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Abstract

Ergodic theory often involves dealing with transformations of measure spaces
that preserve specific measures, such as volume or probability measures. These
transformations establish a framework for studying the behavior of dynamical
systems.

Combinatorial methods are pivotal in ergodic theory, providing valuable tech-
niques for understanding the behavior of dynamical systems. They are often uti-
lized in the study of measure-preserving transformations, aiding in characterizing
invariant measures, exploring ergodic decomposition, and establishing connections
between different dynamical systems. Moreover, numerous scenarios exist where
we can effectively characterize a measure-preserving transformation and its long-
term behaviour by approaching it as the limit of specific finite objects, such as
periodic processes.

This thesis discusses combinatorial constructions within Ergodic Theory, em-
ploying the “Approximation by Conjugation” method. This technique facilitates
the construction of maps with specific topological and measure-theoretic character-
istics on the manifolds that support a non-trivial circle action. We provide exam-
ples of volume-preserving diffeomorphisms with zero topological entropy. These
examples exhibit intricate ergodic properties in both smooth and analytic cate-
gories.

Specifically, we present an example of a smooth diffeomorphism with an in-
variant measure, which is a generic but non-ergodic volume measure. This dif-
feomorphism satisfies various other ergodic and topological dynamic properties on



vi

the 2-torus. In ergodic theory, generic points are essential for understanding the
statistical and dynamical behavior of systems, as their orbits cover most of the
phase space according to the invariant measure. We examine the distinctions be-
tween generic and non-generic points in smooth dynamical systems, focusing on
establishing bounds for the sizes of their respective sets. We construct an explicit
collection of sets that encompass all generic points within the system and focus on
determining bounds for their Hausdorff dimension, leading to more insightful and
compelling conclusions.

Additionally, we explore the ergodic properties of diffeomorphisms and examine
their differential maps with respect to a smooth measure in the projectivization of
the tangent bundle.

We investigate examples of diffeomorphisms with complex ergodic properties
within the projectivized tangent bundle for the smooth and analytic case. We con-
struct a smooth diffeomorphism whose differential is weakly mixing with respect
to a smooth measure in the projectivization of the tangent bundle. In the case
of the 2-torus, we also obtain the analytic counterpart of such a diffeomorphism
by utilizing an analytic approximation technique. We present an example of an
analytic diffeomorphism whose projectivized derivative extension exhibits weak
mixing with respect to a smooth measure.

All of these constructions are based on the original and quantitative version
of the “Approximation by Conjugation” method. This approach utilizes highly
explicit well-defined conjugation maps, explicit partial partitions of the space,
specific approximation strategies, and geometric and combinatorial criteria to meet
specific requirements.
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1
Introduction

A dynamical system serves as a mathematical framework that describes the
evolution of a system over time. Typically represented as a function T defined on
a phase space or set X, it is denoted as (X, T ). This subject branches into sev-
eral areas, each with its own distinct mathematical framework. Two of the major
branches are measure-theoretic dynamical systems and topological dynamical sys-
tems. Measure-theoretic dynamical systems focus on studying dynamical systems
through the lens of measure theory. In this framework, the evolution of a system
is often depicted by measure-preserving transformations. In contrast, topological
dynamical systems focus on the qualitative aspects of dynamical systems, empha-
sizing the role of topological properties over measures. Despite their differences,
both approaches offer valuable insights into the behavior of complex dynamical
systems across various mathematical contexts.

In this thesis, we focus on discrete dynamical systems where T : X ! X is a
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map, and we analyze its behavior under repeated iteration. This iterative process
is denoted by � = {T t | t 2 G}, where G represents the set of time steps or group
elements. More generally, one can study the action of a group G on the space X

and examine the behavior of orbits in both a measure-theoretic and topological
context.

Ergodic theory explores the dynamics of group actions G on measure spaces.
It focuses on the statistical properties of dynamical systems, such as the long-
term behavior of orbits T

t(x) for t 2 G, and their distribution across the space
X. This includes studying the existence and properties of invariant measures –
measures that remain unchanged under the action of T . The origins of ergodic
theory can be traced back to Poincaré’s recurrence theorem in classical mechanics
and Boltzmann’s ergodic hypothesis in statistical mechanics.

The mathematical development of ergodic theory gained momentum in the
1930s through the seminal work of J. Von Neumann, G.D. Birkhoff, who intro-
duced fundamental ergodic theorems and numerous results. Their work establishes
a connection between microscopic particle behaviour and macroscopic system prop-
erties observed in statistical mechanics. Ergodic theorems demonstrate that, under
certain conditions, the time average of a system’s observable quantities (such as
energy, momentum, etc.) along the trajectory of a typical point in phase space
converges to the ensemble average of those quantities with respect to an invariant
measure. In the context of the Boltzmann Hypothesis, which asserts that the long-
term behavior of a system is equivalent to phase averages, the ergodic theorems
provide a rigorous mathematical foundation. They show that in systems where er-
godicity holds, the long-term time average behavior indeed matches the ensemble
average behavior predicted by statistical mechanics. This connection provides a
deeper understanding of the relationship between dynamical systems theory and
statistical mechanics. For a detailed survey, refer to [39].

Subsequently, research in ergodic theory expanded in various directions, explor-
ing additional aspects such as the geometrical and statistical properties of smooth
dynamical systems. Smooth dynamical systems describe the continuous evolu-
tion of a system using smooth functions or mappings. They are often represented
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by a set of differential equations or a flow on a smooth manifold, where smooth
vector fields govern the dynamics. Specifically, the existence of geodesic flows on
compact Riemannian manifolds of negative curvature holds great significance for
ergodic theory and statistical mechanics. E. Hopf addressed this topic in his work
[30] on the ergodicity of the geodesic flow on negatively curved surfaces.

During the 1950s, A. Kolmogorov, V. Arnold, and J. Moser developed a new
study of the perturbation of integrable Hamiltonian systems, known as pertur-
bative KAM theory. Their work associates the terms “stability” and “instability”
of perturbative systems with the Diophantine and Liouvillean behaviour of the
linear model, respectively. Specifically, the translation and linear flow on a finite-
dimensional torus are discussed in [17, Section 1]. The perturbation of linear and
nonlinear models with the Liouvillean factor often reveals unexpected quantita-
tive effects, such as the emergence of ergodic properties after a sufficiently long
period of perturbation. Their work claims the existence of ergodic diffeomorphisms
near elliptic fixed points, while also addressing obstacles to achieving ergodicity
in Hamiltonian systems. Furthermore, investigating the existence of such systems
exhibiting specific types of dynamic behavior is of interest, and a constructive
approach is adopted.

The foundations of this work date back to the 1970s when D.V. Anosov and
A.B. Katok presented the first example of a weakly mixing area-preserving smooth
diffeomorphism on the disc D2 in [1]. They introduced an even more general
technique known as the ‘Approximation by conjugation’ method, alternatively
referred to as the ‘Anosov-Katok method’. This method is applicable to any
compact connected smooth manifold M admitting an effective circle action T1.
This method remains one of the powerful tools for constructing measure-preserving
systems with intricate dynamics in both smooth and analytic categories.

Their research work also addresses a major question in ergodic theory known as
the ‘Smooth Realization Problem,’ originally posed by J. Von Neumann in 1932,
as detailed in their foundational paper [41]. This problem involves determining
whether the abstract concepts of ergodic theory can be given smooth counter-
parts. Specifically, it explores whether there exists a smooth diffeomorphism T
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that preserves a smooth measure µ-which corresponds to the volume element on
a compact smooth manifold M and is isomorphic to a measure-preserving system
(X, f, ⌫). Despite extensive efforts, the problem has largely remained unsolved,
with smooth realization being feasible only for limited classes of systems. Few
restrictions are known that prevent any space (X, f, ⌫) from being realized as a
smooth dynamical system. However, it is necessary that such diffeomorphisms pos-
sess finite entropy, as pointed out by A.G. Kushnirenko [37]. In lower dimensions,
additional restrictions apply: any circle diffeomorphism with an invariant smooth
measure is conjugate to a rotation, and according to Pesin’s theory [42], any weakly
mixing surface diffeomorphism with positive metric entropy is Bernoulli. Never-
theless, the overall constraints on the problem remain unidentified. For further
information, one can refer to the survey articles [17] and [15].

In the context of smooth realization, when considering an abstract space (X, f,

⌫) and seeking the existence of a smooth diffeomorphism T that preserves a smooth
measure µ on a compact smooth manifold M . The goal is for (M,T, µ) to be
metrically isomorphic to (X, f, ⌫). The problem is specifically referred to as the
non-standard smooth realization of the space (X, f, ⌫) if M and X are not diffeo-
morphic.

Utilizing the aforementioned method, [1, Sections 4] presented the first instance
of a non-standard smooth realization for an irrational circle rotation via a smooth
ergodic diffeomorphism preserving the measure on a compact smooth manifold.
Additionally, they achieved similar results for certain ergodic translations on the
finite-dimensional torus, as noted in [1, Sections 6]. Moreover, in [20], B. Fayad,
M. Saprikiyna, and A. Windsor extended the non-standard smooth realization re-
sult to include all Liouville irrational rotations of the circle. They even achieved
this for uniquely ergodic diffeomorphisms by tailoring the method and ensuring
control over all orbits, in contrast to the original method, which only controlled
almost every orbit. This modified method, providing control over all orbits, is
often referred to as the topological version of the AbC method and may introduce
additional aspects to the theory. Subsequently, in [6], M. Benhenda extended the
non-standard smooth realization of certain ergodic translations to include vectors
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with one arbitrary Liouvillian coordinate on the finite-dimensional torus. After-
wards, S. Banerjee expanded the non-standard smooth realization problem by ad-
dressing the real analytic realization of certain irrational rotations as real analytic
diffeomorphisms [2]. It is important to note that requiring the diffeomorphism
to be real-analytic in the described technique introduces additional challenges, as
discussed in [17, Section 7].

This method has gained substantial attention, particularly due to the signifi-
cant body of work by M. Foreman and B. Weiss [23, 24]. Their research estab-
lished anticlassification theorems for smooth diffeomorphisms. The problem of
anticlassification or classification of measure-preserving transformations up to an
appropriate equivalence relation belongs to the “isomorphism problem,” as origi-
nally proposed by J. Von Neumann in the 1930s. This was discussed in the same
foundational paper. Despite concerted efforts, the problem remained intractable,
with only a few classifications of special classes of transformations based on their
finite entropy or spectrum being solved.

In the influential paper by M. Foreman, D.J. Rudolph, and B. Weiss [22], it
was demonstrated that solving the isomorphism problem is not feasible due to
the complexity of the structures. They showed that determining the measure
isomorphism between ergodic transformations is inaccessible. Hence, the class
of ergodic measure-preserving transformations cannot be classified by the mea-
sure isomorphism relation. Subsequently, in a series of papers, M. Foreman and
B. Weiss extended the anticlassification result to a more restricted class of trans-
formations within the smooth category. They introduced the notion of coding a
specific category of Anosov-Katok transformations into a symbolic representation.
This representation is defined as uniform circular systems. They established the
anticlassification of smooth ergodic measure-preserving systems up to the measure
isomorphism relation. Their approach was later modified to obtain an analogous
result for the analytic category by S. Banerjee and P. Kunde (see [3]). Additionally,
numerous other anticlassification results have been established using the method.
These include results for a weak class of isomorphism relations, such as those for
the Kakutani equivalence relation [26]. The method has also been applied to a
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more general class of Anosov-Katok transformations, including results for weak
mixing diffeomorphisms [36].

This method remains one of the few available for exploring the potential ex-
istence of diffeomorphisms within the smooth or real-analytic categories. It aids
in identifying those diffeomorphisms that satisfy a prescribed set of ergodic or
topological properties. Transformations or diffeomorphisms with extreme ergodic
and topological properties often hold significant importance within their respective
contexts. For example, the existence of minimal but not uniquely ergodic diffeo-
morphisms in the smooth category has been explored in [44]. Additionally, re-
cent studies have revealed emerging connections, such as linking number-theoretic
properties like the rotation number at the boundary to the dynamic behavior of a
diffeomorphism, as discussed in [19].

D.V. Anosov and A.B. Katok, as cited in [1], provided examples of smooth
measure-preserving diffeomorphisms that demonstrate weak mixing within the
space

A(M) = {h � St � h�1 : t 2 T1, h 2 Diff1(M,µ)}C
1

,

for any compact connected manifold that admits a non-trivial action S = {St}t2T1 .
Subsequently, B. Fayad and M. Saprykina, in [19], produced smooth weakly mixing
diffeomorphisms within the more restricted space

A↵(M) = {h � S↵ � h�1 : h 2 Diff1(M,µ)}C
1

,

for any Liouville number ↵. A Liouville number ↵ is defined such that for every n,
there exist positive integers p and q > 1 where 0 < |↵ � p

q
| < 1

qn
. Moreover, they

demonstrated that for the disc D2 or the annulus A = T1 ⇥ [0, 1], limiting diffeo-
morphisms that exhibit weak mixing properties have a rotation number S↵ that
corresponds to a Liouville number ↵ when restricted to the boundary. Diophantine
numbers are irrational numbers that are not considered Liouville numbers. On the
other hand, diffeomorphisms of D2 or A with a Diophantine rotation number S↵

for Diophantine ↵ face challenges in exhibiting even ergodicity because of an in-
variant positive measure set present at the boundary, as stated in ‘Herman’s last



7

geometric theorem’ in [21].
Both of the constructions detailed in [1] and [19] utilize the approximation

by conjugation method: A diffeomorphism is derived as the limit of sequences
fn = Hn�S↵n+1 �H�1

n
where ↵n+1 2 Q and Hn = h1� . . .�hn where hn is a measure

preserving diffeomorphism satisfying S↵n
� hn = hn � S↵n

. Here, the conjugation
map hn transfers a finite version of the specific property to fn, which we eventually
need to achieve for the limiting diffeomorphism. The choice of ↵n+1 2 Q is close
enough to ↵n to allow the convergence of fn in the appropriate topology, and the
sequence of ↵n converges to some Liouville number ↵ 2 Qc

. For the diffeomorphism
fn to converge in the space A↵(M), for any ↵, it requires the construction of more
explicit conjugation maps hn and very precise norm estimates. This is generally
more difficult compared to convergence in the space A(M). In this thesis, we also
apply the quantitative version of this method to construct a diffeomorphism with a
specific Liouvillean rotation number. This involves ensuring that the sequence ↵n

converges to ↵, and the resulting transformation f 2 A↵(T2) satisfies the specified
ergodic property. This process is discussed in detail in [19].

This approach has been effectively applied in numerous instances to construct
a variety of diffeomorphisms for smooth manifolds of dimension (m � 2), that
support a non-trivial circle action. These constructions exhibit particular ergodic
attributes in both the smooth and analytic categories. Notable examples include
weak-mixing diffeomorphisms (refer to [1, Section 6], [28], or [19]), uniquely ergodic
diffeomorphisms (see [20], [18]), minimal but non-uniquely ergodic diffeomorphisms
(see [44], [4]), and uniformly rigid and weakly mixing diffeomorphisms (see [32]),
among others. These topics are explored in depth in [17] and a recent chapter in
the book [15, Chapter 10].

1.1 Main Results

1.1.1 Existence of Generic and Non-Generic points

In this thesis, we apply the aforementioned method to construct a variety of
diffeomorphisms exhibiting specific ergodic properties in both smooth and analytic
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categories. First, we present an example of a smooth area-preserving diffeomor-
phism with an invariant measure on the 2-torus. This measure is generic but
non-ergodic, while still satisfying other topological and ergodic properties. For
a probability preserving dynamical system (M,B, µ, T ), we define the set of µ-

generic points

Lµ =

(
x 2 M : lim

n!1

1

n

nX

i=0

f(T i
x) =

Z

X

fdµ 8 f 2 Cc(M)

)
,

where Cc(M) is the set of all compactly supported real valued continuous functions.
Generic points form a powerful tool in ergodic theory in quantifying the difference
between two invariant measures. The measure µ is called a generic measure if
Lµ 6= ;. The celebrated Birkhoff ergodic theorem asserts that µ(Lµ) = 1 for any
µ-ergodic transformation. But in general, the non-ergodic measure may or may
not have generic points at all.

There has been a considerable amount of interest in the existence of generic
measures, particularly in the realm of interval-exchange transformations. J. Chaika
and H. Masur [12] showed that there exists a minimal non-uniquely ergodic interval
exchange transformation on 6 intervals with 2 ergodic measures, which also has a
non-ergodic generic measure. Later, V. Cyr and B. Kra [14] found a criterion for
establishing upper bounds on the number of distinct non atomic generic measures
for subshifts based on complexity, and as a consequence, they showed that for
k > 2, a minimal exchange of k intervals has at most k � 2 generic measures. On
the other hand, K. Gelfert and D. Kwietniak [25] gave an example of a topologically
mixing subshift that can have exactly two ergodic measures, none of whose convex
combination is generic.

However, to the best of our knowledge, there have been no discussions on
differentiable or even continuous mappings on any manifold with such character-
istics. This raises the question within contexts such as smooth dynamical sys-
tems, real analytic systems, or symplectic systems: Is it feasible to create a non-
ergodic generic measure in a smooth dynamical system? Given the flexibility of
the Anosov-Katok method, this inquiry can also be addressed within a framework,
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along with incorporating additional topological and ergodic properties.
In general, a uniquely ergodic measure preserving transformation on a compact

metric space is minimal on the support of the measure. However, the converse is
not true. A. Markov produced the first counterexample. Further, A. Windsor,
in [44], constructed a minimal measure preserving diffeomorphism in A↵(M) with
exactly a finite number of ergodic measures. Afterwards, S. Banerjee and P. Kunde,
in [4], produced a similar result for the real analytic category on T2.

We present several results in this thesis that investigate the existence of non-
ergodic generic measures within this framework. Our constructions will be smooth
and, in some cases, even real analytic. We further extend these results to produce
additional examples with diverse measure-theoretical and topological dynamical
properties, as detailed in Chapter 3.

Theorem 1.1. For any natural number r, and any Liouvillian number ↵, there

exists a minimal T 2 A↵(T2) such that the Lebesgue measure is a generic mea-

sure for T , and there exists r absolutely continuous w.r.t. to Lebesgue measures

µ1, µ2, . . . , µr such that T is weakly mixing w.r.t. each of these measures.

In fact, the approximation by conjugation method on T2 offers enough flexi-
bility to repeat the construction using a block-slide type of maps ([4], Theorem 5)
and achieve the result within the analytic set-up. Moreover, we can also poten-
tially employ the analytic approximation technique, as discussed in Chapter 7, to
produce volume-preserving diffeomorphism with the non-ergodic generic measure
on the 2-torus.

Theorem 1.2. For any natural number r, there exists a minimal real-analytic

T 2 Diff !(T2
, µ) constructed using the approximation by conjugation method, such

that the Lebesgue measure is a generic measure for T , and there exists r absolutely

continuous w.r.t. to Lebesgue measures µ1, µ2, . . . , µr such that T is weakly mixing

w.r.t. each of these measures.

Another principal aim of this thesis is to investigate the set of µ-generic and µ-
non-generic points associated with a particular smooth dynamical system. Points
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that do not exhibit generic behavior with respect to the invariant measure µ-
that is, whose empirical measures fail to converge to µ are referred to as µ-non-
generic points. We establish rigorous bounds on the size of these sets. Rather
than quantifying their measure-theoretic size via Lebesgue measure, which may
be trivial, our analysis centers on determining their Hausdorff dimension. This
geometric perspective yields more refined and meaningful results, as elaborated in
Chapter 4 and Chapter 5.

Theorem 1.3. For any 1 < s < 2, there exists a smooth diffeomorphism T 2
Diff1(T2

, µ), constructed via the approximation by conjugation method, such that

a non-empty set B ⇢ T2
consisting of µ-generic points of T satisfies

dimH(B)  s, and µ(B) = 0.

To facilitate this construction, we explicitly introduce certain narrow sets of
small measure-most notably, horizontal strips of small width-within a carefully
designed framework on the 2-Torus. The images of these sets under the selected
conjugation maps exhibit a fractal-like structure, which plays a crucial role in es-
tablishing nontrivial upper bounds for the sets of generic points considered in our
analysis. We construct a highly explicit scheme involving distinct, purpose-specific
domains on the 2-Torus, accompanied by a deliberate and structured choice of con-
jugation maps. This construction is supported by appropriate combinatorial and
geometric methods, which together enable the formation of the desired example.

Moreover, we demonstrate the existence of a nontrivial set of generic points
possessing a positive lower bound on Hausdorff dimension. This is achieved by in-
troducing a Cantor-type fractal set and its generalized variants into our framework,
which allows us to obtain the following result:

Theorem 1.4. There exists a smooth diffeomorphism T 2 Diff1(T2
, µ), con-

structed via the approximation by conjugation method, such that a set B ⇢ T2

consisting of µ-generic points of T satisfies

dimH(B) �
log 2

log 3
, and µ(B) = 0.
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Theorem 1.5. For any 1 < � < 2, there exists a smooth diffeomorphism T 2
Diff1(T2

, µ), constructed via the approximation by conjugation method, such that

a set B ⇢ T2
consisting of µ-generic points of T satisfies

dimH(B) � � � 1, and µ(B) = 0.

The application of this result also challenges the validity of the variational-type
formula presented in [9, Theorem 2.3.1] for smooth dynamical systems. In that the-
orem, the author introduced a variational-type formula for the full shift on a two-
symbol alphabet (⌦, �). However, within our specific framework, it becomes clear
that this theorem’s claim of a variational-type formula does not hold. For instance,
if f : T2 ! R is any continuous function, and � =

R
fdµ where 1 < � < 2 and µ is

the standard Lebesgue measure, then the Hausdorff dimension of Ef (�) is greater

than zero (see Theorem 1.5) where Ef (�) = {x 2 T2 : lim
N�!1

1
N

NP
n=1

f(T n
x) = �}.

However, according to [16, Theorem 1] and [9, Theorem 2.3.1], this dimension
should be zero, as both topological entropy and all measure-theoretic entropy, in
our context, are consistently zero.

In any probability dynamical system (M,B, µ, T ), the points that are not µ-
generic points are referred to as µ-non-generic points. While Birkhoff’s Ergodic
Theorem guarantees that the set of non-generic points has µ measure zero when
T is ergodic, the Hausdorff dimension of this exceptional set can exhibit rich and
nontrivial behaviour. In particular, its size from the perspective of dimension the-
ory may significantly differ from its measure-theoretic triviality. By implementing
a slight modification to the combinatorial structure in our construction of Theo-
rem 1.3 and 1.5, we can extend our approach to establish analogous results for the
set of non-generic points in the case of a smooth ergodic diffeomorphism.

Moreover, the diffeomorphisms produced in Theorems 1.3, 1.4 and 1.5 could
be made minimal by employing the same combinatorial construction outlined in
Chapter 3, as used in proving Theorem 1.1.
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1.1.2 Weak mixing behavior for the projectivized derivative

extension

In this thesis, our objective is to explore the ergodic properties of diffeomor-
phisms. We also examine their differential maps with respect to a smooth measure
in the projectivization of the tangent bundle. We investigate examples of dif-
feomorphisms with complex ergodic properties within the projectivized tangent
bundle, employing the Anosov-Katok method for both smooth and analytic cate-
gories.

The derivative extension of a smooth map, f : M ! M , on an m-dimensional
manifold M is a transformation defined on the tangent bundle TM , denoted as
(f, df). The projective tangent bundle PTM is obtained by identifying the tangent
space of a point p 2 M , Tp(M), with Rm, and considering its projective space
PRm. It is important to note that a diffeomorphism preserving a measurable
Riemannian metric induces an invariant measure for the projectivized derivative
extension, which is absolutely continuous on the fibers. Such a diffeomorphism,
which preserves a measurable Riemannian metric and an absolutely continuous
probability measure, is called an IM diffeomorphism. IM diffeomorphisms and IM
group actions are discussed in detail in [28, section 3].

In [28], R. Gunesch and A.B. Katok constructed a weakly mixing volume pre-
serving smooth diffeomorphism that preserves a measurable Riemannian metric.
This work extends the research of D.V. Anosov and A.B. Katok [1]. For every Li-
ouville number ↵, such diffeomorphisms are dense in the restricted space A↵(M)

in the C
1 topology as proved in [29]. In [34], P. Kunde realized a similar con-

struction in the analytic category. He constructed a real analytic weakly mixing
diffeomorphism f 2 Diff!

⇢
(Tm

, µ) that preserves a measurable Riemannian metric.
It is a natural question to investigate the ergodic properties of the projectivized

derivative extension with respect to the measure induced by the measurable Rie-
mannian metric. In fact, all the constructions described in the previous paragraph,
in [28] and [29], are as non-ergodic as possible. Their projectivized derivative ex-
tensions are isomorphic to the direct product of the diffeomorphism in the base
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with the trivial action in the fibers, resulting in each ergodic component intersect-
ing almost every fiber at a single point. In [35], P. Kunde realized the other extreme
possibility by constructing smooth diffeomorphisms whose differentials are ergodic
with respect to such a smooth measure in the projectivization of the tangent bun-
dle. He constructed an ergodic IM diffeomorphism in [35], and a weak mixing IM
diffeomorphism in the restricted space A↵(M) in [33], whose differentials are also
ergodic with respect to such a measure.

In this thesis, we study the further ergodic properties of the projectivized
derivative extension, and we focus on weak mixing behavior. We recall that a
measure-preserving system (X,B, µ, T ) is said to be weakly mixing if there is no
nonconstant function h 2 L

2(X,µ) such that h(Tx) = � · h(x) for some � 2 C.
Equivalently, (X,B, µ, T ) is weakly mixing iff there exists a sequence {mn} 2 N
such that for any pair A,B 2 B : |µ(B \ f

�mn(A))� µ(B)µ(A)| �! 0. We explore
this aspect in both the smooth and analytic settings. Hereby, we solve Problems 6.2
and 10.7 in [15]. Our approach bases upon a new weak mixing criterion specifically
tailored for the projectivized derivative extension in both the smooth and analytic
settings. It requires the construction of appropriate smooth maps on the pro-
jectivized tangent bundle that yield a suitable distribution of partition elements.
We refer to Chapter 6 for an overview of our construction. Here, we present the
smooth version of our main result.

Theorem 1.6. Let M be a smooth compact and connected manifold of dimension

2 with a non-trivial circle action S = {St}t2R, St+1 = St, preserving a smooth

volume µ. If ↵ 2 R is Liouville, there exists a measure-preserving weak mixing

diffeomorphism f 2 A↵(M), whose projectivized derivative extension (f, df) is a

weak mixing with respect to the measure µ̄ in the projectivized tangent bundle PTM
which is absolutely continuous in the fibers.

The Anosov-Katok constructions are renowned for their flexibility. In this
thesis, we have discussed several instances exploring intricate dynamics within
the smooth category. However, challenges emerge in the real-analytic category,
as emphasized in [17, Section 7.1] and [4, Section 6.3]: Maps with notably large
derivatives in the real domain or their inverses tend to display singularities in a
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small complex neighbourhood. For a real analytic family St, 0  t  t0, with
S0 = id, the family h � St � h�1 is expected to display singularities very proximate
to the real domain for any t > 0. Consequently, the domain of analyticity for maps
in the form of fn = Hn�St�H�1

n
diminishes progressively during each construction

step. This leads to a limiting diffeomorphism that is not analytic. Hence, there is
a need to identify specific nature conjugation maps that can be explicitly inverted,
ensuring both the map and its inverse maintain analyticity across a broad complex
domain.

M. Saprykina first implemented the Anosov-Katok method in the real-analytic
category in [43] and constructed a uniquely ergodic real-analytic diffeomorphism
on the 2-torus. Afterwards, B. Fayad and M. Saprykina, in [19], successfully
constructed an example of volume-preserving weakly mixing real-analytic diffeo-
morphism on the 2-torus. B. Fayad and A. Katok, in [18], produced similar results
for the odd-dimensional sphere, utilizing explicit analytic conjugation maps. The
constructions mentioned above used highly explicit analytic conjugation maps in
an explicit form. In contrast, a more general analytic approximation technique
that utilizes block-slide-type maps on the finite-dimensional torus is developed
by S. Banerjee in [2]. This technique offers sufficient flexibility to replicate the
construction process and obtain numerous analytic counterparts of Anosov-Katok
constructions, as demonstrated in [4] and [34]. However, this analytic approxima-
tion technique cannot produce a specific distribution for the elements in the space
and tangent direction. Consequently, it hinders the achievement of ergodicity for
the projectivized derivative extension in the analytic category, thus requiring al-
ternative approximation techniques.

In this article, we have achieved an even stronger property than ergodicity-the
weak mixing property-for the projectivized derivative extension in the analytic
category, specifically for the torus case. We adapt an analytical approximation
method, as presented in [7, Theorem 1.8]. In this work, the author proposed
a particular approach for approximating an analytic transformation within the
infinite annulus [0, 1] ⇥ R. This is achieved by accurately approximating it using
a smooth transformation, given specific conditions. This technique is built on
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the generators of groups of Hamiltonian maps and their flows, employing specific
conditions. This distinctive approach plays a crucial role and involves adapting
the approximation technique for the torus case. This requires exercising sufficient
control over the proximity of two functions and establishing the convergence of
the Anosov-Katok method while maintaining the desired dynamical properties, as
outlined in Chapter 7, within our setup.

Theorem 1.7. There exists a real analytic diffeomorphism f 2 Diff!(T2
, µ), whose

projectivized derivative extension (f, df) is a weak mixing with respect to the mea-

sure µ̄ in the projectivized tangent bundle PTT2
. Additionally the complexification

of this map f is entire.

These constructions, in Theorem 1.6 and 1.7, represent the only known in-
stances of volume-preserving diffeomorphisms whose differentials are weakly mix-
ing with respect to a smooth measure in the projectivization of the tangent bundle.

Regarding the successful implementation of analytic AbC schemes, we mention
the recent breakthrough work [8] by P. Berger. Based on a so-called Anosov-

Katok principle it enables the realization, by analytic symplectomorphisms on
annulus, sphere or disc, of dynamical properties which are C0-realizable by the AbC
method. However, the current results only demonstrate that an Anosov-Katok
principle holds for transitivity. Therefore, this approach does not directly allow
the realization of weakly mixing analytic diffeomorphisms, let alone properties for
the projectivized derivative extension.

1.2 The structure of the thesis

In Chapter 2, we outline some basic results from ergodic theory and measure
theory and present the preliminary lemmas necessary to prove our findings in
subsequent chapters. We discuss both the smooth and analytic topologies on the
space of diffeomorphisms and provide a detailed description of the Approximation
by Conjugation method.

In Chapter 3, we present an example of a smooth diffeomorphism with an
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invariant measure, which is a generic but non-ergodic volume measure. This dif-
feomorphism satisfies various topological and ergodic properties on the 2-Torus.
To explore these properties, we use the Approximation by Conjugation method.
To achieve these properties effectively, we establish a highly explicit setup. We de-
fine distinct targeted domains on the 2-Torus, each serving specific purposes, and
carefully select conjugation maps to match the intended behavior. Furthermore,
we explicitly discuss the criteria for minimality, weak mixing, and the existence of
µ-generic points within our framework.

In Chapter 4 and 5, we delve into the analysis of generic and non-generic
points within the smooth category, aiming to establish bounds on the size of the
sets they form. Our focus is on determining bounds for their Hausdorff dimension.
We apply the Approximation by Conjugation method to construct such a smooth
diffeomorphism, ensuring that the set containing all generic points has a nontrivial
Hausdorff dimension. This approach leads to more insightful and interesting re-
sults. To target sets containing such points, we introduce fractal sets, specifically
various types of Cantor sets, into our explicit construction. We establish a highly
detailed setup with distinct targeted domains on the 2-Torus, each serving specific
purposes. This includes the explicit selection of conjugation maps. Additionally,
we extend our analysis to non-generic points, particularly focusing on the case of
an ergodic Lebesgue measure on the 2-Torus. In particular, we provide proofs for
Theorems 1.3, 1.4, and 1.5.

In Chapter 6, we delve into the ergodic properties of the projectivized derivative
extension, with a particular focus on weak mixing behavior. This exploration is
conducted within the smooth category using the Approximation by Conjugation
method. We examine the structure of a derivative extension map corresponding
to a smooth map over the projectivized tangent bundle. We explicitly induce an
invariant smooth measure over this bundle. We present an example of a derivative
extension map that exhibits weak mixing with respect to such a smooth measure.
Additionally, we introduce a weak mixing criterion specifically tailored for the
projectivized derivative extension in the smooth setting. To demonstrate the weak
mixing property, we provide a suitable distribution of elements under the explicit
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choice of conjugation maps that satisfy the criterion’s requirements. In particular,
we prove Theorem 1.6.

In Chapter 7, we extend the analogous result from Chapter 6 to the analytic
category for the torus case using the same method. We present an example of
an analytic diffeomorphism whose projectivized derivative extension exhibits weak
mixing with respect to a smooth measure. For the torus case, we explore an
analytic approximation technique that allows us to closely approximate an analytic
diffeomorphism with a smooth diffeomorphism. Additionally, we extend the weak
mixing criterion for the projectivized derivative extension to the analytic setting.
To demonstrate the weak mixing property of the projectivized derivative extension,
we provide a suitable distribution of elements. This is achieved through the explicit
choice of conjugation maps and approximation techniques that meet the necessary
requirements of the criterion. In particular, we prove Theorem 1.7.

In Chapter 8, we provide a brief summary of the key findings of this study. In
addition, we explore some interesting open research questions in this direction.
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2
Preliminaries

In this chapter, we will first present some basic definitions, techniques, and
results from Ergodic Theory that are necessary to prove our results in subsequent
chapters.

2.1 Basics of ergodic theory

This section explains some basic definitions and standard techniques that will be
used throughout the thesis; refer to [12] and [19]. Consider (X, d) be a compact
metric space, B is a � algebra, µ is a measure and T : X �! X is a measure
preserving transformation (mpt) i.e. µ(T�1(A)) = µ(A) 8A 2 B.

Definition 2.1 (Ergodic). A mpt (X,B, µ, T ) is called ergodic if every invariant
set E 2 B satisfies µ(E) = 0 or µ(X\E) = 0. We say µ is ergodic measure.
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Definition 2.2 (Generic point). A point x 2 X is a generic point for µ if for every

continuous compactly supported � : X ! R, we have 1
N

N�1P
i=0

�(T i
x) �!

R
X
�dµ.

A measure is called generic measure if it has a generic point. It follows from the
Birkhoff Ergodic Theorem that if the system is ergodic, then almost every point
is a µ-generic point.

Definition 2.3 (Minimal). Given a continuous map T : X �! X on a topological
space X, the map T is called minimal if for each x 2 X, the orbit {T i(x)}i2N is
dense in X. In the context of a metric space, equivalently, a map T is minimal if
for every x 2 X, any � > 0, and any �-ball B�, there exists an i 2 N such that
T

i(x) 2 B�.

Definition 2.4 (Weak mixing). A measure preserving diffeomorphism T : X �!
X is said to be weakly mixing on the space (X,B, µ, T ) if there exists a sequence
{mn} 2 N such that for any pair A,B 2 B : |µ(B \ f

�mn(A))� µ(B)µ(A)| �! 0.

Definition 2.5 (Partial partition). A collection of disjoint sets ⌘n on T2 is called
a partial decomposition or partial partition of T2. A sequence of partial decompo-
sitions ⌘n converges to the decomposition into points (notation: ⌘n ! ") if, for any
measurable set A, there exists a measurable set An for any n, which is a union of
elements of ⌘n, such that limn!1 µ(A4An) = 0 (here, 4 denotes the symmetric
difference).

2.1.1 A primer of Hausdorff Dimension

The Hausdorff dimension is a measure of the “fractal" or “irregular" dimension of
a set.

Definition 2.6. For a compact set A ⇢ Rn, the Hausdorff dimension is defined
as follows: Let d � 0 be a real number, and consider covering A with a collection
of open balls of radius ri for i = 1, 2, . . .. The “Hausdorff d-dimensional measure"
of A is defined as:

Hd

�
(A) = inf

( 1X

i=1

(diamBri
)d : A ✓ [1

i=0Bri
, diamBri

 �

)
,
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where the infimum is taken over all possible coverings of A with balls Bri
of diam-

eter at most �. The Hausdorff dimension of A is then given by:

dimH(A) = inf{d � 0 : Hd(A) = 0}.

where Hd(A) = lim�!0 Hd

�
(A). In simpler terms, dimH(A) is the largest value of d

for which the Hausdorff d-dimensional measure of A is positive and finite.

Lemma 2.1. For a compact set A ⇢ Rn
and a diffeomorphism � : A ! Rn

, the

Hausdorff dimension is preserved under the action of �. In particular, if Hd(A) =

0, then Hd(�(A)) = 0, and if Hd(A) > 0, then Hd(�(A)) > 0.

Proof. We start by showing that if Hd(A) = 0, then Hd(�(A)) = 0. Suppose
Hd(A) = 0, and let ✏ > 0 be given. Since Hd(A) = 0, there exists a covering of
A with balls Bi such that

P
i
diam(Bi)d < ✏. Since � is a diffeomorphism, it is

bi-Lipschitz, meaning that there exists a constant C > 0 such that diam(�(Bi)) 
C · diam(Bi) for all Bi. Thus, we have:

X

i

diam(�(Bi))
d  C

d ·
X

i

diam(Bi)
d
< C

d · ✏.

As ✏ can be arbitrarily small, it follows that Hd(�(A)) = 0. Next, we prove that if
Hd(A) > 0, then Hd(�(A)) > 0. Suppose Hd(A) > 0. Then, for any ✏ > 0, there
exists a covering of A with balls Bi such that

X

i

diam(Bi)
d
< Hd(A) + ✏.

Applying the same bi-Lipschitz property of � as above, we obtain:

X

i

diam(�(Bi))
d  C

d ·
X

i

diam(Bi)
d
< C

d · (Hd(A) + ✏).

Since ✏ can be arbitrarily small, we conclude that Hd(�(A)) > 0. Combining
both cases, we have shown that the Hausdorff dimension of �(A) is the same as
the Hausdorff dimension of A, i.e., dimH(�(A)) = dimH(A). Thus, the Hausdorff
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dimension is preserved under the action of a diffeomorphism.

2.1.2 A primer on symplectic dynamics

A symplectic form on a smooth manifold is a closed non-degenerate differential 2-
form. A smooth manifold equipped with a symplectic form is called a symplectic
manifold; refer to [38].

Definition 2.7 (Symplectomorphism). A symplectomorphism f : (M,!) �!
(M,!) is a smooth diffeomorphism satisfying f

⇤
! = !, where f

⇤ is the pullback
of f . We denote the set of all symplectic diffeomorphsims of M by Symp(M,!).

Definition 2.8 (Hamlitonian Diffeomorphism). A symplectomorphism
� 2 Symp(M,!) is said to be a hamiltonian diffeomorphism if there exists a
hamiltonian isotopy ht such that � = h1. We say that ht is a hamiltonian isotopy
if there exists a smooth family of functions Ht : M ! R such that i(ht)! = dHt.
In other words, if there exist a smooth isotopy H : [0, 1]⇥M ! M which can be
associated to the time dependent vector field XHt

defined by i(XHt
)(!) = dHt.

Let’s denote Ham1(M,!) be the space of all smooth Hamiltonian diffeomor-
phism of M and Ham!(M,!) be space of all entire Hamiltonian diffeomorphism
of M . For smooth volume form µ, Ham1(M,µ) ✓ Diff1(M,µ).

2.2 Smooth topology

Smooth diffeomorphisms of T2 homotopic to the identity have a lift of type

eF (x1, x2) = (x1 + f1(x1, x2), x2 + f2(x1, x2)),

where fi : R2 �! R are Z2 periodic for i = 1, 2. We can use the smooth topology of
R2 defined by the norms as follows: For any continuous function f : (0, 1)2 �! R,
the norm is given by

||f ||0 := sup
z2(0,1)2

|f(z)|.
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The partial derivative of a function is denoted as follows: for (a1, a2) 2 N2
, where

|a| = a1 + a2,

Da :=
@
a

@
a2
r @

a1
✓

.

Consider Diffk(T2) be the space of k-differentiable diffeomorphisms of the torus.
For any F,G 2 Diffk(T2), denote their lifts by eF and eG. For mappings F : R2 �!
R2, let Fi represent the i-th coordinate function, and denote

|||F |||
k
:= max{kDaFik0, kDa(F )�1

i
k0 | i = 1, 2, 0  |a|  k}.

Definition 2.9. For any two diffeomorphisms F,G 2 Diffk(T2), define the distance
between them as

d̃0(F,G) = max
i=1,2

{inf
p2Z

||( eFi � eGi) + p||0},

d̃k(F,G) = max{d̃0(F,G), ||Da( eFi � eGi)||0| i = 1, 2, 1  |a|  k}.

We will employ a metric that measures the distance between diffeomorphisms and
their inverses:

dk(F,G) = max{d̃k(F,G), d̃k(F
�1
, G

�1)}.

In the smooth topology on M , a sequence of diffeomorphisms in Diff1(M) is
considered convergent if it converges in Diffk(M) for all k. The space Diff1(M) is
equipped with the metric

d1(F,G) =
1X

k=1

2�k
dk(F,G)

1 + dk(F,G)
.

It is a compact metric space, and the Baire theorem holds for any of its closed
subspaces.
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2.3 Analytic topology

Real analytic diffeomorphisms of T2 homotopic to the identity have a lift of type

F (x1, x2) = (x1 + f1(x1, x2), x2 + f2(x1, x2)),

where the function fi : R2 ! R are real analytic and Z2 periodic for i = 1, 2. Any
real-analytic Z2-periodic function defined on R2 can be extended as a holomorphic
(complex analytic) function from some complex neighbourhood of R2 in C2. For
any fixed ⇢ > 0, we define the complex domain ⌦⇢ as follows:

⌦⇢ = {(z1, z2) 2 C2 : |=zi| < ⇢, i = 1, 2}. (2.10)

Now, for a function f defined on this set, we define the norm as

|f |⇢ = sup
z2⌦⇢

|f(z)|.

Denote the space C
!

⇢
(T2) as the space of all Z2-periodic real-analytic functions on

R2 that extend to holomorphic functions on ⌦⇢, with |f |⇢ < 1. Let Diff!
⇢
(T2

, µ)

be the set of all measure-preserving real-analytic diffeomorphisms of T2 homotopic
to the identity, whose lift F to R2 extends to a holomorphic functions on ⌦⇢.

Definition 2.11. For two functions f, g 2 Diff!
⇢
(T2

, µ), we define the norm |f |⇢
and metric d

!

⇢
(f, g)1 as follows:

|f |⇢ = max
i=1,2

|fi|⇢,

d
!

⇢
(f, g) = max

i=1,2
{inf
p2Z

|fi � gi + p|⇢}.

Moreover, for a diffeomorphism T with lift eT (x1, x2) = (T1(x1, x2), T2(x1, x2)) we
define

|DT |⇢ = max

(����
@Ti

@xi

����
⇢

: i, j = 1, 2

)
.

1
Here, we denote the metric dr for Cr

and d!⇢ for C!
⇢ topology.
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Additionally, define Ham!

⇢
(T2

, µ) as a subset of Diff!
⇢
(T2

, µ), containing all the
real analytic Hamiltonian diffeomorphisms of T2

. Next, we denote Diff!1(T2
, µ) ✓

Diff!
⇢
(T2

, µ) for any ⇢ > 0, be the space containing all the real-analytic measure-
preserving diffeomorphism of T2 whose lift F to R2 extends to an entire function
on C2. Analogously, define Ham!

1(T2
, µ) as a subset of Diff!1(T2

, µ), containing
all the real analytic Hamiltonian diffeomorphisms of T2

.

2.4 Preliminary Lemmas

Lemma 2.2. Let F,G 2 Diff1(T2). For k 2 N, the norm estimates of the compo-

sition F �G satisfy

|||F �G|||
k
 C|||F |||k

k
· |||G|||k

k
, (2.12)

where C is constant only depending on k.

Remark 2.3. The above can be deduced using the corollary of the Faa di Bruno
formula; similar proof has been done in [[32], Lemma 4.1].

Lemma 2.4. For any " > 0, there is a smooth Lebesgue measure preserving dif-

feomorphism ' = '(") of [0, 1]2, equal to identity outside [", 1 � "]2 and rotating

the square [2", 1� 2"]2 by ⇡/2 in the clockwise direction.

Proof. The proof directly follows from [[19], Lemma 5.3].

Any permutation map of a matrix of rectangles over a square can be well approxi-
mated by a smooth measure preserving transformation has appeared independently
in [1], [40], and [24].

Theorem 2.5. [[24], Theorem 34] Let n horizontal lines and m vertical lines

divide [0, 1]⇥ [0, 1] into an array of m ·n equal size rectangles {Ri}mn

i=1. Let � be a

permutation of the rectangles and " > 0. Then there is a C
1

, invertible, measure-

preserving transformation � of [0, 1] ⇥ [0, 1] that is the identity of a neighborhood

of the boundary of [0, 1]⇥ [0, 1] such that for a set L of Lebesgue measure at least

1� " such that : If x 2 L \Ri, then �(x) 2 �(Ri) for all i.
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This assertion builds upon Lemma 2.4, which establishes the existence of a C
1

measure-preserving map that rotates the disc of radius R � � inside [0, 1] ⇥ [0, 1]

by an angle of ⇡/2. This map is identically equal to zero in an arbitrarily small
neighborhood of the disc of radius R and acts as an identity on the boundary of
[0, 1]⇥ [0, 1]. Hence, any permutation � can be represented as a composition of a
transposition(rotation). Therefore, the smooth maps can closely approximate each
transposition by choosing a small enough � in the above lemma. Similar results
have been used in [24], [19], and [20].

Lemma 2.6. Any smooth area-preserving diffeomorphism f : [0, 1]2 ! [0, 1]2

that acts as identity in a neighborhood of the boundary of [0, 1]2 is a Hamiltonian

diffeomorphism on the torus T2
.

Proof. Since the diffeomorphism f : [0, 1]2 ! [0, 1]2 acts as the identity close
to the boundary of [0, 1]2, it can be extended to a diffeomorphism f̃ on T2 by
identifying opposite edges of [0, 1]2. Note that any closed non-degenerate 2-form
on a simply connected domain of Rn, or a contractible symplectic manifold, is
exact due to Poincaré’s lemma [11]. Additionally, the exactness of the symplectic
form on a contractible manifold implies the existence of a Hamiltonian vector field
associated with any closed 2-form.

Furthermore, Moser’s theorem guarantees a continuous family of area preserv-
ing diffeomorphisms Ft : T2 ! T2 such that F1 = f̃ and F0 represents the identity
map on T2, implying that f̃ is isotopic to the identity through area-preserving
diffeomorphisms on the torus.

Since [0, 1]2 is a contractible domain, the diffeomorphism f within [0, 1]2, when
extended to the torus as f̃ , is indeed a Hamiltonian diffeomorphism on the torus,
following from Poincaré’s lemma and Moser’s theorem.
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2.5 Approximation by Conjugation Method

Here, we outline the scheme of the approximation by conjugation method intro-
duced in [1], which allows the construction of smooth area-preserving diffeomor-
phisms with specific ergodic properties. We present the following method specif-
ically for the case of T2, but it is applicable to any compact connected smooth
manifold M with a non-trivial circle action. Let us denote by Rt the measure-
preserving smooth circle action T1 on the torus T2 = R/Z ⇥ R/Z defined by
translation t in the first coordinate : Rt(✓, r) = (✓ + t, r). The required map f

is constructed as the limit of a sequence of periodic measure preserving diffeo-
morphism fn in the smooth topology. The sequence of fn is defined iteratively
as

fn = Hn �R↵n+1 �H�1
n

, (2.13)

where ↵n+1 = pn+1

qn+1
2 Q\Z and Hn 2 Diff1(T2). The diffeomorphism Hn is

constructed successively as Hn = h1 � . . . � hn, where hn is an area preserving
diffeomorphism of T2 that satisfies

hn �R↵n
= R↵n

� hn. (2.14)

The rationals ↵n+1 is chosen close enough to ↵n to ensure the closeness between
fn and fn�1 in the C

1 or C! topology. Given ↵n+1, Hn, at the n+ 1 stage of this
iterative process, we construct hn+1 such that fn+1 satisfy a finite version of the
specific property we eventually need to achieve for the limiting diffeomorphism.
The explicit construction of hn+1 has been done in Chapter 3, 4, 5, 6, and 7 which
serves our purpose. Then we construct ↵n+2 enough close to ↵n+1 by choosing
some parameters kn+1 2 N and ln+1 2 N to be large enough such that it satisfies
the certain condition and guarantees the convergence of iterative sequence fn+1 in
the smooth or real analytic topologies, respectively. The limit obtained from this
iterative sequence is the required smooth or real analytic diffeomorphism with the
specific ergodic properties, fn+1 �! f 2 Diff1(T2

, µ).
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Additionaly, we employ the quantitative version of this method to construct
the diffeomorphism with a prescribed Liouvillean rotation number ↵. This involves
ensuring that the sequence ↵n converges to ↵ and the limiting transformation
f 2 A↵(T2), as discussed in [19].



3
A Non-Ergodic Generic Measure

3.1 Introduction

In this chapter, we present an example of a smooth diffeomorphism with an
invariant measure, which is a generic but non-ergodic volume measure. This dif-
feomorphism satisfies various topological and ergodic properties on the 2-Torus.
We explore an example of a measure-preserving smooth diffeomorphism that pos-
sesses a non-ergodic Lebesgue measure µ but exhibits µ-generic points on T2.
Subsequently, we delve into the existence of such diffeomorphisms, with exactly r

invariant measures which are weak mixing, and possess the minimality property.
To explore these properties, we utilize the Approximation by Conjugation method.
To achieve these properties effectively, we establish a highly explicit setup with
distinct targeted domains on the 2-Torus that serve specific purposes, along with
the explicit selection of conjugation maps. Additionally, we explicitly discuss the
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criteria for minimality, weak mixing, and the existence of µ-generic points within
our setup. In particular, we provide a proof for Theorem 1.1.

3.2 Outline of the proof

To prove Theorem 1.1, we utilize the approximation by conjugation method as
outlined in Chapter 2. We decompose the torus T2 into three distinct parts, each
serving specific purposes. Firstly, we divide T2 into r disjoint sets denoted by
N

t, where t = 0, . . . , r � 1. Each set naturally supports an absolutely continuous
Lebesgue measure µt, obtained by normalizing the Lebesgue measure µ.

Secondly, we introduce two additional parts within T2, specifically designed to
achieve other two dynamic properties explicitly along with explicit chosen conju-
gation maps. These parts are deliberately chosen to be measure-theoretically in-
significant, ensuring that their measures approach zero, as outlined in Section 3.3.

The convergence of the approximation by conjugation scheme in the smooth
topology is done under very precise norm estimates in Section 3.4. With appro-
priate geometrical and combinatorial criteria, as explained in the Section 3.5, we
obtain the limit diffeomorphism T , obtained from scheme, which is minimal and
exhibits r distinct weak mixing measures on T2, along with the Lebesgue measure
µ as a generic measure.

3.3 Construction of the conjugacies

Let us denote Su, a measure preserving circle action T1 on the torus T2 = R/Z⇥
R/Z defined as a translation u in the first coordinate : Su(x1, x2) = (x1+u, x2). We
consider the following conjugacies for the Approximation by conjugation method,
for any 0 < � <

1
2 , on the torus as

Tn = Hn � S↵n+1 �H�1
n

where Hn = h1 � . . . � hn, (3.1)

hn = gn � �n � Pn �Qn, (3.2)

gn(x, y) = (x+ bnq�
n
cy, y), (3.3)
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where the sequence ↵n+1 = pn+1/qn+1 converging to ↵ (a Liouville number), and
the diffeomorphisms �n, Pn and Qn commute with S↵n

, are constructed in sec-
tion 3.3.2 below.

3.3.1 Explicit set-up

This subsequent section introduces a couple of fundamental domains on which
our explicit construction of conjugation maps exhibits various ergodic properties.
First, define the following subsets of T2, for t = 0, . . . , r � 1:

N
t = T1 ⇥


t

r
,
t+ 1

r

◆
, (3.4)

and denote µt be a measure on N
t defined as normalized Lebesgue measure µ to

N
t
, i.e. µt(A) =

µ(A\Nt)
µ(Nt) for measurable set A 2 B(T2). Considering the following

fundamental domain of N t for t 2 {0, . . . , r � 1} as

1. The fundamental domain: D
t

n
=
h
0, 1

qn

i
⇥
⇥
t

r
,
t+1
r

�
.

2. Split the D
t

n
into two halves:

D
t,1
n

=


0,

1

2qn

◆
⇥

t

r
,
t+ 1

r

◆
and D

t,2
n

=


1

2qn
,
1

qn

◆
⇥

t

r
,
t+ 1

r

◆
.

3. D
t

n,j
, the shift of fundamental domain: D

t

n,j
= Sj/qn

(Dt

n
), and so D

t,i

n,j
=

Sj/qn
(Dt,i

n
).

3.3.1.1 Construction of the conjugacies

The aim is to construct the conjugation map hn, which allows the limiting diffeo-
morphism T , defined by (3.1), to have r 2 N weak mixing measures and have the
Lebesgue measure as a generic measure, and be a minimal map. Here, we pro-
ceed with the construction of conjugation map �n in the following three steps and
combining all together; we define the smooth measure-preserving diffeomorphism
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�n : T2 �! T2 as

�n = �
g

n
� �m

n
� �w

n
. (3.5)

The notations �g

n
, �m

n
, and �

w

n
are used to represent the diffeomorphisms con-

structed in the following steps to attain specific ergodic properties, namely gener-
icity, minimality, and weak mixing, respectively.
Step-1:- Define the map �

w

n
: T2 �! T2 to achieve r weak mixing invariant

measures on T2:

�
w

n
(x) =

8
>>>>>><

>>>>>>:

�n,0(x) if x 2 N
0

�n,1(x) if x 2 N
1

...
...

�n,r�1(x) if x 2 N
r�1

(3.6)

where �n,t is a smooth measure-preserving diffeomorphism defined on T2 for t =

0, 1, . . . , r � 1 as described in the following paragraph. Consider a map �n,t :h
0, 1

qn

i
⇥
h
t

r
,
t+1
r

⌘
�!

h
0, 1

qn

i
⇥
h
t

r
,
t+1
r

⌘
:

�n,t =

8
<

:
C

�1
n,t � '�1("(1)n ) � Cn,t on D

t,1
n

Id otherwise.
(3.7)

Here, Cn,t :
h
0, 1

qn

i
⇥
h
t

r
,
t+1
r

⌘
! [0, 1]⇥[0, 1] is defined as Cn,t(x, y) = (qnx, ry�t),

and ' is a measure-preserving diffeomorphism, defined as in Lemma 2.4, for ✏(1)n 2
(0, 1). We can extend this map �n,t

1
qn

-equivariantly to the whole N
t, as done in

[19].
Step-2:- Here, we construct a smooth measure-preserving diffeomorphism �

g

n
:

T2 �! T2 differently to ensure the existence of a generic point. Consider a map
�
g

n
:
h
0, 1

qn

i
⇥ T1 �!

h
0, 1

qn

i
⇥ T1 defined as

�
g

n
= C̃

�1
n

� '�1("(3)
n
) � '("(2)

n
) � C̃n,
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where C̃n(x, y) = (qnx, y) and ' is a smooth measure-preserving diffeomorphism
defined in Lemma 2.4 with the specific choice of "(2)n , "

(3)
n 2 (0, 1) satisfying the

condition "
(2)
n < "

(3)
n

1. As in the above step, we extend the �g

n
equivariantly on

T2
. For i = 0, . . . , qn � 1, we will use the notation

Bn,i =

"
i

qn
+

2"(2)n

qn
,
i+ 1

qn
� 2"(2)n

qn

#
⇥ [2"(2)

n
, "

(3)
n
], and

Yn,i =

"
i+ 1

qn
� "

(3)
n

qn
,
i+ 1

qn
� 2"(2)n

qn

#
⇥ [2"(2)

n
, 1� 2"(2)

n
].

Remark 3.1. This scheme is called the “double rotation effect", as '�1("(3)n ) �
'("(2)n ) first rotate the whole square with the error "(2)n , i.e. rotate inside the square
[2"(2)n , 1� 2"(2)n ]2, by ⇡

2 in the clockwise direction and act as an identity outside the
square ["(2)n , 1� "

(2)
n ]2 (see Lemma 2.4). Similarly, we rotate the whole square with

the error "(3)n , i.e. [2"(3)n , 1� 2"(3)n ]2, in the anticlockwise direction. Note that with
the specific choice of "(2)n and "

(3)
n , and the condition "

(2)
n < "

(3)
n . The map �

g

n

satisfies the following properties:

1. �g

n
rotates the region Bn,i by ⇡/2, which maps the region Bn,i into Yn,i, i.e.

�
g

n
(Bn,i) = Yn,i.

2. �g

n
acts as an identity on the region ⌃1 [ ⌃2, where

• ⌃1 =
S

qn�1
i=0

⇣h
i

qn
,

i

qn
+ "

(2)
n

qn

i
[
h
i+1
qn

� "
(2)
n

qn
,
i+1
qn

i⌘
⇥
�
[0, "(2)n ][ [1� "

(2)
n , 1]

�

• ⌃2 =
S

qn�1
i=0

h
i

qn
+ 2"

(3)
n

qn
,
i+1
qn

� 2"
(3)
n

qn

i
⇥ [2"(3)n , 1� 2"(3)n ].

Remark 3.2. The region Eg

n
⇢ T2\(([qn�1

i=0 Bn,i [ Yn,i) [ (⌃1 [ ⌃2)), say as Error
zone, comes from the smoothing of the map �g

n
.

Step 3:- In the same spirit, we define Rn =
h
0, "

(2)
n

qn

i
⇥ T1 and the map �

m

n
:

1"(1)n , "(2)n , "(3)n and "(4)n are just notations of different parameters, not related by any power of

"(1)n .
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h
0, 1

qn

i
⇥ T1 �!

h
0, 1

qn

i
⇥ T1 differently to achieve minimality as

�
m

n
=

8
<

:
Ĉ

�1
n

� '("(4)n ) � Ĉn on Rn

Id otherwise,
(3.8)

where Ĉn(x, y) =
⇣

qn

"
(2)
n

x, y

⌘
and "(4)n 2 (0, 1) satisfying that "(4)n < "

(2)
n . We extend

the map �m

n
equivariantly on T2 such that it acts as an identity outside the region

Rn,i =
h

i

qn
,

i

qn
+ "

(2)
n

qn

i
⇥ T1 (defined as the shift of domain: S i

qn

(Rn) = Rn,i, 8 i 2
{0, 1, . . . , qn � 1}).

Remark 3.3. With specific choice of "(4)n , the map �m

n
rotates the region

"
i

qn
+

2"(4)n

qn
,
i

qn
+
"
(2)
n

qn
� 2"(4)n

qn

#
⇥ [2"(4)

n
, 1� 2"(4)

n
],

inside Rn,i, by ⇡/2 and acts as an identity outside the region Rn,i. The region

Em

n
=

qn�1[

i=0

✓"
i

qn
+
"
(4)
n

qn
,
i

qn
+

2"(4)n

qn

#
[

"
i

qn
+
"
(2)
n

qn
� 2"(4)n

qn
,
i

qn
+
"
(2)
n

qn
� "

(4)
n

qn

#◆

⇥
�
["(4)

n
, 2"(4)

n
] [ [1� 2"(4)

n
, 1� "

(4)
n
]
�
, (3.9)

the error zone comes from the smoothing of the map �m

n
.

3.3.1.2 Choice of parameters and norm estimates

A suitable choice of parameters to achieve the desired combinatorics is as follows:
"
(1)
n = 1

3nr , "
(2)
n = "

(1)
n

2n+3 , "
(3)
n = "

(1)
n

2n+1 , and "(4)n = 1
2nsnqn

,

Lemma 3.4. The diffeomorphism �n constructed above satisfy: for all k 2 N,

|||�n|||k  ck(n, k)q2k
3+k

n
where ck(n, k) is independent of qn.

Proof. For any a 2 N2 with |a| = k, we have k(Da�
m

n
)jk0  cmq

k

n
, and similarly,

k(Da(�m

n
)�1)jk0  cmq

k

n
, for j = 1, 2. Hence |||�m

n
|||
k
 cm(n, k)qkn , where cm is

a constant and independent of qn. Analogously, we have |||�g

n
|||
k
 cg(n, k)qkn and



35

|||�n,i|||k  ci(n, k)qkn for i 2 {0, . . . , r�1} where cg and ci are constants independent
of qn. With triangle inequality on the norm, we have |||�w

n
|||
k
 cw(n, k) · r · qkn.

Using the above estimate and Lemma (2.2), we have

|||�n|||k  ck(n, k)|||�g

n
|||k
k
· |||�m

n
� �w

n
|||k
k

 ck(n, k)|||�g

n
|||k
k
· |||�m

n
|||k

2

k
· |||�w

n
|||k

2

k

 ck(n, k) · q2k
3+k

n
,

where ck(n, k) is a constant independent of qn.

3.3.2 The conjugation map hn

The final conjugacy map hn : T2 �! T2 is defined as a composition of the following
maps as

hn = gn � �n � Pn�Qn, (3.10)

where the map Pn : T2 �! T2 is smooth measure-preserving diffeomorphism
defined by Pn(x, y) = (x, y + n(x)) with a smooth map n : T1 �! T1. For our
specific situation, we choose ̃n :

h
0, 1

qn

i
�! T1 as follows, and then extend it

1
qn

-periodically on the whole T1
,

̃n(x) =

8
>>><

>>>:

2qn

n2"
(2)
n

x if x 2 [0, "
(2)
n

2qn
]

� 2qn

n2"
(2)
n

x+ 2
n2 if x 2 [ "

(2)
n

2qn
,
"
(2)
n

qn
]

0 if x 2 [ "
(2)
n

qn
,

1
qn
].

(3.11)

Let n be the smooth approximation of ̃n on [0, 1] by convolving it with a mollifier
refer to [31]. Let ⇢ be the standard mollifier on R, and set

⇢(x) =

8
<

:
c exp 1

|x|2�1 if |x| < 1

0 otherwise,
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where c is numerical constant to ensures normalization i.e.
R
R ⇢(x) = 1. Then,

n(x) = lim�!0 �
�1
R
T1 ⇢

�
x�y

�

�
̃n(y)dy.

Analogously, the map Qn : T2 ! T2 is a smooth measure-preserving diffeo-
morphism defined by Qn(x, y) = (x, y + 

0
n
(x)), where 0

n
: T1 ! T1 is a smooth

function. The function 0
n

serves as a smooth approximation of n on [0, 1], where
n is initially defined on

h
0, 1

qn

i
! T1 and then extended periodically with period

1
qn

over the entire circle T1
,

n(x) =

8
>>><

>>>:

0 if x 2 [0, "
(2)
n

qn
]

2"(2)n + "
(3)
n �2"

(2)
n

2 if x 2 [ "
(2)
n

qn
,

1
qn

� "
(2)
n

qn
]

0 if x 2 [ 1
qn

� "
(2)
n

qn
,

1
qn
].

(3.12)

Remark 3.5. The map n(x) = qnx on T1 is considered in [20] to control almost
all the orbits of space.

Remark 3.6. For minimality, the orbit of every point has to be dense. The map
�
m

n
takes care of all the points inside T2 except for the points whose whole orbit

gets trapped inside the Error zone Em

n
(where we do not have any control) of �m

n
.

The map Pn acts as the vertical translation ensuring that such an orbit enters the
minimality zone, and no whole orbit of a point gets trapped inside the Error zone.
Additionally, note that Pn acts as an identity outside the region

S
qn�1
i=0 Rn,i and

the map Qn acts as an identity on the region
S

qn�1
i=0 Rn,i.

Remark 3.7. For a generic point, the map Qn acts as a vertical translation on
the entire S↵n+1-orbit of the point (0, 0), causing almost the entire orbit to remain
confined within the region Bn,j. Moreover, this region is mapped to Yn,j under �g

n
,

which distributes across the entire T1, thereby ensuring the genericity of the point.

Remark 3.8. Also note that kDk
nk0  max

x2[�1,1]
|̃n| · kDk

⇢k0 < (2k
p
18)2kk! · qk

n
.
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3.4 Convergence

There are some standard results on the closeness between the maps constructed
as the conjugation of translations on the torus. The following two lemmas are
identical to [20, Lemma 3, 4] with minor to no modifications. Hence, the proofs
have been included in the Appendix for reference.

Lemma 3.9. Let k 2 N. For all ↵, � 2 R and all h 2 Diff1(T2), we have the

estimate

dk(hS↵h
�1
, hS�h

�1)  Ck max{|||h|||
k+1,

������h�1
������

k+1
}|↵� �|,

where Ck is a constant that depends only on k.

Lemma 3.10. For any ✏ > 0, let kn be a sequence of natural numbers satisfying
1P
n=1

1
kn

< ✏. Suppose for any Liouville ↵, there exists a sequence of rationals {↵n}
that satisfy:

|↵� ↵n| <
1

2n+1knCkn
qn|||Hn|||kn+1

kn+1

(3.13)

where Ckn
is the same constant as in Lemma 3.9. Then the sequence of diffeomor-

phisms Tn = Hn � S↵n+1 �H�1
n

converges to T 2 Diff1(T2
, µ) in the C

1
topology.

Moreover, for any m  qn+1, we have

d0(T
m
, T

m

n
)  1

2n+1
. (3.14)

Lemma 3.11. For any k 2 N, the conjugation diffeomorphisms, defined by (3.5)

and (3.10), satisfies the following norm estimates as

1. |||hn|||k  ck(n, k) · q2k
4+2k2

n
, where ck(n, k) is constant independent of qn.

2. |||Hn|||k  ĉk(n, k) · q2k
5+2k3+k

n
, where ĉk(n, k) is constant independent of qn.

3. For ↵ Liouville, there exists a sequence of rational {↵n} satisfying (3.13).

Proof. The map hn is defined by

hn(x, y) = gn � �n � Pn�Qn(x, y)
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= ([�n(x, y + n(x)) + 
0
n
(x)]1 + bnqn�c[�n(x, y + n(x) + 

0
n
(x))]2,

[�n(x, y + n(x) + 
0
n
(x))]2).

By Lemma 2.2 and Remark 3.8, we have estimate:

|||hn|||k  2 · (nqn)k�1 · |||�n|||kk · |||n|||
k

k

 ck(n, k) · q2k
4+2k2

n
.

Similarly, |||Hn|||k = |||Hn�1 � hn|||k  |||Hn�1|||kk · |||hn|||kk. Since the kth order deriva-
tive of Hn�1 is independent of qn, we can conclude |||Hn|||k  ĉk(n, k) · q2k

5+2k3+k

n
.

For ↵ being a Liouville, we can choose a sequence of rationals ↵n = pn

qn
(pn, qn are

coprime) that satisfy the following property:

|↵� ↵n| 
1

2n+1knCkn
q
2(kn+1)5+2(kn+1)3+(kn+1)+1
n

 1

2n+1knCkn
qn|||Hn|||kn+1

kn+1

.

Remark 3.12. Finally, we have proven the estimate on the norms of the conjuga-
tion map Hn, as shown in [19]. Additionally, the existence of rationals satisfying
(3.13) guarantees the convergence of the sequence Tn to T 2 Diff1(T2

, µ), as stated
in Lemma 3.10. The limiting diffeomorphism T is minimal and has r weak mix-
ing invariant measures, and the Lebesgue measure as a generic measure has been
proven in the next section 3.5.4.

3.5 Weak mixing, Minimal and Generic points

In order to establish Theorem 1.1, we require a few preliminary results. Here we
state a few definitions and the criterion for weak mixing described in [19] for T2

.
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3.5.1 A Fubini criterion for weak mixing

Recall the notion of (�, �, ✏)-distribution of a horizontal interval in the vertical
direction.

Definition 3.15. ((�, �, ✏)- distribution):- A diffeomorphism � : M �! M,

(�, �, ✏) distributes a horizontal interval I 2 ⌘, where ⌘ is the partial decompo-
sition of M (or �(I) is (�, �, ✏)- distributed on M ), if

• J = ⇡y(�(I)) is an interval with 1��  �(J)  1, where ⇡y is the projection
map onto the y coordinate,

• �(S) ✓ Kc,� = [c, c+ �]⇥ J for some c (i.e. �(S) is almost vertical),

• for any interval J̃ ✓ J we have:
����(I\�

�1(T⇥J̃))
�(I) � �(J̃)

�(J)

���  ✏
�(J̃)
�(J) .

Proposition 3.13 ([19], Proposition 3.9). Assume Tn = Hn � S↵n+1 �H�1
n

is the
sequence of diffeomorphism constructed by (3.1), (3.3) and (3.10) such that all n,
kDHn�1k0 < ln qn holds. Suppose limn!1 Tn = T exists. If there exists a sequence
of natural numbers {mn} such that do(fmn , f

mn

n
) < 1

2n , and a sequence of standard
partial decomposition {⌘n}n2N of M into horizontal intervals of length less than
1
qn

satisfying

1. ⌘n ! ",

2. for In 2 ⌘n, the diffeomorphism �n = �n �Smn

↵n+1 ���1
n

is ( 1
nq�n

,
1
n
,
1
n
) uniformly

distribute the interval In.

Then limiting diffeomorphism T is weak mixing.

3.5.2 Proof for weak mixing

The specific scheme that we describe here builds on the construction in [19]. First,
we consider a subset, Ew

n
⇢ T2 as follows:

 
2qn�1[

k=0

"
k

2qn
� 2"(1)n

qn
,
k

2qn
+

2"(1)n

qn

#
⇥ T1

!
[

 
r�1[

t=0

T1 ⇥

t

r
� 2"(1)

n
,
t

r
+ 2"(1)

n

�!
.

(3.16)
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3.5.2.1 Action of �n

Consider the interval, In,j ✓ D
t,1
n,j

for some fixed t and j of the form In,j = I
0
n,j

⇥{s}
where s 2

⇥
t

r
,
t+1
r

⇤
, and

I
0
n,j

=


j

qn
+

2

3nqnr
,
j

qn
+

1

2qn
� 2

3nqnr

�
. (3.17)

From our construction of �n, the image of In,j under both �n and ��1
n

is an interval
of type {✓}⇥

⇥
t

r
+ 2

3nr ,
t+1
r

� 2
3nr

⇤
for some ✓ 2 I

0
n,j
.

3.5.2.2 Choice of mn- mixing sequence

Consider mn = min
n
m  qn+1 | infk2Z

���m qnpn+1

qn+1
� 1

2 + k

���  qn

qn+1

o
and

an =

✓
mn↵n+1 �

1

2qn
mod

1

qn

◆
,

as defined in Fayad’s paper for the torus case and with the growth assumption,
qn+1 > 10n2

qn would result here:

|an| 
1

qn+1
 1

10n2qn
.

Further, if we define a precise domain as D
t,1
n,j

= I
0
n,j

⇥
⇥
t

r
,
t+1
r

⇤
⇢ D

t,1
n,j

for some
j 2 Z, then we would have S

mn

↵n+1
(D

t,1
n,j
) ⇢ D

t,2
n,j0 for some j

0 2 Z.

3.5.2.3 Choice of decomposition ⌘
t

n

For fixed t 2 {0, 1, . . . , r � 1}, we consider the partial decomposition ⌘
t

n
of the

set N
t, outside Ew

n
, which consists of two types of horizontal intervals: In,j =

I
0
n,j

⇥ {s} ⇢ D
t,1
n,j

and In,j = I
0
n,j

⇥ {s0} ⇢ D
t,2
n,j

where s, s
0 2

⇥
t

r
,
t+1
r

⇤
, and I

0
n,j

by
(3.17), and

I
0
n,j

=


j

qn
+

1

2qn
� 2

3nqnr
� an,

j + 1

qn
� 2

3nqnr
� an

�
. (3.18)
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Note that for any element In 2 ⌘
t

n
, we have ⇡y(�n(In)) ⇢

⇥
t

r
,
t+1
r

⇤
. Since the length

of intervals goes to zero and
P

In2⌘n �(In)  1� �(Ew

n
)  1� 4

n
! 1, that implies

⌘
t

n
! 0 as n ! 1.

Lemma 3.14. For any t 2 {0, 1, ..., r � 1}. The map �n = �n � Pn � Qn �
S
mn

↵n+1
� Q

�1
n

� P
�1
n

� ��1
n

transform the elements of the partial decomposition, i.e.

In,j = I
0
n,j

⇥ {s} 2 ⌘
t

n
, into vertical interval of the form {✓}⇥ [ t

r
+ 2

3nr ,
t+1
r

� 2
3nr ],

for some ✓ 2 I
0
n,j

(see Figure 3.1).

Proof. The map Qn acts as a vertical translation by a factor of bn on the region
[ "

(2)
n

qn
,

1
qn

� "
(2)
n

qn
] ⇥ T1, where bn = "

(3)
n +2"

(2)
n

2 as defined in section 3.3.1.2. From
our construction of �n � Pn � Qn, an interval In,j = I

0
n,j

⇥ {s} ⇢ D
t,1
n,j

where
s 2

⇥
t

r
+ 2

3nr ,
t+1
r

� 2
3nr

⇤
, we obtain

Q
�1
n
�P�1

n
� ��1

n
(In,j) = {✓}⇥


t

r
+

2

3nr
� bn,

t+ 1

r
� 2

3nr
� bn

�

for some ✓ 2 I
0
n,j

.
With the specific choice of sequence mn and the condition mentioned in sec-
tion 3.5.2.2, we get

S
mn

↵n+1
�Q�1

n
� P�1

n
� ��1

n
(In,j) = {✓0}⇥


t

r
+

2

3nr
� bn,

t+ 1

r
� 2

3nr
� bn

�
⇢ D

t,2
n,j0 ,

for some ✓0 2 T and j
0 2 Z.

Since n acts as an identity on [ "
(2)
n

qn
,

1
qn
], and the fact that �n acts as an identity

on D
t,2
n,j0 concludes the Claim. Similarly, for the interval In,j = I

0
n,j

⇥ {s} ⇢ D
t,2
n,j
,

we deduced that

�n�Pn�Qn�Smn

↵n+1
�Q�1

n
�P�1

n
���1

n
(In,j) = {✓0}⇥


t

r
+

1

3nr
,
t+ 1

r
� 1

3nr

�
⇢ D

t,1
n,j0 ,

for some j
0 2 Z and ✓0 2 T.

Refer to Figure 3.1, for an illustration of action �n and �n on the fundamental
domains inside the T2. The orange region, Bn,j, is transformed into the green
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Figure 3.1: An example of action �n and �n on the fundamental domains inside the
T2 for r = 2.

region, Yn,j, under the action of �n. In (a), the horizontal line I lying inside D0,1
n,j

is
transformed into vertical by ��1

n
and then transferred to the right D

0,2
n,j

under the
action of �n. Whereas in (b), the horizontal line I lying inside D

0,2
n,j

is transferred
to D

0,1
n,j+1 first and then transformed into vertical by �n under the action of �n.

The same action of �n will be followed inside regions D
1,1
n,j

and D
1,2
n,j

in both (a)
and (b) respectively. In (c), the region inside Rn,j is being rotated by the map �n

by ⇡/2. The blue and grey shaded regions represent the error region for �n.

3.5.3 A criterion for minimality

The main idea used here to achieve minimality first appeared in [44] and was
subsequently reinforced by its appearance in [17]. This section aims to deduce a
criterion for minimality for our explicit construction, particularly to understand
the action of �n on the region Rn,i explained in step 3, section 3.3.1.1. Here, we
define the following partition of the set Rn,i, excluding the set Em

n
, for any natural
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number sn satisfying sn > n
2
q
2
n
.

A
n

i,k
:=

"
i

qn
+

2"(4)n

qn
+

k("(2)n � 4"(4)n )

snqn
,
i

qn
� 2"(4)n

qn
+

(k + 1)("(2)n � 4"(4)n )

snqn

!

⇥
⇥
2"(4)

n
, 1� 2"(4)

n

⇤
,

B
n

i,k
:=

"
i

qn
+

2"(4)n

qn
,
i

qn
+
"
(2)
n

qn
� 2"(4)n

qn

!

⇥
"
2"(4)

n
+

k(1� 4"(4)n )

sn
, 2"(4)

n
+

(k + 1)(1� 4"(4)n )

sn

#
.

Let us denote the family of these subsets by An = {An

i,k
, i = 0, . . . , qn � 1, k =

0, . . . , sn � 1} and Bn = {Bn

i,k
, i = 0, . . . , qn � 1, k = 0, . . . , sn � 1}.

Remark 3.15. Note that under the transformation �n, the elements of An map
to the elements of Bn. In particular, by (3.8), we get �m

n
(An

i,k
) = B

n

i,k
for all i, k as

defined above. Since Rn,i lies inside ⌃1 and the maps �w

n
,�

g

n
act as an identity on

⌃1. Therefore �n(An

i,k
) = B

n

i,k
.

Lemma 3.16. Let x 2 T2
and qn+1 > snq

2
n

be arbitrary, the orbit {Sk
0
↵n+1

(x)}qn+1�1
k0=0

intersects every set P
�1
n

(An

i1,i2
).

Proof. Let fix x = (x1, x2) 2 T2, i1 2 {0, . . . , qn � 1} and i2 2 {0, . . . , sn � 1}. For
z 2

⇣
0, "

(2)
n

qn

⌘
, the map Pn acts as the vertical translation on T2 by a factor b · z

and with the choice of n function, b = 2qn

n2"
(2)
n

(see (3.12)). Note that the map P
�1
n

induces a net vertical translation on the set A
n

i1,i2
by approximately b · �, where

� = (✏
(2)
n �4✏

(4)
n )

snqn
. Since [2"(4)n , 1� 2"(4)n ] ✓ ⇡y(An

i1,i2
), and 4"(4)n < b · � = ("

(2)
n �4"

(4)
n )

n2("
(2)
n )sn

, it
satisfy ⇡y(P�1

n
(An

i1,i2
)) = T1

.

Since {k0
↵n+1}k0=0,1,...,qn+1�1 is equidistributed on T1 and S↵n+1 acts as hori-

zontal translation on T2, therefore there exists k
0 2 {0, 1, . . . , qn+1 � 1} such that

S
k
0
↵n+1

(x) 2 P
�1
n

(An

i1,i2
), in other words, there exists k

0 2 {0, 1, . . . , qn+1 � 1} such
that x1 + k

0
↵n+1 2 ⇡x(P�1

n
(An

i1,i2
)) and x2 2 ⇡y(P�1

n
(An

i1,i2
)).

Proposition 3.17. 1. For every z 2 T2
, the iterates of z under the map �n �

Pn �Qn �Sk
0
↵n+1

�H�1
n

, i.e. {�n �Pn �Qn �Sk
0
↵n+1

�H�1
n

(z)}qn+1�1
k0=0 meets every
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set of the form

h
i

qn
,
i+1
qn

i
⇥
h

j

sn
,
j+1
sn

i
, where sn 2 N satisfying sn > n

2
q
2
n
.

2. Suppose the sequence of diffeomorphism Tn = Hn � S↵n+1 �H�1
n

converges to

T 2 Diff1(T2
, µ) in the C

1
topology and satisfies the proximity condition,

d0(T k
0

n
, T

k
0
) < 1

2n 8 k
0 = 0, . . . , qn+1 � 1, then the limiting diffeomorphism T

is minimal.

Proof. Let x 2 T2 and i 2 {0, 1, . . . , qn�1} and j 2 {0, 1, . . . , sn�1} be arbitrary.
Note that if qn+1 is chosen such that qn+1 > snq

2
n

and by above lemma, there exists
k
0 2 {0, 1, . . . , qn+1 � 1} such that S

k
0
↵n+1

(x) 2 P
�1
n

(An

i,j
). The map Qn acts as

identity on this region P
�1
n

(An

i,j
). Thus under the conjugation map, we have

�n � Pn�Qn � Sk
0

↵n+1
(x) 2 �n(A

n

i,j
) = B

n

i,j
;

B
n

i,j
⇢

i

qn
,
i+ 1

qn

�
⇥

j

sn
,
j + 1

sn

�
. (3.19)

It shows that for x = H
�1
n

(z), the orbit {�n �Pn �Qn�Sk
0
↵n+1

�H�1
n

(z)}k0=0,1,...,qn+1�1

meets every set of type
h

i

qn
,
i+1
qn

i
⇥
h

j

sn
,
j+1
sn

i
. Also, record that the collection of

such sets
h

i

qn
,
i+1
qn

i
⇥
h

j

sn
,
j+1
sn

i
for 0  i < qn, 0  j < sn covers the whole space

T2 and

diam

✓
Hn�1 � gn

✓
i

qn
,
i+ 1

qn

�
⇥

j

sn
,
j + 1

sn

�◆◆
 kDHn�1k0 · kDgnk0 ·

2

sn
,

which goes to 0 as n ! 1 (using kDHn�1k0 ·kDgnk0 < q
2
n

and sn > n
2
q
2
n
). Hence,

for " > 0 and y 2 T2 there is n1 2 N : there exists a set

Hn�1 � gn
✓

i

qn
,
i+ 1

qn

�
⇥

j

sn
,
j + 1

sn

�◆
⇢ B "

2
(y) 8 n > n1.

For Hn = Hn�1 � gn � �n � Pn�Qn, we utilize the convergence condition for the
sequence of diffeomorphisms Tn, where d0(T k

0
n
, T

k
0
) <

1
2n holds for any k

0 2 N.
Hence, we can conclude that for arbitrary x, y 2 T2 and " > 0, there exists
n2 2 N such that d0(T k

0
n
, T

k
0
) <

"

2 8 k
0 = 0, . . . , qn � 1, n > n2. Assuming

n > max{n1, n2}, there is a set Hn�1 � gn

⇣h
i

qn
,
i+1
qn

i
⇥
h

j

sn
,
j+1
sn

i⌘
⇢ B "

2
(y) and



45

T
k
0

n
(x) 2 Hn�1 � gn

⇣h
i

qn
,
i+1
qn

i
⇥
h

j

sn
,
j+1
sn

i⌘
⇢ B "

2
(y) for some k

0
< qn+1.

With the triangle inequality, we have

d0(T
k
0
(x), y)  d0(T

k
0
(x), T k

0

n
(x)) + d0(T

k
0

n
(x), y)

 d0(T
k
0
, T

k
0

n
) +

"

2
< ".

i.e. T
k
0
(x) 2 B"(y) and which implies T is minimal.

3.5.4 A Generic Measure

The following results allow us to show the existence of generic points residing inside
the region Gn = [qn�1

i=0 Bn,i. We denote Yn = [qn�1
i=0 Yn,i (defined in Section 3.3.1.1,

step 2) and Dn = T2. First, let us introduce partitions of the sets Gn, Yn, and
Dn for any sequence of natural numbers {sn}n2N, where each sn > qn. These
partitions are defined using the families of subsets Gn

i,j
, Y n

i,j
, and �n

i,j
, with indices

satisfying 0  i < qn and 0  j < sn, as follows:

G
n

i,j
:=

"
i

qn
+

2"(2)n

qn
+

j(1� 4"(2)n )

snqn
,
i

qn
+

2"(2)n

qn
+

(j + 1)(1� 4"(2)n )

snqn

#
⇥
⇥
2"(2)

n
, "

(3)
n

⇤
;

Y
n

i,j
:=

"
i

qn
+

1� "
(3)
n

qn
,
i

qn
+

1� 2"(2)n

qn

#

⇥
"
2"(2)

n
+

j(1� 4"(2)n )

sn
, 2"(2)

n
+

(j + 1)(1� 4"(2)n )

sn

#
;

�n

i,j
:=


i

qn
,
i+ 1

qn

�
⇥

j

sn
,
j + 1

sn

�
. (3.20)

Remark 3.18. For x 2 T1 ⇥ (2"(2)n , "
(3)
n ), since the sequence {m↵n+1}m2N equidis-

tributed over T1, the orbit of x (say Ox) under the S↵n+1 equidistributed among the
element of Gn. There are at most (4"(2)n

qn+1

qn
) exceptional points that are trapped

inside the error region Eg

n
(see Remark 3.2). Therefore, any element G

n

i,j
2 Gn

captures at least
⇣
1� 4"(2)n

⌘
qn+1

snqn
points of the orbit Ox.
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Remark 3.19. Note that under the transformation �n, the elements of Gn map
to the elements of Yn. In particular, �g

n
(Gn

i,j
) = Y

n

i,sn�j
and conversely, �g

n
(Y n

i,j
) =

G
n

i,sn�j
for all i, j. By construction, the maps �w

n
,�

m

n
and Pn act as an identity on

the set Gn.

Proposition 3.20. For ✏ > 0 and r 2 N, consider a (
p
2

qn
, ✏)-uniformly continuous

function  : T2 �! R, i.e.  (Bp
2

qn

(x)) ⇢ B✏( (x)). The point x 2 T1⇥{0} satisfy

the following estimate:

�����
1

qn+1

qn+1�1X

i=0

 (�n � Pn �Qn�Si

↵n+1
(x))�

Z

T2

 dµ

�����  4✏+
2

nr
k k0.

Proof. Fix x 2 T1 ⇥ {0}. Since the orbit of x under the Qn�S↵n+1 is being al-
most trapped inside the elements of Gn, therefore there exists a i0 2 N such
that Qn�Si0

↵n+1
(x) 2 G

n

i,sn�j
for some i, j 2 N. Under the action of �n and by

Remark 3.19 and equation (3.5), we have �n � Pn � Qn�Sio
↵n+1

(x) 2 Y
n

i,j
⇢ �n

i,j
.

Therefore for any y 2 �n

i,j
, we have

d(�n � Pn �Qn�Sio

↵n+1
(x), y)  diam(�n � Pn �Qn�Sio

↵n+1
(x), y) 

p
2

qn
.

Using the hypothesis on  , we have | (�n � Pn �Qn�Sio
↵n+1

(x))�  (y)| < 2✏. Take
the average for all y 2 �n

i,j
in the above equation, we get

| (�n � Pn �Qn�Sio

↵n+1
(x))� 1

µ(�n

i,j
)

Z

�n

i,j

 (y)dµ| < 2✏.

Let us denote J� = {k 2 0, 1, . . . , qn+1 � 1 : �n � Pn � Qn�Sk

↵n+1
(x) 2 �} for all

� 2 Dn. By Remark 3.18, we have |J�| >
�
1� 2

nr

�
qn+1

snqn
(use 4"(2)n <

2
nr

). Now
using the count on |J�| and triangle inequality in the above equation, we get

����
1

qn+1

X

i2J�

 (�n � Pn �Qn�Si

↵n+1
(x))�

Z

�n

i,j

 dµ

����

< 2✏µ(�n

i,j
) +

2

nr
(k k0 + 2✏)µ(�n

i,j
)
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<

✓
4✏+

2

nr
k k0

◆
µ(�n

i,j
).

Since the last inequality holds for arbitrary � 2 Dn, therefore, we conclude

����
1

qn+1

qn+1�1X

i=0

 (�n � Pn �Qn�Si

↵n+1
(x))�

Z

T2

 dµ

����



�����
X

�2Dn

 
1

qn+1

X

i2J�

 (�n � Pn �Qn�Si

↵n+1
(x)�

Z

�

⇢dµ

!�����+
qn

qn+1
|| ||0

 4✏+
2

nr
k k0.

3.5.5 Existence of invariant measures ⇠
t

For the existence of the T -invariant measure, the proof follows the same line of
reasoning as in [4, Section 5.4]. Here, we construct the T -invariant measures using
the normalized measure µt of the Lebesgue measure on the sets N

t, as defined in
Section 3.4. First, we define the sequence of measures ⇠n

t
:= (Hn)⇤µt and prove

their Tn-invariance: (Tn)⇤⇠nt = (Tn)⇤(Hn)⇤µt = (Tn � Hn)⇤µt = (Hn � S↵n+1)⇤µt =

(Hn)⇤(S↵n+1)⇤µt = ⇠
n

t
.

Next, we estimate µ(Hn+1(N t)4Hn(N t)). To do so, we analyze which parts
of the set N

t are mapped back to N
t under the transformation hn+1 = gn+1 �

�n+1. The measure difference arises from the regions where hn+1 is specifically
constructed to ensure minimality and genericity. The map gn+1 acts as a horizontal
translation, and the subset

⇣h
k

qn
+ 2"

(3)
n

qn
,
k+1
qn

� 2"
(3)
n

qn

i
⇥ [2"(3)n , 1� 2"(3)n ]

⌘T
N

t
, for

k = 0, . . . , qn � 1, represents the portion that is mapped back to N
t under �n+1.

Thus, combining these estimates, we obtain

µ(Hn+1(N
t)4Hn(N

t))  8"(3)
n

 1

2n
.

Following the proof of [4, Section 4], the above estimate is sufficient to conclude the
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existence of a limit Bt := limn!1 Hn(N t), and the weak convergence of the mea-
sures ⇠n

t
to a measure ⇠t, given by ⇠t(A) = µ(A\Bt)

µ(Bt)
for any measurable set A ⇢ T.

The measures ⇠t are T -invariant; for proof, refer to [4, Section 4].

Proof of Theorem 1.1. We will construct a minimal map T 2 Diff1(T2
, µ), ob-

tained by (3.5), (3.1), (3.3), and (3.10), for any Liouville ↵ satisfying (3.13). The
map will have r distinct weak mixing invariant measures ⇠t and the Lebesgue
measure µ as a generic measure.

Let us fix a countable set of Lipshitz functions  = { i}i2N, which is dense
in C

0(T2
,R). Let Ln be a uniform Lipshitz constant for  1, 2, . . . , n. Choose

qn+1 = lnknq
2
n

large enough by selecting ln arbitrarily large enough such that it
satisfies: ln > n

2 · max1in Li · kDHn�1kn�1 · kDgnk0. This assumption implies
that  1Hn�1gn, 2Hn�1gn, ..., nHn�1gn are (

p
2

qn
,

2
nr
)- uniformly continuous.

Claim 1: The point x = (0, 0) is a generic point for the Lebesgue measure µ.

Using the fact that �n, Pn, and Qn are measure-preserving and act as the identity
on the point x = (0, 0), and that the maps gn act as horizontal translations on T2

with gn(0, 0) = (0, 0), it follows that hn(x) = x for all n, and therefore H�1
n

(x) = x.
Applying Proposition 3.20 with ✏ = 2

nr
for 1  k  n and for x 2 T1⇥{0}, we get:

�����
1

qn+1

qn+1�1X

i=0

 k(HnS
i

↵n+1
x)�

Z

T2

 kHndµ

����� <
2

nr
k kk0 +

8

nr
.

By applying relation (3.1), it follows that for each  k 2  :

�����
1

qn+1

qn+1�1X

i=0

 k(T
i

n
x)�

Z

T2

 kdµ

����� <
2

nr
k kk0 +

8

nr
.

Further, using the triangle inequality and the uniform approximation bound, i.e.
d0(T i

n
, T

i)  1
2n for all i 2 N, we obtain:

�����
1

qn+1

qn+1�1X

i=0

 k(T
i
x)�

Z

T2

 kdµ

����� <
2

nr
k kk0 +

8

nr
+

1

2n
. (3.21)

For any large N 2 N, suppose it lies in qj < N < qj+1 for some j. There exists an
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integer m 2 N such that N = mqj�1 + r, where 0 < r < qj�1,

1

N

N�1X

i=0

 k(T
i

n
x) =

mqj�1

N

(
1

mqj�1

mqj�1�1X

i=0

 k(T
i

n
x)

)
+

1

N

N�1X

i=mqj�1

 k(T
i

n
x).

We can write
�����
1

N

N�1X

i=0

 k(T
i
x)�

Z

T2

 kdµ

�����



�����
mqj�1

N

(
1

mqj�1

mqj�1�1X

i=0

 k(T
i
x)

)
�
Z

T2

 kdµ

�����+

������
1

N

N�1X

i=mqj�1

 k(T
i
x)

������

 mqj�1

N

�����
1

mqj�1

mqj�1�1X

i=0

 k(T
i
x)� N

mqj�1

Z

T2

 kdµ

�����+
r

N
k kk0

 mqj�1

N

�����
1

mqj�1

mqj�1�1X

i=0

 k(T
i
x)�

Z

T2

 kdµ

�����+
����1�

N

mqj�1

����

����
Z

T2

 kdµ

����+
r

N
k kk0

 mqj�1

N

✓
2

(j � 2)r
k kk0 +

8

(j � 2)r
+

1

2j�2

◆
+

����1�
N

mqj�1

���� k kk0 +
r

N
k kk0.

As N ! 1, we have j ! 1, mqj�1

N
! 1 and r

N
! 0. Thus,

lim
N!1

1

N

N�1X

i=0

 k(T
i
x) !

Z

T2

 kdµ,

and x is a generic point for µ.
In order to prove that the map T is weakly mixing with respect to the invariant

measure ⇠t, for t = 0, . . . , r� 1, defined in Subsection 3.5.5, we will apply Propo-
sition 3.13. For this purpose, consider the sequence (mn) and the decomposition
⌘
t

n
described in Sections (3.5.2.2)-(3.5.2.3). It suffices to show that ⌘t

n
! ", and

that the diffeomorphism �n(In) = �n � Pn � Qn � S
mn

↵n+1
� Q

�1
n

� P
�1
n

� ��1
n
(In) is

(0, 2/3qn, 0)-distributed for any In 2 ⌘n.
Clearly, ⌘n ! ", since ⌘n consists of all intervals of each length less than 1/qn.

By Lemma 3.14, for any In 2 ⌘
t

n
, J = ⇡y(�n(In)) =

⇥
t

r
+ 2

3nr ,
t+1
r

� 2
3nr

⇤
, and
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�n(In) is a vertical interval. Hence, we take � = 2/3n and � = 0. Finally, since the
restriction of �n(In) is an affine map, it verifies the condition for " = 0. Therefore,
the map T is weak mixing with respect to the measures ⇠t for (t = 0, . . . , r � 1).
For a more detailed proof, one can refer to [19]. The map T is minimal and has
been proved in Proposition 3.17, which completes the proof.

Remark 3.21. The measure µ = 1
r
(µ0+µ1+ . . .+µr�1) is a nonergodic Lebesgue

measure but a generic measure on T2
.



4
The Set of Generic Points with

Non-Trivial Hausdorff Upper Bound

4.1 Introduction

In this chapter, we delve into the analysis of generic and non-generic points
within the smooth setting, aiming to establish bounds on the size of the sets
they form. Instead of quantifying the set of generic points using the Lebesgue
measure, we focus on determining bounds on their Hausdorff dimension, which
leads to more insightful and interesting results. We explore various examples of
measure-preserving smooth diffeomorphisms, each associated with a set containing
all the generic points with zero measure and exhibiting non-trivial bounds on their
Hausdorff dimension. To construct such sets and investigate their properties, we
employ the Approximation by Conjugation method.
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To facilitate this construction, we explicitly introduce certain narrow sets of
small measure, most notably, horizontal strips of small width within a carefully
designed framework on the 2-Torus. We establish a highly explicit setup with
distinct targeted domains on the 2-Torus, each serving specific purposes, along with
the explicit selection of conjugation maps. Additionally, we extend our analysis to
capture all non-generic points of such a system as well. In particular, we provide
proofs for Theorems 1.3.

4.2 Outline of the proof

To prove Theorem 1.3, we construct a T 2 Diff1(T2
, µ) using the approximation

by conjugation method, as discussed in Chapter 3. However, we will modify the
combinatorics in the setup to achieve the desired result. We introduce two parts
within T2, Gn and NGn, specifically designed to achieve the two dynamic properties
explicitly, along with explicitly chosen conjugation maps hn at each induction step.
We define the combinatorics such that the limiting set B consists of all the generic
points of the system, and the limiting set NB contains all the non-generic points,
as outlined in Section 4.3 utilizing the explicit conjugation maps hn and partial
partitions Gn and NGn. Finally, the convergence of the scheme in the smooth
topology is achieved under very precise norm estimates in Section 4.4.

4.3 Construction of the Generic sets

4.3.1 Explicit set-up

We begin by introducing a decomposition of the two-dimensional torus T2 into
a pair of disjoint measurable sets: T2 = Gn [ NGn. This decomposition depends
on a parameter m > 0, determined by a real number s 2 (1, 2) via the relation
m = 1

s�1 � 1. Given a sequence {qn}n2N of positive integers and the associated
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scaling parameter �n,m := 1
qmn

, we define the horizontal strip

Gn := T1 ⇥ I
n,m

, where I
n,m :=


1

2
� �n,m,

1

2
+ �n,m

�
, (4.1)

and set NGn := T2 \Gn.

On the set Gn, we consider a smooth conjugation map �̄n whose action is con-
fined to the strip In,m := T1⇥I

n,m. The map �̄n is constructed so as to redistribute
this thin strip vertically across the torus in a periodic fashion. This spreading en-
sures the presence of generic points whose orbits become uniformly distributed
with respect to the Lebesgue measure on T2. However, the Lebesgue measure of
this set vanishes, as the strip width 2�n,m tends to zero with increasing n. In
contrast, on the complement NGn, the map �̄n acts on the two complementary
regions J 0 := T1 ⇥

⇥
0, 12 � �n,m

�
, J 1 := T1 ⇥

⇥
1
2 + �n,m, 1

�
, and redistributes

them in such a way that their vertical support remains confined within the intervals
T1 ⇥

�
t

2 ,
t+1
2

�
, for t = 0 or t = 1 respectively. As a consequence, points in NGn

exhibit non-generic behavior, as their orbits fail to become uniformly distributed
over T2.

Finally, let {qn}n2N and {sn}n2N be sequences of natural numbers satisfying
the growth conditions: sn � qn and qn > 3n for all n 2 N. Under these as-
sumptions, we introduce the following partition of T2, which will play a central
role in the subsequent construction:

Gn :=

⇢
In,m

i1
=


i1

snqn
,
i1 + 1

snqn

◆
⇥ I

n,m : 0  i1 < snqn

�
;

NGn :=

8
<

:
J n,1

i1
=
h

i1
snqn

,
i1+1
snqn

⌘
⇥
⇥
0, 12 � �n,m

�
: 0  i1 < snqn;

J n,1
i1

=
h

i1
snqn

,
i1+1
snqn

⌘
⇥
⇥
1
2 + �n,m, 1

�
: 0  i1 < snqn

9
=

; ;

Vn :=
n
Vn,m

i1,i2
=
h
i1
qn
,
i1
qn

+ 2�n,m

qn

⌘
⇥
h
i2
sn
,
i2+1
sn

⌘
: 0  i1 < qn, 0  i2 < sn;

o
;

Wn :=

8
<

:
Wn,t

i1,i2
=
h
i1
qn

+ 2�n,m

qn
,
i1+1
qn

⌘
⇥
h
t

2 +
i2
2sn

,
t

2 +
i2+1
2sn

⌘
: t = 0, 1;

0  i1 < qn, 0  i2 < sn.

9
=

;
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4.3.2 The conjugation map hn

Now we define the following permutation maps e�n : T2 �! T2 of the above
partition Gn [NGn which maps to the elements of partition Vn [Wn

1. Consider
the map e�n :

h
i

qn
,
i+1
qn

⌘
⇥ T1 �!

h
i

qn
,
i+1
qn

⌘
⇥ T1 as following and extend it to the

whole T2 as 1
qn

-equivariantly.

e�n(In,m

i1
) = Vn,m

j1,j2
where j1 =

�
i1

sn

⌫
, j2 = i1 mod sn, (4.2)

e�n(J n,t

i
0
1
) = Wn,t

j
0
1,j

0
2

where j
0
1 =

�
i
0
1

sn

⌫
, j

0
2 = t.sn + i

0
1 mod sn, t = 0, 1. (4.3)

The map e�n effectively rearranges elements of equal size on T2, and its visualization
can be further understood by observing the corresponding rectangles, as shown
below: For the case n � 1,

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥

1

2
� �n,m,

1

2
+ �n,m

◆◆
=


i

qn
,
i

qn
+

2�n,m
qn

◆
⇥ T1; (4.4)

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥

0,

1

2
� �n,m

◆◆
=


i

qn
+

2�n,m
qn

,
i+ 1

qn

◆
⇥

0,

1

2

◆
; (4.5)

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥

1

2
+ �n,m, 1

◆◆
=


i

qn
+

2�n,m
qn

,
i+ 1

qn

◆
⇥

1

2
, 1

◆
. (4.6)

We extend the map e�n :
h
0, 1

qn

⌘
⇥T1 !

h
0, 1

qn

⌘
⇥T1

,
1
qn

-equivariantly to define a
piecewise transformation on the entire torus T2, preserving the same combinatorial
structure across horizontal strips. This extended map can then be approximated by
a smooth measure-preserving diffeomorphism that agrees with the combinatorics
of e�n up to a small error set En ⇢ T2, as described in Subsection 4.4.

Such an approximation is ensured by Theorem 2.5, which states that any piece-
wise permutation map on the torus can be approximated arbitrarily well by a
smooth diffeomorphism that coincides with the permutation map outside a small
exceptional set En, and acts as the identity near the boundary of the unit square

1
We refer to the map �̃n as a permutation map because it rearranges the elements of the

partition.
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[0, 1]⇥ [0, 1]. We denote by �
n

the resulting smooth measure-preserving diffeomor-
phism approximating the action of e�n on T2.
Here we define our final conjugation diffeomorphism as

hn = �
n
, (4.7)

where, �
n

denotes a smooth approximation of the map e�n. By construction, the
map �

n
commutes with the rotation S↵n

; that is, �
n
� S↵n

= S↵n
� �

n
.

4.4 Convergence and Estimates

To exclude regions where we do not have sufficient control over the combina-
torics, we consider a subset En = Ev,n [ Eh,n, where Ev,n and Eh,n denote the
vertical and horizontal error sets, respectively. Each of these is further decom-
posed as follows: Ev,n = E

(1)
v,n[E

(2)
v,n and Eh,n = E

(1)
h,n

[E
(2)
h,n

, where the sets E(i)
v,n

and E
(i)
h,n

for i = 1, 2, are subsets of the 2-torus T2 defined by:

E
(1)
v,n

=
snqn�1[

i=0


i

snqn
� ✏

0
n

2snqn
,

i

snqn
+

✏
0
n

2snqn

�
⇥ T1;

E
(2)
v,n

=
qn�1[

i=0


i

qn
+

2�n,m
qn

� ✏
0
n

2qn
,
i

qn
+

2�n,m
qn

+
✏
0
n

2qn

�
⇥ T1;

E
(1)
h,n

= T1 ⇥

1

2
� �n,m � ✏

0
n

2
,
1

2
� �n,m +

✏
0
n

2

�
[

1

2
+ �n,m � ✏

0
n

2
,
1

2
+ �n,m +

✏
0
n

2

�
;

E
(2)
h,n

= T1 ⇥
2sn�1[

j=1


j

2sn
� ✏

0
n

4sn
,

j

2sn
+

✏
0
n

4sn

�
.

We choose ✏0
n
:=

⇣
1

2ns2nqnkDHn�1k21

⌘2n

, so that the measure of the exceptional set
satisfies µ(En) = 10sn✏0n <

1
e3

n . We define the complementary sets

Fn := T2 \ En and F
(1)
h,n

:= T2 \ E(1)
h,n

, (4.8)
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such that Fn ✓ F
(1)
h,n

, and the measure of Fn satisfies µ(Fn) > 1� 1
e3

n .

To analyze the distribution of generic and non-generic points, we now introduce
the following families of subsets of the torus. These will be referred to as the
“trapping generic zones” and “trapping non-generic zones,” respectively. For each
i1 = 0, . . . , qnsn � 1, we define

X n,m

i1
:= In,m

i1
\ (T1 \ E(1)

h,n
[ E

(1)
v,n

) and Yn,k

i1
:= J n,k

i1
\ Fn, k = 0, 1. (4.9)

Remark 4.1. For any x 2 In,m

i1
\F

(1)
h,n

, after removing the error set E(1)
v,n, the num-

ber of iterates of the orbit Si

↵n+1
(x) that lie in each set X n,m

i1
is at least

�
1� 2

n2

�
qn+1

snqn
.

Similarly, for any x 2 J n,k

i1
\ Fn, the number of iterates of the orbit Si

↵n+1
(x) that

lie in each set Yn,k

i1
is at least

�
1� 2

n2

�
qn+1

snqn
.

Remark 4.2. Recall that the image of X n,m

i1
, under the conjugation map hn, con-

tained inside Vn,m

b i1
sn

c,i1 mod sn

and conversely, Vn,m

i1,i2
is uniquely mapped onto X n,m

i1.sn
.

Thus, the number of iterates k 2 {0, 1, . . . , qn+1�1} such that hn�Sk

↵n+1
(x) 2 Vn,m

i1,i2

for x 2 X n,m

i1
is at least

�
1� 2

n2

�
qn+1

snqn
.

Remark 4.3. Note that under the action of hn, every element from NGn \ F
(1)
h,n

transforms as follows:

hn

 
snqn�1[

i1=0

Yn,k

i1

!
=

snqn�1[

i1=0

�
n
(J n,k

i1
\ Fn) ✓ T1 ⇥


k

2
,
k + 1

2

◆
, k = 0, 1.

4.4.1 Generic points estimates

Proposition 4.4. For ✏ > 0, consider a (
p
2

qn
, ✏)-uniformly continuous function

 : T2 �! R, i.e.  (Bp
2

qn

(x)) ⇢ B✏( (x)). Then, for any x 2 Gn \ F
(1)
h,n

, we have

the following estimate:

�����
1

qn+1

qn+1�1X

i=0

 (hn � Si

↵n+1
(x))�

Z

T2

 dµ

�����  4✏+
2

n2
k k0. (4.10)

Proof. For any x 2 Gn \ F
(1)
h,n

and �n

i1,i2
2 �n

i,j
(see equation (3.20)). Precisely,

x 2 T1 ⇥ I
n,m. Since the orbit of x under the S

k

↵n+1
is almost trapped by the
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domains {X n,m

t1
}, therefore there exists a i0 2 N such that S

i0
↵n+1

(x) 2 X n,m

i1.sn+i2
.

With the action of hn and by Remark 4.2, we have hn � Sio
↵n+1

(x) 2 Vn,m

i1,i2
⇢ �n

i1,i2
.

Therefore for any y 2 �n

i,j
, we conclude

d(hn � Sio

↵n+1
(x), y)  diam(hn � Sio

↵n+1
(x), y) 

p
2/qn.

Now using the hypothesis on  , we have | (hn � Sio
↵n+1

(x))�  (y)| < 2✏. Take the
average for all y 2 �n

i,j
in the last equation, we get

| (hn � Sio

↵n+1
(x))� 1

µ(�n

i,j
)

Z

�n

i,j

 (y)dµ| < 2✏.

Let us denote J� = {k 2 0, 1, . . . , qn+1 � 1 : hn � Sk

↵n+1
(x) 2 �} for all � 2 Dn,

where Dn defined by (3.20). Using the count estimate described in Remark 4.2
and triangle inequality in the last equation, we have

�����
1

qn+1

X

i2J�

 (hn � Si

↵n+1
(x))�

Z

�n

i,j

 dµ

����� < (4✏+
2

n2
k k0)µ(�n

i,j
).

Further, we follow the analogous estimation as done in Proposition 3.20, and we
have the estimate (4.10) as required.

4.4.2 Non-Generic points estimates

We begin by partitioning the torus T2 into two regions:

D1 := T1 ⇥
⇥
0, 12

�
, D2 := T1 ⇥

⇥
1
2 , 1

�
.

Our goal is to study how often the composition Hn := h1 � h2 � · · · � hn, evaluated
along the orbit S

i

↵n+1
(x), lands in the region D1.

Proposition 4.5. For any x 2 NGn \ F
(1)
h,n

\ D1
,�n,m = 1

qmn
for m > 0, and

N � qn+1. The set J
(n)
N

(x) ⇢ {0, 1, . . . , N � 1}, be defined by

J
(n)
N

(x) :=
�
i 2 {0, 1, . . . , N � 1} : h1 � h2 � · · · � hn(S

i

↵n+1
x) 2 D1

 
.
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Then, the following lower bound holds:

|J (n)
N

(x)| �
✓
1� 1

e3
2

◆ 
n�1Y

j=2

✓
1� (1� 2�j,m) · �j�1,m � 1

e3
j
� 1

e3
(j�1)

◆!

✓
1� 2

n2

◆✓
1� �n,m � 1

2 · e3(n�1)

◆
N.

Moreover, for all sufficiently large n, there exists a constant c > 0.6 such that

|J (n)
N

(x)| � cN.

Proof. To estimate a lower bound for |J (n)
N

(x)|, we construct nested subsets Aj ⇢
{0, 1, . . . , N � 1} as follows: At level j = n, define

An :=
�
i 2 {0, 1, . . . , N � 1} : hn(S

i

↵n+1
x) 2 NGn�1 \ Fn�1 \D1

 
.

For j = n� 1, . . . , 2, define inductively

Aj :=
�
i 2 Aj+1 : hj � hj+1 � · · · � hn(S

i

↵n+1
x) 2 NGj�1 \ Fj�1 \D1

 
;

A1 :=
�
i 2 A2 : h1 � h2 � · · · � hn(S

i

↵n+1
x) 2 D1

 
.

Here, Fj�1 = T2 \ Ej�1, where Ej�1 denotes the error set at the jth stage (see
subsection 4.4). Suppose that at each level j = n, n� 1, . . . , 2, 1, the proportion of
iterates satisfying the required condition (as defined by the sets Aj) is denoted by
↵j 2 [0, 1]. Specifically, we define: ↵n = |An|

N
,↵n�1 = |An�1|

|An| , . . . ,↵1 = |A1|
|A2| . Using

the fact established in Remark 4.3, we know that if i 2 Aj, meaning hj � · · · �
hn(Si

↵n+1
x) 2 NGj�1\Fj�1\D1

, then it follows that hj�1�hj�· · ·�hn(Si

↵n+1
x) 2 D1

.

In particular, if i 2 A1, then all necessary conditions are satisfied to ensure that
the full composition h1 � h2 � · · · � hn(Si

↵n+1
x) lies in D1. Therefore, we conclude

that A1 ✓ J
(n)
N

(x), and consequently, |J (n)
N

(x)| � |A1|. Now, note the recursive
structure:

|A1| = ↵1|A2| = ↵1↵2|A3| = · · · =
 

nY

j=1

↵j

!
(N).

Thus, |J (n)
N

(x)| � |A1| =
Q

n

j=1 ↵j ·N.
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Note that for j = n and any x 2 NGn \ F
(1)
h,n

\D1. Since NGn =
S

snqn�1
i1=0 J n,k

i1
,

it follows that x 2
S

snqn�1
i1=0 J n,0

i1
\ D1 for some indices i1. Then the number of

iterates in the orbit {Si(x)}N�1
i=0 that lie in the set

S
snqn�1
i1=0 Yn,0

i1
:= (

S
snqn�1
i1=0 J n,0

i1
\

Fn) \ D1 is at least
�
1� 2

n2

�
N and hn(

S
snqn�1
i1=0 Yn,0

i1
) ✓ D1

, (see Remark 4.3).
Thus, the fraction of iterates in the image orbit {hn(Si

↵n+1
(x))}N�1

i=0 that lie in
NGn�1 \ Fn�1 \ D1 is

⇣
1� �n,m � 1

2·e3(n�1)

⌘
. Combining these two observations,

we conclude that

↵n �
✓
1� 2

n2

◆✓
1� �n,m � 1

2 · e3(n�1)

◆
.

Let j = n � 1. For each i 2 An, we have hn(Si

↵n+1
x) 2 NGn�1 \ Fn�1 \

D1
, which implies that hn�1 � hn(Si

↵n+1
x) 2 D1

. In particular, the image set
�
hn�1 � hn(Si

↵n+1
x)
 
i2An

✓
S

qn�1�1
i=0

h
i

qn�1
+ 2�n�1,m

qn�1
,

i+1
qn�1

i
⇥
⇥
0, 12

�
.

Furthermore, each point in this image set lies either in D1 \ NGn�2 or D1 \
Gn�2. We now estimate the proportion of points that lie in the “good” set, i.e.,
NGn�2 \ Fn�2 \D1

.

First, observe that the proportion of the set D1 \ Gn�2 within the region
S

qn�1�1
i=0

h
i

qn�1
+ �n�1,m

qn�1
,

i+1
qn�1

i
⇥
⇥
0, 12

�
is at most (1� 2�n�1,m) · �n�2,m. Next, con-

sider the error set En�2 which occupies some complete 1
qn�1

-fundamental domains
and contributes at most 1

e3
n�2 to the total proportion. Additionally, for each such

1
qn�1

-fundamental domain, the horizontal and vertical boundary error strips con-
tribute at most 4✏n�1

qn�1
. Hence, we can remove the entire error set En�1, which

contributes at most 1
e3

n�1 .

Combining all the above, the proportion of the set NGn�2 \ Fn�2 \ D1 that
intersects the orbit points

�
hn�1 � hn(Si

↵n+1
x)
 
i2An

is accounted after removing the
contributions from D1\Gn�2, En�2, and En�1. Thus, we conclude that the fraction
of orbit points

�
hn�1 � hn(Si

↵n+1
x)
 
i2An

that lie in the set NGn�2 \Fn�2 \D1 is at
least

↵n�1 � 1� (1� 2�n�1,m) · �n�2,m � 1

e3
n�2 � 1

e3
n�1 .

Analogously, for any 2  j  n� 2, consider the set Aj+1. For each i 2 Aj+1,



60

we have hj � hj+1 � · · · � hn(Si

↵n+1
x) 2

Sqj�1
i=0

h
i

qj
+ �j,m

qj
,

i+1
qj

i
⇥
�
0, 12

�
. Further-

more, if hj � hj+1 � · · · � hn(Si

↵n+1
x) 2 NGj�1 \ Fj�1 \ D1

, then it follows that
i 2 Aj. To estimate the fraction of such indices, observe that the image set
�
hj � hj+1 � · · · � hn(Si

↵n+1
x)
 
i2Aj+1

is contained in the union of 1
qj

-fundamental
domains at stage j, each of which intersects either D1 \NGj�1 or D1 \Gj�1. The
proportion of points falling into the “bad” region D1\Gj�1 is at most (1� 2�j,m) ·
�j�1,m. Additionally, we account for the error sets from stages j and j � 1, which
contribute at most 1

e3
j�1 and 1

e3
j , respectively, to the total error proportion. There-

fore, after removing these contributions, the proportion of points in the orbit set
�
hj � hj+1 � · · · � hn(Si

↵n+1
x)
 
i2Aj+1

that lie in the set NGj�1\Fj�1\D1 is at least

↵j � 1� (1� 2�j,m) · �j�1,m � 1

e3
j�1 � 1

e3
j
.

For j = 1, observe that for each i 2 A2, the image h2 � · · · � hn(Si

↵n+1
x)

lies in the set NG1 \ F1 \ D1. This implies that all such indices i 2 A2 also
belong to A1, except for those that fall into the error set E2. Therefore, after
removing the contribution from the error set E2, the proportion of elements in the
set

�
h1 � h2 � · · · � hn(Si

↵n+1
x)
 
i2A2

that remain within D1 is at least

↵1 �
✓
1� 1

e3
2

◆
.

Therefore, we obtain the following lower bound as

|J (n)
N

(x)| �
✓
1� 1

e3
2

◆ 
n�1Y

j=2

✓
1� (1� 2�j,m) · �j�1,m � 1

e3
j
� 1

e3
(j�1)

◆!

✓
1� 2

n2

◆✓
1� �n,m � 1

2 · e3(n�1)

◆
N.

For sufficiently large values of n and putting �j,m = 1
q
m

j

and qj � 3j for m > 0, we
estimate each component of the inequality separately.

• Since e
9
> 8000, we have 1� 1

e9
> 0.9998.
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• For the second product term, define �j := (1� 2�j,m)·�j�1,m =
⇣
1� 2

q
m

j

⌘
1

q
m

j�1
<

1
q
m

j�1
<

1
3(j�1)m . Including the exponentially small terms 1

e3
j and 1

e3
j�1 , the to-

tal sum is
P1

j=2 ✏j <
P1

j=2

⇣
1

3(j�1)m + 1
e3

j + 1
e3

j�1

⌘
< 1. More precisely, this

sum satisfies
P1

j=2 ✏j < 0.3 for all m > 0. Using the inequality for convergent
infinite products,

1Y

j=2

(1� ✏j) � exp(�1
1X

j=2

✏j) > exp(�0.3) � 0.7.

• For large n, we estimate the remaining terms: 1� 2
n2 > 0.98, and 1� �n,m �

1
2e3(n�1) = 1� 1

qmn
� 1

2e3(n�1) > 0.973.

Multiplying all the bounds, we obtain: |J (n)
N

(x)| � (0.9998)(0.7)(0.98)(0.973)N >

0.667N. Hence, the constant c > 0.6 exists for all sufficiently large n.

Lemma 4.6. The sequence of diffeomorphisms Tn = Hn � S↵n+1 �H�1
n

, such that

Hn = h1 � h2 . . . � hn and hn defined by (4.7) and ↵n+1 converges to a Liouvillian

number, converges to T 2 Diff1(T2
, µ) in the C

1
topology. Moreover, for any

m  qn+1, we have

d0(T
m
, T

m

n
)  1

2n+1
. (4.11)

4.4.3 Estimate of Hausdorff dimension

Proposition 4.7. Let 1  s < 2, and �n,m = 1
qmn

, where m = 1
s�1 � 1. Then the

set B := lim inf
n!1

Hn(Gn \ F
(1)
h,n

) and E := lim sup
n!1

Hn(E
(1)
h,n

), where F
(1)
h,n

and E
(1)
h,n

)

defined by (4.8), satisfies

dimH(B)  s and dimH(E)  s.

Proof. Define the set G(1)
n = Gn\F (1)

h,n
, we aim to show that dimH(lim inf

n!1
Hn(G

(1)
n )) 

s. For each n 2 N, define Bn = \1
k=n

Hk(G
(1)
k
) and B(m)

n = \m

k=n
Hk(G

(1)
k
). Then
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clearly,

B = lim inf
n!1

Hn(G
(1)
n
) =

1[

n=1

Bn,

and Bn ⇢ B(m)
n for all m � 0. We estimate the Hausdorff s-measure of B(n+3)

n ,
which has the form

B(n+3)
n

= Hn

⇣
G(1)

n
\ hn+1

⇣
G(1)

n+1 \ hn+2

⇣
G(1)

n+2 \ hn+3(G
(1)
n+3)

⌘⌘⌘
.

The set G(1)
n+3 is the union of horizontal strips given by G(1)

n+3 =
S

sn+3qn+3�1
i=0 X n+3,m

i

(see equation 4.9). Under the map hn+3, we have

hn+3(G
(1)
n+3) =

qn+3�1[

i=0

✓
i

qn+3
,

i

qn+3
+ 2

�n+3,m

qn+3

�
⇥ T1

◆
\ Fn+3.

Intersecting with Gn+2, which consists of a horizontal strip of height 2�n+2,m

centered at y = 1
2 , yields rectangles of width 2�n+2,m and length 2�n+3,m/qn+3.

Next, applying the map hn+2 = �̄n+2 to the rectangles contained in G(1)
n+2, scales

it horizontally and vertically by a factor of qn+2. As a result, we obtain rectangles
of dimensions �n+2,m

qn+2
⇥ �n+3,mqn+2

qn+3
, and each 1

qn+2
-fundamental domain contains qn+3

qn+2

such rectangles.
Continuing, intersecting with G(1)

n+1 and applying hn+1 further transforms these
into rectangles of size �n+3,mqn+2

qn+3qn+1
⇥ �n+2,mqn+1

qn+2
. Finally, within each 1

qn+1
-fundamental

domain, the number of such rectangles intersected with the sets in G(1)
n is bounded

above by
⇣
�n,mqn+2

qn+1

⌘
·
⇣
�n+1,mqn+3

qn+2

⌘
.

Combining altogether, the full intersection,

G(1)
n

\ hn+1

⇣
G(1)

n+1 \ hn+2

⇣
G(1)

n+2 \ hn+3(G
(1)
n+3)

⌘⌘

is covered by rectangles, say Uj’s of form �n+3,mqn+2

qn+3qn+1
⇥ �n+3,mqn+2

qn+3qn+1
. The total number

of such rectangles is at most

qn+1

✓
�n+2,mqn+1

qn+2

qn+3qn+1

�n+3,mqn+2

◆✓
�n,mqn+2

qn+1

◆✓
�n+1,mqn+3

qn+2

◆
.
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Further, substituting �k,m = q
�m

k
, we can compute

X

j

diam(Uj)
s 

q
2
n+3

�n+3,m

�
s

n+3,m

q
s

n+3

=
q
2�s

n+3

q
m(s�1)
n+3

 1

(qn+3)s�2+m(s�1)
. (4.12)

Further, using the above estimate and the fact that diam(Uj) ! 0 as n ! 1,

we observe that since Hn is a smooth diffeomorphism on B(n+3)
n , it preserves the

s-dimensional Hausdorff measure (see Lemma 2.1). That is, Hs(H�1
n

(B(n+3)
n )) =

Hs(B(n+3)
n ). Thus, we can compute an upper bound for the s-dimensional Hausdorff

measure of the following set as

Hs(lim inf
n!1

Hn(G
(1)
n
))  Hs([1

n=1Bn)


1X

n=1

Hs(Bn)


1X

n=1

Hs(B(n+3)
n

)


1X

n=1

Hs(H�1
n

B(n+3)
n

) 
1X

n=1

1

(qn+3)s�2+m(s�1)
< 1.

Thus, Hs(lim inf
n!1

Hn(G
(1)
n )) < 1, which implies dimH(lim inf

n!1
Hn(G

(1)
n ))  s.

Claim 1: Prove that dimH(E)  s.

By the definition of the limsup, we have

E := lim sup
n!1

Hn(E
(1)
h,n

) =
1\

m=0

[

n�m

Hn(E
(1)
h,n

) ✓
[

n�m

Hn(E
(1)
h,n

), for all m 2 N.

Using the inclusion hn(E
(1)
h,n

) ⇢ En and the identity Hn = Hn�1 � hn, we obtain
Hn(E

(1)
h,n

) ⇢ Hn�1(En), and hence,

E ✓
[

n�m

Hn�1(En). (4.13)

We now estimate the Hausdorff s-measure of the union
S

n�m
Hn�1(En). For each
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n, the set En is defined in subsection 4.4 as En := Eh,n [ Ev,n, where:

• Eh,n consists of 2sn + 2 horizontal strips, each of dimensions 1⇥ ✏
0
n
,

• Ev,n consists of snqn + qn vertical strips, each of dimensions ✏0
n
⇥ 1.

Each strip (horizontal or vertical) can be covered by a collection of squares
{Un,j} of side length ✏0

n
. Hence, the total number of such squares required to cover

En is at most Nn = snqn+qn

✏0n
+ 2sn+2

✏0n
 4snqn

✏0n
.

Since Hn�1 is a smooth map defined on a compact domain, its image Hn�1(En)

can be covered by at most Nn sets Un,j, each of diameter at most diam(Un,j) 
kDHn�1k1 · 2

p
2✏0

n
, where kDHn�1k1 denotes the operator norm of the derivative

on the domain. Therefore, the total contribution of Hn�1(En) to the s-dimensional
Hausdorff measure is bounded above by

NnX

j=1

diam(Un,j)
s  4snqn

✏0
n

·
⇣
2
p
2✏0

n
kDHn�1k1

⌘s

 16snqn(✏
0
n
)s�1kDHn�1ks1.

In a similar manner to the previous estimate, we analyze the contribution from
the next level of the error set, namely the image Hn(En+1). Each strip in En+1

can be covered by a collection of squares Un+1,j of side length 2✏0
n+1. Under the

smooth map Hn, the image of each square has diameter at most diam(Un+1,j) 
2
p
2✏0

n+1kDHnk1. The number of such covering squares required to cover En+1 is
at most 4sn+1qn+1

✏
0
n+1

. Consequently, the total contribution to the s-dimensional Haus-
dorff measure from the image Hn(En+1) is bounded above by

P
j
diam(Un+1,j)s 

16sn+1qn+1(✏0n+1)
s�1kDHnks1.

Continuing in this manner and combining all contributions from the sets Hj�1(Ej),
we obtain an upper bound on the total Hausdorff s-measure of the union:

Hs

 
[

n�m

Hn�1(En)

!

X

n�m

16snqnkDHn�1ks1(✏0n)s�1
.

With specific choice ✏0
n
:=

⇣
1

snqnkDHn�1k212n

⌘2n

< 1. There exists a sufficiently large
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integer n such that 1
2n  s�1 and consequently, we obtain the inequality (✏0

n
)s�1 

(✏0
n
)1/2

n

. Using this estimate, the total Hausdorff s-measure becomes

Hs

 
[

n�m

Hn�1(En)

!

X

n�m

16snqnkDHn�1ks1(✏0n)1/2
n

.


X

n�m

16snqnkDHn�1ks1 ·
1

snqnkDHn�1k212n

X

n�m

16

2n
< 1.

Hence, by equation 4.13, we conclude that the Hausdorff s-measure of the error
set Hs(E) is finite, which implies that dimH(E)  s.

4.5 The set of generic and non-generic points

Proof of Theorem 1.3. Let us fix a countable set of Lipshitz functions denoted by
 = { i}i2N, which is dense in C

0(T2
,R). Let Ln to be a uniform Lipshitz con-

stant for  1, . . . , n. Choose qn+1 = lnknsnqn large enough by choosing ln enuogh
arbitrary large such that it satisfies:

ln > n
2 · ||DHn�1||n�1 · max

0in

Ln. (4.14)

The latter assumption guarantees the convergence of sequences of diffeomorphism
{Tn} and implies that  1Hn�1, 2Hn�1, ..., nHn�1 are (

p
2

qn
,

1
n2 )-uniformly contin-

uous.
Claim 1: For any fixed s 2 (1, 2), we choose m = 1

s�1 � 1, and the set B =

lim inf
n!1

Hn(Gn\F
(1)
h,n

) consists of generic points where Gn defined by (4.1) and F
(1)
h,n

by (4.8).
Let y 2 B, i.e. y 2 Hn(Gn \ F

(1)
h,n

) 8 n except for finitely many n. Say, xn =

H
�1
n

(y) 2 Gn \ F
(1)
h,n

. Apply Propostition 4.4 with " = 1
n2 , 1  k  n, and for

xn 2 Gn \ F
(1)
h,n

(see (4.1)),

�����
1

qn+1

qn+1�1X

i=0

 k(HnS
i

↵n+1
xn)�

Z

T2

 kHndµ

����� <
2

n2
|| k||0 +

4

n2
.
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Using the fact that Hn is an area-preserving smooth diffeomorphism and Hn(xn) =

y with the convergence estimate (4.6) in the last equation, we find that for every
 k 2  ,

�����
1

qn+1

qn+1�1X

i=0

 k(T
i
y)�

Z

T2

 kdµ

����� <
2

n2
|| k||0 +

4

n2
+

1

2n+1
.

Following the argument in Claim 1 of the proof of Theorem 1.1, the triangle in-
equality, together with the subsequent averaging criterion that allows us to transfer
the limit over the sequence {qn+1} to a limit over all N 2 N, ensures that the point
y is generic for the measure µ in the sense of Definition 2.2. That is, for every test
function  k 2 C

1(T2), we have

lim
N!1

1

N

N�1X

i=0

 k(T
i
y) =

Z

T2

 k dµ.

Claim 2: The set of generic points is non-empty and has Hausdorff dimension at

most s.

Note that the point (0, 12) is a generic point. Therefore, (0, 12) 2 B 6= ;. It is suffi-
cient to show that the set B satisfies dimH(B)  s, and that the horizontal error
set-a small exceptional set-satisfies dimH

⇣
lim sup

n!1 Hn(E
(1)
h,n

)
⌘
 s. The dimen-

sion estimates for both of these sets are established in Proposition 4.7. Hence, the
claim follows.
Claim 3: Every point inside the set NB = lim sup

n!1
Hn(NGn\F (1)

h,n
) is a non-generic

point.

It is enough to show that for each y 2 NB, there exists a �0 > 0 and  2 C(T2
,R)

such that
����� limN!1

1

N

N�1X

i=0

 (T i(y))�
Z

T2

 dµ

����� � �
0
.

For any point y 2 NB, there exists an increasing sequence {nj}j2N ⇢ N such that
y 2 Hnj

(NGnj
\ F

(1)
h,nj

) for all j. Define xnj
:= H

�1
nj

(y), so that xnj
2 NGnj

\ F
(1)
h,nj

.



67

By the construction of NGnj
\ F

(1)
h,nj

, it follows that there exists a fixed k 2 {0, 1}
such that xnj

2
S

snqn�1
i1=0 J n,k

i1
\ F

(1)
h,nj

⇢ NGnj
\ F

(1)
h,nj

. Moreover, for fixed k = 0

or k = 1, the family of intervals
S

snqn�1
i1=0 J n,k

i1
lies entirely within either D1 or D2.

Without loss of generality, we may assume that
S

snqn�1
i1=0 J n,k

i1
⇢ D1.

Now, for any x 2 NGn \ F
(1)
h,nj

\D1, define the set of iterates:

J
(n)
N

(x) :=
�
i 2 {0, 1, . . . , N � 1} : h1 � h2 � · · · � hn(S

i

↵n+1
x) 2 D1

 
.

This set represents the indices for which the orbit remains inside D1 and further,
applying Proposition 4.5, we have the following estimate as:

|J (n)
N

(x)| �
✓
1� 1

e3
2

◆ 
n�1Y

j=2

✓
1� (1� 2�j,m) · �j�1,m � 1

e3
j
� 1

e3
(j�1)

◆!

✓
1� 2

n2

◆✓
1� �n,m � 1

2 · e3(n�1)

◆
N.

As n ! 1, we have |J(n)
N

(x)|
N

� 0.6.

Further, consider a continuous function  : T2 ! R satisfying the following as:

 (x) =

8
<

:
1, x 2 D1

0, x 2 D2
,

(4.15)

and where
R
T2  dµ = 1

2 . Since T
i

nj
(y) = Hnj

� Si

↵nj+1
(xnj

) 2 D1 for all i 2 J
(nj)
N

(x),
it follows that  (T i

nj
(y)) = 1 for all such i. From Proposition 4.5, there exists a

k
0 2 N such that for all nj � k

0, the following holds as:

����� limN!1

1

N

N�1X

i=0

 (T i

nj
(y))�

Z

T2

 dµ

����� =

�������
lim

N!1

1

N

X

i2J
(nj)

N
(x)

 (T i

nj
(y))�

Z

T2

 dµ

�������

� |0.6� 0.5| := �.

With the convergence estimate from Lemma 4.6, we have | (T i

nj
)�  (T i)|  k k0

2nj

for all i 2 N, and large enough nj 2 N. Combining this with the above estimate,
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we obtain
����� limN!1

1

N

N�1X

i=0

 (T i(y))�
Z

T2

 dµ

����� � � � k k0
2nj

= �
0
.

This implies that y is a non-generic point. Since the argument holds for any
y 2 NB therefore every point in NB is a non-generic point.



5
The Set of Generic Points with

Non-Trivial Hausdorff Lower Bound

5.1 Introduction

In this chapter, we delve into the analysis of generic and non-generic points
within the smooth setting, aiming to establish bounds on the size of the sets
they form. Instead of quantifying the set of generic points using the Lebesgue
measure, we focus on determining bounds on their Hausdorff dimension, which
leads to more insightful and interesting results. We explore various examples of
measure-preserving smooth diffeomorphisms, each associated with a set containing
all the generic points with zero measure and exhibiting non-trivial bounds on their
Hausdorff dimension. To construct such sets and investigate their properties, we
employ the Approximation by Conjugation method. In targeting sets containing
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such points, we introduce fractal sets, particularly various types of Cantor sets,
into our explicit construction. We establish a highly explicit setup with distinct
targeted domains on the 2-Torus, each serving specific purposes, along with the ex-
plicit selection of conjugation maps. In particular, we provide proofs for Theorem
1.4 and 1.5.

5.2 Preliminaries

5.2.1 The middle third Cantor set

Consider the middle third Cantor set C ⇢ [0, 1], obtained by removing the open
middle third interval and then repeating the same process with each remaining
interval. After completing the n stage of removing middle intervals from [0, 1],
we have 2n closed intervals enumerated as I

n

l
, l = 0, 1, ..., 2n � 1 and have 2n�1

removed open interval denoted as J
n

l
, l = 0, 1, ..., 2n�1 � 1. Precisely, the interval

I
n

l
is of the form

⇥
3k
3n ,

3k+1
3n

⇤
or
⇥
3k+2
3n ,

3k+3
3n

⇤
, and interval Jn

l
of the form

�
3k+1
3n ,

3k+2
3n

�
,

for k = 0, 1, . . . , 3n�1 � 1. The explicit closed form of the Cantor set is defined as

C =
\

n�1

2n�1[

l=0

I
n

l
= [0, 1] \

1[

n=1

2n�1�1[

l=0

J
n

l
. (5.1)

5.2.2 The Cantor set associated with a sequence

For any sequence � = {�k}k2N such that
P
�k = K, there exists a Cantor set

C� associated with it, defined on the interval I0,� = [0, K] and also known as
generalised Cantor set. It is constructed in a similar way to the middle third
Cantor set and has the same topological and measure properties. Precisely, it is
a compact, perfect, totally disconnected subset of the real line and has measure
zero.

Let � = {�k}k2N be a sequence such that
P
�k = K. The set C� is obtained by

removing open intervals whose lengths correspond to the terms of the sequence �.
There is a unique way to choose these intervals such that the subsequent steps of
the construction can be carried out properly. This process generalizes the standard
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Cantor set construction, but it is specifically designed to yield a set of Lebesgue
measure zero. However, there also exist generalizations of the Cantor set with
positive Lebesgue measure.

In the first step, an open interval J1
0,� of length �1 is removed from I0,�, obtain-

ing two closed intervals I10,�, I11,�. In the second step, we remove an open interval of
length �2 and �3 from I

1
0,� and I

1
1,�, respectively. After k complete steps, we have

2k closed intervals denoted as {Ik
l,�
}2k�1
l=0 and 2k�1 removed open intervals denoted

as {Jk

l,�
}2k�1�1
l=0 of length equal to the previously used terms of the sequence. And

continue in this way, removing an open interval Jk+1
l,�

of length �2k+l from interval
I
k

l,�
we have I

k+1
2l,� and I

k+1
2l+1,�. Since

P
k
�k = K, the location of each interval Jk

l,�

to be removed is determined uniquely, and the Cantor set C� is well defined as

C� =
\

n�1

2n�1[

l=0

I
n

l,�
= [0, K] \

1[

n=1

2n�1�1[

l=0

J
n

l,�
. (5.2)

There is a unique way of choosing this such that the subsequent steps of the con-
struction can be carried out. This is a generalization of the standard construction
but one constructed to give Lebesgue measure 0. There are generalization of the
Cantor set with positive Lebesgue measure.

Remark 5.1. Since the length of the interval I0,� equals the sum of the lengths of
all the intervals removed in the construction, there is a unique way of doing this
construction. The length of each of the remaining intervals at step k should be
exactly the sum of the lengths of all the gaps that will be removed from it later in
the construction. So, the two remaining intervals of step 1 will have lengths:

|I10,�| =
1X

n=1

2n�1�1X

j=0

�2n+j, |I11,�| =
1X

n=1

2n�1X

j=2n�1

�2n+j.

In particular, for any k 2 N and l = 0, 1, ..., 2k � 1, we have

|Ik
l,�
| =

1X

n=k

(l+1)2n�1�1X

j=l2n�k

�2n+j.
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Remark 5.2. Clearly, given a sequence
P

k2N �k = K can be normalize to get
�
0 = {�0

k
} = {�k

K
} so that

P
k2N �

0
k
= 1 and we get C�0 ⇢ [0, 1].

Remark 5.3. In the subsequent sections we will consider
P1

k=1
1
kp
, which is finite

for p > 1. Normalizing as above we get a sequence

�(p) =

⇢
1

⇣(p)kp

�
,

where ⇣(p) =
P1

k=1
1
kp
. It can be shown that its Hausdorff dimension is

0 < dimH(C�(p)) =
1

p
< 1, (5.3)

as described in more detail in [10]. In our explicit construction, we choose p =
1

��1 > 1 for 1 < � < 2.

5.3 Outline of the proof

To prove Theorem 1.4 and Theorem 1.5, we construct a T 2 Diff1(T2
, µ) using

the approximation by conjugation method, as discussed in Chapter 3. However,
we will modify the combinatorics in the setup to achieve the desired result. We
introduce two parts within T2, Gn and NGn, specifically designed to achieve the
two dynamic properties explicitly, along with explicitly chosen conjugation maps
hn at each induction step. We define the combinatorics such that the limiting
set B consists of all the generic points of the system, and the limiting set NB

contains all the non-generic points, as outlined in Section 5.4 utilizing the explicit
conjugation maps hn and partial partitions Gn and NGn. Finally, the convergence
of the scheme in the smooth topology is achieved under very precise norm estimates
in Section 5.5.
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5.4 Construction of the Generic sets

5.4.1 Explicit set-up

Consider the following collection of disjoint subsets of T2 : T2 = (Gn [NGn) such
that

Gn = T1 ⇥
2n�1[

l=0

I
n

l
and NGn = T1 ⇥

n�1[

k=0

2k�1�1[

l=0

J
k

l
, (5.4)

where I
n

l
and J

n

l
are intervals of [0, 1] as defined in section 5.2.1. We split the

interval J1
0 into two halves as J

1
0 = Ĵ

1
0 [ Ĵ

1
1 , where Ĵ

1
0 =

�
1
3 ,

1
2

�
and Ĵ

1
1 =

�
1
2 ,

2
3

�
.

Analogous to the construction in the previous Chapter 4, we define a smooth
conjugation map �̄n supported on the set Gn, acting within the strip In

l
:= T1⇥I

n

l
.

This map redistributes the strip vertically across the torus in a periodic manner,
producing generic points whose orbits become uniformly distributed with respect
to the Lebesgue measure. However, since the strip width 1

3n ! 0 as n ! 1, the
total Lebesgue measure of this set vanishes.

On the complementary set NGn, the map �̄n acts on regions J k

l
:= T1 ⇥ J

k

l
,

spreading them into vertical bands supported within the intervals T1 ⇥
�
t

2 ,
t+1
2

�
,

for t = 0 or 1. As a result, points in NGn exhibit non-generic behavior, since their
orbits fail to equidistribute on T2.

Furthermore, we present the following partition of T2 for any sequence of natu-
ral numbers {qn}n2N and {sn}n2N, with the condition that each sn > qn, as outlined
below:

Gn :=

⇢
In

i1,i2
=


i1

snqn
,
i1 + 1

snqn

◆
⇥ I

n

i2
: 0  i1 < snqn, 0  i2 < 2n

�
;

NGn :=

8
<

:
J n,k

i1,i2
=
h

i1
snqn

,
i1+1
snqn

⌘
⇥ J

k

i2
: 2  k  n, 0  i2 < 2n�1;

J n,1
i1,i

0
2
=
h

i1
snqn

,
i1+1
snqn

⌘
⇥ Ĵ

1
i
0
2
: 0  i1 < snqn, i

0
2 = 0, 1

9
=

; ;

Vn :=

8
<

:
Vn

i1,i2,i3
=
h
i1
qn

+ i2
3nqn

,
i1
qn

+ i2+1
3nqn

⌘
⇥
h
i3
sn
,
i3+1
sn

⌘
: 0  i1 < qn,

0  i2 < 2n, 0  i3 < sn

9
=

; ;
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Wn :=

8
>>><

>>>:

Wn,k

i1,i2
=
h
i1
qn

+ 2k

3kqn
+ 2i2

3kqn
,
i1
qn

+ 2k

3kqn
+ 2(i2+1)

3kqn

⌘
⇥
h

t

2sn
,
t+1
2sn

⌘
:

0  i1 < qn, 2  k  n, 0  i2 < 2k�1
, t =

8
<

:
0, if 0  i2  2k�2 � 1

1, if 2k�2  i2 < 2k�1
.

9
>>>=

>>>;

W1
n
:=

8
<

:
Wn,1

i1,i
0
2
=
h
i1
qn

+ 2
3qn

,
i1+1
qn

⌘
⇥
h
1
2 +

i
0
2

2sn
,
1
2 +

i
0
2+1
2sn

⌘
: 0  i1 < qn,

0  i
0
2 < sn.

9
=

; .

5.4.2 The conjugation map hn

Now we define the following permutation maps e�n : T2 �! T2 of the above
partition Gn [ NGn which maps to the elements of partition Vn [ Wn [ W1

n

1.
Consider the map e�n :

h
i

qn
,
i+1
qn

⌘
⇥ T1 �!

h
i

qn
,
i+1
qn

⌘
⇥ T1 as following and extend

it to the whole T2 as 1
qn

-equivariantly.

e�n(In

i1,i2
) = Vn

j1,j2,j3
where j1 =

�
i1

sn

⌫
, j2 = i2, j3 = i1 mod sn, (5.5)

e�n(J n,k

i
0
1,i

0
2
) = Wn,k

j
0
1,j

0
2

where j
0
1 =

�
i
0
1

sn

⌫
,

j
0
2 =

8
>>><

>>>:

i
0
2.sn + i

0
1 mod sn for 2  k  n

i
0
1 mod sn for k = 1 & i

0
2 = 0

sn + i
0
1 mod sn for k = 1 & i

0
2 = 1.

(5.6)

The map e�n effectively rearranges elements of equal size on T2, and its visual-
ization can be further understood by observing the corresponding rectangles, as
shown below: For the case n = 1,

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥
✓
1

3
,
1

2

◆◆
=


i

qn
+

2

3qn
,
i

qn
+

2

3qn
+

1

3qn

◆
⇥
✓
0,

1

2

◆
;

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥
✓
1

2
,
2

3

◆◆
=


i

qn
+

2

3qn
,
i

qn
+

2

3qn
+

1

3qn

◆
⇥
✓
1

2
, 1

◆
.

1
We refer to the map �̃n as a permutation map because it rearranges the elements of the

partition.
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Figure 5.1: An example of action e�n on the elements of Gn [NGn for n = 2.

For the case n � 2,

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥ I

n

l

◆
=


i

qn
+

l

3nqn
,
i

qn
+

l + 1

3nqn

◆
⇥ T1

, 0  l  2n � 1;

e�n

✓
i

qn
,
i+ 1

qn

◆
⇥ J

k

l

◆
=


i

qn
+

2k

3kqn
+

2l

3kqn
,
i

qn
+

2k

3kqn
+

2k

3kqn
+

2(l + 1)

3kqn

◆

⇥
✓
t

2
,
t+ 1

2

◆
, 8 2  k  n, t =

8
<

:
0, if 0  l  2k�2 � 1

1, if 2k�2  l  2k�1
.

Here we define our final conjugation diffeomorphism as

hn = �
n
, (5.7)

where, �
n

denotes the smooth approximation of the map e�n on T2. Note that, by
construction, the map hn satisfies the commutation relation hn � S↵n

= S↵n
� hn.
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5.5 Convergence and Estimates

To exclude the region where we don’t have control over the combinatorics, we
consider a subset En = [3

i=1E
(i)
v,n [2

j=1 E
(j)
h,n

of T2 defined as:

E
(1)
v,n

=
snqn�1[

i1=0

✓
i1

snqn
,

i1

snqn
+ ✏n

◆
⇥ T1;

E
(2)
v,n

=
qn�1[

i1=0

2n�1[

i2=0

✓
i1

qn
+

i2

3nqn
,
i1

qn
+

i2

3nqn
+ ✏n

◆
⇥ T1;

E
(3)
v,n

=
qn�1[

i1=0

2n�1�1[

i2=0

✓
i1

qn
+

2n

3nqn
+

2i2
3nqn

,
i1

qn
+

2n

3nqn
+

2i2
3nqn

+ ✏n

◆
⇥ T1;

E
(1)
h,n

=
3n�1�1[

k=0

T1 ⇥
✓✓

3k + 1

3n
,
3k + 1

3n
+ ✏n

◆[✓
3k + 2

3n
� ✏n,

3k + 2

3n

◆◆
(5.8)

[
T1 ⇥

✓✓
1

2
,
1

2
+ ✏n

◆[✓
2

3
� ✏n,

2

3

◆◆
;

E
(2)
h,n

=
2sn�1[

i2=0

T1 ⇥
✓

i2

2sn
,
i2

2sn
+ ✏n

◆
.

We choose ✏n 
⇣

1
3ne3nsnq3nkDHn�1k21

⌘2n

, so that the measure of the exceptional set
satisfies µ(En) = 10snqn✏n <

1
e3

n . We define the complementary sets

Fn := T2 \ En and F
(1)
h,n

:= T2 \ E(1)
h,n

, (5.9)

such that Fn ✓ F
(1)
h,n

, and the measure of Fn satisfies µ(Fn) > 1� 1
e3

n . To analyze
the distribution of generic and non-generic points, we now introduce the following
families of subsets of the torus. These will be referred to as the “trapping generic
zones” and “trapping non-generic zones,” respectively. For each i1 = 0, . . . , qnsn�1,
we define

Yn,k

i1,i2
:= J n,k

i1
\ Fn, k = 0, 1. (5.10)

Remark 5.4. Recall that the image of In

i1,i2
, under the conjugation map hn,

contained inside Vn

b i1
sn

c,i2,i1 mod sn

and conversely, Vn

i1,i2,i3
is uniquely mapped onto
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In

i1.sn+i3,i2
. Thus, the number of iterates k 2 {0, 1, . . . , qn+1 � 1} such that hn �

S
k

↵n+1
(x) 2 Vi1,i2,i3 for x 2 T1 ⇥ I

n

t1
is at least

�
1� 2

n2

�
qn+1

snqn
.

Remark 5.5. Note that under the action of hn, every element from NGn trans-
forms as follows (for i2 = 0, 1, . . . , 2n�1 � 1):

hn

 
snqn�1[

i1=0

Yn,k

i1,i2

!
=

snqn�1[

i1=0

�
n
(J n,k

i1,i2
\ Fn) ✓ T1 ⇥


t

2
,
t+ 1

2

◆
, 2  k  n,

t =

8
<

:
0, for 0  i2  2k�2 � 1

1, for 2k�2  i2  2k�1 � 1.

hn

 
snqn�1[

i1=0

Yn,1
i1,t

!
=

snqn�1[

i1=0

�
n
(J n,1

i1,t
\ Fn) ✓ T1 ⇥


t

2
,
t+ 1

2

◆
, t = 0, 1.

5.5.1 Generic points estimates

Proposition 5.6. For " > 0, consider a (
p
2

qn
, ")-uniformly continuous function

 : T2 �! R, i.e.  (Bp
2

qn

(x)) ⇢ B"( (x)). Then, for any x 2 Gn, we have the

following estimate:

�����
1

qn+1

qn+1�1X

i=0

 (hn � Si

↵n+1
(x))�

Z

T2

 dµ

�����  4"+
2

n2
k k0. (5.11)

Proof. For any x 2 Gn and �n

i1,i2
2 �n

i,j
(see (3.20)). Precisely, x 2 T1 ⇥ I

n

l
for

some l. Since the orbit of x under the S
k

↵n+1
is almost trapped by the domains

{In

t1,t2
}, therefore there exists a i0 2 N such that S

i0
↵n+1

(x) 2 In

i1.sn+i2,l
. With the

action of hn and Remark 5.4, we have hn � S
io
↵n+1

(x) 2 Vn

i1,l,i2
⇢ �n

i1,i2
. Therefore

for any y 2 �n

i,j
, we conclude

d(hn � Sio

↵n+1
(x), y)  diam(hn � Sio

↵n+1
(x), y) 

p
2/qn.

Now using the hypothesis on  , we have | (hn � Sio
↵n+1

(x))�  (y)| < 2". Take the
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average for all y 2 �n

i,j
in the last equation, we get

| (hn � Sio

↵n+1
(x))� 1

µ(�n

i,j
)

Z

�n

i,j

 (y)dµ| < 2".

Let us denote J� = {k 2 0, 1, . . . , qn+1 � 1 : hn � Sk

↵n+1
(x) 2 �} for all � 2 Dn,

where Dn defined by (3.20). Using the count estimate described in Remark 5.4
and triangle inequality in the last equation, we have

�����
1

qn+1

X

i2J�

 (hn � Si

↵n+1
(x))�

Z

�n

i,j

 dµ

����� < (4"+
2

n2
k k0)µ(�n

i,j
).

Further, we follow the analogous estimation as done in Proposition 3.20, and we
have the estimate (5.11) as required.

5.5.2 Non-Generic points estimates

We begin by partitioning the torus T2 into two regions:

D1 := T1 ⇥
⇥
0, 12

�
, D2 := T1 ⇥

⇥
1
2 , 1

�
.

Our goal is to study how often the composition Hn := h1 � h2 � · · · � hn, evaluated
along the orbit S

i

↵n+1
(x), lands in the region D1.

Proposition 5.7. For any x 2 NGn\F
(1)
h,n

\D1
and N � qn+1, where F

(1)
h,n

defined

by equation (5.9). We define J
(n)
N

(x) ⇢ {0, 1, . . . , N � 1} as

J
(n)
N

(x) :=
�
i 2 {0, 1, . . . , N � 1} : h1 � h2 � · · · � hn(S

i

↵n+1
x) 2 D1

 
.

Then, the following lower bound holds:

|J (n)
N

(x)| �
✓
1� 1

e3
2

◆ 
n�1Y

j=2

✓
1�

✓
1� 2j

3j

◆
2j�2

3j�1
� 1

e3
j
� 1

e3
(j�1)

◆!

✓
1� 2

n2

◆✓
1� 2n�1

3n
� 1

2 · e3(n�1)

◆
N.
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Moreover, for all sufficiently large n, there exists a constant c > 0.6 such that

|J (n)
N

(x)| � cN.

Proof. The proof follows the same structure as in Proposition 4.5. To estimate a
lower bound for |J (n)

N
(x)|, we define a sequence of nested subsets Aj ⇢ {0, 1, . . . , N�

1} and corresponding proportions ↵j, as described in that proposition.
At level j = n, consider any point x 2 NGn \ F

(1)
h,n

\ D1. Since NGn =
S

n�1
k=0

S2k�1�1
l=0 J k

l
, it follows that x 2 J k

l
\ D1 for some l, k. Define Yk

l
:= J k

l
\

Fn \D1
. By Remark 5.5, the orbit {Si(x)}N�1

i=0 visits Yk

l
at least

�
1� 2

n2

�
N times.

Since hn(Yk

l
) ⇢ D1, the image orbit

�
hn(Si

↵n+1
(x))

 N�1

i=0
spends a proportion of at

least ↵n �
�
1� 2

n2

� ⇣
1� 2n�1

3n � 1
2e3n�1

⌘
in the set NGn�1 \ Fn�1 \D1.

Analogously, for any 2  j  n� 1, consider the set Aj+1. For each i 2 Aj+1,
we have hj � hj+1 � · · · � hn(Si

↵n+1
x) 2 [qj�1

i=0

h
i

qj
+ 2j

3jqj
,

i+1
qj

i
⇥
�
0, 12

�
. Further-

more, if hj � hj+1 � · · · � hn(Si

↵n+1
x) 2 NGj�1 \ Fj�1 \ D1

, then it follows that
i 2 Aj. To estimate the fraction of such indices, observe that the image set
�
hj � hj+1 � · · · � hn(Si

↵n+1
x)
 
i2Aj+1

is contained in the union of 1
qj

-fundamental
domains at stage j, each of which intersects either D1 \NGj�1 or D1 \Gj�1. The
proportion of points falling into the “bad” region D1\Gj�1 is at most

⇣
1� 2j

3j

⌘
· 2j�2

3j�1 .

Additionally, we account for the error sets from stages j and j � 1, which con-
tribute at most 1

e3
j�1 and 1

e3
j , respectively, to the total error proportion. There-

fore, after removing these contributions, the proportion of points in the orbit set
�
hj � hj+1 � · · · � hn(Si

↵n+1
x)
 
i2Aj+1

that lie in the set NGj�1\Fj�1\D1 is at least

↵j � 1�
✓
1� 2j

3j

◆
· 2

j�2

3j�1
� 1

e3
j�1 � 1

e3
j
.

At level j = 1, for each i 2 A2, the image h2� · · ·�hn(Si

↵n+1
x) lies in NG1\F1\D1,

except for a negligible contribution from E2. Thus, ↵1 �
⇣
1� 1

e3
2

⌘
. Combining

all levels, we obtain:

|J (n)
N

(x)| �
✓
1� 1

e3
2

◆ 
n�1Y

j=2

✓
1�

✓
1� 2j

3j

◆
2j�2

3j�1
� 1

e3
j
� 1

e3
j�1

◆!
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·
✓
1� 2

n2

◆✓
1� 2n�1

3n
� 1

2e3n�1

◆
N.

For sufficiently large n, each factor is close to 1, and the product is bounded
below by 0.6, yielding: |J (n)

N
(x)| � 0.6N. A detailed derivation of this estimate is

provided in Proposition 4.5.

Lemma 5.8. The sequence of diffeomorphisms Tn = Hn � S↵n+1 �H�1
n

, such that

Hn = h1 � h2 . . . � hn and hn defined by (5.7) and ↵n+1 converges to a Liouvillian

number, converges to T 2 Diff1(T2
, µ) in the C

1
topology. Moreover, for any

m  qn+1, we have

d0(T
m
, T

m

n
)  1

2n+1
. (5.12)

5.6 The set of generic and non-generic points

Proof of Theorem 1.4. Let us fix a countable set of Lipshitz functions denoted by
 = { i}i2N, which is dense in C

0(T2
,R). Let Ln to be a uniform Lipshitz constant

for  1, . . . , n. Choose qn+1 = lnknq
2
n

large enough by choosing ln enuogh arbitrary
large such that it satisfies:

ln > n
2 · ||DHn�1||n�1 · max

0in

Ln. (5.13)

The latter assumption guarantees the convergence of sequences of diffeomorphism
{Tn} and implies that  1Hn�1, 2Hn�1, ..., nHn�1 are (

p
2

qn
,

1
n2 )-uniformly contin-

uous.
Claim 1: Every point inside the set B = lim inf

n!1
Bn is a generic point, where

Bn = Hn(Gn).

Let y 2 B, i.e. y 2 Bn 8n except for finitely many n. Say, xn = H
�1
n

(y) 2 Gn.

Apply Propostition 5.6 with " = 1
n2 , 1  k  n, and for xn 2 Gn (see (5.4)),

�����
1

qn+1

qn+1�1X

i=0

 k(HnS
i

↵n+1
xn)�

Z

T2

 kHndµ

����� <
2

n2
|| k||0 +

4

n2
.
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Using the fact that Hn is an area-preserving smooth diffeomorphism and Hn(xn) =

y with the convergence estimate (5.12) in the last equation, we find that for every
 k 2  ,

�����
1

qn+1

qn+1�1X

i=0

 k(T
i
y)�

Z

T2

 kdµ

����� <
2

n2
|| k||0 +

4

n2
+

1

2n+1
.

Following the steps of Claim 1 in the proof of Theorem 1.1, the triangle inequality
together with the subsequent criterion taking the average qn+1 to N , which ensures
that y is a generic point for µ in the sense of Definition 2.2, such that

lim
N�!1

1

N

N�1X

i=0

 k(T
i
y) �!

Z

T2

 kdµ.

Since y 2 B was chosen arbitrarily, therefore every point y 2 B is a generic point.
Claim 2: The set of generic points has Hausdorff dimension at least dimH(C) =
log 2
log 3 .

By construction, the map Hn acts as the identity near the boundary of T2, which
implies that the set {0}⇥ C ✓ B. Therefore, we obtain the estimate dimH(C) 
dimH(B). Furthermore, a computation similar to the one carried out in Proposi-

tion 4.7 shows that dimH

✓
lim sup
n!1

Hn(E
(1)
h,n

)

◆
� log 2

log 3 , which completes the proof

of the claim.
Claim 3: Every point inside the set NB = lim sup

n!1
Hn(NGn\F (1)

h,n
) is a non-generic

point.

It is enough to show that for each y 2 NB, there exists a �0 > 0 and  2 C(T2
,R)

such that
����� limN!1

1

N

N�1X

i=0

 (T i(y))�
Z

T2

 dµ

����� � �
0
.

For any y 2 NB, there exists an increasing sequence {nj}j2N ⇢ N such that
y 2 Hnj

(NGnj
\ F

(1)
h,nj

). Define xnj
= H

�1
nj

(y). Since xnj
2 NGnj

\ F
(1)
h,nj

, it
follows that there exist l, k 2 N such that xnj

2 J k

l
\ F

(1)
h,nj

⇢ NGnj
\ F

(1)
h,nj

(since
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NG =
F

k
NGk =

F
k

F
l
J k

l
). The sets J k

l
either lie in D1 or D2; assume without

loss of generality that J k

l
⇢ D1.

Now, for any x 2 NGn \ F
(1)
h,n

\D1, define the set of iterates:

J
(n)
N

(x) :=
�
i 2 {0, 1, . . . , N � 1} : h1 � h2 � · · · � hn(S

i

↵n+1
x) 2 D1

 
.

This set represents the indices for which the orbit remains inside D1 and further,
applying Proposition 5.7, we have the following estimate as:

|J (n)
N

(x)| �
✓
1� 1

e3
2

◆ 
n�1Y

j=2

✓
1�

✓
1� 2j

3j

◆
2j�2

3j�1
� 1

e3
j
� 1

e3
(j�1)

◆!

✓
1� 2

n2

◆✓
1� 2n�1

3n
� 1

2 · e3(n�1)

◆
N.

As n ! 1, we have |J(n)
N

(x)|
N

� 0.6.

Further, consider a continuous function  : T2 ! R satisfying the following as:

 (x) =

8
<

:
1, x 2 D1

0, x 2 D2
,

(5.14)

and where
R
T2  dµ = 1

2 . Since T
i

nj
(y) = Hnj

� Si

↵nj+1
(xnj

) 2 D1 for all i 2 J
(nj)
N

(x),
it follows that  (T i

nj
(y)) = 1 for all such i. From Proposition 5.7, there exists a

k
0 2 N such that for all nj � k

0, the following holds as:

����� limN!1

1

N

N�1X

i=0

 (T i

nj
(y))�

Z

T2

 dµ

����� =

�������
lim

N!1

1

N

X

i2J
(nj)

N
(x)

 (T i

nj
(y))�

Z

T2

 dµ

�������

� |0.6� 0.5| := �.

With the convergence estimate from Lemma 5.8, we have | (T i

nj
)�  (T i)|  k k0

2nj

for all i 2 N, and large enough nj 2 N. Combining this with the above estimate,
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we obtain
����� limN!1

1

N

N�1X

i=0

 (T i(y))�
Z

T2

 dµ

����� � � � k k0
2nj

= �
0
.

This implies that y is a non-generic point. Since the argument holds for any
y 2 NB therefore every point in NB is a non-generic point.

5.6.1 Proof of Theorem 1.5

Here, we construct a couple of sets containing all the generic points for the inter-
esting values of their Hausdorff dimension. The sets can be constructed in a similar
manner to the set G constructed in the last subsection (see (5.4)). Therefore we
will only mention the respective changes that need to be made.
For any 1 < � < 2, and consider a Cantor set C� associated with the sequence
� = {�k}k2N, where �k = 1

c0
( 1
k
)

1
��1 , the constant c0 =

P
k2N �k, explained in sec-

tion 5.2.2. At first, just replace the Cantor set C with C�, Inl with I
n

l,�
, and J

n

l
with

J
n

l,�
in equation (5.4) and subsection (5.4.2) to get following collection of disjoint

subsets of T2 : T2 = (Gn,� [ NGn,�) where

Gn,� = T1 ⇥
2n�1[

l=0

I
n

l,�
and NGn,� = T1 ⇥

n�1[

k=0

2k�1�1[

l=0

J
k

l,�
, (5.15)

where I
n

l,�
and J

n

l,�
are intervals of [0, 1] as defined in section 5.2.2. We split the

interval J1
0,� into two halves as J

1
0,� = Ĵ

1
0,� [ Ĵ

1
1,�.

Consider the following permutation map e�n,� : T2 �! T2, which follows the same
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combinatorics as e�n from section 5.4.1,

e�n,�

✓
i

qn
,
i+ 1

qn

◆
⇥ I

n

l,�

◆
=

"
i

qn
+

l�1X

k=0

|In
k,�

|
qn

,
i

qn
+

lX

k=0

|In
k,�

|
qn

!
⇥ T1

, 0  l < 2n

e�n,�

✓
i

qn
,
i+ 1

qn

◆
⇥ J

k

l,�

◆
=


i

qn
+

2k�1X

l=0

|Ik
l,�
|

qn
+

l�1X

j=0

2|Jk

j,�
|

qn
,
i

qn
+

2k�1X

l=0

|Ik
l,�
|

qn

+
lX

j=0

2|Jk

j,�
|

qn

◆
⇥
✓
t

2
,
t+ 1

2

◆
, 0  l < 2k�1

, 2  k  n,

where t =

8
<

:
0, if 0  l  2k�2 � 1

1, if 2k�2  l  2k�1
.

The action of e�n,� on the interval J1
0,� =

Ĵ
1
0,� [ Ĵ

1
1,� as

e�n,�

✓
i

qn
,
i+ 1

qn

◆
⇥ Ĵ

1
l,�

◆
=

"
i

qn
+

1X

l=0

|I1
l,�
|

qn
,
i

qn
+

1X

l=0

|I1
l,�
|

qn
+

2|Ĵ1
l,�
|

qn

!

⇥
✓
l

2
,
l + 1

2

◆
, 8 l = 0, 1.

Then the final conjugation map hn : T2 �! T2 can be described as

hn = �
n,�

,

where �
n,�

is a smooth approximation of the map e�n,�.

In the same spirit as the construction in Subsection 5.5, we introduce an error set
En,� ⇢ T2 to designate regions where we lack sufficient control over the combina-
torics. These regions are excluded from the construction to maintain the desired
structural properties. Let each interval Jn

l,�
⇢ T1 be denoted by its endpoints as

J
n

l,�
= (an

l,�
, b

n

l,�
). In particular, we define the horizontal error set Eh,n,� ⇢ En,� by

Eh,n,� =
2n�1�1[

l=0

T1 ⇥
�
(an

l,�
, a

n

l,�
+ ✏n) [ (bn

l,�
� ✏n, b

n

l,�
)
�
,
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which removes narrow horizontal strips of width ✏n near the endpoints of each
interval Jn

l,�
. The parameter ✏n is chosen appropriately to ensure that the total

measure of the error set satisfies the decay condition µ(En,�) <
1

e3
n . We denote the

corresponding good sets by

Fn,� = T2 \ En,� and F
(1)
n,�

= T2 \ Eh,n,�,

which satisfy µ(Fn,�) > 1� 1
e3

n .
Analogously, we consider the specific domains as defined in equation (5.10). The
following result is derived in the spirit of Lemma 5.8 and Proposition 5.6.

Proposition 5.9. For " > 0, consider a (
p
2

qn
, ")-uniformly continuous function

 : T2 �! R, i.e.  (Bp
2

qn

(x)) ⇢ B"( (x)). Then, for any x 2 Gn,�, we have the

following estimate:

�����
1

qn+1

qn+1�1X

i=0

 (hn � Si

↵n+1
(x))�

Z

T2

 dµ

�����  4"+
2

n4
k k0. (5.16)

Proof of Theorem 1.5. The proof will follow on the same line as the proof of Theo-
rem 1.4. We start by choosing Ln to be uniform Lipshitz constant and qn+1 = lnq

2
n

where ln satisfying (5.13). Now it is enough to show that every point inside
B� = lim inf

n!1
Bn,� where Bn,� = Hn(Gn,�) is a generic point, and its Hausdorff

dimension is atleast ↵� 1. The latter fact is followed by using Proposition 5.9 as
done in Claim 2, and dimH(C�) = ↵� 1.
In our specific case, the similar relations as mentioned in Remark 5.5 are satisfied,
and which shows that every point inside the NB� = lim sup

n!1
Hn(NGn,� \ F

(1)
n,�

) is a

non-generic point. This completes the proof.
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6
Smooth Weak Mixing Projectivized

Derivative Extension

6.1 Introduction

In this chapter, we delve into the extreme ergodic properties of the projec-
tivized derivative extension, with a particular focus on weak mixing. We ex-
plore this example for smooth category using the Approximation by Conjugation
method. We examine the structure of a derivative extension map corresponding
to a smooth map over the projectivized tangent bundle and explicitly induce an
invariant smooth measure over it. We present an example of a derivative extension
map that exhibits weak mixing with respect to such measure. In contrast to the
approach in [35] and [33], we introduce a weak mixing criterion specifically tailored
for the projectivized derivative extension in the smooth category. To demonstrate
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the weak mixing property of the projectivized derivative extension, we provide a
suitable distribution of elements under the explicit choice of conjugation maps that
meet the requirements of the criterion. In particular, we prove Theorem 1.6.

6.2 Preliminaries

6.2.1 Projectivized derivative Extension

We refer to [29, section 2.1] for useful definitions and notations. Subsequently,
we introduce the concept of the invariant measure for the projectivized derivative
extension.

We consider the derivative extension of a smooth diffeomorphism, f : M ! M ,
as a transformation defined on the tangent bundle TM, and denoted as (f, df).
For any point p 2 M , we identify the tangent space TpM with R2 in the case
of a 2-dimensional manifold. Subsequently, we consider its projective space PR2,
which is diffeomorphic to the circle T1 and introduce the notation [a, b] ⇢ PR2 to
describe the allowed values for the spherical coordinate � 2 R/⇡Z. This results in
the formation of the projectivized tangent bundle denoted as PTM .

We consider the projectivized derivative extension of a diffeomorphism f :

M ! M on the projectivized tangent bundle PTM, denoted as (f, df) again by
abusing the notation. We employ the notation c ⇥ [a, b] ⇢ PTM, with c ⇢ M,

to represent the subset in PTM comprising base points x 2 c and corresponding
spherical coordinates � 2 [a, b].

6.2.1.1 Existence of invariant measure on the PTM :

The existence of an invariant measure is explored following the framework detailed
in [13, chapter 5.1]. Initially, we consider the cotangent bundle TM

⇤ along with
the projection maps ⇡1 : TM ! M and ⇡2 : TM

⇤ ! M . Subsequently, we
define the canonical 1-form ! on TM

⇤ by !|⌧ = ⇡
⇤
2⌧ , where !|⌧ denotes 1 form !

evaluated at ⌧ 2 TM
⇤. Additionally, the canonical 2-form ⌦ on TM

⇤ is defined as
⌦ = d!, exhibiting symplectic properties.



89

Let M be a Riemannian manifold, and V : M ! R be a function. We examine
the Lagrangian L : TM ! R given by L(⇣) = |⇣|2�V �⇡1(⇣), where |⇣| is calculated
using the Riemannian metric. Associated with this Lagrangian, we define a bundle
map FL : TM ! TM

⇤ defined by FL(⇣)(⌘) = d

dt
(L(⇣ + t⌘))|t=0 for p 2 M, and

⇣, ⌘ 2 TpM . Subsequently, we define ⇥ = F
⇤
L
⌦ and ⌫ = F

⇤
L
!.

In [13, Chapter 5.1], they examine the differential form ⌫ ^ ⇥ on the unit
tangent bundle SM , which is proven to be locally a product, up to a constant
multiple, of the Riemannian volume on M with the Lebesgue 1-form on the unit
tangent spheres of M with respect to the Riemannian metric. Particularly, for
any ⌫ ^ ⇥-integrable function g on SM , the “integration over the fibers", i.e.
R
SM

g⌫ ^ ⇥ = c
R
M
dVol(p)

R
SpM

g|SpM
dµp. Here, Vol represents the volume form

induced by the Riemannian metric, and µp is the standard Borel measure on the
tangent sphere SpM concerning the Riemannian metric.

Using a similar method, we derive an analogous formula for the invariant mea-
surable Riemannian metric !1 and for any integrable function on PTM . The
associated measure will be represented by µ̄. Additionally, the measure derived
from the measurable Riemannian metric !1 in our explicit construction corre-
sponds with the measure µ on M . Since !1 is invariant under f , it follows that µ̄
is invariant under (f, df).

6.3 Outline of the proof

In order to prove the Theorem 1.6, we utilize the Approximation by Conjuga-
tion method as outlined in Chapter 2. Similar to the constructions in [29], we
introduce two sequences of partial partitions, ⌘n and ⇣n, for the torus, both con-
verging to point decompositions. The partition ⌘n will satisfy the requirements to
demonstrate the weak mixing property, and the other partition ⇣n consists of more
refined partition elements of ⌘n. The conjugation map hn acts as an isometry on
the partition elements of ⇣n, allowing the construction of an invariant measurable
Riemannian metric. Subsequently, the conjugation diffeomorphism hn = gn � �n

is formulated. Compared to [29] and [35], modifications are made to gn and �n
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to establish the weak-mixing property of the projectivized derivative extension.
Specifically, gn introduces shear in the ✓ direction, acting as an isometry in the
image �n’ of any partition element I 2 ⇣n. Meanwhile, �n acts as an isometry on
elements I 2 ⇣n and simultaneously arranges elements of ⌘n to meet weak mixing
criteria. The map �n is defined as in � �̃n in half of the fundamental domain of
the torus and as an identity on the other half. Here, �̃n acts as an isometry and
distributes the ⌘n partition elements as required. The map in is a composition of
translation and rotation in different sections of domains in ⇣n, similar to [35], with
a modified rotation domain according to our purpose, outlined in Section 6.4. The
convergence of the approximation by conjugation scheme in the smooth topology
and the existence of an invariant measure on PTM are proved in Sections 6.8 and
6.9, respectively.

Compared to [29], we introduce a weak mixing criterion for the projectivized
derivative extension, with a sequence of partial partition ⌘̂n for the space PTM
converges to point decomposition. This criterion is based upon the notion of
(�, �, "1, "2) distribution of the map (�n, d�n) = (�n, d�n) � (R↵n+1 , dR↵n+1)

mn �
(�n, d�n)�1 with a specific choice of sequence (mn)n 2 N. This criterion is based
on [29], but adapted for the derivative extension (�n, d�n) in Section 6.6. Finally,
the application of the following criterion is carried out in Section 6.10 and 6.11.

6.4 Smooth AbC scheme

In our approximation by conjugation scheme in the smooth category we will in-
ductively construct maps

fn = Hn �R↵n+1 �H�1
n

, where Hn = h1 � . . . � hn (6.1)

with conjugation maps of the form

hn = gn � �n, (6.2)
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where the area-preserving diffeomorphisms gn and �n commute with R↵n
and will

be explicitly constructed in Sections 6.4.1 and 6.7.2, respectively. We will choose
the sequence of rationals ↵n = pn

qn
converging to a prescribed Liouville number ↵ in

such a way that ↵n+1 is sufficiently close to ↵n in order to guarantee convergence
of the sequence (fn)n2N to a limit diffeomorphism. In our explicit inductive con-
struction process at step n, we have Hn�1 2 Diff1(T2

, µ) and ↵1,↵2, . . . ,↵n 2 T1.
Moreover, we are given some parameters kn 2 N and ln 2 N such that the following
properties hold:

(P1) The parameter kn � n
5 satisfies that for every subset Ŝ ⇢ PTM with

diam(Ŝ) < 3
kn

, we have

diam
⇣
(Hn�1, dHn�1)(Ŝ)

⌘
 1

n2
. (6.3)

(P2) The sequence (kn)n2N increases rapidly enough to guarantee

1X

u=n

1

k5
u

 1

4k4
n

for every n 2 N. (6.4)

(P3) The parameter qn is chosen to be large enough such that q
0.25
n

> 2kn. Note
that this is possible since the parameter kn is independent of qn and depends
only on the conjugation map Hn�1.

(P4) Growth condition on ln � 2 · k10
n

· q2
n
· kdHn�1k0, and qn+1 > 2k12

n
q
2
n
.

6.4.1 The conjugation map gn

We introduce the smooth map gn as an approximation by suitably chosen step
functions to the shear function g̃n(✓, r) = (✓ + br, r), where b = [nq�

n
] and 0.25 <

� < 0.5. The purpose of the map gn is to introduce the appropriate kind of shear
in the ✓ direction to achieve the weak mixing property on M . Additionally, the
map gn must act as an isometry on the image �n(In) of all partition elements
In 2 ⇣n, where ⇣n is a specific partial partition of M defined in subsection 6.7.1.2
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below. This property will allow us to show that f admits an invariant measurable
Riemannian metric on the space, inducing an invariant measure on PTM in our
setup. This approach follows from [29].

Proposition 6.1. Let an = k
5
n
, "n = 1

2n5k10n
, and bn = [nq�

n
] for 0.25 < � < 0.5.

Then there exists gn 2 Ham
1(T2

, µ) such that

1. gn �R 1
qn

= R 1
qn

� gn.

2. For any j 2 {0, . . . , an � 1}, gn acts on T1 ⇥ [ j+2"n
an

,
j+1�2"n

an
] as translation

in the ✓-direction by bn · j

an
.

3. |||gn|||r  cn,kn,r · qrn, where the constant cn,kn,r is independent of qn.

Proof. Let a, b 2 N and " > 0 satisfying 1
2" 2 N. Let ⇢ : R ! R be a smooth

increasing function that is equal to 0 for x  �1 and takes the value 1 for x � 1.
Consider the map  ̃a,b," : [0, 1] ! R as

 ̃a,b,"(x) =
b

a
·
a�1X

i=1

⇢

✓
ax� i

2"

◆
. (6.5)

Observe that for any 0  j  a � 1, we have  ̃a,b,"|[ j+2"
a

,
j+1�2"

a
] = b · j

a
mod 1.

Additionally, we can estimate kDr
 ̃a,b,"k0  b·ar�1

"r
· kDr

⇢k0.
We consider an antiderivative map %a,b," : T ! R where d

dr%a,b,"(r) =  ̃a,b,"(r).
Furthermore, we can introduce a symplectic vector field

XH = (@r(H),�@✓(H)) = ( ̃a,b,", 0)

defined by the Hamiltonian H 2 C
1(T2

,R) given by H(✓, r) = %a,b,"(r). Finally,
we obtain a Hamiltonian diffeomorphism ga,b," : T2 ! T2 given by

ga,b,"(✓, r) = (✓ +  ̃a,b,"(r) mod 1, r). (6.6)

as the time-1 map of the Hamiltonian H(✓, r) = %a,b,"(r).
In our explicit construction, we will use gn = gan,bn,"n , where an = k

5
n
, "n = 1

2n5k10n
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and bn = [nq�
n
] for 0.25 < � < 0.5. Observe that gn �R 1

qn

= R 1
qn

� gn and

|||gn|||r 
bn · ar�1

n

"r
n

· kDr
⇢k0  2[nq�

n
] · k3(r�1)+2r

n
· qr�1

n
· kDr

⇢k0  cn,kn,r · qrn,

where cn,kn,r is a constant that depends only on n, kn but is independent of qn.

We define the “good domain” of gn as

Gn =
[

j2{0,...,an�1}

T1 ⇥

j + 2"n

an
,
j + 1� 2"n

an

�
. (6.7)

By the second part of Proposition 6.1 the map gn acts as a translation on Gn and,
hence, its differential map dpgn = id for any base point p 2 Gn.

6.5 Criterion of an invariant Riemannian metric

We follow the criteria for the existence of an f -invariant measurable Riemannian
metric, as deduced in [28, section 4.8] and [34, section 7]. Let !0 be the standard
Riemannian metric for T2. The following definition will help to express closeness
to being a local isometry for conjugation map hn on the elements of some partial
partition ⇣n.

Definition 6.8. We can define the deviation from isometry for a diffeomorphism
f defined on a compact subset U of a smooth Riemannian manifold by

devU(f) := max
v2TU,kvk=1

| log kdf(v)k|.

Remark 6.2. Observe that devU(f) = 0 if and only if f is a smooth isometry of
U . Furthermore, we have

• devU(f) = devf(U) (f�1) ;

• devU

⇣
f̃ � f

⌘
 devf(U)

⇣
f̃

⌘
+ devU(f).
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Proposition 6.3 (Criterion for the existence of a f -invariant measurable Rie-
mannian metric). Let fn = Hn �R↵n+1 �H�1

n
, defined by (6.1) and (6.2), such that

(fn)n2N converges to a limit diffeomorphism f in the Diff1
-topology. Let (⇣n)n2N be

a sequence of partial partitions whose elements cover a set of measure at least 1� 1
n2

for every n 2 N. There exists a function  : Diff1(M,µ) ! (0, 1) such that for

every decreasing sequence (dn)n2N of positive reals satisfying
P

k�n
dk < (Hn�1)

for every n 2 N the following holds: If for every n 2 N and every partition ele-

ment In 2 ⇣n the conjugation map hn satisfies devIn(hn)  2dn
kDHn�1k20

, then the limit

diffeomorphism f admits an invariant measurable Riemannian metric.

Proof. The proof follows along the lines of [34, section 7]. First, we put !n :=

(H�1
n

)⇤!0, and each !n is a smooth Riemannian metric as it is defined as the
pullback of a smooth metric via a diffeomorphism. Since R

⇤
↵n+1

!0 = !0 the metric
!n is fn-invariant:

f
⇤
n
!n = (Hn �R↵n+1�H�1

n
)⇤(H�1

n
)⇤!0 = (H�1

n
)⇤R⇤

↵n+1
H

⇤
n
(H�1

n
)⇤!0

= (H�1
n

)⇤R⇤
↵n+1

!0 = !n.

With our assumptions that devIn
(hn)  dn

kDHn�1k20
for every In 2 ⇣n and ⇣n covering

a set of measure at least 1 � 1
n2 , we can compute as in [34, Lemma 7.2] that

!1 := limn!1 !n exists almost everywhere with respect to Lebesgue measure µ.
To show that !1 is a measurable Riemannian metric, we follow the proof of [34,
Lemma 7.3]. This proof requires sufficient closeness of !1 to !n�1 = (H�1

n�1)
⇤
!0

on a set of large measure. We express this requirement via the function . Finally,
we apply [34, Lemma 7.5] to conclude that !1 is f -invariant.

6.6 Criterion for weak mixing of the derivative ex-

tension

Building on criteria for weak mixing for AbC diffeomorphisms on m-dimensional
manifolds in [19] and [29], here we introduce such a criterion for weak mixing of
the projectivized derivative extension.
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Throughout this section we assume that the limiting smooth diffeomorphism
(f, df) (see 6.1) and the limiting analytic diffeomorphism (f̂ , df̂) (see 7.1), admit
an invariant measure µ̄. Strictly speaking we will be working with two different
metrics for f and f̂ and, hence, different measures for the smooth and analytic case,
as the metrics will depend on the limiting diffeomorphims. To avoid unnecessary
notational complexity we will use only one notation, namely µ̄.

6.6.1 (�, �, "1, "2) distribution

A key concept in our weak mixing criterion for the projectivized derivative exten-
sion is the notion of (�, �, "1, "2) distribution that we introduce in this subsection.
It generalizes the notion of (�, �, ") distribution from [19] that plays a central role
in criteria for weak mixing for AbC diffeomorphisms in [19] and [29].

To express the (�, �, "1, "2) distribution property, we consider a partial partition,
denoted as ⌘̂n, of the space PTM of a particular form. We let kn be the number
defined by condition (P1) and we let ⌘̃n be a partial decomposition of M satisfying
the following properties:

(D1) The conjugation map hn = gn � �n acts as a composition of translations and
rotations, thus acting as an isometry, on the elements of the partial partition
⌘̃n.

(D2) Each partition element Ĩn 2 ⌘̃n is of the form Ĩn =
S

kn�1
l=0 Ĩn,l, where each Ĩn,l

is a union of squares with a side length smaller than 1
2k5nqn

, lying in the good
domain Gn of the map gn (see (6.7)).

(D3) Each set Ĩn,l has the same measure of at least 1
2k6nqn

⇣
1� 16

k5n

⌘
. The union of

elements from ⌘̃n covers a set with a measure of at least 1� 25
k5n

in M.

(D4) For any Ĩn,l, we have µ(Ĩn,l4[[
Ĩin,s2⇤̄Ĩ

n,l

hn(Ĩ in,s)])  41
k5n
µ(Ĩn,l), where

⇤̄
Ĩn,l

= {Ĩ i
n,s

: hn(Ĩ
i

n,s
) \ Ĩn,l 6= ;, Ĩ i

n
= tkn�1

s=0 Ĩ
i

n,s
2 ⌘̃n}.
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(D5) Each Ĩn,l is covered by elements of ⌘̃n+1 by measure of at least⇣
1� 25

k
5
n+1

⌘
µ(Ĩn,l) and, in particular,

µ

✓
Ĩn,l4[[

Ĩ
i

n+1,l02⇤Ĩ
n,l

Ĩ
i

n+1,l0 ]

◆
 25

k
5
n+1

µ(Ĩn,l),

where

⇤
Ĩn,l

= {Ĩ i
n+1,l0 : Ĩ

i

n+1,l0 \ Ĩn,l 6= ;, Ĩ i
n+1 = tkn+1�1

l0=0 Ĩ
i

n+1,l0 2 ⌘̃n+1}.

Then we let ⌘̂n be a partial partition of the space PTM of the following form:

⌘̂n =
n
Ĩn ⇥ Tj : Ĩn 2 ⌘̃n, j = 0, . . . , kn � 1

o
, (6.9)

where Tj =
h

j

kn
,
j+1
kn

i
, that is, elements În,j 2 ⌘̂n are of the form

În,j = Ĩn ⇥ Tj =
kn�1[

l=0

Ĩn,l,j , where Ĩn,l,j := Ĩn,l ⇥ Tj,

with Ĩn =
S

kn�1
l=0 Ĩn,l 2 ⌘̃n and j 2 {0, . . . , kn � 1}.

Remark 6.4. For our explicit constructions in Section 6.7, properties (D1), (D2),
(D3), (D4), and (D5) are verified in Remark 6.28, Remark 6.15, Remark 6.33,
and Remark 6.16 respectively.

Definition 6.10. A diffeomorphism (�n, d�n) : PTM �! PTM is (�, �, "1, "2)-
distributing În,j = Ĩn ⇥ Tj 2 ⌘̂n, where Ĩn = [kn�1

l=0 Ĩn,l 2 ⌘̃n, if the following
properties hold

1. for any l 2 {0, . . . , kn � 1}, we have Jl ✓ ⇡r(�n(Ĩn,l)) with 1� �  �(Jl)  1

where ⇡r is the projection onto the r-axis;

2. for any l 2 {0, . . . , kn � 1}, we have �n(Ĩn,l) ✓ Kcl,�
:= [cl, cl + �]⇥ [0, 1] for

some constant cl 2 T1;
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3. �n : M ! M is "1-distributing Ĩn 2 ⌘̃n, that is, for l 2 {0, . . . , kn � 1} and
for any J̃ ✓ Jl,

�����
µ(Ĩn,l \ ��1

n
(T⇥ J̃))

µ(Ĩn,l)
� �(J̃)

�(Jl)

�����  "1
�(J̃)

�(Jl)
;

4. (�n, d�n) is "2-distributing În,j 2 ⌘̂n in the tangent direction in the following
sense: for all j, k 2 {0, 1, . . . , kn�1}, there exists a unique l 2 {0, 1, . . . , kn�
1} such that k ⌘ l + j mod kn, and for J̃ ✓ Jl and Tk =

h
k

kn
,
k+1
kn

i
we have

������

µ

⇣
⇡M

⇣
Ĩn,l ⇥ Tj \ (�n, d�n)�1(T⇥ J̃ ⇥ Tk)

⌘⌘

µ(Ĩn,l)
� �(J̃)

�(Jl)

������
 "2

�(J̃)

�(Jl)
,

where ⇡M denotes the projection onto the manifold M .

We will rewrite the fourth condition of the above definition as follows:

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1(T⇥ J̃ ⇥ Tk)
⌘⌘

�(Jl)� µ(Ĩn,l)�(J̃)
���  "2µ(Ĩn,l)�(J̃).

In particular, the distribution in the tangent direction implies that the product
set of the lth segment Ĩn,l of a partition element Ĩn 2 ⌘̃n on the manifold with the
jth tangent element Tj is mapped under (�n, d�n) to the kth tangent element Tk,

where k ⌘ l + j mod kn.
Key Idea of proof: For Ĩn = [kn�1

l=0 Ĩn,l 2 ⌘̃n and l, j 2 {0, . . . , kn � 1}, we
consider �n,l,j = (Hn�1, dHn�1)(gn, dgn)(Ĩn,l ⇥ Tj). We approximate its measure
by using the “good domain” of Hn�1, defined as eGn in (6.14), where the measure
µ̄ is computed with the length in the tangent direction and it follows

|µ̄(�n,l,j)�
1

kn
µ(Ĩn,l)| ! 0 as n ! 1.

In fact, it subsequently follows in Lemma 6.6 for �n,j = [kn�1
l=0 �n,l,j that

|µ̄(�n,j)� µ(Ĩn,l)| ! 0 as n ! 1. (6.11)
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Analogously, we obtain in Lemma 6.6 for any l, j 2 {0, . . . , kn � 1} that
|µ̄(�n,l,j \ (fn, dfn)�mn(Cn,k))� 1

kn
µ(⇡M(Ĩn,l ⇥ Tj \ (gn � �n, dgn � �n)�1(S̃n,k))|

tends to 0, where Cn,k = (Hn�1, dHn�1)(S̃n,k) and {S̃n,k} is a collection of small
cubes inside PTM that covers almost the entire space.
Together with the distribution property of (�n, d�n) and (gn, dgn) proved in the
Lemma 6.8, this yields the estimate

|µ̄(�n,l,j \ (fn, dfn)
�mn(Cn,k))� µ(Ĩn,l)µ̄(Cn,k)| ! 0. (6.12)

Finally using equations 6.11 and 6.12, we obtain that for all j, k 2 {0, . . . , kn� 1},
the following estimate holds:

|µ̄(�n,j \ (fn, dfn)
�mn(Cn,k))� µ̄(�n,j)µ̄(Cn,k)| ! 0, (6.13)

which is the final step required for the criterion of weak mixing in Proposition 6.11.

6.6.2 Preliminary lemmas for weak mixing

Using the partial partition ⌘̃n, we define a “good domain” for Hn�1, where the com-
position of conjugation maps h�1

n+s�. . .�h�1
n+1�h�1

n
, s � 0, acts as an isometry. This

will be useful for approximating the µ̄ measure of specific sets (see Lemma 6.6).
We denote Gn = [

Ĩn2⌘̃nhn(Ĩn), and define

eGn = Gn \
1\

j=1

hn � hn+1 � . . . � hn+j�1(Gn+j), (6.14)

where Ĩn = [kn�1
l=0 Ĩn,l 2 ⌘̃n. Then, we define the elements Ĭn,l as Ĭn,l = Ĩn,l \ eGn.

Note that each Ĩn,l is almost covered by the elements Ĩn+1 2 ⌘̃n+1 by at least
measure of

⇣
1� 25

k
5
n+1

⌘
µ(Ĩn,l), by (D5). Specifically, we have

µ(Ĩn,l4[
Ĩ
i

n+1,l02⇤Ĩ
n,l

Ĩ
i

n+1,l0) 
25

k
5
n+1

µ(Ĩn,l).
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Moreover, property (D4) states that for each Ĩ
i

n+1,l0 , we have

µ(Ĩ i
n+1,l04[[

Ĩ
k

n+1,s2⇤̄Ĩ
i

n+1,l0
hn+1(Ĩ

k

n+1,s)]) 
41

k
5
n+1

µ(Ĩ i
n+1,l0).

We denote C
Ĩn,l

= [
Ĩ
i

n+1,l02⇤Ĩ
n,l

[
Ĩ
k

n+1,s2⇤̄Ĩ
i

n+1,l0
Ĩ
k

n+1,s. Altogether, for each Ĩn,l, we

have

µ

✓
hn(Ĩn,l)4[[

Ĩ
k

n+1,s2CĨ
n,l

hn � hn+1(Ĩ
k

n+1,s)]

◆

= µ

✓
Ĩn,l4[[

Ĩ
k

n+1,s2CĨ
n,l

hn+1(Ĩ
k

n+1,s)]

◆

 µ

✓
[
Ĩ
i

n+1,l02⇤Ĩ
n,l

Ĩ
i

n+1,l04[[
Ĩ
k

n+1,s2CĨ
n,l

hn+1(Ĩ
k

n+1,s)]

◆

+ µ

✓
[
Ĩ
i

n+1,l02⇤Ĩ
n,l

Ĩ
i

n+1,l04Ĩn,l

◆

 µ

✓
[
Ĩ
i

n+1,l02⇤Ĩ
n,l

Ĩ
i

n+1,l04[[
Ĩ
k

n+1,s2CĨ
n,l

hn+1(Ĩ
k

n+1,s)]

◆
+

25

k
5
n+1

µ(Ĩn,l)

=
X

Ĩ
i

n+1,l02⇤Ĩ
n,l

µ

✓
Ĩ
i

n+1,l04[[
Ĩ
k

n+1,s2⇤̄Ĩ
i

n+1,l0
hn+1(Ĩ

k

n+1,s)]

◆
+

25

k
5
n+1

µ(Ĩn,l)


X

Ĩ
i

n+1,l02⇤Ĩ
n,l

41

k
5
n+1

µ(Ĩ i
n+1,l0) +

25

k
5
n+1

µ(Ĩn,l)

=
41

k
5
n+1

µ([
Ĩ
i

n+1,l02⇤Ĩ
n,l

Ĩ
i

n+1,l0) +
25

k
5
n+1

µ(Ĩn,l)

 41

k
5
n+1

✓
µ(Ĩn,l) +

25

k
5
n+1

µ(Ĩn,l)

◆
+

25

k
5
n+1

µ(Ĩn,l)

 70

k
5
n+1

µ(Ĩn,l). (6.15)

Similarly, using properties (D4) and (D5), we find that each Ĩ
i

n+1,l0 is covered
by elements of hn+2(Ĩkn+2,s0), where Ĩ

k

n+2,s0 2 C
Ĩ
i

n+1,l0
. This concludes the following

estimation:

µ

✓
hn � hn+1(Ĩ

i

n+1,l0)4[
Ĩ
k

n+2,s02CĨi
n+1,l0

hn � hn+1 � hn+2(Ĩ
k

n+2,s0)

◆
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 70

k
5
n+2

µ(hn+1(Ĩ
i

n+1,l0)). (6.16)

Given any set Ĩn,l, we consider the following family of sets:

A1 = hn(Ĩn,l),

A2 =
[

Ĩ
i

n+1,l02CĨn,l

hn � hn+1(Ĩ
i

n+1,l0),

A3 =
[

Ĩ
i

n+1,l02CĨn,l

[

Ĩ
k

n+2,s2CĨi
n+1,l0

hn � hn+1 � hn+2(Ĩ
k

n+2,s),

...

An1 =
[

Ĩ
i

n+1,l02CĨn,l

[

Ĩ
k

n+2,s2CĨi
n+1,l0

. . .

[

Ĩ
`

n+n1�1,s002CĨ
n+n1�1,s0

hn � . . . � hn+n1�1(Ĩ
`

n+n1�1,s00).

Analogous to equations (6.15) and (6.16), we have estimates for n1 = 2, 3, 4, . . .,

µ(An1�14An1) 
70

k
5
n+n1�1

µ(An1�1). (6.17)

Using the triangle inequality on the aforementioned equation, we conclude that

µ(A14A3)  µ(A14A2) + µ(A24A3)

 µ(A14A2) +
70

k
5
n+2

µ(A2)

 µ(A14A2) +
70

k
5
n+2

(µ(A1) + µ(A14A2))


✓
1 +

70

k
5
n+2

◆
µ(A14A2) +

70

k
5
n+2

µ(A1)


✓✓

1 +
70

k
5
n+2

◆
70

k
5
n+1

+
70

k
5
n+2

◆
µ(A1).

Likewise,

µ(A14A4)  µ(A14A3) + µ(A34A4)
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
✓
1 +

70

k
5
n+3

◆
µ(A14A3) +

70

k
5
n+3

µ(A1)


✓✓

1 +
70

k
5
n+3

◆✓
1 +

70

k
5
n+2

◆
70

k
5
n+1

+

✓
1 +

70

k
5
n+3

◆
70

k
5
n+2

+
70

k
5
n+3

◆
µ(A1).

By applying recursion using equation (6.17), we obtain

µ(A14An1) 
✓
1 +

70

k
5
n+n1�1

◆
µ(A14An1�1) +

70

k
5
n+n1�1

µ(A1)


 

n1�2X

u=1

n1�1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

+
70

k
5
n+n1�1

!
µ(A1). (6.18)

Following this, we apply mathematical induction to derive the approximation for
the infinite intersection of these sets {An}n2N. According to equation (6.18), it can
be inferred that, for n = 3:

µ(A1 \ A2 \ A3) = µ(A1 \ A2)� µ(A1 \ A2 \ A3)

� µ(A1 \ A2)� µ(A2 \ A3)

� µ(A1)� µ(A14A2)� µ(A24A3)

� µ(A1)� µ(A14A2)�
70

k
5
n+2

µ(A2)

� µ(A1)� µ(A14A2)�
70

k
5
n+2

(µ(A1) + µ(A14A2))

� µ(A1)�
✓
1 +

70

k
5
n+2

◆
µ(A14A2)�

70

k
5
n+2

µ(A1)

�
✓
1�

✓
1 +

70

k
5
n+2

◆
70

k
5
n+1

� 70

k
5
n+2

◆
µ(A1).

Having started the induction process with n1 = 3, we assume the following state-
ment holds for n = n1:

µ(A1 \ A2 . . . \ An1) �
 
1�

n1�2X

u=1

n1�1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

� 70

k
5
n+n1�1

!
µ(A1).
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We now show the result for n = n1 + 1 with the above assumption:

µ(A1 \ A2 . . . \ An1 \ An1+1)

= µ(A1 \ A2 . . . \ An1)� µ(A1 \ A2 . . . \ An1 \ An1+1)

� µ(A1 \ A2 . . . \ An1)� µ(An14An1+1)

�
 
1�

n1�2X

u=1

n1�1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

� 70

k
5
n+n1�1

!
µ(A1)�

70

k
5
n+n1

µ(An1)

�
 
1�

n1�2X

u=1

n1�1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

� 70

k
5
n+n1�1

!
µ(A1)�

70

k
5
n+n1

µ(A1)

� 70

k
5
n+n1

 
n1�2X

u=1

n1�1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

+
70

k
5
n+n1�1

!
µ(A1)

�
 
1�

✓
1 +

70

k
5
n+n1

◆ 
n1�2X

u=1

n1�1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

!!
µ(A1)

✓
�
✓
1 +

70

k
5
n+n1

◆
70

k
5
n+n1�1

� 70

k
5
n+n1

◆
µ(A1)

�
 
1�

n1�2X

u=1

n1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

�
✓
1 +

70

k
5
n+n1

◆
70

k
5
n+n1�1

� 70

k
5
n+n1

!
µ(A1)

�
 
1�

n1�1X

u=1

n1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

� 70

k
5
n+n1

!
µ(A1). (6.19)

By employing mathematical induction, the aforementioned estimates are valid for
every natural number, leading to the following conclusion:

µ(Ĭn,l) = µ

⇣
Ĩn,l \ eGn

⌘

�
 
1�

1X

u=0

1Y

j=u+1

✓
1 +

70

k
5
n+j

◆
70

k
5
n+u

� 70

k
5
n+1

!
µ(Ĩn,l)

�
 
1� 2 ·

1X

u=0

70

k
5
n+u

!
µ(Ĩn,l)

�
✓
1� 140

4k4
n

◆
µ(Ĩn,l). (6.20)
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We employ the fact that
Q1

j=1

⇣
1 + 70

k
5
n+j

⌘
 2, and under condition (P2), the

sequence (kj)j2N increases rapidly enough to guarantee that
P1

u=0
140
k
5
n+u

 140
4k4n

.

Remark 6.5. For any S
0
n
✓ T2, we define c̃n,l = Ĩn,l \ ��1

n
� g

�1
n
(S 0

n
) and c̆n,l =

Ĭn,l \ ��1
n

� g�1
n
(S 0

n
). Thus, we obtain |µ(c̃n,l)� µ(c̆n,l)|  µ(Ĩn,l\Ĭn,l)  35

k4n
µ(Ĩn,l).

Lemma 6.6. Denote An,l,j = (Hn�1, dHn�1) � (gn, dgn)(c̃n,l,j), where c̃n,l,j = c̃n,l ⇥
Tj. Then we have

����µ̄(An,l,j)�
1

kn
µ(⇡M(c̃n,l,j))

���� 
35(kn � 1)

k5
n

µ(Ĩn,l). (6.21)

Moreover, for any Sn ⇥ Tk ⇢ PTM and Cn,k = (Hn�1, dHn�1)(S̃n ⇥ Tk), where

S̃n = Sn \ eGn, we have

µ̄(Cn,k) =
1

kn
µ(S̃n). (6.22)

Proof. Note that c̆n,l = c̃n,l \ eGn. For any x 2 c̆n,l, let y = Hn�1(x). Then let
(y, v), (y, w) be defined as

(y, v) = (Hn�1(x), dxHn�1(v̄)) and (y, w) = (Hn�1(x), dxHn�1(w̄)),

with x 2 c̆n,l ⇢ eGn, v̄, w̄ 2 Tj. Using the definition of the f -invariant Riemannian
metric !1, which induces the measure µ̄ invariant under the map (f, df), we
conclude that

!1 �y (v, w) = lim
k!1

(H�1
k

)⇤!0 �y (v, w)

= lim
k!1

!0 �H�1
k

(y) (dyH
�1
k

(v), dyH
�1
k

(w))

= lim
k!1

!0 �h�1
k

�...�h�1
n (x) (dxh

�1
k

� . . . � h�1
n
(v̄), dxh

�1
k

� . . . � h�1
n
(w̄)).

Since h
�1
k

� . . .�h�1
n

is an isometry with respect to !0 on eGn and !0 is independent
from the base point, we conclude that !1 �y (v, w) = !0 �x (v̄, w̄). Thus, for images
under the map (Hn�1, dHn�1) of sets with base points x 2 c̆n,l ✓ eGn, the measure
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µ̄ acts as a uniform measure, preserving the length in the tangent direction. By
utilizing the estimate in Remark 6.5 and noting that g

�1
n

acts as translation on
eGn, we have

1

kn
µ(g�1

n
(c̆n,l))  µ̄(An,l,j) 

1

kn
µ(g�1

n
(c̆n,l)) +

35(kn � 1)

k5
n

µ(g�1
n
(Ĩn,l)).

Finally, using that gn is measure preserving and estimate µ(c̃n,l) � µ(c̆n,l) �
µ(c̃n,l)� 35

k4n
µ(Ĩn,l), we conclude that

����µ̄(An,l,j)�
1

kn
µ(⇡M(c̃n,l,j))

���� 
35(kn � 1)

k5
n

µ(Ĩn,l).

Analogously to the above estimate, we conclude the other claim.

Lemma 6.7. Consider gn : T2 ! T2
as defined in Proposition 6.1 with the same

an and "n. Let K be an interval on r-axis of the form [ i+2"n
an

,
i+1�2"n

an
] where i 2

{0, ..., an � 1}. Denote Kcl,�
= [cl, cl + �] ⇥ K for some constant cl 2 T1

and

�. Let L = [l1, l2] be an interval on the ✓ axis. If bn�(K) > 2, then for Q =

⇡r(Kcl,�
\ g

�1
n
(L⇥K)), it holds

|�(Q)� �(K)�(L)|  2

bn
�(L) +

2�

bn
+ ��(K) +

bn

an
�(K) +

2

an
, (6.23)

where � is the Lebesgue measure of R.

Proof. The proof can be derived directly from [29, Lemma 6.4] by considering the
dimension m = 2.

Lemma 6.8. Let n > 4, gn be as in Proposition 6.1, and În,j = [kn�1
l=0 Ĩn,l,j 2 ⌘̂n,

where ⌘̂n is a partial partition of PTM as described by equation (6.9). Suppose

the diffeomorphism (�n, d�n) : PTM ! PTM is (�, �, "1, "2)-distributing În,j 2 ⌘̂n

with � <
1

k3nqn
, � <

50
k2n
, "1, "2 <

1
n
. Let Sn be a square of side length equal to

1
kn

lying

in T1 ⇥ [�, 1� �]. Furthermore, let S̃n = Sn \ eGn using the good domain eGn from

(6.14). For k 2 {0, . . . , kn � 1}, denote S̃n,k = S̃n ⇥ Tk, where Tk =
h

k

kn
,
k+1
kn

i
.

Then for every pair j, k 2 {0, 1, . . . , kn � 1}, there exists l 2 {0, 1, . . . , kn � 1}
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such that k ⌘ (l + j) mod kn and it holds:

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1 � (gn, dgn)�1(S̃n,k)
⌘⌘

� µ(Ĩn,l)µ(S̃n)
���

 68

n
µ(Ĩn,l)µ(S̃n).

Proof. Denote S̃n,k = S̃n ⇥ Tk with S̃n = Sn \ eGn, where Sn is a square of side
length equal to 1

kn
lying in T1⇥ [�, 1��]. Let S̃✓ = ⇡✓(S̃n) ✓ ⇡✓(Sn) = [s1, s2], S̃r =

⇡r(S̃n) ✓ ⇡r(Sn), where ⇡✓ and ⇡r are projections on ✓ and r axis, respectively.
For Ĩn = [kn�1

l=0 Ĩn,l 2 ⌘̃n and l 2 {0, . . . , kn � 1}, denote

Jl = ⇡r(�n(Ĩn,l)).

Since g�1
n

acts as a translation on S̃n, we have dpg
�1
n

⌘ id for all base points p 2 S̃n.
Thus, the following holds using (�n, d�n) being (�, �, "1, "2)-distributing:

�n(Ĩn,l) \ g
�1
n
(S̃n) ✓ [cl, cl + �]⇥ S̃r ✓ Kcl,�

, (6.24)

(gn, dgn)
�1(S̃n ⇥ Tk) = g

�1
n
(S̃n)⇥ Tk. (6.25)

Consider the following collection of sets, for S̃n,� ⇢ S̃n where S̃n,� ✓ [s1 + �, s2 �
�]⇥ S̃r,

Q = ⇡r(Kcl,�
\ g

�1
n
(S̃n)) and Q1 = ⇡r(Kcl,�

\ g
�1
n
(S̃n,�)).

Then we have the following containment relation using (6.24):

�n(Ĩn,l) \ T1 ⇥Q1 ✓ �n(Ĩn,l) \ g
�1
n
(S̃n) ✓ �n(Ĩn,l) \ T1 ⇥Q. (6.26)

Subsequently, we use equation (6.25) to express the following: for any k, j 2
{0, . . . , kn � 1}, there exist a l 2 {0, . . . , kn � 1} such that k ⌘ (l + j) mod kn,

(�n, d�n)(Ĩn,l,j) \ (gn, dgn)
�1(S̃n ⇥ Tk)

= (�n(Ĩn,l) \ g
�1
n
(S̃n))⇥ (⇡v((�n, d�n)(Ĩn,l,j)) \ Tk), (6.27)
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where ⇡v represents the projection to the projective tangent vector, i.e. projection
in the third coordinate. Thus, altogether with (6.26) and (6.27), we have the
following inclusions

(�n, d�n)(Ĩn,l,j) \ (gn, dgn)
�1(S̃n ⇥ Tk) ✓ (�n, d�n)(Ĩn,l,j) \ (T1 ⇥Q⇥ Tk),

(�n, d�n)(Ĩn,l,j) \ (T1 ⇥Q1 ⇥ Tk) ✓ (�n, d�n)(Ĩn,l,j) \ (gn, dgn)
�1(S̃n ⇥ Tk).

Subsequently, we can conclude that

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1 � (gn, dgn)�1(S̃n,k)
⌘⌘

�(Jl)� µ(Ĩn,l)µ(S̃n)
���

 max
⇣��µ

�
⇡M

�
Ĩn,l,j \ (�n, d�n)

�1(T1 ⇥Q1 ⇥ Tk)
��
�(Jl)� µ(Ĩn,l)µ(S̃n)

��,
��µ
�
⇡M

�
Ĩn,l,j \ (�n, d�n)

�1(T1 ⇥Q⇥ Tk)
��
�(Jl)� µ(Ĩn,l)µ(S̃n)

��
⌘
. (6.28)

Next we apply Lemma 6.7 for S
0
n
= Sn \ Gn, where Gn is defined by (6.7). In

particular, |µ(Sn) � µ(S 0
n
)|  4"nµ(Sn). By our choices � <

1
k3nqn

, � <
50
k2n
, "1 =

"2 <
1
n
, K = ⇡r(S 0

n
), L = ⇡✓(S 0

n
), bn = [nq�

n
], an = k

5
n
, "n  1

2k10n
we have �(L) 

1
kn
,�(K)  1

kn
, and for n > 4 using the condition (P1) and (P3), we find that

1
q�n

<
1

2kn
, kn > n

2
,

bn

an
= [nq�n]

k5n
 1

nk2n
, and bn�(K) > 2. Altogether, we obtain

|�(Q)� µ(S 0
n
)|


✓

2

[nq�
n
]
�(S✓) +

2

[nq�
n
] · k3

n
qn

+
1

k3
n
qn
�(Sr) +

[nq�
n
]

2k9
n
qn
�(Sr) +

2

2k9
n
qn

◆


✓

4

nq�
n

�(S✓) +
4

nq�
n
· 2k3

n
qn

+
1

2k3
n
qn
�(Sr) +

1

nk2
n

�(Sr) +
2

2k3
n
qn

◆

 13

n
µ(Sn).

Using the estimate |µ(Sn)� µ(S̃n)|  35
k4n
µ(Sn), we have

|�(Q)� µ(S̃n)|  |�(Q)� µ(S 0
n
)|+ |µ(S 0

n
)� µ(Sn)|+ |µ(Sn)� µ(S̃n)|

 30

n
µ(S̃n).
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In particular, �30
n
µ(S̃n)  �(Q) � µ(S̃n)  30

n
µ(S̃n), i.e. �(Q)  (30

n
+ 1)µ(S̃n) 

2µ(S̃n).

Similarly we estimate �(Q1)  2µ(S̃n) as well as |�(Q1)� µ(S̃n,�)|  30
n
µ(S̃n).

Since Q and Q1 are finite unions of disjoint intervals contained within Jl, we utilize
the (�n, d�n)-(�, �, "1, "2) distribution property with J̃ = Q ✓ Jl, and we have

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1(T1 ⇥Q⇥ Tk)
⌘⌘

�(Jl)� µ(Ĩn,l)µ(S̃n)
���


���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1(T1 ⇥Q⇥ Tk)
⌘⌘

�(Jl)� µ(Ĩn,l)�(Q)
���

+ µ(Ĩn,l)|�(Q)� µ(S̃n)|


✓
"2 +

30

n

◆
µ(Ĩn,l)µ(S̃n). (6.29)

Note that µ(S̃n,�) = µ(S̃n) � 2�, and |µ(S̃n,�) � µ(S̃n)|  2
2k3nqn

 2
n
µ(S̃n). Analo-

gously we obtain,
���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1(T1 ⇥Q1 ⇥ Tk)
⌘⌘

�(Jl)� µ(Ĩn,l)µ(S̃n)
���

 32

n
µ(Ĩn,l)µ(S̃n).

(6.30)

Using estimates from (6.29) and (6.30) in (6.28), we have
���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1 � (gn, dgn)�1(S̃n,k)
⌘⌘

�(Jl)� µ(Ĩn,l)µ(S̃n)
���

 32

n
µ(Ĩn,l)µ(S̃n).

Finally, using the triangle inequality with �(Jl) � 1� 50
k2n

� 1
2 , and 1��(Jl)

�(Jl)
 100

k2n
 4

n

we conclude
����µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1 � (gn, dgn)�1(S̃n,k)
⌘⌘

� µ(Ĩn,l)µ(S̃n)

����

 1

�(Jl)

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1 � (gn, dgn)�1(S̃n,k)
⌘⌘

�(Jl)� µ(Ĩn,l)µ(S̃n)
���

+
1� �(Jl)

�(Jl)
µ(Ĩn,l)µ(S̃n)
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 64

n
µ(Ĩn,l)µ(S̃n) +

4

n
µ(Ĩn,l)µ(S̃n)

 68

n
µ(Ĩn,l)µ(S̃n).

This concludes the claim.

Remark 6.9. The statement of the above lemma still holds for S̃n = Sn \ eGn,

where Sn is a square with a side length in the range 1
4kn

to 2
kn
.

Lemma 6.10. Let (f, df) = limn!1(fn, dfn) and (mn)n2N be a sequence of natural

numbers satisfying d1(fmn

n
, f

mn) <
1
2n for all n 2 N. Furthermore, let ⌫̂n be a

sequence of partial partitions satisfying ⌫̂n ! ✏ and the following property: For

every 3-dimensional cube A ✓ PTM and for every " 2 (0, 1], there exists N 2 N
such that for every n � N, and every �n 2 ⌫̂n, we have

|µ̄(�n \ (fn, dfn)
�mn(A))� µ̄(�n)µ̄(A)|  "µ̄(�n)µ̄(A). (6.31)

Then (f, df) is weakly mixing on PTM.

Proof. The proof can be derived directly from [29, Lemma 6.1, 6.2] by considering
the dimension m = 3.

6.6.3 Criterion for smooth weakly mixing diffeomorphism

Here, we prove the criterion for weak mixing on PTM.

Proposition 6.11. (Criterion for weak mixing in smooth setting) Let fn = Hn �
R↵n+1 � H

�1
n

, defined by (6.1) and (6.2), such that (fn, dfn) converges to (f, df)

and satisfies d1(fmn

n
, f

mn) <
1
2n for every n 2 N. Additionally, we assume that

the sequence (Hn)n2N satisfies condition (P1), and the map gn is as in Proposition

6.1. Consider a sequence of partial partitions (⌘̂n)n2N, defined as in (6.9), such

that ⌘̂n ! ✏. Additionally, let the partial partition ⌫̂n be defined as

⌫̂n =
n
�n,j = (Hn�1, dHn�1) � (gn, dgn)(În,j) : În,j 2 ⌘̂n

o
, (6.32)
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and suppose that ⌫̂n ! ✏. Suppose for a sequence (mn)n2N and diffeomorphisms

�n := �n � Rmn

↵n+1
� ��1

n
that (�n, d�n) : PTM ! PTM is (�, �, "1, "2)-distributing

all partition elements of ⌘̂n with � <
1

k3nqn
, � <

50
k2n
, "1, "2 <

1
n
. Then (f, df) =

limn!1(fn, dfn) is weakly mixing with respect to the measure µ on PTM .

Proof. Fix ✏ > 0 and În,j = [kn�1
l=0 Ĩn,l,j 2 ⌘̂n. Let Sn be a square of side length equal

to 1
kn

contained in T1⇥ [�, 1��]. Using the good domain eGn from (6.14), we define

S̃n = Sn \ eGn. For k 2 {0, . . . , kn � 1}, let S̃n,k = S̃n ⇥ Tk, where Tk =
h

k

kn
,
k+1
kn

i
.

Consider Cn,k = (Hn�1, dHn�1)(S̃n,k) and �n,l,j = (Hn�1, dHn�1) � (gn, dgn)(Ĩn,l,j).
We apply Lemma 6.6 and Lemma 6.8 to conclude that for any j, k 2 {0, . . . , kn�1},
there exists l 2 {0, 1, . . . , kn � 1} satisfying k ⌘ l + j mod kn, and we have

µ̄(�n,l,j \ (fn, dfn)
�mn(Cn,k))

 1

kn
µ(⇡M(Ĩn,l,j \ (�n, d�n)

�1 � (gn, dgn)�1(S̃n,k))) +
35(kn � 1)

k5
n

µ(Ĩn,l)


✓
1 +

68

n

◆
1

kn
µ(Ĩn,l)µ(S̃n) +

35(kn � 1)

k5
n

1

µ̄(Cn,k)
µ(Ĩn,l)µ̄(Cn,k)


✓
1 +

68

n

◆
1

kn
µ(Ĩn,l)µ(S̃n) +

35(kn � 1)

k5
n

kn

µ(S̃n)
µ(Ĩn,l)µ̄(Cn,k)


✓
1 +

68

n

◆
µ(Ĩn,l)µ̄(Cn,k) +

2

n
µ(Ĩn,l)µ̄(Cn,k)


✓
1 +

70

n

◆
µ(Ĩn,l)µ̄(Cn,k).

Here, we used the inequality µ(S̃n) � (1 � 35
k4n
)µ(Sn), which implies for n > 4,

1
µ(S̃n)

 (1� 35
k4n
)�1 1

µ(Sn)
 2

µ(Sn)
 2k2

n
. Similarly, we conclude that

µ̄(�n,l,j \ (fn, dfn)
�mn(Cn,k)) �

✓
1� 70

n

◆
µ(Ĩn,l)µ̄(Cn,k).

Altogether, we get

|µ̄(�n,l,j \ (fn, dfn)
�mn(Cn,k))� µ(Ĩn,l)µ̄(Cn,k)| 

70

n
µ(Ĩn,l)µ̄(Cn,k). (6.33)

Furthermore, consider �n,j =
S

kn�1
l=0 �n,l,j . With µ̄(�n,j) =

P
kn�1
l=0 µ̄(�n,l,j), and
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considering c̃n,l with S
0
n
= T2 in Lemma 6.6, we conclude that

|µ̄(�n,j)� µ(Ĩn,l)| 
35

k4
n

µ(Ĩn,l). (6.34)

Additionally, using the fact that for any k, j 2 {0, . . . , kn�1} there exists a unique
l 2 {0, 1, . . . , kn � 1} satisfying k ⌘ l + j mod kn, we have

�n,j \ (fn, dfn)
�mn(Cn,k) = �n,l,j \ (fn, dfn)

�mn(Cn,k). (6.35)

Since Cn,k ⇢ PTM , with Cn,k = (Hn�1, dHn�1)(S̃n,k) of diam(S̃n,k)  3
kn
, we can

use condition (P1) and conclude that

diam(Cn,k)  diam((Hn�1, dHn�1)(S̃n,k)) <
1

n2
, (6.36)

that is, diam(Cn,k) ! 0 as n ! 1.

Let {Si

n
| i 2 ⇤n} with a finite index set ⇤n be a collection of squares S

i

n
of

side length 1
kn

contained in T1 ⇥ [�, 1 � �] such that µ([i2⇤n
S
i

n
) � 1 � 4�. Let

S̃
i

n
= S

i

n
\ eGn and S̃

i

n,k
= S̃n⇥Tk with k 2 {0, . . . , kn�1}. Considering sets C i

n,k
=

(Hn�1, dHn�1)(S̃i

n,k
) and index set ⇤̃n = {(i, k) | i 2 ⇤n, k 2 {0, . . . , kn � 1}}, we

can conclude that

µ̄([(i,k)2⇤̃n
C

i

n,k
) =

X

(i,k)2⇤̃n

µ̄(C i

n,k
) =

X

i2⇤n

kn�1X

k=0

µ̄(C i

n,k
)

=
X

i2⇤n

kn�1X

k=0

1

kn
µ(S̃i

n
)

�
X

i2⇤n

✓
1� 35

k4
n

◆
µ(Si

n
)

�
✓
1� 35

k4
n

◆
(1� 4�)

�
✓
1� 35

k4
n

◆✓
1� 200

k2
n

◆

�
✓
1� 235

n4

◆
.
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Thus, µ̄
⇣
[(i,k)2⇤̃n

C
i

n,k

⌘
! 1 as n ! 1. Therefore, any cube A ⇢ PTM can be

approximated by a finite disjoint union of sets of the form Cn,k: For n sufficiently
large there are sets A1 =

S
(i,k)2C1

n

C
i

n,k
and A2 =

S
(i,k)2C2

n

C
i

n,k
with finite sets C1

n

and C2
n

of indices such that A1 ✓ A ✓ A2 and |µ̄(A)� µ̄(Ai)|  ✏

3 µ̄(A) for i = 1, 2.

Additionally, we choose n large enough such that 142
n

<
✏

3 holds. It follows, using

estimates (6.33), (6.34), (6.35), and for n > 4,
⇣
1� 35

k4n

⌘�1

< 2 that:

µ̄(�n,j \ (fn, dfn)
�mn(A))� µ̄(�n,j)µ̄(A)

µ̄(�n,j \ (fn, dfn)
�mn(A2))� µ̄(�n,j)µ̄(A2) + µ̄(�n,j)(µ̄(A2)� µ̄(A))

µ̄([kn�1
l=0 �n,l,j \ (fn, dfn)

�mn([(i,k)2C2
n
C

i

n,k
))� µ̄(�n,j)µ̄([(i,k)2C2

n
C

i

n,k
)

+
✏

3
µ̄(�n,j)µ̄(A)


X

(i,k)2C2
n

⇣
µ̄(�n,l,j \ (fn, dfn)

�mn(C i

n,k
))� µ(Ĩn,l)µ̄(C

i

n,k
)
⌘

+
X

(i,k)2C2
n

µ̄(C i

n,k
)(µ(Ĩn,l)� µ̄(�n,j)) +

✏

3
µ̄(�n,j)µ̄(A) +

✏

3
µ̄(�n,j)µ̄(A)


X

(i,k)2C2
n

✓
70

n
+

35

k4
n

◆
µ(Ĩn,l)µ̄(C

i

n,k
) +

✏

3
µ̄(�n,j)µ̄(A)


X

(i,k)2C2
n

71

n

✓
1� 35

k4
n

◆�1

µ̄(�n,j)µ̄(C
i

n,k
) +

✏

3
µ̄(�n,j)µ̄(A)

142

n
µ̄(�n,j)µ̄(A) +

142

n
µ̄(�n,j)(µ̄(A2)� µ̄(A)) +

✏

3
µ̄(�n,j)µ̄(A)

 ✏

3
µ̄(�n,j)µ̄(A) +

✏

3
µ̄(�n,j)µ̄(A) +

✏

3
µ̄(�n,j)µ̄(A)

✏µ̄(�n,j)µ̄(A).

Analogously, we estimate that

µ̄(�n,j \ (fn, dfn)
�mn(A))� µ̄(�n,j)µ̄(A) > �✏µ̄(�n,j)µ̄(A).

Both estimates together yield equation (6.31) required for Lemma 6.10. This
implies that (f, df) is weakly mixing with respect to µ̄ on the PTM.
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6.7 Explicit constructions

6.7.1 Sequence of partial partitions

In this subsection, we define three sequences of partial partitions {⌘n}n2N, {⇣n}n2N
and {⌘̃n}n2N of the 2-torus. For each n 2 N, the partial partition ⇣n is a refined
partition of the partial partition ⌘n, and the partition elements of ⌘̃n are unions of
the partition elements of ⇣n. We define these sequences of partial partitions using
the sequences {kn}n2N and {qn}n2N of rapidly growing natural numbers satisfying
(P1)� (P4).

6.7.1.1 Partial partition ⌘n

Consider the following collection of multidimensional intervals in following form:

Ǐ
u0,u1,u2
v0

=


u0

2qn
+

u1

2knqn
+

u2

2k6
n
qn

+
1

4n5k16
n
qn

,
u0

2qn
+

u1

2knqn
+

u2 + 1

2k6
n
qn

� 1

4n5k16
n
qn

�

⇥

v0

k5
n

+
1

2n5k15
n

,
v0 + 1

k5
n

� 1

2n5k15
n

�
, (6.37)

where u0 2 {0, 1, . . . , 2qn � 1}, u1 2 {0, 1 . . . , kn � 1} and v0, u2 2 {1, . . . , k5
n
� 2}.

Denote by ⌘n the collection of such intervals Ǐ
u0,u1,u2
v0

of T2
.

Remark 6.12. Note that ⌘n is a partial partition of T2. For every n 2 N, ⌘n
consists of disjoint sets, covers a set of measure at least

⇣
1� 2

k5n

⌘4

� 1 � 8
k5n

and

for I 2 ⌘n, diam(I) 
p
2

k5n
! 0 as n ! 1. Hence, (⌘n)n2N converges to the

decomposition into points.

6.7.1.2 Partial partition ⇣n

Consider the following collection of multidimensional intervals in the given form:

I
u0,u1,u2,u3,u4
v0,v1,v2

=


u0

2qn
+

u1

2knqn
+

u2

2k6
n
qn

+
u3

2k11
n
qn

+
u4

2k16
n
qn

+
1

4n5k26
n
qn

,

u0

2qn
+

u1

2knqn
+

u2

2k6
n
qn

+
u3

2k11
n
qn

+
u4 + 1

2k16
n
qn

� 1

4n5k26
n
qn

�
⇥
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
v0

k5
n

+
v1

2k11
n
qn

+
v2

2k16
n
qn

+
1

4n5k26
n
qn

,
v0

k5
n

+
v1

2k11
n
qn

+
v2 + 1

2k16
n
qn

� 1

4n5k26
n
qn

�
, (6.38)

where u0 2 {0, 1, . . . , 2qn�1}, u1 2 {0, 1 . . . , kn�1}, v0, v2, u2, u3, u4 2 {1, . . . , k5
n
�

2}, and v1 2 {2qn, . . . , 2k6
n
qn � 2qn � 1}. Let ⇣n be the collection of such intervals

I
u0,u1,u2,u3,u4
v0,v1,v2

.

Remark 6.13. Note that ⇣n is a partial partition of T2. For every n 2 N, ⇣n
consists of disjoint sets, covers a set of measure at least

⇣
1� 2

k5n

⌘8

� 1 � 16
k5n

and for I 2 ⇣n, diam(I) 
p
2

k15n qn
! 0 as n ! 1. Thus, (⇣n)n2N converges to the

decomposition into points. We will use the sequence (⇣n)n2N in section 6.9 to verify
that the assumptions of our criterion in Proposition 6.3 for the existence of a f -
invariant measurable Riemannian metric are satisfied in our explicit constructions.

Remark 6.14. Note that ⇣n is a refined partition of ⌘n where each element
Ǐ
u0,u1,u2
v0

2 ⌘n is covered by some union of elements I
u0,u1,u2,u3,u4
v0,v1,v2

2 ⇣n with a
measure of at least

⇣
1� 8

k5n

⌘
µ(Ǐu0,u1,u2

v0
),

2k6nqn�2qn�1[

v1=2qn

k
5
n�2[

u3,u4,v2=1

I
u0,u1,u2,u3,u4
v0,v1,v2

✓ Ǐ
u0,u1,u2
v0

. (6.39)

6.7.1.3 Partial partition ⌘̃n

This collection will be useful in defining a partial partition of the space PTM
and referring to it as the “good domain” in our explicit construction. Denote ⌘̃n be
collection of the following elements for u0 2 {0, . . . , 2qn�1} and v0 2 {1, . . . , k5

n
�2}

as

Ĩ
u0
v0

=
kn�1[

u1=0

Ĩ
u0,u1
v0

; where Ĩ
u0,u1
v0

=
k
5
n�2[

u2=1

2k6nqn�2qn�1[

v1=2qn

k
5
n�2[

u3,u4,v2=1

I
u0,u1,u2,u3,u4
v0,v1,v2

. (6.40)

Remark 6.15. Note that for each element Ĩ
u0,u1
v0

, we have 1
2k6nqn

⇣
1� 16

k5n

⌘


µ(Ĩu0,u1
v0

)  1
2k6nqn

, and ⌘̃n covers a set with a measure of at least
⇣
1� 25

k5n

⌘
.

This verify the partial partition ⌘̃n satisfies the properties in (D2) and (D3).
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Furthermore, according to Remark 6.14, we have Ĩ
u0,u1
v0

✓
S

k
3
n�1

u2=1 Ǐ
u0,u1,u2
v0

, and
µ

⇣S
k
5
n�2

u2=1 Ǐ
u0,u1,u2
v0

\ Ĩ
u0,u1
v0

⌘
�
⇣
1� 8

k5n

⌘
µ

⇣S
k
5
n�2

u2=1 Ǐ
u0,u1,u2
v0

⌘
.

Remark 6.16. Furthermore, with qn+1 > 2k10
n
q
2
n

in (P4), and using the definition
of the sequence of partial partitions {⌘̃n}n2N, where each Ĩn+1 2 ⌘̃n+1 is a refined
partition element of Ĩn 2 ⌘̃n, we can verify property (D5).

6.7.2 Smooth conjugation maps �n

6.7.2.1 The conjugation map �̃n

In [35, section 2.1] the smooth area-preserving diffeomorphism �̃�,",µ,"2 on T1⇥[0, 1]

satisfying the subsequent properties is constructed and referred to as the “inner
rotation of type A”. With minor to no modifications, the proposition holds for the
case of [0, 1]2.

Proposition 6.17. Let ", "2 2 (0, 14) and �, µ 2 N. Then there is a smooth area-

preserving diffeomorphism �̃�,",µ,"2 : [0, 1]
2 ! [0, 1]2 such that

1. �̃�,",µ,"2 coincides with the identity on [0, 1]2\[", 1� "]2;

2. �̃�,",µ,"2

⇣
x+ l

qn
, y

⌘
= �̃�,",µ,"2(x, y) for all (x, y) 2

h
l

qn
,
l+1
qn

⌘
⇥ [0, 1], l 2 Z.

3. Let t2 2 Z, d2"µe  t2  µ� d2"µe � 1, |u2|  "2, and u1 2 (2", 12) be of the

form
t1
µ

with t1 2 Z. Then we have

�̃�,",µ,"2

✓
u1

�
,
1� u1

�

�
⇥

t2 + u2

µ
,
t2 + 1� u2

µ

�◆

=


1

�
� t2 + 1� u2

�µ
,
1

�
� t2 + u2

�µ

�
⇥ [u1, 1� u1];

4. �̃�,",µ,"2 acts as isometry on each cuboid


t1 + 2"2
�µ

,
t1 + 1� 2"2

�µ

�
⇥

t2 + 2"2

µ
,
t2 + 1� 2"2

µ

�
,

where ti 2 Z, d2"µe  ti  µ� d2"µe � 1 for i = 1, 2;
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Figure 6.1: An example of the action in within the T2 transform on the fundamental
domains is shown in (a) and (b).

5.

���
���
����̃�,",µ,"2

���
���
���
r

 c · �rµr
where c is a constant independent of � and µ.

In our explicit construction, we choose the parameters as follows to define �̃n :

[0, 1]2 ! [0, 1]2 by

�̃n = �̃2knqn,
1

2k5n
,k5n,

1
4n5k10n

. (6.41)

Remark 6.18. The action of the map �̃n on the elements of the partial partitions
⇣n and ⌘n can be described by

�̃n(Ǐ
u0,u1,u2
v0

) = Ǐ
u0,u1,k

5
n�v0�1

u2
, (6.42)

�̃n(I
u0,u1,u2,u3,u4
v0,v1,v2

) = I
u0,u1,k

5
n�v0�1,u3,u4

u2,v1,v2
. (6.43)

6.7.2.2 The conjugation map in

Within this subsection, we introduce what we refer to as the “inner rotations of type
B”. These rotations will play a crucial role in establishing the weak mixing property
for the projectivized derivative extension. Specifically, we will use distinct rotation
angles applied to specific regions, which allow us to analyze the distribution of
elements in the tangent direction effectively.
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Proposition 6.19. Let bn = 2knqn, an = 2k11
n
qn, cn = k

5
n
, "n = 1

2n5k11n
. There is a

smooth measure-preserving diffeomorphsim in : [0, 1]2 ! [0, 1]2 such that

1. in coincides with the identity on [0, 1]2\["n, 1� "n]2.

2. Each square of form

h
u
an
,
u+1
an

i
⇥
h

v
an
,
v+1
an

i
with u, v 2 Z is mapped onto

itself by in and in coincides with the identity on an
"n

an
- neighbourhood of its

boundary.

3. For set

h
l

bn
+ u

an
+ s1+2"n

ancn
,

l

bn
+ u

an
+ s1+1�2"n

ancn

i
⇥
h

v
an

+ s2+2"n
ancn

,
v
an

+ s2+1�2"n
ancn

i
,

where s1, s2 2 Z, 1  s1, s2  cn�2, u 2 {0, . . . , an
bn
�1}, v 2 {0, . . . , an�1},

in is a composition of a translation and a rotation by �l, where �l ⌘ s⇡

kn
with

s ⌘ l mod kn.

4. in

⇣
x+ p

qn
, y

⌘
= in(x, y) for all (x, y) 2

h
p

qn
,
p+1
qn

⌘
⇥ [0, 1], p 2 Z.

5. |||in|||r  c
0
n,kn,r

· qr�1
n

where the constant c
0
n,kn,r

is independent of qn.

Proof. Similar to [35, Lemma 2.3], there exist such a measure preserving diffeo-
morphism,  c,",� : [0, 1]2 ! [0, 1]2, c 2 N, " 2 (0, 1

5c ] and � 2 [0, ⇡], is constructed
with the aid of Moser’s trick which satisfies following properties:

•  c,",� coincides with the identity on [0, 1]2\[", 1� "]2.

• On every square
⇥
v+2"
c

,
v+1�2"

c

⇤
⇥
⇥
k+2"
c

,
k+1�2"

c

⇤
with 1  v, k  c � 2 the

map  c,",� is equal to a composition of a translation and a rotation by arc �
around the centre.

Define the map  a,c,",� :
⇥
0, 1

a

⇤2 !
⇥
0, 1

a

⇤2 by  a,c,",� = D
�1
a

�  c,",� �Da, where the
dilation map Da :

⇥
0, 1

a

⇤2 ! [0, 1]2 defined by Da(✓, r) = (a · ✓, a · r) for a 2 N.
Since it coincide with the identity in a neighbourhood of the boundary, we can
extend it to a smooth diffeomorphism on [0, 1]2 equivariantly by the description

 a,c,",�

⇣
✓ +

a1

a
, r +

a2

a

⌘
=
⇣
a1

a
,
a2

a

⌘
+  a,c,",�(✓, r),

for a1, a2 2 N.
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In our concrete construction, we define in by

in =  an,cn,"n,�l
, (6.44)

where an = 2k11
n
qn, cn = k

5
n
, "n = 1

2n5k10n
and the value of �l varies with the func-

tion domain, specifically within the context of the given domain: On domainh
l

bn
+ u

an
,

l

bn
+ u+1

an

i
⇥ [0, 1], for all u 2 {0, . . . , an

bn
� 1}, choose the value of �l ⌘ s·⇡

kn

where s ⌘ l mod kn. Moreover, the map  cn,"n,�l
defines the rotation by the arcs

and it depends on the parameter kn but remains independent of qn. Therefore, the
norm of the map in defined by in = D

�1
an

�  cn,"n,�l
�Dan

can be estimated as

|||in|||r  a
r�1
n

· ||| cn,"n,�l
|||
r
 c

0
n,kn,r

q
r�1
n

,

where c
0
n,kn,r

is a constant depending upon n, kn, and r, but independent of qn.

Remark 6.20. Compared to the analogous construction in [35, Proposition 2.2],
our choice of the distinct rotation angles, denoted as �l, has a different dependence
on the specific domain. For illustration of the map in, we refer to Figure 6.1.

Remark 6.21. The action of the map in on the elements of the partial partitions
⇣n and ⌘n can be described as the composition of a rotation by an angle u1·⇡

kn
and

a translation, such that:

in(Ǐ
u0,u1,u2
v0

) = Ǐ
u0,u1,u2
v0

, (6.45)

in(I
u0,u1,u2,u3,u4
v0,v1,v2

) ✓ Ǐ
u0,u1,u2
v0

, (6.46)

where I
u0,u1,u2,u3,u4
v0,v1,v2

2 ⇣n and Ǐ
u0,u1,u2
v0

2 ⌘n.

6.7.2.3 The conjugation map �n

We define the final conjugation map �n : [0, 1]2 ! [0, 1]2, for u0 = 0, 1, . . . , qn � 1 :

�n =

8
<

:
in � �̃n on

h
2u0
2qn

,
2u0+1
2qn

i
⇥ [0, 1],

Id on
h
2u0+1
2qn

,
2u0+2
2qn

i
⇥ [0, 1],

(6.47)
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Figure 6.2: An example of the action of �n transforming from (a) to (b) on the
fundamental domain within T2.

where the map �̃n and in is defined by (6.41) and (6.44) respectively.

Remark 6.22. Note that the map �n is a smooth area-preserving diffeomorphism
on the 2-torus, given that both the maps �̃n and in act as identities in a neighbor-
hood of the boundary of [0, 1]2. Consequently, �n is a well-defined Hamiltonian
diffeomorphisms on the torus by Lemma 2.6. For illustration of the map �n, we
refer to Figure 6.2.

6.8 Convergence of sequences < fn >n2N in the

smooth topology

The following two lemmas follow from Lemmas 3 and 4 in [20] with minor to no
modifications; hence, we skip the proofs for brevity.

Lemma 6.23 ([20, Lemma 3]). Let r 2 N. For all ↵, � 2 R and all h 2
Diff1(T2

, µ), we have the estimate

dr(hS↵h
�1
, hS�h

�1)  Cr max{|||h|||
r+1,

������h�1
������

r+1
}|↵� �|,

where Cr is a constant that depends only on r.
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Lemma 6.24 ([20, Lemma 4]). For any ✏ > 0, let rn be a sequence of natural

numbers satisfying

1P
n=1

1
rn

< ✏. Suppose for any Liouville number ↵ that there

exists a sequence of rationals {↵n} satisfying

|↵� ↵n| <
1

2n+1rnĈrn
qn|||Hn|||rn+1

rn+1

, (6.48)

where Ĉrn
is the same constant as in Lemma 6.23. Then the sequence of diffeomor-

phisms fn = Hn � R↵n+1 �H�1
n

converges to f 2 Diff1(T2
, µ) in the C

1
topology.

Moreover, for any m  qn+1, we have

d0(f
m
, f

m

n
)  1

2n+1
, and sup

x2PTM

d((fn, dfn)
m(x), (f, df)m(x))  1

2n+1
. (6.49)

Lemma 6.25. For any rn 2 N, the conjugation diffeomorphisms constructed in

Sections 6.4 and 6.7.2 satisfy the following statements:

1. |||hn|||rn  cn,kn,rn · q2r
3
n

n , where cn,kn,rn is constant independent of qn.

2. |||Hn|||rn  ĉn,kn,rn · q2r
4
n

n , where ĉn,kn,rn is constant independent of qn.

3. For ↵ Liouville, there exists a sequence of rational {↵n}n2N satisfying (6.48)
and (P1)-(P4).

Proof. Using Lemma 2.2 and the norm estimates of conjugation maps �n and gn,

defined in Proposition 6.17, 6.19 and 6.1, we have estimate:

|||hn|||rn  |||gn|||rnrn · |||�n|||rnrn
 c̃n,kn,rn · qr2n

n
· |||in|||rnrn ·

���
���
����̃n

���
���
���
rn

rn

 cn,kn,rn · q2r3n
n

.

Similarly, |||Hn|||rn = |||Hn�1 � hn|||rn  |||Hn�1|||rnrn · |||hn|||rnrn . Since all order deriva-
tives of Hn�1 are independent of qn, we can conclude that |||Hn|||rn  ĉn,kn,rn · q

2r4n
n .

For ↵ being a Liouville, we can choose a sequence of rationals ↵n = pn

qn
(with pn, qn

relatively prime) that satisfy the following property, along with (P1)� (P4):

|↵� ↵n| 
1

2n+1 · rn · ĉn,kn,rn · q2(rn+1)5+1
n

 1

2n+1 · rn · Ĉrn
· qn · |||Hn|||rn+1

rn+1

,
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where Ĉrn
is constant depends only on rn.

Remark 6.26. Finally, we have proven the estimate on the norms of the conjuga-
tion map Hn, as shown in [19]. Additionally, the existence of rationals satisfying
(6.48) guarantees the convergence of the sequence fn to f 2 Diff1(T2

, µ), as stated
in Lemma 6.24.

6.9 Existence of an invariant Riemannian metric

Next, we show that our conjugation maps hn and ĥn fulfill the requirements of
Proposition 6.3.

Lemma 6.27. Let In 2 ⇣n, defined as in section 6.7. The maps hn defined by

(6.2), satisfy the following for all In 2 ⇣n: devIn(hn) = 0;

Proof. For the first statement, it is sufficient to show that hn acts as an isometry
with respect to !0 for all I

u0,u1,u2,u3,u4
v0,v1,v2

2 ⇣n. In our explicit construction, the
map �n is defined by (6.47). If u0 is odd, it acts as the identity and, hence, as
an isometry. If u0 is even, �n acts as in � �̃n on I

u0,u1,u2,u3,u4
v0,v1,v2

. In Proposition
6.17, equation (6.41), and Remark 6.18, the mapping behavior of �̃n is explicitly
discussed, and it acts as an isometry on I

u0,u1,u2,u3,u4
v0,v1,v2

as follows:

�̃n(I
u0,u1,u2,u3,u4
v0,v1,v2

) = I
u0,u1,k

5
n�v0�1,u3,u4

u2,v1,v2
.

In Proposition 6.19, the second property defines the map in as a composition
of a translation and some rotation on such sets I

u0,u1,k
5
n�v0�1,u3,u4

u2,v1,v2 . In particular,
in(I

u0,u1,k
5
n�v0�1,u3,u4

u2,v1,v2 ) ⇢ Ǐ
u0,u1,k

5
n�v0�1

u2 . The map gn, as defined in Proposition 6.1,
acts as a translation on the image set �n(Iu0,u1,u2,u3,u4

v0,v1,v2
) ⇢ Ǐ

u0,u1,k
5
n�v0�1

u2 . Altogether,
we conclude the first statement.

Remark 6.28. Note that hn acts as an isometry on the sets I
u0,u1,u2,u3,u4
v0,v1,v2

, and
the union of these elements defines ⌘̃n as described in subsection 6.7.1.3. This
construction verifies the property (D1).
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Remark 6.29. By Lemma 6.27 we can choose dn = 0 for all n 2 N when applying
Proposition 6.3 for our sequence (fn)n2N of C1 diffeomorphisms defined as in (6.1).
Thus, the limit diffeomorphism f = limn!1 fn admits an invariant measurable
Riemannian metric.

6.10 Proof of weak mixing of the derivative exten-

sion

6.10.1 Choice of partial partition of PTM

Consider the 3-dimensional elements in PTM for Ĩu0
v0

= [kn�1
u1=0 Ĩ

u0,u1
v0

2 ⌘̃n by (6.40),
and j 2 {0, . . . , kn � 1} as

Îu0,v0,j = Ĩ
u0
v0

⇥ Tj =
kn�1[

u1=0

(Ĩu0,u1
v0

⇥ Tj), where Tj =


j

kn
,
j + 1

kn

�
.

Denote the following collection of elements to form a partial partition of PTM by

⌘̂n :=
n
Îu0,v0,j : u0 2 {0, . . . , 2qn � 1}, v0 2 {1, . . . , k5

n
� 2}, j 2 {0, . . . , kn � 1}

o
.

(6.50)

Remark 6.30. Note that ⌘̂n is a partial partition of PTM . For every n 2 N,
⌘̂n consists of disjoint sets, covers a set of measure at least

⇣
1� 25

k5n

⌘2

� 1 � 50
k5n

.
For I 2 ⌘̂n, it is a finite union of elements of the form I

u0,u1,u2,u3,u4
v0,v1,v2

⇥ Tj, and
every element has diam(Iu0,u1,u2,u3,u4

v0,v1,v2
⇥ Tj) 

p
2

kn
! 0 as n ! 1. Thus, the

decomposition (⌘̂n)n2N converges to a decomposition into points.

6.10.2 Choice of mixing sequence mn

We consider

mn = min

⇢
m  qn+1 | inf

k2Z

����m
qnpn+1

qn+1
� 1

2
+ k

���� 
qn

qn+1

�
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and
an =

✓
mn↵n+1 �

1

2qn
mod

1

qn

◆

as defined in [19] for the torus case. Under the growth assumption qn+1 > 2k12
n
q
2
n

we obtain |an|  1
qn+1

<
1

2k12n q2n
.

Remark 6.31. Since the action of Rmn+1
↵n+1

acts as a translation in the ✓ direction
by the factor mn+1↵n+1, its action is trivial in the tangent direction. Hence, the
condition an <

1
2k12n q2n

holds for the ‘good domains’ of the partial partitions ⌘n and
⌘̃n such that

µ(Rmn

↵n+1
(Ǐu0,u1,u2

v0
)4Ǐ

u0+1,u1,u2
v0

) < |an| 
1

2k12
n
q2
n

,

µ(Rmn

↵n+1
(Ĩu0,u1

v0
)4Ĩ

u0+1,u1
v0

) < |an| 
1

2k12
n
q2
n

.

6.10.3 Action of (�n, d�n)

Note that Ĩ
u0,u1
v0

✓
S

k
5
n�2

u2=1 Ǐ
u0,u1,u2
v0

with Ǐ
u0,u1,u2
v0

2 ⌘n belongs to the “good do-
main” of the conjugation map �n by (6.39) and (6.40). Therefore, we can describe
the mapping behaviour of the projectivized derivative extension (�n, d�n) on the
elements Îu0,v0,j 2 ⌘̂n explicitly.

Lemma 6.32. For any Ĩ
u0,u1
v0

⇥ Tj ✓ PTM, where u0 is even and Ĩ
u0,u1
v0

is defined

by (6.40), the following holds:

1. �n(Ĩu0,u1
v0

) ✓
S

k
5
n�2

u2=1 Ǐ
u0,u1,k

5
n�v0�1

u2 , and �
�1
n
(Ĩu0,u1

v0
) ✓

S
k
5
n�2

u2=1 Ǐ
u0,u1,v0

k5n�u2�1.

2. (�n, d�n)(Ĩu0,u1
v0

⇥ Tj) ✓
S

k
5
n�2

u2=1 Ǐ
u0,u1,k

5
n�v0�1

u2 ⇥ Tk, where k ⌘ u1 + j mod kn.

Moreover,

µ

✓
⇡M

✓
(�n, d�n)

�
Ĩ
u0,u1
v0

⇥ Tj

�
4
✓ k

5
n�2[

u2=1

Ǐ
u0,u1,k

5
n�v0�1

u2
⇥ Tk

◆◆◆
 8

k11
n
qn

.

(6.51)

3. (�n, d�n)�1(Ĩu0,u1
v0

⇥Tj) ✓
S

k
5
n�2

u2=1 Ǐ
u0,u1,v0

k5n�u2�1⇥Tk0 , where k
0 ⌘ �u1+ j mod kn.
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Moreover,

µ

✓
⇡M

✓
(�n, d�n)

�1
�
Ĩ
u0,u1
v0

⇥Tj

�
4
✓ k

5
n�2[

u2=1

Ǐ
u0,u1,v0

k5n�u2�1⇥Tk0

◆◆◆
 8

k11
n
qn

. (6.52)

In particular, an element Ĩ
u0,u1
v0

is mapped to a region
S

k
5
n�2

u2=1 Ǐ
u0,u1,k

5
n�v0�1

u2 2 T2,
which has almost full vertical length, and the jth tangent interval Tj is translated
to the kth tangent interval Tk, where k ⌘ u1+j mod kn, under the map (�n, d�n).

Proof. In our explicit construction �n defined by (6.47), if u0 is even, �n acts as
in � �̃n on Ĩ

u0,u1
v0

. In Proposition 6.17 and Remark 6.18, the mapping behaviour
of �̃n is discussed explicitly. We also note that dp�̃n = id for any base point
p 2 I

u0,u1,u2,u3,u4
v0,v1,v2

. Therefore we conclude

(�̃n, d�̃n)(Ĩ
u0,u1
v0

⇥ Tj) =
k
5
n�2[

u2=1

2k6nqn�2qn�1[

v1=2qn

k
5
n�2[

u3,u4,v2=1

I
u0,u1,k

5
n�v0�1,u3,u4

u2,v1,v2
⇥ Tj.

In Proposition 6.19, the third property defines the map in as a composition of a
translation and a rotation by u1·⇡

kn
on I

u0,u1,k
5
n�v0�1,u3,u4

u2,v1,v2 . Additionally, the second
statement in Proposition 6.19 establishes that the image of Iu0,u1,k

5
n�v0�1,u3,u4

u2,v1,v2 , for
all u3, v2, v1 2 Z, under in is contained in Ǐ

u0,u1,k
5
n�v0�1

u2 . Consequently, we obtain
the following containment:

�
in, din

�✓ k
5
n�2[

u2=1

2k6nqn�2qn�1[

v1=2qn

k
5
n�2[

u3,u4,v2=1

I
u0,u1,k

5
n�v0�1,u3,u4

u2,v1,v2
⇥ Tj

◆

✓
k
5
n�2[

u2=1

Ǐ
u0,u1,k

5
n�v0�1

u2
⇥ Tk,

where k ⌘ j + u1 mod kn. This implies the first statement and the first part of
the second statement of the lemma.
Together with (6.40), the first statement of the lemma, Remark 6.15, and the fact
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that the map �n is measure-preserving, we get

µ

✓✓ k
5
n�2[

u2=1

Ǐ
u0,u1,k

5
n�v0�1

u2

◆�
�n

�
Ĩ
u0,u1
v0

�◆
 µ

✓ k
5
n�2[

u2=1

Ǐ
u0,u1,k

5
n�v0�1

u2

◆
� µ

✓
�n

�
Ĩ
u0,u1
v0

�◆

 8

k11
n
qn

.

Moreover, using the first part of second statement of the lemma, we have

µ

✓
⇡M

✓
(�n, d�n)

�
Ĩ
u0,u1
v0

⇥ Tj

�
4
✓ k

5
n�2[

u2=1

Ǐ
u0,u1,k

5
n�v0�1

u2
⇥ Tk

◆◆◆

 µ

✓✓ k
5
n�2[

u2=1

Ǐ
u0,u1,k

5
n�v0�1

u2

◆�
�n

�
Ĩ
u0,u1
v0

�◆
 8

k11
n
qn

.

Analogously, we examine the effect of ��1
n

, which is defined by �̃�1
n

� i�1
n

, on Ĩ
u0,u1
v0

for an even value of u0. With Proposition 6.19, we conclude

k
5
n�2[

u2=1

�
in, din

��1
✓ 2k6nqn�2qn�1[

v1=2qn

k
5
n�2[

u3,u4,v2=1

I
u0,u1,u2,u3,u4
v0,v1,v2

⇥ Tj

◆
✓

k
5
n�2[

u2=1

Ǐ
u0,u1,u2
v0

⇥ Tk0 ,

where k
0 ⌘ �u1+ j mod kn. Considering Remark 6.18, which discusses the action

of �̃n on the elements Ǐ
u0,u1,u2
v0

2 ⌘n, and in addition to the fact that dp�̃
�1
n

= id
for any base point p 2 Ǐ

u0,u1,u2
v0

, we conclude

(�̃n, d�̃n)
�1

✓ k
5
n�2[

u2=1

Ǐ
u0,u1,u2
v0

⇥ Tk0

◆
✓

k
5
n�2[

u2=1

Ǐ
u0,u1,v0

k5n�u2�1 ⇥ Tk0 .

Altogether, this yields the third statement as

(�̃n, d�̃n)
�1 �

�
in, din

��1
(Ĩu0,u1

v0
⇥ Tj) ✓

k
5
n�2[

u2=1

Ǐ
u0,u1,v0

k5n�u2�1 ⇥ Tk0 .

Similar to the proof of estimate (6.51), we obtain the estimate (6.52).
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Remark 6.33. Note that the partial partition ⌘̂n defined in section 6.10.1 sat-
isfies the required property (D4) for the partial partition ⌘̂n of PTM in sec-
tion 6.6. Specifically, with our explicit partition of ⌘̂n, we have Ĩn,l = Ĩ

u0,u1
v0

and În,j =
S

kn�1
u1=0 Ĩ

u0,u1
v0

⇥ Tj, for u0 2 {0, . . . , qn � 1}, v0 2 {1, . . . , k5
n
� 2},

and u1, j 2 {0, . . . , kn � 1}. Since the map g
�1
n
, defined in Proposition 6.1, acts

as a translation in the horizontal direction on each Ĩ
u0,u1
v0

by [nq�n]v0
k5n

, we have

g
�1
n
(Ĩu0,u1

v0
) = Ĩ

u
0
0,u

0
1

v0 for some u
0
0 and u

0
1.

Furthermore, applying �
�1
n

to these elements and using the first statement of
Lemma 6.32, we obtain

h
�1
n
(Ĩu0,u1

v0
) = �

�1
n

� g�1
n
(Ĩu0,u1

v0
) ✓ [k

5
n�2

u2=1 Ǐ
u
0
0,u

0
1,v0

k5n�u2�2,

with the estimate

µ(h�1
n
(Ĩu0,u1

v0
)4[[k

5
n�2

u2=1 Ǐ
u
0
0,u

0
1,v0

k5n�u2�2]) 
16

k5
n

µ(Ĩu0,u1
v0

). (6.53)

Along with Remark 6.14, which states that each
S

k
5
n�2

u2=1 Ǐ
u
0
0,u

0
1,v0

k5n�u2�2 is almost covered
by the elements Ĩ

u0
v0

2 ⌘̃n, let

⇤̄
Ĩ
u
0
0,u

0
1

v0

=

8
<

:Ĩ
a0,a1
b0

✓
k
5
n�2[

u2=1

Ǐ
u
0
0,u

0
1,v0

k5n�u2�2 : Ĩ
a0
b0

2 ⌘̃n, Ĩ
a0
b0

=
kn�1[

a1=0

Ĩ
a0,a1
b0

9
=

;

be a collection of such sets, and the following estimate holds:

µ([k
5
n�2

u2=1 Ǐ
u
0
0,u

0
1,v0

k5n�u2�24[[
Ĩ
a0,a1
b0

2⇤̄
Ĩ
u
0
0,u

0
1

v0

Ĩ
a0,a1
b0

])  16

k5
n

µ(Ĩu
0
0,u

0
1

v0
).

Furthermore, by applying the triangle inequality with equation (6.53), we can
derive the following estimation:

µ(h�1
n
(Ĩu0,u1

v0
)4[[

Ĩ
a0,a1
b0

2⇤̄
Ĩ
u
0
0,u

0
1

v0

Ĩ
a0,a1
b0

])  32

k5
n

µ(Ĩu0,u1
v0

),

which verifies the property (D4) for the elements of ⌘̃n.
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Lemma 6.34. Consider the map �n = �n � R
mn

↵n+1
� ��1

n
. The map (�n, d�n) is

(�, �, "1, "2)-distributing the elements Îu0,v0,j 2 ⌘̂n in the sense of Definition 6.10

with � = 1
2k5nqn

, � = 1
k4n
, "1 = "2 =

1
n5 .

Proof. For any Îu0,v0,j = [kn�1
u1=0 Ĩ

u0,u1
v0

⇥Tj 2 ⌘̂n, we consider two cases for the values
of u0 to understand the action of (�n, d�n). If u0 is even, we apply Lemma 6.32.
If u0 is odd, we use the fact that the maps (�n, d�n) act as the identity inside the
“good domains" and Remark 6.31.
Case 1: If u0 is even, we have for each fixed u1 2 {0, . . . , kn � 1},

(�n, d�n)(Ĩ
u0,u1
v0

⇥ Tj)

= (�n, d�n) � (R↵n+1 , dR↵n+1)
mn � (�n, d�n)

�1

 
Ĩ
u0,u1
v0

⇥ Tj

!

✓ (�n, d�n) � (R↵n+1 , dR↵n+1)
mn

 
k
5
n�2[

u2=1

Ǐ
u0,u1,v0

k5n�u2�1 ⇥ Tk0

!
,

where k
0 ⌘ �u1 + j mod kn. Using the Remark 6.31 and Lemma 6.32, and the

fact that (�n, d�n) acts as the identity in the domain (
S

k
5
n�2

u2=1 Ǐ
u0+1,u1,v0

k5n�u2�1 ⇥ Tk0), we
can conclude

(�n, d�n)(Ĩ
u0,u1
v0

⇥ Tj) \
k
5
n�2[

u2=1

Ǐ
u0+1,u1,v0

k5n�u2�1 ⇥ Tk0 6= ;,

and the following estimate

µ

✓
⇡M

✓
(�n, d�n)(Ĩ

u0,u1
v0

⇥ Tj)4
k
5
n�2[

u2=1

Ǐ
u0+1,u1,v0

k5n�u2�1 ⇥ Tk0

◆◆
 9

k11
n
qn

.

Case 2: If u0 is odd, we have for each fixed u1 2 {0, . . . , kn � 1},

(�n, d�n)(Ĩ
u0,u1
v0

⇥ Tj)

= (�n, d�n) � (R↵n+1 , dR↵n+1)
mn � (�n, d�n)

�1
�
Ĩ
u0,u1
v0

⇥ Tj

�

= (�n, d�n) � (R↵n+1 , dR↵n+1)
mn

�
Ĩ
u0,u1
v0

⇥ Tj

�
.
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Similar to Case 1, using Remark 6.31 and Lemma 6.32, we have

(�n, d�n)(Ĩ
u0,u1
v0

⇥ Tj)
\ k

5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2
⇥ Tk 6= ;,

and the following estimate

µ

✓
⇡M

✓�
(�n, d�n)(Ĩ

u0,u1
v0

⇥ Tj)
�
4
� k

5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2
⇥ Tk

�◆◆
 9

k11
n
qn

,

where k ⌘ u1 + j mod kn.
Note that the ✓ widths of the sets (

S
k
5
n�2

u2=1 Ǐ
u0+1,u1,k

5
n�v0�1

u2 ) and (
S

k
5
n�2

u2=1 Ǐ
u0+1,u1,v0

k5n�u2�1 )

are at most 1
2k6nqn

(1� 1
k5n
). Consequently, both cases imply that the set �n(Ĩu0,u1

v0
),

for all u1 2 {0, . . . , kn � 1}, is contained within a set whose ✓ width is at most
1

2k6nqn
� 1

2k11n qn
+ 9

k11n qn
. Hence, we can choose � = 1

2k5nqn
.

Furthermore, note that µ(Ĩu0,u1
v0

) � 1
2k6nqn

⇣
1� 16

k5n

⌘
. The transformation �n is

measure-preserving, and �n(Ĩu0,u1
v0

) has ✓ width of at most 1
2k6nqn

⇣
1 + 4

k5n

⌘
, i.e.

�

⇣
⇡✓(�n(Ĩ

u0,u1
v0

))
⌘
 1

2k6
n
qn

✓
1 +

4

k5
n

◆
.

This implies that �
⇣
⇡r

�
�n(Ĩu0,u1

v0
)
�⌘

�
⇣
1� 20

k5n

⌘
, allowing us to choose � = 1

k4n
.

Denote Ju1 = ⇡r

�
�n(Ĩu0,u1

v0
)
�
, J

0
u1

= ⇡r(
S

k
5
n�2

u2=1 Ǐ
u0+1,u1,k

5
n�v0�1

u2 ), and

A
u1
✓

= ⇡✓

0

@
k
5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2

1

A = ⇡✓(Ǐ
u0+1,u1,k

5
n�v0�1

u2
).

Thus we can express
S

k
5
n�2

u2=1 Ǐ
u0+1,u1,k

5
n�v0�1

u2 = A
u1
✓

⇥ J
0
u1

.
Analogous to Cases 1 and 2, using Lemma 6.32 and Remark 6.33, we obtain the
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following estimate:

µ

0

@�n(Ĩ
u0,u1
v0

)4
k
5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2

1

A  9

k11
n
qn

 36

k5
n

µ

0

@
k
5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2

1

A ,

(6.54)

for any J̃ ✓ J
0
u1

\ Ju1 , we can conclude that

✓
1� 36

k5
n

◆
�(Au1

✓
)�(J̃)  µ(�n(Ĩ

u0,u1
v0

) \ (T⇥ J̃)) 
✓
1 +

36

k5
n

◆
�(Au1

✓
)�(J̃).

Equation (6.54) also yields

|�(Au1
✓
)�(Ju1)� µ(�n(Ĩ

u0,u1
v0

))| =

������
µ

0

@
k
5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2

1

A� µ(�n(Ĩ
u0,u1
v0

))

������

 µ

0

@�n(Ĩ
u0,u1
v0

)4
k
5
n�2[

u2=1

Ǐ
u0+1,u1,k

5
n�v0�1

u2

1

A

 9

k11
n
qn

 36

k5
n

µ(Ĩu0,u1
v0

). (6.55)

For the last inequality, we used 1
2k6nqn

(1 � 16
k5n
) < µ(Ĩu0,u1

v0
) that yields 1

µ(Ĩ
u0,u1
v0 )


2k6

n
qn(1� 16

k5n
)�1  4k6

n
qn.

Using the triangle inequality with the estimates in (6.54) and (6.55), we obtain

|µ(�n(Ĩ
u0,u1
v0

) \ (T⇥ J̃))�(Ju1)� �(J̃)µ(Ĩu0,u1
v0

)|

 �(Ju1)|µ(�n(Ĩ
u0,u1
v0

) \ (T⇥ J̃))� �(J̃)�(Au1
✓
)|

+ �(J̃)|�(Au1
✓
)�(Ju1)� µ(�n(Ĩ

u0,u1
v0

))|

 36

k5
n

�(J̃)�(Au1
✓
)�(Ju1) +

36

k5
n

�(J̃)µ(Ĩu0,u1
v0

)

 108

k5
n

�(J̃)µ(Ĩu0,u1
v0

)

 1

n5
�(J̃)µ(Ĩu0,u1

v0
).
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Thus, we can choose "1 = 1
n5 .

Next, we show that (�n, d�n) distributes Îu0,v0,j = [kn�1
u1=0 Ĩ

u0,u1
v0

⇥ Tj 2 ⌘̂n in the
tangent direction in the sense of Definition 6.10: For any j, k 2 {0, . . . , kn � 1},
there exist a unique u1 2 {0, . . . , kn � 1} satisfying k ⌘ u1 + j mod kn, and
J̃ ✓ Ju1 = ⇡r(�n(Ĩu0,u1

v0
)) such that

(�n, d�n)(Ĩ
u0,u1
v0

⇥ Tj) \ (T⇥ J̃ ⇥ Tk) 6= ;,

and building on (6.55) we get the following estimate

��µ
⇣
⇡M

⇣
Ĩ
u0,u1
v0

⇥ Tj \ (�n, d�n)
�1(T⇥ J̃ ⇥ Tk)

⌘⌘
�(Ju1)� �(J̃)µ(Ĩu0,u1

v0
)
��

 1

n5
�(J̃)µ(Ĩu0,u1

v0
),

which allows us to choose "2 = 1
n5 .

Altogether, this shows that (�n, d�n) is ( 1
2k5nqn

,
1
k4n
,

1
n5 ,

1
n5 )-distributing every ele-

ment Îu0,v0,j 2 ⌘̂n.

Lemma 6.35. Consider a sequence of partial partitions (⌘̂n)n2N and (⌘̃n)n2N of

the form as described in (6.50) and (6.40), respectively, and the diffeomorphism gn

from Proposition 6.1. Furthermore, let (Hn)n2N be a sequence of smooth measure-

preserving diffeomorphism satisfying the condition (P1). Consider the partial par-

titions

⌫̂n = {�u0,v0,j = (Hn�1, dHn�1) � (gn, dgn)(Îu0,v0,j) : Îu0,v0,j 2 ⌘̂n}. (6.56)

Then ⌫̂n ! ✏.

Proof. By construction ⌘̂n is a partial partition of PTM and ⌘̂n ! ✏, i.e. for every
n 2 N, ⌘̂n consists of countable disjoint sets and covers a set of almost full measure,

lim
n!1

µ̄

0

@
[

(u0,v0,j)2⇤n

Îu0,v0,j

1

A = 1,

where ⇤n denotes the set of permissible indices in (6.50). By definition, an element
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Îu0,v0,j 2 ⌘̂n is of the form Îu0,v0,j = [kn�1
u1=0 Ĩ

u0,u1
v0

⇥ Tj.
Denote �u0,v0,j = [kn�1

u1=0�
u0,u1
v0,j

and �u0,u1
v0,j

= (Hn�1, dHn�1) � (gn, dgn)(Ĩu0,u1
v0

⇥ Tj).

Using the estimates in Lemma 6.6, we can build on Remark 6.30 to conclude that
the collection of elements �u0,v0,j 2 ⌫̂n covers a set of almost full measure:

lim
n!1

µ̄

 
[

u0,v0,j2⇤n

�u0,v0,j

!

= lim
n!1

X

u0,v0,j2⇤n

kn�1X

u1=0

µ̄

⇣
(Hn�1, dHn�1) � (gn, dgn)(Ĩu0,u1

v0
⇥ Tj)

⌘

� lim
n!1

X

u0,v0,j2⇤n

kn�1X

u1=0

✓
1� 35

k4
n

◆
· 1

kn
µ(Ĩu0,u1

v0
)

� lim
n!1

✓
1� 35

k4
n

◆
µ

 
[

u0,v0,j2⇤n

kn�1[

u1=0

Ĩ
u0,u1
v0

!

� lim
n!1

✓
1� 35

k4
n

◆✓
1� 25

k3
n

◆
� lim

n!1

✓
1� 80

k3
n

◆
.

Further note that, in Proposition 6.1, the map gn acts as the translation in the ✓-
direction on T1⇥ [ j+2"n

an
,
j+1�2"n

an
] by a factor [nq�

n
] · j

k5n
and its action is trivial in the

tangent direction. Since Ĩ
u0,u1
v0

⇢ Gn, it follows that each gn(Ĩu0,u1
v0

) is contained in
a rectangle of ✓ width 1

2k6nqn
+ [nq�n]

k5n
and height 1

k5n
. Hence, for � < 0.5, and using the

fact that dgn acts as the identity function on the spherical coordinates with base
points x 2 Gn (see (6.7)), we have diam((gn, dgn)(Ĩu0,u1

v0
⇥ Tj))  3

kn
. Combining

this with condition (P1), we can conclude that

diam
⇣
(Hn�1, dHn�1) � (gn, dgn)(Ĩu0,u1

v0
⇥ Tj)

⌘
<

1

n2
.

Therefore, diam(�u0,u1
v0,j

) ! 0 for all �u0,u1
v0,j

2 ⌫̂n as n ! 1 and consequently
⌫̂n ! ✏.
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6.11 Application of the criterion for weak mixing

Proof of Theorem 1.6. For any Liouville number ↵ 2 R we can consider a sequence
of diffeomorphisms fn constructed by equations (6.1) and (6.2) with explicit con-
jugation maps as in Section 6.4.1 and 6.7.2. Lemma 6.24 and 6.25 guarantee the
convergence of the sequence (fn)n2N to a limit diffeomorphism f 2 A↵(T2) and
the proximity condition d1(fn, f) <

1
2n for all n 2 N.

To establish the weak mixing property of the limiting map (f, df) with respect
to the invariant measure µ̄ we will apply Proposition 6.11. We consider the se-
quence of the decomposition ⌘̂n and ⌫̂n, and the associated natural numbers (mn)

as described in equations (6.50), (6.56), and Section (6.10.2), respectively. Note
that ⌫̂n ! ✏ by Remark (6.30), ⌘̂n ! ✏ by Lemma 6.35, and the diffeomorphism
(�n, d�n) is ( 1

2k5nqn
,

1
k4n
,

1
n5 ,

1
n5 )-distributing every În 2 ⌘̂n, as verified Lemma 6.34.

Hence, all the conditions of Proposition 6.11 are satisfied and, consequentially,
the map (f, df) is weakly mixing with respect to the measures µ̄. Similarly, em-
ploying the same combinatorics and the construction of conjugation maps with
minor modifications, we can replicate the same construction for any other com-
pact two-dimensional connected manifold M admitting a nontrivial circle action.
For more details, we refer to [19, Section 2.4].
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7
Analytic Weak Mixing Projectivized

Derivative Extension

7.1 Introduction

In this chapter, we delve into the extreme ergodic properties of the projectivized
derivative extension, with a focus on weak mixing. We explore this aspect in the
analytic category using the Approximation by Conjugation method. We present
an example of an analytic diffeomorphism whose projectivized derivative extension
exhibits weak mixing with respect to a invariant smooth measure. For the torus
case, we explore an analytic approximation technique that allows us to closely ap-
proximate an analytic diffeomorphism to a smooth diffeomorphism. Additionally,
we extend the smooth weak mixing criterion for the projectivized derivative ex-
tension to the analytic setting. To demonstrate the weak mixing property of the
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projectivized derivative extension, we provide a suitable distribution of elements
under the explicit choice of conjugation maps and the approximation techniques
that meet the necessary requirements of the criterion. In particular, we prove
Theorem 1.7.

7.2 Outline of the proof

We employ a similar approach to the smooth construction outlined in Chapter
6 for weak mixing in the projectivized derivative extension, along with an an-
alytic approximation result. We consider a sequence of partial partitions ⇣n of
2-torus converging to a point decomposition. For the analytic constructions, we
utilize a close approximation of an analytic diffeomorphism to a smooth diffeomor-
phism by employing the approximation technique outlined in Sections 7.3 and 7.8.
Compared to [33], this approximation method is tailored for Hamiltonian diffeo-
morphisms and enables the breakdown of a smooth Hamiltonian diffeomorphism
into a finite series of one-dimensional linear flows, each closely approximated by
analytic flows. These approach ensure a precise level of approximation.

Additionally, we introduce the conjugation map ĥn = ĝn � �̂n, where ĝn and �̂n

represent the analytic diffeomorphisms obtained by applying analytic approxima-
tions to the smooth maps gn and �n defined in chapter 6, respectively. This map
acts as an “almost isometry” on the elements within I 2 ⇣n, thereby establishing
the existence of an invariant measurable Riemannian metric on PTM , as discussed
in Section 7.6, following a similar concept as described in [33].

Subsequently, we demonstrate the convergence of the scheme f̂n in the analytic
topology, and modifications are made to adapt the weak mixing criterion for the
analytic projectivized derivative extension, as detailed in Sections 7.5 and 7.4,
respectively. Finally, we apply the weak mixing criterion in Section 7.7 for analytic
construction.



135

7.3 Analytic AbC scheme

On the torus T2 we execute an approximation by conjugation method in the ana-
lytic category, where at step n in the inductive construction process we consider

f̂n = Ĥn �R↵n+1 � Ĥ�1
n

, where Ĥn = ĥ1 � . . . � ĥn, (7.1)

with conjugation maps
ĥn = ĝn � �̂n. (7.2)

This time, we choose the sequence ↵n+1 = pn+1

qn+1
= ↵n + 1

kn·ln·q2n
with parameters

kn, ln satisfying the conditions (P1)� (P4) as defined in Section 6.4.
Our conjugation maps �̂n and ĝn are real analytic diffeomorphisms that com-

mute with R↵n
and admit entire complexifications of their lifts of the torus. These

maps closely resemble the combinatorial behavior of the conjugation maps �n and
gn in the smooth case. To establish the existence of such analytic conjugation
maps �̂n and ĝn, we can use the following approximation result in Theorem 7.1.
It builds on the analytic approximation theorem presented in [7, Theorem 1.8]
for the annulus. Here, we derive analogous analytic approximation results for the
2-torus. Its proof is presented in the Section 7.8.

Theorem 7.1 (Analytic Approximation Result). For any ✏ > 0 and any smooth

hamiltonian diffeomorphism h 2 Ham
1(T2

, µ), there exists a real analytic map

h̃ 2 Ham
!

1(T2
, µ) such that dr(h, h̃ �T2) < ✏ for all r 2 N, and the map h̃

�1 2
Ham

!

1(T2
, µ).

Corollary 7.2. Let ✏ > 0 and h 2 Ham
1(T2

, µ) be (1
q
, 0)-periodic. Then there

exists (1
q
, 0)-periodic ĥ 2 Ham

!

1(T2
, µ) such that ĥ

�1 2 Ham
!

1(T2
, µ) and the

following properties hold:

1. dr(h, ĥ|T2) < ✏ for r = 1, 2;

2. sup
x2T2 d((h, dh)(x), (ĥ �T2 , dĥ)(x)) < ✏.

Proof of Corollary 7.2. Since h 2 Ham1(T2
, µ) is (1

q
, 0)-periodic, there exists a
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Z2-periodic map h̄ = (h̄1, h̄2) 2 Ham1(T2
, µ) such that

h

✓
x+

a

q
, y

◆
=

✓
1

q
h̄1(qx, y) +

a

q
, h̄2(qx, y)

◆
, where x 2


0,

1

q

◆
.

We apply Theorem 7.1 to get h̃ = (h̃1, h̃2) 2 Ham!

1(T2
, µ) approximating h̄ with

precision ✏/q2. Then we introduce the map ĥ 2 Ham!

1(T2
, µ) as

ĥ

✓
x+

a

q
, y

◆
=

✓
1

q
h̃1(qx, y) +

a

q
, h̃2(qx, y)

◆
, where x 2


0,

1

q

◆
.

Clearly, ĥ is (1
q
, 0)-periodic and satisfies the required properties.

For our explicit construction, we pick the proximity parameters as follows:

✏n =
dn

2k8
n
q2
n
· kDHn�1k20 · (2|||�n|||2 + 1)

with dn =
1

2n2+1 · n2 · ln
. (7.3)

Here, we will have to choose dn sufficiently small to meet specific conditions, de-
pending upon Hn�1, stated in Sections 6.8 and 6.9. This can be achieved by
choosing a sufficiently large ln. By applying Corollary 7.2 we obtain the maps �̂n

and ĝn in Diff!1(T2
, µ) approximating �n and gn, respectively, and satisfying the

following conditions:

• dr(�̂n �T2 ,�n) < ✏n and dr(ĝn �T2 , gn) < ✏n for all r 2 N,

• sup
x2T2 d((�n, d�n)(x), (�̂n �T2 , d�̂n)(x)) < ✏n, and

• sup
x2T2 d((gn, dgn)(x), (ĝn �T2 , dĝn)(x)) < ✏n.

7.4 Criterion for analytic weak mixing

We build on our criterion for weak mixing deduced in the previous chapter and
show that the weak mixing property still holds for real-analytic AbC diffeomor-
phisms obtained by utilizing sufficiently close analytic approximations of the con-
jugation maps from the smooth constructions. We start by showing that such ap-
proximations still give good distribution properties in the sense of Definition 6.10.
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Lemma 7.3. Let " > 0 and f, g 2 Diff1(T2
, µ) with d0(f, g) < ". Moreover, let

⌘ be a partial partition of T2
. Consider two subsets A,B ⇢ T2

such that A ⇢ B,

and dist(@A, @B) > ", where dist(A,B) = infx2A,y2B infk2Z2 kx � y + kk, where

k · k denotes the Euclidean norm, and @A denotes the boundary of A. Then the

following relations hold:

1. If f(x) 2 A, then g(x) 2 B, and µ(f(I) \ A)  µ(g(I) \B) for any I 2 ⌘.

2. If g(x) 2 A, then f(x) 2 B, and µ(g(I) \ A)  µ(f(I) \ B) for any I 2 ⌘.

Proof. The proof can be derived directly from the definitions.

Lemma 7.4. Consider �n 2 Diff1(T2
, µ) and �̂n 2 Diff!1(T2

, µ) satisfying

d2(�n, �̂n �T2) < ✏n, where ✏n > 0 and dn > 0 are given by (7.3). Denote �n =

�n � Rmn

↵n+1
� ��1

n
and �̂n = �̂n � Rmn

↵n+1
� �̂�1

n
. If the map (�n, d�n) is (�, �, "1, "2)-

distributing the elements I 2 ⌘̂n in the sense of Definition 6.10, then (�̂n, d�̂n) is

(�0, �0, "01, "
0
2)-distributing the elements I 2 ⌘̂n with �

0 = � + 1
2n , �

0 = � + 1
2n , "

0
1 =

2 · "1 + 3
2n , and "

0
2 = 2 · "2 + 3

2n .

Proof. By using the triangle inequality and applying the mean value theorem, we
can deduce the following proximity statement:

d1(�n, �̂n �T2) = d1(�n �Rmn

↵n+1
� ��1

n
, (�̂n �Rmn

↵n+1
� �̂�1

n
) �T2)

 d1(�n �Rmn

↵n+1
� (�̂�1

n
) �T2 , (�̂n �Rmn

↵n+1
� �̂�1

n
) �T2)

+ d1(�n �Rmn

↵n+1
� ��1

n
,�n �Rmn

↵n+1
� (�̂�1

n
) �T2)

 max(|||�n|||1,
���
���
����̂n

���
���
���
1
) · d1(�n, �̂n �T2) + |||�n|||2 · d1(�n, �̂n �T2)

 (|||�n|||2 + ✏n) · d1(�n, �̂n �T2) + |||�n|||2 · d1(�n, �̂n �T2)

 (2|||�n|||2 + ✏n) · d1(�n, �̂n �T2)

 (2|||�n|||2 + 1) · ✏n  dn. (7.4)

With the definition of (�n, d�n) being (�, �, "1, "2)-distributing, it satisfies four
conditions: The first two conditions show that �n(Ĩn,l) is contained within [cl, cl+

�] ⇥ T1 for some constant cl 2 T1 and that there exists a set Jl such that
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Jl ✓ ⇡r(�n(Ĩn,l)) with 1 � �  �(Jl)  1 for all l 2 {0, . . . , kn � 1}. We de-
note J

0
l
= Jl \⇡r(�̂n(Ĩn,l)), which satisfies �(J 0

l
) > 1� (�+2 · dn). With dn <

1
2n+1 ,

this allows us to choose �0 = � + 1
2n and �0 = � + 1

2n .

For any subset J̃ ⇢ J
0
l
, we consider two subsets, J̃1 and J̃2, inside Jl such that

J̃1 ⇢ J̃ ⇢ J̃2. Additionally, we require �(J̃i4J̃)  1
2n · �(J̃) for i = 1, 2, and for

sufficiently large n that dist(@J̃i, @J̃) > dn for i = 1, 2.
Given the other conditions in the definition of (�n, d�n) as (�, �, "1, "2) distribut-
ing, we can conclude that for any J̃i ⇢ Jl for i = 1, 2, and for all l 2 {0, . . . , kn�1}

|µ(Ĩn,l \ ��1
n
(T1 ⇥ J̃i)�(Jl))� �(J̃i)µ(Ĩn,l)|  "1�(J̃i)µ(Ĩn,l), (7.5)

and for any j, k 2 {0, 1, . . . , kn � 1}, there exists a l 2 {0, 1, . . . , kn � 1} such that
k ⌘ l + j mod kn, for J̃i ⇢ J

0
l
✓ Jl, and Tk =

h
k

kn
,
k+1
kn

i
we have

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�n, d�n)

�1(T1 ⇥ J̃i ⇥ Tk)
⌘⌘

�(Jl)� �(J̃i)µ(Ĩn,l)
���

 "2�(J̃i)µ(Ĩn,l).

Let us denote the following subsets of T2 as A1 = T1 ⇥ J̃1, A = T1 ⇥ J̃ , and
A2 = T1 ⇥ J̃2, which satisfy the following conditions: A1 ⇢ A ⇢ A2, µ(Ai4A) 
µ(J̃i4J̃)  1

2n · µ(A), and dist(@Ai, @A) > dist(@J̃i, @J̃) > dn for i = 1, 2. With
Lemma 7.3, we can establish the following relations: if I 2 ��1

n
(A1), then I 2

�̂�1
n
(A), and if I 2 �̂�1

n
(A), then I 2 ��1

n
(A2). This implies

µ(Ĩn,l \ ��1
n
(A1))�(J

0
l
)  µ(Ĩn,l \ �̂�1

n
(A))�(J 0

l
)  µ(Ĩn,l \ ��1

n
(A2))�(J

0
l
). (7.6)

Altogether with equation (7.5) and relation |�(J 0
l
)� �(Jl)|  2dn�(Jl) it holds:

(1� 2dn)(1� "1)µ(Ĩn,l)�(J̃1)  µ(Ĩn,l \ �̂�1
n
(A))�(J 0

l
); (7.7)

µ(Ĩn,l \ �̂�1
n
(A))�(J 0

l
)  (1 + 2dn)(1 + "1)µ(Ĩn,l)�(J̃2). (7.8)
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Furthermore, we can obtain the following estimates with dn  1
2n+1 :

µ(Ĩn,l \ �̂�1
n
(A))�(J 0

l
)� µ(Ĩn,l)�(J̃)

 ("1 + 2dn(1 + "1))µ(Ĩn,l)�(J̃) + (1 + 2dn)(1 + "1)µ(Ĩn,l)(�(J̃2)� �(J̃))

 ("1 + 2dn(1 + "1))µ(Ĩn,l)�(J̃) + (1 + 2dn)(1 + "1)µ(Ĩn,l)�(J̃24J̃)


✓
"1 + 2dn(1 + "1) + (1 + 2dn)(1 + "1)

1

2n

◆
µ(Ĩn,l)�(J̃)


✓
2 · "1 +

3

2n

◆
µ(Ĩn,l)�(J̃).

Similarly, we deduce the following estimate using (7.8):

µ(Ĩn,l \ �̂�1
n
(A))�(J 0

l
)� µ(Ĩn,l)�(J̃) � �

✓
2 · "1 +

3

2n

◆
µ(Ĩn,l)�(J̃).

Altogether, we obtain that

|µ(Ĩn,l \ �̂�1
n
(T1 ⇥ J̃))�(J 0

l
)� µ(Ĩn,l)�(J̃)| 

✓
2 · "1 +

3

2n

◆
µ(Ĩn,l)�(J̃).

Analogously, we deduce using the estimate (7.6) that for any pair j, k 2 {0, . . . , kn�
1}, there exists l 2 {0, . . . , kn � 1} such that k ⌘ l + j mod kn, and for J̃ ⇢ J

0
l
,

Tk =
h

k

kn
,
k+1
kn

i
we have

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1(T1 ⇥ J̃ ⇥ Tk)
⌘⌘

�(J 0
l
)� µ(Ĩn,l)�(J̃)

���


✓
2 · "2 +

3

2n

◆
µ(Ĩn,l)�(J̃).

In summary, this yields that (�̂n, d�̂n) is (�0, �0, "01, "
0
2)-distributing În,j 2 ⌘̂n.

Lemma 7.5. Let gn be as in Proposition 6.1 and satisfy the property of Lemma

6.8 with the map (�̂n, d�̂n) which is supposed to (�0, �0, "01, "
0
2) distribute În,j 2 ⌘̂n,

where ⌘̂n is the partial partition of PTM constructed in (6.9). Furthermore, let

ĝn 2 Diff!1(T2
, µ) such that dk(gn, ĝn �T2) < ✏n, where ✏n is given by (7.3). Let Sn

be a square of side length equal to
1
kn

lying in T1 ⇥ [�, 1� �]. Denote S̃n = Sn \ eGn
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with eGn defined in (6.14). For any k 2 {0, . . . , kn�1}, denote S̃n,k = S̃n⇥Tk with

Tk =
h

k

kn
,
k+1
kn

i
.

Then for every pair j, k 2 {0, 1, . . . , kn � 1} there exist l 2 {0, 1, . . . , kn � 1}
such that k ⌘ (l + j) mod kn and it holds:

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (ĝn, dĝn)�1(S̃n,k)
⌘⌘

� µ(Ĩn,l)µ(S̃n)
���

2

✓
"
0
2 +

69

n

◆
µ(Ĩn,l)µ(S̃n).

Proof. The proof follows a similar line of reasoning as the previous lemma. For
notation, let S̃n = Sn \ eGn and Sn be a square of side length 1

kn
lying in T1 ⇥

[�0, 1 � �
0]. Now, consider two squares, S

1
n

and S
2
n
, such that S

1
n
⇢ Sn ⇢ S

2
n
,

µ(Si

n
4Sn)  1

2n · µ(S̃n), and dist(@Si

n
, @S̃n) > dn for i = 1, 2.

Denote the cuboid S̃n,k = S̃n ⇥ Tk and S̃
i

n,k
= S̃

i

n
⇥ Tk for i = 1, 2 where

S̃
i

n
= S

i

n
\ eGn. These cuboids satisfy the following conditions:

S̃
1
n,k

⇢ S̃n,k ⇢ S̃
2
n,k

.

Using Lemma 6.8 along with Remark 6.9 for the maps (gn, dgn) and (�̂n, d�̂n),
characterized by (�0, �0, "01, "

0
2) distribute În,j = [kn�1

l=0 Ĩn,l,j 2 ⌘̂n for the cuboid S̃
i

n,k
,

i = 1, 2: for any j, k 2 {0, 1, . . . , kn� 1} there exist l 2 {0, 1, . . . , kn� 1} such that
k ⌘ (l + j) mod kn, and the following estimates holds:

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (gn, dgn)�1(S̃i

n,k
)
⌘⌘

� µ(Ĩn,l)µ(S̃
i

n
)
���


✓
"
0
2 +

68

n

◆
µ(Ĩn,l)µ(S̃

i

n
). (7.9)

Using the mean value theorem along with d1(gn, ĝn �T2) < ✏n, and equation (7.3),
we have d1(�̂�1

n
� g�1

n
, �̂�1

n
� ĝ�1

n
�T2) < dn. Moreover, by analyzing the property of

Lemma 7.3, we can derive the following relations. First, we have:

µ

⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (gn, dgn)�1(S̃1
n,k

)
⌘⌘

µ

⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (ĝn, dĝn)�1(S̃n,k)
⌘⌘

, (7.10)
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and establish the second relation as:

µ
�
⇡M

�
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (ĝn, dĝn)�1(S̃n,k)
��

µ
�
⇡M

�
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (gn, dgn)�1(S̃2
n,k

)
��
. (7.11)

Altogether with equation (7.9), it holds:

µ

⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (ĝn, dĝn)�1(S̃n,k)
⌘⌘

� µ(Ĩn,l)µ(S̃n)


✓✓

"
0
2 +

68

n

◆✓
1 +

1

2n

◆
+

1

2n

◆
µ(Ĩn,l)µ(S̃n). (7.12)

Analogously, we obtain

µ

⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (ĝn, dĝn)�1(S̃n,k)
⌘⌘

� µ(Ĩn,l)µ(S̃n)

��
✓✓

"
0
2 +

68

n

◆✓
1 +

1

2n

◆
+

1

2n

◆
µ(Ĩn,l)µ(S̃n). (7.13)

With (1 + 1
2n ) < 2 and 1

2n <
2
n

in equation (7.12) and (7.13), we have

���µ
⇣
⇡M

⇣
Ĩn,l,j \ (�̂n, d�̂n)

�1 � (ĝn, dĝn)�1(S̃n,k)
⌘⌘

� µ(Ĩn,l)µ(S̃n)
���

2

✓
"
0
2 +

69

n

◆
µ(Ĩn,l)µ(S̃n),

which concludes the claim.

Proposition 7.6. (Criterion for analytic weak mixing) Let f̂n = Ĥn � R↵n+1 �
Ĥ

�1
n

be defined by (7.1), such that (f̂n, df̂n) converges to (f̂ , df̂) and satisfies

d1(f̂n, f̂) <
1
2n for all n 2 N. Additionally we assume that the sequence (Hn)n2N

satisfies condition (P1), and the map gn is as in Lemma 7.5. Consider a se-

quence of partial partitions (⌘̂n)n2N, defined as in (6.9) such that (⌘̂n) ! ✏. Ad-

ditionally, we assume that the partial partition ˆ̂⌫n = {�n,j = (Ĥn�1, dĤn�1) �
(ĝn, dĝn)(În,j) | În,j 2 ⌘̂n}, satisfies ˆ̂⌫n ! ✏. Suppose for a sequence (mn)n2N

and the diffeomorphism (�̂n, d�̂n) : PTM ! PTM with �̂n = �̂n � R
mn

↵n+1
� �̂�1

n

is (�, �, "1, "2)-distributing În,j 2 ⌘̂n with � <
1

k3nqn
, � <

50
k2n
, "1, "2 <

150
n

. Then
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(f̂ , df̂) = limn!1(f̂n, df̂n) is weakly mixing on PTM .

Proof. The proof follows along the lines of Proposition 6.11, utilizing Lemma 7.4
and Lemma 7.5.

7.5 Convergence of sequence < f̂n >n2N in the an-

alytic topology

Lemma 7.7. There exists a sequence of rational numbers ↵n+1 such that the se-

quence of diffeomorphisms f̂n 2 Diff!1(T2
, µ), defined by (7.1), converges to a

diffeomorphism f̂ 2 Diff!1(T2
, µ). Moreover, it satisfies the following condition for

any natural number m  qn+1,

1. d0((f̂n)m, (f̂)m) <
1
2n ,

2. sup
x2PTM

d((f̂n, df̂n)m(x), (f̂ , df̂)m(x)) <
1
2n <

1
n2 .

Proof. Let us fix the sequence ⇢n = n 2 N used for the complex domain ⌦⇢n
as defined by (2.10). Note that the sequence of diffeomorphisms f̂n, defined by
(7.1), admits an entire complexification. Thus, each nth term of the sequence,
f̂n 2 Diff!

⇢n
(T2

, µ), where ⇢n = n. With the relations ↵n+1 = ↵n + 1
knlnq

2
n

and
ĥn �R↵n

= R↵n
� ĥn, we can obtain for ⇢n = n :

d
!

n
(f̂n, f̂n�1) = d

!

n
(Ĥn �R↵n+1 � Ĥ�1

n
, Ĥn�1ĥn � ĥ�1

n
�R↵n

� Ĥ�1
n�1)

= d
!

n
(Ĥn �R↵n+1 � Ĥ�1

n
, Ĥn�1ĥn �R↵n

� ĥ�1
n

� Ĥ�1
n�1)

 kdĤnk · |↵n+1 � ↵n|

 kdĤnk ·
1

knlnq
2
n

 1

2n
. (7.14)

Since the construction of ĥn = ĝn � �̂n does not depend on the parameter ln, the
last step can be achieved by choosing sufficiently large ln 2 N and kn 2 N, while
satisfying the additional conditions (P1) � (P4) stated in Subsection 6.4. These
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choices ensure that the following estimates hold:

ln > n
2 · k10

n
· q2

n
· kdHn�1k0, and log(qn+1) = log(kn · ln · q2n) > kdĤnk,

and for any natural number m  qn+1, the following inequality holds:

sup
x2PTM

d((f̂n, df̂n)
m(x), (f̂n�1, df̂n�1)

m(x)) <
1

2 · kn
<

1

2n
. (7.15)

Based on the estimates (7.14), we can conclude that for any " > 0, there exists
an N 2 N such that

P1
i=N

1
2i < ", and for any natural numbers m,n > N , and

m  n:

d
!

m
(f̂n, f̂m) 

nX

i=m+1

d
!

m
(f̂i, f̂i�1)


nX

i=m+1

d
!

i
(f̂i, f̂i�1)


nX

i=m+1

1

2i
< ". (7.16)

Analogously, we have d
!

k
(f̂n, f̂m) < d

!

m
(f̂n, f̂m) < ", for any k < m  n. This

shows that the sequence (f̂n)n2N is a Cauchy sequence in Diff!
k
(T2

, µ) for all
k  n. As Diff!

k
(T2

, µ) is a complete space, there exists a limit diffeomorphism
f̂ 2 Diff!

k
(T2

, µ) for all k  n. Furthermore, the estimate (7.16) guarantees
f̂ 2 \n

i=1Diff!
i
(T2

, µ).
Additionally, the sequence {⇢n}n2N expands the complex domain of analyticity,
{⌦⇢n}n2N, and exhausts all C2. Consequently, we can conclude that the limit
diffeomorphism, limn!1 f̂n = f̂ , admits an entire complexification, i.e. f̂ 2
Diff!1(T2

, µ).

Moreover, we can conclude that for any natural number m  qn+1 :

d0((f̂n)
m
, (f̂)m) 

1X

i=n+1

d0((f̂i)
m
, (f̂i�1)

m) 
1X

i=n+1

1

2i
<

1

2n
, (7.17)
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and the sequence (f̂n, df̂n) defined on PTM, using equation (7.15), also satisfies :

sup
x2PTM

d((f̂n, df̂n)
m(x), (f̂ , df̂)m(x))


1X

i=n+1

sup
x2PTM

d((f̂i, df̂i)
m(x), (f̂i�1, df̂i�1)

m(x))


1X

i=n+1

1

2 · ki
<

1X

i=n+1

1

2i
<

1

2n
. (7.18)

Altogether, this shows that there exists f̂ 2 Diff!1(T2
, µ) such that limn!1 f̂n = f̂ ,

and it satisfies both the estimates of the lemma given by (7.17) and (7.18).

7.6 Existence of an invariant Riemannian metric

Next, we show that our conjugation maps hn and ĥn fulfill the requirements of
Proposition 6.3.

Lemma 7.8. Let the partial partition ⇣n be defined as in subsection 6.7.1.2. The

map ĥn defined by (7.2) satisfy the following for all In 2 ⇣n:

devIn(ĥn) 
2dn

kDHn�1k20
with dn as in equation (7.3). (7.19)

Proof. Note that with our choice of parameters and the fact that d1(�n, �̂n) < ✏n

and d1(gn, ĝn) < ✏n in section 7.3, we obtain

d1(hn, ĥn)  d1(gn � �n, ĝn � �̂n)

 (1 + |||gn|||2) · ✏n  dn
kDHn�1k20

.

Additionally, for any unit vector v = (v1, v2), we obtain :

���kdĥn(v)k � kdhn(v)k
���  kdĥn(v)� dhn(v)k

 d1(hn, ĥn) 
dn

kDHn�1k20
.
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Referring to Definition 6.8, we can further calculate:

���log kdĥn(v)k � log kdhn(v)k
��� =

�����log
kdĥn(v)k
kdhn(v)k

�����


dn

kDHn�1k20

min(kdĥn(v)k, kdhn(v)k)
.

Here, we used the following relation: if |a � b|  ✏ then it implies | log(a/b)| 
✏

min(a,b) in the subsequent equation. Now, we maximize this over all unit vectors v:

max
v2TIn,kvk=1

�����log
kdĥn(v)k
kdhn(v)k

����� 
dn

kDHn�1k20
max

v2TIn,kvk=1

1

min(kdĥn(v)k, kdhn(v)k)
.

Since ĥn and hn are sufficiently close to being isometries, we can assume that
min(kdĥn(v)k, kdhn(v)k) � 1

2 .

Consequently, the deviation for ĥn can be estimated by:

devIn
(ĥn) = max

v2TIn,kvk=1

���log kdĥn(v)k
���

 max
v2TIn,kvk=1

 
|log kdhn(v)k|+

�����log
kdĥn(v)k
kdhn(v)k

�����

!

 devIn
(hn) +

2dn
kDHn�1k20

 2dn
kDHn�1k20

.

This completes the proof.

Remark 7.9. For any function  : Diff1(M,µ) ! (0, 1) we can choose the
sequence dn in equation (7.3) to decay sufficiently fast so that the condition
P

k�n
�k < (Hn�1) holds for every n 2 N. This is ensured by choosing a suf-

ficiently large ln dependent on the function (Hn�1). Along with Lemma 7.8
and Proposition 6.3, we can then conclude that the limit diffeomorphism f̂ ob-
tained from the sequence f̂n constructed as in (7.1) admits an invariant measurable
Riemannian metric.
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7.7 Application of criterion for weak mixing

Lemma 7.10. Consider the sequence of maps Hn, gn, Ĥn, and ĝn as defined in

Section 6.4 and 7.3 respectively. Consider the partial partitions ⌫̂n and ˆ̂⌫n, defined

by equation (6.56), and

ˆ̂⌫n =
n
(Ĥn�1, dĤn�1) � (ĝn, dĝn)(În,j) : În,j 2 ⌘̂n

o
. (7.20)

If ⌫̂n ! ✏, then ˆ̂⌫n ! ✏.

Proof. The proof follows a similar line to the Lemma 6.35, utilizing the following
estimate dk(gn, ĝn)  ✏n, and for any Ĩ

u0,u1
v0

2 ⌘̃n:

|diam(Ĥn�1 � ĝn(Ĩu0,u1
v0

))� diam(Hn�1 � gn(Ĩu0,u1
v0

))|  d1(Ĥn�1 � ĝn �T2 , Hn�1 � gn)

 (1 + |||Hn�1|||0) · ✏n  1

2n
.

Therefore, for every Ĩ
u0,u1
v0

2 ⌘̂n, we have diam(Hn�1 � gn(Ĩu0,u1
v0

)) ! 0, which in
turn implies that diam(Ĥn�1 � ĝn(Ĩu0,u1

v0
)) ! 0 as n ! 1, leading to ˆ̂⌫n ! ✏.

Proof of Theorem 1.7. The proof follows along the same lines as in the smooth
case. Lemma 7.7 ensures the convergence of the sequence of analytic measure-
preserving diffeomorphisms (f̂n)n2N constructed via equations (7.1) and (7.2). It
also provides the proximity condition d1(f̂n, f̂) <

1
2n .

The existence of an invariant measure µ̄ with respect to the limiting map (f̂ , df̂)

is guaranteed by subsection 6.2.1.1 and Remark 7.9, similar to the smooth case.
We then consider the sequence of decompositions ⌘̂n, ⌫̂n, and ˆ̂⌫n, along with the
associated natural numbers (mn), as described in equations (6.50), (6.56), (7.20),
and Section 6.10.2, respectively. It is noted that ⌘̂n ! ✏, ⌫̂n ! ✏, and ˆ̂⌫n ! ✏,
as outlined in Remark 6.30 and Lemmas 6.35 and 7.10. Referring to Lemma 7.4
and Lemma 6.34, we deduce that for any În 2 ⌘̂n, the diffeomorphism (�̂n, d�̂n)

is (�0, �0, "01, "
0
2)-distributing În, where �0 = � + 1

2n  1
k5nqn

, �0 = � + 1
2n  2

k4n
, and

"
0
1 = "

0
2 =

2
n5 +

3
2n  1

n
.

Thus, all the requirements of Proposition 7.6 are fulfilled. Its application yields
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that the map (f̂ , df̂) is weakly mixing with respect to the measure µ̄.

7.8 Analytic approximation result

7.8.1 Proof of Theorem 7.1

In this section we establish the required analytic approximation results. Our ar-
guments follows along the lines of [7, Lemma 3.8, 3.9, 3.10] where the analogous
results for A = T ⇥ R were obtained. There are not many changes but we still
provide the proofs for completeness.

To start we recall that the Poisson bracket for two function f, g 2 C
1(T2

,R) is
defined to be {f, g} = @f

@x

@g

@y
� @g

@x

@f

@y
, and the symplectic gradient of f 2 C

1(T2
,R)

is defined as Xf =
⇣
@f

@y
,�@f

@x

⌘
. If Xf , Xg and X{f,g} are the symplectic gradient

of f, g and {f, g}, then we have the following well known fact from symplectic
geometry,

[Xf , Xg] = X{f,g}, (7.21)

where the left hand side represents the Lie bracket of vector fields. Additionally
we also recall that the commutator of two flows F

t and G
t is defined by

[F t
, G

t] = F
�t �G�t � F t �Gt

.

Lemma 7.11. For any ✏ > 0 and H 2 C
1(T2

,R), there exists a map H̃ 2
C

1(T2
,R) such that dr(H, H̃) < ✏ for all r 2 N, where H̃ is of the following form:

H̃(x, y) = H0(x, y) +
NX

m=1

(H2m�1(x, y) +H2m(x, y)) , (7.22)

where H0(x, y) = C(y),

H2m(x, y) =

⇢
cos(2⇡mx)

Mm

, Am(y)

�
,

H2m�1(x, y) =

⇢
sin(2⇡mx)

Mm

, Bm(y)

�
,
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for C,A1, . . . , AN , B1, . . . , BN 2 C
!(T1

,R), and Mm = sup{|2⇡m ·exp(2⇡i ·m ·z)| :
z 2 [0, 1) + i[�⇢0, ⇢0]} where ⇢0 2 N.

Proof. Recall that the first 4N2 terms of the two variable Fourier series expansion
of H(x, y) can be written as,

NX

n=0

NX

m=0

↵1,n,m cos (2⇡ny) cos (2⇡mx) +
NX

n=0

NX

m=0

↵2,n,m sin (2⇡ny) cos (2⇡mx)

+
NX

n=0

NX

m=0

↵3,n,m cos (2⇡ny) sin (2⇡mx) +
NX

n=0

NX

m=0

↵4,n,m sin (2⇡ny) sin (2⇡mx),

where ↵i,n,m 2 R for 1  i  4, 0  n  N, 0  m  N . Using the theory of
Fourier series (see [27]), there exists an N large enough such that dr(H, H̃) < ✏ for
any r 2 N. For 1  m  N, put

bm(y) =
NX

n=0

(↵3,n,m cos (2⇡ny) + ↵4,n,m sin (2⇡ny)) , Am(y) = � Mm

2⇡m

Z
y

0

bm(t)dt,

am(y) =
NX

n=0

(↵1,n,m cos (2⇡ny) + ↵2,n,m sin (2⇡ny)) , Bm(y) =
Mm

2⇡m

Z
y

0

am(t)dt,

H0(x, y) = C(y) =
NX

n=0

((↵1,n,0 + ↵2,n,0) cos (2⇡ny) + (↵3,n,0 + ↵4,n,0) sin (2⇡ny)) .

Then we put for 1  m  N ,

H2m(x, y) =

⇢
cos(2⇡mx)

Mm

, Am(y)

�
= bm(y) sin(2⇡mx),

H2m�1(x, y) =

⇢
sin(2⇡mx)

Mm

, Bm(y)

�
= am(y) cos(2⇡mx).

This concludes the claim.

Lemma 7.12. With H̃ and N as in Lemma 7.11, there exists 4N + 1 functions

{⌧j}0j2N 2 C
!(T1

,R) and {vj}1j2N 2 C
!(T1

,R), such that the time t map of
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H̃N ,  
t

H̃N

, satisfies

 
t
2

H̃
=
⇥
T

t

2N , V
t

2N

⇤
� . . . �

⇥
T

t

j
, V

t

j

⇤
� . . . �

⇥
T

t

1, V
t

1

⇤
� T t

2

0 +O(t3),

as t ! 0 in any C
r
-topology. Here

T
t

j
(x, y) = (x+ t⌧j(y), y) 0  j  2N,

V
t

j
(x, y) = (x, y + tvj(x)) 1  j  2N.

Proof. For any f 2 C
1(T2

,R), let Xf denote the symplectic gradient of f , and  t

f

be the flow of Xf . Then with Hj and H̃ as in equation 7.22, we see that H̃(x, y) =
P2N

j=0 Hj(x, y) and hence at the level of symplectic gradients X
H̃
=
P2N

j=0 XHj
.

Let  t

H̃
be the flow associated with the vector field X

H̃
. Then for any (x, y) 2 T2

and a small enough t, we can write using Taylor’s theorem for t 7!  
t

H̃
around

t = 0,

 
t

H̃
(x, y) = (x, y) +

d 
t

H̃
(x, y)

dt
(t� 0) +O((t� 0)2)

=)  
t

H̃
= id+ tX

H̃
+O(t2)

=)  
t

H̃
= id+ t

2NX

j=0

XHj
+O(t2). (7.23)

Next we put,

f2m(x) =
cos 2⇡mx

Mm

, g2m(y) = Am(y), 1  m  N

f2m�1(x) =
sin 2⇡mx

Mm

, g2m�1(y) = Bm(y), 1  m  N

observing that in equation 7.22, we have Hj = {fj, gj} for 1  j  2N . Put

⌧0(y) = C
0(y)

⌧j(y) = g
0
j
(y), vj(x) = �f

0
j
(x), 1  j  2N.
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The respective symplectic gradients for fj and gj are

Xfj
(x, y) = (0, vj(x)) =

@V
t

j
(x, y)

@t
, 1  j  2N

Xgj
(x, y) = (⌧j(y), 0) =

@T
t

j
(x, y)

@t
, 1  j  2N.

This together with equation 7.21 gives us

XHj
= X{fj ,gj} = [Xfj

, Xgj
]

=


@V

t

j
(x, y)

@t
,
@T

t

j
(x, y)

@t

�
.

We use the above together with the definition of the Lie bracket,

XHj
=

d

dt
[T t

j
, V

t

j
]

=) id+ t
2
XHj

= [T t

j
, V

t

j
] +O(t3), 1  j  N (7.24)

where the last statement holds in any C
r topology for small t.

Going back to equation 7.23 we can in light of equation 7.24 and definition of T t

0,
write it in the following required form,

 
t
2

H̃
=
⇥
T

t

2N , V
t

2N

⇤
� . . . �

⇥
T

t

j
, V

t

j

⇤
� . . . �

⇥
T

t

1, V
t

1

⇤
� T t

2

0 +O(t3).

This completes the proof.

Proof of Theorem 7.1. For any h 2 Ham1(T2
, µ), there exists a smooth family of

Hamiltonians (Ht)t2[0,1] and Ht 2 C
1(T2

,R) which defines a family {ft}t2[0,1] such
that f0 = id to f1 = h and Xft

= @tft is the symplectic gradient of Ht. For large
M , we can express

h = (f1 � f�1
(M�1)/M) � . . . � (fi+1/M � f�1

i/M
) � . . . � (f2/M � f�1

1/M) � (f1/M � f�1
0 ).

Note that each (fi+1/M � f�1
i/M

), it is a shift by the flow of Xft
from time t = i

M
to

t = i+1
M

and hence, it is O
�

1
M2

�
- Cr close to the time t = 1/M map  

1/M
Hi

of the
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vector field Xfi/M
, i.e.

(fi+1/M � f�1
i/M

) =  
1/M
Hi

+O
✓

1

M2

◆
.

Thus in the C
r topology:

h =  
1/M
HM�1

� . . . �  1/M
Hi

� . . . 1/M
H1

�  1/M
H0

+O
✓

1

M

◆
.

By applying Lemma 7.11 and 7.12 with t
2 = 1

M
, we can establish the existence of

entire time-t maps  t

H̃i

for each Hi 2 C
1(T2

,R). These maps are constructed as
finite compositions of entire maps in the form of V t

j
or T

t

j
, along with the inverse

maps of V
t

j
and T

t

j
. Also, note that the inverse maps of V

t

j
and T

t

j
are entire

functions, defined as translations by shear functions, specifically as

(V t

j
)�1(x, y) = (x, y � tvj(x)), and (T t

j
)�1(x, y) = (x� t⌧j(y), y).

Furthermore, the maps  1/M

H̃i
are C

r-close to  
1/M
Hi

with a precision of O(t2) =

O
�

1
M

�
. Consequently, we can define an entire map h̃ 2 Ham!

1(T2
, µ) as follows:

h̃ =  
1/M

H̃M�1
� . . . �  1/M

H̃0
+O

✓
1

M

◆
, (7.25)

which is Cr close to h up to a precision of O( 1
M
), i.e. for t2 < ✏, we have dr(h, h̃ �T2

) < ✏. Similarily, h̃
�1 is also defined as a composition of entire functions, thus

h̃
�1 2 Ham!

1(T2
, µ).
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8
Conclusion and Future direction

8.1 Introduction

In this chapter, we provide a brief conclusion and discuss some interesting open
research questions in this direction.

8.2 The Generic and Non-Generic points

In Chapters 3 and 4, we explored the Anosov-Katok method to construct exam-
ples of smooth dynamical systems with intricate dynamics. Our study included
investigating the presence of a non-ergodic generic measure in these systems and
examining various other topological and ergodic characteristics. We also thor-
oughly analyzed generic and non-generic points within the system, establishing
bounds on the sizes of the sets they form. Specifically, we focused on determining
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bounds on their Hausdorff dimension, which yielded particularly insightful and
interesting results. Additionally, we discussed the rigorous selection of geometric
and combinatorial criteria essential for achieving our goals.

8.2.1 Future Directions

Problem 1. Can we choose a set B containing all the generic points such that

dimH(B) = ↵ for all 0 < ↵ < 2?

Problem 2. Can we choose a generic set B of type C ⇥C, where C is Cantor set

on the unit interval, in the above setup of Theorem 1.3?

Problem 3. Can we generalize the Theorem 1.3 for a 3-dimensional torus with a

choice of a generic set of type

1. B = T1 ⇥ C ⇥ C. If this is true, the result can be generalized to Tn
.

2. In fact, can we choose the set B as form T1⇥“2D-fractal”, where 2D fractal

is not necessarily the product of two sets like C ⇥ C type?

In this thesis, we discovered the existence of generic points and generic measures in
the smooth category by using the Approximation by Conjugation method. Such
generic points, by definition, are Birkhoff generic points. This method has the
potential to extend the study to include weighted generic points or logarithmic
generic points, defined in [5], in both the smooth and analytic categories. It is
important to note that Birkhoff generic points imply weighted generic points, but
the reverse may not always be true. This study could also lead to many open
questions, such as whether there are systems that have weighted generic points
but no generic points for the smooth category.
Problem 4. Does there exists a smooth measure-preserving diffeomorphism such

that there are weighted generic points but no birkhoff generic point?

Problem 5. Can we choose a set B containing all the weighted generic points, in

Theorem 1.4, such that 0 < dimH(B) < ↵ for all 0 < ↵ < 2?

Addressing these problems requires delving into extreme explicit combinatorics,
along with exotic setups, and necessitates the development of new tools and tech-
niques to gain control over all the orbits of the space.
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8.3 Projectivized Derivative Extension

In Chapter 6 and Chapter 7, we explore ergodic properties of the diffeomorphism
along with its differential map with respect to a smooth measure in the projec-
tivization of the tangent bundle. We explore this aspect using the Approximation
by Conjugation method for the smooth and analytic category. We present an ex-
ample of a derivative extension map that exhibits weak mixing with respect to
a smooth measure for both smooth and analytic category. We introduce a weak
mixing criterion specifically tailored for the projectivized derivative extension for
both categories. To demonstrate the weak mixing property of the projectivized
derivative extension, we provide a suitable distribution of elements under the ex-
plicit choice of conjugation maps and the approximation techniques that meet the
necessary requirements of the criterion.

8.3.1 Future Directions

Problem 1. Does a minimal projectivized derivative extension exist on PTM?

Problem 2. Is there a projectivized derivative extension on PTM with precisely

two ergodic invariant measures that are absolutely continuous with respect to the

Lebesgue measure?

Addressing this problem would be more challenging, as existing tools only provide
control over all orbits of the base elements of the manifold, making it difficult to
attain control over the tangent direction. One would require new tools and tech-
niques to gain control over all the orbits within the space PTM . Developing such
techniques could potentially lead to further exciting questions, such as controlling
the existence of the number of ergodic invariant measures on the space PTM , or
determining the existence of a uniquely ergodic projectivized derivative extension.
Problem 3. Can similar results be extended to Theorems 1.6 and 1.7 for higher-

dimensional torus or other manifolds ?

To investigate this, it is necessary to delve into the combinatorics of distribut-
ing elements to achieve weak mixing in the base manifold Tn, and to adapt an
appropriate analytic approximation technique.
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9
Appendix

This chapter serves as a supplementary section and include detailed derivations,
proofs and technical details that support the understanding of the main text.

9.1 Some standard results

We present some standard result on the closeness between the maps constructed
as conjugation of translations on the torus.

Lemma 9.1. Let k 2 N. For all ↵, � 2 R and all h 2 Diffk+1(T2), we have the

estimate

dk(hS↵h
�1
, hS�h

�1)  Ck max{|||h|||
k+1,

������h�1
������

k+1
}|↵� �|,

where Ck is a constant that depends only on k.
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Proof. For k = 0 we clearly have the estimates by the mean value theorem. We
claim that for j 2 Nd with |j| = k the partial derivative

Dj[hiS↵h
�1 � hiS�h

�1]

will consist of a sum of terms with each term being the product of a single derivative

(Dahi)(S↵h
�1)� (Dahi)(S�h

�1) (9.1)

with |a|  k, and atmost k partial derivative of the form

Dbh
�1
j

(9.2)

with |b|  k. This holds for k = 1

@

@yj
[hiS↵h

�1 � hiS�h
�1] =

dX

l=1

✓
@hi

@yl
S↵h

�1 � @hi

@yl
S�h

�1

◆
@h

�1
l

@yj
.

Now we proceed by induction. With the product rule we only need to consider
the effect of differentiating equations (9.1) and (9.2). Therefore differentiate (9.1)
with respect to yj we obtain

dX

l=1

✓
@Dbhi

@yl
S↵h

�1 � @Dbhi

@yl
S�h

�1

◆
@h

�1
l

@yj
.

which increases the number of terms of the form (9.2) by 1. Differentiating (9.2)
we get another term of the form (9.2) but with |b|  k + 1. we estimate

k(Dahi)(S↵h
�1)� (Dahi)(S�h

�1)k0  |||h||||a|+1|↵� �|

kDah
�1
l
k0  |||h||||a|

Use the fact that the inverse maps have the same structure of the partial derivative
as above completes the proof. The constant Ck is the number of terms in the sum
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which only depends on k and not on the map h.

Proof of Lemma 3.10 Here we show that Tn+1 is a cauchy sequence in Diff1(T2
, µ)

by choosing ln enough large and hence implies that Tn+1 converges to some
T 2 Diff1(T2

, µ). For any k > 0 we have

dk(Tn+1, Tn) = dk(Hn+1S↵n+1H
�1
n+1, HnS↵n

H
�1
n

)

 dk(Hn+1S↵n+1H
�1
n+1, Hn+1S↵n

H
�1
n+1) + dk(Hn+1S↵n

H
�1
n+1, HnS↵n

H
�1
n

)

 kDHnkk+1dk(hn+1S↵n+1h
�1
n+1, hn+1S↵n

h
�1
n+1) + kDHnkk+1dk(hn+1S↵n

h
�1
n+1, S↵n

).

With the fact that hn+1 �S↵n
= S↵n

�hn+1, second term of the inequality becomes
zero. Using the Lemma 9.1, for ↵ = ↵n+1, � = ↵n and h = hn+1, we have

dk(hn+1S↵n+1h
�1
n+1, hn+1S↵n

h
�1
n+1)  Ck|||hn+1|||k+1|↵n+1 � ↵n|.

where |↵n+1�↵n| < 1
knlnq

2
n

. As ln is choosen to be enough large such that it satisfy

|↵n+1 � ↵n| <
1

2nkDHnkk
,

and estimate the closeness between Tn+1 and Tn as

dk(Tn+1, Tn) <
1

2n
.

For fixed k, Tn+1 is cauchy sequence in C
k topology, hence converges to T 2

Diffk(T2
, µ). This is true for any arbitrary k > 0 implies the convergence of Tn+1

in C
1 topology. Also note that for any m  qn+1,

d0(T
m

n+1, T
m

n
) = d0(Hn+1S

m

↵n+1
H

�1
n+1, HnS

m

↵n
H

�1
n

)

 2m · ||DHn||1 · |↵n+1 � ↵n| 
1

2n
.

Then d0(Tm

n+1, T
m

n
) 

P1
i=n

d0(Tm

i+1, T
m

i
) = 1

2n�1 .
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