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Abstract

Conventionally, optimal control solutions demand offline a priori knowledge of the
system dynamics. Adaptive optimal control methods have been advantageous in
allowing for dynamic controllers to approximate optimal control solutions by
estimating system parameters online. For continuous-time linear quadratic
regulator (LQR), the optimal control is inferred from the non-linear algebraic
Riccati equation (ARE). This thesis presents a history of previous research on
optimal and adaptive optimal control (AOC). Then we build on a policy iteration
algorithm for solving online, on-policy adaptive solutions to the LQR problem. The
proposed algorithm is a filter-based explorized approach to designing an adaptive
optimal controller (AOC) for systems with unknown dynamics, where a two-layer
low pass filter architecture is introduced. The initial layer mitigates the necessity
for sensing state derivatives and using computationally complex finite window
integrals (FWI), and the subsequent layer offers appropriate algebraic connections,
negating the need for ”intelligent” data storage techniques. An exploration signal
is utilized in the control parameter to guarantee stability and convergence. We
conclude by providing analytical assurances for the stability of the closed-loop

dynamics of the system and presenting the simulation setup for the same.
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Chapter 1

Introduction

Control is an integral element of our lives, where control of any dynamic system
means influencing the behaviour of the system, often with the goal of ensuring
conditions of stability and optimality. Stability ensures the control system’s
reliability, safety, and predictability; whereas optimality in control systems is
concerned with achieving efficiency while meeting specific criteria or objectives, it
goes beyond stability and focuses on minimizing costs, maximizing outputs, or
achieving desired goals in the most efficient way. This practice of seeking the
“best” policy (known as a cost function) for a chosen objective of the performance

criteria is studied under the heading of optimal control [1].

It is well known that the value function obtained as the solution to the non-linear
partial differential equation, the Hamilton-Jacobi-Bellman (HJB) equation, allows
us to derive a control strategy that is necessary for optimality [2]. For a linear
system, the matrix Algebraic Riccati Equation (ARE) is considered as a particular
case of the HBJ equation, where the value function of the HJB has a quadratic form
[3]. One of the most commonly employed linear time-invariant (LTT) controllers, first

introduced by R.E. Kalman, the Linear Quadratic Regulator (LQR) is a method to
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design optimal feedback controls; where the optimal state-feedback gain of the LQR

controller is derived from the infinite-horizon solution of the ARE [3].

Optimal controllers obtained through the HJB equation, and in extension, the ARE,
require prior knowledge about the system dynamics and are typically computed in
an offline manner. Such limitations have rendered these methods inaccessible to a
wide variety of real-world control problems where exact knowledge of the system

parameters is not available.

Adaptive control is a strategy developed to work online with systems that have
uncertain, time-varying dynamics; adaptive controllers use real-time measurements
to learn online control of systems with unknown parameters [4, 5]. Even though the
goal of adaptive controllers is to minimize the output error of the system, adaptive
controllers are not classically optimal as they do not aim to minimize any user-

defined cost function [6].

To take advantage of the benefits that optimal and adaptive control strategies
provide, a new branch of controllers, namely adaptive optimal controllers (AOC),
was proposed. These methods aim to design a control system that adapts to
uncertainties or changes in the system’s dynamics and optimizes a specified
performance criterion. The control system dynamically updates its control law
based on observed system behaviour to adapt to changes in the system and

optimize the specified performance index [6, 7, 8].

Reinforcement Learning (RL) has emerged as a promising approach to AOC [9].
At its core, RL seeks to learn optimal policies by interacting with an environment
and receiving feedback in the form of rewards or penalties [10]. Unlike traditional
control methods, RL does not require a known model of the environment, making

it particularly suited for systems with uncertain or complex dynamics.
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This thesis aims to tackle the problem of on-policy online (adaptive) optimal control
of continuous-time (CT) LTI systems with completely unknown system parameters

by approximating the LQR gains.

1.1 Literature Survey and Motivation

There has been considerable research in solving the HJB (or the ARE) numerically
in an offline setting where all the methods provide sound, numerical advantage and
have been proved to converge to the optimal solution of the ARE. These
approaches operate on either the Hamiltonian matrix of the ARE
[11, 12, 13, 14, 15] or they work on solving the Lyapunov equations (Newton’s
method) [16, 17, 18]. However, numerical solutions require system identification as
a necessary precondition. Furthermore, an exact description of model dynamics is
impossible to be learnt due to the presence of real-world non-linear dynamics.

Hence the solutions obtained are only approximations of the actual process.

Adaptive controllers are well-versed in solving the tracking problem for models
without a detailed and accurate system description. Techniques such as adaptive
inverse optimization methods have been developed for non-linear systems [19, 20].
However, they have been largely unsuccessful in wide adoption as they attempt
optimal control without directly solving the core equations (HJB / ARE) of
optimal control, restricting the choice of the desired cost function. Moreover, these
methods require a priori understanding of the stabilizing control laws for the

system.

RL techniques have been extensively researched for the scope of adaptive optimal
control [9, 21, 22, 23]. The iterative (recursive) approach of approximate dynamic

programming (ADP) in RL allows for learning the solution to the optimal control
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equation by online approximation of the cost function and the control policy based
on the system state [24, 25]. Many popular ADP algorithms (e.g. policy iteration
(PI,) value iteration (VI,) and Q-Learning) have been adopted to solve the optimal
control problem [26, 27, 28, 29, 30].

Initial research in the domain was focused on the discrete-time problems [28, 30,
31, 32]. [22] first presented a solution to continuous-time discrete-state systems by
exploiting the discrete-time methods for the case when the sampling time tends
to zero. However, solutions for continuous-time continuous-state systems are more
challenging to prove to be stable or converging. An initial model-based solution for
the problem in CT systems is proposed in [33], [26] showcased two model-free RL

PI algorithms which required measurement of the state derivative.

Policy Iteration algorithms first originated in the domain of stochastic decision
theory [34] and have been extensively applied in solving optimal control for
Markov decision problems [35]. PI algorithms guarantee convergence to optima for
continuous-time LQRs [18]. As a significant contribution to the field, [27]
suggested an online AOC for a continuous-time linear system with partial unknown
system dynamics that employed a generalized PI algorithm. [27] further motivated

the design of control for completely unknown systems in [36, 37].

Most of work done in the field demands high memory requirements as they work with
finite window integrals (FWIs) [38, 27, 37, 36, 25| of functions of states;' the FWTs
need data for the interval [t —d,¢] (¢ and ¢ are time instant and time window length
respectively) which builds up the storage complications or they employ “intelligent”
mode of storage that saves state data points along the system trajectory to be able

to satisfy a full-rank condition guaranteeing optimal convergence [39, 40, 41]. 2

IRefer to section 2.8.2
2Refer to section 2.8.3
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The work done in [42, 43] presents a memory-efficient alternative to the existing
methods; in [43], the authors further introduce an exploration signal to the control
input to satisfy the excitation assumption on the regressor, however both work for

a partially unknown system.

1.2 Contribution

The contributions made to the field of adaptive optimal control, particularly in the

context of the infinite-horizon LQR problem, are as follows:

1. Development of an On-Policy Online Memory-Efficient Policy Iteration
Algorithm for Approximation of Unknown System Dynamics: A policy
iteration algorithm that stands out due to its memory efficiency is adapted to
cater to systems with unknown dynamics. Traditional methods often demand
high memory requirements, especially when dealing with finite window
integrals of functions of states. The proposed algorithm tactically eliminates
such demands, making it more feasible for real-time applications. The
algorithm is designed to work online and on-policy. It is a significant
advancement, given that it can approximate an optimal solution to the LQR

problem even when complete system dynamics are unknown.

2. Comprehensive Background and Preliminaries: To ensure that the reader has a
solid foundation for understanding the problem, this thesis provides a thorough
background; this includes the necessary mathematical preliminaries, historical

context, and a review of existing methods in the domain.

3. Simulink Model for Real-Time Continuous Systems: A practical contribution

of this work is the development of a Simulink model tailored for continuous
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systems. The model is a tangible representation of the theoretical constructs
discussed in the thesis. The performance of the algorithm is also presented,

emphasizing its practical applicability.

In summary, this thesis not only advances the theoretical understanding of AOC for
the LQR problem but also offers practical tools and demonstrations that accentuate

the real-world applicability of the proposed method.

1.3 Thesis Organization

This thesis is structured to provide a comprehensive understanding of the topics

discussed, organized into distinct chapters as follows:

e Chapter 1: Introduction - This chapter sets the stage by introducing the
research topic. It encompasses a literature survey and motivation detailing
the existing work in the field and the gaps that this thesis aims to address.

The contributions of this research are also highlighted.

e Chapter 2: Background and Preliminaries - Serving as the foundation, this
chapter delves into the essential concepts and theories that underpin the
research. The contents of this chapter should be sufficient for learning about
the optimal control problem and its solution through the HJB. The chapter is
written with a bottom-up approach, providing the necessary information to

lead to the infinite-horizon LQR problem and its solution through the ARE.

e Chapter 3: Filter-Based Explorized Policy Iteration Algorithm - At the core
of the thesis, this chapter presents the filter-based explored policy iteration

algorithm. It includes the derivation of the algorithm, a proof of concept,
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and an in-depth stability analysis. Both the system’s general and closed-loop

stability under the proposed algorithm are discussed.

e Chapter 4: Experimental Setup and Results - This chapter showcases the
practical application of the proposed algorithm. It describes the experimental
setup and presents the results witnessed from the experiments, highlighting

the efficacy of the algorithm.

e Chapter 5: Conclusion - The concluding chapter summarizes the research

findings, emphasizing the contributions and implications of the study.

The organization ensures a logical flow, starting from foundational concepts and
building up to the primary research contributions, followed by practical applications

and conclusions.






Chapter 2

Background and Preliminaries

We begin by considering the general state space representation used to describe any
dynamic system:

= f(x,u,t), 1)

y = g(z,u,t),

where x € R" is the state variable, u € R™ is the input variable and y € R? is
the output variable; & = f(z,u,t) are the state equations, and y = g(x,u,t) are
the output equations and f : R" x R x R — R"” and g : R® x R™ x R — RP are

non-linear functions.

For a time-invariant system, the functions f and ¢ are not dependent on t:

(2.2)
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Further, if the system is also linear, f and g will be linear as well, and the state

space representation can be written as:

& = Az + Bu,
(2.3)
y = Cx + Du,

where A € R™*" B € R (' € RP*" D € RP*™ are constant state, input, output,

and feedforward matrices that define the system dynamics.

2.1 Stability, Controlability, and Observability

Stability, controllability, and observability are three core pillars of control theory.
They ensure that a system behaves as desired, can be driven to any state, and its

internal dynamics can be inferred from its outputs.

2.1.1 Stability

Stability is a cornerstone of control theory, ensuring a system’s behaviour remains
predictable and bounded over time, irrespective of initial conditions or external
disturbance. The study of a system’s stability is crucial because for a system to be

useful, it must exhibit predictable behaviour.

Intuitively, stability suggests that in the absence of an external input, a system’s
response will converge to (and remain at) some equilibrium point. Consider a
dynamic system with no input: & = f(z,t) (where the initial state of the system is:
x(ty) = x,,) for the system to be stable it must converge to an equilibrium point z*

such that f(z*,t) =0Vt > t,.
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A system is asymptotically stable if, for every initial state x(0), z(t) — 0 as t — oc.

Understanding the stability of a system is a difficult task. The most commonly
utilized stability analysis method is the Lyapunov stability theorem which says that
for a system with an equilibrium point x, = 0, we can devise an energy function
V(z). V(z) should be positive definite (i.e. V(0) =0 and V(z) >0V x # 0). Then
if the system’s dynamics ensure that its energy consistently decreases over time,
eventually reaching zero, the system’s trajectories can only converge to the origin.

As a result, the system displays asymptotic stability.

Definition 1. The energy function V(x) is called the Lyapunov function, and the

stability of the system can be learnt from its time derivative V(:z;)

o If V(x) < 0V z, the system is said to show Lyapunov stability; this ensures
that trajectories starting close to the equilibrium remain close to it, but they

might not necessarily converge to the equilibrium.

e And if V(z) < OV o # 0 and V(x) = 0 for & = x,, then the system is
asymptotically stable for the equilibrium point and the system trajectories not

only remain close to the equilibrium but also converge to it over time.

Lyapunov stability analysis is instrumental as it only requires clever construction
of the Lyapunov function, and one can infer stability properties without explicitly
solving the system’s equations. However, finding an appropriate Lyapunov function
for a given system can be challenging, and for some systems, it might not exist at

all.

However, for an LTI system & = Ax, asymptotic stability can be confirmed by
assessing the eigenvalues of the state matrix A. The system is asymptotically stable

if A has eigenvalues where all real parts are negative.
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2.1.2 Controllabilty

Controllability is the ability to drive a system from any initial state to any desired
final state in a finite time using suitable control inputs. Controllability ensures that
we can move the eigenvalues or poles of a system to any desirable locations to achieve

stability or optimality by state feedback.

An LTI system is controllable if for all possible states x,, and V A > 0, there exists
an input function u(t) (where ¢ € [0, A]) such that under this input, the state of the

system moves from z, at t =0 to 0 at t = A [44].

We can infer the controllability of an LTI system through the controllability matrix
C:

C=|B AB A*B ... A"'B|.
If rank(C) = n (where n is the dimension of the state variable,) then the system is

said to be controllable; for the system to be controllable, the matrix C needs to have

n linearly independent rows so that each of the n states is reachable by the input w.

2.1.2.1 Stabilizability

Stabilizability is the characteristic of a dynamic system that suggests that some
possible control input can lead the system to stable dynamics, even if the state

variables involve some uncontrollable elements.

An LTI system (eq. 2.3) is said to be stabilizable if a feedback matrix K exists such

that (A + BK) is asymptotically stable [45].
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2.1.3 Observability

Observability ensures that we can estimate or reconstruct the state variables from
the output, making state feedback feasible. A system is called observable if all its

states can be observed and their values can be determined from the output.

An LTT system is said to be observable if the initial state x(0) = z( can be determined
from the output measurements (y(t)) and the input to the system (u(t)) over a finite

time interval t € [0, A] (where A > 0) [45].

Similar to the controllability matrix C, the observability of a system can be

determined using the observability matrix O:

C
CA
O=| cA?

oAt

If rank(O) = n (where n is the dimension of the state variable,) then the system is
said to be observable. Here, the idea is that if all n columns are linearly independent,

all the n states can be observed as linear combinations of the output variables y.

2.1.3.1 Dectectability

Detectability is the dual of stabilizability, where a system is said to be detectable if
its unobservable states remain stable (do not lead to instability). The LTI system
(eq. 2.3) is detectable if the pair (C, A) are detectable, which would only be possible
iff (AT, C7) is stabilizable [45].
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2.2 The optimal control problem

Optimal control theory seeks to determine the control input u(¢) that minimizes
a certain performance criterion, typically described by a cost functional J. The

performance index can have multiple forms, as follows [46]:

2.2.1 Performance index for a time-optimal control system

Here, the controller’s goal is to minimize the time it takes for the system to go from

an initial state x(t,) to the specified final state z(t;). The performance index for

ty
J:/ dt:tf—tozt*,
to

the same is:

2.2.2 Performance index for a fuel-optimal control system

Consider a case where the controller’s goal is to minimize the total fuel consumption.
If u(t) is the input applied to a system for control, then we can assume that the
magnitude ||u(t)|| is proportional to the fuel the system needs. The performance

index here will become:

ty
J:/ u(t) | d.
to

For multiple controls, the J function can be re-written as:

ty m
J = / S Rillus(t)lldt,
to =1

where R is a weight matrix on the control input.
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2.2.3 Performance index for a minimum-energy control

system

Similar to the fuel-optimal problem, the rate of energy consumed by the system is
proportional to the input of the system and the performance criteria for the controller
is provided by:

= / () Ru(t)dt,

where R € R™ " is a symmetric positive definite weight matrix for the control
input and R can be chosen to be significant to have stricter conditions on energy

expenditure.

2.2.4 Performance index for minimum tracking error

control system

If the objective of the system is to keep a bounded performance and minimize the
tracking error, we can use the integral of the squared tracking error as the

performance index:

J = / " (lt) — 2a(t))” Q (x(t) — xa(t))

_ / 7 (0 Qu (),

where z(t) is the system state, x4(t) is the desired state, and @ € R™" is a
symmetric, positive semi-definite weight matrix on the state variables in x. We

choose @ to be significant if we want to accomplish precise tracking.
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2.2.5 Performance index for terminal control system

The terminal cost function depends on the error between the desired target position
z4(ty) and the actual target position x(ty) at the final time ¢;. The cost function

here is formulated by using the target error z.(t7) = z(ty) — zq(ts):
J =z (tg) Fae(ty),

where F' € R™"™ is also a symmetric, positive semi-definite weight matrix capable

of defining the importance of reaching the desired final state.

2.2.6 Performance index for general optimal control system:

Combining the different interpretations, we have a general form of the optimal

control performance index:

J = al(tp)Fa(ts) + /t f (22 () Que(t) +u” (t)Ru(t)] dt. (2.4)

Rewriting the general performance index for a nonlinear system:

T = g(wolts), ) +/tf V(zo(t), ult), £)dt. (2.5)

Now we can formally define that the general optimal control problem aims to find

an optimal input u*(t) for ¢ € [t,, tf], such that:

u*(t) = arg min {g(xe(tf),tf) + / ' V(ze(t),u(t), t)dt| . (2.6)
u(t) to
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2.3 Dynamic Programming and Optimality

Principle

Dynamic programming (DP) is a potent mathematical optimization technique
introduced by R. E. Bellman in the 1950s. The DP approach decomposes a
multifaceted problem into simpler yet identical subproblems, solving each once
recursively and storing their solutions to prevent redundant computations [47].
This method is invaluable in control theory, where the objective often involves

determining the optimal control strategy over time.

The Bellman equation captures the essence of dynamic programming in control
theory, a recursive relationship that relates the value of an optimal solution to the
values of its subproblems [23]. For a discrete-time, finite-horizon control problem,

the Bellman equation is:

Vi(w) = min {e(z, u) + BV (f(z,u))},

where V;(z) is the value function at time ¢ given state x, ¢(z,u) is the immediate
cost of choosing control u in state x, f(z,u) is the state transition function and /3

is the discount factor.

The optimality principle, a cornerstone of DP, asserts that an optimal policy has
the property that whatever the initial state and initial decision are, the remaining
decisions must constitute an optimal policy with regard to the state resulting from
the first decision [23]. LE. if u(t) = u*(t) for ¢t € [t,,ts] is an optimal solution, then
u(t) is also optimal over the interval [t, + At,ts] where ¢, < t, + At < t;. This
principle ensures that each subproblem is solved optimally, leading to an overall

optimal solution.
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2.4 The Hamltion-Jacobi-Bellman equation

The HJB is a nonlinear partial differential equation (PDE) that characterizes the
value function, which represents the optimal cost-to-go from a given state, as the
solution to this PDE. It provides a necessary and sufficient condition for optimality

of a control over a given time horizon [2].

Let us begin by considering J*(z(t),t) as the optimal cost in the interval [¢,¢;] and

initial state x(t):

‘]*(x(t)7t) = gl(gl |:g(x6(tf>7tf) +/tfv($e<t)7u(t)7t)dt:| :

TG[t,tf]

By applying the principle of optimality,! we can say:

t+At
J*(z(t),t) = Hl(lgl J*(z(t + At), t + At) + / V(z(t), u(t),t)dt} :
u(t to
TE[t,t+At]

Considering At is very small in the above equation, we can approximate the
integral L?At V(ze(t),u(t), t)dt as V(z.(t), u(t), t)At and J*(x(t + At),t + At) can

be approximated by its Taylor series expansion. We thus obtain:

T (1), 1) = minlV (re(t), u(t), )AL+ J*(2(1),0) + aj*(git),ﬁ
N {6J*(§it),t)} Ar+ O(.1)].

At

where Ax = z(t + At) — x(t) and O(z,t) represents the higher order terms in the

Taylor expansion (which can be ignored).

1Refer to section 2.3
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Since, J*(xz(t),t) and %At don’t depend on u(t), the above equation can be

written as:

)

oI (z(t),t)]"
s ] Ax

RGO -,

ot u(t) ’

8J*(:c(t),t)r§
or At

V(ze(t),u(t),t) + {

Now, if we let At — O,then 242 — & = f(x(t),u(t),t) which yields the Hamilton-

Jacobi-Bellman equation:

Vi @,ulo).0+ |50 f<x<t>,u<t>,t>] e

or@m.y
ot u(t)

The optimal input u(t) which staisfies (2.7) can now then be symbolically expressed

as:

w(t) =U (W,mn) ,

which, when substituted back to the HJB equation (2.7), leads to the optimal cost

equation:

aJ* (x(t), t)} g

= V(z.(t),U,t) + { o

f(t),U, 1),

and the solution for this equation must satisfy the boundary condition:

J*(x(tp), tr) = g(x(ty)).
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2.5 Linear Quadratic Regulator & the Riccati

equation

The linear quadratic regulator problem takes into consideration an LTT system (2.3)
as described before with an initial state z(t,) = z,. The goal of the LQR is to drive
the initial state z, to the smallest possible value, as soon as possible, in the interval

[to, ts], without spending too much control effort. The cost function for this goal is

defined as:

J=al(t;)Fa(ty) + /t ' (2" (£)Qx(t) + v (t) Ru(t)] dt.

The HJB equation (2.7) then becomes:

PO (s mi|. 29

D00y [y [P

ot u(lt)

where,

J*(x(ts), ty) = 2’ Fa.

Let us now consider a solution of the form J*(z(t),t) = x? P*(t)x where P*(t) €
R™ "™ is a symmetric matrix. The time derivative of the optimal cost function then
equals 7 P(t)x and the state derivative becomes 2P*(t)z by substituting these in

(2.8) we get

—2'P*(t)z = Hl(ll)l [2"Qx + u" Ru + 22" P(t) Az + 22" P(t)Bu] . (2.9)
u(t
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To obtain the minimal u (= u*), we have to set the gradient of this equation with

respect to u to 0, and that gives us:
2BT P*(t)x + 2Ru* = 0,

or

u* = —R'B"P*(t)r = —K*, (2.10)
where, K* € R™*" is known as the optimal control gain martix.

Substituting this minimal value of w back in (2.9), we get
—2TP*(t)x = 2T (P*(t)A + ATP*(t) — P*(t)BR'BTP*(t) + Q)x.

Therefore, for J*(z(ts),t;) = a7 P*(t)z to be a valid solution, P*(t) (called the
Riccati matrix) must satisfy the following matrix differential equation (also known

as the continuous-time dynamic Riccati equation):
P*(t) = P*(t)A+ ATP*(t) — P*(t)BR'BTP*(t) + Q,

with the boundary condition that P*(tf) = F.

If we modify the LQR problem to have an infinite horizon, the cost function becomes:

J = /too (2" (£)Qux(t) + u” (t)Ru(t)] dt.

Here, the matrix P*(t) — P* becomes a constant matrix .. P*(t) = 0, and the

continuous-time dynamic Riccati equation reduces to the algebraic Riccati equation:

P*A+4+ ATP*+Q — P*BR'BTP* =0. (2.11)
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Moreover, the condition imposed on the system is to be stabilizable. If the system

is not stabilizable, as x(t) 4 0
J = /°° (2" (1)Qx(t) + " (t)Ru(t)] dt — <.

Hence optimal control does not exist.

2.6 Policy Iteration

PI is a fundamental iterative method in dynamic programming and reinforcement
learning. The core idea behind PI is to iteratively refine a policy until convergence

to an optimal policy is achieved.

The PI algorithm comprises two fundamental, sequential steps:

1. Policy Evaluation: this is the step where the current acting policy 7 (starting

with the initial policy) is evaluated for its effectiveness.

2. Policy Iteration: is an iterative method to refine and improve a policy based on
its evaluated value. The goal is to find a policy 7’ that optimizes the system’s

performance, such as minimizing costs or maximizing rewards.

The algorithm terminates when m = 7/, i.e. the old and new policies are identical

(or sufficiently close), guaranteeing that the final policy is optimal.

PI is guaranteed to converge as Bellman’s principle of optimality ensures that if a
policy n’ derived during the policy improvement step is identical to 7, then 7 is an
optimal policy; convergence is a result of finite states and action spaces, ensuring

that there are only a finite number of policies to consider.
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PI's advantage of an explicit control policy at each iteration allows for a real-time

implementation of the algorithm.

2.7 Kleinman’s Algorithm

The ARE provides us with an algebraic solution to the optimal control of an LQR
problem.  However, solving the ARE quickly becomes complex due to the
nonlinearity of the Riccati matrix, P, as the dimensions of the system grow.
Kleinman’s algorithm [18] offers a numerical algorithm to approximate the Riccati

matrix iteratively.

Theorem 2.1. Let A, = A — BK,;, where A € R™" and B € R"™™ are the state
and control matrices of an LTI system, Vk € W, and K;, = R"'BTP, 3. The ARE

(2.11) then becomes:
PiAy + AP+ Q + K RK}, = 0. (2.12)
Now if we iteratively update the gain matriz Ky Yk € W by:
Kiy1 = R'BTP,. (2.13)
Then for a stable Ky, the following holds true:

1. O<P*§Pk+1fpk

2. limk_mopk = P* and limk_ﬂx)Kk =K*

The proof of convergence can be found in [18].

2W represents the set of whole numbers
3See equation 2.10
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2.8 Other topics of interest

2.8.1 Excitation

In control systems and signal processing, excitation refers to an external input or
stimulus applied to a system; this input is crucial as it drives the system’s response
to be able to extract valuable information about the system’s characteristics.
Excitation is especially meaningful for adaptive systems because it ensures that the
system is sufficiently stimulated, allowing the adaptive algorithm to learn or

estimate the system’s parameters accurately.

Definition 2. Consider a bounded signal ¥(t) € R", where t € [t,, o0] Vt, > 0. We
call (t) exciting over an interval [ty,t, +T], T > 0 and t; > t,, if 3 v > 0, such

that the following inequality holds:

t1+T
/ B(rY(r)Tdr > A1,

t1
2.8.1.1 Persistance of Excitation

The Persistence of Excitation (PE) condition ensures that the input signal
contains enough information about the system, preventing the adaptive algorithm
from getting stuck in undesirable local minima and ensuring convergence to the
true system parameters. In adaptive control, PE is crucial for the stability and
convergence of adaptive algorithms [48, 49]. Without a persistently exciting signal,
the adaptive controller might not gather enough information to accurately model

the system, leading to suboptimal or unstable control.
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Definition 3. A bounded regressor ¢(t) € R™ is presistently exciting (PE), if 3

g,y > 0 such that

t+e
/ o) (D)dr > 4L, W
t

where ¢ is the window length.

The restrictive condition of PE is widely apparent across many works in AOC [38, 27,
50, 36, 39], employed to obtain the convergence of the estimated parameters to the
optimal parameters P* and K*. However, even though PE is a theoretically elegant
condition for parameter convergence, it is infeasible in practical applications and
online implementation due to its dependence on the future values of the regressor

signal.

2.8.2 Finite Window Integrals

Finite window integrals (FWIs) refer to the integration of certain functions of system
states over a finite time window. In the case of AOC, usually, FWIs are used on an
equation derived from the ARE to formulate a suitable linear regression association

27, 37, 36, 26].

Mathematically, for a function f(¢) and a time window of length ~, the FWT is given

/t F(r)dr.

where ¢ is the current time instant.

by:

FWIs accumulate information about the system’s behaviour over a recent time
window. By integrating the system’s responses over a finite time window, more

accurate estimates of system parameters can be obtained. FWI ensures that the
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controller does not make decisions based on transient or momentary behaviours
but considers a more extended system response. Nonetheless, while FWIs provide
valuable information, they also have a high computational cost. Ideally, FWIs
require infinite data points in the time interval ~, which leads to high memory
demands and very short windows might not provide enough data for accurate

decision-making.

2.8.3 Concurrent Learning

Concurrent learning is a methodology that uses current data (obtained through
parameter update laws) and past data to improve the learning process and guarantee
parameter convergence [51, 52]. Unlike PE conditions, concurrent learning allows
for online verification of parameter convergence based on a sufficiency condition
associated with the rank of the matrix formed out of stored data. Moreover, unlike
FWIs, concurrent learning can be more memory-efficient because it does not require
continuous storage of past data; instead, specific “informative” data points are stored

“intelligently” and used alongside real-time data.



Chapter 3

Filter-Based Explorized Policy

Iteration Algorithm

This chapter presents a PI algorithm for a CT infinite-horizon LQR problem where
the system matrices A, B are unknown. The first section begins by comparing
methods proposed in past literature to the techniques employed in this algorithm.
The second section offers a mathematical derivation of the algorithm, beginning
from a classical CT LTI system to finally realize an algebraic relation that can be
used to solve online the ARE of an infinite-horizon LQR problem. The third section
provides all the necessary and sufficient conditions that guarantee proof of work
from the algorithm; this section rationalizes and satisfies any assumptions made in
the derivation of the solution. Finally, the fourth section concludes the chapter with

the stability and convergence analysis of the algorithm.

27
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3.1 Derivation

Consider the CT LTT system:
&(t) = Az(t) + Bu(t), (3.1)

where z € X CR", u(t) € U C R™ are the state and control variables respectively;
A e R and B € R™™ are the system and control matrices respectively with the
pair (A, B) are assumed to be controllable. ¢ € [ty, 0], ¢ > 0. The infinite-horizon

quadratic value function:

Vi(x(t)) = /too [ (1) Qx(t) + " (t) Ru(t)] dt, (3.2)

where Q € R™™ and R € R™*™ are weight matrices on the state and control values,
respectively. () is symmetric positive semi-definite, and R is symmetric positive
definite, and (A, Q%) is assumed to be detectable, is then minimized by the optimal

control input w*(¢), given by:
u(t) = —=K"z(t),

where K* = R~!BTP* € R™*" is the optimal control gain matrix and P* € R™" is

the constant symmetric positive definite matrix solution of the ARE:
P*A+ ATP*+Q - K*TRK* = 0.

Now, according to Kleinman’s algorithm,® for any initially stable K;_, where Vk €

W, the gain matrix can be made to converge to the optimal value if it is updated

1Refer to section 2.7
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iteratively as per the policy iteration step (2.13) for the evaluation of (2.12). The
infinite-horizon value function for any stabilizing K} can also be expressed as the

quadratic parametric function of states as [53]:
Vi(z(t)) = 27 (t) Pux(t). (3.3)

In this proposed algorithm, we introduce an exciting exploration signal in the control

input, now defined for any stabilizing K}, as:
u(t) = — Ky (t) + €(t), vt € [Ty, Thi1), (3.4)

where, T}, is the policy update time instance with 75 = 0 and € € R™ is an exploration

signal, upper bounded as ||e(t)]| < €, > 0.
Equating the RHS of (3.2) and (3.3) and differentiating w.r.t time along the system
trajectory and the proposed control input (3.4), we get the following:

207 Ppi = —27 (Q + Kl RK})x + 227 Py Be. (3.5)

However, from equation (2.13)

K1 = R'B"P,
— RKy., = BTPk
— (RK1)" = (B"R)"

— K]\ \RT = PTB"",
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and since, R and P are symmetric, we have,
K[l R=PB. (3.6)
Substituting (3.6) in (3.5),
20" Pyt = —2"(Q + K[ RKy)x + 22" K}, Re, (3.7)

or

20" Pyt — 22" Kj 1 Re = —2"(Q + K RK},)x.

The above equation can be rewritten as follows using the standard properties of the

vec(+) and Kronecker product *:
2(2 ® ) vec(Py) — 2(Re @ x) vec(K[L, 1) = q, (3.8)
where ¢, = —27(Q + K RK})z € R, . Equation (3.8) can be further simplified as

vec( Py
{2(55 ®@z)T —2(Re® x)T} (I((T ) ) = Gk, (3.9)

and since Py is a symmetric matrix, (3.9) can have a reduced dimensional form:
{gT dT] P = G, (3.10)

where g € R", d € R™™ and ¢, € R (where r = (”)(;H)) are defined as

g £ vech(?mxT — diGQQ(w)%

2Refer to link for information on vec(-) and Kroneker product


https://www.comm.utoronto.ca/frank/notes/vec.pdf
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d= —2(Re®x),
vech(Py)

k= )
vee(K7,)

respectively. Here vech(-) operates on a symmetric matrix and generates a column
vector by placing the consecutive columns of the argument matrix one after another
while neglecting symmetric terms, and diag(-) generates a diagonal matrix from the

elements of the argument vector.

Nevertheless, equation (3.10) cannot be utilized directly for solving P, and Ky
due to their dependence on ¢, which in turn depends on 2. To obliviate the need to
realize the state derivative, we employ a low-pass filter architecture that works as a

state estimator; the filter equations are defined as

h = —pihi + g, hi(Ty) =0 (3.11)
Qi = —DiGk1 + Qs qu(Tk) =0 (3.12)
(Zl = —pldl -+ d, dl(Tk) =0 (313)

where h; € R", qi; € Ry and d; € R™"™ are filter outputs for g, g, and d respectively,
and p; is a positive tunable gain stabilizing the filters. The explicit solutions to the

equations (3.11), (3.12), and (3.13) is given by

t

ha(t) = et / 7 3(7)dr (3.14)
T,
t

qr(t) = e_p’t/ e T qp(T)dT (3.15)
T
t

di(t) = e /T (7Y dr (3.16)
k
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Substituting the value of ¢ from (3.10) in (3.15) and using (3.14) and (3.16), the

filterized form of equation (3.10) becomes

wi O = qri; (3.17)

h

l
where w; £ € R"™™™_ However, here too, the need for ¢ still persists if

d
is calculated by (3.11). Whereas, by applying the by-parts rule of integration on

equation (3.14), we have,
hi(t) = g(t) — e T g(Ty) — pugi, (3.18)

where g; € R" is evaluated using the filter equation

g =-mg+9, a(Tx) =0

Since g is measurable, then g; is measurable; hence h; can be computed online using

(3.18).

Finally, equation (3.17) allows for a completely measurable algebraic relation for Py
and Kjy1 with no dependence on the state derivatives; still, it must be noted that

the equation (3.17) is in linear regression form.

There is still a need for “intelligent” data storage mechanisms to be able to satisfy
a full rank condition of the information-rich past data matrix (multiple rows of wy

matrix in this case) to solve Py, and Kjq; to discount the need for such measures,
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the proposed algorithm exploits a second low-pass filter defined by the equations

Wi = —puWy + ww!, Wu(Ty) =0 (3.19)

Gri = —Puqru + Wiqk, (1) =0 (3.20)

where W), € R*** and ¢ € R* (where z = r + n.m) are the second layer filter

outputs and py is the positive tunable gain for the second filter.

Integrating (3.19) and (3.20) and using (3.17) we can derive,

Wudr = qru (3-21)

Assumption 1. Let us assume Wy (t) is invertible.

If assumption (1) holds, online computation of ¢, can be done as follows:

or = Wi (Tes1)@ru(Thrr) (3.22)

where Ty > Ty + L, Ly > 0. From equation (3.22) we can extract both P, and

K11 by reversing the vec(-) and vech(-) operations.

3.2 Proof of Concept

Equation (3.19) can be solved as,

Wy (t) = e Pt ety (t)wl dr,
~—~ ~  ~——
>0 Tk s> 3p

from (3.2), we claim,
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Property 1. The matriz Wy (t) is a positive semi-definite, i. e. Wy (t) > 0; Vt > T,

Now, let’s make another assumption,

Assumption 2. The regressor w(t) is exciting over a time interval [Ty, Ty, + Ly],

where Ly, o >0, Vk € W. Therefore, by definition (of excitation)’:

Ti+ Ly
/ wy(T)wl (T)dr > ol
Tk

where Ly and « are time window length and degrees of excitation respectively.

Remark 3.1. The above assumption is made possible by the exploration signal we
introduced in the control input, & provides sufficient information content to obtain
the intermediate policies (K s). However, it must also be noted that this assumption
15 weaker than the classical PE condition, due to the excitation being limited to
discrete sets of time-windows. Our assumption is similar to a recently introduced

convergence criteria [54] for asymptotic stability.

To establish that Assumption 2 is sufficient for computing the cost (Py) and the

improved gain (Kx41) we claim Lemma 3.2 and 3.3.

Lemma 3.2. wy(t) is exciting in the interval [Ty, Tp+ Ly iff Wy (t) is positive definite
(PD) att =Ty + Ly,

Lemma 3.3. [f VVll(Tk -+ Lk) 18 PD, then I/Vll(t) will remain PD Vt € [Tk + Lk,tf],

where Ty, + L < ty < oo.

The proof for Lemma 3.2- 3.3 are available in [55].

Now Property 1 claims Wy (t) > 0, ¥t > Ty, hence, det(Wy(t)) = [T727™ \i(t) > 0

J=1

where A\;(t) > 0, j = 1(1)(r + n.m), is the j eigenvalue of W (t). According to

3Refer to definition 2
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Assumption 2, the value of det(W(t)) will grow over time. For when det(W(t)) >
0, the matrix W), will be PD, which, along with Lemma 3.2 and 3.3 affirm that
Assumption 2 holds, and is verifiable online. Furthermore, positive definiteness of

Wy, confirms that W), is invertible, i. e. Assumption 1 is also satisfied.

3.3 Stability Analysis

3.3.1 Stability and Convergence Analysis

Theorem 3.4. Provided () > 0 and control gain Ky is stabilizing, the improved
policy  obtained  from  (3.22) will lead to a stabilizing control policy
uw(t) = —Kppx(t) + €(t) and the closed-loop system & = Api1x + Be will be
uniformly ultimately bounded (UUB) Vk € W.

Proof: Considering Vj(z(t)) as defined in (3.3), as a positive definite Lypaunov
function for the LTI system (3.1) with control policy u(t) = Ky412(t) + €(t). Taking
the time derivative of the Lyapunov function along (3.1), using (2.12) & (2.13), we

get:

Vi(x) = —2T{Py(A — BKy41) + (A — BK;, 1)  Py}a + 227 P, Be. (3.23)

Adding and subtracting 27 P, BKx and 27 K} BT Pgx from the equation, and using

(2.12) & (2.13), equation (3.23) is expressed as:

Vi(z) = —2"{Q + Kl?-s—lRKk—H}Jf + 227 P, Be
— 2" {(Ki — K1) "R(K), — Kyy1) } (3.24)

< = Mnin(@)|2])* + 26| P BI| 1],
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where A, (+) refers to the minimum eigenvalue of the argument matrix. Inequality
(3.24) establishes that the control policy K. is stable, and the closed-loop dynamics
& = Apy12 + Be is UUB [56].

Lemma 3.5. Py obtained from (3.22) is equivalent to the solution of the ARE (2.12),

if the closed loop system © = Apx + Be where A, = A — BK, is stable.

Proof: Here, Py is obtained from (3.22) is derived from (3.17) which is further

deduced from (3.5). If we rewrite (3.5) using (3.4) as

2T Py(Apz + Be) 4+ (Ayx + Be)' Pox = —27 (Q + K RK})x + 227 P, Be

— 17(Al Px + PoAp + Q + K RK} )z =0
which is equivalent to (2.12).

Remark 3.6. Lemma 3.5 is sufficient to conclude that all intermediate policies

obtained using (3.22) are stabilizing, provided the initial control policy is stabilizing.

Theorem 3.7. The proposed PI algorithm (3.22) provides convergence of

intermediate policies to the optimal control policy, for an initial stabilizing policy.

Proof: Kleinman’s algorithm is proven to establish optimal convergence of the
ARE for the PI scheme (2.12) & (2.13).* Lemma 3.5 establishes equivalence of the
solution of (3.22) to Kleinman’s algorithm. Moreover, Theorem 3.4 shows that the

intermediate control policies obtained using (3.22) are also stabilizing.

4Refer to 2.7
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3.3.2 Closed-loop stability analysis

We proved using Lemma 3.6 and Theorem 3.7 that the intermediate control policies
are stabilizing and converge to optimal control. Nevertheless, the closed loop system

obtained using the control law (3.4)

i=(A— BKy)x+ Be, te Ty Teril, (3.25)

is a switched closed-loop system due to the iterative policy updates (Kjs) at update
instances (7ys); and [57] shows that the stability of intermediate steps of a switched

closed-loop system may not always guarantee the stability of the overall system.

Theorem 3.8. The control policy (5.4) guarantees global UUB stability of the
overall switched closed-loop system (3.25) for the LTI system (3.1), iff Q > 0 and

Assumption 2 is satisfied.

Proof: The proof for the same is provided in [43], and goes as follows... Consider (3.3)
as a radially unbounded Lyapunov candidate function, then the following inequality

can be established for V}, which is exploited in this proof later.

Amin (P) (011" < Vi(t) < Amax (Pe) |2(0)I7, ¥ > T, (3.26)

where Apax(-) denote the maximum eigenvalue of the argument matrix.
Differentiating Vj, along the closed-loop system dynamics (3.25) for ¢t € [T}, Tk11)

yields
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Vi = —2” (Q + K{ RK}) « + 22" P, Be
< = min (@)1l + 26m [ Pl [ Bll]]),

t€ [Ty, Thsr), VkeW.

Expressing Apin(Q) = ’\mig(Q) + )‘mi;(Q) and completing the squares yields
2
—Amin(Q) 260 || BI* [12%

Ve < 20122 + :
b > el Amin (@) (3.27)

te [Tk,TkJrl), Vk e W .

Using (3.26) and the standard definition of matrix norm, [P =
Omax (Pr) = Amax (B) (since Py is positive definite and symmetric),” inequality
(3.27) can be written as

_)\min<Q>
2 max (Pr)
————

Ok

265 | BI* Ao (P5)

max

Vi < N (Q) ;

Vi +

(3.28)

t € [Tp, Thsr), VkeW.

Using the comparison Lemma 3.4 of [56], the following inequality can be deduced

from (3.28)

Vii(t) < e—ak(t—Tk)Vk (Ty) + B (1 _ e—ak(t—Tk))’

(3.29)
le [Tka T/H—l) ’ Vk € W7
where the bound 3, € R*of k' subsystem is defined as
s A6 1Bl A (Pr)
£ . 3.30

50 max is the largest singular value of Py
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Since the equivalence between the proposed algorithm and the Kleinman’s algorithm
is already established in Lemma 3, hence from Lemma 3 and Theorem 1, it can be
stated that Since Lemma 3.5 confirms that the solution obtained using (3.22) is

equivalent to that of the Kleinman’s algorithm, using Theorem 2.1 it can be stated

Piy1 < P, < Py (3.31)

Assuming v € R"™ be the eigenvector of Apax (Pr) and using the inequality (3.31),

following is established,

Amax (Pr—1) ||@H2 > o1 P10, using (34)
(3.32)
2 TJTPkQ_] - )\max (Pk) HT}H27

which implies Apax (Pe—1) > Amax (Px). Using (3.30) and (3.32), an important
relation can be established between consecutive ultimate bounds §,_; and B as

follows

Br—1 > Br, VkeW. (333)

Moreover, (3.31) can be used to establish,

&' (Ti1) Proprw (Tia) < & (Tig) Prx (Thia) (3.34)

Vi1 (Th+1) Vie(Tr1)

If (3.29) is used to upper bound Vi (t) in [Ty, Tk11) as
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then, with repeated application of (3.34) and (3.35), (3.35) can be expressed as

Vi(t) <max{Vi_1 (T}), Bk}, from (3.34)
<max [max {Vi—1 (Ts—1), Br-1}, Bx] s from (3.35)
<max [Vi_1 (Tk-1) , Br-1] , from (3.33)
<max {Vy (Tp = 0), B}, Yk € W, Vt > Tp. (3.36)

And as, Pyy1 < Py, assuming v € R™ be the eigenvector of Ay, (FPy),
Amin (Pes1) [[0]* < 07 P, using (3.26)

< 0" Pw = Ain (P3) [J0]% (3.37)

implies Amin (Prt1) < Amin (Py). Using (3.26), the following can be deduced,

V@)

oo < - (333

max {%(0)7 Bo}

< I from (3.36)
max {V((0), 5o}

<SR from (3.37)
max {V,(0), Bo} i *

< o (P since P* < Py

< max”m""iifogzﬂgm)” 2 from (326)  (3.30)

Hence, the inequality (3.39) implies that the states of the overall (switched) closed-

loop system dynamics (3.25) are globally uniformly bounded. Further to determine
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the uniform ultimate bound, consider, as k — oo and t — oo, the inequality (3.38)

can be written using (3.29) as
: 2
Jim [lo(t)|
—ok(t=Te)\/, (T.) + 1 — e ok(t=Tk)
< lim ¢ (i) + 5 (1 e )
k—o0 >\min (Pk)

t—o00

Using Assumption 2 and Lemma 3.5, limy_ o Vi — V*, limy_,oo P, — P*, which

yields

: 5 5
Jim (0] < 3"

. [ B
:>t1££lo||$(t)||§ o (P (3.40)

where limy_,oo B — B* & W, where ,/#zp*) is the UUB. Therefore,
using (3.39) and (3.40), we show (3.25) to have global UUB stability.






Chapter 4

Experimental Setup and Results

The focus of this chapter is to demonstrate the practical efficacy of the proposed PI
algorithm; for this purpose, we consider the problem of angular position control of

the shaft in a DC motor [58].

The state space representation of the system is noted as:

0 1 0 0
=10 0 4438[ T+ 0w
0 —12 —24 20

The weight matrices are selected as () = I3 and R = 1.

For this system, the optimal values of the controller parameters known to be:

K* = {1.0000 0.8549 0.4791],

43
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and
1.4549 0.3783 0.0500

P* = 10.3783 0.3770 0.0427
0.0500 0.0427 0.0240

The filter gains are chosen to be p; = 0.5, and p; = 0.1.

The excitation signal was chosen on a trial and error basis by adding 100
sinusoidal waveforms with amplitude 1 where the frequencies where uniformly

distributed between [1,500].

T
The initial state of the system was set as xy = {10 -15 10] and the initial

stable gain is Ky = [0.4732 —0.1043 _0,05()0] . With this setup, the base system

behaviour is shown in figure 4.1

FIGURE 4.1: System dynamics with initial gain.
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After adding excitation signal, the system dynamics look like:

FIGURE 4.2: System with excitation.

4.1 Exemplary Results

Figure 4.3 showcases the efficacy of the algorithm. Where for the initial conditions
defined above, we were able to iteratively converge (sufficiently close) to the optimal
gain. The lines with “Flagged” list the time instance of policy (gain) update. And
‘P_diff” and ‘K_diff” variables denote the difference between the optimal values of
these parameters and the newly learnt value of said parameters. As can be observed,

both the parameters tend towards their optimal value.
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Flagged 2.680000
DET P =
0.0093
EIG P =
0.8182 + 0.00001
0.2835 + 0.00001
1.8066 + 0.08001
K =
1.3526 1.3433 0.8698
EIG =
-36.7982 + 0.00001
-0.8765 + 0.00001
-3.7222 + 0.00001
P diff =
-0.2043 -0.8632 -8.0391
-0.8632 -0.6349 -0.0438
-6.8391 -0.0438 -0.0132
K_diff =
-0.3526  -0.4884  -8.3907
Flagged B.620000
DET P =
-6.4773e-084
EIG P =
-0.8015 + 0.00001
0.2887 + 0.08001
1.5257 + 0.00001
K =
0.8800 B.8750 8.5163
EIG =
-30.0557 + 0.00001
-0.7354 + 0.00001
-3.5340 + 0.00001
P diff =
0.0305 B.8391 L0215
9.8391 -6.8019 0088
0.0215 0.8080 8.0223
K diff =
0.1200 -0.8201 -0.8372

@ @

FIGURE 4.3: Results

4.2 Simulink Model

Figure 4.4 presents the complete model diagram used to implement this algorithm

and produce the above listed results.
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Chapter 5

Conclusion

In the final chapter of our thesis, we summarise the contributions of our proposed

algorithm. We also list the current limitation of the algorithm.

The proposed PI algorithm has been shown to work on policy in an online setting
to adapt to the optimal solution of the LQR problem where system parameters
were completely unknown. We were able to showcase the efficiency of our
algorithm in comparison to other proposed methods. Our solution does not require
observing the state derivatives, is memory efficient without requiring the use of
FWIs or other intelligent data storage mechanisms, and provides UUB stability
and convergence guarantees for both intermediate policies and the overall
(switched) closed-loop system. Furthermore, through the use of Simulink &
MATLAB, we also showcase our algorithm’s application in a continuous-time

system model.

However, we must also note the current shortcomings (or limitations) of the current

version of the algorithm.

49
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e The scope of the current algorithm is limited to infinite-horizon LQR problems,
as the basis for this solution was derived from Klienman’s algorithm, which
provides a method to approximate the optimal solution to the ARE, which in

turn is only a result of the HJB equation for such problems.

e This is an approximation solution, which means the solution obtained may
not be optimal, only an approximation that is sufficiently close to the optimal

solution.

e The algorithm demands an initial stabilizing gain. Although setting the initial

gain to 0 works for many systems, it might not work for most systems.

e The efficiency of the algorithm is also dependent on the initial gain K, and
the exploration signal €(t¢). The choice of either affects how the algorithm
performs. Although any stabilizing K, will work for the algorithm, not every
exploration signal could provide enough excitation to the system to explore

the state space.

e Simulation of the algorithm was also prone to instability due to simulations
being inherently limited to discrete-time steps and certain significant digits
after the decimal, where an error in calculation between time steps could

accumulate in the output of the two filters leading to system instability.
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Scope for Future Work

The ability to provide adaptive optimal control solutions to systems with unknown

dynamics has tremendous potential in itself, with a wide variety of applications.

The immediate scope for future work includes implementing the algorithm to a
real-world problem, like controlling an inverted pendulum, to test the algorithm’s
competence in interacting with real systems. Such advances can be further analyzed
and appended with robustness criteria to work against noises and disturbances that

real-world systems have to face.

Furthermore, the algorithm can be attempted to work with problems other than
the infinite-horizon LQR, such as the linear quadratic tracker (LQT). There is even

scope to extend the application of the algorithm to non-linear systems.
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