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Abstract

While studying the trigonometric series expansion of certain arithmetic func-
tions, Ramanujan, in 1918, defined a sum of the nth power of the primitive qth roots
of unity and denoted it as cq(n). These sums are now known as Ramanujan sums.
Since then, Ramanujan sums have been widely used and studied in mathematics
and other areas. Most importantly, it is used in the proof of Vinogradov’s theorem
that every sufficiently large odd number is the sum of three primes. It is also used to
simplify the computations of Arithmetic Fourier Transform (AFT), Discrete Fourier
Transform (DFT), and Discrete Cosine Transform (DCT) coefficients for a special
type of signal.

We study Ramanujan sums in the context of the k-tuple prime conjecture. A
twin prime is a prime number that is either two less or two more than another prime
number. It is conjectured that there are infinitely many twin primes. Hardy and
Littlewood generalized the twin prime conjecture and gave the k-tuple conjecture.
Let d1, · · · , dk be distinct integers, and b(p) is the number of distinct residue classes
(mod p) represented by di. If b(p) < p for every prime p, the k-tuple conjecture
gives an asymptotic formula for the number of n ≤ x such that all the k numbers
n + di are primes. We study a heuristic proof of the k-tuple conjecture using the
convolution of Ramanujan sums.

Additionally, we study questions on the distribution of Ramanujan sums. One
way to study distribution is via moments of averages. Chan and Kumchev studied
the first and second moments of Ramanujan sums. In this thesis, we estimate the
higher moment of their averages using the theory of functions of several variables
initiated by Vaidyanathaswamy.

v



vi Abstract

Ramanujan sums can also be generalized over number fields. A number field is
an extension field K of the field of rational numbers Q such that the field exten-
sion K/Q has a finite degree. Nowak first studied the first moment for Ramanujan
sums over quadratic number fields, and later, it was estimated for the higher degree
number fields as well. For a general number field, assuming generalized Lindelöf
Hypothesis, we improve the first moment result and also study the second moment.
Furthermore, unconditionally, we estimate asymptotic formulas for the second mo-
ment for quadratic, cubic, and cyclotomic number fields. Our primary tool for these
results is a Perron-type formula. Finally, we obtain the second moment result for
certain integral domains called Prüfer domains.
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1
Introduction

In 1918, Ramanujan [52] identified the significance of the exponential sum defined
as

cq(n) :=

q∑
a=1

(a,q)=1

e
2πina

q . (1.0.1)

This function is now known as Ramanujan sums. Here, q and n are positive integers.
Ramanujan sums can also be interpreted as a sum of the nth power of qth primitive
roots of unity. Furthermore, let ζnq = e2πin/q be a qth root of unity. Each of its
power, ζnq , · · · , ζ

(q−1)n
q , ζ0q = ζqnq = 1 is also a root of unity. If

ηq(n) =

q∑
a=1

e2πian/q

is the sum of nth power of all roots, then

ηq(n) =
∑
d|q

cd(n).

1



2 Introduction

Next, we use the Möbius inversion formula, which says that if two arithmetical
functions f and g are related as f = 1 ⋆ g, then we can write g = µ ⋆ f . Thus, by
the Möbius inversion formula, we have

cq(n) =
∑
d|q

ηd(n)µ
(q
d

)
.

Therefore, we can write an explicit form for cq(n) using Möbius function as

cq(n) =
∑
d|n
d|q

dµ
(q
d

)
. (1.0.2)

We can derive various interesting properties of Ramanujan sums from (1.0.2), such
as it is an integer-valued function and a q-periodic function of n. In other words,
cq(n+ q) = cq(n). Additionally, for a fix n, it is a multiplicative function of q. That
is, if (q1, q2) = 1, then we have

cq1q2(n) = cq1(n)cq2(n).

While for a fixed q, it is a multiplicative function of n if and only if µ(n) = 1. This
also implies cq(1) = µ(q) and cq(q) = ϕ(q). For a prime p,

cp(n) =

{
−1 if p ̸ |n,
ϕ(p) if p|n.

Also, for a prime p and any positive integer k, we have

cpk(n) =


0 if pk−1 ̸ |n,

−pk−1 if pk−1|n and pk ̸ |n,
ϕ(pk) if pk|n.

The above result and the multiplicative property give another explicit formula of
Ramanujan sums:

cq(n) =
ϕ(q)

ϕ(q/(q, n))
µ(q/(q, n)). (1.0.3)
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The right side of the above is called von Sterneck’s arithmetic function, and this
equivalence was derived by Hölder [32] in 1936. In the following sections, we discuss
the literature on Ramanujan expansion and the orthogonality property of Ramanu-
jan sums. Finally, we study the results of the distribution of Ramanujan sums.

1.1 Ramanujan expansion

For a periodic function, we can write the series expansion into trigonometric
functions called Fourier series. Joseph Fourier first used the Fourier series to find
solutions to the heat equation. Fourier series can also be applied to functions that
are not necessarily periodic. Motivated by this, one can ask for a series expansion
of arithmetical functions using Ramanujan sums. In fact, it is possible that it was
this that led Ramanujan to define (1.0.1).

In [52], Ramanujan used these sums to obtain pointwise convergent series repre-
sentations of the normalized arithmetic function f(n) of the following form:

f(n) =
∞∑
q=1

f̂(q)cq(n), (1.1.1)

with coefficients f̂(q). The representation of f(n) in (1.1.1) is called Ramanujan
expansion or Ramanujan Fourier series, or simply Ramanujan series, and f̂(q) is
called the q-th Ramanujan coefficient of f . Ramanujan derives the series expansion
of some well-known functions written below:

d(n) = −
∞∑
q=1

log q

q
cq(n),

ϕ(n)

n
=

6

π2

∞∑
q=1

µ(q)

q2

∏
p|q

(
1− 1

p2

)−1
 cq(n),

Λ(n) = −
∞∑
q=1

cq(n)

n
, r(n) = π

∞∑
q=1

(−1)q−1

2q − 1
c2q−1(n).

Hardy obtained a Ramanujan Fourier series of the von Mangoldt function given by

ϕ(n)Λ(n)

n
=

∞∑
q=1

µ(q)

ϕ(q)
cq(n). (1.1.2)
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Ramanujan further discovered that the prime number theorem is equivalent to show-
ing

∞∑
q=1

1

q
cq(n) = 0. (1.1.3)

More precisely, from (1.0.2), the above series evaluation is equivalent to
∑∞

q=1
µ(q)
q

=

0, which is a well-known form of prime number theorem. We can see that (1.1.3)
is an expansion of the zero function. Therefore, it also shows that the Ramanujan
Fourier series need not be unique.

A natural question arises: is there Ramanujan expansion for every arithmetical
function? This question was answered by Spilker [64]. He proved that every bounded
function has a Ramanujan expansion. Later, Hilderbrand [31] gave a simple proof
of Spilker’s result and also removed the boundedness condition. A comprehensive
review paper by Lucht [41] discusses the Ramanujan expansion of arithmetical func-
tions. Moreover, notable monographs in this direction include the works of [59] and
[63]. It is non-trivial exercise to determine the Ramanujan coefficients for several
arithmetical functions. Therefore, another question arises: how can we determine
the corresponding Ramanujan coefficients? Carmichael first encountered this ques-
tion using the orthogonality principle of Ramanujan sums.

1.2 An orthogonality principle

In 1932, Carmichael [10] discovered the orthogonality principle of Ramanujan
sums. The Ramanujan coefficient of an arithmetical function can be predicted using
Carmichael’s orthogonality property for Ramanujan sums.

Theorem 1.2.1 (Carmichael, 1932). We have

lim
x→∞

1

x

∑
n≤x

cr(n)cs(n+ h) =

{
cr(h) if r = s,

0 otherwise.

Proof. From (1.0.1), we have

∑
n≤x

cr(n)cs(n+ h) =
∑

(a,r)=1

∑
(b,s)=1

e2πihb/s
∑
n≤x

e2πin(a/r+b/s).
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The innermost sum is bounded unless a/r + b/s is an integer m (say). This implies

as+ br = mrs

forces r = s because (a, r) = (b, s) = 1. The result is now immediate.

Let suppose f(n) be an arithmetical function, and M(f) denotes its mean value.
In particular,

M(f) = lim
x→∞

1

x

∑
n≤x

f(n),

and f(n) has a convergent Ramanujan expansion given by

f(n) =
∞∑
q=1

f̂(q)cq(n). (1.2.1)

From the orthogonality principle, we have

f̂(r) =
1

ϕ(r)
M(fcr), (1.2.2)

provided that, M(fcr) exists. This gives the Ramanujan coefficients for the functions
f , with a mean value M(fcr). Ramanujan and Carmichael’s work set the stage for
a general theory of Ramanujan expansions.

Later on, in 1943, Wintner [69] obtained the Ramanujan coefficients for a large
class of functions. He supposed two arithmetical functions f and g such that

f(n) =
∑
d|n

g(d), (1.2.3)

and
∞∑
n=1

|g(n)|
n

< ∞. (1.2.4)

Then, the qth Ramanujan coefficient of f is equal to

∞∑
n=1

g(nq)

nq
. (1.2.5)
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Delange [21] improved Wintner’s result with a hypothesis

∞∑
n=1

2ω(n)
|g(n)|
n

< ∞

instead of (1.2.4) with the same Ramanujan coefficient given in (1.2.5). Therefore,
the work of Wintner and Delange allows us to determine a large number of Ramanu-
jan expansions. Today, we have a mature theory on the pointwise convergence of
Ramanujan expansions with Fourier analysis on almost even arithmetic functions
(see [22, 36]). For more recent developments, see the work Coppola [17], Schwarz
[58], Lucht and Reifenrath [42], and the monograph of Schwarz and Spilker [59].

Furthermore, Gadiyar and Padma [25] used the orthogonality property of Ra-
manujan sums to derive a simple heuristic of the Hardy-Littlewood k-tuple conjec-
ture for the case k = 2. Let d1, · · · , dk be distinct integers; the Hardy-Littlewood
k-tuple conjecture gives an asymptotic formula for the number of n ≤ x such that
all the k numbers n+ di are primes.

Stimulated by heuristic results in [25], the authors [24] employed the Ramanu-
jan expansion to deduce asymptotic formulas for the convolution sums of distinct
arithmetical functions. Murty and Saha [47] adopted the method in [24] to derive
an asymptotic formula with explicit error terms for the shifted 2-convolution sums
of arithmetical functions with absolutely convergent Ramanujan expansion under
bounded conditions on Ramanujan coefficients. Subsequently, Coppola, Murty, and
Saha [18, 19, 56] extended the results with a weaker hypothesis.

We develop the theory of the triple convolution of Ramanujan sums. We use this
theory to derive a heuristic derivation of the Hardy-Littlewood 3-tuple conjecture.
This derivation is inspired by the method of Gadiyar and Padma [25] for 2-tuple
conjecture. In the estimation of the triple convolution of Ramanujan sums, we
encounter an interesting exponential sum defined as:

Kr(h, j) :=
∑

(b,r)=(c,r)=1
(b+c,r)=1

e2πi(hb+jc)/r. (1.2.6)

We refer to it as a two-variable variant of the Ramanujan sums. We prove that it is a
multiplicative function of r. Similar to the usual Ramanujan sums, the two-variable
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variant of Ramanujan sums also satisfies the orthogonality property. Moreover, we
can express an arithmetical function as a series expansion involving the two-variable
variant of Ramanujan sums leveraging the orthogonality property.

The method used to develop the theory of triple convolution when applied to
higher convolution, leads to exponential sums of several variables, which is cumber-
some to solve. Therefore, we adopt a different approach for higher convolution. This
naturally leads to the study of arithmetical functions of several variables initiated by
Vaidyanathswamy [67] in 1927. We derive the Hardy-Littlewood k-tuple conjecture
for k > 3 heuristically using the higher convolution of Ramanujan sums. Chapter
2 of the thesis consists of the above study. This Chapter also appeared in [15] and
[27].

1.3 Distribution of Ramanujan sums

Understanding Ramanujan sums and their distribution is an important topic of
study in number theory, with profound connections to problems in arithmetic such
as in the proof of Vinogradov’s theorem [48, Chapter 8], Waring type formulas [37],
distribution of rational numbers in short intervals [35], equipartition modulo odd
integers [7], large sieve inequality [53], as well as other areas of mathematics.

For any positive integer r, Alkan [3] studied the weighted average of Ramanujan
sums given by

1

qr+1

q∑
n=1

nrcq(n) =
ϕ(q)

2q
+

1

r + 1

∑
d|q

µ(d)

[r/2]∑
m=1

(
r + 1

2m

)
B2m

d2m
. (1.3.1)

In [5], Alkan showed that the average of Ramanujan sums in (1.3.1) is positive for all
r ≥ 1, and as r → ∞, the second sum of right side in (1.3.1) vanished completely.
From this, he concluded that Ramanujan sums is not orthogonal to vectors with
powers of integers but close to being orthogonal to these vectors. He also proved
that any number in [0, 1] is a limit point of the set of values of weighted average
(1.3.1) for a semigroup of positive integers.

In [1, 2], Alkan used (1.3.1) to find the special values of the L-function and to
calculate the maximum value of the partial sum of Ramanujan sums. In [4], he also
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gave a relation between the singularity of the Burgess zeta function and Ramanujan
sums with the help of (1.3.1).

Note that the sum in (1.3.1) only deals with the average over the variable n.
The question on the average order over both variables q and n of cq(n) was first
considered by Chan and Kumchev [12] motivated by applications to problems on
Diophantine approximations of reals by sums of rational numbers. More specifically,
they consider

Sk(x, y) :=
∑
n≤y

(∑
q≤x

cq(n)

)k

(1.3.2)

for k = 1, 2. From the elementary arguments, we have

S1(x, y) = y +O
(
x2
)
.

Chan and Kumchev refined the result to obtain broader support than y > x2. A
pair of real numbers (r, l) such that 0 ≤ r ≤ 1/2 ≤ l ≤ 1 is called an exponential
pair if the average of exponential sums can be bounded by a certain bound with
exponents r and l. Chan and Kumchev decompose S1(x, y) into subsums and use
the exponential pair (1/2, 1/2) from van der Corput’s method [29] for the same.
Similarly, from the elementary methods, it can be shown

S2(x, y) =
yx2

2ζ(2)
+ O

(
x4 + xy log x

)
.

Chan and Kumchev [12] also sharpened the support by means of an analytic argu-
ment. More precisely, they used Perron’s formula and double complex integrals.

In [16], Cohen generalized the Ramanujan sums in the following way:

cβq (n) :=
∑

1≤j≤qβ

(j,qβ)β=1

e

(
jn

qβ

)
=
∑
d|q
dβ |n

dβµ
(q
d

)
. (1.3.3)

We refer to these sums as Cohen-Ramanujan sums. Here,

(j, qβ)β = max{lβ : lβ|j and l|q}.
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For β = 1, it is the usual Ramanujan sums. In [55], Robles and Roy estimated the
average of the first and second moments of Cohen-Ramanujan sums using Perron’s
formula and double complex integrals. They also gave a result for higher moments
(Proposition 1.1), but their result for higher moments is incorrect, which we show
in Chapter 3.

In Chapter 3, we estimate higher moments for usual, and Cohen Ramanujan
sums using the Brèteche Tauberian theorem and the theory of functions of several
variables. The contents of Chapter 3 appeared in [28].

In the final part of the thesis, we investigate Ramanujan sums for number fields.
It is defined as follows: let K be a number field. If J and I are non-zero integral
ideal in its ring of integers OK, then Ramanujan sums over K are defined as

CJ (I) :=
∑
I1|J
I1|I

N (I1)µ

(
J
I1

)
. (1.3.4)

Here, N (I1) is the norm of I1 and µ(I) is the generalization of classical Mobius
function such that

µ(I) :=

{
(−1)r if I is a product of r distinct prime ideals,
0 if there exists a prime ideal P of OK such that P2|I.

(1.3.5)

Note that for K = Q, it is the usual Ramanujan sum cq(n) in (1.0.1).
The average of the first moment of Ramanujan sums over number fields is studied

by Nowak [50], Zhai [70], and Fujisawa [23]. Therefore, our study focuses on the
second moment of Ramanujan sums over number fields. In Chapter 4 we examine
the second moment for quadratic, cubic, and cyclotomic number fields and Prüfer
domains. More generally, by pushing our arguments a little further, we can deal
with arbitrary number fields. We prove the first and second moment results for
them under the assumption of the generalized Lindelöf hypothesis. Part of the
contents of Chapter 4 appeared in [13] and [14].

In the last chapter, we conclude the thesis by pointing out some directions for
future research related to two variable variants of Ramanujan sums defined in (2.3.2)
and Ramanujan expansion.



10 Introduction



2
Ramanujan sums and the

Hardy-Littlewood Prime Tuples
Conjecture

In this chapter, we will derive a generalization of a limit theorem of Carmichael
(Theorem 1.2.1) involving Ramanujan sums adopting a different method, which
naturally leads to the study of certain arithmetical functions of several variables.
We apply the general theory to give a heuristic derivation of the Hardy-Littlewood
prime k-tuple conjecture which Hardy and Littlewood formulated using the more
complicated circle method. We also estimate the triple convolution of the Jordan
totient function using the convolution of Ramanujan sums.

11
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2.1 The Hardy-Littlewood Prime Tuples Conjecture

A prime number p is called a twin prime if p + 2 is also a prime. For example,
3, 5, 11, 17, 41 are twin primes. It is conjectured that there are infinitely many
twin primes. In 1922, Hardy and Littlewood [30] generalized the celebrated twin
prime conjecture and formulated what is now called the prime k-tuple conjecture,
which is the following: Suppose that d1, ..., dk are distinct integers, and let b(p) be
the number of distinct residue classes (mod p) represented by di. If b(p) < p for
every prime p, the prime k-tuple conjecture asserts that the number of n ≤ x such
that all the k numbers n+ di are prime for 1 ≤ i ≤ k is asymptotic to

S(d1, ..., dk)
x

(log x)k
,

where

S(d1, ..., dk) =
∏
p

(
1− b(p)

p

)(
1− 1

p

)−k

, (2.1.1)

and the product is over all primes p.

Hardy and Littlewood formulated their conjecture using the intuition provided
by the circle method and essentially ignoring the contribution from the so-called
minor arcs emanating from the technique and focusing only on the major arcs.
Though the idea is simple, the analysis of the major arcs could be more complex
and delicate.

In 1999, Gadiyar and Padma [25] discovered a simple heuristic to derive the
case k = 2 (or the generalized twin prime conjecture) using a simple orthogonality
principle for Ramanujan sums originally discovered by Carmichael [10]. The key idea
of their proof is first to write the conjecture as a convolution of the von Mangoldt
function, which is possible as the von Mangoldt function is the best approximation
function for primes. Consequently, they use the Ramanujan expansion of the von
Mangoldt function (see (1.1.2)) and convert the problem into an estimation of the
convolution of Ramanujan sums. Though their approach does not lead to a solution
to the twin prime problem, it does open up other lines of productive investigations
related to the theory of Ramanujan sums.

Building upon the beautiful idea of Gadiyar and Padma, we obtain a heuristic
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proof of the Hardy-Littlewood conjecture for k > 2. This is not straightforward,
and we encounter a multivariable generalization of Ramanujan sums, which in itself
demands further investigation. We begin with generalizing Carmichael’s theorem on
the convolution of Ramanujan sums. Our aim is to generalize Gadiyar and Padma’s
method. Therefore, we first need to find the convolution of Ramanujan sums.

2.2 Carmichael’s theorem revisited

It will be useful to re-derive Carmichael’s theorem through this new optic. We
consider

∑
n≤x

cr(n+ h)cs(n+ j) =
∑

(a,r)=1

∑
(b,s)=1

e2πiha/re2πibj/s
∑
n≤x

e2πin(a/r+b/s).

Therefore,

lim
x→∞

1

x

∑
n≤x

cr(n+ h)cs(n+ j) =
∑

(a,r)=1,(b,s)=1
a
r
+ b

s
∈Z

e2πiha/re2πibj/s

Using our theory of fractions, it is now clear that the condition

a

r
+

b

s
∈ Z

can hold if and only if r = s and a = −b which gives the limit to be cr(h − j). We
state this for future reference.

Lemma 2.2.1. ∑
(a,r)=1,(b,s)=1

a
r
+ b

s
∈Z

e2πiha/re2πibj/s = cr(h− j)δr,s

where δr,s is the Kronecker delta function.
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2.3 Triple convolution of Ramanujan sums

We will now consider “triple convolutions.” More precisely, let us consider

∑
n≤x

cr(n)cs(n+ h)ct(n+ j) =
∑

(a,r)=1

∑
(b,s)=1

e2πihb/s
∑

(c,t)=1

e2πijc/t
∑
n≤x

e2πin(a/r+b/s+c/t).

(2.3.1)
Let us first look at the case r = s = t. In here, the innermost sum is bounded unless
a+ b+ c = 0 (mod r) and b+ c is coprime to r. Therefore, in this case, we have

lim
x→∞

1

x

∑
n≤x

cr(n)cr(n+ h)cr(n+ j) =
∑

(b,r)=(c,r)=1
(b+c,r)=1

e2πi(hb+jc)/r.

This motivates the study of a two-variable variant of the Ramanujan sum.

Definition 2.3.1. For positive intergers r, h, and j the two-variable variant of the
Ramanujan sum is defined as

Kr(h, j) :=
∑

(b,r)=(c,r)=1
(b+c,r)=1

e2πi(hb+jc)/r. (2.3.2)

This function is worthy of independent study. For the case when r = p is prime,
the condition b+ c coprime to p is always satisfied unless c = p− b, so we have

Kp(h, j) = cp(h)cp(j)− cp(h− j).

Since cp(n) = cp(−n), this is a symmetric function of h and j as it should be. It
should be possible to derive similar formulas in the general case.

Let us consider the case when r, s, t are not all equal. The innermost sum in
(2.3.1) is bounded unless a/r + b/s+ c/t is an integer. This means that

a

r
+

bt+ cs

st

is an integer. We will first study the case that the three numbers r, s, t are mutually
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coprime. Then
a

r
+

bt+ cs

st

being an integer implies that r = st from the earlier discussion because then bt+ cs

is coprime to st. Similarly, s = rt and t = rs from which we conclude r = s = t = 1.
Thus, we have:

Theorem 2.3.1. If r, s, t are mutually coprime, then

lim
x→∞

1

x

∑
n≤x

cr(n)cs(n+ h)ct(n+ j) = 0

unless r = s = t = 1, in which case the limit is 1.

This result holds in greater generality provided the p-adic valuations of r, s, t are
distinct for some prime p. We examine this in the later sections.

2.3.1 Multiplicativity of Kr(h, j)

In this section, we will prove that Kr(h, j) is a multiplicative function of r.

Lemma 2.3.2. Let (m,n) = 1. Then (b,m) = (c, n) = 1, if and only if (bn +

cm,mn) = 1.

Proof. Let n =
∏

p p
vp(n) and m =

∏
q q

vq(m) be the prime factorization of n and m,
where p’s and q’s are distinct since (m,n) = 1. Suppose that (b,m) = (c, n) = 1,

and (bn+ cm,mn) = d. Then, we have d =
∏

p,q p
vp(d)qvq(d) where 0 ≤ vp(d) ≤ vp(n)

and 0 ≤ vq(d) ≤ vq(m). For some p, one can write pvp(d)|bn + cm and so pvp(d)|c
which implies pvp(d)|(c, n). It is possible only if vp(d) = 0. Similarly, we can show
that vq(d) = 0, that is d = 1. Conversely, assume that (bn + cm,mn) = 1 and
(b,m) = d, then d|b and d|m. This implies d|bn+ cm and d|mn. Therefore, we have
(bn+ cm,mn) = d which gives d = 1. Similarly, one can prove (c, n) = 1.

Remark 2.3.1. Let (m,n) = 1 and (b,m) = (c, n) = 1. If 1 ≤ b ≤ m and 1 ≤ c ≤ n,
then we have ϕ(mn) choices for bn + cm. The lemma shows that each of these
numbers will be coprime to mn.
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Remark 2.3.2. For (m,n) = 1, one can represent every coprime residue class of mn

as bn+ cm where b and c belong to a coprime residue class of m and n, respectively.

Theorem 2.3.3. If (m,n) = 1, then

Kmn(h, j) = Km(h, j)Kn(h, j). (2.3.3)

That is, Kr(h, j) is a multiplicative function of r.

Proof. From (2.3.2), we have

Kmn(h, j) =
∑

(b,mn)=(c,mn)=1
(b+c,mn)=1

e2πi(hb+jc)/mn,

Next, from Remark 2.3.1, Remark 2.3.2 and Lemma 2.3.2, we see that for every
b and c, we can find b1, b2, c1, c2 such that b = b1n + b2m, c = c1n + c2m, and
(b1,m) = (c1,m) = (b2, n) = (c2, n) = 1. This implies

Kmn(h, j) =
∑

(b1,m)=(c1,m)=1
(b1+c1,m)=1

e2πi(hb1+jc1)/m
∑

(b2,n)=(c2,n)=1
(b2+c2,n)=1

e2πi(hb2+jc2)/n

= Km(h, j)Kn(h, j).

2.3.2 Orthogonality property of Kr(h, j)

In this section, we show the principle of orthogonality for Kr(h, j).

Lemma 2.3.4. We have

lim
x→∞
y→∞

1

xy

∑
h≤x
j≤y

Kr(h, j)Ks(h, j) = f(r)δr,s,

where δr,s is the Kronecker delta function and

f(r) =
∑

(b,r)=(c,r)=1
(b+c,r)=1

1. (2.3.4)
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Proof. From (2.3.2), we have

∑
h≤x
j≤y

Kr(h, j)Ks(h, j) =
∑
h≤x
j≤y

∑
(b,r)=(c,r)=1
(b+c,r)=1

∑
(b′,s)=(c′,s)=1
(b′+c′,s)=1

e
2πi

(
hb+jc

r
−hb′+jc′

s

)

=
∑
h≤x
j≤y

∑
(b,r)=(c,r)=1
(b+c,r)=1

∑
(b′,s)=(c′,s)=1
(b′+c′,s)=1

e2πi(h(b/r−b′/s)+j(c/r−c′/s))

=
∑

(b,r)=(c,r)=1
(b+c,r)=1

∑
(b′,s)=(c′,s)=1
(b′+c′,s)=1

∑
h≤x

e2πi(h(b/r−b′/s)
∑
j≤y

e2πi(j(c/r−c′/s).

(2.3.5)

The innermost sum is unbounded unless (b/r− b′/s), (c/r− c′/s) ∈ Z. This implies
r = s, b ≡ b′ mod r and, c ≡ c′ mod r. Therefore, we have

∑
h≤x

e2πi(h(b/r−b′/s) = x+O(1)

and ∑
j≤y

e2πi(j(c/r−c′/s) = y +O(1),

otherwise it is a bounded by O(f(r)f(s)). Compiling all results and substituting in
(2.3.5) yields, ∑

h≤x
j≤y

Kr(h, j)Ks(h, j) = xyf(r) +O(f(r)f(s)).

Dividing the above result by xy and taking x → ∞ and y → ∞ gives the required
Lemma 2.3.4.

2.3.3 Fractions revisited

Since the innermost sum of (2.3.1) is bounded unless a/r+b/s+c/t is an integer.
Therefore, to simplify this condition for other cases, it may be useful to think of a
fraction as a rational number with “poles” at the prime divisors of the denominator.
This motivates the following “partial fraction expansion” of a rational number.
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Lemma 2.3.5. Let
q =

∏
p

pvp(q)

be the unique factorization of q as a product of prime powers. If 1 ≤ a < q, we can
write

a

q
=
∑
p|q

mpp
−vp(q) (mod 1),

where 0 ≤ mp < pvp(q) and this representation is unique.

Proof. We write Qp = q/pvp(q). Since the greatest common divisor of all the Qp’s is
1, we have, by the Euclidean algorithm, integers xp such that

a =
∑
p|q

xpQp

and dividing by q gives
a

q
=
∑
p|q

xpp
−vp(q).

Now we choose mp satisfying 0 ≤ mp < pvp(q) such that mp ≡ xp (mod pvp(q)) which
completes the proof.

This lemma also explains why we could prove Theorem 2.3.1 when r, s, t are
mutually coprime relatively quickly. In that case, the “poles” of each fraction do
not interfere with each other, and the only way the “poles” can all disappear is if
r = s = t = 1. That is, there are no “poles” to start with.

Since we will be working (mod 1), we can drop the condition p|q in the sum-
mation of the lemma. Thus, we can write any fraction as

a

q
=
∑
p

xp(a)p
−vp(q) (mod 1)

and speak of the “order of the pole” at p as vp(q). Now, the condition of the innermost
sum of (2.3.1) is that for every prime p,

xp(a)p
−vp(r) + xp(b)p

−vp(s) + xp(c)p
−vp(t) = 0 (mod 1). (2.3.6)
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If vp(r), vp(s), vp(t) are all distinct for some prime p, this condition is never satisfied
and so we get:

Theorem 2.3.6. If for some prime p, vp(r), vp(s), vp(t) are all distinct, then

lim
x→∞

1

x

∑
n≤x

cr(n)cs(n+ h)ct(n+ j) = 0.

In other words, the only way we can have a possible non-zero limit is when, for
every prime p, at least two of vp(r), vp(s), vp(t) are equal.

2.3.4 The squarefree case

When r, s, t are all squarefree, then the set of values of vp(r), vp(s), vp(t) can only
be 0 or 1. Viewing this as a triple, (vp(r), vp(s), vp(t)) for which (2.3.6) holds, the
only possibilities are (1, 1, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1). In any case, we can define

Kr,s,t(k, h, j) :=
∑

(a,r)=1,(b,s)=1,(c,t)=1
a
r
+ b

s
+ c

t
∈Z

exp

(
2πi

(
ak

r
+

bh

s
+

cj

t

))
, (2.3.7)

and determine the conditions when this function is non-zero. This determination
should be sufficient to extend the heuristic mentioned in the introduction to the
Hardy-Littlewood 3-triple conjecture in view of Hardy’s formula

ϕ(n)Λ(n)

n
=

∞∑
q=1

µ(q)

ϕ(q)
cq(n), (2.3.8)

where the summation is over squarefree q. In this way, we seem to be getting
multivariable generalizations of the classical Ramanujan sums that are new and
worthy of independent study.

2.3.5 The evaluation of Kr,s,t(k, h, j)

We will confine our attention to the case that r, s, t are all squarefree. As noted
above, the integrality condition forces either all vp(r), vp(s), vp(t) are equal to 1 or
exactly two are equal to 1 for every prime divisor p of rst. This suggests we write
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∆ = (r, s, t) and U = (r, s)/∆, V = (r, t)/∆ and W = (s, t)/∆. The Venn diagrams
below may help the reader visualize the situation. The circles represent the set
of prime divisors of r, s, t, respectively. Applying our theory of fractions, Figure 1
shows that r, s, t cannot have prime factors outside of ∆, U, V,W , and upon close
analysis (Theorem 2.3.7), our diagram shrinks to Figure 2.

Indeed, using our theory of fractions (along with the Chinese remainder theorem),
we can separate the sum (2.3.7) into parts corresponding to ∆, U , V and W . We
then find:

Theorem 2.3.7. Let r, s, t be squarefree with (a, r) = (b, s) = (c, t) = 1. Then

a

r
+

b

s
+

c

t
= 0 (mod 1) (2.3.9)

implies r = ∆UV , s = ∆UW, and t = ∆VW with ∆, U, V,W all mutually coprime.

Proof. As noted earlier, using our theory of fractions, we see that if r has a prime
divisor not dividing ∆UV , it gives rise to a “pole” on the left-hand side of (2.3.9).
The same argument applies to s and t.

Theorem 2.3.8. Let r, s, t be squarefree with (a, r) = (b, s) = (c, t) = 1. Suppose
(2.3.9) holds. Then,

Kr,s,t(k, h, j) = K∆(h− k, j − k)cU(h− j)cV (j − k)cW (h− k),

where the cU , cV , cW are Ramanujan sums and Kr is given by (2.3.2).
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Proof. We have already noted that

lim
x→∞

1

x

∑
n≤x

cr(n+ k)cs(n+ h)ct(n+ j) = Kr,s,t(k, h, j).

This limit is zero unless the conditions of Theorem 2.3.7 are met. Since r is squarefree
and equal to ∆UV by the previous theorem, we see by the multiplicativity of the
Ramanujan sum that

cr(n) = c∆(n)cU(n)cV (n).

Similarly, cs(n) = c∆(n)cU(n)cW (n) and ct(n) = c∆(n)cV (n)cW (n). The integrality
condition, along with our earlier results, completes the proof.

We can now supply the heuristic argument for the Hardy-Littlewood prime 3-
tuple conjecture, which we do in the next section.

2.4 A heuristic derivation of the Hardy-Littlewood

3-tuple conjecture

By partial summation, the Hardy-Littlewood 3-tuple conjecture is equivalent to

∑
n≤x

Λ(n)Λ(n+ h)Λ(n+ j) ∼ x
∏
p

(
1− b(p)

p

)(
1− 1

p

)−3

, (2.4.1)

where b(p) is the size of the image of {0, h, j} (mod p). The product on the right-
hand side of (2.4.1) can be rewritten as

∏
p

p2(p− b(p))

(p− 1)3
.

Our objective is to present a heuristic proof of (2.4.1) by employing the convolution
of Ramanujan sums. First, we observe that

Υ :=
∑
n≤x

Λ(n)Λ(n+h)Λ(n+ j) ∼
∑
n≤x

ϕ(n)

n
Λ(n)

ϕ(n+ h)

n+ h
Λ(n+h)

ϕ(n+ j)

n+ j
Λ(n+ j).
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To see this, we need only note that the sum on the left hand side is negligible if
n ≤ x1−ϵ for any ϵ > 0. Thus, the sum on the right hand side can also be restricted
to x1−ϵ ≤ n ≤ x and in this interval, we have

ϕ(n+ ai)

n+ ai
Λ(n+ ai) ∼ Λ(n+ ai).

where the summation is over squarefree q. Next, inserting the Ramanujan-Fourier
series of Hardy from(2.3.8), we, therefore, expect using Theorem 2.3.7,

Υ

x
∼
∑
r,s,t

µ(r)µ(s)µ(t)

ϕ(r)ϕ(s)ϕ(t)
Kr,s,t(0, h, j).

Using Theorems 2.3.8 and 2.3.7, the right hand side can be written as

∑
∆,U,V,W

µ2(∆UVW )
µ(∆)3

ϕ(∆)3
µ2(U)µ2(V )µ2(W )

ϕ(U)2ϕ(V )2ϕ(W )2
K∆(h, j)cU(h− j)cV (j)cW (h),

where the term µ2(∆UVW ) ensures that ∆, U, V,W are all mutually coprime as
required by Theorem 2.3.7. Writing

fd(h, j); =
∑

UVW=d

cU(h− j)cV (j)cW (h), (2.4.2)

we can rewrite our sum in a simpler way as

∞∑
m=1

µ(m)

ϕ(m)2

∑
∆d=m

µ(d)

ϕ(∆)
K∆(h, j)fd(h, j).

The inner sum is a multiplicative function of m. For m = p a prime, we have that
the inner sum is

Kp(h, j)

p− 1
− K1(h, j)fp(h, j).

Thus the sum can be written as a product:

∏
p

(
1− 1

(p− 1)2

{cp(h)cp(j)− cp(h− j)

p− 1
− (cp(h− j) + cp(h) + cp(j))

})
.
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Let us first consider the case b(p) = 3, that is, when 0, h, j are all distinct mod p. In
particular, h, j and h− j are all coprime to p. Using our formulas for each of these
terms, we find the Euler factor is

p2(p− 3)

(p− 1)3

as predicted. If b(p) = 1, then p divides both h and j. Again, the Euler factor turns
out to be

p2

(p− 1)2

as predicted by the conjecture. Finally, when b(p) = 2, then possible cases are p

divides h and j is coprime to p or p divides j and h is coprime to p or both h and j

are coprime to p and p divides h− j. In all cases, the Euler factor is

p2(p− 2)

(p− 1)3
.

Thus, in all cases, the Euler factor is consistent with that predicted by the Hardy-
Littlewood conjecture.

Remark 2.4.1. This method involves leveraging exponential sums to estimate the
triple convolution of Ramanujan sums. Unfortunately, the generalization of this
approach for the case when k > 3 leads to a calculation of exponential sums of
several variables, which is not easy to solve. Therefore, when k > 3, we adopt a
different method, which leads to the study of certain arithmetical functions of several
variables.

2.5 A synoptic view of arithmetical functions of

several variables

The theory of arithmetical functions of several variables was initiated by Vaidyanath-
swamy [67] in 1927. Apart from sporadic and isolated results, no formal theory has
emerged and it seems timely to delineate such a theory. Several expositions will
assist us in developing the theory such as the one by Tòth [66].
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An arithmetical function of several variables is a map f : Nk → C. We will use
vector notation as much as possible. Thus n will denote the k-tuple (n1, · · · , nk).

Following [67], we will say the vector d divides n (and write d|n) if di|ni for 1 ≤ i ≤ k.

The constant function 1 is simply the function that assigns the value 1 for every
k-tuple. We will write n/d to mean the vector (n1/d1, ..., nk/dk).

We define the Möbius function µ by

µ(n) := µ(n1) · · ·µ(nk),

where µ is the classical Möbius function. We then have the generalization of the
Möbius inversion formula:

f(n) =
∑
d|n

g(d) ⇐⇒ g(n) =
∑
d|n

µ(d)f(n/d).

There are several ways to generalize the notion of a multiplicative function of
a single variable to the several variable context. In 1931, Vaidyanathaswamy [67]
was the first to give the definition that is suitable for our purposes. Selberg [60]
seems to have rediscovered this definition much later in 1977 in his paper dealing
with extensions of the large sieve.

We say a function f is multiplicative if

f(m1, ...,mk)f(n1, ..., nk) = f(m1n1, ...,mknk)

provided (m1 · · ·mk, n1 · · ·nk) = 1. With this definition, it is not true that if
we fix one component, n1 (say), then f(n1, ..., nk) is a multiplicative function in
the remaining variables n2, ..., nk. (Selberg says otherwise on pages 233-234 in his
paper [60] and as he does not use this, the results of his paper are unaffected.) For
instance, the Ramanujan sum cq(n) is a multiplicative function of q for fixed n but
is not a multiplicative function of n for fixed q. However, cq(n) is a multiplicative
function of two variables q, n as we have defined it above using Vaidyanathaswamy’s
definition. In particular, µ is multiplicative and generally, a multiplicative function
f is completely determined by its values f(pv1 , ..., pvk) for every prime p and every
tuple (v1, ..., vk) ∈ Nk.
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It is not hard to see that if f and g are multiplicative, then so is their Dirichlet
convolution f ⋆ g defined as

(f ⋆ g)(n) =
∑
d|n

f(d)g(n/d).

For multiplicative functions f , we can introduce a formal Dirichlet series of
several variables along with an Euler product:

∞∑
n=1

f(n1, ..., nk)

ns1
1 · · ·nsk

k

=
∏
p

(
∞∑

v1,...,vk=0

f(pv1 , ..., pvk)

pv1s1 · · · pvksk

)
.

2.6 Generalized Chinese Remainder Theorem

We will use the following variant of the classical Chinese remainder theorem.
The familiar version is often stated when the d1, ..., dk are pairwise coprime. It is
a simple exercise to derive this general version from the classical version (see for
example, the inductive proof on page 155 of [61]).

Lemma 2.6.1. For a fixed set T = {a1, · · · , ak} and d1, · · · , dk ∈ Z, the system

x ≡ a1 mod d1
...

x ≡ ak mod dk

(2.6.1)

has a solution if and only if (di, dj)|(ai − aj) for all 1 ≤ i, j ≤ k. When the solution
exists, it is unique modulo [d1, · · · , dk].

Proof. Our proof is direct and more conceptual than the one in [61]. For a prime
p, let vp(n) be the largest power of p dividing n. Then, the system of congruences
(2.6.1) is equivalent to x ≡ ai (mod pvp(di)) for 1 ≤ i ≤ k and all primes p dividing
the lcm [d1, ..., dk]. Therefore, it suffices to prove the theorem when all the di are
the powers of a single prime p. The result is now self-evident since the existence
of a solution implies that (di, dj)|(ai − aj) for all 1 ≤ i, j ≤ k. For the converse,
the condition that (di, dj)|(ai − aj) for all 1 ≤ i, j ≤ k implies the compatability
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of the ai. That is, if vp(di) ≤ vp(dj), then aj is indeed a “lift” (mod dj) of ai as
required.

From now on, we will fix T and define a function

g(d1, · · · , dk) :=

{
1 if (2.6.1) has a solution,
0 otherwise.

(2.6.2)

2.7 Higher convolutions of Ramanujan sums

We will generalize the Carmichael’s orthogonality limit Theorem 1.2.1 in the
following way. Let T = {a1, a2, ..., ak} be a given multiset of integers. Then, the
limit

f(q1, ..., qk) := lim
x→∞

1

x

∑
n≤x

cq1(n+ a1) · · · cqk(n+ ak).

exists and can be evaluated as follows. From (1.0.2), we have

f(q1, ..., qk) = lim
x→∞

1

x

∑
d1|q1,...,dk|qk

d1µ

(
q1
d1

)
· · · dkµ

(
qk
dk

) ∑
n≤x

d1|a1+n,··· ,dk|ak+n

1.

Therefore, from (2.6.2) we have

f(q1, ..., qk) :=
∑

d1|q1,...,dk|qk

d1µ

(
q1
d1

)
· · · dkµ

(
qk
dk

)
g(d1, ..., dk)

[d1, ..., dk]
, (2.7.1)

Since g(d1, ..., dk) is multiplicative, we see that f(n1, ..., nk) is multiplicative.
This proves the following generalization of Carmichael’s theorem.

Theorem 2.7.1. For fixed integers a1, · · · , ak and q1, · · · , qk, we have

lim
x→∞

1

x

∑
n≤x

cq1(n+a1) · · · cqk(n+ak) =
∑

d1|q1,...,dk|qk

d1µ

(
q1
d1

)
· · · dkµ

(
qk
dk

)
g(d1, ..., dk)

[d1, ..., dk]
.

Since the function on the right-hand side of the above theorem is a multiplicative
function, it suffices to determine the values f(pv1 , ..., pvk) for a fixed prime p. For
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our application, we need this when all the vi are less than or equal to 1. We will
derive the required formula in the next section.

It is worth highlighting that in the case k = 2, our Theorem 2.7.1 agrees with
Carmichael’s theorem. Indeed, to verify this, we must compute explicitly f(q1, q2)

and ascertain its identity with Carmichael’s limit. That is, we must check f(q1, q2) =

0 if q1 ̸= q2 and cq(h) when q1 = q2 = q. By multiplicativity, it suffices to determine
f(pa, pb) for a fixed prime p. Without any loss of generality, we may suppose that
a ≤ b. The sum (2.7.1) has only four terms corresponding to d1 = pa or pa−1 and
d2 = pb or pb−1. In the case a ≤ b−1, the summation is easily checked to be zero. In
the case a = b, the summation is pa − pa−1 = cpa(h) since pa|h by the compatibility
condition of Lemma 2.6.1 to ensure a solution.

2.7.1 Explicit evaluation of f(pv1, ..., pvk)

We define an equivalence relation on {1, 2, ..., k} using T . We say i ∼ j if and
only if ai ≡ aj (mod p). This partitions T into equivalence classes Ci. Let b(p) be
the number of equivalence classes. Note that this induces an equivalence relation on
any subset S of T and the corresponding equivalence classes for S are simply S ∩Ci

(some of which can be empty).

Lemma 2.7.2. For 0 ≤ vi ≤ 1 for 1 ≤ i ≤ k, we have

f(pv1 , ..., pvk) = (−1)|S| +
(−1)|S|

p

∑
Ci

[(1− p)|Ci∩S| − 1]

where S = {i : vi = 1}.

Proof. As remarked earlier, the equivalence relation on T induces an equivalence
relation on S. From (2.7.1), we see that in the sum for f(pv1 , ..., pvk), the contribution
from d1 = d2 = · · · = dk = 1 is (−1)|S|. For the remaining tuples of divisors
(d1, ..., dk), we must have di = p for some i ∈ S. If dj = p for some other j ̸= i,
then we must have j equivalent to i by the definition of our equivalence relation. In
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other words, the remaining sum can be re-written as

∑
Ci

|Ci∩S|∑
j=1

(
|Ci ∩ S|

j

)
pj−1(−1)|S|−j =

(−1)|S|

p

∑
Ci

[(1− p)|Ci∩S| − 1]

which completes the proof.

Theorem 2.7.3. Let T (mod p) have size b(p). Then,

∑
v1,...,vk≥0

µ(pv1) · · ·µ(pvk)
ϕ(pv1) · · ·ϕ(pvk)

f(pv1 , ..., pvk) =

(
1− b(p)

p

)(
1− 1

p

)−k

Proof. To evaluate the sum on the left hand side, we need only consider the terms
with vi ≤ 1 for all 1 ≤ i ≤ k because the Möbius function vanishes otherwise. We
insert our formula for f(pv1 , ..., pvk) from Lemma 1 into the sum to get

∑
v1,...,vk≥0

µ(pv1) · · ·µ(pvk)
ϕ(pv1) · · ·ϕ(pvk)

{
(−1)|S| +

(−1)|S|

p

∑
Ci

[(1− p)|Ci∩S| − 1]

}
,

where S = {i : vi = 1} (as before). The first part of the sum is easily evaluated:

∑
v1,...,vk≥0

µ(pv1) · · ·µ(pvk)
ϕ(pv1) · · ·ϕ(pvk)

(−1)|S| =
k∑

j=0

(
k

j

)
1

(p− 1)j
=

(
1 +

1

p− 1

)k

. (2.7.2)

The second part of the sum is a bit more delicate. Let [k] denote the set {1, 2, ..., k}.
Since the product of the Möbius functions is (−1)|S| and the product of the ϕ

functions is (p− 1)|S|, we get

1

p

∑
∅≠S⊆[k]

1

(p− 1)|S|

∑
Ci

[(1− p)|Ci∩S| − 1].

We interchange the sums to get

1

p

∑
Ci

∑
∅≠S⊆[k]

1

(p− 1)|S|
[(1− p)|Ci∩S| − 1].

We examine the inner sum. Writing A = Ci ∩ S we see that S = A ⊔ B (where ⊔
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denotes disjoint union) and B ⊆ [k]\Ci. Since |S| = |A|+ |B|, the sum becomes

1

p

∑
Ci

∑
A⊆Ci

(1− p)|A| − 1

(p− 1)|A|

∑
B⊆[k]\Ci

1

(p− 1)|B| .

The innermost sum is equal to (
1 +

1

p− 1

)k−|Ci|

.

Now ∑
A⊆Ci

(1− p)|A| − 1

(p− 1)|A| = −
(
1 +

1

p− 1

)|Ci|

,

because ∑
A⊆Ci

(1− p)|A|

(p− 1)|A| =
∑
A⊆Ci

(−1)|A| = 0.

Putting everything together gives

−1

p

∑
Ci

(
1 +

1

p− 1

)|Ci|(
1 +

1

p− 1

)k−|Ci|

= −b(p)

p

(
1 +

1

p− 1

)k

.

Combining this with the first part (2.7.2) gives the desired result:

(
1 +

1

p− 1

)k (
1− b(p)

p

)
=

(
1− b(p)

p

)(
1− 1

p

)−k

.

2.8 A heuristic derivation of the Hardy-Littlewood

k-tuple conjecture

We can now combine the above discussion and give the promised heuristic deriva-
tion of the Hardy-Littlewood prime k-tuple conjecture. By partial summation, the
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conjecture is easily seen to be equivalent to

∑
n≤x

Λ(n+ a1) · · ·Λ(n+ ak) ∼ x
∏
p

(
1− b(p)

p

)(
1− 1

p

)−k

, (2.8.1)

where b(p) is the size of the image of Tmod p.

Our objective is to present a heuristic proof of (2.8.1) by employing the convo-
lution of Ramanujan sums. First, we observe that

Υ :=
∑
n≤x

Λ(n+a1) · · ·Λ(n+ak) ∼
∑
n≤x

ϕ(n+ a1)

n+ a1
· · · ϕ(n+ ak)

n+ ak
Λ(n+a1) · · ·Λ(n+ak).

This modification enables us to use Hardy’s formula

ϕ(n)Λ(n)

n
=

∞∑
q=1

µ(q)

ϕ(q)
cq(n), (2.8.2)

where the summation is over squarefree q. Next, inserting the Ramanujan-Fourier
series of Hardy from equation (2.8.2) and ignoring issues of convergence, we expect
upon using Theorem 2.7.1,

Υ

x
∼

∞∑
q1,··· ,qk=1

µ(q1) · · ·µ(qk)
ϕ(q1) · · ·ϕ(qk)

f(q1, · · · , qk).

Therefore, the Hardy-Littlewood constant is expected to be equal to

∞∑
q1,...,qk=1

µ(q1) · · ·µ(qk)
ϕ(q1) · · ·ϕ(qk)

f(q1, ..., qk). (2.8.3)

We want to show that this agrees with the classical evaluation of this constant as

∏
p

(
1− b(p)

p

)(
1− 1

p

)−k

,

where b(p) is the size of the image of T (mod p).
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By multiplicativity, the series in (2.8.3) can be written as the Euler product:

∏
p

( ∑
v1,...,vk≥0

µ(pv1) · · ·µ(pvk)
ϕ(pv1) · · ·ϕ(pvk)

f(pv1 , ..., pvk)

)
.

We now examine the p-Euler factor and evaluate explicitly f(pv1 , ..., pvk) for 0 ≤
vi ≤ 1 for 1 ≤ i ≤ k. Let us henceforth fix p, then from Theorem 2.7.3, we obtain
the required result.

2.9 Triple convolution of the Jordan totient func-

tion

We can obtain the convolution of other arithmetic functions using the results of
the convolution of Ramanujan sums. To illustrate, we estimate the triple convolution
of the Jordan totient function.

For a positive integer α, the Jordan totient function is defined as

ϕα(n) := nα
∏
p|n

(
1− 1

pα

)
.

When α = 1, it coincides with the Euler totient function. In [24], the authors ob-
tained the shifted 2-convolution of the Euler totient function employing the Ramanujan-
Fourier series and the orthogonality property of Ramanujan sums. Later, Balasub-
ramanian and Giri [8] derived an asymptotic formula for the weighted shifted 2-
convolution of a class of functions sufficiently close to the constant function f(x) = 1

for all x using the information about the average value of weight function in arith-
metic progressions. Consequently, they also obtained the shifted 2-convolution of
the Euler and Jordan totient functions. Alternatively, one can obtain the shifted
2-convolution of the Jordan totient function using the orthogonality property of Ra-
manujan sums. In this section, we estimate the triple convolution of the Jordan
totient function.
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Theorem 2.9.1. For positive integers α, h, and j, we have as x tends to infinity,

∑
n≤x

ϕα(n)

nα

ϕα(n+ h)

(n+ h)α
ϕα(n+ j)

(n+ j)α

∼ x
∏
p

(
1− 3

pα+1

) ∏
p

b(p)=2

(
1 +

1

p2α+1 − 3pα

) ∏
p

b(p)=3

(
1 +

3pα − 1

p3α+1 − 3p2α

)
,

where b(p) be the number of distinct residue classes (mod p) represented by 0, h and
j.

When α = 1, Theorem 2.9.1 provides the convolution formula for the Euler
function. Mirsky has also explored the convolution of the Euler function [44] through
a distinct methodology. Mirsky examined a specific class of functions and employed
their properties to express the k-convolution of a function as a simultaneous solution
to k congruence equations. It is worth noting that Mirsky’s method can also be
employed to derive Theorem 2.9.1.

Proof. Ramanujan [52] obtained the series expansion of Jordan totient function in
terms of Ramanujan sums given by:

ϕα(n)

nα
=

1

ζ(α + 1)

∞∑
r=1

µ(r)

ϕα+1(r)
cr(n). (2.9.1)

The above Ramanujan-Fourier series is absolutely convergent. This implies

∑
n≤x

ϕα(n)

nα

ϕα(n+ h)

(n+ h)α
ϕα(n+ j)

(n+ j)α

=
1

ζ3(α + 1)

∞∑
r,s,t=1

µ(r)µ(s)µ(t)

ϕα+1(r)ϕα+1(s)ϕα+1(t)

∑
n≤x

cr(n)cs(n+ h)ct(n+ j).

We define
Γ :=

∑
n≤x

ϕα(n)

nα

ϕα(n+ h)

(n+ h)α
ϕα(n+ j)

(n+ j)α
.
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Next, using Theorem 2.3.7, we have

Γ

x
∼ 1

ζ3(α + 1)

∞∑
r,s,t=1

µ(r)µ(s)µ(t)

ϕα+1(r)ϕα+1(s)ϕα+1(t)
Kr,s,t(0, h, j).

Therefore, using Theorems 2.3.8 and 2.3.7, the right hand side can be written as

1

ζ3(α + 1)

∑
∆,U,V,W

µ2(∆UVW )
µ3(∆)µ2(U)µ2(V )µ2(W )

ϕ3
α+1(∆)ϕ2

α+1(U)ϕ2
α+1(V )ϕ2

α+1(W )
K∆(h, j)cU(h−j)cV (j)cW (h),

where the term µ2(∆UVW ) ensures that ∆, U, V,W are all mutually coprime as
required by Theorem 2.3.7. From (2.4.2), we can rewrite our sum in a simpler way
as

1

ζ3(α + 1)

∞∑
m=1

µ(m)

ϕ2
α+1(m)

∑
∆d=m

µ(d)

ϕα+1(∆)
K∆(h, j)fd(h, j).

The inner sum is a multiplicative function of m. For m = p a prime, we have that
the inner sum is

Kp(h, j)

pα+1 − 1
− K1(h, j)fp(h, j).

Thus the sum can be written as a product:

1

ζ3(α + 1)

∏
p

(
1− 1

(pα+1 − 1)2

{cp(h)cp(j)− cp(h− j)

pα+1 − 1
− (cp(h− j) + cp(h) + cp(j))

})
.

Let us first consider the case b(p) = 3, that is, when 0, h, j are all distinct mod p.
In particular, h, j and h − j are all coprime to p. Using our formulas for each of
these terms, we find the Euler factor is

1

ζ3(α + 1)

∏
p

(
1− 1

(pα+1 − 1)2

{ 2

pα+1 − 1
+ 3
})

.

If b(p) = 1, then p divides both h and j. Again, the Euler factor turns out to be

1

ζ3(α + 1)

∏
p

(
1− 1

(pα+1 − 1)2

{(p− 1)(p− 2)

pα+1 − 1
− 3(p− 1)

})
.

Finally, when b(p) = 2, then possible cases are p divides h and j is coprime to p
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or p divides j and h is coprime to p or both h and j are coprime to p and p divides
h− j. In all cases, the Euler factor is

1

ζ3(α + 1)

∏
p

(
1− 1

(pα+1 − 1)2

{ (2− p)

pα+1 − 1
− (p− 3)

})
.

By combining the above cases, we have

Γ ∼ x
∏
p

(
1− 3

pα+1

) ∏
p

b(p)=2

(
1 +

1

p2α+1 − 3pα

) ∏
p

b(p)=3

(
1 +

3pα − 1

p3α+1 − 3p2α

)
.

Using Theorem 2.9.1, we conclude that

Corollary 1.

∑
n≤x

ϕα(n)ϕα(n+ h)ϕα(n+ j)

∼ x3α+1

3α + 1

∏
p

(
1− 3

pα+1

) ∏
p

b(p)=2

(
1 +

1

p2α+1 − 3pα

) ∏
p

b(p)=3

(
1 +

3pα − 1

p3α+1 − 3p2α

)
,

where b(p) is the number of distinct residue classes (mod p) represented by 0, h and
j.

Proof. We can write

∑
n≤x

ϕα(n)ϕα(n+ h)ϕα(n+ j) =
∑
n≤x

ϕα(n)

nα

ϕα(n+ h)

(n+ h)α
ϕα(n+ j)

(n+ j)α
nα(n+ h)α(n+ j)α.

(2.9.2)

From Theorem 2.9.1, we have

A(x) :=
∑
n≤x

ϕα(n)

nα

ϕα(n+ h)

(n+ h)α
ϕα(n+ j)

(n+ j)α
∼ xC,
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where

C =
∏
p

(
1− 3

pα+1

) ∏
p

b(p)=2

(
1 +

1

p2α+1 − 3pα

) ∏
p

b(p)=3

(
1 +

3pα − 1

p3α+1 − 3p2α

)
.

Therefore, applying partial summation formula to right side of (2.9.2) yields

∑
n≤x

ϕα(n)ϕα(n+ h)ϕα(n+ j)

= xα(x+ h)α(x+ j)αA(x)−
∫ x

1

A(t)
d

dt
(tα(t+ h)α(t+ j)α)dt

∼
(
1− 3α

3α + 1

)
x3α+1C =

x3α+1

3α + 1
C.
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3
Moments of Ramanujan sums over Q

In this chapter, we estimate the higher moments of averages of Ramanujan sums
and Cohen-Ramanujan sums using the Brèteche Tauberian theorem. The ques-
tion on the average order of moments of Ramanujan sums was first considered by
Chan and Kumchev [12] motivated by applications to problems on Diophantine ap-
proximations of reals by sums of rational numbers. More precisely, they estimated
asymptotic formulas for

Sk(x, y) :=
∑
n≤y

(∑
q≤x

cq(n)

)k

(3.0.1)

for k = 1, 2 using both elementary and analytic techniques. They proved that for
y ≥ x,

S1(x, y) = y − x2

4ζ(2)
+ O

(
xy1/3 log x+ x3y−1

)
. (3.0.2)

37
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Also, for y ≥ x2(log x)B and for B > 0,

S2(x, y) =
yx2

2ζ(2)
+ O

(
x4 + xy log x

)
,

and for x ≤ y ≤ x2(log x)B

S2(x, y) =
yx2

2ζ(2)
(1 + 2κ(u)) + O

(
yx2 log10 x(x−1/2 + (y/x)−1/2)

)
, (3.0.3)

where u = log(yx−2), and κ(u) is defined as

κ(u) :=
1

2π

∫ ∞

−∞
f(it)e−iutdt,where f(s) :=

ζ(1− s)

(1 + s)2(1− s)ζ(1 + s)
.

For any ϵ > 0, it satisfies

κ(u) > −0.4, κ(u) ≪ exp−|u|3/5−ϵ.

In particular, κ(u) = o(1) as |u| → ∞.

3.1 Main results

The behavior of (3.0.1) for k ≥ 3 is an interesting question for several reasons.
First, since this problem prompts an exploration of the theory of the arithmetical
functions of several variables, a study initiated by Vaidyanathaswamy [67] in 1931
(see details in Section 2.5). This theory is still in evolution and several recent papers
[11, 20, 57] highlight the importance of developing such a theory. Second, the earlier
known result on higher moments of Ramanujan sums is determined to be incorrect.
We derive the asymptotic behavior of the moments of Ramanujan sums (3.0.1) for
k ≥ 3. This result is an important step in developing the theory of the arithmetical
functions of several variables. More precisely, we prove:

Theorem 3.1.1. For k ≥ 3 and y > xk, as x → ∞, we have

Sk(x, y) = yxkQ(log x) + O
(
yxk−θ

)
,
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where Q ∈ R[X] is a polynomial of exact degree 2k − 2k − 1 and 0 ≤ θ ≤ 1.

Ramanujan sums have applications in the study of arithmetic functions and
Fourier analysis. Generalizing these sums can provide new tools and methods for
solving problems in these areas. Therefore, in [16], Cohen generalized the Ramanu-
jan sums defined as:

cβq (n) :=
∑

1≤j≤qβ

(j,qβ)β=1

e

(
jn

qβ

)
=
∑
d|q
dβ |n

dβµ
(q
d

)
, (3.1.1)

where
(j, qβ)β = max{lβ : lβ|j and l|q}.

We refer to these sums as Cohen Ramanujan sums. He obtained that these sums
have several interesting properties of these sums similar to the usual Ramanujan
sums. Robles and Roy [55] computed the moments for Cohen Ramanujan sums.
However, in their study presented in Proposition 1.1, it is implied for k > 1 and
β = 1 that

Sk(x, y) =
3yx2

π2
+O(yx log x+ x2k logk x), (3.1.2)

for y > x2k logk+1 x. This is correct for k = 2, but for k = 4, the theorem contradicts
itself, as can be seen by a simple application of the Cauchy-Schwarz inequality:

S2(x, y) ≤ y1/2S4(x, y)
1/2.

If we denote the moments of Cohen-Ramanujan sums by Sk,β(x, y) =
∑

n≤y

(∑
q≤x c

β
q (n)

)k
,

then, applying our method to obtain the higher moments of these sums, we get:

Theorem 3.1.2. For k ≥ 3 and y > xk(β+1)/2, as x → ∞, we have

Sk,β(x, y) = yxk(β+1)/2Q(log x) + O
(
yxk(β+1)/2−θ

)
,

where Q(log x) is a polynomial of exact degree 2k − 2k − 1 and 0 ≤ θ ≤ 1.
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3.2 The Brèteche Tauberian theorem

The study of (3.0.1) inevitably leads us into the theory of arithmetical functions
of several variables. In the one variable case, the classical Tauberian theorems pro-
vide us with asymptotic behaviours of the summatory function of the non-negative
arithmetical function of a single variable by relating it with the analytic properties
of the associated Dirichlet series. In the multivariable case, a similar theorem exists,
but it does not seem to be well-known. The extension of Cauchy’s residue theorem
for functions of several variables seems to have first been addressed by Leray [39] in
1959 using the language of sheaf theory. Later, in the 1980’s, Cassou-Nogues [11]
and Sargos [57] derived more precise results that could be applied to counting prob-
lems involving arithmetical functions of several variables. We should also mention
the work of Lichtin [40] in this regard. In the early part of the 21st century, Brèteche
[20] derived a multi-variable version of the Tauberian theorem using classical meth-
ods of analytic number theory, and it is this version that we apply to our situation.
His theorems in this context are as follows.

Theorem 3.2.1. Let f : Nk → R be a non-negative function and F the associated
Dirichlet series of f defined by

F (s) = F (s1, · · · , sk) =
∞∑

n1,··· ,nk=1

f(n1, · · · , nk)

ns1
1 · · ·nsk

k

.

Denote by LR+
k (C) the set of non-negative C linear forms from Ck to C on Rk

+.
Moreover, assume that there exists (c1, · · · , ck) ∈ Rk

+ such that:

1. For s ∈ Ck, F (s1, · · · , sk) is absolutely convergent for Re(si) > ci for all
1 ≤ i ≤ k.

2. There exist a finite family L = (l(i))1≤i≤q of non-zero elements of LR+
k (C), a

finite family (h(i))1≤i≤q′ of elements of LR+
k (C) and δ1, δ2, δ3 > 0 such that the

function H defined by

H(s) = F (s+ c)

q∏
i=1

l(i)(s)
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has a holomorphic continuation to the domain

D(δ1, δ3) =
{
s ∈ Ck : Re l(i)(s) > −δ1 for all i = 1, · · · , q and

Reh(i)(s) > −δ3 for all i = 1, · · · , q′
}
,

and verifies the estimate: for ϵ, ϵ′ > 0 we have uniformly in s ∈ D(δ1−ϵ, δ3−ϵ′)

H(s) ≪
q∏

i=1

(
| Im l(i)(s)|+ 1

)1−δ2 min(0,Re l(i)(s))
(1 + (Im s1 + · · ·+ Im sk)

ϵ).

Set J = J(C) = {j ∈ {1, · · · , k} : cj = 0}. Denote w to be the cardinality of
J and by j1 < · · · < jw its elements in increasing order. Define the w linear
forms l(q+i) (1 ≤ i ≤ w) by l(q+i)(s) = e∗ji(s) = sji.

Then, for any β = (β1, · · · , βk) ∈ (0,∞)k, there exist a polynomial Qβ ∈ R[X] of
degree at most q + w − Rank{l(1), · · · , l(q)} and θ > 0 such that as x → ∞

∑
n1≤xβ1

· · ·
∑

nk≤xβk

f(n1, · · · , nk) = x<c,β>Qβ(log x) + O
(
x<c,β>−θ

)
.

Here, < ·, · > denotes the usual dot product in Rk.

The next theorem gives a determination of the precise degree of the polynomial
Qβ appearing in the previous theorem. Denoting by R+

∗ the set of strictly positive
real numbers, the notation con*({l(1), · · · , l(q)}) means R+

∗ l
(1) + · · ·+ R+

∗ l
(q).

Theorem 3.2.2. Let f : Nk → R be a non-negative function satisfying the assump-
tions of Theorem 3.2.1. Let β = (β1, · · · , βk) ∈ (0,∞)k and set B =

∑k
i=1 βie

∗
i ∈

LR+
k (C). Then, if Rank{l(1), · · · , l(q)} = n, H(0) ̸= 0, and B ∈ con*({l(1), · · · , l(q)}),

then deg(Qβ) = q + w − n.

3.3 Higher moments of Ramanujan sums
To obtain the higher moments of Ramanujan sums, we use (1.0.2) and substitute

in (3.0.1). After changing the order of summation, we arrive at the function

f(n1, ..., nk) :=
∑

d1|n1, d2|n2, ...,dk|nk

µ(n1/d1) · · ·µ(nk/dk)g(d1, ..., dk) (3.3.1)
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where
g(n1, ..., nk) :=

n1 · · ·nk

[n1, ..., nk]
.

Since g is multiplicative, we see that f is multiplicative by our remarks in Section
2.5. We will show that f(n1, ..., nk) satisfies all the hypotheses of Theorems 3.2.1 and
3.2.2 and apply these theorems to obtain the average order of the above function.

3.3.1 Dirichlet series of f(n1, ..., nk)

Theorem 3.3.1. For the function f(n1, · · · , nk), we have

∞∑
n1,··· ,nk=1

f(n1, · · · , nk)

ns1
1 · · ·nsk

k

=

∏
I⊆[k]
|I|≥2

ζ(sI − |I|+ 1)

E(s1, · · · , sk), (3.3.2)

where [k] := {1, · · · , k} and for any subset I = {l1, · · · , lr} of [k], we have sI :=

sl1+ · · ·+slr and E(s1, ..., sk) is a Dirichlet series absolutely convergent for Re(si) >
1− 1/k.

Proof. It is easy to prove that a factorization of the form (3.3.2) exists as follows. We
first note that f(d1, · · · , dk) is a convolution of multiplicative functions. Therefore,
from (3.3.1), we have

∞∑
n1,··· ,nk=1

f(n1, · · · , nk)

ns1
1 · · ·nsk

k

=
∞∑

d1,··· ,dk=1

g(d1, · · · , dk)
ds11 · · · dskk

∞∑
e1,··· ,ek=1

µ(e1) · · ·µ(ek)
es11 · · · eskk

=
1

ζ(s1) · · · ζ(sk)

∞∑
d1,··· ,dk=1

g(d1, · · · , dk)
ds11 · · · dskk

(3.3.3)

since
1

ζ(s)
=

∞∑
n=1

µ(n)

ns
.

We examine the series on the right of (3.3.3) as follows.

∞∑
d1,··· ,dk=1

g(d1, · · · , dk)
ds11 · · · dskk

=
∏
p

(
∞∑

v1,··· ,vk=0

pv1+···+vk−max(v1,··· ,vk)

ps1v1+···+skvk

)
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=
∏
p

 ∞∑
n=0

p−n

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=n

pv1+···+vk

ps1v1+···+skvk

 . (3.3.4)

The Euler factor can be written as

1 + p−1

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=1

pv1+···+vk

ps1v1+···+skvk
+

∞∑
n=2

p−n

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=n

pv1+···+vk

ps1v1+···+skvk
. (3.3.5)

The inner sum in the second summation is actually a finite sum with at most (n+1)k

terms and with σ = Re(si), it is easily estimated to be

≪ (n+ 1)kpkn(1−σ).

This means that ∑
p

∞∑
n=2

p−n

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=n

pv1+···+vk

ps1v1+···+skvk

converges absolutely for Re(si) > 1−1/k. We can therefore factor the Euler product
in (3.3.4) to get

∞∑
d1,··· ,dk=1

g(d1, · · · , dk)
ds11 · · · dskk

=

∏
p

1 + p−1

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=1

pv1+···+vk

ps1v1+···+skvk


E∗(s1, ..., sk),

where E∗(s1, ..., sk) is a Dirichlet series absolutely convergent in Re(si) > 1− 1
k
. The

Euler product above can be analyzed as follows. The p-Euler factor can be written
as

1 +
1

p

∑
∅≠I⊆[k]

∏
i∈I

pT vi
i

where Ti = p−si . This observation allows us to further factor the Euler product as ∏
∅≠I⊆[k]

ζ(sI − |I|+ 1)

E∗∗(s1, ..., sk)
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where E∗∗(s1, ..., sk) is a Dirichlet series absolutely convergent for Re(si) > 1/2.
Combining all these observations and setting

E(s1, ..., sk) = E∗(s1, ..., sk)E
∗∗(s1, ..., sk),

we obtain

∞∑
d1,··· ,dk=1

g(d1, · · · , dk)
ds11 · · · dskk

=

 ∏
∅≠I⊆[k]

ζ(sI − |I|+ 1)

E(s1, ..., sk).

Taking into account (3.3.3) and noting that the singleton sets are removed from our
product of zeta functions, we obtain (3.3.2), as claimed.
Remark 3.3.1. Though it is not needed for our purposes, we can determine E(s1, ..., sk)

very explicitly:

E(s1, · · · , sk) =
∏
p

∑
∅≠I⊆[k](−1)|I|(p|I|−sI − 1)

∏
∅≠J⊆[k]
I ̸=J

(1− p|J |−sJ−1)

1 +
∑

∅≠I⊆[k](−1)|I|p|I|−sI

To see this, let p−s1 = T1, · · · , p−sk = Tk as before. Then,

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=n

pv1+···+vk

ps1v1+···+skvk
=

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)≤n

pv1+···+vkT v1
1 · · ·T vk

k

−
∞∑

v1,··· ,vk=0
max(v1,··· ,vk)≤n−1

pv1+···+vkT v1
1 · · ·T vk

k

=
k∏

i=1

(∑
vi≤n

pviT vi
i

)
−

k∏
i=1

( ∑
vi≤n−1

pviT vi
i

)

=
k∏

i=1

(
1− (pTi)

n+1

1− pTi

)
−

k∏
i=1

(
1− (pTi)

n

1− pTi

)
. (3.3.6)

Now, multiplying this by p−n and summing from n = 0 to ∞ gives, (using the
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abbreviation TI = p−sI ),

1∏k
i=1(1− pTi)

∞∑
n=0

∑
∅≠I⊆[k]

(−1)|I|
(
pn(|I|−1)+|I|T n+1

I − pn(|I|−1)T n
I

)

=
1∏k

i=1(1− pTi)

∑
∅≠I⊂[k]

(−1)|I|
(

p|I|TI

1− p|I|−1TI

− 1

1− p|I|−1TI

)

=
1∏k

i=1(1− pTi)

∑
∅≠I⊆[k]

(−1)|I|
(

p|I|TI − 1

1− p|I|−1TI

)
We therefore have from (3.3.4) and (3.3.6), and the above calculation that

∞∑
d1,··· ,dk=1

g(d1, · · · , dk)
ds11 · · · dskk

=
∏
p

1∏k
i=1(1− pTi)

∑
∅≠I⊆[k]

(−1)|I|
(

p|I|TI − 1

1− p|I|−1TI

)

=

 ∏
∅≠I⊆[k]

ζ(sI − |I|+ 1)

E(s1, · · · , sk). (3.3.7)

Here,

E(s1, · · · , sk) =
∏
p

∑
∅≠I⊂[k](−1)|I|(p|I|TI − 1)

∏
∅≠J⊂[k]
I ̸=J

(1− p|J |−1TJ)∏k
i=1(1− pTi)

=
∏
p

∑
∅≠I⊆[k](−1)|I|(p|I|TI − 1)

∏
∅≠J⊆[k]
I ̸=J

(1− p|J |−1TJ)

1 +
∑

∅≠I⊆[k](−1)|I|p|I|TI

.

From this explicit expression, the region of absolute convergence for E(s1, ..., sk) is
not immediately clear and thus, we have opted for the more expedient method in
the proof of our theorem.

3.3.2 Non-negativity of f(n1, ..., nk)

In this section, we will show that f(n1, ..., nk) is a non-negative function, thus
paving our way for an application of the Brèteche Tauberian theorem.

Theorem 3.3.2. f(n1, ..., nk) ≥ 0 for all (n1, ..., nk) ∈ Nk.
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Proof. Since f is a convolution of two multiplicative functions, it is also multiplica-
tive. Therefore, to prove the lemma, it suffices to show for each prime p,

f(pv1 , pv2 , ..., pvk) ≥ 0, v1, ..., vk ≥ 0.

Since f is symmetric, we can suppose without any loss of generality that v1 ≥ v2 ≥
· · · ≥ vk. We proceed by induction on k. For k = 1, the result is clear. We may also
suppose that all vi ≥ 1 for otherwise, we are again done by induction. If v1 > v2,
then noting that

f(pv1 , pv2 , ..., pvk) = (3.3.8)∑
d2|pv2 ,...,dk|pvk

µ(d2) · · ·µ(dk)
{
g

(
pv1 ,

pv2

d2
, ...,

pvk

dk

)
− g

(
pv1−1,

pv2

d2
, ...,

pvk

dk

)}
,

we have

g

(
pv1 ,

pv2

d2
, ...,

pvk

dk

)
= g

(
1,

pv2

d2
, ...,

pvk

dk

)(
pv1 ,

[pv2
d2

, ...,
pvk

dk

])
and

g

(
pv1−1,

pv2

d2
, ...,

pvk

dk

)
= g

(
1,

pv2

d2
, ...,

pvk

dk

)(
pv1−1,

[pv2
d2

, ...,
pvk

dk

])
.

We see in this case that the gcd in both cases is the same and so the term in braces
in (3.3.8) above is zero. Now suppose that v1 = v2 = · · · vℓ > vℓ+1 ≥ · · · ≥ vk. We
have

f(pv1 , ..., pvk) =
∑

d1|p,...,dk|p

µ(d1) · · ·µ(dk)g(pv1/d1, ..., pvk/dk).

Noting that in the sum over divisors that each di can only be 1 or p, we arrange
the sum as follows. We write di = pei where ei = 0 or 1. We can then identify each
tuple (d1, ..., dk) with a subset I ⊆ [k] where I = {i : ei = 1}. Our sum becomes

f(pv1 , ..., pvk) =
∑
I⊆[k]

(−1)|I|ps−|I|−max(vi−ei:1≤i≤k),

where
s = v1 + · · ·+ vk.
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We let I0 = {1, 2, ..., ℓ} and set s′ = v2+ · · ·+ vk. We split the sum on the right into
three parts: ∑

I:I∩I0=∅

+
∑

I:∅≠I∩I0 ̸=I0

+
∑

I:I⊇I0

.

Letting J = {ℓ+ 1, · · · , k}, the first part is equal to

∑
I⊆J

(−1)|I|ps
′−|I| = ps

′
(
1− 1

p

)k−ℓ

,

because in this case max(vi − ei : 1 ≤ i ≤ k) = v1. In the second part, we again
have max(vi − ei : 1 ≤ i ≤ k) = v1 so that the second part is equal to

∑
I:∅≠I∩I0 ̸=I0

(−1)|I|ps
′−|I| = ps

′
ℓ−1∑
j=1

(
ℓ

j

)
(−1)jp−j

(
1− 1

p

)k−ℓ

.

Finally, in the third part, max(vi − ei : 1 ≤ i ≤ k) = v1 − 1 so that the third part
equals ∑

I:I⊇I0

(−1)|I|ps
′+1−|I| = ps

′+1−ℓ(−1)ℓ
(
1− 1

p

)k−ℓ

.

Notice that the first part and the second part combine to give

ps
′
ℓ−1∑
j=0

(
ℓ

j

)
(−1)jp−j

(
1− 1

p

)k−ℓ

,

since the term corresponding to j = 0 is the contribution from the first part. Putting
everything together gives

ps
′

ℓ∑
j=0

(
ℓ

j

)
(−1)jp−j

(
1− 1

p

)k−ℓ

−(−1)ℓps
′−ℓ

(
1− 1

p

)k−ℓ

+ps
′+1−ℓ(−1)ℓ

(
1− 1

p

)k−ℓ

.

This simplifies to

ps
′
(
1− 1

p

)k

+ (−1)ℓ
(
1− 1

p

)k−ℓ (
ps

′+1−ℓ − ps
′−ℓ
)
.

Noting that ℓ ≥ 2, we see that this is certainly positive if ℓ is even. If ℓ is odd, the
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term is equal to

ps
′
(
1− 1

p

)k

−
(
1− 1

p

)k−ℓ (
ps

′+1−ℓ − ps
′−ℓ
)
.

We easily see that this reduces to checking that

ps
′
(p− 1)ℓ ≥ pℓ

(
ps

′+1−ℓ − ps
′−ℓ
)
= ps

′
(p− 1),

which is evidently true. This completes the proof of non-negativity.

3.3.3 Average order of f(n1, ..., nk)
The average order of the function f(n1, ..., nk) is the most essential step in the

proof of Theorem 3.1.1. In this section, we estimate an average of f(n1, ..., nk) as
an application of Theorems 3.2.1 and 3.2.2.

Theorem 3.3.3. For 0 < θ < 1, we have as x → ∞

∑
n1,··· ,nk≤x

f(n1, ..., nk) = xkQ(log x) + O
(
xk−θ

)
,

where Q ∈ R[X] is a polynomial of exact degree 2k − 2k − 1.

Proof. In Theorem 3.3.2, we proved that f(n1, ..., nk) is non-negative and in The-
orem 3.3.1, we proved f(n1, ..., nk) has an absolutely convergent series F (s) for
Re(si) > 1 for all 1 ≤ i ≤ k. This shows f(n1, ..., nk) satisfies (1) of Theorem
3.2.1. Next, we show that f(n1, ..., nk) also satisfies (2) of Theorem 3.2.1. Write
1 = (1, · · · , 1) then, F (s + 1) is an absolutely convergent series for Re(si) > 0.
Therefore, for the linear forms

∏
I⊆[k]
|I|≥2

sI , define the function

H(s) := F (s+ 1)
∏
I⊆[k]
|I|≥2

sI .

Since ci = 1 for all 1 ≤ i ≤ k, we take q′ = 0 in the notation of Theorem 3.2.1.
Furthermore, for any ζ(s1+· · ·+sℓ+1) in F (s+1), there is a linear form (s1+· · ·+sℓ)

such that
(s1 + · · ·+ sℓ)ζ(s1 + · · ·+ sℓ + 1)



3.3 Higher moments of Ramanujan sums 49

has analytic continuation on the plane Re (s1 + · · ·+ sℓ) > −ϵ, where ϵ > 0 and for
I ⊆ K, we have |I| = ℓ ≥ 2. Therefore, H(s) also has analytic continuation on the
plane Re (s1 + · · ·+ sℓ) > −ϵ. Consider hi(s) = si, set δ1 = δ3 = ϵ. Moreover, from
Lemma 3.3.1, E(s + 1) has analytic continuation on the plane Re (s1 + · · ·+ sℓ) >

−ϵ. We know that for Re si > −1 and for all ϵ0 > 0

sIζ(1 + sI) ≪ϵ0 (1 + |sI |)1−
1
2
min(0,Re sI)+ϵ0 .

The above argument shows that H(s) satisfies (2) of Theorem 3.2.1 with δ2 = 1/2.
Therefore, we have as x → ∞,

∑
n1,··· ,nk≤x

f(n1, ..., nk) = xkQ(log x) + O
(
xk−θ

)
,

where Q(log x) is a polynomial of degree at most 2k − 2k − 1. Next, ci > 0 for all
1 ≤ i ≤ k, this implies w = 0. Again, it is easy to see that the rank of the collection
of linear forms sI is k and the interior of the cone generated by linear forms is the
set B =

∑k
i=1 βie∗

i for β = (β1, · · · , βk) ∈ (0,∞)k and e∗
i (s) = si. Also, as sI → 0,

sIζ(sI+1) → 1 and hence H(0) ̸= 0 Thus, from Theorem 3.2.2, deg(Q) = 2k−2k−1.

This gives the required result.

3.3.4 Proof of Theorem 3.1.1
In this section, we provide a proof of Theorem 3.1.1 using the average order of

f(n1, ..., nk) obtained in the previous section.
Proof of Theorem 3.1.1. From the definition of Ramanujan sums, we have

Sk(x, y) =
∑
n≤y

(∑
q≤x

cq(n)

)k

=
∑
n≤y

∑
q1,··· ,qk≤x

∑
d1|q1
d1|n

d1µ

(
q1
d1

)
· · ·
∑
dk|qk
dk|n

dkµ

(
qk
dk

)

=
∑

q1,··· ,qk≤x

∑
d1|q1,··· ,dk|qk

d1 · · · dkµ
(
q1
d1

)
· · ·µ

(
qk
dk

) ∑
n≤y

[d1,··· ,dk]|n

1

=
∑

q1,··· ,qk≤x

∑
d1|q1,··· ,dk|qk

d1 · · · dkµ
(
q1
d1

)
· · ·µ

(
qk
dk

)(
y

[d1, · · · , dk]
+ O (1)

)
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= y
∑

q1,··· ,qk≤x

∑
d1|q1,··· ,dk|qk

d1 · · · dk
[d1, · · · , dk]

µ

(
q1
d1

)
· · ·µ

(
qk
dk

)
+O

(
x2k
)
.

The inner sum is precisely f(q1, ..., qk) in our notation by virtue of (3.3.1). Thus,
from Theorem 3.3.3, for 0 < θ < 1, we have as x → ∞

Sk(x, y) = yxkQ(log x) + O
(
yxk−θ + x2k

)
,

where Q(log x) is a polynomial of degree 2k − 2k− 1. This completes the proof.

3.4 Moments of Cohen Ramanujan sums
We prove Theorem 3.1.2 by modifying the proof of Theorem 3.1.1, taking into

account the differences in the definitions between Ramanujan sums and the Cohen-
Ramanujan sums. From (1.3.3), in this context, the function we will study is

fβ(n1, ..., nk) :=
∑

d1|n1, d2|n2, ...,dk|nk

µ(n1/d1) · · ·µ(nk/dk)gβ(d1, ..., dk) (3.4.1)

where

gβ(n1, ..., nk) :=
nβ
1 · · ·n

β
k

[nβ
1 , ..., n

β
k ]
.

We will follow the same steps used in the proof of Theorem 3.1.1.

3.4.1 Dirichlet series of fβ(n1, ..., nk)

Theorem 3.4.1. For the function fβ(n1, · · · , nk), we have

∞∑
n1,··· ,nk=1

fβ(n1, · · · , nk)

ns1
1 · · ·nsk

k

=
∏
I⊆[k]
|I|≥2

ζ(sI − β|I|+ β)Eβ(s1, · · · , sk),

where [k] = {1, · · · , k} and for any subset I = {l1, · · · , lr} of [k], sI = sl1 + · · ·+ slr

and

Eβ(s1, · · · , sk) =
∏
p

∑
∅≠I⊂[k](−1)−|I|(pβ|I|−sI − 1)

∏
∅≠J⊂[k]
I ̸=J

(1− pβ(|J |−1)−sJ )

1 +
∑

∅≠I⊂[k](−1)−|I|pβ|I|−sI
.
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which is convergent for Re(si) > 1− 1/k.

Proof. Note that fβ(d1, · · · , dk) is a convolution of multiplicative functions. There-
fore, from (3.3.1) we have

∞∑
n1,··· ,nk=1

fβ(n1, · · · , nk)

ns1
1 · · ·nsk

k

=
∞∑

d1,··· ,dk=1

gβ(d1, · · · , dk)
ds11 · · · dskk

∞∑
n1,··· ,nk=1

µ(n1) · · ·µ(nk)

ns1
1 · · ·nsk

k

=
1

ζ(s1) · · · ζ(sk)

∞∑
d1,··· ,dk=1

gβ(d1, · · · , dk)
ds11 · · · dskk

(3.4.2)

Therefore, we estimate the series

∞∑
d1,··· ,dk=1

gβ(d1, · · · , dk)
ds11 · · · dskk

=
∏
p

(
∞∑

v1,··· ,vk=0

pβ(v1+···+vk−max(v1,··· ,vk))

ps1v1+···+skvk

)

=
∏
p

 ∞∑
n=0

p−βn

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=n

pβ(v1+···+vk)

ps1v1+···+skvk

 . (3.4.3)

Let p−s1 = T1, · · · , p−sk = Tk The innermost sum of the above can be written as

∞∑
v1,··· ,vk=0

max(v1,··· ,vk)=n

pβ(v1+···+vk)

ps1v1+···+skvk
=

k∏
i=1

(
1− (pβTi)

n+1

1− pβTi

)
−

k∏
i=1

(
1− (pβTi)

n

1− pβTi

)
. (3.4.4)

Denote TI = p−sI , therefore from (3.4.3) and (3.4.4), we have

∞∑
d1,··· ,dk=1

gβ(d1, · · · , dk)
ds11 · · · dskk

=
∏

∅≠I⊂[k]

ζ(sI − β|I|+ β)Eβ(s1, · · · , sk). (3.4.5)

We have the explicit value of Eβ(s1, · · · , sk) given by

Eβ(s1, · · · , sk) =
∏
p

∑
∅̸=I⊂[k](−1)−|I|(pβ|I|TI − 1)

∏
∅̸=J⊂[k]
I ̸=J

(1− pβ(|J |−1)TJ)∏k
i=1(1− pβTi)

=
∏
p

∑
∅̸=I⊂[k](−1)−|I|(pβ|I|TI − 1)

∏
∅̸=J⊂[k]
I ̸=J

(1− pβ(|J |−1)TJ)

1 +
∑

∅≠I⊂[k](−1)−|I|pβ|I|TI

.
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From (3.4.2) and (3.4.5), we obtain the required result.

3.4.2 Non-negativity of fβ(n1, ..., nk)
In this section, we prove that fβ(n1, ..., nk) is non-negative for all (n1, ..., nk) ∈

Nk.
Theorem 3.4.2. fβ(n1, ..., nk) ≥ 0 for all (n1, ..., nk) ∈ Nk.
Proof. Since fβ is a convolution of two multiplicative functions, it is also multiplica-
tive. Therefore, to prove the lemma, it suffices to show for each prime p,

fβ(p
v1 , pv2 , ..., pvk) ≥ 0, v1, ..., vk ≥ 0.

Since fβ is symmetric, we can suppose without any loss of generality that v1 ≥ v2 ≥
· · · ≥ vk. We proceed by induction on k. For k = 1, the result is clear. We may also
suppose that all vi ≥ 1 for otherwise, we are again done by induction. If v1 > v2,
then noting that

fβ(p
v1 , pv2 , ..., pvk) = (3.4.6)∑

d2|pv2 ,...,dk|pvk

µ(d2) · · ·µ(dk)
{
gβ

(
pv1 ,

pv2

d2
, ...,

pvk

dk

)
− gβ

(
pv1−1,

pv2

d2
, ...,

pvk

dk

)}
,

we have

gβ

(
pv1 ,

pv2

d2
, ...,

pvk

dk

)
= gβ

(
1,

pv2

d2
, ...,

pvk

dk

)(
pβv1 ,

[pβv2
dβ2

, ...,
pβvk

dβk

])

and

gβ

(
pv1−1,

pv2

d2
, ...,

pvk

dk

)
= gβ

(
1,

pv2

d2
, ...,

pvk

dk

)(
pβ(v1−1),

[pβv2
dβ2

, ...,
pβvk

dβk

])
.

We see in this case that the gcd in both the cases is the same, so the term in braces
in (3.4.6) above is zero. Now suppose that v1 = v2 = · · · = vℓ > vℓ+1 ≥ · · · ≥ vk.
We have

fβ(p
v1 , ..., pvk) =

∑
d1|p,...,dk|p

µ(d1) · · ·µ(dk)gβ(pv1/d1, ..., pvk/dk).

Noting that in the sum over divisors that each di can only be 1 or p, we arrange
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the sum as follows. We write di = pei where ei = 0 or 1. We can then identify each
tuple (d1, ..., dk) with a subset I ⊆ [k] where I = {i : ei = 1}. Our sum becomes

fβ(p
v1 , ..., pvk) =

∑
I⊆[k]

(−1)|I|pβs−β|I|−max(β(vi−ei):1≤i≤k),

where
s = v1 + · · ·+ vk.

We let I0 = {1, 2, ..., ℓ} and set s′ = v2+ · · ·+ vk. We split the sum on the right into
three parts: ∑

I:I∩I0=∅

+
∑

I:∅≠I∩I0 ̸=I0

+
∑

I:I⊇I0

.

Letting J = {ℓ+ 1, · · · , k}, the first part is equal to

∑
I⊆J

(−1)|I|pβs
′−β|I| = pβs

′
(
1− 1

pβ

)k−ℓ

,

because in this case max(β(vi− ei) : 1 ≤ i ≤ k) = βv1. In the second part, we again
have max(β(vi − ei) : 1 ≤ i ≤ k) = βv1 so that the second part is equal to

∑
I:∅≠I∩I0 ̸=I0

(−1)|I|pβs
′−β|I| = pβs

′
ℓ−1∑
j=1

(
ℓ

j

)
(−1)jp−jβ

(
1− 1

pβ

)k−ℓ

.

Finally, in the third part, max(β(vi − ei) : 1 ≤ i ≤ k) = β(v1 − 1) so that the third
part equals

∑
I:I⊇I0

(−1)|I|pβ(s
′+1−|I|) = pβ(s

′+1−ℓ)(−1)ℓ
(
1− 1

pβ

)k−ℓ

.

Notice that the first part and the second part combine to give

pβs
′
ℓ−1∑
j=0

(
ℓ

j

)
(−1)jp−jβ

(
1− 1

pβ

)k−ℓ

,

since the term corresponding to j = 0 is the contribution from the first part. Putting
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everything together and simplify it gives

pβs
′
(
1− 1

pβ

)k

+ (−1)ℓ
(
1− 1

pβ

)k−ℓ (
pβ(s

′+1−ℓ) − pβ(s
′−ℓ)
)
.

Noting that ℓ ≥ 2, we see that this is certainly positive if ℓ is even. If ℓ is odd, the
term is equal to

pβs
′
(
1− 1

pβ

)k

−
(
1− 1

pβ

)k−ℓ (
pβ(s

′+1−ℓ) − pβ(s
′−ℓ)
)
.

We see that this reduces to checking that

pβs
′
(pβ − 1)ℓ ≥ pβℓ

(
pβ(s

′+1−ℓ) − pβ(s
′−ℓ)
)
= pβs

′
(pβ − 1),

which is evidently true.

3.4.3 Average order of fβ(n1, ..., nk)
Theorem 3.4.3. For 0 < θ < 1, we have as x → ∞

∑
n1,··· ,nk≤x

fβ(n1, ..., nk) = xk(1+β)/2Q(log x) + O
(
xk−θ

)
,

where Q(log x) is a polynomial of degree 2k − 2k − 1.
Proof. To prove the Theorem, we show that fβ(n1, ..., nk) satisfies all assumptions
of Theorems 3.2.1 and 3.2.2. In Theorem 3.4.2, we prove that fβ(n1, ..., nk) is non-
negative and in Theorem 3.4.1, we show fβ(n1, ..., nk) has an absolutely convergent
series Fβ(s) for Re(si) > (1 + β)/2 for all 1 ≤ i ≤ k. Moreover, this implies for
c = ((1+β)/2, · · · , (1+ β)/2), F (s+ c) is absolutely convergent series for Re(si) >
((1 − β)/2). Consider the linear forms

∏
I⊆[k]
|I|=2

sI
∏

I⊆[k]
|I|≥3

(sI + |I|(1− β)/2 + β − 1) .

Define the function

H(s) := F (s+ c)
∏
I⊆[k]
|I|≥2

(
sI +

|I|(1− β)

2
+ β − 1

)
.

Since ci = (1 + β)/2 for all 1 ≤ i ≤ k, therefore q′ = 0. Furthermore, for every
zeta function in F (s+c), there is a linear form such that the product of linear form
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and zeta function has analytic continuation on the plane Re (s1 + · · ·+ sℓ) > −ϵ,
where ϵ > 0 and for I ⊆ K, we have |I| = ℓ ≥ 2. Therefore, H(s) also has
analytic continuation on the plane Re (s1 + · · ·+ sℓ) > −ϵ. Consider hi(s) = si, set
δ1 = δ3 = ϵ. Moreover, from Lemma 3.3.1, E(s+ c) is has analytic continuation on
the plane Re (s1 + · · ·+ sℓ) > −ϵ. We know that for Re si > −1 and for all ϵ0 > 0

sIζ(1 + sI) ≪ϵ0 (1 + |sI |)1−
1
2
min(0,Re sI)+ϵ0 .

The above argument shows that H(s) satisfies (2) of Theorem 3.2.1 with δ2 = 1/2.
Therefore, we have

∑
n1,··· ,nk≤x

fβ(n1, ..., nk) = xk(1+β)/2Q(log x) + O
(
xk−θ

)
,

where Q(log x) is a polynomial of degree at most 2k−2k−1 and x → ∞. Moreover,
ci > 0 for all 1 ≤ i ≤ k, this implies w = 0. Again, it is easy to see that the rank
of linear forms is k and the interior of the cone generated by linear forms is the set
B =

∑k
i=1 βie∗

i for β = (β1, · · · , βk) ∈ (0,∞)k and e∗
i (s) = si. Also, as sI → 0,

sIζ(sI+1) → 1 and hence H(0) ̸= 0 Thus, from Theorem 3.2.2, deg(Q) = 2k−2k−1.

This gives the required result.

3.4.4 Proof of Theorem 3.1.2
Proof. From the definition of Cohen Ramanujan sums (1.3.3), we have

Sk,β(x, y) =
∑
n≤y

∑
q1,··· ,qk≤x

∑
d1|q1
dβ1 |n

dβ1µ

(
q1
d1

)
· · ·
∑
dk|qk
dβk |n

dβkµ

(
qk
dk

)

=
∑

q1,··· ,qk≤x

∑
d1|q1,··· ,dk|qk

dβ1 · · · d
β
kµ

(
q1
d1

)
· · ·µ

(
qk
dk

) ∑
n≤y

[dβ1 ,··· ,d
β
k ]|n

1

=
∑

q1,··· ,qk≤x

∑
d1|q1,··· ,dk|qk

dβ1 · · · d
β
kµ

(
q1
d1

)
· · ·µ

(
qk
dk

)

×

(
y

[dβ1 , · · · , d
β
k ]

+ O (1)

)
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= y
∑

q1,··· ,qk≤x

∑
d1|q1,··· ,dk|qk

dβ1 · · · d
β
k

[dβ1 , · · · , d
β
k ]
µ

(
q1
d1

)
· · ·µ

(
qk
dk

)
+O

(
x(β+1)k

)
.

Next, form Theorem 3.4.3, for 0 < θ < 1, we have as x → ∞

Sk,β(x, y) = yxk(1+β)/2Q(log x) + O
(
yxk−θ + x(β+1)k

)
,

where Q(log x) is a polynomial of degree 2k − 2k − 1.



4
Moments of Ramanujan sums over

Number Fields

In this Chapter, we study moments of Ramanujan sums over number fields. As-
suming the generalized Lindelöf hypothesis, we provide asymptotic formulas for the
mean values of the first and second moments of Ramanujan sums over any num-
ber field. Additionally, unconditionally, we extend this investigation by establishing
asymptotic formulas for the second moment of averages of Ramanujan sums over
quadratic, cubic number fields, and cyclotomic number fields. Using a special prop-
erty of certain integral domains, we obtain second-moment results for Ramanujan
sums over some other number fields.

4.1 Preliminaries from algebraic number theory
In this section, we briefly recall some basic definitions and results from the alge-

braic number theory. This can be found in [45] and [49].

Definition 4.1.1. An algebraic number field K is a finite degree extension of Q.
The ring of integers of K, denoted by OK, is the integral closure of Z in K.

A number field is a simple extension, that is, for an algebraic integer α, K =

57
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Q(α). Therefore, a number field is a finite-dimensional vector space over Q. A two-
degree extension of Q is called a quadratic number field. For a square-free integer
d, K = Q(

√
d) is a quadratic number field and its ring of integer is given as

OK =


Z⊕ Z

[
1 +

√
d

2

]
if d ≡ 1mod 4,

Z⊕ Z
[√

d
]

if d ̸≡ 1mod 4.

Similarly, a cubic number field is a number field with degree 3. If ω is a cube root of
unity, then Q(ω) is a cubic number field. Also, for a nth primitive root of unity ζn,
Q(ζn) is called a cyclotomic number field. This field contain all complex nth roots
of unity and dimension of Q(ζn) over Q is ϕ(n). For a prime p, if K = Q(ζp), then

OK = Z[ζp]⊕ Z[ζ2p ]⊕ · · · ⊕ Z[ζp−1
p ].

Definition 4.1.2. For a number field K, we associate a zeta function defined as

ζK(s) :=
∑
I⊆OK

1

N (I)s
,

where sum is over all non-zero integral ideal of OK and N (I) is the norm of ideal I
given as:

N (I) = [OK : I] = |OK/I|.

The function ζK(s) is called Dedekind zeta function associated to K. For K = Q,
we have ζK(s) = ζ(s). The Euler product of ζK(s) is given as follows:

ζK(s) =
∏

P⊆OK

(
1− 1

N (P)s

)−1

,

where sum is over all non-zero prime integral ideal of OK.

Remark 4.1.1. For any s ∈ C, ζK(s) is absolutely convergent for Re(s) > 1 and has
an analytic continuation to C\{1} with a simple pole at s = 1.

In [54], Riemann conjectured that all non-trivial zeroes of the Riemann zeta
function lie on Re(s) = 1/2. The Riemann hypothesis is generalized for number
fields. The generalized Riemann hypothesis states that all non-trivial zeroes of the
Dedekind zeta function lie on Re(s) = 1/2. The other important conjecture on the
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rate of growth of the Riemann zeta function is Lindelöf hypothesis. This conjecture
is also generalized over number fields as follows:

Conjecture 4.1.1 (Generalized Lindelöf hypothesis). Let ζK(s) be the Dedekind
zeta function over the number field K, then for any ϵ > 0, we have∣∣∣∣ζK(1

2
+ it

)∣∣∣∣≪ |t|ϵ.

The GLH follows from the GRH. On the other hand, Backlund [6] proved that
LH is equivalent to the following statement about the zeros of the zeta function: for
every ϵ > 0, the number of zeros with real part at least 1/2 + ϵ and imaginary part
between T and T + 1 is o(log T ) as T tends to infinity.

4.2 Main results
First, we recall the definition of Ramanujan sums over number fields. Let K be

a number field. If J and I are non-zero integral ideal in its ring of integers OK,
then Ramanujan sums over K are defined as

CJ (I) :=
∑
I1|J
I1|I

N (I1)µ

(
J
I1

)
. (4.2.1)

Here, N (I1) is the norm of I1 and µ(I) is the generalization of classical Mobius
function defined in (1.3.5). Concerning the number field analogue of Ramanujan
sums, Nowak [50] showed that if K is a fixed quadratic number field, and y > xδ

where δ > 1973
820

= 2.40609 · · · , then

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) ∼ ρKy, (4.2.2)

More precisely, for y > xδ and arbitrary ϵ > 0,

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) =ρKy +O
(
x

1973
1358y

269
679

+ϵ + x
1234823
737394 y

205
679

+ϵ + x
23917
21728y

8675
16296

+ϵ
)

+O
(
x2yϵ

)
,
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where ρK is the residue of ζK(s) at s = 1. To be precise,

ρK = lim
t→∞

1

t
#{integral ideals I in OK : 0 < N(I) ≤ t}. (4.2.3)

With regard to other degree two extensions, for example, for the field of Gaussian
integers, Nowak [51] proved (4.2.2) with uniform error terms with δ > 29

12
= 2.416 · · · .

His result was later improved Zhai in [70] for δ > 2.3235 · · · .
For the cubic case, a result on the first moment is derived in [43], where the

authors obtain an asymptotic formula (4.2.2) with condition y > x11/4,

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) =ρKy +O
(
x

8
5y

2
5
+ϵ + x

11
8 y

1
2
+ϵ
)
.

For mean values of Ramanujan sums over general number fields, the only known
result is due to Fujisawa [23] who proved that if K is any number field, then for some
c > 0, and for any δ > 2−α

1−α
where α ∈ [0, 1), with condition y ≫ xδ, and y → ∞

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) = ρKy + o(y). (4.2.4)

It is evident that Fujisawa’s results exhibits limitations and does not hold for
small values of y. Consequently, we estimate the first moment for general number
fields in cases where y > x2, under the Generalized Lindelöf hypothesis (GLH).
This improves Fujisawa’s result. Our result also improves Nowak and Zhai’s results
for quadratic and cubic number fields, respectively. Following this, we proceed to
present our results.
Theorem 4.2.1. Let K be a number field, then under GLH for ζK(s) and for any
ϵ > 0 if y > x2, we have

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) = ρKy +Oq

(
xy1/2+ϵ log x

)
.

We also estimate the sum ∑
0<N (J )≤x

CJ (I)

in average over ideals I such that N (I) ∈ {1, · · · , y} via the second moment. There
is no result for the second moment over number fields in the literature. For K = Q,
the second moment has been derived in [12] and [55]. We have studied the result
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on moments over Q in Chapter 3. Under GLH, the second moment of Ramanujan
sums over the general number fields is estimated by the following theorem:
Theorem 4.2.2. For a number field K, and ϵ > 0, under GLH for ζK(s), we have:

For y < x5/2,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

ζK(2)
yx2 +

ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
yx3/2+ϵ

)
,

and for y ≥ x5/2, we have

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

ζK(2)
yx2 +Oq

(
yx3/2+ϵ

)
.

Next, we derive asymptotic formulas for the second moment of Ramanujan sums
over specific quadratic, cubic, and cyclotomic number fields and Prüfer domains
unconditionally. We have the following result for a quadratic number field K.
Theorem 4.2.3. Let K be a quadratic number field, ϵ > 0 be any arbitrary small
real number, then for y ≤ x11/9−ϵ, we have

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x47/18+ϵy1/2 log12 x

)
,

for x11/9−ϵ ≤ y < x36/17−ϵ,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

2ζK(2)
yx2 +

ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2y17/18 log24 x

)
+Oq

(
x47/18+ϵy1/2 log12 x

)
,

and for y ≥ x36/17−ϵ,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

2ζK(2)
yx2 +Oq

(
yx

5
3
+ϵ log7 x+ x2y

17
18 log24 x

)
.

We obtain estimates on the second moment for a cubic number field in the
following theorem.
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Theorem 4.2.4. Let K be a cubic number field, ϵ > 0 be any arbitrary small real
number, then for y ≤ x237/196−ϵ,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x1021/392+ϵy1/2 log20 x

)
,

for x237/196−ϵ ≤ y < x98/45−ϵ,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

2ζK(2)
yx2 +

ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2y45/49+ϵ log3 x

)
+Oq

(
x1021/392+ϵy1/2 log20 x

)
,

and for y ≥ x98/45−ϵ,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

2ζK(2)
yx2 +Oq

(
yx25/14+ϵ log10 x

)
+Oq

(
x2y45/49+ϵ log3 x

)
.

Furthermore, we provide an estimation for cyclotomic number fields.

Theorem 4.2.5. Let K = Q(ζm) be a cyclotomic number field, then for y < x2,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2−1/4ϕ(m)y log4ϕ(m)+1 x

)
+Oq

(
x2y5/6 log4ϕ(m) x

)
,

and for y > x2,

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

2ζK(2)
yx2 +Oq

(
x5/2−1/2ϕ(m)y1/2 log4ϕ(m) x

)
+Oq

(
(x2y5/6 + x2−1/4ϕ(m)y log x) log4ϕ(m) x

)
.

The constants in Theorems 4.2.1, 4.2.2, 4.2.3, 4.2.4, and 4.2.5 depend on the dis-
criminant of the corresponding number fields. We derive asymptotic results for the



4.2 Main results 63

second moment of Ramanujan sums over Prüfer domains in the following theorem.

Definition 4.2.1. An integral domain R is called a Prüfer domain if every finitely
generated non-zero ideal of R is invertible.

For our computations of the second moment, we use the following ideal property
of Prüfer domains: If I and J are two ideals of a Prüfer domain, then

(I + J )(I ∩ J ) = IJ . (4.2.5)

Some examples of a Prüfer domain consist of the ring of algebraic integers, the ring
of entire functions in C. For more on multiplicative ideal theory and Prüfer domains,
see [26, Chapter 4].

Theorem 4.2.6. Let K be a number field such that its ring of integers OK is a
Prüfer domain. If ∑

1≤N (I)≤y

1 = ρKy +O(yα) ,

then for xλ < y for some λ > 1, we have

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

2ζK(2)
x2y +O

(
xy log x+ x3−αyα

)
.

The value of α was estimated by Landau [38] to be (n− 1)/(n + 1), where n is
the degree of K over Q. This was later improved by Nowak [50] and Müller [46] for
the case n = 2 and n = 3, respectively.
Remark 4.2.1. Theorem 4.2.6 holds for any number field whose corresponding ring
of integers satisfies property (4.2.5). For the ring of integers Z, (4.2.5) reduces to
the fact that the gcd times lcm of any two integers is equal to the product of the
integers. This property is not valid for more than two integers, complicating the
computations for higher moments (k ≥ 3).
Remark 4.2.2. Theorems 4.2.3 and 4.2.4 are special cases of Theorem 4.2.6 with
additional main terms in certain ranges of y, as the ring of integers for both quadratic
and cubic number field is a Prüfer domain.
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4.3 Preliminaries Lemmas
In this section, we state and prove some results related to the Dirichlet series of

functions appearing in the proofs of our main Theorems. We start by recalling the
Dirichlet series of CJ (I).

Lemma 4.3.1. For a number field K and for Re(s) > 1, one has

∑
J⊆OK

CJ (I)
N (J )s

=
σK,(1−s)(I)

ζK(s)
, (4.3.1)

where σK,(1−s)(I) =
∑

I1|I N (I1)
1−s.

Proof. From the definition of CJ (I) in (1.3.4), we have

∑
J⊆OK

CJ (I)
N (J )s

=
∑

J⊆OK

1

N (J )s

∑
I1|J
I1|I

N (I1)µ(
J
I1

) =
∑
I1|I

1

N (I1)s−1

∑
I2⊆OK

µ(I2)

N (I2)s

=
σK,(1−s)(I)

ζK(s)
.

The above series is absolutely convergent for Re(s) > 1.

Lemma 4.3.2. For z ∈ C, and a number field K,

∑
I⊆OK

σK,z(I)
N (I)s

= ζK(s)ζK(s− z), (4.3.2)

for Re(s) > max(1 + Re(z), 1).

Proof. Using the definition of σK,z(I), we have

∑
I⊆OK

σK,z(I)
N (I)s

=
∑
I⊆OK

1

N (I)s
∑
I1|I

N (I1)
z

= ζK(s)ζK(s− z),

and it is absolutely convergent in Re(s) > max(1 + Re(z), 1).

Lemma 4.3.3. For Re(s) > max(1, 1+Re(z1), 1+Re(z2), 1+Re(z1+ z2)), we have

∑
I⊆OK

σK,z1(I)σK,z2(I)
N (I)s

=
ζK(s)ζK(s− z1)ζK(s− z2)ζK(s− z1 − z2)

ζK(2s− z1 − z2)
. (4.3.3)
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Proof. Fix a prime ideal P , then for a positive integer k,

σK,z(Pk) =
N (P )z(k+1) − 1

N (P )z − 1
.

Both functions σK,z(I), and σK,z1(I)σK,z2(I) are multiplicative, and hence the infi-
nite series has an Euler product representation given by

∑
I⊆OK

σK,z1(I)σK,z2(I)
N (I)s

=
∏

P⊆OK

(
1 +

∞∑
k=1

σK,z1(Pk)σK,z2(Pk)

N (P)ks

)

=
∏

P⊆OK

(
1 +

∞∑
k=1

(N (P )z1(k+1) − 1)(N (P )z2(k+1) − 1)

N (P)ks(N (P )z1 − 1)(N (P )z2 − 1)

)
.

Let N (P)−s = x, N (P)z1 = y, and N (P)z2 = z, then

∑
I⊆OK

σK,z1(I)σK,z2(I)
N (I)s

=
∏

P⊆OK

(
1

(y − 1)(z − 1)

∞∑
k=0

xk(yk+1 − 1)(zk+1 − 1)

)

=
∏

P⊆OK

(
1

(y − 1)(z − 1)

{
yz

1− xyz
− z

1− xz
− y

1− xy
+

1

1− x

})
=
∏

P⊆OK

1− x2yz

(1− x)(1− xy)(1− xz)(1− xyz)
.

On substituting the values of x, y, and z in the above equation, we obtain Lemma
4.3.3.

Next, we cite two lemmas that will be useful in the next sections. The first one
is a Brun-Titchmarsh theorem proved by Shiu [62]. We will use it to estimate the
partial sums ∑

I⊆OK
N (I)=n

σK,z and
∑
I⊆OK

N (I)=n

σK,z1(I)σK,z2(I).

In [62], the author derives the theorem for a larger class M of arithmetic functions f
which are non-negative and multiplicative and which satisfy the following conditions:

1. For a prime p, and integer l ≥ 1, there exists a positive constant C1 such that

f(pl) ≤ C l
1.
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2. For every ϵ > 0, and for n ≥ 1, there exists a positive constant C2 = C2(ϵ)

such that
f(n) ≤ C2n

ϵ.

Lemma 4.3.4. [62, Theorem 1] Let f ∈ M , 0 < α, β < 1/2, and a, k be integers.
If 0 < a < k, and (a, k) = 1, then as x → ∞

∑
x−y<n≤x
n≡amod q

f(n) ≪ y

ϕ(q) log x
exp

∑
p≤x
p ̸|q

f(p)

p

,

uniformly in a, q, and y provided that q ≤ y1−α, and xβ < y ≤ x.

The second lemma is a Perron-type formula for a sequence of complex numbers.

Lemma 4.3.5. [55, Lemma 2.8] Let 0 < λ1 < λ2 < · · · < λn → ∞ be any sequence
of real numbers, and let {an} be a sequence of complex numbers. Let the Dirichlet
series g(s) :=

∑∞
n=1 anλ

−s
n be absolutely convergent for σa. If σ0 > max(0, σa) and

x > 0, then ∑
λn≤x

an =
1

2πi

∫ σ0+iT

σ0−iT

g(s)
xs

s
ds+R,

where

R ≪
∑

x/2<λn<2x
n̸=x

|an|min

(
1,

x

T |x− λn|

)
+

4σ0 + xσ0

T

∞∑
n=1

|an|
λσ0
n
.

Next, recall the Phragmén-Lindelöf principle given by

Theorem 4.3.6. [34, Theorem 5.53] Let f(σ+ it) be analytic in the strip a ≤ σ ≤ b

with f(σ + it) ≪ exp(ϵ|t|). If |f(a+ it)| ≪ |t|c1 and |f(b+ it)| ≪ |t|c2, then

|f(σ + it)| ≪ |t|c(σ),

uniformly in a ≤ σ ≤ b, where c(σ) is linear in σ with c(a) = c1 and c(b) = c2.

Finally, we give the bound of Dedekind zeta function. For a quadratic number
field K with discriminant q,

ζK(s) = ζ(s)L(s, χq), (4.3.4)
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where ζ(s) is the Riemann zeta function, and L(s, χq) is the ordinary Dirichlet L-
series corresponding to χq and χq is the Kronecker symbol of q. We use bounds of
ζ(s) [65, Chapter II.3] and derive the following bounds for ζK(s):

ζK(σ + it) ≪q



|t|1−2σ log2 |t| −1 ≤ σ ≤ 0,

|t|1− 4σ
3 log4 |t| 0 ≤ σ ≤ 1/2,

|t| 2−2σ
3 log4 |t| 1/2 ≤ σ ≤ 1,

log2 |t| 1 ≤ σ ≤ 2,

1 σ ≥ 2,

(4.3.5)

and
1

ζK(σ + it)
≪q log2 |t|, 1 ≤ σ ≤ 2. (4.3.6)

The next lemma expresses the Dedekind zeta function for a cubic number field with
discriminant D = dq2 (d squarefree).

Lemma 4.3.7. [46, Lemma 1] Let K be a cubic number field and D = dq2 (d
squarefree) its discriminant; then

1. K is normal extension if and only if D = q2. In this case

ζK(s) = ζ(s)L(s, χ1)L(s, χ1), (4.3.7)

where ζ(s) is the Riemann zeta function and L(s, χ1) is the ordinary Dirichlet
series corresponding to the primitive character χ1 modulo q.

2. If K is not a normal extension, then d ̸= 1, and

ζK(s) = ζ(s)L(s, χ2), (4.3.8)

where L(s, χ2) is the Dirichlet L-series over the quadratic number field Q(
√
d):

L(s, χ2) =
∑
I

χ2(I)N (I)−s.

Here summation is taken over all ideals I ≠ 0 in Q(
√
d).

Using the above lemma, Theorem 4.3.6, and the bounds given in [33], we arrive
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at the following bounds in the cubic case.

ζK(σ + it) ≪q



|t|3(1/2−σ) log3 |t| −1 ≤ σ ≤ 0,

|t| 63−85σ
42

+ϵ 0 ≤ σ ≤ 1/2,

|t|2(13/84+1/3)(1−σ)+ϵ = |t|
41(1−σ)

42
+ϵ 1/2 ≤ σ ≤ 1,

log3 |t| 1 ≤ σ ≤ 2,

1 σ ≥ 2,

(4.3.9)

and
1

ζK(σ + it)
≪q log3 |t|, 1 ≤ σ ≤ 2. (4.3.10)

Note that from [68, Theorem 4.3], for a cyclotomic number field K = Q(ζm) with
discriminant q, we have

ζK(s) = ζ(s)
∏
χ ̸=χ0

L(s, χ).

Here, χ is a non-principle Dirichlet character associated to K. Next, we use the
bounds of zeta function and L-function [33] and Theorem 4.3.6 to bound ζK(σ+ it):

ζK(σ + it) ≪q


t
(3−4σ)ϕ(m)

6 0 ≤ σ ≤ 1/2,

t
(1−σ)ϕ(m)

3 1/2 ≤ σ ≤ 1,

(log t)ϕ(m) 1 ≤ σ ≤ 2,

1 σ ≥ 2.

(4.3.11)

Using Generalized Lindelöf Hypothesis and the Phragmén-Lindelöf principle, we
have the following upper bounds of a Dedekind zeta function associated with a
number field K of degree m and discriminant q.

|ζK(σ + it)| ≪q


|t|m(1/2−σ)+ϵ if 0 ≤ σ ≤ 1/2,

|t|ϵ if 1/2 ≤ σ ≤ 1,

log |t| if 1 ≤ σ ≤ 2.

(4.3.12)

4.4 A key estimate for the first moment
In this section, we estimate the average value of the generalized divisor function

for number fields. This is also the key estimate for Theorem 4.2.1.

Lemma 4.4.1. Let K be a number field, −1/2 < Re(z) ≤ 0, and | Im(z)| ≤ x, then
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under GLH and for arbitrary small ϵ > 0, we have

∑
0<N (I)≤n

σK,z(I) = ρKζK(1− z)x+ ρKζK(1 + z)
x1+z

1 + z
+Oq

(
x1/2+ϵ

)
.

Proof. We write

∑
I⊆OK

σK,z(I)
N (I)s

=
∞∑
n=1

1

ns

∑
N (I)=n

σK,z(I) =
∞∑
n=1

A(n, z)

ns
,

where A(n, z) =
∑

N (I)=n σK,z(I). Consider c = 1 + 1/ log x and z = a + ib with
−1/2 < a < 0. Therefore, from Lemma 4.3.5, we have

∑
n≤x

A(n, z) =
1

2πi

∫ c+iT

c−iT

ζK(s)ζK(s− z)
xs

s
ds+R(x, z), (4.4.1)

where

R(x, z) ≪
∑

x/2<n<2x

|A(n, z)|min

(
1,

x

T |x− n|

)
+

xc

T

∞∑
n=1

|A(n, z)|
nc

. (4.4.2)

Next, from (4.3.2), we conclude that

|A(n, z)| ≤
∑
d|n

 ∑
d1···dm|d

1
∑

l1···lm|n/d

la1 · · · lam


≤
∑
d|n

 ∑
d1···dm|d

1
∑

l1···lm|n/d

1

 . (4.4.3)

For α is a positive real number, we choose T = xα. Now, if 0 < |x−n| < x1−α, then
(4.4.3) gives

∑
0<|x−n|<x1−α

|A(n, z)|min

(
1,

x

T |x− n|

)
≪

∑
0<|x−n|<x1−α

∑
d|n

 ∑
d1···dm|d

1
∑

l1···lm|n/d

1

 .

(4.4.4)
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Moreover, using Lemma 4.3.4 and (4.4.4), we have

∑
0<|x−n|<x1−α

|A(n, z)|min

(
1,

x

T |x− n|

)
≪ x1−α log2m−1 x.

Next, if x+ x1−α < n < 2x, then

∑
x+x1−α<n<2x

|A(n, z)|min

(
1,

x

T |x− n|

)

≪ x

T

∑
x+x1−α<n<2x

∑
d|n

(∑
d1···dm|d 1

∑
l1···lm|n/d 1

)
n− x

≪ x

T

∑
l≪log x

1

U

∑
U<n−x<2U
U=2lx1−α

∑
d|n

(∑
d1···dm|d 1

∑
l1···lm|n/d 1

)
n− x

≪ x

T
log2m x. (4.4.5)

For x/2 < n < x− x1−α, we get the same bound. From Lemma 4.3.2, we have

xc

T

∞∑
n=1

|A(n, z)|
nc

≪ x

T
log2m x. (4.4.6)

Thus, from (4.4.4), (4.4.5), and (4.4.6), we obtain

R(x, z) ≪ x1−α log2m x. (4.4.7)

Next, we evaluate the integral in (4.4.1) by shifting the line integration c − iT to
c+ iT into the rectangular contour consists the line segments I1 : c− iT to 1/2− iT ,
I2 : 1/2 − iT to 1/2 + iT , I3 : 1/2 + iT to c + iT , and I4 : c + iT to c − iT . By
Cauchy residue theorem

1

2πi

∫ c+iT

c−iT

ζK(s)ζK(s− z)
xs

s
ds = ρKζK(1− z)x+ ρKζK(1+ z)

x1+z

1 + z
+

3∑
i=1

Ji, (4.4.8)

where ρK is the residue of ζK(s) at the pole s = 1. In the right side of (4.4.8), the
first and the second terms are the residues at the poles 1 and 1+z, respectively, and
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the last term is the sum of integration along the line segments Ii. From (4.3.12), if
|b| ≤ T then we have

|J1|, |J3| ≪
∫ c

1/2

|ζK(s)||ζK(s− z)|xσ

T
dσ ≪q

x1/2 log x

T 1−ϵ
. (4.4.9)

The line integral J2 along the line segment I2 is given by

|J2| ≪
∫ T

−T

|ζK(1/2 + it)||ζK(1/2− a+ it− ib)||x1/2+it|
|1/2 + it|

dt

≪q x
1/2

∫ T

−T

t−1+ϵdt ≪q x
1/2T ϵ. (4.4.10)

Choose T = x2 and collecting all the estimates from (4.4.7), (4.4.9), and (4.4.10)
and inserting in (4.4.1), provides us the required result.

4.5 The first moment
In this section we prove Theorem 4.2.1 using Lemma 4.4.1 and a Perron’s formula.

Proof of Theorem 4.2.1. Let β = 1+ 1
log y

, then from Lemma 4.3.1 and Lemma 4.3.5,
we have ∑

0<N (J )≤x

CJ (I) =
1

2πi

∫ β+iT

β−iT

σK,(1−s)(I)
ζK(s)

xs

s
ds+R1(x, I), (4.5.1)

where
R1(x, I) ≪

x

T
σK,(−1/ log y)(I) +

x log y

T
σK,0(I). (4.5.2)

Next, summing both sides of (4.5.1) over the ideals with N (I) and applying Lemma
4.4.1, we have

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) =
ρKy

2πi

∫ β+iT

β−iT

xs

s
ds+ ρKy

2

∫ β+iT

β−iT

ζK(2− s)

ζK(s)

y−sxs

(2− s)s
ds

+O

(
y1/2+ϵ

∫ β+iT

β−iT

1

ζK(s)

xs

s
ds+

xy

T

)
= I1 + I2 + I3 + I4. (4.5.3)

We see that
I1 = ρKy +O

(yx
T

)
,
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and
I3 ≪q xy

1/2+ϵ logm T .

Also, from (4.3.12), we have

I2 ≪q xy

∫ T

−T

t−2 log tdt ≪q
xy log T

T
.

Collecting all the above estimates and choosing T = x2 gives the required result.

4.6 A key estimate for the second moment
In this section, we shall compute the average of the product of divisor functions

in a number field, analogous to [55, Theorem 1.5] for divisor functions over rationals.

Lemma 4.6.1. Let K be a number field. Then,

∑
0<N (I)≤y

I⊆OK

σK,z1(I)σK,z2(I) =RK +EK.

For a quadratic number field K: for −1/13 < a1 < 0, −1/9 < a2 < 0, −1/13 <

a1 + a2 < 0, and |b1|, |b2| ≪ y1/3,

RK=ρK
ζK(1− z1)ζK(1− z2)ζK(1− z1 − z2)

ζK(2− z1 − z2)
y

+ ρK
ζK(1 + z1)ζK(1 + z1 − z2)ζK(1− z2)

ζK(2 + z1 − z2)

y1+z1

1 + z1

+ ρK
ζK(1 + z2)ζK(1 + z2 − z1)ζK(1− z1)

ζK(2− z1 + z2)

y1+z2

1 + z2

+ ρK
ζK(1 + z1 + z2)ζK(1 + z2)ζK(1 + z1)

ζK(2 + z1 + z2)

y1+z1+z2

1 + z1 + z2
,

and
EK = Oq

(
y

17+5a1+9a2
18 log18 y

)
.

For a cubic number field K: for −16/183 < a1 < 0, −8/49 < a2 < 0, −16/183 <

a1 + a2 < 0, and |b1|, |b2| ≪ y3/14, RK is same as above, and

EK = Oq

(
y

180+13a1+98a2
196

+ϵ log3 y
)
.
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For a cyclotomic number field K = Q(ζm): for −1/6 < Re(z1) = a1 < 0,
−1/6 < Re(z2) = a2 < 0, and −1/6ϕ(m) < Re(z1 + z2) = a1 + a2 < 0, then RK is
same as above, and

EK = Oq

(
y5/6+a1/2−a2/6 log5ϕ(m) y + y1−1/ϕ(m) log5ϕ(m)

)
.

For a general number field K: for −1/2 ≤ Re(z1) = a1 < 0, −1/2m2 ≤ Re(z2) =

a2 < 0, and −1/2 < Re(z1 + z2) = a1 + a2 < 0, then under GLH RK is same as
above, and for ϵ > 0

EK = Oq

(
y

1+a1+a2−4a2m
2

+ϵ
)
,

and m is the degree of K.

Proof. For any number field K, we have

∑
I⊆OK

σK,z1(I)σK,z2(I)
N (I)s

=
∞∑
n=1

1

ns

∑
I⊆OK

N (I)=n

σK,z1(I)σK,z2(I).

Define A(n, z1, z2) :=
∑

I⊆OK
N (I)=n

σK,z1(I)σK,z2(I) and

f(z1, z2, s) :=
ζK(s)ζK(s− z1)ζK(s− z2)ζK(s− z1 − z2)

ζK(2s− z1 − z2)
.

Let Re(z1) = a1 and Re(z2) = a2 be such that a1, a2 < 0, and a1+a2 > −1. Consider

α = 1 +
1

log y
. Using Lemma 4.3.5, we have

∑
0<N (I)≤y

I⊆OK

σK,z1(I)σK,z2(I) =
∑
n≤y

A(n, z1, z2) =
1

2πi

∫ α+iT

α−iT

f(z1, z2, s)
ys

s
ds

+R(y; z1, z2), (4.6.1)

where

R(y; z1, z2) ≪
∑

y/2<n<2y

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
+

yα

T

∞∑
n=1

|A(n, z1, z2)|
nα

.

(4.6.2)
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For λ = (1+a1+a2)/2, we solve integral in (4.6.1) by modifying the line integral into
a rectangular path C with vertices α ± iT , and λ± iT . The poles of the integrand
inside the contour C are s1 = 1, s2 = z1+1, s3 = z2+1, and s4 = z1+z2+1. Hence
by Cauchy’s residue theorem, we have

1

2πi

∫
C

f(z1, z2, s)
ys

s
ds = ρK

ζK(1− z1)ζK(1− z2)ζK(1− z1 − z2)

ζK(2− z1 − z2)
y

+ ρK
ζK(1 + z1)ζK(1 + z1 − z2)ζK(1− z2)

ζK(2 + z1 − z2)

y1+z1

1 + z1

+ ρK
ζK(1 + z2)ζK(1 + z2 − z1)ζK(1− z1)

ζK(2− z1 + z2)

y1+z2

1 + z2

+ ρK
ζK(1 + z1 + z2)ζK(1 + z2)ζK(1 + z1)

ζK(2 + z1 + z2)

y1+z1+z2

1 + z1 + z2
.

(4.6.3)

This implies

1

2πi

∫ α+iT

α−iT

f(z1, z2, s)
ys

s
ds =R0 +

3∑
i=1

Ji, (4.6.4)

where R0 is equal to the right side of (4.6.3), and Ji’s are the line integrals along the
lines [λ+ iT, α+ iT ], [λ− iT, λ+ iT ] and [α− iT, λ− iT ] respectively. By Holder’s
inequality

(∫ α

λ

∫ T0

T0/2

f(z1, z2, σ + it)
yσ+it

σ + it
dσdt

)4

≪
∫ α

λ

∫ T0

T0/2

|ζK(σ + it)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

×
∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

×
∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

×
∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1 − z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt. (4.6.5)

We estimate the above integrals and the remainder R(y; z1, z2) in (4.6.2) separately
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for the quadratic and cubic number fields.

4.6.1 Quadratic number fields
For K a quadratic number field, the Dirichlet series for A(n, z1, z2) can be

expressed in terms of ζ(s) and L(s, χ) using (4.3.3) and (4.3.4). Consequently,
A(n, z1, z2) is written as a Dirichlet convolution of coefficients of its Dirichlet series.
This exercise yields the following elementary but essential bound.

|A(n, z1, z2)| ≤

∣∣∣∣∣∣na1+a2
∑

N (I)=n

∑
I1|I

1

2∣∣∣∣∣∣
≤
∑
d|n

∑
d′|d

σ0(d
′)
∑

d1|d/d′
σ0(d1)σ0(

d

d′d1
)

σ0(n/d). (4.6.6)

This leads to |A(p, z1, z2)| ≤ 9. Taking T = yc where c is a fixed real number, and

dividing the interval y/2 < n < 2y according to min

(
1,

y

T |y − n|

)
, we arrive at

∑
|y−n|<y1−c

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
=

∑
|y−n|<y1−c

|A(n, z1, z2)| ≪
y

T
log8 T.

(4.6.7)

The last estimate follows from an application of Lemma 4.3.4 on the function
A(n, z1, z2). Note that (4.6.6) ensures that the hypothesis in the lemma is satis-
fied. For the interval y + y1−c < n < 2y, we have

∑
y+y1−c<n<2y

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)

≪ y

T

∑
y+y1−c<n<2y

∑
d|n

{∑
d′|d

(
σ0(d

′)
∑

d1|d/d′ σ0(d1)σ0(
d

d′d1
)
)}

σ0(n/d)

n− y

≪ y

T

∑
l≪log y

1

U

∑
U<n−y<2U
U=2ly1−c

∑
d|n

{∑
d′|d

(
σ0(d

′)
∑

d1|d/d′ σ0(d1)σ0(
d

d′d1
)
)}

σ0(n/d)

n− y

≪ y

T
log8 y. (4.6.8)
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We obtain similar bounds for y/2 < n < y − y1−c. Moreover

yα

T

∞∑
n=1

|A(n, z1, z2)|
nα

≪ y

T
log8 T. (4.6.9)

Finally, from (4.6.7), (4.6.8), and (4.6.9), we deduce that

R(y; z1, z2) ≪
y

T
log8 T. (4.6.10)

Next, solving the line integrals using bounds in (4.3.5) and (4.3.6), we have∫ α

λ

∫ T0

T0/2

|ζK(σ + it)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2

λ

t4−16σ/3 log18 t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1/2

t8(1−σ)/3 log18 t
yσ

t
dσdt

≪q

∫ T0

T0/2

t3 log18 t

∫ 1/2

λ

( y

t16/3

)σ
dσdt+

∫ T0

T0/2

t5/3 log18 t

∫ α

1/2

( y

t8/3

)σ
dσdt,

for y3/16 < T0 < y3/8, we have∫ α

λ

∫ T0

T0/2

|ζK(σ + it)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt ≪q (T

4−16λ/3
0 yλ + y) log18 T0.

If a1 − a2 > 0, then we have∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2+a1

λ

t4−16(σ−a1)/3 log18 t
yσ

t
dσdt

+

∫ T0

T0/2

∫ 1+a1

1/2+a1

t(8−8σ+8a1)/3 log18 t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a1

log10 t
yσ

t
dσdt

≪q

∫ T0

T0/2

t3+16a1/3 log18 t

∫ 1
2
+a1

λ

( y

t16/3

)σ
dσdt

+

∫ T0

T0/2

t(5+8a1)/3 log18 t

∫ 1+a1

1
2
+a1

( y

t8/3

)σ
dσdt+

∫ T0

T0/2

∫ α

1+a1

log10 t
yσ

t
dσdt

≪q (T
4+

16a1−16λ
3

0 yλ + y1+a1) log18 T0 + y log10 T0.
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Similarly,∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a2

λ

t(8−8σ+8a2)/3 log18 t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a2

log10 t
yσ

t
dσdt

≪q

∫ T0

T0/2

t(5+8a2)/3 log18 t

∫ 1+a2

λ

( y

t8/3

)σ
dσdt+

∫ T0

T0/2

∫ α

1+a2

log10 t
yσ

t
dσdt

≪q y
1+a2 log18 T0 + y log10 T0,

and∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1 − z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a1+a2

λ

t(8−8σ+8a1+8a2)/3 log18 t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a1+a2

log10 t
yσ

t
dσdt

≪q y
1+a1+a2 log18 T0 + y log10 T0.

Collecting all the above results and substituting in (4.6.5), we obtain∫ α

λ

∫ T0

T0/2

f(z1, z2, σ + it)
yσ+it

σ + it
dσdt ≪q y log

12 T0.

Next, we choose T such that T0/2 < T < T0, which gives∫ α

λ

f(z1, z2, σ + iT )
yσ+iT

σ + iT
dσ ≪q

y

T
log12 T.

Integral along the vertical line [λ− iT, λ+ iT ] is given by∫ λ+iT

λ−iT

f(z1, z2, s)
ys

s
ds ≪q

∫ T

−T

t
4−2a1

3 log18 t
yλ

t
dt

≪q T
4−2a1

3 yλ log18 T.

We get the required result by putting T = y1/3 in the above estimates.
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4.6.2 Cubic number fields
If K is a cubic number field, then like the case for quadratic, we write A(n, z1, z2)

using (4.3.3) and (4.3.7) to obtain

|A(n, z1, z2)| ≤

∣∣∣∣∣∣na1+a2
∑

N (I)=n

∑
I1|I

1

2∣∣∣∣∣∣
≤
∑
d|n

∑
d′|d

∑
d1|d′

σ0(d1)
∑

d2|d/d′

∑
d21|d2

σ0(d21)
∑

d22|d/d2

σ0(d22)


 ∑

d′′|n/d

σ0(d
′′).

For a prime p, a direct computation of the right-hand side of the above inequality
gives the bound

|A(p, z1, z2)| ≤ 13.

Choosing T = yc where c is fixed real number, then using Lemma 4.3.4, we have

∑
|y−n|<y1−c

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
=

∑
|y−n|<y1−c

|A(n, z1, z2)| ≪
y

T
log12 T.

(4.6.11)

The above bounds also hold true for the intervals: y/2 < T < y−y1−c and y+y1−c <

n < 2y. Moreover,
yα

T

∞∑
n=1

|A(n, z1, z2)|
nα

≪ y

T
log12 T. (4.6.12)

These estimates yield,

R(y; z1, z2) ≪
y

T
log12 T. (4.6.13)

In the following computations, we employ Dedekind zeta bounds (4.3.9) and (4.3.10)
to obtain estimates of the line integrals in (4.6.5). For y7/170 ≤ T ≤ y21/82∫ α

λ

∫ T0

T0/2

|ζK(σ + it)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2

λ

t2(63−85σ)/21+ϵ log3 t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1/2

t82(1−σ)/21+ϵ log3 t
yσ

t
dσdt

≪q (T
6−170λ/21+ϵ
0 yλ + T ϵ

0y) log
3 T0.
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If a1 − a2 > 0, then we have∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2+a1

λ

t2(63−85σ+85a1)/21+ϵ log3 t
yσ

T0

dσdt

+

∫ T0

T0/2

∫ 1+a1

1/2+a1

t
82(1−σ+a1)

21
+ϵ log3 t

yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a1

log15 t
yσ

t
dσdt

≪q (T
6−(170λ−170a1)/21+ϵ
0 yλ + T ϵ

0y
1+a1) log3 T0 + y log15 T0.

Similarly,∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q q

∫ T0

T0/2

∫ 1+a2

λ

t
81(1−σ+a2)

21
+ϵ log3 t

yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a2

log15 t
yσ

t
dσdt

≪q T
ϵ
0y

1+a2 log3 T0 + y log15 T0,

and∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1 − z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a1+a2

λ

t
82(1−σ+a1+a2)

21
+ϵ log3 t

yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a1+a2

log15 t
yσ

t
dσdt

≪q T
ϵ
0y

1+a1+a2 log3 T0 + y log15 T0.

The above estimates show that the double integral in (4.6.5) is bounded by∫ α

λ

∫ T0

T0/2

f(z1, z2, σ + it)
yσ+it

σ + it
dσdt ≪q yT

ϵ
0 log

12 T0.

Next, we choose a T such that T0/2 < T < T0, which gives∫ α

λ

f(z1, z2, σ + it)
yσ+iT

σ + iT
dσ ≪q

y

T 1−ϵ
log12 T.
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Finally, the integral along the vertical line [λ− iT, λ+ iT ] is estimated as∫ λ+iT

λ−iT

f(z1, z2, s)
ys

s
ds ≪q

∫ T

−T

t
82−85a1

42
+ϵ log3 t

yλ

t
dt ≪q T

82−85a1
42

+ϵyλ log3 T.

We get the required result by putting T = y3/14 in the above bounds.

4.6.3 Cyclotomic number fields

Let K be a cyclotomic number field, then from (4.3.3), we write

|A(n, z1, z2)|

≤
∑
d|n

∑
d1|d

 ∑
d11···d1ϕ(m)|d1

1
∑

l11···l1ϕ(m)|n/d

1

 ∑
d2|n/d1

 ∑
d21···d2ϕ(m)|d

1
∑

l21···l2ϕ(m)|n/d2

1

 .

This implies
|A(p, z1, z2)| ≤ 4ϕ(m).

Taking T = yc where c is a fixed real number. From Lemma 4.3.4, we have

∑
|y−n|<y1−c

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
=

∑
|y−n|<y1−c

|A(n, z1, z2)| ≪
y

T
log4ϕ(m) T.

(4.6.14)

For the interval y + y1−c < n < 2y, we have

∑
y+y1−c<n<2y

|A(n, z1, z2)|min

(
1,

x

T |y − n|

)
≪ y

T
log4ϕ(m) y. (4.6.15)

We obtain similar bounds for y/2 < T < y − y1−c. We have

yα

T

∞∑
n=1

|A(n, z1, z2)|
nα

≪ y

T
log4ϕ(m) T. (4.6.16)

Finally, from (4.6.14), (4.6.15), and (4.6.16), we deduce that

R(y; z1, z2) ≪
y

T
log4ϕ(m) T. (4.6.17)
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Next, we estimate line integrals in (4.6.5) using (4.3.11).∫ α

λ

∫ T0

T0/2

|ζK(σ + it)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2

λ

t(3−4σ)ϕ(m)/6 logϕ(m) t
yσ

t
dσdt

+

∫ T0

T0/2

∫ α

1/2

t(1−σ)ϕ(m)/3 logϕ(m) t
yσ

t
dσdt

≪q (T
(3−4λ)ϕ(m)/6
0 yλ + y) logϕ(m) T0.

If a1 − a2 > 0, then we have∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2+a1

λ

t(3−4σ+4a1)ϕ(m)/6 log5ϕ(m) t
yσ

t
dσdt

+

∫ T0

T0/2

∫ 1+a1

1/2+a1

t(1−σ+a1)ϕ(m)/3 log5ϕ(m) t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a1

log5ϕ(m) t
yσ

t
dσdt

≪q (T
(3−4λ+4a1)ϕ(m)/6
0 yλ + y1+a1 + y) log5ϕ(m) T0.

Similarly,∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a2

λ

t(1−σ+a2)ϕ(m)/3 log5ϕ(m) t
yσ

t
dσdt+

∫ T0

T0/2

∫ α

1+a2

log5ϕ(m) t
yσ

t
dσdt

≪q (y
1+a2 + y) log5ϕ(m) T0,

and ∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1 − z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a1+a2

λ

t(1−σ+a1+a2)ϕ(m)/3 log5ϕ(m) t
yσ

t
dσdt

+

∫ T0

T0/2

∫ α

1+a1+a2

log5ϕ(m) t
yσ

t
dσdt
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≪q (y
1+a1+a2 + y) log5ϕ(m) T0.

Collecting all the above results and substituting in (4.6.5), we obtain∫ α

λ

∫ T0

T0/2

f(z1, z2, σ + it)
yσ+it

σ + it
dσdt ≪q y log

5ϕ(m) T0.

Next, we choose T such that T0/2 < T < T0, which gives T∫ α

λ

f(z1, z2, σ + iT )
yσ+iT

σ + iT
dσ ≪q

y

T
log5ϕ(m) T.

The integral along the vertical line [λ− iT, λ+ iT ] is given by∫ λ+iT

λ−iT

f(z1, z2, s)
ys

s
ds ≪q

∫ T

−T

t(2+3a1+a2)ϕ(m)/3 log5ϕ(m) t
yλ

t
dt

≪q T
(2+3a1+a2)ϕ(m)/3yλ log5ϕ(m) T.

Putting T = y1/ϕ(m) in the above estimates, we get the required result.

4.6.4 General number fields under GLH

For a general number field, from (4.3.3), we have

|A(n, z1, z2)| ≤
∑
d|n

∑
d1|d

 ∑
d11···d1m|d1

1
∑

l11···l1m|n/d

1

 ∑
d2|n/d1

 ∑
d21···d2m|d

1
∑

l21···l2m|n/d2

1

 .

(4.6.18)

This implies |A(p, z1, z2)| ≤ 4m. Taking T = yc where c is a fixed real number yields

∑
|y−n|<y1−c

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
=

∑
|y−n|<y1−c

|A(n, z1, z2)|.

We intend to use Lemma 4.3.4 to estimate the sum on the right side of the above es-
timate. From (4.6.18), we ensure that A(n, z1, z2) satisfies the hypothesis in Lemma
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4.3.4 and therefore

∑
|y−n|<y1−c

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
≪ y

T
log4m T.

For the interval y + y1−c < n < 2y, we have

∑
y+y1−c<n<2y

|A(n, z1, z2)|min

(
1,

y

T |y − n|

)
≪ y

T

∑
y+y1−α<n<2y

|A(n, z1, z2)|
n− y

≪ y

T
log4m y.

Moreover, we have the same bounds for y/2 < T < y − y1−c. Therefore, from the
above estimates, we deduce that

R(y; z1, z2) ≪
y

T
log4m T. (4.6.19)

In the following computations, we employ Dedekind zeta bounds (4.3.12) to
obtain estimates of the line integrals in (4.6.5).

∫ α

λ

∫ T0

T0/2

|ζK(σ + it)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2

λ

tm(2−4σ)+ϵy
σ

t
dσdt+

∫ T0

T0/2

∫ α

1/2

t4ϵ
yσ

t
dσdt

≪q

∫ T0

T0/2

t2m−1+ϵ

∫ 1/2

λ

( y

t4m

)σ
dσdt+

∫ T0

T0/2

t4ϵ−1

∫ α

1/2

(y)σ dσdt

≪q T
2m−4mλ+ϵ
0 yλ + yT ϵ

0 .

If a1 − a2 > 0, then we have∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1/2+a1

λ

tm(2−4σ+4a1)+ϵy
σ

t
dσdt+

∫ T0

T0/2

∫ α

1/2+a1

t4ϵ
yσ

t
dσdt

≪q

∫ T0

T0/2

t2m−1+4a1m+ϵ

∫ 1
2
+a1

λ

( y

t4m

)σ
dσdt+

∫ T0

T0/2

t4ϵ−1

∫ α

1
2
+a1

(y)σ dσdt
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≪q T
(2a1−2a2)m+ϵ
0 yλ + yT ϵ

0 .

Similarly, ∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a2

λ

tm(2−4σ+4a2)+ϵy
σ

t
dσdt+

∫ T0

T0/2

∫ α

1+a2

t4ϵ
yσ

t
dσdt

≪q T
−2m+ϵ
0 y1+a2 + yT ϵ

0 ,

and ∫ α

λ

∫ T0

T0/2

|ζK(σ + it− z1 − z2)|4yσ

|ζK(2(σ + it)− z1 − z2)(σ + it)|
dσdt

≪q

∫ T0

T0/2

∫ 1+a1+a2

λ

tm(2−4σ+4a1+4a2)+ϵy
σ

t
dσdt+

∫ T0

T0/2

∫ α

1+a1+a2

t4ϵ
yσ

t
dσdt

≪q y
1+a1+a2T−2m+ϵ

0 + yT ϵ
0 .

Collecting all the above results and substituting in (4.6.5), we obtain∫ α

λ

∫ T0

T0/2

f(z1, z2, σ + it)
yσ+it

σ + it
dσdt ≪q yT

ϵ
0 .

Next, we choose T such that T0/2 < T < T0, which gives∫ α

λ

f(z1, z2, σ + iT )
yσ+iT

σ + iT
dσ ≪q

y

T 1−ϵ
.

Integral along the vertical line [λ− iT, λ+ iT ] is given by∫ λ+iT

λ−iT

f(z1, z2, s)
ys

s
ds ≪

∫ T

−T

t−a2m+ϵy
λ

t
dt ≪q T

−a2m+ϵyλ.

Putting T = y2 in the above estimates, we get the required result.



4.7 The second moment 85

4.7 The second moment
Our arguments for the asymptotics of second moments for quadratic and cubic

fields use ideas from [12] and [55] with several adaptations required to extend the
proof for the number field. Let

βi = 1 +
i

log y
,

where i ∈ {1, 2}. Using Lemma 4.3.5, we have

∑
0<N (J )≤x

CJ (I) =
1

2πi

∫ βi+iT

βi−iT

σK,(1−s)(I)
ζK(s)

xs

s
ds+O

(
x log y

T
σK,0(I)

)
.

Squaring the two sides yields ∑
0<N (J )≤x

CJ (I)

2

=
1

(2πi)2

∫ β1+iT

β1−iT

∫ β2+iT

β2−iT

σK,(1−s1)(I)σK,(1−s2)(I)
ζK(s1)ζK(s2)

xs1+s2

s1s2
ds1ds2

+R(x, I), (4.7.1)

Inserting (4.7.4) in (4.7.1), and summing both sides over ideals I with N (I) ≤ y,
we have

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
1

(2πi)2

∫ β1+iT

β1−iT

∫ β2+iT

β2−iT

G(s1, s2, y)

ζK(s1)ζK(s2)

xs1+s2

s1s2
ds1ds2+

O

 ∑
0<N (I)≤y

R(x, I)


= I +O

 ∑
0<N (I)≤y

R(x, I)

 , (4.7.2)

where G(s1, s2, y) :=
∑

0<N (I)≤y σK,(1−s1)(I)σK,(1−s2)(I). Using Lemma 4.6.1, for
|T | ≪ xα where we obtain different value of α for different number fields, the
integral I in (4.7.2) can be written as

I = I1 + I2 + I3 + I4 + E(x, y), (4.7.3)



86 Moments of Ramanujan sums over Number Fields

where I1, I2, I3, and I4 are the integrals corresponding to the four terms appearing
in R0 in Lemma 4.6.1 and E(x, y) is corresponding error term. We compute each
integral separately below.

Evaluation of I1:
The integral I1 is given by

I1 =
ρKy

(2πi)2

∫ β1+iT

β1−iT

∫ β2+iT

β2−iT

ζK(s1 + s2 − 1)

ζK(s1 + s2)

xs1+s2

s1s2
ds1ds2.

We first shift the line integral in s2-plane to a rectangular contour containing the
lines [β2 + iT, 3/2− β1 + iT ], [3/2− β1 + iT, 3/2− β1 − iT ], [3/2− β1 − iT, β2 − iT ],
and [β2 − iT, β2 + iT ]. We see that s2 = 2 − s1 is the pole of the integrand inside
the contour and the residue at pole is

ρKx
2

ζK(2)s1(2− s1)
.

If L1,1, L1,2, and L1,3 are the integrals along the lines [3/2 − β1 + iT, β2 + iT ],
[3/2− β1 − iT, 3/2− β1 + iT ], and [3/2− β1 − iT, β2 − iT ] respectively. Therefore,
we have

I1 =
ρ2Kyx

2

ζK(2)

1

2πi

∫ β1+iT

β1−iT

1

s1(2− s1)
ds1 +

3∑
i=1

L1i

=
ρ2Kyx

2

2ζK(2)
+

3∑
i=1

L1,i.

Evaluation of I2:
The integral I2 is given by

I2 =
ρKy

2

(2πi)2

∫ β1+iT

β1−iT

∫ β2+iT

β2−iT

ζK(2− s1)ζK(1− s1 + s2)

(2− s1)ζK(2− s1 + s2)ζK(s1)

xs1+s2

ys1s1s2
ds1ds2.

We move the line integral over s1-plane to a contour with vertices β1+ iT , 3/2+ iT ,
3/2− iT , and β1 + iT . The integrand has a simple at s1 = s2 with residue

−ρ2K
ζK(2− s2)x

2s2/ys2

s22(2− s2)ζK(2)ζK(s2)



4.7 The second moment 87

Let L2,1, L2,3 be the integrals along the horizontal lines of the contour, and L2,2 be
the integral along the vertical line. Therefore, we have

I2 =
ρ2Ky

2

ζK(2)(2πi)

∫ β2+iT

β2−iT

ζK(2− s2)x
2s2/ys2

s22(2− s2)ζK(s2)
ds2 +

3∑
i=1

L2i

=
ρ2Kx

4ζK(0)

4ζK(2)2
+

3∑
i=1

L2,i.

Evaluation of I3:
The integral I3 is given as

I3 =
ρKy

2

(2πi)2

∫ β1+iT

β1−iT

∫ β2+iT

β2−iT

ζK(2− s2)ζK(1− s2 + s1)

(2− s2)ζK(2− s2 + s1)ζK(s2)

xs1+s2

ys2s1s2
ds1ds2.

To estimate the integral I3, we modify the line integration over s2 to the contour
containing the vertices β2 + iT , β2 − iT , 3/2 + iT , and 3/2 − iT , and denote the
integration along the lines [β2+iT, 3/2+iT ], [3/2+iT, 3/2−iT ], and [3/2−iT, β2−iT ]

by L3,1, L3,2, and L3,3, respectively. There is no pole of the integrand inside the
contour, so

I3 =
3∑

i=1

L3,i.

Evaluation of I4:
Finally, the integral I4 is given by

I4 =
ρK

(2πi)2

×
∫ β1+iT

β1−iT

∫ β2+iT

β2−iT

ζK(2− s1)ζK(2− s2)ζK(3− s1 − s2)

(3− s1 − s2)ζK(4− s1 − s2)ζK(s1)ζK(s2)

y3−s1−s2xs1+s2

s1s2
ds1ds2.

We estimate I4 by shifting the integration over s2 to the contour with vertices β2+iT ,
β2− iT , 5/2−β1+ iT , and 5/2−β1− iT . We denote the integration along the lines
[β2 + iT, 5/2− β1 + iT ], [5/2− β1 + iT, 5/2− β1 − iT ], and [5/2− β1 − iT, β2 − iT ]

are L4,1, L4,2, and L4,3, respectively. Since there is no pole of integrand inside the
contour, therefore we have

I4 =
3∑

i=1

L4,i.
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Since the bound of integrals Lj,i for 1 ≤ j ≤ 4 and 1 ≤ i ≤ 3 depends on the bound
of the Dedekind zeta function, we estimate the bound of Lj,i for quadratic, cubic,
cyclotomic number fields, and arbitrary number field under GLH separately using
(4.3.5), (4.3.9), (4.3.11), and (4.3.12), respectively to obtain the second moment of
respective number fields.

4.7.1 Quadratic number fields
Proof of theorem 4.2.3. For a quadratic number field, the error term in (4.7.1) is
estimated as

R(x, I) ≪ x log y

T
σK,0(I)

∫ βi+iT

βi−iT

σK,(1−s)(I)
ζK(s)

xs

s
ds+

x2 log2 y

T 2
(σK,0(I))2

≪ x2 log y log3 T

T
(σK,0(I))2. (4.7.4)

Therefore, we have

∑
0<N (I)≤y

R(x, I) ≪ x2 log y log3 T

T

∑
0<N (I)≤y

(σK,0(I))2.

We take a1 = a2 = 0 in (4.6.6), and then use Lemma 4.3.4 to get

∑
0<N (I)≤y

(σK,0(I))2 ≪ y log9 y,

and
E(x, y) ≪q x

2y17/18 log24 T.

Next, from lemma 4.6.1, for a quadratic number field α = 1/3. To estimate the
bounds of the integrals Li,j for 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3, in the estimation of
integrals Ii for 1 ≤ i ≤ 4, we use (4.3.5). In the estimation of I1, the integral along
the horizontal lines as

|L1,1|, |L1,3| ≪q yx

∫ T

−T

(∫ β2

3/2−β1

T 2(2−β1−σ)/3 log8 T
xσ

T
dσ

)
1

1 + |t|
dt

≪q
xy log8 T

T 1/3

∫ T

−T

(∫ β2

3/2−β1

( x

T 2/3

)σ
dσ

)
1

1 + |t|
dt
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≪q
x2y log9 T

T
+

x3/2y log9 T

T 2/3
.

Furthermore, the integral along the vertical line is given by

|L1,2| ≪ yx3/2

∫ T

−T

∫ T

−T

|ζK(β1 − 1/2 + i(t1 + t2))|
|ζK(β1 + 1/2 + i(t1 + t2))|

1

(1 + |t1|)(1 + |t2|)
dt1dt2

≪ yx3/2

∫ 2T

−2T

|ζK(β1 − 1/2 + it)|
|ζK(β1 + 1/2 + it)|

∫ T

−T

1

(1 + |t1|)(1 + |t− t1|)
dt1dt

≪q yx
3/2 log T

∫ 2T

−2T

t1/3 log6 t

(1 + |t|)
dt

≪q yx
3/2T 1/3 log7 T.

Therefore, we have

I1 =
ρ2Kyx

2

2ζK(2)
+ Oq

(
x2y log9 T

T
+ yx3/2T 1/3 log7 T

)
. (4.7.5)

For the integral I2, we have

|L2,1|, |L2,3|

≪ y2
∫ T

−T

(∫ 3/2

β1

ζK(2− σ − iT )ζK(1− σ + β2 − iT + it)

ζK(2− σ + β2)ζK(σ)

xσ+β2

yσT 2
dσ

)
1

1 + |t|
dt

≪q
xy2

T 2

∫ T

−T

(∫ 3/2

β1

T
2−2(2−σ)

3 T
2−2(1−σ+β2)

3 log10 T
xσ

yσ
dσ

)
1

1 + |t|
dt

≪q
xy2 log10 T

T 2+4/3

∫ T

−T

(∫ 3/2

β1

(
xT 4/3

y

)σ

dσ

)
1

1 + |t|
dt

≪q
x5/2y1/2 log11 T

T 4/3
+

x2y log11 T

T 2
,

and
|L2,2| ≪ x5/2y1/2

×
∫ T

−T

∫ T

−T

|ζK(1/2− it1)||ζK(−1/2 + β2 + i(−t1 + t2))|
|ζK(3/2 + it1)||ζK(1/2 + β2 + i(−t1 + t2))|(1 + |t1|)2(1 + |t2|)

dt1dt2

≪q x
5/2y1/2

∫ 2T

−2T

|ζK(−1/2 + β2 + it)|
|ζK(1/2 + β2 + it)|

∫ T

−T

t
1/3
1 log6 t1

(1 + |t1|)2(1 + |t1 + t|)
dt1dt



90 Moments of Ramanujan sums over Number Fields

≪q x
5/2y1/2 log6 T

∫ 2T

−2T

t1/3 log6 t

(1 + |t|)
dt

≪q x
5/2y1/2T 1/3 log12 T . (4.7.6)

Combining the above estimates, we have

I2 =
ρ2Kx

4ζK(0)

4ζK(2)2
+Oq

(
x2y log11 T

T 2
+ x5/2y1/2T 1/3 log12 T

)
. (4.7.7)

In the estimation of integral I3, the integral along the horizontal lines are

|L3,1|, |L3,3|

≪ y2
∫ T

−T

(∫ 3/2

β2

ζK(2− σ − iT )ζK(1− σ + β1 − iT + it)

ζK(2− σ + β1)ζK(σ)

xσ+β1

yσT 2
dσ

)
1

1 + |t|
dt

≪q
xy2

T 2

∫ T

−T

(∫ 3/2

β2

T
2−2(2−σ)

3 T
2−2(1−σ+β1)

3 log10 T
xσ

yσ
dσ

)
1

1 + |t|
dt

≪q
xy2 log10 T

T 2+4/3

∫ T

−T

(∫ 3/2

β2

(
xT 4/3

y

)σ

dσ

)
1

1 + |t|
dt

≪q
x5/2y1/2 log11 T

T 4/3
+

x2y log11 T

T 2
.

We evaluate the integral along the vertical line same as (4.7.6). Therefore

|L3,2| ≪q x
5/2y1/2T 1/3 log12 T ,

and
I3 = Oq

(
x2y log11 T

T 2
+ x5/2y1/2T 1/3 log12 T

)
. (4.7.8)

In the estimation of I4, we have

|L4,1|, |L4,3|

≪ y2x

∫ T

−T

∫ 5/2−β1

β2

ζK(2− β1 − it)ζK(2− σ − iT )ζK(3− β1 − σ − iT − it)xσ

ζK(4− σ − β1)ζK(β1)ζK(σ)yσT 2(1 + |t|)
dσdt

≪q
xy2

T 2

∫ T

−T

(∫ 5/2−β1

β1

T
2−2(2−σ)

3 T
2−2(1−σ−β1)

3 log14 T
xσ

yσ
dσ

)
1

1 + |t|
dt
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≪q
x5/2y1/2 log15 T

T 4/3
+

x2y log15 T

T 2
,

and

|L4,2| ≪ x5/2y1/2

×
∫ T

−T

∫ T

−T

|ζK(2− β1 − it1)||ζK(−1/2 + β1 − it1)||ζK(1/2 + i(−t1 − t2))|dt1dt2
|ζK(3/2 + i(−t1 − t2))||ζK(β1 + it1)||ζK(5/2− β1 + it2)|(1 + |t1|)2(1 + |t2|)

≪q x
5/2y1/2

∫ 2T

−2T

|ζK(1/2 + it)|
|ζK(3/2 + β2 + it)|

∫ T

−T

t
1/3
1 log12 t1

(1 + |t1|)2(1 + |t− t1|)
dt1dt

≪q x
5/2y1/2 log12 T

∫ 2T

−2T

t1/3 log6 t

(1 + |t|)
dt

≪q x
5/2y1/2T 1/3 log12 T .

Thus,

I4 = Oq

(
x2y log15 T

T 2
+ x5/2y1/2T 1/3 log12 T

)
. (4.7.9)

Collecting the results from (4.7.5), (4.7.7), (4.7.8), (4.7.9) and inserting in (4.7.3),
we deduce

I =
ρ2Kyx

2

ζK(2)
+

ρ2Kx
4ζK(0)

4ζK(2)2
+Oq

(
x2y log9 T

T
+ yx3/2T 1/3 log7 T

)
+Oq

(
x5/2y1/2T 1/3 log12 T + x2y17/18 log24 T

)
.

Taking T = x1/3−ϵ, we obtain the required result.

4.7.2 Cubic number fields
Proof of Theorem 4.2.4. The proof uses the same steps as in the degree two case,
except for several technical changes that arise due to the difference between the
bounds of the Dedekind zeta function for cubic (4.3.9) and quadratic number fields
(4.3.5). The bound of R(x, I) for cubic is given as

R(x, I) ≪ x log y

T
σK,0(I)

∫ βi+iT

βi−iT

σK,(1−s)(I)
ζK(s)

xs

s
ds+

x2 log2 y

T 2
(σK,0(I))2

≪ x2 log y log3 T

T
(σK,0(I))2. (4.7.10)
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Put a1 = a2 = 0 in Lemma 4.6.1, this implies

∑
0<N (I)≤y

(σK,0(I))2,≪ y log9 y.

Therefore, ∑
0<N (I)≤y

R(x, I) ≪ x2y log y log3 T log9 y

T
.

Also, from Lemma 4.6.1, we have

E(x, y) ≪q x
2y

45
49 log3 y.

From lemma 4.6.1, for a cubic number field α = 3/14. Next, we estimate the bounds
of the integrals Li,j for 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3 using (4.3.9) for cubic number
fields. In the estimation of I1, the integral along the horizontal lines as

|L1,1|, |L1,3| ≪q yx

∫ T

−T

(∫ β2

1/2

T 41(2−β1−σ)/42 log10 T
xσ

T
dσ

)
1

1 + |t|
dt

≪q
x2y log11 T

T
+

x3/2y log11 T

T 43/84
.

Furthermore, the integral along the vertical line is given by

|L1,2| ≪q yx
3/2 log T

∫ 2T

−2T

t41/84 log6 t

(1 + |t|)
dt

≪q yx
3/2T 41/84 log7 T.

Therefore, the integral I1 becomes

I1 =
ρ2K

2ζK(2)
yx2 +Oq

(
x2y log11 T

T
+ yx3/2T 41/84 log7 T

)
. (4.7.11)

The line integral along horizontal lines for I2 are given as:

|L2,1|, |L2,3| ≪q
xy2

T 2

∫ T

−T

(∫ 3/2

β1

T
41(2−σ)

42 T
41(1−σ+β2)

42 log3 T
xσ

yσ
dσ

)
1

1 + |t|
dt

≪q
x5/2y1/2 log4 T

T 43/42
+

x2y log4 T

T 1/21
.
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The integral along the vertical line is given by

|L2,2| ≪q x
5/2y1/2

∫ 2T

−2T

|ζK(−1/2 + β2 + it)|
|ζK(1/2 + β2 + it)|

∫ T

−T

t
41/84
1 log3 t1

(1 + |t1|)2(1 + |t1 + t|)
dt1dt

≪q x
5/2y1/2T 41/84 log4 T . (4.7.12)

Therefore, the integral I2 becomes

I2 =
ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2y log4 T

T 1/21
+ x5/2y1/2T 41/84 log4 T

)
. (4.7.13)

For I3, the integral along the horizontal lines are

|L3,1|, |L3,3| ≪q
x5/2y1/2 log5 T

T 41/84
+

x2y log4 T

T 1/21
.

We can evaluate the integral along the vertical line the same as (4.7.12). Therefore

|L3,2| ≪q x
5/2y1/2T 41/84 log4 T,

and therefore
I3 = Oq

(
x2y log4 T

T 1/21
+ x5/2y1/2T 41/84

)
. (4.7.14)

For I4, the integral along the horizontal lines are

|L4,1|, |L4,3| ≪q
x5/2y1/2 log5 T

T 41/84
+

x2y log4 T

T 1/21
,

and the integral along the vertical line the same as (4.7.12)

|L4,2| ≪q x
5/2y1/2T 41/84.

Thus,

I4 = Oq

(
x2y log4 T

T 1/21
+ x5/2y1/2T 41/84

)
. (4.7.15)

Collecting the results from (4.7.11), (4.7.13), (4.7.14), (4.7.15), and insert in (4.7.3).
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We get

I =
ρ2K

ζK(2)
yx2 +

ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2y log3 T

T
+ x2y

45
49 log3 y

)
+Oq

(
x2y log4 T

T 1/21
+ x5/2y1/2T 41/84

)
.

Substitute T = x3/14−ϵ for a fixed ϵ > 0 gives the required result.

4.7.3 Cyclotomic number fields

Proof of Theorem 4.2.5. For a cyclotomic number field, we have

R(x, I) ≪ x

T
σK,(−1/ log y)(I) +

x log y

T
σK,0(I). (4.7.16)

Therefore, we have

∑
0<N (I)≤y

R(x, I) ≪ x2 log y logm T

T

∑
0<N (I)≤y

(σK,0(I))2.

We take a1 = a2 = 0 in Lemma 4.3.4 to get

∑
0<N (I)≤y

(σK,0(I))2 ≪ y,

and from Lemma 4.3.4, we have

E(x, y) ≪q x
2(y5/6 + y1−1/ϕ(m)) log5ϕ(m) .

To estimate the bounds of the integrals Li,j for 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3 for
cyclotomic number fields, we use (4.3.11). The integrals along horizontal lines for
I1 are given by:

|L1,1|, |L1,3| ≪q y

∫ T

−T

(∫ β2

3/2−β1

T (1−σ)ϕ(m)/3 logϕ(m) T
xσ

T
dσ

)
1

1 + |t|
dt

≪q
x2y logϕ(m) T

T
+ x3/2yT ϕ(m)/6−1 logϕ(m)+1 T .
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Furthermore, the integral along the vertical line is given by

|L1,2| ≪q yx
3/2

∫ T

−T

∫ T

−T

|ζK(β1 − 1/2 + i(t1 + t2))|
|ζK(β1 + 1/2 + i(t1 + t2))|

1

(1 + |t1|)(1 + |t2|)
dt1dt2

≪q yx
3/2T ϕ(m)/6 log2ϕ(m)+1 T.

Therefore, the integral I1 becomes

I1 =
ρ2yx2

2ζK(2)
+ Oq

(
x2y logϕ(m) T

T
+ yx3/2T ϕ(m)/6 logϕ(m)+1 T

)
. (4.7.17)

For the integral I2, we have

|L2,1|, |L2,3| ≪q y
2

∫ T

−T

(∫ 3/2

β1

ζK(2− σ)ζK(1− σ + β2)

ζK(2− σ + β2)ζK(σ)

xσ+β2

yσT 2
dσ

)
1

1 + |t|
dt

≪q x
5/2y1/2T ϕ(m)/3−2 log4ϕ(m)+1 T +

x2y log4ϕ(m)+1 T

T 2
.

The integral along the vertical line is given by

|L2,2| ≪q x
5/2y1/2

×
∫ T

−T

∫ T

−T

|ζK(1/2− it1)||ζK(−1/2 + β2 + i(−t1 + t2))|
|ζK(3/2 + it1)||ζK(1/2 + β2 + i(−t1 + t2))|(1 + |t1|)2(1 + |t2|)

dt1dt2

≪q x
5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T . (4.7.18)

Therefore, the integral I2 becomes

I2 =
ρ2x4ζK(0)

4ζK(2)2
+Oq

(
x2y log4ϕ(m)+1 T

T 2
+ x5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T

)
. (4.7.19)

The integral along the horizontal lines of I3 are bounded as

|L3,1|, |L3,3| ≪q y
2

∫ T

−T

(∫ 3/2

β2

ζK(2− σ)ζK(1− σ + β1)

ζK(2− σ + β1)ζK(σ)

xσ+β1

yσT 2
dσ

)
1

1 + |t|
dt

≪q x
5/2y1/2T ϕ(m)/3−2 log4ϕ(m)+1 T +

x2y log4ϕ(m)+1 T

T 2
.
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We can evaluate the integral along the vertical line the same as (4.7.18). Therefore

|L3,2| ≪q x
5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T ,

and

I3 = Oq

(
x2y log4ϕ(m)+1 T

T 2
+ x5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T

)
. (4.7.20)

The integral along the horizontal lines for the integral I4 are bounded as

|L4,1|, |L4,3| ≪q x
5/2y1/2T ϕ(m)/3−2 log4ϕ(m)+1 T +

x2y log4ϕ(m)+1 T

T 2
,

and the integral along the vertical line for the integral I3 is bounded as

|L4,2| ≪q x
5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T .

Thus,

I4 = Oq

(
x2y log4ϕ(m)+1 T

T 2
+ x5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T

)
. (4.7.21)

Collecting the results from (4.7.17), (4.7.19), (4.7.20), (4.7.21), and insert in (4.7.3).
We get

I =
ρ2yx2

ζK(2)
+

ρ2x4ζK(0)

4ζK(2)2
+Oq

(
x2y log2ϕ(m) T

T
+ x3/2yT ϕ(m)/6 log2ϕ(m)+1 T

)
+Oq

(
+x5/2y1/2T ϕ(m)/3−1 log4ϕ(m) T + x2y1−k(ϕ(m)+1/2) log5ϕ(m) x

)
.

Putting T = x1/4ϕ(m) gives the required result.

4.7.4 General number fields under GLH

Proof of Theorem 4.2.2. For a general number field, under GLH, we have

R(x, I) ≪ x

T
σK,(−1/ log y)(I) +

x log y

T
σK,0(I). (4.7.22)
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Therefore, we have

∑
0<N (I)≤y

R(x, I) ≪ x2 log y logm T

T

∑
0<N (I)≤y

(σK,0(I))2.

We take a1 = a2 = 0 in Lemma 4.3.4, we have

∑
0<N (I)≤y

(σK,0(I))2 ≪ y.

Also, from Lemma 4.3.4, we have

E(x, y) ≪q x
2y1/2+ϵ.

Next, from lemma 4.6.1, under GLH, we choose α = 2. To estimate the bounds of
the integrals Li,j for 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3, in the estimation of integrals Ii for
1 ≤ i ≤ 4, we use (4.3.12). In the estimation of I1, the integral along the horizontal
lines as

|L1,1|, |L1,3| ≪q xy

∫ T

−T

(∫ β2

1/2

T ϵx
σ

T
dσ

)
1

1 + |t|
dt ≪q

x2y

T 1−ϵ
,

and the integral along L1,2 is given by

|L1,2| ≪q yx
3/2

∫ T

−T

∫ T

−T

|ζK(β1 − 1/2 + i(t1 + t2))|
|ζK(β1 + 1/2 + i(t1 + t2))|

1

(1 + |t1|)(1 + |t2|)
dt1dt2

≪q yx
3/2 log T

∫ 2T

−2T

tϵ

(1 + |t|)
dt ≪ yx3/2T ϵ. (4.7.23)

Therefore, the integral I1 is

I1 =
ρ2K

2ζK(2)
yx2 +Oq

(
x2y

T 1−ϵ
+ yx3/2T ϵ

)
. (4.7.24)

For the integral I2, we have

|L2,1|, |L2,3| ≪q
xy2

T 2−ϵ

∫ T

−T

(∫ 3/2

β1

xσ

yσ
dσ

)
1

1 + |t|
dt
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≪q
x5/2y1/2

T 2−ϵ
+

x2y

T 2−ϵ
,

and

|L2,2| ≪q x
5/2y1/2

∫ 2T

−2T

|ζK(−1/2 + β2 + it)|
|ζK(1/2 + β2 + it)|

∫ T

−T

tϵ1
(1 + |t1|)2(1 + |t1 + t|)

dt1dt

≪q
x5/2y1/2

T 1−ϵ
.

Therefore, the integral I2 becomes

I2 =
ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2y

T 2−ϵ
+

x5/2y1/2

T 1−ϵ

)
. (4.7.25)

For the integral I3, we have

|L3,1|, |L3,3| ≪q
xy2

T 2

∫ T

−T

(∫ 3/2

β2

T ϵx
σ

yσ
dσ

)
1

1 + |t|
dt

≪q
x5/2y1/2

T 2−ϵ
+

x2y

T 2−ϵ
,

and
|L3,2| ≪q

x5/2y1/2

T 1−ϵ
.

Therefore , we have

I3 = Oq

(
x5/2y1/2

T 1−ϵ
+

x2y

T 2−ϵ

)
. (4.7.26)

Finally, for the integral I4, we have

|L4,1|, |L4,3| ≪q
x5/2y1/2

T 2−ϵ
+

x2y

T 2−ϵ
,

and

|L4,2| ≪q
x5/2y1/2

T 1−ϵ
.
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Thus, The integral I4 becomes

I4 = Oq

(
x5/2y1/2

T 1−ϵ
+

x2y

T 2−ϵ

)
. (4.7.27)

Collecting the results from (4.7.24), (4.7.25), (4.7.26), (4.7.27), and insert in (4.7.3).
We have

I =
ρ2K

ζK(2)
yx2 +

ρ2KζK(0)

4ζK(2)2
x4 +Oq

(
x2y

T 1−ϵ
+ yx3/2T ϵ +

x5/2y1/2

T 1−ϵ

)
. (4.7.28)

Choose T = x2−ϵ and substitute in the above expression; we obtain the required
result.

4.8 Proof of Theorem 4.2.6

In this section, using elementary techniques, we prove the second moment for
number fields of any degree satisfying condition (4.2.5). As the degree of a number
field increases, due to large bounds for the associated Dedekind zeta function in
the required regions, the error terms originating from the line integrals in Perron’s
formula dominate over the main terms. Consequently, we avoid an analytic approach
for higher degree number fields at the cost of losing a second main term.
Proof of Theorem 4.2.6. From (1.3.4), we have

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
∑

0<N (I)≤y

 ∑
0<N (J )≤x

∑
I1|J
I1|I

N (I1)µ(
J
I1

)


2

=
∑

0<N (I1J1)≤x

∑
0<N (I2J2)≤x

N (I1)N (I2)µ(J1)µ(J2)
∑

0<NI)≤y
I1|I,I2|I

1 (4.8.1)

From the hypothesis in Theorem 4.2.6, the innermost sum is given by

#{I : I ⊆ OK : 0 < N (I) ≤ y, I1|I, I2|I} =
ρKy

N (I1 ∩ I2)
+ O

((
y

N (I1 ∩ I2)

)α)
.
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Using this, the left-hand side of (4.8.1) equals

ρKy
∑

0<N (I1J1)≤x

∑
0<N (I2J2)≤x

N (I1 + I2)µ(J1)µ(J2)

+ O

yα
∑

0<N (I1J1)≤x

∑
0<N (I2J2)≤x

N (I1 + I2)
αN (I1)

1−αN (I2)
1−α


=: I1 + I2 (4.8.2)

Let I1 + I2 = A, then I1 = AE1, and I2 = AE2 such that E1 + E2 = OK. This yields

I1 = ρKy
∑

0<N (AE1J1)≤x

∑
0<N (AE2J2)≤x

E1+E2=OK

N (A)µ(J1)µ(J2)

= ρKy
∑

0<N (AE1J1)≤x

∑
0<N (AE2J2)≤x

N (A)µ(J1)µ(J2)
∑

M|E1+E2

µ(M)

= ρKy
∑

0<N (AM)≤x

N (A)µ(M)

 ∑
0<N (EJ )≤x/N (AM)

µ(J )

2

= ρKy
∑

0<N (AM)≤x

N (A)µ(M =
ρ2Kx

2y

2ζK(2)
+ O (xy log x) , (4.8.3)

and

I2 ≪ yα
∑

0<N (AE1J1)≤x

∑
0<N (AE2J2)≤x

E1+E2=OK

N (A)αN (E1A)1−αN (E2A)1−α

≪ yα
∑

0<N (AE1J1)≤x

∑
0<N (AE2J2)≤x

N (A)2−αN (E1)1−αN (E2)1−α
∑

M|E1+E2

µ(M)

≪ yα
∑

0<N (AM)≤x

N (A)2−α

 ∑
0<N (EJ )≤x/N (AM)

N (E)1−α

2

≪ yα
∑

0<N (AM)≤x

N (A)2−α x(2−α)2

N (AM)(2−α)2
≪ yαx3−α. (4.8.4)

On substitution of (4.8.3) and (4.8.4) in (4.8.2), we obtain the required result.



5
Conclusions and Future Directions

The aim of this thesis is to study the distribution of Ramanujan sums by finding
their moments of averages and convolution sums. We also used the convolutions of
Ramanujan sums to derive a heuristic proof of the Hardy-Littlewood prime tuple
conjecture. Ramanujan sums are defined over number fields in (1.3.4). For y > xδ,
moments of Ramanujan sums over number fields are as follows:

∑
0<N (I)≤y

∑
0<N (J )≤x

CJ (I) =ρKy + E(x, y).

The second moment is given as:

∑
0<N (I)≤y

 ∑
0<N (J )≤x

CJ (I)

2

=
ρ2K

ζK(2)
yx2 + E(x, y).

Here, E(x, y) is an error term. We summarize the results of moments in the following
two tables:
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Field
(Q)

Moments
k = 1 k = 2 k ≥ 3

cq(n)
Chan and Kunchev
(2012)

Chan and Kunchev
(2012)

Goel and Murty (2024)

S1(x, y) = y − x2

4ζ(2)
+

E(x, y)

S2(x, y) =
yx2

2ζ(2)
+ E(x, y) Sk(x, y) = yxkQ(log x) +

E(x, y),

cq,β(n)
Robles and Roy (2017) Robles and Roy (2017) Goel and Murty (2024)
S1,β(x, y) = y + E(x, y) S2,β(x, y) = yx1+β

(1+b)ζ(1+b)
+

E(x, y)

Sk,β(x, y) =
yxk(β+1)/2Q(log x) +
E(x, y) where Q ∈ R[X]

Table 5.1: Moments of Ramanujan sums over Q

Field Moments
k = 1 k = 2

Quadratic num-
ber fields

Nowak (2012) improved by Zhai
(2021)

Chaubey and Goel (2023)

Cubic number
fields

Ma, Sun, Zhai (2021) Chaubey and Goel (2023)

Arbitrary num-
ber fields

Fujisawa (2015) improved by
Chaubey and Goel (2023) (Under
Lindelof Hypothesis)

Chaubey and Goel (2023) (Under
Lindelof Hypothesis)

Table 5.2: Moments of Ramanujan sums over number fields

In [9], Carlitz generalized Ramanujan sums over function fields as follows: Let
Fq be a finite field with q = pl elements and Fq[x] be the polynomial ring. If G, H,
and D are the polynomial in A = Fq[x] and β ∈ N, then generalized Ramanujan
sum is defined as:

ηβ(G,H) :=
∑
D|G
Dβ |H

|D|βµ
(
G

D

)
, (5.0.1)

where |D| = qdeg(D), and µ(G) is the generalized Mobius function defined as µ(0) = 0

and

µ(G) =


1, if G ∈ F∗

q ,

(−1)t, if G = αP1P2 · · ·Pt such that α ∈ F∗
q and P ′

is are distinct monic
irreducible polynomials,

0, if there exists P such that P 2|G.



103

Recently, Zheng [71] studied some interesting arithmetical and analytic properties
of these sums. Our ongoing work studies the moments of Ramanujan sums over
function fields.

During the estimation of the triple convolution of Ramanujan sums, we encoun-
tered two variable variant of Ramanujan sums defined as:

Kr(h, j) :=
∑

(b,r)=(c,r)=1
(b+c,r)=1

e2πi(hb+jc)/r.

We proved it is a multiplicative function of r and satisfies the orthogonality property.
using the orthogonality property of these sums, we can express an arithmetical
function as a series expansion involving the two-variable variant of Ramanujan sums.
As a result, this function is worth an independent study.

Therefore, we are interested in finding a closed formula like Ramanujan sums in
terms of arithmetic functions for this function and obtaining the series expansion of
functions in terms of the two-variable variant of Ramanujan sums. Once one obtains
the series expansion of a function, it would be interesting to study the convolution
of the same function using the properties of generalized Ramanujan sums as we did
in the case of Ramanujan sums. These problems parallel Ramanujan sums theory
for this generalized variant and will appear in our forthcoming paper.
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