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Abstract

While studying the trigonometric series expansion of certain arithmetic func-
tions, Ramanujan, in 1918, defined a sum of the n'” power of the primitive q'* roots
of unity and denoted it as ¢,(n). These sums are now known as Ramanujan sums.
Since then, Ramanujan sums have been widely used and studied in mathematics
and other areas. Most importantly, it is used in the proof of Vinogradov’s theorem
that every sufficiently large odd number is the sum of three primes. It is also used to
simplify the computations of Arithmetic Fourier Transform (AFT), Discrete Fourier
Transform (DFT), and Discrete Cosine Transform (DCT) coefficients for a special

type of signal.

We study Ramanujan sums in the context of the k-tuple prime conjecture. A
twin prime is a prime number that is either two less or two more than another prime
number. It is conjectured that there are infinitely many twin primes. Hardy and
Littlewood generalized the twin prime conjecture and gave the k-tuple conjecture.
Let dy, - -, dj be distinct integers, and b(p) is the number of distinct residue classes
(mod p) represented by d;. If b(p) < p for every prime p, the k-tuple conjecture
gives an asymptotic formula for the number of n < z such that all the £ numbers
n + d; are primes. We study a heuristic proof of the k-tuple conjecture using the

convolution of Ramanujan sums.

Additionally, we study questions on the distribution of Ramanujan sums. One
way to study distribution is via moments of averages. Chan and Kumchev studied
the first and second moments of Ramanujan sums. In this thesis, we estimate the
higher moment of their averages using the theory of functions of several variables

initiated by Vaidyanathaswamy.



vi ABSTRACT

Ramanujan sums can also be generalized over number fields. A number field is
an extension field K of the field of rational numbers Q such that the field exten-
sion K/Q has a finite degree. Nowak first studied the first moment for Ramanujan
sums over quadratic number fields, and later, it was estimated for the higher degree
number fields as well. For a general number field, assuming generalized Lindelof
Hypothesis, we improve the first moment result and also study the second moment.
Furthermore, unconditionally, we estimate asymptotic formulas for the second mo-
ment for quadratic, cubic, and cyclotomic number fields. Our primary tool for these
results is a Perron-type formula. Finally, we obtain the second moment result for

certain integral domains called Priifer domains.
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Introduction

In 1918, Ramanujan [52] identified the significance of the exponential sum defined
as
cq(n) == Z e ¢ . (1.0.1)
(@)=t
This function is now known as Ramanujan sums. Here, ¢ and n are positive integers.
Ramanujan sums can also be interpreted as a sum of the n* power of ¢ primitive
roots of unity. Furthermore, let () = e?™/4 be a g™ root of unity. Each of its

power, (', -+, éq‘”", Cg = (" =11is also a root of unity. If

q
nq(n) _ Z 627rian/q
a=1
is the sum of n*” power of all roots, then

ng(n) = caln).

dlq

1



2 INTRODUCTION

Next, we use the Mobius inversion formula, which says that if two arithmetical
functions f and g are related as f = 1% g, then we can write ¢ = ux f. Thus, by

the Mobius inversion formula, we have

cu(m) =Y ma(m (%)

dlq

Therefore, we can write an explicit form for ¢,(n) using Mébius function as

coln) =Y dp (%) . (1.0.2)

djn

dlq
We can derive various interesting properties of Ramanujan sums from (1.0.2), such
as it is an integer-valued function and a g¢-periodic function of n. In other words,
cq(n+q) = ¢4(n). Additionally, for a fix n, it is a multiplicative function of ¢q. That
is, if (q1,92) = 1, then we have

CQlQQ (n) = CQ1 (n)CfD (TL) .

While for a fixed ¢, it is a multiplicative function of n if and only if u(n) = 1. This
also implies ¢,(1) = p(q) and ¢,(¢q) = ¢(q). For a prime p,

{ -1 ifp jn,
¢(p) if pin.

Also, for a prime p and any positive integer k, we have

0 if pt=1 Jn,

cpe(n) = ¢ —pP 1t if pF~tn and p* Jn,

o(p*) if p*in.

The above result and the multiplicative property give another explicit formula of

Ramanujan sums:

9(q)

Cq(n) = Wu(q/(q,n)). (1.0.3)
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The right side of the above is called von Sterneck’s arithmetic function, and this
equivalence was derived by Hélder [32] in 1936. In the following sections, we discuss
the literature on Ramanujan expansion and the orthogonality property of Ramanu-

jan sums. Finally, we study the results of the distribution of Ramanujan sums.

1.1 Ramanujan expansion

For a periodic function, we can write the series expansion into trigonometric
functions called Fourier series. Joseph Fourier first used the Fourier series to find
solutions to the heat equation. Fourier series can also be applied to functions that
are not necessarily periodic. Motivated by this, one can ask for a series expansion
of arithmetical functions using Ramanujan sums. In fact, it is possible that it was
this that led Ramanujan to define (1.0.1).

In [52]|, Ramanujan used these sums to obtain pointwise convergent series repre-

sentations of the normalized arithmetic function f(n) of the following form:

f(n) = fla)e(n), (1.1.1)

q=1

with coefficients f(q). The representation of f(n) in (1.1.1) is called Ramanujan
expansion or Ramanujan Fourier series, or simply Ramanujan series, and f (q) is
called the ¢g-th Ramanujan coefficient of f. Ramanujan derives the series expansion

of some well-known functions written below:

¢(n)A(n) _ i a) ) (1.1.2)
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Ramanujan further discovered that the prime number theorem is equivalent to show-

ing
=1
D —cy(n) =0. (1.1.3)
q=1 q

More precisely, from (1.0.2), the above series evaluation is equivalent to ZZil @ =

0, which is a well-known form of prime number theorem. We can see that (1.1.3)
is an expansion of the zero function. Therefore, it also shows that the Ramanujan
Fourier series need not be unique.

A natural question arises: is there Ramanujan expansion for every arithmetical
function? This question was answered by Spilker [64]. He proved that every bounded
function has a Ramanujan expansion. Later, Hilderbrand [31]| gave a simple proof
of Spilker’s result and also removed the boundedness condition. A comprehensive
review paper by Lucht [41] discusses the Ramanujan expansion of arithmetical func-
tions. Moreover, notable monographs in this direction include the works of [59] and
[63]. It is non-trivial exercise to determine the Ramanujan coefficients for several
arithmetical functions. Therefore, another question arises: how can we determine
the corresponding Ramanujan coefficients? Carmichael first encountered this ques-

tion using the orthogonality principle of Ramanujan sums.

1.2 An orthogonality principle

In 1932, Carmichael [10] discovered the orthogonality principle of Ramanujan
sums. The Ramanujan coefficient of an arithmetical function can be predicted using

Carmichael’s orthogonality property for Ramanujan sums.

Theorem 1.2.1 (Carmichael, 1932). We have

c(h) if r=s,

0 otherwise.

lim — ) ¢ (n)es(n+h) = {

n<x

Proof. From (1.0.1), we have

Z cr(n)es(n+h) = e2mihb/s Z p2min(a/r+b/s)

n<z (a,r)=1 (b,s)=1 n<x
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The innermost sum is bounded unless a/r + b/s is an integer m (say). This implies
as + br = mrs

forces r = s because (a,r) = (b,s) = 1. The result is now immediate. O

Let suppose f(n) be an arithmetical function, and M(f) denotes its mean value.

In particular,

M(f) = lim =57 f(n),

and f(n) has a convergent Ramanujan expansion given by
Fn) =" f(@)eq(n). (1.2.1)
q=1

From the orthogonality principle, we have

1

provided that, M ( fc,) exists. This gives the Ramanujan coefficients for the functions
f, with a mean value M (fc,). Ramanujan and Carmichael’s work set the stage for
a general theory of Ramanujan expansions.

Later on, in 1943, Wintner [69] obtained the Ramanujan coefficients for a large

class of functions. He supposed two arithmetical functions f and g such that

) =" g(d). (1.23)

dln

and

n

i 9l o (1.2.4)

Then, the ¢'* Ramanujan coefficient of f is equal to

o

9(ng)
> — (1.2.5)

n=1
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Delange [21| improved Wintner’s result with a hypothesis

[e.9]

n=1 n

instead of (1.2.4) with the same Ramanujan coefficient given in (1.2.5). Therefore,
the work of Wintner and Delange allows us to determine a large number of Ramanu-
jan expansions. Today, we have a mature theory on the pointwise convergence of
Ramanujan expansions with Fourier analysis on almost even arithmetic functions
(see |22, 36]). For more recent developments, see the work Coppola [17]|, Schwarz
[58], Lucht and Reifenrath [42], and the monograph of Schwarz and Spilker [59].

Furthermore, Gadiyar and Padma [25] used the orthogonality property of Ra-
manujan sums to derive a simple heuristic of the Hardy-Littlewood k-tuple conjec-
ture for the case k = 2. Let dy,--- ,d, be distinct integers; the Hardy-Littlewood
k-tuple conjecture gives an asymptotic formula for the number of n < x such that
all the k numbers n + d; are primes.

Stimulated by heuristic results in [25], the authors [24] employed the Ramanu-
jan expansion to deduce asymptotic formulas for the convolution sums of distinct
arithmetical functions. Murty and Saha [47] adopted the method in [24] to derive
an asymptotic formula with explicit error terms for the shifted 2-convolution sums
of arithmetical functions with absolutely convergent Ramanujan expansion under
bounded conditions on Ramanujan coefficients. Subsequently, Coppola, Murty, and
Saha [18, 19, 56] extended the results with a weaker hypothesis.

We develop the theory of the triple convolution of Ramanujan sums. We use this
theory to derive a heuristic derivation of the Hardy-Littlewood 3-tuple conjecture.
This derivation is inspired by the method of Gadiyar and Padma [25] for 2-tuple
conjecture. In the estimation of the triple convolution of Ramanujan sums, we

encounter an interesting exponential sum defined as:

H(hg) = > emihar (1.2.6)

(b,r)=(e,r)=1
(b4-c,r)=1

We refer to it as a two-variable variant of the Ramanujan sums. We prove that it is a

multiplicative function of r. Similar to the usual Ramanujan sums, the two-variable
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variant of Ramanujan sums also satisfies the orthogonality property. Moreover, we
can express an arithmetical function as a series expansion involving the two-variable
variant of Ramanujan sums leveraging the orthogonality property.

The method used to develop the theory of triple convolution when applied to
higher convolution, leads to exponential sums of several variables, which is cumber-
some to solve. Therefore, we adopt a different approach for higher convolution. This
naturally leads to the study of arithmetical functions of several variables initiated by
Vaidyanathswamy [67] in 1927. We derive the Hardy-Littlewood k-tuple conjecture
for k > 3 heuristically using the higher convolution of Ramanujan sums. Chapter
2 of the thesis consists of the above study. This Chapter also appeared in [15] and
[27].

1.3 Distribution of Ramanujan sums

Understanding Ramanujan sums and their distribution is an important topic of
study in number theory, with profound connections to problems in arithmetic such
as in the proof of Vinogradov’s theorem [48, Chapter 8|, Waring type formulas [37],
distribution of rational numbers in short intervals [35], equipartition modulo odd
integers [7], large sieve inequality [53], as well as other areas of mathematics.

For any positive integer r, Alkan [3] studied the weighted average of Ramanujan

sums given by

q [r/2]
1 1 1\ Bam
> = B0 S @ Y (an >_d;m. (13.1)

n=1 dlq m=1

In [5], Alkan showed that the average of Ramanujan sums in (1.3.1) is positive for all
r > 1, and as r — oo, the second sum of right side in (1.3.1) vanished completely.
From this, he concluded that Ramanujan sums is not orthogonal to vectors with
powers of integers but close to being orthogonal to these vectors. He also proved
that any number in [0, 1] is a limit point of the set of values of weighted average
(1.3.1) for a semigroup of positive integers.

In [1, 2], Alkan used (1.3.1) to find the special values of the L-function and to

calculate the maximum value of the partial sum of Ramanujan sums. In [4], he also
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gave a relation between the singularity of the Burgess zeta function and Ramanujan
sums with the help of (1.3.1).

Note that the sum in (1.3.1) only deals with the average over the variable n.
The question on the average order over both variables ¢ and n of ¢,(n) was first
considered by Chan and Kumchev [12] motivated by applications to problems on
Diophantine approximations of reals by sums of rational numbers. More specifically,
they consider .

Sz, y) = (Z cq(n)> (1.3.2)
n<y \¢<z

for k£ = 1,2. From the elementary arguments, we have
Sl(x7y) =Y + O (xz) .

Chan and Kumchev refined the result to obtain broader support than y > z2. A
pair of real numbers (r,[) such that 0 < r < 1/2 <[ < 1 is called an exponential
pair if the average of exponential sums can be bounded by a certain bound with
exponents r and [. Chan and Kumchev decompose S;(z,y) into subsums and use
the exponential pair (1/2,1/2) from van der Corput’s method [29] for the same.

Similarly, from the elementary methods, it can be shown
ya?

+0 (x4—i-a:yloga:).

Chan and Kumchev [12] also sharpened the support by means of an analytic argu-

ment. More precisely, they used Perron’s formula and double complex integrals.

In [16], Cohen generalized the Ramanujan sums in the following way:

cg(n) = Z e (‘;—Z) = Zdﬁu (%) : (1.3.3)

1<j<q? dlq
(4,a%)s=1 dfIn

We refer to these sums as Cohen-Ramanujan sums. Here,

(7, qﬁ)g = max{lﬂ : lﬁ|j and l|q}.
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For 8 =1, it is the usual Ramanujan sums. In [55], Robles and Roy estimated the
average of the first and second moments of Cohen-Ramanujan sums using Perron’s
formula and double complex integrals. They also gave a result for higher moments
(Proposition 1.1), but their result for higher moments is incorrect, which we show
in Chapter 3.

In Chapter 3, we estimate higher moments for usual, and Cohen Ramanujan
sums using the Bréteche Tauberian theorem and the theory of functions of several
variables. The contents of Chapter 3 appeared in [28].

In the final part of the thesis, we investigate Ramanujan sums for number fields.
It is defined as follows: let K be a number field. If 7 and Z are non-zero integral

ideal in its ring of integers Ok, then Ramanujan sums over K are defined as

J
Ti|T
I|T
Here, N'(Z;) is the norm of Z; and pu(Z) is the generalization of classical Mobius

function such that

(=1)" if Z is a product of r distinct prime ideals,
w(Z) = { (1.3.5)

0 if there exists a prime ideal P of Ok such that P?|Z.

Note that for K = @Q, it is the usual Ramanujan sum ¢,(n) in (1.0.1).

The average of the first moment of Ramanujan sums over number fields is studied
by Nowak [50], Zhai [70], and Fujisawa [23|. Therefore, our study focuses on the
second moment of Ramanujan sums over number fields. In Chapter 4 we examine
the second moment for quadratic, cubic, and cyclotomic number fields and Priifer
domains. More generally, by pushing our arguments a little further, we can deal
with arbitrary number fields. We prove the first and second moment results for
them under the assumption of the generalized Lindel6f hypothesis. Part of the
contents of Chapter 4 appeared in [13] and [14].

In the last chapter, we conclude the thesis by pointing out some directions for
future research related to two variable variants of Ramanujan sums defined in (2.3.2)

and Ramanujan expansion.
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Ramanujan sums and the
Hardy-Littlewood Prime Tuples

Conjecture

In this chapter, we will derive a generalization of a limit theorem of Carmichael
(Theorem 1.2.1) involving Ramanujan sums adopting a different method, which
naturally leads to the study of certain arithmetical functions of several variables.
We apply the general theory to give a heuristic derivation of the Hardy-Littlewood
prime k-tuple conjecture which Hardy and Littlewood formulated using the more
complicated circle method. We also estimate the triple convolution of the Jordan

totient function using the convolution of Ramanujan sums.

11



RAMANUJAN SUMS AND THE HARDY-LITTLEWOOD PRIME TUPLES
12 CONJECTURE

2.1 The Hardy-Littlewood Prime Tuples Conjecture

A prime number p is called a twin prime if p + 2 is also a prime. For example,
3, 5, 11, 17, 41 are twin primes. It is conjectured that there are infinitely many
twin primes. In 1922, Hardy and Littlewood [30] generalized the celebrated twin
prime conjecture and formulated what is now called the prime k-tuple conjecture,
which is the following: Suppose that dy, ..., d; are distinct integers, and let b(p) be
the number of distinct residue classes (mod p) represented by d;. If b(p) < p for
every prime p, the prime k-tuple conjecture asserts that the number of n < x such

that all the k¥ numbers n + d; are prime for 1 < i < k is asymptotic to

T

G(dl’ 7dk>m7

where S(dy,....d) =[] (1_@> (1_119)k’ .

and the product is over all primes p.

Hardy and Littlewood formulated their conjecture using the intuition provided
by the circle method and essentially ignoring the contribution from the so-called
minor arcs emanating from the technique and focusing only on the major arcs.
Though the idea is simple, the analysis of the major arcs could be more complex
and delicate.

In 1999, Gadiyar and Padma [25] discovered a simple heuristic to derive the
case k = 2 (or the generalized twin prime conjecture) using a simple orthogonality
principle for Ramanujan sums originally discovered by Carmichael [10]. The key idea
of their proof is first to write the conjecture as a convolution of the von Mangoldt
function, which is possible as the von Mangoldt function is the best approximation
function for primes. Consequently, they use the Ramanujan expansion of the von
Mangoldt function (see (1.1.2)) and convert the problem into an estimation of the
convolution of Ramanujan sums. Though their approach does not lead to a solution
to the twin prime problem, it does open up other lines of productive investigations

related to the theory of Ramanujan sums.

Building upon the beautiful idea of Gadiyar and Padma, we obtain a heuristic
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proof of the Hardy-Littlewood conjecture for £ > 2. This is not straightforward,
and we encounter a multivariable generalization of Ramanujan sums, which in itself
demands further investigation. We begin with generalizing Carmichael’s theorem on
the convolution of Ramanujan sums. Our aim is to generalize Gadiyar and Padma’s

method. Therefore, we first need to find the convolution of Ramanujan sums.

2.2 Carmichael’s theorem revisited

It will be useful to re-derive Carmichael’s theorem through this new optic. We

consider

ZQ"(” + h)cs(n + ,]) _ 627riha/r627ribj/s Z€2ﬂ'm(a/r+b/s).

n<z (a,r)=1 (b,s)=1 n<x
Therefore,

: 1 N 2wiha/r 2mibj /s
QCILIEOEZCT(TL—i—h)CS(n—i-j) = e e
n<zx (a,r)=1,(b,s)=1
2+bez

Using our theory of fractions, it is now clear that the condition

b
Y
ros
can hold if and only if r = s and @ = —b which gives the limit to be ¢.(h — j). We

state this for future reference.

Lemma 2.2.1.
Z e2mihalr 2mibils — ¢ (B — )6,

(a,r):l,(b,s)ZI
2+lez

T s

where 6,5 1s the Kronecker delta function.
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2.3 'Triple convolution of Ramanujan sums

We will now consider “triple convolutions.” More precisely, let us consider

ZCT n)cs n+ h Ct n+] Z Z 2mihb/s Z e271'ijc/tZe2ﬂin(a/r+b/s+c/t).

n<z (a,r)=1 (b,5)=1 (c,t)=1 n<x

(2.3.1)
Let us first look at the case r = s = t. In here, the innermost sum is bounded unless

a+b+c=0 (mod r)and b+ cis coprime to r. Therefore, in this case, we have

1 : ‘
li_)m = Z ¢r(n)e,(n+ h)e.(n+j) = Z g2mithb+jo)/r
et n<w (b,r)=(c,r)=1
(bte,r)=1

This motivates the study of a two-variable variant of the Ramanujan sum.

Definition 2.3.1. For positive intergers r, h, and j the two-variable variant of the

Ramanujan sum is defined as

%’(hh]) — Z 2m’(hb+jc)/r. (2.3.2)
(br)=(c,r)=1
(b+c, r) 1
This function is worthy of independent study. For the case when r = p is prime,

the condition b+ ¢ coprime to p is always satisfied unless ¢ = p — b, so we have

Hp(h, j) = cp(h)ep(5) = cp(h = j).

Since ¢,(n) = ¢,(—n), this is a symmetric function of h and j as it should be. It

should be possible to derive similar formulas in the general case.

Let us consider the case when r,s,t are not all equal. The innermost sum in

(2.3.1) is bounded unless a/r + b/s + ¢/t is an integer. This means that

a bt+cs

T st

is an integer. We will first study the case that the three numbers r, s, ¢ are mutually
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coprime. Then
a bt+cs

r st

being an integer implies that r = st from the earlier discussion because then bt + cs
is coprime to st. Similarly, s = rt and t = rs from which we conclude r = s =t = 1.

Thus, we have:

Theorem 2.3.1. If r,s,t are mutually coprime, then

.1 :
xh_{](f)lo - Zcr(n)cs(n +h)er(n+j) =0

n<x

unless r = s =t =1, in which case the limit is 1.

This result holds in greater generality provided the p-adic valuations of r, s, ¢ are

distinct for some prime p. We examine this in the later sections.

2.3.1  Multiplicativity of 7. (h, j)

In this section, we will prove that J#.(h, j) is a multiplicative function of r.

Lemma 2.3.2. Let (m,n) = 1. Then (bym) = (¢,n) = 1, if and only if (bn +

cm,mn) = 1.

Proof. Let n = Hp p?() and m = Hq ¢"™) be the prime factorization of n and m,
where p’s and ¢’s are distinct since (m,n) = 1. Suppose that (b,m) = (¢,n) = 1,
and (bn+cm, mn) = d. Then, we have d =[], pr@gvald where 0 < v,(d) < v,(n)
and 0 < v,(d) < v,(m). For some p, one can write p*»(¥|bn + cm and so p*r@|c
which implies p*(¥|(¢,n). It is possible only if v,(d) = 0. Similarly, we can show
that v,(d) = 0, that is d = 1. Conversely, assume that (bn + cm,mn) = 1 and
(b,m) = d, then d|b and d|m. This implies d|bn + cm and d|mn. Therefore, we have

(bn + em, mn) = d which gives d = 1. Similarly, one can prove (¢,n) = 1. O

Remark 2.3.1. Let (m,n) =1and (bym)=(c,n) =1. If 1 <b<mand 1 <c¢<n,
then we have ¢(mn) choices for bn + c¢m. The lemma shows that each of these

numbers will be coprime to mn.
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Remark 2.3.2. For (m,n) = 1, one can represent every coprime residue class of mn

as bn + cm where b and ¢ belong to a coprime residue class of m and n, respectively.

Theorem 2.3.3. If (m,n) =1, then
Homn(h, J) = A (b, §) K (h, j). (2.3.3)

That is, ;. (h,j) is a multiplicative function of r.
Proof. From (2.3.2), we have

f/ni/mn(hyj) _ Z 62m’(hb+jc)/mn’

(bymn)=(c,mn)=1
(b+e¢,mn)=1
Next, from Remark 2.3.1, Remark 2.3.2 and Lemma 2.3.2, we see that for every
b and ¢, we can find by, bs, c1, ¢ such that b = byn + bom, ¢ = ¢in + cam, and

(by,m) = (c¢1,m) = (bg,n) = (co,n) = 1. This implies

%mn(h,]) = Z e27ri(hb1-|—jc1)/'rn Z 627ri(hb2+jcg)/n
(b1,m)=(c1,m)=1 (b2,m)=(c2,n)=1
(b1+4-c1,m)=1 (bytco,n)=1

= Hm(h, j)Hn(h, ).

2.3.2 Orthogonality property of 7. (h,j)

In this section, we show the principle of orthogonality for 7. (h, j).
Lemma 2.3.4. We have

) 1 N——
lim — " (h, ) Ko (b, §) = f(r)drs,
Yy—>00 Y h<z

J<y

where 9, 5 1s the Kronecker delta function and

foy="> 1 (2.3.4)
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Proof. From (2.3.2), we have

Y A K=Y Y 3 it 1ol

h<z h<z (b,r)=(c,r)=1 (V' ,s)=(c',s)=1
J<y JISY  (bter)=1 (V' +c,s)=1

_ Z Z Z eZwi(h(b/r—b’/s)—i—j(c/r—c’/s))

h<z (b,r)=(c,r)=1 (V',5)=(c',s)=1
ISY  (bter)=1  (V+c,s)=1

— Z Z Z e27ri(h(b/r7b’/s) Z 627ri(j(c/rfc’/s)_

(b;r)=(c,r)=1 (V',5)=(c’,5)=1 h<z i<y
(b+c,r)=1 '+ ,s)=1

(2.3.5)

The innermost sum is unbounded unless (b/r —¥'/s), (¢/r — ¢ /s) € Z. This implies

r=s,b="0b modr and, ¢ = ¢ modr. Therefore, we have

Z e2mi(h(b/r=b'/s) _ o o 0(1)

h<z

and
ZGZWi(j(C/T—c’/S) =yt 0(1)7

J<y
otherwise it is a bounded by O(f(r)f(s)). Compiling all results and substituting in
(2.3.5) yields,

7 Ao, A1) = ayf () + O(F(r)f(s)).

h<w
J<y

Dividing the above result by zy and taking + — oo and y — oo gives the required
Lemma 2.3.4. [

2.3.3 Fractions revisited

Since the innermost sum of (2.3.1) is bounded unless a/r+0b/s+ ¢/t is an integer.
Therefore, to simplify this condition for other cases, it may be useful to think of a
fraction as a rational number with “poles” at the prime divisors of the denominator.

This motivates the following “partial fraction expansion” of a rational number.
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Lemma 2.3.5. Let

q= H pvp(Q)
p

be the unique factorization of q as a product of prime powers. If 1 < a < q, we can

write

@ _ Zmpp—vp(Q) (mod 1),
q

plg

where 0 < m,, < 9 and this representation is unique.

Proof. We write Q, = q/ p*(@_ Since the greatest common divisor of all the Qp's is

1, we have, by the Euclidean algorithm, integers z, such that

a= Zl’p@p

plg

and dividing by ¢ gives

g =3 @,

plg

Now we choose m,, satisfying 0 < m, < p*»(@ such that my, = x, (mod p**(@) which

completes the proof. O

This lemma also explains why we could prove Theorem 2.3.1 when r,s,t are
mutually coprime relatively quickly. In that case, the “poles” of each fraction do
not interfere with each other, and the only way the “poles” can all disappear is if
r =s =1t = 1. That is, there are no “poles” to start with.

Since we will be working (mod 1), we can drop the condition p|g in the sum-

mation of the lemma. Thus, we can write any fraction as
a_ —~vp(9)
& S (@ (mod 1)
q p

and speak of the “order of the pole” at p as v,(¢). Now, the condition of the innermost

sum of (2.3.1) is that for every prime p,

2, (a)p~ " 4 2,(0)p~ + 2, (c)p~* =0 (mod 1). (2.3.6)
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If v, (), v,(s), v,(t) are all distinct for some prime p, this condition is never satisfied

and so we get:

Theorem 2.3.6. If for some prime p, v,(r),v,(s),v,(t) are all distinct, then

lim 1 Zcr(n)cs(n + h)er(n+j) =0.

r—00 I
n<zx

In other words, the only way we can have a possible non-zero limit is when, for

every prime p, at least two of v,(r), v,(s), v,(t) are equal.

2.3.4 The squarefree case

When r, s, t are all squarefree, then the set of values of v,(7), v,(s), v,(t) can only
be 0 or 1. Viewing this as a triple, (v,(r), v,(s),v,(t)) for which (2.3.6) holds, the
only possibilities are (1,1,1),(1,1,0),(1,0,1),(0,1,1). In any case, we can define

: fak bh cj
~ (kB ) = omi (42 LD 2.3,
Hy st 7) Z lexp(m<r +—+ )) (2.3.7)

S t
(a,r)=1,(b,s)=1,(c,t)=
24bicez
and determine the conditions when this function is non-zero. This determination
should be sufficient to extend the heuristic mentioned in the introduction to the

Hardy-Littlewood 3-triple conjecture in view of Hardy’s formula

(q)
(q)

=

W = ¢, (n), (2.3.8)

-

g=1

where the summation is over squarefree ¢. In this way, we seem to be getting
multivariable generalizations of the classical Ramanujan sums that are new and

worthy of independent study.

2.3.5  The evaluation of 7 ;,(k,h, j)

We will confine our attention to the case that r,s,t are all squarefree. As noted
above, the integrality condition forces either all v,(r), v,(s),v,(t) are equal to 1 or

exactly two are equal to 1 for every prime divisor p of rst. This suggests we write
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A= (rs,t)and U = (r,s)/A, V = (r,t)/A and W = (s,t)/A. The Venn diagrams
below may help the reader visualize the situation. The circles represent the set
of prime divisors of 7, s, t, respectively. Applying our theory of fractions, Figure 1
shows that r, s,t cannot have prime factors outside of A, U, V, W, and upon close

analysis (Theorem 2.3.7), our diagram shrinks to Figure 2.

A ' 5
(N /N

Indeed, using our theory of fractions (along with the Chinese remainder theorem),
we can separate the sum (2.3.7) into parts corresponding to A, U, V and W. We
then find:

Theorem 2.3.7. Let r,s,t be squarefree with (a,r) = (b,s) = (¢,t) = 1. Then
2424 ; —0 (mod 1) (2.3.9)
impliesr = AUV, s = AUW, and t = AVW with A, U, V. W all mutually coprime.

Proof. As noted earlier, using our theory of fractions, we see that if » has a prime
divisor not dividing AUV, it gives rise to a “pole” on the left-hand side of (2.3.9).

The same argument applies to s and t. O

Theorem 2.3.8. Let r,s,t be squarefree with (a,r) = (b,s) = (¢,t) = 1. Suppose
(2.5.9) holds. Then,

%,s,t(ku ha]) = %A(h - k?] - k)CU(h - J)CV(] - k)CW(h - k)7

where the cy, cy,cw are Ramanujan sums and J¢, is given by (2.5.2).
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Proof. We have already noted that
1 ‘ :
mlljgo - ; cr(n+k)es(n+ h)ey(n+7) = Hrsi(k, h, j).

This limit is zero unless the conditions of Theorem 2.3.7 are met. Since r is squarefree
and equal to AUV by the previous theorem, we see by the multiplicativity of the

Ramanujan sum that
¢ (n) = ea(n)cy(n)ey(n).
Similarly, ¢s(n) = ca(n)cy(n)ew(n) and ¢ (n) = ca(n)ey(n)ew(n). The integrality

condition, along with our earlier results, completes the proof. O

We can now supply the heuristic argument for the Hardy-Littlewood prime 3-

tuple conjecture, which we do in the next section.

2.4 A heuristic derivation of the Hardy-Littlewood

3-tuple conjecture

By partial summation, the Hardy-Littlewood 3-tuple conjecture is equivalent to

> A(n)A(n + h) (n—i—j)wxl;[(l—b(]Tp)) (1—%)_3, (2.4.1)

n<x

where b(p) is the size of the image of {0, h,j} (mod p). The product on the right-

hand side of (2.4.1) can be rewritten as

p’(p — b(p))
e

(p

Our objective is to present a heuristic proof of (2.4.1) by employing the convolution

of Ramanujan sums. First, we observe that

T:= 3" Am)A(n+h)A(n+j) Z¢ +hh)A(n+h)¢§1n—jjj)A(n+j).

n<x n<x
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To see this, we need only note that the sum on the left hand side is negligible if
n < x'7¢ for any € > 0. Thus, the sum on the right hand side can also be restricted

to 217¢ < n < z and in this interval, we have

o(n + a;)

E— A(n+a;) ~ An + a;).

where the summation is over squarefree q. Next, inserting the Ramanujan-Fourier

series of Hardy from(2.3.8), we, therefore, expect using Theorem 2.3.7,

T sty .
=~ 2 anaten O

r,8,t

Using Theorems 2.3.8 and 2.3.7, the right hand side can be written as

( ) #alhf)ew(h— ey (G)ew (h),

where the term p?(AUVW) ensures that A, U, V,W are all mutually coprime as
required by Theorem 2.3.7. Writing

falh,g)i= Y eulh = ev(G)ew(h), (2.4.2)

UVW=d

we can rewrite our sum in a simpler way as

— m) n(d) | |

m=1

The inner sum is a multiplicative function of m. For m = p a prime, we have that

the inner sum is Ji/(h )
) . .
];)T — J(h, ) fp(h, 7).

Thus the sum can be written as a product:

1T <1 = 1 {cp(h)Cp(j) —cplh—Jj) (colh — 5) + cp(h) + cp(j))}> :

—_1)2 _
» p—1) p—1




2.5 A SYNOPTIC VIEW OF ARITHMETICAL FUNCTIONS OF SEVERAL VARIABLES

Let us first consider the case b(p) = 3, that is, when 0, h, j are all distinct mod p. In
particular, h,j and h — j are all coprime to p. Using our formulas for each of these

terms, we find the Euler factor is

p’(p—3)
(p—1)3

as predicted. If b(p) = 1, then p divides both h and j. Again, the Euler factor turns

out to be )
p

(p—1)?
as predicted by the conjecture. Finally, when b(p) = 2, then possible cases are p
divides h and j is coprime to p or p divides j and h is coprime to p or both h and j

are coprime to p and p divides h — j. In all cases, the Euler factor is

p’(p—2)
(p—13

Thus, in all cases, the Euler factor is consistent with that predicted by the Hardy-

Littlewood conjecture.

Remark 2.4.1. This method involves leveraging exponential sums to estimate the
triple convolution of Ramanujan sums. Unfortunately, the generalization of this
approach for the case when k > 3 leads to a calculation of exponential sums of
several variables, which is not easy to solve. Therefore, when k£ > 3, we adopt a
different method, which leads to the study of certain arithmetical functions of several

variables.

2.5 A synoptic view of arithmetical functions of

several variables

The theory of arithmetical functions of several variables was initiated by Vaidyanath-
swamy [67] in 1927. Apart from sporadic and isolated results, no formal theory has
emerged and it seems timely to delineate such a theory. Several expositions will

assist us in developing the theory such as the one by Toth [66].
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An arithmetical function of several variables is a map f : N¥ — C. We will use
vector notation as much as possible. Thus n will denote the k-tuple (ny,--- ,ng).
Following [67], we will say the vector d divides n (and write d|n) if d;|n; for 1 <i < k.
The constant function 1 is simply the function that assigns the value 1 for every
k-tuple. We will write n/d to mean the vector (ny/dy, ..., ng/dy).

We define the Mobius function p by

p(n) = p(ny) - p(ng),

where p is the classical Mdbius function. We then have the generalization of the

Mobius inversion formula:

= g(d) <= gn) = pld)f(n/d).
dln

dln

There are several ways to generalize the notion of a multiplicative function of
a single variable to the several variable context. In 1931, Vaidyanathaswamy [67]
was the first to give the definition that is suitable for our purposes. Selberg [60]
seems to have rediscovered this definition much later in 1977 in his paper dealing

with extensions of the large sieve.

We say a function f is multiplicative if

f(ml, ...,mk)f(nl, ,nk) = f(mlnl, ,mknk)

provided (my ---myg,ny---ng,) = 1. With this definition, it is not true that if
we fix one component, ny (say), then f(n,...,ng) is a multiplicative function in
the remaining variables ns, ..., ng. (Selberg says otherwise on pages 233-234 in his
paper [60] and as he does not use this, the results of his paper are unaffected.) For
instance, the Ramanujan sum ¢,(n) is a multiplicative function of ¢ for fixed n but
is not a multiplicative function of n for fixed q. However, ¢,(n) is a multiplicative
function of two variables ¢, n as we have defined it above using Vaidyanathaswamy’s
definition. In particular, y is multiplicative and generally, a multiplicative function
f is completely determined by its values f(p",...,p") for every prime p and every

tuple (vy, ..., v;) € NF.



2.6 GENERALIZED CHINESE REMAINDER THEOREM 25

It is not hard to see that if f and ¢ are multiplicative, then so is their Dirichlet

convolution f x g defined as

(f*9)(n) = f(d)g(n/d).

dln

For multiplicative functions f, we can introduce a formal Dirichlet series of

several variables along with an Euler product:

Z“"?’:: —H( > fmf:’isﬁ)-

=0

2.6 Generalized Chinese Remainder Theorem

We will use the following variant of the classical Chinese remainder theorem.
The familiar version is often stated when the dy, ..., d; are pairwise coprime. It is
a simple exercise to derive this general version from the classical version (see for

example, the inductive proof on page 155 of [61]).
Lemma 2.6.1. For a fized set T ={ay, -+ ,ax} and dy,--- ,dy € Z, the system

aq mod d1

8
Il

(2.6.1)

r =a; modd

has a solution if and only if (d;, d;)|(a; — a;) for all 1 <i,j < k. When the solution

exists, it is unique modulo [dy,- -, dy].

Proof. Our proof is direct and more conceptual than the one in [61]. For a prime
p, let v,(n) be the largest power of p dividing n. Then, the system of congruences
(2.6.1) is equivalent to = a; (mod p¥»(®)) for 1 <4 < k and all primes p dividing
the lem [dy, ..., dy]. Therefore, it suffices to prove the theorem when all the d; are
the powers of a single prime p. The result is now self-evident since the existence
of a solution implies that (d;,d;)|(a; — a;) for all 1 < 4,5 < k. For the converse,
the condition that (d;,d;)|(a; — a;) for all 1 < 4,j < k implies the compatability
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of the a;. That is, if v,(d;) < v,(d;), then a; is indeed a “lift” (mod d;) of a; as
required. O]

From now on, we will fix T" and define a function

1 if (2.6.1) has a solution,

(2.6.2)
0 otherwise.

g(d1,--- 7dk) — {

2.7 Higher convolutions of Ramanujan sums

We will generalize the Carmichael’s orthogonality limit Theorem 1.2.1 in the
following way. Let T = {a1,as,...,ar} be a given multiset of integers. Then, the

limit

1
f(qlv 7(Ik:) = :EILIEO E ;qu(n + (11) e CQk(n + ak:)’

exists and can be evaluated as follows. From (1.0.2), we have

d1lq1,--,dk|qk n<z
dilai+n, dilag+n

Therefore, from (2.6.2) we have
val @\ 9(di, -, di)
= E d —|---d — | =—/——% 2.7.1
f(Q17 an) 1M (dl) 3% (dk) [dl,-n,dk] ) ( )

Since g¢(dy, ...,dy) is multiplicative, we see that f(ni,...,ng) is multiplicative.

This proves the following generalization of Carmichael’s theorem.

Theorem 2.7.1. For fixed integers ay,--- ,a and q1,--- , qx, we have
1 _ G @\ 9(dy, .., dy)
mlggog Z:CQ1(n+a1) o 'C%(n+ak) - W X:d | dl:u (d_l) e 'dk,u (d_k:) m
nxxr 1(41,--+5 k |9k

Since the function on the right-hand side of the above theorem is a multiplicative

function, it suffices to determine the values f(p",...,p") for a fixed prime p. For
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our application, we need this when all the v; are less than or equal to 1. We will

derive the required formula in the next section.

It is worth highlighting that in the case k£ = 2, our Theorem 2.7.1 agrees with
Carmichael’s theorem. Indeed, to verify this, we must compute explicitly f(qi,q2)
and ascertain its identity with Carmichael’s limit. That is, we must check f(q1,q2) =
0if ¢1 # ¢2 and ¢4(h) when ¢; = g2 = ¢. By multiplicativity, it suffices to determine
f(p®,p°) for a fixed prime p. Without any loss of generality, we may suppose that
a < b. The sum (2.7.1) has only four terms corresponding to d; = p® or p®~! and
dy = p® or p*~'. In the case a < b— 1, the summation is easily checked to be zero. In
the case a = b, the summation is p® — p®~! = ¢,a(h) since p®|h by the compatibility

condition of Lemma 2.6.1 to ensure a solution.

2.7.1 Explicit evaluation of f(p", ..., p")

We define an equivalence relation on {1,2,...,k} using T. We say i ~ j if and
only if a; = a; (mod p). This partitions 7" into equivalence classes C;. Let b(p) be
the number of equivalence classes. Note that this induces an equivalence relation on
any subset S of T" and the corresponding equivalence classes for S are simply SN C;

(some of which can be empty).

Lemma 2.7.2. For 0 <wv; <1 for1l <i <k, we have

_1)ISI
f(pvlv "'7pvk) = (_1)|S| + % Z[(l _p)‘CimS‘ - 1]
C;

where S = {i: v; = 1}.

Proof. As remarked earlier, the equivalence relation on 7' induces an equivalence
relation on S. From (2.7.1), we see that in the sum for f(p*, ..., p'*), the contribution
from d; = dy = --- = d,, = 11is (—1)Il. For the remaining tuples of divisors
(dy,...,dy), we must have d; = p for some i € S. If d; = p for some other j # i,

then we must have j equivalent to ¢ by the definition of our equivalence relation. In
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other words, the remaining sum can be re-written as

|cins|

Z Z <|C mS|) YRNCE 1)!sl Z p)ensl 1]

Ci

which completes the proof. O

Theorem 2.7.3. Let T (mod p) have size b(p). Then,

S s -(-2) ()

Proof. To evaluate the sum on the left hand side, we need only consider the terms

with v; < 1 for all 1 <17 < k because the Mdbius function vanishes otherwise. We

insert our formula for f(p",...,p") from Lemma 1 into the sum to get

> skt o S e -,

p c.

where S = {i: v; = 1} (as before). The first part of the sum is easily evaluated:

E: u;;l ¢8;£(—1Y“==§§:(§)(p_}1y <1+—5{21)k. (2.7.2)

Jj=0

The second part of the sum is a bit more delicate. Let [k] denote the set {1,2, ..., k}.
Since the product of the Mobius functions is (—1)°! and the product of the ¢

functions is (p — 1)1, we get

1 ;NS
D= e IEEARY

0£SCIK]

We interchange the sums to get

Z Z Z ISI p)|C¢ﬂS| _ 1].

C; @¢5cw

We examine the inner sum. Writing A = C; NS we see that S = AU B (where U
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denotes disjoint union) and B C [k]\C;. Since |S| = |A| 4 |B|, the sum becomes

1— Al —1 1
_ZZ _1\A\ Z (p— DB

Ci ACC; BC[K\C;

The innermost sum is equal to

Now

because

1 — p)lAl "
> o= S =0

acc, \P

Putting everything together gives

|Ci] k—1C;i k

1 1 1 1

- <1+—) (1+—) __bp) (1+—) :
P p—1 p—1 p p—1

Combining this with the first part (2.7.2) gives the desired result:

(o5) (-4 (-6

2.8 A heuristic derivation of the Hardy-Littlewood

k-tuple conjecture

We can now combine the above discussion and give the promised heuristic deriva-

tion of the Hardy-Littlewood prime k-tuple conjecture. By partial summation, the
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conjecture is easily seen to be equivalent to

> Antar)---An+ay) NxH(l—@) (1—]10)_k, (2.8.1)

n<x

where b(p) is the size of the image of Tmod p.

Our objective is to present a heuristic proof of (2.8.1) by employing the convo-

lution of Ramanujan sums. First, we observe that

T ::ZA(n—i—al) A(n+ay) Z¢ nta) ¢(n+ak>A(n+a1)--~A(n+&k).

n a n a
n<lz n<z Ta T a

This modification enables us to use Hardy’s formula

n):w@

> 5(a) cq(n (2.8.2)

where the summation is over squarefree q. Next, inserting the Ramanujan-Fourier
series of Hardy from equation (2.8.2) and ignoring issues of convergence, we expect

upon using Theorem 2.7.1,

Z /j’ (Q)f(ﬂh,"',%)-

= 1 - O(qr)

Therefore, the Hardy-Littlewood constant is expected to be equal to

plqr) - - - plgr)
mf(ql,...,qk). (2.8.3)

We want to show that this agrees with the classical evaluation of this constant as
b 1\ "

(-7)(5)

» p p

where b(p) is the size of the image of T' (mod p).
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By multiplicativity, the series in (2.8.3) can be written as the Euler product:

-----

We now examine the p-Euler factor and evaluate explicitly f(p™,...,p%) for 0 <
v; < 1for 1 <17 <k. Let us henceforth fix p, then from Theorem 2.7.3, we obtain

the required result.

2.9 Triple convolution of the Jordan totient func-

tion

We can obtain the convolution of other arithmetic functions using the results of
the convolution of Ramanujan sums. To illustrate, we estimate the triple convolution

of the Jordan totient function.

For a positive integer «, the Jordan totient function is defined as
N 1
qﬁa(n)::nH 1—2; :

When a = 1, it coincides with the Euler totient function. In [24], the authors ob-
tained the shifted 2-convolution of the Euler totient function employing the Ramanujan-
Fourier series and the orthogonality property of Ramanujan sums. Later, Balasub-
ramanian and Giri [8] derived an asymptotic formula for the weighted shifted 2-
convolution of a class of functions sufficiently close to the constant function f(x) =1
for all x using the information about the average value of weight function in arith-
metic progressions. Consequently, they also obtained the shifted 2-convolution of
the Euler and Jordan totient functions. Alternatively, one can obtain the shifted
2-convolution of the Jordan totient function using the orthogonality property of Ra-
manujan sums. In this section, we estimate the triple convolution of the Jordan

totient function.
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Theorem 2.9.1. For positive integers o, h, and j, we have as x tends to infinity,

¢ n) ¢a(n + h) ¢a(n + j)
E: (n+h)> (n+j)

n<x

3 1 3p* — 1
~z[] (1~ 1+——————) (1+f—————),
];[ ( pa-i-l) H ( p2a+1 _ 3pa H p3a+l _ 3p2a

P P
b(p)=2 b(p)=3

where b(p) be the number of distinct residue classes (mod p) represented by 0, h and

J.

When o = 1, Theorem 2.9.1 provides the convolution formula for the Euler
function. Mirsky has also explored the convolution of the Euler function [44] through
a distinct methodology. Mirsky examined a specific class of functions and employed
their properties to express the k-convolution of a function as a simultaneous solution
to k congruence equations. It is worth noting that Mirsky’s method can also be

employed to derive Theorem 2.9.1.

Proof. Ramanujan [52] obtained the series expansion of Jordan totient function in

terms of Ramanujan sums given by:

¢a<n) . 1 - M(r) c(n
w " et D 2 A (29.1)

The above Ramanujan-Fourier series is absolutely convergent. This implies

¢ n) ¢o(n +h) ¢o(n +7)
Z (n+h)> (n+j)

n<x

_ 15 p(r)p(s)n(t) et BV (4
= AT 2, G ()5 0) 2 1 R+

n<x

We define

¢ Pa(n + h) pa(n + j)
22 n+m (n+j)>’

n<zx
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Next, using Theorem 2.3.7, we have

o0

_ p(r)p(s)p(t) _
Gla+1) Rt Gai1(r)bar1(8)dari(t) Hy 50,0, 7).

~

r 1
x
Therefore, using Theorems 2.3.8 and 2.3.7, the right hand side can be written as

1 : AR (V)
FarD 2, A ) G B D) (Vs T)

Ha(h, j)eu(h—j)ev(d)ew(h),

where the term p?(AUVW) ensures that A, U, V,W are all mutually coprime as
required by Theorem 2.3.7. From (2.4.2), we can rewrite our sum in a simpler way

as

T Z¢ > D A ) falh )

a+1 Ad: ¢a+1( )

The inner sum is a multiplicative function of m. For m = p a prime, we have that

the inner sum is

Jp(h, )

pa+1 1 - ‘ji/l(hvj)fp(hm])

Thus the sum can be written as a product:

1 H (1 _ (pa+11_ 1)2{Cp<h)cp(j> - Cp(h - j) _ (Cp(h —j) + Cp(h) + cp(]))}> .

CS(& + 1) . pa+1 —1

Let us first consider the case b(p) = 3, that is, when 0, h, j are all distinct mod p.
In particular, h, 7 and h — j are all coprime to p. Using our formulas for each of

these terms, we find the Euler factor is

1 1 2
WH (1 R e +3}) |

If b(p) = 1, then p divides both h and j. Again, the Euler factor turns out to be

el (- g S -0},

Finally, when b(p) = 2, then possible cases are p divides h and j is coprime to p
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or p divides 7 and h is coprime to p or both A and j are coprime to p and p divides

h — 7. In all cases, the Euler factor is

C?’(a;H) 1;[ (1 - (pa“1— 1)2{;&2“_19)1 ~le- 3)}) '

By combining the above cases, we have

3 3p* —1
P I () I (i)
1;[ potl H platl — 3pa H Batl _ 3,2

p p
b(p)=2 b(p)=3

Using Theorem 2.9.1, we conclude that

Corollary 1.

> Ga(n)pa(n + h)a(n + j)

n<x

p3a+l . 3 | 3p* —1
T30+l H T patl H LG p2a+1 —3pe H patl _ 3p%a )
p

p p
b(p)=2 b(p)=3

where b(p) is the number of distinct residue classes (mod p) represented by 0, h and

J-

Proof. We can write

(ZS ¢an+h)¢a<n+]) a
=2

CET R USRI

D" Ga(n)da(n + h)a(n + j)

n<x n<x

(2.9.2)

From Theorem 2.9.1, we have

fulr) guln + 1) guln +.)
=2 e g O

n<x
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where

) I ) )

P P
b(p)=2 b(p)=3

Therefore, applying partial summation formula to right side of (2.9.2) yields

> Ga(n)pa(n + h)ga(n + j)

n<x

= 2%z + h)*(x+ j)*A(z) — /lx A(t)%(to‘(t + h)(t+ 5)*)dt

3o x3o¢+1
~(1- Satlcr — C
( 3a+1>$ 3o+ 1
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Moments of Ramanujan sums over QQ

In this chapter, we estimate the higher moments of averages of Ramanujan sums
and Cohen-Ramanujan sums using the Breteche Tauberian theorem. The ques-
tion on the average order of moments of Ramanujan sums was first considered by
Chan and Kumchev [12] motivated by applications to problems on Diophantine ap-
proximations of reals by sums of rational numbers. More precisely, they estimated

asymptotic formulas for

Si(z,y) =) (Z cq(n)> (3.0.1)

n<y \q<z

for k = 1,2 using both elementary and analytic techniques. They proved that for

y 2>,
2

T _
Si(w,y) =y — )] +0 (zy"Plogz + 2°y ™). (3.0.2)

37



38 MOMENTS OF RAMANUJAN SUMS OVER Q

Also, for y > x?(logz)? and for B > 0,

?MQ 4
Solz,y) = +0 (2" + zylogz),

2(2)
and for x <y < 2%(logz)?
S2(:) = 5oy (1 26(u)) + O (e logala™ 2+ (u/2) M%), (303

where u = log(yxz™?), and r(u) is defined as

K(u) = % /°° f(it)e "™ dt, where f(s):=

For any € > 0, it satisfies

r(u) > =04, r(u) < exp —|ul>°¢.

In particular, k(u) = o(1) as |u| — oc.

3.1 Main results

The behavior of (3.0.1) for £ > 3 is an interesting question for several reasons.
First, since this problem prompts an exploration of the theory of the arithmetical
functions of several variables, a study initiated by Vaidyanathaswamy [67] in 1931
(see details in Section 2.5). This theory is still in evolution and several recent papers
[11, 20, 57] highlight the importance of developing such a theory. Second, the earlier
known result on higher moments of Ramanujan sums is determined to be incorrect.
We derive the asymptotic behavior of the moments of Ramanujan sums (3.0.1) for
k > 3. This result is an important step in developing the theory of the arithmetical

functions of several variables. More precisely, we prove:

Theorem 3.1.1. For k >3 and y > 2%, as x — oo, we have

Sk(z,y) = yz*Q(logx) + O (y=* '),
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where Q € R[X] is a polynomial of exact degree 28 — 2k —1 and 0 < 6 < 1.

Ramanujan sums have applications in the study of arithmetic functions and
Fourier analysis. Generalizing these sums can provide new tools and methods for
solving problems in these areas. Therefore, in [16], Cohen generalized the Ramanu-

jan sums defined as:

cg(n) = Z e (‘ZI—Z) = Zdﬁu (%) : (3.1.1)

1<j<q? dlq
(4,4°)p=1 d®In
where
(7, q'B)B = max{l'g : l5|j and l|q}.

We refer to these sums as Cohen Ramanujan sums. He obtained that these sums
have several interesting properties of these sums similar to the usual Ramanujan
sums. Robles and Roy [55] computed the moments for Cohen Ramanujan sums.
However, in their study presented in Proposition 1.1, it is implied for £ > 1 and

£ =1 that
3y’

T2

Sk(z,y) = + O(yxlog z + % log" z), (3.1.2)

for y > 2 log"*! . This is correct for k = 2, but for k = 4, the theorem contradicts

itself, as can be seen by a simple application of the Cauchy-Schwarz inequality:
Sa(w,y) < y'/Su(w,y)' 2.
If we denote the moments of Cohen-Ramanujan sums by Sy s(z,y) = >, ., (qux cf(n)) ’ :
then, applying our method to obtain the higher moments of these sums, we get:
Theorem 3.1.2. For k>3 and y > z*B+D/2 45 v — 00, we have
Skp(w,y) = yr*PTV2Q(log x) + O (yat+I20)

where Q(log x) is a polynomial of exact degree 28 — 2k —1 and 0 < 6 < 1.
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3.2 The Bréteche Tauberian theorem

The study of (3.0.1) inevitably leads us into the theory of arithmetical functions
of several variables. In the one variable case, the classical Tauberian theorems pro-
vide us with asymptotic behaviours of the summatory function of the non-negative
arithmetical function of a single variable by relating it with the analytic properties
of the associated Dirichlet series. In the multivariable case, a similar theorem exists,
but it does not seem to be well-known. The extension of Cauchy’s residue theorem
for functions of several variables seems to have first been addressed by Leray [39] in
1959 using the language of sheaf theory. Later, in the 1980’s, Cassou-Nogues [11]
and Sargos [57] derived more precise results that could be applied to counting prob-
lems involving arithmetical functions of several variables. We should also mention
the work of Lichtin [40] in this regard. In the early part of the 21st century, Bréteche
[20] derived a multi-variable version of the Tauberian theorem using classical meth-
ods of analytic number theory, and it is this version that we apply to our situation.

His theorems in this context are as follows.

Theorem 3.2.1. Let f : N¥ — R be a non-negative function and F the associated
Dirichlet series of f defined by

= f(ny, - mg)
F(s)=F(si,- -+ s6) = Y ETRT
ni, - ,Np=1 1 k

Denote by LR} (C) the set of non-negative C linear forms from C* to C on RE.

Moreover, assume that there exists (c1,- - ,cx) € ]R’i such that:
1. For s € C*, F(sy, -+ ,s;) is absolutely convergent for Re(s;) > ¢; for all
1<i<k.

2. There exist a finite family £ = (19)1<i<, of non-zero elements of LR; (C), a
finite family (R9)1<i<y of elements of LR} (C) and 6,, 02,83 > 0 such that the
function H defined by
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has a holomorphic continuation to the domain

D(1,83) = {s € C*: RelV(s) > —8, foralli=1,---,q and
Reh@(s) > =8, foralli=1,---,q'},
and verifies the estimate: for e, € > 0 we have uniformly in s € D(5;—¢, d3—¢€')
q

H(s) < [ (1tmi9(s)| + 1)

=1

—d2 min el (s
1—6 (O,Rl ()) (1+(Im51+"'+1m5k)€)‘

Set J =J(C)={j €{l,-- ,k} : ¢; = 0}. Denote w to be the cardinality of
J and by j1 < --- < jy its elements in increasing order. Define the w linear

forms 197 (1 < i <w) by 19T (s) =€ (s) = s;,.

Then, for any B = (B1,-++,Br) € (0,00)%, there exist a polynomial Qs € R[X] of
degree at most ¢ +w — Rank{IV),--- 1D} and § > 0 such that as x — oo

Z - Z f(nh .. ;nk) — x<C:B>Qﬁ<lng) +0 (I<c,ﬂ>—0) ‘

ni<zP1 ng <Pk

Here, < -,- > denotes the usual dot product in RF.

The next theorem gives a determination of the precise degree of the polynomial
()p appearing in the previous theorem. Denoting by R} the set of strictly positive
real numbers, the notation con*({IV, ... 1(@}) means Rf IV + ... + RFI@,
Theorem 3.2.2. Let f : N¥ — R be a non-negative function satisfying the assump-
tions of Theorem 3.2.1. Let B = (B1,-++,B) € (0,00)* and set B = Zle pier €
LR, (C). Then, if Rank{lV,--- 1@} =n, H(0) # 0, and B € con*({IV), ... [1D}),
then deg(Qg) = ¢ +w — n.

3.3 Higher moments of Ramanujan sums

To obtain the higher moments of Ramanujan sums, we use (1.0.2) and substitute

in (3.0.1). After changing the order of summation, we arrive at the function

f(ny,...,ng) == Z w(ny/dy) - p(ng/d)g(ds, ..., dy) (3.3.1)

di|ni,dz|ng, ...dg|ng
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where

L ongeemy,
g(ny,...,ng) = m
Since g is multiplicative, we see that f is multiplicative by our remarks in Section
2.5. We will show that f(nq,...,n;) satisfies all the hypotheses of Theorems 3.2.1 and

3.2.2 and apply these theorems to obtain the average order of the above function.

3.3.1 Dirichlet series of f(nq,...,n)

Theorem 3.3.1. For the function f(nq,--- ,ng), we have

Z f(zll’—{:k) = H Csr =) +1) | E(s1,--+,8k), (3.3.2)

T =

[7]>2
where [k] :== {1,---  k} and for any subset I = {ly,--- 1.} of [k], we have s; :=
Sy 4+ +s,. and E(sq, ..., s) is a Dirichlet series absolutely convergent for Re(s;) >
1-1/k.

Proof. 1t is easy to prove that a factorization of the form (3.3.2) exists as follows. We
first note that f(dy,--- ,dy) is a convolution of multiplicative functions. Therefore,
from (3.3.1), we have

f nl) , g dla ’ ) S :u(61>” /‘L(ek)
Z Ce Z dsl L. S Z W
nep=1 <dp=1 €1, ,ep=1
1 io: g(dla 7dk)
C(s1)---Clsp) P A3t di

(3.3.3)

since

We examine the series on the right of (3.3.3) as follows.

1+ +vE —max (v, -,vk))

d ) 7
Z g dsll - 5 H ( Z £ pS1vIt sk

dp=1 -, u=0
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o o pU1+"'+Uk
= -n S 4
H ZP Z p51U1+"'+3k’U}c ’ (3'3' )
P n=0 v, 0 =0
max(vi, Uk )=n
The Euler factor can be written as
. > ULt UE © pULt e
— —n
L+p Z p51v1+ 8KV ZP Z ps1vit sk ) (3'3'5>
V1,0 =0 vy, 0 =0
max(vi, - ,vg)=1 max(vi, - ,Ug)=n

The inner sum in the second summation is actually a finite sum with at most (n+1)*

terms and with o = Re(s;), it is easily estimated to be
< (n + 1)kpkn(170').

This means that

e e p'U1+"'+Uk
—-n
Z Zp Z S1V1+++Sk Vg
p n=2 V1,0 =0 p

max (v, ,Ug)=n
converges absolutely for Re(s;) > 1—1/k. We can therefore factor the Euler product
in (3.3.4) to get

g(dy, -+, ) 1 - puLT Ok .
Z dsl... S o H 1+p Z ]m E (517"'7Sk>7
*1 P U17~~,Uk=0

max (v, ,vg)=1

where E*(sy, ..., sg) is a Dirichlet series absolutely convergent in Re(s;) > 1—+. The

Euler product above can be analyzed as follows. The p-Euler factor can be wrltten

o> I

(2)751 Clk] i€l

as

where T; = p~*. This observation allows us to further factor the Euler product as

IT <Csr—111+1) ) B*(s1,0s0)

OAICK]
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where E**(sy,...,8;) is a Dirichlet series absolutely convergent for Re(s;) > 1/2.

Combining all these observations and setting
E(s1y..0y8k) = E*(51, .00y Sp) E™ (51, ..y Sk),

we obtain

Z gjj;m’s’“): I ¢Gsr=11+1) | E(si, .oy s0).

dy,-dp=1 k D#IC[K]

Taking into account (3.3.3) and noting that the singleton sets are removed from our
product of zeta functions, we obtain (3.3.2), as claimed. O]
Remark 3.3.1. Though it is not needed for our purposes, we can determine E(sq, ..., S)

very explicitly:

Z@;é[g[k](—l)m(pll\*sz _ 1) H@é;%[k]u _ p|J|fstl)
E(sy,- -+ ,s1) =
H 14 Z@#gk](_nulpm-sz

To see this, let p= =T, --- ,p~® =T} as before. Then,

° V1 0

p V1t U UL Vi
Z pslv1+~"+skvk o Z p Tl o Tk
vy, ,0=0 vy, ,0=0
max(vy, Uk )=n max (v, ,vg)<n
0
_ vitetvpur o ik
E p T Ty

) iz

-n

Now, multiplying this by p~™ and summing from n = 0 to oo gives, (using the
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abbreviation T = p~°7),

Z S ()l (D iy
Hz—l

n=0 O£IC|[k]

I
2. (DY ( P )
Hf:1(1 —pT;) O£IC (K] 1 —pll=1Ty 1 —pll=iTy

— 1 o (P T -1
" 2, ()

0AIC K]
We therefore have from (3.3.4) and (3.3.6), and the above calculation that

gldy, -- ,)_ 1 o P =1
2t g 2, ()

dp=1 3 V) OAIC[K]

= | II <Gr=I+1) ) E@si-s0). (3.3.7)
0AICIH

Here,

Spzrcp (DM@ — 1) H@#C[k](l — pVI71Ty)
1;[ [T, (1 - pT)

aeacy (=067 = D Toracp (1 = 77T
1;[ L+ gsrepm (= i ‘meI

&5
—
»
—

| |

From this explicit expression, the region of absolute convergence for F(si, ..., sx) is
not immediately clear and thus, we have opted for the more expedient method in

the proof of our theorem.

3.3.2 Non-negativity of f(ny,...,ng)
In this section, we will show that f(ni,...,nx) is a non-negative function, thus

paving our way for an application of the Bréteche Tauberian theorem.

Theorem 3.3.2. f(ni,...,ny) >0 for all (ny,...,n;) € N*.
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Proof. Since f is a convolution of two multiplicative functions, it is also multiplica-

tive. Therefore, to prove the lemma, it suffices to show for each prime p,

fp™,p™,...,p™) >0, vy, .y 05 > 0.

Since f is symmetric, we can suppose without any loss of generality that v; > vy >
-+« > v. We proceed by induction on k. For k = 1, the result is clear. We may also
suppose that all v; > 1 for otherwise, we are again done by induction. If v; > w,,

then noting that
f(pm’pw’ "'7pvk) = (338)

P pYr RN pr
do) -+ uld o — | = v e o —

da|p¥2,...,dx |pVk

o (i 2 g (12 ) (e
7d27 ’dk 7d27 7dk Y d27 ’dk

(SN i DO R L R i
? d2 PIREEE dk Y d2 g ey dk Y d2 PR dk .

We see in this case that the ged in both cases is the same and so the term in braces

we have

and

in (3.3.8) above is zero. Now suppose that v; = vy = -+~ vy > vy > -+ > v We

have

F@ ™) = D pldh) - pldi)g(p™/dy e p d).

di|p,....dx|p
Noting that in the sum over divisors that each d; can only be 1 or p, we arrange
the sum as follows. We write d; = p® where e; = 0 or 1. We can then identify each

tuple (dy, ..., dy) with a subset I C [k] where I = {i : ¢; = 1}. Our sum becomes

f(pvl, “"pvk) _ Z (_1)|I\ps—|l\—max(vi—eizlgigk)7
IC[K]

where

5:U1+“'+'Uk.
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We let Iy = {1,2,...,¢} and set ' = vg+ - - - 4+ v;. We split the sum on the right into

PO D DU D DR

I:INIp=0 I:0#INIp#Io I:1D21o

three parts:

Letting J ={¢+1,--- , k}, the first part is equal to

1\ Ft
St (1-2)
1cJ p

because in this case max(v; —e; : 1 < i@ < k) = v;. In the second part, we again

have max(v; —e; : 1 <1i < k) = v; so that the second part is equal to
, payg - 1\
S (= ( ) (~1pp (1 - —) |
L:0£INIg#£Iy 7j=1 J p

Finally, in the third part, max(v; —e; : 1 <i < k) = v; — 1 so that the third part

equals

k—¢
I s _ 1
Z (_1)|I|ps+l |1] —p +1 é(_l)f (1_]_9> )

I:1D1Iy

Notice that the first part and the second part combine to give

/-1 k—¢
G (-5)
— P

J

since the term corresponding to 57 = 0 is the contribution from the first part. Putting

everything together gives

» Z (§) v (1- %)“4—1)%’4 (1- %)HH?S'“_Z(—UZ (1- é)

This simplifies to

1 k 1 4
ps (1 o 1_)) + (_1)( (1 _ ]_9) <p5 +1-¢ _ps —K) ]

Noting that ¢ > 2, we see that this is certainly positive if ¢ is even. If ¢ is odd, the
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term is equal to

k k—¢
’ 1 1 / — s —
»° (1_5) _(1_]_)> (ps+1 t_p £>'

We easily see that this reduces to checking that
p¥(p—1)" > (ps/“‘ﬁ — psl‘é> =p'(p—1),
which is evidently true. This completes the proof of non-negativity. n

3.3.3 Average order of f(ny,...,ng)

The average order of the function f(ni,...,nx) is the most essential step in the
proof of Theorem 3.1.1. In this section, we estimate an average of f(nq,...,ng) as

an application of Theorems 3.2.1 and 3.2.2.

Theorem 3.3.3. For 0 < 6 < 1, we have as x — o0

Z f(ng,....,ng) = 2*Q(logz) + O (xk’g) ,

where Q € R[X] is a polynomial of exact degree 28 — 2k — 1.

Proof. In Theorem 3.3.2, we proved that f(ni,...,n;) is non-negative and in The-
orem 3.3.1, we proved f(ni,...,ng) has an absolutely convergent series F(s) for
Re(s;) > 1 for all 1 < ¢ < k. This shows f(ni,...,n;) satisfies (1) of Theorem
3.2.1. Next, we show that f(ni,...,ny) also satisfies (2) of Theorem 3.2.1. Write
1 =(1,---,1) then, F(s + 1) is an absolutely convergent series for Re(s;) > 0.

Therefore, for the linear forms [];c 57, define the function
1]>2

H(s):=F(s+1) ][] s
ICIK]
[7]>2
Since ¢; = 1 for all 1 < ¢ < k, we take ¢’ = 0 in the notation of Theorem 3.2.1.
Furthermore, for any ((s;+---+s,+1) in F(s+1), there is a linear form (s;+- - -+s/)
such that

(s14 - +s)C(s1 4+ +s,+1)
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has analytic continuation on the plane Re (s; + - -+ + s;) > —e¢, where € > 0 and for
I C K, we have |I| = ¢ > 2. Therefore, H(s) also has analytic continuation on the
plane Re (s; + -+ - + s¢) > —¢. Consider h'(s) = s;, set §; = d3 = €. Moreover, from
Lemma 3.3.1, E(s + 1) has analytic continuation on the plane Re (s1 + -+ + s¢) >
—e. We know that for Res; > —1 and for all ¢g > 0

S1C(L+ 57) Ko (14 |s7]) 17z min(ORes+eo,
The above argument shows that H(s) satisfies (2) of Theorem 3.2.1 with d, = 1/2.

Therefore, we have as r — 00,

Z f(ny,...,ng) = ku(logx) +0 (ilﬁk_e) ,

where Q(logz) is a polynomial of degree at most 2 — 2k — 1. Next, ¢; > 0 for all
1 <i <k, this implies w = 0. Again, it is easy to see that the rank of the collection
of linear forms s; is k& and the interior of the cone generated by linear forms is the
set B = Zle pier for B = (B1, -+, B) € (0,00)* and e}(s) = s;. Also, as s; — 0,
sr¢(sy+1) — 1 and hence H(0) # 0 Thus, from Theorem 3.2.2, deg(Q) = 2 —2k—1.
This gives the required result. O]

3.3.4 Proof of Theorem 3.1.1

In this section, we provide a proof of Theorem 3.1.1 using the average order of
f(n1,...,nx) obtained in the previous section.

Proof of Theorem 3.1.1. From the definition of Ramanujan sums, we have

Skl y) =D (Zcq(n)>k =3 Y dw (%) Y d (g_z)

n<ly \q<z n<y q1,,qk <z di|q1 di|ax
diln di|n
Z Z q1 dk Z
— dl e dk,u = e l’l’ —_ 1
d; dp
q1, 9k <T d1|q1, ,di|qx n<y
[d1,,dg]In

- 22 () () (e o)

a1,k <T di|q, ,di|qk
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w Z 2w (i) @) e

4k ST dilq1, e di gk

The inner sum is precisely f(qi,...,qx) in our notation by virtue of (3.3.1). Thus,

from Theorem 3.3.3, for 0 < # < 1, we have as x — o0

Si(x,y) = ya*Qlog x) + O (ya*~% + 2" ,

where Q(log z) is a polynomial of degree 2¥ — 2k — 1. This completes the proof. [

3.4 Moments of Cohen Ramanujan sums

We prove Theorem 3.1.2 by modifying the proof of Theorem 3.1.1, taking into
account the differences in the definitions between Ramanujan sums and the Cohen-

Ramanujan sums. From (1.3.3), in this context, the function we will study is

fa(na,...,ng) = > w(ny/dy) - - p(ne/dy) gs(dy, ..., dy,) (3.4.1)

di|n, dz|ng, ...,dg|ng

where 5 5
n ...n
gs(n, ..., ng) = H
]y My ]

We will follow the same steps used in the proof of Theorem 3.1.1.

3.4.1 Dirichlet series of fz(ni,...,n;)
Theorem 3.4.1. For the function fz(ni,--- ,ni), we have

Z fﬁilnl,.. n, HCSI—B]IH—B)Eg(sl, )

cmp=1 1 k IC[K]
[7]>2

where [k] = {1,--- ,k} and for any subset I = {ly,--- ,1,} of [k], sr=s, +- -+ s

and

T

> oercm (=1~ 1 (pBlll=sr — 1) H@ﬁ;%[k](l — pPII=D=s1)

T S gsrepg(— 1) MpalT=s:

Eg(s1,-- k) :H
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which is convergent for Re(s;) > 1 —1/k.

Proof. Note that fs(dy,- -+ ,dg) is a convolution of multiplicative functions. There-

fore, from (3.3.1) we have

o0

Z folna, - ng) _ Z gs(da,--- ,d Z p(na) - - - p(n)
_ ”1 .. nzk i dil . dSk —~ nl . nZk
1 - di,- - ,d
(o) , 2 d e dy
Therefore, we estimate the series
= gy i) _ et )
Z dst ... J°F o H Z sw1+~~~+skvk
dy,,dp=1 1 k P V1, 0 =0
o 0 Bv1+-+uvy)
_ ~fBn p
- H Zp Z p51U1+'-'+Skvk ’ (343>
p n=0 V1,0 =0
max(vy, - ,Ug)=n
Let p=** =1T3,--- ,p~® =T}, The innermost sum of the above can be written as
0 Blorttor) R (ST B 1 — (pPT)"
> e () T e
V1,0 =0 p i=1 Pt i=1 prii
max(vy, - ,Ug)=n
Denote T7 = p~*1, therefore from (3.4.3) and (3.4.4), we have
—  gsd
1, T
Z Bdsl—dsk H C(sr = Bl + B)Es(s1, -+, si). (3.4.5)
dy,,dp=1 1 OAIC[k]
We have the explicit value of Eg(sy,--- ,sx) given by

Z@;Alc[k](_l) (AT, — 1) [Tozscm(1 — pfWI=DT))

Eg(s1, -+, s1) = - I;éJ
1;[ Hi:l(l _PBTz')
Ypercp (DM EANT - 1) Hozscp = P00
= H 1+ Z@ﬂqk](—l)_'”pﬁ'”ﬂ

p
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From (3.4.2) and (3.4.5), we obtain the required result. O

3.4.2 Non-negativity of fz(ni,...,ny)
In this section, we prove that fs(ni,...,ng) is non-negative for all (ny,...,ng) €
N¥,
Theorem 3.4.2. f5(ny,...,nx) >0 for all (ny,...,n;) € NF.
Proof. Since f3 is a convolution of two multiplicative functions, it is also multiplica-

tive. Therefore, to prove the lemma, it suffices to show for each prime p,

fﬂ(pvlapv27"'7pvk> 207 U1y .-+, Uk 20

Since fz is symmetric, we can suppose without any loss of generality that vy > vy >
-+ > . We proceed by induction on k. For & = 1, the result is clear. We may also
suppose that all v; > 1 for otherwise, we are again done by induction. If v; > ws,

then noting that
fs(@™,p”, . p™) = (3.4.6)

T o p P
dy) -+ u(d =] = I — L —
Z lu< 2) 'LL( k) {gﬁ (p ) dQ PR dk ) 9gs (p ) d2 JRERE) dk ) } )

d2|p2,...,dy|p K

we have

9 <p”1 p_UQ Zﬁ) =g <1 p_w Zﬁ) pﬁvl [pﬂvz pﬁvk}
ﬁ I d2 9 Y dk 6 Y d2 Y 9 dk J dg J ) dg

and

w1 P p”’“) ( pv2 pvk> sy [P72 PP
g p ! y 7 e 7] — G 17_7"'7 5 p ) [_7 7_:| .
5< da d, P\ d dp, dy 4l

We see in this case that the ged in both the cases is the same, so the term in braces
in (3.4.6) above is zero. Now suppose that v; = vy = -+ = vy > vy > -+ > vg.
We have

fo@sop™) = Y pldr) - pldi)gs(p™ fey, oo, p* [di).

di|p,...,d|p

Noting that in the sum over divisors that each d; can only be 1 or p, we arrange
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the sum as follows. We write d; = p® where e; = 0 or 1. We can then identify each

tuple (dy, ..., dy) with a subset I C [k] where I = {i : ¢; = 1}. Our sum becomes

f6<pv17 .“7pvk) _ Z (_1)|I|p5576|1\fmax(ﬂ(vifei):lgigk)’
1A

where

S:U1+"'+Uk.

We let Iy = {1,2,....,0} and set s’ = vy + - -+ vg. We split the sum on the right into

PO D DR D DY

I:INIp=0 L:0£INIp#£Io I:ID1

three parts:

Letting J = {¢ +1,--- ,k}, the first part is equal to
1\ k-
_ N\, B =Bl — ,,Bs —
S = (1= )
IcJ

because in this case max(5(v; —e;) : 1 <i < k) = pfvy. In the second part, we again

have max(f(v; — e;) : 1 <1 < k) = vy so that the second part is equal to
=1, 1\
Z (_1)\I|pﬁs —BUI = pfs Z ( > (—1)7p=9° <1 _ _ﬁ) '
12@75101075[0 7=1 j p

Finally, in the third part, max(8(v; —e;) : 1 <1i < k) = (v — 1) so that the third

part equals
1\ F
N\, B 111 B +1-4) 1\£ _
S (=) A C (B
I:IDI,
Notice that the first part and the second part combine to give
-1 k—t
/ l o 1
Bs —1)ip—IB _
! Z(j)( '¥r (1 pﬁ) ’
§=0

since the term corresponding to 7 = 0 is the contribution from the first part. Putting
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everything together and simplify it gives

1 k 1 k—¢
Bs’ l B(s'+1-1) B(s'—0)
P 1——) + (-1 (1——) (p —p )
( p) Ty PP

Noting that ¢ > 2, we see that this is certainly positive if ¢ is even. If £ is odd, the

term is equal to

, 1\ I ,
et (1 _ _6) (1 _ _ﬂ) <p,3(s F1-0) _ 8 4)) _
p p

We see that this reduces to checking that

P 1) 2 (PP ) = 1),
which is evidently true. O

3.4.3 Average order of fz(ni,...,ny)
Theorem 3.4.3. For 0 < 0 < 1, we have as x — o0

Z fa(ny, ...,ng) = 2¥3F92Q(log z) + O (ack_e) ,

’I’Lk<:1,’

where Q(log ) is a polynomial of degree 28 — 2k — 1.
Proof. To prove the Theorem, we show that fs(ni,...,ny) satisfies all assumptions

of Theorems 3.2.1 and 3.2.2. In Theorem 3.4.2, we prove that fg(n4,...,ng) is non-
negative and in Theorem 3.4.1, we show fz(n,...,n) has an absolutely convergent
series Fj(s) for Re(s;) > (1 + 5)/2 for all 1 < i < k. Moreover, this implies for

=((1+75)/2,---,(1+)/2), F(s+c) is absolutely convergent series for Re(s;) >

((1 = p)/2). Consider the linear forms [[;cp s1 quk] (sr+[I[(1=p0)/2+p—1).
[1]=2 [11>3
Define the function

H(s):—F(s—l—c)H(s |I|(2 D51 )

ICK]
[T]>2

Since ¢; = (14 f)/2 for all 1 < i < k, therefore ¢ = 0. Furthermore, for every

zeta function in F'(s+ ¢), there is a linear form such that the product of linear form
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and zeta function has analytic continuation on the plane Re(s1 +--- 4+ s¢) > —e¢,
where ¢ > 0 and for I C K, we have |I| = ¢ > 2. Therefore, H(s) also has
analytic continuation on the plane Re (s; + - -+ + s¢) > —e. Consider h'(s) = s;, set
91 = 03 = €. Moreover, from Lemma 3.3.1, E(s + ¢) is has analytic continuation on
the plane Re (s; + -+ 4+ s;) > —e. We know that for Res; > —1 and for all ¢, > 0

S1C(1L+ 51) gy (L [y min0Resn) e

The above argument shows that H(s) satisfies (2) of Theorem 3.2.1 with d = 1/2.

Therefore, we have

Z fa(ny,..,ng) = xk(Hﬁ)/QQ(log x)+ O (xk_e) ,

s nEp<x

where Q(log x) is a polynomial of degree at most 2% — 2k — 1 and x — oo. Moreover,
¢; > 0 for all 1 <4 < k, this implies w = 0. Again, it is easy to see that the rank

of linear forms is k and the interior of the cone generated by linear forms is the set

B =3V perforB= (61, ,B8) € (0,00)" and ei(s) = s;. Also, as s; — 0,
sr¢(sy+1) — 1 and hence H(0) # 0 Thus, from Theorem 3.2.2, deg(Q) = 2 —2k—1.
This gives the required result. O]

3.4.4 Proof of Theorem 3.1.2

Proof. From the definition of Cohen Ramanujan sums (1.3.3), we have

wien-T 2 Sun(p) Tan(3)

n<y q1,,qx <% d1|q1
qk
- 1
(%) X

—_

d'f|n d£|n
n<y

q
- X2 aedin(f)
1
[d2 - d]In

q1, ke <z di|q1, ,di|qK

:Z Z d...

a1,k <z di|q1, ,di|qK

(tgrow)

—
=¥
>
=
VR
=
~~
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=@

S E () (8) o

Q1 ak <@ dalgr, o dilar ©L

Next, form Theorem 3.4.3, for 0 < # < 1, we have as x — o
Sia(@,y) =yt TI2Q(log ) + O (ya* =0 + 2 FHDF) |

where Q(log x) is a polynomial of degree 28 — 2k — 1. ]



Moments of Ramanujan sums over

Number Fields

In this Chapter, we study moments of Ramanujan sums over number fields. As-
suming the generalized Lindel6f hypothesis, we provide asymptotic formulas for the
mean values of the first and second moments of Ramanujan sums over any num-
ber field. Additionally, unconditionally, we extend this investigation by establishing
asymptotic formulas for the second moment of averages of Ramanujan sums over
quadratic, cubic number fields, and cyclotomic number fields. Using a special prop-
erty of certain integral domains, we obtain second-moment results for Ramanujan

sums over some other number fields.

4.1 Preliminaries from algebraic number theory

In this section, we briefly recall some basic definitions and results from the alge-
braic number theory. This can be found in [45] and [49].

Definition 4.1.1. An algebraic number field K is a finite degree extension of Q.
The ring of integers of K, denoted by Ok, is the integral closure of Z in K.

A number field is a simple extension, that is, for an algebraic integer o, K =

57
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Q(«). Therefore, a number field is a finite-dimensional vector space over Q. A two-
degree extension of QQ is called a quadratic number field. For a square-free integer

d, K= Q(\/a) is a quadratic number field and its ring of integer is given as

1+Vd
2

Y/ [\/3] if d 2 1mod 4.

7.® 7 if d = 1mod 4,

Ok =

Similarly, a cubic number field is a number field with degree 3. If w is a cube root of
unity, then Q(w) is a cubic number field. Also, for a n'* primitive root of unity ¢,,

h

Q(¢y) is called a cyclotomic number field. This field contain all complex n'™ roots

of unity and dimension of Q((,) over Q is ¢(n). For a prime p, if K = Q((,), then

Ok = ZIG) @ Z[Z) & - - ® Z[E .

Definition 4.1.2. For a number field K, we associate a zeta function defined as

1
Gels) == ) N

ICOx
where sum is over all non-zero integral ideal of Ok and N (Z) is the norm of ideal Z
given as:
N(Z) =0k : ] = |Ox/Z|.
The function (x(s) is called Dedekind zeta function associated to K. For K = Q,
we have (kx(s) = ((s). The Euler product of (x(s) is given as follows:

1 -1
)= T1 (1= wpye)

where sum is over all non-zero prime integral ideal of Ok.

Remark 4.1.1. For any s € C, (k(s) is absolutely convergent for Re(s) > 1 and has

an analytic continuation to C\{1} with a simple pole at s = 1.
In [54], Riemann conjectured that all non-trivial zeroes of the Riemann zeta

function lie on Re(s) = 1/2. The Riemann hypothesis is generalized for number
fields. The generalized Riemann hypothesis states that all non-trivial zeroes of the

Dedekind zeta function lie on Re(s) = 1/2. The other important conjecture on the
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rate of growth of the Riemann zeta function is Lindelof hypothesis. This conjecture

is also generalized over number fields as follows:

Conjecture 4.1.1 (Generalized Lindel6f hypothesis). Let (k(s) be the Dedekind

zeta function over the number field K, then for any € > 0, we have

( ( —Ht)’ < |t°.

The GLH follows from the GRH. On the other hand, Backlund [6] proved that

LH is equivalent to the following statement about the zeros of the zeta function: for

every € > 0, the number of zeros with real part at least 1/2 + ¢ and imaginary part

between 7" and T'+ 1 is o(logT') as T tends to infinity.

4.2 Main results

First, we recall the definition of Ramanujan sums over number fields. Let K be
a number field. If J and Z are non-zero integral ideal in its ring of integers Ok,

then Ramanujan sums over K are defined as

= S N @ ( ) (4.2.1)

T

LT
Here, N'(Z;) is the norm of Z; and pu(Z) is the generalization of classical Mobius
function defined in (1.3.5). Concerning the number field analogue of Ramanujan
sums, Nowak [50] showed that if K is a fixed quadratic number field, and y > 2°
where § > 1213 — 2 40609 - - -, then

820
>y OJ ) ~ PKY, (4.2.2)

0<N(Z)<y 0<N(J)<

More precisely, for y > x° and arbitrary € > 0,

S Y cj ey + O (x g ey | em . | ae y—f&7§6+e)
0<N <y O<N(\7
2
+0 (2%y°),



60 MOMENTS OF RAMANUJAN SUMS OVER NUMBER FIELDS

where pg is the residue of (k(s) at s = 1. To be precise,

1
PK = tlim g#{integral ideals Z in Ok : 0 < N(Z) < t}. (4.2.3)
—00

With regard to other degree two extensions, for example, for the field of Gaussian
integers, Nowak [51] proved (4.2.2) with uniform error terms with § > 2 = 2.416- - -
His result was later improved Zhai in [70] for § > 2.3235- - -

For the cubic case, a result on the first moment is derived in [43|, where the

authors obtain an asymptotic formula (4.2.2) with condition y > 2'/4,

> 3 CoD a0 (st atyi).

0<N (D) <y 0<N(J)<
For mean values of Ramanujan sums over general number fields, the only known
result is due to Fujisawa [23] who proved that if K is any number field, then for some

¢ > 0, and for any § > f:—z where a € [0, 1), with condition y > 2°, and y — oo

S @ =peytoly) (12.4)

0<N(Z)<y 0<N(T)<z
It is evident that Fujisawa’s results exhibits limitations and does not hold for
small values of y. Consequently, we estimate the first moment for general number
fields in cases where y > z? under the Generalized Lindel6f hypothesis (GLH).
This improves Fujisawa’s result. Our result also improves Nowak and Zhai’s results
for quadratic and cubic number fields, respectively. Following this, we proceed to

present our results.
Theorem 4.2.1. Let K be a number field, then under GLH for (k(s) and for any

e >0 if y > 22, we have

Z Z C7(Z) = pry + Oq (zy"/**<log 7).

0<N(Z)<y O<N(J) <z
We also estimate the sum

> Cy(D)

0<N(J)<z

in average over ideals Z such that N'(Z) € {1,--- ,y} via the second moment. There
is no result for the second moment over number fields in the literature. For K = Q,

the second moment has been derived in [12] and [55]. We have studied the result
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on moments over Q in Chapter 3. Under GLH, the second moment of Ramanujan

sums over the general number fields is estimated by the following theorem:

Theorem 4.2.2. For a number field K, and € > 0, under GLH for (x(s), we have:
For y < 2°/2,

2

2 2
Z Z Cj — pK2 Yz + ZKCK2(02)I4+O (yx3/2+e)
0<N(T)<y \0<N(J (x(2) (x(2)

and for y > x°/2, we have

2

Z Z C7(2) CK(Q )yx + Oq (ya®/2) .

0<N(D)<y \O0<N(J)<=z

Next, we derive asymptotic formulas for the second moment of Ramanujan sums
over specific quadratic, cubic, and cyclotomic number fields and Priifer domains

unconditionally. We have the following result for a quadratic number field K.
Theorem 4.2.3. Let K be a quadratic number field, € > 0 be any arbitrary small

real number, then for y < z'/9=¢, we have
2
2 (x(0
Z Z Cj _ PirCi ):1:4 + 0, (x47/18+ey1/2 10g12 :E) ’
Ak (2)?
0<N(D)<y \O<N(J)<
fO?” $11/9—€ <y< .%36/17_6,
2
2 2
Z Z CA(T)| = P;nyz i P (0 )x +0, ( 17/18 g2 91:)

2k (2) 4k (2)?

+ 0, (x47/18+ey1/2 log!? x) 7

0<N(Z)<y \O<N(J)<=z

and for y > x36/17—¢

2
Z Z C7(7) =3 Pk —=£ g2 + O, (yx%’Le log” x + xgy% log* :17) .
0<N(T)<y \0<N(J)<e Gk(2)

We obtain estimates on the second moment for a cubic number field in the

following theorem.
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Theorem 4.2.4. Let K be a cubic number field, € > 0 be any arbitrary small real

number, then for y < x237/196—¢

2

2
0
Z Z CH(T _ PirCie( 2):174 +0, ($1021/392+e 1/2 log? :1:)
0 4k (2)
<N(I)<y \0<N(J)<z

for p23T/196—¢ < o < 2 98/45—¢

Pk picC(0) 2, 45/49 3
Z Z C7(T) = 555 ya? T at + Oy (2%y*/* ¢ log® 1)
0<N(T)<y \0<N(J)<z Ck(2) Ck(2)?

+0, ( 1021/392+e 1/2 10g x)

and for y > x98/45¢,

2

2
Z Z C7(2) Pk yz? + Oy (y™/ " 1og' z)

0<N(T)<y \0<N(T)<z QCK()
+O ( 2 45/49+6 loggx) )

Furthermore, we provide an estimation for cyclotomic number fields.
Theorem 4.2.5. Let K = Q(() be a cyclotomic number field, then for y < 2,

2

2
Z Z CJ _ PiCr(0) e 0, <x2_1/4¢(m)y10g4¢(m)” x)

2
0<N(T)<y \0<N(J 4Gk(2)
+ O, <x2y5/6 log4¢’(m) a:) ,

and for y > 22,

2

2
Z Z CJ _ Pk yx2+0q <x5/2_1/2¢( ™)y 12 g (m)x>
o 20k (2)

<N(Z)<y \0<N(J)

+ Oy <( 2 5/6 + $2’1/4¢(m)ylog x) log4¢(m) x) )

The constants in Theorems 4.2.1, 4.2.2, 4.2.3, 4.2.4, and 4.2.5 depend on the dis-

criminant of the corresponding number fields. We derive asymptotic results for the
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second moment of Ramanujan sums over Priifer domains in the following theorem.

Definition 4.2.1. An integral domain R is called a Priifer domain if every finitely

generated non-zero ideal of R is invertible.

For our computations of the second moment, we use the following ideal property

of Priifer domains: If Z and J are two ideals of a Priifer domain, then

ZT+T)ITNT)=1J. (4.2.5)

Some examples of a Priifer domain consist of the ring of algebraic integers, the ring

of entire functions in C. For more on multiplicative ideal theory and Priifer domains,
see |26, Chapter 4].

Theorem 4.2.6. Let K be a number field such that its ring of integers Ok s a
Priifer domain. If

S L=y + Oy,

1SN (T)<y
then for x* <y for some X\ > 1, we have

2
2
> Y, @ = 25’11?2):@ +0 (zylogz + 27y .
0<N(D)<y \0<N(J)<z K
The value of a was estimated by Landau [38] to be (n — 1)/(n + 1), where n is
the degree of K over Q. This was later improved by Nowak [50] and Miiller [46] for

the case n = 2 and n = 3, respectively.

Remark 4.2.1. Theorem 4.2.6 holds for any number field whose corresponding ring
of integers satisfies property (4.2.5). For the ring of integers Z, (4.2.5) reduces to
the fact that the ged times lem of any two integers is equal to the product of the
integers. This property is not valid for more than two integers, complicating the
computations for higher moments (k > 3).

Remark 4.2.2. Theorems 4.2.3 and 4.2.4 are special cases of Theorem 4.2.6 with
additional main terms in certain ranges of y, as the ring of integers for both quadratic

and cubic number field is a Priifer domain.
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4.3 Preliminaries Lemmas

In this section, we state and prove some results related to the Dirichlet series of
functions appearing in the proofs of our main Theorems. We start by recalling the

Dirichlet series of C7(Z).
Lemma 4.3.1. For a number field K and for Re(s) > 1, one has

oK, (1-s)(Z)
> = , (4.3.1)
JCOk ‘7 Gie(s)

where ox (1) (L) = ZIlll (Z,)+s.
Proof. From the definition of C'7(Z) in (1.3.4), we have

p(Z2)
ZN s 2 N @l L ZNL“QCZOKW

JEOK JCOk L|J Lz
|z
_ ox,(1-5)(Z)
Ck(s)
The above series is absolutely convergent for Re(s) > 1. O

Lemma 4.3.2. For z € C, and a number field K,

> T = Gels)els - 2. 432

ICOk )3

for Re(s) > max(1 + Re(2),1).
Proof. Using the definition of ok ,(Z), we have

O'KZI
> S = X g V@

ICOg |z
= Ck(s)Ck(s — 2),
and it is absolutely convergent in Re(s) > max(1 4+ Re(z),1). O

Lemma 4.3.3. For Re(s) > max(1,1+Re(z1),1+Re(22), 1 +Re(z1 + 22)), we have

_ . (43.3)

0k 21 (T)ox 2, () Cx(s)Ck(s — 21)Cr(s — 22)Ck(s — 21 — 22)
Z N(T)s Ck(2s — 21 — 23)

ICOk
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Proof. Fix a prime ideal P, then for a positive integer k,

N(P)=D — 1

ow+(P*) = N(P)—1

Both functions ok .(Z), and ok », (Z)ok »,(Z) are multiplicative, and hence the infi-

nite series has an Euler product representation given by

OK,z1 (I)UKV@(I) o - OK,z1 (Pk)aK,z2<Pk)
Z N(T)s B H <1+Z N (P)ks )

_ i (N (P)H ) — (P — 1)
- Al (”Z N(P)ks(N(P)n—1><N<P>zz—1>)'

Let N(P)™* =z, N(P)* =y, and N(P)* = z, then

UK,m(I)UK,zz(I)_ 1 - k( k+l k+1
Z N(T) - H (m%x (" =Dz —1)>

ICOk PCOk
L e e S )
pCO, y—Dz=-1) |l-2yz 1—2z 1—2y 1-—2x

B 1 —2%yz
Y e

On substituting the values of x, y, and z in the above equation, we obtain Lemma
4.3.3. O

Next, we cite two lemmas that will be useful in the next sections. The first one
is a Brun-Titchmarsh theorem proved by Shiu [62]. We will use it to estimate the

partial sums

Y ox.and Y ok, (T)ok.,(T).
ICOk ICOk
N(I)=n N(Z)=n
In [62], the author derives the theorem for a larger class M of arithmetic functions f

which are non-negative and multiplicative and which satisfy the following conditions:

1. For a prime p, and integer [ > 1, there exists a positive constant C'; such that

f') <.
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2. For every ¢ > 0, and for n > 1, there exists a positive constant Cy = Cy(e)
such that
f(n) < Conc.

Lemma 4.3.4. [62, Theorem 1] Let f € M, 0 < o, 8 < 1/2, and a, k be integers.
If0<a<k, and (a,k) =1, then as v — o0

fp
Z Jn log:v Z

rz—y<n<z p<x
n=amod q pl4

uniformly in a,q, and y provided that ¢ < y'~°, and 2% <y < x.
The second lemma is a Perron-type formula for a sequence of complex numbers.

Lemma 4.3.5. [55, Lemma 2.8 Let 0 < A\j < Ay < -+ < A, — 00 be any sequence
of real numbers, and let {a,} be a sequence of complex numbers. Let the Dirichlet
series g(s) ==Y~ a,\,® be absolutely convergent for o,. If oo > max(0,0,) and

x > 0, then
oo+iT

xs
Z ay, = 27rz A g(s)?ds + R,

An <z oo—tT

where

, x 40 +x”0 ||
R« Z |a,,| min (17T|a:—)\n|) Z o

x/2< <2z
n#x
Next, recall the Phragmén-Lindelof principle given by

Theorem 4.3.6. [34, Theorem 5.53] Let f(o+it) be analytic in the strip a < o <b
with f(o +it) < exp(elt|). If | f(a+it)| < [t| and |f(b+ it)| < |t|, then

[f (o +it)] < [t

uniformly in a < o < b, where ¢(o) is linear in o with ¢(a) = ¢; and ¢(b) = cs.

Finally, we give the bound of Dedekind zeta function. For a quadratic number

field K with discriminant q,

Ck(s) = C(s)L(s, xq), (4.3.4)
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where ((s) is the Riemann zeta function, and L(s, x4) is the ordinary Dirichlet L-
series corresponding to x4 and x4 is the Kronecker symbol of q. We use bounds of
((s) |65, Chapter I1.3] and derive the following bounds for (k(s):

(|t log?|t] —1<0<0,

=% log [t 0<o<1/2,
Gelo+it) <g [t 57 log*[t] 1/2<0 <1, (4.3.5)

log” || 1<o<2,

1 o> 2,

\
and
1 2

— <o<2. 43.6
AT g log’lt|, 1<o0<2 ( )

The next lemma expresses the Dedekind zeta function for a cubic number field with

discriminant D = dg? (d squarefree).

Lemma 4.3.7. [6, Lemma 1] Let K be a cubic number field and D = dq* (d

squarefree) its discriminant; then

1. K is normal extension if and only if D = q°. In this case

Ck(s) = C(s)L(s, x1) L(s, x1), (4.3.7)

where ((s) is the Riemann zeta function and L(s, x1) is the ordinary Dirichlet

series corresponding to the primitive character x1 modulo q.
2. If K is not a normal extension, then d # 1, and
C]K(S) = C(S)L(S7 XZ): (438)

where L(s, x2) is the Dirichlet L-series over the quadratic number field Q(v/d):
L(s,x2) = > x2(DN(T)™*.
T

Here summation is taken over all ideals T # 0 in Q(v/d).

Using the above lemma, Theorem 4.3.6, and the bounds given in [33], we arrive
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at the following bounds in the cubic case.

r ’t|3(1/2—a) lOg3 ‘t| 1<o0<0,
U 0<o0<1/2
G0 + i) g 4 [208/BHB0—)te — | B e 19 <o <1, (4.3.9)
log® [¢| 1<0<2,
1 o> 2,
\
and
CK(U + Zt) <<C| 1Og3 ‘ﬂa 1<o <2 (4310)

Note that from [68, Theorem 4.3|, for a cyclotomic number field K = Q((,,) with
discriminant ¢, we have
Gels) = (o) T Ls:0)-
X#X0
Here, x is a non-principle Dirichlet character associated to K. Next, we use the
bounds of zeta function and L-function [33| and Theorem 4.3.6 to bound (k (o + it):

om0 o
(1—0)p(m)
t— 3 1/2<0 <1,
k(o +it) < =0 = 43.11
( ) < (logt)*™  1<o<2, ( )
1 o> 2.

Using Generalized Lindel6f Hypothesis and the Phragmén-Lindel6f principle, we
have the following upper bounds of a Dedekind zeta function associated with a

number field K of degree m and discriminant q.

[t|m/2=o)Fe if 0 < o < 1/2,
Cr(o +it)] <q § [t if1/2<0 <1, (4.3.12)
log |¢| if1 <o <2.

4.4 A key estimate for the first moment

In this section, we estimate the average value of the generalized divisor function

for number fields. This is also the key estimate for Theorem 4.2.1.

Lemma 4.4.1. Let K be a number field, —1/2 < Re(z) <0, and |Im(z)| < z, then
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under GLH and for arbitrary small e > 0, we have

ZE1+Z
Z 0k,:(T) = prCr(l — 2)x + prlx (1 + 2) 1
_|_
0<N(D)<n

1/2+€
. + Oy (I ) )

Proof. We write

uT) 5 1 = Aln, 2)
Z 7 s = s UK’Z(I) - Z s ’

where A(n,z) = 1), 0x,:(Z). Consider ¢ = 1+ 1/logz and z = a + b with
—1/2 < a < 0. Therefore, from Lemma 4.3.5, we have

1 c+iT ajs
Z A(n, z) = —/ Ck(s)Ck(s — z)—ds + R(z, 2), (4.4.1)
= 21t Jo_ir s
where
R(z,2) < Z |A(n z)|min(1 L)_}_w_‘:iM (4.4.2)
7 r/2<n<2x 7 ’ T’QZ N TL‘ T n=1 ne . -

Next, from (4.3.2), we conclude that

Am,2) <> 1 Y 1 > e
dn

di-dm|d l1-+lm|n/d

<S>0 DY 1 > 1. (4.4.3)

di-dm|d l1-+lm|n/d

For « is a positive real number, we choose T' = z®. Now, if 0 < |z —n| < 2!, then
(4.4.3) gives

3 |A(n,z)|min<1,ﬁ)<< S Y Y 1.

0<|z—n|<zl-o 0<|z—n|<zl= dln \di-dmn|d l1-Im|n/d

(4.4.4)
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Moreover, using Lemma 4.3.4 and (4.4.4), we have

Z |A(n, z)| min (1’ ﬁ) < 7% log? 1.

0<|z—n|<zl—o

Next, if x +2'17% < n < 2z, then

> |A(n,2)|min (1’ Tl%—nl)

r+rl-a<n<2z
< T Z Zd|n (Zdl"'dmld 1 le"'lm|n/d 1)
T n—x

ztzl-o<n<2z
T 1 Zd|n <Zd1-~dm|d 1 le~--lm|n/d 1)
T U n—ax
I<Klogx U<n—x<2U
U=2lgl—«

< %long x. (4.4.5)

For /2 < n <z — z'7%, we get the same bound. From Lemma 4.3.2, we have

26— |A(n, 2)| T,
— s — log“™ x. 4.4.6
T 7; ne STE T (4.4.6)

Thus, from (4.4.4), (4.4.5), and (4.4.6), we obtain
R(z,2) <z “log”™ z. (4.4.7)

Next, we evaluate the integral in (4.4.1) by shifting the line integration ¢ — i7" to
¢+1T into the rectangular contour consists the line segments I; : ¢ — T to 1/2—iT),
Iy : 1/2 — 4T to 1/2+ 4T, I3 : 1/2 44T to ¢+ 4T, and I : ¢ +iT to ¢ —iT. By
Cauchy residue theorem

1 c+iT

xs Z‘H_Z 3
- o Ck(s)Ck(s — z)?ds = prCx (1 — 2)x + pxlr (1 + 2) 12 + ; Ji, (4.4.8)

where px is the residue of (x(s) at the pole s = 1. In the right side of (4.4.8), the

first and the second terms are the residues at the poles 1 and 1+ z, respectively, and
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the last term is the sum of integration along the line segments I;. From (4.3.12), if
|b| < T then we have

Gk (9)l|Ck (s — 2) |27 z'/?logx
| 1], | /5] < /1/2 T do <, —7r—e (4.4.9)
The line integral J, along the line segment /5 is given by
il [ Sz G2 et
S 11/2 + it]
T
< :L‘I/Q/ tiredt < 22T (4.4.10)
-T

Choose T = 2 and collecting all the estimates from (4.4.7), (4.4.9), and (4.4.10)

and inserting in (4.4.1), provides us the required result. O

4.5 The first moment

In this section we prove Theorem 4.2.1 using Lemma 4.4.1 and a Perron’s formula.
Proof of Theorem 4.2.1. Let f =1+~ then from Lemma 4.3.1 and Lemma 4.3.5,

we have

1 B+iT _o(2) 2
Z O (T / dea@D 0BT (4.5.1)

where

x xlo
Rl(l’,z) <K TUK,(fl/logy)Cz’.) + Tgy

Next, summing both sides of (4.5.1) over the ideals with N (Z) and applying Lemma
4.4.1, we have

B+iT s B+iT —8,.8
_ pxy x 2 k(2—3s) y =
Cq( —d d
Z Z \7 271'2 /ﬁ S s+ prY /13 CK(S) (2 —_ S)S S

O'K70(I). (452)

0<N (T)<y 0<N () <z —iT —iT
=+ 9) ( 1/24€ //B—HT 1 .CCSd + l’y)
Yy —ds + —
st Ck(s) s T

We see that
T
I = pgy + O (%) :
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and

I3 <4 2y * ™ log™ T.

Also, from (4.3.12), we have

T

logT

I, <, xy/ t2log tdt < it ;g )
T

Collecting all the above estimates and choosing T' = 22 gives the required result. [

4.6 A key estimate for the second moment
In this section, we shall compute the average of the product of divisor functions
in a number field, analogous to [55, Theorem 1.5] for divisor functions over rationals.

Lemma 4.6.1. Let K be a number field. Then,

Y x4 (D)ok.s(T) =Rk +Ex.

0<N(D)<y
ICOx

For a quadratic number field K: for —1/13 < a; <0, —1/9 < ay <0, —1/13 <
a1+ ag < 0, and |b1|, |b2| < yl/?’,

RK:PKCK(l — 21)Ck(1 = 22) k(1 — 2 — 22)y

k(2 — 21 — 22)
N pKCK(l + 21) k(1 + 21 — 29)Cx(1 — 20) y'*=
k(24 21 — 29) 14+ 2
+ pKCK(l + 29) (1 4 22 — 21) k(1 — 21) y' =
k(2 — 21+ 29) 14+ 2
N ngK(l + 21 + 29) (1 + 22)Cre (1 + 21) ylH=t=
k(24 21 + 22) 1421+ 2]

and
17+5a1+9a9

Ex = O, (y s log™® y) :

For a cubic number field K: for —16/183 < a; <0, —8/49 < ay < 0, —16/183 <

ay +ay < 0, and |by|, |bo| < y*/', Ry is same as above, and

180+13a1 +98ap |

Ex = O, (yT log® y> .



4.6 A KEY ESTIMATE FOR THE SECOND MOMENT 73

For a cyclotomic number field K = Q((,): for —1/6 < Re(z1) = a1 < 0,
—1/6 < Re(zg) = az < 0, and —1/6¢(m) < Re(z1 + 22) = a1 + az < 0, then R is

same as above, and
By = O, <y5/6+a1/27a2/6 log#(m) 4 4 41 =1/9(m) 10g5¢(m)) .

For a general number field K: for —1/2 < Re(z) = a; <0, —1/2m? < Re(z) =
as < 0, and —1/2 < Re(z1 + 22) = a1 + az < 0, then under GLH Rg is same as

above, and for e > 0

?

1+aq+ag—4agm
_ LT —02 R be
EK = Oq (y 2 >

and m is the degree of K.

Proof. For any number field K, we have

o0

o2 I 0
> el = @l
7COx n=1 1CO

N(I)= n

Define A(n, 21, 22) := > 7cox 0k 2 (L)0k 2 (Z) and
N(I)=n

Ck(5)Ck (s — 2z1)Cr (s — 22)Ck (s — 21 — 22)
CK(QS — 21 — 22) ’

f(z1, 22,8) ==

Let Re(z1) = a1 and Re(23) = as be such that a;, as < 0, and a;+as > —1. Consider

a=1+ on g’ Using Lemma 4.3.5, we have
ogy
1 a+iT ys
Z 0K 2, ()oK 2, (T ZAn 21, 22) =5 z/ ‘ f<21,22,8>?d5
0<N(T)<y n<y i
ICOx
+ R(y; 21, 22), (4.6.1)
where

. A(n, 2, z
R(y; 21, 22) < Z |A(n, 21, z2)| min (1 T Y )+_ZM

_ TL‘
y/2<n<2y

(4.6.2)
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For A = (14a1+asy)/2, we solve integral in (4.6.1) by modifying the line integral into
a rectangular path C' with vertices o £ 47", and \ &+ ¢T". The poles of the integrand
inside the contour C' are s1 =1, s = 21+ 1, s3 = 29+ 1, and s, = z1 + 20+ 1. Hence

by Cauchy’s residue theorem, we have

C(1 — 21)Cr(1 — 22)Ck(1 — 21 — 20)
2mi / flar, 2,5 e (&(2— 21— 2) Y
Ce(1+ 21)Ck (1 + 21 — 22)Cr (1 — 22) Yy
k(24 21 — 22) 14+ 2
Ce(1 4 22)Cr(1 + 20 — 21)Ck (1 — z1) y't=
k(2 — 21 + 22) 1+ 2
)
)

+ px

+ ok

Cr(1+ 21 + 22)Cr (1 + 22)Cr (1 + 2) ytT=t=

+ .
Pe CK(2+ZI+ZQ 14214 29
(4.6.3)
This implies
1 OC+ZT ys 3
2—7_”_ o f(217z2,8);d8 :RO +ZJZ, (464)

i=1

where Ry is equal to the right side of (4.6.3), and J;’s are the line integrals along the
lines (A +4T, o+ T, [N —iT, A +iT] and [o —iT, A — iT| respectively. By Holder’s

inequality
ya'+it 4
t dodt
(/ /0/2f2172270'+2) +Zta )
-1\ 4,,0
<</ / |Cu§(<f+@t)| y dodt
To/2 [Cr(2(0 +it) — 21 — ZQ)(U+Z75)|
4
/ / |G (0 + it — 21)|*y  dodt
1o/2 [Cr(2(0 +it) — 21 — zg)(a + it)|

// |Gk (0 + it — z0)|*y° _ dodt
10/2 [Ck(2(0 +it) — 21 — 2) (0 + it)]

_ _ 4, 0
/L/ Celo+it =z =2)ly” o0, (4.6.5)
To/2 Ik (2(0 +it) — 21 — 23) (0 +it)]|

We estimate the above integrals and the remainder R(y; 21, 29) in (4.6.2) separately
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for the quadratic and cubic number fields.

4.6.1 Quadratic number fields

For K a quadratic number field, the Dirichlet series for A(n,z,z) can be
expressed in terms of ((s) and L(s,x) using (4.3.3) and (4.3.4). Consequently,
A(n, z1, z2) is written as a Dirichlet convolution of coefficients of its Dirichlet series.

This exercise yields the following elementary but essential bound.

2

|A(n, 21, 20)| < [n*1 T2 Z Zl

N(@)=n \T,|T

<Y aold) 3 auldaol) | ot/ (460

dn | d|d dy|d/d’

This leads to |A(p, z1,22)] < 9. Taking 7' = y° where ¢ is a fixed real number, and

dividing the interval y/2 < n < 2y according to min (1, %), we arrive at
y—n

Z |A(n, 21, 22)| min (Lﬁ) = Z |A(n, 21, 22)| < %10g8 T.
ly—n|<y'~c ly—n|<y'~c

(4.6.7)

The last estimate follows from an application of Lemma 4.3.4 on the function
A(n, z1,22). Note that (4.6.6) ensures that the hypothesis in the lemma is satis-
fied. For the interval y + y'=¢ < n < 2y, we have

. Yy
E A 1, ———
| (n,z1,22)|m1n( ’T|y—n])

yt+yl—e<n<2y
< % Z Zdln {Zd’|d <Uo(d/) Zdlnd/_d/ yUo(dl)UO(d/;‘ih)) } oo(n/d)

yt+yl—e<n<2y
iyl oy St { St (00(@) Zy g o0} () ) } ouln/d)
T U n—y
I<logy U<n—y<2U
U:2lyl—c

< %log8 y. (4.6.8)
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We obtain similar bounds for y/2 < n < y — y'~¢. Moreover

ya - |A(7’L, 21, 22)|
pie)

n()!

< Liog®T. (4.6.9)
T
Finally, from (4.6.7), (4.6.8), and (4.6.9), we deduce that
R(y; 21, 22) < %logs T. (4.6.10)

Next, solving the line integrals using bounds in (4.3.5) and (4.3.6), we have

/ / k(o + it)[*y” dodt

To/2 |CK U+it)-21-22)(0’+it)|

1/2 y y
<4 / / {4169/3 1018 ¢ ~dodt + / / 8= /3 10g"8 tZ_dodt
1/2
T() 1/2 y T() ) y p

< / t?’loglst/ (—) dadt+/ t53log18t/ (—) dodt,

" 1 A t16/3 To/2 12 \8/3

for y3/10 < T, < y*/®, we have

|G (o +it)|*y” 4-160/3_ ) 18
' —rdodt <4 (T + ) log'® Tp.
/ /0/2 [Ck(2(0 + 1t) — 21 — 22) (0 + it)] a ( Y +y)log” T

If a1 — ay > 0, then we have

/ / Gk (0 + it — 1) "y dodt
0/2 [Ck(2(0 +it) — 2 —22)(0+zt)|
1/24a1
1%*a1 a 1/0
+/ / (Emersse)fs 10g18t Cdodt + / / log!® t=-dodt
1/24a; To/2 J1+a1 t
3116 /3718 e ¥ o\
ai g
<y /To/2t log t//\ (t16/3> dodt

To 14+aq Z/ o To « Z/
+ / §(5+81)/3 15018 4 / (8—/3) dodt + / / log' t_dodt
To /2 1+a t Ty/2

1+aq

16 16\
A=

<4 (T v+ T 1og"® Ty + ylog'® Tp.
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Similarly,

|4
/ / |Gk (0 + it — 22)[*y _ dodt
70/2 1Ck (2 0+@t)—zl—22)(a—l—zt)|

< / / 3=80+802)/3 1,018 4 ¥ L dodt + / log® ¢ y Y_dodt
T

14a2

1+as y «Q ya'
<4 / t(5F82)/3 10018 ¢ / <%) dodt + / / log'® t*—dodt
To/2 t T0/2 14+as t

<q y' T2 log"® Ty + ylog'® Ty,
and
t— _ 4, 0
/ / !CK o+it —z1 — 2)|'y it
12 [Ck(2(0 +it) — 21 — 2p) (0 + it)]

14+ai1+as y To o y
<4 / / ((8-8o+8a1t8a2)/3 15518 ¢ dadt—l— / / log!® t=—dodt

To/2 J 14a1+az

g Yyt 1og!® T 4 ylog'? Th,.

Collecting all the above results and substituting in (4.6.5), we obtain

o+t
/ / f 21,%22,0 + Zt) J . dodt <<C| Y 10g12 TO'
T2 o+t

Next, we choose T such that Ty/2 < T' < Tj, which gives

o+iT

+ T

/ f(z1722,0+iT)y do <4 — 10g12T
by o T

Integral along the vertical line [\ — i7", A + 7] is given by

A+iT s T
Y 4—2a3
/ f(z1, 29, 8)—ds <<q/ s
A—iT S -T

4—2a

LT 5 ylog T.

A
18y

dt

We get the required result by putting 7' = 4'/3 in the above estimates.
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4.6.2 Cubic number fields
If K is a cubic number field, then like the case for quadratic, we write A(n, z1, 22)
using (4.3.3) and (4.3.7) to obtain

[A(n, 21, 2)] < [n@ 2 3" | Y1

N(@)=n \T1|Z

<D 23D 00(d) Yo | D oolden) D ooldae) > oold").

din d'|d \ di|d’ d2ld/d’ \ da21l|d2 doa|d/d2 d"|n/d

For a prime p, a direct computation of the right-hand side of the above inequality
gives the bound
|A(p7 21, 22)‘ S 13.

Choosing T' = y° where c is fixed real number, then using Lemma 4.3.4, we have

Z |A(n, 21, 22)| min (1 7| 4 |> = Z |A(n, 21, 22)| < %long.
Y-

ly—n|<yl=c ly—n|<yl=c

(4.6.11)

The above bounds also hold true for the intervals: y/2 < T < y—y* ¢ and y+y'~

n < 2y. Moreover,

y° = A(n, Zla )| ) 12
T z:: < 5 log T, (4.6.12)
These estimates yield,
R(y; 21, 2) < %logu T. (4.6.13)

In the following computations, we employ Dedekind zeta bounds (4.3.9) and (4.3.10)
to obtain estimates of the line integrals in (4.6.5). For y™/170 < T < 4?1/82

Cx (o +it)]*y”
dod
//0/2ch 2o +it) — o — ) (o + a0 0

1/2 o o
<, / / 2(63-850) /21 e 08 I dadt—i—/ / {82(=0)/214¢€ |53 Y doadt
To/2 J1/2 t
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If a1 — ay > 0, then we have

4
/ / |Gk (0 + it — z1)[*y — dodt
/2 |G (2 a+zt)—zl—z2)(a+zt)|

1/2+a1
<<q/ / t2(637850+85a1)/21+610g t do'dt

1+a; o
(1—o+ay)
n / / T L e P dadt+ / / log'® tY_dodt
1/2+a1 To/2 J14a1 t

< (T (170x— 17Oa1)/21+6 A
q

+ T5y1+‘“) log® Ty + ylog™ Th.

Similarly,

o \4
/ / |Cr (o + it — 2)|*y  dodt
0/2 \CK U+Zt)—21—22)(<7+“5)’

l+a2 « o
81(1—0-ap)
To/2 J 14a2 13

<, Ty Itz log Ty + ylog" Ty,

and
_ _ 4,0
// |Gk (o + it — 2z Zz)’y. dodt
Ty/2 |CK O'+Zt) — 21— 22)(0'4‘275)‘

1+ai+a2 o To a
o+aq+ag)
<4 / / TR log® Y dodt +/ / log™ ¢ y “dodt
To/2 I t

To/2 J14a1+a2

<q Teyt Tt 1og® Ty + ylog'® Th,.

The above estimates show that the double integral in (4.6.5) is bounded by

o+it
/ / f(z1, 22,0 +it) i —dodt <, yTg log" Ty,
To/2 ot

Next, we choose a T' such that Ty/2 < T < Ty, which gives

o+iT

+ T

a . Y
/)\f(zl,ZQ,a—l—zt)O do <4 —— T1 log T.
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Finally, the integral along the vertical line [\ —iT, A + iT] is estimated as

AT § T 53 s85a A 82-85a
//\ . f(#1, 2, S)y;ds < /Tt 2 te log3 t—yt dt LT 22 1+6y’\ log3 T.
i _

3/14

We get the required result by putting 7' =y in the above bounds.

4.6.3 Cyclotomic number fields

Let K be a cyclotomic number field, then from (4.3.3), we write

|A(n7 21, 22)‘

3D EED D D DN D DD D
din \dild \dirdigimlds  l1-ligemln/d ] dalnfdi \der-dogmyld  lo1-log(myln/dz
This implies

|A(p, 21, 22)| < dp(m).
Taking T' = y° where ¢ is a fixed real number. From Lemma 4.3.4, we have

Z |A(n, 21, 29)| min (1 L) = Z |A(n, 21, 20)| < %log‘w(m) T.

Ty —n

ly—n|<y'~c ly—n|<y!'~c
(4.6.14)
For the interval y + y'~¢ < n < 2y, we have
Z |A(n, 21, z2)| min | 1 — T )< Z log () y. (4.6.15)
Y Y Y T|y _ n| T
y+yl=e<n<2y
We obtain similar bounds for y/2 < T < y — y'~¢. We have
y- - ’A(n7 Zlvz?)l Y 4¢p(m)
= _ =1 T. 4.6.16
- ; S < plog (4.6.16)
Finally, from (4.6.14), (4.6.15), and (4.6.16), we deduce that
R(y; z1, 20) < J log*®(™) T (4.6.17)

T
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Next, we estimate line integrals in (4.6.5) using (4.3.11).

|Gx (o + it)|'y”
/ /0/2 Ik (2(0 + it) — 2 _Z2)(U+it)|dadt

1/2 o
< / / H3-40)6(m) /6 5 9(m) t%dadt

/ / t1=0)6(m)/3 156 ¢ m>t " dodt
1/2

<<q TS 4)\)¢p (m)/6y>\+y)10g m)TO

If a1 — ay > 0, then we have

\4
/ / |G (0 + it — 21)[*y  dodt
To/2 |G (2 a+zt)—zl—22)(0+zt)|

1/24a1 ya
<, / / -t oo/ g5 ¢ g

1+4a1 « yo
+ / / $1=o+an)é(m)/3 1g50(m) 4¥_ dadt+ / / log®®™ ¢t~ dodt
1/2+a; To/2 J1+ar t

<<q (T(3 A +4ay1)p(m )/GyA+yl+a1 +y) log o(m) Tp.

Similarly,

_ 4
/ / |CK (o +it — 2)|*y  dodt
1p/2 1Sk (2(0 +it) — 21 — 22)(0' + it)|

1+as yo' To « yO'
<4 / / t=otaz)e(m)/3 10650(m) 4 L_ oy 4 / / log®™ tZ_dodt
t To/2 J1+az t

<q (' +y) 1og™ ™ Ty,

and

/ / |Gie ( 0+Zt—Z1—Z2)|4Z/U. dodt
To/2 |CK U+2t)—21—22)(0+2t)|

14+ai1+a2
<</ / ((1=oartaz)om)/3 1o g500m) 1 dadt

+ / / ¢(m) t—dadt
+a1+a2
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< (YUt 4 y) log™ ™ T,

Collecting all the above results and substituting in (4.6.5), we obtain

o+it
/ / f(z1, 20,0 +it) Y —dodt <, ylog®? ™ Ty
To/2 o+t

Next, we choose T such that Ty/2 < T' < Tj, which gives T'

o+1iT

/ f(z1, 22,0 +4T) 4
A

Y 5¢p(m)
d Z ] T.
o+’ <q T8

The integral along the vertical line [\ —iT', A + T is given by

AT ys T
/ f(Zl, 29, 3)—d5 <<q / t(2+3a1+a2)¢(m)/3 10g m)t dt
A s 7

—iT
<<C| T(2+3a1+a2) m)/3 A lOg )T

Putting 7' = y*/?(™) in the above estimates, we get the required result.

4.6.4 General number fields under GLH

For a general number field, from (4.3.3), we have

|A(”721>Zz)|§2 Z Z 1 Z 1 Z Z 1 Z 1

dn dild \dii-dim|di li1---lim|n/d dan/di \da21-dam|d l21--lam|n/d2
(4.6.18)

This implies |A(p, 21, z2)| < 4m. Taking T' = y° where c is a fixed real number yields
Z |A(n, 21, 22)| min (17 L) = Z |A(n, 21, 22)|-

| — 1—c T’y - n| _ 1—c

y—n|<y ly—n|<y

We intend to use Lemma 4.3.4 to estimate the sum on the right side of the above es-

timate. From (4.6.18), we ensure that A(n, z1, z5) satisfies the hypothesis in Lemma



4.6 A KEY ESTIMATE FOR THE SECOND MOMENT 83

4.3.4 and therefore

Z |A(n,21,22)|min (1, ﬁ) < %10g4m T.

ly—n|<yl=c

For the interval y + y' ¢ < n < 2y, we have

: Y
Z |A(n, 21, 22)| min <1’T|y—n|)

y+yl—c<n<2y

Y ]A(n, 21,22)’ Yy 4
Z E A e el Z log*™ 4.
<K T e— < T og Yy

y+yl e <n<2y

Moreover, we have the same bounds for y/2 < T < y — y*~¢. Therefore, from the

above estimates, we deduce that

%logfm T. (4.6.19)

In the following computations, we employ Dedekind zeta bounds (4.3.12) to

R(y; 21, 22) <

obtain estimates of the line integrals in (4.6.5).

To/2 |Cﬂ< (0 +it) — 21 — zQ) o+ it)|
1/2 o "
<q/ / m(—do)tel dUdt-i—/ / 1Yot
12t
1/2 y A o
<<q/ t2m1+6/ (4_ dUdt+/ t461/ (y)odadt
To/2 A tem To/2 1/2

<<q TOZm—4m)\+ey)\ + ?JTS

If a1 — ay > 0, then we have

/ / |Ck (o + it — z1) "y dodt
1p/2 [Cr(2(0 +it) — 21 — 22) (0 + it)]
1/2+a1 o To « o

< / / gm-dottan el gy 4 / / t'L_dodt
To/2 J A t To/2J1/24a; U
To s+a1 o To o

<, / $2m—l+daymte / <4i) dodt + / et / (y)° dodt
To/2 A e To/2 lta




84 MOMENTS OF RAMANUJAN SUMS OVER NUMBER FIELDS

<<q T(2a1 2az)m-+e )\_'_yTe

Similarly,
t— 4
/t/ Celo +it =)y
/2 |Cx(2(0 + it) — 21 —Zz)(a+zt)|
1+a2 ya T() 6% ya-
<<q / / tm(2—40+4a2)+e_d0_dt ‘l‘/ / t4€—d0‘dt
To/2 J A t To/2 J1+as t
<Lq Ty eyt +y Ty,
and

/l/ Celo ot =21 = 2oy
o2 [Ck(2(0 +it) — 21 — 22) (0 +it)|
1+a1+az yg Ty o yg
<<q / / tm(2—4o’+4a1+4a2)+e_do_dt + / / t4€_d0-dt
To/2 J A t To/2 J1+ar+as t

<<q y1+a1+a2T072m+e 4 yT()E

Collecting all the above results and substituting in (4.6.5), we obtain

o+it
/ / f(z1, 22,0 +it) i —dodt <4 y1.
To/2 o+t

Next, we choose T' such that Ty /2 < T < Tp, which gives

o+iT
Y

dO’ <<q ,_ZT*

«a . y
T
/)\ f(ZhZQaO-—i_Z )U+ZT

Integral along the vertical line [\ — 4T, A + iT] is given by

AT ys T y}\
/ f(Z1, 29, S)—dS < / t—azm-i—e_dt <<q T_a2m+€y/\.
A—iT S T t

Putting T' = 92 in the above estimates, we get the required result.
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4.7 The second moment

Our arguments for the asymptotics of second moments for quadratic and cubic
fields use ideas from [12| and [55] with several adaptations required to extend the
proof for the number field. Let

1
logy’

Bi=1+

where ¢ € {1,2}. Using Lemma 4.3.5, we have

1 [(PFT og 1_g)(T) 2® 1
> CJ( ) = / oxu-9 () )x—d8+0(x OgyOK,o(I))~
8

0<N(7)< 2mi ,—iT Ck(s) s T

Squaring the two sides yields

2
1 B1+iT ,BQ—HT s I s T) psits2
S oam) g, [, e S e
(2mi)? /5 B

0<N(J)<z 1—iT o —iT' )CK(SQ) $152

+ Rz, 1), (4.7.1)

Inserting (4.7.4) in (4.7.1), and summing both sides over ideals Z with N (Z) < v,

we have

2
1 Br1+iT Bo+iT S1+82
S 2 o) L L a e e
(2mi)? J5 3

0<N(T)<y \0<N (T 1—iT o —iT' CK S1 CK(SQ) 5152

0 ZR:):I

0<N(Z

=I+0( )  R@I)], (4.7.2)
0<N(T)<y

where G(s1,52,9) = D o n(z)<y O%,(1-51) (L) 0k (1-s5)(£). Using Lemma 4.6.1, for
|T| < x“ where we obtain different value of « for different number fields, the

integral I in (4.7.2) can be written as

I:]1+IQ+]3+I4+E(£L‘,:I/), (473)
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where Iy, I, I3, and I are the integrals corresponding to the four terms appearing
in Ry in Lemma 4.6.1 and E(z,y) is corresponding error term. We compute each

integral separately below.

Evaluation of [;:

The integral I; is given by

B1+iT Bo+iT s + So — 1 51+s2
= PKY / / CK ! 2 ) dSldSQ.
B B

1—iT  J Bo—iT Ck(s1+52)  s152

We first shift the line integral in s;-plane to a rectangular contour containing the
lines [y +iT,3/2 — 51 +4T), [3/2 — Py +iT,3/2 — py —iT), [3/2 — 51 —iT, py —iT],
and [ — T, B + iT]. We see that s, = 2 — 51 is the pole of the integrand inside

the contour and the residue at pole is

pra?

(k(2)51(2 = 51)

If L1y, Lo, and L3 are the integrals along the lines [3/2 — fy + T, B + iT7,
[3/2 — By —iT,3/2 — 51 +iT), and [3/2 — B — iT, By — iT| respectively. Therefore,

we have

[u
E
NS
<

5,
“’\
—
2
s
S~

2 — Sl)d81 + ZLM

B1—iT Sl

Ll,'i-

Evaluation of I,:

The integral I5 is given by

dsidss.

_ PK@/Q /‘51+2T //32+1T 2 - SI)C]K(l — s + 82) pS1tse
B B

it S (2= 81 )Cx (2 — 81+ 52)Ck(51) Y5182

We move the line integral over s;-plane to a contour with vertices 8y +1i7', 3/2 + T,

3/2 — 4T, and By + ¢T. The integrand has a simple at s; = s, with residue

— Pk

(k(2 — so)a?2 [y
55(2 — 52)Ck(2)Ck(52)
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Let Lo, Las be the integrals along the horizontal lines of the contour, and Ls o be

the integral along the vertical line. Therefore, we have

Bo+iT 2s s

Ry k(2 — s2)x 2/y 2
I = dsy + Lo;
* = L)@ /ﬁ @ —s2)Calos) Z 2

KICKO
EjL
G T ET

Evaluation of I3:

The integral I3 is given as

2 B14+iT Bao+iT 2 o 1 . s1+s9
PRY / / SQ)CK( So + 81) x ds1dss.
B B

i J ot 2 — 89)Ck(2 — 52 + 51)Ck(52) Y*25152

To estimate the integral I3, we modify the line integration over s; to the contour
containing the vertices By + i7", 5y — i1, 3/2 4+ iT, and 3/2 — ¢T, and denote the
integration along the lines [Bo+iT, 3/2+iT1, [3/2+iT,3/2—iT], and [3/2—iT, fa—iT
by Lsi, L3, and L3, respectively. There is no pole of the integrand inside the

contour, so
3
Iz = E Ls;.
i=1

Evaluation of I;:

Finally, the integral I, is given by

I, = PK
27rz
”BlﬂT gttt CK (2= 51)Cx(2 = $2)Cr(3 — 51— 59) P12t
dsidss.
gt Jpir (3= 51— $2)Ck(4— 51— 52)Cx(51)Ck (52) $182

We estimate I, by shifting the integration over sy to the contour with vertices So+iT,
Po—iT, 5/2— p1+4T, and 5/2 — B; —iT. We denote the integration along the lines
(8o +4T,5/2 — By +1iTY, [5/2 — By +iT,5/2 — B — iT], and [5/2 — By — iT, B — iT]
are Ly, Lso, and L3, respectively. Since there is no pole of integrand inside the

contour, therefore we have
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Since the bound of integrals L;, for 1 < j <4 and 1 <7 < 3 depends on the bound
of the Dedekind zeta function, we estimate the bound of L;; for quadratic, cubic,
cyclotomic number fields, and arbitrary number field under GLH separately using
(4.3.5), (4.3.9), (4.3.11), and (4.3.12), respectively to obtain the second moment of

respective number fields.

4.7.1 Quadratic number fields
Proof of theorem 4.2.53. For a quadratic number field, the error term in (4.7.1) is

estimated as

zlogy / It og g (@) a*  2’logy 2
R(z,T 7 S o A e TR PN
(2,7) < ——oxo(Z) o Gels) s s+~ (x0(2))

22log 1y log® T
< gylog

T (ox.0(T))%. (4.7.4)
Therefore, we have
Z R(x.T) < z?logylog® T Z (020(T))?
x _— .
) T OK,0
0<N(T)<y 0<N(I)<y

We take a; = a; = 0 in (4.6.6), and then use Lemma 4.3.4 to get

Z (0x0(Z))* < ylog”y,
0<N(T)<y

and
E(z,y) <q 2%y 1log™ T.

Next, from lemma 4.6.1, for a quadratic number field « = 1/3. To estimate the
bounds of the integrals L;; for 1 < i < 4 and 1 < j < 3, in the estimation of
integrals I; for 1 <i < 4, we use (4.3.5). In the estimation of I;, the integral along

the horizontal lines as

T peemeosy s !
|Lial, | L1s] < ya:/ </ TH=P=9) og T—da) —dt
! -1 \J3/2-5, T 1+ |t

8 T B2
xylog® T ( x )U 1
—— —— ) do | ——=dt
o T3 /T (/3/2—51 172/ ’ 1+ |t
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22ylog® T 2%/ylog® T

ST T2/3

Furthermore, the integral along the vertical line is given by

|Gk (B1 — 1/2 +i(t: + ta))| 1
Ll < ya” / / (BT 12 it + )| (L LD T T e

T —1/2+it)| [T 1
<< 1'3/2/ |CK ﬁl dt dt
Y B 12+ i) S Ot )+ =t

2T 41/31,,6
t/°1 t
<4 ya’? logT/ 08

—or (1412

< y23PTY3 108" T.

dt

Therefore, we have

_ ke (#ylog’ T
1 — —) q - 7

2(k (2 T

For the integral Iy, we have

|L2,1|7 |L2,3|
<92 /T </3/2 (2 =0 —iT)Gx(1 =0 + B —iT + it) 27 dU) : .
=T 1

(x(2 =0+ B2)Cx(0) yor? 1+ [¢]

2 T 3/2 o
J;y/ / 2-2(2-0) __2-2(1—0+83) 10 T 1
<. 2 T—s T 3 log"" T'—do | ———dt
T _T< 1 y° ) + [t]
2100107 [T 3/2 /o T4/3\ 7 1
<, W os 1 / / ) do| ——at
TETTER A A T

22y 2 10g ' T g2y log T
T4/3 T2 ’

<4

and
| Loo| < 2™y'/?
/ / |Gk (1/2 — ity) || (= 1/2+52+i( t1 + 1)) dbdt
[Ge(3/2 + it1)[[Ge(1/2 + B + i(—ts + L)L+ |62+ [t)

<, 2y\? /2T |Gk (—1/2 + B +it)| 1/3 log® ¢,
’ —or [Cx(1/2 4 B2 +it)] 1+ |t1 (L4 [t +1])

dt,dt

+ yz® 2 T3 log” T) : (4.7.5)
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2T 41/37,,6
t'/°log’t
<4 22yt 2 1og® T/ 08 dt

—or (1+[t])

< 2Py AT log? T (4.7.6)
Combining the above estimates, we have

2 .4 O 1 T
[2 — pHZZKEH2<;2> + Oq (% 5/2y1/2T1/3 10g12 T) . (477)

In the estimation of integral I3, the integral along the horizontal lines are

|L3,1|7 |L3,3|
<<f/$</MGM%%F4W%O—U+5r4T+wa&®>_i—ﬁ
-T

2 x(2 =0+ Bi)x(o) yor? 1+ [¢]

3/2 o
xy 2-2(2—0) _2—2(1—0+p7) 10 L 1
T T 1 T—do | ——=dt
< T?/ </ . Oy U) Tl
o wtlogh T (T [ (A TN _1 dt
TR R y “ + |t

22y 2 10g ' T 22y log T
T4/3 + T2 :

<,
We evaluate the integral along the vertical line same as (4.7.6). Therefore
|Lyo| <4 272y /2T 3 10g2 T,

and

2, loa!! T
I3 = O, (% + 252y 2TV 3 og? T) . (4.7.8)

In the estimation of I, we have

|Lanl, [ Lasl

5251 (2 — By — it) k(2 — 0 — iT)(k(3 — By — 0 — iT — it)a®
<yx/ / G — 0 — BB e ()P T2 (1 1 1) dodt

T 5/2—p1 o
Ty 2-2(2—0) 2-2(1—0—31) 14 2T 1
T T 3 1 T—d dt
<4 T2/ (/1 0g " 0>1+|t|
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22y 2 10gB T a2ylog® T
T4/3 T2 ’

<4

and

|L42| < x5/2y1/2

/ / |Gx(2 — 51 it)[|Ge(=1/2 + B1 — it1)[|Gx (1/2 + i(—t1 — t2))|dt1dts
|Ck(3/2 + i(—t1 — t2))[ICk( ﬁl +it)[|Gx(5/2 — B+ ita)| (1 + [t ])2(1 + [ta])

< 2Py ? / (124 i) 1/*log" t; dtydt
’ 27 |CK(3/2+52+215| 1+\t1 (1+[t—t])
2T 11/3
/-1 t

<4 27yt 10g12T/ —Ogdt

or (1+1t])
<o /22T 10g 2 T
Thus,

2?ylog® T 5 oysg 12
14:oq< - + 221273 og T). (4.7.9)

Collecting the results from (4.7.5), (4.7.7), (4.7.8), (4.7.9) and inserting in (4.7.3),

we deduce

2,2 2,4 2 9
PrYL Pz Cx (0) z7ylog™ T 3/21/3 1. .7
I = Oy | ——— T/ log"T
& (2) + 1x(2)? + Oy T + yx og

+ Oq (x5/2y1/2T1/3 10g12 T+ $2y17/18 1Og24 T) )

Taking T = /3¢, we obtain the required result. O

4.7.2 Cubic number fields

Proof of Theorem 4.2.4. The proof uses the same steps as in the degree two case,
except for several technical changes that arise due to the difference between the
bounds of the Dedekind zeta function for cubic (4.3.9) and quadratic number fields
(4.3.5). The bound of R(x,Z) for cubic is given as

zlogy BitiT (1-s)(T) z* z2log’y 9
A A — = d _— A
R ) < o) [ RO s 4 S (D)

2logylog® T
<« 9808 Z (6 o(T))2 (4.7.10)

T



92 MOMENTS OF RAMANUJAN SUMS OVER NUMBER FIELDS

Put a; = a; = 0 in Lemma 4.6.1, this implies

Z (ox.0(Z))* < ylog’y.
0<N(Z)<y

Therefore,

2y 1og y 1og® T log?
0<N(Z)<y

Also, from Lemma 4.6.1, we have
E(x,y) <4 ny% log®y.

From lemma 4.6.1, for a cubic number field a = 3/14. Next, we estimate the bounds
of the integrals L, ; for 1 < i < 4 and 1 < j < 3 using (4.3.9) for cubic number

fields. In the estimation of I;, the integral along the horizontal lines as

T Pa x° 1
|L1,1‘> ’L1,3| <<q yx/ (/ T41(2—51—a)/42 logm T—dd) Gt
1

_r \J12 T 1+ [t]
22ylog' T 23%ylog'' T
<4 T T43/84

Furthermore, the integral along the vertical line is given by

2T 141/84 7.6
t 1 t
L1 o] <q ya/? logT/ 28 "t

o (L+t))
<<q y$3/2T41/84 10g7 T.

Therefore, the integral I; becomes

2 2 11
PK 2 z7ylog 1 3/241/84 7 7
I = Oy ————+ T log" T ] . 4.7.11
1 QCK@)yx + q( T yzx og ( )

The line integral along horizontal lines for I, are given as:

9 4T 3/2 o
Ty 41(2—0) _ A1(1—o+Bo) 3T 1
Loql, |Los| <4 —= T = T == log® T —d dt
IE2al, Lol e / (/1 o8 Y U) 1+ |t

=T

22y 2 log* T 22ylog* T
T43/42 T1/21

<q
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The integral along the vertical line is given by

2T 41/84 3
1/2 t 1 t
|Las| <4 x5/2y1/2/ |Gk (=1/2 + B +it)| og’ t it dt

Lo [Ck(1/2+ B2 + i) 1+|t1 (1+ [ty + 1))

<q 2Py AT o T (4.7.12)

Therefore, the integral I; becomes
2 2 4
_ PiCr(0) 4 z=ylog™ T 5/2, 1/241/84 1. 4
L= e T O\ e e Pyt /siog! T | (4.7.13)

For I3, the integral along the horizontal lines are

22y 2log® T 22ylog* T
TA1/84 T1/21

|Lsal, [ Ls,s| <
We can evaluate the integral along the vertical line the same as (4.7.12). Therefore

’L3,2| <<q $5/2y1/2T41/84 10g4 T,
and therefore 2 1o T
xr~y log
Iy = 0, (W + x5/2y1/2T41/84) : (4.7.14)

For I, the integral along the horizontal lines are

252y 210g® T 22ylog* T
T41/84 Ti/21

| Laal, | Las| <q
and the integral along the vertical line the same as (4.7.12)
|Lyo| <q a2y /2710734,

Thus,

2%y log* T
I, =0, (W + x5/2y1/2T41/84) . (4.7.15)

Collecting the results from (4.7.11), (4.7.13), (4.7.14), (4.7.15), and insert in (4.7.3).
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We get
) 2 2 3
Pk s PECk(0) 4 z-ylog™ T 2 45 . 3
I = O - = 19 |
CK(Q)yx +4<K(2)2x q T + xy log” y
x2y10g4T 5/2 1/2141/84
Substitute T' = 23/~ for a fixed € > 0 gives the required result. O

4.7.3 Cyclotomic number fields

Proof of Theorem 4.2.5. For a cyclotomic number field, we have

x xlo
R(@,T) < 20w (1)) (T) + TgyaK,o(I). (4.7.16)
Therefore, we have
2%logylog™ T
S ed) < ST Sy
0<N(Z)<y 0<N(Z)<y

We take a; = as = 0 in Lemma 4.3.4 to get

S (oxol@) <.

0<N(Z)<y

and from Lemma 4.3.4, we have

E(z,y) <q 22y + y1=1/4m) Jogm)

To estimate the bounds of the integrals L;; for 1 < ¢ <4 and 1 < j < 3 for
cyclotomic number fields, we use (4.3.11). The integrals along horizontal lines for

I are given by:

T asaemys o) 1
Ly, | L13] < y/ (/ TV oeimIS Jog?tm T—da) —dt
| L1, |Lys] <4 L 7 .

22y 10g¢(m) T

< = + 32y T/ 61 gt M)+
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Furthermore, the integral along the vertical line is given by

|Gk (B — 1/2 +i(t1 + t2))] 1
Lzl < ye’ / / Ce(Br + 12+ it + 1)) (L [ (L Jta]) 12

<4 yx3/2T¢(m)/6 10g2¢>(m)+1 T

Therefore, the integral I; becomes

2,102 2 B(m) T
P YT € ylog 3/2T¢( )/6 $(m)+1 T 717

For the integral Iy, we have

T 3/2 2 . 1 - 4B 1
[L2], | Las| < yz/ </ w2 0)iull ~ 0+ )z d")
-

. &(@2—0+ B)k(o) yoT? 1+ [¢]
2 dp(m)+1
<4 x5/2y1/2T¢(m)/3’2 10g4<¢>(m)+1T+ T legT2 T.
The integral along the vertical line is given by
|Lya| <4 2322
/ / Cr(1/2 — ity)|[Gx(=1/2 + fo + (=t +12))] didt
1at2
|Gk (3/2 + ita)|[Cr(1/2 + Ba + i( =ty + 12)) (1 + [t])2(1 + [t2])
&g 2Pyt PTO M3 gt tm) (4.7.18)

Therefore, the integral I becomes

2,.4 2 4¢p(m)+1
p°r*(x(0) x°y log | 5/2 1/2 B 4
L=""22+40 + 22223 o4t T ) (47,19
Ty T\ I " )

The integral along the horizontal lines of I3 are bounded as

) /T 3/2 CK(Q o U)C}K(l — o+ 51) 2oth " 1
7 \ /s, k(2—0+pB1)lk(o) yoT? L+ [t

+1T

m)/3— 2%y log**!
<4 x5/2y1/2T¢( )/3 210g4¢(m)+1T =
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We can evaluate the integral along the vertical line the same as (4.7.18). Therefore

| L3 2| <4 :135/2y1/2T¢(m)/3—1 10g4¢(m) T

and
2, Jogem+1 f
I3 = O, (m 4 OgT2 + P2yt 2T 3=1 g m) T) . (4.7.20)
The integral along the horizontal lines for the integral I, are bounded as
2, Jogem)+1
|Laal, | Las| <q g® 2yt RTom/E=2 ggdetmt L . OgT2 ;

and the integral along the vertical line for the integral I3 is bounded as

| Ly <4 $5/2y1/2T¢(m)/3_1 10g4¢(m) T

Thus,

2 1 4¢(m)+1T
L =0, (‘T Y OgT2 + 2P/ 2y 2elm)/3-1 | eds(m) T) . (4.7.21)

Collecting the results from (4.7.17), (4.7.19), (4.7.20), (4.7.21), and insert in (4.7.3).
We get

Ck(2) 0 4k(2)? T
+0, (+x5/2y1/2T¢<mV3—1 log1@m) Ty 421 =k(Bm)+1/2) 156(m) w) '

2. .2 2 4 2 2¢(m)
P (x(0) 0, (x ylog™™™ T 2B/ THm/6 1o g20(m)+1 T)

Putting T = z'/*¢(™) gives the required result. O

4.7.4 General number fields under GLH

Proof of Theorem 4.2.2. For a general number field, under GLH, we have

T zlo
R, T) < Z0x-1/1060)(T) + TgyaK,o(z). (4.7.22)
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Therefore, we have

2%logylog™ T

Z R(z,T) < Z (ox0(Z))*.

0<N (T)<y 0<N(T)<y

We take a; = as = 0 in Lemma 4.3.4, we have

> (oxo(D)* < .

0<N(D)<y

Also, from Lemma 4.3.4, we have
E(r,y) <q 2°y'/?*.

Next, from lemma 4.6.1, under GLH, we choose a = 2. To estimate the bounds of
the integrals L; ; for 1 <7 <4 and 1 < j < 3, in the estimation of integrals I; for
1 <i <4, weuse (4.3.12). In the estimation of I, the integral along the horizontal

lines as

T B2 70 1 ZL'2y
L L T —do | ——dt —_—
skt <o [ ([ 7500) i <ot

and the integral along L, 5 is given by

KK 61 — 1/2+Z(t1 +t2))| 1

L < yrs / / dtdt

2l <9 [ B 1/ )| T )
< yr*? 1o T/ P < yx®?Te. 4.7.23
aye e T | A<y (4.7.23)

Therefore, the integral I; is
I = Lt 240, UYL e (4.7.24)
P 2G(2 )y 7= Y

For the integral Iy, we have

T 3/2 .
Ty 1
L L —d —dt
bt <72 [ 15 o
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« Lyl
and
|Lys| < 252112 /2T |Ce(=1/2 + B2 +.Z't)| /T 19 dtdt
—or [Cr(1/24 Bo+at)] Jop (T4 [0a])?(1 + [t +¢])
< T
Therefore, the integral I; becomes
L= %Iégﬁ + 0, ( ;fjf’ + xfﬁf”) . (4.7.25)

For the integral I3, we have

2 T 3/2 .
Yy T 1
|Laa|, |Lss| < —/ / T —do | ———dt
1 RN W RN

2B2y2 g2y
< e e
and 5/2,1/2
/%y
|L372| <<C| W
Therefore , we have
2202 g2
I; = O, ( Tﬂe + Tzi) . (4.7.26)
Finally, for the integral I, we have
222 2y
|L4,1|7 |L4,3| <<q T2—¢ + T2_57
and
5/21/2

[ Lao| <~
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Thus, The integral I, becomes

2202 g2
=0, ( et Tﬂé) . (4.7.27)

Collecting the results from (4.7.24), (4.7.25), (4.7.26), (4.7.27), and insert in (4.7.3).
We have

25/2

y1/2
W) . (4.7.28)

2 2 2

PK 2 PrCx(0) 4 ( Yy 3/2

I = yx© + x4+ 0 + yx?/ T +
CK(2) 4CK(2)2 1 Tl

Choose T' = 227¢ and substitute in the above expression; we obtain the required

result. O

4.8 Proof of Theorem 4.2.6

In this section, using elementary techniques, we prove the second moment for
number fields of any degree satisfying condition (4.2.5). As the degree of a number
field increases, due to large bounds for the associated Dedekind zeta function in
the required regions, the error terms originating from the line integrals in Perron’s
formula dominate over the main terms. Consequently, we avoid an analytic approach
for higher degree number fields at the cost of losing a second main term.

Proof of Theorem 4.2.6. From (1.3.4), we have

)OI D DENETE) IEED DI D DI DRYCAMES

0<N(D)<y \O<N(J)<=z O<N D)<y \ O<N(T) <z Th|T
TIT

=YY NGN@GMIE Y1 (181)
0<N(Z1 J1) <z 0<N (T2 J2) <z 0<NT)<y
TWZ,22|T

From the hypothesis in Theorem 4.2.6, the innermost sum is given by

#{Z:TCOx:0<N(T) <y, IﬂIJﬂI}:/\%+O<(m) )
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Using this, the left-hand side of (4.8.1) equals

pry Y Y. N@T+ D))

0<N (T1 J1) <z 0<N (T2 Jo) <=

+O [y ) Y NI +DL)N(T) N (L)'~

0<N (T1 J1) <z 0<N (Z2J2) <z
=1+ 1, (4.82)

Let 7y + 7, = A, then Z; = A&, and Z, = A&, such that & + & = Ok. This yields

Li=py Y, . NI T)
0<N(A<€1 jl)gx 0<N(A82]2)§x
E14+E2=0
=pxy Y > NAWRUT) D wM)
O<N(AELT1) <z 0<N (A2 T2) <z M|E1+E2

2

—py > N(AuM) S )

O<N (AM)<z 0<N(SJ)§x/N’(AM)
=y Y, NAPM 2C ( )+O(xylogx) (4.8.3)
0<N(AM)<z K
and
L<y* > Y NAPN(EA N (EA
0<N(AELT1) <z O0<N (A2 T2) <z
E14+E2=0k
<y Y S NATNE)TNE) Y M)
0<N(A51j1)§x 0<N(A52j2)§w ./Vl|51+52
2
PR Ce S NE
O<N(AM)< O0<N(ET)<z /N (AM)
a’;(270‘)2
<y ) N( )2~ o <yt (4.8.4)
D<A A< NTAM)E

On substitution of (4.8.3) and (4.8.4) in (4.8.2), we obtain the required result. [



Conclusions and Future Directions

The aim of this thesis is to study the distribution of Ramanujan sums by finding
their moments of averages and convolution sums. We also used the convolutions of
Ramanujan sums to derive a heuristic proof of the Hardy-Littlewood prime tuple
conjecture. Ramanujan sums are defined over number fields in (1.3.4). For y > 9,

moments of Ramanujan sums over number fields are as follows:

Z Z Cj =pry + E(z,y).

0<N(D)<y 0<N(TJ

The second moment is given as:

Pk 2
Z Z Cs(2)] = C]K(2>y:c + E(z,y).

0<N(Z)<y \O<N(J)<z

Here, E(z,y) is an error term. We summarize the results of moments in the following

two tables:

101
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Field Moments
Q) |k=1 k=2 k>3
co(n) Chan and  Kunchev | Chan and  Kunchev | Goel and Murty (2024)
A" (2012) (2012)
Si(@y) = y— iy + | Salw,y) = 5 + Elx,y) | Selx,y) = y2*Q(logx) +
E(z,vy) E(z,y),
cos(n Robles and Roy (2017) | Robles and Roy (1%(217) Goel and Murty (2024)
P Sis(ay) =y + B(ry) | Sas(e,y) = gy + | Sks(®:y) =
E(x,y) yFPTD2Q(log z) +
E(z,y) where @ € R[X]
Table 5.1: Moments of Ramanujan sums over Q
Field Moments
k=1 k=2
Quadratic num- | Nowak (2012) improved by Zhai | Chaubey and Goel (2023)
ber fields (2021)
Cubic  number | Ma, Sun, Zhai (2021) Chaubey and Goel (2023)
fields
Arbitrary num- | Fujisawa (2015) improved by | Chaubey and Goel (2023) (Under
ber fields Chaubey and Goel (2023) (Under | Lindelof Hypothesis)
Lindelof Hypothesis)

Table 5.2: Moments of Ramanujan sums over number fields

In [9], Carlitz generalized Ramanujan sums over function fields as follows: Let
[F, be a finite field with ¢ = p! elements and F,[z] be the polynomial ring. If G, H,
and D are the polynomial in A = F,[z] and 5 € N, then generalized Ramanujan

sum is defined as:

(Gt = X 1DFa () (5.0.1

D|@
DP|H

where |D| = q%(P) and u(G) is the generalized Mobius function defined as 12(0) = 0

and

1, itGeF;,

(1), if G =aP,Py--- P such that o € F} and P/s are distinct monic
irreducible polynomials,

0, if there exists P such that P?|G.
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Recently, Zheng |71] studied some interesting arithmetical and analytic properties
of these sums. Our ongoing work studies the moments of Ramanujan sums over
function fields.

During the estimation of the triple convolution of Ramanujan sums, we encoun-

tered two variable variant of Ramanujan sums defined as:

ji/r(h,j) — Z 627ri(hb+jc)/r.
(b,r)=(e,r)=1

(b+c,r):1:
We proved it is a multiplicative function of r and satisfies the orthogonality property.
using the orthogonality property of these sums, we can express an arithmetical
function as a series expansion involving the two-variable variant of Ramanujan sums.
As a result, this function is worth an independent study.

Therefore, we are interested in finding a closed formula like Ramanujan sums in
terms of arithmetic functions for this function and obtaining the series expansion of
functions in terms of the two-variable variant of Ramanujan sums. Once one obtains
the series expansion of a function, it would be interesting to study the convolution
of the same function using the properties of generalized Ramanujan sums as we did
in the case of Ramanujan sums. These problems parallel Ramanujan sums theory

for this generalized variant and will appear in our forthcoming paper.
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