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Abstract

With the scaling of semiconductor technology nodes, the impact of process-induced
variations has increased. Statistical static timing analysis accounts for global and
local variations in the timing analysis. The present methodology considers all the
devices to have correlated variations at the global level. However, because of the dif-
ference in the fabrication steps of multi-threshold voltage transistors, their variations
are not entirely correlated. Ignoring the varying correlations can lead to inaccura-
cies in the timing analysis. In this work, we have proposed an analytical method to
compute variance in the currents and CMOS inverter delays as a function of device
parameter variations and their correlations. Furthermore, we have compared the stan-
dard deviations obtained using the proposed analytical model and the experimental
standard deviations obtained using Monte Carlo simulations. The results show that
the error in the standard deviation of saturation currents obtained using the analytical
model with respect to the experimental data is less than 1% and that in the inverter
delay is less than 5%. Additionally, the results obtained using the proposed model
with varying correlations between low and high-threshold transistors show the same
trend as those obtained using Monte Carlo simulations. Hence, the proposed mod-
eling technique could be employed in the future for timing analysis that statistically

accounts for global variations among miscorrelated transistors.
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Chapter 1

Introduction
As the semiconductor design is scaling, the complexity of manufacturing processes
is increasing. This makes the fabrication process more prone to fluctuations.
Process variations are induced for many reasons, such as variations in the chemi-
cal mechanical polishing stage and imperfections in the lens or the optical system.
These generally lead to variations in the critical geometrical dimensions like oxide
thickness, the transistor’s width, and the transistor’s length.
Process variations are divided into two broad categories: systematic and non-systematic.
Systematic variations are due to well-known manufacturing fluctuations within tech-
nology and are handled during the layout stage. The non-systematic variations are
random and are of significant concern. These occur due to optical proximity errors
like line edge roughness (LER) and random dopant fluctuations (RDF).
The non-systematic process variations are further classified as global variations (inter-
die) and local variations (intra-die). Global variations are the same throughout the
lot/wafer and affect all devices similarly. In contrast, the local variations affect dif-
ferent devices of the same die differently.
Process variations directly affect the device parameters like oxide thickness, width
and length dimensions, and other critical dimensions; this effectively changes the
electrical parameters of the device, like the threshold voltage, gate capacitance, and
saturation current. As the cell delay is a function of transistor current, it gets directly

impacted by the global and local process variations.



1.1 Multi-threshold Transistor

The threshold voltage of a MOSFET is defined as the input gate voltage at which a
significant amount of current starts to flow from the source to the drain.

Threshold voltage is controlled by controlling the doping in the substrate of a MOS-
FET. By using additional implants during MOSFET fabrication, we can obtain MOS-
FETs of various threshold voltages within a circuit or die. Generally, there are three

types of transistors having different threshold voltages:

1. Low-threshold voltage transistors (LVT)

2. How-threshold voltage transistors (HVT)

3. Standard (Nominal) threshold voltage transistors (SVT).

Using different threshold voltage transistors empowers the designers to manage the

flow of current and delays for different design paths in the same circuit.

1.2 Motivation

With the growing need for better performance and higher frequency of operation,
multi-threshold voltage transistors have often been used in recent semiconductor de-
signs to optimize timings. Static timing analysis (STA) tools are used to analyze the
impact of various process variations in circuits having transistors of multi-threshold
voltages (multi-V;). Currently, STA tools take all the devices to the same corner to
get the worst and the best timings [1]; however, the manufacturing steps of transis-
tors having different threshold voltages are only partially correlated. The non-ideal
correlation between multi-V; transistors leads to the non-ideality in the correlation of

currents and delays of the cells with different threshold voltage transistors. There-



fore, we need to incorporate the changes in the correlation between the delay of dif-
ferent threshold voltage transistors to make timing analysis more robust. This work

is motivated to address this requirement.

1.3 Contribution

In this work, we have derived an analytical model to compute the standard deviation
in the current and inverter delays as a function of device parameter variations. Fur-
ther, we have extended the approach to incorporate the correlation between multi-V;
transistors into the analytical model. Additionally, we have carried out experiments
to validate the proposed model. The results show that the proposed model can com-
pute the variance in delays of multi-V; transistors at various correlation coefficient
values. The results shown in this work can be further used to carry out STA to assess

the impact of correlation in a multi-V; circuit.

1.4 Thesis Organization

This work is divided into five chapters: In Chapter 2 we have briefly discussed the
existing literature relevant to this work. In Chapter 3, we have derived the analyt-
ical model for computing the standard deviation in saturation current and inverter
delay. In Chapter 4, we have presented all the experimental values and the compar-
ison between the data computed using the proposed analytical model and the data
extracted by Monte Carlo simulations. In Chapter 5, we have derived the analytical
model to include the correlation between multi-V; transistors in the computation of
variances in the saturation current and the inverter delay. The comparison between

the experimental data and computed data is also presented in this chapter.



Chapter 2

Literature Survey

This chapter briefly reviews the existing literature relevant to this work. In [2], the
authors have thoroughly explained the genesis of process variations and how the
current and delays are impacted. They have also discussed the maximum delay ap-
proximation for points where multiple paths converge on a timing graph with various
correlation factors p. They have also mentioned the complexity of non-normal dis-
tributions, which arises when the maximum operation is performed during SSTA on
a timing graph. Several approaches like the numerical-integration method, Monte-
Carlo simulations, probabilistic analysis, and path-based and block-based methods,
were discussed through which SSTA is performed. The path-based approach deals
with the correlation that arises between different paths due to geometrical proximity.
The block-based approach deals with the spatial correlation problem, in which the
gates in closer proximity are tightly correlated, whereas those a bit far away on the
path are loosely correlated.

In [3], the authors have mentioned the drawbacks of path-based SSTA and introduced
a novel statistical incremental timer which performs breadth-first traversal (path-
based approach use depth-first traversal), which helps to overcome the drawbacks
by enabling incremental processing and also by identifying the critical path based on

their novel concept of tightness probability. The tightness probability measures the



probability of variations of a particular path for a particular process corner. It en-
ables us to compute the maximum path delay value between different paths analyti-
cally with very little computation. The incremental timer propagates the sensitivities
(delay with respect to variations in different device parameters) and also propagates
the tightness probabilities. The authors have presented a time-efficient and memory-
efficient method to implement path-based SSTA, but the idea of spacial correlation
and how will it be integrated with this is missing.

In [4], the authors have presented an analytical approach to compute delay as a func-
tion of variations in different device parameters. They have presented a method to
approximate the delay function using first-order Taylor series approximation about
the nominal values of various device parameters. Also, they have discussed methods
to compute the effects of both inter-die and intra-die variations, along with taking
spatial correlation into account. The authors have also mentioned an approach to ap-
proximate interconnect delays. However, their approximation model is valid only for
Gaussian random variations, thus leaving scope to incorporate non-Gaussian distri-
butions, which generally arise while performing MAX operation on a timing path[2].
In [5], the authors have built over the contributions of [3], [4], [6] and have ap-
proximated the delay with respect to variations in various device parameters using
Taylor series approximation where the degree of polynomial for individual parame-
ters depends on the magnitude of variation and the desired level of accuracy. They
also discussed a method to analytically perform MAX operation during timing graph
traversal[7], for which they used regression modeling. They have also discussed that
their regression model is applicable to any kind of variations and eliminates the need
for random variations/delays to be Gaussian in nature, as in [4]. Though [5] provides

a good level of accuracy along with incorporating both local and global variations



and also the spatial correlation, the impact of correlation between different threshold
voltage transistors is omitted. This work is motivated to address this need.

In [8], the authors have put forward the necessity to take into account threshold volt-
age variation within the same die (intra-die V; variation) as its impact on both the
delay and leakage current is significant. The delay variation was shown to be highest
when only a single input was toggled, whereas the smallest variability was shown
when more input toggles were considered. Though this work takes into account sin-
gle V; transistors, it established that the intra-die V; variations are of serious concern.
In work[9], the authors have discussed a simplified SSTA framework named Para-
metric On-Chip Variations (POCV). They have proposed a framework where each
gate is modeled separately as a Gaussian distribution, and only a single POCV coef-
ficient (mean/sigma) will be propagated along the timing graph.

All these works on statistical static timing analysis have successfully dealt with path-
to-path correlation, spatial correlation, and both local and global variations using
different methodologies. However, the impact of correlated variation amongst dif-
ferent V; transistors is not incorporated in the existing literature. However, in recent
times, most designs use multi-threshold voltage transistors. The commonality in the
fabrication processes of multi-V; transistors results in correlation in their device pa-
rameters. Hence, the delays and other timing attributes correlate between the cells
implemented using multi-V; transistors. In this work, the correlation in the timing
attributes of the cells implemented using multi-V; transistors is investigated in the

following chapters.



Chapter 3

Analytical Model for Variations in Saturation Cur-

rent and CMOS Invertor Delay

3.1 MOSFET Variation Model in Model File

The device model file for a given technology contains the SPICE model for differ-
ent MOSFETs. It also defines parameter variations in devices for different condi-
tions. Variations for each device are defined for Typical-Typical, Fast-Fast, Slow-
Slow, Fast-Slow, and Slow-Fast corners. It also defines statistical variation to enable

Monte-Carlo simulations/analysis.

The device parameter variations are defined in the SPICE model as linear equations

of four random variables ay, a9, a;; and a;, as shown in the following equations:

tox = t1a9 + ta2a10 + t3a11 + taa12 (3.1
drw = wiag + waajg + wia; + waaqs (3.2)
dvth0Q = v a9 + Va1 + V3611 + ViaQia 3.3)
dul0 = ujag + uraip + uza + usan (3.4)

Here t,,, dvw, dvth0 and du0 are oxide thickness,variation in width of the transis-

tor,variation in threshold voltage of the transistor and variation in mobility of the



following tables:

transistor, respectively. The coefficients of these linear equations are defined in the

t t t3 ty
LVT NMOS | -1.60x10713 | -1.08 x 107 | -2.55x10713 | 7.73x10~12
LVT PMOS | -1.60x10713 | -1.08x1071! | -2.55x1071 | 7.73x 10712
HVT NMOS | 5.84x1071 | -1.30x1071 | 3.04x1071% | 2.88x 10713
HVT PMOS | -3.4x1071 | -1.19x1071* | -5.1x10713 | 5.77x10712

Table 3.1: Coefficients corresponding to t, variations.

Wi Wy W3 Wy
LVT NMOS | 9.39x107* | 3.00x107° | -7.30x 10719 | -2.80x 1071
LVT PMOS | 9.39x107! | 3.00x107? | -7.30x107%0 | -2.80x1071°
HVT NMOS | 1.88x1071% | 2.70x107° | -9.50x 1071 | -2.30x107%°
HVT PMOS | 1.88x10719 | 2.70x107? | -9.50x 1071 | -2.30x1071°

Table 3.2: Coefficients corresponding to width (dxw) variations.

Vi Vi2 Vi3 Viq
LVT NMOS | -5.90x107% | -5.05x10~3 | 7.41x107% | 3.60x 1073
LVT PMOS | -4.73x1073 | -54.07x1073 | 5.79x1073 | 2.88x 1073
HVT NMOS | -7.31x1073 | -6.09x1072 | 3.66x1072 | 5.76x1073
HVT PMOS | -4.41x107% | -4.66x107 | 5.86x107% | 3.05x 1073

Table 3.3: Coefficients corresponding to threshold voltage V', variations.




188 Uy us Uy

LVT NMOS | 4.80x107° | 3.00x1076 | -9.86x107° | 2.80x10~'7

LVT PMOS | -1.50x107* | -4.70x107* | -4.66x107¢ | 3.23x10~'7

HVT NMOS | -1.05x107° | -3.46x107° | -3.97x107° | +1.26x10~'7

HVT PMOS | -2.70x107° | -3.72x107° | -4.41x107° | 7.70x10~17

Table 3.4: Coefficients corresponding to mobility (du0) variations.

The random variables ao, a9, @;; and a;, are defined in the model file as Gaussian

random variables with mean ‘O’ and standard deviation ‘1°.

3.2 Variations and their Dispersion

To compare which device parameter has more spread or more variation, a normalized
statistical quantity is calculated, i.e. dispersion. In statistics it is denoted by CV, that

is Coefficient of Variation

cv=¢
“w

where o represents standard deviation and p represents mean. The CVs for all the

relevant device parameters in the model file were computed and are shown in Tab.

3.5 and 3.6.



PARAMETER | MEAN p | Standard Deviation o | Dispersion (CV)
tox-n_1vt (nm) 2.41 1.295x1072 0.54%
dxw_n_lvt (nm) 120 3.0818 2.50%
dvthO_n_lvt (V) | 0.24925 0.0114 4.50%
duO_n_lvt ( "7}—2) 0.0152801 1.1106x 1074 0.72%
tox-p-1vt (nm) 2.41 1.295x1072 0.54%
dxw_p_lvt (nm) 200 3.0818 1.54%
dvthO_p _Ivt (V) | -0.202698 0.0090 4.44%
duO_p vt ( "’}—z) 0.0230515 4.9266x 10~ 2.09%

Table 3.5: Dispersion of device parameters in low-Threshold Voltage MOSFET

PARAMETER MEAN SIGMA DISPERSION
tox-n_hvt (nm) 241 1.2947 0.54%
dxw_n_hvt (nm) 120 2.0883 1.70%
dvthO_n_hvt (V) | 0.42225 0.0117 2.70%
du0nhvt ( Z2) | 0.01528 | 5.3716x107 0.35%
tox-p-hvt (nm) 241 1.2994x 1072 0.54%
dxw_p_hvt (nm) 180 2.8659 1.59%
dvthO_p_hvt (V) | -0.368698 0.0093 2.52%
duO_p_hvt ( 7‘%) 0.0230515 | 3.7065x 1079 1.60%

Table 3.6: Dispersion of device parameters in high-Threshold Voltage MOSFET

As the dispersion of all the device parameters of of the transistors is less than 5%,
Taylor Approximation can possibly be used to model the impact of their variation
on saturation current and gate delay. In subsequent paragraphs, we have derived

the analytical model to compute the variance in saturation current and variance in

10



inverter delay.

3.3 Taylor Approximation Model

Taylor approximation of a function f(x) about a point x = a is given as follows.

f(x) = f(a) + /() (x —a)+ J () (x —a)?.... (3.5)

In case of multi-variable function, the partial derivatives are used in place of deriva-
tives. The partial derivative is with respect to each variable multiplied with delta
variation in that variable. In this work, variations in four parameters is taken into

consideration, and the Taylor approximation based on four variables is:

f($)+Af =~ f(toxo,w(), Vtho, u0)+%fT?Atox+agfj> Aw-f-&afzfz) A’Uth—&—agf) Au

(3.6)
Here, the f(tox0, Wo, Vo, Uo) signifies value of function f(x) at the nominal values
of device parameters. Partial derivatives signify the sensitivities of the function f(x)

with respect to individual variables (device parameters).

3.4 Variance in Drain Saturation Current /4

Using Taylor Approximation, I can be approximated as:

Oy, Ol

014 014
a, Atox
Do

Aw + —Avg, + —Au (3.7

Lot Ala~ g, ow v ou

+

x0-W05Vih0-U0)

Since the partial derivatives indicate respective sensitivities, it can be written as:

oI
(’%; = ¢ (3.8)
Ola _ o (3.9)

ow

11



014 (3.10)

Ov, e
oI
8_ud — ¢y (3.11)

Using sensitivities ¢y, ¢;, ¢3 and ¢4 Saturation current /4 can be written as:

[d + AId ~ [dﬁoxmwo»vmo,uo) + ClAtox + CzAw -+ C3AUth + C4AU (312)

The variance of I3 can be computed as:

+ 1 Atox + AW + 3 Avg, + c4Au)

Var(ly) = Var(lq+ Aly) =~ Var(]damo,w,vmo,uo)
(3.13)

Var(Iy) = Var(c;Ato) + Var(cAw) + Var(czAvg) + Var(csAu) 4+ 2[Cov(c) Atox, c2Aw)

+ Cov(c1Atox, c3Avy) + Cov(e) Atox, caAu) + Cov(Aw, c3Avy,) + Cov(caAw, c4Au)

+ Cov(czAvy, c4Au)]
(3.14)

We have used the following property of the sum of random variables to obtain the

above equation:

Var(X) + Xo+ X+ ..+ X,) = ) _Var(Xi) +2> ) Cov(XiX;)
=1

i=1 j=i+1

Further, we can write:

Var(Iq) ~c?Var(te) + c2?Var(w) + c3*Var(vg)+

ca?Var(u) + 2(cic2Cov(toy, w) + 163000 (tox, Vi) + c1c4C00(tox, 1) + c2¢3C00(w, v,

+ cre4Cov(w, u) + czcaCov(vg, u))
(3.15)
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Using the following equation to expand the variance and co-variance terms:

Var(aX +b) = a*Var(X)

Cov(aX +b,¢Y +d) = acCov(X,Y)

To analytically derive the covariance between different device parameters, we can

write the variation equation 3.1-3.4 in terms of random vectors and the following

matrix equation:

Y = AX

where, A is the coefficient matrix of ¢,, w,, v, and u, and X is the random variable

matrix of ag, A10, A11 and ain.

The random variables aq, a9, a1 and a,, are independent Gaussian random variables

with standard deviation ‘1’ and mean ‘0’, their Variance becomes ‘1’ and covariance

with other random variables ‘O’. Hence, we can write the the covariance matrix of

random variables aq, a9, a1, and a;, as follows:

Cx

0 001

Thus the covariance matrix of device parameters C'y can be written as:

ty, t t3 Uy

w1 w»y w3 Wy

Cy =

Uth1 Uth2 U3 U4

U1 U Uus Uy

1 000
0100

0010

0001

13

t

153

Uth1

Vth2

Uth3

Uth4

(3.16)
Uj
Up

(3.17)
U3
Ug




To derive the above equation, we have used the following relationship of covariance

matrices C'y and C'x of two linearly related random vectors Y = AX:

Cy = AC A"

3.5 Variance in Gate Delay

Variations in delay can be modeled similarly to the variance model of saturation
current /4. The device parameters and their variation model are the same for both
saturation current /4 and the gate delay. Hence, the covariance matrix for device
parameter random vectors will be the same for both cases.

Delay can be linearly approximated using Taylor Approximation as follows:

oD oD oD oD
D+AD = D(toxOvWONthOsuO) + %Atox + %Aw + WthAvth + %Au

where, D ,.wovaouo) 18 Value of delay when all the device parameters are at their
nominal value.

The variance of delay can be written as:

Var(D) = ¢;*Var(te) + & Var(w) + c;*Var(va) + ca®Var(u) + 2[cicaCov(t o, w)
+ c163C00(tox, Vi) + €1c4Cov(tox, u) + c2c3Cov(w, vy,)
+ c2c4Cov(w, u) 4+ c3¢4Cov (v, )]

(3.18)

Further, the Covariance matrix is calculated as:

tl tz t3 t4 1 0 0O tl W1 Ui U

w1 w»y w3 W4y 01 00 tz Wy Vw2 U
Cy = (3.19)

Ut V2 Um3 Uma| [0 O 1 O] [{3 w3 vms u3

Uq Uy Uus Uy 0 0 0 1 t4 W4 Utha U4

and the sensitivity coefficient ¢y, ¢;, c3 and ¢4 are calculated experimentally.
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Chapter 4

Experimental Validation of Proposed Analytical Model

4.1 Experimental Setup

In this work, we have used a 45nm technology model file[10]. We have conducted
all the simulations using Cadence virtuoso[11] and Cadence ADE-XL[12] to perform
Monte Carlo simulations. We have done Monte Carlo simulations with 5000 sample

runs to derive the mean and standard deviations of saturation currents and the delays.

4.1.1 Experimental setup for Saturation Current /4

Figure 4.1: Circuit used for Saturation Current simulations

We have taken all four types of transistors in saturation mode, as shown above. The
nominal values of different device parameters for all four types of transistors consid-

ered are shown in Tab 4.1.
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toxo (NM) | Wo (nm) | vio (V) | up (m*/V's)
LVT NMOS | 241 120 | 0.24925 | 0.0152801
LVT PMOS | 241 200 | -0.202698 | 0.0230515
HVTNMOS | 2.40 120 | 0.42225 | 0.0152801
HVTPMOS | 2.40 180 | -0.368698 | 0.0230515

Table 4.1: Nominal values of device parameters

4.2 Experimental setup for Delay Simulations

<
=%
[o%

L a

il o

£ i
::Il'lii

Figure 4.2: Circuit used for Delay simulations

Delays were extracted using circuit shown in Fig 4.2. The device parameters and

simulation setup values are shown in Tab. 4.2.

wy(nm) | w, (nm) | Input Slew(ps) | Cy. (fF)

LVT INVERTER 520 780 20 2.82

HVT INVERTER 520 780 20 2.23

Table 4.2: Simulation setup values of Inverter Delay

16



4.3 Sensitivity Extraction

As described in the previous chapter, the variance of both saturation current and delay

can be computed using:
1. Variance of device parameters.
2. Covariance amongst device parameters.
3. Sensitivity with respect to different device parameters.

We define the sensitivity parameter S5 as the sensitivity of parameter X with respect

to Y as follows:

NG 4.1)

The sensitivity for parameter X with respect to Y is computed as:

X _ Xys5% — X 5%
X - A% T 2 5%
Y+5% - Y,5%

where, Y, 59 (Y_5% ) is the value of parameter Y with +5%(-5%) variation,and X | 50, (X _59)
is the value of X when parameter Y is at +5% (-5%)variation value. The sensitivity
of each device parameter was extracted experimentally. All the samples were plotted

and were found to be approximately linear in the £5% variation range.

4.3.1 Sensitivity with respect to oxide thickness t,

The variation in the saturation current with respect to the threshold voltage is shown

in the Fig 4.3.
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Figure 4.3: Current Variation with respect to toy.

The computed sensitivities are shown in Tab. 4.3.

S.no | MOSFET Type | Sensitivity w.r.t to, (A/m)
1. NMOS LVT -5640
2. PMOS LVT 6541.5
3. NMOS HVT 912.9
4. PMOS HVT 1078.8

Table 4.3: Sensitivity of saturation current I with respect to t.
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Figure 4.4: Delay variation with respect to ty.

The computed sensitivities are shown in Tab 4.4.

S.no MOSFET Type Sensitivity w.r.t to, (s/m)
1. | NMOS LVT -FALL -0.000456
2. PMOS LVT -RISE -0.00078
3. | NMOS HVT -FALL -0.00153
4. | PMOS HVT -RISE 0.000403

Table 4.4: Sensitivity of Delay D with respect to toy.

The variation in delay with respect to oxide thickness is shown in Fig 4.4.
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4.3.2 Sensitivity with respect to width w

The variation in saturation current with respect to variation in width is shown in Fig

4.5.
Id vs width : LVT NMOS Id vs width : LVT PMOS
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Figure 4.5: Current Variation with respect to width w.

The computed sensitivities are shown in Tab 4.5. The variation in delay with respect

to variation in width is shown in Fig 4.6.
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S.no | MOSFET Type | Sensitivity w.r.t w (A/m)
1. NMOS LVT 527.5
2. PMOS LVT -267.0
3. NMOS HVT -146.7
4. PMOS HVT 230.0

Table 4.5: Sensitivity of saturation current /4 with respect to w.

Delay vs width : LVT NMOS FALL

Delay vs width : LVT PMOS RISE
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Figure 4.6: Delay variation with respect to width w.

The computed sensitivities are shown in Tab 4.6.
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S.no MOSFET Type Sensitivity w.r.t w (s/m)
1. | NMOS LVT -FALL -1.2x107°
2. PMOS LVT -RISE -7.4x10°¢
3. | NMOS HVT -FALL -1.9%107°
4. | PMOS HVT -RISE -1.2x107°

Table 4.6: Sensitivity of Delay D with respect to w.

4.3.3 Sensitivity with respect to threshold voltage V;

The variation in saturation current with respect to variation in threshold voltage is

shown in Fig 4.7.
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Figure 4.7: Current variation with respect to V;.



The computed sensitivities are shown in Tab 4.7.

S.no | MOSFET Type | Sensitivity w.r.t vy, (A/V)
1. NMOS LVT -179.2x1076
2. PMOS LVT -182.0x10°¢
3. NMOS HVT -128.8x1076
4, PMOS HVT -137.0x10°¢

Table 4.7: Sensitivity of saturation current /4 with respect V.

The variation in delay with respect to variation in threshold voltage is shown in Fig

4.8.
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Figure 4.8: Delay variation with respect to V.

The computed sensitivities are shown in Tab 4.8.
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S.no MOSFET Type Sensitivity of delay w.r.t vy, (s/V)
1. | NMOS LVT -FALL 28.9x10712
2. PMOS LVT -RISE -3.5x107 1
3. | NMOS HVT -FALL 9.1x10~
4. | PMOS HVT -RISE -6.8x107 1

Table 4.8: Sensitivity of Delay D with respect to V.

4.3.4 Sensitivity with respect to mobility u

The variation in saturation current with respect to variation in mobility is shown in

Fig 4.8.
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Figure 4.9: Current Variation with respect to Mobility.

The computed sensitivities are shown in table 4.9.
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S.no | MOSFET Type | Sensitivity w.r.t u (AVs/m?)
1. NMOS LVT 0.002984
2. PMOS LVT -0.00154
3. NMOS HVT 0.00155
4. PMOS HVT -0.000763

Table 4.9: Sensitivity of saturation current I3 with respect to u.

The variation in delay with respect to variation in mobility is shown in Fig 4.9.
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Figure 4.10: Delay Variation with respect to Mobility.

The computed sensitivities are shown in table 4.10.
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S.no MOSFET Type Sensitivity w.r.t u (s?V/m?)
1. | NMOS LVT -FALL -4.12x1071°
2. | PMOS LVT -RISE 2.47x1071°
3. | NMOS HVT -FALL -9.03x 10710
4. | PMOS HVT -RISE -4.30x1071°

Table 4.10: Sensitivity of Delay D with respect to u.

4.4 Calculation of variance in saturation current I3 using analyt-

ical model

4.4.1 Variance of I in LVT NMOS

tox(A/m) | w(A/m) | vy, (A/V) | u (AVs/m?)

cl c2 c3 c4

LVT NMOS | -5640 527.5 | -0.000179 | 0.002984

Table 4.11: Sensitivity of n-type low-threshold voltage MOSFET saturation current

with respect to device parameters.

VARIANCE units

tox | 1.77x10722 m?

w | 9.62x10718 m?

Vi | 1.28x1074 V2

u | 120x107% | (m?/Vs)?

Table 4.12: Variance of n-type low-threshold voltage MOSFET device parameters.
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COVARIANCE | units

COV(tox,W) | -3.4402x1072° | m*

COV(tox,Vin) | 8.1455x107* | mV

COV(tox,u) | -1.4946x10717 s

COV(W,vy) | -2.2132x107' | mV

COV(w,u) 8.549x 10~ s

COV(vy,u) | -1.0296x1076 .

Table 4.13: Co-Variance of n-type low-threshold voltage MOSFET device parame-

ters.
Using the analytical equation for variance derived in chapter 3:
Var(ly) = c?Var(to)+c>Var(w)+c;?Var (va)+ea?Var (u)+2[c1c2Cov(toy, w)+

c163C 00 (tox, Vi) +C1c4C0V(tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3c4Cov (v, u)]

Putting the values of sensitivities c;, c;, c3 and ¢4 and values of variances and the

co-variances:

VAR(I4) = (5.614 x 1071° +2.67 x 107" +4.12 x 107" + 1.07 x 107 ?)

+2(1.02x 107 48.23x 107 +2.52x 10710 42.09x 10" +1.35x 10~ +5.5x 107 '%)
=6.92 x 1071? +5.92 x 107"
=1.282 x 1071 42

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:
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Var(Ily) = ce?Var(w) + c3*Var(vy) + 2[cacsCov(w, vg)]
VAR(Ig) = (2.67 x 1072 +4.12 x 107'? +2 x 2.09 x 107'%)

=1.1x 107142

4.4.2 Variance of I in LVT PMOS

tox(A/m) | w (A/m) | vy (A/V) | u (AVs/m?)

cl c2 c3 c4

LVT PMOS | 6541.52 -267 -0.000182 | -0.00154

Table 4.14: Sensitivity of p-type low-threshold voltage MOSFET saturation current

with respect to device parameters.

VARIANCE | units

1.68x107%2 | m

Lox

w | 947x10718 m

Vi | 8.03x107° V2

u | 242x1077 | ()2

Table 4.15: Variance of p-type low-threshold voltage MOSFET device parameters.
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COVARIANCE | units

COV (tox,W) -3.33%x107%0 m?

COV (tox,Vin) 6.40x 10714 mV

COV(toy,0) 4.95%x10715 m3

COV(w,vy) | -1.75x10~1 m?

COV(w,u) -1.40x10712 mV

COV(vip,u) 2.59x1076 .

Table 4.16: Co-Variance of p-type low-threshold voltage MOSFET device parame-

ters.

Using the analytical equation for variance derived in chapter 3:
Var(ly) = c?Var(to)+c>Var(w)+c;?Var (va)+ea?Var (u)+2[c1c2Cov(toy, w)+

c163C 00 (tox, Vi) +C1c4C0V(tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3c4Cov (v, u)]

Putting the values of sensitivities cl, c2, c3 and c4 and values of variances and co-

variances-

VAR(I4) = (7.23 x 107 4+ 6.75 x 107 4 2.66 x 1072 +5.76 x 107*?)

+2(5.82x 1071 =7.62x 10714 ~4.99x 107 -8.52x 107 —5.77x 107 +7.29x 10~ 1?)
=3.92x 1072 —1.54 x 10712
=238 x 1071242

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:
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Var(Ily) = ce?Var(w) + c3*Var(vy) + 2[cacsCov(w, vg)]

VAR(I4) = (9.12 x 107 4+2.60 x 1072 + 2% (—9.79 x 107*%)

=1.56 x 1071242

4.4.3 Variance of I; in HVT NMOS

tox (A/m) | w(A/m) | vy (A/V) | u (AVs/mQ)
cl c2 c3 c4
HVT NMOS 1078.8 230 -0.000137 0.00155

Table 4.17: Sensitivity of n-type high-threshold voltage MOSFET saturation current

with respect to device parameters

VARIANCE
tox | 1.70x10722 | m?
w | 448x10718 | m?
Vg | 1.37x1074 V2
u | 2.89x1079 | ()2

Table 4.18: Variance of n-type high-threshold voltage MOSFET device parameters.
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COVARIANCE | units

COV (tox,W) -2.05%x107%0 m?

COV(tox,Vin) | 7.782x 10714 mV

COV (tox,u) 4.33x10716 T

COV(W,vy) -3.11x10712 mV

COV(w,u) 9.97x1071° T

COV(vip,u) 1.42x107°7 .

Table 4.19: Co-Variance of n-type high-threshold voltage MOSFET device parame-

ters.

Using the analytical equation for variance derived in chapter 3:
Var(ly) = c?Var(to)+c>Var(w)+c;?Var (va)+ea?Var (u)+2[c1c2Cov(toy, w)+

c163C 00 (tox, Vi) +C1c4C0V(tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3c4Cov (v, u)]

Putting the values of sensitivities cl, c2, c3 and c4 and values of variances and co-

variances-

VAR(I4) = (1.98 x 1071 +2.37 x 107 + 2.6 x 1072 4+ 6.91 x 107*%)

+2(=5.07x107* —1.15x 10~ +7.23x 107 49.8x 107 -3.55x 107" —3.02x 10~ %)
=2.844 x 107'% - 9.6808 x 10~
=2.941 x 1071242

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:
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Var(Ily) = ce?Var(w) + c3*Var(vy) + 2[cacsCov(w, vg)]
VAR(I4) = (237 x 107 4 2.6 x 1072 +2 x 9.8 x 107 %)

=3.03 x 1071242

4.4.4 Variance of I; in HVT PMOS

tox(A/m) | w (A/m) | vy (A/V) | u (AVs/m?)

cl c2 c3 c4

HVT PMOS | 912.85 | -146.66 | -0.0001228 | -0.000763

Table 4.20: Sensitivity of p-type high-threshold voltage MOSFET saturation current

with respect to device parameters.

VARIANCE | units

tox | 1.75x10722 | m?

w | 8.28x10718 m?

Vi | 8.48x107° V2

u | 1.39x1077 | (2£)?

Table 4.21: Variance of p-type high-threshold voltage MOSFET device parameters.

32



COVARIANCE | units

COV (tox,W) -3.30x107%0 m?

COV (tox,Vin) 7.16x10~14 mV

COV (tox,u) 4.44x1071 T

COV(W,vy) -1.97x107 1 mV

COV(w,u) -1.005x 10712 T

COV(vip,u) 1.82x107° .

Table 4.22: Co-Variance of p-type high-threshold voltage MOSFET device parame-

ters.

Using the analytical equation for variance derived in chapter 3:
Var(ly) = c?Var(to)+c>Var(w)+c;?Var (va)+ea?Var (u)+2[c1c2Cov(toy, w)+

c163C 00 (tox, Vi) +C1c4C0V(tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3c4Cov (v, u)]

Putting the values of sensitivities c;, c2, c3 and ¢4 and values of variances and co-

variances-

VAR(I4) = (1.146 x 1070 +1.78 x 107 +1.28 x 1072 +-8.1 x 107)

+2(4.42x107°=8.03x 1071 =3.1x 107 =3.55x 10" ~1.12x 10" +1.71x 107 %)
=1.54x 107" ~6.05 x 107"
=9.35 x 10713 A2

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:
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Var(Ily) = ce?Var(w) + c3*Var(vy) + 2[cacsCov(w, vg)]

VAR(I4) = (1.88 x 107" +1.34 x 1072 42 x (—3.74 x 107?))

= 7.88 x 1073 A2

4.4.5 Comparison of results obtained using the proposed model with the ex-

perimental results

We have compared the results of saturation current extracted experimentally using

Monte Carlo simulations with the results computed using the analytical model de-

rived in Chapter 3. The results are shown in the Tab. 4.23 and 4.24 along with the

corresponding percentage error.

Computed Computed
Experimental Experimental % ERROR
Variance Std.  Dev.
Variance (I4) Std. Dev. (I4) (Std.Dev)
(a) (a)
LVT
1.28x1071t 1.28x10711 | 3.58x10°¢ 3.58x107% | 0.05
NMOS
LVT
2.10x10712 2.09x10712 | 1.45x10°¢ 1.44x107% | 0.68
PMOS
HVT
2.99x10712 2.94x10712 | 1.73x1076 1.71x107% | 0.86
NMOS
HVT
9.46x10713 9.35x1071 | 9.73x107"7 9.67x10"7 | 0.61
PMOS

Table 4.23: Comparison of the results obtained using the proposed model with ex-

perimental results for saturation current when four device parameters are considered
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These results show that the maximum error in the computation of standard deviation

of saturation current is less than 1%. Hence, the proposed model is quite accurate

and is able to adequately capture the essential details of variations..

Computed Computed
Experimental Experimental % ERROR
Var(I4 Std.Dev
Var(I1y) Std.Dev(1y) (Std.Dev)
(W,Vin)) (La(W,vin))
LVT
1.28x107 1.10x107 1 | 3.58x107° 3.31 x107% | 7.5
NMOS
LVT
2.10x10712 1.56x10712 | 1.45x10°¢ 1.25x107% | 13.8
PMOS
HVT
2.99x10712 3.12x10712 | 1.73x10°¢ 1.74x107°% | 0.6
NMOS
HVT
9.46x10713 7.88x1071% | 9.73x1077 8.75x107" | 10.1
PMOS

Table 4.24: Comparison of the results obtained using the proposed model with ex-

perimental results for saturation current when only two device parameters (w and V})

are considered

These results show that the maximum error in the computation of standard deviation

of saturation current when the variations in only two device parameters is consid-

ered is less than 15%. Hence, the proposed model is can be used for approximate

calculations.
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4.5 Calculation of variance Delay D variance using analytical

model

4.5.1 Variance of Fall Delay in LVT Invertor

tox (s/m) w (s/m) Vi (s/V) u (Vs?/m?)

cl c2 c3 c4

LVT NMOS | -0.000456 | -1.173x107% | 2.88x 107 | -4.12x1071°

Table 4.25: Sensitivity of fall delay of LVT-Invertor with respect to device parameters

VARIANCE | units

1.76x107%2 m?

w | 9.62x10718 m?

Vi | 1.28x107* V2

u | 1.20x1078 | (222

Table 4.26: Variance of n-type low-threshold voltage MOSFET device parameters

COVARIANCE | units

COV(tox,W) -3.44x10720 m?

COV (tox,Vin) 8.14x10~™ mV

COV(to,u) | -1.49x10717 |

COV(w,vy) | -2.21x1071" mV

COV(wu) | 855x1074 | =

COV(Vgu) | -1.03x10°6 | =

Table 4.27: Co-Variance of n-type low-threshold voltage MOSFET device parame-

ters
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Using the analytical equation for variance derived in chapter 3:
Var(D) = ¢;*Var(te)+e?Var(w)+c?Var(vg)+ci?Var(u)+2[cicaCov(t o, w)+

c163C 00 (tox, Vi) +C1c4C 0V (tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3cqCov (v, uw)]

Putting the values of sensitivities ¢, co, c3 and ¢4 and values of variances and co-

variances-

Var(D) = (3.67 x 1072 +1.32 x 10727 4 1.07 x 1072 + 2.045 x 107°7)
+2(—1.84x10"%-1.072x 107" —2.81x 107 +7.49x 107 *"+4.135x 107 **+1.23x 10~ %)
=1.104 x 107% + 3.78 x 10~
= 1.48 x 107 %5?

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:

Var(D) = &,*Var(w) + c3*Var(va) + 2[cacsCov(w, vy, )]
Var(D) = (1.20 x 10727 + 1.17 x 1072 42 x (7.49 x 107%7))

=1.33 x 107252

4.5.2 Variance of Rise Delay in LVT Invertor

tox (s/m) w (s/m) Vi (s/V) u (Vs?/m?)

cl c2 c3 c4

LVT PMOS | -0.00078 | -7.44x107° | -3.50x107! | -2.47x1071°

Table 4.28: Sensitivity of Rise Delay of LVT-Invertor with respect to device param-

eters
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VARIANCE | units

tox | 1.68x107%2 | m?

w | 947x10718 | m?

Vin

8.03x107° V2

u | 242x1077

COVARIANCE | units
COV(tox,w) | -3.33x1072 | m?
COV(tox,Va) | 6.40x1071 | mV
COV(to,u) | 495x107 | =
COV(W,vq) | -175x107" | mV
COV(wu) | -1.40x10712 | =
COV(vgu) | 2.59x10°6 | =

variances-
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Table 4.30: Co-Variance of p-type low-threshold voltage MOSFET device parame-

Using the analytical equation for variance derived in chapter 3:
Var(D) = c¢;*Var(te)+e?Var(w)+c?Var(vg)+ci?Var(u)+2[e1caCov(tor, w)+

c163C00(tox, Vi) +C104C 0V (tox, u)+c2c3Cov(w, vy )24 Cov(w, u)+c3¢4Cov(vg, u)]

Putting the values of sensitivities cl, c2, c3 and c4 and values of variances and co-

Var(D) = (1.027 x 1072 +5.24 x 1072 +9.85 x 1072° 4 1.48 x 107%)




+2(—1.93x 107 4+1.75x 1072 49.55x 102 —4.56 x 10727 —2.58 x 10™2742.25x 10~2°)
=1.14 x 1072 +3.575 x 10~%°
= 1.5 x 107%°5?

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:

Var(D) = &,*Var(w) + c3*Var(va) + 2[cacsCov(w, vy, )]
Var(D) = (5.871 x 1072® 4 5.5884 x 1072 + 2 x (—3.64 x 10727))

= 8.63 x 1072642

4.5.3 Variance of Fall Delay in HVT Invertor

tox (S/m) w (s/m) Vi (s/V) u (Vs?/m?)

cl c2 c3 c4

HVT NMOS | -0.00153 | -1.94x107°> | 9.05x107!* | -9.03x1071°

Table 4.31: Sensitivity of fall delay of HVT-invertor with respect to device parame-

ters
Parameters | VARIANCE | units
tox 1.70x10722 | m?
w 448 x107® | m?
Vih 1.37 x10~* V2
u 2.89 x107° | ()2

Table 4.32: Variance of n-type high-threshold voltage MOSFET device parameters
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Co-variances Values
COV(tox,w) | -2.04 x1072° | m?
COV(tox, V) | 7.78 X107 | mV

COV(tyu) | 433 x10716 | =
COV(W,va) | -3.11 x107% | mV
COV(wu) | -9.97 x1071% | =
COV(Vpu) | 142 x1077 | =

Table 4.33: Co-Variance of n-type high-threshold voltage MOSFET device parame-

ters

Using the analytical equation for variance derived in chapter 3:
Var(D) = c¢;*Var(te)+e?Var(w)+c?Var(veg)+ci?Var(u)+2[cicaCov(t o, w)+

c163C 00 (tox, Vi) +C1c4C0V(tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3c4Cov (v, u)]

Putting the values of sensitivities c1,c2,c3,c4 and values of variances and co-variances-

Var(D) = (3.98 x 1072 +1.69 x 107*" +1.12 x 107** 4 2.35 x 1072)

+2(—6.07x1072—~1.08x 1072 +5.98 x 10~ +5.46 x 10™*"=1.75x 10~ ~1.16 x 10~ 2%)
=1.124 x 1072* — 3.425 x 1072°
= 1.089 x 1072*5?

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:
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Var(D) = &,*Var(w) + c3*Var(va) + 2[cac3Cov(w, vg)]

VAR(D) = (1.69 x 107%" +1.12 x 1072 + 2 x 5.46 x 10~?7)

=1.13 x 10752

4.5.4 Variance of Rise Delay of HVT Invertor

tox (/M) | W (s/m) Vi (5/V) u (e
cl c2 c3 c4
HVT PMOS | 0.000403 | -1.2x107% | -6.81x107"" | -4.3x1071°

Table 4.34: Sensitivity of rise delay of HVT-invertor with respect to device parame-

ters

Parameter | VARIANCE | Units
tox 1.75x1072?2 | m?
w 8.28x107® | m?
Vin 8.49x10~° V2
u 1.39 x1077 | (122

Table 4.35: Variance of p-type high-threshold voltage MOSFET device parameters
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Parameter Values Units
COV (tos,W) | -3.30x10720 | m?
COV (to,Ven) | 7.16x107 | mV
COV(to,u) | 4.44x10715 | =
COV(W,ve) | -1.97x107" | mV

COV(wu) | -1.00x10712 | =
COV(Vyp,u) | 1.83x10°6 | =

Table 4.36: Co-Variance of p-type high-threshold voltage MOSFET device parame-

ters

Using the analytical equation for variance derived in chapter 3:
Var(D) = ¢;>Var(te)+c*Var(w)+e?Var (va)+c®Var(u)+2[c;c;Cov(toy, w)+

c163C 00 (tox, Vi) +C1c4C0V(tox, u)+cac3Cov(w, v ) +cacsCov(w, u)+c3c4Cov (v, u)]

Putting the values of sensitivities ¢y, co, c3 and ¢4 and values of variances and co-

variances-

Var(D) = (2.85 x 10722 4 1.2 x 10727 +3.94 x 107 4 2.57 x 10~%)

+2(1.6x107%~=1.96x 10" —7.68x 10" *—1.61x10"2°—5.18 x 102" +5.32x 10~ 2%)
=4.21 x 107% +5.87 x 1072°
=4.79 x 107%5*

Similarly when only two device parameters are considered i.e. only width w and

threshold voltage vy,, then variance becomes:
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Var(D) = &,*Var(w) + c3*Var(va) + 2[cac3Cov(w, vg)]

= 3.65 x 1072962

VAR(D) = (1.33 x 10727 4 3.97 x 1072 4+ 2 x (—=1.71 x 10~ %))

4.5.5 Comparison of Results obtained using the proposed model with the ex-

perimental results

We have compared the results of inverter delays extracted experimentally using Monte

Carlo simulations with the results computed using the analytical model derived in

Chapter 3. The results are shown in the Tab 4.37 along with the corresponding per-

centage error.

Experimental | Computed | Experimental | Computed
9 Error
Variance Variance Std. Dev. Std. Dev.
(Delay
(Delay (s?)) (Delay (s)) | (Delay (s))
(s))
LVT
1.88x10~% 1.48x107%° | 4.33x10713 3.85x1071 | 11.00
FALL
LVT
8.18x1072%6 8.60x10726 | 2.86x10713 2.93x10713 | 2.40
RISE
HVT
1.00x 1024 1.12x107% | 1.00x 10712 1.04x10712 | 4.40
FALL
HVT
4.80x107% 4.79x107% | 6.93x10713 6.93x10713 | 0.00
RISE

Table 4.37: Comparison of results obtained using the proposed model with the ex-

perimental results for inverter delay.
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These results show that the error in the computation of standard deviation of inverter
delay less than 11%. Hence, the proposed model an be used in timing analysis for

further calculations.

Experimental | Computed | Experimental | Computed
% Error
Variance Variance Std. Dev. Std. Dev.
(Delay
(Delay (s?)) (Delay (s)) (Delay (s))
(s*))
LVT
1.87x10%° 1.33x1072% | 4.33x1013 3.65x10713 | 15.7
FALL
LVT
8.18x102 8.63x1072%6 | 2.86x10~ 13 2.94x10713 | 2.80
RISE
HVT
1.00x 10724 1.16x10724 | 1.00x 10 '2 1.06x1072 | 6.10
FALL
HVT
4.8x1072% 3.65x1072% | 6.93x1013 6.04x10713 | 12.8
RISE

Table 4.38: Comparison of results obtained using the proposed model with the ex-
perimental results for inverter delay when only two device parameters (w and V) are

considered .

These results show that the maximum error in the computation of standard deviation
of inverter delay when the variations in only two device parameters is considered is
around 15%. Hence, the proposed model with two device parameter instead of four

variable could possibly be used for calculation.
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Chapter 5

Statistical Variation in correlated multi-V, transis-

tors

5.1 Analytical Model of the sum of inverter delays

In the 45nm technology device model, the process parameters for LVT-transistors are

as, ag, a7 and ag and for HVT-transistors are ag, a19, @11 and a15. The device param-

eter variation with respect to the process parameter for LVT and HVT is described in

the model file as shown below:

toxl tl
w w1
Uth, Uth1
Uuj Up
toa:h Z55
W Ws
Vthy, Uths
Up Us

Uth6

Ue

45

t3
ws3
Uth3

Uz

t7

Uth7

U7

Uthg

ug

Qs

073

Q7

a0

an

aq2

G.D

5.2)



We can write a combined matrix of both LVT and HVT transistors as follows:

to, ty th oty t4 0 0 0 0] |as
w; w; wy wz ws 0 0 0 0 ag
Uth, Uht V2 Vw3 Vma O 0O 0 0 a7
u U Uy U3 Ug 0 0 0 0 ag
= (5.3)
tox), 0 0 0 0 &5 t6 17 g ag
wy, 0 0 0 0 ws we w7 ws alo
Uth,, 0 0 0 0  Vns Vme V7 Ums apg
up, 0 0 0 0 wus us Uy ug an

The parameters as, ag, a7, as, ag, a9, @11 and a,o are correlated due to the common-
ality in the fabrication process. Hence, we cannot treat them as fully independent.
Hence, in a circuit that contains both types of transistors, we need to consider a cor-
relation coefficient between these two types of transistors.

Therefore to study the impact of the correlation of process parameters between these
two types of transistors, we have artificially defined the correlation coefficient of p

in the device model.

We define p between the corresponding process parameter pairs as follows:

Correlation between a5 and ag = p

Correlation between ag and a9 = p

Correlation between a; and a1 = p

Correlation between ag and a5 = p

The correlation between other pairs of process parameters is assumed to be zero. The

covariance between process parameters is calculated using:

COV(X,Y) = poxoy
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where, p is the correlation coefficient between X and Y, ox and oy are their standard
deviations respectively.
As the standard deviation of the process parameters is assumed to be ‘1’ in the model

file, the covariance matrix of the process parameters can be written as:

1000 p0O00O0
01000pO00O0

001000 pO

00 p0OO0OO0OT1O0

000,000 1

Now, since we can write equation 5.3 in the form Y = AX , we can compute the

covariance in the device parameter using Cy = AC AT,
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Hence, the covariance matrix Cy can be written as:

th ta tz ta 0 0 0 0

wy, wy, wz wgy 0 0 0 0

Unt Um2 Um3 vma O 0 0 0

Oy — Uy Uy U3 Uy 0 0 0 0

0 0 0 0 t5 t¢ 17 tg

0 0 0 0 ws we w; wg

0 0 0 0  Ums Vme V7 Ums

0 0 0 0 wuw wu u3 U
_tl w; v wp 00 0 0
th wy vpa up 0 0 0 O
t3 w3 vy us 0 0 0 O
ts w4 Vma us 0 0 0 0
0 0 0 0 t5s ws vms us
0 O 0 0 te wg Vme Us
0O 0 0 0 t7 w; vgpr uy
0 O 0 0 tg wg vpg Ug

(5.5)

Next, we consider the sum of the delays of these two types of transistors. The sum
operation is a basic operation in static timing analysis, and the sum of the delays,
which shows statistical spread, gets significantly impacted by the correlation in their
delays. Hence, it is worth exploring the impact of the correlation coefficient on the
sum of the inverter delays.

We know that variance in delay is given by equation (3.18), and the sum of the delays
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of two different V; transistors would be a function of 8 random vectors.

Dy, + Dy =Dgpy + Daiy + c1nQtog, + conDwyp, + capAvy, + canAuy, 56

+ c1Atog, + cuAwy + ez Avy, + eyl

Where,

Dy is the delay due to low-V, transistor
* Dy, is the delay due to high-V, transistor

* ¢, are the sensitivities of low-V, transistor with respect to different device

parameters.

* ¢, are the sensitivities of high-V, transistor with respect to different device

parameters.
* tox, /tor, 1s the oxide thickness of high/low-V, transistor respectively
* wy /wy is the width of high/low-V, transistor respectively
* U, /Ui, 1s the threshold voltage of high/low-V, transistor respectively
* uy,/uy is the mobility of high/low-V;, transistor respectively

The variance of the sum of two inverter delays can be written as:

VCLT’(Ddh + Ddl) %Var(DdhO + Ddlo + ClhAtozh + CghA’LUh + CghA’Uthh + c4hAuh
+ c1At oy, + cuAw; + cyAvy, + cyAuy)

5.7

Using the variances and co-variances derived using equation(5.5), the variance of the

sum of inverter delays can be written as:
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Var(Dgay, + Dgp) %cthar(Atomh) + 3, Var(Awy,) + cghVar(Avthh) + 3, Var(Auy,)

+ c%lVar(At(m) + 5, Var(Aw,) + cglVa'r’(Avthl) + i, Var(Au)
i=7,=8
+2x Z Cov(X;,Y))

i=1,j=i+1

(5.8)

Where, X; and Y; are the various device parameters.

5.2 Comparison of computation with the experimental results

Using the sensitivities derived in Chapter 4 and the co-variances derived using equa-
tion (5.5), the variance of the sum of inverter delays are calculated and shown in the
Tab. 5.1-5.4:

The analysis and the comparative results for the sum of inverter delays are presented

for the following cases:
¢ When the same transitions are considered, i.e., fall-fall and rise-rise.

* When the opposite transitions are considered, i.e., fall-rise and rise-fall
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5.2.1 Results for same transition in both LVT and HVT inverters
Computed | Experimental | Computed | Experimental | Error %
p Variance Variance Std.Dev Std.Dev
0 | 1.24x1072% | 1.29x1072* | 1.11x107*2 | 1.14x10712 2.6
0.2 | 1.39x10724 | 1.47x1072% | 1.18x107'2 | 1.21x107*2 24
0.5 | 1.61x10724 | 1.72x1072* | 1.27x1072 | 1.31x107*2 3.1
0.8 | 1.83x10724 | 2.00x1072* | 1.35x107'2 | 1.41x107'2 4.2
1.00 | 1.98x10724 | 2.14x1072* | 1.41x1071%2 | 1.46x107!2 34

Table 5.1: Variance in the sum of the fall delay of LVT inverter and fall-delay of

HVT inverter
Computed | Experimental | Computed | Experimental | Error %

p Variance Variance Std.Dev Std.Dev

0 |6.30x107% | 6.41x107% | 7.94x10713 | 8.00x107!3 0.75
0.2 | 7.37x107% | 7.50x107% | 8.58x10713 | 8.66x10~!3 0.92
0.5 | 8.97x107% | 9.09x107% | 9.47x1071% | 9.53x107!3 0.63
0.8 | 1.05x107% | 1.06x1072* | 1.03x10712 | 1.08x10712 0.38
1.0 | 1.16x1072* | 1.17x107* | 1.08x10712 | 1.08x10712 0.00

Table 5.2: Variance in the sum of the rise delay of LVT-inverter and rise delay of

HVT-inverter

The results in Tab. 5.1 and 5.2 shows that the maximum error in the computed results
and the results extracted from Monte Carlo simulations is less than 5%. This signifies
that the proposed model is accurate and can be used for timing analysis.

It is observed that the standard deviation increases as the correlation between the LVT
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and HVT transistor increases. With increase in correlation the impact of variations

on the delay in the two types of transistors move in the same direction. Therefore the

spread increases.

5.2.2 Results for opposite transition in LVT and HVT inverter

Next, we show the results for the sum of rise and fall of LVT and HVT inverter and

vice-versa.
Computed | Experimental | Computed | Experimental | Error %

p Variance Variance Std.Dev Std.Dev

0 | 6.28x107% | 6.59x107%° | 7.92x10713 | 8.12x10713 2.5
0.2 | 5.24x107% | 534x107% | 7.23x10713 | 7.30x107° 0.9
0.5 | 3.68x107% | 3.65x107% | 6.06x10713 | 6.04x10713 0.3
0.8 | 2.12x107% | 2.00x107% | 4.60x10713 | 4.47x10713 2.9
1.0 | 8.97x1072¢ | 831x1072¢ | 2.99x10713 | 2.88x107!3 3.9

Table 5.3: Variance in the sum of the fall delay of LVT-inverter and rise delay of

HVT-inverter
Computed | Experimental | Computed | Experimental | Error %

p Variance Variance Std.Dev Std.Dev

0 [1.24x1072* | 1.10x1072* | 1.12x107'* | 1.10x10~!2 1.8
0.2 | 1.09x107% | 1.05x107** | 1.04x10712 | 1.03x10712 1.0
0.5 | 8.57x107% | 843x107% | 9.26x107 1% | 9.18x107!3 0.8
0.8 | 6.26x107% | 6.33x107% | 7.91x107 13 | 7.95x10713 0.5
1.0 | 472x107% | 4.88x107% | 6.86x1071% | 6.98x10713 1.7

Table 5.4: Variance in the sum of the rise delay of LVT inverter and fall delay of

HVT inverter
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The results show that the error in the computed results and the results extracted from
Monte Carlo simulations is less than 4%. This signifies that the proposed model is
accurate and can be used for timing analysis. It is observed that the standard deviation
decreases as the correlation between the LVT and HVT transistor increases, which
appears anomalous. However, the reason for this behavior is as follows. From the
calculations shown in sections 4.5.1 to 4.5.4, we can observe that the most significant

factor in the variance of delay calculations is the variation of the threshold voltage

Vi.
Sensitivity of Delay w.r.t V;
NMOS LVT +28.9x10712
PMOS HVT -6.8x1071!
NMOS HVT +9.1x107 1
PMOS LVT -3.5x107 1

Table 5.5: Sensitivity of delays with respect to threshold voltage V;

As shown in Table 5.5, the sensitivities of delay to threshold voltage V; are opposite
for NMOS and PMOS transistors. This eventually leads to a compensating effect on
the statistical spread of the sum of inverter delays. This compensating effect increases
with an increase in the correlation between LVT and HVT transistors. Therefore, the
overall standard deviation of the sum decreases with an increase in the correlation
coefficient.

The traditional STA tools take the correlation as p = 1, whereas the realistic correla-
tion between multi-V; transistors is less than 1. This implies that the actual standard
deviation of the sum of delays would be higher than what is taken by the STA tools
for LVT and HVT inverter connected in series. Hence, the tool would give optimistic

results for the worst-case analysis. Using this model, we can remove this optimism
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by computing the realistic sum of delays corresponding to the correlation coefficient.
However, it is worth pointing out that these results have risen from the assumptions
that the process parameter as correlates with ag, ag correlates with a9, and so on.
Hence, when a realistic covariance matrix obtained from the foundry is employed for

timing analysis, the results presented in this thesis need to be re-assessed.
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Chapter 6

Conclusion
The motivation for this work was to incorporate the changes in the correlation be-
tween the delays of different threshold voltage transistors to make the timing analysis
more robust. In this work, we derived an analytical model to compute the delays of
the inverter and compute the sum of the inverter delays with the correlation factor
p. The results show that for the sum of the delays, the maximum variation observed
between the computed results and the Monte Carlo results was less than five percent.
The results show that the proposed analytical model is quite accurate and can be fur-
ther used to improve the timing analysis for the circuits having different threshold

voltage transistors.
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