotemporal domain in section 5.5.1. Then we evaluate the performance of the

sampled spatiotemporal data using the bus selection framework by obtaining the error in

the estimation of the dense maps. We have already discussed spatiotemporal estimation

frameworks in previous chapters. However, dense air quality maps cannot be computed

using the traditional matrix completion framework for the cold start locations. Cold start

locations refer to the locations that are not sampled even once in any of the timestamps.

We provide a simple extension of the proposed framework in chapter 2 to incorporate the

cold start locations estimation in section 5.5.2. Section 5.5 describes all the experimental

details to evaluate the performance of the proposed method.

Finally, we summarize the chapter in section 5.6.
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5.2 Selective Drive By Sensing

Air pollution has drawn attention in recent years because of its profound effect on people’s

health [77]. It is crucial to assess the pollution level in a region by monitoring the air

quality levels and recommending strategies to combat pollution. There are significant

factors that affect the air quality of an area, such as transportation, electricity, fuel uses,

industrial parameters such as power plant emissions, etc. Hence, air quality monitoring is

required to make strategies for emission control as well as verifying strategies that control

emissions.

The most widely used method to monitor air quality is by using static sensing, that is

mounting sensors at fixed locations. The temporal resolution of static sensing is high, i.e.,

the air quality data is available for almost all the sampled timestamps. However, the spatial

coverage in a region depends on the number of sensors installed which is generally limited

owing to the cost constraints. We can leverage the spatial and temporal correlation in the air

quality data to perform cost-effective spatiotemporal monitoring. We can share/multiplex

an air quality sensor over multiple locations and perform sequential temporal sensing

without losing air quality information. Moving sensor paradigm can be a candidate to

obtain such dense AQ (Air Quality) map without needing an expensive setup of hundreds

of static monitors [7, 8]. With the technological progress in AQ sensing, it is now possible

to put these monitors in buses and other public transit and perform spatiotemporal AQ

sensing. However, the moving sensors reading would be spatially and temporally sparse

and incomplete because of the unavailability of the moving vehicle across all the spatial

locations and timestamps.

Thanks to the inherent temporal and spatial redundancy available in the air quality

data, one can potentially impute the remaining (incomplete) data by utilising the matrix

completion techniques [31, 78] and obtain a dense air quality map in a fraction of the

corresponding fixed sensing cost. However, the quality of imputation crucially relies on
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the "quality” of drive-by sensing and the choice of "routes” that vehicles take to sample

the air quality.

The problem of dense air quality maps using drive-by sensing is defined as: Given a

binary bus occupancy data Y ∈ {0,1}|L |×|T |×|B|, where L denotes the set of locations,

T denotes the set of timestamps and B denotes the buses. The entry yl,t,b = 1 if the

bus b samples the location l in the time stamp t. The aim is to pick the best subset of

buses M ∈B that perform representative sampling for the spatiotemporal AQ matrix.

Subsequently, by appropriately modeling the spatial and temporal structure present in the

AQ data sampled by the set of buses M , one can extrapolate/impute the missing data in

the spatiotemporal matrix. In a nutshell, the aim is to pick those buses that exploit the

spatiotemporal structure in the air quality data resulting in an effective imputation and

thereby creating dense anytime-anywhere AQ map.

Limited work on selecting the optimal set of vehicles for sensing spatiotemporal data

models each entry in the spatiotemporal matrix as independent and tries to maximize the

number of entries in the matrix [14, 15, 17]. Considering all the locations as independent

ignores the correlation across locations, thereby highlighting the sub-optimality of such an

approach. Indeed, sampling two consecutive neighbourhood locations is less effective than

sampling the diverse spread across locations in an area.

Our work exploits the smoothness in the spatial locations to select buses that sample

diverse and representative sets of locations. Further, the air quality data for a given location

is smooth in time, i.e., the sensor data varies slowly in time with decreasing correlation

as the interval increases. Thereby, sampling the consecutive timestamps of a site is a less

effective strategy than sampling at distant time stamps. The proposed Regressive Facility

Location (RFL) framework encapsulates the temporal smoothness using an autoregressive

time series structure to sample the spatiotemporal data. Also, since the future temporal

data is not available to create the dense map at a particular timestamp, we use the causal
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temporal smoothness in the proposed RFL framework. This ensures that if a location l

is sampled at a given time, other buses can bypass sampling location l and the nearby

locations in the subsequent neighboring future time stamps. The Regressive Facility

Location (RFL) framework proposes to encapsulate the slowly varying temporal data

pattern into the facility location framework and select the buses such that the sampled

locations will be representative of the area and will be diverse across all time stamps.

Practically it is not possible to access the real-world air quality data without deploying

the sensors on the selected set of buses. Therefore, to evaluate the performance of the

proposed RFL drive by sensing framework, we simulate real-world air quality data. Further,

we obtain the dense air quality maps using the matrix completion framework from the

sampled spatio-temporal data and observe that RFL provide more accurate dense air quality

maps.

5.3 Background Review

5.3.1 Vehicle Subset Selection

There has been limited work on selecting the optimal set of vehicles for sensing spatiotem-

poral data. Authors in [17] propose mobile sensor placement for vehicles to maximize

coverage. Authors in [14] propose a drive by sensing framework for taxis and buses.

Authors in [15] proposed point of interest oriented (POIs) bus selection algorithm to select

buses where the coverage of a bus is defined in terms of the POIs. Authors in [16] proposed

the optimal placement of reference monitors to make mobile sensors k-hop calibrable.

However, the mobile sensors are fixed and reference monitors are optimally selected. All

these framework maps the problem of vehicle subset selection to the maximum cover

problem or set cover problem to maximize the spatiotemporal coverage.
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5.3.2 Greedy Submodular Maximization

A function is submodular if it is monotonically non-decreasing and exhibits the property

of diminishing returns.

Definition 1: A function f is monotonically non decreasing if ∀ C ⊆D

f (C )≤ f (D)

Definition 2: A function f: 2B→ R is submodular if ∀ C ⊆D ⊆B and every b ∈B\D

f (C ∪b)− f (C )≥ f (D ∪b)− f (D)

Given a submodular set function f , maximization of f over all subsets of size at most k of

the ground set G , i.e. |G |= k,

f (V ) = max
V :|V |≤k

f (V ) (5.1)

is an NP-hard problem [79]. A monotone non-decreasing submodular function solution

can be approximated by a greedy algorithm within (1− 1
e ) of the global maximum [80, 81].

Submodularity is gaining popularity in a large range of combinatorial and machine learning

optimization problems. Submodular optimization focus on selecting a subset of items from

a whole set to maximize a given submodular function over the set. For these problems of

subset selection, the greedy algorithm can always achieve an approximate solution with

theoretical guarantees. Submodular subset selection for subset sensor selection [82, 83]

is explored where the combinatorial optimization problem of maximizing a submodular

function (mutual information, uniform matroids) is proposed between the chosen locations

and the locations which are not selected. Thereby, picking the best subset of sensor

locations out of the entire set of locations based on maximizing a submodular function
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for effective sampling. However, the techniques are explored for static sensor selection.

Our aim is to select different locations at distinct time stamps using sensors placed on the

vehicles. Thereby we are selecting the best set of vehicles which in turn traverse a path in

time. Hence providing representative sampling in space and time.

Facility Location

Facility location is used in the literature for data summarization, clustering, and video

summarization based problems to provide the representative summary of the data points

[84–86]. Facility location provides not only diverse but representative samples by consid-

ering the similarity between the selected and the remaining elements of the dataset. If Si, j

denotes the similarity between the points i and j. Then the facility location function for

the subset B is defined as

f (B) = ∑
i∈V

max
j∈B

(Si, j)

where V is the ground set. The idea is to find the most representative sampled point corre-

sponding to every point in the ground set using the facility location function. Maximizing

the facility location function will ensure that sampled points are the most representative

samples of the entire set. In terms of clustering, data points selected by the facility loca-

tion will correspond to the cluster medoids [84]. Also, note that the facility location is

submodular; thereby, the greedy algorithm can always achieve an approximate solution

with theoretical guarantees. The objective of the selective drive by sensing to sample the

spatiotemporal matrix is to pick the most representative locations across all time stamps.

The sampled location depends on the vehicle selected. Therefore, we modify the existing

facility location framework to our setting and provide the theoretical guarantees by proving

that the proposed facility location framework is submodular.
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5.3.3 Generating Smooth Graph Signals

To generate a smooth graph signal across nodes, an adjacency matrix can be used. Consider

a graph with L set of nodes/locations, the weighted adjacency matrix can be defined as

G ∈ RL×L can be decomposed as.

G = UΣUT

The graph Fourier transform of a signal x ∈ RL is given by x̂.

x̂ = U−1x

The actual signal can be expressed as

x = Ux̂

The signal is smooth in the time domain if the signal is bandlimited in the frequency

domain [87–91],

x̂k = 0 ∀k ≥ m

Therefore

x = U(m)x̂ (5.2)

where U(m) ∈ RL×m represents the first m eigenvectors of the matrix G.

The signal x̂ can be sampled from random normal distribution as described in the

literature [88, 90, 91]. Then using the signal x̂ and U, an actual smooth signal can be

constructed over the nodes of the graph via Eq. 5.2. The signal generated will be smooth

on the locations only. We extend this theory to generate smooth signals across locations

and time.
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5.3.4 Dense maps using missing data imputation

Air quality data exhibits both spatial and temporal correlation, thereby generating redun-

dancy (not high-rank nature) [92, 93]. Low-rank matrix completion has been proposed

to estimate the missing spatiotemporal data [31, 94]. Further state-space model for incor-

porating the temporal evolution in the matrix completion framework is also proposed in

the literature [57, 63, 78]. We have explored spatiotemporal estimation in the previous

chapters. These spatiotemporal estimation techniques can be used to provide dense maps

by imputing the missing data. However, dense air quality maps cannot be computed

using the traditional matrix completion framework for the cold start locations. Cold start

locations refer to the set of locations that are never sampled by the selected set of buses. A

similarity matrix can be exploited to impute the data for the cold start locations [95, 96].

Section 5.5.2 provided a simple extension of VBSF that is proposed in chapter 2 to impute

the cold start locations.

5.4 Bus Selection Framework

Bus selection for drive by sensing is defined as follows: We are given a binary bus

occupancy tensor Y ∈ {0,1}|L |×|T |×|B|, where L is the set of locations, T is the set

of timestamps, and B is the entire set of buses. Buses run on a specific route with a

time schedule. The entry yl,t,b = 1 denotes the availability of the sensor reading placed at

bus b for a particular location l and time slot t. Our work aims to pick k buses from the

entire set of buses B for drive by sensing, where M ⊂B represents the selected set of

buses. For a subset of buses M ⊂B, we define a binary spatiotemporal sampling matrix

Θ ∈ {0,1}L×T as

Θ(M ) = max( ∑
k∈M

Y l,t,k,1) ∀ (l ∈L ), ∀ (t ∈T ) (5.3)
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Θ(M ) is the spatiotemporal sampling matrix where an entry i, j in the matrix denotes that

location i is sampled at time stamp j by the set of buses M . The distance between two

locations i and j is defined as Di, j. To incorporate the smoothness in the spatial locations,

we define the similarity between locations in S ∈ RL×L as:

Si, j = 1−
Di, j

max(D)
(5.4)

We use the normalized distance between two locations Di, j
max(D) between 0 and 1. The

smaller the normalized distance between two locations, the higher is the similarity. Another

approach is to learn λ in the similarity matrix Si, j = exp(−λDi, j). An example of similarity

matrix is shown in Fig. 5.2 (b) where as the distance between the locations increases

similarity decreases.

5.4.1 Baseline methods

Max Coverage (MC)

In the classical max coverage problem, we are given different sets and numbers of subsets

k to be selected as input. Each set contains some set of elements and these elements can be

common within different sets. The idea is to select k of these sets so that the max number

of elements are covered. We model our problem as the max coverage problem where each

entry in the sampling matrix Θ is considered as an element[17]. We have the set of buses,

and each bus e samples some elements in the matrix Θ(e). Max coverage framework selects

the k number of buses, set M ⊂B where |M |= k such that entries in the sampling matrix

Θ(M ) are maximized. The maximum coverage problem is NP-hard and submodular;

there exists a greedy heuristic that provides a solution within an approximation ratio of

(1− 1
e )[97]. We use percentage coverage as a measure for the max coverage algorithm.

The gain for Max Coverage to maximize the occupancy of the selected buses M is defined
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as

PC(M ) =

∑
i∈L , j∈T

Θ(M )i, j

L×T
∗100 (5.5)

The greedy approach for the Max Coverage is shown in Algorithm 5. The input of the

algorithm are k, B, Y . The aim is to pick the best subset of buses that maximizes Eq

5.5. The best subset of buses are greedily selected in M as shown in Algorithm 5.

Algorithm 5: Maximum Coverage
1 Input: m, B, Y
2 Output: M ⊂B of size m
3 Initialization:M ← φ

1: for i =1 to k do
2: for each e ∈B do
3: Θ(M ∪ e) = max( ∑

m∈M∪e
Y i, j,m,1)

4: f (M ∪ e) =
∑

i∈L , j∈T
Θ(M∪e)

L∗T ∗100
5: end for
6: e∗ = argmaxe f (M ∪ e)
7: M ←M ∪{e∗}
8: end for

Max Coverage over Location (MCL)

We model our problem as the max coverage over location problem where each location is

considered as an element. We have the set of buses, each bus samples some locations over

all the timestamps. Max Coverage over location framework selects the k number of buses,

set M ⊂B where |M|= k such that maximum locations are sampled. In max coverage

over location, we are maximizing the number of locations sampled by the selected buses,

while in max Coverage framework, we are maximizing the entries of the sampling matrix Θ

to increase the coverage over location as well as time. We use Percentage Stop coverage as

a measure for the Max Coverage over Location algorithm as shown in (5.6). Max coverage

framework treats every entry in the matrix Θ as independent, thereby sampling different
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time stamps for an already sampled location will be the same as sampling a different

location. Max Coverage over Location samples diverse set of locations as compared to the

Max coverage problem.

PSC(M ) =

∑
i∈L

max{ ∑
k∈M , j∈T

Y i, j,k,1}

L
∗100 (5.6)

Algorithm 6: Maximum Coverage over location
1 Input: m, B, Y
2 Output: M ⊂B of size m
3 Initialization:M ← φ

1: for i =1 to k do
2: for each e ∈B do
3: x(M ∪ e) = max( ∑

m∈M∪e, j∈T
Y i, j,m,1)

4: f (M ∪ e) =
∑

i∈L
x(M∪e)

L ∗100
5: end for
6: e∗ = argmaxe f (M ∪ e)
7: M ←M ∪{e∗}
8: end for

5.4.2 Proposed Facility Location over space (FLS)

Max coverage and max coverage location treat every location as independent while se-

lecting the set of buses, which sample the spatiotemporal matrix. However, a correlation

exists across the locations readings; the sensor readings will be smooth over neighboring

locations. We thereby use Facility Location over space (FLS) to model the smoothness in

the locations using a similarity matrix.
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For the selected set of buses M , the sampling matrix is defined in (5.3). For a time

stamp t, the sampled locations by the set of buses M is defined as θt(M ),

θt(M ) = {i} ∀ Θi,t(M )|=1

FLS(M ) =

∑
t∈T

∑
l∈L

π l
t (M )

L×T
(5.7)

π
l
t (M ) = max

∀m∈θt(M )
(Sl,m) (5.8)

We compute the maximum pairwise similarity between all the locations (i ∈L ) and the

sampled set locations denoted by θt(M ) for a timestamp t. The gain defined in (5.7) is

maximized when the pairwise similarities between the locations and the nearest chosen

location in the selected set of buses are maximized for all the timestamps. This ensures

that we pick the buses that sample the locations that are representative of the entire area

for all the timestamps.

Facility location finds the assignment similarity of each location to one representative

location traversed by the selected set of buses M .

Theorem 1: The function defined in (5.7) is monotone submodular. Therefore a greedy

heuristic provides a solution within an approximation ratio of (1− 1
e ).

Proof: Let θt be the set of locations that correspond to sampled locations in the sampling

matrix Θ for time stamp (column) t. The FLS gain is defined as:

FLS(M ) =

∑
t∈T

∑
l∈L

π l
t (M )

L×T
(5.9)
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where

π
l
t (M ) = max

∀m∈θt(M )
(Sl,m) (5.10)

Monotone non decreasing : A function f is submodular if ∀ C ⊆D

f (C )≤ f (D)

Proof:

Let C and D be the subset of buses following ∀ C ⊆D ⊆B. We define Θ(C ) and Θ(D)

as the sampling matrix for the subset of buses C and D .

Let θt be the set of locations that corresponds to 1 in the sampling matrix Θ(C ) for the

time stamp t and let θ
′
t be the set of locations that corresponds to 1 in the sampling matrix

Θ(D) for the time stamp t.

θt = {i} ∀ Θi,t(C )|=1

θ
′
t = {i} ∀ Θi,t(D)|=1

Since C ⊆D , therefore θt ⊆ θ
′
t ∀ t = 1 to T .

For all l ∈L , t ∈T we have

max
∀m∈θt

(Sl,m)≤ max
∀m∈θ

′
t

(Sl,m) (5.11)

Hence f (C )≤ f (D)

Submodular : A function f is submodular if ∀ C ⊆D ⊆B and b ∈B\D

f (C ∪b)− f (C )≥ f (D ∪b)− f (D)
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Consider a bus b ∈B\D , We add the bus b in both C and D and analyse the gain. Let the

bus traverse the set of location Gt for a time stamp t.

Gt = {i} ∀ Θi,t(b)|=1

For all l ∈ L and t = 1 to T we have

π
l
t (C ∪b)−π

l
t (C ) = max

∀m∈θt∪Gt
(Sl,m)− max

∀m∈θt
(Sl,m)

= max(0, max
∀m∈Gt

(Sl,m)− max
∀m∈θt

(Sl,m)) (5.12)

Since

max
∀m∈θt

(Sl,m)≤ max
∀m∈θ

′
t

(Sl,m)

Therefore,

π
l
t (C ∪b)−π

l
t (C ) = max(0, max

∀m∈Gt
(Sl,m)− max

∀m∈θt
(Sl,m))

≥max(0, max
∀m∈Gt

(Sl,m)− max
∀m∈θ

′
t

(Sl,m)) (5.13)

π
l
t (C ∪b)−π

l
t (C )≥max(0, max

∀m∈Gt
(Sl,m)− max

∀m∈θ
′
t

(Sl,m)) (5.14)

π
l
t (C ∪b)−π

l
t (C )≥ max

∀m∈θ
′
t ∪Gt

(Sl,m)− max
∀m∈θ

′
t

(Sl,m) (5.15)

π
l
t (C ∪b)−π

l
t (C )≥ π

l
t (D ∪b)−π

l
t (D) (5.16)
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From Eqs (5.12-5.16) for all l ∈L and t = 1 to T we have,

f (C ∪b)− f (C )≥ f (D ∪b)− f (D)

Algorithm 7: Facility Location over Space
1 Input: b, B, Y , S
2 Output: M ⊂B of size b
3 Initialization:M ← φ

1: for each e ∈B do
2: Θ(M ∪ e) = max( ∑

b∈M∪e
Y i, j,b,1)

3: for each t ∈T do
4: θt(M ∪ e) = {i} ∀ Θi,t(M ∪ e)|=1
5: π l

t (M ∪ e) = max
∀m∈θt(M∪e)

(Sl,m) ∀l ∈L

6: end for

7: f (M ∪ e) =
∑

t∈T
∑

l∈L
π l

t (M∪e)

LT
8: e∗ = argmaxe f (M ∪ e)
9: M ←M ∪{e∗}

10: end for

5.4.3 Proposed Regressive Facility Location (RFL)

FLS selects the buses that sample representative locations across all timestamps. However,

fails to capture the temporal correlation while selecting the set of buses and treat all

timestamps as independent. The sensor observations of a location over time are not

independent and vary slowly over time. The FLS framework can be modified to incorporate

the space and time similarity as shown in Fig. 5.1.

The modified framework incorporates the temporal causal similarity i.e., the future

time data is not available to infer the previous time stamps using ρ . The Facility location

incorporating the space and time causal similarity is called Facility Location over Space-

Time (FLST). The similarity coefficients for location i and timestamp j is denoted in

Fig. 5.1. Blue edges in the graph denote the similarity between different locations for a
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Fig. 5.1 Spatial and temporal similarity

Fig. 5.2 (a) Represents the locations of an example graph G, (b) The Similarity matrix S for Graph
G, (c)-(d) Sampling matrix Θ for time t=1 and 2, (e)-(f) πt for FLS, (g)-(h) πt for RFL.
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particular timestamp j. Note that ρ = 0 is a special case for FLS, and only blue edges are

used for similarity in the FLS framework. FLST models the inter-temporal similarity for a

particular location using ρ and is denoted by green edges in Fig 5.1. The inter-location

and inter-temporal similarity are denoted by orange edges. Directed edges represent the

similarity from one node to the other. Note that since we are modeling the temporal causal

similarity, reading at location i is relevant only for the locations at future timestamps. The

gain for the FLST is defined as

FLST (M ) =

∑
t∈T

∑
l∈L

π l
t (M )

L×T
(5.17)

π
l
t (M ) = max

j,m∈Θ(M )
(Sl,m ∗Tt, j) (5.18)

where the Temporal causal similarity is defined as

Tt, j =


ρ t− j, t ≥ j

0, t < j
(5.19)

It is computationally expensive to compute the (5.17) since the comparison for every

location and time is done for all the sampled data Θ. Therefore, we propose a fast algorithm

that optimizes the gain defined in (5.17), with a reduced computational complexity. Let θt

be the set of locations that correspond to sampled locations in the sampling matrix Θ for

time stamp t. For π0 = 0, ρ ∈ [0,1], the regressive facility location gain is defined by

RFL(M ) =

∑
t∈T

∑
l∈L

π l
t (M )

L×T
(5.20)
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π
l
t (M ) = max((Sl,m)∀m∈θt(M ),ρπ

l
t−1(M )) ∀l ∈L (5.21)

Corollary 1: FLST gain defined via (5.22) is equivalent to the RFL gain defined via (5.35).

λ
l
t (M ) = max

m, j∈Θ(M )
(Sl,m ∗Tt, j) (5.22)

Tt, j =


ρ t− j, t ≥ j

0, t < j
(5.23)

π
l
t (M ) = max((Sl,m)∀m∈θt(M ),ρπ

l
t−1(M )) ∀l ∈L (5.24)

Proof:

For all l ∈L and t = 1 using (5.22) we have,

λ
l
1(M ) = max(max(Sl,m)∀m∈θ1(M ),V ) ∀l ∈L (5.25)

V = max(Sl,m)∀m∈θ j(M ) (∀ j > 1) = 0

Therefore,

λ
l
1(M ) = max((Sl,m)∀m∈θ1(M )) ∀l ∈L (5.26)

λ
l
1(M ) = π

l
1(M )

For all l ∈L and t = 2 we have,

λ
l
2(M ) = max(max(Sl,m)∀m∈θ2(M ),max((Sl,m)∀m∈θ1(M ))∗ρ,0) (5.27)
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λ
l
2(M ) = max(max(Sl,m)∀m∈θ2(M ),π

l
1(M )∗ρ) (5.28)

λ
l
2(M ) = max((Sl,m)∀m∈θ2(M ),ρπ

l
1(M )) = π

l
2(M ) (5.29)

For l ∈L and t = n suppose it is true that λ l
n(M )) = π l

n(M ) and,

λ
l
n(M ) = max(max(Sl,m)∀m∈θn(M ),

max((Sl,m)∀m∈θn−1(M ))∗ρ, . . .max((Sl,m)∀m∈θ1(M ))∗ρ
n−1) (5.30)

For l ∈L and t = n+1 we have,

λ
l
n+1(M ) = max(max(Sl,m)∀m∈θn+1(M ),

max((Sl,m)∀m∈θn(M ))∗ρ, . . .max((Sl,m)∀m∈θ1(M ))∗ρ
n) (5.31)

From (5.30),

λ
l
n+1(M ) = max(max(Sl,m)∀m∈θn+1(M ),ρ ∗λ

l
n(M )) (5.32)

Hence,

λ
l
n+1(M ) = max((Sl,m)∀m∈θn+1(M ),ρπ

l
n(M )) = π

l
n+1(M ) (5.33)

RFL encapsulates the temporal correlation to calculate the gain for π l
t by using π l

t−1. The

idea for incorporating the temporal sampling diversity is if the location is sampled at

time t1, then the subsequent neighboring time sampling would not be the best informative

sampling as the data is smooth over time. In RFL, we incorporated the smoothness over

time as shown in Fig. 5.2. Given that a location g is sampled at time t = 1, then the π2

gain in the next timestamp is lower in FLS than RFL. Moreover, suppose we have two
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adjacent locations a and b, that are neighboring nodes with high similarity. In that case,

sampling the location b at timestamp t1 will also provide information for the location a at

subsequent neighboring time stamps as shown in Fig. 5.2. The greedy approach for the

Facility location over space is shown in Algorithm 3.

Theorem 2: The Function defined in (5.34) is monotone submodular. Therefore a

greedy heuristic provides a solution within an approximation ratio of (1− 1
e ).

Proof: Let θt be the set of locations corresponding to sampled locations in the sampling

matrix Θ for time stamp t. For π0 = 0, ρ ∈ [0,1], the regressive facility location gain is

defined by

RFL(M ) =

∑
t∈T

∑
l∈L

π l
t (M )

L×T
(5.34)

where

π
l
t (M ) = max((Sl,m)∀m∈θt(M ),ρπ

l
t−1(M )) ∀l ∈L (5.35)

Monotone non decreasing A function f is submodular if ∀ C ⊆D ⊆B

f (C )≤ f (D)

Proof:

Let C and D be the subset of buses following ∀ C ⊆D ⊆B. We define Θ(C ) and Θ(D)

as the sampling matrix for the subset of buses C and D .

Let θt be the set of locations that corresponds to 1 in the sampling matrix Θ(C ) for the

time stamp t and Let θ
′
t be the set of locations that corresponds to 1 in the sampling matrix

Θ(D) for the time stamp t.

θt = {i} ∀ Θi,t(C )|=1

θ
′
t = {i} ∀ Θi,t(D)|=1
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For all l ∈L and t = 1 we have

max
∀m∈θ1

(Sl,m)≤ max
∀m∈θ

′
1

(Sl,m) (5.36)

For t = 2 we have from using (5.11),

max((Sl,m)∀m∈θ2,ρ max
∀m∈θ1

(Sl,m))≤max((Sl,m)∀m∈θ
′
2
,ρ max
∀m∈θ

′
1

(Sl,m)) (5.37)

for time stamp t we have, from using (5.11)

max((Sl,m)∀m∈θt ,ρ max
∀m∈θt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ1

(Sl,m))

≤max((Sl,m)∀m∈θ
′
t
,ρ max
∀m∈θ

′
t−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ

′
1

(Sl,m)) (5.38)

Hence f (C )≤ f (D)

Submodular A function f is submodular if ∀ C ⊆D ⊆B and b ∈B\D

f (C ∪b)− f (C )≥ f (D ∪b)− f (D)

Consider a bus b ∈B\D , We add the bus b in both C and D and analyse the gain. Let the

bus traverse the set of location Gt for a time stamp t.

Gt = {i} ∀ Θi,t(b)|=1
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For all l ∈L and t = 1 to T we have

π
l
t (C ∪b)−π

l
t (C ) =

max((Sl,m)∀m∈θt∪Gt ,ρ max
∀m∈θt−1∪Gt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ1∪G1

(Sl,m))−

max((Sl,m)∀m∈θt ,ρ max
∀m∈θt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ1

(Sl,m)) (5.39)

Let

K = max((Sl,m)∀m∈θt ,ρ max
∀m∈θt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ1

(Sl,m))

π
l
t (C ∪b)−π

l
t (C ) =

max((Sl,m)∀m∈θt∪Gt ,ρ max
∀m∈θt−1∪Gt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ1∪G1

(Sl,m))−K (5.40)

π
l
t (C ∪b)−π

l
t (C ) =

max(0,(Sl,m)∀m∈Gt −K,ρ max
∀m∈Gt−1

(Sl,m)−K, . . . ,ρ t−1 max
∀m∈G1

(Sl,m)−K) (5.41)

let

K′ = max((Sl,m)∀m∈θ
′
t
,ρ max
∀m∈θ

′
t−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ

′
1

(Sl,m))

From (5.38) since K ≤ K′ Therefore,

π
l
t (C ∪b)−π

l
t (C )≥

max(0,(Sl,m)∀m∈Gt −K′,ρ max
∀m∈Gt−1

(Sl,m)−K′, . . . ,ρ t−1 max
∀m∈G1

(Sl,m)−K′) (5.42)
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π
l
t (C ∪b)−π

l
t (C )≥

max((Sl,m)∀m∈θt∪Gt ,ρ max
∀m∈θt−1∪Gt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ1∪G1

(Sl,m))−K′ (5.43)

π
l
t (C ∪b)−π

l
t (C )≥

max((Sl,m)∀m∈θ ′t∪Gt ,ρ max
∀m∈θ ′t−1∪Gt−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ ′1∪G1

(Sl,m))

−max((Sl,m)∀m∈θ ′t
,ρ max
∀m∈θ ′t−1

(Sl,m), . . . ,ρ
t−1 max
∀m∈θ ′1

(Sl,m)) (5.44)

π
l
t (C ∪b)−π

l
t (C )≥ π

l
t (D ∪b)−π

l
t (D) (5.45)

From Eqs (5.39-5.45) for all l ∈L and t = 1 to T we have,

f (C ∪b)− f (C )≥ f (D ∪b)− f (D)

Computational Complexity: For each l ∈ L and t ∈ T computing π l
t (M ) via (5.8)

requires Λ comparisons where Λ< L hence the computational complexity for each iteration

of the greedy algorithm for all the buses in FLS is O(ΛLT B). For each l ∈L and t ∈T

computing π l
t (M ) via (5.22) requires ΛT comparisons, hence a cost of O(ΛLT 2B) for

FLST. We reduce the computation complexity of RFL by computing π l
t (M ) via (5.35) to

O(ΛLT B).
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Algorithm 8: Regressive Facility Location
1 Input: m, B, Y , ρ, S
2 Output: M ⊂B of size m
3 Initialization:M ← φ ; π0 = 0

1: for i =1 to k do
2: for each e ∈B do
3: Θ(M ∪ e) = max( ∑

m∈M∪e
Y i, j,m,1)

4: for each t ∈T do
5: θt(M ∪ e) = {i} ∀ Θi,t(M ∪ e)|=1
6: Compute π l

t (M ∪ e) using (5.35) (∀l ∈L )
7: end for
8: f (M ∪ e) = 1

L×T ∑
T
t=1 ∑

L
l=1 π l

t (M ∪ e)
9: end for

10: e∗ = argmaxe f (M ∪ e)
11: M ←M ∪{e∗}
12: end for

5.5 Experimentation

5.5.1 Simulating Real World AQ data

Similarity matrix

To simulate the real-world AQ data on the set of location L and timestamps T , we learn

the similarity matrix based on the static real world of Delhi [98]. It contains the AQ data

for 33 locations for 3 months. We define the entry of the similarity matrix Gi, j = exp(−λdi, j)

where di, j is the distance between the two locations i and j. We learn the parameter λ

using linear regression and it is observed to be 0.07676 for the AQ data [98]. We then

compute the similarity matrix G for the set of location L based on the actual distance

between locations di, j. We learn the temporal similarity matrix from the data [98] and use

it as a temporal similarity matrix H. The learned similarity matrix is shown in the Fig. 5.3

As we can see that the AQ data shows a high correlation in the neighboring time

stamps. The motivation of the Regressive Facility Location is to model this correlation

while selecting the buses to sample the locations in different time stamps.
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Fig. 5.3 Similarity matrix H across time

To generate a spatiotemporal matrix Y that varies smoothly over space and time, we

use two variants described in the following sections.

Simulated Data 1

• We first factorize the actual matrix Z ∈ RL×T as

Z = ABT

where A ∈ RL×r and B ∈ RT×r.

• We construct the matrix A for the locations using the G and a bandlimited signal.

The similarity matrix G can be decomposed as

G = UΣUT

We generate the matrix A with rank r as defined in (5.2) as.

ai = U(m)âi (∀i = 1 to r)
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(a) RFL vs MC for atleast 1 time stamp (b) RFL vs MC for atleast 10 time stamp

(c) RFL vs MCL for atleast 1 time stamp
(d) RFL vs MCL for atleast 10 time
stamp

(e) RFL vs FLS for atleast 1 time stamp (f) RFL vs FLS for atleast 10 time stamp

Fig. 5.4 Coverage plots for all the locations of Delhi for selected bus k=30. Red points
denote the point not sampled by both RFL and comparison Framework, Pink points denote
the points sampled by both RFL and comparison Framework, Blue points denote the
points sampled by RFL but not the comparison framework, Green points denote the points
sampled by comparison framework but not the RFL

where ai represents the ith column of matrix A, ai is sampled from a random normal

distribution with standard deviation (0.5) .

• Similarly we construct the matrix B for time stamps using H and a bandlimited

signal.

H = VΛVT
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bi = V(n)b̂i (∀i = 1 to r)

• The overall data Y is generated using A, B and noise signal n distributed as zero

mean and std of 0.001.

Y = ABT +N

We run the experiments for randomly generated 30 spatiotemporal matrix Y, where m is

randomly chosen from 5 to 15, n is chosen from 5 to 15, r is chosen randomly from 20 to

30.

Simulated Data 2

To generate a smooth signal over space and time we used the framework described in paper

[99].

at = U(m)ât (5.46)

The observed signal can be generated by the following Eqs:

yt = zt +nt (5.47)

zt = Rzt−1 +at (5.48)

The state transition matrix R is defined as a general diagonal matrix R= diag(c1,c2, . . .cT ),

where each c represents the autocorrelation coefficient that describes the time correlation

of the data with the delayed (one time lag) data.We randomly generate 30 spatiotemporal

matrix with c as 1, m is randomly chosen from 5 to 15 and r is chosen randomly from 20

to 30.
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5.5.2 Creating Dense Maps from Sampled Data

A dense AQ map can be created by first selecting the M set of buses and then sampling the

data Ŷ from the simulated ground truth AQ matrix Y based on the sampling matrix Θ(M ).

The final step is to impute the missing data in the matrix Ŷ. To evaluate the performance,

we compute the MRE score for the missing data imputation. There exists a problem of

cold start while imputation, i.e., some of the locations are not sampled at all by the selected

set of buses. Therefore, we use an extended version of the matrix imputation method that

handles cold start cases. The matrix completion framework (VBMC) proposed in paper

[94] imposes a low rank structure on the data to impute the missing data as:

L1 = min
A,B
||PΩ(Y−ABT )||F (5.49)

where A ∈RL×r and B ∈RT×r and r =rank(Y)<< min(L,T ) Further, VBSF [78] adds

a regularization on the matrix B to incorporate the temporal evolution in addition to the

low rankness ((5.52)) as

R(B) =
T

∑
i=1
||bi−Fbi−1|| (5.50)

However, these framework does not incorporate for the cold start locations. Incorporating

the similarity matrix G along with the low-rank matrix completion framework can tackle

the cold start problem [95, 96].

L2 = min
A,C
||(G−AC T )||F (5.51)

We use Variational Bayesian Matrix Completion (Cold start) and Variational Bayesian

Subspace Filtering (Cold start) as the extended matrix completion frameworks that handle

the cold start location data imputation to evaluate the performance of the dense AQ maps.
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We impute the missing data using VBMC(CS) where we optimize the Eqs. (5.52, 5.54).

We also impute the missing data using VBSF(CS) where we optimize the Eqs. (5.52, 5.53,

5.54). The matrix completion framework (VBMC) proposed in paper [94] imposes a low

rank structure on the data to impute the missing data as:

L1 = min
A,B
||PΩ(Y−ABT )||F (5.52)

where A ∈RL×r and B ∈RT×r and r =rank(Y)<< min(L,T ) Further, VBSF in chapter

2, add a regularization on the matrix B to incorporate the temporal evolution in addition to

the low rankness ((5.52)) as

R(B) =
T

∑
i=1
||bi−Fbi−1|| (5.53)

However, these framework does not incorporate for the cold start locations. Incorporating

the similarity matrix G along with the low rank matrix completion framework can tackle

the cold start problem [95, 96]. Completion of the unobserved entries in the matrix Y and

transduction of knowledge from these entries to cold-start locations via similarity matrice

G is carried out simultaneously using

L2 = min
A,C
||(G−ACT )||F (5.54)

Refer to the update equations in the Algorithm 1 in chapter 2. We showed the changed up-

dated equations below: The update for ith column of A for the cold start matrix completion

is as follows:

Ξ
A
i =

γ̂iIr + β̂ ∑
τ∈Ω′i

(µB
τ (µ

B
τ )

T +Ξ
B
τ,τ)+ β̂1(µ

C(µC)T +Ξ
C)

−1

(5.55)
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µ
A
i = Ξ

A
i (β̂ ∑

τ∈Ω′i

µ
B
τ yiτ + β̂1µ

Cgi) (5.56)

The update for β1 is as follows:

β̂1 =
pL2

∥G−ACT ∥2
F

(5.57)

The updates Eqs. for C is as follows:

Γ = diag(γ), Ξ
C = (< β1 >< ATA >+Γ)−1 (5.58)

< C >=< β1 > G < A > Ξ
C, (5.59)

5.5.3 Dataset

We use the Delhi Bus GTFS data [9] to obtain the bus occupancy tensor defined by

Y ∈ {0,1}L×T×B

• Locations (L): There are total 3210 bus stops. We sample L stops such that the

minimum distance between the stops should be d. The total number of locations L is

824 when d = 500 m.

• Time stamps (T): We use 10 min sampling from 6 am to 10 pm, resulting in T =96

as the buses run during this time.

• Buses (B): The number of buses B is 1476.

The entries in yl,t,b = 1 if bus b is in the 500 meter radius of location l for the time stamp t.
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5.5.4 Evaluation Metrics

The evaluation metrics used for the performance comparison are defined as

• Percentage Stop coverage(PSC) is defined in Eq. (5.6).

• Percentage Coverage (PC) is defined in Eq. (5.5)

• FLS gain defined in (5.7)

• RFL gain defined in (5.34) for ρ = 0.98

• Mean Relative Error (MRE): ∥Y−Ŷ∥
∥Y∥ , where Ŷ is the estimate of Y.

Mean Relative Error is used to evaluate the performance of imputed dense AQ maps.

k = 20 k = 35 k = 50
PSC PC FLS RFL PSC PC FLS RFL PSC PC FLS RFL

Random bus 56.796 4.612 90.202 91.936 59.102 6.593 90.379 91.563 64.078 10.584 92.515 93.579
Max Coverage 55.218 7.357 91.867 93.163 68.932 11.983 93.801 94.693 79.49 16.117 95.089 95.764
Max Cov Loc 80.704 5.141 90.719 92.593 92.233 7.756 92.734 94.143 96.359 10.293 93.935 94.941
FLS 60.316 6.279 93.164 94.159 73.908 10.685 94.924 95.673 75.728 14.482 95.804 96.363
RFL(ρ = 0.95) 58.981 6.349 93.122 94.201 71.845 10.628 94.885 95.654 75.85 14.629 95.785 96.392
RFL(ρ = 0.98) 60.68 6.504 93.16 94.324 72.816 10.761 94.875 95.724 79.369 14.759 95.754 96.414
RFL(ρ = 0.99) 64.442 6.394 92.842 94.223 73.908 10.68 94.812 95.691 79.126 14.525 95.665 96.385
RFL(ρ = 1) 71.845 4.949 91.019 92.795 86.529 8.628 93.375 94.614 93.204 12.141 94.472 95.443

Table 5.1 Performance Comparison for selecting k buses

5.5.5 Performance Comparison

The performance comparison of the Regressive Facility location with other baseline

methods is shown in Table 5.1 and Fig 5.4. Performance on the imputing the complete

dense map is shown in Table 5.2, 5.3.

Effect of ρ in RFL:

As the ρ increases, PSC increases. For ρ = 1, the performance is comparable to the MCL,

since if a location is sampled for a timestamp, the gain corresponding to sampling other
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Simulated Data 1
k Random MC MCL FLS RFL95 RFL98 RFL1
20 70.595 39.333 55.582 31.71 31.395 28.507 55.577
35 47.062 22.29 27.938 10.69 11.065 10.664 21.209
50 31.6 14.193 16.62 7.465 7.367 6.983 13.997
75 23.546 11.275 11.296 5.312 5.07 5.065 10.832
100 18.844 10.375 8.65 4.289 4.271 4.112 7.517

Simulated Data 2
k Random MC MCL FLS RFL95 RFL98 RFL1
20 70.239 40.13 40.225 27.68 28.03 25.85 43.70
35 40.26 19.906 16.293 8.395 9.433 8.563 13.75
50 26.674 11.699 10.822 5.228 5.62 4.251 8.126
75 19.46 8.448 7.197 2.736 2.627 2.532 7.263
100 14.732 8.035 5.785 1.973 1.817 1.79 4.487

Table 5.2 MRE for Dense Map using VBMC(CS)

Simulated Data 1
k Random MC MCL FLS RFL95 RFL98 RFL1
20 90.788 37.538 73.922 36.585 36.749 33.602 76.477
35 44.446 21.008 26.995 10.934 11.609 10.124 19.386
50 27.766 13.303 15.125 7.018 7.492 6.574 11.678
75 20.34 10.068 10.15 4.528 4.586 4.52 8.842
100 16.33 9.52 7.187 3.809 3.769 3.684 6.385

Simulated Data 2
k Random MC MCL FLS RFL95 RFL98 RFL1
20 77.619 35.275 53.419 30.424 31.479 28.864 57.799
35 39.429 20.8 19.972 9.817 11.193 9.297 14.858
50 28.65 13.526 11.627 5.801 6.398 4.904 8.027
75 21.873 9.704 7.38 2.581 2.591 2.581 5.178
100 16.922 9.201 5.243 1.76 1.638 1.524 3.547

Table 5.3 MRE for Dense Map using VBSF(CS)

timestamps will be zero; therefore MCL will select the buses that sample different locations

to increase the Percentage stop coverage (PSC). However, the performance of RFL (ρ = 1)

worsens for PC, FLS and RFL. For ρ = 0.95, the performance is comparable to the FLS

as the effect of temporal correlation decreases with time in RFL for lower values of ρ .

Since the FLS does not incorporate the temporal correlation in the framework and can

sample the same set of representative locations across timestamps, we observe a reduced

PSC for RFL (ρ = 0.95) and FLS. We observe similar performance for RFL(ρ = 0.98)
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and RFL(ρ = 0.99). However, we observe an improved FLS score for RFL(ρ = 0.98)

throughout as compared to RFL(ρ = 0.99). Therefore we evaluate the performance of

RFL for ρ = 0.98 rather than ρ = 0.99 for dense map creation.

Coverage Plot:

To demonstrate the representations in space and time, we plot the coverage plot as shown

in Fig 5.4. Every point on the plot is one of the bus stop locations. Fig 5.4 (a-c) denotes the

locations that are sampled for atleast one timestamp, thereby illustrating the overall stop

coverage. Fig 5.4 (d-f) represents the locations that are sampled for atleast 10 timestamps,

thereby demonstrating the temporal coverage for the sampled stops. Pink points denote the

locations sampled by both the RFL and the compared framework. Blue points denote the

point sampled by the RFL but not the compared framework, green points denote the points

sampled by the comparison framework but not the RFL and red points denote the points

not sampled by RFL and the compared framework. From Fig. 5.4(a,d), it is observed

that the MC does not sample a diverse set of locations. MCL provides improved spatial

coverage, however the temporal coverage is worse as compared to RFL as shown in Fig.

5.4(b,e). It can also be observed that RFL samples a diverse set of locations than FLS as

shown in Fig 5.4(c,f).

Dense AQ map MRE:

The MRE scores for creating dense AQ map are shown in Table 5.2, 5.3. For simplicity,

we denote the RFL(ρ = 0.95) as RFL95. It is observed that RFL(ρ = 0.98) outperforms

all the baseline algorithms for dense map creation VBMC(CS) and VBSF(CS). Since the

generated data have temporal correlation thereby VBSF(CS) performance is better than

VBMC(CS) for most of the cases, especially for higher bus sampling. However, for the
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lower sampling of buses (20), it is observed that VBMC(CS) performs better as there are

significantly lower samples to learn the temporal pattern along with the low rankness.

5.6 Summary

This chapter describes our proposed framework to sample spatiotemporal data using

moving vehicles to create dense spatiotemporal maps. To obtain a dense air quality map,

the cities may require only a small fraction of moving sensors as compared to all static

sensors setups. The spatiotemporal correlation in the air quality data can be leveraged

to select the moving sensor for sampling and to facilitate an effective spatiotemporal

extrapolation on the sampled data.

This chapter proposes a Facility Location over space and Regressive Facility Location

for drive-by sensing to select the set of buses that samples the spatiotemporal AQ data.

We show that the proposed selective drive-by sensing algorithm gains are submodular;

therefore, a greedy heuristic provides a solution within an approximation ratio of (1− 1
e ).

It is shown that the chosen set of buses using the proposed framework Regressive Facility

Location provides representative coverage across space and time. We further obtain the

dense AQ maps using the matrix completion framework from the sampled spatiotemporal

data and observe that Regressive Facility Location provides more accurate dense AQ

maps.



Chapter 6

Spatio-Temporal Prediction

6.1 Overview

In this chapter, we motivate predicting future spatiotemporal data by exploiting the historic

spatiotemporal patterns for the ETA prediction usecase. Accurate expected time of arrival

(ETA) information is crucial in maintaining the quality of service of public transit. The

quality of any public transport system is crucially dependent on its reliability. One of

the primary metrics that measure the reliability of a public transit is the predictability of

its vehicles in reaching specific pre-determined locations (bus stops in bus-based transit).

A predictable and a reliable public transportation also attracts more users [100] thereby

increasing the economic viability of the transit as well as reducing congestion in the road,

a huge urban challenge, especially in the developing world. From the point of view of the

transit operators, predictability is key to maintaining its efficiency. For instance, predicting

bus-bunching in real time also helps in avoiding it. From the passengers perspective,

predictability is generally measured by the accurate determination of the expected time

of arrival (ETA) of a vehicle on a route. With the advent of smart phones and GPS

enabled public transport, it is now easier to show the ETAs of various routes on the phone

applications, especially of those routes which are not very frequent. Not just for the bus
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based public transport routes, the ETA determination is necessary and vital even for the

private on-demand transportation companies like Shuttl (India) and Chariot (US and India),

as well as cab companies such as Lyft, Uber, and Ola.

The ETA estimation problem is as follows. Given the current location of the vehicle

and its future trajectory, what is the expected time of its arrival in a given set of locations?

In this chapter, we focus the ETA estimation problem only for bus based public transport

routes, especially those that make frequent stops. One of the ways to estimate the ETA to

a location is to predict the future traffic speed using the historic speed data on the given

route. This approach, however, has several limitations. The first limitation is the lack of

availability of the future traffic speed data across the city network. Large commercial

entities like Google and Microsoft provide APIs that provide a prediction for future speed

data in a city, but they may be both expensive and inaccurate. More importantly, these APIs

are heavily biased towards cars. In reality, the speed profile for buses is often different than

that of cars. The other significant limitation in using these speed profiles is the fact that

a bus would often make many stops, which needs to be accounted in the calculations for

ETA. In summary, the ETA calculation would be erroneous due to the unavailability of

stopping time and inaccurate road speed information. In this chapter, we propose that one

can build a simple yet effective system for predicting ETA for a given bus route by using

only the past GPS trajectories of a given route using Mask-CNN.

The organisation of this chapter is as follows. We begin in section 6.2 with Mask-CNN,

where we introduce the approach of a generative autoregressive models to predict the ETA.

We then provide the literature review in section 6.3. We discussed the proposed framework

in section 6.4. We provide details of the data and the experiments in section 6.5. Finally in

section 6.6, we conclude the chapter.



110 Spatio-Temporal Prediction

6.2 Mask-CNN

In this chapter, we employ a generative autoregressive model to predict the ETA in a given

trip conditional on the travel times between stops so far in the trip. The generative model

is trained using the historic data for the previous trips on the same route. To this end,

we form an ETA matrix, whose rows are the trips on a given day and whose columns

contain the time taken to travel between consecutive bus stops. As an example, an ETA

matrix corresponding to one day for a route operating T trips a day with K stops will

be of the size T ×K. Our approach is inspired by pixel-CNN [101] which is used to

learn the joint distribution of the underlying ETA. Here, the ETA matrix has a temporal

(causal) nature and each row of the matrix can only be filled sequentially. We modify the

pixel-CNN approach to suit the special structure in the ETA estimation task. We explored

two different mask instead of using the traditional mask proposed in [101]. Masking also

helps in controlling the level of dependencies from past used for the prediction of future

values. We make the masking operation automatic thereby making the system plug and

play. The generative model used in our work has been demonstrated [101] to explicitly

model complex probability distributions that fits the training data and handles both noisy as

well as the missing data case well. Through this approach, we integrate both stopping time

as well as travel time in the training data itself. To the best of our knowledge, conditional

generative models have not been explored for ETA prediction. The results indicate that we

can make a simple and reliable ETA prediction mechanism by using only bus GPS data

without relying on any other external speed data.

In this chapter, we propose a novel ETA prediction algorithm based on generative

autoregressive model that integrates both traffic speed corresponding to the bus as well

as the stopping time in one framework. The algorithm utilizes only the historic GPS data

from the same route and can be independently implemented irrespective of availability of

traffic data in the city. The key algorithm parameters can be tuned automatically thereby
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increasing the ease of implementation in the real-world scenarios. Finally, we implement

our algorithm on the real-world transit data available in Delhi, India and it outperforms

other traffic prediction based ETA algorithms.

6.3 Related Work

Most ETA estimation works [102–106] in the literature are based on future speed prediction

relying on the historic speed data from cars/cabs across the network. As noted before, the

structure of the city network available to the car based traffic speed prediction models may

not be valid for the bus routes which also need to allow for stopping times at the bus stops.

For instance, authors in [106] employ an autoregressive moving average (ARIMA) model

that relies on the fact the future link (road segment) speeds can be accurately predicted

by a linear combination of past speeds from few other links. The variability of link speed

profiles of buses from our data set indicate a much higher dimension. Moreover, many of

the above methods rely on structured “big" data which simply may not be available for

bus route networks. Further, some previous approaches based on individual road segment

based travel time estimation assumes that the travel time on consecutive road segments as

independent [102–105, 107–109], may not always be true as illustrated in recent works

based on machine learning [110, 111].

ML techniques based on K nearest neighbor approach was used to predict the travel

time in [112]. Authors in [113] suggest a Kalman filtering method. In [114], support vector

regression was used to predict the travel time. Gradient boosting method was proposed in

[115]. However, the above methods mainly incorporate temporal nature of the data, while

the spatial dependencies were not explicitly modeled.

Recently, deep learning based methods have been proposed and have shown state of the

art performance. Recurrent neural networks (RNN) in [116] and long short term memory

(LSTM) in [117] have been proposed to predict the travel time. Spatio-Temporal Hidden
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Markov Models (STHMM) are used to model correlations among different traffic time

series in [110]. Recently, deep end to end travel time estimation (DeepTTE) [111] uses raw

GPS data and also captures the local spatial dependencies like weather conditions, driving

habits, start time, day of the week and an RNN is used to learn the temporal dependencies

on the feature map generated by the geo convolutional layer. This model predicts the travel

time for a complete path, but when generating the individual estimation of road segments,

it does not incorporate the spatial correlation in the road segments. All the deep learning

model need an extensive data set to train the non-linearity in the models. They also need

considerable effort in turning parameters.

Closer to the problem taken in this work, authors in [118] and [119] use historical

bus trajectories for predicting speed across future road segments. Authors in [120–122]

uses the historical trajectories to predict the ETA based on the similarity in pattern using

k-NN classifier, kalman filter, clustering and Auto-Regressive Integrated Moving Average

(ARIMA) techniques. Authors in [123] model bus travel time as the sum of the median

of historical bus travel times, random variations in travel time over time, and a model

evolution error. Historical bus travel time is obtained using the k-NN algorithm, and the

random variations in travel time are captured using particle filtering. All these model

capture the temporal aspect of the ETA prediction but doesn’t model the spatial correlation

of the current trip. We compare our method with LSTM following a similar setting where

based on the current trip and the past trip, future trip eta is predicted. This way of modelling

doesn’t require historical pattern search.
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6.4 Proposed Method

6.4.1 Problem Formulation

We first discuss the problem formulation for the ETA estimation problem. To this end,

we first introduce key notations. A bus route is defined as an ordered list of bus stops

(k = 1, ...K), where k = 1 is the source and k = K is the destination stop respectively.

Each route is undertaken by several trips in a day where each trip ideally should run

according to a predetermined timetable. But, these trips may not adhere to the timetable

due to various reasons. Let there be a total of T such trips in a route. We denote the

travel time between stops k−1 to k by tτ,k during the τ th trip where, (τ = 1, . . . ,T ). The

ETA estimation problem tackled in this work is the following. Assuming the τ th trip is

in progress, and the bus is near the kth stop, what is the ETA for the remaining stops

on the route. Mathematically, we would like to predict t̂τ,(k+∆) where ∆ = {1, ....K− k}.

We assume the availability of the historical travel time data for the bus route. Note that

historical data could be both noisy as well as incomplete. As we shall see later, we use this

historical data to train our prediction model. Further, we also assume travel times of the

current trip tτ,(1:k−1), and the previous trips of the same day t(1:τ−1),(1:k−1) is also available.

Mathematically, given the prediction model, we use tτ,(1:k−1) and the previous trips i.e.

t(1:τ−1),(1:k−1) to predict t̂τ,(k+∆), for ∆ = 1 to K− k.

One way of estimating the ETA tτ,(1:k) for the τ th trip is to employ the maximum a

posteriori (MAP) estimation method.

t̂τ,(k+∆) = argmax
t̂τ,(k+∆)

p
(

t̂τ,(k+∆) | tτ,(1:k−1), t(1:τ−1),(1:k−1)
)
. (6.1)

where, p(.) denote the conditional probability density function (pdf) of the travel times

from stop k to k+∆, ∆ = 1 to K− k, at the τ th trip conditional on previous travel times
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of the current trip and the previous trips on the same day. The above method is also

optimal assuming the above mentioned conditional pdfs are known and the MAP estimator

can be evaluated. However, estimation of such vast number of pdfs for each route is

intractable and the MAP computation becomes impractical. To alleviate the above issues,

we employ what is known as the generative modeling approach to learn the conditional

distributions required in (6.1) in a single and unified framework thereby making ETA

estimation sufficiently accurate while enabling low complexity computations that require

less data. These learned distributions is then sampled to estimate the ETA values for the

future stops in a trip.

6.4.2 Generative Modeling for traffic prediction

Generative modeling is a powerful way of estimating the distribution of the data in an

unsupervised way. Last few years have witnessed tremendous research efforts towards

generative modeling of the data [101, 124, 125]. Generative models generally employ

deep learning frameworks to learn an approximation of the true distribution of the data. In

this work, we utilise an autoregressive generative model to explicitly learn the distribution

of the ETA data.

Our model is inspired by pixel-CNN [101], where the authors learn a distribution of

images. An image is nothing but a matrix of pixel values. The distribution of natural images

is thus the joint distribution of all the pixels of a matrix. Formally, let X= (x1,x2,x3, ...,xn2)

be a matrix shown in Fig. 6.1. Using the chain-rule, the joint distribution of the matrix X is

p(X) =
n2

∏
i=1

p(xi |x1, ....,xi−1) (6.2)

In words, if X is an image, the very first pixel x1 is independent, albeit with a distribution,

the second pixel x2 dependent on first, third depends on the first and second and so on. In
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x1 x2 xn

xn+1 x2n

xi

xn2

Fig. 6.1 Matrix X

summary, the matrix is ordered as a sequence of points where the probability distribution of

one point depends on the observed values of the previous points. The generation proceeds

row by row and pixel by pixel. Similarly, we can determine the probability of pixel xi

conditioned on xi−1...x1.

Likewise, the travel times of a bus route can be seen as an image of size T ×K with

rows as trips and the columns denote the travel times between consecutive stops. In a way,

one day of a bus route travel time matrix can be seen as a single image. Consequently,

we can learn the distribution of these ETA matrices using generative models like in

[101] by suitably modifying to suit the specifics of the ETA estimation problem. To

learn the generative model, we use mask-convolutional neural networks (CNN) based

autoregressive model. CNN based models are well known and widely studied for capturing

local correlation in images for classification tasks [126].

The architecture of mask-CNN is fundamentally simple with two blocks in it — the

training and the real-time ETA estimation blocks. The mask-CNN is utilised to learn the

generative model in the training block using the historical route travel time data. Once the

model is trained, we use it to compute ETA for a given route. The observed ETA values

after the completion of the trip is fed to the training block which simultaneously adapts the
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model that is used for the future trips. We first briefly describe CNN, followed by detailed

discussion of the usage of these models for the ETA estimation problem. Before discussing

the mask-CNN framework in detail, we provide a simple example to discuss inference

based on generative models.
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| | X

X X X

0 0 |

| | |
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X | |
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0 X |

| | X

a) Data A b) Data B c) Data C d) Data D

T1 T2 T3

T4 T5 T6

T7 T8 T9

X 0 X 0 |

X 0 |

0

X 0 |

X
X 0 |

X 0 |

X 0 |

0 X

X 0 |

X 0

X 0 |

X 0 |

X | |

X 0 |

0 X |

X 0 |

0 X |

| | X

X
p(T2|T1) p(T3|T1,T2) p(T4|T1..T3)

p(T4|T1..T3)

p(T5|T1..T4)p(T6|T1..T5)

p(T9|T1..T8)

p(T6|T1..T8)

e) f) g) h)

i1)

i2)

j1)

j2)

k1)

k2)

l1)

l2)

Fig. 6.2 Example dataset with 4 elements and inferencing the dataset

6.4.3 Generative Modeling: an example

Consider a data set with 4 elements as shown in Figs. (6.2a - 6.2d). Each element of

this data set is a 3×3 matrix whose entries are ordered from T1 to T9, where each of the

element of the matrix comes from the set S = {0,×, |}. Assume that we can estimate the

joint probability distribution p(T1,T2, . . . ,T9) for the data in Fig. 6.2(a-d). The inference

after training is shown in Figs. 6.2(e- l). Suppose we observe (Fig. 6.2f) T1 =×. We can
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now predict the values from T2,T3 to T9 onwards conditional on T1 =× using the trained

generative model. Note that there are two paths to take once we observe T1 = ×, with

different conditional probabilities. It can be easily inferred from the data (Figs. (6.2a -

6.2d)), that probability that T2 will be 0 is higher as compared from×. Further on observing

T2 (which may not be same as what was predicted before), we update the probabilities for

T3 to T9 and the sequential prediction process continues as we observe more variable. The

next question therefore is, how to model the joint and the conditional distributions?

6.4.4 Convolutional Neural Networks (CNN) for ETA

Convolutional neural networks (CNN) is a class of deep learning models that has provided

state of the art performance in various image/video classification tasks. CNN captures

the local spatial coherence by “convolving" a local 2-D area with filters and thereby

absorbing the spatial dependencies in an image. Intuitively, filters perform the task of

feature extraction from the matrix (or an image). Many filters can be passed through

these matrices, each picking a different set of features. For example, a horizontal line

or a vertical line filter. Convolutional networks employ these filters, slices of the matrix

feature space, and map them one by one. In other words, they create a map of each place

where these features occur. A general CNN architecture (Figs. 6.3) has many layers.

Following convolution operation through filters, the resulting matrix is passed through

layers containing nonlinear transforms like tanh or a rectified linear unit (ReLU) that is

generally applied to each element of the matrix.

Similar to an image, one of the major motivation for using a CNN for the ETA

estimation problem is the natural spatial and temporal correlation available in the ETA

data of bus trips for a given route. However, using the "regular" convolution filter may

imply that we end up using points for the convolution operation that may not have been

generated yet. This implies that we may break the causality of the system. For instance, to
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predict the ETA between stops j−1 to j, we cannot use the data for stops j to j+1, as that

trip has not happened yet. This challenge can be overcome by using an appropriate mask

along with convolution operation that maintains the causality of the system. Also, masking

gives the flexibility to restrict the dependencies. One of the contributions of our work is to

automate the selection of an appropriate filter that decides the optimal dependencies for the

ETA estimation task. The dependencies that are captured using the CNN are nothing but

the conditional probability distribution function that we seek to obtain. We now discuss

the proposed mask-CNN model and the ETA estimation problem in more detail.

6.4.5 Mask-CNN architecture

The mask-CNN architecture is a fully convolutional network of seven layers that preserves

the spatial resolution of its input throughout the layers and outputs a conditional distribution

at each location. We first define the input provided for the training of the architecture.

The time taken to travel between any two consecutive stops in the evening may not be

dependant on the time taken in the morning. Therefore, we can divide everyday trip data

into smaller overlapping chunks of window size H.

Let K denote the total number of stops in a route. Similar to an image, we define the

collected bus ETA data as a 2-D matrix of dimension H×K, one for each day, whose

rows are the trips on a route in a day and the columns contain the travel time between two

consecutive stops. In the case of an image, a pixel generally takes value in the range of 0

to 255. The traffic ETA matrix can be seen as an image with ETA values ranging from 0 to

C (seconds). The value of C is decided based on the maximum possible value of ETA and

quantization levels l.

The architecture of mask-CNN is shown in Fig. 6.3 where the input to the model

is H ×K ETA matrix and the corresponding output is a H ×K×C tensor. Here H is

the window size for the number of routes and K is the number of bus stops. Applying a
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softmax layer on the above tensor generates an output tensor H×K×C corresponding to

the probabilities of each pixel taking C values. Finally, the value with maximum probability

is chosen. The first layer is a mask A CNN layer with filter dimension F×F with a total

of N filters, padding as p and stride as 1. See Fig. 6.4. Next k− 1 layers after the first

layer is Mask B layer with filter dimension L×L with n number of filters, padding as p1

and stride as 1. ReLU activation function is used after every convolution layer. The last

convolution layer FC is a fully connected layer with filter size 1. The number of filters in

the fully connected layer FC is equal to C. The end layer in the mask-CNN layer is the

softmax layer which assigns the probability to all the discrete variables C and output is the

discrete variable with the highest probability.

The overall architecture of the masked CNN for traffic state prediction is as follows

1. First layer is the Mask A CNN layer with filter dimension F×F .

2. There are k−1 Mask B CNN layers with filter dimension L×L.

3. ReLU activation is followed by every convolution layer.

4. At the output stage there is a fully connected convolution layer followed by a C-way

softmax layer.

Masking

There are two masks used in the masked CNN, mask A and mask B. Mask A is the first

layer in the mask CNN and shows the effect of already predicted ETA points on the point

that we are about to predict sequentially. Mask B is used in rest of the layers. For mask B

the connection with the about to be predicted pixel point is also included. Mask A and B

for 5×5 filter are shown in Fig. 6.4 (a, b) where 0 denotes that the future dependencies are

removed from the prediction. In mask A and mask B, the entries Mi, j can be 0 or 1 based
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Fig. 6.3 Architecture of mask-CNN

on how we want to model the past dependencies for the next prediction. We employ three

Masks (Mask 1, Mask 2 and Mask 3) for ETA prediction with different Mi, j.

6.4.6 ETA prediction using the trained model

Once the model is trained using the historic travel time data, we are now ready to provide

ETA estimation for every trip in the route. Fig. 6.5 explains the inference process with

a simple example of a route with 4 stops for the tth trip. At the beginning of the trip,

the ETAs for various stops is generated using sampling from the joint distribution that is

trained using historic data. However, as soon the bus crosses the first stop, the subsequent

sequential generation of ETAs would take into account the actual travel time tt,1 to the first

step. Similarly, the ETAs are updated when the trip crosses second and the third stops. We

predict the ETA as:

t̂tr,(k+1)←Model
(
ttr,(1:k) , t(1:tr−1),(1:K)

)
(6.3)
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Fig. 6.4 Different masks used in mask-CNN
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Fig. 6.5 Inferencing the Travel Time

6.5 Results

We now discuss the performance of the proposed mask-CNN algorithm for the ETA

estimation task for a bus route network. We compare our technique with the state-of-the-art
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approaches like time series prediction, deep learning, as well as the matrix completion

approaches below:

1. ARIMA (Autoregressive Integrated Moving Average) [106].

2. LSTM (Long Short Term Memory) [117] is one of the recent methods to compute

the ETA in public transit as well as cabs. We used the architecture shown in fig 6.6.

3. VBSF (Variational Bayesian Subspace Filtering) [127]: Online matrix completion

frameworks are not only employed to fill the missing entries of a matrix but also for

prediction of the future columns. VBSF is one of the matrix completion algorithm

that is used for traffic estimation and prediction and is shown to outperform other

similar techniques.

LSTM  
layer 

Output Layer 

Input Layer 

Unfold

in time

I1

O1 O2

I2

ON
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The unrolled LSTM in time 

Input at:

Output at:

Fig. 6.6 The LSTM architecture is unrolled along time to describe a complete trip

6.5.1 Dataset

Our dataset consists of travel time information of three bus routes in New Delhi as drawn

in Fig. 6.7. The lengths of these routes are approximately 30 km, 22 km and 20 km. Each

route operates around 40 trips per day with nearly fixed starting timetable. The bus route
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is made of a sequence of stops, and we collect the arrival time and the departure time for

these stops. We divide everyday day into smaller overlapping chunks of h = 10 trips. Of

the three months of collected data, we use two months of data for training and the third

month data is used for evaluation of all the algorithms.

Fig. 6.7 Routes used for data collection

6.5.2 Training Parameters

We employ a variety of masks based on the dependencies we want to capture in the dataset.

We use three different kinds of the mask in our evaluation (mask A1 and B1 for mask 1,

mask A2 and B2 for mask 2, mask A3 and B3 for mask 3).The masks 1, 2 and 3 for filter

dimension 5 is shown in Fig. 6.4 (c, d, e) respectively, where the middle element in Fig.

6.4 (c, d, e) is 0 for mask A and 1 for mask B.

To train our model, we use a batch size of 32 with a learning rate of 0.01 along with

RMSprop optimizer [128]. We test three filter dimension values of 7, 5 and 3 for both

F and L in mask A and B. Also, the number of blocks k−1 for mask B is set to 6. The

number of classes for softmax layer C is taken as 128, 256 and 512. Stride in the CNN

is taken as 1, while zero padding (p, p1) for filter size 7 is taken as 3, for filter size 5 is
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taken as 2, and for filter size 3 is taken as 1. We first remove the outliers from the training

data and fix the maximum ETA for a stop as 1024 for our data. The number of classes

C = 1024/l is decided based on the travel time data where l is the quantization level . In

our case, we fix the value of C using the grid search as shown in Table 6.1.

6.5.3 ETA Estimation

We use the standard mean absolute percentage error (MAPE), root mean squared error

(RMSE) and mean absolute error (MAE) as our performance metrics defined as follows:

MAE =
1

T K

K

∑
k=1

T

∑
τ=1
|t̂τ,k− tτ,k|

MAPE =
1

T K

K

∑
k=1

T

∑
τ=1

|t̂τ,k− tτ,k|
|tτ,k|

×100%

RMSE =
1
T

T

∑
τ=1

√
∑

K
k=1 (t̂τ,k− tτ,k)

2

K

The comparative performance of different filters, masks, and number of classes are

shown in Table 6.1. Based on these results, we tune the filter dimension as 5, mask as 2

and softmax classes as 512.. Mask 2 and filter dimension of 5 performs better than the

other mask and filter because there are lesser dependencies of the road segments far away

from the predicted road segment. Note all these parameters can easily be auto-tuned to

make the system manual-tuning free.

To evaluate the performance of the mask-CNN approach, we compare it with Mean,

ARIMA, LSTM and VBSF, since these methods outpeform other methods in their class.

Comparing our approach with other deep learning approaches is not possible due to a

relatively smaller data set that we deal with. Further as mentioned before, we do not possess

other parameters like driver id, weather information, etc. that methods like [111, 129] use.



6.5 Results 125

MAPE
Filter 3 ,mask 1 , classes-256 0.2927
Filter 3 ,mask 2 , classes-256 0.2815
Filter 3 ,mask 2 , classes-512 0.2619
Filter 5 ,mask 1, classes-512 0.27114
Filter 5 ,mask 2 , classes-512 0.23991
Filter 5 ,mask 3 , classes-512 0.24208
Filter 7 ,mask 2 , classes-512 0.27078

Table 6.1 Performance comparison for different filter size and Quantization classes
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Fig. 6.8 Comparison of Masked CNN for a bus route

Finally, none of the methods use the online prediction mechanism as the trip progresses.

Table 6.2 and Fig. 6.8 provide the required comparison. Fig. 6.8 shows the variation in

performance concerning all the stops in the route for the first route. The other two routes

behave similarly. LSTM is popular method used for the time series data. We show that

mask-CNN performs better than LSTM for the bus ETA problem. For eg. in case of route

1, the average ETA for the stops are 150 secs. There are 7 stops with standard deviation

higher than 100 secs and 16 stops with standard deviation less than 50 secs. The prediction

for the stops with high variation contribute to high error. On an average the error in the
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Route 1 Route 2
MAPE MAE RMSE MAPE MAE RMSE
(%) (sec) (sec) (%) (sec) (sec)

Mean 42.78 51.42 66.21 72.48 88.45 98.48
ARIMA 48.64 53.77 69.42 68.42 73.84 84.18
VBSF 37.02 50.62 65.27 74.96 99.35 121.26
LSTM 29.587 38.59 56.65 52.82 65.76 79.97
mask-CNN 23.991 30.40 45.84 46.24 62.15 76.60

Route 3
MAPE MAE RMSE
(%) (sec) (sec)

Mean 45.67 48.55 59.69
ARIMA 47.44 49.37 60.75
VBSF 45.2 48.31 59.05
LSTM 41.09 43.25 52.15
mask-CNN 36.05 39.42 49.89

Table 6.2 Performance Comparison

ETA prediction for LSTM is 38 secs while for mask-CNN is 30 sec. We demonstrate that

our algorithm performs better than the ARIMA, LSTM and VBSF in most of the cases.

The advantage of the mask-CNN model is that it is not designed empirically for

different times. Our model does not require any information regarding the time, day, driver

profiles and other complex features required by other models [111, 129] to model the

ETA prediction. The only information to train the model is the travel time data between

stops. Mask-CNN captures the dependency in the data temporally as well as spatial by

representing the ETA as a image and modeling the same with different masks.

6.6 Summary

In this chapter, we investigated a deep learning based generative model to estimate the

ETA of a bus trip in real time. We train a model for each individual route using historical

data of trips collected over two months. We observed that we could learn a reasonably
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accurate joint distribution of the ETA variables across day and bus stops. Our model is

easy to implement for transit agencies, adaptive and utilises the real-time information of

the trip as well. It has a great potential to be used in places where other dense traffic data

set is not available.



Chapter 7

Conclusion and Future Directions

In conclusion, this thesis provides a sustainable solution for effective sensing using public

transit and can deliver reliable real-time and future data to the user. The solutions proposed

in this thesis can be utilized to provide a spatiotemporal data map of an area, where a user

can avail the data for any location and time period. We proposed a spatiotemporal sampling

framework to collect data using buses and develop models to estimate and predict the spa-

tiotemporal data for enhanced user experience. In this thesis, we explored three problems

towards providing an effective strategy for sensing and providing spatiotemporal data, i.e.,

spatiotemporal estimation, spatiotemporal sampling and spatiotemporal prediction.

In chapter 2, Variational Bayesian Subspace Filtering a bayesian model is proposed

that fit sequential multivariate measurements arising from a low-dimensional time varying

subspace for spatiotemporal estimation. In chapter 3, a Robust Variational Bayesian

Subspace Filtering is proposed to predict the missing data in the presence of outliers. We

also predict the location and value of the outliers in the data. In chapter 4, we proposed

a Variational bayesian approach for extreme matrix completion for a high percentage of

missing data. We exploit the subspace information of previous days to reduce the sample

complexity and improve the estimation performance for extreme matrix completion.
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In chapter 5, we proposed regressive facility location based drive by sensing, an

efficient vehicle selection framework for effective spatiotemporal sampling. Regressive

facility location based drive-by sensing, is an efficient vehicle selection framework that

incorporates the smoothness in neighbouring locations and autoregressive time correlation

while selecting the optimal set of vehicles for effective spatiotemporal sampling. In our

work, we investigate the usage of public transit buses for drive-by-sensing. We pick those

routes using the proposed regressive facility location that exploits the spatiotemporal

structure in the air quality data resulting in an effective imputation and therefore achieving

the required dense air quality map. We illustrate that the proposed method samples the

representative spatiotemporal data in turn reducing the extrapolation error. Our approach,

therefore, has the potential to provide cost-effective dense air quality maps.

In Chapter 6, we proposed a deep learning based generative model that learns the

probability distribution of spatiotemporal ETA data across trips and conditional on the

current trip information predicts the ETA information on the go. We present a simple but

robust model for spatiotemporal ETA prediction for a bus route that only relies on the

historical data of the particular route. We propose a system that generates ETA information

for a trip and updates it as the trip progresses based on the real-time information. Our plug

and play model not only captures the non-linearity of the task well but that any transit

agency can use without needing any other external data source.

7.1 Future Research Directions

In this section, we presented approaches and the possible research directions that can be

considered for further work. Below are some of these potential opportunities in detail.

• Calibrated Drive-By sensing: In chapter 5, we discussed the problem of efficient

drive-by sensing, where we proposed to pick the best set of buses for spatio-temporal
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sampling. Installing low-cost sensors on buses for drive-by sensing is a cost-effective

solution for air quality monitoring. However, these sensors need to be calibrated

from time to time. Removing the sensors and installing them again is a cumbersome

task. Also, how often these sensors should be calibrated is not known. Calibrated

Drive by Sensing can be a potential solution where the low-cost sensor can be

calibrated on the go. Delhi has around 30 High-Cost Monitors installed at different

locations. Low-cost sensors can be calibrated with these high-quality Air monitoring

stations. However, limited routes buses can be 1 hop calibrated with these High-Cost

Monitors. A bus b is said to be k hop calibrated when there exist a link between the

k−1 hop calibrated bus and the bus b. Selecting the best set of buses that can be k

hop calibrated is an important problem to tackle in terms of drive-by sensing.

• Robust Drive-by sensing: Drive-by sensing proposed in chapter 5, consider the bus

occupancy data for a day and assume that the buses will follow the same pattern

for the coming days. To incorporate the variations for different days, training or

building an algorithm on a few days and testing a robust version’s performance for

the coming days are required.

• High-Rank Matrix Completion: We proposed Variational Bayesian Subspace Filter-

ing, a low-rank subspace filtering approach for missing data estimation and outlier

removal in chapter 2,3. If the data defining the matrix belongs to a structure having

fewer degrees of freedom than the entire dataset, that structure provides redundancy

that can be leveraged to complete the matrix. This typical low-rank subspace as-

sumption is not always satisfied. The original matrix can possibly be high rank, but

it becomes low rank after mapping each column to a higher dimensional space of

monomial features [130, 131]. We can further explore this direction to improve the

performance of our Spatiotemporal Estimation.
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• Scalable ETA prediction: In chapter 6, we discuss the ETA prediction algorithm for a

single route in Delhi, India. However, there are around 543 routes in Delhi. Training

a Deep Auto regressive model and deploying it individually for 543 routes is not a

scalable option. Therefore, our future work will focus on predicting the future ETA

for all the routes at the same time using a Graph convolution-based framework. To

train the ETA framework to a large network, we will employ graph sampling during

training. Also, the ETA prediction algorithm uses Mean square error as the cost

function. However, in a practical scenario, user would prefer waiting a bit longer

than missing the bus because of underestimation of ETA. We will focus on these

practical issues in our subsequent ETA prediction work.
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