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Abstract

Summation formulas play a vital role in analytic number theory. Several kinds
of summation formulas exist, like the Poisson summation formula, Abel summation
formula, Euler-Maclaurin formula, etc. In 1904, G. F. Voronoi proved that the
error term in the Dirichlet divisor problem can be expressed in terms of infinite
series involving Bessel functions. Additionally, he offered a broader version of the
above summation formulas involving a test function f, where f(¢) is a function of
bounded variation. Consequently, he deduced a better bound for the error term in

the Dirichlet divisor problem at that time.

Following Voronoi’s astounding discovery, other number theorists like A. L. Dixon,
W. L. Ferrar, J. R. Wilton, Koshliakov, M. Jutila etc looked into the formula and
offered proofs under different conditions on the function f(z). Apart from its con-
nection to different fields of mathematics, Voronoi-type summation formulas also

have some applications in physics, especially in quantum graph theory.

In 2014, B. C. Berndt and A. Zaharescu introduced the twisted divisor sums
associated with the Dirichlet character while studying Ramanujan’s type identity
involving finite trigonometric sums and doubly infinite series of Bessel functions.
Later, S. Kim extended the definition of twisted divisor sums to twisted sums of

divisor functions.

Here, we study identities associated with the aforementioned weighted divisor
functions and the modified K-Bessel function in light of recent results obtained
by D. Banerjee and B. Maji. Moreover, we provide a new expression for L(1, )
from which the positivity of L(1, x) for any real primitive character x is established

which is important is the proof of Prime number theorems in arithmetic progression.



vi ABSTRACT

In addition, we deduce Cohen-type identities and then exhibit the Voronoi-type
summation formulas for them.

Additionally, we discuss an equivalent version of the aforementioned results in
terms of identities involving finite sums of trigonometric functions and the doubly
infinite series. As an application, we provide an identity for rg(n), which is analo-
gous to Hardy’s famous result where r4(n) denotes the number of representations of

natural number n as a sum of six squares.
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Introduction

In this chapter, we present some basic notation in special functions that are
pertinent to my work. The first part of this chapter discusses the basic definitions
and results associated with Bessel functions, while the other part provides some

inspiration and a framework for the thesis’s structure.

1.1 Some Definitions and Terminology

Let J, denote the ordinary Bessel function of the first kind of order v [53, p. 40]

Ju(z) = Z i}l(rfi):_ 17;, z € C, (1.1)

n=0
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and Y, denotes the Bessel function of the second kind of order v [53, p. 64], which

is defined in terms of J,,

v, (2) B STV = TZ) ey (1.2)

sin v
Y,(z) :=limY,(z), n € Z, (1.3)

v—n

and K, denotes the modified K-Bessel function of order v [53, p. 78], which is
defined as the following

ml () = L(2)
2 sin Ty
K,(z):= 313711 K,(z), n € Z. (1.5)

K, (z) =

,2€Cvé¢Z, (1.4)

with I, being the Bessel function of the imaginary argument [53], p. 77] given by

oo lZ v+2n
L(z) =) M%V i Pt C. (1.6)

n=0

Since our main results involve the modified K-Bessel function, it is important to
state some related results. The asymptotic estimate for the K-Bessel function de-
fined in (1.4) is [53] p. 202]

1 —
ES e T

K, () = (%) e 40 ( ~ ) as z — 0o (1.7)

Throughout the thesis, we will consider ®(v) > 0 as K_,(z) = K,(z). We recall
that K is equal to [53, p. 80]

Ki(z)=/=—e€7, (1.8)

2z

1
2

and Ko(z) is defined by ((1.5]). From the integral representation of Ky(x) [53] p. 446]

Ko(l’) — / efxcoshtdt7
0
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one can see that Ky(z) is positive and monotonically decreasing on the interval

(0,00). We also note the series representation of Ko(z) [53), p. 80]

v o ( )
Ko(z) = —1 (-) I ) ,
o) = —log (5 ) Bole) + 2 6z Tn 1 1)
where Iy(z) is defined in (1.6)). From its series representation mentioned above, one

can infer that Ky(x) tends to 400 as x decreases to 0. Next, we define M, (z) by

My () = V() — 2K, (2). (1.9)

1.2 Dirichlet divisor problem and Gauss Circle

problem

Let d(n) = >_,, 1 denote the divisor function. The Dirichlet divisor problem
deals with the estimation of the error term A(x) that appears in the asymptotic

formula for the summatory function D(z) := > __d(n). Dirichlet proved that

D(z) =zlogz + (27y — 1)z + A(x), (1.10)

where v is the Euler-Mascheroni constant. Dirichlet, in 1849, showed that

A(z) = O(z2). The best estimate to date is A(z) = O(27¢) for every e > 0, with
6 < 131/416 (= 0.31490..) due to Huxley (2003). Recently, Li and Yang [38] im-
proved the value of § < 0.314483... at four decimal places, using the Bombieri-Iwaniec
method. It is widely conjectured that § = 1/4 is admissible. In 1904, Voronoi [52]
expressed the error term in in terms of Bessel functions,

r\ 1

A(z) = 711 +3 d(n) (H) " My (am /T, (1.11)
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where M, (2) is defined in ((1.9). He also deduced the general summation formula,

which reads as follows

> dn) () = [ Qog(o) + 29) (@)

a<n<b

+3 d(n) / (@) (AKy(dmy/nT) — 20Yo(dm/nz))dz,  (1.12)

" on the summation on the left-hand side indicates that if a or

where the prime
b is an integer, then only half of the term corresponding to n = a (respectively,
n = b) is counted and f(¢) is a function of bounded variation in the interval (a,b).
Voronoi employed to prove the result A(z) = O(2'/3+€) for each fixed ¢ > 0.
After Voronoi’s remarkable discovery of , many number theorists examined
the formula and provided proofs assuming various conditions on the function
f(x), often involving moderate or strong restrictions. A. L. Dixon and W. L. Ferrar
[24] gave proof for a bounded second differential coefficient function f(z) in (a,b).
Koshliakov [36] proved for the analytic function f inside a closed contour
strictly containing the interval [a,b] with 0 < a < b, a,b ¢ Z. J. R. Wilton [55]
proved for the function f, which has compact support in the interval [a, ]
such that lim._,o V27 f(x) = VP~ f(2) where VP denotes the total variation of f(z)
over («, 5). In 1987, M. Jutila [34] gave a Voronoi-type summation formula involving
an exponential factor. One can refer to [3], 4, 33], [40] for details and developments
on Voronoi’s summation formulas. Apart from its connection to different fields
of mathematics, Voronoi-type summation formulas also have some applications in

physics, especially in quantum graph theory [26].

Analogous to the classical divisor problem, there is another renowned open prob-
lem known as Gauss’s circle problem, which concerns the magnitude of the error term

P(z) in the summatory function associated with the arithmetic function

Tg(ﬂ) = {(nlvnQ) S | 7112 —+ TL22 — n}
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In 1834, Gauss proved the estimate

P(z):= > ray(n)—mz = O(z'?). (1.13)

0<n<lz

Voronoi also proposed a formula similar to (1.12)) for r5(n) under the same condition
on f [18, p.182-183]

b % b
Z "ro(n) f(n) :7T/ f(x)dx+7rZr2(n)/ f(z) Jo(2m/nz)dz. (1.14)

a<n<b

In 1915, Hardy [32, eq. (1.25)] proved a formula analogous to ([1.11]) for the error
term in (|1.13)),

> raln >_m—1+fz N J1 (27 \/qT), (1.15)

n<x

using the following result due to Ramanujan [32], eq. (2.12)]

o0

= _ 2m ro(n)
E eV = 25 E 2\
ro(n) = 1+ 27s (21 dnin T where $(s) > 0. (1.16)

n=1

In 1934, Dixon and Ferrar [25] provided a generalization of identity (1.16]). They
proved that, for R(r) > 0 and x > 0,

ng 2K, (2ny/nx) = Maﬁiﬂ (1.17)

2ﬂu+1

Plugging v = 1/2 in (|1.17)) and using the property of the Bessel function ([1.8]), we

obtain (1.16)). Employing Jacobi’s formula ro(n) =43 4, (—1)@Y/2 in (1.15)), we
d odd

have

Z/ ro(n) = mx + 2y/7 lim Z J1 <47r\/m>

0<n<z oo mn<N m(n + %)
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_J1 (47r, /m(n+ 3)x ) )

m(n+ 3)

In the following section, we see that Ramanujan explores the generalised result of
(1.18).

1.3 Identities involving a finite trigonometric sum

and a doubly infinite series of Bessel functions

The lost notebook [47] of Ramanujan contains several beautiful identities. Some
are intimately connected with the famous circle and divisor problems. Among these
results, on page 355 in his lost notebook, we encounter the following two important
identities involving a finite trigonometric sum and a doubly infinite series of Bessel

functions.

Entry 1.3.1. If0 <6 <1 and x > 0, then

ZF( )sm 27n) =z (%—6) cot (7 ii{h (4m/m(n + 0)x)

vm(n+6)

_J1(47r\/m n+1-—0)x) (1.19)
m(n+1—6) ' '

m=1 n=0

Entry 1.3.2. If0 <6 <1 and x > 0, then

Z F ( ) cos(2mnb) :i — zlog(2sin(r8)) + 7“’ gg { M1(4wm)
pAlryntn 20 } . (1.20)
m(n+1—10)
where
|z],  if  is not an integer,

F(x) = L

55 if x is an integer;
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and M;(z) is defined in (L.9). These entries have three different interpretations. The
double series in Entry and Entry can be interpreted as an iterated series
in two possible ways. It can also be interpreted symmetrically, where the products
of the indices tend to infinity. It is important to note that the identity in
Entry with the order of the double sum interchanged was established by B.
C. Berndt and A. Zaharescu in [16]. A few years later, B. C. Berndt, S. Kim and
A. Zaharescu in [I0] provided the proof of as recorded by Ramanujan. On
the other hand, B. C. Berndt, S. Kim and A. Zaherescu in [§] provided proof of
of Entry with the order of the summation reversed and with additional
conditions. Moreover, they gave the proof of of Entry(1.3.1]and ((1.20]) of Entry
[.3.2 under the symmetric interpretation in [§]. Recently, in 2019, B. C. Berndt, J.
Li and A. Zaharescu in [15] offered the proof of the identity in Entry as
given by Ramanujan. As an application of Entry in [16] with the order of the

double sum reversed, B. C. Berndt and Zaharescu derived the following beautiful

identity associated with ro(n),

Z, ro(n) = mx

0<n<zx

o | .J (4%, /m(n+ 1)z > Jp <47T1 /m(n+ 3)z )
+2\/§TLZ=OmZ:1 \/m(n+ %) R \/m(n+3) S

The prime / on the summation sign on the left-hand side of implies that
weight 1/2 is considered if z is an integer. Similar to Entry , Entry is
associated with the Dirichlet divisor problem. The occurrence of Bessel functions
M;(z) in indicates that there exists some correlation between Entry and
. Considering this fact, B. C. Berndt and A. Zaharescu derived an identity
equivalent to Entry in [I6] by introducing twisted divisor sum d,(n) defined
by

d(n) =) _x(d), (1.22)
dln
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where y is a primitive Dirichlet character modulo g. Their identity reads as follows:

i
L

Z' dy(n) = — T(x_> X(h)log(2sin(mh/q))

Vi \1/2
+W;d’<(n) (-) M;(4m\/nz/q), (1.23)

n

=<
>
Il

n<x

where y is a non-principal, even primitive character modulo ¢, M;(z) is defined in
(1.9) and 7(x) is the Gauss sum of a Dirichlet character modulo ¢ is defined by

T(x) =Y x(h)e*™ . (1.24)

Hence, ([1.23]) can be considered a character analogue of Entry [1.3.2, B. C. Berndt,
S. Kim and A. Zaharescu [9, [13] generalised Ramanujan’s entries by studying Riesz

sums for twisted divisor sums.

In the following section, we analyse the identities associated with Bessel functions

and divisor functions.

1.4 Identities involving divisor function and Bessel

functions

We begin by reminiscing about another beautiful identity due to Ramanujan
involving the K-Bessel function, which is recorded on page 253 of his lost notebook.
If o and B are any two positive numbers such that a3 = 72 and v is any complex

number, then

\/a i O'—y(n)nl’/QKl,/g(QnOc) — \/E i O'fy(n)nyme/Q(Qnﬁ)
n=1 1
= if <g> C(y){ﬁ(l_m/z _ a(l—u)/Q} + %F (

v

) it gl

(1.25)



1.4 IDENTITIES INVOLVING DIVISOR FUNCTION AND BESSEL FUNCTIONS 9

where 0, (n) is the general divisor function defined by

=> d, (1.26)

dn

and K, (z) is defined in (1.4)). Later in 1955, Guinand [30] derived a formula almost
similar to (1.25]) by appealing to a formula due to Watson [54] involving the K -Bessel
function. One can use Ramanujan’s formula (1.25)) to derive Koshliakov’s formula

[36], given by

va (;117 ~ log(48) + Y d(nmma))

n=1

=B ( y— - log (400) + Zd(n)K0(2nﬁ)> : (1.27)
n=1
where 7 denotes Euler’s constant and Ky (z) is defined in (L.5]). Koshliakov, in 1929,
proved the formula by employing the Voronoi summation formula . In
1936, Ferrar [28] reproved by appealing to the functional equation of ((s).
Later, in 1966, K. Soni [48] showed that the functional equation of (?(s) is equivalent
to the Voronoi summation formula and is equivalent to Koshliakov’s formula
. In 1972, Oberhettinger and Soni [44] established that the functional equation
of ((s) and Koshliakov’s formula are equivalent using the methods of Hamburger. In
2008, B. C. Berndt, Y. Lee, and J. Sohn [14] proved by elaborating Guinand’s
method. They rediscovered Koshliakov’s formula by taking v — 0 in ((1.25)).
However, A. Dixit in [22] gave an extended version of Ramanujan’s formula
by appealing to the Cauchy residue theorem and the theory of the Mellin transform.
Further analysis of identities analogous to and have been done by
B. C. Berndt, S. Kim and A. Zaharescu in [I12]. They studied character analogues
of Koshliakov’s formula for even characters. They replaced the classical divisor
function d(n) with the twisted divisor sums d,(n), which is defined in and
proved the following beautiful identity

T bk () = VIR0 TS i (272,

n=1
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where x is a non-principal even primitive character mod ¢, #(z) > 0, and 7(x) is the
Gauss sum defined in (1.24)), and Ky(2) is defined in (L.5). In particular, for even
real character y, they established the positivity of L(1, ), which is instrumental
in proving Dirichlet’s theorem on primes in arithmetic progressions. The weighted
divisor sums defined in ([1.22)) were introduced by B. C. Berndt and A. Zaharescu
[16], where they showed that the twisted or weighted divisor sums could be studied
in connection with identities associated with ro(n). However, in 2017, S. Kim [35]
extended the definition of twisted divisor sums to twisted sums of divisor functions,

namely,

Ty (N de . Ory(n de (n/d), Ok Zd x1(d)x2(n/d),

dln dn
(1.28)

and studied Riesz sum-type identities associated with them. As a corollary of the
main results, the author obtained a Riesz sum identity for r¢(n) where r¢(n) signifies

the number of representations of n as a sum of six squares denoted by rg(n).

Recently, A. Dixit and A. Kesarwani [23] studied a new generalization of the
modified Bessel function of the second kind. They derived a formula analogous
to associated with the generalized Bessel function. They proved that their
formula is equivalent to the functional equation of a non-holomorphic Eisenstein
series on SL(2,7Z). The study of the infinite series in is of prime importance
as it is intimately connected with the Fourier series expansion of non-holomorphic
Eisenstein series on SL(2,Z) or Maass wave forms [37, 39, 43, 51]. Motivated by
this fact, Cohen, in 2010 [19], established the following result, similar to ([1.25]),

: 3 —v v—
QZ ,//2 K, (2mnz) + A(s)(:p(l )2 _ 1)/2)

lz 7 Kopa(B) 4 A=) (@002 — 20402, (129)
nY x

| |
lO

where A(s) = 772 (£) ¢(s) and K, (z) is defined in (L.4). As an application, he
obtained the following beautiful identity involving the divisor function o4(n) and
the modified K-Bessel function.
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Proposition 1.4.1. [19, p. 62, Theorem 3.4] For v ¢ Z such that ®(v) > 0 and
any integer N such that N > | 2@+ +1J then

- imn)nv/zmm i) = LK) | D)) {au)xﬂ

(2m)v—1 mvtlovy sin (%)

C(v+ 1) 2j—1
- sm % ZC 2)) —v

cos(%)
L2N+1

& Z o_(n) 75— e (nv 2N — g7 72N } . (1.30)

Sln ?

In addition to , he derived several interesting identities involving the divisor
function o4(n) and the modified K-Bessel function. Later, B. C. Berndt, A. Dixit,
A. Roy, and A. Zaharescu [7], in their seminal work, showed that Cohen-type identity
can be used to derive the Voronoi-type summation formula for og(n).

Proposition 1.4.2. [7, p. 8/1, Theorem 6.1] Let 0 < o < 8 and o, ¢ Z. Let f
denote a function analytic inside a closed contour strictly containing [a, f]. Assume
that —3 < R(v) < 3. Then

B (o]
> o )fG) = / FO (A =vx) 7+ v+ 1) dt+2m Y o (n)n*/?

a<j<p

x/ﬁf(t)(t)‘5{< L (dmv/nt) — <4w—>) cos<2)

—J, (4#\/_)sm( 5 )}dt

Inspired by Cohen'’s results [19], D. Banerjee and B. Maji [2] studied the infinite
series involving the generalised divisor function and the modified K-Bessel functions.
More precisely, they studied the following infinite series, for r € Z, 2z € C and a and

x be any two positive real numbers,

Zagr)(n)n%Ky(a n), (1.31)
n=1

where agr)(n) = > arjn @ and v is a complex number with R(v) > 0. It is important
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to note that 021)(71) = 0,(n). Hence, almost all the Cohen-type identities can
be derived from their results. They provided the following identity as a direct

consequence of their primary results:

Proposition 1.4.3. Let a and x be two positive real numbers and k > 1 be an odd

integer. For R(v) > 0, we have

g+k+1 o0

(%’7) Zak )n? K, (ay/nz)

B (—1)% e ox(n)
=T +k+1) (2m)** ; (B 1 ) +Qu(x),

a?

where

2D ()¢ (—k %P (1 1—k
Qula) = - R e L TOEDL =1

+ %F(l +k4+v)L(1+E)C(1+E).

The above identity was also obtained by B. C. Berndt et al. in [0, equation

(6.11)] as a particular case of their main result. Proposition [1.4.1} [1.4.2] and [1.4.3]

can be regarded as identities corresponding to character modulo 1.

In this thesis, we are interested in the character analogues of ((1.31). That is, we

study the following infinite series

Zgzx (av/nzx), Zaz,x (av/nx),
Zazxm )2 K, (ay/nz), (1.32)

where 0, ,(n), 0,,(n) and o, , y,(n) are defined in (1.28) for z € C, and v is a
complex number with $(r) > 0. The expression (|1.7)) ensures the absolute conver-
gence of all the infinite series defined in ([1.32). Afterwards, we focus on deriving its

trigonometric analogues. More precisely, we offer the identities associated with the
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K-Bessel function and the following weighted sums of divisor functions

2 2
Z d? sin (2md#) , Z d? sin ( 7179) : Z d? cos (2md0) , Z d* cos ( dee) :

dln dln dln dln

etc. Moreover, we present formulas for the following two infinite series,

Z re(n)n”?K,(av/nx), Z re(n)e Ve, (1.33)
n=1

We also derive an identity from our two main results that gives rise to (|1.33)).

In Chapter [3| we study the character analogues for the case z € Z>( and their
equivalent versions in trigonometric forms. Equivalently, we study the infinite series
for z = k and its trigonometric analogues. Next, we see that two of the
series yield a generalisation of the identity associated with rg(n) and the Bessel
function. In addition, we offer a novel representation for L(1,x), allowing us to
demonstrate the positivity of L(1, x) for any real primitive character y. It is worth
noting that B. C. Berndt, S. Kim, and A. Zaharescu previously established the
positivity of L(1,x) for real primitive even characters in [12]. In this chapter, we
provide a new proof that establishes the positivity of L(1,y) for all real primitive
Dirichlet characters y, including both even and odd cases. This positivity is a crucial
ingredient in the proof of Dirichlet’s theorem on primes in arithmetic progressions.

In Chapter[d], we study Cohen-type identities associated with characters and their
trigonometric analogues. Our main objective in this chapter is to extend identity in
Proposition to character modulo q.

In Chapter [5], we offer the Voronoi-type summation formula for twisted sums of

divisor functions and its trigonometric analogues.

1.5 Conclusion and future work

In Chapter [0, we discuss some future research works related to the thesis.
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Introduction




Some Preliminaries

We begin this chapter by recalling and proving some important results that we

will be using throughout the thesis.

2.1 Some basic results and definitions

We start this section by characterizing Dirichlet’s characters.

Lemma 2.1.1. [2, p. 118] If f is a multiplicative function, f(n) = 0 whenever
(n,q) > 1, and f has period q, then f is a Dirichlet character modulo q.

Next, we will see the definition of a primitive character.

Definition 2.1.1. [50, Definition-8.4, p. 364] A Dirichlet character x to modulus
q is said to be primitive if there exists no character x1 to modulus d < q, such that

x(n) = x1(n) for all integers n coprime to q.

15
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The Dirichlet L-function is defined by

Lis,x) =Y Xg), R(s) > 1, (2.1)

where Y is a Dirichlet character modulo ¢. It can be meromorphically continued to
the entire complex plane. Furthermore, if x is principal, the corresponding Dirichlet

L-function has a simple pole at s = 1. Otherwise, the L-function is entire.

The Hurwitz zeta function is defined by

(s,0) =3 ﬁ R(s) > 1 and 0 < a < 1. (2.2)

n=0

It is well known that the Dirichlet L-function L(s, ) for R(s) > 1 can be expressed

in terms of the Hurwitz zeta function [20, p. 71, equation (16)]

1 ! T
L@xw::§j<Gf)xvx (23)
q° = q
where Yy is the Dirichlet character modulo ¢ with ¢ > 2. Conversely, we have
(s 2) = Y a0 (24)
) q ¢(q) . ) )

for (h,q) =1and 0 < h < gq.

Next, we observe that the generating functions for o,,(n) and 7,,(n) and
T2 x1.x0 (1) defined in (1.28)) are the following

Xd) _ 55 oualn), 05

ds ns
m=1 d=1 n=1
= 1 x(d = 7., (n)
s =)o) = 3 e Y M - 5 Zealt) 26
m=1 d=1 n=1
 d*x1(d) = xa2(m eI ()
Ls — 2 b(s ) = 3 DAl soxelm)  sh aael) -y )
d=1 m=1 n=1

for ®(s) > max(R(z) + 1, 1), where ((s) denotes the the Riemann zeta function and
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L(s,x) denotes the Dirichlet L-function defined by (2.1 for R(s) > 1. We recall
that the functional equation of ((s) [50} p. 234]

¢(s) = 2°r* L sin (g) T(1 - s)C(1 — s). (2.8)

Replacing s by 1 — s in (2.8)), we obtain

(1= )
r = . 2.9
() = e () (2.9)
Next, we write the functional equation for L(s,x) [20, p. 71]
s—1/2 1—s+k
7(x) (77) (=) -
L(s,x) = - z — 2 JI(1-s¥), 2.10
where
K =k(X) =
1, if y(=1)=—L
The functional relations for I'(s) are given by [20, p. 73]
1
[(s+ 1) =sI'(s), ['(s)l' (s + 5) = 2172 /7T(2s), (2.11)
T
I's)I'(1—s) = . 2.12
(P = ) = (212)
Employing (2.11]) and (2.12)) in (2.10]), we obtain [42, Corollary 10.9, p. 333]
2 S
Ls,y) = i) <@> T'(1 - s)sin @Lu — 5 7). (2.13)
@ q

Now replacing s by s — z in (2.13)), we get

L(s—2z,x) = i‘”# (@) o (14 2z —s)sin W[](l +2—5,X).
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So, we can rewrite the above equation as

e T (a7 L(s —2z,x)
T+ 2—8)L(1+2—s%)=i" (—) ot Sl 9 2.14
( +z 8) ( +z S X) t T(X) oI SiIl7T(S+g_Z) ( )
Next, we recall the bounds for the L-function [20, p. 82, eq 14] for ¢ > 1/2,

| L(s,X)] < 2q]s]. (2.15)

The Hurwitz zeta function satisfies the following functional equations [I7, p. 587]

> (og)en(57)
)]
Tzq;c (S’ g) o (%qrh)
:%ms(?){4(1—3,2)—4(1—5,1—2)}. (2.17)

Hurwitz zeta function also satisfies [1 p. 264]

Bn+1 (8)
n+1

¢(—n,0) =— : (2.18)
for each n > 0; where B,,(#) is a Bernoulli polynomial defined as follows [1 p. 264]

2692

— B.(9)
e? —1 —; n!

for any 6 € C and we have the relation [I], p. 274]

2", for |z] < 2m, (2.19)

B,(1—0)=(-1)"B,(0) for every n > 0. (2.20)
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We will also note that [20, p.69, p.71]

- —q, for odd primitive x mod q,
(T = (221)
q, for even non principal primitive xy mod q,

where 7(x) is defined in ((1.24]). Now we see the orthogonality relations for characters

+29 if h = +a (mod q)

> x(a)x(h) = ? (2.22)
x mod ¢ 0, otherwise ;
x odd
- @, if h = +a (mod q)
> x(a)x(h) = (2.23)
x mod g 0, otherwise.
X even

Here we would like to mention another identity [11, Lemma 2.5] namely

. 27hd B 1 3

sin (224 - S 2 N (2.24)
2mhd 1

( q )— ¢(q>xm20dqx<d>7<x>x<h>, (2.25)

whenever (d,q) = (h,q) = The factorization theorem for Gauss sum 7(x) in

1.
(1.24) is as follows [20] p. 65]
X(m)7(x) = ) _ x(h)e* e, (2.26)

for any character modulo xy modulo gq.
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2.2 Key Lemmas

The Mellin transform of a locally integrable function f(z) on (0, 00) is defined
by

M(f;s] = F(s) = /000 f(t) t571dt, (2.27)

provided the integral converges. The basic properties of the Mellin transform follow
immediately from those of the Laplace transform since these transforms are inti-
mately connected. The integral in defines the Mellin transform in a vertical
strip in the s plane whose boundaries are determined by the analytic structure of
f(z) as x — 0+ and © — +o0. If we assume that f(z) satisfies the following growth

condition

fla) = Ola™™) asz =04, (2.28)

O(z7°7¢) as z — +o0,

where ¢ > 0 and a < b, then the integral converges absolutely in the strip
a < R(s) < b and defines an analytic function there in the strip. This strip is known
as the strip of analyticity of M(f;s|. Furthermore, the inversion formula for ([2.27))
follows directly from the corresponding inversion formula for the bilateral Laplace

transform. Thus,

1
flx)==— [ a2 °M|f;slds (a<c<b), (2.29)
271 (c)
which is valid at all points 2 > 0 where f(z) is continuous. Here the notation (c)
denotes the vertical line [c—i00, c+ioo]. For example, M[e*; s| = I'(s) for R(s) > 0,

and we have the corresponding Mellin’s inversion formula

1
A 7Sd
e = o o ['(s)y—*ds,

valid for R(y) > 0. The following lemma states the asymptotic behaviour of I'(s).
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Lemma 2.2.1. [[0, p. 38/ In a vertical strip, for s=o + it with a < o < b and

lt| > 1,
[T(s)] = (2m)2|t]7 % exp™27" (1 o (|1|))

In our investigation, we shall require the following results related to the Mellin

transform of derivatives of a function.

Lemma 2.2.2. Let n € N. Assume that ¢ is n-times differentiable function and
= / d(t) T dt = B(s). (2.30)
0

If ¢ satisfies (2.28)), then

['(s+n)
Mlp™ (1)t"; s] = (=1) BOR D(s), (2.31)
where s € {w € C; a < N(w) < b}, provided
lim ¢ttty =0 j=0,1,--- ,n— 1. (2.32)

t—0,00

Proof. The proof relies on mathematical induction. Using integration by parts, we

have
Mz (x / ¢ (t) t5dt = [t°p(t)]° — s/ B(t) t51dt.
Noting ¢(t) satisfies (2.28)), we can claim that
Mzd/(x); s] = —sP(s) for a < R(s) < b.

Suppose the statement of the theorem is true for n = N and ¢ is N + 1-times
differentiable function and satisfies (2.32)). Then

M6 a)is) = [
0

= PO = s ) [0 e
0
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As ¢ satisfies ([2.32]), we have

o r N+1
MG s] = ~(s 4 8) [T (0 e = (-1 O D),
0 s
and this completes the proof. O
Lemma 2.2.3. [/5, p. 91, Formula (3.5.9)] We have
_ ['(s)I'(a—s)
1 sl = ———+>
ML+ 2)7ss] = SO
for 0 < R(s) < R(a).
As an immediate consequence of Lemma [2.2.3| we get,
Lemma 2.2.4. For anyn € N,
M ala+1)---(a+n— 1)3:”'8 ~ T(s+n)l'(a—s)
Qrapn )77 T@
whenever 0 < R(s) < R(a).
Proof. By Lemma [2.2.3] we can write
_ ['(s)I'(a—s)
1 sl = —r——>
ML+ 2)75s] = =,
for 0 < R(s) < R(a). The function ¢(x) = m for x > 0 is a continuous function

and satisfies all the conditions of Lemma [2.2.2] Furthermore,

(a+1)---(a+n-—1)

o) (@) = (~1)"=

(1 + z)@m
We have
o(s) = L@ ;(3”3) for 0 < R(s) < R(a).
Hence by Lemma 2:2.2]
ala+1)---(a+n—1)z" ['(s+n) I'(s+n)I'(a—s)

M = —"O(s) =

(14 )l 8 T(s)
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for 0 < R(s) < R(a). O
Lemma 2.2.5. Let n > 0 be any integer and t > 0 be any real number. Then

1 ['(a+n)
— | r Dla — )t %ds = —2 ") yn
omi ), (s+n)l'(a—s) s Tt

for 0 < c < R(a).

Proof. We get our desired result by combining Lemmas [2.2.3|and [2.2.4] and applying

Mellin’s inversion formula. O]

Lemma 2.2.6. [27, p. 346, Formula (20)] We have

logt 2
M [ ] sin?(7s)’

P

for 0 < R(s) < 1. The integral is convergent in the sense of Cauchy’s principal

value.

Lemma 2.2.7. We have

{4log v } I 2.3

710 TR Ey

for 0 < R(s) < 2. The integral is convergent in the sense of Cauchy’s principal

value.
Proof. This is a direct consequence of Lemma [2.2.6| O]

Now, we record a result related to the modified K-Bessel function K, (z) defined

by .

Lemma 2.2.8. [Z, p. 10, Lemma 3.3] Let v € C. For any ¢ > max{0, —R(v)}, we

have

v 1 2 \" 1 4 \°
2K, (avtr) = < — I'(s)’ — | t7%ds.
(avitz) 2 (aﬁ) 2mi /(C) (8)(s +v) (a%) °

Next, we study the infinite sum which involves the rising factorial.
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Lemma 2.2.9. For (0 < % < 1, we define

i (m+1). m+k—l)< Z)m

m=1

Then we have for k > 1,

k+1
Ak:—k:!y( i ) .
n \n+W

Proof. We prove this result by induction on k. For k = 1, it is easy to see that

S () - ()

m=1

Let the result hold for £k — 1. Now prove for k. Consider

M= g]\;m(mﬂL 1)..(m+k—-1) (—K)m

n

Now multiply By, by ( ) we obtain

<_¥> By =Y m(m +1)..(m+ k — 1) (_%)mﬂ

Now subtracting (2.35]) from (2.34]) gives

(1+%)BM_1¢Z (m+1). m—l—k—Q)( VDm

MM 1) (M 4k —1) (—7

Taking M — oo in ([2.36]), we obtain

W

W>M+1

(2.34)

(2.35)

(2.36)

(2.37)
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Substituting the expression for Ay _; from the induction hypothesis, we obtain the
desired result. O

Corollary 2.2.1. Let 0 < % < 1 be a positive real number. Then we have for

k>,
im(m+ 1)...(m+k— 1) (—%)m — ! % (1 - <n+nw)k+l) ,

m=2

and

> () (%) et (- Gw)

m=2

Proof. The first assertion follows directly from Lemmal2.2.9, while the second follows

from the standard result for the geometric series. O]
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Character analogues for the case
z € Z>p and their equivalent

versions in trigonometric forms

3.1 Introduction

Let us begin this section by introducing the Dirichlet Theorem in Arithmetic
progression. Let ¢, ¢ be fixed integers such that (c,q) = 1, then there are infinitely
many primes p = ¢(mod q). In reality, Dirichlet proved a more specific result that the
primes are evenly distributed over ¢(q) residue classes modulo ¢q. He demonstrated
that

(3.1)

p<x
p=c(mod q)
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where ¢(q) denotes the Euler totient function, and Ins(z) denotes two-fold iterated
logarithm, i.e., Ing(z) = In(lnz). The estimate is derived from the assumption
that L(1,x) # 0 for a non-principal Dirichlet character y modulo g. Our primary
goal in this chapter is to study the character analogues of . In particular, we
extend the identity of D. Banerjee and B. Maji as mentioned in Proposition [1.4.3|
It is worth mentioning that as a consequence of our main results, we prove that
L(1,x) # 0 for a real primitive character x modulo q.

This chapter is organized as follows: In our next section, we provide the main
results and proofs. We divide Section into four subsections. In Section [3.2.1}
we derive identities involving odd characters and their equivalent versions in the
sine function, which is analogous to Ramanujan’s Entry [[.3.1} As an application of
Section we offer the results corresponding to rg(n) in Section [3.2.2] Further-
more, Section discusses the identities involving even primitive characters and
their equivalent versions in the cosine function, which is analogous to Ramanujan’s
Entry [1.3.2] From two of the main results from Sections [3.2.1] and [3.2.3] we derive
the non-vanishing of L(1, x) in Section m Furthermore, identities involving two

characters and their equivalent versions in two trigonometric functions are covered
in Section [3.2.5

3.2 Main Results and Proofs

In this subsection, we study the identities involving the arithmetic function
Tk (N), Tky(N), Ok xo(n) defined by (1.28) and the modified /K -Bessel function.

3.2.1 Identities involving odd characters

In this subsection, we will consider £ to be an even, non-negative integer and y

an odd primitive character.

Theorem 3.2.1. Let k be an even, non-negative integer and x be an odd primitive

Dirichlet character modulo q. Then, for any R(v) > 0,

- v vt v
> ora(n)n2 K, (a n) = 0 D1+ V) L(1, )~ L
n=1
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<_1)§iqk _ _v
+ &V2k+2 Vﬂ-kJrIF(y)T(X)F(k + 1)L(k + 17 X) T 2
( 1)22a1qu+k > (nw—((n)
T OBkt 2 2kl F(”+k+ 1)T(X)Z RN SR (3.2)
- <n + qﬂf)
1672
where O 1s given by
1, ifk=0,
O = g (3.3)

0, else .

We remark that Theorem |3.2.1]is equivalent to the following result.

Theorem 3.2.2. Let k > 0 be an even integer. Then for any R(v) > 0 we have

a2a 2 TR
(T) ZnV/QK av/nx desm (2md0)
dln
1 §a2k+2k!
- R G ) — 1+ k1 - 0) 4

+5. 0 (¢0.0) - c0.1- )

+( SZﬂ_k—HdeZ{ L(v+k+1)

— (1+ 16ﬂ2d<m+9))1+u+k

B F'v+k+1)
(1+ 824 (m + 1 — g)) vtk |

(3.4)

where Oy is defined in (3.3)).

Remark. Tt should be emphasized that all infinite series mentioned in this chapter
are absolutely convergent. In particular, we demonstrate the absolute convergence

of the doubly infinite series present on the right-hand side of (3.4). For this, we

consider

dk

WE
11

1 1
{(1 + 12+id(m—|— g))1+v+k - (1+ 12§;d(m 41— 9))1+u+k}
dlc

+
(1+ 16w2d(m + ))1+vrk dzlmzzo (1+ 127r2d( + 1 — g))1tvtk

QU

=1

>

I/\

3
I

0
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1
1+V+k Z d1+y Z m1+V+k < 0.

Before proving these theorems, let us first consider a more general setup. Let x
be any Dirichlet character modulo ¢ and z € C. Let f,(n) be one of the arithmetical
functions o, \(n) or &,,(n) or o, y, y,(n) defined in (1.28). We denote

_ Zl fzén)

Hence F,(s) is one of the Dirichlet series given in ((2.5)) or (2.6]) or (2.7). As mentioned

in the previous section, we will consider £(r) > 0 and v = 0. Employing Lemma

s) > 1. (3.5)

2.2.8) with t = n and subsequently interchanging the summation and integration, we

get
1/ 2 \"1 4\
1//2 -
E f-(n K, (av/nz) = 5 <a :c) 5 /(C)F(S)F(s+ V) <a2$) nEI f-(n)n
= lXWL/ T'(s)T'(s + v)F,(s) X ds (3.6)
20 2w Jy : ’ ‘
where ¢ > R(2) + 1 and X = —~. Next, we investigate the following integral
1
IM(X) = — / [(s+ v)(s)F.(s)X*ds. (3.7)
211 (c)

We shall use the Cauchy residue theorem to evaluate this line integral in . Let
us consider the positively oriented rectangular contour C : consisting of the line
segments [c — T, c+iT)|, [c+iT,—d+iT|,[-d +iT,—d —iT] and [—d —iT,c — iT]
where the choice for d is as follows: 0 < d < min{l,R(v)} whenever R(v) > 0
and 0 < d < 1 otherwise. Here, T' is taken to be a large positive number. The
possible poles of the integrand function in are at s = 0,1 and z + 1. Now
letting T" — oo and invoking Lemma [2.2.1] one can show that the integrals along

the horizontal segments [c 4 i1, —d + iT'] and [—d — T, ¢ — ¢1'] vanish and get

1
I"(X)=R..1+ R+ Ry + 2 [(s+v)(s)F.(s)X?ds, (3.8)
T J(-a)
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where R,,;, Ry and Rj are the residues at s = 2+ 1,1 and s = 0, respectively
It is easy to see that R,;; = 0 whenever z = 0. Hence combining (3.6 and ( .
together with ( -, we obtain

1
Z f.(n)n"* K, (ay/nz) = §XV/2 (Re41 + Ri+ Ry + JIV(X)), (3.9)

where J") (X) is defined by

JW(X) = 5 /( B I'(s 4+ v)[(s)F,(s)X*ds. (3.10)

Next, we will offer the proofs of the theorems corresponding to z = k, where k is a

non-negative integer.

Proof of Theorem and its equivalence with Theorem [3.2.2] We
begin by looking at the proof of each theorem individually. Following that, we will
demonstrate its equivalence.

Proof of Theorem Letting fx(n) = ok, (n) where x being an odd primitive
character modulo ¢ and k£ an even, non-negative integer in , we obtain

1

> ks (K, (ay/nz) = §X”/2 (Rys1 + Ri + Ry + JM(X)), (3.11)
n=1

where R(v) > 0 and J,gu) (X) is defined in with Fi(s) = ((s)L(s — k,x). It is
easy to see that Rj,; = 0 as the integrand function in does not have any pole
at s = k + 1. Here, one can notice that L(s — k, x) has a zero at s = 1 when k > 2
is an even integer and y is odd. Therefore, we will not get any contribution from
the pole of ((s) at s = 1. However, if k£ = 0, the integrand in (3.10)) will encounter

a pole at s = 1. Therefore, we can get

0, if k>0,
R, = (3.12)
'l+v)L(1,x)X, ifk=0.
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The integrand also has a pole at s = 0 with residue R, given by

k. —k
. _F(V)L(z—k,x) _ (—1);7()() <(2;r)) PO+ MWL+ k), (3.13)

where in the last step, we have applied the functional equation (2.13]). Collecting
(3.12) and (3.13) and Ryy; = 0 and then substituting them in (3.11)), we get

(—1)zir(x) ((2n
Am ( q

I'(1+4+v)L(1,x)

X5 Zak,x(n)n%Ky(a nx) = ))_ L1+ E)T(v)L(1 + K, X)

+ 0,

I
X + §J; (X)), (3.14)

where ¢ is defined in (3.3)). To evaluate J,§”> (X) defined in (3.10]), we invoke the
functional equations (2.9) and (2.13) assuming that x is odd and k is even. We

obtain

0 (x) =
Jk ( ) 271 (—d)

Vi

21 g

Fs+v)I(1+k—s)C(1—s)L(1 —s+k,x)Y?ds

IF(1—s+v)I'(k+s)((s)L(s+ k,x)Y °ds

1

=Y kR — 'l — r Y)™
o asln) 5 /<1+d> (1= 5+ W0k + s)(nY)~"ds,

1+k
where hy, = M(i)k and Y = %X with X = 2. As 0 < d < R(v), we

2 2T a?x”

can apply Lemma with n = k and a = 1 4 v to obtain

v+1)- (v + k)nk
(1 + ny)l—i-u-i-k

J(X) = YD1 + v)hy, i a_k,i(n)<

n=1
G T (1)
=Y (14 v+ k) Y (1+n§/>1+u+k’ (3.15)
n=1

where in the penultimate step we have used the fact n*

0_kx(n) = dj(n). There-
fore, remarking Y = }l‘ggj and inserting (3.15)) in (3.14) and simplifying, we get

B2.

Proof of Theorem [3.2.2] First, we again assume that ®(v) > 0. The double
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series on the right-hand side of the identity converges absolutely and uniformly
on any compact interval for # € (0,1). Since the summands in the right-hand side
of are continuous functions, the series converges to a continuous function of
0. Therefore, it is sufficient to prove the identity for 6 = h/q, where q is
prime and 0 < h < q. If the identity holds on the dense subset of fractions, then by
continuity, the identity holds for all values of 6. Employing Lemma [2.2.8 with t = n
and subsequently interchanging the summation and integration, we get for an even
integer k£ > 0,

= 2
Z de sin (L‘lh) n'* K, (a\/nz)

n=1 djn q

1 2 \" 1 4 2mdh
( ) / [(s+v) (—) demn( T ) n~°ds
ayz ) 2mi a*xr ) = q
_1/ 2\ 4\ w - 2
( ) / (—) m~° Z d"*sin ( 7Tdh) ds
ayz ) 2mi a*x ) “— — q
1 1 2nrh
- q—X”/Q—, / L(s)['(s+v) Cls— k, sin [ 22 (¢ 1 X)ds,
2 21 J (g — q
(3.16)
where ¢ > k 4+ 1 and X = —-. Next, we investigate the following integral
5 1 2mrh 1vs
Q,i)(X) ::2—m_/(c)l“(s—|—y Z((s— )sm( . )(q 'X)%ds

_EDME L s
= ST o /(C)F< +v)¢(1—s)I'(k+1—s)

X {g <k+1—s,%> —¢ <k+1—s,1—%)}(47r2X)sds, (3.17)

where in the last step, we used (2.9)), (2.17). Next, we consider the following integral

1 c+iT
Hp :=— Nis+v)C(1—s)'(k+1-5)

21 Jo_ir

x {g (k +1—s, %) —¢ (k +1-s51- g) } (4m2X)°ds,  (3.18)
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for some large positive number 7". We consider the contour C that we have defined
in the general setup. One can note that the simple pole of I'(k + 1 — s) at s =
k+ 1,k +3,k+5,--- will get cancelled by the trivial zeroes of ((1 — s) except
at s = k+ 1 when £ = 0. By employing and , one can easily derive
that (g(s, g) —((s,1— %)) encounters zeros at negative odd integers. Hence the
remaining poles of I'(k +1 —s) at s =k + 2,k + 4,k + 6, --- will get cancelled by
the simple zeroes of (C(k’ +1—s, %) —((k+1—-s,1— %)) Inside the contour C,
the integrand has a pole at s = 0 and possibly at s = 1. By employing Cauchy’s

residue theorem, the integral in (3.18)) can be rewritten as

1 —d+iT C+iT
’HTZR0+51§R1+%(/ ﬂ:/ )F(s+u)((1—s)f‘(k+1—s)

d—iT —d+iT

x {g (k +1—s, g) —¢ (k tl-s1- %) } (47%X)*ds, (3.19)

where ¢ is defined in (3.3); and Ry and R; are the residues at s = 0 and s = 1,

respectively which are given as

RO:—P(kH)P(y){g(kH,S)—g(k+1,1—g)}, (3.20)

R, :%r(y +1) {c (0, g) —¢ (0, 1— g) } (4% X). (3.21)

From ([2.15)), we have |L(s, x)| < 2q|s| for ¢ > 1/2. Then by Lemma together
with functional equation (2.14)), we find that in a bounded vertical strip L(s, x) <,.»

|t|9=«() with |t| > 1. Now by we can easily deduce that ¢ (s, %) Lo O
in a bounded vertical strip. Since —1 < —d < ¢ < ¢ < k+2, employing Lemma[2.2.1|
and the aforementioned bound for Hurwitz zeta function, we can conclude that the
integrals along the horizontal segments, i.e., the last two integrals in (3.19)), vanish

as T' — oo. Hence, letting T' — oo and then substituting back the expression ((3.19)

in (3.17), we get

(42

ST (Rg + 6 R+ AY (X)) , (3.22)
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and A,(:) (X) is defined by

1

AW (XY = Q—M/(_d)r(s+y)g<1_s)r(k+1—s)

X {C(k—i—l—s,g) —c(k+1—s,1—g)}(47r2X)5ds

1
— 2 _
= 4r X27ri /(1+d) T(v+1—=3s)(s)I'(k+ s)

X {g (k: + s, g) —C (k +5,1— g) } (4m2X)~*ds

—47T2X22{m+h/q e L T(v+1—sI(k+s)

270 J (1+a)

r=1 m=0

h —S
X (4W2Xr(m + —)> ds
q

271

_ki v — S S 2 Xr(m —E B S
—(m+1-"h/q) ./(Hd)r( +1—s)I'(k+ )(4 Xr(m+1 )) d}.

Employing Lemma forn =k and a =1+ v in|3.23] we get

AM(X) = A2 X) 0w + k4 1)

7Jq ,,,k
X — .
; mzo { 1+472Xr(m+ h/q) ™ (1 +472Xr(m+1 — h/q)) ! }
(3.24)

Inserting (3.20), (3.21) and (3.24) in (3.22)), and then combining with (3.16) and
(3.17), we obtain the identity (3.4)).

Next, we demonstrate that Theorem [3.2.1]is equivalent to Theorem (3.2.2
Theorem = Theorem We will prove the theorem for § = h/q, where
q is prime and 0 < h < ¢. Now we multiply the identity in Theorem with
@ X(h)7(x) and then take the sum on odd primitive character x modulo gq. Hence,
the left-hand side of the identity in becomes

1
MZ Zakx )n2 K, (av/nz)

x odd
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Z 2K, (av/nz) de Z x(h)T(X)

dln x odd

= Zn”/2 (av/nx Z d* sin (QWdh) (3.25)

d|n

where in the last step, we have used (2.24]). We now consider the summation over

X in the right-hand side of (3.2). For the first term, we have

o X ALY
=~ 2 XMTITROL0,0) = 5 (€0, hfa) = (0,1 = h/g)),  (3.20)

where we have used ([2.3)), (2.10)),(2.21)) and (2.22)). Similarly, to evaluate the second
term in (3.2)), we find that

S 2 XL + . 5)
_ q; (C(L+k h/q) — C(1+E1—h/q)). (3.27)

Finally, we evaluate the infinite sum appearing in the last term on the right-hand

side of (3.2)). We see that

1 (v+k+1
id(q) Z ng‘ - —)i_u+)k+1

x odd (167r2 no 1

a?

din X odd

g = T(w+k+1 k ) (n
N Z(b(q)z >V+k+1 Zd Z X /d)

T ONOY AURLERVEN SN
i)

x odd

o

:_gidk i Fv+k+1) > L(v+k+1)

1672 dr vkl 1672 dr vkl
T 1 T,T:hl( ) a?q © +1
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I v L(v+k+1) B L(v+k+1)

d=1 m=0 9@z g2z
:_gidki C(v+k+1)
21 = — (1 + 167r2d(m + h/q))1+y+k
F'v+k+1)
— = — . (3.28)
(1+ e (m+1-—"h/q))

where in the penultimate step, we have used ([2.22)). Employing (3.25)), (3.27)), (3.26)),

and in , we get .

Theorem u 3.2.2| = Theorem E Let 0 = h/ ¢, and x be an odd primitive char-
acter modulo g. We first multiply the identity ([3.4) in Theorem [3.2.2] by X )/7(X),
and then take summation on A, 0 < h < ¢q. We then examine , focusing

specifically on summation over h. The left-hand side of the identity {) becomes

g—1 0o
: Z)? ZHV/ZK (av/nz) Zd sin (27dh/q)
T(X) & -
! v T —2m
= 2k Zn /2K (av/nz ;dkzx o2midh/q _ =2 dh/q)
Z?’LV/QK ax/nr de‘ d))
dn
a Z Thx(n)n? K, (av/na), (3.29)

where in the penultimate step, we have used (2.26). With the help of (2.3) and
(2.21)), the right-hand side of (3.4]) transforms into

=

() (C(L+ k. h/q) = C(L+k, 1= h/q)) = =2¢"T(x)L(1 + k, X), (3.30)



Character analogues for the case z € Z>( and their equivalent versions
38 in trigonometric forms

and employing the functional equation for L-function (2.13), the second term be-

comes

21y

T(X) £ ’ = HOx) =i LX), (331)

1 q—1 oo 0 1
— ) x(h)y d 5
03 (e
1
(1+ 824 4 1 — h/q)) vk
1 q—1 ) 0 1
=—— > x(h d"
WL L e
r=h(q)
1 q—1 00 0o 1
—— ) x(h d
TR
r=—nh(q)
2 = — d*x(r) 27(x) — Trx(n)
_ 2 X _ Sey . (3.32)
S B 0 (i e
Inserting (3.29)), (3.30), (3.31) and (3.32) into (3.4]), we obtain (3.2)). O

Our next result, corresponding to v = 0, is as follows:

Theorem 3.2.3. Let k be an even, non-negative integer and x be an odd primitive

Dirichlet character modulo q. Then

2 L(—k, 8T L'(—k,
3 a1 =00~ #2 (o (57) )

L(—k,x)
L(~k,x) LN S ! .
+ = logz + (1) WT(X) 2 Trx(m) | o (n+ E£@&yk+1 )

(3.33)

where & is defined in (3.3)).
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Proof. Let us begin the proof by taking f(n) = o, (n) with x being an odd prim-
itive character modulo ¢ and & > 0 an even integer and v = 0 in (3.9). The
corresponding Dirichlet series, in this case, is Fy(s) = ((s)L(s — k, x). Therefore,

we obtain

1
Zakx JKo(ay/nz) = 5 (Ris + Ri+ Ro + ;7 (X)), (3.34)

where J]go) (X) is defined in (3.10)). It is clear that Ry 1 = 0 for k£ > 0. L(s — k, x)
has a zero at s = 1 in case k > 2 is an even integer, and y is odd. So, we will not
get any contribution from the pole of ((s) at s = 1. However, in the case of k = 0,

the integrand in (3.10) will encounter a pole at s = 1. Hence, we can write

0, if &> 0,
R, = (3.35)
L(1,x)X, ifk=0,

and the integrand in (3.10)) encounters a double pole at s = 0 with residue R, given
by

Ry = —w (log(QﬂX) + % - 27) ~ (3.36)

Now using (3.35)) and (3.36) and the fact Ry11 = 0 in (3.34]), we obtain

1

+ §J,§°> (X), (3.37)

where ¢, is defined in (3.3)). For J,EO)(X ), we employ the functional equations ({2.9)

and ([2.13) to obtain
J,EO)(X) = — / ()14 k—5)C(1 —s)L(1 —s+k,x)Y?ds
21 (—d)

 Yhy

270 J(1+a)

D,

I'(1—s)I'(k+s)C(s)L(s + k,x)Y °ds
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oo 1 B
=Yhy ; o_x(n) 5 /(1+d) I'(1—s)'(k+s)(nY) %ds

= 1 L(k+s) _
=7Yh o_rw(n —/ ——2 (nY) %ds
K ; kx(n) 2710 J1ya) T(s) SlH(?TS)( )

=aYh Z + Z O'_k,x(n)

n<yY-1 n>Y-1

1 I'(k+s)

— Y)°d 3.38
210 J(14q) T(s) sin(7s) (nY)7ds, (3:38)
1+k&
where hy = (_1);+(X) (%)k and Y = %X with X = %. In the second last

step, we have used the reflection formula . We will first investigate the infinite
sum y_ .y —i. To evaluate this inner line integral in (3.38)), we shall use the Cauchy
residue theorem with the contour consisting of the line segments [1+d —iT,1+d+
T, +d+iT, M+ 4 +iT],[M + 1 +iT, M+ § —iT|,[M + 3 —iT,1 +d — iT
where M € N is a large number, and T is a large positive number. The poles of the
integrand function in are at 2, 3,---, M, and they are simple. The residue at

s =m is given by

L—Dm™mm+1)...(m+k—1)(nY)™ for k > 1,
.. )Y) 2L
L(=1)m(ny)™™ for k =0,
where m = 2, 3,---, M. Employing Lemma [2.2.1, we can show that both the

integrals along the horizontal lines [1+d+iT, M + 1 +iT| and [M + 1 —iT, 14+d—iT
vanish as " — oo. From (3.39)), we arrive at

1 I
b M(ny)—Sds
21 J(11qy T'(s) sin(ms)
M
Y Rt — Dkts) s
m—2 210 J (w4 L) ['(s)sin(ms)
M
Mk
- - Rm + Ok — |,
mZZQ ((nY)M+1/2>

where we have used |sin (o +it)| > €™l and Lemma for |t| > 1 to bound the
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integral [ (M+1) and the implied constant depends on k. Next, allowing M — oo,
2

the error term goes to 0 as n > Y ~!. Employing Corollary for W =1/Y, we

readily obtain that

1 r ! 1 kot
B <_) (1 _ n—m) 7
21 J(11q) T'(s) sin(ms) T \nY (Y=1+n)

and we easily deduce from the above expression that

—ni ['(k+s) AV )-5ds
Z 7kl )27rz' /(1+d) ['(s) Sil’l(ﬂ'S)( Y)™d

n>Y 1

k! o_kx(n nktl
--= 3 # (1 _ m) . (3.40)

n>Yy -1
Similarly, by shifting the line of integration to the left, we obtain

—nL —F(k—l—s) nY ) *ds
Z okl )27rz' /(1+d) ['(s) sin(ﬁs)( Y)™d

n<y -1

k! o_kx(n nkt
--= 3 kT() (1 - m) . (3.41)

n<y -1

Inserting (3.40) and (3.41) in (3.38),

JOX) = —klhy Y U‘kTX(”) <1 - #) . (3.42)

n=1

a2

We finish the proof by noting ¥ = 162;, substituting (3.42)) in (3.37) and then
simplifying. m

Theorem 3.2.4. Let k > 2 be an even integer and x be an odd primitive Dirichlet
character modulo q. Then, for any R(v) > 0,

> v 2u+2k+1 )
T (Mn? K, (av/n) = s Dk + DD+ k4 DL+ k,x) a5+
n=1
(—1)%i(aq)” 3 < ()
 Q3vtkt2 2kt P +k+1D7(x) Z

2
n= (n+ 355
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Analogous to Theorem [3.2.1] one can show that Theorem is equivalent to

the following result.

Theorem 3.2.5. Let k > 2 be an even integer. Then for any R(v) > 0 we have

a2y 2T & 270
(T) Zn”/QK a/nx desm( )

dn

_ %w +k+1) (C(=k,0) — (=K, 1-0))

k
2

=Dz o e N (m +6)"
o 2T+ ket >ZZ{(1+16”2’T(m+9))1+V“€

(m+1-6)" } | (3.43)

(14 B (41— g)) vk

Proof of Theorem 4] and its equivalence with Theorem . The

proofs of Theorems Iml and [3.2.5] are similar to the proofs of Theorems and
3.2.2 respectively. The equivalence of Theorems and can be derived
similarly. To avoid repetitions, we skip the details of the proof. O

Our next result, corresponding to v = 0 is as follows:

Theorem 3.2.6. Let k > 2 be an even integer and x be an odd primitive Dirichlet

character modulo q. Then

22k+1 ) 1 1 ,
Zakx KO Cl ) a2k+2F (k + ]')L(k: +1 X) Tkt + ég (_k)L(Ov X)
(=1)2ik!7(x) = 1 1
* 2(27 )+t ;Uk,x(”) nL (1 %)kﬂ '

Proof. Here we will consider fi(n) = &, (n) with x being an odd primitive character
modulo ¢ and k£ > 2 an even integer and v = 0 in (3.9). We skip the detail of the
proof because of its similarity with the proof of Theorem [3.2.3] O]
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3.2.2 Identity related to r4(n)

In this subsection, we study the identities associated with 7(n) and the modified

K-Bessel functions. Let us first see the representation of rg(n) as follows [5, p. 63]

n) :16 Z (_1)(n/d—l)/2d2 _ 4 Z(_l)(d_l)/2d2

dn din
G odd d odd
d
-y {16 sin (g—Z) — 4sin (%) } . (3.44)
dn

Theorem [3.2.2] together with Theorem [3.2.5] gives rise to the following beautiful

identity corresponding to rg(n).

Corollary 3.2.1. For any R(v) > 0 we have

gH+3
< ) Zn”/2K av/nx Zd2{16sm (271?6) —4sin(27rd6’)}

dln

_ ?WBP(V +3)(0 - 36" + 293) - ;%F(W(cot(we) + cot’(76))

4(m + 6)* n? —4(m+1-—6)>
) ZZ{ T G ) (1 1 —0»”3}'

(3.45)

Proof. Multiplying (3.4)) of Theorem by —4 and (3.43)) of Theorem by 16,
and then adding both the expressions, putting k = 2 yield

- 2
Zny/zK,,(a n) Zd2 {16 sin ( dee) — 4sin (27rd9)}

n=1 dln

= —167°T (v +3)X273(((=2,0) — (2,1 - 0))

= ) c.0) - 3.1 - 0))

473

m+ 6)?
+X2(27rX 3I‘ v+3) ZZ{ 167r T(m+9>>y+3

n=1m=0

n2—24(m+1—9) } (3.46)
(I + 8 (1 -6
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Using (2.18)), we have

C(=2,0) — ((=2,1—0) = —%(Bg(e) — B3(1—0)) = —%(0 — 3607 +20%).  (3.47)

By using partial fraction expansion for cot(nf), we can easily get

C(n,1—0) + (—=1)"C(n, 0) = ﬁ dxnl cot(wh).
Hence by above, we get
(€(3,0) — ¢(3,1 —0)) = 7°*(cot(h) + cot®(nh)). (3.48)
Substituting (3.47)), (3.48)) in (3.46)), we get the result. O

One can also obtain an interesting identity analogous to Hardy’s result in ((1.17))
by substituting § = 1/4.

Corollary 3.2.2. For any R(v) > 0 we have

( ) +3ir 0K, (ay/nz) = W;F@—%B)—%F()

o 24 1/4 24 3/4)?
+@2n) T +3) ”162<m+ /4 o Am 3T
S| (U 50 (m o+ 1/4))3 (14 1950 (m + 3/4))7+3
(3.49)
Proof. Proof directly follows from (3.44]) and Corollary [3.2.1} O

In particular, v = 1/2,a = 4r yields an identity analogous to Hardy’s result
(1.16)).

Corollary 3.2.3. We have

—47y/nr __ -3
E re(n)e =53¢ 1

43 Am +1/4)>  n®—4(m +3/4)
e ZZ{ E(m+1/4))% <1+§<m+3/4>>5}' -

n=1 m=0
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Proof. Substituting v = 1/2,a = 4x in Corollary and using (|1.8), we get

(13.50). Next, we demonstrate the absolute convergence of infinite series present on
the right-hand side of (3.50]). For this, we consider

n? —4(m+1/4)*>  n?—4(m+3/4)?
(14 2(m+1/4)z  (1+2(m+3/4))3

| n—am+1/4)2 | | 02— a(m+3/4)?
Sggg;{<y+%m+1ﬂné+<r+am+3M»5}

<oiy L L eiy Lty L
2 2 2

3.2.3 Identities involving even characters

In this subsection, we present similar results when k is an odd positive integer,

and y is a non-principal even primitive character. In the last result, we take k = 0.

Theorem 3.2.7. Let k > 1 be an odd integer and x be a non-principal even primitive

Dirichlet character modulo q. Then, for any R(v) > 0

k=1
—1)7 ¢* N
Zakx 2 K, ( )—WF(V)T(X)P(kle)L(Iij,X) x

(—1)F agth w

S T,z (1)
T TRk F(V +h+ 1700 ) PR

Theorem [3.2.7] is equivalent to the following theorem, mentioned below.

Theorem 3.2.8. Let k > 1 be an odd integer. Then for any R(v) > 0 we have

CL2£L' g+k+1 o0
(T) Zn”/QK av/nx decos (2mdb)
din

(_1)%a2k+2k!

= (g L) {C(k+1,0)+((k+1,1—60)} 2!
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—1)F 20T+ k+1) - 1
—i-( ) = ( )4 ( )dez : __
o | (o g
+ 1 5 aQF(l +v) (3.51)
_ a” e, |
(167r2 d(m+1-6) >V+k+1 T
o +1
where 0y 1 1s given by
1 ifk =1,
= (3.52)
0 else.

Proof of Theorem and its equivalence with Theorem [3.2.8] We now
outline the idea behind the proof of Theorem [3.2.7, and highlight the key differ-
ences between the proofs of Theorem and Theorem [3.2.7, The main distinc-
tion in proving Theorem lies in the use of the functional equation for the L—
function. Specifically, for an even character y, we take k = 0, whereas for an odd
character, Kk = 1. Another critical difference arises from the locations of the zeros of
L(s,x) = 0. When x is an even primitive character, the nontrivial zeros of L(s, x)
occur at s = 0,—2,—4,—6,---. In contrast, for an odd primitive character, the
zeros are at s = —1,—3, =5, —7,---. Consequently, in the proof of Theorem [3.2.7]
we obtain L(s — k,x) = 0 at s = 1. Hence, there is no contribution from the pole
of ((s) at s = 1. It is easy to see that Ry,; = 0. The integrand has a pole at s =0

due to the Gamma function with residue R, given by

5 (2m)\ "
™
Ry =— = ( ) D1+ k)C(w)L(1+ k,x), (3.53)
q
where in the last step, we have applied the functional equation (2.13)) for k = 0,
since x is an even character. The computation of J,gy) (X)) proceeds similarly to the

proof of Theorem [3.2.1] with the only difference being that we use the functional
equations (2.9) and (2.13]) for the even character y, where k is an odd integer.

The proof of Theorem [3.2.§] is similar to the proof of Theorem [3.2.2] Here, we
use ([2.16) instead of (2.17) and k& > 1 to be an odd integer. Next, we demonstrate
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that Theorem and Proposition are equivalent to Theorem [3.2.8
Theorem = Theorem It is sufficient to prove the theorem for 6 =
h/q, where ¢ is prime and 0 < h < g. We begin our proof by considering the
expression on the left-hand side of the identity in Theorem m Employing
(2.25)), we have

o2 " 27rdh)
Zn K, (av/nx chos( .

din

—Zn”/QK ay/nx) de+2dkcos (Qﬂdh)

dln dln

qld qtd
=) (qm)"?K,(a/qgmz) > (gd)"
m=1 dlm
+Zn”/2K a\/nx Z¢ Z (d)x(h)T(x)
qud x even

m=1

—qz+kzm”/2K ar/qmT de vaﬂk ay/nx Z¢ Xo(d
q’fd

X#Xo
xeven

—|—Zn”/2K av/nx Z¢ Z d)x(h)7(X)
q’fd

—q2+k2m”/2K a\/qmz Zd Zn”/zK a nx—) de de

m=1 n=1 dln
qld
1
+ — Z Zn”/2K (av/nz de
o(a) XFX0 dln
xeven
95+k+1 = /2 /2
or(m)m"’* K, (a\/qmz or(n)n" K, (av/nx)
o(a) ~— Z
1
+ o) Z X(h)T(){)Zak?X(n)n”ﬂKy(a nx). (3.54)
XFXO0 n=1
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Now, we first evaluate the first two sums on the right-hand side of (3.54)).
Proposition [1.4.3] we have

EaLan iak( ym %e (ay/qmz ZU’“ u/2K (av/nz)

o(a) “~—

_ TW)S(=R) ¢u _r<1+u> oo (=DE
=i Xz (¢"' —1) 1 X285, + 29() X2T(v+k+1)

x (2m X)) oi(n) _ ox(n) , (355
( ) nz:l (Mﬂ 1)V+k+1 ; (12_72r2%+ 1)u+k+1 (3.55)

a’q T

where 0y is defined in (3.52)). Now, we examine the last sum on the right-hand side
of (3.54)). Invoking the identity in Theorem (3.2.7]), we have

Z x(h )Zahx(n)n”ﬂ[ﬂ,(a nx)

X#Xo

xeven

B (_1)%k!qk+l - B
e ) 2 XL k)

XFX0
xeven
(1% k1 - Trx (1)
R Xe2r X" T+ k+1) Y x(h) — (3.56)
X#X0 n=1 < P 1)
xeven
We consider
Z X(h)L(1 +k,X)
XFX0
X even
= > x(hWL(+k,x) = L1+ k, xo)
X even
1 4 > <
S (S 5 )
X even (] ! r=1 n=1 nk+1 n=1 (nQ)k+1
) 1
_ MZC (bt Lrfg) 3 x(h)x(r) - (1—qm) Ck+ 1)
X even
?(q)

= 5o (G + 1 h/g) + Gk + 1.1 = /) - (1 _ q1+ ) Ch+1),  (357)
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where in the penultimate step, we used (2.3) and (2.23]). Now, we examine the last
expression in ([3.56|), and we obtain

- d/n d _
- ! > 2 1 Y x(W)x(n/d) — xo(n/d)

n=1 (1527;2 ;L xeven

= lf:dk f: 1 _ 1 < (ox(n) — ox(n/q))

24 —1 (16”2 dr | 1>V+k+1 P(q) = (167r2 n 1)”+k+1

B TE:I:;L(modq) a’q = n= a2q z +

1 & i 1 1
ISy .

2 d=1 m=0 <1a627:12 d(mg—s—h) + 1) <% d(mq-;q—h) + 1)

1

[ or(n > or(n

l e — 1 1
:izdkz + )u+k+1

d=1 m=0 <Md(Lh/‘1) + 1) vk (M dm+1-h/q) |

a? x a? x
 — or(n) JR— ox(r)
— ” + ~ . (3.58)
¢(q) ; (%% n 1) AL p(q) ; (f_gzg + 1) Th+1

Substituting (3.57)), (3.58)) in (3.56)), we obtain

@ Z X(h)T()Z)ZUk,X(n)n”me(a nx)
XFX0 n=1

xeven

C(EDER L, 1 q
— o XA { (G 1/ + GGk + 11 = b)) - T2
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+ Xe2r X"+ k+1)> d" )
4 . m v+k+1
d=1  m=0 (12_2261(;—"/‘1) + 1)
1
(@ dlm+1-h/g) | 1)””““
1 k+1 , 0
- (2 )2 X (m X T 4 k4 1) LN
o(a) = (L2 4 1)
(_1)% y k+1 - ox(r)
+ Xz 2nX)""' v+ k+1 . 3.59
20(q) ( ) ( >; (li—ggi N 1)1/+k+1 ( )

Inserting (3.55)) and (3.59) into (3.54]), we get (3.51)).
Theorem = Theorem Let 6§ = h/q, and x be an even primitive

non-principal character modulo g. Multiplying the identity (3.51]) in Theorem m
by x(h)/7(X), and then summing on h, 0 < h < ¢q. The remaining steps are similar
to the proof of Theorem [3.2.1 n

Our next result, corresponding to v = 0, is as follows:

Theorem 3.2.9. Let k > 1 be an odd integer and x be a non-principal even primitive

Dirichlet character modulo q. Then
L(—k,x 8 L'(=k,x
Zakx VKo(av/nx) = ——< 1 ) (log (a_>+—L((—k X))—ny)

L(—k, x) lg* . - 5 (n I 1
2(27T)k+1 (X)Z lﬁX( )<nk+1 a2qx)k+1) .

+ 2 g p 4+ (—1)' T
(n—i-@

4

Proof. Here, we will take fi(n) = o4, (n) and x being a non-principal even primitive
Dirichlet character modulo g and k£ > 1 an odd integer in . Proceeding by almost
identically the same argument as in the proof of Theorems [3.2.1] and [3.2.3] one can
deduce the result. We leave the details of the proofs for the reader. n

Theorem 3.2.10. Let k > 1 be an odd integer and x be a mon-principal even
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primitive Dirichlet character modulo q. Then, for any R(v) > 0,

o ov+2k+1 v
Z (avna) =~ Dk + D (v + k+ DL+ K, x) 275
=1
L 1) (aq)” 25 1
93U+ kA2 20kt 1 F< +hk+1)r Z Thx( e\ VR
(n + 163@)

Analogous to Theorem [3.2.7] Theorem [3.2.10]is equivalent to the following result.

Theorem 3.2.11. Let k > 1 be an odd integer. Then for any R(v) > 0 we have

a2z 2 THt &2 21l
(T) Zn”/QK (av/nz decos( )

dn
— (_1);18(%)“}(1/ +k+1){¢(—Fk,0)+ (=K, 1-0)}

NCTETCOLRAIRS 8 ST,

r=1 m=0 (16#2 r(m+6) +1

v+k+1
a? >

(m+1—0)F a?k+2 k1
2 o( +1 o) vhk+1 (T 22k+4C(_k) (v)az"™.
(12721' r(m ‘l‘ 1)

Proof of Theorem (3.2.10] and its equivalence with Theorem |3.2.11| The

equivalence of Theorems [3.2.10[ and [3.2.11] can be derived in a similar way as in the

proof of Theorems [3.2.7] and [3.2.8] respectively. To avoid repetitions, we skip the
details of the proof. O

The result corresponding to v = 0 is as follows:

Theorem 3.2.12. Let k > 1 be an odd integer and x be a mnon-principal even

primative Dirichlet character modulo q. Then

22k+1 N 1 1 ,
Zakx KO CL ) - a2k+2r (k + 1)L(k + 17 X) k1 + §C (_k)L(()?X)

( n= N 1
YO R 2(2r) s ZU’“X nk+1 B (n+ a2_qw)k+1 '

1672




Character analogues for the case z € Z>( and their equivalent versions
52 in trigonometric forms

Proof. The proof is similar to the proof of Theorem [3.2.6, Thus, we omit the
details. ]

The next result corresponds to the case v = 0 and k£ = 0. We can also claim the

positivity of L(1, x) for even real character x from the following identity.

Theorem 3.2.13. Let x be a non-principal even primitive Dirichlet character mod-

ulo q. Then we have

oo = 21,0 = S0, )

provided ‘1‘2% ¢7Z.,.

Proof. It deals with the special case k = 0 and ¥ = 0 when Yy is a non-principal even
primitive character modulo ¢g. Thus setting fy(n) = d,(n) in (3.9)), we obtain

Zd ) Koan/n) = S(Ry + Ro + J(X), (3.61)

where the residues R; and Ry are given by

Ry =L(1,%)X, (3.62)
Ry = — %L’(O, X) = —T(4X>L(1, ), (3.63)

where in (3.63]), we have used [2I} p. 181, equation (3.2)]. Next, we evaluate Jéo) (X)
defined in (3.10) with Fy(s) = ((s)L(s, x). Utilizing the functional equations ([2.9)

and ([2.13), one can get

© ) (TLY)_S s
Jo YZ dx( 27r2 / ) sin2(7rs/2)d ’ (3:64)

(1+d

where YV = %. As 0 < d < 1, applying inverse Mellin transform to (2.33]) of



3.2 MAIN RESULTS AND PROOFS 53

Lemma and then employing the formula in (3.64]), we deduce that

1
T (x) = 7r2 YZd Og >1 (3.65)
n=1

Inserting (3.62)), (3.63) and (3.65) in (3.61]) and noting ¥ = }Lgigfc, one can complete
the proof of ((3.60)). O

3.2.4 Non-vanishing of L(1, ) for real character

In this subsection, we provide a new proof of the positivity of L(1,x) for all
real primitive characters y, based on two of our main results- Theorem [3.2.3| and
Theorem |3.2.13] This result plays a key role in the proof of Dirichlet’s theorem on

the infinitude of primes in arithmetic progressions.
e (Case 1. When Yy is an odd real primitive character

Suppose that y is a real odd primitive Dirichlet character modulo ¢ and setting
k = 0 and then employing the functional equation (2.13)) in (3.33)), we obtain

Zd VKo(ay/nz) = L<1’X>(3—Mxlogx)

T a? 47

L(0, st\ L0, ia’q x —  dx(n
- <1Og <§) ! L((o,;(()) B 27) ! 64—%7(”2#“2”)' .

= n(n+ 1672

Now, we can easily show that d, (n) is non-negative for each n from the Euler product

on the left-hand side of ([2.5). More precisely, the factors in its Euler product are of

1\ ! 1\ 2 1\ !
(o5) () o ()
p® p® p=°

according as to whether x(p) = 0,1 or —1 respectively. Therefore, by rewriting the

the forms

Euler product as a Dirichlet series, one can easily notice that d,(n) > 0 for all n.
In addition, it is clear from that d,(n) > 1 whenever n is a perfect square.
We have already mentioned the fact that Ky(z) tends to +00 as = decreases to 0
at the beginning of Section in Chapter . Therefore, the left-hand side of
approaches 400 as x decreases to 0. Let us examine the right-hand side of .
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Noting that i7(x) is real for real odd primitive Dirichlet character [42, Theorem 9.9,
p. 288]

L(1,x)
_ —% Zg;i x(a)log <sin %) , if ¥ is even primitive chracter (3.67)
m Z;i ax(a), if y is odd primitive character,

q

we can easily deduce that the infinite series on the right-hand side of (3.66) tends

to 0 as = decreases to 0. Next noting that i7(x) is real and xlogz tends to 0 as x

decreases to 0, we infer that L(ITX) tends to +o00 as x decreases to 0, which ensures

the strict positivity of L(1, x).
e Case 2. When Yy is an even real primitive character

Let us rewrite (3.60|) for real even primitive Dirichlet character modulo ¢,

S dy () Kolav/ir) =———L(1,x) — "X 11, 5)

Calx 8
1672n
CL2q x > log ( a’qx )
+ 4 (Xj 2{:‘1X(n) 29
32 —1 n2 — <a2q:c>
- 1672

provided ‘f;fj ¢ Z.. In this case, we can show that d,(n) is non-negative for every
n using the same justifications as in Case 1. From , it can be easily seen that
dy(n) > 1 whenever n is a perfect square. As Ky(z) tends to +o0o as = decreases
to 0, the left-hand side of approaches 400 as x decreases to 0. Now, the
infinite series in the right-hand side of decreases rapidly as x decreases to 0.
Therefore, we arrive at the conclusion that %L(l, X) tends to +oo as = decreases

to 0 which proves the strict positivity of L(1, x).

Next, we are going to investigate the identities involving two characters and their

equivalent version in two trigonometric functions, which are the following:
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3.2.5 Identities involving two characters

In this subsection, we provide the identities corresponding to

Ok,x1,x2 (n> = Z del(d>X2<n/d>7

d/n
where y; and o are Dirichlet characters modulo p and ¢, respectively.

Theorem 3.2.14. Let k > 1 be an odd integer. Let x1 and xo be primitive characters
modulo p and q, respectively, such that either both are non-principal even characters

or both are odd characters. Then, for any R(v) > 0,

S
D Ok (M)n? Ky (ay/nz)
n=1

k+1

(1) (agq)p"** a3 — Thea(n)
=m0 T+ k ny e (3.68)
= (n+ )

Theorem [3.2.14] is the equivalent version of the following result.

Theorem 3.2.15. Let k > 1 be an odd integer. Then for any R(v) > 0 we have

ar E+k+1 oo _—
(T) ;nu/ﬂ(,,(a nx)desin(ZﬁdG)sin( y )

din
k+1
~1) = n+ )"
_ _—8(2 )_k_lf(u +h+1) Y : : :M TR
( ﬂ—) m,n>0 (H?l_g—("+¢)gc(m+ ) —|— ]_)
(n+1—y)t (n+¥)*
- v+k+1 vtk+1
<1272r2 (rtl-e)(mt0) 1) (1%2 (nt)mt1=6) 4 1)
(n+1—1)*
vtk+1 (3.69)
(167;2 (n+1—1)(m+1—0) n 1)

For deriving the equivalence of our next result with Theorem [3.2.14] we need the
help of Theorem [3.2.8 and Theorem [3.2.11].
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Theorem 3.2.16. Let k > 1 be an odd integer. Then for any R(v) > 0 we have

a2p) 3R " ) _—
<T) ;n K, (a nx)Zd cos(27rd9)cos( y )

dln

— (_1)%a2k+2klr(u) {C(k+1,0)+C(k+1,1—0)} 2"

224 (21
k+1
1) .
! g — e T ke Y (n+ ) __
n,m>0 (12—7;2%& + 1)
n (n+1—1)* N (n+ )k
(127;2 (m+9)(;l+1—w) R 1>u+k+1 <1272r2 (m+1—z)(n+w) R 1) pEw}
(n+1—1y)*
+ 2 vkl
(1672r (mt1-0)(nt1—) | 1)

Proof of Theorem (3.2.14] and its equivalence with Theorem [3.2.15 Here,
we see the individual proofs of both results.

Proof of Theorem We will take fy(n) = 0ky0(n) and & > 1 an odd
integer and R(r) > 0 in (3.9). By assumption, y; and y» are primitive characters
modulo p and ¢, respectively, such that either both are non-principal even characters
or both are odd characters. In the notation of (3.5), Fi(s) = L(s — k, x1)L(s, x2).
We get

o.9] 1 }
> Tk (ME(avnn) = S X2 (Re + Byt Ro+ 7 (X)), (370)
n=1

where J,EV)(X) is defined in (3.10). It is easy to see that Ry,; = 0 and R; = 0.
When both x; and x, are non-principal even primitive characters, L(s,x2) has a
zero at s = 0. Hence, we will not be getting any contribution from the pole of T'(s)
at s = 0. As a result, we will get Ry = 0. If both y; and ys are odd primitive
characters, L(s — k,x1) has a zero at s = 0 since k is an odd integer. Again, there

will be no contribution of the pole from I'(s) at s = 0. Therefore Ry = 0. Now
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utilizing the facts Ry.1 =0, Ry = 0 and Ry = 0 in (3.70]), we obtain
- Lvso )
> ke (MK, (ay/nz) = S XL (X), (3.71)
=1

To evaluate J,g") (X), we utilize the functional equations (2.13)), (2.14)) with (2.21])

’ S 1 L
TX) =Yage > 0 pxie(n) 5— / P(1 =5+ v)T(k+ s)(nY2) *ds, (3.72)
1 27TZ (1+d)
1) 2
where g, = &L (2%;%1)7()‘2) and Yy = 4pin. As 0 < d < 1, appealing to Lemma

2.2.5|with n =k and a = 1 + v, we deduce

JOX) =Yg DL+ v+ k)Y 1?;; s (3.73)

n=1

where we have used the fact o_j. v, v, (n) = n7%0% 4, (n). We complete the proof

. . . . o 1672
of (3.68]) by substituting (3.73)) in (3.71)) and remarking Y, = oz
Proof of Theorem |3.2.15| It is sufficient to prove the theorem for rationals 6 =

hi/p and ¢ = hy/q where p and ¢ are primes, 0 < hy < p and 0 < hy < g.

Employing Lemma [2.2.8 with ¢ = n and subsequently interchanging the summation

and integration, we get for odd integer k > 1,

Z de sin <2Wdh1) sin (QZ—W) n’?K,(av/nz)
q

nld\

_ 1 (aj_)'/;m/ T(s)(s + v) (—) Zde sin (%dhl)

n=1 djn

, (27mh2) .
X sin n °ds
dgq
1/ 2\ 1 4\’ 21dhy
== — | I(s)I — d" s
2 (2v) am [, Tme e () o (B2)
> 2
X Z m~° sin ( 7Tmh2) ds
m=1

q
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k
_ D v 1 . [ 2mrihy
_§X %/ [(s+v) ZC(S— )m( »
(C) ri=1
2mrah
<3¢ ( ) sin (27212 ) g s, (3.74)
ro=1
where ¢ > k+ 1 and X = . Next, we invoke the functional relations and

- in -, we obtaln
2 2
Zde31 < ’ﬂ'dhl) sin ( W;h&) ’I’LV/QK,,(CL TZZL')
q

n=1 djn
( 2 /2 1 / hq
= 7 X¥:___ T I'k+1-— k+1—s, —
SZn) o (s +v)I'(k + s)qC | k+ s, )

—g(k+1—s,1—%)}{g(1—s %)—g<1—s,1—%>}(4w2)()5ds.

(3.75)

Now proceeding in the same way as in the proof of Theorem [3.2.2 we shift the line
of integration to R(s) = —d (with 0 < d < min{1,R(v)}), then replace 1 — s by s

to obtain

2 2
Z de sin ( Wdhl) sin ( dehQ) n*? K, (av/nz)
q

n=1 d|n
_ (_1)%7[_2 v/ 1 hl
= WXH 2%/(1”) F(v+1—3s)T(k+s) {g (k + s, ?)

_C(k? 1—E>}{§(3’@) C( 1_@>}(472X)_8d8

p q q
—1)"% 72
- (2(22r ety HV/QZZ{
m=0 n=0

(n+ hy /p)—kQLm /( RIS (472X (n + huJp)(m + o))~ ds

2

—(n—i—l—hl/p)ki,/ Fv+1—-s)I'(k+s)
(14d)
x (47X (n + 1 — hy/p)(m + ha/q)) " ds

1
—(n—i—hl/p)_k—,/ Fv+1—s)I(k+s)
211 ) (11q)
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x (47X (n+ hi/p)(m + 1 — ha/q)) " ds

n+1—h _ki I'v+1-s)'(k+s
RCARRCEr =y B ER LTSS
x (472X (n+1— hy/p)(m +1— hy/q))~* ds} . (3.76)

We get (3.69) by applying Lemma for n = k and a = 1 + v to each of these
integrals in (3.76)).

The equivalence of Theorems [3.2.14] and [3.2.15] can be easily deduced. So, we
leave the details for the reader. ]

Proof of Theorem (3.2.14] and its equivalence with Theorem (3.2.16 The
proof of Theorem [3.2.16] is similar to Theorem [3.2.15] so we skip the proof. But we
would show its equivalence with Theorem [3.2.14]

Theorem = Theorem It is sufficient to prove the theorem for ra-
tionals @ = hy /p and ¢ = hy/q where p and ¢ are primes, 0 < h; < pand 0 < hy < q.
We multiply both sides of identity in Theorem [3.2.14|by x1(h1)7(xX1)/¢(p) and

X2(h2)7(X2)/®(q), then sum on non-principal primitive even character x; modulo p

and x, modulo ¢. Using (2.25)), the left-hand side of (3.68)) becomes

1 o0
—— X2(h2)T(X2) X1(h)T(X1) Y Ok e ()02 K, (an/n)
S 2=, > >

X2 even X1 even

—; N n’?K,(a\/nx k n/a)T(x:
— ¢(p)¢(q); K,( ) A" ST ya(ha)xa(n/d)T(Xz)

din X27X0
X2 even

X Z X1(h1)xa1(d)7(x1)

X17X0
S K (i S ] L ey o Xo(1/d)
; K, ( );d {¢(Q) X2§ENX2(h2)X2( Jd)T(X2) + () }

x {@ Z Xl(hl)Xl(d)T(X1)+XO(d)}

X1 even
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S 2mnh 2mdh
= ;n”/QKy(a nx) Z d" {cos( W;; 2) cos< md 1)

p
+@CO‘°’ (227;@) * ¢<1q cos (%ffhl) ’ ¢<p>1¢<q>}

27Tnh2) cos <27Tdh1) N 1 cos (27mh2)
dq p o(p) dq

s
*@Cs(zﬁzhl) ¢<p>¢<q>}
sty S Hodoi St feos (V) 4
pld
sty o St {os () + 505
al’y
”/2K (av/nz) Y d*
Jld. a2

= 2mnh 2mdh
:;n”/QK,,(a n:c)%;dkcos( WCZJ 2) cos( t 1>

p

d|n p
3t 2
Sy S COS< wdhl)}
dlm

im”/QK (ay/mpx) de

dlm



3.2 MAIN RESULTS AND PROOFS 61

——q%H N m*?K,(ar/mqz k
oot 2™ e/ )

dlm

p;+kz+1 ¥4
Zm”/QK mpq:c)de : (3.77)

dlm

Employing Theorem [3.2.11| with 6 = hy/q, we evaluate the second and third terms
on the right-hand side of (3.77) as follows:

@ i n""? K, (ay/nx) Z d" cos (QW;}Q)

n=1 d/n q
Zm K, ( mpx);d Cos a7
v~ (QWX)MX +k+1) E Z &
= I/
4qk¢<p> r=1 d—=1 (167r rd T 1>y+k+1
2
d=+ha(q) \ %0
- d* D(W)C(=Fk) v/ g
— + Xz (p ). 3.78
; dzl <167r2 rd + 1)V+k+1 4¢(p) ( ) ( )
d=+ Q(q) pq z

Using Theorem with 0 = hy/p, we evaluate the fourth and fifth terms on the
right-hand side of (3.77)) as follows:

2wdh
v/2 k 1
E n"*K,(av/nz) g d” cos
¢>( ( p )

dn

gzt V)2 & 2wdh,
— 50 Zm K, (a\/mqz Zd coS <
m=1

dlm

XET () {C(k+1,h/p) + C(k+1,1—hy/p)}

_ (DR
o 4(2m)k+1

v > > dk
X2 2nX) " T(v+k+1
4¢(Q) ( ) ( ) ; ; (1671’2 vd n 1) v+k+1
1

a?p T
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_gz Z >V+k+1 ) (3.79)

2
d=1 r=1 (16—rd 4
() \@%pg =

Using Proposition [1.4.3, we evaluate the last four terms on the right-hand side of

(13.77) as follows:

Z n""? K, (av/na Z d" — Z m** K, (a\/mpz) Z d"
dlm
- v/2 k 2+k+1 & v/2 k
Zm K, (a\/mqx Zd Zm K, ( mpq:r)Zd

dlm

\_/ w\t

_ (_1)% 5T (v k+1
“aofetg YRR {Z o7 )

o
T

a?

oo

_ ox(n) _ i > i o0
; (1527;2;_1_1_1>u+k+1 e Z <1(167T2_+1>u+k+1 7 Z <1622$ +1>V+k+1
_POC=R) g
40(p) X -1, (3.80)

Substitute (3.78)), (3.79) and (3.80) into the right-hand side of (3.77)), we deduce the

left-hand side of (3.68) as folllows:

1 Z 14
et 2 elrie) 2 alrin) Zakmxz w2, (/i)

P X27X0 X17X0

X2 even X1 even
2mnh 2rdh

_Znu/zf( ay/nx decos< ik 2)003( m 1)

(-1 2r X))k, o o i
+ Xzl (v+k+1)

4qk¢(p) ; Z (167r2 rd 1) v+k+1
dE h (@) \ @’¢ =

o0 oo k.

n Z Z vrkT1
)

1672 rd
d=1 1
d +ha(q) <a2m > T
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(—1)* %
+ et XD (O + /o) + Clh 411 = /)
k+1 o0 o
—1) =2 v dk
+EUE etk DS Y
46(q) d=1 r=1 (16”2ﬂ+1>
r=xhi(p) \ °P T
l & d ()% . .
- n X5T(v 4k +1) (20X
F 2 (1) | 2050 ( ) (@nX)
T r=thi(p) \@*Pq

a?pq

1 — 1 —
3 ) Ly )MH | (3.81)

v+k+1
n=1 (@24_1) q n=1 (1671'2n +1

Next, we examine the right-hand side of (3.68]) of Theorem [3.2.14] We find that

1 _ - Ok, x2,X1 )
m Z X2(h2)T(X2) Z x1(h1)T(x1 Z ) XX k41
PO et N0, = ()

O p e d* ()
= )0 2 2 ){ 2, bl X°(d)}

2
n=1 d|n <167r —+ 1 X2 even

pq:):

X{ Z x1(h1)x1(n/d) _XO(n/d>}

X1 even
P d* i
¢(p)¢(Q) erZI <1g_ﬂ.2ﬂ n 1>V+k+1 {X2§en><2< 2)X2< ) Xo( )}

X{ > xalh)xa(r) —XO(T)}

1 even

s Z _+1>”+’“+1 26/(p) 2

> d" d*
_ %(qq) Z 1 (Mﬂ N 1>u+k+1 + qﬁ(pl))z]b(q) ZZ (__ N 1>V+k+1
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1672 dr 1

v+k+1
d=1 r=1 ( 5 )
d=+ho(q) r=%hi(p) \@°Pq ©

P o o d* pq - d*
- 2—((]) Z Z a 1>V+k+1 + 26(q) < Z i 1>u+k+1

¢(p)¢(q) 2.2 l6n2 dr 1)”*’““ L0 > Tomt dr L o oR

(3.82)

k+1
Multiplying equation (3.82)) by %XEH“H(%”)’““F(V + k + 1), we obtain the
right-hand side of (3.68)). Now equating the resulting expression with (3.81)), we get
the identity in Theorem [3.2.16

Theorem (3.2.16| = Theorem (3.2.14] Let 6 = hy/p, 1) = hy/q, and assume that

both x; and xs are non-principal even primitive characters modulo p and ¢, respec-

tively. Multiplying the identity in Theorem [3.2.16| by x71(h1)x2(h2)/7(x1)7(X2), and
then summing on hy and hy, 0 < hy < p, 0 < hy < ¢, one can deduce that Theorem

3.2.16| implies Theorem (3.2.14] .
O

The result corresponding to v = 0 is as follows:

Theorem 3.2.17. Let k > 1 be an odd integer. Assume that x1 and xo are primitive

characters modulo p and q, respectively, such that either both are non-principal even
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characters or both are odd characters, then

ZOkMXz KD Cl )

1 (— )Tk!p 1 1
= §Ck,X17X2 + WT(Xl)T(X2) ; Ok,X2,x1 (n) Ryas] - (n n (112g)7g§)k+1 )

where C v, v, 15 @ constant defined as

L(=k,x1)L' (0, x2),  if both x1 and xo are even,
Chx1x2 = (3.83)
L'(=k,x1)L(0,x2),  if both x1 and xo are odd.

Proof. We leave the proof to the reader for its similarity with the proofs of Theorems

B.2.3 and 3.2.91 O

Setting x1 = X2 = X and observing o4y, (n) = x(n)>_4/, d* = x(n)or(n) in
Theorems |3.2.14] and [3.2.17], we obtain the following interesting identities.

Corollary 3.2.4. Let k > 1 be an odd integer and x be a non-principal primitive
character modulo q. Then, for any R(v) > 0

Z or(n K, (av/nz)

k41 [e o]
(—1) > a"g*th ar ox(n) X(n)
- 23u+k+2ﬂ-2ll+k+1 7— (X)F(V + k + 1) Z 2,24 v+k+1°
n=1 (n + a-g >
1672

Corollary 3.2.5. Let k > 1 be an odd integer and x be a non-principal primitive

character modulo q. For v =0, we have

ng n)Ko(ar/nx)

1 ()T k", & _ 1 1
- 2Ck:7X7X + 2(27T)k+1 T (X) ng(n) X(TL) nk+1 (TL + alzﬁqu)k"'l )

where ¢y s defined in (3.83).
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The results corresponding to v = 0 and k£ = 0 are as follows:

Theorem 3.2.18. Let x1 and x2 be non-principal even primitive characters modulo

p and q, respectively. Then

T ST G,
delm ) Ko(av/nz) = 32— Zxx —

. a’pqx
provided %5 ¢ 7.

Proof. We begin the proof by setting &k = 0 and v = 0 and fy(n) = d,, ,,(n) in
(3.9) where x; and y» are even non-principal primitive characters modulo p and g,

respectively. This will give

1
de JKo(ay/nz) =5 (Ro + Ry + I (X)), (3:84)

where Jéo)(X)) is defined in (3.10) with Fy(z) = L(s,x1)L(s, x2). Here, we will
have R; = 0. Both L(s,x1) and L(s, x2) have simple zero at s = 0 which will get
cancelled by the double pole of T'?(s) at s = 0. Hence, we have Ry = 0. Employing
functional relation , we obtain

Jéo) (X) = MY Z dxmz(”)% /(1+d) %ds, (3.85)

where Y = %X . Note that integral in (3.85)) can be treated similarly as in the
proof of Theorem [3.2.13] To avoid repetitions, we skip the details. O

Theorem 3.2.19. Let x1 and x2 be odd primitive characters modulo p and q, re-

spectively. Then we have

de X2 KO Cl )

1 4
=-L L —2y +log [ —
5 L(0,x1) L(0, x2) ( v + log (a%) +
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a4p2q2 9 > dfcl,xz( )10g<(1167]:gi>
T Eoa ¢ T(Xl)T(Xz)Z

oo (v — ()

3 2
provided 525 ¢ 7.

Proof. Taking k = 0 and v = 0 and fy(n) = dy, ,,(n) in (3.9) where x; and x» are

odd primitive characters modulo p and ¢, respectively. This will give

1
de JEo(ay/nz) =3 (Ro + By + J (X)), (3.56)

where Jéo)(X)) is defined in (3.10) with Fy(z) = L(s, x1)L(s, x2). Here, the inte-
grand will encounter a double pole at s = 0. So, we will have R; = 0. Hence, the

residue Ry is given by

Ro = L0, x1)L(0, x2) (-27 +log (X) + i((g ;1)) + IZ(((? )’s))) . (3.87)

Employing (3.87) and R; = 0 in ([3.86]), we obtain

de X2 KO a )

+ - J9(X). (3.88)

L'(0, x1) L’(O,X2)>
L(0,x1)  L(0, x2)

1
= §L<07 x1)L(0, x2) <_2’V +log (X) + +

Now appealing to functional relation (2.13)), we will have

)—s
J(O) X) — X1 X2 de / (nY d
0 ( ) Xt X2 27rz (1+d) cos2 (—”25) s

W)Y ( ) 1 / (ny)™*
= ——_ds,
n;y: 1 n>zy: ! 27” (1+a) cos? (5)

(3.89)

where Y = (1126;;:; and Y~ ¢ Z,. We first evaluate the inner line integral on the sum
Y nsy-1- We shall use the Cauchy residue theorem with the contour formed by the
lines [L+d—iT,1+d+iT],[L+d+il, M+ 3 +4T],[M+ 3 +iT, M+ 1 —iT],[M +
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% —iT,1+d—iT] where M € N is any odd large number, and T is a large positive
number. The poles of the integrand function in (3.89)) are at 3,5, -, M, and they

are double poles. The residue at s = m is given by

R = —% (nY) ™log (nY), (3.90)

™

where m = 3, 5,---, M. Employing Lemma [2.2.1] we can show both the integrals
along the horizontal line segments [1+d+iT, M +1+iT] and [M + 3 —iT,1+d—iT
vanish as 7" — oo. Utilising (3.90)), we arrive at

1 nY)~ ny)=*
oo ( 2 ﬂs R2m+1 4+ — 5 ( _ )ﬂs_ds
i J14a) cos? (%) T J(M+1) €OS (%)
M—-1
4 N log (nY) 1
= — ——= 4+ 0| ———F= | - 3.91
7.(_2 — (ny)2m+l + (TLY)M+1/2 ( )

Letting M — oo, the error term in (3.91)) goes to 0 as n > Y ~!. Thus simplifying,

we can readily deduce that

1 (nY)™ 4 N log (nY) 4 1
e —ds = — — lO nY :
577 S o () T 2 T~ Gy )

and subsequently, we get

(nY)~
Z iy, xs ( 27”/ —— v ds

oy (1+4) c08” (5)
Y—S
Z d)a X2 7_2) lOg (TLY) . (392)

n>Y 1

Similarly, by shifting the integration line to the left, we get

(nY)~*
Z A1, xa ( 27”/ —— v ds

n<y -1 (1+d) cos? (%)
Y73
Z Ay o ( T_g)bg (nY). (3.93)

n<Y 1
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Hence combining ((3.92) and - with - we obtain

TO)7(0e) x Yy
JéO) (X) _ 1 2 Z Xm X2 772) 10g (TZY) . (394)

Inserting (3.94)) in (3.88)) and remarking that Y = 1672 e get the desired result. [

aZpgz’

Theorem 3.2.20. Let k be an even, non-negative integer. Assume that x1 and
X2 are primitive characters modulo p and q, respectively, such that one is a non-

principal even character and the other is an odd character. Then, for any R(v) > 0,

Zok e (M K (ay/n)

(-1)? (aq)'p"** a* —_ Tkox ()
T 3vtkt 22kl TO)T0R)T (W +k+1) Z >u+k+1'

(3.95)
(o4

With the aid of Theorem [3.2.5, one can show the equivalence of Theorem [3.2.20

and our next result.

Theorem 3.2.21. Let k > 2 be an even integer. Then for any R(v) > 0 we have

a?r) 2T & /2 . 2mn
(T) Zn K, (av/nz Zd Cos 27Td€)sm< g )

dln
k k+1 00 &
—1)2 (27 n+
8 B (12_721-2 (n—l—w)m(m-i-O) + 1)

_ (n+1-—9)* _ (n+1—1)*

<1272r2 (n+1—1i)(m+9) N 1>V+k+1 <1272r2 (n+1—’l/1)z(m+1—9) N 1) ]
. (n+ )"

v+k+1
(127;2 (n+¢)(7;z+1—9) i 1)

Similarly, with the help of Theorem [3.2.2 one can show the equivalence of The-

orem [3.2.201 and our next result.
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Theorem 3.2.22. Let k > 0 be an even integer. Then for any R(v) > 0 we have

a?r) 2t & V2 2mn
(T) Zn K, (av/nz Zd sin 27Td0)cos( y )

d|n

(—1)§a2k+2klp(y) (C(1+k,0) —C(1+Fk 1—0)) LR

T Q2R (2)kL
5 k+1 o .
—1)2 (2w -
+ %F(V +h+1) ) (n+ 1) _—
o | (1 e )
vkl T
<12§2 (n+1—1/;)(m+0) + 1) (1%2 (n+171/;)x(m+170) N 1)
_ (n+4)*
vtk+1

Proof of Theorem [3.2.20] and its equivalence with Theorem |3.2.21| The
proofs are similar to the proofs of Theorems |3.2.14] and [3.2.15], so we skip the proof.
But we would show the equivalence of Theorem [3.2.20| with Theorem [3.2.21]

Theorem [3.2.20] = Theorem [3.2.21] Let us multiply the identity (3.95)) of
Theorem [3.2.20| by x1(h1)7(x1)/é(p) and x2(h2)T(x2)/i¢(q), then take sum on non-
principal even primitive characters y; modulo p and odd primitive characters y»

modulo ¢g. So, from the left-hand side, we get

m Z X2(h2)7(X2) Z x1(h) (X Zak)axz )n? K, (ay/nz)

X2 odd X17X0
X1 even

Znﬂ( a\/nx de Z X2(h2)x2(n/d)T(X2)

d/n X2 odd

X Z x1(h1)x1(d)7(x1)

X17X0
X1 even

> s Fein 2mnhsy 1 v Xo(d)
;" Ky (avnz Zd < da ){qb(p) Z x1(h)xa(d)T(x1) + gb(p)}

din X1 even
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i 5K (av/nx deSI <27mh2) {cos

dln
pid

)

=St Y ain (502 ) fon () 4
|
)

din

— ;ngK,,(a nx) de sin (272;;}12) {1 + @

din
pld

- 2 2
- § n'? K, (av/nz) E d" cos( Fdhl) Siﬂ( W;hz
p q
n=1

dln

P v 2mmh
P m2 K, (a\/pmz) Z d" sin ( WZ 2) , (3.96)

where we used the (2.24)), (2.25)) in the penultimate step. Applying Theorem [3.2.5]
for the last two terms of the right-hand side of (3.96)). So, we rewrite the right-hand

side of (3.96)) as follows:

2wdh 21nh
Zn”/2K a\/nx decos( T 1>sin( m 2)
™ p dq
( (m + hy/q)*

X222 X)) (v + k+1) Z Z

" 46() = \ (L 2550 (m o+ by /q)) 1+t

_ (m + ha/q)*
(14 55 (m + 1 = ha/q)) v+t
_ (_1)5 5 (90 X )kt (v (m + ha/q)*
T ATk Z?( I (1 4y )
(1+ 155;2‘<m+1—h2/q>>1+”+k | |

Using (2.21)), (2.22) and (2.23]) in the right-hand side of (3.95)) of Theorem |3.2.20|
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we have

o0

>k+1F(y+k:+1)Z

n=1

O—k7>€2 X1 (n)
> v+k+1

C(-1)3X3 (27TX
2pp(p)o(q) \ ¢

1672 n
a?pq x +

x > xalha)T(x)T(0) Y xalh)T(xa)T(x)

X2 odd X17X0
X1 even

(—1) %pq o X\, - Zd/n d*
_ ; XET(w+kh+1) ) —— T
n—1 (1671' n + 1)

apq x

X Z Xz(h2)>_<2(d){ Z Xl(hl)f(l(n/d)—io(n/d)}

x2 odd X1 even

o)

_ (=3 f2mx )\ , -
“ s a) XTeskenYS

q — 1672 dr
d=1 r=1 P s +1

XYy X2(h2)>_<2(d){ >, X1(h1)921(7’)—>_<o(7“)}

dkz

x2 odd X1 even
1 k 2 X k+1 B 00 k
_ (—=1)2 (871' ) X5D(v+k+1) Z (n+ h2/q)

=, <1272r2 (/o)1 /) +1>”+’““

(n+1—hy/q)*

(127;2 (n-i-l—hz/(i)(m-s-hl/P) +1

) v+k+1

B (n+1—hy/q)F (n+ ha/q)*
(137;2 (1 =ha /gt =hafp) 1)”*’“*1 ( 1652 (n-tha/g)mt1—tu/p) 4 1)”*’““
(-1)2q (QWX)HI v d* =
_ XiT(w+k+1) 1 D Xa(h2)Xa(d).
20(p)é(a) \ g i (s 1) e

(3.98)

By (2.22)), we examine the last term of right-hand side of (3.98)), we find

1 d* i
¢(Q) C1,rz>1 <@ﬂ + 1) v ngld X2(h2)X2(d)
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1 dk )
:¢(Q) 1672 d vik+1 Z X2(h2)Xa2(d)
dr>1 (al’gq?r + 1) X2 odd
1 dk )
N o(q) Z Y PR} Z X2(h2)Xa(d)
dr>1 ( a;; T+ 1> x2 odd
( )
_fii (m + ha/a) __ (mxl-h/gt |
240 (MM + 1>V+k+1 <167r2 (m+1-ha/q)r | 1) vk+1
L a?p x a2p < )
( )
¢y (m + ha/q)* (m+1— hy/q)* 500
2 Z Z 1672 (m+ha/q)r VERHL 62 (me1hafg)r vtktl '
S| [T T

Equating (3.97)), (3.98), and using (3.99) we get the proof of Theorem |3.2.21| .
Theorem (3.2.21| = Theorem (3.2.20| Let 6 = hy/p, ¥

even primitive character modulo p and x» be an odd primitive character modulo gq.
Multiplying the identity in Theorem by x1(h1)xz2(h2)/7(x1)7(X2), and then
summing on h; and hg, 0 < hy < p, 0 < hy < @, one can prove that Theorem |3.2.21
implies Theorem : O

= hy/q, and let x; be an

Proof of Theorem (3.2.20| and its equivalence with Theorem [3.2.22| The

proof is similar to the previous one. O

The result corresponding to v = 0 is as follows:

Theorem 3.2.23. Let k be an even, non-negative integer. If x1 and xo are primi-
tive characters modulo p and q, respectively, such that one is a non-principal even
character and the other is an odd character, then

E :Uk:XI:XQ

Koa )

e §ek’xl,x2 + (_1>2 2<2 )k+1 X2 Zak,XQ:Xl (nk—‘rl - (7’[/ + a126pq2x>k+1> 9
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where

L(—k,x1)L'(0,x2), 1 is odd and Y2 is even,
S (=K, x1)L'(0, x2), if xa X2 (3.100)

L'(=k,x1)L(0,x2), if x1 is even and x3 is odd.

Proof. The proof is similar to the proof of Theorem |3.2.17] m

In the next chapter, we will study the Cohen-type identities for twisted sums of

divisor functions.



Cohen-type identities

4.1 Introduction

We first recall the definition of twisted sums of the divisor functions (|1.28) by

substituting the complex integer z for £,

Uz,x(n) = Z d*x(d), 6z,x(n) = Z d*x(n/d), Oz,x1,x2 (n) == Z d*x1(d)x2(n/d),

dln dln dln
(4.1)

In 2010, Cohen [19] proved the beautiful identity linked to the modified K-Bessel
function and the generalised divisor function. In this chapter, we study the Cohen-
type identities for these twisted sums of divisor functions defined in . More
specifically, the objective of this chapter is to derive the character analogues of
Cohen’s identity . These types of identities are very crucial because, with

the help of these identities, we will establish Voronoi-type summation formulas for

5



76 Cohen-type identities

them. In Section [£.2] we state our main results on Cohen-type identities for twisted

divisor sums. Furthermore, in Section .3 we give proofs of our main results.

4.2 Main Results

This chapter deals with z = —v with v ¢ Z such that R(r) > 0. We will assume
that = is a strictly positive real number and 0 < 0,1 < 1. Let us define

Hop = {(n—a)(r—p), n,r €N}, (4.2)

where 0 < o, 8 < 1.

4.2.1 Identities involving even characters and specializations

In this subsection, we present the identities associated with o_, 3(n) and _,, 5(n)

when Yy is a non-principal even primitive character.

Theorem 4.2.1. Let v ¢ Z such that R(v) > 0. Let x be a non-principal, even
primitive character modulo q. If N s any integer such that N > L%J, then

D W N R

g™ S o () (”N - WV—”) } | (43)

provided qx ¢ 7.

With the aid of Proposition and Theorem [4.2.1] one can prove our next
result. Conversely, our next result will imply Theorem independently.

Theorem 4.2.2. Let v ¢ Z such that R(v) > 0. Then, for any integer N such that
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N > L%(?HJ, we have

872”2 V2K, (4ny/nz) d™" cos (2mdb (v + 1)
Z ; cos ( )= o (7) ( )
T 1

 2cos () (CA=r0)+CA-r1-0)) - o0y & (C(=v,0) + ((—v,1 - 0))

N
(W_y> Z C(25) (C(2) — 1,0) +¢(2) — v, 1 — 0)) 2™
1 22N+ d m + 9))V72N — vV
s1n (% ; Z { (d?(m + 0)? — 22)

(d(m+1—0))" 2 — gv-2N
(d?(m+1-—0)?—2?) ’

provided x ¢ Hp .

Theorem 4.2.3. Let v ¢ Z such that R(v) > 0. Let x be a non-principal even
primitive character modulo q. If N is any integer such that N > L%L then

St = b A
i ?ﬂ) ZC(ZJ' — )L(27, x)(qz)¥
L T 2N+1 - o n nv—2N _ (qg;)V—2N
+sin (%) (q ) ; *V,X( ) ( n2 — (qx)Q )} )

provided qx ¢ 7. .

Analogous to Theorem [£.2.1] the equivalent version of Theorem [4.2.3] is the

following result.

Theorem 4.2.4. Let v ¢ Z such that R(v) > 0. Then, for any integer N such that
N> | Ry )+1J, we have

21l
SWIV/QZTLU/2K (4m\/nx) Zd ( m >

dln
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LOXW) |
Dt gy 0+ 01 -0}

v

i i {(m +6) (r(m + )72V — gv—2N

r2(m + 0)% — 22

» (r(m +1-— 9))1/72N _ l.quN
r2(m+1—0)2 — 22 ’

+(m+1-0)
provided x ¢ Hp .
Setting ¥ = 1/2 in Theorem and Theorem we obtain the following

Corollary 4.2.1. We have

N oy 1 .
21 o1 (n)e TV = —7L(1/2,%) + - L(3/2,%)x !

oo

2q3/2 ( ) 1
+ x o_1.(n .
T(x) o P T (n+g)(Vn+ /qT)
Corollary 4.2.2. We have
00 1/2 L B2 )
20N G 1 (n)e ™ =L 1179 ) — T 1(3/2, )a?
1 ) T(X) /20 0o LB/%)

> ——,X()
21 (n+qz)(v/n+ /qz)

4.2.2 Identities involving odd characters and specializations

In this subsection, we state the identities associated with o_, (n) and 7_, 5(n)

when y is an odd primitive character.

Theorem 4.2.5. Let v ¢ Z such that R(v) > 0. Let x be an odd primitive character
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modulo q. If N s any integer such that N > L HJ then

87T.IV/2 ZO__ y/2K (47_(_\/@) F(V)L(Va X) + QF(l + V)L(l + v, X)x—l

(27T>V—1 (27-‘-)u+1
2“11 Y 2j—1
—|— v+ 1)L(1 x)” (27) L(2j — v, x)™
Teos (2) {C X)(g ZC J) L(25 — v, x) ()
N prH1-2N _ (qx)”+1_2N
)2+ Z ( R ) : (4.5)
n=1

provided qr ¢ 7. .
The equivalent version of Theorem [4.2.5]is the following result.

Theorem 4.2.6. Let v ¢ Z such that R(v) > 0. Then, for any integer N such that
N > L%J, we have

87rx”/22n”/2K (4my/nx) Zd sin (27d0)

din
- — tﬁ_) v+ 1) (C(1,0) (11— ) 2"
T 1
-1 =v,0)—((1—=v,1—0 — (=1, 0) = (v, 10
2sin (%) ( )=l )+ 2x cos (%) (<( ) — )

- tm/) ZC@J’) (C(2) —1,0) —C(2) —v,1— ) 2¥
_ 1 2N+ 1 (d(m + 9))”*1*21\7 _ gvtl-2N
cos (m/ Z d Z { (m + 0) (d2(m + 0) — 22)

B (d(m 41— 6)))V+1 —2N V12N
M+ 1=0) (E(m+1-072 22

provided x ¢ Hpy.

Theorem 4.2.7. Let v ¢ Z such that R(v) > 0. Let x be an odd primitive character
modulo q. If N s any integer such that N > L HJ then

8MV/QZU_ YK (/) — 2F(V)§(VZL 0.%) , g {L(V,X) (qo)!
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7TLS(1I11 z:f_f’)X)( )"+ COS?E) ] C(2) +1—v)L(2] + 1,x)(gz)”
2 22N N oy (Y — (g Y
T ()™ 2 o )( n? = (gz)? )} Y

provided qx ¢ 7. .

Analogous to Theorem [£.2.5 the equivalent version of Theorem is the

following result.

Theorem 4.2.8. Let v ¢ Z such that R(v) > 0. Then, for any integer N such that
N > |2 )+1J, we have

2mnd
8 ”/QE V2K, (4 § d
™ n T/ NI sm d

d|n
2
:(%)VF(V)C(V) (¢(1,0) = ¢(1,1-0))
QSin(%)l’u(C(l—F%e)—<(1+V,1—6))+W(C(V,9)—C(V,l—@))
+Costﬂ) C(2i+1—v)(C(2j+1,0) —C(2j + 1,1 —0)) 2™

v+1-2N

T oo 0 _,(r(m 2 u+172N_x
@ L {0

. (7.<m + 1 — 9))V+1—2N _ .I'V+1_2N}

r2(m+1—0)? — 22
provided x ¢ Hp .
Setting v = 1/2 in Theorem and Theorem we obtain the following

Corollary 4.2.3. We have

/L)
22(13/2 i (n + /nqzr + qx)

_1

— X n+qx)(n%+(qx)%)'

> 1
2 Z 01 g(n)e” ™ = —xL(1/2,%) + - L(3/2, %)™
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Corollary 4.2.4. We have

00 - 1/2 ; 3/2
L (n)e~ ™ —or¢(1/2)0(0,%) + L L(1/2, %)z~ + L 1(3/2, x)x?
Z; _1x(n (1/2)L(0, %) T<X)(/ ) T(x)(/ )
z’q i‘f (n + /nqz + qx)
)= il n+ql‘>(\/_+\/qw)

4.2.3 Identities involving two characters and specializations

In this subsection, we state the identities corresponding to

O—v,x1,x2 (n> = Z di”Xl (d)XQ (n/d)7

d/n

where y; and y» are the Dirichlet characters modulo p and ¢, respectively.

Theorem 4.2.9. Let v ¢ Z such that R(v) > 0. Both x1 and X2 are non-principal
even primitive characters modulo p and q, respectively. If N is any integer such that

N>L( Jthen

8mx? Z O s o ()P K (4010

l/

2p! )
= L(2j, x2) L(2j — v, x1)(pg)™ ™"
7(x1)7(x2) sin 7 {Z

+(pgz)?H! Z s (nl’—2N - (pqac)v—zzv) } |

n=1

provided pqr ¢ 7. .

Theorem 4.2.10. Let v ¢ Z such that R(v) > 0. Then, for any integer N such
that N > L%J, we have

T 2
8mx2 Z n"/? K, (an/nx) Z d™" cos (2mdf) cos < W;d))
n=1 din
T’

:_m{§(1+u,w)+<“(l+v 1—4)}
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—W(g(l—y,e)JrC(l—y,l—e))
+55i53§:ﬁ**ﬁ@mw+«@xl—w}K@j—um+¢@j—u1—m}

1 N L (((n+)(m+0) 2N — a2
"o (@) Z{(Wrw < ((n+v)(m+0))* — a2 )
L (((n+1=9)(m+0))7 >N — a2V
tlatl=d) ( (T 1— )+ B — a2 )
(n+Y)(m+1—0))2N — x”_QN)
(n+Y)(m+1—10))2— a2
(n+1-=v)(m+1-80)) 2 - $”2N> }
(n+1—=9)(m+1-0))?— 22 ’

m,n>0

+ (n+v)™" (

+ (n+1—-9)" (
provided x ¢ Hpy .

To prove Theorem [.2.10] one requires Proposition [I.4.1], Theorem [£.2.2] Theo-

rem and Theorem [£.2.9, But Theorem implies Theorem indepen-
dently.

Theorem 4.2.11. Let v ¢ Z such that R(v) > 0. Both x1 and xo are odd primitive
characters modulo p and q, respectively. If N is any integer such that N > LMVQ)HJ ,
then

2
(2m)r1

8mat/? Z O s o (MNP K (d7v/nz) = T(v) L(v, 1) L(0, Xa2)

n=1

B 2p171/q B , N ,
T(XI)T(XZ) sin (%y) { L( + 17 XQ)L(LXl)(pq )
+Y L(2j+1,x2) L(2j + 1 — v, x1)(pgz)™

J=1

oo v—2N+2 v—2N+2
o_, n n — €T
+(pq1:)2N § : 7X27X1( ) ( . (pq )2 ) } ’

n n? — (pgx)

n=1

provided pqr ¢ 7. .

The equivalent version of Theorem [4.2.11]is the following result.
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Theorem 4.2.12. Let v ¢ Z such that R(v) > 0. Then, for any integer N such
that N > L%J, we have

2
8ma> Zn”/ZK (ar/nx) Zd Y sin (2mwdf) Sln( W;w)

n=1 d\

= e (€00 = €0 = r 1= 0) (19) ~ (11 =)
g €0~ L= 0) €O+ 1) (411 )
+@Z_$%(C(2J+1_V€) C(2j+1—-v,1-0))

x (€27 + 1Y) =C(2j + 1,1 -¢))

e e (S

C(nt 1) (((n +1 =) (m+0)) 2N+ x”_2N+2)
(m+0) (n+1—1¢)(m+0))? — 22
_ () (((n + 1) (m 41— )22 — g;ww)
(m+1-0) (n+¢)(m+1—0))2— 2
(n +1— w)_”_l ((n +1— ¢)(m +1-— 9))V—2N+2 _ gv—2N+2
" mr1-0) ( (n+1—9)(m+1—0))2— 22 >}

provided x ¢ Hy.,.

Taking x1 = x2 = x in Theorem and Theorem {4.2.11, we get the following

Corollary 4.2.5. Let v ¢ 7 such that R®(v) > 0. Let x be a non-principal even

primitive character modulo q. If N is any integer such that N > L%J, then
Smx? Za 2K, (4m/nx)
S i iL(Zi X) L(2) — v, x)(¢*x) !
72(x) sin (%) ’ ’

J=1

Yot (U ) } ,
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provided ¢*x & 7, .

Corollary 4.2.6. Let v ¢ Z such that ®(v) > 0. Let x be an odd primitive character

modulo p. If N is any integer such that N > | =2"= ( J then
2

Srrz Za ”/2K (4my/nx) = T'(v)L(v, x)L(0, X) )
W e ey

TQ(X)SiIl (%) s X2 » X1

N-1
+> L2+ 1,x) L2j+1—v, ) (’x)”

j=1

2 yon N Oow(n)x(n) (2N — (pPa)r AN
+(p°x) ; n n? — (p*r)? )
provided p*x ¢ 7., .

Theorem 4.2.13. Let v ¢ 7Z such that ®(v) > 0. Let x1 be a non-principal even
primitive character modulo p and xo be an odd primitive character modulo q. If N

is any integer such that N > L%L then

i 2
Rz ; O s s ()P K (d70y/nx) = 2y ['(v)L(v, x1)L(0, X2)
2ipt~

7(x1)7(x2) cZS (%) {JZ_I L(2j +1,x2)L(2j + 1 — v, x1)(pgz)”

0 nV—2N+1 _ (pqx)u—2N+1
_i_(pqx)QN Z O‘*V,Xz,Xl (n) ( 2 2 ) )

— n® — (pqx)
provided pqr ¢ 7. .

Theorem 4. 2 14. Let v ¢ 7 such that R(v) > 0. Then, for any integer N such
that N > | 22| e have

2
8ma? ZnV/QK (4my/nx) Zd cos (2md6) sm( ﬂ(;w})

dln
™

_ ma} CA+v,9)—CA+v,1—1))
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- @ (C(L,9) = C(L 1 =) {C1—v,0) + (1 —v,1—6)}
i W Z_:“"Qj (C(27 +L9) = ¢(2i + 1,1 = 4))

x{C(2j+1—1,0)+C(2j+1—v,1-0)}

[e.9]

1 aN L (((n4 ) (m + ) 2N+ _ gr-2N+
+ — Z {(n—f—@/}) ( (n+¥)(m + 6))? — 22 )

n+1-— 1/))(7” + 9))V—2N+1 _ IV—2N+1)
(n+1—=¢)(m+0))?* —a?

L (n+)(m 41 —0))y 2N+ — gr=2N+l
+ (n+1) ( (n+)(m-+1—0))2 — 22 )
(R 1 =) (m+1—))r=2VHL _ gv=2N+1
sty ( (n+1—-vY)(m+1—0))2— a2 )}

provided x ¢ Hy.,.

Theorem 4.2.15. Let v ¢ 7 such that R(v) > 0. Let x1 be an odd primitive
character modulo p and xo be a non-principal even primitive character modulo q. If

N is any integer such that N > L%J, then

8rat/? Z O v1 s (n)n”/2K,,(47T\/nx)

n=1
2 1-v
- P 1 TV {L(V+17X2)L(17X1)<pq'r)y
7(x1)7(x2) cos (%)
N
=3 L(2j,x2) L(2] — v, x1) (pg) !
j=1
00 o, n ny—2N+1 — (pqz v—2N+1
—(Pq$)2NHZ ,xzm( ) ( - ( )2 ) ’
n=1 n ns — (pqx)

provided pqx ¢ 7., .

Theorem 4.2.16. Let v ¢ Z such that R(v) > 0. Then, for any integer N such
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that N > L%J, we have

Sma¥/? Z n"? K, (4m/nx) Z d™" sin (27df) cos <27m¢>

d
n=1 din

= g () €010 =< =n1-0)

+%<c<w> 11— ) (L) + (L)
2msl_§:ﬁfl (25 = 1,60) = C(2) — v, 1 = 0) {C(25, %) +C(25, 1 — ¥)}

B 1 LN e <n+w>—u—1 ((n+¢)(m+9))”_2N+1 _ pV—2N+1
2cos (%) 22J:0n+@ ( ((n+ ) (m + )2 — 22 )

(n+1_ )—u—l (((n+1_¢)(m+9))u2N+1 —:U”2N+1)
(m+0) (n+1—9)(m+0))? —a?
C(nty)! (((n + ) (m+1—9))r 2N+ — xV—2N+1>
(m+1-0) (n+v)(m+1—10))2 — a2
_m+1—¢>”16@+¢—¢Xm+1—®y2N“—xVWH)}
(m+1-290) (n+1—vY)m+1-6))?—a? ’

provided x ¢ Hp .

To prove Theorem [4.2.14] one requires Theorem [4.2.13| and Theorem [4.2.8] On
the other hand, Theorem [4.2.16| is based on Theorem [4.2.15| and Theorem 4.2.6|
Conversely, Theorem[£.2.14 and Theorem imply Theorem and Theorem

4.2.15| respectively.

4.3 Proof of Cohen-type identities

This section is devoted to the proof of Cohen-type identities. Throughout this
section, we will deal with z = —v ¢ Z and R(v) > 0.
In general set up, if we consider R(rv) > 0 with v ¢ Z and a = 4, then (3.9)

becomes

1
Z Foulmn 2K (4 /nw) = 5 X072 (RH 4+ R+ Ro+ R, +J% (X)) 4T
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where R_, is the residue corresponding to the pole s = —v. It is easy to see that

the pole at s = —v appears if (v) = 0 and v ¢ Z. The expression JSV,,) (X) defined
in (3.10), can be rewritten as

JY(X) = % /( . (s + v)0(s)F_,(s)X*ds, (4.8)

where F_,(s) defined in (3.5)) is the Dirichlet series associated with the arithmetical
function f_,(n). We will note that X = -

4m2x

Proof of Theorem [4.2.1| and its equivalence with Theorem |4.2.2| We first
see the proof of Theorem [4.2.1 Then, we shall provide proof of their equivalent

identities.

Proof of Theorem Letting f_,(n) = o_,5(n) where x being a non-

principal even primitive character modulo ¢ in (4.7)), we obtain

o 1 )
> oK, (dmy/nz) = 5 X3 (Rasy + Ry + Ry + Ry + 19)(X)), - (4.9)
n=1

where J%“) (X is given in ({I.§) and F_,(s) = ((s)L(s+v, ¥). The integrand in ({@.8)
will encounter simple poles at s = 1 and s = 0 with residues R; and Ry given by

I(v)L{v, x)

Ry =T(1+v)L(Q1+v,x)X, and Ry = — 5 ,

(4.10)
respectively. It is easy to see that Ry_, = 0. As Y is a non-principal even primitive
character, L(s + v, x) has a zero at s = —v. Therefore, we will not be getting any
contribution from the pole of I'(s + v) at s = —v. Hence R_, = 0. Now employing
(4.10) together with the facts R;_, =0 and R_, = 0 in (4.9, we obtain

Z o_yx(n)n"* K, (4n\/nx)
n=1

= l)(”/2 (F(l + V) L1+ v, %)X — F(”)g(l/a X)

: + J(”V)(X)) , (4.11)

where X = ——. Next, we evaluate the following integral JEVV) (X). Replacing s by

4m2g”
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1 — s and then employing (2.9), (2.14]), we obtain

1

JY(X) = —/ P(1—s+)T(1—s)¢(1 —s)L(1 —s+v,x) X *ds
(1+d)

-V

211

()X 1 ()L v x) S

- < q ) 7(x) 27 /(1+d) ((2m)2¢~*X)*sin (%) sin (W(8;”)> ‘
(27)7q" 1 ¢(s)Ls — v, x)(q)*

- 4357(6)]() 2mi /(1+d) g) sin <>:(ST—Q’/)> ds

To evaluate the integral in (4.12)), we employ the Cauchy residue theorem with the

(4.12)
sin (

rectangular contour formed by the lines [1 +d — iT,1 +d + ¢T],[1 + d + ¢T,2N +
8 +4T),[2N + 6 +iT,2N + 6 —iT), 2N +§ — iT,1 4+ d — iT] with N > [2%¥) and
{R(v)+1} < <1 and T is a large positive number. One can note that the simple

@) at s = v,v — 2,--- will get canceled by the simple zeroes of

poles of sin™!(
L(s — v, x). Hence the poles of the integrand function in are at 2,4,--- ,2N,
and v+2,--- v+ 2by where by = L%J, and they are simple. Utilising the fact
|sin7(o +it)| > €™l for [t| > 1, one can see that the integrals along the horizontal
lines [14+d+iT,2N 4+ +iT] and 2N 4+ — T, 14 d—iT| vanish as T' — oo. Hence

we get

[ s —m@)
21 J(14d) sin (“) sin (W)

_ _ZHQJ ZHQTJF o Cs)L ES ( Xl x)) ds, (4.13)

v J(2N+6) sin (%)

where Hy; is the residue at s = 2j given by

2¢(25)L(2] — v, x)(gx)¥
msin(%)

ng:—

)

for j =1,2,--- , N and Hs, is the residue at s = v + 2r given by

(gz)" ™ _

—1 v+2r
msin(%Z)  wsin % ZUVX (n"g)™

Hor = 2C(v + 2r)L(2r, )
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for r =1,2,--- ,by. In the above expression, we have applied the series represen-
tation of function ((v + 2r)L(2r, x) for r > 1. Now let us evaluate the integral in
(4.13):

- Tur(n L (n~'qx)® .
_ (Z + Z) v() 5 — /(wm (= ds, (4.14)

. w(s—v
n<gr n>qT %) sin <(T)>

noting that gz ¢ Z,. Next, we will first investigate the sum »_ _ . To evaluate
this inner line integral in (4.14]), we shall use the Cauchy residue theorem with the
contour consisting of the lines 2N + § — iT,2N + 6 + iT], [2N + & +iT,2M + 5 +
iT), [2M + § +iT,2M + § —iT),[2M + £ —iT,2N + ¢ — iT] where M € N is a large
number and 7' is a large positive number. The poles of the integrand function in
(4.14) are at 2N + 2,2N +4,--- . 2M and v + 2by + 2,v 4+ 2by + 4,--- , v + 2ay
where ay = [ M + % — 2], and they are simple. Now, taking into account the fact
that both the integrals along the horizontal lines [2M + % —iT,2N + 6 — iT] and

2N 46 4 T, 2M + % 4 iT] vanish as T — oo, we obtain

211 Jeanss) sin (%) sin (272

_ Q(M) ( Z (n_qu)2r— Z (n—qu)l/+2'r>

TSI r=N+1 r=bny+1

1 (n~tqz)*

(n”'qx)®

ds
(2M+3) sin (%) sin (—ﬂs*y)>

n 1
271

—

2
M an

_ % ( Z (n~lqz)? — Z (n1qx)u+2r> L0 ((n’lq:v)zMJr%) ’

T sin (%) r=N+1 r=bny+1

where in the last step to evaluate integral, we have used the fact |sin(o + it)| =

Vsin? o+ sinh?¢ for |t| < 1 and |sin (o +it)| 3> ™l for |t| > 1. Letting M — oo,
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the error term in the above expression goes to 0 since n~'qz < 1. Therefore, we get

1
N (n~qx)° ds
211 J 2N +3) sin (%s) sin <M>

-2 ( Yot = Y (o qx)”*”) :

7 sin (%) r=N+1 r=bny+1

which in turn will give

1 (n” g2y
> oualn "o /(2N+5) sin (%) sin (W(S_V)> "

n>qr 2
2 o0 o0
=~ Oux(n) (n~'qa)* — (n” qx)HZT) :
s (7) r;qx ! (r:;rl r:%ﬂ

From the above expression, one can deduce

Z uy(n L/ (n”gz)° ds
2 2N+4) sin (%s) sin <¥)

n>qx (
by
-1 v+2r
72 () ) (" am)
T % et =
2 o0 (o]
_ w Z Uu,x(n) ( Z (n—qu)% _ Z(n—qu)u—&-%)
s 2 ) n>qx r=N+1 r=1
B )2N+2 ( v—2N __ (ql,)l/—QN)
= 7r81n 7rV Z Tux(n v n? — g2x?

_ M > 0uy(n) (nHN — (qx)y_m) : (4.15)

7 sin (”—”) n? — q*z?
2 ) n>qx

Similarly, by shifting the line of integration to the left, > can be evaluated as

n<qx

1 (n”"qz)*
v ()5 — / ds
Z ©72m Jon+) sin (%) sin (—(s V)>



4.3 PROOF OF COHEN-TYPE IDENTITIES 91

msin ( M Z Tux(n < Z (n(gz)™")* — Z(H(Qx)l)v+2r>

:_7r51n 5 ;nayx (<7>2N%_(%>V%)
2 $)2N+2 ) n' 2N — (qx) 2N
_ #(%) %U_Mx(n) ( = 5%2 ) . (4.16)

Now substituting (4.15]) and ({ in

b
1 C( ) (S V,X)(QI) = v+2r
2

N+6) sm( )sm( 5 2 1

e S N (”N - (WHN) . (417)

msin (%) 75 gt

Inserting (4.17)) in (4.13) and then simplifying, we obtain

= u,(x)(q@)s ds = — = ) - C(24) L2 — v x) (q2)”

b @)™ Y o) (T (119

n2 — q2$2

Combining (4.18)) with (4.12)), we deduce that

2mz7 () sin (

+(gz)2N+ n; Gy () (” 2n2__ (QQQ?Q”N) } . (4.19)

Next, by substituting (4.19)) in (4.11)), one can finish the proof of (4.3)).

S (x) = @ {Zg 2j) L(2j — v, x)(qz)”

Next, we demonstrate that Theorem is equivalent to Theorem [4.2.2
Theorem = Theorem {4.2.2] _ It is sufficient to prove the identity . in
Theorem 2| for 0 = h/q, where g is prime and 0 < h < ¢. Multiply the equation
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(3.54) by 872 on both sides, then substitute k = —v and a = 4, we obtain

2ndh
87rx”/ 2 n”/ ’K, (4my/nx) da’ ( )

dn

q'” V2 % 87my/200 %
= 5 )/ ZJ_V( 2K, (4n/qmz) — Za_ 2K, (4m\/nz)
v/
-ﬁﬁiz: mew /2K, (4 /). (4.20)
X7X0

xeven

Now, we first evaluate the first two sums on the right-hand side of (4.20)). By using

Proposition [1.4.1) we have

Z:(;) )23 ooy (m) mPEK, (4r Jqmz) — 8” Z o, ("2 K, (Am/nz)
1-v (¢ -1 Ty U 21 (¢

~ ey L % {ZC 2j)¢ 2J—V)x2j_l%
TS et )
e
st | ety -
= e

in the last step, we used the functional equation of the zeta function (2.9). Now, we
examine the last sum on the right-hand side of (4.20]). By identity (4.3)) in Theorem

(4.2.1), we have

mv/?
8¢(61) > X Z"—Vx n*2K, (4m/nz)

X7X0
xeven
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T 1 1 1
S jued Z X(h)L(l - b X) - v 4
q"~" cos(%) dlq e zq” sin(7%) ¢( e

X#X0
xeven
1 o nl/—QN o (qx)V—ZN
+ ()T — x(h G_u5(n
@ g 330 o)
xeven

XFX0 X even

X even
9(q) 1

— 2D 1 (s, hfg) + (s, L — h/a)} - (1 - —) (s).

26]8 qs

Now, we examine the last expression in (4.22)), and we obtain

1 > nv=2N _ (qr)v—2N
W ; x(h) Z;U_V’X(n) n2 — ng;
B 1 & n”_2N—(qx)” 2N » o
¢(q) ; n? — (qu)? d/an X#ZXO X(h)x(d>
1 0 nV*ZN_(ql.)V72N » o ,
SR R ) ()
&, S () (e
_2;d mZ:1 d?m? — (qz)?
m==h(q)
e 2N (qa)v N o n
e (0= ()
_1 . -y - (d(rq + h))"=2N — (qz)»—2N
= 2 dz:;d Tz;{ d2(rq+ h)2 _ (qx)2
(d(rq +q — h))"2N — (qz)*~2N
Rl (ge)? }

(4.22)

(4.23)
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v—2N __ (qx)Z/fQN

B L 0 . . nufZN o (q"L’)ViQN 1 00 . . (QT)
¢(Q)Z ) +¢(Q); - (qr)? — (gz)?

— (qx)
u 2—2N d T+h/q))”_2N —:IJ"_ZN
WDNCS =
uw+1—w@V4N—ﬂ*N)
d?(r+1—nh/q)? — x?

)V—QN v—2N _ ,.w—2N

I & n’=2N — (qz _onN_9 T T

Employing (4.23)), (4.24]) in (4.22)), we get

8mar/? /2
R XE#XO E o_yy(n K, (4m\/nx)
(e, TP C il VPR
I D 1yl =Y
22 sin () (C( h/a) + (v, 1= h/q) -2 e ¢( ))

T 0 C(2) (€27 — v hfa) + (2 v~ /)

(¥ -1 . 2j—1
50 “%‘”Ox
2 22N+ r+h/q) N — a2
+sin(2 { Zd TZ ( d*(r +h/q)* —

ww+1—wwv2N—w2N>
(r+1—nh/q)?—a?

_@ Z o (n) <q2+2NV n’ 2N — (qu)r N _ anJ\; : x:2N> } . (4.25)
n=1

Combining (4.20) and- we get (|4.4] -

Theorem 2 = Theorem _ Let 6 = h/q, and x be an even primitive char-
acter modulo g. We first multiply the identity (4.4) in Theorem [.2.2] by x(h)/7(X),
and then take summation on h, 0 < h < ¢q. The left-hand side of the identity (4.4 .
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becomes
87T:EV/2 - v/2
) ZX ;n K, (av/nz dZd cos (2mdh/q)
87rg;/ ZnypK (av/nz Zd Z 2widh/q+e—27ridh/q)
d|n h=1
8 v/2
TS R o) S )+
dn
_SW“”V/QZU—VX K, (av/nzx), (4.26)

where in the penultimate step, we have used (2.26)). Next, we analyse the right-hand
side expression of the identity (4.4). The first term in the right-hand side of the
identity (4.4) becomes

BRI o 7 A Nl Gk (4.27)

Next, we evaluate the second, third and fourth terms of the right-hand side of
identity (4.4). With the help of (2.3]), we have

1 = _ B 2q1—1/ .
() 2= XM {CA=v,h/q)+ (1 —v,1=h/q)} = ) L(1-vx), (428)
s 2q" _
0 & (M) AC(=v h/q) + k= 2y, (4.29)
(%) Siln (%) ] X(h)ZC(Zy) (C(2] —v,h/q) +C(2j —v,1 = h/q)) 2P
= T(X)Qzllﬁ ZC@J)L(?J — v, X)(qz)¥ (4.30)
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By using (4.27)), (4.28)), (4.29), and (4.30)), the right-hand side of the identity (4.4)

becomes

1—v
q T _ 1 _
_ - L(1 - vV, X) — . L -V, X
7(X) { cos (%) ( qusin (%) )
5 N
te—y D C(29)L(2) — v, X)(g2)¥
S1n (7) ;
1 q—1 o0 o0 (,r.d)y 2N (q$)u—2N
oy (q)? Ty x(h) Y d7 (4.31)
T B i
Next, we evaluate the last term
qg—1 [e’e) [e'e]
~ 3 (,,,.d)l/ 2N (qx)l/ 2N
h d"
a X( )Z Z r2d? — (qu)?
h=1 d=1 r=-h(q)
0 B 0 (Td)” 2N (qx)u—zN
=2) d7
ST Sl A
> - nufZN . (ql,)llf2N
- 2;a_y,,—<(n) ( () ) . (4.32)
Substituting (4.32)) in (4.31)), we obtain
gma/? Z oy (n)n? K,(ay/nx)
n=1
1-v
q _ 1 _
= — L(1—v,x) — - L(—v,x
7(X) { cos (%) ( ) gz sin (%) ( )
5 N
t—my D C(25)L(2) — v, X)(g2) ¥
S1n (7) ;
2 IN+1 — _ (”V_QN — (qfl?)y_QN)
v . 4.33
+SiIl (%V) (QI) ;U 7X(n) ng _ (QI')Q ( )

Employing the functional equation (2.13) in the first two terms in (4.33)), then
replacing x by x, we get (4.3). ]

Remark. The other proofs of this section will be similar. We skip the proofs to avoid
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repetitions.

In the upcoming chapter, we will establish Voronoi-type summation formulas for
twisted sums of divisor functions by applying analytic continuation to the Cohen-

type identities.
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Cohen-type identities




Connection with Voronoi type

summation formula

5.1 Introduction

In 1904, Voronoi investigated two noteworthy formulas related to the error term
in the divisor problem. In addition to providing an explicit formula for the error
term in , Voronoi devised a general summation formula for the sums involving
the divisor function d(n). The general summation formula for the divisor function

with weight f is as follows:

S dn)f(n) = [ Qog(o) +29)f(w)do

a<n<b

+) d(n) / f(z) (AKo(4mv/nz) — 2nYo(dmy/nx))dz,  (5.1)

99
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Using the above results, he improved the error term for the Dirichlet divisor problem
at that time. Therefore, we infer that the Voronoi formula has been used to examine
the error term A(z) in the Dirichlet divisor problem.

These days, it is known that there are Voronoi summation formulas for the coef-
ficients of various kinds of L-functions, such as the L-functions related to modular
forms, Maass forms, and, more recently, automorphic forms. The outstanding sur-
vey on Voronoi summation formulas [41] is recommended for the reader. According
to this survey, functional equations for different L-functions may be obtained us-
ing summation formulae, and the summation formulas can be derived using the
properties of the L-functions.

It is important to mention that the Voronoi-type summation formula and Cohen-
type identities are more closely related. In this chapter, we study Voronoi-type sum-
mation formulas for twisted sums of divisor functions defined in (4.1). Equivalently,
we study the character analogues of the Voronoi summation formula as stated in
Proposition [1.4.2] This chapter is organized as follows: we state our main results in
Section [5.2] Furthermore, we derive proofs in Section [5.3]

5.2 Main results

In this section, we offer Voronoi-type summation formulas for o, ,(n),a.(n)

and 0, y,(n) defined in ([1.28)) and their equivalent version in trigonometric forms.

5.2.1 Identities involving even characters

Theorem 5.2.1. Let 0 < a < f and o, 5 ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing (o, §]. Assume that x is a non-principal

1

even primitive character modulo q. For 0 < R(v) < 5, we have

1—

L)
[SIN

> o (fG)
a<j<fB

_4 —v ﬁm 7TOOO' _(n) n*/? ’ -
v / At m Y os) / 010

~—

7(X

[SIN
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x {(%KV (47r %t ) Y, (4 \/% )) cos (%) =, (47r\/: ) sin (%) (}5d2t)

Our next result is proved using Theorem and Proposition [1.4.2] But the
following identity directly implies Theorem [5.2.1]

Theorem 5.2.2. Let 0 < o < 8 and o, B ¢ Z. Let f denote a function analytic
inside a closed contour strictly containing [, 5]. Assume 0 < R(v)

v) < i, then
S S ave (2”9) 1)

a<j<p d/j
- F(V) Ccos (%) " (v,1— f f - ,

Xf: 2K,,(47T r(m—l—Q)t) Y<47T (m+0)t

l\')
NN

S\ mo? (m +0)?
Jy <47r r(m-+0)t ) v
B (m+9)% SlIl(?)
2Ky<47r\/7“(m+1—0)t) Yl,<47r\/r(m+1—9)t> .
T (m+1—0) N (m+1—0)% COS(7>
Jy (Am/r(m+1—0)t i
_ ( Ty >sm<7) dt. (5.3)

Theorem 5.2.3. Let 0 < a < f and o, 5 ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing (o, §]. Assume that x is a non-principal

even primitive character modulo q. For 0 < R(v) < —, we have

1+4

q

7(X)

ql*?

Z U—u,x(j)f(j)

a<j<fB

[SIN

B
+VX/f dt+27r20_,,x nv/2/ F) )~
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Analogous to Theorem [5.2.1| the equivalent version of Theorem is the

following result.

Theorem 5.2.4. Let 0 < o« < 8 and o, B ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing o, B]. Assume 0 < R(v) < %, then

Z fg Zd cos (2mdb)

a<j<p dlj

:(QW)”F(—)COS< >{§( v,0) 4+ ¢(— }/f Jdé + /a

xi[m—l—&g{( K, (4w\/m>—yy(4w\/m>)

con () o s T ) ()
+(m+1—0)5{(%KV<47T\/d(m+1—0)t>—Y,,<47r\/d(m+1—9)t>)
X cos (%”) —J, <47r\/d (m+1—0)¢t ) sin (%”) H dt.

(5.5)

S

00
d=1

5.2.2 Identities involving odd characters

Theorem 5.2.5. Let 0 < o < f and o, ¢ Z. Let f denote a function analytic
inside a closed contour strictly containing |o, B]. Assume that x is an odd primitive

character modulo q. For 0 < R(v) < 5, we have

1+4
7(X)
_ q

Y o DFG)

a<j<p

1+% B ©° B .
L(1+v,x) / FO)dt +2mi Y "7, 5(n) n*/? / F)t)~2

20 (i) (a2 )Y () =t (1 Yon () Yo

(5.6)
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We demonstrate that Theorem [5.2.5]is equivalent to the following theorem.

Theorem 5.2.6. Let 0 < o < § and o, ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing [ov, 8]. Assume 0 < R(v) < 3. Then, we

have
> dVsin (2mdd) £(5)
a<j<pB dlj
v p B > v
— —(27)"T(~v) sin (7) (C(=1,0) — C(—v,1— 9)}/a F(t)dt — 7r/a ft(;) ;d—z

o0

x [(m—l— 0)% {(%K (4n/d(m+0)t ) +Y, (4r/d(m+0)t ))

X sin (%) —J, (47r\/m ) cos (%)}
—(m+1—9);{(;Ky (47r\/d(m—|—1—0)t>+Yy (47T\/d(m+1—0)t>)
X sin (%) —J, (47r\/d (m+1—-0)t ) cos (%) H dt.  (5.7)

Theorem 5.2.7. Let 0 < o < f and o, 5 ¢ Z. Let f denote a function analytic
inside a closed contour strictly containing |ov, B]. Assume that x is an odd primitive

character modulo q. For 0 < R(v) < %, we have

=
3 i S v 7 —x_1
:3(X>L(1—y,x) a tu&zdt—m;o—y,x(n)n/ /a OO

(20 (i) e (a2 ) (52) o 2 Yo () Y

Similar to Theorem [5.2.5] one can show that the equivalent version of Theorem

5.2.7)is the following result.

Theorem 5.2.8. Let 0 < o < 8 and o, ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing [o, B]. Assume 0 < R(v) < 5. Then, we
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have
. (2mj0 ' ['(v)sin (%
Zﬁ;d sm( j )f(]‘]) = (277)”( ){C(l/ 0) —((v,1—46 }/ t“

Kl,<47r T(m—l—H)t) K,<47T T(m+9)t>

ORI DY _
—HT/a t%“ZT Z ™ (m—l—@)% (m+6’)%

r=1 m=0

Jy <47T r(m+0)t>

X sin (%) + (mt 9)% cos (%)
2Kl,<47r\/r(m+1—0)t> Yl,<47r\/r(m+1—8)t> ey
= (m+1—0)% - (m+1—0)¢ sin (73)
J, 47T\/7’(m+1—6)t .
+ ( 1o 6)% ) coS (7) dt.

5.2.3 Identities involving two characters

In this subsection, we deduce Voronoi-type summation formula associated with
O—v iz (M) = 24 @ X1(d)Xx2(n/d), where x1 and X, are Dirichlet characters mod-
ulo p and ¢, respectively. Furthermore, we also evaluate the equivalency version in

double trigonometric forms.

Theorem 5.2.9. Let 0 < o« < 8 and o, 3 ¢ Z. Let [ denote a function analytic
inside a closed contour strictly containing [a, B]. Assume that x1 and x2 are odd

primitive characters modulo p and q, respectively. For 0 < R(v) < —, we have

P 0 I0) o e [ s
T(x1)7(x )Z : 2 ;;—mmx) Z;ﬂw@

a<j<p J
X {(gKV (47r n_t ) +Y, (477 n_t )) cos (E) + J, (47 n_t ) sin <H> } dt.
T Pq V pq 2 Pq 2

We remark that Theorem [5.2.9|is equivalent to the following result.

\_/ N\T

Theorem 5.2.10. Let 0 < o < 8 and o, f ¢ Z. Let f denote a function analytic
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inside a closed contour strictly containing |, 8]. Assume 0 < R(v) < 3, then

3 S dsin(2nd6) sm( f/’) @

a<j<B djj
SR e N
+Y, (47/ (n + ) (m + 9)75)) oS (%)

(/o 0)(m + Oysin ()}
_ (Lew)“ { (%KV(AJ\/(TL 1) (m+ 0))

n+1-—
_|_Yl,(47r\/(n +1—-9)(m+ H)t)) cos (%)

_|_JV(47T\/(7”L + 1 —9)(m+ 0)t)sin <%> }
+Y, (4ry/(n+ ) (m + 1 — 9)'5)) cos (%)

+J, 4/ T+ 9)(m + 1= O)t)sin () |
.\ (LH>/ { (;;{,,@W(m =) m+1-0))

n+1—1
+Y,(dry/(n+ 1 — ) (m+1— 9)t)> cos (%)
+J,(47/(n + 1 — ) (m + 1 — 0)t) sin (%) }] dt.

Theorem 5.2.11. Let 0 < a < 8 and o, ¢ Z. Let f denote a function analytic
inside a closed contour strictly containing [, 5]. Assume that x1 and x2 are non-

principal even primitive characters modulo p and q, respectively. For 0 < R(v) < %,

we have
% % 1/ /2 g -k
) Z T—vxaxi ( =27 Z T—vxix fO)(t) 2
a<g</3 @
2 t t t
X {(—KV (47r n ) -Y, <47r n )) COoS (W—y> —J, (47T n ) sin <7T—V> } dt.
@ Pq Pq 2 Pq 2
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For deriving our next result, one requires Proposition Theorem [5.2.4] The-
orem and Theorem [5.2.11, But our next result implies Theorem [5.2.11| inde-
pendently.

Theorem 5.2.12. Let 0 < a < 8 and o, f ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing [, 5]. Assume 0 < R(v) < %, then

S S cos (2ndf) cos (2”j¢) )

a<j<pB d/j
-1/ EODS (Zﬁj)m{(%m(zxmnw)(mw)t)

m,n>0

4

=Y, (47/(n + V) (m + 9)t>) cos (7)
—J, (4m\/(n + ) (m + 6)t) sin (%) }

+ (Lew)m { %KV(M\/(” +1-v)(m+6))
—Y,(4my/(n+1—¢)(m + W) o8 <%>
—J,(4my/ln+ 1= 4)(m + 0)t)sin (5 ) |

U4

—J,(4m/(n+ ¢)(m + 1 — 0)t) sin (7)}

{ (%K,,(Zlﬂ\/(n +1—=9¢)(m+1-10))
Y, (/T L)+ 1030 ) cos ()
—J,(m/ I+ 1= 0)m+ 1= 0)sin () fdt. (58)

Substituting x; = x2 = x in Theorem [5.2.9] and Theorem [5.2.11] we get the

following results.

Corollary 5.2.1. Let 0 < a < 8 and o, f ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing |o, B]. Assume that x is an odd primitive
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character modulo q. For 0 < R(v) < %, we have
2

T o UXWDFG) _ 5 N, (Y il
szz —2Z—VX /f

a<j<p ]

x{(iK (47r Zt)+Y (47r\/g))cos<ﬂ2>+<] ( Z—f)ﬂ(%”)}dt.

Corollary 5.2.2. Let 0 < o < 8 and o, 3 ¢ Z. Let [ denote a function analytic

I\JT

inside a closed contour strictly containing [«, §]. Assume that x is a non-principal

even primitive character modulo q. For 0 < R(v) < —, we have
¢ - g
= 3 L NGG) = 20 X ) i)
n=1 @

x {(%Kl, (47r Z—f ) -y, (M@ >) cos (%) —J, (4”@ ) sin (%)}dt.

Theorem 5.2.13. Let 0 < a < § and o, B ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing |c, B]. Assume that x1 is an odd primitive

NN

character modulo p and x2 s a non-principal even primitive character modulo q. For

0 <R(v) < i, we have

P o DFG) e [T e
( ) ( 2) Z ] 2 ; *V7X17X2( ) /a f(t)t

x {(%KV (47r ;‘—; ) —y, (47r\/g )) sin (57) + . (47r\/g ) cos (%”)}dt.

One requires Theorem [5.2.8] and Theorem [5.2.13] to prove our next result. Con-

versely, our next result directly implies Theorem [5.2.13

Theorem 5.2.14. Let 0 < a < § and o, B ¢ Z. Let f denote a function analytic

inside a closed contour strictly containing [a, B]. Assume 0 < R(v) < %, then

S S cos (2rdf) sm( ﬁ) fg)

a<j<pB d/j
(M) v { GK,,(zm\/(n + ) (m +0)t)

T [P
_5,11%%“2 n+

m,n>0
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Y, (4m/(n+ 9)(m + O)0) ) sin (%)
(/T )+ ) cos ()}

( m+ 0 ) { QKV(4W\/(n+1_¢)(m+9)t)

n+1-— m
Y, (/0 + 1= ) (m +0)1) ) sin (5 )
+J, (47 (n+1 = ¢)(m + 0)t) cos (%»

(Y i
N e e D) N 4
G ) (m 11— )1 cos () )

_ (’:jll__ 9) { %K,, Amy/(n+1—)(m+1—0)t)
~Y,(dmy/(n+1— ) (m+1— 9)2?)) sin (%)

—J,(4m\/(n +1 =) (m+ 1 — 0)t) cos (%) H dt.

Theorem 5.2.15. Let 0 < a < 8 and o, ¢ Z. Let f denote a function analytic
inside a closed contour strictly containing [«, §]. Assume that x1 is a non-principal
even primitive character modulo p and xo s an odd primitive character modulo q.

For 0 < R(v) < 5, we have

0 B8
( § 3 o ()FG) = 271 3 ) / )t

x {(%K (47r\/£ > +Y, <47r\/g )) sin (%) —J, (‘”\/% > cos <%) } dt.

The following result is based on Theorem and Theorem [5.2.15] Conversely,

our next result directly implies Theorem [5.2.15

w\t
(SN

\_/ N\T

Theorem 5.2.16. Let 0 < a < 8 and o, f ¢ Z. Let [ denote a function analytic
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inside a closed contour strictly containing |, 8]. Assume 0 < R(v) < 3, then
o
Z Zd’” sin (27d#) cos (%w) f()

a<j<p dfj
N IO m—+0\"? (/2
B _§/a t2 m%;o (m) {(;Kv(‘lﬂ/(mw)(mwm

P, /G 0)0m 1 00D sin ()
/O )+ ) cos ()}

2
. (%)/ {(Crpan/ar =g am
Y, (dm/ ot 1= 0)(m o+ 0)1) ) s ()
g/l 1= 0)m+ 01 cos ()}
_ (%)m { <%K,,(47T\/(n +¢)(m+1-0)t)
+Y, (47 (n + ) (m +1 - 9)t)> sin (%)
g/ ) (m 1= )ty cos ()}

} (%)/ { <%K,,(47r\/(n e Yy g 1)

+Y, (4m/(n+ 1 — ) (m + 1 — 9)”) sin <7V>

—J,(47y/(n+ 1 = ¥)(m + 1 — )t) cos (%) H dt.

5.3 Proof of Voronoi summation formulas

This section is devoted to the proof of Voronoi-type summation formulas.

Proof of Theorem [5.2.1] and its equivalence with Theorem [5.2.2] To derive
Theorem [5.2.1], we will adapt the method introduced by B. C. Berndt, A. Dixit, A.
Roy, and A. Zaharescu in [7]. We have previously seen the proof of Theorem in
Section 4.3] Here, I would like to demonstrate the proof of Theorem [5.2.1] utilising
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Theorem .21

Proof of Theorem One can see that identity in Theorem is valid
not only for x > 0 but also for —m < argz < 7 by analytic continuation. If we set
N =1in ([4.3), then the condition L%J < 1 will imply that 0 < R(r) < 3. We
consider 0 < R(v) < % Replace z by iz/q in for —m < argz < § and then by
—iz/q for =% < argz < m. Now the common region of the resultant identities is
—45 <argz < 7. So we add the resulting two identities and simplify, in the region

—5 <argz < 7, to obtain

Alv) = Wi(z,), 59)
where
A<Z7 V) = 22_% ia_mx(n) TLV/2 {6“:1]/ KV (471_612 %)
n=1 q
e T°K, <47T€IT nz )} , (5.10)
q
and

¢TW)L,X) 472~ T-ua(n)
e

\\ =
1(Z7V> (27_(_)” WT(X) — n2 + 22

z. (5.11)
Note that W, (z, ) is an analytic function of z in C except on negative real axis and
at z = in where n € Z. Hence, V;(iz,v) is analytic in C except on the positive
imaginary axis and at z € Z. Similarly, U;(—iz, ) is analytic in C except on the
negative imaginary axis and at z € Z. We deduce ¥, (iz,v) + ¥y (—iz, v) is analytic

in both the left and right half plane, except possibly when z is an integer. Since
. . q _
Zl_l}’:{:ln(z + n)\Ill(zz, V) = WJ,MX(H),

Jim )W (=iz v) = =5
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so we have

lim (z £n) (Vy(iz,v) + VU (—iz,v)) = 0.

2—Fn

Hence, Wy (iz,v) + ¥ (—iz,v) is analytic in the entire right half plane. From ([5.11])),
we observe that for z lying inside an interval (a,b) on the positive real line not

containing an integer, we have

2q2(v)L(v, X 1
Uy (iz,v) + Uy (—iz,v) = — T (W) LX) cos (7;]/)

—. 5.12
(2m)¥ zv (5.12)
Since both sides are analytic in the right half-complex plane as a function of z, by
analytic continuation, the identity (5.12) holds for any z in the right half-plane.
Next employing functional equation for L-function (2.13) in (5.12]) and simplifying,
we obtain for —F <argz < 7,

¢ > 1

Uy (iz,v) + Uy (—iz,v) = _T(X) L(1—v,x)

s (5.13)
Next, Let f be an analytic function of z in a closed contour 7/ intersecting the real
axis in « and f where 0 < a < f, m—1<a<m,n—1<f <nand m,n € Z.
Now ~' consists of two parts «; and 7, where 7, is the portion of the contour in the
upper half-plane, and 7, is the portion corresponding to the lower half-plane. Now
av1 8 and a7, denote the paths from « to 8 in the upper and lower half planes,

respectively. By the Cauchy residue theorem, we have

L e =15 3 0 n0)0)

where %6_V7X(j)f(j) is the residue of f(z)W;(iz,v) at each integer j where

a < j < (. Hence, the above expression can be rewritten as

% agj;ﬁ 5-_V,X(j)f(j) - a2 f(2)W1(iz,v)dz — anp f(2)Ws(iz, v)dz
- f(2) W (iz, v)dz
a2



112 Connection with Voronoi type summation formula

1—

—iz,v)+ 2 : -V 1 z
+ omﬁf(Z){‘Ijl( V) + T(X)L<1 ’X)z”}d : (5.14)

where in the last step, we used (5.13)). Again, we make use of the Cauchy residue

theorem and obtain

g% ., ﬁ L E , ﬁ&
T(X)L(l ) onp 2 d —T(X)L“ ’X)/a 2 dt. (5.15)

From (5.9), A(z,v) = Vyi(z,v) for =7 < argz < §. So it is easy to see that

A(iz,v) = ¥y (iz,v) holds for —m < argz < 0, and A(—iz,v) = Wy(—iz,v) holds for
0 <argz < m. Thus

Joros F2) (12, v)dz = [ o f(2)A(iz,v)dz,
S5 FE U1 (—iz,v)dz = [, f(2)A(—iz,v)dz.

(5.16)

Here we notice that the series A(iz, v) in (5.10)) is uniformly convergent in compact
subintervals of —m < argz < 0, and series A(—iz,v) is uniformly convergent in

compact subintervals of 0 < arg z < m. Thus, interchanging the order of summation

and integration in (5.16|) and inserting them in (5.14]) together with (5.15)), we get

’ x
T Y a0 = tot-v [ a2 o) 0
@ n=1

X f(z)(zz>*% emTyKl, 47‘(‘6% ﬁ + 671WV KI/ 47T67Tm % dZ
av2f3 q q




5.3 PROOF OF VORONOI SUMMATION FORMULAS 113

—1—2;0_1,7)—((71) n¥/? /MQB f(z)z~ {Kl, <4m’ % > te K, (47\/? ) } dz
+2;a_,,,x(n) n*/? /Cmﬁ f(z)z72 {eigDKl, (47r\/?) + K, (—47ri\/% ) } dz.

Employing the residue theorem again, this time for each of the integrals inside the

[SIN

two sums, and simplifying, we obtain

1-¥

¢z . - % f(®) »
0 2 T = T / dmzmw

)
o) o)
<

t
+2(:os )K,, dmy [ )} (5.17)
q

(=)

\]

Hereby [7, p. 848, equation (7.15)], we have
K, (ix) + K, (—iz) = -7 (J,,(x) sm(%”) 1Y, (2) cos(%”)) , (5.18)

where J, and Y, are the Bessel functions defined in ((1.1)) and (|1.2), respectively.
Now, we replace « by 4m/nt/q in (5.18) and substitute in (5.17)), we get (5.2)).

Next, we demonstrate that Theorem [5.2.1]is equivalent to Theorem [5.2.2
Theorem = Theorem It is sufficient to prove the theorem for 6 = h/q,
where ¢ is prime and 0 < h < ¢. Employing (2.25)), we consider

DAL (2””) 1)

a<j<p d/j
Z 3 Zd” oS (zﬂdh)
a<j<p d/j
Z JUf( ZdV+ZdVCOS (QWdh)
a<j<p dlj dlj
qld qtd
= > m U lgm)) d+ Y i Z o Z (d)x(h)7(x)
%<m<ﬁ dlm a<j<pB X even

qfd
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= Z m"’f(qm)zd”— Z jyf(j)ZW;)XO(d)

Q<m<é d|m a<j<pB d|]
! ! afd

Ly j‘”f(j)zwg) S M@x(h)r()

a<j<pB d|j XFX0
ad xeven

DI (COD WL SRl g DOLED T4

&<t dm a<j<p d/i dlj

q/d
EDIFRTIE) - D RN

a<j<p d|j XFX0
afd xeven

U m—Vf(qmm(m)—@ S° ) )

a B a<j<p
q<m<q

L L M) Y T ()oun ()

) D x(r() D T ()fG), (5.19)

in the last step, we used o,(m) = m”o_,(m) and 6_,,(m) = m "o,,(m). Now,
we first evaluate the first two sums on the right-hand side of (5.19). Applying
Proposition with f(z) = f(qz), then simplifying, we obtain

4= > o (m)f(Qm)ZL/Bf(t){q”C(l—V) (v +1) Yt
- ¢(q) Ju

4 2&2) ia,,m)nv/? j £t { (%K,,(élw\/%) - Y,,(Mﬁ)) cos (%)
—J,(4n %t) sin (%”) } dt. (5.20)

By using Proposition [1.4.2] we get the second sum of the right-hand side of ([5.19)).
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Finally, we evaluate the third sum of the right-hand side of ([5.19)). Now we multiply
both sides of identity (5.2) in Theorem [5.2.1] by x(h)7(X) /¢( ), then sum on ¥,

where y is a non—pr1n01pal even primitive character xy modulo ¢ and obtain

@ ; \(h)r(3) Zﬁ 5o () ()
—@%%xw)f(x)m—u,m [t
b %%nh)f(xw(x) go_mn)nm [ stoyers
x {(%K <4w %t ) Y, <47r\/H )) cos (%) _J, (Mﬁ ) sin (%)}dt
D) eos(Z) 2" ” o
o o) 2 # X / 1)
L o {2 ()

xeven

t t
=Y, (47 = cos <E) —J, | 4r ) sin (W ) dt,  (5.21)
q 2 q 2
where in the last line, we used the functional equation of L-function (2.13). By

utilising (2.9), (2.13), (2.3), (2.21)) and (2.23), we arrive at
1

) > xX(W)L(v,x)

X7X0
xeven

(v, h)a) + (1 — hfg)} — @u ) (5.22)

Using (5.22)) and functional equation of Riemann zeta- function ([2.9)), we obtain the
first sum in the right-hand side of ([5.21)) equals

['(v) cos(%) 3 »
oy e L= hfg)) / 1) vt
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_ 1
o(g) !

B
(¢ — 1)1 — y)/ F(t) tat (5.23)

Now, we define for y € R,

W, (y) = (—KV (y) — Y, (y)) cos (”-”) — J, (y)sin (%”) . (5.24)

SO

R N PR

W, (4 m(rg +1)%) W, (4m /m(rq+q — h)}) }

—@iaw(n)n”ﬂw (47r\/:) _V/Qia_ P2, (4/r)

n—=
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Z /2 Z {Wy(47n/m(r +h/q)t) W, (dxy/m(r+1— h/q)t) }

2q2 (r+ h/q)/? (r+1—h/q)/?

—@ma_y(n)n"/?wy (47r\/7 ) V/Qia_ P2, (4 /rE).

(5.25)

r=0

Substituting (5.23]) and ([5.25]) in (5.21]), we obtain the third sum of the right-hand
side of (5.19)), and then combining ([5.19) with Proposition and ((5.20)), we get

E3).
Theorem = Theorem Let @ = h/q, and x be an even primitive non-

principal character modulo ¢. Multiplying the identity (5.3) in Theorem by
X(h)/7(X), and then summing on h, 0 < h < g, one can show that Theorem [5.2.2)
implies Theorem [5.2.1

O

Now, we see the proof of identities involving odd characters.

Proof of Theorem and its equivalence with Theorem [5.2.6] The
proof of Theorem [5.2.5 is similar to the proof of Theorem [5.2.1, Thus, we omit
details. However, we establish the equivalence of Theorem [5.2.5] and [5.2.6]
Theorem = Theorem [5.2.6] It is sufficient to prove the theorem for 6 =
h/q, where g is prime and 0 < h < gq. Now we multiply both sides of identity (5.6} .
in Theorem [5.2.5] by x(h)7(x)/i¢(q ) then take the sum on odd primitive character
x modulo ¢. The left-hand side of ([5.2.5)) becomes

1
. X(h)7(X) oy (G)f( d X)f ()
ZQS(q) X%d a;B a<j<B dlj x odd
Z Zd sin (27Tdh) £, (5.26)
a<j<pB d|j

where we have used the identity (2.24). The right hand side of (5.2.5) becomes

D IRIOLED SEINOTE)

ip(q Lo
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11
- 50 PIRICLEEIEIR o
+, (12 ) sin () = (12 ) eos (1) }
(527
Utilising (Z13), @3), €21 and @22, we get
o > MBOL -+
e A R AT SCEY
We define for y € B,
2,) = (2800 + %0 ) s (F) - eos (). 629
Next, we consider
» > wit OO st 022, (1 [
- énv% (4™ ) S 3 ihix (%)

(5.30)

d=1
K\ 2
- (m . _>
q
Employing (5.28)), (5.29)) (5.30]), we deduce the expression for (5.27). Now, equating
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the resulting expression with , we get .

Theorem m = Theorem Let # = h/q, and let x be an odd primitive
character modulo ¢g. Multiplying the identity in Theorem by x(h)/7(X),
and then summing on h, 0 < h < g, the left-hand side of the identity becomes

q—1

! Z)Z Z f Zd sin (2rwdh/q)

-
(X h=1 a<j<p dlj

1 Z () Zd ZX 27ridh/q_e—27ridh/Q)

QZT(X a<j<p dlj

=—Zf ) D (—d))

a<j<p dlj

P o DF), (5.31)

a<j<p

where in the penultimate step, we used - Employing (2.3]) and - we can

observe that

! X(h) (C(=v.h/q) = ((=v, 1 = h/q)) = =2¢"" T () L(=v, %) (5.32)

(n) i d? i {n+h/a)? 2, (4x/dm+la)t )

7(X) h=1 d=1 m=0

—(m+1-h/q)% 2, (47r\/d(m+1—h/q)t>}

quz/Q q—1 ) SS) o 00 o drt
S S 3 ez, ([
X = d=1 b q
r=h(q
—vy2 a1 00 00 drt
q — —v/2 v/2 r
- — x(h) Yy d <7, | 4y —
T ;
r=—h(q
2q71//2 X
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t
- 1+u/2 ZU—VX n"*Z, (47T\/% ) ; (5.33)

where 7, is defined in - Substituting (5.31)), (5.33) and utilising ([5.32)) in .
one can get -

Remark. The proofs of other remaining theorems will be similar, so we skip the

proofs to avoid repetitions.



Conclusion and future work

It is well known that the Voronoi summation formula has served as the foundation
for most attempts to find an upper bound for A(x) in the Dirichlet divisor problem.
In light of this fact, in Chapter [5, we studied the Voronoi type summation formula
for twisted sums of the divisor functions o, ,(n), 7, ,(n) and o, y, y,(n). In my future
project, I would like to determine the truncated Voronoi summation formula for the

number-theoretic error term 0y, (z) defined by

5k,x(x) = Z Uk,x(n) — gr(7), (6.1)

n<x

where gi(x) denotes the main term. Next, I am interested in studying the higher

power moments, i.e.,

/5£,X(t) dt and Z5k,x(n)j, forj > 1

1 n<x

121
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where the error term Jj , () is defined in (§6.1)).

In [29], J. Furuya examined the connection between the discrete and continuous
moments for the error term in the Dirichlet divisor problem. I would also like to
find the analogous Furuya’s results for the error term in . Finally, I intend to
study sign change results for the error term 0y, (x) for real characters.

In 1916, Hardy [31] studied omega results for the divisor function,

Q. ((xlogx ilo 5 T),
Al) = ((1 gx)+ log, ) 62)
Q_(z1).

Here log; denotes the jth iterated logarithm. After Hardy, number theorists tried
to improve these results, but the best result is known due to K. Soundararajan’s
result [49]

A(2) = Q ((wlog2)*(logy )/ (log, ) /%) .

In future, we plan to study omega results for the error term 6, («) in this direction.
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