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Abstract

Summation formulas play a vital role in analytic number theory. Several kinds

of summation formulas exist, like the Poisson summation formula, Abel summation

formula, Euler-Maclaurin formula, etc. In 1904, G. F. Voronoi proved that the

error term in the Dirichlet divisor problem can be expressed in terms of infinite

series involving Bessel functions. Additionally, he offered a broader version of the

above summation formulas involving a test function f , where f(t) is a function of

bounded variation. Consequently, he deduced a better bound for the error term in

the Dirichlet divisor problem at that time.

Following Voronoi’s astounding discovery, other number theorists like A. L. Dixon,

W. L. Ferrar, J. R. Wilton, Koshliakov, M. Jutila etc looked into the formula and

offered proofs under different conditions on the function f(x). Apart from its con-

nection to different fields of mathematics, Voronoi-type summation formulas also

have some applications in physics, especially in quantum graph theory.

In 2014, B. C. Berndt and A. Zaharescu introduced the twisted divisor sums

associated with the Dirichlet character while studying Ramanujan’s type identity

involving finite trigonometric sums and doubly infinite series of Bessel functions.

Later, S. Kim extended the definition of twisted divisor sums to twisted sums of

divisor functions.

Here, we study identities associated with the aforementioned weighted divisor

functions and the modified K-Bessel function in light of recent results obtained

by D. Banerjee and B. Maji. Moreover, we provide a new expression for L(1, χ)

from which the positivity of L(1, χ) for any real primitive character χ is established

which is important is the proof of Prime number theorems in arithmetic progression.

v



vi Abstract

In addition, we deduce Cohen-type identities and then exhibit the Voronoi-type

summation formulas for them.

Additionally, we discuss an equivalent version of the aforementioned results in

terms of identities involving finite sums of trigonometric functions and the doubly

infinite series. As an application, we provide an identity for r6(n), which is analo-

gous to Hardy’s famous result where r6(n) denotes the number of representations of

natural number n as a sum of six squares.
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1
Introduction

In this chapter, we present some basic notation in special functions that are

pertinent to my work. The first part of this chapter discusses the basic definitions

and results associated with Bessel functions, while the other part provides some

inspiration and a framework for the thesis’s structure.

1.1 Some Definitions and Terminology

Let Jν denote the ordinary Bessel function of the first kind of order ν [53, p. 40]

Jν(z) :=
∞∑
n=0

(−1)n(1
2
z)ν+2n

n!Γ(ν + n+ 1)
, z ∈ C, (1.1)

1



2 Introduction

and Yν denotes the Bessel function of the second kind of order ν [53, p. 64], which

is defined in terms of Jν ,

Yν(z) :=
Jν(z) cosπν − J−ν(z)

sinπν
, z ∈ C, ν /∈ Z, (1.2)

Yn(z) := lim
ν→n

Yν(z), n ∈ Z, (1.3)

and Kν denotes the modified K-Bessel function of order ν [53, p. 78], which is

defined as the following

Kν(z) :=
π

2

I−ν(z)− Iν(z)

sinπν
, z ∈ C, ν /∈ Z, (1.4)

Kn(z) := lim
ν→n

Kν(z), n ∈ Z. (1.5)

with Iν being the Bessel function of the imaginary argument [53, p. 77] given by

Iν(z) :=
∞∑
n=0

(1
2
z)ν+2n

n!Γ(ν + n+ 1)
, z ∈ C. (1.6)

Since our main results involve the modified K-Bessel function, it is important to

state some related results. The asymptotic estimate for the K-Bessel function de-

fined in (1.4) is [53, p. 202]

Kν(x) =
( π
2x

) 1
2
e−x +O

(
e−x

x
3
2

)
as x→ ∞. (1.7)

Throughout the thesis, we will consider ℜ(ν) ≥ 0 as K−ν(x) = Kν(x). We recall

that K 1
2
is equal to [53, p. 80]

K 1
2
(z) =

√
π

2z
e−z, (1.8)

and K0(x) is defined by (1.5). From the integral representation of K0(x) [53, p. 446]

K0(x) =

∫ ∞

0

e−x cosh tdt,



1.2 Dirichlet divisor problem and Gauss Circle problem 3

one can see that K0(x) is positive and monotonically decreasing on the interval

(0,∞). We also note the series representation of K0(x) [53, p. 80]

K0(x) = − log
(x
2

)
I0(x) +

∞∑
m=0

(
x
2

)2m
(m!)2

Γ′(m+ 1)

Γ(m+ 1)
,

where I0(x) is defined in (1.6). From its series representation mentioned above, one

can infer that K0(x) tends to +∞ as x decreases to 0. Next, we define Mν(z) by

Mν(z) := −Yν(z)−
2

π
Kν(z). (1.9)

1.2 Dirichlet divisor problem and Gauss Circle

problem

Let d(n) =
∑

d|n 1 denote the divisor function. The Dirichlet divisor problem

deals with the estimation of the error term ∆(x) that appears in the asymptotic

formula for the summatory function D(x) :=
∑

n≤x d(n). Dirichlet proved that

D(x) = x log x+ (2γ − 1)x+∆(x), (1.10)

where γ is the Euler-Mascheroni constant. Dirichlet, in 1849, showed that

∆(x) = O(x
1
2 ). The best estimate to date is ∆(x) = O(xθ+ε) for every ε > 0, with

θ ≤ 131/416 (= 0.31490..) due to Huxley (2003). Recently, Li and Yang [38] im-

proved the value of θ ≤ 0.314483... at four decimal places, using the Bombieri–Iwaniec

method. It is widely conjectured that θ = 1/4 is admissible. In 1904, Voronoi [52]

expressed the error term in (1.10) in terms of Bessel functions,

∆(x) =
1

4
+

∞∑
n=1

d(n)
(x
n

)1/2
M1(4π

√
nx), (1.11)



4 Introduction

where Mν(z) is defined in (1.9). He also deduced the general summation formula,

which reads as follows

∑
a≤n≤b

′d(n)f(n) =

∫ b

a

(log(x) + 2γ)f(x)dx

+
∞∑
n=1

d(n)

∫ b

a

f(x) (4K0(4π
√
nx)− 2πY0(4π

√
nx))dx , (1.12)

where the prime ′ on the summation on the left-hand side indicates that if a or

b is an integer, then only half of the term corresponding to n = a (respectively,

n = b) is counted and f(t) is a function of bounded variation in the interval (a, b).

Voronoi employed (1.11) to prove the result ∆(x) = O(x1/3+ϵ) for each fixed ε > 0.

After Voronoi’s remarkable discovery of (1.12), many number theorists examined

the formula (1.12) and provided proofs assuming various conditions on the function

f(x), often involving moderate or strong restrictions. A. L. Dixon and W. L. Ferrar

[24] gave proof for a bounded second differential coefficient function f(x) in (a, b).

Koshliakov [36] proved (1.12) for the analytic function f inside a closed contour

strictly containing the interval [a, b] with 0 < a < b, a, b /∈ Z. J. R. Wilton [55]

proved (1.12) for the function f , which has compact support in the interval [a, b]

such that limε→0 V
β−ε
α f(x) = V β−0

α f(x) where V β
α denotes the total variation of f(x)

over (α, β). In 1987, M. Jutila [34] gave a Voronoi-type summation formula involving

an exponential factor. One can refer to [3, 4, 33, 40] for details and developments

on Voronoi’s summation formulas. Apart from its connection to different fields

of mathematics, Voronoi-type summation formulas also have some applications in

physics, especially in quantum graph theory [26].

Analogous to the classical divisor problem, there is another renowned open prob-

lem known as Gauss’s circle problem, which concerns the magnitude of the error term

P (x) in the summatory function associated with the arithmetic function

r2(n) := {(n1, n2) ∈ Z | n1
2 + n2

2 = n}.



1.2 Dirichlet divisor problem and Gauss Circle problem 5

In 1834, Gauss proved the estimate

P (x) :=
∑

0≤n≤x

r2(n)−πx = O(x1/2). (1.13)

Voronoi also proposed a formula similar to (1.12) for r2(n) under the same condition

on f [18, p.182-183]

∑
a≤n≤b

′r2(n)f(n) = π

∫ b

a

f(x)dx + π
∞∑

n=1

r2 (n)

∫ b

a

f (x ) J0 (2π
√
nx )dx . (1.14)

In 1915, Hardy [32, eq. (1.25)] proved a formula analogous to (1.11) for the error

term in (1.13),

∑
n≤x

r2(n) = πx− 1 +
√
x

∞∑
q=1

r2(q)√
q
J1(2π

√
qx), (1.15)

using the following result due to Ramanujan [32, eq. (2.12)]

∞∑
n=1

r2(n)e
−s

√
n =

2π

s2
− 1 + 2πs

∞∑
n=1

r2(n)

(s2 + 4π2n)
3
2

, where ℜ(s) > 0. (1.16)

In 1934, Dixon and Ferrar [25] provided a generalization of identity (1.16). They

proved that, for ℜ(ν) > 0 and x > 0,

∞∑
n=0

r2(n)n
ν/2Kν(2π

√
nx) =

Γ(ν + 1)

2πν+1
x

ν
2

∞∑
n=0

r2(n)

(n+ x)ν+1
. (1.17)

Plugging ν = 1/2 in (1.17) and using the property of the Bessel function (1.8), we

obtain (1.16). Employing Jacobi’s formula r2(n) = 4
∑

d|n
d odd

(−1)(d−1)/2 in (1.15), we

have

∑′

0≤n≤x

r2(n) = πx+ 2
√
x lim
N→∞

∑
mn≤N


J1

(
4π
√
m(n+ 1

4
)x
)

√
m(n+ 1

4
)
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−
J1

(
4π
√
m(n+ 3

4
)x
)

√
m(n+ 3

4
)

 . (1.18)

In the following section, we see that Ramanujan explores the generalised result of

(1.18).

1.3 Identities involving a finite trigonometric sum

and a doubly infinite series of Bessel functions

The lost notebook [47] of Ramanujan contains several beautiful identities. Some

are intimately connected with the famous circle and divisor problems. Among these

results, on page 355 in his lost notebook, we encounter the following two important

identities involving a finite trigonometric sum and a doubly infinite series of Bessel

functions.

Entry 1.3.1. If 0 < θ < 1 and x > 0, then

∞∑
n=1

F
(x
n

)
sin(2πnθ) =πx

(
1

2
− θ

)
− cot(πθ)

4
+

√
x

2

∞∑
m=1

∞∑
n=0

{
J1(4π

√
m(n+ θ)x)√

m(n+ θ)

−
J1(4π

√
m(n+ 1− θ)x)√

m(n+ 1− θ)

}
. (1.19)

Entry 1.3.2. If 0 < θ < 1 and x > 0, then

∞∑
n=1

F
(x
n

)
cos(2πnθ) =

1

4
− x log(2 sin(πθ)) +

√
x

2

∞∑
m=1

∞∑
n=0

{
M1(4π

√
m(n+ θ)x)√

m(n+ θ)

+
M1(4π

√
m(n+ 1− θ)x)√

m(n+ 1− θ)

}
, (1.20)

where

F (x) =

⌊x⌋, if x is not an integer,

x− 1
2
, if x is an integer;
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andM1(z) is defined in (1.9). These entries have three different interpretations. The

double series in Entry 1.3.1 and Entry 1.3.2 can be interpreted as an iterated series

in two possible ways. It can also be interpreted symmetrically, where the products

of the indices tend to infinity. It is important to note that the identity (1.19) in

Entry 1.3.1 with the order of the double sum interchanged was established by B.

C. Berndt and A. Zaharescu in [16]. A few years later, B. C. Berndt, S. Kim and

A. Zaharescu in [10] provided the proof of (1.19) as recorded by Ramanujan. On

the other hand, B. C. Berndt, S. Kim and A. Zaherescu in [8] provided proof of

(1.20) of Entry 1.3.2 with the order of the summation reversed and with additional

conditions. Moreover, they gave the proof of (1.19) of Entry 1.3.1 and (1.20) of Entry

1.3.2 under the symmetric interpretation in [8]. Recently, in 2019, B. C. Berndt, J.

Li and A. Zaharescu in [15] offered the proof of the identity (1.20) in Entry 1.3.2 as

given by Ramanujan. As an application of Entry 1.3.1 in [16] with the order of the

double sum reversed, B. C. Berndt and Zaharescu derived the following beautiful

identity associated with r2(n),∑′

0≤n≤x

r2(n) = πx

+ 2
√
x

∞∑
n=0

∞∑
m=1


J1

(
4π
√
m(n+ 1

4
)x
)

√
m(n+ 1

4
)

−
J1

(
4π
√
m(n+ 3

4
)x
)

√
m(n+ 3

4
)

 . (1.21)

The prime ′ on the summation sign on the left-hand side of (1.21) implies that

weight 1/2 is considered if x is an integer. Similar to Entry 1.3.1, Entry 1.3.2 is

associated with the Dirichlet divisor problem. The occurrence of Bessel functions

M1(z) in (1.11) indicates that there exists some correlation between Entry 1.3.2 and

(1.10). Considering this fact, B. C. Berndt and A. Zaharescu derived an identity

equivalent to Entry 1.3.2 in [16] by introducing twisted divisor sum dχ(n) defined

by

dχ(n) =
∑
d|n

χ(d), (1.22)
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where χ is a primitive Dirichlet character modulo q. Their identity reads as follows:

∑′

n≤x

dχ(n) =− x

τ(χ̄)

q−1∑
h=1

χ̄(h) log(2 sin(πh/q))

+

√
q

τ(χ̄)

∞∑
n=1

dχ̄(n)
(x
n

)1/2
M1(4π

√
nx/q), (1.23)

where χ is a non-principal, even primitive character modulo q, M1(z) is defined in

(1.9) and τ(χ) is the Gauss sum of a Dirichlet character modulo q is defined by

τ(χ) =

q∑
h=1

χ(h)e2πih/q. (1.24)

Hence, (1.23) can be considered a character analogue of Entry 1.3.2. B. C. Berndt,

S. Kim and A. Zaharescu [9, 13] generalised Ramanujan’s entries by studying Riesz

sums for twisted divisor sums.

In the following section, we analyse the identities associated with Bessel functions

and divisor functions.

1.4 Identities involving divisor function and Bessel

functions

We begin by reminiscing about another beautiful identity due to Ramanujan

involving the K-Bessel function, which is recorded on page 253 of his lost notebook.

If α and β are any two positive numbers such that αβ = π2 and ν is any complex

number, then

√
α

∞∑
n=1

σ−ν(n)n
ν/2Kν/2(2nα) −

√
β

∞∑
n=1

σ−ν(n)n
ν/2Kν/2(2nβ)

=
1

4
Γ
(ν
2

)
ζ(ν){β(1−ν)/2 − α(1−ν)/2}+ 1

4
Γ
(
−ν
2

)
ζ(−ν){β(1+ν)/2 − α(1+ν)/2},

(1.25)
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where σν(n) is the general divisor function defined by

σν(n) =
∑
d|n

dν , (1.26)

and Kν(z) is defined in (1.4). Later in 1955, Guinand [30] derived a formula almost

similar to (1.25) by appealing to a formula due to Watson [54] involving theK-Bessel

function. One can use Ramanujan’s formula (1.25) to derive Koshliakov’s formula

[36], given by

√
α

(
1

4
γ − 1

4
log(4β) +

∞∑
n=1

d(n)K0(2nα)

)

=
√
β

(
1

4
γ − 1

4
log(4α) +

∞∑
n=1

d(n)K0(2nβ)

)
, (1.27)

where γ denotes Euler’s constant and K0(z) is defined in (1.5). Koshliakov, in 1929,

proved the formula (1.27) by employing the Voronoi summation formula (1.12). In

1936, Ferrar [28] reproved (1.27) by appealing to the functional equation of ζ(s).

Later, in 1966, K. Soni [48] showed that the functional equation of ζ2(s) is equivalent

to the Voronoi summation formula (1.12) and is equivalent to Koshliakov’s formula

(1.27). In 1972, Oberhettinger and Soni [44] established that the functional equation

of ζ(s) and Koshliakov’s formula are equivalent using the methods of Hamburger. In

2008, B. C. Berndt, Y. Lee, and J. Sohn [14] proved (1.25) by elaborating Guinand’s

method. They rediscovered Koshliakov’s formula (1.27) by taking ν → 0 in (1.25).

However, A. Dixit in [22] gave an extended version of Ramanujan’s formula (1.25)

by appealing to the Cauchy residue theorem and the theory of the Mellin transform.

Further analysis of identities analogous to (1.25) and (1.27) have been done by

B. C. Berndt, S. Kim and A. Zaharescu in [12]. They studied character analogues

of Koshliakov’s formula (1.27) for even characters. They replaced the classical divisor

function d(n) with the twisted divisor sums dχ(n), which is defined in (1.22) and

proved the following beautiful identity

qL(1, χ)

4τ(χ)
+

∞∑
n=1

dχ(n)K0

(
2πnz
√
q

)
=

√
qL(1, χ)

4z
+
τ(χ)

z
√
q

∞∑
n=1

dχ̄(n)K0

(
2πn

z
√
q

)
,
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where χ is a non-principal even primitive character mod q, ℜ(z) > 0, and τ(χ) is the

Gauss sum defined in (1.24), and K0(z) is defined in (1.5). In particular, for even

real character χ, they established the positivity of L(1, χ), which is instrumental

in proving Dirichlet’s theorem on primes in arithmetic progressions. The weighted

divisor sums defined in (1.22) were introduced by B. C. Berndt and A. Zaharescu

[16], where they showed that the twisted or weighted divisor sums could be studied

in connection with identities associated with r2(n). However, in 2017, S. Kim [35]

extended the definition of twisted divisor sums to twisted sums of divisor functions,

namely,

σk,χ(n) :=
∑
d|n

dkχ(d), σ̄k,χ(n) :=
∑
d|n

dkχ(n/d), σk,χ1,χ2(n) :=
∑
d|n

dkχ1(d)χ2(n/d),

(1.28)

and studied Riesz sum-type identities associated with them. As a corollary of the

main results, the author obtained a Riesz sum identity for r6(n) where r6(n) signifies

the number of representations of n as a sum of six squares denoted by r6(n).

Recently, A. Dixit and A. Kesarwani [23] studied a new generalization of the

modified Bessel function of the second kind. They derived a formula analogous

to (1.25) associated with the generalized Bessel function. They proved that their

formula is equivalent to the functional equation of a non-holomorphic Eisenstein

series on SL(2,Z). The study of the infinite series in (1.25) is of prime importance

as it is intimately connected with the Fourier series expansion of non-holomorphic

Eisenstein series on SL(2,Z) or Maass wave forms [37, 39, 43, 51]. Motivated by

this fact, Cohen, in 2010 [19], established the following result, similar to (1.25),

4x
1
2

∞∑
n=1

σν(n)

nν/2
Kν/2(2πnx) + Λ(s)(x(1−ν)/2 − x(ν−1)/2)

= 4x−
1
2

∞∑
n=1

σν(n)

nν/2
Kν/2(

2πn

x
) + Λ(−s)(x−(1+ν)/2 − x(1+ν)/2), (1.29)

where Λ(s) = π− s
2Γ
(
s
2

)
ζ(s) and Kν(z) is defined in (1.4). As an application, he

obtained the following beautiful identity involving the divisor function σs(n) and

the modified K-Bessel function.
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Proposition 1.4.1. [19, p. 62, Theorem 3.4] For ν /∈ Z such that ℜ(ν) ≥ 0 and

any integer N such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πx
ν
2

∞∑
n=1

σ−ν(n)n
ν/2Kν(4π

√
nx) = −Γ(ν)ζ(ν)

(2π)ν−1
+

Γ(1 + ν)ζ(1 + ν)

πν+12νx
+

{
ζ(ν)xν−1

sin
(
πν
2

)
−πζ(ν + 1)xν

cos(πν
2
)

+
2

sin
(
πν
2

) N∑
j=1

ζ(2j) ζ(2j − ν)x2j−1

+
2

sin
(
πν
2

) ∞∑
n=1

σ−ν(n)
x2N+1

(n2 − x2)

(
nν−2N − xν−2N

)}
. (1.30)

In addition to (1.30), he derived several interesting identities involving the divisor

function σs(n) and the modified K-Bessel function. Later, B. C. Berndt, A. Dixit,

A. Roy, and A. Zaharescu [7], in their seminal work, showed that Cohen-type identity

(1.30) can be used to derive the Voronoi-type summation formula for σs(n).

Proposition 1.4.2. [7, p. 841, Theorem 6.1] Let 0 < α < β and α, β /∈ Z. Let f

denote a function analytic inside a closed contour strictly containing [α, β]. Assume

that −1
2
< ℜ(ν) < 1

2
. Then

∑
α<j<β

σ−ν(j)f(j) =

∫ β

α

f(t)
(
ζ(1− ν, χ) t−ν + ζ(ν + 1)

)
dt+ 2π

∞∑
n=1

σ−ν(n)n
ν/2

×
∫ β

α

f(t)(t)−
ν
2

{(
2

π
Kν(4π

√
nt)− Yν(4π

√
nt)

)
cos
(πν

2

)
−Jν(4π

√
nt) sin

(πν
2

)}
dt.

Inspired by Cohen’s results [19], D. Banerjee and B. Maji [2] studied the infinite

series involving the generalised divisor function and the modifiedK-Bessel functions.

More precisely, they studied the following infinite series, for r ∈ Z, z ∈ C and a and

x be any two positive real numbers,

∞∑
n=1

σ(r)
z (n)n

ν
2Kν(a

√
nx), (1.31)

where σ
(r)
z (n) =

∑
dr|n d

z and ν is a complex number with ℜ(ν) ≥ 0. It is important



12 Introduction

to note that σ
(1)
z (n) = σz(n). Hence, almost all the Cohen-type identities can

be derived from their results. They provided the following identity as a direct

consequence of their primary results:

Proposition 1.4.3. Let a and x be two positive real numbers and k ≥ 1 be an odd

integer. For ℜ(ν) > 0, we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

σk(n)n
ν
2Kν(a

√
nx)

=
(−1)

k+1
2

2
Γ(ν + k + 1) (2π)k+1

∞∑
n=1

σk(n)(
16π2

a2
n
x
+ 1
)ν+k+1

+Qν(x),

where

Qν(x) =− a2k+2Γ(ν)ζ(−k)
22k+4

xk+1 +
a2kΓ(1 + ν)ζ(1− k)

22k+1
xk

+
1

2
Γ(1 + k + ν)Γ(1 + k)ζ(1 + k).

The above identity was also obtained by B. C. Berndt et al. in [6, equation

(6.11)] as a particular case of their main result. Proposition 1.4.1, 1.4.2, and 1.4.3

can be regarded as identities corresponding to character modulo 1.

In this thesis, we are interested in the character analogues of (1.31). That is, we

study the following infinite series

∞∑
n=1

σz,χ(n)n
ν
2Kν(a

√
nx),

∞∑
n=1

σ̄z,χ(n)n
ν
2Kν(a

√
nx),

∞∑
n=1

σz,χ1,χ2(n)n
ν
2Kν(a

√
nx), (1.32)

where σz,χ(n), σ̄z,χ(n) and σz,χ1,χ2(n) are defined in (1.28) for z ∈ C, and ν is a

complex number with ℜ(ν) ≥ 0. The expression (1.7) ensures the absolute conver-

gence of all the infinite series defined in (1.32). Afterwards, we focus on deriving its

trigonometric analogues. More precisely, we offer the identities associated with the
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K-Bessel function and the following weighted sums of divisor functions

∑
d|n

dz sin (2πdθ) ,
∑
d|n

dz sin

(
2πnθ

d

)
,
∑
d|n

dz cos (2πdθ) ,
∑
d|n

dz cos

(
2πnθ

d

)
,

etc. Moreover, we present formulas for the following two infinite series,

∞∑
n=1

r6(n)n
ν/2Kν(a

√
nx),

∞∑
n=1

r6(n)e
−4π

√
nx. (1.33)

We also derive an identity from our two main results that gives rise to (1.33).

In Chapter 3, we study the character analogues for the case z ∈ Z≥0 and their

equivalent versions in trigonometric forms. Equivalently, we study the infinite series

(1.32) for z = k and its trigonometric analogues. Next, we see that two of the

series yield a generalisation of the identity associated with r6(n) and the Bessel

function. In addition, we offer a novel representation for L(1, χ), allowing us to

demonstrate the positivity of L(1, χ) for any real primitive character χ. It is worth

noting that B. C. Berndt, S. Kim, and A. Zaharescu previously established the

positivity of L(1, χ) for real primitive even characters in [12]. In this chapter, we

provide a new proof that establishes the positivity of L(1, χ) for all real primitive

Dirichlet characters χ, including both even and odd cases. This positivity is a crucial

ingredient in the proof of Dirichlet’s theorem on primes in arithmetic progressions.

In Chapter 4, we study Cohen-type identities associated with characters and their

trigonometric analogues. Our main objective in this chapter is to extend identity in

Proposition 1.4.1 to character modulo q.

In Chapter 5, we offer the Voronoi-type summation formula for twisted sums of

divisor functions and its trigonometric analogues.

1.5 Conclusion and future work

In Chapter 6, we discuss some future research works related to the thesis.
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2
Some Preliminaries

We begin this chapter by recalling and proving some important results that we

will be using throughout the thesis.

2.1 Some basic results and definitions

We start this section by characterizing Dirichlet’s characters.

Lemma 2.1.1. [42, p. 118] If f is a multiplicative function, f(n) = 0 whenever

(n, q) > 1, and f has period q, then f is a Dirichlet character modulo q.

Next, we will see the definition of a primitive character.

Definition 2.1.1. [50, Definition-8.4, p. 364] A Dirichlet character χ to modulus

q is said to be primitive if there exists no character χ1 to modulus d < q, such that

χ(n) = χ1(n) for all integers n coprime to q.

15
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The Dirichlet L-function is defined by

L(s, χ) :=
∞∑
n=1

χ(n)

ns
, ℜ(s) > 1, (2.1)

where χ is a Dirichlet character modulo q. It can be meromorphically continued to

the entire complex plane. Furthermore, if χ is principal, the corresponding Dirichlet

L-function has a simple pole at s = 1. Otherwise, the L-function is entire.

The Hurwitz zeta function is defined by

ζ(s, α) =
∞∑
n=0

1

(n+ α)s
, ℜ(s) > 1 and 0 < α < 1. (2.2)

It is well known that the Dirichlet L-function L(s, χ) for ℜ(s) > 1 can be expressed

in terms of the Hurwitz zeta function [20, p. 71, equation (16)]

L(s, χ) =
1

qs

q−1∑
r=1

ζ

(
s,
r

q

)
χ(r), (2.3)

where χ is the Dirichlet character modulo q with q > 2. Conversely, we have

ζ

(
s,
h

q

)
=

qs

ϕ(q)

∑
χ

χ̄(h)L(s, χ), (2.4)

for (h, q) = 1 and 0 < h < q.

Next, we observe that the generating functions for σz,χ(n) and σ̄z,χ(n) and

σz,χ1,χ2(n) defined in (1.28) are the following

ζ(s)L(s− z, χ) =
∞∑
m=1

1

ms

∞∑
d=1

dzχ(d)

ds
=

∞∑
n=1

σz,χ(n)

ns
, (2.5)

ζ(s− z)L(s, χ) =
∞∑
m=1

1

ms−z

∞∑
d=1

χ(d)

ds
=

∞∑
n=1

σ̄z,χ(n)

ns
, (2.6)

L(s− z, χ1)L(s, χ2) =
∞∑
d=1

dzχ1(d)

ds

∞∑
m=1

χ2(m)

ms
=

∞∑
n=1

σz,χ1,χ2(n)

ns
, (2.7)

for ℜ(s) > max(ℜ(z)+ 1, 1), where ζ(s) denotes the the Riemann zeta function and
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L(s, χ) denotes the Dirichlet L-function defined by (2.1) for ℜ(s) > 1. We recall

that the functional equation of ζ(s) [50, p. 234]

ζ(s) = 2sπs−1 sin
(πs
2

)
Γ(1− s)ζ(1− s). (2.8)

Replacing s by 1− s in (2.8), we obtain

Γ(s)ζ(s) =
πsζ(1− s)

21−s cos
(
πs
2

) . (2.9)

Next, we write the functional equation for L(s, χ) [20, p. 71]

L(s, χ) =
τ(χ)

iκ
√
q

(
π

q

)s−1/2 Γ(1−s+κ
2

)

Γ( s+κ
2
)
L(1− s, χ̄), (2.10)

where

κ = κ(χ) =

0, if χ(−1) = 1,

1, if χ(−1) = −1.

The functional relations for Γ(s) are given by [20, p. 73]

Γ(s+ 1) =sΓ(s), Γ(s)Γ

(
s+

1

2

)
= 21−2s

√
πΓ(2s), (2.11)

Γ(s)Γ(1− s) =
π

sin(πs)
. (2.12)

Employing (2.11) and (2.12) in (2.10), we obtain [42, Corollary 10.9, p. 333]

L(s, χ) = i−κ
τ(χ)

π

(
(2π)

q

)s
Γ(1− s) sin

π(s+ κ)

2
L(1− s, χ̄). (2.13)

Now replacing s by s− z in (2.13), we get

L(s− z, χ) = i−κ
τ(χ)

π

(
(2π)

q

)s−z
Γ(1 + z − s) sin

π(s+ κ− z)

2
L(1 + z − s, χ̄).
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So, we can rewrite the above equation as

Γ(1 + z − s)L(1 + z − s, χ̄) = iκ
π

τ(χ)

( q

2π

)s−z L(s− z, χ)

sin π( s+κ−z
2

)
. (2.14)

Next, we recall the bounds for the L-function [20, p. 82, eq 14] for σ ≥ 1/2,

|L(s, χ)| ≤ 2q|s|. (2.15)

The Hurwitz zeta function satisfies the following functional equations [17, p. 587]

q∑
r=1

ζ

(
s,
r

q

)
cos

(
2πrh

q

)
=
qΓ(1− s)

(2πq)1−s
sin
(πs
2

){
ζ

(
1− s,

h

q

)
+ ζ

(
1− s, 1− h

q

)}
, (2.16)

q∑
r=1

ζ

(
s,
r

q

)
sin

(
2πrh

q

)
=
qΓ(1− s)

(2πq)1−s
cos
(πs
2

){
ζ

(
1− s,

h

q

)
− ζ

(
1− s, 1− h

q

)}
. (2.17)

Hurwitz zeta function also satisfies [1, p. 264]

ζ(−n, θ) =− Bn+1(θ)

n+ 1
, (2.18)

for each n ≥ 0; where Bn(θ) is a Bernoulli polynomial defined as follows [1, p. 264]

zeθz

ez − 1
=

∞∑
n=0

Bn(θ)

n!
zn, for |z| < 2π, (2.19)

for any θ ∈ C and we have the relation [1, p. 274]

Bn(1− θ) =(−1)nBn(θ) for every n ≥ 0. (2.20)
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We will also note that [20, p.69, p.71]

τ(χ)τ(χ̄) =

 −q, for odd primitive χ mod q,

q, for even non principal primitive χ mod q,
(2.21)

where τ(χ) is defined in (1.24). Now we see the orthogonality relations for characters

∑
χ mod q
χ odd

χ(a)χ̄(h) =

 ±ϕ(q)
2
, if h ≡ ±a (mod q)

0, otherwise ;
(2.22)

∑
χ mod q
χ even

χ(a)χ̄(h) =


ϕ(q)
2
, if h ≡ ±a (mod q)

0, otherwise.
(2.23)

Here we would like to mention another identity [11, Lemma 2.5] namely

sin

(
2πhd

q

)
=

1

iϕ(q)

∑
χ mod q
χ odd

χ(d)τ(χ̄)χ(h), (2.24)

cos

(
2πhd

q

)
=

1

ϕ(q)

∑
χ mod q
χ even

χ(d)τ(χ̄)χ(h), (2.25)

whenever (d, q) = (h, q) = 1. The factorization theorem for Gauss sum τ(χ) in

(1.24) is as follows [20, p. 65]

χ(n)τ(χ̄) =

q−1∑
h=1

χ̄(h)e2πinh/q, (2.26)

for any character modulo χ modulo q.
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2.2 Key Lemmas

The Mellin transform of a locally integrable function f(x) on (0,∞) is defined

by

M[f ; s] = F (s) =

∫ ∞

0

f(t) ts−1dt, (2.27)

provided the integral converges. The basic properties of the Mellin transform follow

immediately from those of the Laplace transform since these transforms are inti-

mately connected. The integral in (2.27) defines the Mellin transform in a vertical

strip in the s plane whose boundaries are determined by the analytic structure of

f(x) as x→ 0+ and x→ +∞. If we assume that f(x) satisfies the following growth

condition

f(x) =

 O(x−a+ε) as x→ 0+,

O(x−b−ε) as x→ +∞,
(2.28)

where ε > 0 and a < b, then the integral (2.27) converges absolutely in the strip

a < ℜ(s) < b and defines an analytic function there in the strip. This strip is known

as the strip of analyticity of M[f ; s]. Furthermore, the inversion formula for (2.27)

follows directly from the corresponding inversion formula for the bilateral Laplace

transform. Thus,

f(x) =
1

2πi

∫
(c)

x−sM[f ; s]ds (a < c < b), (2.29)

which is valid at all points x ≥ 0 where f(x) is continuous. Here the notation (c)

denotes the vertical line [c−i∞, c+i∞]. For example, M[ex; s] = Γ(s) for ℜ(s) > 0,

and we have the corresponding Mellin’s inversion formula

e−y =
1

2πi

∫
(c)

Γ(s)y−sds,

valid for ℜ(y) > 0. The following lemma states the asymptotic behaviour of Γ(s).



2.2 Key Lemmas 21

Lemma 2.2.1. [46, p. 38] In a vertical strip, for s=σ + it with a ≤ σ ≤ b and

|t| ≥ 1,

|Γ(s)| = (2π)
1
2 |t|σ−

1
2 exp− 1

2
π|t|
(
1 +O

(
1

|t|

))
.

In our investigation, we shall require the following results related to the Mellin

transform of derivatives of a function.

Lemma 2.2.2. Let n ∈ N. Assume that ϕ is n-times differentiable function and

M[ϕ(t); s] =

∫ ∞

0

ϕ(t)ts−1dt = Φ(s). (2.30)

If ϕ satisfies (2.28), then

M[ϕ(n)(t)tn; s] = (−1)n
Γ(s+ n)

Γ(s)
Φ(s), (2.31)

where s ∈ {w ∈ C; a < ℜ(w) < b}, provided

lim
t→0,∞

ts+n−j−1ϕ(n−j−1)(t) = 0 j = 0, 1, · · · , n− 1. (2.32)

Proof. The proof relies on mathematical induction. Using integration by parts, we

have

M[xϕ′(x); s] =

∫ ∞

0

ϕ′(t) tsdt = [tsϕ(t)]∞0 − s

∫ ∞

0

ϕ(t) ts−1dt.

Noting ϕ(t) satisfies (2.28), we can claim that

M[xϕ′(x); s] = −sΦ(s) for a < ℜ(s) < b.

Suppose the statement of the theorem is true for n = N and ϕ is N + 1-times

differentiable function and satisfies (2.32). Then

M[xN+1ϕ(N+1)(x); s] =

∫ ∞

0

tN+1ϕ(N+1)(t) ts−1dt

=
[
ts+Nϕ(N)(t)

]∞
0
− (s+N)

∫ ∞

0

tNϕ(N)(t) ts−1dt.
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As ϕ satisfies (2.32), we have

M[ϕ(N+1)(t)tN+1; s] = −(s+N)

∫ ∞

0

tNϕ(N)(t) ts−1dt = (−1)N+1Γ(s+N + 1)

Γ(s)
Φ(s),

and this completes the proof.

Lemma 2.2.3. [45, p. 91, Formula (3.3.9)] We have

M[(1 + x)−a; s] =
Γ(s)Γ(a− s)

Γ(a)
,

for 0 < ℜ(s) < ℜ(a).

As an immediate consequence of Lemma 2.2.3 we get,

Lemma 2.2.4. For any n ∈ N,

M
[
a(a+ 1) · · · (a+ n− 1)xn

(1 + x)a+n
; s

]
=

Γ(s+ n)Γ(a− s)

Γ(a)
,

whenever 0 < ℜ(s) < ℜ(a).

Proof. By Lemma 2.2.3, we can write

M[(1 + x)−a; s] =
Γ(s)Γ(a− s)

Γ(a)
,

for 0 < ℜ(s) < ℜ(a). The function ϕ(x) = 1
(1+x)a

for x ≥ 0 is a continuous function

and satisfies all the conditions of Lemma 2.2.2. Furthermore,

ϕ(n)(x) = (−1)n
a(a+ 1) · · · (a+ n− 1)

(1 + x)(a+n)
.

We have

Φ(s) =
Γ(a− s)Γ(s)

Γ(a)
for 0 < ℜ(s) < ℜ(a).

Hence by Lemma 2.2.2,

M
[
a(a+ 1) · · · (a+ n− 1)xn

(1 + x)(a+n)
; s

]
=

Γ(s+ n)

Γ(s)
Φ(s) =

Γ(s+ n)Γ(a− s)

Γ(a)
,
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for 0 < ℜ(s) < ℜ(a).

Lemma 2.2.5. Let n ≥ 0 be any integer and t > 0 be any real number. Then

1

2πi

∫
(c)

Γ(s+ n)Γ(a− s)t−sds =
Γ(a+ n)

(1 + t)a+n
tn,

for 0 < c < ℜ(a).

Proof. We get our desired result by combining Lemmas 2.2.3 and 2.2.4 and applying

Mellin’s inversion formula.

Lemma 2.2.6. [27, p. 346, Formula (20)] We have

M
[
log t

t− 1
; s

]
=

π2

sin2(πs)
,

for 0 < ℜ(s) < 1. The integral is convergent in the sense of Cauchy’s principal

value.

Lemma 2.2.7. We have

M
[
4 log x

x2 − 1
; s

]
=

π2

sin2
(
πs
2

) , (2.33)

for 0 < ℜ(s) < 2. The integral is convergent in the sense of Cauchy’s principal

value.

Proof. This is a direct consequence of Lemma 2.2.6.

Now, we record a result related to the modified K-Bessel function Kν(x) defined

by (1.4).

Lemma 2.2.8. [2, p. 10, Lemma 3.3] Let ν ∈ C. For any c > max{0,−ℜ(ν)}, we
have

t
ν
2Kν(a

√
tx) =

1

2

(
2

a
√
x

)ν
1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

(
4

a2x

)s
t−sds.

Next, we study the infinite sum which involves the rising factorial.
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Lemma 2.2.9. For 0 < W
n
< 1, we define

Ak :=
∞∑
m=1

m(m+ 1)...(m+ k − 1)

(
−W
n

)m
.

Then we have for k ≥ 1,

Ak = −k! W
n

(
n

n+W

)k+1

.

Proof. We prove this result by induction on k. For k = 1, it is easy to see that

A1 :=
∞∑
m=1

m

(
−W
n

)m
= −W

n

(
n

n+W

)2

.

Let the result hold for k − 1. Now prove for k. Consider

BM :=
M∑
m=1

m(m+ 1)...(m+ k − 1)

(
−W
n

)m
. (2.34)

Now multiply BM by
(
−W

n

)
, we obtain

(
−W
n

)
BM =

M∑
m=1

m(m+ 1)...(m+ k − 1)

(
−W
n

)m+1

=
M+1∑
s=2

(s− 1)s · · · (s+ k − 2)

(
−W
n

)s
. (2.35)

Now subtracting (2.35) from (2.34) gives

(
1 +

W

n

)
BM =k

M∑
m=1

m(m+ 1)...(m+ k − 2)

(
−W
n

)m
+M(M + 1)...(M + k − 1)

(
−W
n

)M+1

. (2.36)

Taking M → ∞ in (2.36), we obtain(
1 +

W

n

)
Ak = kAk−1. (2.37)
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Substituting the expression for Ak−1 from the induction hypothesis, we obtain the

desired result.

Corollary 2.2.1. Let 0 < W
n
< 1 be a positive real number. Then we have for

k ≥ 1,

M∑
m=2

m(m+ 1)...(m+ k − 1)

(
−W
n

)m
= k!

W

n

(
1−

(
n

n+W

)k+1
)
,

and

M∑
m=2

(
−W
n

)m
=

(
−W
n

)2
1

1 + W
n

=
W

n

(
1−

(
n

n+W

))
.

Proof. The first assertion follows directly from Lemma 2.2.9, while the second follows

from the standard result for the geometric series.
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3
Character analogues for the case

z ∈ Z≥0 and their equivalent

versions in trigonometric forms

3.1 Introduction

Let us begin this section by introducing the Dirichlet Theorem in Arithmetic

progression. Let c, q be fixed integers such that (c, q) = 1, then there are infinitely

many primes p ≡ c(mod q). In reality, Dirichlet proved a more specific result that the

primes are evenly distributed over ϕ(q) residue classes modulo q. He demonstrated

that

∑
p≤x

p≡c(mod q)

1

p
∼

ln2(x)

ϕ(q)
(3.1)

27
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where ϕ(q) denotes the Euler totient function, and ln2(x) denotes two-fold iterated

logarithm, i.e., ln2(x) = ln(ln x). The estimate (3.1) is derived from the assumption

that L(1, χ) ̸= 0 for a non-principal Dirichlet character χ modulo q. Our primary

goal in this chapter is to study the character analogues of (1.31). In particular, we

extend the identity of D. Banerjee and B. Maji as mentioned in Proposition 1.4.3.

It is worth mentioning that as a consequence of our main results, we prove that

L(1, χ) ̸= 0 for a real primitive character χ modulo q.

This chapter is organized as follows: In our next section, we provide the main

results and proofs. We divide Section 3.2 into four subsections. In Section 3.2.1,

we derive identities involving odd characters and their equivalent versions in the

sine function, which is analogous to Ramanujan’s Entry 1.3.1. As an application of

Section 3.2.1, we offer the results corresponding to r6(n) in Section 3.2.2. Further-

more, Section 3.2.3 discusses the identities involving even primitive characters and

their equivalent versions in the cosine function, which is analogous to Ramanujan’s

Entry 1.3.2. From two of the main results from Sections 3.2.1 and 3.2.3, we derive

the non-vanishing of L(1, χ) in Section 3.2.4. Furthermore, identities involving two

characters and their equivalent versions in two trigonometric functions are covered

in Section 3.2.5.

3.2 Main Results and Proofs

In this subsection, we study the identities involving the arithmetic function

σk,χ(n), σ̄k,χ(n), σk,χ1,χ2(n) defined by (1.28) and the modified K-Bessel function.

3.2.1 Identities involving odd characters

In this subsection, we will consider k to be an even, non-negative integer and χ

an odd primitive character.

Theorem 3.2.1. Let k be an even, non-negative integer and χ be an odd primitive

Dirichlet character modulo q. Then, for any ℜ(ν) > 0,

∞∑
n=1

σk,χ(n)n
ν
2Kν(a

√
nx) = δk

2ν+1

aν+2
Γ(1 + ν)L(1, χ)x−

ν
2
−1
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+
(−1)

k
2 iqk

aν2k+2−νπk+1
Γ(ν)τ(χ)Γ(k + 1)L(k + 1, χ̄) x−

ν
2

− (−1)
k
2 iaνqν+k x

ν
2

23ν+k+2π2ν+k+1
Γ(ν + k + 1)τ(χ)

∞∑
n=1

σ̄k,χ̄(n)(
n+ a2qx

16π2

)ν+k+1
, (3.2)

where δk is given by

δk =

1, if k = 0,

0, else .
(3.3)

We remark that Theorem 3.2.1 is equivalent to the following result.

Theorem 3.2.2. Let k ≥ 0 be an even integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk sin (2πdθ)

= −(−1)
k
2 a2k+2k!

22k+4(2π)k+1
Γ(ν) (ζ(1 + k, θ)− ζ(1 + k, 1− θ))xk+1

+ δk
πΓ(1 + ν)

4
(ζ(0, θ)− ζ(0, 1− θ))

+
(−1)

k
2

4
(2π)k+1

∞∑
d=1

dk
∞∑
m=0

{
Γ(ν + k + 1)

(1 + 16π2d
a2x

(m+ θ))1+ν+k

− Γ(ν + k + 1)

(1 + 16π2d
a2x

(m+ 1− θ))1+ν+k

}
, (3.4)

where δk is defined in (3.3).

Remark. It should be emphasized that all infinite series mentioned in this chapter

are absolutely convergent. In particular, we demonstrate the absolute convergence

of the doubly infinite series present on the right-hand side of (3.4). For this, we

consider

∞∑
d=1

dk
∞∑
m=0

{
1

(1 + 16π2d
a2x

(m+ θ))1+ν+k
− 1

(1 + 16π2d
a2x

(m+ 1− θ))1+ν+k

}

≤
∞∑
d=1

∞∑
m=0

dk

(1 + 16π2d
a2x

(m+ θ))1+ν+k
+

∞∑
d=1

∞∑
m=0

dk

(1 + 16π2d
a2x

(m+ 1− θ))1+ν+k



30
Character analogues for the case z ∈ Z≥0 and their equivalent versions

in trigonometric forms

≪ x1+ν+k
∞∑
d=1

1

d1+ν

∞∑
m=0

1

m1+ν+k
≪ ∞.

Before proving these theorems, let us first consider a more general setup. Let χ

be any Dirichlet character modulo q and z ∈ C. Let fz(n) be one of the arithmetical

functions σz,χ(n) or σ̄z,χ(n) or σz,χ1,χ2(n) defined in (1.28). We denote

Fz(s) :=
∞∑
n=1

fz(n)

ns
, ℜ(s) > 1. (3.5)

Hence Fz(s) is one of the Dirichlet series given in (2.5) or (2.6) or (2.7). As mentioned

in the previous section, we will consider ℜ(ν) > 0 and ν = 0. Employing Lemma

2.2.8 with t = n and subsequently interchanging the summation and integration, we

get

∞∑
n=1

fz(n)n
ν/2Kν(a

√
nx) =

1

2

(
2

a
√
x

)ν
1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

(
4

a2x

)s ∞∑
n=1

fz(n)n
−sds

=
1

2
Xν/2 1

2πi

∫
(c)

Γ(s)Γ(s+ ν)Fz(s)X
sds, (3.6)

where c > ℜ(z) + 1 and X = 4
a2x

. Next, we investigate the following integral

I(ν)z (X) :=
1

2πi

∫
(c)

Γ(s+ ν)Γ(s)Fz(s)X
sds. (3.7)

We shall use the Cauchy residue theorem to evaluate this line integral in (3.7). Let

us consider the positively oriented rectangular contour C : consisting of the line

segments [c− iT, c+ iT ], [c+ iT,−d+ iT ], [−d+ iT,−d− iT ] and [−d− iT, c− iT ]

where the choice for d is as follows: 0 < d < min{1,ℜ(ν)} whenever ℜ(ν) > 0

and 0 < d < 1 otherwise. Here, T is taken to be a large positive number. The

possible poles of the integrand function in (3.7) are at s = 0, 1 and z + 1. Now

letting T → ∞ and invoking Lemma 2.2.1, one can show that the integrals along

the horizontal segments [c+ iT,−d+ iT ] and [−d− iT, c− iT ] vanish and get

I(ν)z (X) = Rz+1 +R1 +R0 +
1

2πi

∫
(−d)

Γ(s+ ν)Γ(s)Fz(s)X
sds, (3.8)
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where Rz+1, R1 and R0 are the residues at s = z + 1, 1 and s = 0, respectively.

It is easy to see that Rz+1 = 0 whenever z = 0. Hence combining (3.6) and (3.7)

together with (3.8), we obtain

∞∑
n=1

fz(n)n
ν/2Kν(a

√
nx) =

1

2
Xν/2

(
Rz+1 +R1 +R0 + J (ν)

z (X)
)
, (3.9)

where J
(ν)
z (X) is defined by

J (ν)
z (X) :=

1

2πi

∫
(−d)

Γ(s+ ν)Γ(s)Fz(s)X
sds. (3.10)

Next, we will offer the proofs of the theorems corresponding to z = k, where k is a

non-negative integer.

Proof of Theorem 3.2.1 and its equivalence with Theorem 3.2.2. We

begin by looking at the proof of each theorem individually. Following that, we will

demonstrate its equivalence.

Proof of Theorem 3.2.1 Letting fk(n) = σk,χ(n) where χ being an odd primitive

character modulo q and k an even, non-negative integer in (3.9), we obtain

∞∑
n=1

σk,χ(n)n
ν/2Kν(a

√
nx) =

1

2
Xν/2

(
Rk+1 +R1 +R0 + J (ν)

z (X)
)
, (3.11)

where ℜ(ν) > 0 and J
(ν)
k (X) is defined in (3.10) with Fk(s) = ζ(s)L(s− k, χ). It is

easy to see that Rk+1 = 0 as the integrand function in (3.10) does not have any pole

at s = k + 1. Here, one can notice that L(s− k, χ) has a zero at s = 1 when k ≥ 2

is an even integer and χ is odd. Therefore, we will not get any contribution from

the pole of ζ(s) at s = 1. However, if k = 0, the integrand in (3.10) will encounter

a pole at s = 1. Therefore, we can get

R1 =

0, if k > 0,

Γ(1 + ν)L(1, χ)X, if k = 0.
(3.12)
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The integrand also has a pole at s = 0 with residue R0 given by

R0 = −Γ(ν)L(−k, χ)
2

=
(−1)

k
2 iτ(χ)

2π

(
(2π)

q

)−k

Γ(1 + k)Γ(ν)L(1 + k, χ̄), (3.13)

where in the last step, we have applied the functional equation (2.13). Collecting

(3.12) and (3.13) and Rk+1 = 0 and then substituting them in (3.11), we get

X− ν
2

∞∑
n=1

σk,χ(n)n
ν
2Kν(a

√
nx) =

(−1)
k
2 iτ(χ)

4π

(
(2π)

q

)−k

Γ(1 + k)Γ(ν)L(1 + k, χ̄)

+ δk
Γ(1 + ν)L(1, χ)

2
X +

1

2
J
(ν)
k (X), (3.14)

where δk is defined in (3.3). To evaluate J
(ν)
k (X) defined in (3.10), we invoke the

functional equations (2.9) and (2.13) assuming that χ is odd and k is even. We

obtain

J
(ν)
k (X) =

hk
2πi

∫
(−d)

Γ(s+ ν)Γ(1 + k − s)ζ(1− s)L(1− s+ k, χ̄)Y sds

=
Y hk
2πi

∫
(1+d)

Γ(1− s+ ν)Γ(k + s)ζ(s)L(s+ k, χ̄)Y −sds

= Y hk

∞∑
n=1

σ−k,χ̄(n)
1

2πi

∫
(1+d)

Γ(1− s+ ν)Γ(k + s)(nY )−sds,

where hk = (−1)1+
k
2 iτ(χ)

2π

(
q
2π

)k
and Y = 4π2

q
X with X = 4

a2x
. As 0 < d < ℜ(ν), we

can apply Lemma 2.2.5 with n = k and a = 1 + ν to obtain

J
(ν)
k (X) = Y k+1Γ(1 + ν)hk

∞∑
n=1

σ−k,χ̄(n)
(ν + 1) · · · (ν + k)nk

(1 + nY )1+ν+k

= Y k+1Γ(1 + ν + k)hk

∞∑
n=1

σ̄k,χ(n)

(1 + nY )1+ν+k
, (3.15)

where in the penultimate step we have used the fact nkσ−k,χ(n) = σ̄k,χ(n). There-

fore, remarking Y = 16π2

a2qx
and inserting (3.15) in (3.14) and simplifying, we get

(3.2).

Proof of Theorem 3.2.2 First, we again assume that ℜ(ν) > 0. The double
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series on the right-hand side of the identity (3.4) converges absolutely and uniformly

on any compact interval for θ ∈ (0, 1). Since the summands in the right-hand side

of (3.4) are continuous functions, the series converges to a continuous function of

θ. Therefore, it is sufficient to prove the identity (3.4) for θ = h/q, where q is

prime and 0 < h < q. If the identity holds on the dense subset of fractions, then by

continuity, the identity holds for all values of θ. Employing Lemma 2.2.8 with t = n

and subsequently interchanging the summation and integration, we get for an even

integer k ≥ 0,

∞∑
n=1

∑
d|n

dk sin

(
2πdh

q

)
nν/2Kν(a

√
nx)

=
1

2

(
2

a
√
x

)ν
1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

(
4

a2x

)s ∞∑
n=1

∑
d|n

dk sin

(
2πdh

q

)
n−sds

=
1

2

(
2

a
√
x

)ν
1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

(
4

a2x

)s ∞∑
m=1

m−s
∞∑
d=1

dk−ssin

(
2πdh

q

)
ds

=
qk

2
Xν/2 1

2πi

∫
(c)

Γ(s)Γ(s+ ν)ζ(s)

q∑
r=1

ζ

(
s− k,

r

q

)
sin

(
2πrh

q

)
(q−1X)sds,

(3.16)

where c > k + 1 and X = 4
a2x

. Next, we investigate the following integral

G(ν)
k (X) :=

1

2πi

∫
(c)

Γ(s+ ν)Γ(s)ζ(s)

q∑
r=1

ζ

(
s− k,

r

q

)
sin

(
2πrh

q

)
(q−1X)sds

=
(−1)k/2q−k

2(2π)k+1

1

2πi

∫
(c)

Γ(s+ ν)ζ(1− s)Γ(k + 1− s)

×
{
ζ

(
k + 1− s,

h

q

)
− ζ

(
k + 1− s, 1− h

q

)}
(4π2X)sds, (3.17)

where in the last step, we used (2.9), (2.17). Next, we consider the following integral

HT :=
1

2πi

∫ c+iT

c−iT
Γ(s+ ν)ζ(1− s)Γ(k + 1− s)

×
{
ζ

(
k + 1− s,

h

q

)
− ζ

(
k + 1− s, 1− h

q

)}
(4π2X)sds, (3.18)
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for some large positive number T . We consider the contour C that we have defined

in the general setup. One can note that the simple pole of Γ(k + 1 − s) at s =

k + 1, k + 3, k + 5, · · · will get cancelled by the trivial zeroes of ζ(1 − s) except

at s = k + 1 when k = 0. By employing (2.18) and (2.20), one can easily derive

that
(
ζ(s, h

q
)− ζ(s, 1− h

q
)
)

encounters zeros at negative odd integers. Hence the

remaining poles of Γ(k + 1 − s) at s = k + 2, k + 4, k + 6, · · · will get cancelled by

the simple zeroes of
(
ζ(k + 1− s, h

q
)− ζ(k + 1− s, 1− h

q
)
)
. Inside the contour C,

the integrand has a pole at s = 0 and possibly at s = 1. By employing Cauchy’s

residue theorem, the integral in (3.18) can be rewritten as

HT = R0 + δk R1 +
1

2πi

(∫ −d+iT

−d−iT
±
∫ c±iT

−d±iT

)
Γ(s+ ν)ζ(1− s)Γ(k + 1− s)

×
{
ζ

(
k + 1− s,

h

q

)
− ζ

(
k + 1− s, 1− h

q

)}
(4π2X)sds, (3.19)

where δk is defined in (3.3); and R0 and R1 are the residues at s = 0 and s = 1,

respectively which are given as

R0 =− Γ(k + 1)Γ(ν)

{
ζ

(
k + 1,

h

q

)
− ζ

(
k + 1, 1− h

q

)}
, (3.20)

R1 =
1

2
Γ(ν + 1)

{
ζ

(
0,
h

q

)
− ζ

(
0, 1− h

q

)}
(4π2X). (3.21)

From (2.15), we have |L(s, χ)| ≤ 2q|s| for σ ≥ 1/2. Then by Lemma 2.2.1 together

with functional equation (2.14), we find that in a bounded vertical strip L(s, χ) ≪q,σ

|t|Oσ,q(1) with |t| > 1. Now by (2.4) we can easily deduce that ζ
(
s, h

q

)
≪q,σ |t|Oσ,q(1)

in a bounded vertical strip. Since −1 < −d < σ < c < k+2, employing Lemma 2.2.1

and the aforementioned bound for Hurwitz zeta function, we can conclude that the

integrals along the horizontal segments, i.e., the last two integrals in (3.19), vanish

as T → ∞. Hence, letting T → ∞ and then substituting back the expression (3.19)

in (3.17), we get

G(ν)
k (X) =

(−1)k/2q−k

2(2π)k+1

(
R0 + δk R1 +A(ν)

k (X)
)
, (3.22)
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and A(ν)
k (X) is defined by

A(ν)
k (X) :=

1

2πi

∫
(−d)

Γ(s+ ν)ζ(1− s)Γ(k + 1− s)

×
{
ζ

(
k + 1− s,

h

q

)
− ζ

(
k + 1− s, 1− h

q

)}
(4π2X)sds

= 4π2X
1

2πi

∫
(1+d)

Γ(ν + 1− s)ζ(s)Γ(k + s)

×
{
ζ

(
k + s,

h

q

)
− ζ

(
k + s, 1− h

q

)}
(4π2X)−sds

= 4π2X

∞∑
r=1

∞∑
m=0

{
(m+ h/q)−k

1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)

×
(
4π2Xr(m+

h

q
)

)−s

ds

−(m+ 1− h/q)−k
1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)

(
4π2Xr(m+ 1− h

q
)

)−s

ds

}
.

(3.23)

Employing Lemma 2.2.5 for n = k and a = 1 + ν in 3.23, we get

A(ν)
k (X) = (4π2X)k+1Γ(ν + k + 1)

×
∞∑
r=1

∞∑
m=0

{
rk

(1 + 4π2Xr(m+ h/q))ν+k+1
− rk

(1 + 4π2Xr(m+ 1− h/q))ν+k+1

}
.

(3.24)

Inserting (3.20), (3.21) and (3.24) in (3.22), and then combining with (3.16) and

(3.17), we obtain the identity (3.4).

Next, we demonstrate that Theorem 3.2.1 is equivalent to Theorem 3.2.2.

Theorem 3.2.1 ⇒ Theorem 3.2.2 We will prove the theorem for θ = h/q, where

q is prime and 0 < h < q. Now we multiply the identity (3.2) in Theorem 3.2.1 with
1

iϕ(q)
χ(h)τ(χ̄) and then take the sum on odd primitive character χ modulo q. Hence,

the left-hand side of the identity in (3.2) becomes

1

iϕ(q)

∑
χ odd

χ(h)τ(χ̄)
∞∑
n=1

σk,χ(n)n
ν
2Kν(a

√
nx)
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=
1

iϕ(q)

∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d|n

dk
∑
χ odd

χ(d)χ(h)τ(χ̄)

=
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk sin

(
2πdh

q

)
, (3.25)

where in the last step, we have used (2.24). We now consider the summation over

χ in the right-hand side of (3.2). For the first term, we have

1

iϕ(q)

∑
χ odd

χ(h)τ(χ̄)L(1, χ)

= − π

qϕ(q)

∑
χ odd

χ(h)τ(χ)τ(χ̄)L(0, χ̄) =
π

2
(ζ(0, h/q)− ζ(0, 1− h/q)) , (3.26)

where we have used (2.3), (2.10),(2.21) and (2.22). Similarly, to evaluate the second

term in (3.2), we find that

1

iϕ(q)

∑
χ odd

χ(h)τ(χ)τ(χ̄)L(1 + k, χ̄)

= −q
−k

2i
(ζ(1 + k, h/q)− ζ(1 + k, 1− h/q)) . (3.27)

Finally, we evaluate the infinite sum appearing in the last term on the right-hand

side of (3.2). We see that

1

iϕ(q)

∑
χ odd

χ(h)τ(χ)τ(χ̄)
∞∑
n=1

σ̄k,χ̄(n)
Γ(ν + k + 1)(

16π2

a2q
n
x
+ 1
)ν+k+1

= − q

iϕ(q)

∞∑
n=1

Γ(ν + k + 1)(
16π2

a2q
n
x
+ 1
)ν+k+1

∑
d|n

dk
∑
χ odd

χ(h)χ̄(n/d)

= − q

iϕ(q)

∞∑
d=1

dk
∞∑
r=1

Γ(ν + k + 1)(
16π2

a2q
dr
x
+ 1
)ν+k+1

∑
χ odd

χ(h)χ̄(r)

= − q

2i

∞∑
d=1

dk

 ∞∑
r=1

r≡h(q)

Γ(ν + k + 1)(
16π2

a2q
dr
x
+ 1
)ν+k+1

−
∞∑
r=1

r≡−h(q)

Γ(ν + k + 1)(
16π2

a2q
dr
x
+ 1
)ν+k+1


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= − q

2i

∞∑
d=1

dk
∞∑
m=0

(
Γ(ν + k + 1)

(1 + 16π2(mq+h)d
qa2x

)1+ν+k
− Γ(ν + k + 1)

(1 + 16π2(mq+q−h)d
qa2x

)1+ν+k

)

= − q

2i

∞∑
d=1

dk
∞∑
m=0

(
Γ(ν + k + 1)

(1 + 16π2d
a2x

(m+ h/q))1+ν+k

− Γ(ν + k + 1)

(1 + 16π2d
a2x

(m+ 1− h/q))1+ν+k

)
, (3.28)

where in the penultimate step, we have used (2.22). Employing (3.25), (3.27), (3.26),

and (3.28) in (3.2), we get (3.4).

Theorem 3.2.2 ⇒ Theorem 3.2.1 Let θ = h/q, and χ be an odd primitive char-

acter modulo q. We first multiply the identity (3.4) in Theorem 3.2.2 by χ̄(h)/τ(χ̄),

and then take summation on h, 0 < h < q. We then examine (3.4), focusing

specifically on summation over h. The left-hand side of the identity (3.4) becomes

1

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk sin (2πdh/q)

=
1

2iτ(χ̄)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk
q−1∑
h=1

χ̄(h)
(
e2πidh/q − e−2πidh/q

)
=

1

2i

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk (χ(d)− χ(−d))

= i−1

∞∑
n=1

σk,χ(n)n
ν
2Kν(a

√
nx), (3.29)

where in the penultimate step, we have used (2.26). With the help of (2.3) and

(2.21), the right-hand side of (3.4) transforms into

1

τ(χ̄)

q−1∑
h=1

χ̄(h) (ζ(1 + k, h/q)− ζ(1 + k, 1− h/q)) = −2qkτ(χ)L(1 + k, χ̄), (3.30)
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and employing the functional equation for L-function (2.13), the second term be-

comes

1

τ(χ̄)

q−1∑
h=1

χ̄(h) (ζ(0, h/q)− ζ(0, 1− h/q)) = −2τ(χ)

q
L(0, χ̄) = i−1L(1, χ). (3.31)

The infinite series on the right-hand side of (3.4) takes the form

1

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
d=1

dk
∞∑
m=0

(
1

(1 + 16π2d
a2x

(m+ h/q))1+ν+k

− 1

(1 + 16π2d
a2x

(m+ 1− h/q))1+ν+k

)

=
1

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
d=1

dk
∞∑
r=1

r≡h(q)

1

(1 + 16π2dr
a2xq

)1+ν+k

− 1

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
d=1

dk
∞∑
r=1

r≡−h(q)

1

(1 + 16π2dr
a2xq

)1+ν+k

=
2

τ(χ̄)

∞∑
d=1

∞∑
r=1

dkχ̄(r)

(1 + 16π2dr
a2xq

)1+ν+k
= −2τ(χ)

q

∞∑
n=1

σ̄k,χ̄(n)

(1 + 16π2dr
a2xq

)1+ν+k
. (3.32)

Inserting (3.29), (3.30), (3.31) and (3.32) into (3.4), we obtain (3.2).

Our next result, corresponding to ν = 0, is as follows:

Theorem 3.2.3. Let k be an even, non-negative integer and χ be an odd primitive

Dirichlet character modulo q. Then

∞∑
n=1

σk,χ(n)K0(a
√
nx) = δk

2

a2x
L(1, χ)− L(−k, χ)

4

(
log

(
8π

a2

)
+
L′(−k, χ)
L(−k, χ)

− 2γ

)

+
L(−k, χ)

4
log x+ (−1)

k
2

ik!qk

2(2π)k+1
τ(χ)

∞∑
n=1

σ̄k,χ̄(n)

(
1

nk+1
− 1

(n+ a2qx
16π2 )k+1

)
,

(3.33)

where δk is defined in (3.3).
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Proof. Let us begin the proof by taking fk(n) = σk,χ(n) with χ being an odd prim-

itive character modulo q and k ≥ 0 an even integer and ν = 0 in (3.9). The

corresponding Dirichlet series, in this case, is Fk(s) = ζ(s)L(s − k, χ). Therefore,

we obtain

∞∑
n=1

σk,χ(n)K0(a
√
nx) =

1

2
(Rk+1 +R1 +R0 + J

(0)
k (X)), (3.34)

where J
(0)
k (X) is defined in (3.10). It is clear that Rk+1 = 0 for k ≥ 0. L(s − k, χ)

has a zero at s = 1 in case k ≥ 2 is an even integer, and χ is odd. So, we will not

get any contribution from the pole of ζ(s) at s = 1. However, in the case of k = 0,

the integrand in (3.10) will encounter a pole at s = 1. Hence, we can write

R1 =

0, if k > 0,

L(1, χ)X, if k = 0,
(3.35)

and the integrand in (3.10) encounters a double pole at s = 0 with residue R0 given

by

R0 = −L(−k, χ)
2

(
log(2πX) +

L′(−k, χ)
L(−k, χ)

− 2γ

)
. (3.36)

Now using (3.35) and (3.36) and the fact Rk+1 = 0 in (3.34), we obtain

∞∑
n=1

σk,χ(n)K0(a
√
nx) =

δk
2
L(1, χ)X − L(−k, χ)

4

(
log(2πX) +

L′(−k, χ)
L(−k, χ)

− 2γ

)
+

1

2
J
(0)
k (X), (3.37)

where δk is defined in (3.3). For J
(0)
k (X), we employ the functional equations (2.9)

and (2.13) to obtain

J
(0)
k (X) =

hk
2πi

∫
(−d)

Γ(s)Γ(1 + k − s)ζ(1− s)L(1− s+ k, χ̄)Y sds

=
Y hk
2πi

∫
(1+d)

Γ(1− s)Γ(k + s)ζ(s)L(s+ k, χ̄)Y −sds
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= Y hk

∞∑
n=1

σ−k,χ̄(n)
1

2πi

∫
(1+d)

Γ(1− s)Γ(k + s)(nY )−sds

= πY hk

∞∑
n=1

σ−k,χ̄(n)
1

2πi

∫
(1+d)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds

= πY hk

 ∑
n≤Y −1

+
∑

n>Y −1

σ−k,χ̄(n)

× 1

2πi

∫
(1+d)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds, (3.38)

where hk = (−1)1+
k
2 iτ(χ)

2π

(
q
2π

)k
and Y = 4π2

q
X with X = 4

a2x
. In the second last

step, we have used the reflection formula (2.12). We will first investigate the infinite

sum
∑

n>Y −1 . To evaluate this inner line integral in (3.38), we shall use the Cauchy

residue theorem with the contour consisting of the line segments [1+ d− iT, 1+ d+

iT ], [1 + d + iT,M + 1
2
+ iT ], [M + 1

2
+ iT,M + 1

2
− iT ], [M + 1

2
− iT, 1 + d − iT ]

where M ∈ N is a large number, and T is a large positive number. The poles of the

integrand function in (3.38) are at 2, 3, · · · , M , and they are simple. The residue at

s = m is given by

Rm :=

 1
π
(−1)mm(m+ 1)...(m+ k − 1)(nY )−m for k ≥ 1,

1
π
(−1)m(nY )−m for k = 0,

(3.39)

where m = 2, 3, · · · , M . Employing Lemma 2.2.1, we can show that both the

integrals along the horizontal lines [1+d+iT,M+ 1
2
+iT ] and [M+ 1

2
−iT, 1+d−iT ]

vanish as T → ∞. From (3.39), we arrive at

1

2πi

∫
(1+d)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds

= −
M∑
m=2

Rm +
1

2πi

∫
(M+ 1

2
)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds

= −
M∑
m=2

Rm +Ok

(
Mk

(nY )M+1/2

)
,

where we have used | sinπ(σ+ it)| ≫ eπ|t| and Lemma 2.2.1 for |t| ≥ 1 to bound the
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integral
∫
(M+ 1

2
)
and the implied constant depends on k. Next, allowing M → ∞,

the error term goes to 0 as n > Y −1. Employing Corollary 2.2.1 for W = 1/Y , we

readily obtain that

1

2πi

∫
(1+d)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds =− k!

π

(
1

nY

)(
1− nk+1

(Y −1 + n)k+1

)
,

and we easily deduce from the above expression that

∑
n>Y −1

σ−k,χ̄(n)
1

2πi

∫
(1+d)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds

= − k!

πY

∑
n>Y −1

σ−k,χ̄(n)

n

(
1− nk+1

(Y −1 + n)k+1

)
. (3.40)

Similarly, by shifting the line of integration to the left, we obtain

∑
n≤Y −1

σ−k,χ̄(n)
1

2πi

∫
(1+d)

Γ(k + s)

Γ(s) sin(πs)
(nY )−sds

= − k!

πY

∑
n≤Y −1

σ−k,χ̄(n)

n

(
1− nk+1

(Y −1 + n)k+1

)
. (3.41)

Inserting (3.40) and (3.41) in (3.38),

J
(0)
k (X) = −k!hk

∞∑
n=1

σ−k,χ̄(n)

n

(
1− nk+1

(Y −1 + n)k+1

)
. (3.42)

We finish the proof by noting Y = 16π2

a2qx
, substituting (3.42) in (3.37) and then

simplifying.

Theorem 3.2.4. Let k ≥ 2 be an even integer and χ be an odd primitive Dirichlet

character modulo q. Then, for any ℜ(ν) > 0,

∞∑
n=1

σ̄k,χ(n)n
ν
2Kν(a

√
nx) =

2ν+2k+1

aν+2k+2
Γ(k + 1)Γ(ν + k + 1)L(1 + k, χ) x−

ν
2
−k−1

− (−1)
k
2 i(aq)ν x

ν
2

23ν+k+2π2ν+k+1
Γ(ν + k + 1)τ(χ)

∞∑
n=1

σk,χ̄(n)(
n+ a2qx

16π2

)ν+k+1
.
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Analogous to Theorem 3.2.1, one can show that Theorem 3.2.4 is equivalent to

the following result.

Theorem 3.2.5. Let k ≥ 2 be an even integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk sin

(
2πnθ

d

)

=
(−1)

k
2 2kπk+1

4
Γ(ν + k + 1) (ζ(−k, θ)− ζ(−k, 1− θ))

+
(−1)

k
2

4
(2π)k+1Γ(ν + k + 1)

∞∑
r=1

∞∑
m=0

{
(m+ θ)k

(1 + 16π2r
a2x

(m+ θ))1+ν+k

− (m+ 1− θ)k

(1 + 16π2r
a2x

(m+ 1− θ))1+ν+k

}
. (3.43)

Proof of Theorem 3.2.4 and its equivalence with Theorem 3.2.5. The

proofs of Theorems 3.2.4 and 3.2.5 are similar to the proofs of Theorems 3.2.1 and

3.2.2, respectively. The equivalence of Theorems 3.2.4 and 3.2.5 can be derived

similarly. To avoid repetitions, we skip the details of the proof.

Our next result, corresponding to ν = 0 is as follows:

Theorem 3.2.6. Let k ≥ 2 be an even integer and χ be an odd primitive Dirichlet

character modulo q. Then

∞∑
n=1

σ̄k,χ(n)K0(a
√
nx) =

22k+1

a2k+2
Γ2(k + 1)L(k + 1, χ)

1

xk+1
+

1

2
ζ ′(−k)L(0, χ)

+
(−1)

k
2 ik!τ(χ)

2(2π)k+1

∞∑
n=1

σk,χ̄(n)

(
1

nk+1
− 1

(n+ a2qx
16π2 )k+1

)
.

Proof. Here we will consider fk(n) = σ̄k,χ(n) with χ being an odd primitive character

modulo q and k ≥ 2 an even integer and ν = 0 in (3.9). We skip the detail of the

proof because of its similarity with the proof of Theorem 3.2.3.
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3.2.2 Identity related to r6(n)

In this subsection, we study the identities associated with r6(n) and the modified

K-Bessel functions. Let us first see the representation of r6(n) as follows [5, p. 63]

r6(n) =16
∑
d|n

n
d
odd

(−1)(n/d−1)/2d2 − 4
∑
d|n
d odd

(−1)(d−1)/2d2

=
∑
d|n

d2
{
16 sin

(πn
2d

)
− 4 sin

(
πd

2

)}
. (3.44)

Theorem 3.2.2, together with Theorem 3.2.5, gives rise to the following beautiful

identity corresponding to r6(n).

Corollary 3.2.1. For any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+3 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

d2
{
16 sin

(
2πnθ

d

)
− 4 sin (2πdθ)

}

=
16

3
π3Γ(ν + 3)(θ − 3θ2 + 2θ3)− a6

256
Γ(ν)(cot(πθ) + cot3(πθ))x3

+ (2π)3Γ(ν + 3)
∞∑
n=1

∞∑
m=0

{
n2 − 4(m+ θ)2

(1 + 16π2n
a2x

(m+ θ))ν+3
− n2 − 4(m+ 1− θ)2

(1 + 16π2n
a2x

(m+ 1− θ))ν+3

}
.

(3.45)

Proof. Multiplying (3.4) of Theorem 3.2.2 by −4 and (3.43) of Theorem 3.2.5 by 16,

and then adding both the expressions, putting k = 2 yield

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

d2
{
16 sin

(
2πnθ

d

)
− 4 sin (2πdθ)

}
= −16π3Γ(ν + 3)X

ν
2
+3(ζ(−2, θ)− ζ(−2, 1− θ))

− 1

4π3
X

ν
2Γ(ν)(ζ(3, θ)− ζ(3, 1− θ))

+X
ν
2 (2πX)3Γ(ν + 3)

∞∑
n=1

∞∑
m=0

{
n2 − 4(m+ θ)2

(1 + 16π2r
a2x

(m+ θ))ν+3

− n2 − 4(m+ 1− θ)2

(1 + 16π2r
a2x

(m+ 1− θ))ν+3

}
. (3.46)
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Using (2.18), we have

ζ(−2, θ)− ζ(−2, 1− θ) = −1

3
(B3(θ)−B3(1− θ)) = −1

3
(θ − 3θ2 + 2θ3). (3.47)

By using partial fraction expansion for cot(πθ), we can easily get

ζ(n, 1− θ) + (−1)nζ(n, θ) = − π

(n− 1)!

dn−1

dxn−1
cot(πθ).

Hence by above, we get

(ζ(3, θ)− ζ(3, 1− θ)) = π3(cot(πθ) + cot3(πθ)). (3.48)

Substituting (3.47), (3.48) in (3.46), we get the result.

One can also obtain an interesting identity analogous to Hardy’s result in (1.17)

by substituting θ = 1/4.

Corollary 3.2.2. For any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+3 ∞∑

n=1

r6(n)n
ν/2Kν(a

√
nx) =

π3

2
Γ(ν + 3)− a6

128
Γ(ν)x3

+ (2π)3Γ(ν + 3)
∞∑
n=1

∞∑
m=0

{
n2 − 4(m+ 1/4)2

(1 + 16π2n
a2x

(m+ 1/4))ν+3
− n2 − 4(m+ 3/4)2

(1 + 16π2n
a2x

(m+ 3/4))ν+3

}
.

(3.49)

Proof. Proof directly follows from (3.44) and Corollary 3.2.1.

In particular, ν = 1/2, a = 4π yields an identity analogous to Hardy’s result

(1.16).

Corollary 3.2.3. We have

∞∑
n=1

r6(n)e
−4π

√
nx =

15

512π3
x−3 − 1

+
15

32π3
x−3

∞∑
n=1

∞∑
m=0

{
n2 − 4(m+ 1/4)2

(1 + n
x
(m+ 1/4))

7
2

− n2 − 4(m+ 3/4)2

(1 + n
x
(m+ 3/4))

7
2

}
. (3.50)
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Proof. Substituting ν = 1/2, a = 4π in Corollary 3.2.2 and using (1.8), we get

(3.50). Next, we demonstrate the absolute convergence of infinite series present on

the right-hand side of (3.50). For this, we consider

∞∑
n=1

∞∑
m=0

∣∣∣∣∣ n2 − 4(m+ 1/4)2

(1 + n
x
(m+ 1/4))

7
2

− n2 − 4(m+ 3/4)2

(1 + n
x
(m+ 3/4))

7
2

∣∣∣∣∣
≤

∞∑
n=1

∞∑
m=0

{∣∣∣∣∣ n2 − 4(m+ 1/4)2

(1 + n
x
(m+ 1/4))

7
2

∣∣∣∣∣+
∣∣∣∣∣ n2 − 4(m+ 3/4)2

(1 + n
x
(m+ 3/4))

7
2

∣∣∣∣∣
}

≤ 2x
7
2

∞∑
n=1

1

n
3
2

∑
m<n

1

(m+ 1/4)
7
2

+ 8x
7
2

∞∑
n=1

1

n
7
2

∑
m≥n

1

(m+ 1/4)
3
2

≪ x
7
2

∞∑
n=1

1

n
3
2

≪ ∞.

3.2.3 Identities involving even characters

In this subsection, we present similar results when k is an odd positive integer,

and χ is a non-principal even primitive character. In the last result, we take k = 0.

Theorem 3.2.7. Let k ≥ 1 be an odd integer and χ be a non-principal even primitive

Dirichlet character modulo q. Then, for any ℜ(ν) > 0,

∞∑
n=1

σk,χ(n)n
ν
2Kν(a

√
nx) =

(−1)
k−1
2 qk

aν2k+2−νπk+1
Γ(ν)τ(χ)Γ(k + 1)L(1 + k, χ̄) x−

ν
2

+
(−1)

k+1
2 aνqν+k x

ν
2

23ν+k+2π2ν+k+1
Γ(ν + k + 1)τ(χ)

∞∑
n=1

σk,χ̄(n)(
n+ a2qx

16π2

)ν+k+1
.

Theorem 3.2.7 is equivalent to the following theorem, mentioned below.

Theorem 3.2.8. Let k ≥ 1 be an odd integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos (2πdθ)

=
(−1)

k−1
2 a2k+2k!

22k+4(2π)k+1
Γ(ν) {ζ(k + 1, θ) + ζ(k + 1, 1− θ)}xk+1
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+
(−1)

k+1
2 (2π)k+1Γ(ν + k + 1)

4

∞∑
d=1

dk
∞∑
m=0

 1(
16π2

a2
d(m+θ)

x
+ 1
)ν+k+1

+
1(

16π2

a2
d(m+1−θ)

x
+ 1
)ν+k+1

− δk,1
a2

16
Γ(1 + ν)x, (3.51)

where δk,1 is given by

δk,1 =

1 if k = 1,

0 else .
(3.52)

Proof of Theorem 3.2.7 and its equivalence with Theorem 3.2.8. We now

outline the idea behind the proof of Theorem 3.2.7, and highlight the key differ-

ences between the proofs of Theorem 3.2.1 and Theorem 3.2.7. The main distinc-

tion in proving Theorem 3.2.7 lies in the use of the functional equation for the L−
function. Specifically, for an even character χ, we take κ = 0, whereas for an odd

character, κ = 1. Another critical difference arises from the locations of the zeros of

L(s, χ) = 0. When χ is an even primitive character, the nontrivial zeros of L(s, χ)

occur at s = 0,−2,−4,−6, · · · . In contrast, for an odd primitive character, the

zeros are at s = −1,−3,−5,−7, · · · . Consequently, in the proof of Theorem 3.2.7,

we obtain L(s − k, χ) = 0 at s = 1. Hence, there is no contribution from the pole

of ζ(s) at s = 1. It is easy to see that Rk+1 = 0. The integrand has a pole at s = 0

due to the Gamma function with residue R0 given by

R0 = −Γ(ν)L(−k, χ)
2

=
(−1)

k−1
2 τ(χ)

2π

(
(2π)

q

)−k

Γ(1 + k)Γ(ν)L(1 + k, χ̄), (3.53)

where in the last step, we have applied the functional equation (2.13) for κ = 0,

since χ is an even character. The computation of J
(ν)
k (X) proceeds similarly to the

proof of Theorem 3.2.1, with the only difference being that we use the functional

equations (2.9) and (2.13) for the even character χ, where k is an odd integer.

The proof of Theorem 3.2.8 is similar to the proof of Theorem 3.2.2. Here, we

use (2.16) instead of (2.17) and k ≥ 1 to be an odd integer. Next, we demonstrate
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that Theorem 3.2.7 and Proposition 1.4.3 are equivalent to Theorem 3.2.8.

Theorem 3.2.7 ⇒ Theorem 3.2.8 It is sufficient to prove the theorem for θ =

h/q, where q is prime and 0 < h < q. We begin our proof by considering the

expression on the left-hand side of the identity (3.51) in Theorem 3.2.8. Employing

(2.25), we have

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πdh

q

)

=
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n
q|d

dk +
∑
d|n
q∤d

dk cos

(
2πdh

q

)
=

∞∑
m=1

(qm)ν/2Kν(a
√
qmx)

∑
d|m

(qd)k

+
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n
q∤d

dk

ϕ(q)

∑
χ even

χ(d)χ(h)τ(χ̄)

= q
ν
2
+k

∞∑
m=1

mν/2Kν(a
√
qmx)

∑
d|m

dk −
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n
q∤d

dk

ϕ(q)
χ0(d)

+
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n
q∤d

dk

ϕ(q)

∑
χ ̸=χ0
χeven

χ(d)χ(h)τ(χ̄)

= q
ν
2
+k

∞∑
m=1

mν/2Kν(a
√
qmx)

∑
d|m

dk −
∞∑
n=1

nν/2Kν(a
√
nx)

1

ϕ(q)

∑
d|n

dk −
∑
d|n
q|d

dk


+

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dkχ(d)

=
q

ν
2
+k+1

ϕ(q)

∞∑
m=1

σk(m)mν/2Kν(a
√
qmx)− 1

ϕ(q)

∞∑
n=1

σk(n)n
ν/2Kν(a

√
nx)

+
1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

σk,χ(n)n
ν/2Kν(a

√
nx). (3.54)
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Now, we first evaluate the first two sums on the right-hand side of (3.54). By

Proposition 1.4.3, we have

q
ν
2
+k+1

ϕ(q)

∞∑
m=1

σk(m)mν/2Kν(a
√
qmx)− 1

ϕ(q)

∞∑
n=1

σk(n)n
ν/2Kν(a

√
nx)

= −Γ(ν)ζ(−k)
4ϕ(q)

X
ν
2

(
qk+1 − 1

)
− Γ(1 + ν)

4
X1+ ν

2 δk,1 +
(−1)

k+1
2

2ϕ(q)
X

ν
2Γ(ν + k + 1)

× (2πX)k+1

 ∞∑
n=1

σk(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

−
∞∑
n=1

σk(n)(
16π2

a2
n
x
+ 1
)ν+k+1

 , (3.55)

where δk,1 is defined in (3.52). Now, we examine the last sum on the right-hand side

of (3.54). Invoking the identity in Theorem (3.2.7), we have

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

σk,χ(n)n
ν/2Kν(a

√
nx)

=
(−1)

k−1
2 k!qk+1

2(2π)k+1ϕ(q)
X

ν
2Γ(ν)

∑
χ ̸=χ0
χeven

χ(h)L(1 + k, χ̄)

+
(−1)

k+1
2

2ϕ(q)
X

ν
2 (2πX)k+1Γ(ν + k + 1)

∑
χ ̸=χ0
χeven

χ(h)
∞∑
n=1

σ̄k,χ̄(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

. (3.56)

We consider

∑
χ ̸=χ0
χ even

χ(h)L(1 + k, χ̄)

=
∑
χ even

χ(h)L(1 + k, χ̄)− L(1 + k, χ0)

=
∑
χ even

χ(h)
1

qk+1

q−1∑
r=1

χ̄(r)ζ(k + 1, r/q)−

(
∞∑
n=1

1

nk+1
−

∞∑
n=1

1

(nq)k+1

)

=
1

qk+1

q−1∑
r=1

ζ(k + 1, r/q)
∑
χ even

χ(h)χ̄(r)−
(
1− 1

qk+1

)
ζ(k + 1)

=
ϕ(q)

2qk+1
{ζ(k + 1, h/q) + ζ(k + 1, 1− h/q)} −

(
1− 1

qk+1

)
ζ(k + 1), (3.57)
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where in the penultimate step, we used (2.3) and (2.23). Now, we examine the last

expression in (3.56), and we obtain

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)
∞∑
n=1

σ̄k,χ̄(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

=
1

ϕ(q)

∞∑
n=1

∑
d/n d

k(
16π2

a2q
n
x
+ 1
)ν+k+1

∑
χ ̸=χ0
χeven

χ(h)χ̄(n/d)

=
1

ϕ(q)

∞∑
n=1

∑
d/n d

k(
16π2

a2q
n
x
+ 1
)ν+k+1

{∑
χeven

χ(h)χ̄(n/d)− χ0(n/d)

}

=
1

2

∞∑
d=1

dk
∞∑
r=1

r≡±h(modq)

1(
16π2

a2q
dr
x
+ 1
)ν+k+1

− 1

ϕ(q)

∞∑
n=1

(σk(n)− σk(n/q))(
16π2

a2q
n
x
+ 1
)ν+k+1

=
1

2

∞∑
d=1

dk
∞∑
m=0

 1(
16π2

a2q
d(mq+h)

x
+ 1
)ν+k+1

+
1(

16π2

a2q
d(mq+q−h)

x
+ 1
)ν+k+1


− 1

ϕ(q)

∞∑
n=1

σk(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

+
1

ϕ(q)

∞∑
n=1

σk(n/q)(
16π2

a2q
n
x
+ 1
)ν+k+1

=
1

2

∞∑
d=1

dk
∞∑
m=0

 1(
16π2

a2
d(m+h/q)

x
+ 1
)ν+k+1

+
1(

16π2

a2
d(m+1−h/q)

x
+ 1
)ν+k+1


− 1

ϕ(q)

∞∑
n=1

σk(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

+
1

ϕ(q)

∞∑
r=1

σk(r)(
16π2

a2
r
x
+ 1
)ν+k+1

. (3.58)

Substituting (3.57), (3.58) in (3.56), we obtain

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

σk,χ(n)n
ν/2Kν(a

√
nx)

=
(−1)

k−1
2 k!

2(2π)k+1
X

ν
2Γ(ν)

{
1

2
(ζ(k + 1, h/q) + ζ(k + 1, 1− h/q))− qk+1 − 1

ϕ(q)
ζ(k + 1)

}
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+
(−1)

k+1
2

4
X

ν
2 (2πX)k+1Γ(ν + k + 1)

∞∑
d=1

dk
∞∑
m=0

 1(
16π2

a2
d(m+h/q)

x
+ 1
)ν+k+1

+
1(

16π2

a2
d(m+1−h/q)

x
+ 1
)ν+k+1


− (−1)

k+1
2

2ϕ(q)
X

ν
2 (2πX)k+1Γ(ν + k + 1)

∞∑
n=1

σk(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

+
(−1)

k+1
2

2ϕ(q)
X

ν
2 (2πX)k+1Γ(ν + k + 1)

∞∑
r=1

σk(r)(
16π2

a2
r
x
+ 1
)ν+k+1

. (3.59)

Inserting (3.55) and (3.59) into (3.54), we get (3.51).

Theorem 3.2.8 ⇒ Theorem 3.2.7 Let θ = h/q, and χ be an even primitive

non-principal character modulo q. Multiplying the identity (3.51) in Theorem 3.2.8

by χ̄(h)/τ(χ̄), and then summing on h, 0 < h < q. The remaining steps are similar

to the proof of Theorem 3.2.1.

Our next result, corresponding to ν = 0, is as follows:

Theorem 3.2.9. Let k ≥ 1 be an odd integer and χ be a non-principal even primitive

Dirichlet character modulo q. Then

∞∑
n=1

σk,χ(n)K0(a
√
nx) = −L(−k, χ)

4

(
log

(
8π

a2

)
+
L′(−k, χ)
L(−k, χ)

− 2γ

)

+
L(−k, χ)

4
log x+ (−1)

k−1
2

k!qk

2(2π)k+1
τ(χ)

∞∑
n=1

σ̄k,χ̄(n)

(
1

nk+1
− 1

(n+ a2qx
16π2 )k+1

)
.

Proof. Here, we will take fk(n) = σk,χ(n) and χ being a non-principal even primitive

Dirichlet character modulo q and k ≥ 1 an odd integer in (3.9). Proceeding by almost

identically the same argument as in the proof of Theorems 3.2.1 and 3.2.3, one can

deduce the result. We leave the details of the proofs for the reader.

Theorem 3.2.10. Let k ≥ 1 be an odd integer and χ be a non-principal even
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primitive Dirichlet character modulo q. Then, for any ℜ(ν) > 0,

∞∑
n=1

σ̄k,χ(n)n
ν
2Kν(a

√
nx) =

2ν+2k+1

aν+2k+2
Γ(k + 1)Γ(ν + k + 1)L(1 + k, χ) x−

ν
2
−k−1

+
(−1)

k+1
2 (aq)ν x

ν
2

23ν+k+2π2ν+k+1
Γ(ν + k + 1)τ(χ)

∞∑
n=1

σk,χ̄(n)
1(

n+ a2qx
16π2

)ν+k+1
.

Analogous to Theorem 3.2.7, Theorem 3.2.10 is equivalent to the following result.

Theorem 3.2.11. Let k ≥ 1 be an odd integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πnθ

d

)

=
(−1)

k+1
2 (2π)k+1

8
Γ(ν + k + 1) {ζ(−k, θ) + ζ(−k, 1− θ)}

+
(−1)

k+1
2 (2π)k+1

4
Γ(ν + k + 1)

∞∑
r=1

∞∑
m=0

 (m+ θ)k(
16π2

a2
r(m+θ)

x
+ 1
)ν+k+1

+
(m+ 1− θ)k(

16π2

a2
r(m+1−θ)

x
+ 1
)ν+k+1

− a2k+2

22k+4
ζ(−k)Γ(ν)xk+1.

Proof of Theorem 3.2.10 and its equivalence with Theorem 3.2.11. The

equivalence of Theorems 3.2.10 and 3.2.11 can be derived in a similar way as in the

proof of Theorems 3.2.7 and 3.2.8, respectively. To avoid repetitions, we skip the

details of the proof.

The result corresponding to ν = 0 is as follows:

Theorem 3.2.12. Let k ≥ 1 be an odd integer and χ be a non-principal even

primitive Dirichlet character modulo q. Then

∞∑
n=1

σ̄k,χ(n)K0(a
√
nx) =

22k+1

a2k+2
Γ2(k + 1)L(k + 1, χ)

1

xk+1
+

1

2
ζ ′(−k)L(0, χ)

+
(−1)

k−1
2 k!

2(2π)k+1
τ(χ)

∞∑
n=1

σk,χ̄(n)

(
1

nk+1
− 1

(n+ a2qx
16π2 )k+1

)
.
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Proof. The proof is similar to the proof of Theorem 3.2.6. Thus, we omit the

details.

The next result corresponds to the case ν = 0 and k = 0. We can also claim the

positivity of L(1, χ) for even real character χ from the following identity.

Theorem 3.2.13. Let χ be a non-principal even primitive Dirichlet character mod-

ulo q. Then we have

∞∑
n=1

dχ(n)K0(a
√
nx) =

2

a2x
L(1, χ)− τ(χ)

8
L(1, χ̄)

+
a2q x

32π4
τ(χ)

∞∑
n=1

dχ̄(n)
log
(

16π2n
a2qx

)
n2 −

(
a2qx
16π2

)2 , (3.60)

provided a2qx
16π2 /∈ Z+.

Proof. It deals with the special case k = 0 and ν = 0 when χ is a non-principal even

primitive character modulo q. Thus setting f0(n) = dχ(n) in (3.9), we obtain

∞∑
n=1

dχ(n)K0(a
√
nx) =

1

2
(R1 +R0 + J

(0)
0 (X)), (3.61)

where the residues R1 and R0 are given by

R1 =L(1, χ)X, (3.62)

R0 =− 1

2
L′(0, χ) = −τ(χ)

4
L(1, χ̄), (3.63)

where in (3.63), we have used [21, p. 181, equation (3.2)]. Next, we evaluate J
(0)
0 (X)

defined in (3.10) with F0(s) = ζ(s)L(s, χ). Utilizing the functional equations (2.9)

and (2.13), one can get

J
(0)
0 (X) =

τ(χ)

4
Y

∞∑
n=1

dχ̄(n)
1

2πi

∫
(1+d)

(nY )−s

sin2(πs/2)
ds, (3.64)

where Y = 4π2X
q

. As 0 < d < 1, applying inverse Mellin transform to (2.33) of
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Lemma 2.2.7 and then employing the formula in (3.64), we deduce that

J
(0)
0 (X) =

τ(χ)

π2
Y

∞∑
n=1

dχ̄(n)
log(nY )

(nY )2 − 1
. (3.65)

Inserting (3.62), (3.63) and (3.65) in (3.61) and noting Y = 16π2

a2qx
, one can complete

the proof of (3.60).

3.2.4 Non-vanishing of L(1, χ) for real character

In this subsection, we provide a new proof of the positivity of L(1, χ) for all

real primitive characters χ, based on two of our main results- Theorem 3.2.3 and

Theorem 3.2.13. This result plays a key role in the proof of Dirichlet’s theorem on

the infinitude of primes in arithmetic progressions.

• Case 1. When χ is an odd real primitive character

Suppose that χ is a real odd primitive Dirichlet character modulo q and setting

k = 0 and then employing the functional equation (2.13) in (3.33), we obtain

∞∑
n=1

dχ(n)K0(a
√
nx) =

L(1, χ)

x

(
2

a2
− iτ(χ)

4π
x log x

)
− L(0, χ)

4

(
log

(
8π

a2

)
+
L′(0, χ)

L(0, χ)
− 2γ

)
+
ia2q x

64π3
τ(χ)

∞∑
n=1

dχ̄(n)

n(n+ a2qx
16π2 )

. (3.66)

Now, we can easily show that dχ(n) is non-negative for each n from the Euler product

on the left-hand side of (2.5). More precisely, the factors in its Euler product are of

the forms (
1− 1

ps

)−1

,

(
1− 1

ps

)−2

, or

(
1− 1

p2s

)−1

,

according as to whether χ(p) = 0, 1 or −1 respectively. Therefore, by rewriting the

Euler product as a Dirichlet series, one can easily notice that dχ(n) ≥ 0 for all n.

In addition, it is clear from (1.22) that dχ(n) ≥ 1 whenever n is a perfect square.

We have already mentioned the fact that K0(x) tends to +∞ as x decreases to 0

at the beginning of Section 1.1 in Chapter 1. Therefore, the left-hand side of (3.66)

approaches +∞ as x decreases to 0. Let us examine the right-hand side of (3.66).
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Noting that iτ(χ) is real for real odd primitive Dirichlet character [42, Theorem 9.9,

p. 288]

L(1, χ)

=

− τ(χ)
q

∑q−1
a=1 χ̄(a) log

(
sin πa

q

)
, if χ is even primitive chracter

iπτ(χ)
q2

∑q−1
a=1 aχ̄(a), if χ is odd primitive character,

(3.67)

we can easily deduce that the infinite series on the right-hand side of (3.66) tends

to 0 as x decreases to 0. Next noting that iτ(χ) is real and x log x tends to 0 as x

decreases to 0, we infer that L(1,χ)
x

tends to +∞ as x decreases to 0, which ensures

the strict positivity of L(1, χ).

• Case 2. When χ is an even real primitive character

Let us rewrite (3.60) for real even primitive Dirichlet character modulo q,

∞∑
n=1

dχ(n)K0(a
√
nx) =

2

a2x
L(1, χ)− τ(χ)

8
L(1, χ̄)

+
a2q x

32π4
τ(χ)

∞∑
n=1

dχ̄(n)
log
(

16π2n
a2qx

)
n2 −

(
a2qx
16π2

)2 ,
provided a2qx

16π2 /∈ Z+. In this case, we can show that dχ(n) is non-negative for every

n using the same justifications as in Case 1. From (1.22), it can be easily seen that

dχ(n) ≥ 1 whenever n is a perfect square. As K0(x) tends to +∞ as x decreases

to 0, the left-hand side of (3.60) approaches +∞ as x decreases to 0. Now, the

infinite series in the right-hand side of (3.60) decreases rapidly as x decreases to 0.

Therefore, we arrive at the conclusion that 2
a2x
L(1, χ) tends to +∞ as x decreases

to 0 which proves the strict positivity of L(1, χ).

Next, we are going to investigate the identities involving two characters and their

equivalent version in two trigonometric functions, which are the following:
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3.2.5 Identities involving two characters

In this subsection, we provide the identities corresponding to

σk,χ1,χ2(n) =
∑
d/n

dkχ1(d)χ2(n/d),

where χ1 and χ2 are Dirichlet characters modulo p and q, respectively.

Theorem 3.2.14. Let k ≥ 1 be an odd integer. Let χ1 and χ2 be primitive characters

modulo p and q, respectively, such that either both are non-principal even characters

or both are odd characters. Then, for any ℜ(ν) > 0,

∞∑
n=1

σk,χ1,χ2(n)n
ν
2Kν(a

√
nx)

=
(−1)

k+1
2 (aq)νpν+k x

ν
2

23ν+k+2π2ν+k+1
τ(χ1)τ(χ2)Γ(ν + k + 1)

∞∑
n=1

σk,χ̄2,χ̄1(n)(
n+ a2pqx

16π2

)ν+k+1
. (3.68)

Theorem 3.2.14 is the equivalent version of the following result.

Theorem 3.2.15. Let k ≥ 1 be an odd integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk sin (2πdθ) sin

(
2πnψ

d

)

= − (−1)
k+1
2

8 (2π)−k−1
Γ(ν + k + 1)

∑
m,n≥0

 (n+ ψ)k(
16π2

a2
(n+ψ)(m+θ)

x
+ 1
)ν+k+1

− (n+ 1− ψ)k(
16π2

a2
(n+1−ψ)(m+θ)

x
+ 1
)ν+k+1

− (n+ ψ)k(
16π2

a2
(n+ψ)(m+1−θ)

x
+ 1
)ν+k+1

+
(n+ 1− ψ)k(

16π2

a2
(n+1−ψ)(m+1−θ)

x
+ 1
)ν+k+1

 . (3.69)

For deriving the equivalence of our next result with Theorem 3.2.14, we need the

help of Theorem 3.2.8 and Theorem 3.2.11.
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Theorem 3.2.16. Let k ≥ 1 be an odd integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos (2πdθ) cos

(
2πnψ

d

)

=
(−1)

k−1
2 a2k+2k!

22k+4(2π)k+1
Γ(ν) {ζ(k + 1, θ) + ζ(k + 1, 1− θ)}xk+1

+
(−1)

k+1
2

8
(2π)k+1 Γ(ν + k + 1)

∑
n,m≥0

 (n+ ψ)k(
16π2

a2
(m+θ)(n+ψ)

x
+ 1
)ν+k+1

+
(n+ 1− ψ)k(

16π2

a2
(m+θ)(n+1−ψ)

x
+ 1
)ν+k+1

+
(n+ ψ)k(

16π2

a2
(m+1−θ)(n+ψ)

x
+ 1
)ν+k+1

+
(n+ 1− ψ)k(

16π2

a2
(m+1−θ)(n+1−ψ)

x
+ 1
)ν+k+1

 .

Proof of Theorem 3.2.14 and its equivalence with Theorem 3.2.15. Here,

we see the individual proofs of both results.

Proof of Theorem 3.2.14 We will take fk(n) = σk,χ1,χ2(n) and k ≥ 1 an odd

integer and ℜ(ν) > 0 in (3.9). By assumption, χ1 and χ2 are primitive characters

modulo p and q, respectively, such that either both are non-principal even characters

or both are odd characters. In the notation of (3.5), Fk(s) = L(s − k, χ1)L(s, χ2).

We get

∞∑
n=1

σk,χ1,χ2(n)Kν(a
√
nx) =

1

2
Xν/2(Rk+1 +R1 +R0 + J

(ν)
k (X)), (3.70)

where J
(ν)
k (X) is defined in (3.10). It is easy to see that Rk+1 = 0 and R1 = 0.

When both χ1 and χ2 are non-principal even primitive characters, L(s, χ2) has a

zero at s = 0. Hence, we will not be getting any contribution from the pole of Γ(s)

at s = 0. As a result, we will get R0 = 0. If both χ1 and χ2 are odd primitive

characters, L(s− k, χ1) has a zero at s = 0 since k is an odd integer. Again, there

will be no contribution of the pole from Γ(s) at s = 0. Therefore R0 = 0. Now
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utilizing the facts Rk+1 = 0, R1 = 0 and R0 = 0 in (3.70), we obtain

∞∑
n=1

σk,χ1,χ2(n)Kν(a
√
nx) =

1

2
Xν/2J

(ν)
k (X). (3.71)

To evaluate J
(ν)
k (X), we utilize the functional equations (2.13), (2.14) with (2.21)

J
(ν)
k (X) = Y2gk

∞∑
n=1

σ−k,χ̄1,χ̄2(n)
1

2πi

∫
(1+d)

Γ(1− s+ ν)Γ(k + s)(nY2)
−sds, (3.72)

where gk = (−1)
k+1
2 pkτ(χ1)τ(χ2)
(2π)k+1 and Y2 = 4π2

pq
X. As 0 < d < 1, appealing to Lemma

2.2.5 with n = k and a = 1 + ν, we deduce

J
(ν)
k (X) = Y2

k+1gkΓ(1 + ν + k)
∞∑
n=1

σk,χ̄2,χ̄1(n)

(1 + nY2)
1+ν+k

, (3.73)

where we have used the fact σ−k,χ̄1,χ̄2(n) = n−kσk,χ̄2,χ̄1(n). We complete the proof

of (3.68) by substituting (3.73) in (3.71) and remarking Y2 =
16π2

a2pqx
.

Proof of Theorem 3.2.15 It is sufficient to prove the theorem for rationals θ =

h1/p and ψ = h2/q where p and q are primes, 0 < h1 < p and 0 < h2 < q.

Employing Lemma 2.2.8 with t = n and subsequently interchanging the summation

and integration, we get for odd integer k ≥ 1,

∞∑
n=1

∑
d|n

dk sin

(
2πdh1
p

)
sin

(
2πnh2
dq

)
nν/2Kν(a

√
nx)

=
1

2

(
2

a
√
x

)ν
1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

(
4

a2x

)s ∞∑
n=1

∑
d|n

dk sin

(
2πdh1
p

)

× sin

(
2πnh2
dq

)
n−sds

=
1

2

(
2

a
√
x

)ν
1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

(
4

a2x

)s ∞∑
d=1

dk−ssin

(
2πdh1
p

)
×

∞∑
m=1

m−s sin

(
2πmh2
q

)
ds
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=
pk

2
Xν/2 1

2πi

∫
(c)

Γ(s)Γ(s+ ν)

p∑
r1=1

ζ

(
s− k,

r1
p

)
sin

(
2πr1h1
p

)

×
q∑

r2=1

ζ

(
s,
r2
q

)
sin

(
2πr2h2
q

)
(p−1q−1X)sds, (3.74)

where c > k + 1 and X = 4
a2x

. Next, we invoke the functional relations (2.12) and

(2.17) in (3.74), we obtain

∞∑
n=1

∑
d|n

dk sin

(
2πdh1
p

)
sin

(
2πnh2
dq

)
nν/2Kν(a

√
nx)

=
(−1)

k−1
2

8(2π)k+1
Xν/2 1

2πi

∫
(c)

Γ(s+ ν)Γ(k + 1− s)

{
ζ

(
k + 1− s,

h1
p

)
−ζ
(
k + 1− s, 1− h1

p

)}{
ζ

(
1− s,

h2
q

)
− ζ

(
1− s, 1− h2

q

)}
(4π2X)sds.

(3.75)

Now proceeding in the same way as in the proof of Theorem 3.2.2, we shift the line

of integration to ℜ(s) = −d (with 0 < d < min{1,ℜ(ν)}), then replace 1 − s by s

to obtain

∞∑
n=1

∑
d|n

dk sin

(
2πdh1
p

)
sin

(
2πnh2
dq

)
nν/2Kν(a

√
nx)

=
(−1)

k−1
2 π2

2(2π)k+1
X1+ν/2 1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)

{
ζ

(
k + s,

h1
p

)
−ζ
(
k + s, 1− h1

p

)}{
ζ

(
s,
h2
q

)
− ζ

(
s, 1− h2

q

)}
(4π2X)−sds

=
(−1)

k−1
2 π2

2(2π)k+1
X1+ν/2

∞∑
m=0

∞∑
n=0

{

(n+ h1/p)
−k 1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)
(
4π2X(n+ h1/p)(m+ h2/q)

)−s
ds

−(n+ 1− h1/p)
−k 1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)

×
(
4π2X(n+ 1− h1/p)(m+ h2/q)

)−s
ds

−(n+ h1/p)
−k 1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)
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×
(
4π2X(n+ h1/p)(m+ 1− h2/q)

)−s
ds

+(n+ 1− h1/p)
−k 1

2πi

∫
(1+d)

Γ(ν + 1− s)Γ(k + s)

×
(
4π2X(n+ 1− h1/p)(m+ 1− h2/q)

)−s
ds
}
. (3.76)

We get (3.69) by applying Lemma 2.2.5 for n = k and a = 1 + ν to each of these

integrals in (3.76).

The equivalence of Theorems 3.2.14 and 3.2.15 can be easily deduced. So, we

leave the details for the reader.

Proof of Theorem 3.2.14 and its equivalence with Theorem 3.2.16. The

proof of Theorem 3.2.16 is similar to Theorem 3.2.15, so we skip the proof. But we

would show its equivalence with Theorem 3.2.14.

Theorem 3.2.14 ⇒ Theorem 3.2.16 It is sufficient to prove the theorem for ra-

tionals θ = h1/p and ψ = h2/q where p and q are primes, 0 < h1 < p and 0 < h2 < q.

We multiply both sides of identity (3.68) in Theorem 3.2.14 by χ1(h1)τ(χ̄1)/ϕ(p) and

χ2(h2)τ(χ̄2)/ϕ(q), then sum on non-principal primitive even character χ1 modulo p

and χ2 modulo q. Using (2.25), the left-hand side of (3.68) becomes

1

ϕ(p)ϕ(q)

∑
χ2 ̸=χ0
χ2 even

χ2(h2)τ(χ̄2)
∑
χ1 ̸=χ0
χ1 even

χ1(h1)τ(χ̄1)
∞∑
n=1

σk,χ1,χ2(n)n
ν/2Kν(a

√
nx)

=
1

ϕ(p)ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk


∑
χ2 ̸=χ0
χ2 even

χ2(h2)χ2(n/d)τ(χ̄2)


×


∑
χ1 ̸=χ0
χ1 even

χ1(h1)χ1(d)τ(χ̄1)


=

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk

{
1

ϕ(q)

∑
χ2 even

χ2(h2)χ2(n/d)τ(χ̄2) +
χ0(n/d)

ϕ(q)

}

×

{
1

ϕ(p)

∑
χ1 even

χ1(h1)χ1(d)τ(χ̄1) +
χ0(d)

ϕ(p)

}
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=
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

(p,d)=(q,n/d)=1

dk
{
cos

(
2πnh2
dq

)
cos

(
2πdh1
p

)

+
1

ϕ(p)
cos

(
2πnh2
dq

)
+

1

ϕ(q)
cos

(
2πdh1
p

)
+

1

ϕ(p)ϕ(q)

}
=

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk
{
cos

(
2πnh2
dq

)
cos

(
2πdh1
p

)
+

1

ϕ(p)
cos

(
2πnh2
dq

)

+
1

ϕ(q)
cos

(
2πdh1
p

)
+

1

ϕ(p)ϕ(q)

}
− p

ϕ(p)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n
p|d

dk
{
cos

(
2πnh2
dq

)
+

1

ϕ(q)

}

− q

ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n
q|n

d

dk
{
cos

(
2πdh1
p

)
+

1

ϕ(p)

}

+
pq

ϕ(p)ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

p|d, q|n
d

dk

=
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πnh2
dq

)
cos

(
2πdh1
p

)

+

 1

ϕ(p)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πnh2
dq

)

−p
ν
2
+k+1

ϕ(p)

∞∑
m=1

mν/2Kν(a
√
mpx)

∑
d|m

dk cos

(
2πmh2
dq

)
+

 1

ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πdh1
p

)

−q
ν
2
+1

ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mqx)

∑
d|m

dk cos

(
2πdh1
p

)
+

 1

ϕ(p)ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk − p
ν
2
+k+1

ϕ(p)ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mpx)

∑
d|m

dk
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− q
ν
2
+1

ϕ(p)ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mqx)

∑
d|m

dk

+
p

ν
2
+k+1q

ν
2
+1

ϕ(p)ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mpqx)

∑
d|m

dk

 . (3.77)

Employing Theorem 3.2.11 with θ = h2/q, we evaluate the second and third terms

on the right-hand side of (3.77) as follows:

1

ϕ(p)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d/n

dk cos

(
2πnh2
dq

)

− p
ν
2
+k+1

ϕ(p)

∞∑
m=1

mν/2Kν(a
√
mpx)

∑
d|m

dk cos

(
2πmh2
dq

)

=
(−1)

k+1
2 (2πX)k+1

4qkϕ(p)
X

ν
2Γ(ν + k + 1)


∞∑
r=1

∞∑
d=1

d≡±h2(q)

dk(
16π2

a2q
rd
x
+ 1
)ν+k+1

−
∞∑
r=1

∞∑
d=1

d≡±h2(q)

dk(
16π2

a2pq
rd
x
+ 1
)ν+k+1

+
Γ(ν)ζ(−k)

4ϕ(p)
X

ν
2

(
pk+1 − 1

)
. (3.78)

Using Theorem 3.2.8 with θ = h1/p, we evaluate the fourth and fifth terms on the

right-hand side of (3.77) as follows:

1

ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πdh1
p

)

− q
ν
2
+1

ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mqx)

∑
d|m

dk cos

(
2πdh1
p

)

=
(−1)

k+1
2 k!

4(2π)k+1
X

ν
2Γ(ν) {ζ(k + 1, h1/p) + ζ(k + 1, 1− h1/p)}

+
(−1)

k+1
2

4ϕ(q)
X

ν
2 (2πX)k+1Γ(ν + k + 1)


∞∑
d=1

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2p
rd
x
+ 1
)ν+k+1
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− 1

qk

∞∑
d=1

∞∑
r≡1

r=±h1(p)

dk(
16π2

a2pq
rd
x
+ 1
)ν+k+1

 . (3.79)

Using Proposition 1.4.3, we evaluate the last four terms on the right-hand side of

(3.77) as follows:

1

ϕ(p)ϕ(q)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk − p
ν
2
+k+1

ϕ(p)ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mpx)

∑
d|m

dk

− q
ν
2
+1

ϕ(p)ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mqx)

∑
d|m

dk +
p

ν
2
+k+1q

ν
2
+1

ϕ(p)ϕ(q)

∞∑
m=1

mν/2Kν(a
√
mpqx)

∑
d|m

dk

=
(−1)

k+1
2

2ϕ(p)ϕ(q)
X

ν
2Γ(ν + k + 1) (2πX)k+1

{
∞∑
n=1

σk(n)(
16π2

a2
n
x
+ 1
)ν+k+1

−
∞∑
n=1

σk(n)(
16π2

a2p
n
x
+ 1
)ν+k+1

− 1

qk

∞∑
n=1

σk(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

+
1

qk

∞∑
n=1

σk(n)(
16π2

a2pq
n
x
+ 1
)ν+k+1


− Γ(ν)ζ(−k)

4ϕ(p)
X

ν
2 (pk+1 − 1). (3.80)

Substitute (3.78), (3.79) and (3.80) into the right-hand side of (3.77), we deduce the

left-hand side of (3.68) as folllows:

1

ϕ(p)ϕ(q)

∑
χ2 ̸=χ0
χ2 even

χ2(h2)τ(χ̄2)
∑
χ1 ̸=χ0
χ1 even

χ1(h1)τ(χ̄1)
∞∑
n=1

σk,χ1,χ2(n)n
ν/2Kν(a

√
nx)

=
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πnh2
dq

)
cos

(
2πdh1
p

)

+
(−1)

k+1
2 (2πX)k+1

4qkϕ(p)
X

ν
2Γ(ν + k + 1)


∞∑
r=1

∞∑
d=1

d≡±h2(q)

dk(
16π2

a2q
rd
x
+ 1
)ν+k+1

−
∞∑
r=1

∞∑
d=1

d≡±h2(q)

dk(
16π2

a2pq
rd
x
+ 1
)ν+k+1


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+
(−1)

k+1
2 k!

4(2π)k+1
X

ν
2Γ(ν) {ζ(k + 1, h1/p) + ζ(k + 1, 1− h1/p)}

+
(−1)

k+1
2

4ϕ(q)
X

ν
2 (2πX)k+1Γ(ν + k + 1)


∞∑
d=1

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2p
rd
x
+ 1
)ν+k+1

− 1

qk

∞∑
d=1

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2pq
rd
x
+ 1
)ν+k+1

+
(−1)

k+1
2

2ϕ(p)ϕ(q)
X

ν
2Γ(ν + k + 1) (2πX)k+1

×


∞∑
n=1

σk(n)(
16π2

a2
n
x
+ 1
)ν+k+1

−
∞∑
n=1

σk(n)(
16π2

a2p
n
x
+ 1
)ν+k+1

− 1

qk

∞∑
n=1

σk(n)(
16π2

a2q
n
x
+ 1
)ν+k+1

+
1

qk

∞∑
n=1

σk(n)(
16π2

a2pq
n
x
+ 1
)ν+k+1

 . (3.81)

Next, we examine the right-hand side of (3.68) of Theorem 3.2.14. We find that

1

ϕ(p)ϕ(q)

∑
χ2 ̸=χ0
χ2 even

χ2(h2)τ(χ̄2)
∑
χ1 ̸=χ0
χ1 even

χ1(h1)τ(χ̄1)τ(χ1)τ(χ2)
∞∑
n=1

σk,χ̄2,χ̄1(n)(
16π2

a2pq
n
x
+ 1
)ν+k+1

=
pq

ϕ(p)ϕ(q)

∞∑
n=1

∑
d|n

dk(
16π2

a2pq
n
x
+ 1
)ν+k+1

{ ∑
χ2 even

χ2(h2)χ̄2(d)− χ0(d)

}

×

{ ∑
χ1 even

χ1(h1)χ̄1(n/d)− χ0(n/d)

}

=
pq

ϕ(p)ϕ(q)

∞∑
d,r≥1

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

{ ∑
χ2 even

χ2(h2)χ̄2(d)− χ0(d)

}

×

{ ∑
χ1 even

χ1(h1)χ̄1(r)− χ0(r)

}

=
pq

4

∞∑
d=1

d≡±h2(q)

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

− pq

2ϕ(p)

∞∑
d=1

d≡±h2(q)

∞∑
r=1
p∤r

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

− pq

2ϕ(q)

∞∑
d=1
q∤d

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

+
pq

ϕ(p)ϕ(q)

∞∑
d=1
q∤d

∞∑
r=1
p∤r

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1
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=
pq

4

∞∑
d=1

d≡±h2(q)

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

+

− pq

2ϕ(p)

∞∑
d=1

d≡±h2(q)

∞∑
r=1

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

+
pq

2ϕ(p)

∞∑
d=1

d≡±h2(q)

∞∑
r=1

dk(
16π2

a2q
dr
x
+ 1
)ν+k+1



− pq

2ϕ(q)

∞∑
d=1

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

+
pqk+1

2ϕ(q)

∞∑
d=1

∞∑
r=1

r≡±h1(p)

dk(
16π2

a2p
dr
x
+ 1
)ν+k+1

+

 pq

ϕ(p)ϕ(q)

∞∑
d=1

∞∑
r=1

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

− pqk+1

ϕ(p)ϕ(q)

∞∑
d=1

∞∑
r=1

dk(
16π2

a2p
dr
x
+ 1
)ν+k+1

− pq

ϕ(p)ϕ(q)

∞∑
d=1

∞∑
r=1

dk(
16π2

a2q
dr
x
+ 1
)ν+k+1

+
pqk+1

ϕ(p)ϕ(q)

∞∑
d=1

∞∑
r=1

dk(
16π2

a2
dr
x
+ 1
)ν+k+1

 .

(3.82)

Multiplying equation (3.82) by (−1)
k+1
2

2p
X

ν
2
+k+1(2π

q
)k+1Γ(ν + k + 1), we obtain the

right-hand side of (3.68). Now equating the resulting expression with (3.81), we get

the identity in Theorem 3.2.16.

Theorem 3.2.16 ⇒ Theorem 3.2.14 Let θ = h1/p, ψ = h2/q, and assume that

both χ1 and χ2 are non-principal even primitive characters modulo p and q, respec-

tively. Multiplying the identity in Theorem 3.2.16 by χ̄1(h1)χ̄2(h2)/τ(χ̄1)τ(χ̄2), and

then summing on h1 and h2, 0 < h1 < p, 0 < h2 < q, one can deduce that Theorem

3.2.16 implies Theorem 3.2.14 .

The result corresponding to ν = 0 is as follows:

Theorem 3.2.17. Let k ≥ 1 be an odd integer. Assume that χ1 and χ2 are primitive

characters modulo p and q, respectively, such that either both are non-principal even
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characters or both are odd characters, then

∞∑
n=1

σk,χ1,χ2(n)K0(a
√
nx)

=
1

2
ck,χ1,χ2 +

(−1)
k−1
2 k!pk

2(2π)k+1
τ(χ1)τ(χ2)

∞∑
n=1

σk,χ̄2,χ̄1(n)

(
1

nk+1
− 1

(n+ a2pqx
16π2 )k+1

)
,

where ck,χ1,χ2 is a constant defined as

ck,χ1,χ2 =

L(−k, χ1)L
′(0, χ2), if both χ1 and χ2 are even,

L′(−k, χ1)L(0, χ2), if both χ1 and χ2 are odd.
(3.83)

Proof. We leave the proof to the reader for its similarity with the proofs of Theorems

3.2.3 and 3.2.9.

Setting χ1 = χ2 = χ and observing σk,χ,χ(n) = χ(n)
∑

d/n d
k = χ(n)σk(n) in

Theorems 3.2.14 and 3.2.17, we obtain the following interesting identities.

Corollary 3.2.4. Let k ≥ 1 be an odd integer and χ be a non-principal primitive

character modulo q. Then, for any ℜ(ν) > 0,

∞∑
n=1

σk(n)χ(n)n
ν
2Kν(a

√
nx)

=
(−1)

k+1
2 aνq2ν+k x

ν
2

23ν+k+2π2ν+k+1
τ 2(χ)Γ(ν + k + 1)

∞∑
n=1

σk(n) χ̄(n)(
n+ a2q2x

16π2

)ν+k+1
.

Corollary 3.2.5. Let k ≥ 1 be an odd integer and χ be a non-principal primitive

character modulo q. For ν = 0, we have

∞∑
n=1

σk(n)χ(n)K0(a
√
nx)

=
1

2
ck,χ,χ +

(−1)
k−1
2 k!qk

2(2π)k+1
τ 2(χ)

∞∑
n=1

σk(n) χ̄(n)

(
1

nk+1
− 1

(n+ a2q2x
16π2 )k+1

)
,

where ck,χ,χ is defined in (3.83).
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The results corresponding to ν = 0 and k = 0 are as follows:

Theorem 3.2.18. Let χ1 and χ2 be non-principal even primitive characters modulo

p and q, respectively. Then

∞∑
n=1

dχ1,χ2(n)K0(a
√
nx) =

a2pq x

32π4
τ(χ1)τ(χ2)

∞∑
n=1

dχ̄1,χ̄2(n)
log
(

16π2n
a2pqx

)
n2 −

(
a2pqx
16π2

)2 ,
provided a2pqx

16π2 /∈ Z+.

Proof. We begin the proof by setting k = 0 and ν = 0 and f0(n) = dχ1,χ2(n) in

(3.9) where χ1 and χ2 are even non-principal primitive characters modulo p and q,

respectively. This will give

∞∑
n=1

dχ1,χ2(n)K0(a
√
nx) =

1

2
(R0 +R1 + J

(0)
0 (X)), (3.84)

where J
(0)
0 (X)) is defined in (3.10) with F0(z) = L(s, χ1)L(s, χ2). Here, we will

have R1 = 0. Both L(s, χ1) and L(s, χ2) have simple zero at s = 0 which will get

cancelled by the double pole of Γ2(s) at s = 0. Hence, we have R0 = 0. Employing

functional relation (2.13), we obtain

J
(0)
0 (X) =

τ(χ1)τ(χ2)

4
Y

∞∑
n=1

dχ̄1,χ̄2(n)
1

2πi

∫
(1+d)

(nY )−s

sin2
(
πs
2

)ds, (3.85)

where Y = 4π2

pq
X. Note that integral in (3.85) can be treated similarly as in the

proof of Theorem 3.2.13. To avoid repetitions, we skip the details.

Theorem 3.2.19. Let χ1 and χ2 be odd primitive characters modulo p and q, re-

spectively. Then we have

∞∑
n=1

dχ1,χ2(n)K0(a
√
nx)

=
1

2
L(0, χ1)L(0, χ2)

(
−2γ + log

(
4

a2x

)
+
L′(0, χ1)

L(0, χ1)
+
L′(0, χ2)

L(0, χ2)

)
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+
a4p2q2

512π4
x2τ(χ1)τ(χ2)

∞∑
n=1

dχ̄1,χ̄2(n) log
(
a2pqx
16π2n

)
n
(
n2 − (a

2pqx
16π2 )2

) ,

provided a2pqx
16π2 /∈ Z+.

Proof. Taking k = 0 and ν = 0 and f0(n) = dχ1,χ2(n) in (3.9) where χ1 and χ2 are

odd primitive characters modulo p and q, respectively. This will give

∞∑
n=1

dχ1,χ2(n)K0(a
√
nx) =

1

2
(R0 +R1 + J

(0)
0 (X)), (3.86)

where J
(0)
0 (X)) is defined in (3.10) with F0(z) = L(s, χ1)L(s, χ2). Here, the inte-

grand will encounter a double pole at s = 0. So, we will have R1 = 0. Hence, the

residue R0 is given by

R0 = L(0, χ1)L(0, χ2)

(
−2γ + log (X) +

L′(0, χ1)

L(0, χ1)
+
L′(0, χ2)

L(0, χ2)

)
. (3.87)

Employing (3.87) and R1 = 0 in (3.86), we obtain

∞∑
n=1

dχ1,χ2(n)K0(a
√
nx)

=
1

2
L(0, χ1)L(0, χ2)

(
−2γ + log (X) +

L′(0, χ1)

L(0, χ1)
+
L′(0, χ2)

L(0, χ2)

)
+

1

2
J
(0)
0 (X). (3.88)

Now appealing to functional relation (2.13), we will have

J
(0)
0 (X) =− τ(χ1)τ(χ2)

4
Y

∞∑
n=1

dχ̄1,χ̄2(n)
1

2πi

∫
(1+d)

(nY )−s

cos2
(
πs
2

)ds
=− τ(χ1)τ(χ2)Y

4

( ∑
n<Y −1

+
∑

n>Y −1

)
dχ̄1,χ̄2(n)

1

2πi

∫
(1+d)

(nY )−s

cos2
(
πs
2

)ds,
(3.89)

where Y = 16π2

a2pqx
and Y −1 /∈ Z+. We first evaluate the inner line integral on the sum∑

n>Y −1 . We shall use the Cauchy residue theorem with the contour formed by the

lines [1+ d− iT, 1+ d+ iT ], [1+ d+ iT,M + 1
2
+ iT ], [M + 1

2
+ iT,M + 1

2
− iT ], [M +
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1
2
− iT, 1 + d− iT ] where M ∈ N is any odd large number, and T is a large positive

number. The poles of the integrand function in (3.89) are at 3, 5, · · · ,M , and they

are double poles. The residue at s = m is given by

Rm := − 4

π2
(nY )−m log (nY ) , (3.90)

where m = 3, 5, · · · , M . Employing Lemma 2.2.1, we can show both the integrals

along the horizontal line segments [1+d+iT,M+ 1
2
+iT ] and [M+ 1

2
−iT, 1+d−iT ]

vanish as T → ∞. Utilising (3.90), we arrive at

1

2πi

∫
(1+d)

(nY )−s

cos2
(
πs
2

)ds = −
M−1

2∑
m=1

R2m+1 +
1

2πi

∫
(M+ 1

2
)

(nY )−s

cos2
(
πs
2

)ds
=

4

π2

M−1
2∑

m=1

log (nY )

(nY )2m+1 +O

(
1

(nY )M+1/2

)
. (3.91)

Letting M → ∞, the error term in (3.91) goes to 0 as n > Y −1. Thus simplifying,

we can readily deduce that

1

2πi

∫
(1+d)

(nY )−s

cos2
(
πs
2

)ds = 4

π2

∞∑
m=1

log (nY )

(nY )2m+1 =
4

π2Y 3

1

n(n2 − Y −2)
log (nY ) ,

and subsequently, we get

∑
n>Y −1

dχ̄1,χ̄2(n)
1

2πi

∫
(1+d)

(nY )−s

cos2
(
πs
2

)ds
=

4

π2

∑
n>Y −1

dχ̄1,χ̄2(n)
Y −3

n(n2 − Y −2)
log (nY ) . (3.92)

Similarly, by shifting the integration line to the left, we get

∑
n<Y −1

dχ̄1,χ̄2(n)
1

2πi

∫
(1+d)

(nY )−s

cos2
(
πs
2

)ds
=

4

π2

∑
n≤Y −1

dχ̄1,χ̄2(n)
Y −3

n(n2 − Y −2)
log (nY ) . (3.93)
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Hence combining (3.92) and (3.93) with (3.89), we obtain

J
(0)
0 (X) = −τ(χ1)τ(χ2)

π2

∞∑
n=1

dχ̄1,χ̄2(n)
Y −2

n(n2 − Y −2)
log (nY ) . (3.94)

Inserting (3.94) in (3.88) and remarking that Y = 16π2

a2pqx
, we get the desired result.

Theorem 3.2.20. Let k be an even, non-negative integer. Assume that χ1 and

χ2 are primitive characters modulo p and q, respectively, such that one is a non-

principal even character and the other is an odd character. Then, for any ℜ(ν) > 0,

∞∑
n=1

σk,χ1,χ2(n)n
ν
2Kν(a

√
nx)

=
(−1)

k
2 (aq)νpν+k x

ν
2

i23ν+k+2π2ν+k+1
τ(χ1)τ(χ2)Γ(ν + k + 1)

∞∑
n=1

σk,χ̄2,χ̄1(n)(
n+ a2pqx

16π2

)ν+k+1
. (3.95)

With the aid of Theorem 3.2.5, one can show the equivalence of Theorem 3.2.20

and our next result.

Theorem 3.2.21. Let k ≥ 2 be an even integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos (2πdθ) sin

(
2πnψ

d

)

=
(−1)

k
2 (2π)k+1

8
Γ(ν + k + 1)

∞∑
m,n≥0

 (n+ ψ)k(
16π2

a2
(n+ψ)(m+θ)

x
+ 1
)ν+k+1

− (n+ 1− ψ)k(
16π2

a2
(n+1−ψ)(m+θ)

x
+ 1
)ν+k+1

− (n+ 1− ψ)k(
16π2

a2
(n+1−ψ)(m+1−θ)

x
+ 1
)ν+k+1

+
(n+ ψ)k(

16π2

a2
(n+ψ)(m+1−θ)

x
+ 1
)ν+k+1

 .

Similarly, with the help of Theorem 3.2.2, one can show the equivalence of The-

orem 3.2.20 and our next result.
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Theorem 3.2.22. Let k ≥ 0 be an even integer. Then for any ℜ(ν) > 0 we have

(
a2x

4

) ν
2
+k+1 ∞∑

n=1

nν/2Kν(a
√
nx)

∑
d|n

dk sin (2πdθ) cos

(
2πnψ

d

)

=− (−1)
k
2 a2k+2k!

22k+4(2π)k+1
Γ(ν) (ζ(1 + k, θ)− ζ(1 + k, 1− θ))xk+1

+
(−1)

k
2 (2π)k+1

8
Γ(ν + k + 1)

∞∑
m,n≥0

 (n+ ψ)k(
16π2

a2
(n+ψ)(m+θ)

x
+ 1
)ν+k+1

+
(n+ 1− ψ)k(

16π2

a2
(n+1−ψ)(m+θ)

x
+ 1
)ν+k+1

− (n+ 1− ψ)k(
16π2

a2
(n+1−ψ)(m+1−θ)

x
+ 1
)ν+k+1

− (n+ ψ)k(
16π2

a2
(n+ψ)(m+1−θ)

x
+ 1
)ν+k+1

 .

Proof of Theorem 3.2.20 and its equivalence with Theorem 3.2.21. The

proofs are similar to the proofs of Theorems 3.2.14 and 3.2.15, so we skip the proof.

But we would show the equivalence of Theorem 3.2.20 with Theorem 3.2.21.

Theorem 3.2.20 ⇒ Theorem 3.2.21 Let us multiply the identity (3.95) of

Theorem 3.2.20 by χ1(h1)τ(χ̄1)/ϕ(p) and χ2(h2)τ(χ̄2)/iϕ(q), then take sum on non-

principal even primitive characters χ1 modulo p and odd primitive characters χ2

modulo q. So, from the left-hand side, we get

1

iϕ(p)ϕ(q)

∑
χ2 odd

χ2(h2)τ(χ̄2)
∑
χ1 ̸=χ0
χ1 even

χ1(h1)τ(χ̄1)
∞∑
n=1

σk,χ1,χ2(n)n
ν
2Kν(a

√
nx)

=
1

iϕ(p)ϕ(q)

∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d/n

dk
∑
χ2 odd

χ2(h2)χ2(n/d)τ(χ̄2)

×
∑
χ1 ̸=χ0
χ1 even

χ1(h1)χ1(d)τ(χ̄1)

=
∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d|n

dk sin

(
2πnh2
dq

){
1

ϕ(p)

∑
χ1 even

χ1(h1)χ1(d)τ(χ̄1) +
χ0(d)

ϕ(p)

}
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=
∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d|n
p∤d

dk sin

(
2πnh2
dq

){
cos

(
2πdh1
p

)
+

1

ϕ(p)

}

=
∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d|n

dk sin

(
2πnh2
dq

){
cos

(
2πdh1
p

)
+

1

ϕ(p)

}

−
∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d|n
p|d

dk sin

(
2πnh2
dq

){
1 +

1

ϕ(p)

}

=
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πdh1
p

)
sin

(
2πnh2
dq

)

+
1

ϕ(p)

∞∑
n=1

n
ν
2Kν(a

√
nx)

∑
d|n

dk sin

(
2πnh2
dq

)

− p
ν
2
+k+1

ϕ(p)

∞∑
m=1

m
ν
2Kν(a

√
pmx)

∑
d|m

dk sin

(
2πmh2
dq

)
, (3.96)

where we used the (2.24), (2.25) in the penultimate step. Applying Theorem 3.2.5

for the last two terms of the right-hand side of (3.96). So, we rewrite the right-hand

side of (3.96) as follows:

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

dk cos

(
2πdh1
p

)
sin

(
2πnh2
dq

)

+
(−1)

k
2

4ϕ(p)
X

ν
2 (2πX)k+1Γ(ν + k + 1)

∞∑
r=1

∞∑
m=0

(
(m+ h2/q)

k

(1 + 16π2r
a2x

(m+ h2/q))1+ν+k

− (m+ h2/q)
k

(1 + 16π2r
a2x

(m+ 1− h2/q))1+ν+k

)

− (−1)
k
2

4ϕ(p)
X

ν
2 (2πX)k+1Γ(ν + k + 1)

∞∑
r=1

∞∑
m=0

(
(m+ h2/q)

k

(1 + 16π2r
a2px

(m+ h2/q))1+ν+k

− (m+ h2/q)
k

(1 + 16π2r
a2px

(m+ 1− h2/q))1+ν+k

)
. (3.97)

Using (2.21), (2.22) and (2.23) in the right-hand side of (3.95) of Theorem 3.2.20,
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we have

− (−1)
k
2X

ν
2

2pϕ(p)ϕ(q)

(
2πX

q

)k+1

Γ(ν + k + 1)
∞∑
n=1

σk,χ̄2,χ̄1(n)(
16π2

a2pq
n
x
+ 1
)ν+k+1

×
∑
χ2 odd

χ2(h2)τ(χ2)τ(χ̄2)
∑
χ1 ̸=χ0
χ1 even

χ1(h1)τ(χ1)τ(χ̄1)

=
(−1)

k
2 pq

2pϕ(p)ϕ(q)

(
2πX

q

)k+1

X
ν
2Γ(ν + k + 1)

∞∑
n=1

∑
d/n d

k(
16π2

a2pq
n
x
+ 1
)ν+k+1

×
∑
χ2 odd

χ2(h2)χ̄2(d)

{ ∑
χ1 even

χ1(h1)χ̄1(n/d)− χ̄0(n/d)

}

=
(−1)

k
2 q

2ϕ(p)ϕ(q)

(
2πX

q

)k+1

X
ν
2Γ(ν + k + 1)

∞∑
d=1

∞∑
r=1

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

×
∑
χ2 odd

χ2(h2)χ̄2(d)

{ ∑
χ1 even

χ1(h1)χ̄1(r)− χ̄0(r)

}

=
(−1)

k
2 (2πX)k+1

8
X

ν
2Γ(ν + k + 1)

∞∑
m,n≥0

 (n+ h2/q)
k(

16π2

a2
(n+h2/q)(m+h1/p)

x
+ 1
)ν+k+1

− (n+ 1− h2/q)
k(

16π2

a2
(n+1−h2/q)(m+h1/p)

x
+ 1
)ν+k+1

− (n+ 1− h2/q)
k(

16π2

a2
(n+1−h2/q)(m+1−h1/p)

x
+ 1
)ν+k+1

+
(n+ h2/q)

k(
16π2

a2
(n+h2/q)(m+1−h1/p)

x
+ 1
)ν+k+1


− (−1)

k
2 q

2ϕ(p)ϕ(q)

(
2πX

q

)k+1

X
ν
2Γ(ν + k + 1)

∑
d,r≥1
p∤r

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

∑
χ2 odd

χ2(h2)χ̄2(d).

(3.98)

By (2.22), we examine the last term of right-hand side of (3.98), we find

1

ϕ(q)

∑
d,r≥1
p∤r

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

∑
χ2 odd

χ2(h2)χ̄2(d)
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=
1

ϕ(q)

∑
d,r≥1

dk(
16π2

a2pq
dr
x
+ 1
)ν+k+1

∑
χ2 odd

χ2(h2)χ̄2(d)

− 1

ϕ(q)

∑
d,r≥1

dk(
16π2

a2q
dr
x
+ 1
)ν+k+1

∑
χ2 odd

χ2(h2)χ̄2(d)

=
qk

2

∞∑
r=1

∞∑
m=0

 (m+ h2/q)
k(

16π2

a2p
(m+h2/q)r

x
+ 1
)ν+k+1

− (m+ 1− h2/q)
k(

16π2

a2p
(m+1−h2/q)r

x
+ 1
)ν+k+1


−q

k

2

∞∑
r=1

∞∑
m=0

 (m+ h2/q)
k(

16π2

a2
(m+h2/q)r

x
+ 1
)ν+k+1

− (m+ 1− h2/q)
k(

16π2

a2
(m+1−h2/q)r

x
+ 1
)ν+k+1

 . (3.99)

Equating (3.97), (3.98), and using (3.99) we get the proof of Theorem 3.2.21 .

Theorem 3.2.21 ⇒ Theorem 3.2.20 Let θ = h1/p, ψ = h2/q, and let χ1 be an

even primitive character modulo p and χ2 be an odd primitive character modulo q.

Multiplying the identity in Theorem 3.2.21 by χ̄1(h1)χ̄2(h2)/τ(χ̄1)τ(χ̄2), and then

summing on h1 and h2, 0 < h1 < p, 0 < h2 < q, one can prove that Theorem 3.2.21

implies Theorem 3.2.20 .

Proof of Theorem 3.2.20 and its equivalence with Theorem 3.2.22. The

proof is similar to the previous one.

The result corresponding to ν = 0 is as follows:

Theorem 3.2.23. Let k be an even, non-negative integer. If χ1 and χ2 are primi-

tive characters modulo p and q, respectively, such that one is a non-principal even

character and the other is an odd character, then

∞∑
n=1

σk,χ1,χ2(n)K0(a
√
nx)

=
1

2
ek,χ1,χ2 + (−1)

k
2

ik!pk

2(2π)k+1
τ(χ1)τ(χ2)

∞∑
n=1

σk,χ̄2,χ̄1(n)

(
1

nk+1
− 1

(n+ a2pqx
16π2 )k+1

)
,
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where

ek,χ1,χ2 =

L(−k, χ1)L
′(0, χ2), if χ1 is odd and χ2 is even,

L′(−k, χ1)L(0, χ2), if χ1 is even and χ2 is odd.
(3.100)

Proof. The proof is similar to the proof of Theorem 3.2.17.

In the next chapter, we will study the Cohen-type identities for twisted sums of

divisor functions.



4
Cohen-type identities

4.1 Introduction

We first recall the definition of twisted sums of the divisor functions (1.28) by

substituting the complex integer z for k,

σz,χ(n) :=
∑
d|n

dzχ(d), σ̄z,χ(n) :=
∑
d|n

dzχ(n/d), σz,χ1,χ2(n) :=
∑
d|n

dzχ1(d)χ2(n/d),

(4.1)

In 2010, Cohen [19] proved the beautiful identity linked to the modified K-Bessel

function and the generalised divisor function. In this chapter, we study the Cohen-

type identities for these twisted sums of divisor functions defined in (4.1). More

specifically, the objective of this chapter is to derive the character analogues of

Cohen’s identity (1.30). These types of identities are very crucial because, with

the help of these identities, we will establish Voronoi-type summation formulas for

75
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them. In Section 4.2, we state our main results on Cohen-type identities for twisted

divisor sums. Furthermore, in Section 4.3, we give proofs of our main results.

4.2 Main Results

This chapter deals with z = −ν with ν /∈ Z such that ℜ(ν) ≥ 0. We will assume

that x is a strictly positive real number and 0 < θ, ψ < 1. Let us define

Hα,β = {(n− α)(r − β), n, r ∈ N}, (4.2)

where 0 ≤ α, β < 1.

4.2.1 Identities involving even characters and specializations

In this subsection, we present the identities associated with σ−ν,χ̄(n) and σ̄−ν,χ̄(n)

when χ is a non-principal even primitive character.

Theorem 4.2.1. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ be a non-principal, even

primitive character modulo q. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πxν/2
∞∑
n=1

σ−ν,χ̄(n)n
ν/2Kν(4π

√
nx) = −Γ(ν)L(ν, χ̄)

(2π)ν−1
+

2Γ(1 + ν)L(1 + ν, χ̄)

(2π)ν+1
x−1

+
2q1−ν

τ(χ) sin
(
πν
2

) { N∑
j=1

ζ(2j) L(2j − ν, χ)(qx)2j−1

+(qx)2N+1

∞∑
n=1

σ̄−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − (qx)2

)}
, (4.3)

provided qx /∈ Z+.

With the aid of Proposition 1.4.1 and Theorem 4.2.1, one can prove our next

result. Conversely, our next result will imply Theorem 4.2.1 independently.

Theorem 4.2.2. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such that
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N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πxν/2
∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν cos (2πdθ) = − π

cos
(
πν
2

)ζ(ν + 1)xν

− π

2 cos
(
πν
2

) (ζ(1− ν, θ) + ζ(1− ν, 1− θ))− 1

2x sin
(
πν
2

) (ζ(−ν, θ) + ζ(−ν, 1− θ))

+
1

sin
(
πν
2

) N∑
j=1

ζ(2j) (ζ(2j − ν, θ) + ζ(2j − ν, 1− θ))x2j−1

+
1

sin
(
πν
2

)x2N+1

∞∑
d=1

d−ν
∞∑
m=0

{
(d(m+ θ))ν−2N − xν−2N

(d2(m+ θ)2 − x2)

+
(d(m+ 1− θ))ν−2N − xν−2N

(d2(m+ 1− θ)2 − x2)

}
, (4.4)

provided x /∈ Hθ,0.

Theorem 4.2.3. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ be a non-principal even

primitive character modulo q. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πxν/2
∞∑
n=1

σ̄−ν,χ̄(n)n
ν/2Kν(4π

√
nx) =

q

τ(χ)

{
L(ν, χ)

sin
(
πν
2

)(qx)ν−1 − πL(1 + ν, χ)

cos
(
πν
2

) (qx)ν

+
2

sin
(
πν
2

) N∑
j=1

ζ(2j − ν)L(2j, χ)(qx)2j−1

+
2

sin
(
πν
2

)(qx)2N+1

∞∑
n=1

σ−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − (qx)2

)}
,

provided qx /∈ Z+.

Analogous to Theorem 4.2.1, the equivalent version of Theorem 4.2.3 is the

following result.

Theorem 4.2.4. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such that

N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πxν/2
∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν cos

(
2πnθ

d

)
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= −Γ(ν)ζ(ν)

(2π)ν−1
+

xν−1

2 sin
(
πν
2

) {ζ(ν, θ) + ζ(ν, 1− θ)}

− π xν

2 cos
(
πν
2

) {ζ(1 + ν, θ) + ζ(1 + ν, 1− θ)}

+
1

sin
(
πν
2

) N∑
j=1

ζ(2j − ν)x2j−1 {ζ(2j, θ) + ζ(2j, 1− θ)}

+
x2N+1

sin
(
πν
2

) ∞∑
r=1

∞∑
m=0

{
(m+ θ)−ν

(r(m+ θ))ν−2N − xν−2N

r2(m+ θ)2 − x2

+(m+ 1− θ)−ν
(r(m+ 1− θ))ν−2N − xν−2N

r2(m+ 1− θ)2 − x2

}
,

provided x /∈ Hθ,0.

Setting ν = 1/2 in Theorem 4.2.1 and Theorem 4.2.3, we obtain the following

Corollary 4.2.1. We have

2π
∞∑
n=1

σ− 1
2
,χ̄(n)e

−4π
√
nx = −πL(1/2, χ̄) + 1

4π
L(3/2, χ̄)x−1

+
2q3/2

τ(χ)
x

∞∑
n=1

σ̄− 1
2
,χ(n)

1

(n+ qx)(
√
n+

√
qx)

.

Corollary 4.2.2. We have

2π
∞∑
n=1

σ̄− 1
2
,χ̄(n)e

−4π
√
nx =

q1/2

τ(χ)
L(1/2, χ)x−

1
2 − πq3/2

τ(χ)
L(3/2, χ)x

1
2

+
2q2

τ(χ)
x

∞∑
n=1

σ− 1
2
,χ(n)

(n+ qx)(
√
n+

√
qx)

.

4.2.2 Identities involving odd characters and specializations

In this subsection, we state the identities associated with σ−ν,χ̄(n) and σ̄−ν,χ̄(n)

when χ is an odd primitive character.

Theorem 4.2.5. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ be an odd primitive character



4.2 Main Results 79

modulo q. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πxν/2
∞∑
n=1

σ−ν,χ̄(n)n
ν/2Kν(4π

√
nx) = −Γ(ν)L(ν, χ̄)

(2π)ν−1
+

2Γ(1 + ν)L(1 + ν, χ̄)

(2π)ν+1
x−1

+
2iq1−ν

τ(χ) cos
(
πν
2

) {ζ(ν + 1)L(1, χ)(qx)ν −
N∑
j=1

ζ(2j) L(2j − ν, χ)(qx)2j−1

−(qx)2N+1

∞∑
n=1

σ̄−ν,χ(n)

n

(
nν+1−2N − (qx)ν+1−2N

n2 − (qx)2

)}
, (4.5)

provided qx /∈ Z+.

The equivalent version of Theorem 4.2.5 is the following result.

Theorem 4.2.6. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such that

N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πxν/2
∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν sin (2πdθ)

=
1

cos
(
πν
2

)ζ(ν + 1) (ζ(1, θ)− ζ(1, 1− θ))xν

− π

2 sin
(
πν
2

) (ζ(1− ν, θ)− ζ(1− ν, 1− θ)) +
1

2x cos
(
πν
2

) (ζ(−ν, θ)− ζ(−ν, 1− θ))

− 1

cos
(
πν
2

) N∑
j=1

ζ(2j) (ζ(2j − ν, θ)− ζ(2j − ν, 1− θ))x2j−1

− 1

cos
(
πν
2

)x2N+1

∞∑
d=1

d−ν−1

∞∑
m=0

{
(d(m+ θ))ν+1−2N − xν+1−2N

(m+ θ) (d2(m+ θ)2 − x2)

− (d(m+ 1− θ))ν+1−2N − xν+1−2N

(m+ 1− θ) (d2(m+ 1− θ)2 − x2)

}
,

provided x /∈ Hθ,0.

Theorem 4.2.7. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ be an odd primitive character

modulo q. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πxν/2
∞∑
n=1

σ̄−ν,χ̄(n)n
ν/2Kν(4π

√
nx) =

2Γ(ν)ζ(ν)L(0, χ̄)

(2π)ν−1
+

iq

τ(χ)

{
L(ν, χ)

cos
(
πν
2

)(qx)ν−1
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+
πL(1 + ν, χ)

sin
(
πν
2

) (qx)ν +
2

cos
(
πν
2

) N−1∑
j=1

ζ(2j + 1− ν)L(2j + 1, χ)(qx)2j

+
2

cos
(
πν
2

)(qx)2N ∞∑
n=1

σ−ν,χ(n)

(
nν+1−2N − (qx)ν+1−2N

n2 − (qx)2

)}
, (4.6)

provided qx /∈ Z+.

Analogous to Theorem 4.2.5, the equivalent version of Theorem 4.2.7 is the

following result.

Theorem 4.2.8. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such that

N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πxν/2
∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν sin

(
2πnθ

d

)
=

2

(2π)ν
Γ(ν)ζ(ν) (ζ(1, θ)− ζ(1, 1− θ))

+
π

2 sin
(
πν
2

)xν (ζ(1 + ν, θ)− ζ(1 + ν, 1− θ)) +
xν−1

2 cos
(
πν
2

) (ζ(ν, θ)− ζ(ν, 1− θ))

+
1

cos
(
πν
2

) N−1∑
j=1

ζ(2j + 1− ν) (ζ(2j + 1, θ)− ζ(2j + 1, 1− θ))x2j

+
x2N

cos
(
πν
2

) ∞∑
r=1

∞∑
m=0

{
(m+ θ)−ν

(r(m+ θ))ν+1−2N − xν+1−2N

r2(m+ θ)2 − x2

−(m+ 1− θ)−ν
(r(m+ 1− θ))ν+1−2N − xν+1−2N

r2(m+ 1− θ)2 − x2

}
,

provided x /∈ Hθ,0.

Setting ν = 1/2 in Theorem 4.2.5 and Theorem 4.2.7, we obtain the following

Corollary 4.2.3. We have

2π
∞∑
n=1

σ− 1
2
,χ̄(n)e

−4π
√
nx =− πL(1/2, χ̄) +

1

4π
L(3/2, χ̄)x−1 +

2iq

τ(χ)
ζ(3/2)L(1, χ)x1/2

− 2iq3/2

τ(χ)
x

∞∑
n=1

σ̄− 1
2
,χ(n)

(n+
√
nqx+ qx)

n(n+ qx)(n
1
2 + (qx)

1
2 )
.
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Corollary 4.2.4. We have

2π
∞∑
n=1

σ̄− 1
2
,χ̄(n)e

−4π
√
nx =2πζ(1/2)L(0, χ̄) +

iq1/2

τ(χ)
L(1/2, χ)x−

1
2 +

πiq3/2

τ(χ)
L(3/2, χ)x

1
2

+
2iq

τ(χ)

∞∑
n=1

σ− 1
2
,χ(n)

(n+
√
nqx+ qx)

(n+ qx)(
√
n+

√
qx)

.

4.2.3 Identities involving two characters and specializations

In this subsection, we state the identities corresponding to

σ−ν,χ1,χ2(n) =
∑
d/n

d−νχ1(d)χ2(n/d),

where χ1 and χ2 are the Dirichlet characters modulo p and q, respectively.

Theorem 4.2.9. Let ν /∈ Z such that ℜ(ν) ≥ 0. Both χ1 and χ2 are non-principal

even primitive characters modulo p and q, respectively. If N is any integer such that

N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πx
ν
2

∞∑
n=1

σ−ν,χ̄1,χ̄2(n)n
ν/2Kν(4π

√
nx)

=
2p1−νq

τ(χ1)τ(χ2) sin
(
πν
2

) { N∑
j=1

L(2j, χ2) L(2j − ν, χ1)(pqx)
2j−1

+(pqx)2N+1

∞∑
n=1

σ−ν,χ2,χ1(n)

(
nν−2N − (pqx)ν−2N

n2 − (pqx)2

)}
,

provided pqx /∈ Z+.

Theorem 4.2.10. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such

that N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πx
ν
2

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

d−ν cos (2πdθ) cos

(
2πnψ

d

)
= − π xν

2 cos
(
πν
2

) {ζ(1 + ν, ψ) + ζ(1 + ν, 1− ψ)}
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− π

2 cos
(
πν
2

) (ζ(1− ν, θ) + ζ(1− ν, 1− θ))

+
1

2 sin
(
πν
2

) N∑
j=1

x2j−1 {ζ(2j, ψ) + ζ(2j, 1− ψ)} {ζ(2j − ν, θ) + ζ(2j − ν, 1− θ)}

+
1

2 sin
(
πν
2

)x2N+1

∞∑
m,n≥0

{
(n+ ψ)−ν

(
((n+ ψ)(m+ θ))ν−2N − xν−2N

((n+ ψ)(m+ θ))2 − x2

)
+ (n+ 1− ψ)−ν

(
((n+ 1− ψ)(m+ θ))ν−2N − xν−2N

((n+ 1− ψ)(m+ θ))2 − x2

)
+ (n+ ψ)−ν

(
((n+ ψ)(m+ 1− θ))ν−2N − xν−2N

((n+ ψ)(m+ 1− θ))2 − x2

)
+ (n+ 1− ψ)−ν

(
((n+ 1− ψ)(m+ 1− θ))ν−2N − xν−2N

((n+ 1− ψ)(m+ 1− θ))2 − x2

)}
,

provided x /∈ Hθ,ψ.

To prove Theorem 4.2.10, one requires Proposition 1.4.1, Theorem 4.2.2, Theo-

rem 4.2.4 and Theorem 4.2.9. But Theorem 4.2.10 implies Theorem 4.2.9 indepen-

dently.

Theorem 4.2.11. Let ν /∈ Z such that ℜ(ν) ≥ 0. Both χ1 and χ2 are odd primitive

characters modulo p and q, respectively. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋,
then

8πxν/2
∞∑
n=1

σ−ν,χ̄1,χ̄2(n)n
ν/2Kν(4π

√
nx) = Γ(ν)L(ν, χ̄1)L(0, χ̄2)

2

(2π)ν−1

− 2p1−νq

τ(χ1)τ(χ2) sin
(
πν
2

) {−L(ν + 1, χ2)L(1, χ1)(pqx)
ν

+
N−1∑
j=1

L(2j + 1, χ2) L(2j + 1− ν, χ1)(pqx)
2j

+(pqx)2N
∞∑
n=1

σ−ν,χ2,χ1(n)

n

(
nν−2N+2 − (pqx)ν−2N+2

n2 − (pqx)2

)}
,

provided pqx /∈ Z+.

The equivalent version of Theorem 4.2.11 is the following result.
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Theorem 4.2.12. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such

that N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πx
ν
2

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

d−ν sin (2πdθ) sin

(
2πnψ

d

)
=

1

2 sin
(
πν
2

) (ζ(1− ν, θ)− ζ(1− ν, 1− θ)) (ζ(1, ψ)− ζ(1, 1− ψ))

− 1

2 sin
(
πν
2

)xν (ζ(1, θ)− ζ(1, 1− θ)) (ζ(ν + 1, ψ)− ζ(ν + 1, 1− ψ))

+
1

2 sin
(
πν
2

) N−1∑
j=1

x2j (ζ(2j + 1− ν, θ)− ζ(2j + 1− ν, 1− θ))

× (ζ(2j + 1, ψ)− ζ(2j + 1, 1− ψ))

+
1

2 sin
(
πν
2

)x2N ∞∑
m,n≥0

{
(n+ ψ)−ν−1

(m+ θ)

(
((n+ ψ)(m+ θ))ν−2N+2 − xν−2N+2

((n+ ψ)(m+ θ))2 − x2

)
− (n+ 1− ψ)−ν−1

(m+ θ)

(
((n+ 1− ψ)(m+ θ))ν−2N+2 − xν−2N+2

((n+ 1− ψ)(m+ θ))2 − x2

)
− (n+ ψ)−ν−1

(m+ 1− θ)

(
((n+ ψ)(m+ 1− θ))ν−2N+2 − xν−2N+2

((n+ ψ)(m+ 1− θ))2 − x2

)
+

(n+ 1− ψ)−ν−1

(m+ 1− θ)

(
((n+ 1− ψ)(m+ 1− θ))ν−2N+2 − xν−2N+2

((n+ 1− ψ)(m+ 1− θ))2 − x2

)}
,

provided x /∈ Hθ,ψ.

Taking χ1 = χ2 = χ in Theorem 4.2.9 and Theorem 4.2.11, we get the following

Corollary 4.2.5. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ be a non-principal even

primitive character modulo q. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πx
ν
2

∞∑
n=1

σ−ν(n)χ̄(n)n
ν/2Kν(4π

√
nx)

=
2q2−ν

τ 2(χ) sin
(
πν
2

) { N∑
j=1

L(2j, χ) L(2j − ν, χ)(q2x)2j−1

+(q2x)2N+1

∞∑
n=1

σ−ν(n)χ(n)

(
nν−2N − (q2x)ν−2N

n2 − (q2x)2

)}
,
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provided q2x /∈ Z+.

Corollary 4.2.6. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ be an odd primitive character

modulo p. If N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πx
ν
2

∞∑
n=1

σ−ν(n)χ̄(n)n
ν/2Kν(4π

√
nx) = Γ(ν)L(ν, χ̄)L(0, χ̄)

2

(2π)ν−1

− 2p2−ν

τ 2(χ) sin
(
πν
2

) {−L(ν + 1, χ2)L(1, χ1)(p
2x)ν

+
N−1∑
j=1

L(2j + 1, χ) L(2j + 1− ν, χ)(p2x)2j

+(p2x)2N
∞∑
n=1

σ−ν(n)χ(n)

n

(
nν−2N+2 − (p2x)ν−2N+2

n2 − (p2x)2

)}
,

provided p2x /∈ Z+.

Theorem 4.2.13. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ1 be a non-principal even

primitive character modulo p and χ2 be an odd primitive character modulo q. If N

is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πxν/2
∞∑
n=1

σ−ν,χ̄1,χ̄2(n)n
ν/2Kν(4π

√
nx) =

2

(2π)ν−1
Γ(ν)L(ν, χ̄1)L(0, χ̄2)

+
2ip1−νq

τ(χ1)τ(χ2) cos
(
πν
2

) {N−1∑
j=1

L(2j + 1, χ2)L(2j + 1− ν, χ1)(pqx)
2j

+(pqx)2N
∞∑
n=1

σ−ν,χ2,χ1(n)

(
nν−2N+1 − (pqx)ν−2N+1

n2 − (pqx)2

)}
,

provided pqx /∈ Z+.

Theorem 4.2.14. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such

that N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πx
ν
2

∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν cos (2πdθ) sin

(
2πnψ

d

)
=

π

2 sin
(
πν
2

)xν (ζ(1 + ν, ψ)− ζ(1 + ν, 1− ψ))
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+
1

2 cos
(
πν
2

) (ζ(1, ψ)− ζ(1, 1− ψ)) {ζ(1− ν, θ) + ζ(1− ν, 1− θ)}

+
1

2 cos
(
πν
2

) N−1∑
j=1

x2j (ζ(2j + 1, ψ)− ζ(2j + 1, 1− ψ))

× {ζ(2j + 1− ν, θ) + ζ(2j + 1− ν, 1− θ)}

+
1

2 cos
(
πν
2

)x2N ∞∑
m,n≥0

{
(n+ ψ)−ν

(
((n+ ψ)(m+ θ))ν−2N+1 − xν−2N+1

((n+ ψ)(m+ θ))2 − x2

)
−(n+ 1− ψ)−ν

(
((n+ 1− ψ)(m+ θ))ν−2N+1 − xν−2N+1

((n+ 1− ψ)(m+ θ))2 − x2

)
+ (n+ ψ)−ν

(
((n+ ψ)(m+ 1− θ))ν−2N+1 − xν−2N+1

((n+ ψ)(m+ 1− θ))2 − x2

)
− (n+ 1− ψ)−ν

(
((n+ 1− ψ)(m+ 1− θ))ν−2N+1 − xν−2N+1

((n+ 1− ψ)(m+ 1− θ))2 − x2

)}
,

provided x /∈ Hθ,ψ.

Theorem 4.2.15. Let ν /∈ Z such that ℜ(ν) ≥ 0. Let χ1 be an odd primitive

character modulo p and χ2 be a non-principal even primitive character modulo q. If

N is any integer such that N ≥ ⌊ℜ(ν)+1
2

⌋, then

8πxν/2
∞∑
n=1

σ−ν,χ̄1,χ̄2(n)n
ν/2Kν(4π

√
nx)

=
2ip1−νq

τ(χ1)τ(χ2) cos
(
πν
2

) {L(ν + 1, χ2)L(1, χ1)(pqx)
ν

−
N∑
j=1

L(2j, χ2) L(2j − ν, χ1)(pqx)
2j−1

−(pqx)2N+1

∞∑
n=1

σ−ν,χ2,χ1(n)

n

(
nν−2N+1 − (pqx)ν−2N+1

n2 − (pqx)2

)}
,

provided pqx /∈ Z+.

Theorem 4.2.16. Let ν /∈ Z such that ℜ(ν) ≥ 0. Then, for any integer N such
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that N ≥ ⌊ℜ(ν)+1
2

⌋, we have

8πxν/2
∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν sin (2πdθ) cos

(
2πnψ

d

)
= − π

2 sin
(
πν
2

) (ζ(1− ν, θ)− ζ(1− ν, 1− θ))

+
xν

2 cos
(
πν
2

) (ζ(1, θ)− ζ(1, 1− θ)) {ζ(1 + ν, ψ) + ζ(1 + ν, 1− ψ)}

− 1

2 cos
(
πν
2

) N∑
j=1

x2j−1 (ζ(2j − ν, θ)− ζ(2j − ν, 1− θ)) {ζ(2j, ψ) + ζ(2j, 1− ψ)}

− 1

2 cos
(
πν
2

)x2N+1

∞∑
m,n≥0

{
(n+ ψ)−ν−1

(m+ θ)

(
((n+ ψ)(m+ θ))ν−2N+1 − xν−2N+1

((n+ ψ)(m+ θ))2 − x2

)
+
(n+ 1− ψ)−ν−1

(m+ θ)

(
((n+ 1− ψ)(m+ θ))ν−2N+1 − xν−2N+1

((n+ 1− ψ)(m+ θ))2 − x2

)
−(n+ ψ)−ν−1

(m+ 1− θ)

(
((n+ ψ)(m+ 1− θ))ν−2N+1 − xν−2N+1

((n+ ψ)(m+ 1− θ))2 − x2

)
−(n+ 1− ψ)−ν−1

(m+ 1− θ)

(
((n+ 1− ψ)(m+ 1− θ))ν−2N+1 − xν−2N+1

((n+ 1− ψ)(m+ 1− θ))2 − x2

)}
,

provided x /∈ Hθ,ψ.

To prove Theorem 4.2.14, one requires Theorem 4.2.13 and Theorem 4.2.8. On

the other hand, Theorem 4.2.16 is based on Theorem 4.2.15 and Theorem 4.2.6.

Conversely, Theorem 4.2.14 and Theorem 4.2.16 imply Theorem 4.2.13 and Theorem

4.2.15, respectively.

4.3 Proof of Cohen-type identities

This section is devoted to the proof of Cohen-type identities. Throughout this

section, we will deal with z = −ν /∈ Z and ℜ(ν) ≥ 0.

In general set up, if we consider ℜ(ν) ≥ 0 with ν /∈ Z and a = 4π, then (3.9)

becomes

∞∑
n=1

f−ν(n)n
ν/2Kν(4π

√
nx) =

1

2
Xν/2

(
R1−ν +R1 +R0 +R−ν + J

(ν)
−ν (X)

)
, (4.7)
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where R−ν is the residue corresponding to the pole s = −ν. It is easy to see that

the pole at s = −ν appears if ℜ(ν) = 0 and ν /∈ Z. The expression J
(ν)
−ν (X) defined

in (3.10), can be rewritten as

J
(ν)
−ν (X) :=

1

2πi

∫
(−d)

Γ(s+ ν)Γ(s)F−ν(s)X
sds, (4.8)

where F−ν(s) defined in (3.5) is the Dirichlet series associated with the arithmetical

function f−ν(n). We will note that X = 1
4π2x

.

Proof of Theorem 4.2.1 and its equivalence with Theorem 4.2.2. We first

see the proof of Theorem 4.2.1. Then, we shall provide proof of their equivalent

identities.

Proof of Theorem 4.2.1 Letting f−ν(n) = σ−ν,χ̄(n) where χ being a non-

principal even primitive character modulo q in (4.7), we obtain

∞∑
n=1

σ−ν,χ̄(n)n
ν/2Kν(4π

√
nx) =

1

2
Xν/2(R1−ν +R1 +R0 +R−ν + J

(ν)
−ν (X)), (4.9)

where J
(ν)
−ν (X) is given in (4.8) and F−ν(s) = ζ(s)L(s+ν, χ̄). The integrand in (4.8)

will encounter simple poles at s = 1 and s = 0 with residues R1 and R0 given by

R1 = Γ(1 + ν)L(1 + ν, χ̄)X, and R0 = −Γ(ν)L(ν, χ̄)

2
, (4.10)

respectively. It is easy to see that R1−ν = 0. As χ̄ is a non-principal even primitive

character, L(s + ν, χ̄) has a zero at s = −ν. Therefore, we will not be getting any

contribution from the pole of Γ(s+ ν) at s = −ν. Hence R−ν = 0. Now employing

(4.10) together with the facts R1−ν = 0 and R−ν = 0 in (4.9), we obtain

∞∑
n=1

σ−ν,χ̄(n)n
ν/2Kν(4π

√
nx)

=
1

2
Xν/2

(
Γ(1 + ν)L(1 + ν, χ̄)X − Γ(ν)L(ν, χ̄)

2
+ J

(ν)
−ν (X)

)
, (4.11)

where X = 1
4π2x

. Next, we evaluate the following integral J
(ν)
−ν (X). Replacing s by
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1− s and then employing (2.9), (2.14), we obtain

J
(ν)
−ν (X) =

1

2πi

∫
(1+d)

Γ(1− s+ ν)Γ(1− s)ζ(1− s)L(1− s+ ν, χ̄)X1−sds

=

(
2π

q

)ν
π2X

τ(χ)

1

2πi

∫
(1+d)

ζ(s)L(s− ν, χ)

((2π)2q−1X)s sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

(2π)νq−ν

4xτ(χ)

1

2πi

∫
(1+d)

ζ(s)L(s− ν, χ)(qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds. (4.12)

To evaluate the integral in (4.12), we employ the Cauchy residue theorem with the

rectangular contour formed by the lines [1 + d − iT, 1 + d + iT ], [1 + d + iT, 2N +

δ + iT ], [2N + δ + iT, 2N + δ − iT ], [2N + δ − iT, 1 + d− iT ] with N ≥ [ℜ(ν)+1
2

] and

{ℜ(ν) + 1} < δ < 1 and T is a large positive number. One can note that the simple

poles of sin−1(π(s−ν)
2

) at s = ν, ν − 2, · · · will get canceled by the simple zeroes of

L(s− ν, χ). Hence the poles of the integrand function in (4.12) are at 2, 4, · · · , 2N,
and ν+2, · · · , ν+2bN where bN = ⌊2N+δ−ν

2
⌋, and they are simple. Utilising the fact

| sinπ(σ + it)| ≫ eπ|t| for |t| ≥ 1, one can see that the integrals along the horizontal

lines [1+d+ iT, 2N + δ+ iT ] and [2N + δ− iT, 1+d− iT ] vanish as T → ∞. Hence

we get

1

2πi

∫
(1+d)

ζ(s)L(s− ν, χ)(qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
= −

N∑
j=1

H2j −
bN∑
r=1

H2r +
1

2πi

∫
(2N+δ)

ζ(s)L(s− ν, χ)(qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds, (4.13)

where H2j is the residue at s = 2j given by

H2j =− 2ζ(2j)L(2j − ν, χ)(qx)2j

π sin(πν
2
)

,

for j = 1, 2, · · · , N and H2r is the residue at s = ν + 2r given by

H2r = 2ζ(ν + 2r)L(2r, χ)
(qx)ν+2r

π sin(πν
2
)
=

2

π sin(πν
2
)

∞∑
n=1

σν,χ(n)(n
−1qx)ν+2r,
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for r = 1, 2, · · · , bN . In the above expression, we have applied the series represen-

tation of function ζ(ν + 2r)L(2r, χ) for r ≥ 1. Now let us evaluate the integral in

(4.13):

1

2πi

∫
(2N+δ)

ζ(s)L(s− ν, χ)(qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

∞∑
n=1

σν,χ(n)
1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

(∑
n<qx

+
∑
n>qx

)
σν,χ(n)

1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds, (4.14)

noting that qx /∈ Z+. Next, we will first investigate the sum
∑

n>qx. To evaluate

this inner line integral in (4.14), we shall use the Cauchy residue theorem with the

contour consisting of the lines [2N + δ − iT, 2N + δ + iT ], [2N + δ + iT, 2M + 1
2
+

iT ], [2M + 1
2
+ iT, 2M + 1

2
− iT ], [2M + 1

2
− iT, 2N + δ− iT ] where M ∈ N is a large

number and T is a large positive number. The poles of the integrand function in

(4.14) are at 2N + 2, 2N + 4, · · · , 2M and ν + 2bN + 2, ν + 2bN + 4, · · · , ν + 2aM

where aM = ⌊M + 1
4
− ν

2
⌋, and they are simple. Now, taking into account the fact

that both the integrals along the horizontal lines [2M + 1
2
− iT, 2N + δ − iT ] and

[2N + δ + iT, 2M + 1
2
+ iT ] vanish as T → ∞, we obtain

1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

2

π sin
(
πν
2

) ( M∑
r=N+1

(n−1qx)2r −
aM∑

r=bN+1

(n−1qx)ν+2r

)

+
1

2πi

∫
(2M+ 1

2
)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

2

π sin
(
πν
2

) ( M∑
r=N+1

(n−1qx)2r −
aM∑

r=bN+1

(n−1qx)ν+2r

)
+O

(
(n−1qx)2M+ 1

2

)
,

where in the last step to evaluate integral, we have used the fact | sin(σ + it)| =√
sin2 σ + sinh2 t for |t| < 1 and | sinπ(σ + it)| ≫ eπ|t| for |t| ≥ 1. Letting M → ∞,
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the error term in the above expression goes to 0 since n−1qx < 1. Therefore, we get

1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

2

π sin
(
πν
2

) ( ∞∑
r=N+1

(n−1qx)2r −
∞∑

r=bN+1

(n−1qx)ν+2r

)
,

which in turn will give

∑
n>qx

σν,χ(n)
1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
=

2

π sin
(
πν
2

) ∑
n>qx

σν,χ(n)

(
∞∑

r=N+1

(n−1qx)2r −
∞∑

r=bN+1

(n−1qx)ν+2r

)
.

From the above expression, one can deduce

∑
n>qx

σν,χ(n)
1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
− 2

π sin(πν
2
)

∑
n>qx

σν,χ(n)

bN∑
r=1

(n−1qx)ν+2r

=
2

π sin
(
πν
2

) ∑
n>qx

σν,χ(n)

(
∞∑

r=N+1

(n−1qx)2r −
∞∑
r=1

(n−1qx)ν+2r

)

=
2

π sin
(
πν
2

) ∑
n>qx

σν,χ(n)
(qx)2N+2

nν

(
nν−2N − (qx)ν−2N

)
n2 − q2x2

=
2(qx)2N+2

π sin
(
πν
2

) ∑
n>qx

σ̄−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − q2x2

)
. (4.15)

Similarly, by shifting the line of integration to the left,
∑

n≤qx can be evaluated as

∑
n<qx

σν,χ(n)
1

2πi

∫
(2N+δ)

(n−1qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds
− 2

π sin(πν
2
)

∑
n<qx

σν,χ(n)

bN∑
r=1

(n−1qx)ν+2r
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= − 2

π sin
(
πν
2

) ∑
n<qx

σν,χ(n)

(
∞∑

r=−N

(n(qx)−1)2r −
∞∑
r=0

(n(qx)−1)−ν+2r

)

= − 2

π sin
(
πν
2

) ∑
n<qx

σν,χ(n)

((qx
n

)2N (qx)2

(qx)2 − n2
−
(qx
n

)ν (qx)2

(qx)2 − n2

)
=

2(qx)2N+2

π sin
(
πν
2

) ∑
n<qx

σ̄−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − q2x2

)
. (4.16)

Now substituting (4.15) and (4.16) in (4.14),

1

2πi

∫
(2N+δ)

ζ(s)L(s− ν, χ)(qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds = 2

π sin(πν
2
)

∞∑
n=1

σν,χ(n)

bN∑
r=1

(n−1qx)ν+2r

+
2(qx)2N+2

π sin
(
πν
2

) ∞∑
n=1

σ̄−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − q2x2

)
. (4.17)

Inserting (4.17) in (4.13) and then simplifying, we obtain

1

2πi

∫
(1+d)

ζ(s)L(s− ν, χ)(qx)s

sin
(
πs
2

)
sin
(
π(s−ν)

2

)ds = 2

π sin
(
πν
2

) N∑
j=1

ζ(2j) L(2j − ν, χ)(qx)2j

+
2

π sin
(
πν
2

)(qx)2N+2

∞∑
n=1

σ̄−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − q2x2

)
. (4.18)

Combining (4.18) with (4.12), we deduce that

J
(ν)
−ν (X) =

(2π)νq−ν

2πxτ(χ) sin
(
πν
2

) { N∑
j=1

ζ(2j) L(2j − ν, χ)(qx)2j

+(qx)2N+2

∞∑
n=1

σ̄−ν,χ(n)

(
nν−2N − (qx)ν−2N

n2 − q2x2

)}
. (4.19)

Next, by substituting (4.19) in (4.11), one can finish the proof of (4.3).

Next, we demonstrate that Theorem 4.2.1 is equivalent to Theorem 4.2.2.

Theorem 4.2.1 ⇒ Theorem 4.2.2 It is sufficient to prove the identity (4.4) in

Theorem 4.2.2 for θ = h/q, where q is prime and 0 < h < q. Multiply the equation
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(3.54) by 8πx
ν
2 on both sides, then substitute k = −ν and a = 4π, we obtain

8πxν/2
∞∑
n=1

nν/2Kν(4π
√
nx)

∑
d|n

d−ν cos

(
2πdh

q

)

=
q1−ν

ϕ(q)
8π(qx)ν/2

∞∑
m=1

σ−ν(m) mν/2Kν(4π
√
qmx)− 8πxν/2

ϕ(q)

∞∑
n=1

σ−ν(n)n
ν/2Kν(4π

√
nx)

+
8πxν/2

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

σ−ν,χ(n)n
ν/2Kν(4π

√
nx). (4.20)

Now, we first evaluate the first two sums on the right-hand side of (4.20). By using

Proposition 1.4.1, we have

q1−ν

ϕ(q)
8π(qx)ν/2

∞∑
m=1

σ−ν(m) mν/2Kν(4π
√
qmx)− 8πxν/2

ϕ(q)

∞∑
n=1

σ−ν(n)n
ν/2Kν(4π

√
nx)

= −(2π)1−νΓ(ν)ζ(ν)
(q1−ν − 1)

ϕ(q)
+ 2(2π)−1−νΓ(ν + 1)ζ(ν + 1)x−1 (q

−ν − 1)

ϕ(q)

− π

cos(πν
2
)
ζ(ν + 1)xν +

2

sin(πν
2
)

{
∞∑
j=1

ζ(2j)ζ(2j − ν)x2j−1 (q
2j−ν − 1)

ϕ(q)

+
x2N+1

ϕ(q)

∞∑
n=1

σ−ν(n)

(
q2N+2−ν n

ν−2N − (qx)ν−2N

n2 − (qx)2
− nν−2N − xν−2N

n2 − x2

)}

= − π

cos(πν
2
)
ζ(1− ν)

(q1−ν − 1)

ϕ(q)
− 1

sin(πν
2
)
ζ(−ν)x−1 (q

−ν − 1)

ϕ(q)
− π

cos(πν
2
)
ζ(ν + 1)xν

+
2

sin(πν
2
)

{
∞∑
j=1

ζ(2j)ζ(2j − ν)x2j−1 (q
2j−ν − 1)

ϕ(q)

+
x2N+1

ϕ(q)

∞∑
n=1

σ−ν(n)

(
q2N+2−ν n

ν−2N − (qx)ν−2N

n2 − (qx)2
− nν−2N − xν−2N

n2 − x2

)}
, (4.21)

in the last step, we used the functional equation of the zeta function (2.9). Now, we

examine the last sum on the right-hand side of (4.20). By identity (4.3) in Theorem

(4.2.1), we have

8πxν/2

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

σ−ν,χ(n)n
ν/2Kν(4π

√
nx)
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= − π

qν−1 cos(πν
2
)

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)L(1− ν, χ̄)− 1

xqν sin(πν
2
)

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)L(−ν, χ̄)

+
2

sin
(
πν
2

) q1−ν


N∑
j=1

ζ(2j)
1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)L(2j − ν, χ̄)(qx)2j−1

+(qx)2N+1 1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)
∞∑
n=1

σ̄−ν,χ̄(n)
nν−2N − (qx)ν−2N

n2 − (qx)2

 . (4.22)

We consider

∑
χ ̸=χ0
χ even

χ(h)L(s, χ̄) =
∑
χ even

χ(h)L(s, χ̄)− L(s, χ0)

=
ϕ(q)

2qs
{ζ(s, h/q) + ζ(s, 1− h/q)} −

(
1− 1

qs

)
ζ(s). (4.23)

Now, we examine the last expression in (4.22), and we obtain

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)
∞∑
n=1

σ̄−ν,χ̄(n)
nν−2N − (qx)ν−2N

n2 − (qx)2

=
1

ϕ(q)

∞∑
n=1

nν−2N − (qx)ν−2N

n2 − (qx)2

∑
d/n

d−ν
∑
χ ̸=χ0
χeven

χ(h)χ̄
(n
d

)

=
1

ϕ(q)

∞∑
n=1

nν−2N − (qx)ν−2N

n2 − (qx)2

∑
d/n

d−ν

{∑
χeven

χ(h)χ̄
(n
d

)
− χ0

(n
d

)}

=
1

2

∞∑
d=1

d−ν
∞∑
m=1

m≡±h(q)

(dm)ν−2N − (qx)ν−2N

d2m2 − (qx)2

− 1

ϕ(q)

∞∑
n=1

nν−2N − (qx)ν−2N

n2 − (qx)2

(
σ−ν(n)− σ−ν

(
n

q

))
=

1

2

∞∑
d=1

d−ν
∞∑
r=0

{
(d(rq + h))ν−2N − (qx)ν−2N

d2(rq + h)2 − (qx)2

+
(d(rq + q − h))ν−2N − (qx)ν−2N

d2(rq + q − h)2 − (qx)2

}
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− 1

ϕ(q)

∞∑
n=1

σ−ν(n)
nν−2N − (qx)ν−2N

n2 − (qx)2
+

1

ϕ(q)

∞∑
r=1

σ−ν (r)
(qr)ν−2N − (qx)ν−2N

(qr)2 − (qx)2

=
qν−2−2N

2

∞∑
d=1

d−ν
∞∑
r=0

(
(d(r + h/q))ν−2N − xν−2N

d2(r + h/q)2 − x2

+
(d(r + 1− h/q))ν−2N − xν−2N

d2(r + 1− h/q)2 − x2

)
− 1

ϕ(q)

∞∑
n=1

σ−ν(n)

(
nν−2N − (qx)ν−2N

n2 − (qx)2
− qν−2N−2 n

ν−2N − xν−2N

n2 − x2

)
. (4.24)

Employing (4.23), (4.24) in (4.22), we get

8πxν/2

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∞∑
n=1

σ−ν,χ(n)n
ν/2Kν(4π

√
nx)

= − π

2 cos
(
πν
2

) (ζ(1− ν, h/q) + ζ(1− ν, 1− h/q)− 2
(q1−ν − 1)

ϕ(q)
ζ(1− ν)

)
− 1

2x sin
(
πν
2

) (ζ(−ν, h/q) + ζ(−ν, 1− h/q)− 2
(q−ν − 1)

ϕ(q)
ζ(−ν)

)
+

1

sin
(
πν
2

) N∑
j=1

ζ(2j) (ζ(2j − ν, h/q) + ζ(2j − ν, 1− h/q)

−2
(q2j−ν − 1)

ϕ(q)
ζ(2j − ν)

)
x2j−1

+
2

sin
(
πν
2

)x2N+1

{
1

2

∞∑
d=1

d−ν
∞∑
r=0

(
(d(r + h/q))ν−2N − xν−2N

d2(r + h/q)2 − x2

+
(d(r + 1− h/q))ν−2N − xν−2N

d2(r + 1− h/q)2 − x2

)
− 1

ϕ(q)

∞∑
n=1

σ−ν(n)

(
q2+2N−ν n

ν−2N − (qx)ν−2N

n2 − (qx)2
− nν−2N − xν−2N

n2 − x2

)}
. (4.25)

Combining (4.20), (4.21) and(4.25), we get (4.4).

Theorem 4.2.2 ⇒ Theorem 4.2.1 Let θ = h/q, and χ be an even primitive char-

acter modulo q. We first multiply the identity (4.4) in Theorem 4.2.2 by χ̄(h)/τ(χ̄),

and then take summation on h, 0 < h < q. The left-hand side of the identity (4.4)
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becomes

8πxν/2

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

d−ν cos (2πdh/q)

=
8πxν/2

2τ(χ̄)

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

d−ν
q−1∑
h=1

χ̄(h)
(
e2πidh/q + e−2πidh/q

)
=

8πxν/2

2

∞∑
n=1

nν/2Kν(a
√
nx)

∑
d|n

d−ν (χ(d) + χ(−d))

= 8πxν/2
∞∑
n=1

σ−ν,χ(n)n
ν
2Kν(a

√
nx), (4.26)

where in the penultimate step, we have used (2.26). Next, we analyse the right-hand

side expression of the identity (4.4). The first term in the right-hand side of the

identity (4.4) becomes

− 1

τ(χ̄)

q−1∑
h=1

χ̄(h)
πζ(ν + 1)

cos
(
πν
2

) xν = 0. (4.27)

Next, we evaluate the second, third and fourth terms of the right-hand side of

identity (4.4). With the help of (2.3), we have

1

τ(χ̄)

q−1∑
h=1

χ̄(h) {ζ(1− ν, h/q) + ζ(1− ν, 1− h/q)} =
2q1−ν

τ(χ̄)
L(1− ν, χ̄), (4.28)

1

τ(χ̄)

q−1∑
h=1

χ̄(h) {ζ(−ν, h/q) + ζ(−ν, 1− h/q)} =
2q−ν

τ(χ̄)
L(−ν, χ̄), (4.29)

1

τ(χ̄) sin
(
πν
2

) q−1∑
h=1

χ̄(h)
N∑
j=1

ζ(2j) (ζ(2j − ν, h/q) + ζ(2j − ν, 1− h/q))x2j−1

=
2q1−ν

τ(χ̄) sin
(
πν
2

) N∑
j=1

ζ(2j)L(2j − ν, χ̄)(qx)2j−1. (4.30)
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By using (4.27), (4.28), (4.29), and (4.30), the right-hand side of the identity (4.4)

becomes

q1−ν

τ(χ̄)

{
− π

cos
(
πν
2

)L(1− ν, χ̄)− 1

qx sin
(
πν
2

)L(−ν, χ̄)
+

2

sin
(
πν
2

) N∑
j=1

ζ(2j)L(2j − ν, χ̄)(qx)2j−1

+
1

sin
(
πν
2

)(qx)2N+1

q−1∑
h=1

χ̄(h)
∞∑
d=1

d−ν


∞∑

r≡±h(q)

(rd)ν−2N − (qx)ν−2N

r2d2 − (qx)2


 . (4.31)

Next, we evaluate the last term

q−1∑
h=1

χ̄(h)
∞∑
d=1

d−ν


∞∑

r≡±h(q)

(rd)ν−2N − (qx)ν−2N

r2d2 − (qx)2


= 2

∞∑
d=1

d−ν
∞∑
r=1

(rd)ν−2N − (qx)ν−2N

r2d2 − (qx)2
χ̄(r)

= 2
∞∑
n=1

σ̄−ν,χ̄(n)

(
nν−2N − (qx)ν−2N

n2 − (qx)2

)
. (4.32)

Substituting (4.32) in (4.31), we obtain

8πxν/2
∞∑
n=1

σ−ν,χ(n)n
ν
2Kν(a

√
nx)

=
q1−ν

τ(χ̄)

{
− π

cos
(
πν
2

)L(1− ν, χ̄)− 1

qx sin
(
πν
2

)L(−ν, χ̄)
+

2

sin
(
πν
2

) N∑
j=1

ζ(2j)L(2j − ν, χ̄)(qx)2j−1

+
2

sin
(
πν
2

)(qx)2N+1

∞∑
n=1

σ̄−ν,χ̄(n)

(
nν−2N − (qx)ν−2N

n2 − (qx)2

)}
. (4.33)

Employing the functional equation (2.13) in the first two terms in (4.33), then

replacing χ by χ̄, we get (4.3).

Remark. The other proofs of this section will be similar. We skip the proofs to avoid
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repetitions.

In the upcoming chapter, we will establish Voronoi-type summation formulas for

twisted sums of divisor functions by applying analytic continuation to the Cohen-

type identities.
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5
Connection with Voronoi type

summation formula

5.1 Introduction

In 1904, Voronoi investigated two noteworthy formulas related to the error term

in the divisor problem. In addition to providing an explicit formula for the error

term in (1.11), Voronoi devised a general summation formula for the sums involving

the divisor function d(n). The general summation formula for the divisor function

with weight f is as follows:

∑
a≤n≤b

′d(n)f(n) =

∫ b

a

(log(x) + 2γ)f(x)dx

+
∞∑
n=1

d(n)

∫ b

a

f(x) (4K0(4π
√
nx)− 2πY0(4π

√
nx))dx , (5.1)

99
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Using the above results, he improved the error term for the Dirichlet divisor problem

at that time. Therefore, we infer that the Voronoi formula has been used to examine

the error term ∆(x) in the Dirichlet divisor problem.

These days, it is known that there are Voronoi summation formulas for the coef-

ficients of various kinds of L-functions, such as the L-functions related to modular

forms, Maass forms, and, more recently, automorphic forms. The outstanding sur-

vey on Voronoi summation formulas [41] is recommended for the reader. According

to this survey, functional equations for different L-functions may be obtained us-

ing summation formulae, and the summation formulas can be derived using the

properties of the L-functions.

It is important to mention that the Voronoi-type summation formula and Cohen-

type identities are more closely related. In this chapter, we study Voronoi-type sum-

mation formulas for twisted sums of divisor functions defined in (4.1). Equivalently,

we study the character analogues of the Voronoi summation formula as stated in

Proposition 1.4.2. This chapter is organized as follows: we state our main results in

Section 5.2. Furthermore, we derive proofs in Section 5.3.

5.2 Main results

In this section, we offer Voronoi-type summation formulas for σz,χ(n), σ̄z,χ(n)

and σz,χ1,χ2(n) defined in (1.28) and their equivalent version in trigonometric forms.

5.2.1 Identities involving even characters

Theorem 5.2.1. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ is a non-principal

even primitive character modulo q. For 0 < ℜ(ν) < 1
2
, we have

q1−
ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)f(j)

=
q1−

ν
2

τ(χ)
L(1− ν, χ)

∫ β

α

f(t)

tν
dt+ 2π

∞∑
n=1

σ−ν,χ̄(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2
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×
{(

2

π
Kν

(
4π

√
nt

q

)
− Yν

(
4π

√
nt

q

))
cos
(πν

2

)
− Jν

(
4π

√
nt

q

)
sin
(πν

2

)}
dt.

(5.2)

Our next result is proved using Theorem 5.2.1 and Proposition 1.4.2. But the

following identity directly implies Theorem 5.2.1.

Theorem 5.2.2. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
, then

∑
α<j<β

∑
d/j

d−ν cos

(
2πjθ

d

)
f(j)

=
Γ(ν) cos

(
πν
2

)
(2π)ν

{ζ(ν, θ) + ζ(ν, 1− θ)}
∫ β

α

f(t)

tν
dt+ π

∫ β

α

f(t)

t
ν
2

∞∑
r=1

r
ν
2

×
∞∑
m=0


 2

π

Kν

(
4π
√
r (m+ θ) t

)
(m+ θ)

ν
2

−
Yν

(
4π
√
r (m+ θ) t

)
(m+ θ)

ν
2

 cos
(πν

2

)

−
Jν

(
4π
√
r (m+ θ) t

)
(m+ θ)

ν
2

sin
(πν

2

)
+


 2

π

Kν

(
4π
√
r (m+ 1− θ) t

)
(m+ 1− θ)

ν
2

−
Yν

(
4π
√
r (m+ 1− θ) t

)
(m+ 1− θ)

ν
2

 cos
(πν

2

)

−
Jν

(
4π
√
r (m+ 1− θ) t

)
(m+ 1− θ)

ν
2

sin
(πν

2

)
 dt. (5.3)

Theorem 5.2.3. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ is a non-principal

even primitive character modulo q. For 0 < ℜ(ν) < 1
2
, we have

q1+
ν
2

τ(χ)

∑
α<j<β

σ−ν,χ(j)f(j)

=
q1+

ν
2

τ(χ)
L(1 + ν, χ)

∫ β

α

f(t)dt+ 2π
∞∑
n=1

σ̄−ν,χ̄(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2
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×
{(

2

π
Kν

(
4π

√
nt

q

)
− Yν

(
4π

√
nt

q

))
cos
(πν

2

)
− Jν

(
4π

√
nt

q

)
sin
(πν

2

)}
dt.

(5.4)

Analogous to Theorem 5.2.1, the equivalent version of Theorem 5.2.3 is the

following result.

Theorem 5.2.4. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
, then

∑
α<j<β

f(j)
∑
d|j

d−ν cos (2πdθ)

= (2π)νΓ(−ν) cos
(πν

2

)
{ζ(−ν, θ) + ζ(−ν, 1− θ)}

∫ β

α

f(t)dt+ π

∫ β

α

f(t)

t
ν
2

∞∑
d=1

d−
ν
2

×
∞∑
m=0

[
(m+ θ)

ν
2

{(
2

π
Kν

(
4π
√
d (m+ θ) t

)
− Yν

(
4π
√
d (m+ θ) t

))
× cos

(πν
2

)
− Jν

(
4π
√
d (m+ θ) t

)
sin
(πν

2

)}
+(m+ 1− θ)

ν
2

{(
2

π
Kν

(
4π
√
d (m+ 1− θ) t

)
− Yν

(
4π
√
d (m+ 1− θ) t

))
× cos

(πν
2

)
− Jν

(
4π
√
d (m+ 1− θ) t

)
sin
(πν

2

)}]
dt.

(5.5)

5.2.2 Identities involving odd characters

Theorem 5.2.5. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ is an odd primitive

character modulo q. For 0 < ℜ(ν) < 1
2
, we have

q1+
ν
2

τ(χ)

∑
α<j<β

σ−ν,χ(j)f(j)

=
q1+

ν
2

τ(χ)
L(1 + ν, χ)

∫ β

α

f(t)dt+ 2πi
∞∑
n=1

σ̄−ν,χ̄(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2

×
{(

2

π
Kν

(
4π

√
nt

q

)
+ Yν

(
4π

√
nt

q

))
sin
(πν

2

)
− Jν

(
4π

√
nt

q

)
cos
(πν

2

)}
dt.

(5.6)
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We demonstrate that Theorem 5.2.5 is equivalent to the following theorem.

Theorem 5.2.6. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
. Then, we

have

∑
α<j<β

∑
d|j

d−ν sin (2πdθ) f(j)

= −(2π)νΓ(−ν) sin
(πν

2

)
{ζ(−ν, θ)− ζ(−ν, 1− θ)}

∫ β

α

f(t)dt− π

∫ β

α

f(t)

t
ν
2

∞∑
d=1

d−
ν
2

×
∞∑
m=0

[
(m+ θ)

ν
2

{(
2

π
Kν

(
4π
√
d (m+ θ) t

)
+ Yν

(
4π
√
d (m+ θ) t

))
× sin

(πν
2

)
− Jν

(
4π
√
d (m+ θ) t

)
cos
(πν

2

)}
− (m+ 1− θ)

ν
2

{(
2

π
Kν

(
4π
√
d (m+ 1− θ) t

)
+ Yν

(
4π
√
d (m+ 1− θ) t

))
× sin

(πν
2

)
− Jν

(
4π
√
d (m+ 1− θ) t

)
cos
(πν

2

)}]
dt. (5.7)

Theorem 5.2.7. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ is an odd primitive

character modulo q. For 0 < ℜ(ν) < 1
2
, we have

q1−
ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)

j
f(j)

=
q1−

ν
2

τ(χ)
L(1− ν, χ)

∫ β

α

f(t)

tν+1
dt− 2πi

∞∑
n=1

σ−ν,χ̄(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2
−1

×
{(

2

π
Kν

(
4π

√
nt

q

)
− Yν

(
4π

√
nt

q

))
sin
(πν

2

)
+ Jν

(
4π

√
nt

q

)
cos
(πν

2

)}
dt.

Similar to Theorem 5.2.5, one can show that the equivalent version of Theorem

5.2.7 is the following result.

Theorem 5.2.8. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
. Then, we
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have

∑
α<j<β

∑
d|j

d−ν sin

(
2πjθ

d

)
f(j)

j
=

Γ(ν) sin
(
πν
2

)
(2π)ν

{ζ(ν, θ)− ζ(ν, 1− θ)}
∫ β

α

f(t)

tν+1
dt

+ π

∫ β

α

f(t)

t
ν
2
+1

∞∑
r=1

r
ν
2

∞∑
m=0


 2

π

Kν

(
4π
√
r (m+ θ) t

)
(m+ θ)

ν
2

−
Yν

(
4π
√
r (m+ θ) t

)
(m+ θ)

ν
2


× sin

(πν
2

)
+
Jν

(
4π
√
r (m+ θ) t

)
(m+ θ)

ν
2

cos
(πν

2

)
−


 2

π

Kν

(
4π
√
r (m+ 1− θ) t

)
(m+ 1− θ)

ν
2

−
Yν

(
4π
√
r (m+ 1− θ) t

)
(m+ 1− θ)

ν
2

 sin
(πν

2

)

+
Jν

(
4π
√
r (m+ 1− θ) t

)
(m+ 1− θ)

ν
2

cos
(πν

2

)
 dt.

5.2.3 Identities involving two characters

In this subsection, we deduce Voronoi-type summation formula associated with

σ−ν,χ1,χ2(n) =
∑

d/n d
−νχ1(d)χ2(n/d), where χ1 and χ2 are Dirichlet characters mod-

ulo p and q, respectively. Furthermore, we also evaluate the equivalency version in

double trigonometric forms.

Theorem 5.2.9. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ1 and χ2 are odd

primitive characters modulo p and q, respectively. For 0 < ℜ(ν) < 1
2
, we have

p1−
ν
2 q1+

ν
2

τ(χ1)τ(χ2)

∑
α<j<β

σ−ν,χ2,χ1(j)f(j)

j
= −2π

∞∑
n=1

σ−ν,χ̄1,χ̄2(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2
−1

×
{(

2

π
Kν

(
4π

√
nt

pq

)
+ Yν

(
4π

√
nt

pq

))
cos
(πν

2

)
+ Jν

(
4π

√
nt

pq

)
sin
(πν

2

)}
dt.

We remark that Theorem 5.2.9 is equivalent to the following result.

Theorem 5.2.10. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic
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inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
, then

∑
α<j<β

∑
d/j

d−ν sin (2πdθ) sin

(
2πjψ

d

)
f(j)

j

=
π

2

∫ β

α

f(t)

t
ν
2
+1

∞∑
m,n≥0

[(
m+ θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ θ)t)

+Yν(4π
√

(n+ ψ)(m+ θ)t)
)
cos
(πν

2

)
+Jν(4π

√
(n+ ψ)(m+ θ)t) sin

(πν
2

)}
−
(

m+ θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ θ)t)

+Yν(4π
√

(n+ 1− ψ)(m+ θ)t)
)
cos
(πν

2

)
+Jν(4π

√
(n+ 1− ψ)(m+ θ)t) sin

(πν
2

)}
−
(
m+ 1− θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ 1− θ)t)

+Yν(4π
√

(n+ ψ)(m+ 1− θ)t)
)
cos
(πν

2

)
+Jν(4π

√
(n+ ψ)(m+ 1− θ)t) sin

(πν
2

)}
+

(
m+ 1− θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ 1− θ)t)

+Yν(4π
√

(n+ 1− ψ)(m+ 1− θ)t)
)
cos
(πν

2

)
+Jν(4π

√
(n+ 1− ψ)(m+ 1− θ)t) sin

(πν
2

)}]
dt.

Theorem 5.2.11. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ1 and χ2 are non-

principal even primitive characters modulo p and q, respectively. For 0 < ℜ(ν) < 1
2
,

we have

p1−
ν
2 q1+

ν
2

τ(χ1)τ(χ2)

∑
α<j<β

σ−ν,χ2,χ1(j)f(j) = 2π
∞∑
n=1

σ−ν,χ̄1,χ̄2(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2

×
{(

2

π
Kν

(
4π

√
nt

pq

)
− Yν

(
4π

√
nt

pq

))
cos
(πν

2

)
− Jν

(
4π

√
nt

pq

)
sin
(πν

2

)}
dt.
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For deriving our next result, one requires Proposition 1.4.2, Theorem 5.2.4, The-

orem 5.2.2 and Theorem 5.2.11. But our next result implies Theorem 5.2.11 inde-

pendently.

Theorem 5.2.12. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
, then

∑
α<j<β

∑
d/j

d−ν cos (2πdθ) cos

(
2πjψ

d

)
f(j)

=
π

2

∫ β

α

f(t)

t
ν
2

∞∑
m,n≥0

[(
m+ θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ θ)t)

−Yν(4π
√
(n+ ψ)(m+ θ)t)

)
cos
(πν

2

)
−Jν(4π

√
(n+ ψ)(m+ θ)t) sin

(πν
2

)}
+

(
m+ θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ θ)t)

−Yν(4π
√

(n+ 1− ψ)(m+ θ)t)
)
cos
(πν

2

)
−Jν(4π

√
(n+ 1− ψ)(m+ θ)t) sin

(πν
2

)}
+

(
m+ 1− θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ 1− θ)t)

−Yν(4π
√

(n+ ψ)(m+ 1− θ)t)
)
cos
(πν

2

)
−Jν(4π

√
(n+ ψ)(m+ 1− θ)t) sin

(πν
2

)}
+

(
m+ 1− θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ 1− θ)t)

−Yν(4π
√

(n+ 1− ψ)(m+ 1− θ)t)
)
cos
(πν

2

)
−Jν(4π

√
(n+ 1− ψ)(m+ 1− θ)t) sin

(πν
2

)}]
dt. (5.8)

Substituting χ1 = χ2 = χ in Theorem 5.2.9 and Theorem 5.2.11, we get the

following results.

Corollary 5.2.1. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ is an odd primitive
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character modulo q. For 0 < ℜ(ν) < 1
2
, we have

q2

τ 2(χ)

∑
α<j<β

σ−ν(j)χ(j)f(j)

j
= −2π

∞∑
n=1

σ−ν(n)χ̄(j) n
ν/2

∫ β

α

f(t)(t)−
ν
2
−1

×
{(

2

π
Kν

(
4π

√
nt

q2

)
+ Yν

(
4π

√
nt

q2

))
cos
(πν

2

)
+ Jν

(
4π

√
nt

q2

)
sin
(πν

2

)}
dt.

Corollary 5.2.2. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ is a non-principal

even primitive character modulo q. For 0 < ℜ(ν) < 1
2
, we have

q2

τ 2(χ)

∑
α<j<β

σ−ν(j)χ(j)f(j) = 2π
∞∑
n=1

σ−ν(n)χ̄(j) n
ν/2

∫ β

α

f(t)(t)−
ν
2

×
{(

2

π
Kν

(
4π

√
nt

q2

)
− Yν

(
4π

√
nt

q2

))
cos
(πν

2

)
− Jν

(
4π

√
nt

q2

)
sin
(πν

2

)}
dt.

Theorem 5.2.13. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ1 is an odd primitive

character modulo p and χ2 is a non-principal even primitive character modulo q. For

0 < ℜ(ν) < 1
2
, we have

p1−
ν
2 q1+

ν
2

τ(χ1)τ(χ2)

∑
α<j<β

σ−ν,χ2,χ1(j)f(j)

j
= −2πi

∞∑
n=1

σ−ν,χ̄1,χ̄2(n) n
ν/2

∫ β

α

f(t)t−
ν
2
−1

×
{(

2

π
Kν

(
4π

√
nt

pq

)
− Yν

(
4π

√
nt

pq

))
sin
(πν

2

)
+ Jν

(
4π

√
nt

pq

)
cos
(πν

2

)}
dt.

One requires Theorem 5.2.8 and Theorem 5.2.13 to prove our next result. Con-

versely, our next result directly implies Theorem 5.2.13.

Theorem 5.2.14. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
, then

∑
α<j<β

∑
d/j

d−ν cos (2πdθ) sin

(
2πjψ

d

)
f(j)

j

=
π

2

∫ β

α

f(t)

t
ν
2
+1

∞∑
m,n≥0

[(
m+ θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ θ)t)
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−Yν(4π
√
(n+ ψ)(m+ θ)t)

)
sin
(πν

2

)
+Jν(4π

√
(n+ ψ)(m+ θ)t) cos

(πν
2

)}
−
(

m+ θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ θ)t)

−Yν(4π
√
(n+ 1− ψ)(m+ θ)t)

)
sin
(πν

2

)
+Jν(4π

√
(n+ 1− ψ)(m+ θ)t) cos

(πν
2

)}
+

(
m+ 1− θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ 1− θ)t)

−Yν(4π
√
(n+ ψ)(m+ 1− θ)t)

)
sin
(πν

2

)
+Jν(4π

√
(n+ ψ)(m+ 1− θ)t) cos

(πν
2

)}
−
(
m+ 1− θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ 1− θ)t)

−Yν(4π
√
(n+ 1− ψ)(m+ 1− θ)t)

)
sin
(πν

2

)
−Jν(4π

√
(n+ 1− ψ)(m+ 1− θ)t) cos

(πν
2

)}]
dt.

Theorem 5.2.15. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic

inside a closed contour strictly containing [α, β]. Assume that χ1 is a non-principal

even primitive character modulo p and χ2 is an odd primitive character modulo q.

For 0 < ℜ(ν) < 1
2
, we have

p1−
ν
2 q1+

ν
2

τ(χ1)τ(χ2)

∑
α<j<β

σ−ν,χ2,χ1(j)f(j) = 2πi
∞∑
n=1

σ−ν,χ̄1,χ̄2(n) n
ν/2

∫ β

α

f(t)(t)−
ν
2

×
{(

2

π
Kν

(
4π

√
nt

pq

)
+ Yν

(
4π

√
nt

pq

))
sin
(πν

2

)
− Jν

(
4π

√
nt

pq

)
cos
(πν

2

)}
dt.

The following result is based on Theorem 5.2.6 and Theorem 5.2.15. Conversely,

our next result directly implies Theorem 5.2.15.

Theorem 5.2.16. Let 0 < α < β and α, β /∈ Z. Let f denote a function analytic
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inside a closed contour strictly containing [α, β]. Assume 0 < ℜ(ν) < 1
2
, then

∑
α<j<β

∑
d/j

d−ν sin (2πdθ) cos

(
2πjψ

d

)
f(j)

= −π
2

∫ β

α

f(t)

t
ν
2

∞∑
m,n≥0

[(
m+ θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ θ)t)

+Yν(4π
√

(n+ ψ)(m+ θ)t)
)
sin
(πν

2

)
−Jν(4π

√
(n+ ψ)(m+ θ)t) cos

(πν
2

)}
+

(
m+ θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ θ)t)

+Yν(4π
√
(n+ 1− ψ)(m+ θ)t)

)
sin
(πν

2

)
−Jν(4π

√
(n+ 1− ψ)(m+ θ)t) cos

(πν
2

)}
−
(
m+ 1− θ

n+ ψ

)ν/2{(
2

π
Kν(4π

√
(n+ ψ)(m+ 1− θ)t)

+Yν(4π
√
(n+ ψ)(m+ 1− θ)t)

)
sin
(πν

2

)
−Jν(4π

√
(n+ ψ)(m+ 1− θ)t) cos

(πν
2

)}
−
(
m+ 1− θ

n+ 1− ψ

)ν/2{(
2

π
Kν(4π

√
(n+ 1− ψ)(m+ 1− θ)t)

+Yν(4π
√
(n+ 1− ψ)(m+ 1− θ)t)

)
sin
(πν

2

)
−Jν(4π

√
(n+ 1− ψ)(m+ 1− θ)t) cos

(πν
2

)}]
dt.

5.3 Proof of Voronoi summation formulas

This section is devoted to the proof of Voronoi-type summation formulas.

Proof of Theorem 5.2.1 and its equivalence with Theorem 5.2.2. To derive

Theorem 5.2.1, we will adapt the method introduced by B. C. Berndt, A. Dixit, A.

Roy, and A. Zaharescu in [7]. We have previously seen the proof of Theorem 4.2.1 in

Section 4.3. Here, I would like to demonstrate the proof of Theorem 5.2.1 utilising
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Theorem 4.2.1.

Proof of Theorem 5.2.1 One can see that identity (4.3) in Theorem 4.2.1 is valid

not only for x > 0 but also for −π < arg x < π by analytic continuation. If we set

N = 1 in (4.3), then the condition ⌊ℜ(ν)+1
2

⌋ ≤ 1 will imply that 0 ≤ ℜ(ν) < 3. We

consider 0 < ℜ(ν) < 1
2
. Replace x by iz/q in (4.3) for −π < arg z < π

2
and then by

−iz/q for −π
2
< arg z < π. Now the common region of the resultant identities is

−π
2
< arg z < π

2
. So we add the resulting two identities and simplify, in the region

−π
2
< arg z < π

2
, to obtain

Λ(z, ν) = Ψ1(z, ν), (5.9)

where

Λ(z, ν) = 2z−
ν
2

∞∑
n=1

σ−ν,χ̄(n) n
ν/2

{
e

iπν
4 Kν

(
4πe

iπ
4

√
nz

q

)
+e

−iπν
4 Kν

(
4πe

−iπ
4

√
nz

q

)}
, (5.10)

and

Ψ1(z, ν) = −q
ν
2Γ(ν)L(ν, χ̄)

(2π)ν
z−ν +

q1−
ν
2

πτ(χ)

∞∑
n=1

σ̄−ν,χ(n)

n2 + z2
z. (5.11)

Note that Ψ1(z, ν) is an analytic function of z in C except on negative real axis and

at z = in where n ∈ Z. Hence, Ψ1(iz, ν) is analytic in C except on the positive

imaginary axis and at z ∈ Z. Similarly, Ψ1(−iz, ν) is analytic in C except on the

negative imaginary axis and at z ∈ Z. We deduce Ψ1(iz, ν) +Ψ1(−iz, ν) is analytic
in both the left and right half plane, except possibly when z is an integer. Since

lim
z→∓n

(z ± n)Ψ1(iz, ν) =
q1−

ν
2

2πiτ(χ)
σ̄−ν,χ(n),

lim
z→∓n

(z ± n)Ψ1(−iz, ν) = − q1−
ν
2

2πiτ(χ)
σ̄−ν,χ(n),



5.3 Proof of Voronoi summation formulas 111

so we have

lim
z→∓n

(z ± n) (Ψ1(iz, ν) + Ψ1(−iz, ν)) = 0.

Hence, Ψ1(iz, ν) +Ψ1(−iz, ν) is analytic in the entire right half plane. From (5.11),

we observe that for z lying inside an interval (a, b) on the positive real line not

containing an integer, we have

Ψ1(iz, ν) + Ψ1(−iz, ν) = −2q
ν
2Γ(ν)L(ν, χ̄)

(2π)ν
cos
(πν

2

) 1

zν
. (5.12)

Since both sides are analytic in the right half-complex plane as a function of z, by

analytic continuation, the identity (5.12) holds for any z in the right half-plane.

Next employing functional equation for L-function (2.13) in (5.12) and simplifying,

we obtain for −π
2
< arg z < π

2
,

Ψ1(iz, ν) + Ψ1(−iz, ν) = −q
1− ν

2

τ(χ)
L(1− ν, χ)

1

zν
. (5.13)

Next, Let f be an analytic function of z in a closed contour γ′ intersecting the real

axis in α and β where 0 < α < β, m− 1 < α < m, n− 1 < β < n and m,n ∈ Z.
Now γ′ consists of two parts γ1 and γ2 where γ1 is the portion of the contour in the

upper half-plane, and γ2 is the portion corresponding to the lower half-plane. Now

αγ1β and αγ2β denote the paths from α to β in the upper and lower half planes,

respectively. By the Cauchy residue theorem, we have∫
αγ2βγ1α

f(z)Ψ1(iz, ν)dz =
q1−

ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)f(j),

where q1−
ν
2

2πiτ(χ)
σ̄−ν,χ(j)f(j) is the residue of f(z)Ψ1(iz, ν) at each integer j where

α < j < β. Hence, the above expression can be rewritten as

q1−
ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)f(j) =

∫
αγ2β

f(z)Ψ1(iz, ν)dz −
∫
αγ1β

f(z)Ψ1(iz, ν)dz

=

∫
αγ2β

f(z)Ψ1(iz, ν)dz
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+

∫
αγ1β

f(z)

{
Ψ1(−iz, ν) +

q1−
ν
2

τ(χ)
L(1− ν, χ)

1

zν

}
dz, (5.14)

where in the last step, we used (5.13). Again, we make use of the Cauchy residue

theorem and obtain

q1−
ν
2

τ(χ)
L(1− ν, χ)

∫
αγ1β

f(z)

zν
dz =

q1−
ν
2

τ(χ)
L(1− ν, χ)

∫ β

α

f(t)

tν
dt. (5.15)

From (5.9), Λ(z, ν) = Ψ1(z, ν) for −π
2
< arg z < π

2
. So it is easy to see that

Λ(iz, ν) = Ψ1(iz, ν) holds for −π < arg z < 0, and Λ(−iz, ν) = Ψ1(−iz, ν) holds for
0 < arg z < π. Thus

∫
αγ2β

f(z)Ψ1(iz, ν)dz =
∫
αγ2β

f(z)Λ(iz, ν)dz,∫
αγ1β

f(z)Ψ1(−iz, ν)dz =
∫
αγ1β

f(z)Λ(−iz, ν)dz.
(5.16)

Here we notice that the series Λ(iz, ν) in (5.10) is uniformly convergent in compact

subintervals of −π < arg z < 0, and series Λ(−iz, ν) is uniformly convergent in

compact subintervals of 0 < arg z < π. Thus, interchanging the order of summation

and integration in (5.16) and inserting them in (5.14) together with (5.15), we get

q1−
ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)f(j) =
q1−

ν
2

τ(χ)
L(1− ν, χ)

∫ β

α

f(t)

tν
dt+ 2

∞∑
n=1

σ−ν,χ̄(n) n
ν/2

×
∫
αγ2β

f(z)(iz)−
ν
2

{
e

iπν
4 Kν

(
4πe

iπ
4

√
inz

q

)
+ e

−iπν
4 Kν

(
4πe

−iπ
4

√
inz

q

)}
dz

+ 2
∞∑
n=1

σ−ν,χ̄(n) n
ν/2

∫
αγ1β

f(z)(−iz)−
ν
2

{
e

iπν
4 Kν

(
4πe

iπ
4

√
−inz
q

)

+e
−iπν

4 Kν

(
4πe

−iπ
4

√
−inz
q

)}
dz.

Simplifying we get

q1−
ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)f(j) =
q1−

ν
2

τ(χ)
L(1− ν, χ)

∫ β

α

f(t)

tν
dt



5.3 Proof of Voronoi summation formulas 113

+2
∞∑
n=1

σ−ν,χ̄(n) n
ν/2

∫
αγ2β

f(z)z−
ν
2

{
Kν

(
4πi

√
nz

q

)
+ e

−iπν
2 Kν

(
4π

√
nz

q

)}
dz

+2
∞∑
n=1

σ−ν,χ̄(n) n
ν/2

∫
αγ1β

f(z)z−
ν
2

{
e

iπν
2 Kν

(
4π

√
nz

q

)
+Kν

(
−4πi

√
nz

q

)}
dz.

Employing the residue theorem again, this time for each of the integrals inside the

two sums, and simplifying, we obtain

q1−
ν
2

τ(χ)

∑
α<j<β

σ̄−ν,χ(j)f(j) =
q1−

ν
2

τ(χ)
L(1− ν, χ)

∫ β

α

f(t)

tν
dt+ 2

∞∑
n=1

σ−ν,χ̄(n) n
ν/2

×
∫ β

α

f(t)t−
ν
2

{
Kν

(
4πi

√
nt

q

)
+Kν

(
−4πi

√
nt

q

)
+2 cos

(πν
2

)
Kν

(
4π

√
nt

q

)}
dt. (5.17)

Hereby [7, p. 848, equation (7.15)], we have

Kν(ix) +Kν(−ix) = −π
(
Jν(x) sin(

πν

2
) + Yν(x) cos(

πν

2
)
)
, (5.18)

where Jν and Yν are the Bessel functions defined in (1.1) and (1.2), respectively.

Now, we replace x by 4π
√
nt/q in (5.18) and substitute in (5.17), we get (5.2).

Next, we demonstrate that Theorem 5.2.1 is equivalent to Theorem 5.2.2.

Theorem 5.2.1 ⇒ Theorem 5.2.2 It is sufficient to prove the theorem for θ = h/q,

where q is prime and 0 < h < q. Employing (2.25), we consider

∑
α<j<β

∑
d/j

d−ν cos

(
2πjh

dq

)
f(j)

=
∑
α<j<β

j−νf(j)
∑
d/j

dν cos

(
2πdh

q

)

=
∑
α<j<β

j−νf(j)

∑
d|j
q|d

dν +
∑
d|j
q∤d

dν cos

(
2πdh

q

)
=

∑
α
q
<m<β

q

m−νf(qm)
∑
d|m

dν +
∑
α<j<β

j−νf(j)
∑
d|j
q∤d

dν

ϕ(q)

∑
χ even

χ(d)χ(h)τ(χ̄)
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=
∑

α
q
<m<β

q

m−νf(qm)
∑
d|m

dν −
∑
α<j<β

j−νf(j)
∑
d|j
q∤d

dν

ϕ(q)
χ0(d)

+
∑
α<j<β

j−νf(j)
∑
d|j
q∤d

dν

ϕ(q)

∑
χ ̸=χ0
χeven

χ(d)χ(h)τ(χ̄)

=
∑

α
q
<m<β

q

m−νf(qm)
∑
d|m

dν −
∑
α<j<β

j−νf(j)
1

ϕ(q)


∑
d/j

dν −
∑
d|j
q/d

dν


+
∑
α<j<β

j−νf(j)
∑
d|j
q∤d

dν

ϕ(q)

∑
χ ̸=χ0
χeven

χ(d)χ(h)τ(χ̄)

=
q

ϕ(q)

∑
α
q
<m<β

q

m−νf(qm)σν(m)− 1

ϕ(q)

∑
α<j<β

j−νf(j)σν(j)

+
1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∑
α<j<β

j−νf(j)σν,χ(j)

=
q

ϕ(q)

∑
α
q
<m<β

q

σ−ν(m) f(qm)− 1

ϕ(q)

∑
α<j<β

σ−ν(j) f(j)

+
1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∑
α<j<β

σ̄−ν,χ(j)f(j), (5.19)

in the last step, we used σν(m) = mνσ−ν(m) and σ̄−ν,χ(m) = m−νσν,χ(m). Now,

we first evaluate the first two sums on the right-hand side of (5.19). Applying

Proposition 1.4.2 with f(x) = f(qx), then simplifying, we obtain

q

ϕ(q)

∑
α
q
<m<β

q

σ−ν(m)f(qm) =
1

ϕ(q)

∫ β

α

f(t)
{
qνζ(1− ν) t−ν + ζ(ν + 1)

}
dt

+
2πq

ν
2

ϕ(q)

∞∑
n=1

σ−ν(n)n
ν/2

∫ β

α

f(t)(t)−
ν
2

{(
2

π
Kν(4π

√
nt

q
)− Yν(4π

√
nt

q
)

)
cos
(πν

2

)
−Jν(4π

√
nt

q
) sin

(πν
2

)}
dt. (5.20)

By using Proposition 1.4.2, we get the second sum of the right-hand side of (5.19).
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Finally, we evaluate the third sum of the right-hand side of (5.19). Now we multiply

both sides of identity (5.2) in Theorem 5.2.1 by χ(h)τ(χ̄)/ϕ(q), then sum on χ,

where χ is a non-principal even primitive character χ modulo q and obtain

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)
∑
α<j<β

σ̄−ν,χ(j)f(j)

=
1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)L(1− ν, χ)

∫ β

α

f(t)

tν
dt

+
2π

q1−
ν
2ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)τ(χ̄)τ(χ)
∞∑
n=1

σ−ν,χ̄(n)n
ν/2

∫ β

α

f(t)(t)−
ν
2

×
{(

2

π
Kν

(
4π

√
nt

q

)
− Yν

(
4π

√
nt

q

))
cos
(πν

2

)
− Jν

(
4π

√
nt

q

)
sin
(πν

2

)}
dt

=
Γ(ν) cos(πν

2
)

(2π)ν
2qν

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)L(ν, χ̄)

∫ β

α

f(t) t−νdt

+
2πq

ν
2

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)
∞∑
n=1

σ−ν,χ̄(n)n
ν/2

∫ β

α

f(t)(t)−
ν
2

{(
2

π
Kν

(
4π

√
nt

q

)

−Yν
(
4π

√
nt

q

))
cos
(πν

2

)
− Jν

(
4π

√
nt

q

)
sin
(πν

2

)}
dt, (5.21)

where in the last line, we used the functional equation of L-function (2.13). By

utilising (2.9), (2.13), (2.3), (2.21) and (2.23), we arrive at

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)L(ν, χ̄)

=
1

2qν
{ζ(ν, h/q) + ζ(ν, 1− h/q)} − 1

ϕ(q)
(1− q−ν)ζ(ν). (5.22)

Using (5.22) and functional equation of Riemann zeta- function (2.9), we obtain the

first sum in the right-hand side of (5.21) equals

Γ(ν) cos(πν
2
)

(2π)ν
{ζ(ν, h/q) + ζ(ν, 1− h/q)}

∫ β

α

f(t) t−νdt
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− 1

ϕ(q)
(qν − 1)ζ(1− ν)

∫ β

α

f(t) t−νdt (5.23)

Now, we define for y ∈ R,

Wν (y ) =

(
2

π
Kν (y)− Yν (y)

)
cos
(πν

2

)
− Jν (y) sin

(πν
2

)
. (5.24)

Now we consider

1

ϕ(q)

∑
χ ̸=χ0
χeven

χ(h)
∞∑
n=1

σ−ν,χ̄(n)n
ν/2Wν

(
4π

√
nt

q

)

=
1

ϕ(q)

∞∑
n=1

nν/2Wν

(
4π

√
nt

q

)∑
d/n

d−ν
∑
χ ̸=χ0
χeven

χ(h)χ̄(d)

=
1

ϕ(q)

∞∑
n=1

nν/2Wν

(
4π

√
nt

q

)∑
d/n

d−ν

{∑
χeven

χ(h)χ̄(d)− χ0(d)

}

=
1

ϕ(q)

∞∑
m=1

mν/2

∞∑
d=1

d−ν/2Wν

(
4π

√
mdt

q

) ∑
χeven

χ(h)χ̄(d)

− 1

ϕ(q)

∞∑
n=1

nν/2Wν

(
4π

√
nt

q

)(
σ−ν(n)− q−νσ−ν(

n

q
)

)

=
1

2

∞∑
m=1

mν/2

∞∑
d=1

d≡±h(q)

Wν

(
4π
√

mdt
q

)
dν/2

− 1

ϕ(q)

∞∑
n=1

σ−ν(n)n
ν/2Wν

(
4π

√
nt

q

)
+
q−ν

ϕ(q)

∞∑
n=1

σ−ν

(
n

q

)
nν/2Wν

(
4π

√
nt

q

)

=
1

2

∞∑
m=1

mν/2

∞∑
r=0

Wν(4π
√
m(rq + h) t

q
)

(rq + h)ν/2
+
Wν(4π

√
m(rq + q − h) t

q
)

(rq + h)ν/2


− 1

ϕ(q)

∞∑
n=1

σ−ν(n)n
ν/2Wν

(
4π

√
nt

q

)
+
q−ν/2

ϕ(q)

∞∑
r=1

σ−ν(r)r
ν/2Wν(4π

√
rt)
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=
1

2q
ν
2

∞∑
m=1

mν/2

∞∑
r=0

{
Wν(4π

√
m(r + h/q)t)

(r + h/q)ν/2
+
Wν(4π

√
m(r + 1− h/q)t)

(r + 1− h/q)ν/2

}

− 1

ϕ(q)

∞∑
n=1

σ−ν(n)n
ν/2Wν

(
4π

√
nt

q

)
+
q−ν/2

ϕ(q)

∞∑
r=1

σ−ν(r)r
ν/2Wν(4π

√
rt).

(5.25)

Substituting (5.23) and (5.25) in (5.21), we obtain the third sum of the right-hand

side of (5.19), and then combining (5.19) with Proposition 1.4.2 and (5.20), we get

(5.3).

Theorem 5.2.2 ⇒ Theorem 5.2.1 Let θ = h/q, and χ be an even primitive non-

principal character modulo q. Multiplying the identity (5.3) in Theorem 5.2.2 by

χ̄(h)/τ(χ̄), and then summing on h, 0 < h < q, one can show that Theorem 5.2.2

implies Theorem 5.2.1.

Now, we see the proof of identities involving odd characters.

Proof of Theorem 5.2.5 and its equivalence with Theorem 5.2.6. The

proof of Theorem 5.2.5 is similar to the proof of Theorem 5.2.1. Thus, we omit

details. However, we establish the equivalence of Theorem 5.2.5 and 5.2.6.

Theorem 5.2.5 ⇒ Theorem 5.2.6 It is sufficient to prove the theorem for θ =

h/q, where q is prime and 0 < h < q. Now we multiply both sides of identity (5.6)

in Theorem 5.2.5 by χ(h)τ(χ̄)/iϕ(q), then take the sum on odd primitive character

χ modulo q. The left-hand side of (5.2.5) becomes

1

iϕ(q)

∑
χ odd

χ(h)τ(χ̄)
∑
α<j<β

σ−ν,χ(j)f(j) =
1

iϕ(q)

∑
α<j<β

∑
d|j

d−ν
∑
χ odd

χ(d)χ(h)τ(χ̄)f(j)

=
∑
α<j<β

∑
d|j

d−ν sin

(
2πdh

q

)
f(j), (5.26)

where we have used the identity (2.24). The right hand side of (5.2.5) becomes

1

iϕ(q)

∑
χ odd

χ(h)τ(χ̄)
∑
α<j<β

σ−ν,χ(j)f(j)
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=
1

iϕ(q)

∑
χ odd

χ(h)τ(χ̄)L(1 + ν, χ)

∫ β

α

f(t)dt

− 2π

ϕ(q)q
ν
2

∑
χ odd

χ(h)
∞∑
n=1

σ̄−ν,χ̄(n) n
ν/2

∫ β

α

f(t)t−
ν
2

{(
2

π
Kν

(
4π

√
nt

q

)

+Yν

(
4π

√
nt

q

))
sin
(πν

2

)
− Jν

(
4π

√
nt

q

)
cos
(πν

2

)}
dt.

(5.27)

Utilising (2.13), (2.3), (2.21) and (2.22), we get

1

iϕ(q)

∑
χ odd

χ(h)τ(χ̄)L(1 + ν, χ)

= −(2π)νΓ(−ν) sin
(πν

2

){
ζ(−ν, h

q
)− ζ(−ν, 1− h

q
)

}
. (5.28)

We define for y ∈ R,

Zν (y ) =

(
2

π
Kν (y) + Yν (y)

)
sin
(πν

2

)
− Jν (y) cos

(πν
2

)
. (5.29)

Next, we consider

1

ϕ(q)

∑
χ odd

χ(h)
∞∑
n=1

σ̄−ν,χ̄(n) n
ν/2Zν

(
4π

√
nt

q

)

=
1

ϕ(q)

∞∑
n=1

nν/2Zν

(
4π

√
nt

q

)∑
d|n

d−ν
∑
χ odd

χ(h)χ̄
(n
d

)

=
1

2

∞∑
d=1

d−ν


∞∑
r=1

r≡h(q)

(dr)ν/2Zν

(
4π

√
drt

q

)
−

∞∑
r=1

r≡−h(q)

(dr)ν/2Zν

(
4π

√
drt

q

)
=
q

ν
2

2

∞∑
d=1

d−
ν
2

∞∑
m=0

{(
m+

h

q

) ν
2

Zν

(
4π

√
d

(
m+

h

q

)
t

)

−
(
m+ 1− h

q

) ν
2

Zν

(
4π

√
d

(
m+ 1− h

q

)
t

)}
. (5.30)

Employing (5.28), (5.29) (5.30), we deduce the expression for (5.27). Now, equating
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the resulting expression with (5.26), we get (5.7).

Theorem 5.2.6 ⇒ Theorem 5.2.5 Let θ = h/q, and let χ be an odd primitive

character modulo q. Multiplying the identity (5.7) in Theorem 5.2.6 by χ̄(h)/τ(χ̄),

and then summing on h, 0 < h < q, the left-hand side of the identity (5.7) becomes

1

τ(χ̄)

q−1∑
h=1

χ̄(h)
∑
α<j<β

f(j)
∑
d|j

d−ν sin (2πdh/q)

=
1

2iτ(χ̄)

∑
α<j<β

f(j)
∑
d|j

d−ν
q−1∑
h=1

χ̄(h)
(
e2πidh/q − e−2πidh/q

)
=

1

2i

∑
α<j<β

f(j)
∑
d|j

d−ν (χ(d)− χ(−d))

= i−1
∑
α<j<β

σ−ν,χ(j)f(j), (5.31)

where in the penultimate step, we used (2.26). Employing (2.3) and (2.21), we can

observe that

1

τ(χ̄)

q−1∑
h=1

χ̄(h) (ζ(−ν, h/q)− ζ(−ν, 1− h/q)) = −2q−ν−1τ(χ)L(−ν, χ̄). (5.32)

Next, we consider

1

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
d=1

d−ν/2
∞∑
m=0

{
(m+ h/q)

ν
2 Zν

(
4π
√
d (m+ h/q) t

)
− (m+ 1− h/q)

ν
2 Zν

(
4π
√
d (m+ 1− h/q) t

)}
=
q−ν/2

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
d=1

d−ν/2
∞∑
r=1

r≡h(q)

rν/2Zν

(
4π

√
drt

q

)

− q−ν/2

τ(χ̄)

q−1∑
h=1

χ̄(h)
∞∑
d=1

d−ν/2
∞∑
r=1

r≡−h(q)

rν/2Zν

(
4π

√
drt

q

)

=
2q−ν/2

τ(χ̄)

∞∑
d=1

∞∑
r=1

d−ν/2rν/2χ̄(r)Zν

(
4π

√
drt

q

)
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= − 2τ(χ)

q1+ν/2

∞∑
n=1

σ̄−ν,χ̄(n)n
ν/2Zν

(
4π

√
nt

q

)
, (5.33)

where Zν is defined in (5.29). Substituting (5.31), (5.33) and utilising (5.32) in (5.7),

one can get (5.6).

Remark. The proofs of other remaining theorems will be similar, so we skip the

proofs to avoid repetitions.



6
Conclusion and future work

It is well known that the Voronoi summation formula has served as the foundation

for most attempts to find an upper bound for ∆(x) in the Dirichlet divisor problem.

In light of this fact, in Chapter 5, we studied the Voronoi type summation formula

for twisted sums of the divisor functions σz,χ(n), σ̄z,χ(n) and σz,χ1,χ2(n). In my future

project, I would like to determine the truncated Voronoi summation formula for the

number-theoretic error term δk,χ(x) defined by

δk,χ(x) :=
∑
n≤x

σk,χ(n)− gk(x), (6.1)

where gk(x) denotes the main term. Next, I am interested in studying the higher

power moments, i.e.,∫ x

1

δjk,χ(t) dt and
∑
n≤x

δk,χ(n)
j, forj ≥ 1

121
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where the error term δk,χ(x) is defined in (6.1).

In [29], J. Furuya examined the connection between the discrete and continuous

moments for the error term in the Dirichlet divisor problem. I would also like to

find the analogous Furuya’s results for the error term in (6.1). Finally, I intend to

study sign change results for the error term δk,χ(x) for real characters.

In 1916, Hardy [31] studied omega results for the divisor function,

∆(x) =

Ω+((x log x)
1
4 log2 x),

Ω−(x
1
4 ).

(6.2)

Here logj denotes the jth iterated logarithm. After Hardy, number theorists tried

to improve these results, but the best result is known due to K. Soundararajan’s

result [49]

∆(x) = Ω
(
(x log x)1/4(log2 x)

(3/4)(24/3−1)(log3 x)
−5/8

)
.

In future, we plan to study omega results for the error term δk,χ(x) in this direction.
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[26] S. Egger né Endres and F. Steiner, “An exact trace formula and zeta functions

for an infinite quantum graph with a non-standard Weyl asymptotics,”

J. Phys. A, vol. 44, no. 18, pp. 185 202, 44, 2011. [Online]. Available:

https://doi.org/10.1088/1751-8113/44/18/185202
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