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ABSTRACT

Over the years, distributed adaptive parameter estimation/control for multi-agent systems
(MASs) has gained a lot of attention in the form of dynamical systems, where the con-
cept of cooperative persistence of excitation (C-PE) is proposed for accurate estimation
of unknown parameters. The C-PE condition relaxes the traditional persistence of excita-
tion (PE) condition in the sense that it can be satisfied by incorporating multiple system
signals with each of them not necessarily being PE. However, the C-PE condition is still
restrictive due to its persistent nature, which is difficult to satisfy in many practical control
applications. The main objective of this dissertation is to relax the stringent C-PE con-
dition requirement while still designing efficient distributed adaptive systems by utilizing
different network topologies. The research is structured into three key sub-problems - 1 >
Developing a relaxed excitation condition based distributed adaptive parameter estimation
(DAPE) algorithm considering undirected connected graph network topology along with
control application, 2 > Extending the framework to strongly connected directed graph
network while also analyzing the effect of communication delay, 3 > Proposing a gen-
eralized relaxed excitation condition for DAPE over weakly connected digraph topology
along with extremum-seeking control application. We have conceptualized a new condi-
tion, called cooperative initial excitation (C-1E), which is milder than the classical C-PE
condition. We have proved that the C-IE condition is sufficient to ensure convergence for
the proposed distributed adaptive algorithms using a rigorous Lyapunov analysis. Simu-

lation results validate the efficacy of the proposed algorithms.
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Chapter 1

INTRODUCTION

1.1 Single-Agent Adaptive Systems

The tasks of control, identification or prediction of the dynamics of an unknown nonlinear
system is usually accomplished assuming that there exists an approximation to the true
dynamics with a fixed vector of parameters that globally fits the dynamics. A typical sce-
nario is to assume that the dynamics is described by an ordinary differential (or difference)
equation with unknown parameters, which are then estimated by designing an on-line pa-
rameter estimator. In its simplest formulation, it is assumed that these parameters enter

linearly in the dynamic model leading to a relationship of the form;
y(t) = o' (x(t)0, Vt>tg (1.1)

where y(t) € R represent the measurable output, z(¢) € R”" represent the measurable
input, and ¢(z(t)) : R — RP is known basis function/feature vector (also known as
“regressor” in adaptive control literature). Moreover, § € RP is an unknown constant
parameters vector. We call the equation (1.1) in the sequel as linear regression equa-
tion (LRE). LREs associated with many control problems, including system identification
(Ljung, 1987; Papusha et al., 2014), adaptive control (Ioannou and Sun, 1996; Chowd-
hary et al., 2013), (Narendra and Annaswamy, 2012), filtering and prediction (Goodwin
and Sin, 2014), reinforcement learning (Lewis ef al., 2012) and sparse regression analysis

(Brunton et al., 2016), have been reported in literature.

Since the focus of the current discussion is primarily on an online parameter

estimation/tuning, hence in the subsequent formulation, we will write ¢(¢) instead of

¢(x(t)) -



1.1.1 Objective

Here, the objective is to develop an online differential parameter update law for é(t) eRP

using the real-time data of {¢(¢), y(¢)}, such that

10(t) — 0| =0 as t—oco, Vt>t, (1.2)

1.1.2 Classical Parameter Tuner/Estimator

This section introduces the fundamentals of classical first-order parameter tuner, which

builds on an online gradient-descent algorithm. Consider the following cost function

J(0(t), 1) = S€X(t), e(t) £ (y(t) — " (H)0(1) ), Yt >t (1.3)
N——
()
which penalizes a quadratic function of prediction error €(¢) € R, capturing the mismatch

between the actual output y(¢) and the predicted output y(¢). The parameter tuner is

designed using an online gradient-descent algorithm based on the above cost function:
0(t) = TV, J(0(t),1), VEt>1g (1.4)

where I' € RP*P is a positive-definite (PD) gain matrix, i.e., I' > 0. Define parameter

estimation error as

AO(t) £ 0(t) — 6. (1.5)

Substituting the analytical expression of the gradient, the parameter estimation error dy-
namics become

AG(t) = —T(t) o () AO(t), Yt > to. (1.6)

The above error dynamics ensure global exponential stability (GES) (Ioannou and Sun,
1996) of the zero equilibrium, iff the regressor signal ¢(¢) holds persistence of excitation
(PE) condition (Narendra and Annaswamy, 2012). The concept of PE is explained in the

next section.



1.1.3 Persistence of Excitation

The persistence of excitation (PE) condition of a bounded vector-valued function ¢(t) is

defined as follows (Narendra and Annaswamy, 2012; Tao, 2003):

Definition 1. A bounded vector-valued function ¢(t) € RP, where t € [ty, 00), tg > 0, is

PE, if 3T > 0and Y > 0, such that the following inequality holds

t+T

/ o(r)ot (r)dr > Y1, Yt > t,. (1.7)

]

For example, ¢(t) = [1 sin(t)]T is persistently exciting (PE) (Tao, 2003) but
o(t) = [1 e7]T is not PE. The PE condition is restrictive and difficult to verify online as

it relies on the future behaviour of the dynamical systems.

1.1.4 Motivation and Relevant Literature

Classical schemes in system identification and adaptive control often rely on stringent
persistence of excitation to guarantee parameter convergence (Narendra and Annaswamy,
2012; Ioannou and Sun, 1996), which may be difficult to achieve with a single-agent and a
single-input. The PE condition is related to the richness of information content regarding
the unknown parameters. Conventional online estimation techniques need the excita-
tion/richness to persist for the entire time-span to ensure accurate estimation at steady-
state. The classical PE condition is stringent in nature since it cannot be verified online
due to its reliance on the future behaviour of the signal of interest. Since a PE signal
contains infinite energy, imposing PE through exogenous input may lead to wastage of

energy in many applications (Chowdhary et al., 2014).

In contrast to PE based results, some recent works (Parikh ez al., 2019; Adetola
and Guay, 2008; Cho et al., 2017; Roy et al., 2017b,a; Ortega et al., 2021; Roy et al.,
2016) have proposed a relaxed condition; called initial/finite excitation (IE/FE), which
is shown to be sufficient for parameter convergence in the developed composite adap-

tive control/identification for single-agent systems. Unlike the PE, the IE/FE condi-

3



tion is online-verifiable and IE is milder than PE condition since it requires the excita-
tion/richness of the signal only in the initial time-window of finite length. Moreover, as
compared to PE, it does not require infinite energy exogenous inputs. The concept of 1E

is discussed in the subsequent section.

1.1.5 Intital Excitation

Definition 2. A bounded vector-valued function ¢(t) € RP, where t € [tg, 00), tg > 0, is

IE, if 3T > 0 and T > 0, such that the following inequality holds

to+T
o(r)o" (r)dr > T1,. (1.8)

to

]

From IE definition in (1.8), it can be inferred that the excitation/richness is
entailing only in the initial time window, unlike PE definition (1.7), where the excita-
tion/richness entails throughout the entire time span. In (Basu Roy et al., 2018; Roy
et al., 2016; Jha et al., 2019; Roy et al., 2017b; Roy and Bhasin, 2019), it is established
that the IE condition is less restrictive than PE, since it is online verifiable and does not

require infinite energy exogenous inputs, unlike PE.

1.2 Multi-Agent Adaptive Systems

In parallel to these single-agent results, distributed cooperative adaptive parameter estima-
tion/control (Olfati-Saber et al., 2007; Papusha et al., 2014; Chen et al., 2013; Stegagno
and Yuan, 2019; Wensing and Slotine, 2018; Yuan et al., 2021; Chung et al., 2019; Phan
et al., 2020; Deng et al., 2020; Li et al., 2019; Jun-Min et al., 2013) has gained a lot of
attention, where it is shown that distributed identification algorithms outperform conven-
tional identification algorithms in terms of transient response and robustness. Inspired
from consensus theory, the fundamental idea of distributed cooperative adaptive identi-
fication is that multiple uncertain agents simultaneously perform estimation of a com-

mon parameter vector while sharing information with each other in a distributed fashion

4



through a communication graph topology.

1.2.1 Multi-Agent Adaptive System (MAS) Architecture

The communication topology for a MAS architecture, comprising n number of agents,
is represented by the graph G, where each vertex is treated as an agent and edge £ =
(i,4) € V!, denote the communication link between i'"agent and j"agent. The output
of each agent y;(t) € R is defined subsequently:

yi(t) = 6] (1)0, 'Vt >to, Vi=1(1)n (1.9)

)

where 6 € R? is a vector of unknown constant parameters and ¢;(t) € RP? is a known, con-
tinuous, and uniformly bounded basis function/feature vectors (also known as “regressor”

in adaptive control literature).

1.2.2 Objective

Here, the objective is to develop a distributed adaptive parameter estimation algorithm,
using the online measurements of input (¢;(t)), output (y;(¢)) of the model (1.9) while

collaborating (sharing instantaneous information) with the neighboring agents, such that?

10;(t) — 0| = 0 as t— o0, Vi=1(1)n (1.10)

1.2.3 Classical Distributed Parameter Tuner/Estimator

This section introduces the fundamentals of classical distributed first-order parameter

tuner®, which builds on an online gradient-descent algorithm. Consider the following

'Here, V denotes the finite set of n vertices in the graph G which can be defined as V' = {vy,...,v,} .

2Here, the each agent i in the network has access the following local data: ¢;(t), y;(t), 0;(t) at time
t. The data exchanged between the agents is current parameter estimates i.e., éj (t) (Each agent j shares
its current parameter estimate with its neighbors to facilitate consensus or agreement on the estimated
parameter).

3For more clarity, we are highlighting the fact that the classical distributed first-order parameter tuner is
already known in the existing literature Chen et al. (2013); Papusha et al. (2014).



cost function for i** agent:

1
S0 —90)* + X Saslds0) — 6.0 (111)

JEN;

where §j;(t) 2 ¢ (t)0;(t) and N; is defined as the set of neighbors for the i agent which
is defined as; N; = {j | (i,j) € E} .

The distributed parameter tuner for 7** agent is designed using an online gradient-

descent algorithm based on the above cost function (1.11):

6,(t) = =TV s, VE =1t
== Loi(t)(5i(t) — i) +T D aij (0;(t) = 6:(1)) - (1.12)

]GN

Local Informatzan

Nelghbormg Information

1.2.4 Compact representation of Parameter Tuner/Estimator

Consider the compact representation of distributed parameter tuner (1.12) for all n number
of agents:

AO(t) = —To(L® I, + ®p(t))A0(t), Vt>t, (1.13)
——

Rnpxl
where L € R™ " denotes the Laplacian matrix corresponding to the assumed network

communication topology, 'y = T' ® I,, € R™*"P_ and

Dp(t) = diag{ o1 ()01 (1), .. oa()BL (1)} € R,

The above parameter estimation error dynamics (1.13) ensure global exponential stability
(GES) of the zero equilibrium, if the set of regressor signals ¢;(¢)s holds stringent cooper-
ative/collective persistence of excitation (C-PE) condition (Papusha et al., 2014; Wensing
and Slotine, 2018; Stegagno and Yuan, 2019; Chen et al., 2013). Whereas, the concept of

C-PE is explained in the next section.



1.2.5 Cooperative/Collective Persistence of Excitation

The extended version of classical PE condition in multi-agent system (MAS) architecture
named as cooperative persistent of excitation (C-PE) is defined as follows (Papusha et al.,

2014; Chen et al., 2013; Wensing and Slotine, 2018; Stegagno and Yuan, 2019).

Definition 3. A group of bounded vector-valued functions ¢;(t) € RP, where t € [ty, 00),
to > 0,Vi = 1(1)n, are C-PE, if 3T > 0 and Y > 0, such that the following inequality

holds

t+T n

/Z@(T)Qﬁ?(?“)dr > Y1, Vt>t. (1.14)

t =1

]

C-PE condition implies that each regressor signals ¢; () need not be individually
PE, rather the set of signals can collectively satisfy the PE condition. Since in (1.14)
the excitation/richness is needed for the entire time-span, hence the C-PE condition is

restrictive in nature.

1.3 Objective of the Thesis

The main objective of this thesis is to address the problem of the stringent C-PE condition
requirement in distributed cooperative adaptive parameter estimation/control for MAS
problems. This thesis focuses on developing relaxed excitation conditions for distributed
adaptive parameter estimation/control problems while utilizing different communication

topologies.

1.4 Organization of the Thesis

The thesis is organized into seven chapters. Each chapter is composed in a self-consistent
manner without requiring heavy cross-referencing between the chapters for the conve-
nience of readability. The summary of the work presented in each chapter is briefly out-

lined as follows.



Chapter 1: This is an introductory chapter that elaborates on the motivation of
this research, problem orientation, the pertaining gaps in the literature, and an outline of

the dissertation.

Chapter 2 (Part-1): In this part of the chapter, we propose a consensus based
novel PI-like parameter estimator for collaborative system identification. Conventional
online parameter estimation algorithms, which are used for system identification, require
a restrictive condition of PE for the estimates to converge to the true parameters. Some
recent works have shown that collaborative system identification using multiple agents
can relax the PE condition to a milder condition of C-PE for parameter convergence.
The C-PE condition implies that the PE condition is cooperatively satisfied by all the
agents through sharing information between neighbors using a connected graph architec-
ture, where each agent is not required to satisfy the PE condition separately. The proposed
work designs a novel collaborative parameter estimator dynamics, which with the help of
integral-like components ensure parameter convergence under a further slackened condi-
tion; coined as cooperative/collective initial excitation (C-IE). The C-IE condition is an
extension of the concept of IE, which was recently proposed in the context of parame-
ter estimation in adaptive control. It has been already established that IE condition is
significantly less restrictive than PE. The current work generalizes the concept of IE in
multi-agent settings, where information sharing through connected graph guarantees con-
sensus parameter convergence under the C-IE condition. It can be argued that the C-IE

condition is milder than all of the other above mentioned conditions of PE, C-PE, and IE.

Chapter 2 (Part-2): In this part of the chapter, the proposed work designs a
combined cooperative adaptive cruise control (CACC) architecture for an uncertain ho-
mogeneous vehicle platoon. The term “combined” is borrowed from combined model
reference adaptive control (MRAC) literature, which is a combination of direct and in-
direct MRAC (Narendra and Annaswamy, 2012). The combined CACC architecture is
composed of a distributed parameter estimator of the uncertain vehicle dynamics param-
eters and a MRAC control law with a differential control parameter update routine. The
control parameter estimator uses information from the vehicle dynamics parameter esti-
mator making the design analogous to combined MRAC. The distributed parameter esti-
mator of the vehicle dynamics is designed based on a two-layer filtering mechanism (Jha

et al., 2019) and a consensus-based component using information from immediate pre-



ceding and following vehicles’ instantaneous estimation. This distributed estimator can
ensure exponentially fast parameter convergence using the newly defined condition of C-
IE and thereby relaxes the need for excitation (information content regarding the unknown
parameters) to persist for all time. The C-IE condition implies that the IE condition is sat-
isfied by all the agents cooperatively instead of individually. So the information content is
distributed among all the vehicles’ regressors in the initial time-window, which is strate-
gically captured in the distributed estimator dynamics leading to parameter convergence.
Further, the designed MRAC law along with the distributed estimator ensures asymptotic
convergence of the vehicle platoon to a string stable reference platoon, thus maintaining

smooth and safe operation.

Chapter 3 (Part-1): In this part of the chapter, the proposed work extends the
concept of IE/FE in the context of a multi-agent setting while invoking the notion of C-IE
for distributed estimation. The work builds on the formulation of the papers (Papusha
et al., 2014; Chen et al., 2013; Stegagno and Yuan, 2019; Wensing and Slotine, 2018)
which consider a network of multi-agent architecture for online parameter estimation.
The proposed work develops a distributed consensus-based switched parameter estimator
where strategic multiple switching is incorporated to reflect the effect of C-IE condition
ensuring parameter convergence. It is analytically proved that the estimation error dy-
namics shows global exponential stability (GES) under the C-IE condition, which is in
contrast to (Papusha et al., 2014; Chen et al., 2013; Stegagno and Yuan, 2019; Wensing
and Slotine, 2018), where stringent C-PE condition is required to obtain a similar stabil-
ity result. The concept of cooperative initial/finite excitation is introduced in a few recent
works (Yuan et al., 2021, 2018; Rezaei and Stefanovic, 2020; Poveda et al., 2019; Garg
and Roy, 2020a,c), however, all of them have been considered a bidirectional communi-
cation among neighboring agents, i.e., an undirected graph topology is utilized. Unlike
these results, the proposed work allows unidirectional communication among agents as
long as the directed graph is balanced in nature. Further, the formulation is molded as an
online optimization problem. A novel convex cost function is conceptualized in such a
way that the proposed distributed estimator acts as a distributed gradient-descent of the
cost. Moreover, the cost function is proved to be strongly convex under the C-1E condition
thereby making the estimator dynamics a unique global minimizer of the cost. Simulation

results reflect the effectiveness of the proposed algorithm in contrast to traditional C-PE



based estimators.

Chapter 3 (Part-2): In this part of the chapter, we propose a distributed com-
posite adaptive synchronization algorithm for multiple uncertain Euler-Lagrange (EL)
systems, where parameter convergence is achieved under a relaxed mathematical con-
dition as compared to the state-of-the-art. Classical adaptive controllers require an an-
alytical condition, called PE, to ensure parameter convergence, which results in better
transient performance and robustness to disturbance. The PE condition is extended to the
C-PE condition for distributed adaptive controllers with cooperative estimation strategies.
The PE and C-PE conditions are restrictive in nature since these conditions are not sat-
isfied in most practical applications. Recent literature in adaptive control has relaxed the
PE condition to IE, which is shown to be sufficient for parameter convergence. The IE
condition is argued to be significantly milder than PE and can be satisfied in many practi-
cal settings. The proposed result further extends the IE condition to the C-IE condition in
distributed adaptive control architecture in the context of synchronizing multiple EL sys-
tems. It is established that the C-IE condition is milder than PE, IE, and C-PE conditions.
A two-tier filter-based estimation algorithm with strategic switching ensures parameter
convergence under the C-IE condition and thereby provides exponential convergence of
tracking and parameter estimation error to zero. Simulation results validate the efficacy
of the proposed algorithm as compared to conventional distributed adaptive controllers in

terms of superior tracking and estimation performance.

Chapter 4: In this chapter, a novel distributed adaptive parameter estimator is
proposed for a MAS architecture having a strongly connected digraph based communi-
cation topology in the presence of inter-agent communication delay. The proposed algo-
rithm exhibits the following properties; (1) asymptotic consensus of parameter estimates
is ensured without any restriction on the regressor or feature vectors and (2) parameter
convergence is achieved under the uniform C-IE condition. Here, the notion of uniform
C-IE is defined for the regressor concerning the agent dynamics, where each agent is mod-
eled as a single-integrator. Unlike previous results on C-IE, a novel weighting function
based integrator is introduced here. The designed integrator dynamics does not have in-
ternal instability as well as online rank-checking based multiple switching requirements,
which were the major concerns in open-loop and closed-loop filter architectures of C-IE

based designs (Garg and Roy, 2019a, 2020c,b; Goel et al., 2022; Garg and Basu Roy).
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Moreover, the proposed algorithm utilizes a more generalized graph topology of strongly
connected digraph, unlike the previous C-IE based frameworks using undirected graph
(Garg and Roy, 2019a) and strongly connected and balanced digraph (without commu-
nication delay) (Garg and Roy, 2020c¢). Under the condition of uniform C-IE, rigorous
stability analysis with a suitable choice of Lyapunov-Krasovskii (LK) functional candi-
date is performed, which ensures uniform global stability (UGS) and asymptotic conver-
gence in the presence of communication delay and uniform global exponential stability
(UGES) in case of a delay-free setting. Simulation results further validate the efficacy of
the proposed algorithm. As far as the authors are aware, this is the first work on a re-
laxed excitation-based distributed adaptive estimator over a strongly connected digraph,

providing stability guarantees in the presence of communication delay.

Chapter 5: In this chapter, a novel distributed adaptive parameter estimation
(DAPE) algorithm is proposed for multi-agent system (MAS) over weakly connected di-
graph network, where parameter convergence is ensured under a newly coined relaxed
excitation condition, called generalized cooperative initial excitation (gC-IE). This is in
contrast to the past literature, where such DAPE algorithms demand C-PE and generalized
cooperative persistent of excitation (gC-PE) for strongly connected digraph, and weakly
connected digraph networks, respectively, for parameter convergence. The gC-PE and
C-PE conditions are restrictive in the sense that they require the richness/excitation of in-
formation over the entire time-span of the signal/data, unlike the gC-IE condition where
excitation is needed only in the initial time-span. The newly coined gC-IE condition is
an extension of the C-IE condition. While the C-IE condition is applies to a strongly
connected digraph, the newly proposed gC-IE condition extends the concept to a weakly
connected digraph. The proposed algorithm utilizes a novel set of weighted integrator
dynamics, which omits the requirement of computationally involved multiples switching
mechanisms in past literature, while still ensuring parameter convergence. The proposed
algorithm provides global exponential stability (GES) of the origin of the parameter esti-
mation error dynamics under the gC-IE condition. Furthermore, robustness to unmodeled

disturbance is also established in the form of input-to-state stability (ISS).

Chapter 6: In this chapter, a novel distributed adaptive extremum seeking con-
trol (DAJESC) algorithm for a MAS architecture over a weakly connected digraph net-

work is proposed, where parameter convergence is ensured under a newly coined relaxed
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excitation condition, called gC-IE. Here, a zeroth-order optimization framework is used,
where each agent can only query the numerical value of its cost function at the current co-
ordinate, and it is assumed that only the parameter estimates information is shared among
the agents, not the individual cost. Parameter estimation plays a decisive role in the sta-
bility and convergence properties of the DAJESC algorithm and it is also well established
in the existing literature that to ensure parameter convergence in such context a restrictive
gC-PE condition is required. Here, we eliminate the need for a restrictive gC-PE con-
dition by utilizing a novel set of weighted integral filter dynamics, while ensuring suffi-
cient richness using a milder condition, called gC-1E. A detailed Lyapunov function based
analysis is performed to establish the closed-loop stability and convergence in the form
of exponential stability. Moreover, to validate the robustness guarantees in the presence
of unmodeled bounded disturbance, another Lyapunov analysis is performed to establish

the closed-loop stability and convergence in the form of ISS.

Chapter 7: This chapter concludes the thesis with a concise summary of pri-

mary contributions and a brief discussion about future research work.
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Chapter 2

Collaborative System Identification via Consensus based
novel Pl-like Parameter Estimator along with Control

Application



Part I

Collaborative System Identification via
Consensus based novel PI-like

Parameter Estimator
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2.1 Introduction

In this chapter, we propose a consensus based novel PI-like parameter estimator for col-
laborative system identification. Conventional online parameter estimation algorithms,
which are used for system identification, require a restrictive PE condition for the esti-
mates to converge to the true parameters. Some recent works have shown that collabo-
rative system identification using multiple agents can relax the PE condition to a milder
condition of C-PE for parameter convergence. The C-PE condition implies that the PE
condition is cooperatively satisfied by all the agents through sharing information between
neighbors using a connected graph architecture, where each agent is not required to satisfy
the PE condition separately. The proposed work designs a novel collaborative parameter
estimator dynamics, which with the help of integral-like components ensure parameter
convergence under a further slackened condition; coined as cooperative initial excitation
(C-IE). The C-IE condition is an extension of the concept of IE, which was recently pro-
posed in the context of parameter estimation in adaptive control. It has been already
established that IE condition is significantly less restrictive than PE. The current work
generalizes the concept of IE in multi-agent settings, where information sharing through
connected graphs guarantees consensus parameter convergence under the C-IE condition.
It can be argued that the C-IE condition is milder than all of the other above mentioned
conditions of PE, C-PE, and IE. Simulation results further validate the efficacy of the

proposed estimation algorithm.

2.2 Preliminaries

2.2.1 Preliminaries on Algebraic Graph Theory
The graph theoretic notations and terminologies, which are typically referred from (Codsil
and Royle, 2001), are briefly described subsequently.

An undirected graph G = (V, E) is a finite set of n vertices V = {vy,...,v,}
together with a set of m edges E = {ey,...,e,}. An edge e, is defined by unordered

pair of vertices {v;, v;} belongs to the set of vertices V. The adjacency matrix A of the
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undirected graph G is defined as:

+1, if{v,v;} €FE,

0, otherwise.

It can be inferred that the adjacency matrix A is symmetric for undirected graph. The
degree of the vertex v;, denoted as, deg(v;), is the number of neighbors |V;| available to

that vertex. where [V, is defined as the neighborhood of the vertex v; defined as: N; =
{i v} € B},
The degree matrix is a diagonal matrix D € R™ ", which is defined as the

following
deg(vy) ... 0
D= :

0 .. deg(vy)

The Laplacian matrix L = LT € R™*", which is defined as
LED-A (2.2)

is a positive semi-definite matrix for the connected graph (a graph is called connected
if given any two vertices v;, v;, there is a path from v; to v;). For connected graph the
Laplacian matrix L has the property that all its eigenvalues are positive except for the
smallest one, which is zero. For the zero eigenvalue, corresponding eigenvector is 1 =
(1,...,1) € R". In particular, L1 = 0 and 1°L = 0. Since in this part of chapter, we
are considering the communication topology for n number of agents as undirected graph.

Hence the discussion around equations (2.1)-(2.2) is valid only for undirected graph .

2.2.2 Definitions on Signal Excitation conditions
This sub-section introduces signal excitation definition, which are used for commenting
on the convergence properties of the subsequent proposed estimator dynamics.

In contrast to the C-PE condition, a new slackened condition called cooper-

ative/collective initial excitation (C-IE) is introduced in this work and characterized as

16



follows .

Definition 4. A group of bounded vector-valued functions ¢;(t) € RP, where t € [ty, 00),
to > 0, Vi = 1(1)n, are C-IE, if 3T > 0 and Y > 0 such that the following inequality
holds

to+T1 n

/ > 6ilr)e! (r)dr > Y1, 2.3)
=1

to

O

Remark 1. Unlike the C-PE condition (1.14) where excitation has to persist for all time,
the C-IE condition (2.3) demands excitation only in the transient period (initial time-
window of finite-length), making it a practically viable condition. Hence, from the above
discussion, it can be argued that the C-IE condition is milder than all the PE, C-PE, and

IE conditions .

For illustration - it can be shown that neither ¢1(t) = [sin(t),0]T nor ¢o(t) =
[0, cos(t)]” satisfy the PE condition. However the matrix [¢1, 2] is PE i.e., ¢1(t), ¢a(t)
cooperatively satisfy the PE condition (C-PE). Further it can be shown that neither
d1(t) = [exp(—t), 0] nor ¢o(t) = [0, exp(—t)cos(t)| satisfy the IE condition. However
the matrix [¢1, ¢s| is IE i.e., ¢1(t), ¢o(t) cooperatively satisfy the IE condition (C-IE). [

2.3 Problem Formulation

2.3.1 Model Description

The interaction topology of network for n number of agents is represented by the graph
G = (V, E) where, each vertex v; is treated as a single agent and edge e, = {v;,v;} € V
is an available bidirectional communication link between agent ¢ and j, which is based on
connected graph architecture as depicted in Figure 2.1 (below). The output of each agent
yi(t) € R, Vi = 1(1)n is defined as a linear combination of a common set of unknown

parameters as follows:
yi(t) =0 ¢;(t), Vt>to, Vi=1(1)n, (2.4)
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where §# € RP is a constant unknown parameter vector and, ¢;(t) € RP is a known

regressor signal.

Assumption 1. Graph G, which represents the communication topology between all the

agents, is a connected graph. 0

Remark 2. The above posed problem with model (2.4) or equivalent models are used
in adaptive control, composite adaptive control, distributed adaptive control literature
(see (Schwager et al., 2009; Abdul Razak et al., 2018; Papusha et al., 2014; Chen et al.,
2013; Wensing and Slotine, 2018; Stegagno and Yuan, 2019; Yuan et al., 2021; Basu Roy
etal., 2018; Chowdhary et al., 2013) for further details). While this part of the chapter is
entirely focused on parameter estimation, its application in distributed control problems,
such as distributed model reference adaptive control (MRAC) (Peng et al., 2013; Yuan
etal.,, 2019, 2021), distributed adaptive coverage control (Schwager et al., 2008a; Li et al.,
2012), distributed adaptive extremum seeking control (Poveda and Quijano, 2013; Poveda

etal,, 2019; Guay et al., 2015, 2018), etc, are kept as promising future directions. [

Figure 2.1: Connected graph based communication topology for n = 3 agents and m = 2
links.

2.3.2 Estimation Objective

Here, the objective is to design a consensus based PI-like parameter estimation algorithm,

using the online measurements of input (¢;(¢)), output (y;(t)) of the model (2.4) while
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collaborating (sharing instantaneous information) with the neighbouring agents, such that
16;(t) =0 =0 as t— o0, Vi=1(1)n, (2.5)

without requiring the restrictive C-PE condition.

Here, éz(t) € R denotes the estimate of unknown parameter 6 by i*" agent.
While designing the estimator, local information flow i.e., communication from agent j

to agent ¢ is allowed only if j € /V;, which is based on Assumption 1.

For further subsequent formulation and analysis following assumption is con-

sidered.

Assumption 2. ¢;(t) € LN L, ¢Z(t) € Lo, Vi =1(1)n. O

2.4 Pl-like Collaborative Estimator Design

2.4.1 Integrator Dynamics

The work in (Papusha et al., 2014) has designed a collaborative estimator using a simi-
lar model like (2.4). However, the designs require a C-PE condition for parameter con-
vergence. In contrast, the proposed work has introduced a strategically designed set of

integrator dynamics to relax the restrictive C-PE condition for parameter convergence:
Yi(t) = dit)ol (1), Yi(to) =0, Vi=1(1)n 2.6)

i) = ¢i(Dyi(t),  yi(to) =0, Vi=1(1)n 2.7)

where Y;'(t) € RP*P denotes the integrated regressor and y%(t) € RP is known as the

integrated output.

Taking integration of (2.6), (2.7) and using (2.4), it can be concluded that
Yi(t)0 = yi(t), Vt>ty, Vi=1(1)n. (2.8)

The integrated regressor matrix Y/ (¢) has the following two properties, which can be
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directly infer by integrating the right hand side of (2.6).

Property 1. Y/(t) is positive semi-definite function of time i.e. Y}(t) > 0, Vt > t,,
Vi =1(1)n. O

Property 2. Y/ (t) is a non-decreasing function of time i.e. the matrix inequality Y} (t5) >

Y} (t1), for ty > t1, Vi = 1(1)n, holds true. O

2.4.2 Proposed Parameter Estimator

The consensus based novel Pl-like parameter estimator, Vi = 1(1)n, is subsequently

defined as follows:

i

nr

0:(t) = =vou(t)(Gs — i) — k(Y10 —yi) + > ay(6; —6,) 2.9)
Tr b GEN;

Here, the first term 7p of the (2.9) is a proportional-like component, where v > 0 is a
positive real constant to control the local information fusion rate. The component 77 is an
integral-like term and the last term 7 is a term based on the neighbor’s current estimates.
Together 1 and 1> circumvent the C-PE restriction and lead to parameter convergence
under the C-IE condition as revealed subsequently. Moreover, k,v € R. are tuning

parameters.

2.5 Stability/Convergence Analysis

The parameter estimation error dynamics for all n number of agents can be compactly

represented as
AG(t) = —yD(t)AO(t) — kD (1) AB(t) — (L @ I,)A6(t) (2.10)

where ® denotes the kronecker product and [, € RP*P is the identity matrix, column
vectors A(t) = [0T(t),...,07()]" € R™ and A0 = [AOT(t),..., AT (1) € R™ by
stacking the components 0;(t) € R? and Ab;(t) = 0;(t) — 0 € R?, Vi = 1(1)n. And
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O(t), r(t) € R™*" are the block diagonal matrices, which are defined as

o1 ()t (t) ... 0
CI)(t) = . . :
0 Pn(t)ey (2)
and - -
tf ¢1(r)¢i (r)dr 0
O,(t) = :
0 e jqﬁn(r)qﬁz(r)dr

The following Theorem characterizes several properties of the proposed collaborative pa-

rameter estimator dynamics.

Theorem 1. Provided Assumptions 1-2 hold, the parameter estimation error dynamics

(2.9) or (2.10) exhibits the following:

(1) The origin of the parameter estimation error dynamics is Lyapunov stable and all
the auxiliary signals remain bounded for all time.

(2) Asymptotic behavior of prediction errors:

Ay;(t) = gi(t) — yi(t) > 0as t — oo, Vi = 1(1)n.
mi(t) = (Y (1)0;(t) — yi(t)) — 0ast — oo, Vi = 1(1)n.

(3) Asymptotic behavior of parameter consensus:

0,(t) — 6;(t) = 0ast — oo, ¥i,j = 1(1)n.

(4) Parameter Convergence under C-IE: In addition if the definition (4) is true for
the set of regressor signals ¢;(t)'s, then the parameter estimates will exponentially
converge to the true parameter vector i.e. A0;(t) = 0;(t) — 0 — 0 (exponentially
fast) as t — oo, Vi = 1(1)n.

Proof. Consider the following Lyapunov candidate
V(AG) = NI li AOT NG, (2.11)
2 2~ R '

Taking time derivative of (2.11) and substituting the parameter estimation error dynamics
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(2.10), yields
V(AG) = —AOT ((L ® Ip) +y0(t) + k@I(t)) AG <0 (2.12)

where the inequality holds from the fact that the (L ® I,,), ®(¢) and ®,(¢) are posi-
tive semi-definite matrix, which implies that the origin of the parameter estimation er-
ror dynamics is Lyapunov stable. Based on the Assumption 2, it can be conclude that
(®(t), @;(t), d(t),®; € Lo). Using these above arguments, it can be concluded that
V(A(t)) is uniformly bounded above by its initial value, i.e. V(A0(t)) < V(AH(0)), so
AO(t) € Lo, which implies 0;(t) € Ly, i.e., the local prediction j;(t), Y7(£)0i(t) € Lo,
Vi = 1(1)n. This completes the proof of part 1.

For the next part of the proof, differentiating (2.12)

V(AG) = — 2A07 (L ® I,)AD — yAOT D (1) AG — 2y AT B (1) A — kAT D (1) AD
— 2kAOT D (1) AD (2.13)

Using the boundedness related arguments in the last part of the proof, it can be concluded
that V(A) € Ly or V(AH) is uniformly continuous, (V (Af(t) > 0), V(AH(t)) is de-
creasing, and it has a finite limit as ¢ — co. Then by invoking Barbalat’s lemma (Lemma
8.2 at page 323 (Khalil and Grizzle, 2002)), it can be concluded that; V (A8(t)) — 0
as t — oo. Hence from (2.12), it can be concluded that AT ®(t) A, AOT D, (t)AW,
AIT(L® I,)A0 — 0ast — oo .

The first term AGT®(t)AH — 0 as t — oo. In particular this means ®(¢) A0 —

0 which ensure that the local prediction error Ay;(t) — 0 ast — oo, Vi = 1(1)n.

Second term AGT®;(t)Af — 0 ast — oo. In particular this means @7 (t) A0 —
0 which ensure that the integrated regressor based prediction error 0% (t) — 0 as t — oo,
Vi = 1(1)n. This complete the proof of part 2, i.e. the asymptotic behavior of prediction

errors are achieved.

Third term AQ” (L ® I,) A8 — 0 as t — oo, which implies that (L ® I,)Af =
(L ® I,)0 — 0. For a connected graph G, null(L) = null(L ® I,)= span{1,} where null

denotes the null space of a matrix, then 0;(t) — 6;(t) — 0 as t — oo, Vi,j = 1(1)n.
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This completes the proof of part 3, i.e. the asymptotic behavior of parameter consensus is

achieved.
For proof of part 4, since L1 = 0 that implies

(Lo I,,)(%l ©f) =0

Moreover, the eigen-decomposition form of the matrix (L ® I,,) is
(L@ I)(x: ® f;) = Xz @ f;)

whereas the right hand side of both the above equations can be verified on the basis of the
mixed product property PQ ® RS = (P ® R)(Q ® S) for appropriately sized matrices
P,Q,R,and S. And \; > 0, z;, Vi = 2(1)n and f; € RP? is the jth unit vector, Vj = 1(1)p.

Lets define the unit vector z € R™ in this basis as

p n p

1

zzza1j71®fj+225ijxi®fj (2.14)
j=1 n 1=2 j=1

with (al,8) € RP x R~V has unit norm. Define the new quantity ®,,, (), which is the

time average of quantity ®(¢) over the time interval [to, to + 7|
Dpor(t) 2 — / (r)dr (2.15)

Then the proof of part 4 for the Theorem 1 can be done in two stages.

First stage is to show the following integral defined below is uniformly strictly

positive-definite over the time window [to, to + 7]

to+T
1

T / zT<(L®[p)+’yq)(r))zdr = (L) 4y  ®parz > maz {2 (LRL)z, v2" ®prz} > 0.
to
(2.16)
By substituting the (2.14) into (2.16) and using the (L®1,,) (ﬁl@j}) =0, (L®L)(r;®

fi) = Ni(x; @ f;), the first term 27 (L ® I,,)z from max{z" (L ® I,)z, 72" ®por2} can be
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bounded as
n p

TLeL)z=> Y No > (1 |lal]]3)

=2 j=1

where [|a1|[3 +[|0][3 = 1.

The second term 27 ®,,, z is

12 9 PP
Py z =— Z Z al;al;(1® f)Ppr(1® f;) + —= alibi; (1@ fr)" Ppar(z; @ f)
ni 1 j=1 \/ﬁz:Q J=1 k=1
n o p

+ ZZZZ(S”(SM CL’Z ® fg q)bar(xk: & fl)

=2 j=1 k=2 =1

—
>0

using the fact (1 ® fi)" @uor(1® f5) = (¢101);; + - + (9n®L),5

2T ®,,,~ can be bound as

after more simplification

la ||2

ZT(I)barZ Z

— 2y llal[3(1 — [[a1]}3)

where ( is the possible upperbound based on the C-IE definition. thus by clubbing these
two terms together, required lower bound, which is strictly greater than zero for given

time window ¢y, ¢, + 7' is achieved i.e.
maz{z" (L ® Ip)z,va(I)barz} >k >0
where the k; is

ki= inf maz >\2<1—|| 1|y) la 1||§B—27§n\/\|a1||2<1—Ha1||2> . 217
llallla<1 n 2 2

By using continuity argument, infimum in (2.17) is attained and is strictly greater than

zero (if ky is zero and the first term is zero, then the second term should also be zero, 7%

is zero, which is a contradiction from C-IE condition requirement for parameter conver-
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gence).

In second stage for proof of part 4, define

M(t) = (L® L)+ ®/(t) = (L® L)+ /@(r)dr (2.18)

to

from the above stage, it can be deduced that M (t, + T') > 0, Vt > to + T. Furthermore,

from (2.12), it can be concluded that
V(AG) < —AOTM()AO < —Npin (M (1))[|AG])?, ¥t > to+ T (2.19)

using the same argument as in Property 2, M (t) > M (to +T) > 0, Vt > to + T, which
implies A, (M (t)) > ¢ > 0 where the \,;,, is the minimum eigenvalue of matrix M ()

and c is positive real constant. Then from (2.19), it becomes

V(Af) < =2¢V(AO), Yt > to+ T (2.20)
after further manipulation, (2.20) becomes
V(AO(t)) < V(AO(tg+T))e 20D ¢ >ty + T (2.21)

(2.21) implies that the parameter estimates will converge exponentially. This completes

the proof of part 4. 0

2.6 Simulation Results

Consider the communication network example in Figure 2.1 where n = 3 agents, m = 2
links, p = 2. Three agents are tasked to estimate a true parameter vector § = (01, 0,) =

(3, —3) € R? using the model (2.4), where

0 Te tsin(3t) 0
P1(t) = e Pa(t) = , 03(t) = .
2e" 0 cos(t)

The dynamics (2.9) is formulated by considering v = 1, £ = 1, and each a;; = 1
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1.e., consensus is available.

Considering all the above assumptions, a comparison based simulation analy-
sis is carried-out where both, conventional parameter estimator based on (Papusha et al.,
2014; Chen et al., 2013) and a proposed novel PI-lke parameter estimator is taken. Fig-
ures 2.2, 2.3, and 2.4 are based on the conventional parameter estimator based on (Papusha
et al., 2014; Chen et al., 2013), where Figure 2.2 shows the estimate of #, and Figure 2.3
shows the estimate of #;, which signify that, the parameter convergence is not achieved
since C-PE is not true here. Figure 2.4 norm of parameter estimation error ||Af(¢)|| con-
firms the above argument related to the parameter convergence. Figures 2.5, 2.6, and 2.7
are based on the proposed novel PI-like parameter estimator, where figure 2.5, Figure 2.6
signify that the parameter convergence is achieved since the C-IE condition (which is
milder than C-PE) holds for the chosen set of regressors. Figure 2.7; norm of parameter

estimation error ||A6(t)|| confirms the efficacy of proposed PI-like parameter estimator.

Goal
I 45 1\\
R (T
27 L A
= NS e~
<< 25 - - S \‘_~_._~_-
3 D ==t
3.5
-4 L
0 5 10 15 20
t(sec)
Figure 2.2: Estimation of (f; = —3) by parameter estimator based on (Papusha er al.,

2014; Chen et al., 2013).

2.7 Conclusion

This chapter proposes a consensus-based novel PI-like parameter estimator for collab-
orative system identification. The integral component in the estimator dynamics is in-
strumental in ensuring parameter convergence under a newly proposed condition called
C-IE. The C-IE condition is significantly milder than the classical PE condition or its

modification like the C-PE condition usually required for parameter convergence. The
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Figure 2.3: Estimation of (6; = 3) by parameter estimator based on (Papusha et al., 2014;
Chen et al., 2013).

0 5 10 15 20
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Figure 2.4: Norm of parameter estimation error based on (Papusha et al., 2014; Chen
etal.,2013).

t(sec)

Figure 2.5: Estimation of (f; = —3) by proposed novel PI-like parameter estimator.
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Figure 2.6: Estimation of (/; = 3) by proposed novel PI-like parameter estimator.
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Figure 2.7: Norm of parameter estimation error based on proposed novel PI-like parame-
ter estimator.

C-IE condition is an extension of the concept of IE, which was recently proposed in the
context parameter estimation in adaptive control as a milder condition than the PE condi-
tion. This paper generalizes the concept of IE in multi-agent settings, where information
sharing through connected graph guarantees consensus parameter convergence under the

C-IE condition.
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Part 11

Combined Cooperative Adaptive Cruise
Control (CACC) using Collective Initial
Excitation based Distributed Parameter

Estimator
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2.8 Introduction

In this chapter, we design a combined CACC architecture for an uncertain homogeneous
vehicle platoon. The term “combined” is borrowed from combined model reference adap-
tive control (MRAC) literature, which is a combination of direct and indirect MRAC
(Narendra and Annaswamy, 2012). The combined CACC architecture is composed of
a distributed parameter estimator of the uncertain vehicle dynamics parameters and a
MRAC control law with a differential control parameter update routine. The control pa-
rameter estimator uses information from the vehicle dynamics parameter estimator mak-
ing the design analogous to combined MRAC. The distributed parameter estimator of the
vehicle dynamics is designed based on a two-layer filtering mechanism (Jha et al., 2019)
and a consensus-based component using information from immediate preceding and fol-
lowing vehicles’ instantaneous estimation. This distributed estimator can ensure exponen-
tially fast parameter convergence using the newly defined condition of C-IE and thereby
relaxes the need for excitation (information content regarding the unknown parameters)
to persist for all time. The C-IE condition implies that the IE condition is satisfied by all
the agents cooperatively instead of individually. So the information content is distributed
among all the vehicles’ regressors in the initial time-window, which is strategically cap-
tured in the distributed estimator dynamics leading to parameter convergence. Further,
the designed MRAC law along with the distributed estimator ensures asymptotic conver-
gence of the vehicle platoon to a string stable reference platoon, thus maintaining smooth

and safe operation.

s Communication with estimation information.

s COMMUunication with sensor measurment information.

Figure 2.8: CACC based homogeneous vehicle platoon.
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2.9 Model Description

2.9.1 Model Description for Vehicle Platoon Architecture

Consider a homogeneous platoon with n number of vehicles. Figure 2.8, shows the pla-
toon where v;(t) € R denotes the velocity (m/s) of vehicle i, and d;(t) € R is the distance
(m) between vehicle 7 and its preceding vehicle ¢ — 1. This distance is measured using a
radar or lidar mounted on the front bumper of each vehicle. Furthermore, each vehicle in
the platoon string can communicate with its preceding vehicle via wireless communica-
tion. The main task of every vehicle in the platoon, except the Leader (virtual leader in the
proposed model), is to maintain some desired inter-vehicle distance d,.;(t) € R between
itself and its preceding vehicle. Define the set S, = {i € N|1 < i < n} with the index
v = O is fixed for the virtual leader. To regulate the inter-vehicle distance, a constant time
headway (CTH) spacing policy is chosen, which is based on (Rajamani and Zhu, 2002).
The CTH is formulated by defining the d,.;(t) as

dpi(t) = r; + hoi(t), Vi € S, (2.22)

where r; € R is the standstill distance (meters) and hA > 0 is the time headway (seconds).

Hence the spacing error (meters) of the i*" vehicle is defined as

eilt) =di(t) — d, (1) (2.23)

=(qi_1(t) — qi(t) — L) — (i + hoy(t)), Vi € S, (2.24)

where ¢;(t) € R and L; € R representing the rear-bumper position (m) and length (m)
of vehicle ¢, respectively. The desired behavior of the string of vehicle platoon is coined
in terms of string stability, which captures the notion of attenuation of disturbances like
emergency braking (Ploeg et al., 2013). An established definition of string stability is as

follows.
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Definition 3 (String Stability (Ploeg ef al., 2013))

Consider the acceleration of vehicle i is denoted by a,;(¢) € R. Then, a platoon can be

considered as string stable if

sup | X;(jw)| = sup M <L, VieS, (2.25)
w w | @i—1(jw)
where a;(jw) is the Laplace transform of the acceleration of vehicle . [

The dynamics of the i** vehicle is represented by the following model.

unl=10 0 1 v | +Fl0|vici+] 0 |w, Vies, (2.26)
a; 0 0 -1/ \a 0 2

where u;(t) € R is the control input (m/s?) of vehicle i and 7 denotes each vehicle’s
unknown driveline time constant (seconds) and €) denotes the engine’s performance. En-
gine’s performance is effected by the different type of disturbances such as wind gust,
slope of road, etc. Based on model (2.26) proposed in (Ploeg et al., 2013; Harfouch et al.,
2017) and considering the ideal engine’s performance, the virtual leader vehicle model is

defined as

€o 00 O €o 0

ol =10 0 1 vol|l T 0 | ©o (2.27)
: 1 Q

aop 00 — P aop %

2.9.2 Baseline Controller and CACC Reference Model

By considering various baseline conditions such as ideal engine performance, persistent
communication availability between consecutive vehicles, the authors in (Ploeg et al.,
2013) derived a controller and a spacing policy, which ensures string stability of the pla-

toon. The CACC baseline controller is defined as

1
Up; = E< —up,; + Kpe; + Kqé; + sz,z‘—1>, up,i(to) =0 (2.28)
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where K, and K, are the tuning parameters for controller. The term, u;;—; introduces
information from the precedent vehicle (i — 1), which makes CACC a powerful scheme

in contrast to ACC. Further the control input of the virtual leader is designed as

1
uo = E(—UO + ur) (2.29)

where u,.(t) € R is an external input acting as the desired acceleration (m/s®) of the
virtual leader.

To design the adaptive component of the controller based on MRAC approach,

the CACC reference model is defined subsequently as provided in (Harfouch et al., 2017).

Cir 0 -1 —h 0 €ir 1 0
v 0 0 1 0 v; 0 0 1
S o R ], vies,
Q; 0 0 o % Q. 0 0 Upl,i—1
K K 1 K 1 —
Ui W e =g ) \Wir o wi
—— ~ s N — ——
jji,r A’V‘ Zi,r Bw,T
(2.30)

where z;,.(t) € R* and w;(t) € R? are i"* vehicle’s reference state vector and input
vector, respectively; and A, € R4, B, € R are the system matrix and input matrix,

respectively. Further, combining (2.27) with (2.29), the virtual leader dynamics become

€o 00 O 0 €o 0
) 0 0 1 0 ) 0
9| = N o+ . 2.31)
do 00 — % % ao 0
Uo 00 O —% Uo %
To zgl,r o Blr

It has been proved in (Ploeg et al., 2013) that, the reference model (2.30) is asymptotically

stable around the equilibrium point
Lireq = (0 vo 0 O)T7 for zp = Tireq and u, =0 (2.32)

where vp is a constant velocity, provided that the following Routh—Hurwitz conditions
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are satisfied:

h>0, Ky, Ks>0, Kg > 10K, (2.33)

To invoke string stability of the CACC reference platoon dynamics (2.30), the following

transfer function model is considered,

1
Xi(s) = 7—— Vi€ 5, (2.34)

which satisfies the string stability condition (2.25) based of Definition 3 for any h > 0.

2.9.3 MRAC in conjunction with Baseline Controller

In this section, CACC reference model (2.30) will be used to design the control input
u;(t), Vi € S, such that the uncertain platoon’s dynamics described by (2.25) and (2.26)
converge to the string stable nominal dynamics. To achieve this, the baseline controller is

augmented with an adaptive controller as

Ul(t) = Ubu(t) + Uad,i(t)7 Vi € Sn (235)

where u,4,(t) € R is the adaptive controller to be constructed subsequently. Now substi-

tuting (2.35) in (2.26) and exploiting (2.28), yields, Vi € S,

é; 0 -1 —h 0 e; 1 0 0
V; 0 0 1 0 V; 0 0 Vi1 0
= + + Uqd,i
a; o o -1 £ a; 0 0 \upi 2
Upr,g L K g, -1 Upl; 2 1 wi 0
~— ——

T A X4 By By

(2.36)
where z; € R, A € R4, B, € R*, and w4, (t) is defined as

Ugg; = KTa;, Vi€ S, (2.37)

where K (t) € RY,

As compared to conventional CACC architectures (Harfouch et al., 2017), this
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work modifies the reference model (2.30) by incorporating actual state information in the

reference model dynamics as
fbi,c = Arxi,c + wai —f- l([El(t) — xi,c@)); VZ - Sn (238)

where [ > 0 is the free design parameter. In (Gibson et al., 2013), this type of reference
model modification is denoted as closed-loop reference model. The parameter [ plays
a crucial role in the proposed CACC architecture as revealed in the subsequent stability
analysis. Moreover, note that if asymptotic convergence of z;(t) to z; .(t) is satisfied,
z; (t) will also tend to x; ,.(t), which implies that the fundamental objective of following
the open-loop string stable model (2.30) is not hampered in the proposed closed-loop

modification.

To facilitate the design objective of making system (2.36) respond as the chosen
reference model (2.38), the following matching condition is introduced (Gibson et al.,

2013).

Assumption 3. There exist constant matrix K* € R* such that

A, = A+ B,K*" (2.39)

The tracking-error (between actual and closed-loop reference model) is defined
as

using (2.40), (2.39), (2.38), (2.37), and (2.36), the tracking-error dynamics Q(t) can be
expressed as

G(t) = A —1¢G + B, K x;, Vie S, (2.41)

where (;(t) € R* and K (t) £ K(t) — K*. The standard direct projection based adaptive
update law for K inspired from (Gibson et al., 2013) is, K (t) = Projo(—T'¢T ;BT P, K).

Since in present context 53, is unknown, the control parameter update law is designed as

K(t) = Projo(—T¢T+,BT P, K), Vi € S, (2.42)
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where I' > 0 and P = PT € R*** is positive definite solution of following algebraic
Lyapunov equation

ATP+ PA, =—-Q (2.43)
where () € R*** is a chosen positive definite matrix.

The quantity B,(t) is an online estimate of the unknown input matrix. The

following subsection develops the distributed platoon parameter estimator, which supplies

~

B, (t) for the control parameter update.

2.9.4 Online Identification for Unknown Platoon Parameters

From the structure of (2.36), it can be conclude that the dynamics

1 Q Q
a; = ——=a; + —Upi + —Uad,i, Vi € Sy (2.44)
T T T

only makes (2.36) uncertain, otherwise, all other parameters are known. Hence taking

advantage of that structure, the linear parameterization of (2.44) is obtained as

where y;(a;, u;) € R? is the known regressor and 6 € R? is the unknown platoon param-

=yl (a;,w;)0, Vi € S, (2.45)

N A=

eter needs to be estimated.

Assumption 4. ||0|| < &y, for some known constant 6; > 0. O

To handle the unavailability of the acceleration measurement a;(t), the follow-

ing filter equations are designed as

Gi(t) = —kgi(t) + ai(t), gi(to) =0, Vie S, (2.47)

where z;(t) € R? denotes the filtered regressor matrix and ¢;(t) € R denotes the filtered

version of a;(t) and k is a positive scalar introduced to stabilize the above filter equations.
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Analytically solving (2.46) and (2.47) and utilizing (2.45), the following rela-
tion can be deduced.

gi(t) =z (1)0, Vi € S, (2.48)

From (2.47), g;(t) cannot be explicitly computed since @;(t) is unknown. However, after
analytically solving (2.47) and applying the by-parts rule of integration, it can be shown
that

gi(t) = a;(t) — e *a;(to) — khy(t), a;(ty) =0, Vi € Sy, (2.49)

where h;(t) € R is the output of the subsequently designed filter dynamics.
hi(t) = —khi(t) + a;(t), hi(te) =0, Vi € S, (2.50)

Since a;(t) is measurable, (2.48) and (2.49) can be utilized to obtain g;(¢) online. Hence,
it can be argued that the above filter equations (2.46) and (2.47) converts the differential
equation in (2.45) to an algebraic one in (2.48), leading to the omission of a;(¢) informa-
tion. A gradient-based law using (2.48) can be designed to estimate the system parameter
0, Vi € S,. However, this type of law requires the stringent PE condition on z;(t) for
parameter convergence (Narendra and Annaswamy, 2012). To overcome this restriction,
another pair of projection-based integral law is introduced, inspired by (Basu Roy et al.,
2018).

M;(t) = proj(z:(t)z{ (t)), Mi(te) =0, VieS, (2.51)

7

wi(t) = proj(z(t)gi(t)), wilte) =0, Vie S, (2.52)

where the square matrix M;(t) € R**? denotes the integrated filtered regressor and
w;(t) € R? can be thought of as integrated filtered version of @;(¢) (although dimen-
sionally w;(t) is different from @;(¢)). Unlike (Adetola and Guay, 2008; Roy et al., 2016),
the use of proj(.) (Basu Roy et al., 2018), which denotes projection operator, restrict the

variables M;(t) and w;(t) within a compact set.

Proposition 1. Integrating (2.51) and (2.52) and using (2.48), it can be shown that

Proof. For proof refer the (Basu Roy et al., 2018). [l
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The matrices M;(t)’s have the following properties:
Property 3. M;(t) is a positive semi-definite function of time i.e. M;(t) > 0, Vt > t,. [
Property 4. M;(t) is a non-decreasing function of time in the sense of matrix inequality

i.e., Mz(t2> Z Mz(t1>, vtg Z tl 2 to. ]

By exploiting these two properties, above filtering, and proj(.) based argu-
ments, a novel distributed consensus-based parameter estimation law is proposed as fol-

lows (Garg and Roy, 2019b).

P I JEN;
C

where 0;(t) € R? is an online estimate of the unknown platoon parameter vector 6, Vi €
Sp, and ky > 0 and I'y > 0 are two positive scalar gains used to tune the rate of con-
vergence and the neighbors sets are defined as Ny = {2}, N, = {(i — 1),(i + 1)}, Vi =
2,3,..,n—1,N, = {n — 1}. Here, the first term P of (2.54) is a proportional-like com-
ponent, the component [ is an integral-like term and the last term C' is a term based on
the neighbor’s current estimates according to chosen network topology. Together / and
C' circumvents the C-PE restriction and leads to parameter convergence under the C-IE

condition as revealed subsequently.

Assumption 5. The set of filtered regressors z;(t), Vi € Sy, satisfy the C-IE condition as

per the Definition 4. [

2.9.5 Compact Representation for Parameter Estimation Error Dy-

namics

The parameter estimation error dynamics for all the » number of unknown follower vehi-

cles in the platoon can be compactly represented as

AG(t) = —kg®(H)AO(t) — Ty, (H)A0(E) — (L @ I,) AO(?) (2.55)
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where L € R™ " denotes the laplacian matrix, which is used to represent the estimation
information sharing phenomena over the given network topology as in (Garg and Roy,
2019a), ® denotes the kronecker product and I, € R?*? is the identity matrix, column
vectors 0(t) = [01(t),...,0,(1)]T € R and AO(t) = [A6(t),..., A0, ()T € R
by stacking the components ;(t) € R? and AG;(t) = 0;(t) — 0 € R, Vi € S,. And

(t), () € R"**"2 are block diagonal matrices, which are defined as

z21(t) () ... 0
O(t) = :
0 za(t) 2 ()
and
proj(z1(r)= (r)) ... 0
Pr(t) = :
0 oo proj(za(r)zy (r))

Theorem 2. The origin of the parameter estimation error dynamics (2.55) is Lyapunov
stable, in addition if the Assumption 5 is satisfied, then ||A0(t)|| exponentially converges

to zero, ¥t > tog + T i.e.,
[AG(E)]| < ye™™, Ve > tg+ T (2.56)
for some positive scalars v, and .
Proof. Consider the following Lyapunov candidate
Vi(Af) = %AQTAQ (2.57)
Taking the time derivative of (2.57) along the dynamics (2.55) yields
V1 (AG) = —A0T<(L ® I) + ko®(t) + F9<I>I(t)>A0 <0 (2.58)

which implies V;(Af) € L. and it is non-increasing in time V¢ > o, i.e., the origin of

the dynamics of A#(t) is Lyapunov stable.
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Let’s assume the matrix .J(¢), which is defined as
J(t) £ (L@ L)+ ®(t) = (L® L) + proj(®(t)) (2.59)

then by referring the proof of Theorem 1 from (Garg and Roy, 2019a), it can be concluded
that J(to +7) >0, Vt > to+ 1.

Hence, (2.58) can be upper bounded as
VA(A) < —A0"J (1) A0 < —Ain (J(1))[| AG]? (2.60)

using the same argument as in Property 4, J(t) > J(to +T) > 0, ¥Vt > tq + T, which
implies that \,,;,(J(t)) > ¢ > 0, where the \,,;, is the minimum eigenvalue of matrix

J(t) and c is positive real constant.

Using (2.57), (2.60) can be expressed as

Vi(AB) < —2cV4(AG), Vit > to+T (2.61)

This differential inequality leads to the following exponentially convergent bound on
V(A)
Vi(AO() < Vi(AO(to + T))e 2001t >ty 4+ T (2.62)

From (2.57), ||A6(t)|| = +/2V1(AO(t)), which implies that ||Af(t)|| is exponentially
convergent to zero for t > t, + 7, i.e., (2.56) holds true. Since V;(Af(t)) in (2.57) is

radially unbounded, the mentioned result is globally valid. [

Remark 3. From classical control literature, it is well established that an integral action
in conjunction with a proportional control improves the steady-state accuracy. Motivated
by the power of integral action, the integral-like component I is introduced in the update
law, which reduces the steady state parameter estimation error. The integral term in
conjunction with the cooperative term C' circumvents the restrictive C-PE condition for

parameter convergence while requiring a milder condition of C-IE. 0
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2.10 Tracking-Error Stability/Convergence Analysis

The tracking-error dynamics ¢(¢) for all n number of vehicles in the platoon are compactly

represented as
C) = (In® (Ar = 1L) )6(8) + (A @ B)K” (t)a(t) (2.63)

where ((t) € R™, z(t) € R™, K(t) e R* and 1,, = {1,...,1} € R"*",
The compact representation for K (t) dynamics from (2.42) is given as

A~

K (t) = Projo(-T(1, ® B)(I, ® P)¢xT, K) (2.64)

where the Proj operator in (2.64) ensures that K () remains within a compact set for all

time (Lavretsky and Wise, 2013).

Theorem 3. For the system (2.36) along with control input (2.37), the parameter update
laws (2.55) and (2.64), and the overall error dynamics n(t) = [T (t), AT (t), KT (t)]7 is
Lyapunov stable ¥t > t, + T, provided Assumption 5 holds. In addition, the tracking-
error ((t) tends to zero asymptotically with asymptotic string stability i.e., lim;_, oo [z;(t) —

z;i.(t)] =0, Vi € S,,.
Proof. Consider the following Lyapunov candidate.
Vy = %CT(In ® P)¢ + %Tr(f(Tr—lf() + %AGTAG (2.65)
Taking the time derivative of (2.65) along the system trajectories, yields
Vy = %CT(I,L ® P) + %éT(In ® P)¢ + Tr(f(Tr-lf() + AT AG (2.66)

after putting (2.63), (2.64) and using the compact representation of Lyapunov equation
(2.43) and resulting argument from proof of Theorem 2, the relation in (2.66) can be

modified as

V; < —%cTun@Q)g—ch(In@P)c—kl||A0\|2+QT<In®P><1£ @B, K x, Vt > tg+T
(2.67)
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where ky is the A,,;,(J(to + T')) and the inequality is due to (2.64). Further (2.67) can be

upper-bound as

: 1 -
Va < =5 Amin(In @ Q)[C15 = Dmin (1, @ P)[C I3 =R | AG) G+ (Lo P)(1;®B,)K x
(2.68)
where A, (+) is the minimum eigenvalue of the specified matrix. From (2.40), (2.64) and

by considering the proof of Theorem 2, (2.68) can be further modified as

. 1
+11(In © P £l A0 2] [KT112]1¢1]5 + [|(1n © P AO]2[| KT [[2][¢] |22 el |2
(2.69)

where || - ||r denotes the Forbenious norm of a matrix and || - ||2 denotes the 2-norm,

which is used for vectors.

Since ||, ® P||r € L, ||Af||2 € L based on proof of Theorem 2 and

|K||; € Lo, using proj(.) operator, and (2.69) can be restructured as

: 1
Va < = 5 Amin(Tn @ Q)IICIz = Dmin(Tn @ PIIC]Iz = R || A]15 + 05| A] [ C]3

+ 04|20 |2/1¢] 12 (2.70)

where 03,0, > 0. If the tracking-error ((t) fulfills the following condition

m—24
<l < — ! Q2.71)
3
where m > d4, the following inequality can be written.
051113 + dall¢ll> < mllc] - (2.72)

Hence, based on (2.72), inequality (2.70) can be further simplified as

: 1
Va < =5 min(In @ QI3 = Dmin(Ln @ P)[C]13 + ml[C]|2]|A0] |2 — ka||AB][5 (2.73)
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It can be deduced that if the subsequent gain condition

m2

k
Y o (In ® P)

(2.74)

is satisfied, then Vg(t) is negative semi-definite. Therefore, V5, € L., which imply that the
overall error dynamics 7(t) € L. Further, the tracking-error ((t) can be upper-bounded

by the following inequality

2V (¢)

vt > 1. (2.75)

Since VQ <0, Vt > ty, the inequality in (2.75) can be alternatively expressed as

2V(to+1T)

Vit >ty +T. (2.76)

The Lyapunov function V5 () can be further upper-bounded as

1 .
V() < 5 (AnaaTn @ PICOIE+ X5 OUIET O + AR, ¥t > to. 2.77)

Selecting ||A(0)]] < 4, and considering Assumption 4, it can be claimed that

120(8)|| < 26, Vit > to. (2.78)

Therefore, using (2.77), (2.78) and (2.64), an upper bound of ((t) can be calculated ana-
lytically from (2.76) as

I,® P T)||3 +2X\ 1 ()62 4 262
() < \/Amm<n® Clto + TIE + 20y (VB +208 2

(& J/
v~

v

Where 65 is the upper bound K (t), based on proj operator. Since the stability proof

requires (2.71) to be satisfied, it implies that the error bound v should be less than mé;j“

Thus, m is chosen in such a way that, it should satisfying the following inequality

m > 04 + O3V (2.80)
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where a crude estimate of v is utilized using ((¢o). The choice of m, which satisfies (2.80)
is finally used in (2.70) to derive the sufficient gain condition for Lyapunov stability.
Further using Barbalat’s Lemma (Lemma 8.2 at 323 page (Khalil and Grizzle, 2002))
on (2.73), it can be conclude that the tracking-error ((¢) is asymptotically converging to

ZEero. L]

Remark 4. Since the actual system (2.36) is a linear system with the right-hand side to be
globally Lipschitz, using Global Existence and Uniqueness Theorem (Theorem 3.2 at page
93 (Khalil and Grizzle, 2002)), it can be claimed that the system dynamics will remain
bounded in the initial time-window [ty,to + T'). Moreover, note that there is a crucial
difference between the gain condition (2.74) and a similar gain condition obtained in (Roy
etal., 2017a) for a single agent linear MRAC problem. Unlike (Roy et al., 2017a), the gain
condition is shared between | and k,. Hence, due to the introduction of the closed-loop
reference model, the burden of the gain condition is divided between the closed-loop gain

[ and the distributed estimator gain k. [

2.11 Simulation Results

The proposed algorithm is simulated by considering the protocol as in Figure 2.8, where
3 unknown homogeneous vehicles are forming a vehicle platoon using a virtual leader,

which have following system parameters.

70 =019 =1,7=04,Q2 =038, Vi € {1,2,3}. The time gap h = 0.7s.
The baseline controllers’ gains are chosen as K, = 0.2 and K; = 0.7 in order to maintain
both string stability conditions (2.33) and (2.34). The desired acceleration is selected as
u-(t) = 80exp(—2t); the design parameter [ is chosen as [ = 5, the adaptation gains are

chosen as kg = 5, 'y = 5.

Figure 2.9 shows the convergence of the norm of tracking error ((t) to zero
and Figure 2.10 shows the norm of controller parameter estimation error K (t) € L.
Figure 2.11 shows the norm of error between the CACC reference model (2.30) and the

CACC closed-loop reference model (2.38). From Figure 2.11, it can be concluded that
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limyyo0[zi(t) — 24,-(t)] = 0, Vi € {1,2,3}, which is the primary design objective. Fig-
ure 2.12 represents the comparison of velocity profile, which portrays velocity synchro-
nization of the entire platoon. Figure 2.13 represents the comparison of the norm of
parameter estimation-error Af(t) for various cases, like P: means parameter estimator
consist only proportional error like the term, P + C: means only proportional and con-
sensus terms are used in the estimator, P+ [ + C': means all terms including integral term
are used. Moreover from Figure 2.13, it can be inferred that integral and consensus terms
are significant in achieving the exponential convergence under the C-IE condition. The C-
IE condition is satisfied approximately after some finite time as verified in the simulation

by checking the determinant of the matrix J(t).
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2.12 Conclusion

This chapter proposes a combined CACC architecture using a closed-loop reference model
based MRAC algorithm for a homogeneous platoon, without knowledge of the platoon
vehicle dynamics parameters ) (engine performance) and 7 (driveline constant). The
method is composed of a novel distributed consensus-based plant parameter estimator in
conjunction with a differential adaptive update law for the control parameters. Provided
the set of filtered regressors z;(t), Vi € S, is C-IE, the algorithm guarantees exponen-
tial convergence of parameter estimation error Af(¢) as well as asymptotic convergence of
tracking error ((t) to zero. The C-IE condition is milder than all the conditions for param-
eter convergence available in literature like PE, C-PE, IE, etc. The use of the closed-loop
reference model instead of the open-loop reference model in MRAC protocol provides
an additional design freedom in the CACC algorithm, which is used to achieve better

transient as well as stability guarantee.
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Chapter 3

Distributed Adaptive Parameter Estimation without

Persistence of Excitation along with Control Application



Part 111

Distributed Adaptive Estimation
without Persistence of Excitation: an

Online Optimization Perspective
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3.1 Introduction

In this chapter (part-1), the proposed work extends the concept of IE/FE in the context of a
multi-agent setting while invoking the notion of C-IE for distributed estimation. The work
builds on the formulation of the papers (Papusha et al., 2014; Chen et al., 2013; Stegagno
and Yuan, 2019; Wensing and Slotine, 2018) which consider a network of multi-agent
architecture for online parameter estimation. The proposed work develops a distributed
consensus-based switched parameter estimator where strategic multiple switching is in-
corporated to reflect the effect of C-1E condition ensuring parameter convergence. It is
analytically proved that the estimation error dynamics shows global exponential stabil-
ity (GES) under the C-1E condition, which is in contrast to (Papusha et al., 2014; Chen
et al., 2013; Stegagno and Yuan, 2019; Wensing and Slotine, 2018), where stringent C-PE
condition is required to obtain a similar stability result. The concept of cooperative ini-
tial/finite excitation is introduced in a few recent works (Yuan et al., 2021, 2018; Rezaei
and Stefanovic, 2020; Poveda et al., 2019; Garg and Roy, 2020a,c), however, all of them
have considered a bidirectional communication among neighboring agents, i.e., an undi-
rected graph topology is utilized. Unlike these results, the proposed work allows unidirec-
tional communication among agents as long as the directed graph is balanced in nature.
Further, the formulation is molded as an online optimization problem. A novel convex
cost function is conceptualized in such a way that the proposed distributed estimator acts
as a distributed gradient-descent of the cost. Moreover, the cost function is proved to
be strongly convex under the C-1E condition thereby making the estimator dynamics a
unique global minimizer of the cost. Simulation results reflect the effectiveness of the

proposed algorithm in contrast to traditional C-PE based estimators.

3.2 Preliminaries

3.2.1 Preliminaries on Algebraic Graph Theory

The communication topology among n number of agents are described by a directed graph
(Godsil and Royle, 2001). Let G = (V, E) be a directed graph, where V = {1,...,n} is

a set of n vertices, F C V x V is a set of edges. In a directed graph, an edge (7,j) € E
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signifies that j** agent can get information from 3*" agent but converse is not true. In this
case, i'" agent is called a neighbor of j'* agent. Here, V; is defined as the set of neighbors
for the i*" agent, defined as: N; = {j € V | (j,i) € E}. Note that self edges (i, i) are
not allowed, thus (z,7) ¢ E and ¢ ¢ N;. The adjacency matrix of the graph G is defined
as A = [a;;] € R™", where a;; = 1if (j,7) € F and a;; = 0if (j,1) ¢ E. A directed
path from node ¢ to node j is a sequence of edges in a directed graph. If there is a path
between every pair of nodes in a graph, then the graph is connected. A directed graph
is strongly connected, if there exists a directed path connecting every pair of nodes. The
degree of the vertex i, denoted as, deg(7), is the number of neighbors |V;| available to that
vertex. The Laplacian matrix L € R™ " of the graph G is defined as L. £ D — A, where
D £ diag{deg(1),...,deg(n)} € R™*" is the degree matrix. A node is balanced if its
in-degree equals its out-degree, i.e., > ., a;; = » ., aj;. A directed graph is balanced if

all its nodes are balanced.

3.3 Problem Formulation

3.3.1 Multi-Agent System (MAS) Architecture

The communication topology for a MAS architecture, comprising n number of agents,
is represented by the graph (G, where each vertex is treated as an agent and edge £ =
(i,7) € V, denote the communication link between i*"agent and j**agent. The output of

each agent y;(t) € R is defined subsequently.
yi(t) = ¢ ()0, ¥t > to, Vi = 1(1)n (3.1)

where 6 € R? is a set of constant unknown parameters and ¢;(t) € R? is a known, contin-
uous, and uniformly bounded basis functions/feature vectors (also known as “regressor”

in adaptive control literature).

Assumption 6. Graph G, which represents the communication topology among n number

of agents, is directed strongly connected and balanced. [
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3.3.2 Objective

The objective of this work is to develop a distributed adaptive parameter estimation algo-
rithm, using the online measurements of input (gbl(t)) , output (y,(t)) of the model (3.1)
while collaborating (sharing instantaneous information) with the neighbouring agents,
such that

10;(t) — 0] = 0 as t — oo, Vi = 1(1)n, (3.2)
without requiring the restrictive C-PE condition.

Here, éz(t) € R denotes the estimate of unknown parameter 6 by i*" agent.
While designing the estimator, local information flow i.e., communication from agent j
to agent ¢ 1s allowed only if j € NN;, which is based on Assumption 6 (see Figure 3.1 for

more illustration).

Lemma 1. For a strongly connected directed graph G, Laplacian matrix L € R™™" has

the following properties.

(1) It has a simple zero eigenvalue corresponding to the right eigenvector 1,,, and all
non zero eigenvalues have positive real part.

(2) Let s = [s1,89,...,8,], si € Rug, i = 1(1)n, be the left eigenvector of L asso-
ciated with the zero eigenvalue and S = diag(sy, 52, ..., 5,). Then, mingr,_ , 4

% > % where L £ SL + LTS > 0. Moreover, s = 1,, iff G is strongly
connected and balanced.

Proof. For proof refer to Lemma 3 (chapter 1) (Li and Duan, 2017). ]

Figure 3.1: Communication topology for n = 5 agents based on Assumption 6, where
blue arrow represents the communication link between agents.
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Further subsequent assumptions are considered to facilitate the distributed adap-

tive law design.
Assumption 7. ¢;(t), ¢i(t) € Lo, Vi = 1(1)n. O

Assumption 8. The group of regressors ¢;(t)'s, Vi = 1(1)n, satisfy the C-IE condition
(as per the Definition 4). 0

3.4 Distributed Adaptive Parameter Estimator Design

This section elaborates the implementation procedure for the distributed adaptive param-

eter estimator design.

3.4.1 Filter Dynamics

Classical distributed adaptive parameter estimation algorithms demand C-PE condition
(Papusha et al., 2014; Chen et al., 2013; Wensing and Slotine, 2018; Stegagno and Yuan,
2019) for parameter convergence, which is restrictive in the sense that it requires excita-
tion/richness of the information content over the infinite time window. A layer of filter
dynamics are introduced (motivated from (Kreisselmeier, 1977; Cho et al., 2017; Roy
et al., 2017b)) to overcome this C-PE limitation and instead exploit the benefit of C-IE,
Vi=1(1)n

You(t) = —6Yo(t) + ¢s(t)dF (1), Yeu(t) =0 (3.3)
Wei(t) = =0Wei(t) + ¢i(t)ys(t), Weilto) = 0 (34)

where Y ;(t) € RP*P denotes the filtered regressor, W ;(t) € RP is known as

the filtered output and 6 € R is a positive constant tuning parameter.

Remark 5. An open-loop counter-part of these closed-loop filter dynamics (3.3)-(3.4)
(i.e., with 6 = 0) is used in the literature (Adetola and Guay, 2008, 2010; Krause and
Khargonekar, 1987) to estimate the unknown parameters, however, the open-loop ver-

sion may lead to unboundedness of the filter dynamics if the computation is continued
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for infinite time. Also, in the appearance of bounded disturbance in the dynamics, and
measurement noise in the sensors, these open-loop integrals can lead to instability of the
overall error dynamics. These issues can be overcome by employing a closed-loop stable

filter design as in (3.3)-(3.4). ]

Taking integration of (3.3), (3.4) and using (3.1), it can be concluded that

From (3.3), the square matrix Y ;(t), Vi = 1(1)n can be expressed as

You(t) = cap{—ot} / cap{or} ¢i(r)e (r) dr (3.6)
>0 to >1 >0

using (3.6), the following property can be deduced to be utilized subsequently.

Property 5. Yo ;(t) is positive semi-definite function of time i.e., Yo ;(t) > 0, Vt > t,,
Vi=1(1)n. O

The following subsection analyzes several features of the second-layer filter
outputs in terms of two lemmas, which acts as a cornerstone of the proposed distributed

adaptive estimator design.

Insights to the filtered regressors Y ;(t)s

Lemma 2. rank(Yc;(t))=rank(Yo,(t)), Vt € [to, 00), where Yo ;(t) is described as
Yo(t) = ¢:(t)o7 (t), Yo,(to) =0, Vi =1(1)n 3.7)

and the operator rank(-) implies the rank of the argument matrix.
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Proof. From (3.7), the regressor Y¢ ;(t) can be upper bounded as

t

Yoult) = [ eap{=6t — r))oxtr)of (r)ar
to
t
< / Gi(r)g; (r)dr = Yo,(t) (3.8)
to
further using (3.7), the regressor Y ;(¢) can be lower bounded as

Yoult) = exp{—d(t — o)} / 6:(r)! (r)dr
to
= cap{—3(t — t0)}Yo(t) (3.9)
clubbing (3.8) and (3.9), Vi = 1(1)n, yields
exp{—0(t — to) o(t) < Yeult) < You(t), Vit > to (3.10)

from (3.10), Proposition 2 (Appendix A), proof of the Lemma 2 can be inferred. [

Lemma 3. rank(Yc;(to + T}, ))=m;, where m; € I, and T}, € R, implies that
rank(Ye;(t)) > my, Vt € [to + T}, , 00), Vi = 1(1)n.

Proof. From (3.7), it can be inferred that
Yo,(ta) < Yo,u(th), forta >t > 1o, Vi=1(1)n (3.11)

using Lemma 2, rank (Yc;(to + 77%,))= rank (Yo ;(to + 17, ))= m;. Further using (3.11),

it can be deduced that

Yo,(t) > Yo, (to+T7,.), Vt € [to+ T, 0) (3.12)
— rank(Yo,(t)) > m;

= rank(Ye,(t)) = my, Vt € [to + T}, , 00) (3.13)

where (3.13) is deduced from Lemma 2. ]
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3.5 Proposed Distributed Adaptive Parameter Estimator

Consider the following distributed adaptive parameter estimator, Vi = 1(1)n

éz<t) = —70i(t) ¢ Ab;(t) —m (YC,i(t)éi(t) - WC,@@)) —V2 (YSW,i(t)éi(t> — WSW,i(t)>

Vv Vv
Ep Erc Esw

+ > ai(0;(1) — 6:i(1)) (3.14)

JEN;
NS

/

~~

Ec

Constant estimation gains v, v;, 72 € R.( controls the local information fusion rate,
Ysw.(t) € RP*P, Wewi(t) € RP are the piece-wise constant switching signals, which are

defined as

(
Weilto+TE), Vte [to+Ti, to+T0
Wewi(t) 2 cilto + 1) [fo+ i o+ Tion) (3.15)

\WCJ' (t() + T;Z), YVt € [to + Tzlz, OO)

4
Yoilto+TE), Vte [to+Ti, to+Ti

Yowa(t) 2 cilto +T3,) lfo+ T to+ Tin) (3.16)

| Yoilto +T%), Vt€ [to+T:, o)

zi?

where i = 1(1)n and k; = 0(1)z; — 1 and T3 = 0. Moreover, Af;(t) € RP denotes the

parameter estimation error.

Ty is the time instant such that ¢ > t, 4 Ty implies that rank{Yc(t)} > ki,
Vi = 1(1)n.

T! is time instant such that ¢ > to, + 77 implies that rank{Yc;(t)} = z;,

Vi = 1(1)n. The variable z; is used to denote the highest rank that Y ;(¢) attains online.

In (3.14), E'p component comprises proportional type local prediction error,
Erc comprises integral type of local prediction error, Egyy comprises switching based
local prediction error, whereas the other term £~ represents neighbouring interaction

among the agents using communication graph topology.

Remark 6. The main reason for embedding the switching signals (3.15)-(3.16) in the
above proposed novel estimator (3.14) is the forgetting factor 6 > 0 in stable closed-

loop filter dynamics (3.3)-(3.4), which leads to exponential vanishing of the richness of
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Figure 3.2: Block Diagram of the Proposed Distributed Adaptive Parameter Estimator
Architecture.

information to zero as the time approaches infinity; whereas switching signals captures

the occurrence of C-1E condition as revealed subsequently in the stability analysis. [

Remark 7. Since the knowledge of T' in Assumption 8 is not known a priori, the online
estimator (3.14) switches multiple times at t = T} for i = 1(1)n and k; = 0(1)z; —
1 as the information about the time instants T,f;i is gradually acquired. The proposed
switched parameter estimator is implementable in real-time since knowledge of T,ii can
be gathered online by scrutinizing the rank of Yo ;(t), Vi = 1(1)n. The instant, the rank
of Yo.(t) attains k; < z; < n, the above formulated switching concept (3.15), (3.16)
comes into picture. However, T is the time where Y ;(t) attain its highest possible rank
after the multiple switching, which analytically implies that T;L <T,Vi=11)n. To
make the switching based rank-check operation practically verifiable, rank checking can
be performed in a regular interval, say at, t = w'n, Vw' € IT, Vi = 1(1)n, rather than
continuously. In that case, 3 h' € It such that T}, € ((h* — 1)n, h'n)], and the switching
is performed in the update law at t = tq + h'n, instead of t = to + Tii, Vi, = 1(1)z;,

Vi = 1(1)n, which will not hamper the rank property as per Lemma 3. [

For subsequent formulation of stability/convergence analysis, a C-IE assump-

tion based Lemma is needed to formulate as.

Lemma 4. Provided Assumption 8 holds, the matrix M (t) = ((f/ ® I,) + 12 Psw (t)) is

uniformly strictly positive-definite over the time window [ty + T, 0) i.e.,

YTM@#)Y >0, Vt >ty +T, VY € R —{0,,}. (3.17)
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Proof. Since L1, = 0 based on Lemma 1, that implies

(L® I, ! 1n®fj) =0 (3.18)

(7
Moreover, the eigen-decomposition form of the matrix (L ® I,) is

(L@ L) ® f;) = Xi(pi @ f;) (3.19)

whereas the right hand side of both the above equations can be verified on the basis of the
mixed product property PQ ® RS = (P ® R)(Q ® S) for appropriately sized matrices
P,Q,R,and S. And \; > 0, p; forall i = {2,...,n} and f; € RP? is the jth unit vector

forall j = {1,...,p}. Considering Y as a unit vector and expressing it in this basis as

Y = Zgj\/_l ®f3+zzdszz®f] (3.20)

=2 j=1

with (¢, 6) € R? x R("~V? has unit norm. Define the quantity ®,,.(¢), which is the time

average of quantity ®p(¢) over the time interval [to, to + 7]

By (1) 2 L / B p(r)dr (3.21)

by substituting relation (3.20) into (3.17), using the first term YT(E ® I,)Y of

(3.17) can be bounded based on Lemma 1 as

YT(L®IL,)Y ZZM?zAzl—HcH%)

=2 j=1

where |[s]5 + [|d]|3 = 1.

lf; € RP is the j*" uniNt vector, Vj = {1,...,p}, i.e., f; is the ' column of the identity matrix /,; and
p; s the eigen-vector of (L), Vi = {2,...,n}.
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The second term 7, Y T ® gy (1)Y is expanded as

p P
YT Dy Y :% Z Z Gisi(1, ® fi)T(I)SW(ln ® f5)

i—1 j=1
2
%ZZZ%&J n @ i) Psw(p @ f;)
=2 j=1 k=1
+72ZZZZ5@5M(% ® f)) Psw (pr @ f1) (3.22)
i=2 j=1 k=2 I=1
>0

Using the Propositions 2-3 (see the Appendix A), Lemmas 2-3, and it can be concluded

that
Psw > BoPpar, t > to + T, (3.23)

where 8, > 0 is a positive scalar and T, > T, Vi. Substituting (3.23) into

(3.22), yields

WY oY > >6ﬂ2 Z Z@gj 0 @ i) Ppar(1, @ f;)

11]1

26272 Z Z Z §k5u n® fk: q)bar(pl X f])

=2 j=1 k=1
+ B2 Z Z Z Z 010t (ps @ )" Ppar (D1 @ f1) (3.24)
i=2 j=1 k=2 I=1
>0
where
to+T n
(1, ® fi) Ppar(1, @ f;) = / Z bi(r (3.25)

Based on (3.25), 1. Y T ®gy 'Y can be lower-bounded as

to+T n p p
n
VY T PgyY > 5272 T( / Z 0i(r)o;] ( )d7“> ¢ — 6\2/7—2 Z |10
7 =2 j=1 k=1
(3.26)
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after further simplification and provided Assumption 8 (C-IE) holds, (3.26) yields

Il
- 29T = 20y 5130 = ] )

1Y ogyY >

where T; > 0 is the upperbound based on the C-IE definition. Thus by clubbing these

two terms together, required lower bound, which is strictly greater than zero, is achieved

1.e.,
YTM@#)Y > maz{YT(L® L)Y, %Y ®sy Y} > 0 >0
where p; is
2
. S
o= inf max{Az(l ~ 1618), 2L 30— 27 a1 - ||<||3)}
[lsll2<1 n

(3.27)

by using continuity argument, infimum in (3.27) is attained and is strictly greater than

zero (if o; is zero and the first term is zero, then the second term should also be zero,

WTQY is zero, which is a contradiction from the C-1E condition requirement for parameter

convergence). [l
3.5.1 Stability/Convergence Analysis

The parameter estimation error dynamics for all n number of agents can be compactly

represented as
AG(t) = =D p(H)AO(t) — 1 Ppc(t)AB(t) — 1 Psw (H)AO(E) — (L @ L,)AO(t) (3.28)

where the column vectors 0 = [0, ...,0,]7 € R, A0 = [A0;,...,A0,]T € R™ are
obtained by stacking the components 6, € R? and AG; = 6; — 0 € R, respectively,
Vi=1(1)n. ®p(t), Prc(t), Psw(t) € R™*" are block diagonal matrices, defined as

@p(t) £ diag{ &1 ()67 (1), ... 6, ()01 (1)}
Dpo(t) £ diag{YC’J(t)? e 7YC,n(t)}

Doy (t) £ diag{yc,l (to+T2),.... You(to+ TZL)}
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The following Theorem characterizes several properties of the proposed novel parameter

estimator dynamics.

Theorem 4. For agents model in (3.1), provided Assumptions 6-7 hold, the dynamics
(3.14) or (3.28) exhibits:

(1) The origin of the parameter estimation error dynamics (3.14) is Lyapunov stable
and all the auxiliary signals remain bounded for all time.

(2) Asymptotic behavior of prediction errors, Vi = 1(1)n

(3) Asymptotic behavior of parameter consensus:

~

0,(t) — 0;(t) = Oast — oo, ¥i,j = 1(1)n

(4) Parameter Convergence under (C-IE): Utilizing the Lemma 4 proof argument which
is based on Assumption 8 (C-1E), then the origin of the parameter estimation error
dynamics AO(t) is globally exponential stable (GES) in a delayed sense i.e.,

1A < [|[A0(to + T)[le™ =D Wt >t + T (3.29)

where oy € Ry is a constant positive scalar.

Proof. Consider the following Lyapunov candidate
1
V(AG) = §A9TA0 (3.30)

Taking time derivative of (3.30) and substituting the parameter estimation error dynamics

(3.28), yields

V(Af) = —AgT <7<I>p(t) N ®po(t) + 12Bsw (t) + (L@ Ip)>A9 <0 (33D

which is negative semi-definite; holds from the fact that (L ® I,), ®p(t), ®pc(t) and
d gy (t) are the positive semi-definite matrices, which implies that the origin of the esti-
mation error dynamics is Lyapunov stable. Based on the Assumption 7 and (3.3), (3.4),

(3.15), (3.16), and it can be concluded that (@ p(t), P ro(t), Psw (), Dp(t), Drc(t), Psw (t)?

*Here the boundedness is argued for ¢ > max{T} }.
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€ L.). Using the above arguments, it can also be concluded that V' (A#(¢)) is uniformly
bounded above by its initial value, which implies éz(t) € L i.e., the local prediction

U;(t) € Lo, Vi = 1(1)n. This completes the proof of part 1.

For the next part of the proof, differentiating the (3.31) and using the Lemma 1,

yields

V(AG) = — 2007 (L ® I,)AD — yAOT D, (1) A — 27 AT D, (1) A — v AT D (t) AB
— 29 AT D i (1) A — o AOT D gy () AD — 27, AOT D gy (1) AD

using the boundedness related arguments in the last part of the proof, it can be concluded
that V(Af) € Lo or V(AS) is uniformly continuous. Moreover, V (Af(t)) is bounded
below (V(AO(t)) > 0) and V(AA(t)) is decreasing, it has a finite limit as t — oc.
Then by invoking Barbalat’s Lemma (Lemma 8.2 at page 323 (Khalil and Grizzle, 2002)),
V(AH(t)) is bounded below (V(AO(t)) > 0) and V(AA(t)) is decreasing, it has a limit
as t — oo, implies that V' (A@(t)) — 0 as t — co. Then from (3.31), it can be concluded
that AOT®p(t) A0, AIT D pe(t)AD, AIT Doy (1) AD, AIT(L @ I,)AO — 0 ast — oo,
which implies that all the local prediction errors Ep(t), Epc(t), Esw(t) — 0 ast — oo,

Vi = 1(1)n i.e., the asymptotic behaviour of prediction errors are achieved.

Fourth term A7 (L ® I,)A# — 0 as t — oo, which implies that (L ® I,)Af =
([~/ ® Ip)é — 0. For a strongly connected and balanced graph G, Lemma 1, it can be
concluded that null(i) = null(z ® I,)=span{1,}, where null denotes the null space of a
matrix, then 6;(¢) — 6;(t) — 0 as t — oo for all 4, j = 1(1)n. This completes the proof of

part 3 i.e., the asymptotic behavior of parameter consensus is achieved.

For last part of proof, invoking the C-IE assumption based Lemma 4 in (3.31),

yields:
V(AG) = —AOTMAG <0, Vt > to +T. (3.32)
Using (3.30), the above inequality modifies as:

V < —2\in(M)V, ¥t >ty + T. (3.33)
>0
(631
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Hence using the comparison Lemma (Lemma 3.4 at page 103 (Khalil and Grizzle, 2002)),

the differential inequality in (3.33) leads to the subsequent exponentially convergent bound
1AO)|| < [|AO(to + T)|je =Dyt >t + T (3.34)

Since the Lyapunov function in (3.30) is radially unbounded and the constant «; are inde-
pendent of initial conditions, the algebraic inequality in (3.34) proves GES (in a delayed
sense) of the error dynamics AQ(t), Vi >ty + T. O

3.6 Online Optimization Perspective

In this section, the above C-IE based distributed adaptive estimation problem is molded
as a distributed online optimization problem, where a novel objective or cost function is
formulated corresponding to the adaptive estimation objective. It is analytically shown
that the subsequent online optimization framework agrees with the stability claims of the

previous section.

Each agent has its own local cost function, which is assumed to be unaccessible

to agents other than 7, is defined as, Vi > ¢,

t
A fy ,.y 3 .,
Ji(0:(0), 1) r={§1|¢?(t)A9i(t)||2+3l / 167 (r) A0, (1) |[2e = "dr
—— ~ to
RPxR>o—R JP ~

'
FC
Ji

+3 D Si(t) / P (0|67 (r) A8 (1) ]| 2e ¢ dr

2 k=1 to
PO
;45 A ~
+ 52> 10,0 = h()? } (3.35)
JEN;
Je

where the parameter estimate él(t) € RP is the decision variable. The switching signals
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Sik, (t), Pk, (t), Vi = 1(1)n, are subsequently defined as

0 ,[to+ Ty, to+1T})

A i i
S’hki (t) - 1 ) [tO + Tkﬂ to + Tki+1)

Vk;=1,...,z;—1 i
\0 ) [to +Tk¢+1’ OO)
G (t) & 0 ,[to+ Ty to+1T7)
’ 1 s [to —f-TZ’LI, OO)
1 [to+TE, to+T0
Pii(t) = fot 15 fo + 1)

Vk;=1,..., Z4 O ) |:t0 + T];L?ﬂ OO)

switching signals S; 1., (t), P, x, (t) are strategically formulated according to the switching

concept described above as in (3.15), (3.16).

Remark 8. Based on the above formulation of switching signals in the local objective
function (quadratic, time-varying), it can be inferred that the local objective function
J; (éz(t), t), for i'™ agent is twice continuously differentiable with respect to 0:(t), and

plece-wise continuous with respect to t, respectively. 0

The global or team objective function is defined as

J(0(t),t) =Y Ji(0:(t), 1) (3.36)
R"P xRso—R =1

The optimization problem is conceptualized as

0" = arg min J(é(t), t) (3.37)
o(t)

Remark 9. Different components in the local cost function (3.35) - JF, JFC, J°W and
JE are having a one-to-one correspondence with different components of the estimator

(3.14) - Ep, Erc, Esw and E¢, respectively. [
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In the subsequent arguments, it is established that the above cost function has a
global minima at the true parameter vector (i.e., 0* = 1,, ® 6) of the model (3.1) under
the C-IE condition and the proposed distributed adaptive estimator (3.14) is a distributed

optimizer of the cost function (3.36).

From (3.35), it can be inferred that the local objective function J; (éz(t), t) are
uniformly convex in éi(t), Vt. However for global minimization, strong convexity is

needed, which is established under the C-IE condition in the following Lemma.

Lemma 5. For the team objective function (3.36), the proposed distributed adaptive esti-
mator (3.28) is a distributed gradient-descent based unique minimizer under C-IE condi-

tion.

Proof. Taking the first order partial derivative or gradient of the global/team objective

function (3.36) with respect to 6(t), yields

Vi (0(1),t) = Z {’Y@(t)ﬁbzr(t)A@i(t) +mn /t bi(r) oL (r)e T dr AB;(t)
T Z Si (t) /t Pi, ()i (r)e] (r)e™*C ™ dr AG;(t)

JEN;

From (3.38), it can be concluded that the distributed adaptive parameter estimator (3.28)
is exactly same as the negative of the gradient (3.38). In a compact form, the following

can be derived.

AG(t) = —y®p(t) AO(t) — 1 Prc(H)AO(E) — 1Psw (H)AO(E) — (L & 1,)A0(t)
= Vs (0(1), 1), Vt > to (3.39)

Hence, it is proved that (3.28) is a distributed gradient descent algorithm w.r.t. (3.36).

Further putting é(t) =1, ® 0, it can be concluded that
Vit (00),1) 51,0 = 0. VE > to

indicating that the true-parameter vector is a minima point of the cost function (3.36).
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Now taking the second partial derivative or Hessian w.r.t é(t) from (3.36), yields

Vs (0(t),t) = y@p(t) + MPre(t) + 12Psw(t) + (L@ L), V¢t >1t;  (3.40)

Since ®p(t), Bre(t), Psw(t), (L@ 1,), all are positive semi-definite matrices, then it can
be concluded that V2 Jo) (é(t), t) is at least positive semi-definite, V¢ > ¢, which proves
uniform convexity of the cost function. Furthermore, invoking Lemma 4 in (3.40), yields
Vg (A(t), ) is positive definite, Vt > t, + T, which proves uniform strong convexity

of the cost function, Vt > to + 1.

Hence, Vt > to + T, é(t) = 1, ® 0 is the unique global minima of the cost
function (3.36) and the gradient-descent (3.39) will converge to the global minima as

t — oo, which is inline with the stability theorem (Theorem 4).

This completes the proof. ]

3.7 Simulation Results

Based on Assumption 6 and Figure 3.1, where a numerical example with 5 agents are
tasked to estimate a true parameter vector § = [1, —1,0.5]7 with neighboring sets N; =
{5}, Ny = {1}, N3 = {2}, N, = {3}, N5 = {4} using the proposed distributed
consensus-based adaptive parameter estimator (3.14) and each of the agent regressor is

chosen such that, its neither IE nor PE ° i.e.,
¢1(t) = [1, exp(—1), 0"
a(t) = [1,0, 2eap(—6t)]"
¢3(t) = 10,0, cos(8t)]"
P4(t) = 10,0,0.01lexp(—3t)cos(4t)]"
¢5(t) = 10,0, exp(—T7t)]".

This simulation study considers all the initial conditions in a random nature.

3Note that practical real-time control applications mostly encounter situations, where information grad-
ually dies out over time. Hence the choice of the exponentially decaying regressors in this simulation is
reasonably realistic.
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Based on C-IE based proposed estimation algorithm (3.14), Figures 3.3-3.5 show consen-
sus by all the n = 5 agents individually for given true parameters, whereas Figure 3.6
represents the C-IE based combined plot of consensus. Figure 3.7 represents the C-PE
based combined consensus plot, where parameter convergence is not achieved. Figure 3.8
(comparison plot) shows that proposed C-IE based parameter estimator outperforms all
existing conventional parameter estimation algorithms (Slotine and Li, 1989; Roy et al.,
2016; Papusha et al., 2014; Chen et al., 2013; Wensing and Slotine, 2018; Stegagno and
Yuan, 2019; Cho et al., 2017), even if the regressors are neither IE nor PE/C-PE. More-

over, the details of the different algorithms in Figure 3.8 are following:
Red solid curve shows our proposed C-IE based algorithm (3.14) or (3.28).

Blue solid curve shows C-PE based distributed adaptive parameter estimation

algorithm, defined as

Bit) = —10i(t) ST A1) + S i (0 — 6)
( T ]; >

J/

~~

Ec

as in (Papusha et al., 2014; Chen et al., 2013; Wensing and Slotine, 2018; Stegagno and
Yuan, 2019).

Yellow solid curve shows IE based adaptive parameter estimation algorithm,

defined as

(fi—(t) — —964(1) 7 80:(8) =11 (You(Whi(t) = Wea(t) ) =3 (YVawa (D:(1) = W (1))

(.

N
v~ '

E
P Erc Esw

as in (Basu Roy et al., 2018; Roy et al., 2016; Jha et al., 2019; Roy et al., 2017b; Roy and
Bhasin, 2019).

Magenta solid curve shows PE based adaptive parameter estimation algorithm,

defined as
(éi(t) = —7¢i(t) ¢} Abi(t) )
——

Ep

as in (Tao, 2003; Narendra and Annaswamy, 2012).
Remark 10. The proposed distributed adaptive estimation algorithm (3.14) or (3.28) is
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Figure 3.3: Parameter estimation (f; = 1) by all 5 agents using C-IE based proposed
distributed parameter estimator (3.14).
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Figure 3.4: Parameter estimation (6 = —1) by all 5 agents using C-IE based proposed

distributed parameter estimator (3.14).
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Figure 3.5: Parameter estimation (63 = 0.5) by all 5 agents using C-IE based proposed
distributed parameter estimator (3.14).

“adaptive” in sense that it is estimating the unknown constant parameter 6 which is inline

with the literature of adaptive control. However, with small modification in the proposed
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Figure 3.6: Parameter estimation (6; = 1, §; = —1, 63 = 0.5) by all 5 agents using C-IE
based proposed distributed parameter estimator (3.14).

15 Agent 2

True parameters

Figure 3.7: Parameter estimation (¢; = 1, 6 = —1, 63 = 0.5) by all 5 agents using C-
PE based distributed parameter estimator ((Papusha et al., 2014; Chen et al.,
2013; Wensing and Slotine, 2018; Stegagno and Yuan, 2019)).
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Figure 3.8: Comparison of norm of parameter estimation error for different algorithms.

algorithm could be capable of following time-varying 0 as well (for more detail please

see the (Goel and Roy, 2022)). L]
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3.8 Conclusion

This chapter designs a novel distributed adaptive estimation algorithm for a network of
MAS architecture. Unlike classical parameter estimation algorithms, which demand to
satisfy restrictive PE or C-PE conditions for parameter convergence, the proposed algo-
rithm ensures parameter convergence by a milder condition, called C-IE. The work de-
signs a distributed estimator based on strategic multiple switching such that exponential
parameter convergence is obtained under C-IE condition and, thereby, improves transient
performance significantly as compared to the status quo. The formulation is further aug-
mented by providing an online optimization perspective. A novel convex cost function
is proposed in such a way that a formulated distributed adaptive estimator acts as a dis-
tributed gradient-descent of the cost function. The cost function is proved to be uniformly
strongly convex under the C-IE condition thereby making the estimator dynamics unique

global minimizer of the cost function.
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Part IV

Distributed Composite Adaptive
Synchronization of Multiple Uncertain
Euler-Lagrange Systems using

Cooperative Initial Excitation
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3.9 Introduction

This chapter (part-2) proposes a distributed composite adaptive synchronization algo-
rithm for multiple uncertain Euler-Lagrange (EL) systems, where parameter convergence
is achieved under a relaxed mathematical condition as compared to the state-of-the-art.
Classical adaptive controllers require an analytical condition, called PE, to ensure pa-
rameter convergence, which results in better transient performance and robustness to dis-
turbance. The PE condition is extended to the C-PE condition for distributed adaptive
controllers with cooperative estimation strategies. The PE and C-PE conditions are re-
strictive in nature since these conditions are not satisfied in most practical applications.
Recent literature in adaptive control has relaxed the PE condition to IE, which is shown
to be sufficient for parameter convergence. The IE condition is argued to be significantly
milder than PE and can be satisfied in many practical settings. The proposed result further
extends the IE condition to the C-1E condition in distributed adaptive control architecture
in the context of synchronizing multiple EL systems. It is established that the C-IE con-
dition is milder than PE, IE, and C-PE conditions. A two-tier filter based estimation algo-
rithm with strategic switching ensures parameter convergence under the C-1E condition
and thereby provides exponential convergence of tracking and parameter estimation error
to zero. Simulation results validate the efficacy of the proposed algorithm as compared to
conventional distributed adaptive controllers in terms of superior tracking and estimation

performance.

3.10 Preliminaries

3.10.1 Preliminaries on Algebraic Graph Theory

The network topology among s number of follower Euler-Lagrange systems is described
by an undirected graph G £ (V, E), which captures their local information flow. The
graph is modeled as having s vertices V 2 {1, ..., s} together with the edge set E C V x
V. The adjacency matrix of the graph is defined as A = [a;;]sxs, Where a;; = 1if (i,7) €
FE and a;; = 0 otherwise. The leader’s state is shared to a subset of followers, which

is captured using a directed graph. The degree of the vertex ¢, denoted as, deg(z), is the
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number of neighbors | NV;| available to that vertex. where N, is defined as the neighborhood
of the vertex ¢ defined as, N; = {j | (i, ) € E}. The Laplacian matrix L € R*** of the
graph G is defined as L £ D — A where D £ diag{deg(1),...,deg(s)} € R¥* is
the degree matrix. For connected graph the Laplacian matrix L has the property that,
its all eigenvalues are positive except for the smallest one, which is zero. For the zero

eigenvalue, corresponding eigenvectoris 1 = (1,...,1) € R®. In particular, L1 = 0.

Lemma 6. Let G £ (V, E') be the undirected graph that dictates the interaction among
the s agents with the associated graph Laplacian matrix L, Gy = (Vy, Ey) be the directed
graph characterizing the interaction among the leader and the s agents corresponding
to graph G, and a;y = 1 if the leader is a neighbor of follower 1 and a;y = 0 oth-
erwise. If in Gy the leader has directed paths to all followers, then the matrix B £

L + diag(ao, - . . , as) is symmetric positive-definite.

Proof. For proof refer to the (Mei et al., 2011). [

3.11 Problem Formulation

3.11.1 Model Description

Suppose that there exist s number of followers, labeled as agents or followers 1 to s and
a leader labeled as agent O, in a team. The followers are represented by Euler-Lagrange

equations of the following form (Spong and Vidyasagar, 2008), Vi € {1,..., s},
M;i(qi)di + Vi@, )G + Fi(@) + Gi(a) = 7 (3.41)

where ¢;(t) € R™, ¢;(t) € R™ and §;(t) € R™ represent generalized position, velocity and
acceleration, respectively; M;(q;) € R™*" represents Inertia Matrix, V;(q;, ¢;) € R™™™ is
Coriolis and Centrifugal Matrix, G(¢;) € R" represents gravity, F'(¢;) € R" is frictional
term, 7;(t) € R™ denotes generalized torque or control input for i agent. The leader has
the generalized vector coordinates of position and velocity, denoted as go(t) € R™ and

do € R™, * respectively. Some fundamental properties of the above mentioned dynamics,

“velocity of the leader is treated as constant, while time-varying velocity using a similar EL model will
be considered in future works.
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used in the subsequent formulation, are stated as follows (Spong and Vidyasagar, 2008).

Property 6. Vi € {1,...,s} there exist positive constants 11, 1o, |13, and ji4 such that
il < Mi(g;) < poln, Gi(ai)|l < pa. [

Vilgi, @)l < pslldi

’

Property 7. The Matrix Mz(ql) — 2Vi(qi, ¢;) is a skew-symmetric ie.,
@T(Mi(qi) - 2v@-(qi,qi))gi —0, V& e R, Vie {1,...,s).

]

Property 8. The L.H.S of (3.41) has the linearity in parameters property i.e., it can be

alternatively expressed as
Ni(ai, 4i» )0 = 7i(t), Vi € {1,..., 5} (3.42)

where N;(q;, G, §;) € R™P is the regressor matrix and 0 € RP is a vector for unknown

parameters common to all the agents (i.e., the follower manipulators are homogeneous).

]

Leader

=T
- ‘mf/‘f\

Followerl _-*

Follower 3

Figure 3.9: Local interaction scenario for leader-follower robot model.
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3.12 Distributed Adaptive Controller Design for Synchro-

nization

The objective is to design a distributive adaptive synchronization algorithm based on a
local interaction protocol between the robot manipulators and the leader, like Figure 3.9,

using (3.41) such that ||g;(t) — qo(t)|| — 0, G;(t) — doast — oo, Vi € {1,...,s}.

The following set of auxiliary signals are introduced to facilitate the design (Mei

etal,2011),Vi e {1,... s},

Gi(t) 2 2,(t) — _Z ai;(g; — q;) (3.43)
ri(t) £ Gi(t) — dmi(t) = G(t) — Z(t) + 7 Z aij (g — q;) (3.44)

where v > 0, 2;(t) € R" is the i" follower’s estimate of the leader’s velocity. Using
(3.41), (3.43), and (3.44), the open-loop error dynamics for each agent is obtained as

below.

Mi(qi)ri = 7 — Fildi) — Vilai, Gi) @i — Mi(qi)Gmi — Gia:) (3.45)
Using Property 8, the above error dynamics can be expressed as follows.
M;(q:)7i = 7i + Zi(Qi, dis Gmir 4mi )0 — Vilqi, Gi)7i (3.46)
where Z;(qi, Gi, Gmi, Gmi )0 is defined as
Zi(Gis Qi Gmis Gmi)0 = —Mi(qi)Gmi — Vi(dis Gi)Gmi — Fi(di) — Gi(qi) (3.47)

and Z;(qi, Gi, Gmi, Gmi) € R™ P is aknown regressor matrix (Roy et al., 2016). To facilitate
the design of a composite adaptive law based on the information related to prediction
error and parameter estimation error (which are defined subsequently), the following set

of low-pass filters are designed (Slotine and Li, 1989).

Ngi(t) = —aNp(t) + Ni(t), Npi(to) =0, Vi€ {1,...,s} (3.48)

%F,i(t) = —OéTF’Z'<t> -+ Ti<t), TFﬂ'(tQ) = O, Vi € {1, R ,S} (349)
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where o > 0 is the scalar filter gain and Np,;(t) € R™P, 75,(t) € R™ are the filtered
regressor, filtered torque, respectively. By analytically solving (3.48) and (3.49) and util-

ising (3.42), the following relation can be derived, Vt € [t(, 00).
Nr(t, qis )0 = Tra(t), Vi € {1,..., 5} (3.50)

Although 75,(t) can be obtained directly by solving (3.49), N ;(t) cannot be solved from
(3.48) since N; is unknown due to its dependence on §. However, N;(q¢;, ¢;, ¢;) can be split

into measurable and unmeasurable terms as
where N/, N? are related to the dynamics by following relation, Vi € {1,...,s}:

N} (¢i,G:)0 = M;(q:) i

NZ(qi,6:)0 = Vi(ai, 4:)di + Fi(di) + Gila)
Since N?(q;, ¢;) is known, the subsequent differential law can be solved online.
Ni;=—aNj;+ N2, Np(t) =0, Vie{l,... s} (3.52)
Further, consider the following differential equation.
Njp; = —aNp; + N}, Np(t) =0, Vie{l,...,s} (3.53)

The solution of (3.53) can be expressed as
t
N}’i(t) = e:cp{—at}/exp{ar} N} (r)ydr, Vie{l,..., s} (3.54)
to

where, due to the structure M;(g;)g;, the elements of N, (q;, G;) are of the form f;(gi x)di,
for some I, k € {1,...,n}. Thus, the elements of N }17‘7, can be obtained by using integra-

tion by parts, as
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NL(t) = exp{—at} / expfar} filgin(r))ii(r)dr
= fi(qix(t))dii(t) — exp{—at} fi(qix(0))d;i(0) — h;(t) (3.55)

where h;(t) is computed from the following differential law, Vi = {1,...,s}:

hz(t) = —ah; + fz(sz<t))QZl(t) + afi(qir(t)dig(t), hi(te) = 0. (3.56)

Using (3.53), (3.55) and (3.56), N }Z can also be computed online, implying that Np; =
Np; + Ni,; can be obtained online (for further details, see the (Basu Roy er al., 2018)) .
Therefore (3.50) can be used in the design of parameter update law . Further, to overcome
the PE/C-PE restriction, another layer of filter equations are introduced, Vi € {1,...,s},
inspired from (Kreisselmeier, 1977; Roy et al., 2016, 2017b,a).

NFC,i(t) - —OélNFCJ'(t) + N}T,ﬂ:z(t)NFﬂ(t), NFC,i<t0) - O (357)

WFC,'i(t) - —061WFC,i(t) + Ng‘,l@)TF,z(t)a WFC,i(tO) - 0 (358)

where Npc;(t) € RP*P denotes the double-filtered regressor, Wpc;(t) € RP denotes
double-filtered torque and «r; > 0 is a scalar gain. Taking integration of (3.57), (3.58) and

using (3.50), the following can be concluded Vt € [tg, 00).
Weei(t) = Nrea(t)0, Vi e {1,...,s}. (3.59)

From (3.57), the square matrix Npc;(t) can be expressed as

¢
Npc,i(t) = exp{—ozlt}/exp{alr} Nﬁi(r)Np,i(r) dr (3.60)

J/

S0 o >1 >0
while utilizing (3.60), the following property can be deduced.

Property 9. Npc;(t) is positive semi-definite function of time i.e., Npc;(t) > 0, Vt €
[to,00), Vie{1,...,s}. O
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3.12.1 Insights to Double-Filtered Regressors Npc ;(t)’s

Lemma 7. rank(Npc;(t))= rank(Npo,(t)) 3, Vt € [to,00), Vi € {1,...,s}, where

Nro,i(t) is described as below.
Nro,(t) = NE(6)NEi(t),  Npo,(to) =0 (3.61)

Proof. For proof, refer to the Lemma 1 of (Basu Roy and Bhasin, 2019). O

Lemma 8. rank(NFC’Z-(to + T,él)) = k;, where k; € T", and T,ii € RY, implies that
rank(Npc,i(t)) > ki, VE € [to+ T}, 00), Vi € {1,..., s}.

Proof. For proof, refer to the Lemma 2 of (Basu Roy and Bhasin, 2019). L]

Assumption 9. The set of filtered regressors Ng;(t)'s are C-IE (as per the Definition 4).

0
3.12.2 Proposed Distributed Switched Parameter Estimator
Consider the following novel parameter estimation law, Vi € {1,...,s}, Vt € [ty, ).
00(t) = ZIrs = NEA8) (Nea®i(6) = 7r(t) ) =2 (Necahilt) = Wea(t))

e N ., R

Crr Crp Cre

. (Nsw7i(t)éi(t) - ng(t)> =S ay (0, - by) (3.62)

. - - jeEN,
Csw ~ ~- -
Ceo

where 71, 72, y3 are positive scalars, and the piece-wise constant switching signals Ngw;(t) €

RP*P, W ,(t) € RP are defined as

)
Weeilto+T8 ), Vte [to+TE , to+ T8
Wewa@) 247 (to+ 1) fo+ T to + Thncin) (3.63)

\WFc,i (to + Tii)a vt e [tO + Ty, OO)

(
Nrci(to+TE), Vte|to+ T , to+TL,
Newa() 247 (to+T5.) o T to+ Tt (3.64)

kNFC,i (to + Tl;-)v vt e [tU + T}ii’ OO)

>The operator rank(-) implies the rank of the argument matrix.
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wherei € {1,...,s}and m; = 0(1)(h; — 1) ®and T¢ = 0.

In (3.62), the term C'rg is proportional to the filtered tracking error 7;(t), whereas
the other three components Crp, Cre, C'sy can be shown to be related to parameter es-
timation error Ad;(t), the consensus term C¢ represents the local interaction among the
followers using undirected graph topology as in Figure 3.9. For (3.46), the corresponding

torque (control-input) is chosen as

~

éi = ﬁ(ch(ﬁj — 21) + Cio(qO — 2») N VZ € {1, Ce ,S} (366)
j=1

where [, ¢, 8 > 0 are scalar gain’s.

Using (3.65), the error dynamics (3.46) yields Vi € {1, ..., s}

Mi(qi)ti = = Zi(¢is Gis Gmis Gmi) A0 — Vilqis Gi)ri — T'ri — C(Tz‘ - 72%‘;‘(%‘ - %))
=0

(3.67)

where 0;(t) — 0 € R.

3.13 Stability/Convergence Analysis

The parameter estimation error dynamics (3.62), control input (3.65), (3.66), the closed-

loop error dynamics (3.67) for all the agents can be compactly represented as

AO(t) = — nPrp(t) A0 — 1P ro(t) AD — 3Dsu (1A — (L @ I,) A + drp(t)r
(3.68)

The notation m = 0(1)(h; — 1) implies that 0,1,2,h; — 1, Vi € {1,...,s}.
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7(t) = —Ir = ((r —y(B® I,)Aq) — ZAf (3.69)
Ax(t) = —B(B @ I,)Ax(1) (3.70)
M(q)i = —ZA0 — V(q,q)r — T'r — C(r —(B® In)Aq) 3.71)

where ® denotes the kronecker product and [,, € R"™", [, € RP*? are the identity
matrices, column vectors § = [07,... 07]T € R*» and A9 = [AOT,... AOT]T € R
by stacking the components §; € RP and AY; = 6; — € RP, Vi € {1,...,s}. Aq =
[(g1—q0)", .., (gs—qo)T]T € R, Az(t) = [(21—Go)T, ..., (Bs—qo)T]" € R¥"andr =
[T, ... rT]T € R*". The matrices ®rp(t), Prc(t), Psw(t) € RP*P, Opp € RP*,
M(q) € R, V(q,q) € R™**", Z € R *P are the block diagonal matrices, which
are defined as Org(t) = diag{Zl,...,ZT}, ®pc(t) = diag{Npc(t),..., Nrcs(t)},
Z & diag{Z:,...,Z,},

Vg, q) 2 diag{Vi(q1, @), .., Vs(gs. ds) },

M(q) £ diag{Mi(q1), ..., Ms(qs) },

gy (t) £ diag{ Npc1(to+Tr,), .-, Nrecs(to +T5.) }

pp(t) £ diag{ NE1Npa, ..., NE N}

Lemma 9. Provided Assumption 9 is true, the matrix M (t) £ (L ® I,) + v3Psw (t) is

uniformly strictly positive-definite over the time window [ty + T, o) i.e.,
YTM@)Y >0, Vt >ty + T, VY € R* — {0,,}. (3.72)

Proof. The detailed proof of this lemma is quite elaborate and involved. Hence, it is
omitted here to honor the page limit and will be reported in the future publication of the
authors. Some insights of the proof can be obtained from Theorem 1 of (Garg and Roy,

2019a). ]

Theorem S. Considering the closed-loop error dynamics, the following properties can be

ensured.:

(1) The origin of the extended state-space error dynamics;
n(t) = [PT(t), AT (t), AqT(t), AT ()] is uniformly globally stable (UGS), Vt €
[t07 OO)

(2) Asymptotic convergence of tracking, prediction errors: r(t), AO(t), Aq(t), Az(t) —
Oast— oo.
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(3) Asymptotic behavior of parameter consensus: 6;(t) — 0:(t) — Oast — oo, Vi, j €

{1,...,s}.

(4) In addition if the Assumption 9 hold, the origin of the overall error dynamics 1(t)
is uniformly globally exponential stable (UGES) in a delayed sense i.e.,

()] < d1lln(to + T)[le =D Wt € [ty + T, 00) (3.73)

where 01 is a positive scalars, which is independent of initial conditions, provided
the following gain conditions are satisfied.

K > K1/2, B> (KoA2uu(B ® L) [2Xin(B ® 1)),

max

K3 > (K2/2X0n(S) + K240 (B ® 1) [ Amin(S)) -
Proof. Consider the following Lyapunov candidate.

V(r, A0, Aq, Az) = %TTM(Q)T + %A@TAQ + %AZTAZ + %’y(AqT(B ® I,)Aq

(3.74)

Taking time derivative of (3.74) and substituting the dynamics (3.68), (3.70), (3.71), using

Property 8 and a few cancellation yields V¢ € [ty, 00)

V < = Kl ~ Bin (B © L) A2l — A7 (3@ () + 20®rc () + 255 (1) + (L © 1)) A9

+ KT (B® 1,)Aq + KyAqh (B ® 1,) Az — K3 min(S)|| Aq|? (3.75)

where (3, K, K7, K, K3 > 0 are constants related to the design parameters, \,,;,(.) dic-
tates the minimum eigenvalue of augmented matrix (.), the matrix S = (B ® I,,)?. Using

Cauchy-Schwartz inequality in (3.75), is further upper-bounded Vt € [ty, 00) as

max

. K K.
V<= (K= S Ir = (BAmin(B® L) = 202, (B@ L)) [ 42]°

_AGT <71<1>Fp(t) 7o pe(t) +Psw(t) + (L& Jp)) AB

K K
— (Kahmin($) = 5 = S AL (B& L)) | Ag)* < 0 (3.76)

which is negative semi-definite; it holds from the fact that (L ® I,,), ®rp(t), Prc(t) and
gy (1) are positive semi-definite matrices, which implies that the origin of the estimation
error dynamics is Lyapunov stable. Hence, part 1 of Theorem is proved. Part 2 and 3 of

the theorem can be proved by invoking Barbalat’s Lemma (Lemma 8.2 at page 323 (Khalil
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and Grizzle, 2002)) on the Lyapunov function and using the fact that L1 = 0.

For part 4 of the theorem : Considering (3.76), Lemma 9 and the mentioned

gain conditions in the theorem statement yields the following.
V < —K|lr|? = BlIAz[1* = Amin(M)[| A0 = K[| Aq|> <0, VE>to+T  (3.77)
using (3.74), the above inequality modifies to

V < —min(K, B, Amin(M), K3) /Ay V, ¥t > to+ T (3.78)

01

where \y; £ max ()\mm(M(q)), 1, Anaz (B ® In)>

Hence using the comparison Lemma (Lemma 3.4 at page 103 (Khalil and Griz-
zle, 2002)), the differential inequality in (3.78) leads to the subsequent exponentially con-

vergent bound.
In(@)]l < dilln(t +T)lle™ 707t € [to + T, 00). (3.79)

Since, the Lyapunov function in (3.74) is radially unbounded and the constant §; are
independent of initial conditions, the algebraic inequality in (3.79) proves UGES (in a

delayed sense) of the error dynamic 7(t), Vt > to + T. [

3.14 Simulation Results

In this section, a numerical simulations based on Figure 3.9 are preformed to show the
effectiveness of the proposed distributed composite adaptive synchronization algorithm.
The structures of the respective matrices for all the three followers are provided here.
Mi(g;) = [wi + 2wscio Wy + wscio;ws + wscio Wwo], Vilgi,¢i) = [~wssingin —
w3Sio(Gin + ¢i2);wssein 0], Fi(g;) = [fi1 0;0 fo]. System parameter are given by
wy = 3.473 kg.m?, wy = 0.196 kg.m?, ws = 0.242 kg.m?, fi = 5.3 Nm.sec, fo =
1.1 Nm.sec. Further ¢;o = cos(q;2) and s;2 = sin(g;2). The gains are chosen as

vy=1a = 05 a5 = 05, ¢ = 35 ' = 3.5, and v; = 15015, 7o = 15013,
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v3 = 15015, f = 10, where I5, denotes the identity matrix. The leader’s velocity is
do = [0.4,0.3]rad/sec. The performance of the proposed adaptive controller is com-
pared with (Mei et al., 2011). Figure 3.10 shows the comparison of norm of concatenated
position tracking-error ||Aq(t)||. Figure 3.11 shows the comparison of norm of concate-
nated velocity tracking-error ||A¢(¢)||. Figure 3.12 shows the comparison of norm of
concatenated parameter estimation-error ||Af(¢)||. The comparative plots depict that the
proposed adaptive controller outperforms the classical one in terms of transient response
of tracking error and transient as well as steady-state response of parameter estimation

C€ITOor.
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Figure 3.12: Comparison of ||A#(t)||

3.15 Conclusion

This chapter designs a novel distributed composite adaptive controller for the synchro-
nization of multiple uncertain follower EL systems to the leader’s trajectory. Unlike past
literature in adaptive control, where parameter convergence is ensured by restrictive con-
ditions like PE or C-PE, the proposed algorithm ensures parameter convergence by a
milder condition, called C-IE. It is an extension of the recently introduced concept of IE
condition. The proposed work builds an estimator based on strategic multiple switch-
ing such that parameter convergence is obtained under the C-IE condition and, thereby,
improves transient synchronization performance significantly as compared to status quo.

Simulation results corroborate the claims of the proposed algorithm.
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Chapter 4

Relaxed Excitation based Distributed Adaptive

Parameter Estimator with Communication Delay

4.1 Introduction

In this chapter, a novel distributed adaptive parameter estimator is proposed for a MAS
architecture having a strongly connected digraph based communication topology in the
presence of inter-agent communication delay. The proposed algorithm exhibits the fol-
lowing properties; (1) asymptotic consensus of parameter estimates is ensured without any
restriction on the regressor or feature vectors and (2) parameter convergence is achieved
under the uniform C-IE condition. Here, the notion of uniform C-IE is defined for the re-
gressor concerning the agent dynamics, where each agent is modeled as single-integrator.
Unlike previous results on C-IE, a novel weighting function based integrator is intro-
duced here. The designed integrator dynamics does not have internal instability as well as
online rank-checking based multiple switching requirements, which were the major con-
cerns in open-loop and closed-loop filter architectures of C-1E based designs (Garg and
Roy, 2019a, 2020c,b; Goel et al., 2022; Garg and Basu Roy). Moreover, the proposed
algorithm utilizes a more generalized graph topology of strongly connected digraph, un-
like the previous C-IE based frameworks using undirected graph (Garg and Roy, 2019q)
and strongly connected and balanced digraph (without communication delay) (Garg and
Roy, 2020c). Under the condition of uniform C-IE, rigorous stability analysis with a
suitable choice of Lyapunov-Krasovskii (LK) functional candidate is performed, which
ensures UGS and asymptotic convergence in the presence of communication delay and
UGES in case of a delay-free setting. Simulation results further validate the efficacy of
the proposed algorithm. As far as the authors are aware, this is the first work on a re-
laxed excitation-based distributed adaptive estimator over a strongly connected digraph,

providing stability guarantees in the presence of communication delay.



4.2 Definitions on Signal Excitation Conditions

This section introduces some preliminary definitions related to signal excitation, which
are used to comment on the convergence properties of proposed distributed adaptive pa-
rameter estimators.

The classical definitions of PE and IE can be found in the references (Narendra and An-
naswamy, 1987; Tao, 2003; loannou and Chien, 1993),(Roy et al., 2016; Basu Roy ef al.,
2018; Roy et al., 2017a), respectively. To capture the initial condition dependence of the
regressor, a concept of uniform PE (u-PE) is introduced in (Panteley et al., 2001) for a
pair (¢, f), where ¢(t, x) is a general function of time ¢ and state x(t) (regressor in the
framework of adaptive control) and f (¢, x) is the function governing the dynamics of the
state (). In contrast to u-PE condition, a further slackened condition called uniform IE
(u-IE) is introduced in (Basu Roy and Bhasin, 2019; Roy et al., 2017b; Roy and Bhasin,
2019).

The extended version of (u-PE) condition in the MAS architecture named uni-
form C-PE, inspired from (Papusha et al., 2014; Chen et al., 2013; Wensing and Slotine,
2018; Stegagno and Yuan, 2019; Cho et al., 2017; Yuan et al., 2018), is defined as follows.

Definition 5. A group of vector valued function ¢;(t) = ¢(t, ;) : [to,00) x R* — RP
is called uniformly C-PE with respect to the dynamics ©; = f(t,x;), Vi = 1(1)q, if

¢, T > 0, such that ¥(ty, o) € Rsg x R™ 1, all corresponding solutions satisfy

/ Z@(T, z(r))o) (r,x(r))dr > <l,, Vit > t. 4.1)
)=l
0

The concept of uniform C-IE, taken from (Garg and Roy, 20194, 2020b,c; Goel
et al., 2022; Garg and Basu Roy), is defined as follows.

AL

Definition 6. A group of vector valued function ¢;(t) = ¢(t, x;) : [to,00) X R" — RP is
called uniformly C-IE with respect to the dynamics &; = f(t,xz;), Vi = 1(1)q, if 3¢, T >

lzg £ [T (to), -+, @] (to)]".
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0, such that, ¥(ty, x¢) € Rsg x R™, all corresponding solutions satisfy

Y dilrx(r)of (ra(r))dr = <1, (4.2)

to =1

O

Remark 11. The concept of uniformity indicates that the parameters s,I’ are independent
of the initial conditions (to, xo). The uniform C-PE condition implies a group of signals
¢i(t, z), Yi = 1(1)q being exciting in a cooperative fashion over the entire time-span,
ie, [t, t +T], YVt > to, while each regressor ¢;(t,x) may not be individually uniform
PE (Narendra and Annaswamy, 2012; Loria and Panteley, 2002; Panteley et al., 2001 ).
Similarly, uniform C-IE condition implies the satisfaction of excitation requirement in the
initial time-window [to, to+ T in a cooperative manner by a group of signals, while every

individual signal not necessarily being uniform IE. 0

4.3 Problem Formulation

Consider a mapping problem to learn an unknown vector-valued function over a compact
set M C R" through a team of robots/agents, where the mathematical structure of the

unknown function can be represented as
y=f(z)=0"¢(z), Vo € M C R" (4.3)

Here, f(-) : R® — R™ is the unknown mapping to be learned; © € RP*" denotes matrix
of unknown constant parameters and ¢(z) : R" — RP is a known basis function/feature
vector (also known as “regressor” in adaptive control literature). The variable z € R”
represents the input and y € R™ represents the output of the mapping. The set M is
a compact subset of R™ and the parameterization holds Vx € M. Here, it is assumed
that if z € M, then ¢(z) € My C RP, where M, is a compact subset of R”. Due to
the introduced parameterization in (4.3), the above mapping problem boils down to an
estimation problem of the unknown parameter matrix ©. The problem is solved using a

team of robots in a distributed and online setting as described subsequently.
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4.3.1 Agents’ Communication Topology and Model

The communication topology for comprising ¢ number of agents/robots, is represented
by the graph GG, where each vertex is treated as an agent and edge (i,j) € F, denotes
that j*" agent can get information from ‘" agent. It is assumed that each communication
link (4, j) has some unknown constant communication delay 7};, which is depicted in
Figure 4.1 (below). Each agent/robot can interact only with its local neighbors through

existing communication links. Each robot is modelled as a single-integrator dynamics.

where z;(t) € R" is the state/position of robot i and u;(t) € R" is the velocity/control
input of robot 7. Each robot is equipped with appropriate sensors to measure it’s own
position x;(t) and the functional value of the mapping y;(¢) € R™ at the current position,
i.e., the input-output pair {x;(¢), y;(t) } satisfies the following relation based on the defined
model in (4.3).

yi(t) = T (i(1)), Yt > o, Vi =1(1)q (4.5)

In (4.5), M;’s are sub-regions (sub-sets) of the region of interest M, such that the follow-
ing is satisfied.
UM =m (4.6)
M;NM; =0, Vi,jel(l)g, i#j 4.7)
Note that the first condition (4.6) ensures that the entire area is spanned by the team of
robots and the second condition (4.7) obviates the possibility of inter-robot collision.

Assumption 10. Graph G, which represents the communication topology among q num-

ber of agents, is a strongly connected digraph. 0

Assumption 11. ||©|| < ©, for some constant ©* € R, O

Here, it is assumed that the information of © is known for further subsequent formulation.
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4.3.2 Objective

The objective of this work is to develop an online distributed adaptive parameter esti-
mation/learning algorithm, i.e., an distributed adaptive parameter update law for ©;()3,
Vt > to, using the online measurements of ¢;(¢)*, y;(t) of the model (4.5) while col-
laborating (sharing delayed information of the parameter estimate) with the neighboring

agents, such that
19:(t) = Ol = 0 as t = oo, Vt > to, Vi =1(1)q (4.8)

and ensure a bounded and finite energy control input for each robot, i.e., u;(t) € LoN Lo,

Vi =1(1)q.

An illustration of the multi-robot network, where the communicating protocol

is based on Assumption 10 is shown in Figure 4.1.

M
; M| T, M,
o - Robot 2
Robot 1 " - - s N ?",9....“
& Y
S g Ty
‘ ______ [ —
A
I }
b, My e l., M;
Tyl & Ty e
Vi ]
| A o
Robot 4 T43 Robot 3

Figure 4.1: Mapping problem formulation with ¢ = 4 robots. Here, the dotted curves with
the black arrow represent the robots’ trajectories; the colored dotted arrows
with T; delay represents the communication link among robots, and colored
triangles are used to denote the current locations of the robots/agents.

For subsequent formulation, the following preliminary results of graph theory

are used in this paper.

Lemma 10. For a strongly connected directed graph G, the Laplacian matrix L € R4

has the following properties.

30,(t) € RP*™ denotes the i*" agent estimate of ©.
“Without loss of generality, in this paper ¢(z;(t)) is written as ¢;(t).
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(1) It has a simple zero eigen-value corresponding to the right eigen-vector 1,, and all
non-zero eigen-values have the positive real-part.

(2) Let w = [wy,wa, ..., wy|T, w; € Rug, Vi = 1(1)g, be the left eigen-vector of L
associated with the zero eigen-value. Then L = WL + LT™W > 0, where W =
diag{wy, ws, ..., w,} € R > 0.

Proof. For proof refer to the Lemma 5 and 11 of (Zhang et al., 2011). 0

4.3.3 Finite Energy Control Input Design

Consider the following design.
u;(t) = Projy,. (ui,n(t) + ui,ex(t))7 Vit > 1, Vi=1(1)q 4.9)

where the Projection operator Proj,, (.) is utilized from (Lavretsky and Gibson, 2011)
which ensures x;(t) € M;, ¥Vt > to, Vi = 1(1)q. Based on the above facts, it can be
ensured that z;(t) € L., which implies ¢;(t) € L., and hence y;(t) € L, Vi = 1(1)q.
Here, u; ,(t) € R™ is a nominal stabilizing controller, and w; .,.(t) € R™ is an exploratory
signal. The nominal controller u; ,, () is typically designed based on the control objective,
such as - coverage control (Schwager et al., 2008b; Cortes et al., 2004) or extremum-
seeking control (Garg et al., 2022), etc. Since there is no specific control objective in
this work, the nominal controller can simply be designed to be a goal-reaching controller
with a final destination of each robot in their corresponding sub-region while maintaining
uin(t) € Lo N Lo°, uniform continuity. The exploratory signal u; . (t) facilitates to
satisfy excitation condition, however, PE or C-PE condition demands an infinite energy
(non-square-integrable) persistent exploration. In contrast, C-IE or IE condition can be
satisfied by an appropriately designed decaying exploration. Hence, u; ., () for each robot
is chosen to be continuously differentiable and have the property - u; ...(t) € L2 N Lo,
uniform continuity, which implies w; ., (t) — 0 as t — oo, Vi = 1(1)q. In fact, u; ., (?)
can be generated using the following dynamics.

dNUi ex t dN_lui ex t
Clz‘,th—’N() + @i,(N—l)dtTl() ot A Uer (t) = Giea(t) (4.10)

SDetails of u; ,,(t) are provided in simulation section.
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where g; .. (t) is an auxiliary input satisfying ¢; ...(t) € L2 N Lo, Vi = 1(1)g; the con-
stants a; 1, ...,a; N, and initial conditions and the order N can be suitably chosen for
the above properties of u; .. (¢) to hold. For instance, u; .. (t) can take the forms of e,
e Ftsin(kot), e ¥ cos(kyt) or e7*5 (sin(ket) + cos(kq(t)), etc. where all the different

constants k() € R.

Remark 12. The purpose of embedding such decaying exploratory signal w; ...(t) is to
provide sufficient excitation through transient oscillation which can facilitate to satisfy

uniform C-IE condition. [

4.4 Distributed Adaptive Parameter Estimator Design with

Communication Delay

To address the mapping problem of learning an unknown vector-valued function over
M, this section elaborates on the implementation procedure of the distributed adaptive
parameter estimation algorithm design in the presence of communication delay. However,
to omit the requirement of restrictive C-PE condition, a novel set of weighted integrator

dynamics is proposed, which is inspired from (Garg et al., 2022) 6.

4.4.1 Weighted Integrator Dynamics

Consider the following weighted integrator dynamics V¢ > .

Yi(t) = B()ei(1)g] (1), Yi(to) =0, Vi = 1(1)g (4.11)
Zi(t) = B ()] (t), Zi(to) =0, Vi =1(1)q (4.12)

where Y;(t) € RP*P denotes the weighted integrated regressor, Z;(t) € R"™*? is known
as the weighted integrated output, and 5(t) € R is strategically introduced weighting

function, which has the following properties

Property 10. 3(t) > 0, Vt € [ty, 00). O

®While the work in (Garg et al., 2022) has introduced the weighted integrator in the context of single-
agent parameter estimation, the current work extends the idea for multi-agent setting.
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Property 11. 3(t) < 3 < 0o, Vt € [tg,00) = B(t) € L. O

Property 12. 3(t) € L;. O

whereas 3 € R is the upper-bound of 3(t). Based on the above Properties 10-

12, weighting function ((t) can be generated by the following dynamics

dN(B(t dNH(B(t
) g IO ey =) @1
where the function gs(t) satisfies; gg(t) > 0 and gg(t) € L3 N L; the constants
bi, ..., by, initial conditions, N, and function gs(t) are chosen such that the above prop-
erties of 3(¢) hold. For instance, 3(t) can take the shape like kge %1, kote %1t kot2e=M1,

etc. with k) > 0.

Analytically solving the (4.11), (4.12), along with (4.4)-(4.5), it can be deduced
that
Zi(t) £ 0TY(t), Vt > t, Vi = 1(1)q. (4.14)

Next, few lemmas are proposed, which quantifies crucial features of the weighted inte-
grated regressor matrix Y;(t).
Lemma 11. Y;(t) is a positive semi-definite function of time i.e., Y;(t) > 0, Vt > t,,

Vi =1(1)q.

Proof. From (4.11), the square matrix Y;(¢) can be represented as

Vi) = [ ptr) gty ar (4.15)
W T

Utilizing Property 10 in (4.15), it can be deduced that Y;(¢) > 0, Vt > to, Vi = 1(1)q. O

Lemma 12. Y;(t) is a non-decreasing function of time in the sense of matrix inequality

i.e., K(tg) Z Y;(tl), vtg Z tl Z to, Vi = 1(1)q

Proof. From (4.11), the square matrix Y;(¢) can also be expressed as

J/

Yi(ts) = Yi(th) + / " B(r)u(r) 6T (r)dr (4.16)
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From (4.16), utilizing the Property 10, it can be concluded that Y;(t2) > Y;(t1), Vio >

Lemma 13. Weighted integrated variables Y;(t), Z;(t) € Lo, ¥Vt > to, Vi = 1(1)q.

Proof. Based on the (4.9), Properties 10-12 of weighting function () in (4.15), ||Y;(¢)||

can be expressed

1vi(t) |—||/5 bl <>dr||

< / ||ﬁ<r>|r||¢i<r>¢?<r>r|dr

< max(||¢;(t)o; (t)|]) / |B(r)]|dr < oo 4.17)

V2€R>o

56R>0

which implies Y;(t) € L. Utilizing a similar argument and Assumption 11, based on

(4.12), it can be ensured that Z;(t) € L., Vi = 1(1)q. O

Remark 13 Compared to (4.11)-(4. ] 2), the open-loop filter architecture;

f oi(r r)dr, Z;(t f yi(r r)dr (used in (Krause and Khargonekar,
1987; Adetola and Guay, 2008; Roy et al.,, 2017b; Yuan et al., 2021; Cho et al., 2017;
Garg and Roy, 2020b, 2019a)) are not BIBO stable and susceptible to disturbances. On
the other hand, closed-loop filter architecture; Y;(t fe_kt Ni(r)ok (r)dr, Z;(t) =
fe”” Nyi(r)ot (r)dr, (used in (Garg and Roy, 2020c; Goel et al., 2022)) the above
ti(;‘sues are resolved. However, due to the forgetting factor k > 0 (i.e., unlearning of infor-
mation), a computationally expensive switching mechanism is required in the parameter
update law for incorporating the C-1E condition, which may not be realistic in many
practical settings. Unlike past literature, the use of weighting function [(t) in the pro-
posed architecture ensures BIBO stability of the integrator dynamics (4.11)-(4.12) and

further removes the computationally burdensome switching mechanism as revealed sub-

sequently. [
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4.4.2 Local Objective Function for " Agent

Consider the following i*" agent objective function, V¢ > t,, Vi = 1(1)g:

t
A~ A~ ’Y A~ ’Y ~
T(6it),65(t = Ty).t) =3 [OFW)6t) ~ w(OI +3 [ 80)IOT @)61(r) — i) P
N - v t()
RPXm x RPXM xR 0—R Jp ~ }, -
1 A A
+5 D 195t = Ti) — &0, (4.18)

JEN;

J/

v

Jo

where 7, 77 € R, are positive tuning parameters. Each agent has its local

objective or cost function to be minimized.

4.4.3 Proposed Distributed Adaptive Parameter Estimator

The adaptive parameter estimator is designed as gradient-descent of (4.18) with respect
to ©;(t), Yt > to, Vi = 1(1)g:

~ ~ N

Oi(t) = —TiVlJg, (0i(1),0,(t — Ty:), )

=- VFi?z‘(t) (2:(t) — yz’(t))ji_fYIFi\(ZAi(t) - Zi<t>)T +I ‘ (éj(t —Tji) — éi(t))7

where T; € RP*P is a positive-definite learning gain matrix, §;(t) £ ©T(¢)¢;(t), and
Zi(t) £ Of (1)Yi(t).

Remark 14. To reinterpret the dynamics (4.19) as an instantaneous minimization of a
particular objective/cost function, a local objective function is proposed in (4.18) which
has the following features. The term Jp in the objective function represents the quadratic
local prediction cost which is used to capture the proportional type of prediction error
as Tp in (4.19), local quadratic term J; is used to capture past information of prediction
error with appropriate weighting as I in (4.19), and J; denotes the quadratic disagree-
ment function which is used to capture the neighbor’s information corresponding to each

ith agent as T in (4.19). O
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In (4.19), Tp component is a proportional-type local prediction error, 7} com-
ponent is a novel weighted integral-type local prediction error, whereas the last component

T is to penalize the disagreement w.r.t to neighbors.

Inspired from (Wensing and Slotine, 2018), let’s define an auxiliary variable

where the subscript j7 indicates communication from j to ¢. Utilizing (4.20) in (4.19),

yields

AB;(t) = — 9T Cbi(t)ﬁé?(t)A@i(t)/—WFiYz‘(t)A@i(t) +I Z Tji, Vi =1(1)q (4.21)

~— ——_— — —
Tr 1 J\i/
Tc

Here, AO,(t) = ©;(t) — © € RP*™ denotes parameter estimation error.

Utilizing (4.20), the above can be alternatively represent as, Vi = 1(1)g

AB,(t) = =T ¢i(1)9] (H)AB,(t) =L Yi()AOi (1) +T Y ((65(t) — ©i(t)) + Adyi(t))
N , N 2

JEN;

-~
Tp 17

J/

g

Te

(4.22)

where Ad;;(t) € RP*™ denotes ;" neighbors delay deferential error for i" agent, which

is defined as
Adji(t) = AO;(t — Ty) — AO;(t), Vi=1(1)g, j € N; (4.23)

Utilizing Assumption 10 based graph preliminaries, compact representation of the (4.22)

becomes
AO(t) = — AT Pp(t)AO(t) — v TP, (H)AO(t) — T(L ® I,)AO(t) + TAS(t) (4.24)

where the column vectors ©(t) = [O](t), .. ., @;F(t)]T € Rrexm,

"The main motive is to capture the past information through the integral-action since it reduces the
steady state error to zero as known from classical control literature.
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AO(t) = [AOT(t),..., A (t)]" € RP™ are obtained by stacking the components

©;(t) and A©,(t), respectively, Vi = 1(1)q. ®p(t), ®;(t) € RP?*P? are the block diagonal

matrices, defined as

@p(t) 2 diag{ (D67 (1), .., 6,(1)5 (1)}

O(t) 2 diag{Yl(t), o ,Yq(t)}.

Further, Ad(t) € RP?*™ denotes the compact representation of Adj;(t), which is defined

as
T

Ad(t) &

D OAGH(E), ) AS(t)

JEN1 JENg

I' € RP7*P4 i3 a block diagonal matrix which is defined as [' = diag{I'y,....T',}.

4.4.4 Stability/Convergence Analysis

The following Lemma characterizes several properties of the above proposed distributed

adaptive parameter estimator dynamics (4.19) or (4.21).

Lemma 14. For MAS architecture model (4.4)-(4.5), provided Assumptions 10-11 hold,
the distributed adaptive parameter estimator dynamics (4.19) or (4.21) ensures the fol-

lowing.

(1) The origin of (4.21) is Lyapunov stable (UGS) and all the auxiliary signals remain
bounded, ¥t > to, Vi = 1(1)q.

(2) Asymptotic convergence of prediction errors, Vi = 1(1)q
(9:(t) — ys(t)) = Oast — oo
(Z(t) — Zi(t)) = 0ast — oo

(3) Asymptotic consensus of parameter estimates:

~

O;(t) —O,(t) = 0ast — oo, Vi =1(1)q, j € N;.

Proof. Consider the Lyapunov-Krasovskii (LK) functional candidate V' = ) V; with

t
1 1
V. = étI‘(A@;FFi_lA@i) + itI‘(Z / A@?A@jdr> (4.25)

JEN 4 1,
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Taking the time derivative of (4.25) and substituting the parameter estimator dynamics

(4.21), yields
Vi=— tr((m@;fgzsxtw;f@m@i +A6TYI(1)A6,)

= (A@;frﬁ + %(A@}A@j — AOS(t — T;)AO;(t — Tji)))> (4.26)

JEN;

Noting that each (A@]-T(t —T5)A0,(t — Tﬂ)> can be expressed via (4.20) as
O] (t = Ty)AO;(t — Ty)) =AOTAG; + 7i7s; + 2807 (A6;(t — Tys) — AO,(1))

which implies

V- tr(z (20T 6:()6F (A8, + 1 AGTYVi(1)A0;) + % 22 <T]'T”Tj">> ="

i=1 i=1 jeN;

(4.27)

The above inequality implies V(A@) is negative semi-definite, V¢ > (0. Hence, the origin
of (4.21) is UGS. Based on (4.9) and Lemma 13, it can be conclude that (¢;(¢), Y; (%), di(t), Yi(t) €
L..). Using the above arguments, it can also be concluded that V (A©(t)) is uniformly
bounded above by its initial value, which implies (:)Z(t) € L i.e., the local prediction

0i(t), Zi(t) € Loo, Vi = 1(1)g. This completes the proof of part-1.

For part-2 of the proof, differentiating (4.27) and using the boundedness related
arguments in the last paragraph, it can be concluded that V(A®) € £, = V(AO) is
uniformly continuous. By invoking Barbalat’s Lemma (Lemma 8.2 at page 323 (Khalil
and Grizzle, 2002)), V(AO(t)) — 0 as t — oco. Then from (4.27), it can be concluded
that each AOT (¢;(t)¢] (t)) AO;, AOT (Y;(t))AO;, 7j; — 0ast — oo, Vi = 1(1)q,j €
N;, which implies that all the local prediction errors (g;(t) — y:(t)), (Zz(t) — Zi(t)) = 0
as t — oo, Vi = 1(1)gq, respectively i.e., the asymptotic convergence of prediction errors

is achieved.

For part-3, utilizing the above facts, it can be seen that each AB; (t) — 0 asymp-
totically. Based on Assumption 10, it can be inferred that there exists a cycle as {(z, wy),

(W1,W2) 5. -+, (Wo, 1)}, Vi = 1(1)q, here w(.) denotes the intermediate vertices of the graph.
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Now, 7j; = 0 ast — 00, Vi = 1(1)g and j € N;, implies that each A©;(t) converges to a
trajectory with period (T}, + Ty 0, + - - - + 10,:)- Since A@i(t) — 0 the only possibility
for this periodic trajectory is that ©;(¢) converges to a constant value Vi = 1(1)g. Further,
for j € N; 7;; — 0; which implies ©,(t — Tj;) — ©;(t) as t — oo. Thus due to Assump-
tion 10, all the estimates éz(t) must converge to a common constant vector (parameter
consensus). As a result, this also implies each Ad;;(t) = O;(t — Ty;) — ©,(t) — 0,
ast — oo Vi = 1(1)q, j € N;. This completes the proof of part-3 i.e., the parameter

estimates asymptotically reach consensus. [

4.4.5 Asymptotic Stability/Convergence with uniform C-IE

Consider the following assumption, which can be facilitated by appropriate choices of

exploratory signals u; .,(t), Vi = 1(1)q of the robots.

Assumption 12. The group of regressors ¢;(t)s hold uniform C-IE w.r.t the set of dynam-
ics (4.4), (4.9)-(4.10) as per Definition 6. ]

Lemma 15. Provided Assumption 12 holds, the matrix M (t) = (([2 ® 1,) + W (1))

is uniformly positive-definite over the time window [ty + T, c0) i.e.,
ATM A > v||A|]?, Yt > to + T, VA € R — {0,,} (4.28)
where v € R+ is a constant positive scalar, which will be defined subsequently.

Proof. Since L1, = 0 (based on Lemma 10) and hence ilq = 0 (please refer to the
Lemma 9 of (Zhang et al., 2011)), and which implies

(L®1) (%h ® fj) ~0 (4.29)

Here, the eigen-decomposition form of the matrix (E ® I,,) is written as
(L® L)V ® f;) = X0 ® f;) (4.30)

whereas the right hand side of both the above equations can be verified on the basis of the

mixed product property PQ ® RS = (P ® R)(Q ® S) for appropriately sized matrices
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P, @, R, and S. Here, \; > 0, v; are the eigen-value and eigen-vector of (L) Vi = 2(1)q,
respectively. f; € RP is the ;' unit vector for all j = 1(1)(p). Considering A € RP? as a

unit vector and expressing it in this basis as
p 1 q p
A:ijﬁlq®fj+zzsijﬁi®fj (4.31)
j=1

i=2 j=1

with (k,£) € RP x R~YP has unit norm. Define the new variable ®;,,.(t) of ®p(t) over

the time interval [to, to + T is

Do (t) 2 / Op(r)dr (4.32)

to

by substituting relation (4.31) into (4.28), using the first term AT(f/ ® I,)A of
(4.28), can be bounded based on Lemma 10 as

q p
ATL @ L)A =" Ned = M1 — [|s]]3) (4.33)

i=2 j=1
where | |53 + |[e]|3 = L.

The second term v, ATW®(¢)A is

AT, A =1L ZZWJ L@ )W (1, ® f))

=1 1
" q p p
-+ l ZZZKJ;&TW 1 &® fk W(I)[(’ﬁl X fj)
\/6 i=2 j=1 k=1
q p q p
o > eyen(W; @ £;) Wo (9, ® f1) (4.34)

i=2 j=1 k=2 I=1
N ~~ s
>0

Utilizing the Properties 10-12 of weighting function 5(¢), (4.11), it can be concluded that

Br(t) > Bi®par(t), V¢ > to+ T (4.35)

where 31 > 0 is a positive scalar which is depend on lower-bound 3 of weighting function
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B(t). Substituting the (4.35) into (4.34), yields

Y ATW®;(t)A 261% Z Z Kikj(1y ® [ TW @y, (8)(1, @ fi)

¥ — j=1

261%’222/@;@; 1@ fi) "W Ppar(t) (9 © £;)
Vi = =1 k=1

+ B Z Z Z Z eigen(0i @ f7) "W Ppar (1) (U ® f1)  (4.36)

i=2 j=1 k=2 I=1

(.

-~

>0

Moreover utilizing the C-IE definition and Cauchy-Schwarz inequality followed by Holder’s

inequality on cross-coupled term, v;ATW ®;(#)A can be lower-bounded as

to+T

VAT (A > >/31’YI T( / Zq:wquz )/{ 2§1@1’YI¢] ZZZ ke

=2 j=1 k=1

(4.37)

After further simplification and provided the Assumption 12 uniform C-IE holds, (4.37)
yields

_ k| [3vrBisw
Aty > PEIA o flaa =l @39

where ¢; > 0 is the possible upper-bound based on the uniform C-IE definition and w =
min;w;. Thus by clubbing these two terms (4.33) and (4.38) together, required lower

bound, which is strictly greater than zero, is achieved i.e.,
ATM()A > max{AT(L @ L)\, v ATW®;(t)A} > v >0

where v is

k|51 815w
V:||nl|r|§f<1max{ ( I H) | ||2’VI 1 2§51’YIC]\/HHH2 1—H/~§|] )}

(4.39)

Using continuity argument, infimum in (4.39) is attained and is strictly greater than zero
(if v is zero and the first term is zero, then the second term should also be zero, WT“@

is zero, which is a contradiction from the uniform C-IE condition (4.2) requirement for
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parameter convergence). [l

Theorem 6. Provided Assumption 12 holds, then the origin of the parameter estimation

error dynamics (4.24) is asymptotically converging i.e., objective (4.8) is achieved.

Proof. Consider the following Lyapunov candidate
1 _
V.(AB) = 5tr(A@Tr—lwa@) (4.40)

Taking the time derivative of (4.40) and substituting the (4.24), yields

V.(AB) = —tr <7A®TV_VcI>p(t)A® + 9 AT, () AB + AOT(L ® I,)AO — A@TWM)
(4.41)

Utilizing the Lemma 28 (refer to Appendix A), invoking the Assumption 12 based positive-
definiteness Lemma 15 in (4.41), Vt > ¢y + T, following yields

Ve(A6) < ~tr(AOTMAB) + r(A0TWAS) <0 (4.42)

Applying tr(.) operator property, Cauchy-Schwartz inequality in (4.42), Vi > to + T,

yields
. 1 W 2
Ve(A6) < — (Anin(M) - i> 1A8]* + M ladfF <0 443
N——
¢>0
Where J¢ > 0 is a free-scale constant parameter such that ()\mm(M ) — % > O). Further
using the (4.40), (4.43) can be upper bounded as, Vt > to + T
V,(AG) < —2 AminM) — 3¢ | +CAd2 <0 (4.44)
‘ o U_J)\max(ril) ¢ o '
,LL‘>r0 .
where w = max;w;. Furthermore, above can be written as
Vo(AB) < =2uV.+ C|AS|1P <0, Vit > to+ T (4.45)

Based on Lemma 14 (part-3) proof argument; Ao — 0 as ¢ — oo. Hence, using Compar-
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ison Lemma (Lemma 3.4 at page 103 (Khalil and Grizzle, 2002)), (4.45) implies that the

origin of (4.24) is asymptotically converging i.e., objective (4.8) is achieved. U

Remark 15. Above Lyapunov analysis ensures asymptotic convergence of parameter es-
timation error to zero in the presence of nonuniform delay among agents (i.e., different
delays between all the different agents). Moreover, communication delay information is

not available to the agents. [

4.5 Distributed Parameter Estimation Algorithm with-

out Communication Delay

In this section, a special case of the above problem is tackled, where communication delay

between agents is not considered i.e., Tj; = 0,Vi = 1(1)q, j € N;.

4.5.1 Stability/Convergence analysis

Based on (4.24), the distributed adaptive parameter estimation error dynamics with delay-

free scenario, for all the ¢ number of agents can be compactly represented as

AO(t) = —~TOp(t)AO(t) — v T (1) AO(t) — T'(L @ I,)AO(t) (4.46)

The following Corollary characterizes several properties of the above distributed

adaptive parameter estimator dynamics without communication delay (4.46).

Corollary 6.1. Utilizing MAS model (4.4)-(4.5), provided Assumptions 10-11 hold, then
the dynamics (4.46) exhibits:

(1) Origin of the parameter estimation error dynamics (4.46) is UGS and all the auxil-
iary signals remain bounded, Wt > to, Vi = 1(1)q.

(2) Asymptotic convergence of prediction errors, Vi = 1(1)q

(9:(t) — ys(t)) = Oast — oo
(Zi(t) — Zi(t)) = 0 ast — oo
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(3) Asymptotic convergence of parameter estimates consensus:

A

O,(t) — ©;(t) = 0, Vi =1(1)q, j € N;.
Proof. Consider the following Lyapunov candidate
1 -
Va(A©) = §tr(A@TP_1WA@) (4.47)

Taking time derivative of (4.47) and substituting the parameter estimation error dynamics

(4.46), yields

Vy(AO) = — tr (fyA@TWd)p(t)A@ + A AOTI D (H)AO + AOT(L ® [p)A@> <0
(4.48)

From (4.48), utilizing the Lemma 10, Lemma 28 (refer to Appendix A), and part-1 to part-

3 of Corollary 6.1 can be proofed in the same way as part-1 to part-3 of Lemma 14. [

4.5.2 Stability/Convergence with uniform C-IE

Corollary 6.2. Utilizing the Lemma 15 proof argument which is based on Assumption 12,
then origin of the parameter estimation error dynamics (4.46) is uniformly globally expo-

nential stable (UGES), i.e.,
IAO(H)|| < nl|AO(ty + T) |l T) Wt >ty + T (4.49)
where 1 € R- is a constant positive scalar.
Proof. Invoking the Lemma 15 in (4.48), yields
Vi(AO) = —tr(AOTMABO) < 0, V¢t >ty + T (4.50)

using (4.47), the above inequality modifies as

‘/ < — - 7 ‘/ V > —|— z 4. 1
4= (U_J)\max(rl)) ; ' N to ( > )

-
n€R>0

J/
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Hence using the comparison Lemma (Lemma 3.4 at page 103 (Khalil and Grizzle, 2002)),

the differential inequality in (4.51) leads to the subsequent exponentially convergent bound
1AO®)| < nl|AO(ty + T)|le ™ 0D vt > ¢+ T (4.52)

Since the Lyapunov function in (4.47) is radially unbounded and the constant 7 are inde-
pendent of the initial conditions, the algebraic inequality in (4.52) proves UGES of the

origin of the parameter estimation error dynamics (4.46), Vt > to + T. ]

4.6 Simulation Results

Consider a MAS architecture with ¢ = 4 agents/robots, where each agent/robot is mod-
eled by a single integrator dynamics ;(t) = u;(t) where u;(t) is generated by the dynam-
ics (4.9). x;(t) = [xi1(t), zi2(t)] € R? is the position on the plane of the i*" agent/robot,
u; () = [us1(t), ui2(t)] € R? is the controller which is designed based on (4.9). The out-
put y;(t) for each i" agent is chosen to be a generalized quadratic function of z;(t) (i.e.,
yi(t) = ©T¢(z;(t))) which can be formulated by sensing the agent current position ;(t).

The pictorial representation of the above simulation analogy is depicted in Figure 4.2.

Single Integrator dynamics Integrator
I === A = = -| ( )
12;(t) = u;(t), Ve = 1(1)(4) 1 1 zi(t
IL() i(t), ()()I S
R? R? s 1
N e e e - - 7 | Y
finite Energy Control Input
—_——d e
Coul =) |
N 1 ui(t) = (...
0;(t — Ty),Vj € N; N ,I Input signal
Proposed Distributed Parameter Generalized Quadratic Function (Output)
Estimation Algorithm e ——
-------- s Output 777" 7 = 5 2 o . . .
1 si 1Wi(t) = a123 + astiy + aztinTi + @i + a5z +ag |
2 1 Signal Tro 2
s 0;(t)=—(...) |<—: = la1; 95 033 a4; 055 a6] " [y Tin; TarTaz; Tt Tazs 11
-------- - . 6 (0 !

—————————————————————————————————

Figure 4.2: Block diagram for simulation analysis.

Chosen numerical data: True unknown constant parameter vector;
O =[1,1,0.4, -4, —4,4,4] € RS, regressor vector signal ¢;(t) = [1%, 1%, T;1Ti0, Ti1, Tio, 1] €

RE. In this paper, weighting function 3(t) with Properties 10-12 is generated by the fol-
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lowing dynamics

B(t) = —kB(t), B(to) = B(0) # 0, Vi > 1o

where k € R.. For simulation, £ = 0.2, 3(0) = 1 is chosen while all the other initial

conditions are kept to be zero.

4.6.1 Spiral Motion of Robots

In this subsection for simulation, the controller u;(t) € R? is chosen to generate spiral

motion.

i1 (t) =Proj . ( [0.26702710) co5(1.24); 0.26 70210 51 (1.2¢)]

Ul,ea:(t)
K1 — x;)), M, =1[0,0.5] x [0,0.5]
——_————

u17n(t)

i2(t) =Proj,, ( 0.22¢703(710) co5(1.3t); 0.22e =03 0) gin (1.31)]

us.cn(t)
~K(xs — %) ) My = [0.5,1] x [0.5,0.5]
——————

ug’n(t)

i5(t) =Projyy, ( [0.18¢702710) co5(1); 0.18e %20 sin (1))

(. J/
e

u3,ez(t)
~K(xs — x§)>, My =1[0.5,1] x [0.5,1]
———

uS,n(t)

i4(t) =Proj,, ( [0.3¢7035=80) co5(21); 0.3 03510) gy (2¢)]

(. J/
v~

u4,ez(t)
K4 — a;;;)>, M, = [0.5,0.5] x [0.5, 1]
—————

u4,n(t)

In the above controllers, X = 0.1 denotes the control gain, x7 = [0.25;0.25], x5 =

[0.75;0.25], x5 = [0.75;0.75], z; = [0.25;0.75], denote the final target position’s of
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all the 4 agent/robot, respectively. Based on the above w;(t), it can be validated that each
individual regressor ¢;(t) € R holds uniform IE condition (Roy et al., 2017b) and hence,
in cooperation they achieve uniform C-IE condition (4.2) as in Lemma 15, respectively

1.e.,

(rank(Yy) =6,Y1 > 0), (rank(Yy) =6,Y> > 0),
(rank(Ys) =6,Y5 > 0), (rank(Y,) =6,Y; > 0),

(rcmk (uWo;(t) + L& Is) = 24 or M > o), V> to+ T

J/

e

M
here, W = W ® I,.

Figure 4.3 demonstrates comparative simulation of the algorithm with various
“uniform” delay, where convergence rate degrades with increasing the magnitude of delay.

However, each time convergence is guaranteed as proved in the previous section.

Figure 4.4 illustrates a comparison with a C-PE based estimator (as used in
(Wensing and Slotine, 2018) and others), where the update law only uses 7;, and T as
compared to (4.24). It is clear that due to decaying excitation, the C-PE based estimator
cannot provide parameter convergence, however, the proposed algorithm is able to achieve

parameter convergence.

Finally, Figure 4.5 shows the plot of concatenated parameter estimation error

for the non-uniform delay case, validating the claims of Theorem 6.

Robot Trajectories for ¢ = 4 agents
= %

1 1 1 1
0] 0.1 0.2 0.3 0.4

‘ ‘ ‘ ‘
05 06 07 08 0.9 1
z1(t)

[|A©(t)]| for g = 4 agents with uniform delay case

b
=158  |e=essss Delay=0sec ]
= |, Delay=0.125sec

| e |
<®l 10 “:.::,.'. ....... Delay=0.25sec
= 5} % "~.:'~.,.. ------- Delay=0.5sec ]

R '-...,:: ...... . .
0 LI} IANAERARRRD VAL LLERT
0 20 40 60 80 100 120 140 160 180 200

Figure 4.3: Comparative plot for norm of parameter estimation error with robot trajecto-
ries using uniform C-IE based proposed algorithm (4.19) or (4.24).
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C-IE based proposed algorithm with Delay=0sec
------- C-PE based algorithm with Delay=0sec
C-IE based proposed algorithm with Delay=0.5sec

20y

------- C-PE based algorithm with Delay=0.5sec

Ao

0 50 100 150 200
t(sec)

Figure 4.4: Comparative plot for proposed distributed parameter estimation algorithm
(4.19) or (4.24) and (C-PE) based algorithm.

[|AB(¢)|| for ¢ = 4 agents with non-uniform delay case

1AB()]|

0 50 100 150 200
t(sec)

Figure 4.5: Norm of parameter estimation error using proposed distributed parameter es-
timation algorithm (4.19) or (4.24) with non-uniform communication delay
(T2 = 0.4(sec), To; = 0.2(sec), Ty3 = 0.3(sec), 130 = O.55(sec)) case.

4.6.2 Linear Motion of a subset of Robots

In this subsection for simulation, the controller w;(t) € R? is chosen to execute linear

motion of two robots, while the other two remain static.

i1(t) = Proj,, ( — K(z, — x’{)), M, =1[0,0.5] x [0,0.5]
$2(t) = 02, M2 = [05, ]_] X [05,05]
i5(t) = ProjM3< ~ K(zs— x;;)), My = [0.5,1] x [0.5, 1]

$4(t) = 02, My = [05,05] X [05, 1]
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Based on the above controller’s design, it can be validated that each individual regres-

sor ¢;(t) € R® does not satisfy uniform IE condition (Roy et al., 2017b), however, in

cooperation they achieve uniform C-IE (4.2) as in Lemma 15, respectively, i.e.,

(rank(Y;) # 6,Y; > 0), (rank(Y2) # 6, > 0),

(rank(Ys) # 6,3 > 0), (rank(Ys) #6,Ys > 0),

(rank (yWd;(t) + L Is) = 24 or M > o), VE>to+ T

(.

J/

-~

M

Based on the above data, the proposed distributed adaptive parameter estimation algo-

rithm (4.19) or (4.24) validates the Theorem 6 even if none of the individual regressor’s

hold uniform IE condition (Roy et al., 2017b) which is depicted in Figure 4.6.

Robot Trajectories for ¢ = 4 agents
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Figure 4.6: Comparative plot for norm of parameter estimation error with robot trajecto-
ries using proposed algorithm (4.19) or (4.24), if none of the individual regres-
sor ¢;(t)’s are uniform IE. Here dotted curve represent || A©;(¢)|| without con-
sensus term, solid curve represent || A©;(¢)|| with consensus term, Vi = 1(1)4.

4.7 Conclusion

This chapter proposes a novel distributed adaptive parameter estimation algorithm for

multi-agent systems, where parameter convergence is ensured under a relaxed mathe-

matical condition of uniform C-IE in the presence of communication delay. The C-IE

condition can be achieved by using finite-energy exploration, unlike the restrictive C-PE

condition used in past literature. The proposed algorithm utilizes a new set of integrator
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dynamics, which omits computationally involved switching or internal instability of re-
cent works on C-IE based designs, while still ensuring parameter convergence. The pro-
posed algorithm provides - 1> UGS and asymptotic convergence (with communication
delay), 2> UGES (without communication delay) of the origin of the parameter estima-

tion error dynamics, respectively.
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Chapter 5

Distributed Adaptive Parameter Estimation over Weakly
Connected Digraphs using a Relaxed Excitation

Condition

5.1 Introduction

In this chapter, a novel distributed adaptive parameter estimation (DAPE) algorithm is
proposed for a MAS architecture over a weakly connected digraph network, where pa-
rameter convergence is ensured under a newly coined relaxed excitation condition, called
generalized cooperative initial excitation (gC-IE). This is in contrast to the past literature,
where such DAPE algorithms demand C-PE and generalized cooperative persistent of ex-
citation (gC-PE) for strongly connected digraph, and weakly connected digraph networks,
respectively, for parameter convergence. The gC-PE and C-PE conditions are restrictive
in the sense that they require the richness/excitation of information over the entire time-
span of the signal/data, unlike the gC-IE condition where excitation is needed only in the
initial time-span. The newly coined gC-IE condition is an extension of C-IE condition.
While the C-IE condition applies to a strongly connected digraph, the newly proposed
gC-IE condition extends the concept to weakly connected digraph. The proposed algo-
rithm utilizes a novel set of weighted integrator dynamics, which omits the requirement
of computationally involved multiples switching mechanisms in past literature, while still
ensuring parameter convergence. The proposed algorithm provides GES of the origin of
the parameter estimation error dynamics under gC-IE condition. Furthermore, a robust-
ness analysis for the proposed DAPE algorithm in the presence of additive disturbance
is carried out where the parameter estimation error dynamics exhibits ISS. Simulation

results further validate the efficacy of the proposed algorithm.



5.2 Notations & Preliminaries

5.2.1 Notations

Given a matrix C, p(C') denotes the spectral radius of C. A M-matrix is a square matrix
of the form; A = s/ —C' with non-positive off-diagonal entries, where C' is a non-negative
matrix (i.e., all the elements are equal to or grater than zero), and s > p(C'). This matrix
is non-singular when s > p(C'). Let matrices P, € R™*", P > @) (P > () means that
P — @ is positive-definite (positive semi-definite), respectively. A pair of two matrices

(Ay, As) holds commutative property iff (A; Ay = Az Ay).

5.2.2 Preliminaries on Algebraic Graph Theory

A directed graph or digraph G £ (V, E) is characterized by the set of n vertices V 2
{1,...,n} and the set of directed edges £ C V x V. In a directed graph, an edge
(i,j) € E signifies that j'* agent can get information from 4" agent but the converse is
not true. In this case, i*" agent is called a neighbor of j*" agent. Here, NN; is defined as the
set of neighbors for the i agent, defined as: N; £ {j € V| (j,i) € E}. Note that self
edges (i, 1) are not allowed, thus (i,7) ¢ FE and i ¢ N;. A directed path connecting nodes
ip and i,, is a sequence of edges of the form (i1, i,), @ = {1,2,...,n}. If there is a path
between every pair of nodes in a graph, then the graph is connected. A node ¢ is reachable
from j if there is a directed path from j to ¢. A strongly connected component (SCC) is a
subgraph of (G in which any pair of nodes are reachable from each other. Any digraph G
can be partitioned into a series of SCCs that do not share any common nodes. If an SCC
has only outflows, i.e., there are no edges from other components to this SCC, it is then
called a root strongly connected component (RSCC). A digraph is weakly connected if
each couple of distinct nodes (i, 7), ¢ # j is connected with a path that does not account

for the direction of the edges.

The Laplacian matrix L of the weakly connected digraph G can be written as a

lower block triangular form (Maghenem et al., 2022; Cheng and Scherpen, 2019; Javed
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et al., 2021; Di Cairano et al., 2008).

L, 0
L= .1)
Loy Ly

. The matrix L, is a block diagonal matrix which is defined as
L, = diag{Lal, o ,LQQ} = blkdiag{Laq},Vq =1,...,Q (5.2)

where () denotes the total no of RSCCs in graph G. In (5.2), each diagonal block is
an irreducible, singular M -matrix, corresponding to a certain RSCC. The lower left block

Ly of L is a non-negative matrix and the lower right block Lj is a non-singular M -matrix.

In this chapter, for subsequent formulation the notation £, is used to denote the

number of agents corresponding to each RSCC ¢ and h = Z?:

| hq denotes the no of
agents corresponding to total number of RSCCs in graph G (as @ in (5.2)) and /" denotes

the number of remaining agents in the graph G. Hence (h + h' = n).

5.2.3 Definitions on Signal Excitation Conditions

This section introduces several signal excitation definitions, which are used for comment-

ing on the convergence properties of the subsequently proposed DAPE algorithm.

Unlike the C-PE (Papusha et al., 2014; Chen et al., 2013), and C-IE (Garg
and Roy, 2020c; Goel et al., 2022; Garg and Roy, 2020a) based frameworks, which are
restricted to only undirected graphs and strongly connected digraphs, a generalized coop-
erative persistence of excitation (gC-PE) condition (Javed et al., 2021; Maghenem et al.,

2022) over generalized digraph (for example weakly connected digraph) is defined below.

Definition 7. Let G be a weakly connected graph withn number of nodes/agents. A group
of bounded vector-valued functions ¢;(t) € R™, where t € [tg,0), to > 0, Vi = 1(1)n,
is said to satisfy the “gC-PE” condition for G if for each RSCC gq, with total agents h,,

the following inequality holds

Ty g,

[ ICIAGES S T 53)
+ =1

112



for some T,', Y, € Rs,. O

Inspired from (Javed et al., 2021; Maghenem et al., 2022; Garg and Roy, 20194,
2020a,c; Goel et al., 2022; Garg and Basu Roy, 2023), a generalized cooperative initial

excitation (gC-IE) condition is proposed in this work as follows.

Definition 8. Let G be a weakly connected graph withn number of nodes/agents. A group
of bounded vector-valued functions ¢;(t) € R™, where t € [ty,0), to > 0, Vi = 1(1)n,
are said to satisfy the gC-IE condition for G if for each RSCC q, with total agents hy, the
following inequality holds

t()-i-Tq hq
/ > ulr)e] (r)dr = Yyl (5.4)
o=l

for some T, T, > 0. [

The gC-PE condition (5.3) and newly proposed gC-IE condition (5.4) implies
that each RSCC in a weakly connected digraph network G should hold the C-PE and C-1E

condition, respectively.

The newly proposed gC-IE condition generalizes existing C-IE condition, such
as those presented in (Garg and Roy, 2019a) for undirected graphs (bidirectional), and
in (Garg and Roy, 2020c; Goel et al., 2022; Garg and Basu Roy, 2023) for strongly con-
nected and balanced digraphs. In particular, when the digraph is strongly connected, it
follows that (h, = n), which implies the C-IE condition (2.3). Similarly, when the di-
graph is fully disconnected, (5.4) reduces to the standard IE condition (1.8) applied to

every agent of the network.

Remark 16. Based on (5.3), it can be inferred that for each RSCC q with total agents h,,
the excitation is needed for the entire time-span i.e., [t,t + T,], Vt > to, which demands
that infinite amount of energy (for example; ¢;(t) = sin(t), ¢;(t) = 1, etc) are needed
for excitation. However, in (5.4), the excitation is needed only in the initial finite time-
window i.e., [to, to+ T,], which can be satisfied with finite amount of energy (for example;

oi(t) = e tsin(t), ¢;(t) = e, etc). Hence, from the above discussion, it can be argued

qu is the time where mathematical rank condition (5.3) holds, however T}, is not known to us.
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that the proposed gC-IE condition is milder than the restrictive gC-PE condition (Javed
etal., 2021; Maghenem et al., 2022). ]

5.2.4 Definition on Stability Properties

Here, the stability properties of the systems corresponding to input will be defined based
on Lemma 4.6 of(Khalil and Grizzle, 2002).

Definition 9. Suppose a system i(t) = f(t,x,u) is continuously differentiable and glob-
ally Lipschitz in (z,w), uniformly in t. If the unforced system i(t) = f(t,z,0) has a
globally exponentially stable equilibrium point at the origin x = 0, then the system is

input-to-state stable (ISS)>. O

5.3 Problem Formulation

5.3.1 Agent’s Communication Topology and Model

In this chapter, an online DAPE problem for an MAS architecture comprisingn number of
agents is tackled. The information flow among agents is described by a digraph G. Here,
the aim of the agents is to cooperatively learn a global unknown constant parameter by
using individual real-time measurements of input-output signals, satisfying the following

form (Maghenem et al., 2022; Javed et al., 2021; Ortega et al., 2020).

yi(t) = T ¢;(t), Vt > to, Vi=1(1)n (5.5)

where y;(t) € R? denotes the output, © € R™*? denotes the matrix of unknown constant
parameters and ¢;(t) € R™ is the input basis functions/feature vectors (also known as

“regressor” in adaptive control literature).

Remark 17. The above posed problem with model (5.5) or equivalent models are used in

adaptive control, composite adaptive control, distributed adaptive control literature (see

(Schwager et al., 2009; Abdul Razak et al., 2018; Papusha et al., 2014, Chen et al., 2013;

ZFor ISS definition refer to the Definition 4.7 of (Khalil and Grizzle, 2002).
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Wensing and Slotine, 2018; Stegagno and Yuan, 2019; Yuan et al., 2021; Basu Roy et al.,
2018; Chowdhary et al., 2013) for further details). While this work is entirely focused on
parameter estimation, it’s application in distributed control problems, such as distributed
model reference adaptive control (MRAC) (Peng et al., 2013; Yuan et al., 2019, 2021),
distributed adaptive coverage control (Schwager et al., 2008a; Li et al., 2012), distributed
adaptive extremum seeking control (Poveda and Quijano, 2013; Poveda et al., 2019; Guay

etal.,, 2015, 2018), etc, are kept as promising future directions. [l

Assumption 13. Graph G, which represents the communication topology among n num-

ber of agents, is a weakly connected digraph. [

Assumption 14. ||©|| < 6, for some constant © € R, O

5.3.2 Objective

The objective of this work is to develop a DAPE algorithm, using the online measure-
ments of input (¢;(¢)), output (y;(¢)) of the model (5.5) while collaborating (sharing

instantaneous estimate) with the neighboring agents, such that
16;(t) — O = 0 ast — oo, ¥Vt > to, Vi =1(1)n, (5.6)

without requiring the restrictive “gC-PE” condition.

Here, é)l(t) € R™*P denotes the estimate of unknown constant parameter ma-
trix © by 7" agent. Furthermore, the subsequent assumption is considered to facilitate the

DAPE algorithm design.

Assumption 15. ¢;(t), ¢;(t) € Lo, Vi = 1(1)n. O

5.4 DAPE Algorithm Design

This section elaborates on the implementation procedure for the subsequently designed
DAPE algorithm. To omit the requirement of restrictive gC-PE condition (used in (Javed

et al., 2021; Maghenem et al., 2022)), a novel set of weighted integrator dynamics is
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proposed, which is inspired from (Garg et al., 2022)>.

5.4.1 Weighted Integrator Dynamics

Consider the following weighted integrator dynamics, V¢ > t.

b;(t) = B(t)gi(1)e7 (1), Pi(to) =0, Vi = 1(1)n (5.7)
Uy (t) = B(D)y:(1) 8] (1), Wilto) =0, Vi = 1(1)n (5.8)

where ®;(t) € R™™ denotes the weighted integrated regressor, ¥;(¢) € RP*™ is known
as the weighted integrated output, and () € R is strategically introduced weighting

function, which has the following properties, Vi = 1(1)n.

Property 13. 5(t) > 0, Vt € [to, 00). O
Property 14. 3(t) < 3 < 0o, Vt € [tg,00) = B(t) € L. O
Property 15. 3(t) € L;. O

whereas 3 € R is the upper-bound of 3(t). Based on the above Properties 13-

15, examples of 3(t) candidates can be - e ¥, te =kt t2e=* etc. With k > 0.

Analytically solving (5.7), (5.8), along with (5.5), it can be deduced that
W;(t) = ©T®;(t), Vt > 1y, Vi =1(1)n (5.9)

The matrix ®;(t) € R™*™ has the following properties.

Lemma 16. ®,(t) is a positive semi-definite function of time i.e., ®;(t) > 0, Vt > t,,
Vi =1(1)n.

Proof. For proof refer to the Lemma 11 proof argument from chapter 4. [

Lemma 17. ®;(t) is a non-decreasing function of time in the sense of matrix inequality

i.e., (I)Z(tg) Z (I)Z(tl), vtg Z tl Z to, Vi = 1(1)?7/

3While the work in (Garg et al., 2022) has introduced the weighted integrator in the context of single-
agent parameter estimation, the current work extends the idea to a multi-agent setting.
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Proof. For proof refer to the Lemma 12 proof argument from chapter 4. [

Lemma 18. ®,(t), V;(t) € L, ¥Vt > to, Vi = 1(1)n.

Proof. For proof refer to the Lemma 13 proof argument from chapter 4. [

5.4.2 Local Objective Function for i agent

Consider the following local objective function for i*" agent, Vt > t,, Vi = 1(1)n

Li(64(t),1) :%
————

RmXPxR>o—R Lip ~
- Lt

+ % PRZCHORCHG] & (5.10)

JEN;
N

O (0(t) (Ol + 5 [ B)I6T o) = w(r)

S

J/

'

L;c

where 7, 71,72 € R+ are constant positive tuning parameters. Each " agent
has its local objective or cost function, which is being minimized using the following

estimation algorithm.

5.4.3 Proposed DAPE Algorithm for i'* agent

The DAPE algorithm is designed as gradient-descent of (5.10) with respect to 0, (1), vt >
to, Vi = 1(1)n

~

Oi(t) = — Ve, 1) Li(0:(1), 1)
= — v ¢i(t) (s(t) — yi(t))zi—% (\ijz(t> - ‘Ifi(t))T +72 Z s (éj(t) - éz(t))

JEN;
E; p E; ! E;c

(5.11)

where §;(t) £ O (1)¢i(1), Wi(t) £ OF (t)®;(t).

Remark 18. Different components in the above local objective function (5.10) - L; p, L; 1,
L; ¢ are having a one-to-one correspondence with different components of the distributed

adaptive parameter estimator (5.11) - E; p, F; 1, F; c. O
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In (5.11), E; p component is a proportional type of local prediction error, E; ;*

component is a weighted integral type of local prediction error, whereas the last term

E; ¢ represents neighboring interaction among the agents using communication graph

topology based on Assumption 13. Define parameter estimation error as

AB(t) =

[A@?(t)a A@g(t>7 Ty A@Z:(t)]T € RmP

AO;(t) £ 6,(t) — O e R™P, Vi = 1(1)n

Integrator
VjeN;

Measured
signal

z;(t)

......
Regressor
signal

term

Iaiahted - l > Consensus

1 Bi(t) = A1) ST (£), Bilto) =0 )
[ —>
FE(t) = By (2), Tilte) =0

______________________

True Model Output
ot . signal P tional-t: Integral-type
T s (t) roportional-type -
B _@ - ?1.(? ) vi(t) prediction error prediction error
--------- 1
Predicted (X)—» AOTRgi(H) 1 1 AGT(H)®(1)
Model - 1 -------
f )

Integrator

Figure 5.1: Block diagram of the proposed DAPE algorithm.

5.5 Stability/Convergence Analysis

5.5.1 Compact form representation of the DAPE Algorithm

(5.12)
(5.13)

Utilizing Assumption 13 and its preliminaries, compact representation of an online pa-

rameter estimation error dynamics (5.11) (for more details refer to figure 5.1) for the

entire group can be structured based on (5.1) as, A© = [AQT, AQ]]T € Rmt+)xp,

where A©, € R™? is associated with agents corresponding to RSCCs, and AO, €

R™"' <P ig associated with the remaining agents. Here, h = Zqul hg (based on (5.1)) and

(h+ R’ = n). Utilizing (5.1), the parameter estimation error dynamics (5.11) for all the n

4The intuitive notion is to capture past information through the integral-action since it reduces the steady

state bias to zero.
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number of agents can be compactly represented as

AG,(1) = — (10, (1) + 71001(t) + 72(La @ L) | AO4 (1) (5.14)
AOy(t) = — (VQb,P(t) + 71,1 (1) + 72(Ly @ ]m))A@b(t) — Yo(Lap @ 1) AO,(t)
(5.15)

where Q, p(t), Q. 1(t), Qp p(t), U 1(t), are block diagonal matrices, defined as

(1) 2 ding{ 601 (T3 (1), Gun(D)T (1)} € R
q)al(t)a R ,(I)ah(t)} c Rthmh
v (t) g;(t), ey Oppy (t)¢l?h’ (t)} c Rmh’th’

Q1 (1) = diag{q)bl(t), e, Oy (t)} c RN xmh'

Qa.s(t) £ diag

O p(t) £ diag

Here, L, € R"" L, ® I,, € R™mh [, ¢ RV [, @ I, € R ™ [, ¢
Rh’xh’ Lab ® ]m c Rmh’xmh.

Based on (5.1), L, is a block diagonal matrix with () blocks in total, one for

each RSCC.

To comment on the stability/convergence properties of (5.14)-(5.15), few sub-

sequent lemmas are formulated.
Lemma 19. Let L, € R"" be an irreducible, singular M -matrix. Then,

(1) L, has rank (h — 1).
(2) There exists a positive diagonal matrix Z, € R""; 7, = diag{z} > 0 where

2 = [21,20,...,20)F € R" > 0 such that Lo = ZoLa + LY Z, is positive semi-
definite matrix.

Proof. For proof refer to the Theorem 4.31 from (Qu, 2009). L]

Lemma 20. Consider a matrix Z, = Z, @ I, € R™>*™" swhere Z, > 0 is the diagonal

matrix defined above. Then, the following holds:

(1) Z, is block diagonal and positive-definite matrix.

(2) Pairs of matrices (Za, Qa’p(t)), (Za, Qa,l(t)) hold commutative property, respec-
tively, Vt > t.
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(3) ZoQa p(t), ZaQ041(t), are block diagonal positive semi-definite matrix, V¥t > 1.
Proof. Since Z, = Z, ® I, and Z, = diag{z1,...,2,} > 0, then
Zy = diag{z1 L, ..., 2n1n} >0 (5.16)

Based on (5.16), it can be concluded that Z,, is block diagonal and positive-definite matrix.

Furthermore, utilizing (5.14), (5.15) with the Q, p(t), Q, ;(t) structure, then
70 p(t) yields

ZaQa,P(t) = diag{zl¢al (t)gbcj;l (t)7 s >Zh¢ah(t)¢fh(t)} (517)

Whereas, Q, p(t)Z, yields

Qo p(t) Za = diag{ 21001 () dn1 (1), - -, 2nban (), (1)} (5.18)

Based on (5.17), (5.18), it can be concluded that the pair of matrices (Z,, Qq,p(t)) is com-
mutative i.e., (Zanp(t) = Qa’p(t>2a), Vit > to. Since €2, /() has the same block diago-
nal structure as ), p(t). Hence, it can be concluded that, the pair of matrices (Z,, Q, 1(t))

is commutative in nature i.e., (2,91 (t) = Qa1 (t)Z,), Vt > to.

Furthermore, based on (5.17), (5.18), and utilizing the fact that Q, p(¢) > 0 and
Q.7(t) > 0 (from Lemma 16), it can be concluded that Z,Q, p(t), Z,Q4 1(t) are block

diagonal positive semi-definite matrix, V¢ > . [l

5.5.2 Stability/Convergence with gC-1E

Theorem 7. Suppose that the Assumptions 13-15 hold, then the origin of the parameter
estimation error AO,(t) dynamics (5.14) is globally exponentially stable (GES) if the
gC-IE condition (5.4) holds i.e.,

|AO,(1)]| < |AB(to + T)||e” " 0=t >ty + T (5.19)

where ) € R is the constant positive scalar.
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Proof. Consider the following Lyapunov candidate
1 _
Vi(AB,) = §tr(A®aTZaA®a) (5.20)

Taking time derivative of (5.20) along with the (5.14), yields

i(AO,) = — tr (vA@fzaQa,PA@a 1 AOT 2,0, 1AO, +1AOT (L, @ Im)A@a> <0
(5.21)

which is negative semi-definite; holds from the fact (Lemma 19, Lemma 20) that Ea,
ZaQa, P, ZaQa, 1, are the positive semi-definite matrices, which implies that the origin of
the parameter estimation error dynamics (5.14) is Lyapunov stable, V¢t > ¢,. Based on
the Assumption 15 and Lemma 18, it can be concluded that (ZaQavp, M,, ZaQavp, Ma €
L). Using the above arguments, it can also be concluded that V; (A, (t)) is uniformly
bounded above by its initial value, which implies that all the local prediction errors tends

to zero as t — oo, Vi = 1(1)h.

Invoking the gC-IE condition based Lemma 29 (refer to Appendix A) in (5.21),
yields

Vi(AB,) = —tr(ABIT(1)AO,) <0, Vt > to+ T (5.22)

Using (5.20), the above inequality modifies as

2/\mm(F(t))

>\ma93 (Za)
N————
n>0

Vi, V> tg+ T (5.23)

Hence using the comparison Lemma from (Khalil, 2015), the differential inequality in
(5.23) leads to the subsequent exponentially convergent bound

|AO,(1)]| < |ABL(to + T)||e "0~ vt >ty + T (5.24)

Since the Lyapunov function in (5.20) is radially unbounded, the algebraic inequality in

(5.24), proves GES of the error dynamics AO,(t), Vt >ty + T. O
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To comment on the stability/convergence properties of (5.15), the subsequent

lemma along with a corollary is provided.

Lemma 21. Let L, € R"*" be a non-singular M-matrix, then there exists a positive
diagonal matrix Z, € RY*M > 0 such that [N/b = L{Zb + ZyLy is a positive-definite

matrix.

Proof. For proof refer to the Theorem 4.25 of (Qu, 2009). ]

Corollary 7.1. Suppose that the Assumptions 13-15 hold, then the parameter estimation

error AOy(t) dynamics (5.15) exhibits ISS with respect to input AO,(t), ¥t > t.

Proof. From (5.1) and Lemma 21, there exists a positive diagonal matrix Z, = diag(L, 1) €

R"*" such that Ly, = L{ Zy + ZyLy > n1 1)y, for some 1, > 0.

Now, consider the following Lyapunov candidate
1 T 5
‘/Q(A@b) = Etr(A@b ZbA@b) (5.25)

where Z, = Z, ® I,,, € Rmh'>xmh’,
Taking the time derivative of (5.25) along with the (5.15), yields

V2(AOy) = — tr <7A@;;FZbe,pA@b + 1 AOT MyAO, + 15 AOT (Ly ® I,,) AO,

4 29 AOT Zy(Lay @ Im)A@a) V> 1 (5.26)

where M, = Zbe, ;. Based on the above facts and utilizing Lemma 20°, 21, (5.26) can

be written as
Va < =721 [| AO|1* + 272 | AO ||| Zo( Lab ® L) ||| AO4|| (5.27)

Utilizing (5.27), Lyapunov Theorem 4.19, Lemma 4.6 form (Khalil and Grizzle, 2002), it
can be concluded that dynamics (5.15) exhibits ISS to input A©,(t), Vt > to, as Defini-
tion 9. [

3Since Zy, O, p(t), and €2, 1 (t) matrices have the same structure and properties as matrices Z,, Q4 p(t),
and €2, s (t), respectively. Hence, all the three properties of Lemma 20 will hold here.
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Remark 19. In Corollary 7.1, if input AO,(t) = 0,,,, Corollary 7.1 exhibits GES for
origin of the parameter estimator dynamics (5.15), ¥Vt > t, (for more details refer to the

Definition 9). [

Remark 20. Theorem 7 for (5.14) shows GES if gC-IE condition (5.4) holds. Corol-
lary 7.1 for (5.15) shows ISS with respect to input A©,(t). Hence, the cascade of pa-
rameter estimator dynamics (5.14)-(5.15) exhibits GES (for proof see the Lemma 4.7 of
(Khalil and Grizzle, 2002)). O

5.6 Robustness Analysis

In this section, the above MAS architecture based regression problem (5.5) with objective
(5.6) is tackled under an external additive disturbance. Consider the following online

perturbed regression model.
yi(t) = 0T i(t) + di(t), Yt > to, Vi =1(1)n (5.28)

where d;(t) € R € L, Vi = 1(1)n represent an additive perturbation signal, satisfying
the following bound
d;()|| < d; < +o0, Vi=1(1)n (5.29)

where d; is an upper-bound, Vi = 1(1)n.

Analytically solving (5.7), (5.8), along with (5.28), yields
W;(t) = ©T®(t) + dif(t), Yt > tg, Vi =1(1)n (5.30)

where d,;;(t) € RP*™ represent the filtered disturbance, which can be obtained by the

following differential law, Vi = 1(1)n
dig(t) = B)d:()6] (1), dig(to) =0, ¥t > tg (5.31)
Corollary 7.2. Filtered disturbance d;¢(t) € Loo, Vt > to, Vi = 1(1)n.

Proof. Since d;(t), ¢;(t) € L, using Properties 13-15 of weighting function 5(¢), (5.29),
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and ||d;¢(t)|| can be expressed as

iy @I = II/t B(r)di(r); (r)dr|

t
< & 164(8) e / 18(r)|ldr < oo (532)
SN———J1y
PER~( ——
BER~0
which implies d;¢(t) € Lo, VE > o, Vi = 1(1)n. O

In the presence of disturbance, the proposed DAPE algorithm for i** agent,

Vt > to, is modified as the following.

éz(t) = - ’Y?z’(t)@T(t)A@i(t) —MN :I’i(t>A@i<tZ+:y¢i<t>dzT(t) + %dﬂ(t}

E;p Ei 1 E; p

+72 Y aiy(0,(8) = O4(1), Vi =1(1)n (5.33)

JEN;

~
E;c

whereas the extra term E; p in (5.33) in contrast to (5.11), occurs due to the presence of

disturbance.

In the same way as in subsection 5.5, the compact form representation of the
DAPE algorithm for the n number of agents in the presence of disturbance can also be

modified as.

A@a(t) == <VQ(1,P(t) + VIQa,I(t) + ’72([/(1 ® Im)> A@a(t) + W/Da(t) + VlDaf(t>
(5.34)

AO(t) = — (mb,P(t) (1) + (L @ Im)> AO(t) — 7o Lap ® L) AOy (1)

+ v Dy(t) + 1Dy (t) (5.35)

where the disturbance based column vectors D, (t), Dy (t), Dy(t), Dys(t), are defined as
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the following.

Da(t) 2 [ (t)dD (1), .., dan(t)dL,(1)]" € R
Dap(t) 2 [dL;(8), ..., d5, ,(1)]" € R

Dy(t) £ [ (A (1), ., du(B)dly (1)) € R
Dis(t) 2 [dh (1), .., db (1)) € R™>P,

Based on the Assumption 15, (5.29), and Corollary 7.2, it can be concluded that the
Da(t), Daf(t), Db(t), Dbf(t) c ,COO.

Theorem 8. Suppose that the Assumptions 13-15 along with the gC-IE condition (5.4)
hold, then the parameter estimation error A©,(t) dynamics (5.34) exhibits ISS with re-
spect to input disturbance (Dq(t) + Doy (t)), Vt > to + T.

Proof. Consider the following Lyapunov candidate
1 _
V3(A0,) = §tr(A@aTZaA®a) (5.36)

Taking time derivative of (5.36) along with the (5.34), yields

V3(AO,) = — tr <7A@Z 2,00 pAO, + 1AOT 2,0, 17O, + 1 AOT (L, ® I,,)AO,

—407Z,D, — 1,67 ZaDaf), Vit > t (5.37)

Invoking the gC-IE condition based Lemma 29 (refer to Appendix A) in (5.37), following
yields

V3(AO,) < = Amin(CUNAON? + Yal| A (|| D + Daf)ll, ¥t > to + T (5.38)

where 7, € R . Utilizing (5.38), Lyapunov Theorem 4.19, Lemma 4.6 form (Khalil and
Grizzle, 2002), it can be concluded that dynamics (5.34) exhibits ISS with respect to input
disturbance (Dq(t) + Doy (t)), Vt > to + T O

Corollary 8.1. Suppose that the Assumptions 13-15 hold, then the parameter estima-
tion error AOy(t) dynamics (5.35) exhibits ISS with respect to input AO,(t)S, (Dy(t) +

SHere, AG, (1) is for (5.34).
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Dy (t)), respectively, V't > t,,.
Proof. Consider the following Lyapunov candidate
1 _
Vi(AB,) = 5tr(A@g’ZbA@b) (5.39)

Invoking the Corollary 7.1 proof argument, taking the time derivative of (5.39) along with
the (5.35), yields, Vt > t,

Vi(A8s) < =11 | A + 72| ABy[[| Zo( Lap @ L) [[[| AOall + 7o/ AO | (|| Dy + Dig 1)

(5.40)
where 7, € R (. Utilizing (5.40), Lyapunov Theorem 4.19, Lemma 4.6 form (Khalil and
Grizzle, 2002), it can be concluded that dynamics (5.35) exhibits ISS with respect to input
AB,(t), (Dy(t) + Dys(t)), respectively Vi > tq. O

5.7 Simulation Results

Figure 5.2: Weakly connected digraph topology for n = 6 agents.

Consider the MAS architecture comprising n = 6 agents, based on Assump-
tion 13 as in Figure 5.2. Here, the agents of the network aim to cooperatively learn a
global unknown constant parameter © = [1,—1,0.5] € R? by using individual real-time
measurements of a signal of the form; y;(t) = ©7¢;(t), Vt > ty, Vi = 1(1)6. Further-

more, each of the agent regressor ¢;(t)s € R is chosen such that, its neither IE nor PE ’

"Note that practical real-time control applications mostly encounter situations, where information grad-
ually dies out over time. Hence the choice of the exponentially decaying regressors in this simulation is
reasonably realistic.
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¢1(t) = [1, exp(—t), 0]

oo(t) = [1,0, 2exp(—0.6t)]

$5(t) = [0,0, cos(8t)]

$4(t) = [0.1,0,0.1exp(—3t)cos(41)]
65(t) = [0,0.2, exp(—2.7¢)]

$6(t) = [2exp(—1.7t)sin(2t),0,0].

This simulation study considers all the initial conditions as zero, the constant
positive tuning parameters are chosen as v = 2,v; = 5,7 = 7.5, and the weighting
function is 5(t) = exp(—0.2t). Based on the above data, the proposed DAPE algo-
rithm (5.11) outperforms the conventional gC-PE based algorithm (equation (3) of (Javed
etal.,2021)), which are depicted in Figure 5.3. In Figure 5.2; there are two RSCCs named
as; q1 = {1,2,3}, g2 = {4,5}. If excitation is removed from 4th or 5th agent, then the
norm of parameter estimation error will not converge in both the cases which is depicted
in Figure 5.4. Hence, Figure 5.4 highlight the necessity of gC-IE/gC-PE condition for
weakly connected digraph networks. Moreover, it can also be concluded that even after
removal the excitation from 5th agent, proposed gC-IE based algorithm (5.11) has less
steady-state bias in comparison to gC-PE based algorithm which implies C-IE condition is
milder than C-PE condition. Hence, based on the Figures 5.3-5.4, it can be concluded that
the gC-IE based proposed algorithm is beneficial in the context of decaying finite-energy
regressor signals. Furthermore, to robustifying our proposed online DAPE algorithm,
the disturbances d;(t)s € R are chosen as d;(t) = 0.22sin(3t), da(t) = 0.24sin(2.5t),
d3(t) = 0.1sin(2t), d4(t) = 0.13sin(1.5t), ds(t) = 0.2cos(1.3t), dy(t) = 0.15sin(t).

Based on the above data, the disturbance based proposed DAPE algorithm (5.33)
validates the ISS claims as in Theorem 8, Corollary 8.1, respectively, and hence (5.33)
algorithm outperforms the conventional gC-PE based algorithm which is depicted in Fig-

ure 5.5.
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Figure 5.3: Comparative plot for proposed algorithm (5.11) and gC-PE based algorithm.
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Figure 5.4: Comparative plot for proposed algorithm (5.11) and gC-PE based algorithm
where excitation from 5t/ agent is removed.

5.8 Conclusion

This chapter designs a novel DAPE algorithm over weakly connected digraph networks,
where parameter convergence is ensured under the newly coined gC-IE condition. The
gC-IE condition is milder than the previously utilised gC-PE condition in a similar con-
text since the gC-IE condition does not demand the excitation to persist beyond the initial
time-window, unlike gC-PE. The proposed gC-IE condition is an extension of the re-
cently introduced C-IE condition. While the C-IE condition is applicable for strongly

connected digraphs, the proposed gC-IE condition extends the concept to weakly con-
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Figure 5.5: Comparative plot for proposed algorithm (5.33) and gC-PE based algorithm
in the presence of disturbance.

nected digraphs. The proposed algorithm utilizes a novel set of weighted integrator dy-
namics, which omits the requirement of computationally involved multiples switching
mechanisms in past literature, while still ensuring parameter convergence. The proposed
algorithm provides the GES of origin of the parameter estimation error dynamics under
the gC-IE condition. Furthermore, in the presence of unmodeled disturbance, the pro-
posed DAPE algorithm exhibits ISS of the parameter estimation error dynamics under the

gC-IE condition.
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Chapter 6

Distributed Adaptive Extremum Seeking Control in

Multi-Agent Systems Over Weakly Connected Digraph

6.1 Introduction

In this chapter, a novel distributed adaptive extremum seeking control (DAdESC) algo-
rithm for a multi-agent system (MAS) over a weakly connected digraph network is pro-
posed, where parameter convergence is ensured under the newly coined relaxed excitation
condition from the previous chapter, called generalized cooperative initial excitation (gC-
IE). Here, a zeroth-order optimization framework is used, where each agent can only
query the numerical value of its cost function at the current coordinate, and it is assumed
that only the parameter estimates information is shared among the agents, not the indi-
vidual cost. Parameter estimation plays a decisive role in the stability and convergence
properties of the DAJESC algorithm and it is also well established in the existing literature
that to ensure parameter convergence in such context a restrictive generalized cooperative
persistent of excitation (gC-PE) condition is required. Here, we eliminate the need for
a restrictive gC-PE condition by utilizing a novel set of weighted integral filter dynam-
ics, while ensuring sufficient richness using a milder condition, called gC-IE. The gC-PE
condition is restrictive in the sense that it requires the richness/excitation of information
over the entire time-span of the signal/data, unlike the gC-IE condition where excitation
is needed only in the initial time-span. Here, a detailed Lyapunov function based analysis
is performed to establish the closed-loop stability and convergence in the form of expo-
nential stability. Moreover, to validate the robustness guarantees towards the unmodeled
bounded disturbance, again a detailed Lyapunov function based analysis is performed to
establish the closed-loop stability and convergence in the form of input-to-state stability

(ISS).



6.2 Problem Formulation

Here, we are solving the following optimization problem which is subsequently defined.
minimize L(z) subject z € M (6.1)

where L(z) : R™ — R is an unknown continuously differentiable objective function or
performance index defined over an open set containing the closed set M' C R"™. The

objective function is assumed to be accessible only by measurements.

For further subsequent formulation, the unknown performance index L(z) re-

quires following assumptions.

Assumption 16. The performance index L(z) is linearly parameterized as follows.
L(z) £ ©%¢(2) (6.2)
where © € RP is an unknown constant parameter vector and ¢(z)*: R — RP is a known

continuously differentiable regressor/basis function. [

Remark 21. The fair choice of Assumption 16 has a wide range of applicability in many
domains such as signal processing, system identification, adaptive control, parameter
estimation, etc. For more details please refer to the following works (Abdul Razak et al.,
2021; La and Sheng, 2013; Chen et al., 2013; Ortega et al., 2021; Schwager et al., 2009,
Roy et al., 2016; Poveda et al., 2021 ). [

Assumption 17. L(z) is a strongly convex function with constant p. > 0 over an open set

D D M. Moreover, the unique minima z* € M. [
Here, Assumption 17 implies that the following inequalities hold®.

(VL(p) — VL(q)) (0 — q) > llp — qll>, Yp, q (6.3)

VL(z*) = 0. (6.4)

'Tt is assumed that the set M is compact, convex, and nonempty.
2Regressor function ¢(z) has the property as; z € Lo, = ¢(2) € Loo.
3For more details refer to the (Boyd et al., 2004).
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Here, the above optimization problem (6.1) is solved using a team of autonomous agents/robots

in a distributed and online setting as described subsequently.

6.2.1 Agents’ Communication Topology and Model

The communication topology for comprising n number of agents/robots, is represented
by the graph G, where each vertex is treated as an agent and edge (7,j) € E, denotes
that j®* agent can get information from ‘" agent. Each agent/robot can interact only with
its local neighbors through existing communication links. Each robot is modelled as a

single-integrator dynamics.

T (t) = u,(t), z;(to) € M; C M, (6.5)

yi(t) = L(z(t)), Vi = 1(1)n. (6.6)

where x;(t), u;(t) € R" are the system states and control input of agent i, respectively,
and y;(t) € R denotes the output performance. L(z;(t)) : R™ — R denotes the measured
performance index. Here, it is assumed that each ' agent has the ability to access the
performance index L(z;(t)) at its own coordinate x;(t) in real-time, Vi = 1(1)n. The

precise knowledge of unique minima, L(-) is unknown to each agent.

In (6.5), M;’s are sub-regions (sub-sets) of the region of interest M, such that

the following is satisfied.

UMi=m (6.7)
MzmMj:q)a Vl,j€{1,2,7n},l7é] (6.8)
Note that the first condition (6.7) ensures that the entire area is spanned by the team of

robots/agents and the second condition (6.8) obviates the possibility of inter-robot colli-

sion.

Assumption 18. Graph G, which represents the communication topology amongn num-

ber of agents, is a weakly connected digraph. [

Assumption 19. ||©| < ©, for some constant © € Ry, N
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6.2.2 Objective

Here, the objective is to design an online distributed AAESC algorithm such that the min-
imization problem (6.1) is solved in a sense that the following arguments hold, provided

|zi(t) — xf|| = 0 ast — oo, Vt > t. (6.10)

where 27 = arg min L(x;), subject to x; € M; C M.

Based on Assumption 16, (6.6), and O is needed to be estimated in a distributed
fashion which is also the part of designing distributed AdESC algorithm. Hence the fol-
lowing arguments along with (6.9)-(6.10) should also hold, Vi = 1(1)n

1©:(t) — O = 0 ast — oo, Vt > 1y, (6.11)

without the restrictive “gC-PE” excitation condition.

6.3 Distributed AJESC Algorithm Design

This section elaborates on the implementation procedure for the subsequently designed
online distributed AdESC algorithm. To omit the requirement of restrictive gC-PE con-
dition (used in (Javed et al., 2021; Maghenem et al., 2022)), a novel set of weighted
integrator dynamics is proposed, which is inspired from (Garg et al., 2022). The filter
structure facilitates to capture the weighted integral-type of prediction error in the param-

eter update law along with the proportional-type of prediction error.
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6.3.1 Weighted Integrator Dynamics

Consider the following weighted integrator filter dynamics, V¢ >

bi(1) = a(t)gi(t)f (1), i(to) =0, Vi = 1(1)n (6.12)

7

Uy(t) = a(t)du(t)y; (1), Wilto) =0, Vi =1(1)n (6.13)

where ®;(1)* € RP*P is the weighted filtered regressor’, W;(t) € RP is the weighted

filtered output, and «(¢) € R is a weighting function having the following properties.

Property 16. «(t) > 0, Vt € [ty, ). O
Property 17. a(t) < & < oo, Vt € [tg,0), = a(t) € L. O
Property 18. a(t) € L. O

where @ € R is an upper-bound of «(t).

Analytically solving the (6.12)-(6.13) along with (6.2), (6.6), and following
yields
U,(t) & 0;(1)0, Vi = 1(1)n (6.14)

Here, weighted filtered regressor ®;(¢) based few subsequent Lemmas are portrayed

which are essential for the design and analysis of an online distributed AJESC algorithm.
Lemma 22. The weighted filtered regressor ®;(t) is a positive semi-definite function of
time i.e., ®;(t) > 0, Vt > to, Vi =1(1)n.

Proof. For proof refer to Lemma 11 proof argument from chapter 4. [
Lemma 23. The weighted filtered regressor ®;(t) holds the following matrix inequality

ie.,

“Without loss of generality, in this paper ®(z;(t)) is written as ®;(t), and same for others.
SWhile the work in (Garg et al., 2022) has introduced the weighted integrator in the context of single-
agent parameter estimation, the current work extends the idea to an MAS setting.
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Proof. For proof refer to Lemma 12 proof argument from chapter 4. [

6.3.2 Proposed Distributed AAESC Algorithm

In the subsection, we will design the distributed AJESC algorithm which contains the

parameter estimator and control dynamics duo.

Proposed DAPE Algorithm for i'" agent

Consider the following online DAPE algorithm, V¢ > ¢, Vi = 1(1)n.

Oi(t) = — v u(t) (4i(t) — yi(t))ri_’)/l\(\i/i&) - ‘I’i(t));i‘% Z i (6;(t) — ©4(t))
JEM: Ei;(t)

E; p(t) E; 1(t)

(6.15)

where 7,71,72 € R are constant positive tuning parameters and §;(¢) £ OT(t)¢;(t),

Wi(1) 2 @,(1)O4().

In (6.15), E; p(t) component is a proportional type of local prediction error,
E; 1(t)® component is a weighted integral type of local prediction error, whereas the last
term F; o(t) represents neighboring interaction among the agents using communication

graph topology based on Assumption 18.

Proposed Controller for i'* agent

Since one of our objectives is to keep the each i‘" robot/agent trajectory in a predefined
convex, compact, non-empty set M; Vi = 1(1)n, the controller dynamics is designed us-
ing the gamma-Projection operator (ProjF ()) as mentioned in Definition 11 of (Lavretsky

and Gibson, 2011).

Consider the following controller, V¢ > ¢y, Vi = 1(1)n.

ui(t) = Proj, (i, 07, Mj) (6.16)

%The introduction of E; ;(t) in the design of an online distributed parameter estimation algorithm (6.15),
which obviates the need for the restrictive gC-PE condition, as revealed in the subsequent analysis.
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where [, € R"*™ > 0 is a controller gain (Lavretsky and Gibson, 2011).

Here, ¢7 (t) € R" is defined as, Vt > ¢,
VF(t) = —enVe] (DO (t) + wiex(t) (6.17)

where € € R is a tuning parameter, € R-( is an another design parameter. The ex-
ploratory signal u; ., (t) facilitates to satisfy excitation condition, however, C-PE or gC-PE
conditions demands an infinite energy (non-square-integrable) persistent exploration. In
contrast, gC-IE or C-IE condition can be satisfied by an appropriately designed decaying
exploration. Hence, u; . (t) for each robot is chosen to be uniformly continuously differ-
entiable and have the property - u; e (t) € Lo Lo, Which implies ;e (1) — 0 ast — oo,
Vi = 1(1)n. In fact, u;(t) can be generated using the following dynamics.

dNU,i’ex (t) dN_lui,ex (t)

ai,th—N + aij(N_l)W —+ e+ ai,lui,ex (t) = (iex (t) (618)

where ¢ (t) is an auxiliary input satisfying giex(t) € Lo N Lo, Vi = 1(1)n; the con-
stants a; 1, ..., a; n, and initial conditions and the order /N can be suitably chosen for
the above properties of u;.(t) to hold. For instance, ;. (t) can take the forms of e~*,
e Ftsin(kot), e *3tcos(kyt) or e7*5 (sin(kqt) + cos(ks(t)), etc. where all the different

constants k() € R.

6.4 Stability/Convergence Analysis

6.4.1 Stability/Convergence of the Proposed DAPE Algorithm
Compact form representation

Utilizing Assumption 18 and its preliminaries, compact representation of an online pa-
rameter estimation error dynamics (6.15) for the entire group can be structured based on
(5.1) as, A® = [AOT AQJ]T € RMW+)P where AG, € R is associated with agents
corresponding to RSCCs in graph G, and A©, € R"? is associated with the remaining
agents. Here, h = 222:1 h, (based on (5.2)) and (h + R’ = n). Utilizing (5.1)-(5.2),
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the parameter estimation error dynamics (6.15) for all the n number of agents can be

compactly represented as

AOL(t) = — (ma,p(t) Qs (1) + (Lo @ Jp)) AB,(t) 6.19)

AOy(t) = — <'VQb7P(t) +71%,1() + 72 (Ly ® fp)>A@b(t) — Yo(Lap ® 1) AO,(1)
(6.20)

where Q, p(t), Q. 1(t), Qp p(t), Q.1 (t), are the block diagonal matrices, defined as

Qa,P(t) = dlag [¢a1 (t) aTl (t)a s >¢ah(t)¢gh(t)} S thth

Qa,[(t> = dlag _(I)al (t>7 R cI)ah(t) € thth

Q,p(t) £ diag |:¢b1 )L (1), - ., donw () dp (t)] c RPXID

Oy (t) 2 diag| @y (1), ..., O (t)] € RPN,

Here, L, € R"™" L, ®1, € R [, ¢ RV*N [, @I, € REPHP [, € RV*h [, ®

I, € RMpxhp,
Based on (5.1), L, is a block diagonal matrix with ) blocks in total, one for

each RSCC.

To comment on the stability/convergence properties of (6.19)-(6.20), few sub-
sequent lemmas are formulated.
Lemma 24. Let L, € R"™" be an irreducible, singular M -matrix. Then,
(1) L, has rank (h — 1).

(2) There exists a positive diagonal matrix Z, € Rk 7, = diag[z] > 0 where
2z = [2z1,20,..., 2|7 € R" > 0 such that L, = Z,L, + LT Z, is a positive semi-
definite matrix.

Proof. For proof refer to the Theorem 4.31 from (Qu, 2009). L]

Lemma 25. Consider a matrix 7, = 7, ® I, € RM*he where 7, > 0 is the diagonal

matrix defined above. Then, the following holds:

(1) Z, is a block diagonal and positive-definite matrix.

(2) Pairs of matrices (Za, Qa7p(t)), (Za, QaJ(t)) hold commutative property, respec-
tively, Vt > t.
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(3) ZoQa p(t), ZoQ04 1(t), are block diagonal positive semi-definite matrix, respectively,
V> 1o,

Proof. Proof is similar to the Lemma 20 proof argument. [

Assumption 20. The block diagonal matrix §, p(t) which contains the regressors or
information corresponding to the total no of RSCCs in graph G, holds the gC-IE condition
as in (5.4).

U

A

Lemma 26. Provided the gC-IE condition based Assumption 20 holds, the matrix T'(t)
(72 (Ea ® ]p) +m Ma>, is positive-definite over the time window [to + T, ) i.e.,

XTD()X > o||X||?, ¥t > to + T, VX € R"” — 0, (6.21)

where o € R is a positive constant scalar, T = fnaxQ}{Tq}, and M, = Z,Q4.1(t).
qE 17”. b

Proof. Proof is similar to the Lemma 29 proof argument (refer to Appendix A). ]

Theorem 9. Suppose that the Assumptions 18-20 hold, then the origin of the parameter

estimation error A©,(t) dynamics (6.19) is globally exponentially stable (GES) i.e.,
[AGL ()] < |AO,(to + T)|le 0D vt >ty + T (6.22)
where ¢ € R+ is the constant positive scalar.

Proof. For proof refer to the Theorem 7 proof argument from chapter 5. 0

Remark 22. Motivated by the fact that an integral (I) action in conjunction with a pro-
portional (P) control improves the steady-state accuracy in single-agent based control
systems, an online distributed parameter estimation algorithm is proposed in (6.15). The
integral-like term E; [(t) along with the consensus term E; o(t) is critical in proving ex-
ponential convergence of the parameter estimation error AO(t) to zero without the gC-
PE condition, whereas, only the proportional-like term E; p(t) along with the E; (1)
would result in a nonzero steady-state error in the absence of gC-PE (Javed et al., 2021;

Maghenem et al., 2022) condition. ]

To comment on the stability/convergence properties of (6.20), the subsequent

lemma along with a corollary is provided.
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Lemma 27. Let L, € R"*" be a non-singular M-matrix, then there exists a positive
diagonal matrix Z, € RY*M > 0 such that f/b = LbTZb + ZyLy is a positive-definite

matrix.

Proof. For proof refer to the Theorem 4.25 of (Qu, 2009). ]

Corollary 9.1. Suppose that the Assumptions 18-19 hold, then the parameter estimation

error AOy(t) dynamics (6.20) exhibits ISS with respect to input AO,(t), YVt > t.

Proof. For proof refer to the Corollary 7.1 proof argument from chapter 5. 0

Remark 23. In Corollary 9.1, if input AO,(t) = 0, Corollary 9.1 exhibits GES for
origin of the parameter estimator dynamics (6.20), Vt > to (for more details refer to the

Definition (9)). [

Remark 24. Theorem 9 for (6.19) shows GES if gC-IE condition based Assumption 20
holds. Corollary 9.1 for (6.20) shows ISS with respect to input AO,(t). Hence, the
cascade of parameter estimator dynamics (6.19)-(6.20) exhibits GES (for proof see the
Lemma 4.7 of (Khalil and Grizzle, 2002)) which implies that the objective (6.11) is achieved.
[l

6.4.2 Stability/Convergence of the Proposed Controller Dynamics

Theorem 10. Suppose that the Assumptions 16-17, 19 hold, then, the closed-loop error

)

dynamics (z;(t) — x}) exhibits ISS with respect to AO;(t), V¥t > to, provided that the
following gain condition holds:
0 <e<2un.

Proof. Consider the following Lyapunov function candidate,

1
Vs = 5(951 — )T (2 — x)) (6.23)

(2

Provided Assumption 16 holds, taking the time derivative of (6.23) along with the (6.16),

139



following yields

Vs < (xz — xf)TProjFI < — eanzﬁiT(t)é)i(t) +enVLi(t) —enVL;(t) + ui,ex(t)>, YVt >ty
(6.24)

After further manipulations, (6.24) yields

Vs < —(z; — ) TenV ol (1) AO;(t) — en(x; — 25) "V Li(t) + (z; — xf)Tui’eX(t), Vit >t
(6.25)

With in a compact set M;, 3C > 0 such that | V¢;|| < C, provided that the Assumption
17 based inequalities (6.3)-(6.4) hold, invoking the Cauchy-Schwarz inequality on the

cross term, and the inequality (6.25) can be improvised as
Vs < i — @} [lenCl| AOi (1) — enplla; — 27|* + Billuiex(D)]l, VE =ty (6.26)

where 1 > 0 and 51 > 0 is the upper-bound on ||z; — z}|| since z; € M; and x} € M,
Vt > to. Further simplifying (6.26), yields

. 1 1
Vs < 577202|]A@i(t)||2 + Boe Pt — ((—:77/1 — 562) |z: — 22|, Vt >t (6.27)

Utilizing (6.23), then (6.27) can be modified as

: 1
Vs < — min(26n,u — 62) Vs + §n202||A@i(t)||2 + Boe™ Pt it > ¢ (6.28)

~—
B4>0

Providing that the following necessary and sufficient gain condition is satisfied; 0 < € <

2un, then the (6.28) can be written as
. 1
Vs < —B4Vs + 577202|1A@,»(1t)||2 + Bae™ Bt Wt > 1 (6.29)

where s, B3, 84 € Rsq are the constant positive scalars. Utilizing (6.51), Lyapunov
Theorem 4.19, Lemma 4.6 form (Khalil and Grizzle, 2002), it can be concluded that
dynamics (6.16) exhibits ISS with respect to input A©,(t), Vt > t¢, as Definition 9. [

Remark 25. Based on Remark 24, AO;(t) is GES if gC-IE condition based Assump-
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tion 20 holds. Theorem 10 for (z;(t) — x*) shows ISS with respect to input A©;(t).
Hence, the cascade of (a:z(t) — ¥, A@i(t)) dynamics exhibits GES (for proof see the
Lemma 4.7 of (Khalil and Grizzle, 2002)) which implies that the objectives (6.9)-(6.11)

are achieved. O]

6.4.3 BIBO Stability of Weighted Integrator

Corollary 10.1. Weighted integrator outputs signals ®;(t), V;(t) € Lo, YVt > to, Vi =
1(1)n.

Proof. Equation (6.16) implies that x;(t) € L. which means that ¢;(t) € L. from
Assumption 16. Exploiting the Properties 16-18 in (6.12), ||®;(¢)|| can be upper-bounded

as

mmwwjggmw%ww

ngWWM@ww

t
< [0S Ol [ Nlalar < o0 (6.30)
<‘>,O Lvo_/
a>

which implies ®;(t) € L. Based on algebraic relation ¥;(t) = ®;(¢)O, Assumption 19,
and it can be concluded that V;(t) € Lo, Vt > to, Vi = 1(1)n. O

6.5 Robustness Analysis

In this section, the above optimization problem (6.1) is tackled under an external additive

disturbance. Consider the following perturbed dynamics:

ZL’Z(t) = Ui(t), Vl’i(to) eM,Cc M (6.31)

yi(t) = L(z:(1)) + 0(2:(1)), Vi = 1(1)n (6.32)
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where 0;(t)" : R® — R € L, represent an additive perturbation signal, satisfying the
following bound

16:(1)|| < &; < +o0, Vi = 1(1)n (6.33)
where d; is an known upper-bound, Vi = 1(1)n.

Analytically solving (6.12), (6.13), along with (6.32), following yields
W;(t) £ @;(1)0 + §ip(t), Vt > to, Vi=1(1)n (6.34)

where §;7(t) € RP represent the filtered disturbance, which can be obtained by the fol-

lowing differential law.
61f( ) ( )¢z( ) ( )7 zf(tO) = 07 Vi > to, Vi = 1(1)n (635)
Corollary 10.2. Filtered disturbance §;(t) € Lo, ¥t > to, Vi = 1(1)n.

Proof. Since 6;(t), ¢i(t) € Lo, using Properties 16-18 of weighting function «(t), (6.33),

and ||0;¢(t)|| can be expressed as

160l = | / (r)dr]|

<61 01(8) e / la(r)lldr < oo (6.36)
%,—/ tO
PERs) N ——
acRso
which implies 6;¢(t) € Lo, YVt > o, Vi = 1(1)n. O

"Without loss of generality, in this paper &(x;(t)) is written as §;(¢). Moreover, it is also assumed that,
ifz;(t) € Loo = 6i(t) € Loo
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Proposed DAPE Algorithm for i'" agent

Consider the following online DAPE algorithm, V¢ > t(, Vi = 1(1)n.

Oi(t) = — v ¢i(t)d; () AO;(t) =7 tljz(t AB;(1) +j¢z’(t)5z‘(t) + 715if(t)1

,p(1) E; 1(t) E; p(t)

+7 ) a5 (6;(1) — 0:(1) (637)

whereas the extra term E; p(t) in (6.37) in contrast to (6.15), occurs due to the presence

of disturbance.

Proposed controller for i‘" agent

Here, the controller dynamics will be same as in section 6.3.2.

6.5.1 Stability/Convergence of the Proposed DAPE Algorithm

In the same way as in subsection 6.4.1, the compact form representation of the DAPE
algorithm for the n number of agents in the presence of disturbance can also be modified

as.

A6 (1) = = (192, (1) + 1,1 (1) + 12(La ® L) ) AO(t) + YDa(t) + 1 Dag (1)
(6:38)

AO4(1) = = (1,2 (1) + 1,1 (1) + 5(Ly @ 1) ) AGY(E) = (Lo © [, AO, (1

+ 7Dy (t) + 71 Doy (£) (6.39)
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where the disturbance based column vectors D, (t), Dy (t), Dy(t), Dys(t), are defined as

the following.

Do(t) = [¢ar (1)0a1(t), - -, Gan(t)dan(t)] € R™
Dag(t) £ [Sars(t), - Sans(t)] € R

Dy(t) £ [u1(£)0p1(t), - .- , dons (£)Sane ()] € R"P
Dys(t) £ [0p1y (1), - .., oy (t)] € RMP.

Since 0;(t), ¢;(t) € L, (5.29), and Corollary 10.2, it can be concluded that the
Da(t). Dag (1), Dy(t), Dy (1) € L.

Theorem 11. Suppose that the Assumptions 18-20 hold, then the parameter estimation
error A©,(t) dynamics (6.38) exhibits ISS with respect to input disturbance (D,(t) +
Dag(t)), Vt > to+T.

Proof. Consider the following Lyapunov candidate
1 _
Vi(AB,) = 5tr(A@EZaA@a) (6.40)
Taking time derivative of (6.40) along with the (6.38), yields

V,(AO,) = tr(yA@ 2400 pAO, + 1 AOT 2,0, 1AO, +1,AOT (L, © 1,) A6,

—40TZ,D, — yleaTZaDaf) V>t (6.41)
Invoking the Assumption 20 based Lemma 26 in (6.41), yields
Vi(AB,) < —nVi(AB,) + Ful|AB|(||Da + Day)|, ¥t > to+T (6.42)

where 1,7, € R.(. Utilizing (6.42), Lyapunov Theorem 4.19, Lemma 4.6 form (Khalil
and Grizzle, 2002), it can be concluded that dynamics (6.38) exhibits ISS with respect to
input disturbance (D, (t) + Dqy(t)), Vt > to + T. O

Corollary 11.1. Suppose that the Assumptions 18-19 hold, then the parameter estima-
tion error AOy(t) dynamics (6.39) exhibits ISS with respect to input A, (t)8, (Dy(t) +

8Here, AO, (1) is for (6.38).
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Dbf(t)), respectively, V't > t.
Proof. Consider the following Lyapunov candidate
]. T ot
Vs(AOy) = 5tr(A@b ZyAOy) (6.43)

Invoking the Corollary 9.1 proof argument, taking the time derivative of (6.43) along with
the (6.39), yields, Vt > t,

Va(A6y) < =11 | AB||* + 2 | AG || Zo(Lay @ I) 11204 + 7| A% | (|| Dy + D)

(6.44)
where 7, € R (. Utilizing (6.44), Lyapunov Theorem 4.19, Lemma 4.6 form (Khalil and
Grizzle, 2002), it can be concluded that dynamics (6.39) exhibits ISS with respect to input
AB,(t), (Dy(t) + Dys(t)), respectively Vi > to. O

6.5.2 Stability/Convergence of the Proposed Controller Dynamics

Theorem 12. Suppose that the Assumptions 16-17, 19 hold, then, the closed-loop error
dynamics (z;(t) — x}) exhibits ISS with respect to AO;(t), YVt > to, provided that the
following gain condition holds:

0<e<2un.
Proof. Consider the following Lyapunov function candidate,

1
Ve = é(x, — m;)TF;I(xi —x}) (6.45)

(2

Provided Assumption 16 holds, taking the time derivative of (6.45) along with the (6.16),
following yields

Ve < (2 — 27) "Projr, (= enVol (0O4(t) + enVLi(t) = enVLi(t) + wi(®) ), ¥t = 1o
(6.46)
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After further manipulations, (6.46) yields
Vs < —(z; — 2)TenV ol () AO,(t) — en(z; — x¥) TV Li(t) + (zi — xf)Tui,eX(t), vt >t
With in a compact set M;, 3C > 0 such that ||V¢;|| < C, provided that the Assumption

17 based inequalities (6.3)-(6.4) hold, invoking the Cauchy-Schwarz inequality on the

cross term, and the inequality (6.47) can be improvised as
Vo < |lzi — a7 [|enCllAG: ()| — enpllzs — a7 |* + Billwiex (), VE= 1o (6.48)

where ;1 > 0 and 8; > 0 is the upper-bound on ||z; — x}|| since z; € M; and x}7 € M,
Vt > to. Further simplifying (6.48), yields

o1 : 1 «
Ve < SPCPAOP + fae™™ — (enu— 56 o —af|% Ve =t (649)

Utilizing (6.45), then (6.49) can be modified as

. 1
V3 < —min (%W — 62) Vs + §n202]|A@i(t)Hz + Boe Pt Yt > 1 (6.50)

(& J/

B4>0

Providing that the following necessary and sufficient gain condition is satisfied; 0 < € <

2um, then the (6.50) can be written as
. 1
Vs < —BiVs + §n202|]A@i(t)||2 + Bae™ P Wt > ¢ (6.51)

where (5, 83, 04 € R.q are the constant positive scalars. Utilizing (6.51), Lyapunov
Theorem 4.19, Lemma 4.6 form (Khalil and Grizzle, 2002), it can be concluded that
dynamics (6.16) exhibits ISS with respect to input A©,(t), Vt > t¢, as Definition 9. [

Remark 26. Based on Theorem 8 and Corollary 8.1, it can be concluded that A©;(t) is
ISS if gC-IE condition based Assumption 20 holds. Theorem 12 for (x;(t) — x*) shows
ISS with respect to input A©;(t). Hence, the cascade of (z;(t) — x*, A©;(t)) dynamics
exhibits ISS (for proof see the Lemma 4.7 of (Khalil and Grizzle, 2002)) which implies

that the objectives 6.9-6.11 are achieved in ISS sense. [l
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6.6 Simulation Results

Consider a MAS architecture (based on Assumption 18) with n = 4 agents, where the ith
agent objective/performance function have the form is L(x;) = (z; — 2)? + (z:2 — 2)%
Based on Assumption 16, © = [1,1,0, —4, —4,8] € R% and

d(xi(t)) = [, 2%, TaTiz, Ti1, Tio, 1] € RY, Vi = 1(1)4. Weighting function «(t) =
exp~%2(t%) s picked in such a way that it meets all of the Properties 16-18. Prob-
ing/Exploratory signals are chosen as; u; o (t) = 0.35 exp~*3°¢—10)[1, sin(4t)]T, up.ex (1) =
0.45 exp 0310011 sin(2)]T, uz ey (t) = 0.25 exp~0¢10)[1 sin(3t)]T,

Ugex(t) = 0.55 exp03°(=10)[1 sin(1.5¢)]T (finite-energy decaying signals (non-PE)). The

control tuning parameters are setto € = 0.022,n = 1. vy = 1.5, 1 =5, 72 = 2.

Figures 6.1-6.2 validates the claims of Theorem 10 i.e., objectives 6.9-6.10 (for
xz(t)) objective 6.11 (for (:)Z(t)) achieved, respectively. Moreover, figures 6.3-6.4 does
not validates the claims of Theorem 10 since these figures are based on the gC-PE based
algorithm. Figures 6.5-6.6 validates the claims of Theorem 12 i.e., objectives 6.9-6.10

(for z;(t)), objective 6.11 (for él(t)) achieved in ISS sense, respectively.

Robot Trajectories
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Figure 6.1: Robot trajectories based on proposed gC-IE based algorithm.
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Figure 6.2: Norm of parameter estimation error based on proposed gC-IE based algo-
rithm.

Robot Trajectories

3 T

25 b

05 ]

0 0.5 1 1.5 2 25 3

Figure 6.3: Robot trajectories based on gC-PE based algorithm.

6.7 Conclusion

In this chapter, a novel distributed adaptive extremum seeking control (DAJESC) algo-
rithm for a multi-agent system (MAS) over a weakly connected digraph network is pro-
posed, where parameter convergence is ensured under a newly coined relaxed excitation
condition, called generalized cooperative initial excitation (gC-1IE). Here, a zeroth-order
optimization framework is used, where each agent can only query the numerical value of
its cost function at the current coordinate, and it is assumed that only the parameter esti-

mates information is shared among the agents, not the individual cost. Here, we eliminate
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Figure 6.4: Norm of parameter estimation error based on gC-PE based algorithm.
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Figure 6.5: Robot Trajectories in the presence of disturbances while utilizing gC-IE based
algorithm.

the need for a restrictive gC-PE condition by utilizing a novel set of weighted integral
filter dynamics, while ensuring sufficient richness using a milder condition, called gC-
IE. The gC-PE condition is restrictive in the sense that it requires the richness/excitation
of information over the entire time-span of the signal/data, unlike the gC-IE condition
where excitation is needed only in the initial time-span. Here, a detailed Lyapunov func-
tion based analysis is performed to establish the closed-loop stability and convergence in

the form of exponential stability.
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Figure 6.6: Norm of parameter estimation error in the presence of disturbances while uti-
lizing gC-1E based algorithm.
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Chapter 7

Conclusion and Future Directions of Research

7.1 Thesis Summary

This dissertation focuses on designing novel variants of distributed adaptive parameter
estimation & control algorithms for multi-agent systems with improved performance in
terms of transient response, parameter estimation, and robustness to unmodeled dynam-
ics. The work conceptualized the concepts of cooperative initial excitation (C-IE), and
generalized cooperative initial excitation (gC-IE), which are shown to be sufficient to en-
sure parameter convergence using the proposed distributed adaptive algorithms, unlike
the conventional ones, which require the restrictive C-PE, gC-PE conditions for parame-
ter convergence. The proposed distributed adaptive algorithms, which build on a novel set
of low-pass filters or a set of weighted integrator dynamics, guarantee exponential con-
vergence of tracking and parameter estimation error once the C-1E or gC-IE condition is

satisfied by the regressor signal.

7.1.1 Summary of Chapter 2 (Part 1)

* In this part of the chapter, we design a novel collaborative parameter estimator dy-
namics, which, with the help of integral-like components, ensures parameter con-
vergence under C-IE condition.

* The C-IE definition is a generalization of the concept of IE in multi-agent settings,
where information sharing through connected graph guarantees consensus parame-
ter convergence.

* [t can be argued that the C-IE condition is milder than all of the other above men-
tioned conditions of PE, C-PE, and IE.

7.1.2 Summary of Chapter 2 (Part 2)

* In this part of the chapter, we design a combined cooperative adaptive cruise control
(CACC) architecture for an uncertain homogeneous vehicle platoon.



The combined CACC architecture is composed of a distributed parameter estima-
tor of the uncertain vehicle dynamics parameters and a MRAC control law with a
differential control parameter update routine.

The control parameter estimator uses information from the vehicle dynamics pa-
rameter estimator, making the design analogous to combined MRAC.

The distributed parameter estimator of the vehicle dynamics is designed based on a
two-layer filtering mechanism and a consensus-based component using information
from immediate preceding and following vehicles’ instantaneous estimation.

This distributed parameter estimator can ensure exponentially fast parameter con-
vergence using the C-IE condition and thereby relaxes the need for excitation (in-
formation content regarding the unknown parameters) to persist for all time.

Further, the designed MRAC law, along with the distributed parameter estimator
ensures asymptotic convergence of the vehicle platoon to a string stable reference
platoon, thus maintaining smooth and safe operation.

7.1.3 Summary of Chapter 3 (part 1)

In this part of chapter, we develop a distributed consensus-based switched param-
eter estimation algorithm, where strategic multiple switching is incorporated to re-
flect the effect of C-IE condition, ensuring parameter convergence.

Itis analytically proved that the estimation error dynamics shows global exponential
stability (GES) under the C-IE condition, which is in contrast to, where stringent
C-PE condition is required to obtain a similar stability result.

The concept of cooperative initial/finite excitation is introduced in a few recent
works (Yuan et al., 2021, 2018; Rezaei and Stefanovic, 2020; Poveda et al., 2019;
Garg and Roy, 2020a,c), however, all of them have considered a bidirectional com-
munication among neighboring agents, i.e., an undirected graph topology is uti-
lized.

Unlike these results, the proposed work allows unidirectional communication among
agents as long as the directed graph is balanced in nature. Further, the formulation
is molded as an online optimization problem.

7.1.4 Summary of Chapter 3 (part 2)

In this part of chapter, we propose a distributed composite adaptive synchronization
algorithm for multiple uncertain Euler-Lagrange (EL) systems, where parameter
convergence is achieved under a relaxed mathematical condition as compared to
the state-of-the-art.

Since the PE and C-PE conditions are restrictive in nature, these conditions are not
satisfied in most practical applications.
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The proposed result extends the C-IE condition in distributed adaptive control ar-
chitecture in the context of synchronizing multiple EL systems.

A Two-tier, filter based parameter estimation algorithm with strategic switching
ensures parameter convergence under the C-IE condition and thereby provides ex-
ponential convergence of tracking and parameter estimation error to zero.

7.1.5 Summary of Chapter 4

In this chapter, we propose a novel distributed adaptive parameter estimation (DAPE)
algorithm for a MAS architecture having a strongly connected digraph based com-
munication topology in the presence of inter-agent communication delay.

The proposed algorithm exhibits the following properties: (1) asymptotic consen-
sus of parameter estimates is ensured without any restriction on the regressor or
feature vectors and (2) parameter convergence is achieved under the uniform C-IE
condition.

Here, the notion of uniform C-IE is defined for the regressor concerning the agent
dynamics, where each agent is modeled as single-integrator.

Unlike previous results on C-IE, a novel weighting function based integrator is
introduced here.

The designed integrator dynamics do not have internal instability as well as online
rank-checking based multiple switching requirements, which were the major con-
cerns in open-loop and closed-loop filter architectures of C-1E based designs as in
Chapters 2, 3, respectively.

Moreover, the proposed algorithm utilizes a more generalized graph topology of a
strongly connected digraph, unlike the previous C-IE based frameworks using an
undirected graph as in Chapter 2 and a strongly connected and balanced digraph
(without communication delay) as in Chapter 3 (part 1).

7.1.6 Summary of Chapter 5

In this chapter, we propose a novel DAPE algorithm for a multi-agent system
(MAS) over a weakly connected digraph network, where parameter convergence
is ensured under a newly coined relaxed excitation condition called generalized co-
operative initial excitation (gC-1E).

This is in contrast to the past literature, where such DAPE algorithms demand co-
operative persistent of excitation (C-PE) and generalized cooperative persistent of
excitation (gC-PE) for strongly connected digraph, and weakly connected digraph
networks, respectively, for parameter convergence.

The gC-PE and C-PE conditions are restrictive in the sense that they require the
richness/excitation of information over the entire time-span of the signal/data, un-
like the gC-IE condition, where excitation is needed only in the initial time-span.
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e The gC-IE condition is an extension of the C-IE condition. While the C-IE con-
dition is applicable to a strongly connected digraph, the proposed gC-IE condition
extends the concept to a weakly connected digraph.

7.1.7 Summary of Chapter 6

 Chapter 6 presents a control application of the gC-IE condition in a novel distributed
adaptive extremum seeking control (DAdESC) algorithm for a multi-agent system
(MAS) over a weakly connected digraph network, where parameter convergence is
ensured under gC-IE.

* Here, a zeroth-order optimization framework is used, where each agent can only
query the numerical value of its cost function at the current coordinate. It is as-
sumed that only the parameter estimates information is shared among the neighbor-
ing agents, not the individual cost.

* Parameter estimation plays a decisive role in the stability and convergence proper-
ties of the DAJESC algorithm, and it is also well established in the existing litera-
ture that, to ensure parameter convergence in such context, a restrictive generalized
cooperative persistent of excitation (gC-PE) condition is required.

* Here, we eliminate the need for a restrictive gC-PE condition by utilizing a novel
set of weighted integral filter dynamics, ensuring sufficient richness through the
milder gC-IE condition.

7.2 Future Work

While the concept C-IE based distributed adaptive control has received early recognition
in top-tier journals and conferences, it is still in a nascent stage and several open problems
exist. Some of the possible extensions of the C-1E based distributed adaptive parameter

estimation and control are proposed subsequently.

7.2.1 Extension to Output Feedback

C-IE based distributed adaptive control, which is fundamentally designed based on full-
state measurements, can be extended to a more realistic scenario, where only partial-state

(output) feedback is available for control design. The aim is to design an output-feedback
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distributed adaptive controller, which can guarantee parameter convergence under the C-
IE assumption and retains the property of exponential stability, as obtained in state feed-
back case. As a stepping stone, distributed adaptive observer design problem can be

solved while relaxing the restrictive C-PE condition using the C-IE formulation.

7.2.2 Extension to Event-Triggered Formulation

While the proposed distributed control algorithms in this dissertation assumes continuous
communication with the neighbouring agents, future work can explore event-triggered
mechanism for information exchange, where communication happens intermittently among
neighboring agents. It would be interesting to analyze how C-IE needs to be improvised to

accommodate intermittent communication without sacrificing the theoretical guarantees.

7.2.3 Extension to Time-Varying Graph Topology

Along the similar lines, a more general formulation can be devised using time-varying
graph topology for distributed parameter estimation and control. Analytically establishing
a connection between the nature of excitation of signals and the nature of time-variation

of the graphs is an open area of research, which requires rigorous investigation.
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Appendix A

A.1 Supporting Propositions along with Proofs for Chap-
ter 3 (part-1).
Proposition 2. If two positive semi-definite matrices P, () € R**® satisfy the subsequent

inequality
Flp < Q < FQP, where Fl,FQ S R>0 (Al)

the nullity of both the matrices are same.

Proof. Let us consider x € N(Q), where N (-) denote the null-space of argument matrix.

Then, the following can be written

y"Qy =0
— y (I P)y <0,
— y"Py <0,
— y Py =0,

= y e N(P).
Hence,

y € N(Q) = ye N(P). (A.2)



Further, assume that z € N (P), which implies that

2TPz=0
= T (FQP)Z =0,
— zTQz <0,
= 2TQz=0,
= z € N(Q).
Hence,
z€ N(P) = z€ N(Q). (A.3)
Combining (A.2), (A.3), N(P) = N(Q). O

Proposition 3. If two positive semi-definite matrices Py, € R**® and ()11 € R**® have

same null-space, then there exist positive scalars o, and o5 such that

Py < 01Q11 and Q11 < 09P1y (A.4)

Proof. Let us consider 1, € N(P;;), which implies that 71, € N(Q11), N(-) being the
nullspace and N(-) being the complement of the nullspace. Then, the following can be

written

Amz‘n,(‘)(@ll)HiEnHz < 21011711 < Anaz (Qu1) || 211 |2 (A.S5)
Amino(Pi1)|z11])* < 211 Pzt < Ao (Pir) || 2112 (A.6)

where A, 5(-) denotes the minimum eigenvalue and A, (-) denotes the maximum
eigenvalue. Hence based on the above, it can be shown that for o; > % and

o9 > M the relation (A.4) is thus satisfied. L]
)‘min,O(Pll)

A.2 Supporting Lemma along with Proof for Chapter 4.

Lemma 28. Consider a matrix W = W & I, € RP*P4 ywhere W > 0 is a diagonal

matrix defined in Lemma 10. Then, the following holds.
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(1) Pairs of matrices (W, q)p(t)), (W, CIDI(t)), (W, F) hold commutative property,
respectively.

(2) W®p(t), W,(t) are positive semi-definite matrices, respectively.

(3) WT is a positive-definite matrix.
Proof. Based on the defined structure of W = W ® I,,, can be defined as
W = diag{w; I, ..., w,I,} >0 (A7)

Since W > 0 is a diagonal matrix, defined in Lemma 10. Utilizing (4.24) with the
Op(t) >0, P;(t) > 0 structure, WP p(t) yields

Wp(t) = diag{wi 61 (t)¢7 (¢), . .. 7wq¢q(t)¢:;r(t)} (A.8)

Whereas, ®p(t)WW yields

Op ()W = diag{wi61(t)¢7 (¢), . .. ,wq¢q(t)¢:]r(t)} (A.9)

Based on (A.8), (A.9), it can be concluded that the pair of matrices (W, d p(t)) is com-
mutative ie., (W®p(t) = ®p(t)W). Since ®;(t) has the same structure as ®p(t),
it can be concluded that the pair of matrices (W, o ](t)) 1S commutative in nature i.e.,

(W, (t) = 2(H)W).

Utilizing (A.8), (A.9), Lemma 10, it can be concluded that Wep, Wd; > 0 are

positive semi-definite matrices, respectively.

Since I' = diag{I'y,...,[',} € RPP4 Vi = 1(1)q and each I'; > 0 as in
(4.19), and utilizing (A.8), (A.9), it can be concluded that the pair of matrices (W,T)

holds commutative property, and WT is a positive-definite matrix. [
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A.3 Supporting Lemma along with Proof for Chapter 5.

Lemma 29. Provided the gC-IE condition (5.4) holds, the matrix T'(t) = (72 (Ea ® Im) +

" Ma>, is positive-definite over the time window [ty + T, o0) i.e.,

XTT(H)X > o|| X%, Vt > to + T, VX € R™ — {0,.,} (A.10)
where p € Ry is a positive constant scalar, T = ?laXQ}{Tq}, and M, = Z,Q41(t).
qe 17"'7

Proof. Let (\;,p;), Vi = 1(1)h, be the eigen-value and eigen-vector pairs of positive
semi-definite matrix Ea = nga + Z,L,. Since L,1;, =0, Z,1;, = z, and ng =0,
(based on Lemma 19), it then follows that (L;{Za + Z,L,)1;, = 0p,. This implies that
A1 =0and \; >0, Vi = 2(1)h.

Based on the above argument, the eigen-decomposition form of the matrix (L,®

I,), fori =1, 5 =1(1)m, yields

- 1
(La @Im)(ﬁlh @ ;) = On (A1)

Next, the eigen-decomposition form of the matrix (L, ® I,,), Vi = 2(1)h, V5 = 1(1)m is

(Lo ® I,) (i @ f5) = Ni(pi ® f) (A.12)

where the right hand side of both the above equations can be verified based on the mixed
product property AB® CD = (A® C)(B ® D) for appropriately sized matrices A, B, C,
and D. Here, f; € R™ is the 5" unit vector, Vj = 1(1)m i.e., f; is the j* column of the

identity matrix I,,,.

Considering X € R™" as a unit vector and expressing it on this basis as

m h m
1
X=> v—=L,ofi+> > &p®f (A.13)
— “Vh —
j= =2 j=
with (v,0) € R™ x R*=YU™ has unit norm. Here, v = [v1,vs,...,0y,]" and § =

[6F, -+ 67T, where §; = [0;1, -+ , i) ", for i = 2(1)h.
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Define the quantity ,,.(t) from Z,$2, p(t) over the time interval [to, to + T is

to+T

Qpar (1) 2 / ZoQa p(r)dr (A.14)

to

Substituting relation (A.13) into (A.10), using the term v, X7 (L, ® I,,,) X, uti-
lizing (A.11)-(A.12) yields

h m
Y X (Lo @ L)X =) " Xdy = pdo(1 = ||v|P) > (A.15)

i=2 j=1
where ||v|]? + ||4]]> = 1.

The second term v; X7 M, (t) X is expanded as

’leTMa %ZZ iVj 1h®fz M,(t)(1, @ f;)
h

h m h m
N2 DD Htalpi ® )T Mat)(p© fi)  (A16)

g

Utilizing the Properties 13-15 of weighting function 5(t), (5.7), it can be concluded that
My(t) = B Qar(t), VI > 1o+ T (A.17)
where 3 € R is a lower-bound of weighting function (¢) over the initial time-interval
[to, to + T']. Furthermore utilizing (5.4), a subsequent relation of (2, (¢) is defined as
h to+T

(10 1) r (18 1) 2 Y1 [ Gulr)oltr)ar (A.18)

=1 to

Substituting (A.17) into (A.16) and utilizing (A.18), 1 X7 M, (t) X can be lower-bounded
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as

where z = minz;, Vi = 1(1)h. After further simplification and provided the gC-IE
condition (5.4) holds, (A.19) yields

1Al

XTM, ()X > .

2B — 2T ph/[[v][2(1 — [|v][?) (A.20)

where T = || Qpar (to +T) (1, @ fo)[1}, X = {minQ}{Tq} > () is the lower-bound, based
qe 1’...,

on the gC-IE definition (5.4). By clubbing these two inequalities (i.e., (A.15) and (A.20))

together yields the following.
XTP(t)X > max{v, X (L, ® L)X, n X M, X} > 0> 0

where p is

[I?

_ _ 2 _ 97 2(1 _ 2
0 i?;max{fyg)g(l HM\),%@ 3 z X QTﬁ”hh\/HVH (1 HVHZ}

v
\ A

11 Il

(A.21)

by using continuity argument, infimum in (A.21) is attained and is strictly greater than

zero as argued below.

Note that if o is zero and the first term II; is zero, then the second term Il

should also be zero because of the max{-} operator in (A.21), which implies Y is zero

since ||v|| = 1 because of II; = 0. This is a contradiction with the gC-IE condition (5.4),
which ensures that Y > (. Hence, o is greater than zero. OJ
'Here, || - ||; denotes the 1-norm.
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