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Abstract

Ergodic theory often involves dealing with transformations of measure spaces
that preserve specific measures, such as volume or probability measures. These
transformations establish a framework for studying the behavior of dynamical
systems.

Combinatorial methods are pivotal in ergodic theory, providing valuable tech-
niques for understanding the behavior of dynamical systems. They are often uti-
lized in the study of measure-preserving transformations, aiding in characterizing
invariant measures, exploring ergodic decomposition, and establishing connections
between different dynamical systems. Moreover, numerous scenarios exist where
we can effectively characterize a measure-preserving transformation and its long-
term behaviour by approaching it as the limit of specific finite objects, such as
periodic processes.

This thesis discusses combinatorial constructions within Ergodic Theory, em-
ploying the “Approximation by Conjugation” method. This technique facilitates
the construction of maps with specific topological and measure-theoretic character-
istics on the manifolds that support a non-trivial circle action. We provide exam-
ples of volume-preserving diffeomorphisms with zero topological entropy. These
examples exhibit intricate ergodic properties in both smooth and analytic cate-
gories.

Specifically, we present an example of a smooth diffeomorphism with an in-
variant measure, which is a generic but non-ergodic volume measure. This dif-

feomorphism satisfies various other ergodic and topological dynamic properties on



vi

the 2-torus. In ergodic theory, generic points are essential for understanding the
statistical and dynamical behavior of systems, as their orbits cover most of the
phase space according to the invariant measure. We examine the distinctions be-
tween generic and non-generic points in smooth dynamical systems, focusing on
establishing bounds for the sizes of their respective sets. We construct an explicit
collection of sets that encompass all generic points within the system and focus on
determining bounds for their Hausdorff dimension, leading to more insightful and
compelling conclusions.

Additionally, we explore the ergodic properties of diffeomorphisms and examine
their differential maps with respect to a smooth measure in the projectivization of
the tangent bundle.

We investigate examples of diffeomorphisms with complex ergodic properties
within the projectivized tangent bundle for the smooth and analytic case. We con-
struct a smooth diffeomorphism whose differential is weakly mixing with respect
to a smooth measure in the projectivization of the tangent bundle. In the case
of the 2-torus, we also obtain the analytic counterpart of such a diffeomorphism
by utilizing an analytic approximation technique. We present an example of an
analytic diffeomorphism whose projectivized derivative extension exhibits weak
mixing with respect to a smooth measure.

All of these constructions are based on the original and quantitative version
of the “Approximation by Conjugation” method. This approach utilizes highly
explicit well-defined conjugation maps, explicit partial partitions of the space,
specific approximation strategies, and geometric and combinatorial criteria to meet

specific requirements.
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Symbol

T2
dimgV
C*(M, N)
Diff* (M)
Diff> (M)
Diff>* (M, )
Ham™ (M, )

List of Symbols

Meaning

The set of Natural numbers defined as {1,2,3,...}

The set of Integers defined as {...,—2,-1,0,1,2,...}

The set of Real numbers

Cardinality of the set A

Circle or S', defined as quotient space R/Z

Flat Torus = T! x T!

The Hausdorff dimension of a set V

The set of C* functions defined from M to N

The set of k times differentiable diffeomorphism defined from M to M
The set of smooth diffeomorphism defined on M

The set of smooth measure preserving diffeomorphism defined on M

The set of smooth hamiltonian diffeomorphism defined on M
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Introduction

A dynamical system serves as a mathematical framework that describes the
evolution of a system over time. Typically represented as a function T" defined on
a phase space or set X, it is denoted as (X,T"). This subject branches into sev-
eral areas, each with its own distinct mathematical framework. Two of the major
branches are measure-theoretic dynamical systems and topological dynamical sys-
tems. Measure-theoretic dynamical systems focus on studying dynamical systems
through the lens of measure theory. In this framework, the evolution of a system
is often depicted by measure-preserving transformations. In contrast, topological
dynamical systems focus on the qualitative aspects of dynamical systems, empha-
sizing the role of topological properties over measures. Despite their differences,
both approaches offer valuable insights into the behavior of complex dynamical
systems across various mathematical contexts.

In this thesis, we focus on discrete dynamical systems where T': X — X is a



map, and we analyze its behavior under repeated iteration. This iterative process
is denoted by ® = {T" | t € G}, where G represents the set of time steps or group
elements. More generally, one can study the action of a group G on the space X
and examine the behavior of orbits in both a measure-theoretic and topological
context.

Ergodic theory explores the dynamics of group actions G on measure spaces.
It focuses on the statistical properties of dynamical systems, such as the long-
term behavior of orbits T%(z) for t € G, and their distribution across the space
X. This includes studying the existence and properties of invariant measures —
measures that remain unchanged under the action of 7. The origins of ergodic
theory can be traced back to Poincaré’s recurrence theorem in classical mechanics
and Boltzmann’s ergodic hypothesis in statistical mechanics.

The mathematical development of ergodic theory gained momentum in the
1930s through the seminal work of J. Von Neumann, G.D. Birkhoff, who intro-
duced fundamental ergodic theorems and numerous results. Their work establishes
a connection between microscopic particle behaviour and macroscopic system prop-
erties observed in statistical mechanics. Ergodic theorems demonstrate that, under
certain conditions, the time average of a system’s observable quantities (such as
energy, momentum, etc.) along the trajectory of a typical point in phase space
converges to the ensemble average of those quantities with respect to an invariant
measure. In the context of the Boltzmann Hypothesis, which asserts that the long-
term behavior of a system is equivalent to phase averages, the ergodic theorems
provide a rigorous mathematical foundation. They show that in systems where er-
godicity holds, the long-term time average behavior indeed matches the ensemble
average behavior predicted by statistical mechanics. This connection provides a
deeper understanding of the relationship between dynamical systems theory and
statistical mechanics. For a detailed survey, refer to [39].

Subsequently, research in ergodic theory expanded in various directions, explor-
ing additional aspects such as the geometrical and statistical properties of smooth
dynamical systems. Smooth dynamical systems describe the continuous evolu-

tion of a system using smooth functions or mappings. They are often represented



by a set of differential equations or a flow on a smooth manifold, where smooth
vector fields govern the dynamics. Specifically, the existence of geodesic flows on
compact Riemannian manifolds of negative curvature holds great significance for
ergodic theory and statistical mechanics. E. Hopf addressed this topic in his work
[30] on the ergodicity of the geodesic flow on negatively curved surfaces.

During the 1950s, A. Kolmogorov, V. Arnold, and J. Moser developed a new
study of the perturbation of integrable Hamiltonian systems, known as pertur-
bative KAM theory. Their work associates the terms “stability” and “instability”
of perturbative systems with the Diophantine and Liouvillean behaviour of the
linear model, respectively. Specifically, the translation and linear flow on a finite-
dimensional torus are discussed in [I7] Section 1]. The perturbation of linear and
nonlinear models with the Liouvillean factor often reveals unexpected quantita-
tive effects, such as the emergence of ergodic properties after a sufficiently long
period of perturbation. Their work claims the existence of ergodic diffeomorphisms
near elliptic fixed points, while also addressing obstacles to achieving ergodicity
in Hamiltonian systems. Furthermore, investigating the existence of such systems
exhibiting specific types of dynamic behavior is of interest, and a constructive
approach is adopted.

The foundations of this work date back to the 1970s when D.V. Anosov and
A.B. Katok presented the first example of a weakly mixing area-preserving smooth
diffeomorphism on the disc D? in [I]. They introduced an even more general
technique known as the ‘Approximation by conjugation’ method, alternatively
referred to as the ‘Anosov-Katok method’. This method is applicable to any
compact connected smooth manifold M admitting an effective circle action T*.
This method remains one of the powerful tools for constructing measure-preserving
systems with intricate dynamics in both smooth and analytic categories.

Their research work also addresses a major question in ergodic theory known as
the ‘Smooth Realization Problem,’ originally posed by J. Von Neumann in 1932,
as detailed in their foundational paper [41]. This problem involves determining
whether the abstract concepts of ergodic theory can be given smooth counter-

parts. Specifically, it explores whether there exists a smooth diffeomorphism T



that preserves a smooth measure p-which corresponds to the volume element on
a compact smooth manifold M and is isomorphic to a measure-preserving system
(X, f,v). Despite extensive efforts, the problem has largely remained unsolved,
with smooth realization being feasible only for limited classes of systems. Few
restrictions are known that prevent any space (X, f,v) from being realized as a
smooth dynamical system. However, it is necessary that such diffeomorphisms pos-
sess finite entropy, as pointed out by A.G. Kushnirenko [37]. In lower dimensions,
additional restrictions apply: any circle diffeomorphism with an invariant smooth
measure is conjugate to a rotation, and according to Pesin’s theory [42], any weakly
mixing surface diffeomorphism with positive metric entropy is Bernoulli. Never-
theless, the overall constraints on the problem remain unidentified. For further
information, one can refer to the survey articles [17] and [15].

In the context of smooth realization, when considering an abstract space (X, f,
v) and seeking the existence of a smooth diffeomorphism 7" that preserves a smooth
measure g on a compact smooth manifold M. The goal is for (M, T, u) to be
metrically isomorphic to (X, f,rv). The problem is specifically referred to as the
non-standard smooth realization of the space (X, f,v) if M and X are not diffeo-
morphic.

Utilizing the aforementioned method, [1, Sections 4] presented the first instance
of a non-standard smooth realization for an irrational circle rotation via a smooth
ergodic diffeomorphism preserving the measure on a compact smooth manifold.
Additionally, they achieved similar results for certain ergodic translations on the
finite-dimensional torus, as noted in |1} Sections 6]. Moreover, in [20], B. Fayad,
M. Saprikiyna, and A. Windsor extended the non-standard smooth realization re-
sult to include all Liouville irrational rotations of the circle. They even achieved
this for uniquely ergodic diffeomorphisms by tailoring the method and ensuring
control over all orbits, in contrast to the original method, which only controlled
almost every orbit. This modified method, providing control over all orbits, is
often referred to as the topological version of the AbC method and may introduce
additional aspects to the theory. Subsequently, in [6], M. Benhenda extended the

non-standard smooth realization of certain ergodic translations to include vectors



with one arbitrary Liouvillian coordinate on the finite-dimensional torus. After-
wards, S. Banerjee expanded the non-standard smooth realization problem by ad-
dressing the real analytic realization of certain irrational rotations as real analytic
diffeomorphisms [2]. It is important to note that requiring the diffeomorphism
to be real-analytic in the described technique introduces additional challenges, as
discussed in [17] Section 7].

This method has gained substantial attention, particularly due to the signifi-
cant body of work by M. Foreman and B. Weiss [23] [24]. Their research estab-
lished anticlassification theorems for smooth diffeomorphisms. The problem of
anticlassification or classification of measure-preserving transformations up to an
appropriate equivalence relation belongs to the “isomorphism problem,” as origi-
nally proposed by J. Von Neumann in the 1930s. This was discussed in the same
foundational paper. Despite concerted efforts, the problem remained intractable,
with only a few classifications of special classes of transformations based on their
finite entropy or spectrum being solved.

In the influential paper by M. Foreman, D.J. Rudolph, and B. Weiss [22], it
was demonstrated that solving the isomorphism problem is not feasible due to
the complexity of the structures. They showed that determining the measure
isomorphism between ergodic transformations is inaccessible. Hence, the class
of ergodic measure-preserving transformations cannot be classified by the mea-
sure isomorphism relation. Subsequently, in a series of papers, M. Foreman and
B. Weiss extended the anticlassification result to a more restricted class of trans-
formations within the smooth category. They introduced the notion of coding a
specific category of Anosov-Katok transformations into a symbolic representation.
This representation is defined as uniform circular systems. They established the
anticlassification of smooth ergodic measure-preserving systems up to the measure
isomorphism relation. Their approach was later modified to obtain an analogous
result for the analytic category by S. Banerjee and P. Kunde (see [3]). Additionally,
numerous other anticlassification results have been established using the method.
These include results for a weak class of isomorphism relations, such as those for

the Kakutani equivalence relation [26]. The method has also been applied to a



more general class of Anosov-Katok transformations, including results for weak
mixing diffeomorphisms [36].

This method remains one of the few available for exploring the potential ex-
istence of diffeomorphisms within the smooth or real-analytic categories. It aids
in identifying those diffeomorphisms that satisfy a prescribed set of ergodic or
topological properties. Transformations or diffeomorphisms with extreme ergodic
and topological properties often hold significant importance within their respective
contexts. For example, the existence of minimal but not uniquely ergodic diffeo-
morphisms in the smooth category has been explored in [44]. Additionally, re-
cent studies have revealed emerging connections, such as linking number-theoretic
properties like the rotation number at the boundary to the dynamic behavior of a
diffeomorphism, as discussed in [19].

D.V. Anosov and A.B. Katok, as cited in [1], provided examples of smooth
measure-preserving diffeomorphisms that demonstrate weak mixing within the
space

(100

A(M)={hoSioh™t:te T heDiff*(M,u)}

for any compact connected manifold that admits a non-trivial action S = {S; }er.
Subsequently, B. Fayad and M. Saprykina, in [19], produced smooth weakly mixing

diffeomorphisms within the more restricted space

ygleel

Ao(M) ={hoS,oht:heDiff*(M,u)}

for any Liouville number . A Liouville number « is defined such that for every n,
there exist positive integers p and ¢ > 1 where 0 < |a — §| < qln. Moreover, they
demonstrated that for the disc D? or the annulus A = T! x [0, 1], limiting diffeo-
morphisms that exhibit weak mixing properties have a rotation number S, that
corresponds to a Liouville number o when restricted to the boundary. Diophantine
numbers are irrational numbers that are not considered Liouville numbers. On the
other hand, diffeomorphisms of D? or A with a Diophantine rotation number S,
for Diophantine « face challenges in exhibiting even ergodicity because of an in-

variant positive measure set present at the boundary, as stated in ‘Herman’s last



geometric theorem’ in [21].

Both of the constructions detailed in [1] and [19] utilize the approximation
by conjugation method: A diffeomorphism is derived as the limit of sequences
fo=HnoS,

preserving diffeomorphism satisfying S, o h, = h, oS, . Here, the conjugation

- o H, ' where a,, 11 € Q and H,, = hyo...oh, where h, is a measure
map h,, transfers a finite version of the specific property to f,,, which we eventually
need to achieve for the limiting diffeomorphism. The choice of a,, ;1 € Q is close
enough to «, to allow the convergence of f, in the appropriate topology, and the
sequence of o, converges to some Liouville number o € Q°. For the diffeomorphism
fn to converge in the space A, (M), for any «, it requires the construction of more
explicit conjugation maps h, and very precise norm estimates. This is generally
more difficult compared to convergence in the space A(M). In this thesis, we also
apply the quantitative version of this method to construct a diffeomorphism with a
specific Liouvillean rotation number. This involves ensuring that the sequence «,,
converges to a, and the resulting transformation f € A, (T?) satisfies the specified
ergodic property. This process is discussed in detail in [19].

This approach has been effectively applied in numerous instances to construct
a variety of diffeomorphisms for smooth manifolds of dimension (m > 2), that
support a non-trivial circle action. These constructions exhibit particular ergodic
attributes in both the smooth and analytic categories. Notable examples include
weak-mixing diffeomorphisms (refer to [1} Section 6], [28], or [19]), uniquely ergodic
diffeomorphisms (see [20], |[18]), minimal but non-uniquely ergodic diffeomorphisms
(see |44, [4]), and uniformly rigid and weakly mixing diffeomorphisms (see |32]),
among others. These topics are explored in depth in [17] and a recent chapter in
the book [15] Chapter 10].

1.1 Main Results

1.1.1 Existence of Generic and Non-Generic points

In this thesis, we apply the aforementioned method to construct a variety of

diffeomorphisms exhibiting specific ergodic properties in both smooth and analytic



categories. First, we present an example of a smooth area-preserving diffeomor-
phism with an invariant measure on the 2-torus. This measure is generic but
non-ergodic, while still satisfying other topological and ergodic properties. For
a probability preserving dynamical system (M, B, u,T), we define the set of pu-

generic points

n

Lu:{xeM:T}Lngo%;f(Tix):/dequECC(M)},

where C.(M) is the set of all compactly supported real valued continuous functions.
Generic points form a powerful tool in ergodic theory in quantifying the difference
between two invariant measures. The measure p is called a generic measure if
L, # (. The celebrated Birkhoff ergodic theorem asserts that u(L,) = 1 for any
p-ergodic transformation. But in general, the non-ergodic measure may or may
not have generic points at all.

There has been a considerable amount of interest in the existence of generic
measures, particularly in the realm of interval-exchange transformations. J. Chaika
and H. Masur [12] showed that there exists a minimal non-uniquely ergodic interval
exchange transformation on 6 intervals with 2 ergodic measures, which also has a
non-ergodic generic measure. Later, V. Cyr and B. Kra [14] found a criterion for
establishing upper bounds on the number of distinct non atomic generic measures
for subshifts based on complexity, and as a consequence, they showed that for
k > 2, a minimal exchange of k intervals has at most £ — 2 generic measures. On
the other hand, K. Gelfert and D. Kwietniak [25] gave an example of a topologically
mixing subshift that can have exactly two ergodic measures, none of whose convex
combination is generic.

However, to the best of our knowledge, there have been no discussions on
differentiable or even continuous mappings on any manifold with such character-
istics. This raises the question within contexts such as smooth dynamical sys-
tems, real analytic systems, or symplectic systems: Is it feasible to create a non-
ergodic generic measure in a smooth dynamical system? Given the flexibility of

the Anosov-Katok method, this inquiry can also be addressed within a framework,



along with incorporating additional topological and ergodic properties.

In general, a uniquely ergodic measure preserving transformation on a compact
metric space is minimal on the support of the measure. However, the converse is
not true. A. Markov produced the first counterexample. Further, A. Windsor,
in [44], constructed a minimal measure preserving diffeomorphism in A, (M) with
exactly a finite number of ergodic measures. Afterwards, S. Banerjee and P. Kunde,
in [4], produced a similar result for the real analytic category on T2

We present several results in this thesis that investigate the existence of non-
ergodic generic measures within this framework. Our constructions will be smooth
and, in some cases, even real analytic. We further extend these results to produce
additional examples with diverse measure-theoretical and topological dynamical

properties, as detailed in Chapter

Theorem 1.1. For any natural number r, and any Liouvillian number o, there
exists a minimal T € A, (T?) such that the Lebesque measure is a generic mea-
sure for T, and there exists v absolutely continuous w.r.t. to Lebesque measures

W1y 2y - - -y por Such that T is weakly mizing w.r.t. each of these measures.

In fact, the approximation by conjugation method on T? offers enough flexi-
bility to repeat the construction using a block-slide type of maps (4], Theorem 5)
and achieve the result within the analytic set-up. Moreover, we can also poten-
tially employ the analytic approximation technique, as discussed in Chapter[7] to
produce volume-preserving diffeomorphism with the non-ergodic generic measure

on the 2-torus.

Theorem 1.2. For any natural number r, there exists a minimal real-analytic
T € Diff “(T?, u) constructed using the approximation by conjugation method, such
that the Lebesgue measure is a generic measure for T, and there exists r absolutely
continuous w.r.t. to Lebesque measures i1, fa, - - . , - such that T" is weakly mixing

w.r.t. each of these measures.

Another principal aim of this thesis is to investigate the set of u-generic and -

non-generic points associated with a particular smooth dynamical system. Points
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that do not exhibit generic behavior with respect to the invariant measure u-
that is, whose empirical measures fail to converge to p are referred to as p-non-
generic points. We establish rigorous bounds on the size of these sets. Rather
than quantifying their measure-theoretic size via Lebesgue measure, which may
be trivial, our analysis centers on determining their Hausdorff dimension. This

geometric perspective yields more refined and meaningful results, as elaborated in

Chapter[4] and Chapter

Theorem 1.3. For any 1 < s < 2, there exists a smooth diffeomorphism T &
Diff>°(T?, ), constructed via the approzimation by conjugation method, such that

a non-empty set B C T? consisting of p-generic points of T' satisfies
dimy(B) <s, and p(B)=0.

To facilitate this construction, we explicitly introduce certain narrow sets of
small measure-most notably, horizontal strips of small width-within a carefully
designed framework on the 2-Torus. The images of these sets under the selected
conjugation maps exhibit a fractal-like structure, which plays a crucial role in es-
tablishing nontrivial upper bounds for the sets of generic points considered in our
analysis. We construct a highly explicit scheme involving distinct, purpose-specific
domains on the 2-Torus, accompanied by a deliberate and structured choice of con-
jugation maps. This construction is supported by appropriate combinatorial and
geometric methods, which together enable the formation of the desired example.

Moreover, we demonstrate the existence of a nontrivial set of generic points
possessing a positive lower bound on Hausdorff dimension. This is achieved by in-
troducing a Cantor-type fractal set and its generalized variants into our framework,

which allows us to obtain the following result:

Theorem 1.4. There exists a smooth diffeomorphism T € Diff**(T? 1), con-
structed via the approximation by conjugation method, such that a set B C T?

consisting of p-generic points of T' satisfies
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Theorem 1.5. For any 1 < v < 2, there exists a smooth diffeomorphism T &
Diff>(T?, ), constructed via the approzimation by conjugation method, such that

a set B C T? consisting of pu-generic points of T satisfies
dimg(B) >y —1, and u(B)=0.

The application of this result also challenges the validity of the variational-type
formula presented in [9] Theorem 2.3.1| for smooth dynamical systems. In that the-
orem, the author introduced a variational-type formula for the full shift on a two-
symbol alphabet (€2, o). However, within our specific framework, it becomes clear
that this theorem’s claim of a variational-type formula does not hold. For instance,
if f:T? — R is any continuous function, and v = [ fdu where 1 <y < 2 and p is

the standard Lebesgue measure, then the Hausdorff dimension of E(7) is greater

N
than zero (see Theorem|1.5) where E;(v) = {z € T? : Nli_r)noo % Zlf(T"x) =~}

However, according to |[I6] Theorem 1| and [9] Theorem 2.3.1],_this dimension
should be zero, as both topological entropy and all measure-theoretic entropy, in
our context, are consistently zero.

In any probability dynamical system (M, B, u,T), the points that are not u-
generic points are referred to as p-non-generic points. While Birkhoff’s Ergodic
Theorem guarantees that the set of non-generic points has p measure zero when
T is ergodic, the Hausdorff dimension of this exceptional set can exhibit rich and
nontrivial behaviour. In particular, its size from the perspective of dimension the-
ory may significantly differ from its measure-theoretic triviality. By implementing
a slight modification to the combinatorial structure in our construction of Theo-
rem and we can extend our approach to establish analogous results for the
set of non-generic points in the case of a smooth ergodic diffeomorphism.

Moreover, the diffeomorphisms produced in Theorems and could
be made minimal by employing the same combinatorial construction outlined in
Chapter |3| as used in proving Theorem
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1.1.2 Weak mixing behavior for the projectivized derivative

extension

In this thesis, our objective is to explore the ergodic properties of diffeomor-
phisms. We also examine their differential maps with respect to a smooth measure
in the projectivization of the tangent bundle. We investigate examples of dif-
feomorphisms with complex ergodic properties within the projectivized tangent
bundle, employing the Anosov-Katok method for both smooth and analytic cate-
gories.

The derivative extension of a smooth map, f : M — M, on an m-dimensional
manifold M is a transformation defined on the tangent bundle TM, denoted as
(f,df). The projective tangent bundle PTM is obtained by identifying the tangent
space of a point p € M, T,(M), with R™, and considering its projective space
PR™. It is important to note that a diffeomorphism preserving a measurable
Riemannian metric induces an invariant measure for the projectivized derivative
extension, which is absolutely continuous on the fibers. Such a diffeomorphism,
which preserves a measurable Riemannian metric and an absolutely continuous
probability measure, is called an IM diffeomorphism. IM diffeomorphisms and IM
group actions are discussed in detail in |28] section 3.

In [28], R. Gunesch and A.B. Katok constructed a weakly mixing volume pre-
serving smooth diffeomorphism that preserves a measurable Riemannian metric.
This work extends the research of D.V. Anosov and A.B. Katok [1]. For every Li-
ouville number «, such diffeomorphisms are dense in the restricted space A, (M)
in the C'* topology as proved in [29]. In [34], P. Kunde realized a similar con-
struction in the analytic category. He constructed a real analytic weakly mixing
diffeomorphism f € Diff] (T™, u) that preserves a measurable Riemannian metric.

It is a natural question to investigate the ergodic properties of the projectivized
derivative extension with respect to the measure induced by the measurable Rie-
mannian metric. In fact, all the constructions described in the previous paragraph,
in [28] and [29], are as non-ergodic as possible. Their projectivized derivative ex-

tensions are isomorphic to the direct product of the diffeomorphism in the base
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with the trivial action in the fibers, resulting in each ergodic component intersect-
ing almost every fiber at a single point. In [35], P. Kunde realized the other extreme
possibility by constructing smooth diffeomorphisms whose differentials are ergodic
with respect to such a smooth measure in the projectivization of the tangent bun-
dle. He constructed an ergodic IM diffeomorphism in [35], and a weak mixing IM
diffeomorphism in the restricted space A, (M) in [33], whose differentials are also
ergodic with respect to such a measure.

In this thesis, we study the further ergodic properties of the projectivized
derivative extension, and we focus on weak mixing behavior. We recall that a
measure-preserving system (X, B, u,T') is said to be weakly mixing if there is no
nonconstant function h € L?(X, ) such that h(Tx) = X - h(zx) for some A € C.
Equivalently, (X, B, u,T) is weakly mixing iff there exists a sequence {m,} € N
such that for any pair A, B € B : |u(B N f~"(A)) — u(B)u(A)] — 0. We explore
this aspect in both the smooth and analytic settings. Hereby, we solve Problems 6.2
and 10.7 in [15]. Our approach bases upon a new weak mixing criterion specifically
tailored for the projectivized derivative extension in both the smooth and analytic
settings. It requires the construction of appropriate smooth maps on the pro-
jectivized tangent bundle that yield a suitable distribution of partition elements.
We refer to Chapter [6]for an overview of our construction. Here, we present the

smooth version of our main result.

Theorem 1.6. Let M be a smooth compact and connected manifold of dimension
2 with a non-trivial circle action S = {S;}ier, Sti1 = Si, preserving a smooth
volume p. If a € R is Liouwille, there exists a measure-preserving weak mizing
diffeomorphism f € A.(M), whose projectivized derivative extension (f,df) is a
weak mizing with respect to the measure ji in the projectivized tangent bundle PTM

which is absolutely continuous in the fibers.

The Anosov-Katok constructions are renowned for their flexibility. In this
thesis, we have discussed several instances exploring intricate dynamics within
the smooth category. However, challenges emerge in the real-analytic category,
as emphasized in [17, Section 7.1] and [4] Section 6.3]: Maps with notably large

derivatives in the real domain or their inverses tend to display singularities in a
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small complex neighbourhood. For a real analytic family S;, 0 < t < ¢4, with
So = id, the family h o S, o h™! is expected to display singularities very proximate
to the real domain for any ¢t > 0. Consequently, the domain of analyticity for maps
in the form of f, = H,0S;0H, ! diminishes progressively during each construction
step. This leads to a limiting diffeomorphism that is not analytic. Hence, there is
a need to identify specific nature conjugation maps that can be explicitly inverted,
ensuring both the map and its inverse maintain analyticity across a broad complex
domain.

M. Saprykina first implemented the Anosov-Katok method in the real-analytic
category in |43] and constructed a uniquely ergodic real-analytic diffeomorphism
on the 2-torus. Afterwards, B. Fayad and M. Saprykina, in [19], successfully
constructed an example of volume-preserving weakly mixing real-analytic diffeo-
morphism on the 2-torus. B. Fayad and A. Katok, in [18], produced similar results
for the odd-dimensional sphere, utilizing explicit analytic conjugation maps. The
constructions mentioned above used highly explicit analytic conjugation maps in
an explicit form. In contrast, a more general analytic approximation technique
that utilizes block-slide-type maps on the finite-dimensional torus is developed
by S. Banerjee in [2|. This technique offers sufficient flexibility to replicate the
construction process and obtain numerous analytic counterparts of Anosov-Katok
constructions, as demonstrated in [4] and [34]. However, this analytic approxima-
tion technique cannot produce a specific distribution for the elements in the space
and tangent direction. Consequently, it hinders the achievement of ergodicity for
the projectivized derivative extension in the analytic category, thus requiring al-
ternative approximation techniques.

In this article, we have achieved an even stronger property than ergodicity-the
weak mixing property-for the projectivized derivative extension in the analytic
category, specifically for the torus case. We adapt an analytical approximation
method, as presented in |7, Theorem 1.8]. In this work, the author proposed
a particular approach for approximating an analytic transformation within the
infinite annulus [0, 1] x R. This is achieved by accurately approximating it using

a smooth transformation, given specific conditions. This technique is built on
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the generators of groups of Hamiltonian maps and their flows, employing specific
conditions. This distinctive approach plays a crucial role and involves adapting
the approximation technique for the torus case. This requires exercising sufficient
control over the proximity of two functions and establishing the convergence of
the Anosov-Katok method while maintaining the desired dynamical properties, as

outlined in Chapter [7| within our setup.

Theorem 1.7. There exists a real analytic diffeomorphism f € Diff*(T?, 1), whose
projectivized derivative extension (f,df) is a weak mixing with respect to the mea-
sure i in the projectivized tangent bundle PTT?. Additionally the complexification

of this map f is entire.

These constructions, in Theorem and represent the only known in-
stances of volume-preserving diffeomorphisms whose differentials are weakly mix-
ing with respect to a smooth measure in the projectivization of the tangent bundle.

Regarding the successful implementation of analytic AbC schemes, we mention
the recent breakthrough work [8] by P. Berger. Based on a so-called Anosov-
Katok principle it enables the realization, by analytic symplectomorphisms on
annulus, sphere or disc, of dynamical properties which are C°-realizable by the AbC
method. However, the current results only demonstrate that an Anosov-Katok
principle holds for transitivity. Therefore, this approach does not directly allow
the realization of weakly mixing analytic diffeomorphisms, let alone properties for

the projectivized derivative extension.

1.2 The structure of the thesis

In Chapter [2| we outline some basic results from ergodic theory and measure
theory and present the preliminary lemmas necessary to prove our findings in
subsequent chapters. We discuss both the smooth and analytic topologies on the
space of diffeomorphisms and provide a detailed description of the Approximation
by Conjugation method.

In Chapter [3] we present an example of a smooth diffeomorphism with an
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invariant measure, which is a generic but non-ergodic volume measure. This dif-
feomorphism satisfies various topological and ergodic properties on the 2-Torus.
To explore these properties, we use the Approximation by Conjugation method.
To achieve these properties effectively, we establish a highly explicit setup. We de-
fine distinct targeted domains on the 2-Torus, each serving specific purposes, and
carefully select conjugation maps to match the intended behavior. Furthermore,
we explicitly discuss the criteria for minimality, weak mixing, and the existence of
p~generic points within our framework.

In Chapter |4] and we delve into the analysis of generic and non-generic
points within the smooth category, aiming to establish bounds on the size of the
sets they form. Our focus is on determining bounds for their Hausdorff dimension.
We apply the Approximation by Conjugation method to construct such a smooth
diffeomorphism, ensuring that the set containing all generic points has a nontrivial
Hausdorff dimension. This approach leads to more insightful and interesting re-
sults. To target sets containing such points, we introduce fractal sets, specifically
various types of Cantor sets, into our explicit construction. We establish a highly
detailed setup with distinct targeted domains on the 2-Torus, each serving specific
purposes. This includes the explicit selection of conjugation maps. Additionally,
we extend our analysis to non-generic points, particularly focusing on the case of
an ergodic Lebesgue measure on the 2-Torus. In particular, we provide proofs for
Theorems and

In Chapter|[6] we delve into the ergodic properties of the projectivized derivative
extension, with a particular focus on weak mixing behavior. This exploration is
conducted within the smooth category using the Approximation by Conjugation
method. We examine the structure of a derivative extension map corresponding
to a smooth map over the projectivized tangent bundle. We explicitly induce an
invariant smooth measure over this bundle. We present an example of a derivative
extension map that exhibits weak mixing with respect to such a smooth measure.
Additionally, we introduce a weak mixing criterion specifically tailored for the
projectivized derivative extension in the smooth setting. To demonstrate the weak

mixing property, we provide a suitable distribution of elements under the explicit
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choice of conjugation maps that satisfy the criterion’s requirements. In particular,
we prove Theorem [1.6

In Chapter [7] we extend the analogous result from Chapter [6]to the analytic
category for the torus case using the same method. We present an example of
an analytic diffeomorphism whose projectivized derivative extension exhibits weak
mixing with respect to a smooth measure. For the torus case, we explore an
analytic approximation technique that allows us to closely approximate an analytic
diffeomorphism with a smooth diffeomorphism. Additionally, we extend the weak
mixing criterion for the projectivized derivative extension to the analytic setting.
To demonstrate the weak mixing property of the projectivized derivative extension,
we provide a suitable distribution of elements. This is achieved through the explicit
choice of conjugation maps and approximation techniques that meet the necessary
requirements of the criterion. In particular, we prove Theorem

In Chapter |8| we provide a brief summary of the key findings of this study. In

addition, we explore some interesting open research questions in this direction.
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Preliminaries

In this chapter, we will first present some basic definitions, techniques, and
results from Ergodic Theory that are necessary to prove our results in subsequent

chapters.

2.1 Basics of ergodic theory

This section explains some basic definitions and standard techniques that will be
used throughout the thesis; refer to [12] and [19]. Consider (X, d) be a compact
metric space, B is a ¢ algebra, p is a measure and T : X — X is a measure

preserving transformation (mpt) i.e. u(T-*(A)) = u(A) VA € B.

Definition 2.1 (Ergodic). A mpt (X, B, u,T) is called ergodic if every invariant
set E € B satisfies pu(E) = 0 or u(X\E) = 0. We say p is ergodic measure.
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Definition 2.2 (Generic point). A point € X is a generic point for p if for every

N—1 ‘
continuous compactly supported ¢ : X — R, we have > ¢(T"z) — [ ¢dp.
i=0
A measure is called generic measure if it has a generic point. It follows from the
Birkhoff Ergodic Theorem that if the system is ergodic, then almost every point

is a p-generic point.

Definition 2.3 (Minimal). Given a continuous map 7' : X — X on a topological
space X, the map T is called minimal if for each x € X, the orbit {T%(z)}ien is
dense in X. In the context of a metric space, equivalently, a map 7T is minimal if
for every x € X, any 6 > 0, and any d-ball By, there exists an ¢ € N such that
T'(z) € Bs.

Definition 2.4 (Weak mixing). A measure preserving diffeomorphism 7" : X —
X is said to be weakly mizing on the space (X, B, u, T) if there exists a sequence
{m,} € N such that for any pair A, B € B: |u(B N f7"(A)) — u(B)u(A)] — 0.

Definition 2.5 (Partial partition). A collection of disjoint sets 7, on T? is called
a partial decomposition or partial partition of T2. A sequence of partial decompo-
sitions 7,, converges to the decomposition into points (notation: 7, — ¢) if, for any
measurable set A, there exists a measurable set A,, for any n, which is a union of
elements of 7,, such that lim, ., u(AAA,) = 0 (here, A denotes the symmetric

difference).

2.1.1 A primer of Hausdorff Dimension

The Hausdorft dimension is a measure of the “fractal" or “irregular" dimension of

a set.

Definition 2.6. For a compact set A C R", the Hausdorff dimension is defined
as follows: Let d > 0 be a real number, and consider covering A with a collection

of open balls of radius r; for ¢ = 1,2, .... The “Hausdorff d-dimensional measure"
of A is defined as:

HL(A) = inf {Z(diamBm)d : ACUX,B,,, diamB,, < 5} :

i=1
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where the infimum is taken over all possible coverings of A with balls B,, of diam-

eter at most §. The Hausdorff dimension of A is then given by:
dimp(A) = inf{d >0 : HA) = 0}.

where H(A) = lims_,o H4(A). In simpler terms, dimg(A) is the largest value of d

for which the Hausdorff d-dimensional measure of A is positive and finite.

Lemma 2.1. For a compact set A C R"™ and a diffeomorphism ¢ : A — R", the

Hausdorff dimension is preserved under the action of ¢. In particular, if H(A) =

0, then H¥(p(A)) =0, and if H(A) > 0, then H(p(A)) > 0.

Proof. We start by showing that if H%(A) = 0, then H%(p(A)) = 0. Suppose
HI(A) = 0, and let € > 0 be given. Since H%(A) = 0, there exists a covering of
A with balls B; such that >, diam(B;)? < e. Since ¢ is a diffeomorphism, it is
bi-Lipschitz, meaning that there exists a constant C' > 0 such that diam(¢(B;)) <
C' - diam(B;) for all B;. Thus, we have:

Zdlam <ol Zdlam Dl < O e

As € can be arbitrarily small, it follows that H¢(¢(A)) = 0. Next, we prove that if
HI(A) > 0, then H¥(4(A)) > 0. Suppose HI(A) > 0. Then, for any e > 0, there
exists a covering of A with balls B; such that

Z diam(B;)* < HY(A) +
Applying the same bi-Lipschitz property of ¢ as above, we obtain:
Zdlam d< ot Zdlam D4 < O (HY(A) +e).
Since € can be arbitrarily small, we conclude that H?(¢(A)) > 0. Combining

both cases, we have shown that the Hausdorff dimension of ¢(A) is the same as
the Hausdorff dimension of A, i.e., dimy(¢(A)) = dimg(A). Thus, the Hausdorff
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dimension is preserved under the action of a diffeomorphism. O

2.1.2 A primer on symplectic dynamics

A symplectic form on a smooth manifold is a closed non-degenerate differential 2-
form. A smooth manifold equipped with a symplectic form is called a symplectic

manifold; refer to [38].

Definition 2.7 (Symplectomorphism). A symplectomorphism f : (M,w) —
(M,w) is a smooth diffeomorphism satisfying f*w = w, where f* is the pullback
of f. We denote the set of all symplectic diffeomorphsims of M by Symp(M,w).

Definition 2.8 (Hamlitonian Diffeomorphism). A symplectomorphism
¢ € Symp(M,w) is said to be a hamiltonian diffeomorphism if there exists a
hamiltonian isotopy h; such that ¢ = h;. We say that h; is a hamiltonian isotopy
if there exists a smooth family of functions Hy : M — R such that i@, w = dH,.
In other words, if there exist a smooth isotopy H : [0,1] x M — M which can be
associated to the time dependent vector field Xy, defined by i(x,, )(w) = dH;.
Let’s denote Ham*™ (M, w) be the space of all smooth Hamiltonian diffeomor-
phism of M and Ham®(M,w) be space of all entire Hamiltonian diffeomorphism
of M. For smooth volume form g, Ham®™ (M, u) C Diff** (M, p).

2.2 Smooth topology

Smooth diffeomorphisms of T? homotopic to the identity have a lift of type

F(iCl,J}Q) = <£U1 + f1<l’1,332),l’2 + f2<x17x2)>7

where f; : R? — R are Z? periodic for i = 1,2. We can use the smooth topology of
R? defined by the norms as follows: For any continuous function f : (0,1)> — R,

the norm is given by

[ fllo := sup [f(2)]

2€(0,1)2
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The partial derivative of a function is denoted as follows: for (a, as) € N?, where

|Cl| = aj + ag,
aa
8?2531'

D, =

Consider Diff*(T?) be the space of k-differentiable diffeomorphisms of the torus.
For any F, G € Diff*(T?), denote their lifts by F and G. For mappings F : R? —»

R?, let F} represent the i-th coordinate function, and denote
7l := max{[DaF;]lo, [IDa(F); o [ i = 1,2, 0 < |a| < k}.

Definition 2.9. For any two diffeomorphisms F, G € Diff*(T?), define the distance
between them as
dol(F, G) = max{inf [|(F — G) + pllo}

1=1,2
dy(F,G) = max{dy(F,G), [|Da(F; — G)||o] i =1,2, 1 < |a] < k}.

We will employ a metric that measures the distance between diffeomorphisms and

their inverses:

de(F, Q) = max{dy(F,G),d,(F~',G™1)}.

In the smooth topology on M, a sequence of diffeomorphisms in Diff>* (M) is
considered convergent if it converges in Diff*(M) for all k. The space Diff> (M) is
equipped with the metric

i2 k(L G)
" T4 dy(F,G)

It is a compact metric space, and the Baire theorem holds for any of its closed

subspaces.



24

2.3 Analytic topology

Real analytic diffeomorphisms of T? homotopic to the identity have a lift of type

F(l‘1,$2> = <331 + f1<$17x2)7$2 + f2(‘r17x2)>7

where the function f; : R? — R are real analytic and Z? periodic for i = 1,2. Any
real-analytic Z2-periodic function defined on R? can be extended as a holomorphic
(complex analytic) function from some complex neighbourhood of R? in C?. For

any fixed p > 0, we define the complex domain €2, as follows:
Q, ={(21,20) €C* : |Sz| <p, i =1,2}. (2.10)
Now, for a function f defined on this set, we define the norm as

[f1p = sup [F(2)].

2€Q,

Denote the space C’;’;’(TQ) as the space of all Z2-periodic real-analytic functions on
R? that extend to holomorphic functions on €, with [f|, < co. Let Diff(T?, u)
be the set of all measure-preserving real-analytic diffeomorphisms of T? homotopic

to the identity, whose lift F' to R? extends to a holomorphic functions on 2,,.
Definition 2.11. For two functions f,g € Diﬂ‘;’(TQ,ﬂ), we define the norm |f|,
and metric d2(f, g as follows:

/1o = max|fil,,

a2 (f,g) = rgg{;gg | fi — 9i +plo}-

1=

Moreover, for a diffeomorphism 7" with lift T'(z1, 22) = (T} (21, z2), To(z1, 22)) We

define
oT;
|DT|p:maX{‘ : i,j:1,2}.
&ci P

'Here, we denote the metric d, for C" and d;; for C topology.
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Additionally, define Hamy (T?, 1) as a subset of Diff;(T?, ), containing all the
real analytic Hamiltonian diffeomorphisms of T?. Next, we denote Diff (T?, 1) C
Diﬂ‘/j(’]I‘Q, w) for any p > 0, be the space containing all the real-analytic measure-
preserving diffeomorphism of T? whose lift ' to R? extends to an entire function
on C?. Analogously, define Ham® (T?, 1) as a subset of Diff (T2, 1), containing

all the real analytic Hamiltonian diffeomorphisms of T2.

2.4 Preliminary Lemmas

Lemma 2.2. Let F,G € Diff**(T?). For k € N, the norm estimates of the compo-
sition ' o G satisfy

IlE o Gl < CIEN - NG, (2.12)

where C' is constant only depending on k.

Remark 2.3. The above can be deduced using the corollary of the Faa di Bruno

formula; similar proof has been done in [[32], Lemma 4.1].

Lemma 2.4. For any € > 0, there is a smooth Lebesque measure preserving dif-
feomorphism ¢ = ¢(g) of [0,1]%, equal to identity outside [¢,1 — €]* and rotating

the square [2¢,1 — 2¢]? by 7/2 in the clockwise direction.
Proof. The proof directly follows from [[19], Lemma 5.3]. O

Any permutation map of a matrix of rectangles over a square can be well approxi-
mated by a smooth measure preserving transformation has appeared independently
in [1], [40], and [24].

Theorem 2.5. [[2]], Theorem 34] Let n horizontal lines and m vertical lines
divide [0,1] x [0, 1] into an array of m-n equal size rectangles {R;}™.. Let o be a
permutation of the rectangles and € > 0. Then there is a C*°, invertible, measure-
preserving transformation ¢ of [0,1] x [0, 1] that is the identity of a neighborhood
of the boundary of [0,1] x [0, 1] such that for a set L of Lebesgue measure at least
1 — € such that : If v € LN R;, then ¢(x) € o(R;) for all i.
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This assertion builds upon Lemmal[2.4] which establishes the existence of a C>
measure-preserving map that rotates the disc of radius R — 4 inside [0, 1] x [0, 1]
by an angle of 7/2. This map is identically equal to zero in an arbitrarily small
neighborhood of the disc of radius R and acts as an identity on the boundary of
[0,1] x [0, 1]. Hence, any permutation o can be represented as a composition of a
transposition(rotation). Therefore, the smooth maps can closely approximate each
transposition by choosing a small enough § in the above lemma. Similar results
have been used in [24], [19], and [20].

Lemma 2.6. Any smooth area-preserving diffeomorphism f : [0,1]*> — [0,1]?
that acts as identity in a neighborhood of the boundary of [0,1])* is a Hamiltonian

diffeomorphism on the torus T2.

Proof. Since the diffeomorphism f : [0,1]> — [0,1]? acts as the identity close
to the boundary of [0,1]% it can be extended to a diffeomorphism f on T? by
identifying opposite edges of [0,1]?. Note that any closed non-degenerate 2-form
on a simply connected domain of R”, or a contractible symplectic manifold, is
exact due to Poincaré’s lemma [11]. Additionally, the exactness of the symplectic
form on a contractible manifold implies the existence of a Hamiltonian vector field
associated with any closed 2-form.

Furthermore, Moser’s theorem guarantees a continuous family of area preserv-
ing diffeomorphisms F; : T2 — T2 such that F; = f and F, represents the identity
map on T2, implying that f is isotopic to the identity through area-preserving
diffeomorphisms on the torus.

Since [0, 1)? is a contractible domain, the diffeomorphism f within [0, 1], when
extended to the torus as f , is indeed a Hamiltonian diffeomorphism on the torus,

following from Poincaré’s lemma and Moser’s theorem. O]
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2.5 Approximation by Conjugation Method

Here, we outline the scheme of the approximation by conjugation method intro-
duced in [1], which allows the construction of smooth area-preserving diffeomor-
phisms with specific ergodic properties. We present the following method specif-
ically for the case of T2, but it is applicable to any compact connected smooth
manifold M with a non-trivial circle action. Let us denote by R; the measure-
preserving smooth circle action T! on the torus T? = R/Z x R/Z defined by
translation ¢ in the first coordinate : Ry(0,7) = (6 + t,r). The required map f
is constructed as the limit of a sequence of periodic measure preserving diffeo-
morphism f,, in the smooth topology. The sequence of f, is defined iteratively

as

fo=HyoR,, ,oH" (2.13)

AUn+1 n

where a1 = ’;”—i € Q\Z and H, € Diff*(T?). The diffeomorphism H, is
constructed successively as H, = h; o... o h,, where h, is an area preserving

diffeomorphism of T? that satisfies
hp o Ry, = Ra, o hy,. (2.14)

The rationals a,, 1 is chosen close enough to a,, to ensure the closeness between
fn and f,_1 in the C* or C¥ topology. Given «,.1, H,, at the n + 1 stage of this
iterative process, we construct h, i such that f,.; satisfy a finite version of the
specific property we eventually need to achieve for the limiting diffeomorphism.
The explicit construction of 41 has been done in Chapter [3] [6] and[7] which
serves our purpose. Then we construct a,, o enough close to ;.1 by choosing
some parameters k,.1 € N and [,,.; € N to be large enough such that it satisfies
the certain condition and guarantees the convergence of iterative sequence f, 1 in
the smooth or real analytic topologies, respectively. The limit obtained from this
iterative sequence is the required smooth or real analytic diffeomorphism with the

specific ergodic properties, f,1 1 — f € Diff>™(T? u).
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Additionaly, we employ the quantitative version of this method to construct
the diffeomorphism with a prescribed Liouvillean rotation number «. This involves

ensuring that the sequence «,, converges to « and the limiting transformation
[ € A,(T?), as discussed in [19].



A Non-Ergodic Generic Measure

3.1 Introduction

In this chapter, we present an example of a smooth diffeomorphism with an
invariant measure, which is a generic but non-ergodic volume measure. This dif-
feomorphism satisfies various topological and ergodic properties on the 2-Torus.
We explore an example of a measure-preserving smooth diffeomorphism that pos-
sesses a non-ergodic Lebesgue measure g but exhibits u-generic points on T2
Subsequently, we delve into the existence of such diffeomorphisms, with exactly r
invariant measures which are weak mixing, and possess the minimality property.
To explore these properties, we utilize the Approximation by Conjugation method.
To achieve these properties effectively, we establish a highly explicit setup with
distinct targeted domains on the 2-Torus that serve specific purposes, along with

the explicit selection of conjugation maps. Additionally, we explicitly discuss the
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criteria for minimality, weak mixing, and the existence of p-generic points within

our setup. In particular, we provide a proof for Theorem |1.1

3.2 Outline of the proof

To prove Theorem we utilize the approximation by conjugation method as
outlined in Chapter We decompose the torus T? into three distinct parts, each
serving specific purposes. Firstly, we divide T? into r disjoint sets denoted by
Nt where t = 0,...,r — 1. Each set naturally supports an absolutely continuous
Lebesgue measure p;, obtained by normalizing the Lebesgue measure .
Secondly, we introduce two additional parts within T?, specifically designed to
achieve other two dynamic properties explicitly along with explicit chosen conju-
gation maps. These parts are deliberately chosen to be measure-theoretically in-
significant, ensuring that their measures approach zero, as outlined in Section|[3.3]
The convergence of the approximation by conjugation scheme in the smooth
topology is done under very precise norm estimates in Section [3.4] With appro-
priate geometrical and combinatorial criteria, as explained in the Section we
obtain the limit diffeomorphism 7', obtained from scheme, which is minimal and
exhibits r distinct weak mixing measures on T?, along with the Lebesgue measure

/4 as a generic measure.

3.3 Construction of the conjugacies

Let us denote S, a measure preserving circle action T! on the torus T? = R/Z x
R/Z defined as a translation u in the first coordinate : S, (x1, z2) = (x1+u, x5). We
consider the following conjugacies for the Approximation by conjugation method,

for any 0 < 0 < %, on the torus as

Tn:HnOSan+1OH7:1 where H,, = hyo...0h,, (3.1)
hn:gno¢nOPnOQn7 (32>
gn(z,y) = (x + [ngy ]y, y), (3.3)



31

where the sequence 11 = Ppy1/qny1 converging to a (a Liouville number), and

the diffeomorphisms ¢,, P, and ), commute with S, , are constructed in sec-

tion below.

3.3.1 Explicit set-up

This subsequent section introduces a couple of fundamental domains on which
our explicit construction of conjugation maps exhibits various ergodic properties.

First, define the following subsets of T?, for t = 0,...,r — 1:

tt+1
N'=T' x [—, i ) (3.4)
T r

and denote j; be a measure on N' defined as normalized Lebesgue measure j to

Nt ie pu(A) =E (:2%\?) for measurable set A € B(T?). Considering the following

fundamental domain of N* for t € {0,...,r — 1} as

? gn r>or

1. The fundamental domain: D! = [0 i] x [L, 5.

2. Split the D into two halves:

1 t t+1 1 1 t t+1
Df;l =10,— | x |-, + and fo =|—,— | X |-, + .
2q, roor 200 Qn rooor
3. Dt

v.j» the shift of fundamental domain: D}, ; = S/, (Dy,), and so fo] =

3.3.1.1 Construction of the conjugacies

The aim is to construct the conjugation map h,,, which allows the limiting diffeo-
morphism 7', defined by , to have r € N weak mixing measures and have the
Lebesgue measure as a generic measure, and be a minimal map. Here, we pro-
ceed with the construction of conjugation map ¢, in the following three steps and

combining all together; we define the smooth measure-preserving diffeomorphism
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On : T? — T? as
Pn = @y 0 9 0 ¢y (3.5)

The notations ¢J, ¢, and ¢ are used to represent the diffeomorphisms con-
structed in the following steps to attain specific ergodic properties, namely gener-
icity, minimality, and weak mixing, respectively.

Step-1:- Define the map ¢¥ : T? — T? to achieve r weak mixing invariant
measures on T2:

($n0(z)  ifz € N

i 1
gbnl(r) fzeN (3.6)

\an’T,l(.’L') if x & Nril

where ¢,,; is a smooth measure-preserving diffeomorphism defined on T? for ¢ =

0,1,...,7 — 1 as described in the following paragraph. Consider a map ¢,  :
oa ] [h) = o] < [12):
J qn r? r ) qn r? r *

Criop! Dy o e on Dbl
Pnt = to9en) ! (3.7)

Id otherwise.

Here, C,; : [0 i} X {t #) — [0,1] x [0, 1] is defined as C,, (2, y) = (gnz, 7y —1),

' gm o’

and ¢ is a measure-preserving diffeomorphism, defined as in Lemma for eg) €
(0,1). We can extend this map ¢,,, qin—equivariantly to the whole N*, as done in
[19].

Step-2:- Here, we construct a smooth measure-preserving diffeomorphism ¢¢ :
T? — T? differently to ensure the existence of a generic point. Consider a map
@9 - [O, qin] x T — [0, qin] x T defined as

n

¢9 =Crl o () op(el?)) o Cp,

n
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where C,,(z,y) = (gne,y) and ¢ is a smooth measure-preserving diffeomorphism

defined in Lemma |2.4| with the specific choice of 87(12),8513) € (0,1) satisfying the

condition 5,(@2) < 5,(13) As in the above step, we extend the ¢J equivariantly on

T2. For i =0,...,q, — 1, we will use the notation
: @ (2)
2en 1 2ey,
Bn,i = i c ) o - 2 X [257(12)7 gng)]v and
dn dn dn Gn
- (3) . (2)
A L R ]
an dn  dn dn

Remark 3.1. This scheme is called the “double rotation effect", as gp‘l(eg)’)) o

gp(eg)) first rotate the whole square with the error 57(12), i.e. rotate inside the square

[25%2), 1— 25%2)]2, by 7 in the clockwise direction and act as an identity outside the

square [8512), 1-— 5,(12)]2 (see Lemma. Similarly, we rotate the whole square with

the error 5%3), i.e. [25%3), 1— 25%3)]2, in the anticlockwise direction. Note that with

the specific choice of e and 57(13), and the condition £2 < &, The map @9

satisfies the following properties:

1. @9 rotates the region B, ; by 7/2, which maps the region B, ; into Y,,;, i.e.
95(Bn,i) = Y.

2. ¢J acts as an identity on the region X; U X5, where

N ([’ : +£] U {ﬂ—ﬁ ﬂ]) X ([0,622)]U[1—6$12),1])

a;’a; qn

qn an ’ qn
. (3) (3)
1 1an—11 4 2e i+1 2e (3) (3)

Remark 3.2. The region E¢ C T?\((U";'B,; UY,,) U (5, UX,)), say as Error
zone, comes from the smoothing of the map ¢9.
Step 3:- In the same spirit, we define R, = [0, i"—i)} x T and the map ¢™ :

15,(11), 5%2), 5%3) and 57(14) are just notations of different parameters, not related by any power of
(1)
En .
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[0, i] x T — [O, qin] x Tt differently to achieve minimality as

A

Clo gp(sg)) oC, onR,
o = (3.8)
Id otherwise,

where C,(z,y) = (%x, y> and £V € (0, 1) satisfying that e < P We extend

the map ¢™ equivariantly on T? such that it acts as an identity outside the region
. (2)
R, = [ Loty 5—] x T (defined as the shift of domain: S (R,) = R,.;, Vi €
an

q_n7q_n qn

{0,1,... g, — 1}).

Remark 3.3. With specific choice of 5%4), the map ¢! rotates the region

dn an ’ qn qn, qn

~ 4 - (2) (4)
[ "y n L Z ] x [2eW 1 — 2eW],

inside R,,;, by m/2 and acts as an identity outside the region R, ;. The region

gn—1 . 4 (4) . (2) 4 (2) (4)
) S 2en 7 En 2en’ 1 En En
]Enm=||<[—+——+ ]||[—+—— —+———]>

AN S A A G G G G Gn

x (e, 2e0 U 1 = 26091 = &(M]) (3.9)
the error zone comes from the smoothing of the map ¢".

3.3.1.2 Choice of parameters and norm estimates

A suitable choice of parameters to achieve the desired combinatorics is as follows:

1) _ 1 2 _ P 3) _ D 4) _ 1
En’ = %7 n T 9n¥3y) EN T onfl> and En’ = 275 qn

Lemma 3.4. The diffeomorphism ¢, constructed above satisfy: for all k € N,
llénlll, < cr(n, k)g2*+* where ci(n, k) is independent of q.

Proof. For any a € N? with |a| = k, we have ||(D,¢™);|lo < ¢ng, and similarly,
[(Da6) sllo < engt, for j = 1,2. Hence |67l < cnln, k)t , where  is

a constant and independent of g,. Analogously, we have [|¢4]], < c,(n,k)gk and
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pnilll, < ci(n,k)qk fori € {0,...,r—1} where ¢, and ¢; are constants independent
of q,. With triangle inequality on the norm, we have [|¢¥], < cu(n,k) -7 - gk
Using the above estimate and Lemma (2.2), we have

éally, < exln, )NGGIE - gy o ol
< co(m, W) oall - eow il - el

3
S ck(n7 k) . Qik +k7

where cg(n, k) is a constant independent of g,,. O

3.3.2 The conjugation map h,

The final conjugacy map h,, : T? — T? is defined as a composition of the following

maps as

Ry = gp, © ¢ © ProQy, (3.10)

where the map P, : T?> — T? is smooth measure-preserving diffeomorphism
defined by P,(z,y) = (z,y + kn(z)) with a smooth map &, : T — T*. For our
specific situation, we choose k,, : [O, qin] — T! as follows, and then extend it

qin—periodically on the whole T!,

, (2)
nfggz)x if x € [0, Z”E]
Fp(r) =< — 24 oy 2 if e & (3.11)
" nZE;Q)x T n? e [2Qn’ qdn ] ’
, @)
0 if v € [f2-, -],

Let k,, be the smooth approximation of ,, on [0, 1] by convolving it with a mollifier

refer to [31]. Let p be the standard mollifier on R, and set

cexp \:rl%l if |[z] <1
p(r) =
0 otherwise,
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where ¢ is numerical constant to ensures normalization i.e. [;p(z) = 1. Then,
Ko () = lims0 67 [11 p (55Y) Fn(y)dy.

Analogously, the map Q,, : T?> — T? is a smooth measure-preserving diffeo-
morphism defined by @Q,(z,y) = (z,y + x,,(x)), where ], : T — T! is a smooth
function. The function ], serves as a smooth approximation of %, on [0, 1], where

Ry 18 initially defined on [U, qin] — T! and then extended periodically with period
1

n

over the entire circle T,

(2)
0 if x € [0, EqLi]
—_ (3) _o.(2) . (2) (2)
Fon(7) = { 2P 4 en 2en” 225” if x € [—Z‘n ,qin — —E;‘n ] (3.12)
: 1 522) 1
0 lfCE'E[q—n—q—n,qn].

Remark 3.5. The map r,(z) = g,z on T' is considered in [20] to control almost

all the orbits of space.

Remark 3.6. For minimality, the orbit of every point has to be dense. The map
™ takes care of all the points inside T? except for the points whose whole orbit
gets trapped inside the Error zone E" (where we do not have any control) of ¢
The map P, acts as the vertical translation ensuring that such an orbit enters the
minimality zone, and no whole orbit of a point gets trapped inside the Error zone.
Additionally, note that P, acts as an identity outside the region U?Zal R,; and

the map @, acts as an identity on the region U;ﬁal R ;.

Remark 3.7. For a generic point, the map ),, acts as a vertical translation on

the entire S

ans-0rbit of the point (0,0), causing almost the entire orbit to remain

confined within the region B,, ;. Moreover, this region is mapped to Y, ; under ¢?,

which distributes across the entire T, thereby ensuring the genericity of the point.

Remark 3.8. Also note that ||D*k,||o < rr[laxu |Znl - [ID*pllo < (2kv/18)% k! - gF.
re[—1,
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3.4 Convergence

There are some standard results on the closeness between the maps constructed
as the conjugation of translations on the torus. The following two lemmas are
identical to |20} Lemma 3, 4] with minor to no modifications. Hence, the proofs

have been included in the Appendix for reference.

Lemma 3.9. Let k € N. For all o, 8 € R and all h € Diff*(T?), we have the

estimate

di(hSah™", hSsh™) < Cyy max{||h]l,.

1A g1} = 1,

where C, is a constant that depends only on k.

Lemma 3.10. For any € > 0, let k, be a sequence of natural numbers satisfying
[e.e]

1 ﬁ < €. Suppose for any Liouville o, there exists a sequence of rationals {a,}
n=
that satisfy:

1

20+ ey, e | Ho 5

n+1

(3.13)

la — ay| <

where C, is the same constant as in Lemma. Then the sequence of diffeomor-
phisms T,, = H, 0 S,, , o H, ' converges to T € Diff>*(T?, i) in the C*™ topology.

Moreover, for any m < q,.1, we have

n+1

1
do(T™, T)") <

< oori (3.14)

Lemma 3.11. For any k € N, the conjugation diffeomorphisms, defined by (3.5)
and (3.10), satisfies the following norm estimates as

L |halll, < er(n, k) - @2¥* 2 where ci(n, k) is constant independent of q.
2. 1Hulll, < éx(n, k) - 22+ where éx(n, k) is constant independent of q,.

3. For a Liouwville, there exists a sequence of rational {c,} satisfying (3.13)).
Proof. The map h,, is defined by

hn(ﬂi’, y) =0gn© ¢n © PnOQn(-Ta y)
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= ([#n(w,y + #n(2)) + K (@)1 + (1607 ] [Pn (2, y + Fin(2) + 5 (2))]2,
(O (2, y + () + 5, (2))]2).

By Lemma and Remark we have estimate:

— k k
Il < 2+ ()" - Mdullly - sl

4 2
< cx(n, k) - C]ik 2

Similarly, || Fully = 1o s 0 bl < IHacs I Bl Since the kth order deriva-
tive of H,_; is independent of g,, we can conclude || H, ||, < é(n, k) - g2F 2+ +*,

For a being a Liouville, we can choose a sequence of rationals «,, = Z—Z (Pn, qn are

coprime) that satisfy the following property:

1
— <
o = o] < ontify, O q2Fn DT A2kt D4 (4 1) 1

1
S n+1 knJrl ’
274 ke e, Gl Hon I

n+1

]

Remark 3.12. Finally, we have proven the estimate on the norms of the conjuga-
tion map H,, as shown in [19]. Additionally, the existence of rationals satisfying
guarantees the convergence of the sequence T, to T' € Diff**(T?, 11), as stated
in Lemma m The limiting diffeomorphism 7" is minimal and has r weak mix-
ing invariant measures, and the Lebesgue measure as a generic measure has been
proven in the next section m

3.5 Weak mixing, Minimal and Generic points

In order to establish Theorem |1.1] we require a few preliminary results. Here we

state a few definitions and the criterion for weak mixing described in [19] for TZ.
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3.5.1 A Fubini criterion for weak mixing

Recall the notion of (7,0, €)-distribution of a horizontal interval in the vertical

direction.

Definition 3.15. ((7,d,¢€)- distribution):- A diffeomorphism ® : M — M,
(v, 9, €) distributes a horizontal interval I € n, where n is the partial decompo-
sition of M (or ¢(I) is (7,0, €)- distributed on M ), if

o J=m,(®(])) is an interval with 1—0 < A(J) < 1, where 7, is the projection

map onto the y coordinate,

o (5) C K., =[c,c+ ] x J for some ¢ (i.e. ®(S5) is almost vertical),

AIN®~L(TxJ))  A(J) A(J)
owm m’ S X

A(D) A(J)

e for any interval J C J we have: ‘ S0

Proposition 3.13 ([19], Proposition 3.9). Assume T,, = H, 0 S, 1 0 H, ! is the

sequence of diffeomorphism constructed by (3.1]), (3.3) and (3.10) such that all n,
|DH,_1||o < Ing, holds. Suppose lim,, .., T,, = T exists. If there exists a sequence

of natural numbers {m,} such that d,(f™, f™) < 5%, and a sequence of standard
partial decomposition {7, },en of M into horizontal intervals of length less than
qi satisfying

1. 9, — ¢,

2. for I,, € )y, the diffeomorphism ®,, = ¢, 0 Sy, 0, ! is (%, L 1) uniformly
distribute the interval I,,.

Then limiting diffeomorphism 7' is weak mixing.

3.5.2 Proof for weak mixing

The specific scheme that we describe here builds on the construction in [19]. First,

we consider a subset, E¥ C T? as follows:

2n -1 (1) (1 r-1

ko 2 Kk 2y t t

— - —+ x T T" x l——25,§}>,—+zg§}>} .
( U [2% G 200 Gn ] ) U (tL_JO r r

(3.16)
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3.5.2.1 Action of ¢,

Consider the interval, I,, ; C Dfllj for some fixed ¢ and j of the form [, ; = [273‘ x{s}

where s € [£, %] | and

r)

j 2 1 2
JAE T : 3.17
S S * 3ng,r’ ¢ * 2¢,  3ngnr (3:17)

From our construction of ¢,, the image of I,, ; under both ¢,, and ¢, ' is an interval
of type {0} x [i 2 el l] for some 6 € I .

r 3nr? r 3nr

3.5.2.2 Choice of m,- mixing sequence

: — i : GnPn 1 n
Consider m,, = min {m < Gny1 | infrez ’mﬁ -3+ k‘ < q;]ﬁ} and
1 1
a, = (m,a, 1 —=— mod — |,
2gn n

as defined in Fayad’s paper for the torus case and with the growth assumption,

Gns1 > 10n%q, would result here:

. : . —t,1
Further, if we define a precise domain as D,

j € Z, then we would have S™ (E:Ll]) C D;’?jf for some j’ € Z.

Qn+1

_ 70 [g t—H} t,1
=1I,; X |;,7] C D, for some

3.5.2.3 Choice of decomposition 7’

For fixed t € {0,1,...,7 — 1}, we consider the partial decomposition 7! of the
set N, outside E¥

w  which consists of two types of horizontal intervals: I,

’j
- -0
I’ x {s} C DY and Ly =1,; X {s'} C foj where s, 5" € [f, %}, and 1273- by

2y n,J

(3.17), and

— ' 1 2 4+ 1 2
)= ]+ nvj -

R . - - —an . 3.18
" On  2qn  3ngnr n 3ng,r (3.18)
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Note that for any element I,, € 7, we have (¢, (1,)) C [, “2] . Since the length

of intervals goes to zero and »; . A(I,) <1—ANEY) <1- 1 — 1, that implies

nt — 0 as n — oo.

Lemma 3.14. For any t € {0,1,....7 — 1}. The map ¢, = ¢, o P, 0 Q, o
Ser,y © Q.o Pl o¢ ! transform the elements of the partial decomposition, i.e.
In; =10, x {s} € nl, into vertical interval of the form {0} x [L + 2 HL — 2],

3nr’ r 3nr
for some 0 € Ig,j (see Figure .

Proof. The map @), acts as a vertical translation by a factor of b, on the region

(2) (2) () o (2)
[‘Eqi, qi - ZLQ] x T', where b, = % as defined in section |3.3.1.2  From
our construction of ¢, o P, o (),,, an interval I, ; = Ig,j x {s} C Dfllj where
s€ L+ 2,53 — 2] we obtain
t 2 t+1 2
“1_p-1 _ -1
oP "o I,;) =10} x |-+ — b, — —b
@ ol 00y (Ing) = {0} lr 3nr r 3nr n]

for some 6 € I .

With the specific choice of sequence m, and the condition mentioned in sec-

tion |3.0.2.2] we get

t 2 t+1 2
On+1 r  3nr r 3nr

Son1 © @' 0Py 09, (Ing) = {0} x [— to by —— — b,

for some ¢ € T and ;' € Z.

2)
Since k,, acts as an identity on [Ean, qin], and the fact that ¢,, acts as an identity

£,2

on foj, concludes the Claim. Similarly, for the interval I, ; = T?W. x {s} C D,

we deduced that

- t 1 t+1 1
noProQnoSyy, 0Qy o P oy (Iny) = {6} x |~ + -

1
cD,
3nr’ r 3nr e

for some j' € Z and ¢’ € T. ]

Refer to Figure for an illustration of action ¢, and ®,, on the fundamental

domains inside the T?. The orange region, B, ;, is transformed into the green
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FIGURE 3.1: An example of action ¢, and ®,, on the fundamental domains inside the
T? for r = 2.

region, Y,, ;, under the action of ¢,,. In (a), the horizontal line I lying inside Dg’; is
transformed into vertical by ¢, and then transferred to the right Dg? under the
action of ®,. Whereas in (b), the horizontal line I lying inside foj is transferred
to Dg’j 4 first and then transformed into vertical by ¢, under the action of ®,.
The same action of ®,, will be followed inside regions D}l; and Di? in both (a)

and (b) respectively. In (c), the region inside R, ; is being rotated by the map ¢,
by 7/2. The blue and grey shaded regions represent the error region for ¢,,.

3.5.3 A criterion for minimality

The main idea used here to achieve minimality first appeared in and was
subsequently reinforced by its appearance in [17]. This section aims to deduce a
criterion for minimality for our explicit construction, particularly to understand
the action of ¢, on the region R, ; explained in step 3, section Here, we

define the following partition of the set 17, ;, excluding the set E", for any natural
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number s, satisfying s, > n?q?.

- (4) (2) (4)y (4) @ _ 4
Q’n QH an’n qn q’n S’I’an

X [25#), 11— 25%4)} ,
i 2eW P 25(4)>

n

A
4 4
N 1) oot (4D~ 4elt) |
" Sn " Sn
Let us denote the family of these subsets by A, = {A” e 1=0,0,q,— 1, k=
0,...,8, — 1} and B, = { B}, z':(),...,qn—l, k=0,...,s,—1}.

Remark 3.15. Note that under the transformation ¢,, the elements of A, map
to the elements of B,,. In particular, by , we get gbnm(Afk) = B} for all 1, k as
defined above. Since R, ; lies inside X; and the maps ¢), 9 act as an identity on
Y. Therefore ¢, (A7) = By

Lemma 3.16. Let x € T? and g, 1 > snq> be arbitrary, the orbit {S§ ()} !

intersects every set P (A;L1 i)

Proof. Let fix x = (z1,72) € T?, iy € {0,...,q, — 1} and iy € {0,...,s, — 1}. For
2)
€ (0, EqL:), the map P, acts as the vertical translation on T? by a factor b - 2

and with the choice of k,, function, b = % (see (3.12)). Note that the map P!
induces a net vertical translation on the set A}, by approximately b - v, where

_ @ 14) Gince 12:® 1 — 2.0 € 1 (AP 449 < p (e —act?) 44
V= ince [2en",1 —2e5"] C my(A} ;,), and 4ep,” < ~’y—m,1

satisfy m, (P, 1(A? ) = T

11,12

Since {k’ anﬂ}k/:mw,qnﬂ_l is equidistributed on T! and S acts as hori-

Qn+1

zontal translation on T?, therefore there exists &’ € {0,1,...,¢,s1 — 1} such that
SF () € P7Y(A? , ), in other words, there exists &' € {0,1,...,¢u,s1 — 1} such

Qn41 11,12

that @1 + K a1 € m (P (AL L)) and @o € my (P (AL ). O

11,12 11,12

Proposition 3.17. 1. For every z € T?, the iterates of z under the map ¢, o
P,oQ,o Sk' H' ie {¢ppoP,0Q,08" oH-(2) Z’?;”(l)_l meets every

CY+1
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set of the form [i i“] X [i jil}, where s, € N satisfying s, > n’q>.

qn’ qn sn’ Sn

2. Suppose the sequence of diffeomorphism T, = H, o .S, 1

a1 © converges to

T € Diff*(T?, i) in the C™ topology and satisfies the prommity condition,
dO(Trlflv Tk/)

18 minimal.

21n VK =0,...,q,01 — 1, then the limiting diffeomorphism T

Proof. Let v € T>and i € {0,1,...,¢g,—1} and j € {0,1,...,s, — 1} be arbitrary.
Note that if ¢, is chosen such that ¢,.; > s,¢> and by above lemma, there exists
K € {0,1,...,qns1 — 1} such that S¥ (z) € P,;*(A?,). The map Q, acts as

identity on this region P 1(A;-fj). Thus under the conjugation map, we have

$n 0 PaoQn 0 SE () € ¢u(AL,) = BY;

il 1
B;?jc[i,H ] [] J & ] (3.19)
It shows that for z = H'(2), the orbit {¢, 0 P, 0@Q,0S* ir © ) =01, g1

gn’ qn sp’ s

meets every set of type {i‘ ﬂ] X {i j“] . Also, record that the collection of

such sets [qi , ZH} X Sj ]J;l} for 0 <i < gq,, 0<j < s, covers the whole space
T? and
. T o1+ 1 - J+1 2
diam <Hn—logn ([_a ] X [i7j ])) S HDHTL—IHO' ”DgnH0_7
Qn an Sn Sn Sn

which goes to 0 as n — oo (using [|[DH,, 1o || Dgnllo < ¢ and s,, > n?q?). Hence,
for ¢ > 0 and y € T? there is n; € N : there exists a set

i1 i
Hn—logn<[i72+ ]x [L7‘7+ ])CBg(y)‘v’n>n1.

an dn Sn Sn

For H, = H,,_1 0 g, o ¢, o P,0Q),, we utilize the convergence condition for the
sequence of diffeomorphisms T, where do(TF,T*) < 2 holds for any k' € N.
Hence, we can conclude that for arbitrary x,y € T? and ¢ > 0, there exists
ny € N such that do(TF,T¥) < §V K = 0,...,¢, — 1, n > ny. Assuming
n > max{ny, ny}, there is a set Hn,l ° gn ([ ZH] [i ED C B:(y) and

n’ qn sn’ Sn
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TH(x) € Hy_y 0 gn ([L ﬂ} X [Sj—n, %]) C B:(y) for some k' < g1

qn’ qn
With the triangle inequality, we have

dO<Tk, (.f), y) < d0<Tkl<$>7 T:l(x)> + dO<T7I:I<'T>> y)

< do(T%,T}) +§ <Eé

i.e. T (z) € B.(y) and which implies 7" is minimal. O

3.5.4 A Generic Measure

The following results allow us to show the existence of generic points residing inside
the region G, = U?Qale. We denote Y, = U?QEIYM (defined in Section [3.3.1.1
step 2) and D,, = T?. First, let us introduce partitions of the sets G,, V,, and

D,, for any sequence of natural numbers {s,},cn, where each s, > ¢,. These

partitions are defined using the families of subsets G ., Y., and A?. with indices

1,50 1,50 9,7
satisfying 0 <1 < ¢, and 0 < j < s, as follows:
[0 2e? j1-4e?) i 2e2? (+ 1)1 - 4e?
Gro= L € +J< € >’i+ € +<]+ )( en’) X[2€7(12)’€n3)];
T SunGn Gn Snln
[ 3 (2)
1 1—ey’ 1 1—2ep,
P
’ _qn qn C_Zn qn
: (2) : (2)
o e 4 30245 ) G+ D= e >] ;
Sn S?’l
S i
Ajj = li,H ] X li,‘H ] (3.20)

Remark 3.18. For x € T! x (257(12), 5%3)), since the sequence {may, 11 }men equidis-
tributed over T', the orbit of z (say O%) under the S

An+1

equidistributed among the
element of G,,. There are at most (45512)(1’;—:1) exceptional points that are trapped
inside the error region E? (see Remark . Therefore, any element G7; € G,
captures at least (1 — 457(12)> gz—;ll points of the orbit O~.
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Remark 3.19. Note that under the transformation ¢,,, the elements of G, map

to the elements of V. In particular, ¢4(G7;) = Y/, _; and conversely, ¢3(Y/;) =

1,80, —]
G, —; for all 4, j. By construction, the maps ¢y, o' and P, act as an identity on
the set G,,.

Proposition 3.20. Fore >0 and r € N, consider a (;/—E, €)-uniformly continuous

function ¢ : T? — R, i.e. (B (1)) C B((x)). The point x € T x {0} satisfy

the following estimate:

R | 2
noP,o@Q,0S, (x —/ dp| < 4e + — )
T 2 V(no PaoQuosi, (o)) = [ v < e ol

Proof. Fix z € T' x {0}. Since the orbit of x under the Q,0S,
most trapped inside the elements of G,, therefore there exists a i, € N such

that QnoSp  (x) € G}, _; for some i,j € N. Under the action of ¢, and by

An+1

Remark (3.19| and equation (3.5), we have ¢, o P, 0 Q08 (x) € Y, C A},

Qn+1

.+ 1s being al-

Therefore for any y € A, we have

7/7.77

S

d(¢p o P, o Q0S5 (x),y) < diam(¢y, o P, o Q0S5 (x),y) < i

Qp41 Qn+1
dn

Using the hypothesis on ¢, we have |(¢, o P, 0 @Q,05% _(z)) —(y)| < 2¢. Take

An41

the average for all y € A7, in the above equation, we get

1
M(AZ]') A7

|¢)(¢n © P 0 QoS () U(y)dp| < 2.

Let us denote Ja = {k € 0,1,...,¢py1 — 1 : ¢p0 B, 0Q,0S8% (x) € A} for all

Qn+1

A € D,. By Remark [3.18] we have |Ja| > (1 — 2) 9L (use 4 < 2. Now

nr Sndn

using the count on |Ja| and triangle inequality in the above equation, we get

1

Gn+1

> 0ldno P QuoSi,, (a) - [,

i€Ja

) wdu‘
([[xoflo + 26)M(AZ]’)

2
< 2eu (A, —
epu( Z,J)+m
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2
< (46 + E‘WHO) M(AZJ')-

Since the last inequality holds for arbitrary A € D,,, therefore, we conclude

1 Gn+1—1 '
Z 1/}(¢n oP,0 Qnosénﬂ(%)) - / wd/ub’
n+1 25 T2
1 i dn
> | S w600 PioQuasi, (@) = [ pdu) [+ 2wl
AcD, Gn+1 . A Gn+1
2
< de+ —|[¢lo-
nr

3.5.5 Existence of invariant measures &

For the existence of the T-invariant measure, the proof follows the same line of
reasoning as in [4] Section 5.4]. Here, we construct the T-invariant measures using
the normalized measure p; of the Lebesgue measure on the sets N¢, as defined in
Section First, we define the sequence of measures & := (H,).u; and prove
their T),-invariance: (7,).&" = (Tn)«(Hp) e = (T © Hy) i = (Hy 0 Say iy ) st =
(Hn)s(Setppn et = &'

Next, we estimate pu(H, 1(N")AH,(N")). To do so, we analyze which parts
of the set N' are mapped back to N* under the transformation h,,; = g1 ©
¢n+1- The measure difference arises from the regions where h,,; is specifically

constructed to ensure minimality and genericity. The map ¢,,11 acts as a horizontal
(3) (3)
translation, and the subset <[ﬁ + %n_ kL 25—"] x [2e9)1 - 26%3)]> N, for

an n 7 qn an
k=0,...,q, — 1, represents the portion that is mapped back to N* under ¢, ;.

Thus, combining these estimates, we obtain

1
p(Hn i (N)AH(N') < 86 < .

Following the proof of [4] Section 4], the above estimate is sufficient to conclude the
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existence of a limit By := lim,,_,, H,(N?'), and the weak convergence of the mea-

w(ANBy)
w(Bi)

The measures & are T-invariant; for proof, refer to |4, Section 4].

sures &' to a measure &, given by &(A) = for any measurable set A C T.

Proof of T, heorem We will construct a minimal map T € Diff*(T?, i), ob-
tained by , , , and , for any Liouville o satisfying . The
map will have r distinct weak mixing invariant measures & and the Lebesgue
measure [/ as a generic measure.

Let us fix a countable set of Lipshitz functions ¥ = {1, };en, which is dense
in C°(T?,R). Let L, be a uniform Lipshitz constant for 1,1, ... 1,. Choose
Gni1 = lnknq? large enough by selecting [, arbitrarily large enough such that it
satisfies: [, > n? - maxy<j<, Li - ||DHp—1]|n-1 - [|Dgnllo- This assumption implies
that V1 Hy 190, VoHp 190, -, YnHp_ 19, are (%7 2)- uniformly continuous.
Claim 1: The point x = (0,0) is a generic point for the Lebesgue measure .
Using the fact that ¢,,, P,, and @),, are measure-preserving and act as the identity
on the point x = (0,0), and that the maps g, act as horizontal translations on T?
with ¢,(0,0) = (0,0), it follows that h, (z) = x for all n, and therefore H '(x) = .
Applying Propositionwith ¢ == for1 <k <nandforze T x{0}, we get:

dn+1— 1

> U(H,S,, —/T2 VrHndp

=0

2 8
< —|[rllo + —
nr

Gn+1

By applying relation (3.1), it follows that for each ¢, € U:

Ini1 1 2 8
S G(Tia) / udpn] < 2 ebillo + .
dn+1 i—o T2 nr nr

Further, using the triangle inequality and the uniform approximation bound, i.e.
do(T:, T%) < 5 for all i € N, we obtain:

2 8 1
< — — 4+ —. 3.21
=l +—+ 5 (3:21)

Gn+1—1
> n(T'x) / Vrdp
i=0 T2

For any large N € N, suppose it lies in ¢; < N < gj41 for some j. There exists an

dn+1
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integer m € N such that N = mg;_; + r, where 0 <r < g;_y,

1 — ; mq;_q et ‘ 1 = A
NZ%(TZ@): ]\],7 { > %(Tﬁw)}JrN ST (i),

i=0 maj-1 =5 E—
We can write
R
— T'z) — d
N 2l = [ v
ma; 1 mgj—1—1 1 N-1
< [ V(T —/ Updp| + |— V(T
| N {mqj_l > T = [ Nmz (T')
mqj—1—1
mgj—1 i N
e (T'x d —
<M Z (') e [ )+ il
mq 1 mqj_l_l r
- .
< Ml U(T's) - / |+ |1 = 2| [ ]+ Ll
mgj-1 55 T2 mdj—1||JT2 N
mq;— 2 8 1 N r
< ‘ 1— — .
< 222 (2l g g ) + (1= o Il + el

mq]

As N — oo, we have j — oo, - — land § — 0. Thus,

Jim N Z Ur(T'x) — %du,
and x is a generic point for p.

In order to prove that the map T is weakly mixing with respect to the invariant
measure &, fort =0,...,7 — 1, defined in Subsection we will apply Propo-
sition m For this purpose, consider the sequence (m,) and the decomposition
nt described in Sections (3.5.2.2)-(3.5.2.3). It suffices to show that 7! — &, and
that the diffeomorphism ®,(I,) = ¢, 0 P, o Qn o0 Sym 0 Q. o Pt o ¢ ' (1) is
(0,2/3qy, 0)-distributed for any I,, € n,.

Clearly, i, — ¢, since 7, consists of all intervals of each length less than 1/g,.
By Lemma [3.14] for any I, € 7, J = my(®,(I,)) = [+ 2,2 — 2], and

r 3nr’? r 3nrl?
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®,,(1,,) is a vertical interval. Hence, we take 6 = 2/3n and v = 0. Finally, since the
restriction of ®,(1,,) is an affine map, it verifies the condition for ¢ = 0. Therefore,
the map 7' is weak mixing with respect to the measures & for (t =0,...,r —1).
For a more detailed proof, one can refer to [19]. The map 7' is minimal and has
been proved in Proposition which completes the proof. O

Remark 3.21. The measure p = %(,uo + 1 + ...+ py—1) is a nonergodic Lebesgue

measure but a generic measure on T2.



The Set of Generic Points with
Non-Trivial Hausdorfl Upper Bound

4.1 Introduction

In this chapter, we delve into the analysis of generic and non-generic points
within the smooth setting, aiming to establish bounds on the size of the sets
they form. Instead of quantifying the set of generic points using the Lebesgue
measure, we focus on determining bounds on their Hausdorff dimension, which
leads to more insightful and interesting results. We explore various examples of
measure-preserving smooth diffeomorphisms, each associated with a set containing
all the generic points with zero measure and exhibiting non-trivial bounds on their
Hausdorff dimension. To construct such sets and investigate their properties, we

employ the Approximation by Conjugation method.
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To facilitate this construction, we explicitly introduce certain narrow sets of
small measure, most notably, horizontal strips of small width within a carefully
designed framework on the 2-Torus. We establish a highly explicit setup with
distinct targeted domains on the 2-Torus, each serving specific purposes, along with
the explicit selection of conjugation maps. Additionally, we extend our analysis to

capture all non-generic points of such a system as well. In particular, we provide
proofs for Theorems

4.2 Outline of the proof

To prove Theorem we construct a T' € Diff**(T?, 1) using the approximation
by conjugation method, as discussed in Chapter[3] However, we will modify the
combinatorics in the setup to achieve the desired result. We introduce two parts
within T?, G,, and NG,,, specifically designed to achieve the two dynamic properties
explicitly, along with explicitly chosen conjugation maps h,, at each induction step.
We define the combinatorics such that the limiting set B consists of all the generic
points of the system, and the limiting set NB contains all the non-generic points,
as outlined in Section utilizing the explicit conjugation maps h, and partial
partitions G,, and NG,,. Finally, the convergence of the scheme in the smooth

topology is achieved under very precise norm estimates in Section

4.3 Construction of the Generic sets

4.3.1 Explicit set-up

We begin by introducing a decomposition of the two-dimensional torus T? into
a pair of disjoint measurable sets: T? = G,, U NG,,. This decomposition depends

on a parameter m > 0, determined by a real number s € (1,2) via the relation

m = ﬁ — 1. Given a sequence {q,}nen of positive integers and the associated
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scaling parameter A, ,, := q%n, we define the horizontal strip

1 1
Gy =T x I™™, where ™™ := 3~ An,ms B + Anm | 5 (4.1)

and set NG,, := T?\ G,,.

On the set G,,, we consider a smooth conjugation map ¢, whose action is con-
fined to the strip Z»™ := T x I™™. The map ¢, is constructed so as to redistribute
this thin strip vertically across the torus in a periodic fashion. This spreading en-
sures the presence of generic points whose orbits become uniformly distributed
with respect to the Lebesgue measure on T?. However, the Lebesgue measure of
this set vanishes, as the strip width 2\, ,, tends to zero with increasing n. In
contrast, on the complement NG,,, the map ¢, acts on the two complementary
regions J° := T x [0, — X\ym), J' =T x |5+ Aym, 1), and redistributes
them in such a way that their vertical support remains confined within the intervals
T' x (%,%%), fort =0 ort =1 respectively. As a consequence, points in NG,
exhibit non-generic behavior, as their orbits fail to become uniformly distributed
over T?.

Finally, let {¢,}nen and {s,}.en be sequences of natural numbers satisfying
the growth conditions: s, > ¢, and ¢, > 3" for alln € N. Under these as-
sumptions, we introduce the following partition of T?, which will play a central

role in the subsequent construction:

11 1+ 1 .
Gn::{Iva:l L2 )x]”’m:0§21<5n%}§
S’I’an ann
1 o ' : _
v [T = [ ) X 0 - A 0 < s
n < n71 o il 7/1+1 l )\ 1 . 0 < . Y
‘77:1 T | Sngn? Sngn X |:2 + 7,11 ) : =0 < Snln
Voim D= [+ ) < [282) o< <ao<i <o

nt _ |3 2XAn,m  i1+1 t ; t o1\ . _ .
Wity = [f o o b} o |4 o by i) =),

W, =
0< iy < gy, 0<iy < s,
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4.3.2 The conjugation map h,

Now we define the following permutation maps ;En : T2 — T? of the above
partition G,, UNG,, which maps to the elements of partition V,, U W, || Consider
the map ggn : [qin, 1;—”1) x Tt — [qin, 1;—;) x T! as following and extend it to the
whole T? as qin—equivariantly.

@(ZZ””) V¥ where j; = {;—IJ ,Jo =11 mod s, (4.2)

J1,J2

31

(En(j H=wy',  where jizL

J17]2

J]z—tsn—l—ll mod s,, t=0,1. (4.3)

n

The map ;/;n effectively rearranges elements of equal size on T?, and its visualization
can be further understood by observing the corresponding rectangles, as shown

below: For the case n > 1,

~ (Ti i+1 1 1 0 2 m
n  Gn 2 2 tn n n

~ (i i+1 iy P i1 1)
(o ar) < s )) l o))

~ (Ti i+1 1  2m 141 1
(/bn ( L>Z+ ) X _+)\n,m7 )) = li+—az+ ) X [_71) . (46>
In  Gn 12 n In In 2

We extend the map ¢, : [ . > x T — [O, q%) xT1, qin—equivariantly to define a
piecewise transformation on the entire torus T?, preserving the same combinatorial
structure across horizontal strips. This extended map can then be approximated by
a smooth measure-preserving diffeomorphism that agrees with the combinatorics
of (Zn up to a small error set E, C T2, as described in Subsection

Such an approximation is ensured by Theorem [2.5] which states that any piece-
wise permutation map on the torus can be approximated arbitrarily well by a
smooth diffeomorphism that coincides with the permutation map outside a small

exceptional set E,, and acts as the identity near the boundary of the unit square

'We refer to the map ¢~)n as a permutation map because it rearranges the elements of the
partition.
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[0,1] x [0, 1]. We denote by ¢, the resulting smooth measure-preserving diffeomor-
phism approximating the action of quﬁn on T2,

Here we define our final conjugation diffeomorphism as

he = @, (4.7)

where, En denotes a smooth approximation of the map an By construction, the

map ¢, commutes with the rotation S, ; that is, ¢, 0 S,, = Sa, © @,,.

4.4 Convergence and Estimates

To exclude regions where we do not have sufficient control over the combina-
torics, we consider a subset E, = E,, U E},, where F,, and £}, denote the
vertical and horizontal error sets, respectively. Each of these is further decom-
posed as follows: E,, = E&l U Eq()%)l and Ej, = E,(ZIBZ U E,(i)l, where the sets Eq(f?)1

and E,(;L for i = 1,2, are subsets of the 2-torus T? defined by:

E(l _SnELJ—l[ Z G,In Z + E,ln ] X Tl'
= Usntn 28nGn SnGn 2Sndn ’

gn—1 . .
E(2 _ U [i 4 2)\n7m . i’ i + 2)\n,m + i] % Tl,
dn dn 2y Gn qn 2qy,

i=0
1 e 1 e 1 e 1 €
E(l):Tlx __)\nm__n__)\nm U |z )\nm__n_ /\nm -
hom 2 ’ 272 mty g T g T Amm
28n,—1 j 6/ _] €,
E(Q) = Tl X -~  __n _J _n_ .
hin JL:J1 2s,,  4s, 2s, + 4s,,
2TL
We choose € := (ﬁ) , so that the measure of the exceptional set
n 2 annHDHn—1||1

satisfies p(E,) = 10s,€,, < Z=. We define the complementary sets

F,:=T>\E, and F.):=T*\E}, (4.8)
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such that F}, C F,Elr)“ and the measure of F), satisfies pu(F,) > 1 — egin

To analyze the distribution of generic and non-generic points, we now introduce
the following families of subsets of the torus. These will be referred to as the
“trapping generic zones” and “trapping non-generic zones,” respectively. For each

11=0,...,q.8, — 1, we define
xrm = (T BN UED) and Y= gm0 F, k=01 (4.9)

Remark 4.1. For any x € Z"" N F, ,Elr)“ after removing the error set Eq(,ly)l, the num-

ber of iterates of the orbit S, (x) that lie in each set ;"™ is at least (1 — %) L=t

Snqn

Similarly, for any = € j:fk N F,,, the number of iterates of the orbit S! (x) that

Qn+41
lie in each set Y;"" is at least (1 — %) Int1
1 n Snqn

Remark 4.2. Recall that the image of X", under the conjugation map h,,, con-

is uniquely mapped onto X"

11.Sn°

tained inside V™" and conversely, V"""

\_%J,il mod sp, 11,19
Thus, the number of iterates k € {0, 1, ..., ¢,+1—1} such that h, oSk (z) € Y

Qnt1 11,92
for z € X" is at least (1 — &) 4L,
1 n Sndn

Remark 4.3. Note that under the action of h,, every element from NG, N F, ,51)

n

transforms as follows:

Snqn—1 Snqn—1
- k k+1
hn< U yZ"“) = |J 4T nE)CT x [§%> k=0,1.

i1=0 i1=0

4.4.1 Generic points estimates

Proposition 4.4. For ¢ > 0, consider a (g—ni,e)—umformly continuous function
Y :T? — R, i.e. Y(Bys(z)) C B(¢(x)). Then, for any x € G, N F}Elgb, we have

the following estimate:

1 . 2
> Wl Sh () = [ vdu] et —ldle (@10
" i=0

Proof. For any z € G, N F,Ely)L and A?

11,12

€ A}, (see equation (3.20)). Precisely,

x € T' x I™™. Since the orbit of z under the Sﬁnﬂ is almost trapped by the
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domains {&;"™}, therefore there exists a ip € N such that S  (z) € &}

11.Sp+12"

With the action of h,, and by Remark@ we have h, o S (x ) eV C A?

Qn 41 11,12 11,82 "

Therefore for any y € Al'., we conclude

’L]’

d(hy 0 S (x),y) < diam(h, 0 S (x),7) < V2/qn.

Qn+1 QAn+1

Now using the hypothesis on 1, we have [¢)(h, o S%  (z)) — 1 (y)| < 2¢. Take the

An41

average for all y € A7, in the last equation, we get

1

WAL I (y)du| < 2e.

(A 0 Sgi, () =

Let us denote Ja = {k € 0,1,...,got1 —1 : hy,o St (x) € A} for all A € D,

where D,, defined by (3.20). Using the count estimate described in Remark

and triangle inequality in the last equation, we have

LS phost ))—/?Alﬂdu

1€JA

2
< (e 16 lo)(AL,).

Qn+1
Further, we follow the analogous estimation as done in Proposition [3.20f and we

have the estimate (4.10) as required. O

4.4.2 Non-Generic points estimates

We begin by partitioning the torus T? into two regions:

Our goal is to study how often the composition H,, := hy o hyo--- 0 h,, evaluated
along the orbit S},  (z), lands in the region D*.

Proposition 4.5. For any r € NG, N F,Slr)l NDY Am = o for m > 0, and
N > ¢u41. The set J](\?)(x) C {0,1,...,N — 1}, be defined by

IV (@) = {ie{0,1,....,N =1} :hyohyo---oh,(S.  x)eD'}.

« +1
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Then, the following lower bound holds:
1\ (T 1 1
I ()] > (1 - e?) (H (1 — (1= 2%m)  Ajerm — =57 — W))

j=2
2 1
(1-2) (1 hn -y b

Moreover, for all sufficiently large n, there exists a constant ¢ > 0.6 such that
I\ (x)] > eN.

Proof. To estimate a lower bound for \J](\?) (x)], we construct nested subsets A; C
{0,1,..., N — 1} as follows: At level j = n, define

A, ={ie{0,1,...,N—1}:h,(S. x)€NG,1NF,_;ND}.

An41

For j =n—1,...,2, define inductively

Aj = {Z S Aj+1 : hj o hj+1 0--+0 hn<SZ LI?) € NG]',1 N F};l N Dl} ;

An+1

A= {z € Ay hyohy Ov--ohn(SénH:E) € Dl}.

Here, F;_1 = T? \ Ej_1, where E;_; denotes the error set at the jth stage (see
subsection. Suppose that at each level j =n,n—1,...,2,1, the proportion of
iterates satisfying the required condition (as defined by the sets A;) is denoted by

€ [0,1]. Specifically, we define: a, = %,an_l = %, co 0y = %. Using
the fact established in Remark we know that if ¢« € A;, meaning hjo---o
hn(SE, . 7) € NG;_1NF;_1ND', then it follows that h;_johjo---oh, (S, =) € D
In particular, if ¢ € Ay, then all necessary conditions are satisfied to ensure that
the full composition iy o hy o --- 0 hy,(S;, ) lies in D!. Therefore, we conclude
that A; C J](\?) (x), and consequently, |J](\7)(x)| > |A;]. Now, note the recursive

structure:

|Ai| = au|As] = anag|As| = -+ = (H%’) (V).
j=1

Thus, |7y (2)] > |As] = [T}, a; - V.
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Note that for j = n and any x € NG, N F,Elz N D! Since NG, = [ J"&~" gF,

11=0 11

it follows that « € (J;"% ™" 7" N D! for some indices ;. Then the number of
iterates in the orbit {S*(z)}Y5" that lie in the set [Ji"% ' Y% = (%~ 7' n

11=0 11=0
F,) N D' is at least (1— %) N and h, (Uflnqg_l Vi) C DY, (see Remark .
Thus, the fraction of iterates in the image orbit {h,(S;, (= 2)) 15! that lie in
NG,_; N F,_; N D" is (1 -

we conclude that

W) . Combining these two observations,
€

2 1
2 (1255) (1= 2o = )

Let j = n — 1. For each i € A,, we have h,(S: ) € NG,_1 N F, 1N

QAn+1
D!, which implies that h,_; o h,(S, +1:U) € D! In particular, the image set

(s 0 ha(84, 70}, €U [+ B, 2] 2 [0.3).

n—1

Furthermore, each point in this image set lies either in D! N NG,,_5 or D' N
G,_2. We now estimate the proportion of points that lie in the “good” set, i.e.,
NG, 2N E,_oND.

First, observe that the proportion of the set D! N G,_, within the region

3;61_1 qnil + AZ:’I’", ;*1} X [O, %) is at most (1 — 2/\n 1m) - An—2.m- Next, con-
sider the error set E,,

and contributes at most —z= to the total proportion. Addltlonally, for each such

. —fundamental domaln the horizontal and vertical boundary error strips con-

trlbute at most —‘1.

Hence, we can remove the entire error set F,,_;, which

contributes at most jn —5=T-

Combining all the above, the proportion of the set NG,,_5 N F,,_, N D! that

intersects the orbit points {/,_1 o h, (S +1az)}ie 4, 1s accounted after removing the

contributions from D'NG,,_s, E,_s, and E,_;. Thus, we conclude that the fraction

of orbit points {h,_1 o h,(S: )}ieA that lie in the set NG,,_oN F,_oND! is at

Qn41

least
1 1

Op—1 2 1— (1 - 2)\n—1,m) : /\n—2,m - 6371_72 - e3n——1

Analogously, for any 2 < j < n — 2, consider the set A;;,. For each i € A;;,
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we have hj o hjpq 0+ 0 h,(St  x) € 4, [Z + A ﬂ] x (0,4) . Further-

On+1 4 LY
more, if hj o hjy0---0hy(S:, x) € NG;_1 N Fj_; N D', then it follows that

i € A;. To estimate the fraction of such indices, observe that the image set

{hjohjo---0 hn(SZvon)}ieAjH

domains at stage j, each of which intersects either D' " NG;_; or D' N G,_;. The

is contained in the union of %—fundamental
J

proportion of points falling into the “bad” region D' N G;_; is at most (1 — 2);,,) -

Aj_1,m- Additionally, we account for the error sets from stages j and j7 — 1, which

contribute at most egj%l and ele, respectively, to the total error proportion. There-
fore, after removing these contributions, the proportion of points in the orbit set

{hj ohjip10--0 h”(Séon)}ieAHl that lie in the set NG;_1 N F;_1ND! is at least

1 1

—
e’

Qi Z 1-— (1 — 2)‘j7m> . )\j_Lm — 6?

For j = 1, observe that for each i € A,, the image hy o --- o h, (S’ )

An+41

lies in the set NG, N Fy N D!. This implies that all such indices i € Ay also
belong to A;, except for those that fall into the error set F,. Therefore, after
removing the contribution from the error set Fs, the proportion of elements in the
set {hyohyo---0h,(S] :1:)}1,642 that remain within D! is at least

An41
1

Therefore, we obtain the following lower bound as

n—1
@1 (1) (H (102 A= 5 —>>

j=2
2 1
(- 2) (1 rn g )

For sufficiently large values of n and putting A;,, = q% and ¢; > 37 for m > 0, we
J

estimate each component of the inequality separately.

e Since € > 8000, we have 1 — e% > (0.9998.
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e For the second product term, define 3; := (1 — 2)\jm)~)\j 1m = (1 — l) L <

") 4Gty
1
e <
451

Including the exponentially small terms — - and the to-

30— 1)m' 3] Y ES )

tal sum is Zj 5 €5 < Z] 9 <%1>m + e% + = 1) < 00. More precisely, this
sum satisfies Y 7 =€ < 0.3 for all m > 0. Using the inequality for convergent

infinite products,
[T(1 =€) = exp(—1) €;) > exp(—0.3) > 0.7.
7j=2 7j=2

e For large n, we estimate the remaining terms: 1 — % >0.98,and 1 =\, ,,

1 _ 1 1
W—l—@—m>0973

Multiplying all the bounds, we obtain: \J](\;l) ()| > (0.9998)(0.7)(0.98)(0.973) N >
0.667N. Hence, the constant ¢ > 0.6 exists for all sufficiently large n.
O

Lemma 4.6. The sequence of diffeomorphisms T,, = H, 0 S, ., o H-', such that

n+1 n
H,=hiohy...0oh, and h, defined by and a1 converges to a Liouvillian
number, converges to T € Diff>™*(T? u) in the C* topology. Moreover, for any

m < @pt1, we have
1

do(T™, T)") < T (4.11)
4.4.3 Estimate of Hausdorff dimension
Proposition 4.7. Let 1 < s < 2, and A, ,, = q—m, where m = s—_l — 1 Then the

set B := liminf H,,(G, N F,Elg) and E := limsup H, (E n), where F ) and E )
n—00 ’ n—00
defined by , satisfies

dimy(B) <s and dimg(E) <s.

Proof. Define the set G = GnﬂF}%, we aim to show that dimy (lim inf H,(G\")) <
’ n—00
s. For each n € N, define B, = ﬁioank(G,(:)) and B{" = ﬂzl:nHk(G,S)). Then
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clearly,

B = liminf H, G(l U B,

n—oo

and B,, C B ) for all m > 0. We estimate the Hausdorfl s-measure of B, n+3)

which has the form

Bgzn+3) = H, (Gg) N Ay (G'Ezl—ﬁ)—l M hpeo (G(+2 N hn+3(G7(mln)L3)>)> :

Sn+3qni+3—1 Xﬁ+3,m

The set GSJ)F?) is the union of horizontal strips given by Gf@ll?) = U

(see equation [4.9). Under the map h,, 3, we have

n 1 . .
, 1) qn+3 i i )\n+37m )
n+3(Gpls) = U : +2 X T | N Foys.

i—0 qn+3  Gn+3 qn+3

Intersecting with G,,12, which consists of a horizontal strip of height 2\, 2,
centered at y = %, yields rectangles of width 2\, s, and length 2\, 3../¢n+s.
Next, applying the map hpio = ¢pio to the rectangles contained in GSJ)FZ, scales

it horizontally and vertically by a factor of ¢, 2. As a result, we obtain rectangles

)\n+2,m >\n+3,an+2
qn+2 qn+3

such rectangles.

, and each ——fundamental domain contains q"”’

of dimensions

Continuing, intersecting with G§}+>1 and applying h,, 1 further transforms these

. D A .
into rectangles of size ~A2mint2 o Snt2mintl iy gy,
dn+34n+1 qn+2

domain, the number of such rectangles intersected with the sets in GS) is bounded
abOVe by (An,mqn+2> . (AnJrl,mQVH»B) )

qn+1 an+4-2
Combining altogether, the full intersection,

GO N (ijjl N hngo (Giflg N hn+s(fols)>)

/\n+3,an+2 /\n+3,an+2
dn+3qn+1 dn+39n+1

. The total number

is covered by rectangles, say U;’s of form

of such rectangles is at most

( Ant2mnt1 Gn+3Gn+1 > < AnmGn+2 ) ()‘n+1,mQTL+3 )
qn+1 .
qn+2 )‘n+3,an+2 Gn+1 Gn+2
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Further, substituting Ay, = ¢, ", we can compute

(s—1)

2 AS 2—s 1
3 diam(y,)s < s Srtsm Ao . (4.12)
» An+3m Qn+3 q,ﬁ?, (Qn+3>87 Fm(s=1)

Further, using the above estimate and the fact that diam(i;) — 0 as n — oo,

(n+3)

we observe that since H, is a smooth diffeomorphism on B,;, ", it preserves the

s-dimensional Hausdorff measure (see Lemma . That is, H*(H,, (B(”+3)))
7-[5( (n+3) ) Thus, we can compute an upper bound for the s-dimensional Hausdorff

measure of the following set as
H* (lim inf H,(G1)) < H*(U32,By)
< i H*(B
n=1
< i 245 (B

- 1
< Z%S n+3 ) S Z ( )s—2+m(s—1) < oo.

Thus, H*(lim inf Hn(Gg))) < 00, which implies dimy (lim inf Hn(Gy(Il))) < s.

n—00 n—00

Claim 1: Prove that dimy(E) < s.
By the definition of the limsup, we have

E :=limsup H, E,(llq)1 ﬂ U H,( U H,( T)L ), for all m e N.
n—oo m=0n>m n>m
Using the inclusion h,(F )) C E, and the identity H, = H,_; o h,, we obtain

Hn(Eh,n> C H, 1(E,), and hence,

BC | HaolE). (413)

We now estimate the Hausdorff s-measure of the union J, -, H,—1(E,). For each

n>m
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n, the set E, is defined in subsection [4.4]as E, := Ej, U E, ,, where:

e Ej, consists of 2s, + 2 horizontal strips, each of dimensions 1 x €/,

e E,, consists of s,q, + ¢, vertical strips, each of dimensions €, x 1.

Each strip (horizontal or vertical) can be covered by a collection of squares
{U,;} of side length €/,. Hence, the total number of such squares required to cover

: 1
E, is at most N,, = snietdn 4 2032 L Zondn
n n

n

Since H,_; is a smooth map defined on a compact domain, its image H,_(E,)
can be covered by at most N, sets U, ;, each of diameter at most diam(l,, ;) <
|DH, 1|1 - 2v/2¢,,, where | DH,_1||; denotes the operator norm of the derivative
on the domain. Therefore, the total contribution of H,,_;(F,) to the s-dimensional

Hausdorff measure is bounded above by

/
€’I’L

N,

- 4 n4yn §
> diam(U,,)* < - (2v3€, | DH, 1)
7j=1

< 165040 (e;,) " IDH, 4 l5.

In a similar manner to the previous estimate, we analyze the contribution from
the next level of the error set, namely the image H, (E,.1). Each strip in E,
can be covered by a collection of squares U, ; of side length 2¢, ;. Under the
smooth map H,, the image of each square has diameter at most diam(i,11;) <
2v/2€¢),,1||DH,||1. The number of such covering squares required to cover E, is
at most 219+l - Consequently, the total contribution to the s-dimensional Haus-

€nt1
dorff measure from the image H,,(Ey+1) is bounded above by » . diam(Uy,41,7)° <

1650+10n+1(€nq1)° " 1D Hall5-
Continuing in this manner and combining all contributions from the sets H;_,(E}),

we obtain an upper bound on the total Hausdorff s-measure of the union:

H® (U Hn—1<En)> < Z 16SnQn||DHn—1||‘1§(€;z)Sil'

n>m n>m

2TL
With specific choice €], := (W) < 1. There exists a sufficiently large
ndn n—1|1
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integer n such that 2% < s—1 and consequently, we obtain the inequality (¢/,)s™! <

€/ )1/2" Using this estimate, the total Hausdorff s-measure becomes
n

" (U Hn—1<En>> < " 16800 | DH -1 ()"

n>m n>m
<) 16800 | DH, 5 ! <216<oo
i nn n—1 : = an .
nem ! SnQnHDHn—IH%Qn nem 2n

Hence, by equation |4.13] we conclude that the Hausdorff s-measure of the error
set H*(E) is finite, which implies that dimy(E) < s. O

4.5 The set of generic and non-generic points

Proof of Theorem[1.3 Let us fix a countable set of Lipshitz functions denoted by
U = {1; }ien, which is dense in C°(T?, R). Let L,, to be a uniform Lipshitz con-
stant for vy, ...,,. Choose ¢,11 = l,k,S,q, large enough by choosing [, enuogh

arbitrary large such that it satisfies:
ln>n?||DHp 1||n_1 - max L. (4.14)

The latter assumption guarantees the convergence of sequences of diffeomorphism
{T,} and implies that V1 H, 1,%eH, 1, ..., H,_1 are (‘q/—f, %)—uniformly contin-
uous.

Claim 1: For any fized s € (1,2), we choose m = ﬁ — 1, and the set B =
lim inf H, (G, N}

be :

Let y € B, ie. y € Hy(Gy, N F,Elrz) V n except for finitely many n. Say, z, =
H'(y) € G, N F}EITZ Apply Propostition with e = 5,1 < k < n, and for

n

T, € G, N F}EQ (see (4.1)),

. . , 1
) consists of generic points where G,, defined by (4.1) and F,Ei

1 qn+1_1

Z d)k(HnSjyn_,’_lxn)_\/ ¢andu
T2

1=0

2 4
< ﬁ“%“o + ol

Gn+1
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Using the fact that H,, is an area-preserving smooth diffeomorphism and H,(z,) =
y with the convergence estimate (4.6)) in the last equation, we find that for every
wk € \Ija

1 qn+1—1 . 2 4 1
T'y) — dul < — — )
Qn+1 iz:(; wlT) /1r2 Yidp n2’|¢k’|0 * n? * ontl

Following the argument in Claim 1 of the proof of Theorem the triangle in-
equality, together with the subsequent averaging criterion that allows us to transfer
the limit over the sequence {¢,+1} to a limit over all N € N, ensures that the point
y is generic for the measure y in the sense of Definition That is, for every test
function ¢, € C*(T?), we have

N%ooN‘

| N1 |
lim — TYy) = du.
im ZZ; Up(T'y) /T2 U dp

Claim 2: The set of generic points is non-empty and has Hausdorff dimension at
most s.

Note that the point (0, %) is a generic point. Therefore, (0, %) € B # (. It is suffi-
cient to show that the set B satisfies dimpy(B) < s, and that the horizontal error
set-a small exceptional set-satisfies dimgy (lim SUD,, 00 Hn(E,(llr)L)) < 5. The dimen-
sion estimates for both of these sets are established in Proposition Hence, the
claim follows.

Claim 3: Every point inside the set NB = lim sup Hn(NGnﬂF;S,)L) 1S @ non-generic
point. e

It is enough to show that for each y € NB, there exists a ¢’ > 0 and v € C(T? R)
such that

>4

' 1 N-1 .
dm oy ) - [ v

For any point y € NB, there exists an increasing sequence {n,};en C N such that
y € H,,(NG,, N F,gl,zj) for all j. Define x,,; 1= H,jjl(y), so that z,, € NG, N FY

h,nj :
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By the construction of NG,,, N F; ,57171],, it follows that there exists a fixed k € {0,1}
such that z,, € "%~ T N FyL € NG, N F)) . Moreover, for fixed k = 0
or k =1, the family of intervals Uffig_l J" lies entirely within either D! or D2,

Without loss of generality, we may assume that [ J"% " jgk c DL

i1=0
Now, for any x € NG,, N F,Elzj N D!, define the set of iterates:
JW (@) = {ie{0,1,....N =1} :hyohyo---oh,(S’  x)eD'}.

An+41

This set represents the indices for which the orbit remains inside D! and further,

applying Proposition 4.5] we have the following estimate as:

n—1
1> (1) (H (102 A= 5 —>>
j=2

2 1
(1-2) (1= hun = )

Further, consider a continuous function v : T? — R satisfying the following as:

()
As n — oo, we have W > 0.6.

1, z¢cD!
P(z) = (4.15)
0, z¢eD?

and where [, ¥du = £. Since T, (y) = Hy 08, | (2,,) €D foralli € J](\;lj)(x),

anj+1

it follows that w(Téj (y)) = 1 for all such i. From Proposition there exists a
k" € N such that for all n; > k/, the following holds as:

i Y e - [ vde

N—oo N
ies 17 ()

>10.6 — 0.5] := 6.

Jm > T, ) - / W

With the convergence estimate from Lemma we have (T} ) —(T%)| < 1 1o

2779
for all - € N, and large enough n; € N. Combining this with the above estimate,
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we obtain

2

N—><>0N.

i - 3 o(T )~ [ v

This implies that y is a non-generic point. Since the argument holds for any

y € NB therefore every point in NB is a non-generic point. O]



The Set of Generic Points with

Non-Trivial Hausdorff Lower Bound

5.1 Introduction

In this chapter, we delve into the analysis of generic and non-generic points
within the smooth setting, aiming to establish bounds on the size of the sets
they form. Instead of quantifying the set of generic points using the Lebesgue
measure, we focus on determining bounds on their Hausdorff dimension, which
leads to more insightful and interesting results. We explore various examples of
measure-preserving smooth diffeomorphisms, each associated with a set containing
all the generic points with zero measure and exhibiting non-trivial bounds on their
Hausdorff dimension. To construct such sets and investigate their properties, we

employ the Approximation by Conjugation method. In targeting sets containing
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such points, we introduce fractal sets, particularly various types of Cantor sets,
into our explicit construction. We establish a highly explicit setup with distinct
targeted domains on the 2-Torus, each serving specific purposes, along with the ex-

plicit selection of conjugation maps. In particular, we provide proofs for Theorem

[1.4] and [1.5]

5.2 Preliminaries

5.2.1 The middle third Cantor set

Consider the middle third Cantor set C' C [0, 1], obtained by removing the open
middle third interval and then repeating the same process with each remaining
interval. After completing the n stage of removing middle intervals from [0, 1],
we have 2" closed intervals enumerated as I}', | = 0,1,...,2" — 1 and have 27!

removed open interval denoted as J;*, [ =0,1,...,2"1 — 1. Precisely, the interval

I} is of the form [2%, 35tl] op [35£2 3EE3] "and interval J* of the form (25, 35£2)

for k =0,1,...,3" 1 — 1. The explicit closed form of the Cantor set is defined as

2n—1 oo 2n1-1
c= =01\ Jr (5.1)
n>1 =0 n=1 1=0

5.2.2 The Cantor set associated with a sequence

For any sequence A = {\;}ren such that Y~ Ay = K, there exists a Cantor set
C'\ associated with it, defined on the interval Iy, = [0, K] and also known as
generalised Cantor set. It is constructed in a similar way to the middle third
Cantor set and has the same topological and measure properties. Precisely, it is
a compact, perfect, totally disconnected subset of the real line and has measure
zZero.

Let A = { A }ren be a sequence such that > Ay = K. The set C) is obtained by
removing open intervals whose lengths correspond to the terms of the sequence \.
There is a unique way to choose these intervals such that the subsequent steps of

the construction can be carried out properly. This process generalizes the standard
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Cantor set construction, but it is specifically designed to yield a set of Lebesgue
measure zero. However, there also exist generalizations of the Cantor set with
positive Lebesgue measure.

In the first step, an open interval J& ) of length )\ is removed from I ,, obtain-
ing two closed intervals I& vl 11 - In the second step, we remove an open interval of
length Ay and A3 from I& ) and ]117 \» respectively. After k complete steps, we have
2% closed intervals denoted as {]l’f/\ 1220_1 and 2¢~! removed open intervals denoted
as {Jl’f/\}l?i:*l of length equal to the previously used terms of the sequence. And

continue in this way, removing an open interval J;’y g

IF, we have I\ and IL%) | Since 32, A = K, the location of each interval Jf,

of length Agr; from interval

to be removed is determined uniquely, and the Cantor set C'y is well defined as

oo 2n1l_1

CA:ﬂUIM—OK\U U Iy (5.2)

n>1 1=0

There is a unique way of choosing this such that the subsequent steps of the con-
struction can be carried out. This is a generalization of the standard construction
but one constructed to give Lebesgue measure 0. There are generalization of the

Cantor set with positive Lebesgue measure.

Remark 5.1. Since the length of the interval I 5 equals the sum of the lengths of
all the intervals removed in the construction, there is a unique way of doing this
construction. The length of each of the remaining intervals at step k£ should be
exactly the sum of the lengths of all the gaps that will be removed from it later in

the construction. So, the two remaining intervals of step 1 will have lengths:

oo 211 co 2"—1
1 _
oAl =2 > Aoy, Lal=) Y Aoy
n=1 j=0 n=1 j=9n-1

In particular, for any k € Nand [ = 0,1, ...,2¥ — 1, we have

oo (IH+1)27~1-1

|If\| = Z > ey

= Jl2nk
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Remark 5.2. Clearly, given a sequence ), .y Ax = K can be normalize to get
N ={N.} = {3t} so that >, A, = 1 and we get Cv C [0, 1].

Remark 5.3. In the subsequent sections we will consider > | -, which is finite

for p > 1. Normalizing as above we get a sequence

0 = { o |

where ((p) = > 57, - It can be shown that its Hausdorff dimension is

0 < dimy (Cy(p)) = ]19 <1, (5.3)

as described in more detail in [10]. In our explicit construction, we choose p =

1
ﬁ>1f0r1<7<2.

5.3 Outline of the proof

To prove Theorem and Theorem |1.5) we construct a T € Diff**(T?, i) using
the approximation by conjugation method, as discussed in Chapter |3| However,
we will modify the combinatorics in the setup to achieve the desired result. We
introduce two parts within T2, G,, and NG, specifically designed to achieve the
two dynamic properties explicitly, along with explicitly chosen conjugation maps
h, at each induction step. We define the combinatorics such that the limiting
set B consists of all the generic points of the system, and the limiting set NB
contains all the non-generic points, as outlined in Section[5.4] utilizing the explicit
conjugation maps h,, and partial partitions G,, and NG,,. Finally, the convergence

of the scheme in the smooth topology is achieved under very precise norm estimates
in Section



73

5.4 Construction of the Generic sets

5.4.1 Explicit set-up

Consider the following collection of disjoint subsets of T? : T? = (G,, UNG,,) such
that

n—12k-1_1

U[l and NG, —Tle U JE, (5.4)

where I and J* are intervals of [0,1] as defined in section [5.2.1] We split the
interval J& into two halves as J& = J U J!, where J! = (3,3) and J = (3.2).

Analogous to the construction in the previous Chapter [4] we define a smooth
conjugation map ¢, supported on the set G,,, acting within the strip Z* := T* x I}".
This map redistributes the strip vertically across the torus in a periodic manner,
producing generic points whose orbits become uniformly distributed with respect
to the Lebesgue measure. However, since the strip width 57 — 0 as n — oo, the
total Lebesgue measure of this set vanishes.

On the complementary set NG,,, the map ¢, acts on regions JF =T x Jf,
spreading them into vertical bands supported within the intervals T* x (£, 1),
for t = 0 or 1. As a result, points in NG,, exhibit non-generic behavior, since their
orbits fail to equidistribute on T?2.

Furthermore, we present the following partition of T? for any sequence of natu-
ral numbers {¢, }neny and {s,, }nen, with the condition that each s,, > ¢,, as outlined

below:

. . 1
Gn::{zﬁ7i2:lll ,Zl—’_ >X120§21<ann,0§22<2n},

Sndn  Sn(n
nk ; i1+1 k. . —1.
Tk = [sign,—;qn) X JE L 2<k<n, 0<iy< 2L
NG, = ;

g [_ —+1) X JY 00 <y < suqa, 1 =0,1

’
11,29 Snqn’ Snqn

V. = 11,12,13 3"qn’ qn sn’ Sn .
n «— )

0<ip< 2", 0<iz< 8,

yn :|:11_|_ iy Zl+12+1>x |:Z—3 M) : 0§i1<Qnu
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nk | ok 23 i ok 2(i2+1) t t+1
Wiii, = [q—i t %o T 3 a0 T Fan T o ) X [2— 2—)
W, = , _ i 0, if 0 <ip <2821
0<i1 <qn,2<k<n,0<iy <2 t=
1, if 282 <y < 2871,

ol i 2 it 1y G 1 ), ;
Wi .— Wi, = [qn ta e )X 2t et a ) 0= <,
[

0 <1, < sy

5.4.2 The conjugation map h,

Now we define the following permutation maps (Zn : T? — T? of the above
partition G,, U NG,, which maps to the elements of partition V,, U W, U W} EI

Consider the map an ; [qin, ZF—nI> x TV — [qin, Z;—;) x T as following and extend

it to the whole T? as qin—equivariantly.

~ : i L

(/b”(IZ,iQ) - anl,jzda where  j; = \‘S_IJ , J2 =12, j3 =11 mod s,, (55>
/

e nk\ n,k g 2_1

¢n<$i,i§) = Wji:jé where j; = \‘SnJ )

i5.8, +1) mods, for2<k<n
jo =194 mod s, fork=1& i, =0 (5.6)
sp +1iy mod s, for k=1& i, =1.

The map <;~5n effectively rearranges elements of equal size on T?, and its visual-
ization can be further understood by observing the corresponding rectangles, as

shown below: For the case n =1,

" 4[,” ’ (In 37 qn 3(271 ’ qn 3qn 3qn ’ 2 ’
Qn’ Qn 27 3 Qn 39717 Qn 3Qn 3971 27 ‘

"'We refer to the map (5,1 as a permutation map because it rearranges the elements of the
partition.
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FIGURE 5.1: An example of action (Zn on the elements of G,, UNG,, for n = 2.

For the case n > 2,

~ 441 ) l ) [+1

¢n(li,1+ )X[f):li+ 714_ * )x’ﬂ‘l,ogl§2"—1;
In  Gn G 3"Gn qn  3"qn

o k) — z+2k+2l z’+2k+2k+2(l+1)

) lan 3Fan  3%q. g0 3Fq. kg, 3g,

tt+1 0,if0<I<2F2 -1
x(—,L), V2<k<n,t=
2 2 1, if 262 <] < 2+ 1,

Here we define our final conjugation diffeomorphism as

Iy = @, (5.7)

where, En denotes the smooth approximation of the map an on T?. Note that, by

construction, the map h,, satisfies the commutation relation h, 0 .S, = S,, o h,.
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5.5 Convergence and Estimates

To exclude the region where we don’t have control over the combinatorics, we
consider a subset E,, = u;?’:lEéf% U?Zl E,(LJBL of T? defined as:

SnQn_l . .
Eq(;ln: U ( - & +€n> x T*;

020 \Snn’ Sndn
S TR A
EP) = (—1+ 2 L4 2 +en>><T1;
’ H Z.QL_JO Gn 3" Gn  3"Gn

2 T YA N CR Y
E® St o bt o e | x T
v U U (qn 30 | 37y Gn | 3'qn | 3G ’

3n—i_1
| 3k+1 3k+1 3k + 2 3k + 2
Bl = T1X(< e ta | U T e T (5.8)

k=0

e () UG-2)

28n—1 R .
E? _ T « (2 2 ).
h.n U 25, 25, te

i2=0

27L
We choose ¢, < <3n63n5 q31” o 1”2> , so that the measure of the exceptional set
ndn n— 1

satisfies p(F,) = 10s,q,6, < e%n We define the complementary sets
F,:=T*\E, and F):=T2\E, (5.9)

such that F;,, C F,Eli, and the measure of F,, satisfies u(F,) > 1 — 63% To analyze
the distribution of generic and non-generic points, we now introduce the following
families of subsets of the torus. These will be referred to as the “trapping generic
zones” and “trapping non-generic zones,” respectively. For eachi; =0,...,¢,5,—1,
we define

ek =g nF,, k=01 (5.10)

11,02

Remark 5.4. Recall that the image of Zj ; , under the conjugation map hy,

4829

contained inside V[Li Linda mod s and conversely, V] ;. is uniquely mapped onto
sn b b
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T} . tisip- Thus, the number of iterates & € {0,1,...,¢,41 — 1} such that h, o

Sk (@) € Vi g, for © € TH x I} is at least (1 — 3) 22

QAn41 Snqn

Remark 5.5. Note that under the action of A, every element from NG, trans-

forms as follows (for i, = 0,1,...,2"71 —1):

B Lt 1
hn U yi;,’iz = U ¢TL(‘21,”LQ N Fn) g T x 57 T ) 2 S k S n,
11=0 21=0
0, for 0 <4y <2821

t =
1, for 2872 <4y <271 1.

Snqn—1 Snqn—1 t t+ 1

1 - 1

hn ( U yZ,t) = U ¢n( i?,t ﬂFn) - Tl X |:§,T> , b= 0,1
i1=0 11=0

5.5.1 Generic points estimates

Proposition 5.6. For ¢ > 0, consider a (;/—E,s)—umformly continuous function

Y : T? — R, ie. Ww(By(x)) C Bo(w(x)). Then, for any x € G, we have the

following estimate:

1 Qn+1_1

2
<det ol (511)

Vit o S, () = [ v

AR

Proof. For any x € G, and A}, ;, € A}, (see (3.20)). Precisely, z € T* x I}* for

11,12

some [. Since the orbit of x under the SC’;TLH is almost trapped by the domains
{Z} ..}, therefore there exists a ig € N such that S¥  (v) € Z}! With the

11.8n+ig,l"

action of h, and Remark we have h, o Sl (z) n . C A" .. Therefore

11,12 11,82°

for any y € A?;, we conclude

d(hy o Si"nﬂ

(z),y) < diam(h, o S¥

Qn+1

(2),9) < V2/qn.

Now using the hypothesis on v, we have |¢(h, 0 S’ (x)) —(y)| < 2e. Take the

Qn41
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average for all y € A7, in the last equation, we get

1
M(AZj) AL

[ (hn 0 Sy, (2)) W(y)du| < 2e.

Let us denote Ja = {k €0,1,...,¢us1—1 : hyo Sgnﬂ(x) € A} for all A € D,
where D,, defined by (3.20). Using the count estimate described in Remark

and triangle inequality in the last equation, we have

2
< (4 + [0 )AL,

LS oS (@) - / by

qn+1 ieTa A

n.
2]

Further, we follow the analogous estimation as done in Proposition |3.20] and we
have the estimate 1} as required. ]

5.5.2 Non-Generic points estimates

We begin by partitioning the torus T? into two regions:

D'= T x [0,1), D?:=T' x [1,1).
Our goal is to study how often the composition H,, := hy o hyo--- 0 h,, evaluated

along the orbit S},  (z), lands in the region D*.

Proposition 5.7. For any x € NG, ﬂF,E?L ND! and N > g1, where F,Elr)b defined

by equation (5.9). We define J](\?)(a:) c {0,1,...,N — 1} as

I (@) = {ie{0,1,....,N =1} :hyohyo---0h,(S. x)eD'}.

An+41

Then, the following lower bound holds:

(n) 1 20\ 2 1 1
|y ()] 2 <1_e?> <H2(1— <1_§>W_§_W
]:
2 DA 1
(205 )
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Moreover, for all sufficiently large n, there exists a constant ¢ > 0.6 such that
7 (2)] > eN.

Proof. The proof follows the same structure as in Proposition To estimate a
lower bound for |J](\7,1) (x)], we define a sequence of nested subsets A; C {0,1,..., N—
1} and corresponding proportions «;, as described in that proposition.
At level j = n, consider any point x € NG, N F ) N D!. Since NG, =
o é 2k 1 1% , it follows that = € J* N D! for some l k. Define YF := JFn
F,NnD. By Remark the orbit {S%(z)}; " visits Y at least (1 — %) N times.
Since h,(Yf) C D', the image orbit {%, (S} +1(:U))}ij\:()l spends a proportion of at
least «,, > (1 — ) (1 — 2n - 263%) in the set NG,,_1 N F,,_; N D'.
Analogously, for any 2 < j < n — 1, consider the set A;;,. For each i € A;y,
we have hj o by 0+ 0 hy(St  x) € UZ,' [% 2 ﬂ] x (0,1). Further-

Qn+41 37q;’ qj

more, if h; o hjiq 00 h,(S:  x) € NG;_1 N Fj_; N DY, then it follows that

Qpt1

¢t € A;. To estimate the fraction of such indices, observe that the image set

{h o hjy1 0+ 0h, (S

Qn+41 )}ZEA]+1
domains at stage j, each of which intersects either D' " NG;_; or D NG;_;. The

is contained in the union of ——fundamental

proportion of points falling into the “bad” region D'NG;_; is at most < — g—j) g;j :
Additionally, we account for the error sets from stages 7 and j — 1, which con-

tribute at most 3] —— and -7, respectively, to the total error proportion. There-

33 ’
fore, after removing these contributions, the proportion of points in the orbit set

{hj ohji10--0h (Sfl it )}ieAjH that lie in the set NG,;_1 N F;_; ND! is at least

S 20\ 2072 1 1
wzl=\I75) 3= @ T

At level j = 1, for each i € Ay, the image hyo---0h,(S;, ) liesin NG, NFNDY,
except for a negligible contribution from E5. Thus, ay > (1 — —) Combining

all levels, we obtain:

n—1 i i—92
- 1 21\ 27 11
| Iy (@)] > (1 - e?) <'_2 <1 - <1 - §> 31 g3 g3t
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2 on—1 1
(1-2) (1= - N.
( n2) ( 3n 263”1>

For sufficiently large n, each factor is close to 1, and the product is bounded
below by 0.6, yielding: |J](\7,1) ()| > 0.6N. A detailed derivation of this estimate is
provided in Proposition O

Lemma 5.8. The sequence of diffeomorphisms T,, = H,, 0 S, ., o H', such that

n+1 n
H,=hiohy...0oh, and h, defined by and a1 converges to a Liouvillian
number, converges to T € Diff>™*(T? u) in the C* topology. Moreover, for any
m < @pt1, we have

m m 1
do(T",T7") < 5oy

(5.12)

5.6 The set of generic and non-generic points

Proof of Theorem[1.4] Let us fix a countable set of Lipshitz functions denoted by
U = {¢; }ien, which is dense in C°(T?, R). Let L,, to be a uniform Lipshitz constant
for 1, ..., %,. Choose ¢,11 = l,k,q> large enough by choosing [,, enuogh arbitrary
large such that it satisfies:

ln>n? ||DHp 1||n_1 - max L,. (5.13)

<i<n

The latter assumption guarantees the convergence of sequences of diffeomorphism
{T,} and implies that V1 H,,_1,%oH,_1, ..., H,_1 are (‘q/—f, #)—uniformly contin-
uous.

Clatm 1: FEvery point inside the set B = liminf B,, is a generic point, where
B, — H,(Gy). o

Let y € B, i.e. y € B,, Vn except for finitely many n. Say, =, = H, '(y) € G,.
Apply Propostitionwith €= n—12, 1 <k <mn,and for z,, € G, (see (5.4)),

1 qn+1—1

Z wk(HnS(inJrlxn)_/ 'L/}andM
T2

1=0

2 4
< ﬁ”ﬂ’k“o + R

Gn+1
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Using the fact that H,, is an area-preserving smooth diffeomorphism and H,,(z,) =
y with the convergence estimate (5.12) in the last equation, we find that for every
wk € \Ija

1 qn+1—1 . 2 4 1
T'y) — dul < — — .
Qn+1 iz:(; WlT) /1r2 Vidp n2’|¢k’|0 * n? * ontl

Following the steps of Claim 1 in the proof of Theorem[I.1] the triangle inequality
together with the subsequent criterion taking the average ¢, to N, which ensures

that y is a generic point for p in the sense of Definition such that

1 =

1
G N ; Ve(T'y) — /T2 Vrdp.

Since y € B was chosen arbitrarily, therefore every point y € B is a generic point.

Claim 2: The set of generic points has Hausdorff dimension at least dimg(C) =

log 2
log 3~

By construction, the map H,, acts as the identity near the boundary of T?, which
implies that the set {0} x C' C B. Therefore, we obtain the estimate dimgy(C) <

dimg(B). Furthermore, a computation similar to the one carried out in Proposi-

tion |4.7|shows that dimg <lim sup HJES%)) > 182 " which completes the proof

log 3?7
n—00 8

of the claim.
Clatm 3: Every point inside the set NB = lim sup Hn(NGnﬂF}(L})

n) 1S a nNomn-generic
n—00

point.
It is enough to show that for each y € NB, there exists a ¢’ > 0 and ¢ € C(T?* R)
such that

N-1
ggr;oﬁ;w@))— | b 25

For any y € NB, there exists an increasing sequence {n;};ey C N such that
y € H, (NG,, N F,El) ). Define z,, = H;'(y). Since Ty, € NGy, N F,E}T)Lj, it

M j
follows that there exist [,k € N such that z,, € J* N Fy) C NG, N F) (since
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NG = | |, NGy = |, LI, JF). The sets JF either lie in D' or D?; assume without
loss of generality that JF C DL
Now, for any x € NG,, N F,Elyz N D, define the set of iterates:

I (@)= {ie{0,1,....N =1} :hyohyo---0h,(S., z)eD'}.

An41

This set represents the indices for which the orbit remains inside D! and further,

applying Proposition we have the following estimate as:

- 1 2\ 22 1 1
| Iy ()] > <1—e?> <1_[2(1— <1—§>F—§—W
J:
2 on—1 1
(1_ ﬁ) (1_ 3n 2.e3<n—1>> N

Further, consider a continuous function v : T? — R satisfying the following as:

(n)
As n — oo, we have W > 0.6.

1, zeD!
U(x) = (5.14)
0, zeD?

and where [o, ¢du = 5. Since T, (y) = Hy,, 0 S, (xn,) € D' forall i € I (),
it follows that ¢(T fbj (y)) = 1 for all such i. From Proposition there exists a
k" € N such that for all n; > k', the following holds as:

. 1 N—-1 .
i, 7 D (T 0) - [ v

N—)ooN'

5 X e - [ v

Nooco N
icg 17 (z)

> 0.6 — 0.5] := 4.

2"

With the convergence estimate from Lemma we have (T, 73]) —(TH| < ¥ llo
for all © € N, and large enough n; € N. Combining this with the above estimate,
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we obtain

2M3

nggo—ZwT )= [ v

This implies that y is a non-generic point. Since the argument holds for any

y € NB therefore every point in NB is a non-generic point. ]

5.6.1 Proof of Theorem

Here, we construct a couple of sets containing all the generic points for the inter-
esting values of their Hausdorff dimension. The sets can be constructed in a similar
manner to the set G constructed in the last subsection (see ) Therefore we
will only mention the respective changes that need to be made.

For any 1 < v < 2, and consider a Cantor set C associated with the sequence
A = { Ak tren, where \p = %(%)ﬁ, the constant ¢y = ), . Ax, explained in sec-
tion At first, just replace the Cantor set C' with C, [}* with I}"y, and J;* with

Ji’y in equation (5.4) and subsection to get following collection of disjoint
subsets of T? : T2 (G,M UNG,, ) where

n—12k-1_1

n/\_Tl U[l/\ and NGnA—Tlxu U Jz,\> (5.15)
k=0 =0

where [}y and JJ', are intervals of [0, 1] as defined in section [5.2.2] “ We split the
interval .J§ , into two halves as Jj , = J! AU JllA

Consider the following permutation map ¢n7>\ : T? — T2, which follows the same
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5

combinatorics as ¢,, from section

4.1

- . -1 ) l
- 1 i s
_QTL Qn ’ qn k}:O Qn n -0 TL
- . 2k—1 | 1k -1 . 2k—1 | 1k
~ 1 1+1 E5N J K2 |15
doa ([ ) )= |+ +z |
2|77, tt+1
X L 0<l<2Ml 2<k<
+Z Gn 22 "
7=0
0,if0<I<2¥2 -1 _ ~
where t = The action of ¢, ) on the interval J&A =

1, if 282 <[ < 2k 1,

71 71
JoaU i, as

¢nA <li
an

1+ 1
An

)

xJ,/\

)-

. 1 1 . 1 1
|Il)\| ? ‘[lA| 2|Jl>\|>
+D )
[TL lO Qn ’I’L lO Qn ’I’L
[ 1+1
- Vi=0,1.
X (27 2 )7 )

Then the final conjugation map h,

: T? —» T? can be described as

¢n,Aa

P

where En ) is @ smooth approximation of the map $n A-

In the same spirit as the construction in Subsection we introduce an error set

E, » C T? to designate regions where we lack sufficient control over the combina-

torics. These regions are excluded

structural properties. Let each int

from the construction to maintain the desired

erval J"\ C T! be denoted by its endpoints as

i\ = (af'y, by)- In particular, we define the horizontal error set Epy,x C E,x by

2n—1_1

Eh,n,)\ = U Tl X (

=0

(aZm GZA + €n) U (bZA — €n; b;f)\)) )
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which removes narrow horizontal strips of width ¢, near the endpoints of each
interval Ji",. The parameter €, is chosen appropriately to ensure that the total
measure of the error set satisfies the decay condition (£, ) < e%n We denote the

corresponding good sets by
Fm)\ = T2 \ En,)\ and FT(:;\ = T2 \ Eh,n,)\;

which satisfy u(F, ) >1— 5.
Analogously, we consider the specific domains as defined in equation 1' The
following result is derived in the spirit of Lemma and Proposition

Proposition 5.9. For ¢ > 0, consider a (g—f,s)—umformly continuous function
Y :T* — R, i.e. Y(By(x)) C Bo(¢(2)). Then, for any x € G, , we have the
an

following estimate:

1 qn+1_1

: 2
G0 St @) = [ vl <4+ Dol 610

1 55

Proof of T heorem The proof will follow on the same line as the proof of Theo-
rem We start by choosing L,, to be uniform Lipshitz constant and ¢, = lanb
where [,, satisfying . Now it is enough to show that every point inside
B, = liminfB,, \ where B, = H,(G,.) is a generic point, and its Hausdorff
dimensigzoios atleast a — 1. The latter fact is followed by using Propositionas
done in Claim 2, and dimy(C)) = o — 1.

In our specific case, the similar relations as mentioned in Remarkare satisfied,
and which shows that every point inside the NB) = limsup H,,(NG,, . N FS))\) is a

n—oo
non-generic point. This completes the proof. n
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Smooth Weak Mixing Projectivized

Derivative Extension

6.1 Introduction

In this chapter, we delve into the extreme ergodic properties of the projec-
tivized derivative extension, with a particular focus on weak mixing. We ex-
plore this example for smooth category using the Approximation by Conjugation
method. We examine the structure of a derivative extension map corresponding
to a smooth map over the projectivized tangent bundle and explicitly induce an
invariant smooth measure over it. We present an example of a derivative extension
map that exhibits weak mixing with respect to such measure. In contrast to the
approach in [35] and [33], we introduce a weak mixing criterion specifically tailored

for the projectivized derivative extension in the smooth category. To demonstrate



88

the weak mixing property of the projectivized derivative extension, we provide a
suitable distribution of elements under the explicit choice of conjugation maps that

meet the requirements of the criterion. In particular, we prove Theorem 1.6

6.2 Preliminaries

6.2.1 Projectivized derivative Extension

We refer to [29] section 2.1 for useful definitions and notations. Subsequently,
we introduce the concept of the invariant measure for the projectivized derivative
extension.

We consider the derivative extension of a smooth diffeomorphism, f : M — M,
as a transformation defined on the tangent bundle T'M, and denoted as (f,df).
For any point p € M, we identify the tangent space T,M with R? in the case
of a 2-dimensional manifold. Subsequently, we consider its projective space PR2,
which is diffeomorphic to the circle T and introduce the notation [a,b] C PR? to
describe the allowed values for the spherical coordinate ¢ € R/7Z. This results in
the formation of the projectivized tangent bundle denoted as PTM.

We consider the projectivized derivative extension of a diffeomorphism f :
M — M on the projectivized tangent bundle PTM, denoted as (f,df) again by
abusing the notation. We employ the notation ¢ x [a,b] C PTM, with ¢ C M,
to represent the subset in PTM comprising base points x € ¢ and corresponding

spherical coordinates ¢ € [a, b].

6.2.1.1 Existence of invariant measure on the PTM:

The existence of an invariant measure is explored following the framework detailed
in [13] chapter 5.1]. Initially, we consider the cotangent bundle TM* along with
the projection maps m : TM — M and my : TM* — M. Subsequently, we
define the canonical 1-form w on T'M* by w|, = w47, where w|, denotes 1 form w
evaluated at 7 € T'M*. Additionally, the canonical 2-form €2 on T'M* is defined as
) = dw, exhibiting symplectic properties.
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Let M be a Riemannian manifold, and V : M — R be a function. We examine
the Lagrangian L : TM — R given by L(¢) = |(|*~Vom(¢), where |(| is calculated
using the Riemannian metric. Associated with this Lagrangian, we define a bundle
map Fy : TM — TM* defined by F1(¢)(n) = 4(L(¢ + tn))|i=o for p € M, and
¢,n € T,M. Subsequently, we define © = F;/Q and v = Fjw.

In [13] Chapter 5.1, they examine the differential form v A © on the unit
tangent bundle SM, which is proven to be locally a product, up to a constant
multiple, of the Riemannian volume on M with the Lebesgue 1-form on the unit
tangent spheres of M with respect to the Riemannian metric. Particularly, for
any v A ©-integrable function g on SM, the “integration over the fibers", i.e.
fSM guv A O = ch dVol(p) fSng|SpMd,up. Here, Vol represents the volume form
induced by the Riemannian metric, and p, is the standard Borel measure on the
tangent sphere S, M concerning the Riemannian metric.

Using a similar method, we derive an analogous formula for the invariant mea-
surable Riemannian metric w,, and for any integrable function on PTM. The
associated measure will be represented by . Additionally, the measure derived
from the measurable Riemannian metric ws, in our explicit construction corre-
sponds with the measure ¢ on M. Since wy, is invariant under f, it follows that

is invariant under (f,df).

6.3 Outline of the proof

In order to prove the Theorem 1.6, we utilize the Approximation by Conjuga-
tion method as outlined in Chapter Similar to the constructions in [29], we
introduce two sequences of partial partitions, 7, and (,, for the torus, both con-
verging to point decompositions. The partition 7, will satisfy the requirements to
demonstrate the weak mixing property, and the other partition ¢, consists of more
refined partition elements of 7,. The conjugation map h,, acts as an isometry on
the partition elements of (,, allowing the construction of an invariant measurable
Riemannian metric. Subsequently, the conjugation diffeomorphism h,, = g, o ¢,

is formulated. Compared to [29] and [35], modifications are made to g, and ¢,
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to establish the weak-mixing property of the projectivized derivative extension.
Specifically, g, introduces shear in the 6 direction, acting as an isometry in the
image ¢, of any partition element I € (,,. Meanwhile, ¢, acts as an isometry on
elements I € (,, and simultaneously arranges elements of 7, to meet weak mixing
criteria. The map ¢, is defined as 1, o gzzn in half of the fundamental domain of
the torus and as an identity on the other half. Here, ¢, acts as an isometry and
distributes the 7, partition elements as required. The map i, is a composition of
translation and rotation in different sections of domains in (,, similar to [35], with
a modified rotation domain according to our purpose, outlined in Section[6.4] The
convergence of the approximation by conjugation scheme in the smooth topology
and the existence of an invariant measure on PTM are proved in Sections [6.8]and
respectively.

Compared to [29], we introduce a weak mixing criterion for the projectivized
derivative extension, with a sequence of partial partition 7, for the space PTM
converges to point decomposition. This criterion is based upon the notion of
(7,9, €1,e92) distribution of the map (®,,d®,) = (¢,,d¢,) o (R dR,, . )™ o
(¢, dg,) ™! with a specific choice of sequence (m,,), € N. This criterion is based
on [29], but adapted for the derivative extension (®,,d®,) in Section[6.6] Finally,

the application of the following criterion is carried out in Section [6.10|and|6.11}

An+1)

6.4 Smooth AbC scheme

In our approximation by conjugation scheme in the smooth category we will in-

ductively construct maps

fn=H,oR o H' where H, =hyo...0h, (6.1)

Qn+1 n

with conjugation maps of the form

hn =0gn© ¢n7 (62>
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where the area-preserving diffeomorphisms g,, and ¢,, commute with R, and will

be explicitly constructed in Sections|6.4.1] and [6.7.2] respectively. We will choose

the sequence of rationals «,, = p” = converging to a prescribed Liouville number o in

such a way that oy, ;1 is sufﬁ(nently close to «,, in order to guarantee convergence
of the sequence (fy,)nen to a limit diffeomorphism. In our explicit inductive con-
struction process at step n, we have H,,_; € Diff**(T? u) and oy, ay, ..., a, € T
Moreover, we are given some parameters k,, € N and [,, € N such that the following

properties hold:

(P1) The parameter k, > n’ satisfies that for every subset S C PTM with

diam(S) < 2

=, we have
n

diam ((Hn,l,dHM)(é)) <L (6.3)

n2

(P2) The sequence (k,)nen increases rapidly enough to guarantee

k

IS

= 1
Z — for every n € N. (6.4)

(P3) The parameter ¢, is chosen to be large enough such that ¢%** > 2k,,. Note
that this is possible since the parameter k, is independent of ¢, and depends

only on the conjugation map H,_ 1.

(P4) Growth condition on I, > 2-k° - ¢2 - ||dH,_1]o, and g, 11 > 2k}%¢2

6.4.1 The conjugation map g,

We introduce the smooth map g, as an approximation by suitably chosen step
functions to the shear function §,(0,r) = (6 + br,r), where b = [ng?] and 0.25 <
o < 0.5. The purpose of the map g, is to introduce the appropriate kind of shear
in the 6 direction to achieve the weak mixing property on M. Additionally, the
map ¢, must act as an isometry on the image ¢,([,) of all partition elements
I,, € (., where (, is a specific partial partition of M defined in subsection [6.7.1.2]
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below. This property will allow us to show that f admits an invariant measurable
Riemannian metric on the space, inducing an invariant measure on PTM in our

setup. This approach follows from [29].

Proposition 6.1. Let a, = k2,c, = 575, and b, = [ng] for 0.25 < o < 0.5.

510
2n° k07

Then there exists g, € Ham™(T?, u) such that

1. gnoRL:Riogn.
an an

[& M]

an n

2. For any j € {0,...,a, — 1}, g, acts on T x as translation

in the 0-direction by by, - -
3. lgnlll, < Cnnr - @, where the constant ¢, , is independent of qy.

Proof. Let a,b € N and € > 0 satisfying é € N. Let p: R — R be a smooth
increasing function that is equal to 0 for z < —1 and takes the value 1 for = > 1.

Consider the map 1;@71,75 :[0,1] — R as

Yape(r) = S . aip (“"”’2; Z) . (6.5)

i=1

Observe that for any 0 < j < a — 1, we have Q;G,bﬁhﬂ Hl-ze) = b- % mod 1.
Additionally, we can estimate || D"9q4.|l0 < ba’ L |D"pllo.

er

We consider an antiderivative map 0,5 : T — R where %ga7b75(r) = zﬁa,bﬁ(r).

Furthermore, we can introduce a symplectic vector field

XH = (87’([—[)7 _89(]{)) = (Q;Ea,b,avo)

defined by the Hamiltonian H € C°°(T? R) given by H(6,7) = 044(r). Finally,

we obtain a Hamiltonian diffeomorphism g, . : T> — T? given by

Jape(0,7) = (0 + ape(r) mod 1,7). (6.6)

as the time-1 map of the Hamiltonian H(0,7) = 04.(7).

In our explicit construction, we will use g, = ga,. by.c., Where a, = k2, £, = =455
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and b, = [ng?| for 0.25 < ¢ < 0.5. Observe that g,o R1 = R1 o g, and

b _ar—l 3 3
llgalll, < =—==-11D"pllo < 2[na;] - g D pllo < et - dns

n n
n

where ¢, 1, » s a constant that depends only on n, k,, but is independent of ¢,,. [

We define the “good domain” of g, as

)+ 2¢, 7+1—2¢,
gn: U TIX |:7+ 9 7]"’ £ ‘ (67)

Qn, Qn

By the second part of Proposition[6.1]the map g, acts as a translation on G,, and,
hence, its differential map d,g, = id for any base point p € G,,.

6.5 Criterion of an invariant Riemannian metric

We follow the criteria for the existence of an f-invariant measurable Riemannian
metric, as deduced in [28] section 4.8] and [34] section 7|. Let wy be the standard
Riemannian metric for T2. The following definition will help to express closeness
to being a local isometry for conjugation map h, on the elements of some partial

partition (,.

Definition 6.8. We can define the deviation from isometry for a diffeomorphism

f defined on a compact subset U of a smooth Riemannian manifold by

devy(f) ;== max |log||df(v)|||-

veTU,|jv||=1

Remark 6.2. Observe that devy(f) = 0 if and only if f is a smooth isometry of

U. Furthermore, we have
o devy(f) =devyw) (f71);

o devy (fo f) < devy <f> + devy (f).



94

Proposition 6.3 (Criterion for the existence of a f-invariant measurable Rie-
mannian metric). Let f, = H,o R, ,, o H, ", defined by cmd .) such that
(fn)nen converges to a limit diffeomorphism f in the Diff™*-topology. Let (C,),,cn be
a sequence of partial partitions whose elements cover a set of measure at least 1—4 ol
for every n € N. There exists a function k : Dift*(M, u) — (0,1) such that for
every decreasing sequence (0,)nen of positive reals satisfying Y-, O < K(Hp 1)
for every n € N the following holds: If for every n € N and every partition ele-
ment I, € (, the conjugation map h,, satisfies devy, (hy) < e T, R then the limit

[|DHp—
diffeomorphism f admits an invariant measurable Riemannian metric.

Proof. The proof follows along the lines of [34] section 7|. First, we put w, =
(H;')*wo, and each w, is a smooth Riemannian metric as it is defined as the

pullback of a smooth metric via a diffeomorphism. Since R* = wy = wqy the metric

Qn41

wy, is f,-invariant:

Fiton = (oo Ry o) (ot = () R HE(H
= (H,")'R},  wo=wy.

n Qn+41

With our assumptions that devy, (h,) < HDHD+1||3 for every I,, € ¢, and (, covering
a set of measure at least 1 — n—127 we can compute as in [34] Lemma 7.2| that
Woo = lim,, o, wy, exists almost everywhere with respect to Lebesgue measure p.
To show that w., is a measurable Riemannian metric, we follow the proof of [34]
Lemma 7.3]. This proof requires sufficient closeness of wy, to w,_1 = (H,,)*wo

on a set of large measure. We express this requirement via the function x. Finally,

we apply [34] Lemma 7.5] to conclude that wy, is f-invariant. ]

6.6 Criterion for weak mixing of the derivative ex-

tension

Building on criteria for weak mixing for AbC diffeomorphisms on m-dimensional
manifolds in [19] and [29], here we introduce such a criterion for weak mixing of

the projectivized derivative extension.
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Throughout this section we assume that the limiting smooth diffeomorphism
(f,df) (See and the limiting analytic diffeomorphism (f,df) (see, admit
an invariant measure . Strictly speaking we will be working with two different
metrics for f and f and, hence, different measures for the smooth and analytic case,
as the metrics will depend on the limiting diffeomorphims. To avoid unnecessary

notational complexity we will use only one notation, namely /.

6.6.1 (v,0,¢1,¢e2) distribution

A key concept in our weak mixing criterion for the projectivized derivative exten-
sion is the notion of (7, d, 1, €2) distribution that we introduce in this subsection.
It generalizes the notion of (v, d, ) distribution from [19] that plays a central role
in criteria for weak mixing for AbC diffeomorphisms in [19] and [29].

To express the (7, 0, €1, €2) distribution property, we consider a partial partition,
denoted as 7),, of the space PTM of a particular form. We let k, be the number
defined by condition and we let 7,, be a partial decomposition of M satisfying

the following properties:

(D1) The conjugation map h,, = g, o ¢, acts as a composition of translations and

rotations, thus acting as an isometry, on the elements of the partial partition

M-
(D2) Each partition element I, € 7, is of the form I, = f“o ', 1, where each Inl
is a union of squares with a side length smaller than 55— —, lying in the good

domain G, of the map g, (see (6.7)).

(D3) Each set Inl has the same measure of at least %6 (1 k5> The union of

elements from 7, covers a set with a measure of at least k5 in M.
n

(D4) For any I,,;, we have M(jn,lA[Ui;‘lsg/L b, (I’ J]) < 53 4L 1i(1,.,), where

In,l

nl_{ : ( )ﬂ[nl%wll_l—lnlﬁb,seﬁn}'
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(D5) Each I, is covered by elements of 7,41 by measure of at least
(1 — %) (1) and, in particular,
n+1

. - 95 .
g (I””A[Ufz;ﬂ,yeAfn,l[”“’l’]) =,
where
- - . - b1 5 R
Aiml = {Iﬁﬂ,z' : I:Hrl,l’ N In,l + Q), IZLH = '—'z/;ol IZL+1,Z’ S 77n+1}-

Then we let 7, be a partial partition of the space PTM of the following form:
ﬁn:{fnij : fneﬁn,jzo,...,kn—l}, (6.9)

where T} = [kj—n, ]kinl], that is, elements [Anyj € 1), are of the form

kn—1
Lj=1,xT; = U Loy, where Iy ;= Iy < 1Tj,
=0

with I, = Uy Ty € 1w and j € {0, ..., k, — 1}.

Remark 6.4. For our explicit constructions in Section properties|(D1)|

I(D3)} [(D4)} and |[(D5)|are verified in Remark [6.28] Remark Remark [6.33]
and Remark respectively.

Definition 6.10. A diffeomorphism (®,,d®,) : PTM — PTM is (v,0,e1,2)-
distributing fn,j = I, x T; € 1)y, where I, = Ufgalfn,l € 1,, if the following
properties hold

1. forany [ € {0,...,k, — 1}, we have J; C m.(®,,(1,,;)) with 1 =6 < A(J;) <1

where 7, is the projection onto the r-axis;

2. for any 1 € {0,...,k, — 1}, we have ®,(I,,;) € K., == [c;, ¢, + 7] x [0, 1] for

some constant ¢; € T?;



97

3. ®, : M — M is e;-distributing I, € 7,, that is, for [ € {0,... k, — 1} and
for any J C J,

pLoa N2, (T x J)) — A(J)

M(jn,l> A(J)

4. (®,,dd,) is eo-distributing jn,j € 1, in the tangent direction in the following
sense: for all j, k € {0,1,...,k,—1}, there exists a unique [ € {0,1,...,k, —
1} such that k =1+ j mod k,, and for JC Jyand T}, = [ﬁ w] we have

(T X 1,0 (@00 T X T T0)) | 2y
(L) A | 7AW

where ), denotes the projection onto the manifold M.

We will rewrite the fourth condition of the above definition as follows:
1 (7ar (T 0 (@, d®0) (T T % T) ) Y A) = L) ACT)| < oL )ACT),

In particular, the distribution in the tangent direction implies that the product
set of the [th segment l:nﬁl of a partition element I, € 7, on the manifold with the
jth tangent element 7} is mapped under (®,,, d®,,) to the kth tangent element T,
where k =1+ 7 mod k,.

Key Idea of proof: For I, = Ufg(jlfm € My, and 1,5 € {0,...,k, — 1}, we

consider I',,;; = (Hy—1,dHn—1)(9n, dgn)(Ln; x T;). We approximate its measure

by using the “good domain” of H,, 1, defined as én in (6.14), where the measure

it is computed with the length in the tangent direction and it follows

1 .
|a(Lhy;) — k—ﬂ(]n’l)‘ —0 as n— 0.

n

In fact, it subsequently follows in Lemma for T, ; = U T, that

(T ) — (1) = 0 as n — oo. (6.11)
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Analogously, we obtain in Lemmafor any [,j € {0,...,k, — 1} that

ATty 0 o df) ™ (o)) — 2 p(mas (g X T3 11 (g © By gy 0 B,) (S ))|
tends to 0, where C, x = (Hy—1,dH,—1)(Snx) and {S,x} is a collection of small
cubes inside PTM that covers almost the entire space.

Together with the distribution property of (®,,d®,) and (g,,dg,) proved in the

Lemma this yields the estimate

|la(Fn,l,j n (fnv dfn)_mn(cn,k)> - N(In,l)la(cn,k” — 0. (612>

Finally using equations and we obtain that for all 5,k € {0,... k, — 1},

the following estimate holds:

AT N (frs dfn) ™™ (Coi)) = AT 3) (Ce)| = 0, (6.13)

which is the final step required for the criterion of weak mixing in Proposition|6.11]

6.6.2 Preliminary lemmas for weak mixing

Using the partial partition 7,,, we define a “good domain” for H,, 1, where the com-

-1

. 5 >0, acts as an isometry. This

position of conjugation maps h;}rs .. .oh;}rl oh
will be useful for approximating the i1 measure of specific sets (see Lemma .

We denote G,, = Ufneﬁnhn<jn), and define

Go =G [ Voo hup1 0.0 by 1(Gasy), (6.14)

j=1

where fn = Uf;o_lfn,l € 7. Then, we define the elements fn,l as Ivn,l = fn,l N én.
Note that each jn,l is almost covered by the elements an € Mne1 by at least
measure of ( — k?%) (L), by [(D5)} Specifically, we have

25 -

PInaOUR | en;  Dngap) < %N(Im
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Moreover, property [(ID4)|states that for each In L1 We have

o 41 ~.
) Tk )
M([n+l,l/A[Uf’;+l SEAii hn+1(ln+1 s)]) < k5 :u(]n—i-l,l’)‘
’ n+1,0 n+1
We denote C; | = Upi er;  UIh ek, 1%, .. Altogether, for each I, we
n, n1,1 n.l n s i

n+1,l7
have

u(hn(f )A[UI’;HSGC lh o hn-l-l([n-i-l s)]>

=L <I~”»ZA[UI~’2+1,S€C;J}L”H (INSHS)])

<u <U11+1 yeh; l]riz+1,l'A[U1,’§+l SGCjnylhn-Fl([N?”{Lj—l—l,s)])
+p <Up+1 VEAT ZIZ+1,l'AINn,l)

- 25
7 Tk
S (Uifl“,z’e/\fn,l In_'—l’l,A[Ufzﬂ,sGCjnJhn+1<In+1 s)]> + —N(In:l)

kot
k 25 jnd
= Z 2 n—I—l Z’A[Uls_,’_l SEAI_i hn+1 (In—|—1 s)] ]{/’5 (In,l)
n+1,1' n+1
I, pen *
a 25 -

< Z k5_,UJ( n+1,l') + k5_:u(1n,l>

ii EA n+1 n+1

n+41,l7 n,l

41 ~ 25 ~

U”z’ ! ’ ]n
kz_H ( In+1,l’€Afn,z ntll ) ki—}—l ( ’l>

41 . 25 - 25 =

< 15 (U(In,l) + ]{}5_M<In’l)> + s 'u<["vl)
n+1 n+1 n+l

70

< o5 #lln). (6.15)
n+1

Similarly, using properties [(D4)|and [(D5)| we find that each I’ L1 is covered

by elements of h,, yo(I% 12.¢), Where I Loy EC o This concludes the following

estimation:

2 (hn o hn-i—l(jfiz—l-l,l’)A Uf:j 2.8 1€ECri hn o hTH-l © hn+2([~7”f+275'>)

n+1,l/
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70
< k5—ﬂ(hn+1(]n+1,l/))- (6.16)

n+2

Given any set fm, we consider the following family of sets:

Al - hn(L’L,l)a
_ Ti

Ay = U hy © Byt <In+1,l’)?

I;L-Fl’l,ecfn,l

Tk

Az = U U hy o hn+1 © hn+2<In+2,s)a

7i 7k )

I:L+1,z'€cfn,l In 42 s€C5i

n+41,1'

A, = U U . U hpo...o hn+n1—1<iﬁ+n1_1,5’/)-

I ec; Ik, , eCs It eC;
n+1,1/ =1, T2, I:H—l,l/ n4nq—1,s" I7L+711—173,

Analogous to equations (6.15) and (6.16]), we have estimates for n; = 2,3,4, ...,

70
M(Am—lAAm) < H)—N(Am—l)' (617>

n+ni—1

Using the triangle inequality on the aforementioned equation, we conclude that

(A1 AAs) < (A1 AAg) + (A AAs)
70
< (A AA,) + k5—M(A2)
n+2
70
< w(ABAs) + 5 (u(Ar) + (A D 4s))
n+2
70 70
1+ ) (A1 AAg) + —=—pu(Ar)

( k2+2 k2+2

70 70 70
1+ ) + ) p(As).
( knva) ko ko

Likewise,

HADAL < p(AiDA) + p(AsDSAy)
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(1+ 7 )u(AlAAg) 04y

70 70 70 70 70 70
I+ > <1—|——) + <1+ ) + )u(Al).
( ( k2+3 Koo k2+1 knvs/) ks Koys

By applying recursion using equation (6.17)), we obtain

70
(A1)
n+n;—1

(nzz nﬂl( nﬂ) kZO e )M(Al)- (6.18)

k5
u=1 j=u+l n+u n+ni—1

70

5
kn+n171

a8 < (14 55— ) uaB A ) +

Following this, we apply mathematical induction to derive the approximation for
the infinite intersection of these sets { A, }nen. According to equation (6.18), it can

be inferred that, for n = 3:

,M(Al N A2 N A3) ILL( N Ag) /,L(Al N A2 \ Ag)
(A1 M Ag) — p(Ag \ Az)
> p(Ar) — p(A1AAy) — p(AsAAs)
> pu(Ar) — p(ArAAs) — kZOQM(Az)
> (A1) = (A 8 As) = () + A5 A)
> ) = (1 g ) i) = ()

70 70 70
>(1—(1+ > ) p(Ay).
( ( Kowo) ki ki 1

Having started the induction process with n; = 3, we assume the following state-

ment holds for n = ny:

n1—2 ni—1
70 70
W(Ain Ay N A, 2<1—Z II ( )k - )M<A1>.
n+g —
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We now show the result for n = n; + 1 with the above assumption:

,u(Al N AQ .M Anl N An1+1)

:,u(AlﬂAgﬂAnl)—u(AlﬂAgﬂAm \An1+1)
Z /L(Al N A2 N Anl) - ,UJ(AnlAAnl—}—l)
ni—2 n1—1
70 70 70 70
Z (1 — Z H (1 + ]CB ) k’5 - k’5 )M<A1> - k’5 M(An1>
u=1 j=u+1 n—+yj n+u n+n;—1 n+ni
ni—2 ni—1
70 70 70 70
> (1~ (1+ 5 ) - HAD) = (A
( u=1 ]5»1 k’li+j k75l+u k?i"‘ﬂl—l) k2+n1

n1—2 ni—1
70 ( 70 ) 70 70
— 1+ + w(Ay)
k5 Z H ]{}Z+j k;r)H_u k751+n1—1> !
70 [ 70 \ 70
z (1— <1+k5—> (Z 11 (HF) F)) o
e u=1 j=u+l n+j/ fntu
70 70 70
— |1+ ) - ) (A1)
( < ]{72+n1 k75t+n1—1 ]{:?H—nl !

ni—2 n1
70 70 70 70 70
2<1_Z_:'H <1+k5 )k5 _<1+k5 >k5 s >:LL(A1)

u=1 j=u+1 n+j n+u n+mni n+ni—1 n+ni
ni—1 nq
70 70 70
> (1— > T] <1+ E ) i )u(Al). (6.19)
u=1 j=u+1 n+j n+u n+ni

By employing mathematical induction, the aforementioned estimates are valid for

every natural number, leading to the following conclusion:

1— ) nll). (6.20)
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We employ the fact that Hj’;l <1 + A) < 2, and under condition |(P2)] the

5
kn+j

sequence (k;) ey increases rapidly enough to guarantee that )

oo 140 T
u=0 g3, — 4k}°

Remark 6.5. For any S/ C T?, we define ¢,; = fml N®,'og, (S) and é,; =
LN ®; 0 g 1 (S"). Thus, we obtain |u(ény) — pu(éns)| < plpi\In) < %u(fnl)

Lemma 6.6. Denote A, ; = (H,—1,dH,—1) 0 (gn, dgn)(Cny ), where ¢y ; = Gy X
T;. Then we have

i Anss) = o ens))| < 28D, ) (6:21)

n

Moreover, for any S, x T, C PTM and C, = (Hn,l,dHn,l)(S’n x Ty), where
S, =5,N én, we have

Proof. Note that ¢,; = ¢,; N én. For any x € ¢&,,, let y = H,_1(x). Then let
(y,v), (y,w) be defined as

(y,0) = (Hpa(2), de ,1(0))  and  (y, w) = (Hya (2), de o (0)),

with z € ¢,; C én, v,w € T}. Using the definition of the f-invariant Riemannian
metric wy,, which induces the measure ji invariant under the map (f,df), we

conclude that

Woo [y (v,w) = lim (Hk_l)*wo [y (v, w)

k—o0
- k:h—>Holo “o rHk_l(y) (d?/ch_1<U)= dka_l(w))
15 -1 —1/= —1 1/ —
— klg([)lo(ﬂ() rhglo...ohgl(ac) (dxhk 0...0 hn (U),dl,hk o...0 hn (w))

Since h,;l o...oh,!is an isometry with respect to wy on én and wy is independent
from the base point, we conclude that we, [, (v,w) = wy [, (0, w). Thus, for images

under the map (H,,_1,dH,_1) of sets with base points = € ¢,; C én, the measure
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i1 acts as a uniform measure, preserving the length in the tangent direction. By
utilizing the estimate in Remark and noting that ¢-! acts as translation on

n

G, we have

Tl () < i) < ol () + 2= (7))

Finally, using that ¢, is measure preserving and estimate u(¢n;) > p(éni) >

w(Cny) — Z—fu(fn’l), we conclude that

1 . 35(k, —1) -
Al Anig) = il (Cnig))| < %M(Im)-

n

Analogously to the above estimate, we conclude the other claim. ]

Lemma 6.7. Consider g, : T?> — T? as defined in Proposition with the same
a, and &,. Let K be an interval on r-axzis of the form [%, %] where 1 €
{0,...,a, — 1}. Denote K., = [c,c + 7] x K for some constant ¢, € T' and
v. Let L = [ly,ls] be an interval on the 0 axis. If byA\(K) > 2, then for @ =
T (K N gy (L % K)), it holds

2 2y b, 2
IAMQ) — A(K)A(L)] < E)\(L) + — +YNK) + —AK) + —, (6.23)

where X\ 1s the Lebesque measure of R.

Proof. The proof can be derived directly from [29] Lemma 6.4] by considering the

dimension m = 2. O

Lemma 6.8. Let n > 4, g, be as in Proposition|6.1, and IAM = Ufgo_lfmw € N,
where N, 1s a partial partition of PTM as described by equation . Suppose

the diffeomorphism (®,,,d®,,) : PTM — PTM is (v, 0, €1, £2)-distributing IAW‘ € M

1 50
Qn75< %7

=
in T x [§,1 — 6]. Furthermore, let S, = S, NG, using the good domain G, from

6.14). Fork € {0,... k, — 1}, denote S’nk = S, X Ty, where T}, = [ﬁ, kk—tl}

Then for every pair j, k € {0,1,... k, — 1}, there exists | € {0,1,...,k, — 1}

with v < €1,€9 < % Let S, be a square of side length equal to ﬁ lying
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such that k = (I + j) mod k, and it holds:

i (7ot (T 0 (@0, d420) 7 0 (g0, dga) " (S00)) ) = pFn)a(S,)

68 - . -
S gu(In,l”L(Sn)

Proof. Denote S'n,k =S, x T, with S, = S, N én, where S, is a square of side
length equal to ﬁ lying in T' x [6, 1 —6]. Let Sy = m4(S,) C m(S,) = [s1, 89], S, =

7-(Sp) € m.(S,), where my and 7, are projections on € and r axis, respectively.
For I, = Ufgo_lfml €n, and [ € {0,...,k, — 1}, denote

Jp =1 ( D (L1g)).

Since g, ! acts as a translation on S,,, we have d,g, ' = id for all base points p € S,..

Thus, the following holds using (®,,,d®,,) being (v, §, €1, £2)-distributing:

®,(I,1) N g, (Sn) C [, e +7] % Sr € Ky, (6.24)
(9 Aga) ™M (S X Ti) = g, (Sh) % T (6.25)

Consider the following collection of sets, for S’nﬁ C S, where S'nﬁ C [s1+ 7,8 —

7] % S,
Q=m(Key Mg, (Sn) and Q= m,(Key N6, (Sun)).
Then we have the following containment relation using :
D, (L) T x Q1 C @,(11) N gy (Sn) € Cu(Lny) NT' x Q. (6.26)

Subsequently, we use equation (6.25) to express the following: for any k,j €
{0,...,k, — 1}, there exist a [ € {0,...,k, — 1} such that k = (I + 7) mod k,,

(P, dq)n)(jn,l,j) N (Gn; dgn)A(gn x Tk)
= (Pn(Lns) N g, (Sn)) X (7o ((Pn, dD) (1ng5)) N T1), (6.27)
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where 7, represents the projection to the projective tangent vector, i.e. projection
in the third coordinate. Thus, altogether with (6.26) and (6.27), we have the

following inclusions

<(I)n7 dq)n)<jn,l,j) N (gnv dgn>71(’§n X Tk:) g ((I)Tn dq)n)(ln,l,j> N (Tl X Q X Tk)7
<®n> dén)<jn,l,j> N (Tl X Ql X Tk) g (q)nv dq)n)(jn,l,j> N (gn7 dgn>_1<§n X Tk:)

Subsequently, we can conclude that

‘u (7TM (fn,z,j N (P, dPy,) " 0 (g, dgn)_1<§n,k¢>>) AT = p(Lng)p(Sn)
< max (| (s (Tsy 0 (@, dD,) (T 5 Q x Ti)) )AL — (L) (S,

‘M(T"M (jn,l,j N ((I)m dq)n)_l(’]rl X Q X Tk))))‘(Jl) - :u(jn,l):u(gn)l) (628)

Next we apply Lemma for S/ = S, N G,, where G, is defined by (6.7). In

particular, |u(S,) — u(S,)| < 4e,u(S,). By our choices v < kglqn’5 < %,51 =

g9 < %,K = 7,.(S)), L = m(S"),b, = [nq7],an = k2, e, < %% we have \(L) <

ﬁ,/\(K) < i, and for n > 4 using the condition |(P1)|and [(P3)| we find that

é < ﬁ, kp >n? o = Mk;q;] < -4, and b, A\(K) > 2. Altogether, we obtain

' an nk2 "’

IMQ) = (S,

2 2 L [ngs] 2
< -
B ([nqz]MSw gl g kianST) - 2/<9an(57“> * 2l<;9qn>

4 4 1 9
< (= A(S,) + ——\(S,
- (nqz (S) + nqg - 2k3qn * 2k3 qn (Sr) + n (5r)+ )

13
< — .
= M(Sn)

Using the estimate |14(S,) — p(S,)] < 22 1(S,), we have

IMQ) — (S)| < INMQ) = 1S} + 11(Sy) — (Sa)| + |1(Sw) — u(Sn)]

30  ~
< — .
=7 N(Sn)
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In particular, —24(S,) < M(Q) — u($) < 2u(S,), ie. AQ) < (2 + Du(S,) <
201(Sh)-

Similarly we estimate A(Q;) < 2u(S,) as well as [A(Q1) — u(Sn-)| < %,u(gn).
Since ) and @) are finite unions of disjoint intervals contained within J;, we utilize

the (®,,,d®,)-(v,d,e1, ;) distribution property with J = Q C J;, and we have

‘u (WM (in,l,j A (@, dd,) YT x Q x Tk.)>> A — (L) e(Sn)
< ‘M (WM (in,,,j A (@, dd,) " (T x Q x Tk))) M) — u(in,l)A(Q)‘
+ (L) INQ) — 1(S,)|

< ( ' %) u(Fu)u(S0) (6:29)

Note that (S, ) = (S,

gously we obtain,

O’_)z
|
[\)

2
&)
B
o,

=
§Qz

N

|
=
§Qz
AN
[\
AN
Ino
=

:CQI
o>
(=}
=
?

e (mar (g 0 (@0, d,) 7T % Q1 T0) ) ) AGH) = pFu)n(S5)

< Zu(nS,).

Using estimates from and (6.30) in (6.28), we have

‘ﬂ (WM (fn,l,j N (®,,dd,)"" o (g, dgn)_l(gn,k)>> A = (L) (Sn)

< Zu(n3,).

1-A(J) 100 ~ 4
—n

Finally, using the triangle inequality with A(.J;) > 1—@ > 1 and s S

we conclude

(i (o 01 0 10) 0 5, 000) (50 ) = (5

(mar (Tass 0 (@0, d@,) 7" 0 (g0, dga) ™' (S0) ) ) M) — ) Sh)
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This concludes the claim. O

Remark 6.9. The statement of the above lemma still holds for S’n =5,N én,

where S, is a square with a side length in the range ﬁ to é

Lemma 6.10. Let (f,df) = lim, oo (fn, dfn) and (my)nen be a sequence of natural

numbers satisfying di(fm, fm™) < 2% for all n € N. Furthermore, let v, be a

sequence of partial partitions satisfying U, — € and the following property: For
every 3-dimensional cube A C PTM and for every € € (0, 1], there exists N € N

such that for every n > N, and every I',, € 1, we have

(T O (fo, dfa) 7™ (A)) = W(T)(A)] < ep(Tn) 1(A). (6.31)
Then (f,df) is weakly mizing on PTM.

Proof. The proof can be derived directly from [29] Lemma 6.1, 6.2| by considering

the dimension m = 3. O]

6.6.3 Criterion for smooth weakly mixing diffeomorphism

Here, we prove the criterion for weak mixing on PTM.

Proposition 6.11. (Criterion for weak mizing in smooth setting) Let f, = H, o

Rg,., o H b, defined by and , such that (f,,df,) converges to (f,df)

and satisfies dy(fi, ) < 2% for every n € N. Additionally, we assume that
the sequence (H,)nen satisfies condition|(P1)| and the map g, is as in Proposition

Consider a sequence of partial partitions (1,)nen, defined as in , such
that 1, — €. Additionally, let the partial partition U, be defined as

A~

b= {rw- = (Hy_1,dH, 1) 0 (gu,dga) (Do) L., € ﬁn}, (6.32)
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and suppose that v, — €. Suppose for a sequence (my)nen and diffeomorphisms
®, = ¢, 0 RYm o ¢, " that (,,d®,) : PTM — PTM is (7,0, 1, £2)-distributing
Then (f,df) =

limy, oo (fn, dfn) is weakly mizing with respect to the measure i on PTM.

all partition elements of 0, with v < kgq 0 < 28,51,52 <

Proof. Fixe > 0and fn] = Uz" 1Inl] € 1,. Let S, be a square of side length equal
to i contained in T x [§, 1 — 4]. Using the good domain G, from (6.14), we define
S, =8,NG,. Fork € {0,...,k, — 1}, let S’nk = S, x T}, where T}, = [%, kk—f}
Consider Cpp = (Hy,_1,dHy,_1)(Snx) and Ty = (Hyo1, dHy 1) © (gn, dgn) (Tn1)-
We apply Lemmaand Lemmato conclude that for any j, k € {0, ..., k,—1},

there exists [ € {0,1,...,k, — 1} satisfying k =+ j mod k,, and we have

/]( n,l,j (fnadfn> ( nk))

Tty 0 (B0, 08,) ™ 0 (g0s) ™ (Soa)) + 2 ()
< (14 %) fotunS) + 2o (o)

< (14 %) gontduants) + 2ol i,

< (145 WG + 2uEa(Co)

< (1 + %) (L) (Co ).

Here, we used the inequality w(S,) > (1 — E)M(Sn), which implies for n > 4,

1 35\—1_1 2
e < (1- k%) A ,U(Sn) < 2k7. Similarly, we conclude that

Aoty 0 (Fo ) (Cog)) > (1—@)u<fn,l>a<cn,k>.

n

Altogether, we get

ATty 0 o df) ™ (Co)) = () BCoi)| < DT )R(Co). (6:33)

Furthermore, consider I',; = 220_1 Iy With @(ly, ;) = Zf o a(T,,;), and
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considering ¢, ; with S/ = T? in Lemma we conclude that

_ ~ 35 -
‘”(Fn,j) - ”(In,l)‘ < FM(In,l)' (634>

Additionally, using the fact that for any k, 7 € {0,..., k, —1} there exists a unique
1€{0,1,... &k, — 1} satisfying k =1+ j mod k,, we have

Fn,j N (fna dfn>_mn (Cn,k> - Fn,l,j N (fna dfn>_mn (Cn,k)- (635>

Since C,, C PTM, with C,j, = (H,—1, dHn_l)(S’n,k) of diam(gmk) < %, we can
use condition and conclude that

1

diam(C,, ) < diam((Hyp—1,dH,_1)(Spx)) < — (6.36)

that is, diam(C), ) — 0 as n — oo.

Let {S! | i« € A,} with a finite index set A, be a collection of squares S’ of
side length - contained in T' x [4,1 — d] such that p(Uiea,S;) > 1 —46. Let
Si = 8'NG, and S’;k = S, xTj, with k € {0,...,k, —1}. Considering sets Cirp=
(Hpn-1,dH,1)(Si ;) and index set A, = {(i,k) | i € A, k €{0,... Kk, — 1}}, we

can conclude that
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Thus, ﬂ( (i k)ERn Ct > — 1 as n — oo. Therefore, any cube A C PTM can be
approximated by a ﬁmte disjoint union of sets of the form C,, j: For n sufficiently
large there are sets Ay = U, pecr Oy and Az = U ez Oy, With finite sets C;,
and C? of indices such that Ay C A C Ay and |fi(A) — fi(A;)| < §f(A) for i = 1,2.
Additionally, we choose n large enough such that % < £ holds. It follows, using

-1
estimates (6.33)), (6.34), (6.35), and for n > 4, ( — 2—2) < 2 that:

(L O (foy dfn) 7™ (A)) — (L 5)1(A)

ATy O (frr dfn) 7" (A2)) — BT i) i(A2) 4+ (T ;) ((A2) — fi(A))
(Uf"aanu (fos dfn)_m"(U(i,k)eC%sz,k)) - ﬂ(rn,j)ﬂ(U(i,k)ech;,k)
_|_

gmrn,j)n(m

g(%( ACais 0 (Fs ) (Chp)) = L) E(C )

" )Z A(Ch ) (p(Tnd) = A(D0)) + ST )A(A) + SR ) A(A)
< 3 (D45 utlan(Cin) + ana

(i,k)€C2 n
<y (1 - %)_lmrn,ymwﬂ,w + ST A)

(3,k)eC2 "
<2 (T )(A) + ) (H(A) = A(A)) + SR )A(A)
< GA(Tag)(A) + SRy E(A) + STy ()
<efi(Tn)A(A)

Analogously, we estimate that

AT O (fr dfn) ™" (A)) = (T ) i(A) > —ei(Th3) (A).

Both estimates together yield equation (6.31) required for Lemma m This
implies that (f,df) is weakly mixing with respect to i on the PTM. ]
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6.7 Explicit constructions

6.7.1 Sequence of partial partitions

In this subsection, we define three sequences of partial partitions {7, }nen, {Ga fnen
and {7, }nen of the 2-torus. For each n € N, the partial partition (, is a refined
partition of the partial partition 7),, and the partition elements of 7,, are unions of
the partition elements of (,,. We define these sequences of partial partitions using
the sequences {k;, }nen and {q, }nen of rapidly growing natural numbers satisfying
(P1)[ (P4)

6.7.1.1 Partial partition 7,

Consider the following collection of multidimensional intervals in following form:

. 1 1 1
oz — | 20 L T2 L) S
0 2q,  2knq,  2kSq,  An°kl%q, 2q,  2knq,  2KkSq,  4nSklSq,
Vo 1 Vo + 1 1
% lﬁ T oImPE1s’ k5 2n5k15] ’ (6.37)

where ug € {0,1,...,2¢, — 1}, vy €{0,1..., k, — 1} and vg,us € {1,..., k> —2}.

Denote by 7,, the collection of such intervals igoo’uw of T2

Remark 6.12. Note that 7, is a partial partition of T?. For every n € N, 1,
4

consists of disjoint sets, covers a set of measure at least (1 - k%) >1- k% and

for I € n,, diam(I) < V2 0asn — oo Hence, (1,)nen converges to the

5
kn

decomposition into points.

6.7.1.2 Partial partition ¢,

Consider the following collection of multidimensional intervals in the given form:

Ug Ui U9 Uus Uy 1
uo,U1,u2,U3,U4 __ + + + —+ —+ ,
o 200 2knGn  2K3gn o 2K'an  2K)0qn - ANORZOqn
Up Uy Us U3 us + 1 1

2¢, * 2knqn * 2kS qn * 2kllg, ' 2klSq,  4nSk2q,
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Vo (% Vo 1 Vo U1 Vg + 1 1
— — — 6.38
k3 i 2k11q, * 2k16q, i 4ndk26q, " kB i 2k11q, * 2k16q,  4An®k26q, |’ (6.38)

where ug € {0,1,...,2¢,—1}, us € {0,1..., k,—1}, vo, vo, ug, uz, ug € {1,... k>—

n

2}, and vy € {2qy, ..., 2k8q, — 2g, — 1}. Let ¢, be the collection of such intervals

Uo,U1,U2,u3,U4
v0,v1,V2

Remark 6.13. Note that ¢, is a partial partition of T?. For every n €N, ¢

consists of disjoint sets, covers a set of measure at least <1 — k%) > 1 - %

n

and for I € (,, diam(/) < k}g,[ — 0 as n — 0o. Thus, ((,)nen converges to the
decomposition into points. We will use the sequence ((,)nen in section to verify
that the assumptions of our criterion in Proposition for the existence of a f-

invariant measurable Riemannian metric are satisfied in our explicit constructions.

Remark 6.14. Note that (, is a refined partition of 7, where each element
fﬁoo’“lm € 1), is covered by some union of elements ["0:U1u2us.te < (C with a

0,V1,V2
_ 8 Juo,u1,u2
measure of at least (1 k%> (13 ),

2k8 g —2gn—1 kD —2

U U [30071)111;)1;2,113,114 C Iuo,u1,u2 (639)
b b

v1=2qn us,ug,v2=1
6.7.1.3 Partial partition 7,

This collection will be useful in defining a partial partition of the space PTM
and referring to it as the “good domain” in our explicit construction. Denote 7, be

collection of the following elements for ug € {0,...,2¢,—1} and vy € {1,...,k>—2}

as
kp—1 k5 —22k8gn—2qn—1 k22
RV e VI VAR V=
u1=0 2=1  v1=2qn  us,uq,v2=1

Remark 6.15. Note that for each element fgg’ul, we have ﬁ( — ;—S) <

25

Tuo,u 1 ~ .
p(Itow) < T and 7, covers a set with a measure of at least — i

This verify the partial partition 7, satisfies the properties in [(D2)| and |(D3)|
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Furthermore, according to Remark |6.14] we have f“o’ul - USJ} ]ff(;) M2 and
kp, Uo,UL,U2 uoﬂu _ 8 k2 =2 Fuo,ui,uz
M Uu2 1 ]v A I > |1 k) M U =1 Ivo :

Remark 6.16. Furthermore, with ¢, > 2k°¢? in|(P4)| and using the definition

of the sequence of partial partitions {7, }nen, where each In+1 € 7py1 is a refined

partition element of I,, € 7,,, we can verify property |(D5)

6.7.2 Smooth conjugation maps ¢,
6.7.2.1 The conjugation map ¢,

In [35] section 2.1] the smooth area-preserving diffeomorphism &A@ pes on T [0, 1]
satisfying the subsequent properties is constructed and referred to as the “inner
rotation of type A”. With minor to no modifications, the proposition holds for the
case of [0, 1]%.

Proposition 6.17. Let €,¢5 € (0, ;11) and A\, it € N. Then there is a smooth area-
preserving diffeomorphism Gxc e, : [0,1]* = [0,1)? such that

1. Grepe, coincides with the identity on [0,1%\[,1 — ¢]?;
2 Grenes (14 5.9) = Srcnaa w,y) for all (z.y) € [ £, 52) x [0.1], 1 € 2.

3. Letty € Z, [2ep] <ty < p— [2ep] — 1, Jus| < &9, and uy € (2¢,3) be of the
form % with t1 € Z. Then we have

& U 1—u1 % tg—f—UQ tg-f-l—Ug
AE,1h,E2 )\ ) )\ 1 9 L

_[1 to+1—uy 1 to + us

4. Orepes aCts as isometry on each cuboid

[t1+2€2 t1+1—2€2] % [t2+2€2 t2+1—2€2]
A A po ft ’

where t; € Z, [2epu] <t; < p— [2epn] —1 fori=1,2;
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a t/ .
. \ I I 3 3 2 1
|k |\ Lo L
S 1 b \ L
A -
1 - k—k /2 . c I\ ﬁ
NA \/
d d
(a) (b)

FIGURE 6.1: An example of the action 4,, within the T? transform on the fundamental
domains is shown in (a) and (b).

5' H‘¢)\7€7M752

< c- AN'u" where ¢ is a constant independent of \ and .

In our explicit construction, we choose the parameters as follows to define gzgn .
[0,1]* = [0,1]* by

On = Gotrg, (6.41)

1 k5 1 .
2kD "M 4n 510

Remark 6.18. The action of the map q;n on the elements of the partial partitions
¢, and 1, can be described by

Gu(I0v1) = Lgokaot, (6.42)
Gn(Ityists) = Tuouimvo-tusts, (6.43)

6.7.2.2 The conjugation map i,

Within this subsection, we introduce what we refer to as the “inner rotations of type
B”. These rotations will play a crucial role in establishing the weak mixing property
for the projectivized derivative extension. Specifically, we will use distinct rotation
angles applied to specific regions, which allow us to analyze the distribution of

elements in the tangent direction effectively.
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Proposition 6.19. Let b, = 2k,q,,a, = Qk,lblqn,cn = ki,en =

1

5B RLT ¢ There is a
n

smooth measure-preserving diffeomorphsim i, : [0,1]*> — [0, 1]? such that

1.

2.

/.

5.

in, coincides with the identity on [0,1)*\[e,, 1 — €,]%.

u u—l—l]

an’ an

[v v+1

an’ an

FEach square of form [ ] with u,v € 7Z 1is mapped onto
itself by 1, and i,, coincides with the identity on an Z_Z_ neighbourhood of its

boundary.

A u s142en 1 u s1+1—2e, Vv s242en V. so+1—2¢e,
For set {bn—kan—k—an% =+ —|——}><[ + + ]7

bn an anCn Qn ancCn ' an anCn
a
where 1,82 € Z, 1 < 51,80 < ¢, =2, u € {0,..., =1}, ve€{0,...,a,— 1},
in 18 a composition of a translation and a rotation by (3, where By = & with
n

s =1 mod k,.

in <x+ qﬂ,y) = iy(z,y) for all (z,y) € [i ’il) x [0,1], p € Z.

n n’ qn

/
n,kn,r

Winlll, < € p, - ap" where the constant c is independent of qy,.

Proof. Similar to [35, Lemma 2.3|, there exist such a measure preserving diffeo-

morphism, ¢, : [0,1]* = [0,1>,c € N,e € (0, =] and 3 € [0, 7], is constructed

with the aid of Moser’s trick which satisfies following properties:

e t.. 5 coincides with the identity on [0, 1]*\[e,1 — £]%.

o On every square [¥i2e vil=2e] 5 [kd2e ktl=2] with | < v,k < ¢ — 2 the

C C C C

map .. g is equal to a composition of a translation and a rotation by arc 3

around the centre.

Define the map 1, cc 5 : [0 1}2 — [0, %}2 by Yocep = D;to Yeep 0 Dgy, where the

’a

dilation map D, : [0, ﬂz — [0,1)? defined by D,(6,7) = (a-6,a-r) for a € N.

Since it coincide with the identity in a neighbourhood of the boundary, we can

extend it to a smooth diffeomorphism on [0, 1]* equivariantly by the description

a2 ay a2

Vace.s (9 + % r -+ —) = <—, E) + Vaee,5(0,7),

a a

for ai,as € N.
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In our concrete construction, we define 7,, by

in - ¢an,cn,€n,6u (644>

_1
25k 10

tion domain, specifically within the context of the given domain: On domain

é + 2 Ly Z—J;l} x [0,1], for all u € {0, ..., 3= — 1}, choose the value of 5, = 4~

an? bn = kn

where s = mod k,. Moreover, the map 1., ., g, defines the rotation by the arcs

where a, = 2kMq,,c, = k3, ¢, = and the value of §; varies with the func-

and it depends on the parameter k,, but remains independent of ¢,,. Therefore, the

norm of the map ¢, defined by i, = D;nl 0 Ve, en.p, © Da,, can be estimated as

linll, < @™ e enall, < gt

/

where ¢;, ;.

is a constant depending upon n, k,,, and r, but independent of ¢,. [

Remark 6.20. Compared to the analogous construction in [35] Proposition 2.2],
our choice of the distinct rotation angles, denoted as f3;, has a different dependence

on the specific domain. For illustration of the map i,,, we refer to Figure

Remark 6.21. The action of the map i, on the elements of the partial partitions
Cn and 7, can be described as the composition of a rotation by an angle =% and

a translation, such that:

(o) = o, (6.49)
i (Lp0 sty C oz, (6.46)

where [j0thzusts € (,and 02 € 1,

6.7.2.3 The conjugation map ¢,

We define the final conjugation map ¢, : [0,1]> — [0,1]?, for ug = 0,1,...,q, — 1 :

inod, on [%,%}x[o,u,

2uo+1 2up+42
Id on [2(21—:72(21—:} X [0,1],
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ooojlooo|loon EEE|(sese 000
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Y
~

FIGURE 6.2: An example of the action of ¢, transforming from (a) to (b) on the
fundamental domain within T2.

where the map ¢~>n and 1, is defined by 1} and li respectively.

Remark 6.22. Note that the map ¢,, is a smooth area-preserving diffeomorphism
on the 2-torus, given that both the maps q;n and 7,, act as identities in a neighbor-
hood of the boundary of [0,1]?. Consequently, ¢, is a well-defined Hamiltonian
diffeomorphisms on the torus by Lemma For illustration of the map ¢,, we

refer to Figure

6.8 Convergence of sequences < f, >,ey in the

smooth topology

The following two lemmas follow from Lemmas 3 and 4 in [20] with minor to no

modifications; hence, we skip the proofs for brevity.

Lemma 6.23 (|20, Lemma 3|). Let » € N. For all o, € R and all h €
Diff>°(T?, ), we have the estimate

d, (hSah™ hS5h™) < Crmasc{Ihll,,y. [, o — 5.

where C,. is a constant that depends only on r.
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Lemma 6.24 ([20] Lemma 4|). For any ¢ > 0, let r, be a sequence of natural

numbers satisfying > Ti < €. Suppose for any Liouville number o that there
n=1 "

exists a sequence of rationals {an} satisfying

1
< 7’L+l A Tn4+1 ’
240 Cr, || Hon

Tn4+1

(6.48)

o — ay|

where C’rn 15 the same constant as in Lemma|6.23, Then the sequence of diffeomor-
phisms f, = H, o R o H ' converges to f € Diff(T?, i) in the C™ topology.

Moreover, for any m < q,.1, we have

On+1

1 1
do(f™, f') < s and sup d((fu, dfn)" (), (f,df)"(2)) < 5mg- (649)

Lemma 6.25. For any r, € N, the conjugation diffeomorphisms constructed in
Sectz’ons and satisfy the following statements:

LAl < Cnpnrn - q?fi, where ¢k, r, 15 constant independent of qy,.
2. [[Hulll,, < Cnnrn - q?f:l‘, where ¢y, . 15 constant independent of qy.

3. For o Liouville, there exists a sequence of rational {ou, tnen satisfying (6.48)
and|(P1)}(P4)

Proof. Using Lemmaand the norm estimates of conjugation maps ¢, and g,,
defined in Proposition and we have estimate:

Tn Tn
I7nlly, < Mgalllsy - lienll

~ r2 S [|Tn m 2r3
< e G il ||| < enr - a2

Tn

On

Similarly, [[Hll,, = [1Hoor © hll,, < 1ot 72 - [el2. Since all order deriva-
tives of H,,_; are independent of ¢,, we can conclude that || H, ||, < éux,r, -qffﬁ.

For a being a Liouville, we can choose a sequence of rationals «a,, = 5—: (with p,, ¢
relatively prime) that satisfy the following property, along with [(P1)

1 1

S x
U g G g

o — | <

1 A~
2n+ ’ /r.n ’ C?’L,knﬂ"n
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where C’rn is constant depends only on 7. O]

Remark 6.26. Finally, we have proven the estimate on the norms of the conjuga-
tion map H,, as shown in [19]. Additionally, the existence of rationals satisfying
guarantees the convergence of the sequence f,, to f € Diff>(T?, ), as stated
in Lemma

6.9 Existence of an invariant Riemannian metric

Next, we show that our conjugation maps h, and h,, fulfill the requirements of
Proposition

Lemma 6.27. Let I, € (,, defined as in section[0.71 The maps h, defined by
, satisfy the following for all I, € ,: devr, (h,) = 0;

Proof. For the first statement, it is sufficient to show that h,, acts as an isometry

with respect to wy for all 111“003}1‘11;22’“3’“4 € (,.- In our explicit construction, the

map ¢, is defined by (6.47 . If ug is odd, it acts as the identity and, hence, as

an isometry. If ug is even, ¢, acts as i, o ¢, on Lo gtezusta, In Proposition

, equation 1 , and Remarkm the mapping behavior of ggn is explicitly

discussed, and it acts as an isometry on I;;0;'1;"2:%3%4 as follows:

V0,01,V
& ( UO7U17U27U3,U4) _ TuosuLk)—vo— Lug,us
V0,V1,02 u2,v1,v2

In Proposition [6.19 m the second property defines the map 4, as a composition

ug,u1,kd —vo—1,u3,u4

of a translation and some rotation on such sets Iy, v, vs" . In particular,

y ) ,k57 717 ) 5 ,kgf —1 . o .

i (L 07Dy o PIOULER =078 The map g, as deﬁned in Proposition |6.1
; ; UQ,UT ,U2,U3 U Fuo,ut,ky—vo—1

acts as a translation on the image set @, ([;0L2"34) C I, . Altogether,

we conclude the first statement. O

Remark 6.28. Note that h, acts as an isometry on the sets [U0:%1:42:43:44 " gnd

V0,V1,02

the union of these elements defines 7, as described in subsection |6.7.1.3] This
construction verifies the property |(D1)
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Remark 6.29. By Lemmal6.27|we can choose 9,, = 0 for all n € N when applying
Propositionfor our sequence ( f,,)nen of C* diffeomorphisms defined as in (6.1)).
Thus, the limit diffeomorphism f = lim,,_, f, admits an invariant measurable

Riemannian metric.

6.10 Proof of weak mixing of the derivative exten-
sion
6.10.1 Choice of partial partition of PTM

Consider the 3-dimensional elements in PTM for I = Uﬁ’l‘;éf W€ 1)y, by 1)
and j €{0,...,k, — 1} as

kn—1 . .
) ) w1 1
fgung = 1% x Ty = | (T2 x T3), where T; = [kijlj 1 .
w1=0 n n

Denote the following collection of elements to form a partial partition of PTM by

A

i = {Juom D up € {0, 2g— 1w € {1,... k5 —2},j € {0,...,kn—1}}.
(6.50)

Remark 6.30. Note that 7, is a partial partition of PTM. For every n € N,

2
N, consists of disjoint sets, covers a set of measure at least ( — z—§> >1-— ;3—2.
n

For I € 17, it is a finite union of elements of the form [;0;:t:u2:43:%4 % T and

v0,v1,V2

every element has diam(/j0 1 u2ust 5 Th) < }C/—f — 0 as n — oo. Thus, the

V0,v1,V2

decomposition (7, )en converges to a decomposition into points.

6.10.2 Choice of mixing sequence m,,

We consider

nrn 1 n
o BPrtt ‘Sq}

qn+1 2

my, =min < m < gp41 | inf
kEZ
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and

as defined in [19] for the torus case. Under the growth assumption ¢, > 2k!?¢?

1
we obtain |a,| < —— q - < g

Remark 6.31. Since the action of Ry"*! acts as a translation in the ¢ direction
by the factor m,1a,.1, its action is trivial in the tangent direction. Hence, the
condition a,, < ﬁ holds for the ‘good domains’ of the partial partitions 7, and

Mn such that

m uo,u1,U u ul,u 1
(Ran+1<[ 0,U1, 2)A[ o+1,u1, 2) < |an| < 2k12
1
M, uQ,U uo+1,u
(Ra +1(I ) 1)AI ) 1) < |a”| — 2k12qn'

6.10.3 Action of (®,,dd,)

Note that I“O’ul C Uu2 1 1“07”1’“2 with 1“07“17“2 € n, belongs to the “good do-
main” of the conjugation map ¢, by (6.39) and (6.40). Therefore, we can describe

the mapping behaviour of the projectivized derivative extension (¢,,d¢,) on the

elements juo,vo,j € 1), explicitly.

Lemma 6.32. For any 1:3(?“1 x T; C PTM, where ug is even and fg()m“l is defined
by , the following holds:

1. ¢n<1u0’u1) C Uk —2 u07u17k5 0—17 and qb (Iuo’u1> C U [uo,ul,vo

U= 1 ug=1 k5—u2 1

(¢n,d¢n)(1“0’“1 x T;) C Uk5 2 uo’ul’k5 ol T, where k = uy +7 mod k,.

U= 1
Moreover,
k> —2 8
S ot kB — v —
u<7TM <(¢n,d¢n)(fv0°’ b X TJ)A< J Lzt x Tk))) = kllg,”
uz=1 non

(6.51)

3. (¢, don)” (Iuo’ul xTj) C Uk;f I,jjg’“l’“(’ X Ty, where k' = —uy +7 mod k.
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Moreover,
k:,i—2 N
uo=1 n 4n

-2 kD —vg—1
[ouvin vt o 2.

In particular, an element I w741 is mapped to a region Uu2 1

which has almost full Vertlcal length, and the jth tangent interval Tj is translated
to the kth tangent interval Ty, where k = u;+j mod k,, under the map (¢, d¢,).

Proof. In our explicit construction ¢, defined by (6.47)), if ug is even, ¢, acts as

ip O (5” on f;‘(?“l In Proposition [6.17] and Remark |6.18| the mapping behaviour

of <;~5n is discussed explicitly. We also note that dpgzgn = id for any base point

p € Lot Therefore we conclude

k> —22Kk8qn—2gn—1 k2 —2

Gundatyn xTy= U U U st

2=1 v1=2qn u3,uUq,v2=1

In Proposition [6.19] the third property defines the map i, as a composition of a

ug,u1,k2 —vg—1,u3,u cle
on Iy wr 0 0" Additionally, the second

statement in Proposition |6.19|establishes that the image of Iﬁ;’ﬁf,’vk; Tromlus e for

o . . ugyun kB —vo—1
all us,ve,vq € Z, under 1, is contained in [y "

translation and a rotation by “-*

. Consequently, we obtain

the following containment:

k> —22Kk8qn—2gn—1 k2 —2

u0,u1,k) —vo—1,u3,u4
(i, dis) (U U pomsioeis XT)
=1 v1=2qn u3,uq,v2=1
k2 —2
U IU07ul7k —vo—1 Ty,

us=1

where k = j + u; mod k,,. This implies the first statement and the first part of
the second statement of the lemma.
Together with (6.40)), the first statement of the lemma, Remark|6.15] and the fact
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that the map ¢,, is measure-preserving, we get

k> —2 k2 —2
Fug,u1,k> —vg— TUQ,U Fug,u1,k® —vg— TUO,U
u( (U mms Wz ) < U fmstoo) = (o))
uz=1 us=1
8
S 11 :
kntan

Moreover, using the first part of second statement of the lemma, we have

k2 —2

“(”M<<¢n=d¢n>(f£‘£’“l x Tj)ﬂ( U gkt x T>>>

uo=1

kS —2 ]
< N(( U [Vggﬂl,k%—vo—l) \an IUOM ) < kﬂq .
us=1 n

Analogously, we examine the effect of ¢, ', which is defined by (;5 Loi-! on I s
for an even value of uy. With Proposition|6.19| we conclude

k> —2 2k8 gn—2gn—1 k3 —2 k> —2

; A UQ,UT,U2,U3,Ug TU0,U1,U2
Ut (UT U s € U e <3

uz=1 v1=2qn  u3,uq,v2=1 uz=1

where ¥ = —u; +7 mod k,. Considering Remark |6.18] which discusses the action
of ¢, on the elements f;ﬁ”“l’“? € 1y, and in addition to the fact that dpqg; L =id

for any base point p € fﬁg’“l’“% we conclude

k> —2 k> —2
(> dn)™ ( U Lo x Tk') - U ]gg’u;;vol X Ty
ug=1 ug=1
Altogether, this yields the third statement as
k> —2
(Gnr ddn) ™" 0 (i, i) (L0 x T) € | L9, x T
u2=1

Similar to the proof of estimate (6.51), we obtain the estimate (6.52). O
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Remark 6.33. Note that the partial partition 7, defined in section sat-
isfies the required property for the partial partition 7, of PTM in sec-
tion m Specifically, with our explicit partition of 7,, we have fn,l = jg()mm
and [Aw = |l e Tj, for ug € {0,...,q, — 1},v0 € {1,... k> — 2},

u1=0 “vo
and uy,j € {0,...,k, — 1}. Since the map g, ', defined in Proposition acts
as a translation in the horizontal direction on each 1:3007“1 by [”(2#, we have

gy L(Ttom) = 14" for some up and u.
Furthermore, applying ¢, to these elements and using the first statement of

Lemma [6.32} we obtain
hﬂ(fgg,ul) _ %1 o ggl(fgoo,ul) c Uk272]‘—’u6,u’1,v0

n uz=1 k%*ﬂ272,

with the estimate

~ —9 il v 16 -~
plh (L) DUGZTE ) < (o). (6.53)

n ug=1 k%*’lLQ*Q

Along with Remark |6.14] which states that each Uﬁ’z;f I :56_12211_02 is almost covered

by the elements I;,0 € 7),, let

k3 —2 ke —1
A _ 7ao,a1 Fug,ul,v0 | Fao ~  Tap __ 7ao,a1
Ay =21 C I 0 e [0 = I
7o by = kg —ug—2 * by < Tl Lpg bo
0 us=1 a1=0

be a collection of such sets, and the following estimate holds:

k=2 . vo Fagary o« 160 mu
M(UU2:11kg—ug—2A[UiZ§7alEZ\JL/ o ]bo ]) S EI’L(IUOO 1)'
Iv(())7 L n

Furthermore, by applying the triangle inequality with equation (6.53), we can
derive the following estimation:

—1/Fup.u Fag,a1 32 TUQ,U
pu(hy (Lo I)A[Ufl‘fg’“le[xf%’u& Ly™]) = gz (L),

v n

which verifies the property|(D4)|for the elements of 7,.
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Lemma 6.34. Consider the map ®,, = ¢, o R™ o ¢-1. The map (®,,dd,) is

An41

(v, 9, €1, €2)-distributing the elements I, j € T in the sense of Definition |6.10)

0,V0

: 1 1 _ _ 1
'LUZth’)/:m,ézg,gl—é‘g—ﬁ.

kn—1
u1=0

of up to understand the action of (®,,,d®,). If ug is even, we apply Lemmam
If wg is odd, we use the fact that the maps (¢,,d¢,) act as the identity inside the
“good domains" and Remark

Case 1: If ug is even, we have for each fixed u; € {0,..., &k, — 1},

Proof. For any I v,; = Uy, Zo ;0" xTj € 7),,, we consider two cases for the values

(@, dPy,) (1" x T)

= (¢, ddn) © (Rayys ARy )™ 0 (G, dpn) ™" (fﬁoo’ul X TJ>

k> —2
C (Cbn, d¢n) © (Roén+17 dRanJrl)mn ( U j:gf;f_ol X Tk’>>
us=1
where ¥ = —u; +j mod k,. Using the Remark and Lemma and the
fact that (¢,,d¢,) acts as the identity in the domain (Uﬁé;f f;‘soiri’z“j’lvo X Ty), we

can conclude

k> —2
(@, dD,) (L0 x Ty ] BEE0 x Ty #0,
us=1
and the following estimate
k5 —2 9
(g B A (B < 1) ) < o
ug=1 n An

Case 2: If ug is odd, we have for each fixed u; € {0,...,k, — 1},

(@, dP,) (L™ % Tj)
— <¢na d¢n) o (Ran+17 dRan+1)mn % (¢n7 d¢n)_1<jgoo’U1 X j—’])
- <¢n’ d¢n) o (Ran+17 dRan-‘rl)mn ([Ngoo’UI X 71])
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Similar to Case 1, using Remark and Lemma [6.32] we have

k5 —2
(@, d®,) (L0 x Ty) () [ Tuet ka0 5 Ty, 4 0,
us=1
and the following estimate
kS —2 9
TUQ,U Fuo+1,u1,k2 —v
(o (@ g T <)o mrmsiontm) ) ) < g
Ug=

where £ = u; +j mod k,.

Note that the # widths of the sets (Uﬁ’z;f f320+1’u1’k’5’_vo_1) and (U - I,jg*i:lf())

are at most le (1— %) Consequently, both cases imply that the set q)n(lﬁgvul),

for all u; € {0,...,k, — 1}, is contained within a set whose # width is at most
%éqn — 2,{;71111% + k};fqn. Hence, we can choose v = @.
Furthermore, note that u(lz})‘g’ul) > Qk:éq ( — ;—?) The transformation &,, is

measure-preserving, and q)n(fﬁooul) has 6 width of at most %éqn (1 + ,;%), ie.

=01 1 4
Ao Tz) < g (145).

This implies that A (m (q;n(jgoo,m)» > < k5) allowing us to choose ¢ =
Denote J,, = T, (@n(j;foo,ul))’ (]731 — WT(Uk -2 ]uo+1 Ju1,kB —vo— 1) and

uz=1

kn’

kD —2
up v7,L0—|—1,’LL1,]€5 —vo—1 _ vuo—l—l,ul,ks —vo—1
A0 = Tlg U [u2 n —7T9<Iu2 n )

ug=1

Ly kS —vo—1
Thus we can express Uu2 A T LR

Analogous to Cases 1 and 2, using Lemma and Remark|6.33} we obtain the
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following estimate:

k5 —2 9 36 k5 —2
TUQ, Ul u0+1,u1,k5—vo—1 u0+1 uy, k5 o—vo—1
p| ey U Lyt < S| U ’
ug=1 kn In k” us=1

(6.54)

for any J C J;,, N Ju,, we can conclude that

(1 _ %) AAGIACT) < (@, (1200) 1 (T % J)) < (1 + 26) AN

Equation (6.54) also yields

k> —2
‘)\(Agl))\(Jul) — /L((I) [UO u1 ‘ = |p ( ]uo-l-l up,kd—vo—1 | M((I)n(fgoo,ul))
uz=1
k" 2
[“0 U1 A U ]u0+1 u1k —vp—1
ug=1
9

< g, S i) (659

For the last inequality, we used 2k6 (1-2)< u(iﬁoovul) that yields e uo wry <
n 1)0

2k8q, (1 — E) < 4kSq,

Using the triangle mequahty with the estimates in - ) and (6.55 -, we obtain

(@ (L) O (T 5 T)ACuy) = AL

< M) (@i (L) 0 (T % J)) = MT)A(AG)|

+AMDAAFIM ) = (@ (L))
36

u 36 7 TUuQ, U1
< EAINATIN ) + SN
108 = = .
< TENDul™)
1 -
< <ALy ™)
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Thus, we can choose €; = %

Next, we show that (®,,,d®,) distributes qu,UO,j = UZ’I;(I)]N;‘OO’UI x T; € 1), in the
tangent direction in the sense of Definition m For any j,k € {0,..., k, — 1},
there exist a unique u; € {0,...,k, — 1} satisfying k& = u; + 7 mod k,, and

J C Juy = m(®, (1)) such that
(©,,,dD,,) (12" x Tj) N (T x J x T) # 0,
and building on (6.55) we get the following estimate

| (WM ([Nﬁf’ul x Ty N (®,,,dd,) (T x J x Tk)>> A ) = AT p(L2om)]

1 T TUQ,U

< AT,

which allows us to choose g9 = %

Altogether, this shows that (®,,,d®,,) is (m, é, %, n%)—distributing every ele-
ment [y v,5 € Tn- O
Lemma 6.35. Consider a sequence of partial partitions (f,)nen and (7p)nen of
the form as described in (6.50) and (6.40), respectively, and the diffeomorphism g,
from Pmposition Furthermore, let (H,)nen be a sequence of smooth measure-
preserving diffeomorphism satisfying the condition|(P1). Consider the partial par-

tittons

A A

ﬁn - {Fuo,vo,j = (Hn—h dHn—l) o (gn7 dgn>(]u0,vo,j) : Iuo,vo,j € ﬁn} (656)

Then v, — €.

Proof. By construction 7, is a partial partition of PTM and 7, — €, i.e. for every

n € N, 1, consists of countable disjoint sets and covers a set of almost full measure,

lim ﬂ U juo,vo,j = 17

n—00 g
(u0,v0,J)EAR

where A,, denotes the set of permissible indices in (6.50). By definition, an element
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Lo, € 7 i8 of the form I, 0 ; = Ukn 23 Tuow 5 T,
Denote I'yy vy = Uﬁl_érﬁgvfl and 07" = (H,_1,dH,_1) o (gn» dgn) (IH01 x T7).

Using the estimates in Lemma[6.6] we can build on Remark to conclude that

the collection of elements I ., ; € 7, covers a set of almost full measure:

hmﬂ( U Fum%’j)
n—oo
u0,0,J €A

kn—1

—lim > S ((Har dHa1) o (g0, dga) (T X T)))

ug,v0,j€An u1=0

u0,v0,J EAn u1=0

zgﬁ%—)(U ﬁ”ﬂ

u07v07.7€An u1=0

: 35 25 80
2 (1-30) (125 = i (1 32

Further note that, in Proposition the map g,, acts as the translation in the 6-

direction on T" x [Z£25n JH=22n] by g factor [ngg]- ;- and its action is trivial in the

n

tangent direction. Since I WM C G, it follows that each gn(fﬁoo’ul) is contained in

a rectangle of § width 2k:6 + "q” and helght . Hence, for o < 0.5, and using the
fact that dg, acts as the 1dent1ty function on the spherical coordinates with base
points = € G, (see ), we have diam((gn,dgn)(f;‘(?’“l xT;)) < % Combining
this with condition we can conclude that

1

diam ((Hn_l, dH,_1) © (g, dga) (12 x :Q)) <=

Therefore, diam(I'07") — 0 for all I € D, as n — oo and consequently

U, — €. [



131

6.11 Application of the criterion for weak mixing

Proof of Theorem[1.6} For any Liouville number o € R we can consider a sequence
of diffeomorphisms f,, constructed by equations (6.1) and (6.2)) with explicit con-
jugation maps as in Section [6.4.1|and [6.7.2] Lemma |6.24|and |6.25| guarantee the

convergence of the sequence (f,)nen to a limit diffeomorphism f € A,(T?) and
the proximity condition d;(f,, f) < 5= for all n € N.

To establish the weak mixing property of the limiting map (f, df) with respect
to the invariant measure i1 we will apply Proposition We consider the se-
quence of the decomposition 7, and 7, and the associated natural numbers (m,,)
as described in equations , , and Section (6.10.2), respectively. Note
that 7, — € by Remark , Nn — € by Lemma and the diffeomorphism
(P,,dd,) is (Zk;ﬁ;qn’ é, %, 73—5)—distributing every I,, € ), as verified Lemmal|6.34

Hence, all the conditions of Proposition are satisfied and, consequentially,

the map (f,df) is weakly mixing with respect to the measures fi. Similarly, em-
ploying the same combinatorics and the construction of conjugation maps with
minor modifications, we can replicate the same construction for any other com-
pact two-dimensional connected manifold M admitting a nontrivial circle action.

For more details, we refer to [19] Section 2.4]|. O
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Analytic Weak Mixing Projectivized

Derivative Extension

7.1 Introduction

In this chapter, we delve into the extreme ergodic properties of the projectivized
derivative extension, with a focus on weak mixing. We explore this aspect in the
analytic category using the Approximation by Conjugation method. We present
an example of an analytic diffeomorphism whose projectivized derivative extension
exhibits weak mixing with respect to a invariant smooth measure. For the torus
case, we explore an analytic approximation technique that allows us to closely ap-
proximate an analytic diffeomorphism to a smooth diffeomorphism. Additionally,
we extend the smooth weak mixing criterion for the projectivized derivative ex-

tension to the analytic setting. To demonstrate the weak mixing property of the
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projectivized derivative extension, we provide a suitable distribution of elements
under the explicit choice of conjugation maps and the approximation techniques

that meet the necessary requirements of the criterion. In particular, we prove
Theorem [1.7]

7.2 Outline of the proof

We employ a similar approach to the smooth construction outlined in Chapter
6] for weak mixing in the projectivized derivative extension, along with an an-
alytic approximation result. We consider a sequence of partial partitions (, of
2-torus converging to a point decomposition. For the analytic constructions, we
utilize a close approximation of an analytic diffeomorphism to a smooth diffeomor-
phism by employing the approximation technique outlined in Sections[7.3]and[7.8]
Compared to [33], this approximation method is tailored for Hamiltonian diffeo-
morphisms and enables the breakdown of a smooth Hamiltonian diffeomorphism
into a finite series of one-dimensional linear flows, each closely approximated by
analytic flows. These approach ensure a precise level of approximation.

Additionally, we introduce the conjugation map hy, = Jn © (ﬁn, where g, and (ﬁn
represent the analytic diffeomorphisms obtained by applying analytic approxima-
tions to the smooth maps g, and ¢, defined in chapter [6] respectively. This map
acts as an “almost isometry” on the elements within I € (,, thereby establishing
the existence of an invariant measurable Riemannian metric on PTM, as discussed
in Section following a similar concept as described in |[33].

Subsequently, we demonstrate the convergence of the scheme fn in the analytic
topology, and modifications are made to adapt the weak mixing criterion for the
analytic projectivized derivative extension, as detailed in Sections and
respectively. Finally, we apply the weak mixing criterion in Sectionfor analytic

construction.
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7.3 Analytic AbC scheme

On the torus T? we execute an approximation by conjugation method in the ana-

lytic category, where at step n in the inductive construction process we consider

~

fn:HnoRanHoﬁ;l, where ﬁn:ﬁlo...ohn, (7.1)

with conjugation maps
Py = G © . (7.2)
This time, we choose the sequence o, = Z :ﬁ =, + m with parameters

kn, L, satisfying the conditions as defined in Section

Our conjugation maps ggn and g, are real analytic diffeomorphisms that com-
mute with R,, and admit entire complexifications of their lifts of the torus. These
maps closely resemble the combinatorial behavior of the conjugation maps ¢,, and
gn in the smooth case. To establish the existence of such analytic conjugation
maps qgn and g,, we can use the following approximation result in Theorem
It builds on the analytic approximation theorem presented in [7, Theorem 1.8|
for the annulus. Here, we derive analogous analytic approximation results for the
2-torus. Its proof is presented in the Section[7.8]

Theorem 7.1 (Analytic Approximation Result). For any € > 0 and any smooth
hamiltonian diffeomorphism h € Ham™(T?, i), there exists a real analytic map
h e Ham? (T2, p) such that dT(h,ﬁ [12) < € for all v € N, and the map e
Ham? (T2, ).

Corollary 7.2. Let € > 0 and h € Ham™(T?, ) be (%,O)-pem’odic. Then there
ewists (,0)-periodic h e Ham® (T2, 1) such that h™' € Ham® (T2, 1) and the
following properties hold:

1. dp(h, hlp) < € forr=1,2;

2. sup,cpz d((h, dh) (), (h |12, dR)(z)) < e.

Proof of Corollary[7.2 Since h € Ham™(T?, u) is (%,0)—periodic, there exists a
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Z2-periodic map h = (hy, hy) € Ham™ (T2, i) such that

1. : 1
h <x+ g,y) = (—hl(q:c,y) + g,hz(qx,y)> , Wwhere z € [0> —> :
q q q q

We apply Theorem to get h = (hy, hy) € Ham® (T2, 1) approximating h with

precision €/¢2. Then we introduce the map h € Ham® (T2, 1) as

. 1- - 1
h (:1: + g,y> = (—hl(qx,y) + g,hg(qaz,y)> , where z € [07 —> :
q q q q

Clearly, his (%, 0)-periodic and satisfies the required properties. O
For our explicit construction, we pick the proximity parameters as follows:

0, 1
= with 0, = ————.
2k - | DHy 5 - Cllonll, + 1) 2L n? -,

(7.3)

€n

Here, we will have to choose 0,, sufficiently small to meet specific conditions, de-
pending upon H, i, stated in Sections and This can be achieved by
choosing a sufficiently large [,,. By applying Corollary we obtain the maps én
and g, in Diff (T?, 1) approximating ¢, and g,, respectively, and satisfying the

following conditions:

o do(¢n 12, 0n) < €n and dp (G 12, gn) < € for all r € N,

® SUD 72 d((¢n7 d¢n)(x)7 (én IT2, dqgn)(x)) < €, and

® SUD;cT2 d(<gn> dgn>(l'), (gn rT27 d§n>($)> < €n.

7.4 Criterion for analytic weak mixing

We build on our criterion for weak mixing deduced in the previous chapter and
show that the weak mixing property still holds for real-analytic AbC diffeomor-
phisms obtained by utilizing sufficiently close analytic approximations of the con-
jugation maps from the smooth constructions. We start by showing that such ap-

proximations still give good distribution properties in the sense of Definition
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Lemma 7.3. Let € > 0 and f,g € Diff™(T?, u) with do(f,g) < e. Moreover, let
n be a partial partition of T2. Consider two subsets A, B C T? such that A C B,
and dist(0A,0B) > ¢, where dist(A, B) = inf,cayepinfrez [|[v —y + k||, where
| - || denotes the Euclidean norm, and OA denotes the boundary of A. Then the

following relations hold:
1. If f(x) € A, then g(x) € B, and u(f(I)NA) < u(g(I)N B) for any I € n.
2. If g(x) € A, then f(x) € B, and p(g(I) N A) < u(f(I)N B) for any I €.
Proof. The proof can be derived directly from the definitions. n

Lemma 7.4. Consider ¢, € Diff(T2, 1) and ¢, € Diff* (T2, i) satisfying
dg(qﬁn,q;n I12) < €,, where €, > 0 and 0,, > 0 are given by . Denote ®,, =
¢no RY™ o ¢, and d, = ¢y 0 Ry o o1 If the map (®,,dd,) is (v, 0,61, 2)-
distributing the elements I € 7, in the sense of Definition|6.10, then (®,,d®,) is
(7,8, &\, eb)-distributing the elements I € B, with Yy =y + 5, &' =0 + =

PACK 2n
3 3
2-e1+ 55, and ey =23+ 5.

—
€1 =
on

Proof. By using the triangle inequality and applying the mean value theorem, we

can deduce the following proximity statement:

dy (B, &y [12) = di(pn 0 RE" 0 6, (G0 BRI 0 6,Y) I22)
< di(¢no Ry, 0 (6,") T2, (dn o BRI 0 6,") In2)
+dy(¢n o BT 0 dy " dno BRI 0 (6,") I12)
< max(|[gully, ||0n||,) - d(Gn: Su T72) + Nl - da(bn, D I12)

< (nlly + €n) - di(bn, dn T12) + 1 nllly - di(fn, dn 172)
< 2llnlly + ) - dr(Sn, bn I12)
< Qllenllly +1) - €n < 5. (7.4)

With the definition of (®,,d®,) being (v, d, 1, e9)-distributing, it satisfies four

conditions: The first two conditions show that ®,,(1,,,) is contained within [¢;, ¢; +

v] X T!' for some constant ¢; € T! and that there exists a set .J; such that



138

Ji C 1 (®n(Ly) with 1 —6 < X(J) < 1 for all I € {0,...,k, —1}. We de-
note J; = J; N, (®,,(I,.;)), which satisfies A(J)) > 1 — (6 +2-0,). Withd,, < ST
this allows us to choose 7' = v+ 5 and §' =0 + —.

For any subset J C J], we COIlSldeI' two subsets, J; and .Jp, inside J; such that
Ji € J C J,. Additionally, we require A(J;AJ) < 2% - \(J) for i = 1,2, and for
sufficiently large n that dist(dJ;, 8.J) > 0, for i = 1,2.

Given the other conditions in the definition of (®,,d®,) as (v, d,e1,e2) distribut-
ing, we can conclude that for any J; C J, for i = 1,2, and for all l € {0,...,k, —1}

Loy VO X J)A()) = M) L)| < ex Al L), (7.5)

and for any j, k € {0,1,...,k, — 1}, there exists a [ € {0,1,...,k, — 1} such that

k=1+3j mod ky,, for J; C J/ C J;, and T}, = [%, k’k—tl} we have

‘,u <7TM (fnm N (Cbn,dq)n)_l(']rl x J; x Tk))) A(J) — )‘(ji),“(]ml)
< e\ (i) (L)

Let us denote the following subsets of T2 as A; = T! x J;, A = T x J, and
Ay = T x Jo, which satisfy the following conditions: A; C A C A, p(A;AA) <
p(LAT) < & - u(A), and dist(94;, 0A) > dist(9.J;,0J) > v, for i = 1,2. With
Lemma we can establish the following relations: if I € ®_!(A;), then I €
-1(A), and if T € ®;'(A), then I € ®;'(A,). This implies

n

Ly 0@ (AT < g N @ (ADA) < pl(Lag 0@, (A2))A(J]). (7:6)

n

Altogether with equation (7.5) and relation [A(J]) — A(J;)| < 20,A(J;) it holds:

(1= 20,)(1 = ) (L) A() < L 0 D7 (ADAC)); (7.7)
:u(jn,l N (i)gl(A)))‘<Jl) S ( + 2an)(1 -+ 51)M(I~n,l))‘(=]2)' (78)
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Furthermore, we can obtain the following estimates with d,, < 5

(I V(AN — (L) A(T)
< (e1+ 20,(1 + &0)) (L) A(T) + (1 +20,) (1 + £1) (L) (A(J2) — A(J))
< (614 200 (1 4 &) (L) AT ) 4+ (14 20,) (1 + 1) (L)) A (J2 A

(/)

< (51 +20,(1 +e1) + (1+20,)(1 + 61)%) 1(Ln1)

>
S

< (2 et 2%) (L )ACT).

Similarly, we deduce the following estimate using (7.8):

s 0 DA = () AT) 2 = (22104 53 ) (o))

Altogether, we obtain that

~ A ~

s 08T % DN — A < (221 2 ) )N

Analogously, we deduce using the estimate (7.6|) that for any pair j, k € {0, ..., k,
1}, there exists [ € {0,...,k, — 1} such that k = [ +j mod k,, and for J C J],

T, = | £, 5L we have
ken? kn

p (7t (Laay 01 (B db) (T 5 T x 1)) ) M) = (L) ACT)

< (2 es 2%) (L )A(T).

In summary, this yields that (®,,,d®,) is (v, &, €}, &})-distributing I, ; € 7. [

Lemma 7.5. Let g, be as in Proposz'tz'on and satisfy the property of Lemma
6.8| with the map ((i)n, d<i>n) which is supposed to (v',0', €}, €,) distribute fn,j € My,
where N, 1s the partial partition of PTM constructed in . Furthermore, let
Gn € Diff (T2, 1) such that dk(gn,gn I12) < €,, where €, is given by (7.5). Let S,
be a square of side length equal to - lymg in T! x [0,1—6]. Denote S, =S,NG,
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with én defined in (6.14)). For any k € {0,..., k, —1}, denote gnk =S, x T, with
7= | 5.
Then for every pair j, k € {0,1,...,k, — 1} there exist | € {0,1,... k, — 1}

such that k = (I 4+ j) mod k, and it holds:

p (e (T 0 (1, 09,) 7 0 (50, )~ (S0)) ) = (L)l )

<22+ %) uthu(s,)

Proof. The proof follows a similar line of reasoning as the previous lemma. For
notation, let S, =S,N én and S,, be a square of side length é lying in T! x
(6,1 — ¢']. Now, consider two squares, S} and S2, such that S} C S, C S2,
((SEAS,) < 2 - u(S,), and dist(0S%,9S,) > v, for i =1,2.

Denote the cuboid gnk =S, x T and szk = S}l x T}, for i = 1,2 where
Si = S N G,. These cuboids satisfy the following conditions:

SrlL,k - gn’k; C g’?l,k:

Using Lemma along with Remark for the maps (g, dg,) and (®,,dd,),
characterized by (v, ', ¢}, €y) distribute I,, ; = Uk, € 7, for the cuboid S;Lk,
i=1,2: forany j,k € {0,1,...,k, — 1} there exist [ € {0,1,...,k, — 1} such that
k= (l+7) mod k,, and the following estimates holds:

e (ar (Bt 0 (@0, d92) ™ 0 (90, dga) (85,0 ) ) = wlEn)u(5)

< (2+ %) uhum(3: (7.9)

Using the mean value theorem along with di(gn, gn [12) < €, and equation (7.3)),
we have d; (@;1 0g. !, @;1 0 g, ! |12) < 0,. Moreover, by analyzing the property of
Lemma we can derive the following relations. First, we have:

o (e (T 0 (B, d8) 0 (g0, dga) 7 (S10)) )
<ot (s (Fnag 0 (@0, dB0) ™ 0 (30, d3) " (S)) ) (7.10)
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and establish the second relation as:

ni)))- (7.11)

Altogether with equation 1} it holds:

u (W (iw N (d,,dd,) " o (4, dgn)_1<gn,k)>) — (Lng) ()

<((+2) (14 50) + 55 JuthaoutS: (712)

Analogously, we obtain

e (fm 0 (@, dba) ™ 0 (G, d3) " (Su) ) ) = lTns)is(S0)

> _ (( )( ) )mfn,l)mén). (713)

With (14 55) <2 and & < 2 in equation (7.12) and (7.13)), we have

p (7 (Bt 0 (8, 0™ 0 (G0, 45,) 7 (Si)) ) = (Ea) ()

, 69 ~ ~
§2 (52 + g) N(In,l)u(sn>7
which concludes the claim. O

Proposition 7.6. (Criterion for analytic weak mizing) Let fn = H, o Ra,., ©
H:' be defined by (7.1), such that (fn,dfn) converges to (f,df) and satisfies
di(fo, f) < 3= for all n € N. Additionally we assume that the sequence (H,)nen
satisfies condz’tz’on and the map g, is as in Lemma Consider a se-

quence of partial partitions (M, )nen, defined as in (6.9) such that (9,) — €. Ad-

ditionally, we assume that the partial partition 0, = {Tn; = (ﬁn_l,dﬁn_l) o
(s dGn)(In) | In; € T}, satisfies 0, — €. Suppose for a sequence (Mmy)nen
and the diffeomorphism (Ci)n,dci)n) : PTM — PTM with ®,, = ¢, o R™ q@;l

Qnt1

0 < 50 €1, < % Then

is (7,0, 1, €9)-distributing [An,j € N, with v < o

k3q )
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(f, df) = limn_m(fn, dfn) is weakly mixing on PTM.

Proof. The proof follows along the lines of Proposition[6.11] utilizing Lemma
and Lemma n

7.5 Convergence of sequence < fn >,en 1n the an-
alytic topology

Lemma 7.7. There exists a sequence of rational numbers a,.1 such that the se-
quence of diffeomorphisms fn € DiffY (T?, 1), defined by , converges to a
diffeomorphism f € Dift? (T?, u). Moreover, it satisfies the following condition for

any natural number m < q,41,
1. dO((fn)mv (f)m) < 2%7
2. SUPzepTM d((fn,dfn)m(:l}), (fv df)m(:b’>) < 2% < n_12

Proof. Let us fix the sequence p, = n € N used for the complex domain €,
as defined by (2.10). Note that the sequence of diffeomorphisms fn, defined by

(7.1), admits an entire complexification. Thus, each nth term of the sequence,

fn € Diﬂ‘;ﬂ(T2,u), where p, = n. With the relations o, ;1 = a,, + m and

hno R, = R, © ﬁn, we can obtain for p, =n:

dﬁ(fm fn—l) = d%(ﬁn o Ran+1 o ]:—,7:17 f{n—lﬁn o ily_Ll o Ran o Hyj_l)

= dz(ﬁnoRO&n-H Oﬁn_lvﬁn—lﬁnoRan Oilgl o 7:_11)
< |AHa |l - Janst — anl
- 1 1
< |[dH,| - (7.14)

< —.
knlng?z — 27

Since the construction of h, = Jn © gﬁn does not depend on the parameter [,,, the

last step can be achieved by choosing sufficiently large [,, € N and k,, € N, while

satisfying the additional conditions stated in Subsection These
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choices ensure that the following estimates hold:
ln > n2 ’ krlLO ’ QTQL ’ ||dHn71||07 and log(QnJrl) - 10g<kn ' ln ' q?z) > ||d[:[nH>

and for any natural number m < ¢, 1, the following inequality holds:

sup_ (A" (@), (ot dfac)™ (@) < e < o (7.05)

zePTM 2-k, 2

Based on the estimates lb we can conclude that for any € > 0, there exists
an N € N such that ) >° zi < g, and for any natural numbers m,n > N, and

m < n:

dw f’nafm Z dw fz;fz 1

1=m+1

< Z d‘zu(fl? fi—l)

1=m+1

1
< Z 5 <E (7.16)

Analogously, we have df(fn,fm) < d;"n(fn,fm) < g, for any k < m < n. This
shows that the sequence (f,)nen is a Cauchy sequence in Diff¥ (T2, u) for all
k < n. As Diffy(T? u) is a complete space, there exists a limit diffeomorphism
f € Diff*(T2, 4) for all k < n. Furthermore, the estimate (7.16) guarantees
f € N, Diffy (T2, ).

Additionally, the sequence {p,}.en expands the complex domain of analyticity,

{Q,, }nen, and exhausts all C2. Consequently, we can conclude that the limit

diffeomorphism, lim,, fn = f, admits an entire complexification, i.e. [ €
Diffs, (T, ).

Moreover, we can conclude that for any natural number m < ¢, :

oo

W) DM < S dol(f™ (Fr)™ < 21<2i (7.17)

i=n+1 i=n-+1
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and the sequence ( fu,d fn) defined on PT M, using equation (7.15)), also satisfies :

sup d((fas dfa)" (@), (f,df)"(2))

< Z sup d((fi, dfe)™ (@), (fi-r,dfi))™ (@)

i—n+1 xePTM

(o)

P

i:n+1 = n+l

5 < ou (7.18)

Altogether, this shows that there exists f € Diff (T?, i) such that lim,, ., fo=f,
and it satisfies both the estimates of the lemma given by (7.17) and ([7.18). ]

7.6 Existence of an invariant Riemannian metric

Next, we show that our conjugation maps h, and h,, fulfill the requirements of
Proposition

Lemma 7.8. Let the partial partition , be defined as in subsection|6.7.1.2. The
map Ao, defined by satisfy the following for all I,, € (,:

20,

deur (i) < B
e, (hn) < T, T2

with 9,, as in equation . (7.19)
Proof. Note that with our choice of parameters and the fact that d;(¢,, ngSn) <€,
and d1(gn, gn) < €, in section we obtain

dl(hn7 iLn) S dl(gn o qbnmgn o én)

On
< (14 [llgnlly) -

€ < —.
" IDHnlfS

Additionally, for any unit vector v = (vy,v3), we obtain :

ldden (0)]| = AR ()| < [[dhn(v) = dhn ()]
On

< T
b ) < 5, g
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Referring to Definition [6.8] we can further calculate:

|dh, (0

8 | T (o) 1

10 |dhn (v)]| — log [dn (v)]]| =

HDHn—l Hg

S — .
min([|dhy (v)[], [|d7n (v)]])

Here, we used the following relation: if |a — b| < € then it implies |log(a/b)| <

m in the subsequent equation. Now, we maximize this over all unit vectors v:

log

] | S —— 1 |
[ ()][| = TDH R werhiii=s min(dha (o), [dha ()]}

VET I, |[v]|=1

Since h,, and h,, are sufficiently close to being isometries, we can assume that
min(||dh, (v)]], |dh,(v)[]) = 3

Consequently, the deviation for h,, can be estimated by:

dev, (h) = _ max log]|dha(v)]]

VETT,,|lv||=1

<  max <|log |[dhn (V)] +

tog (0] D

VETInllv]=1 [dh, (v) ||
20
< devy, (hn) + T3
IDHp1 |3
< 20,
N ”DHn—IH% ‘
This completes the proof. O

Remark 7.9. For any function x : Diff**(M,u) — (0,1) we can choose the
sequence 0, in equation to decay sufficiently fast so that the condition
Y won Ok < K(H,_1) holds for every n € N. This is ensured by choosing a suf-
ﬁcie_ntly large [, dependent on the function x(H,_1). Along with Lemma
and Proposition we can then conclude that the limit diffeomorphism f ob-
tained from the sequence fn constructed as in admits an invariant measurable

Riemannian metric.
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7.7 Application of criterion for weak mixing

A

Lemma 7.10. Consider the sequence of maps Hy, gn, H,, and g, as defined in
Section and respectively. Consider the partial partitions v, and ﬁn, defined

by equation , and
b = { (1, A1) © (G0, d0)(Fng) ¢ T €} (7.20)

If U, — €, then U, — €.

Proof. The proof follows a similar line to the Lemma utilizing the following

estimate di(gn, gn) < €n, and for any 30" € 7,

\diam([rfn_l ] §n<igoo’ul>) — diam(Hn_l o gn(jgoo,m))‘ < d1<ﬁn_1 o ,@n h‘% Hn—l o gn)

1
< (L4 [[[Hn-alllg) - €n < on’
Therefore, for every fﬁ(?“l € 7, we have diam(H,,_; o gn(fgoo’“l)) — 0, which in

turn implies that diam(H,_; o gn(igowl)) — 0 as n — o0, leading to v, — €. [

Proof of Theorem The proof follows along the same lines as in the smooth
case. Lemma ensures the convergence of the sequence of analytic measure-
preserving diffeomorphisms ( fn)neN constructed via equations and . It
also provides the proximity condition dy(f,, f) < ol

The existence of an invariant measure i with respect to the limiting map ( f ,d f )
is guaranteed by subsection and Remark similar to the smooth case.

We then consider the sequence of decompositions 7,, 7,, and ﬁn, along with the

associated natural numbers (m,,), as described in equations (6.50), (6.56), (7.20),
and Section respectively. It is noted that 7, — €, 7, — €, and ﬁn — €,
as outlined in Remark[6.30]and Lemmas [6.35 and [7.10] Referring to Lemma
and Lemma |6.34] we deduce that for any fn € 1y, the diffeomorphism ((f)n, d(f)n)

is (7,0, ¢}, eh)-distributing I,,, where v/ = v + & < L § =5 + > < &, and

2" = kBgn’ Ea
/I 2 3 1
1= = 5T =5

Thus, all the requirements of Proposition are fulfilled. Its application yields
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that the map ( f,d f) is weakly mixing with respect to the measure f. ]

7.8 Analytic approximation result

7.8.1 Proof of Theorem

In this section we establish the required analytic approximation results. Our ar-
guments follows along the lines of [7, Lemma 3.8, 3.9, 3.10] where the analogous
results for A = T x R were obtained. There are not many changes but we still
provide the proofs for completeness.

To start we recall that the Poisson bracket for two function f, g € C*(T? R) is
defined to be {f, g} = 2% _ 2997 ", the symplectic gradient of f € C°(T?,R)

oz Oy Ox Oy’
is defined as X; = (g—i, —%) I Xy, Xy and Xy gy are the symplectic gradient

of f,g and {f, g}, then we have the following well known fact from symplectic

geometry,
(X5, Xo] = Xirgy, (7.21)

where the left hand side represents the Lie bracket of vector fields. Additionally

we also recall that the commutator of two flows F* and G* is defined by
[F', G =F " 'oG " o F'oG".

Lemma 7.11. For any ¢ > 0 and H € C=(T? R), there evists a map H €
C>=(T2,R) such that d,(H,H) < € for all r € N, where H is of the following form.:

N
H(z,y) = Ho(z,y) + Z Hopm—1(z,y) + Hom(x,y)), (7.22)
m=1

where — Ho(z,y) = C(y),

cos(2mmz)

Hom(2,y) = {M—m,Am(y)},
Hom1(z,y) = {M,Bm(y)},
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for C Ay, ..., AN, By,...,By € C*(T' R), and M,, = sup{|27rm-exp(2mi-m-2)| :
z €10,1) + i[—po, po]} where py € N.

Proof. Recall that the first 4N? terms of the two variable Fourier series expansion

of H(x,y) can be written as,

N N N N
Z Z Q1n.m COs (2ny) cos (2mmz) + Z Z Q2. SIN (2710Y) cos (2mme)

n=0 m=0 n=0 m=0
N N N N
+ Z Q3..m COS (2Tny) sin (2rma) + Z Z Q4 SID (2770Y) sin (2rma),
n=0 m=0 n=0 m=0

where a;,m € Rfor 1 <7 <4,0<n < N,0<m < N. Using the theory of
Fourier series (see [27]), there exists an N large enough such that d,(H, H) < e for
any r € N. For 1 <m < N, put

N
M. y
bm - n,m 2 n,m in (2 Am =——= bm tdtv
(v) ;(as, m €08 (2MNY) + Qg sin (2710y)) , Am(y) = =5 (t)
N
am(y) = nz_% (01 nm €OS (2T1Y) + Qg 0.m SIN (2710Y)) , B ( =5 / A (t
N
Hoy(z,y) Z Q100 + Q2np) €Os (2mnY) + (35,0 + Qo) sin (27ny)) .
n=0
Then we put for 1 < m < N,
cos(2mma) .
HQm('Ta y) = M—7 Am(?J) = bm(y> Sln(QWm:U>>
sin(2rmaz)
Hom—1(z,y) = L Bi(y) ¢ = am(y) cos(2mma).
This concludes the claim. ]

Lemma 7.12. With H and N as in Lemma , there exists 4N + 1 functions
{7;}o<j<on € C¥(TY, R) and {v;}1<j<on € C¥(TY, R), such that the time t map of
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Hy, @D%N, satisfies
O = [Tiy, Vix] oo [TLV ] oo [TH V] o TE + O,
as t — 0 in any C"-topology. Here

Tj(x,y) = (z+t7;(y),y)  0<j < 2N,

Vi(w,y) = (z,y +tvj(x)) 1< <2N.

Proof. For any f € C*(T? R), let X; denote the symplectic gradient of f, and ¢}
be the flow of X;. Then with H; and H as in equation [7.22] we see that H(z,y) =
Z?fo H;(z,y) and hence at the level of symplectic gradients X 5 = Z?fo X,

Let ¢’ be the flow associated with the vector field Xz. Then for any (z,y) € T?

and a small enough ¢, we can write using Taylor’s theorem for ¢ — w% around
= ()7

d"vbt* (x,y)
— YL =id+ Xz + O(t?)
2N
— gl =id+ 1ty Xg, +O(t). (7.23)
j=0
Next we put,
cos 2mmx
fom(z) = L Gom(y) = Am(y), 1<m<N
sin 2mmax
Jom-1(x) = — Gom-1(y) = B (y), 1<m<N

observing that in equation we have H; = {f;,g;} for 1 < j < 2N. Put

To(y) = C'(y)
() =gy, vi(x)=—fj(x), 1<j<2N.
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The respective symplectic gradients for f; and g; are

oVt

o) = (0i() = $> 1<j<2N
oT;(z,y) ,

X (a.y) = (), 0) = —L2=, 1<) <2N.

This together with equation m gives us

XHj = X{ijgj} = [ij,ng]
oVi(z,y) 0T} (z,y)
o ot

We use the above together with the definition of the Lie bracket,

_d
Xu, = — [T}, V}
—id + t*Xp, = [T}, V] + O(t%), 1<j<N (7.24)

where the last statement holds in any C” topology for small ¢.
Going back to equation we can in light of equation and definition of T¢,

write it in the following required form,

fr = [T2tN= VtN} : [Tyta Vﬂ - © [Tf7 Vlt] © ng +O(t).
This completes the proof. ]

Proof of Theorem For any h € Ham™(T?, i), there exists a smooth family of
Hamiltonians (H;).ep1) and H, € C°°(T?, R) which defines a family { f; },c0,1) such
that fo =id to fi = h and Xy, = 0, f; is the symplectic gradient of H,. For large

M, we can express

=(fio fM 1 /M) o (figim o flﬁﬂ o...o(foymo fl_/}w) o (fimo foh.

Note that each (fiy1/m © f&zb), it is a shift by the flow of X, from time ¢ = L to

M
t = &1 and hence, it is O (#)— C" close to the time t = 1/M map w}j{iM of the

M
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vector field Xy, . i.e.

_ 1
(Fevrpar © fipr) = Uat" + (M2) '
Thus in the C" topology:

1M 1M UM 1M 1
h=vgt o opgMo. oyt o™ + (M)

By applying Lemma |7.11{and [7.12| with #* = 57, we can establish the existence of

entire time-t maps qu, for each H; € C’OO(']TQ, R). These maps are constructed as
finite compositions of entire maps in the form of V' or T}, along with the inverse
maps of V} and T;. Also, note that the inverse maps of V} and T} are entire

functions, defined as translations by shear functions, specifically as

(Vi) Hoy) = (zy —tv;(@)), and (T)) ' (z,y) = (v — t75(y). y)-

Furthermore, the maps @DZZM are C"-close to quiM with a precision of O(t?) =

@) (ﬁ) Consequently, we can define an entire map h € Ham (T2, ;1) as follows:
1M 1M 1
1/JHM ) 1/11510 +0 <M> : (7.25)

which is C" close to h up to a precision of O(55), i.e. for t* < ¢, we have d,(h, h |
) < €. Similarily, h=' is also defined as a composition of entire functions, thus
h~' € Ham® (T2, ). O
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Conclusion and Future direction

8.1 Introduction

In this chapter, we provide a brief conclusion and discuss some interesting open

research questions in this direction.

8.2 The Generic and Non-Generic points

In Chapters|[3|and |4} we explored the Anosov-Katok method to construct exam-
ples of smooth dynamical systems with intricate dynamics. Our study included
investigating the presence of a non-ergodic generic measure in these systems and
examining various other topological and ergodic characteristics. We also thor-
oughly analyzed generic and non-generic points within the system, establishing

bounds on the sizes of the sets they form. Specifically, we focused on determining
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bounds on their Hausdorff dimension, which yielded particularly insightful and
interesting results. Additionally, we discussed the rigorous selection of geometric

and combinatorial criteria essential for achieving our goals.

8.2.1 Future Directions

Problem 1. Can we choose a set B containing all the generic points such that
dimg(B) =« for all 0 < a < 27

Problem 2. Can we choose a generic set B of type C' x C', where C is Cantor set
on the unit interval, in the above setup of Theorem[1.5?

Problem 3. Can we generalize the Theorem[1.5] for a 3-dimensional torus with a

choice of a generic set of type

1. B=T! x C x C. If this is true, the result can be generalized to T".

2. In fact, can we choose the set B as form Tx“2D-fractal”, where 2D fractal
is not necessarily the product of two sets like C x C' type?

In this thesis, we discovered the existence of generic points and generic measures in
the smooth category by using the Approximation by Conjugation method. Such
generic points, by definition, are Birkhoff generic points. This method has the
potential to extend the study to include weighted generic points or logarithmic
generic points, defined in [5], in both the smooth and analytic categories. It is
important to note that Birkhoff generic points imply weighted generic points, but
the reverse may not always be true. This study could also lead to many open
questions, such as whether there are systems that have weighted generic points
but no generic points for the smooth category.

Problem 4. Does there exists a smooth measure-preserving diffeomorphism such
that there are weighted generic points but no birkhoff generic point?

Problem 5. Can we choose a set B containing all the weighted generic points, in
Theorem[1.4} such that 0 < dimy(B) < v for all 0 < o < 27

Addressing these problems requires delving into extreme explicit combinatorics,
along with exotic setups, and necessitates the development of new tools and tech-

niques to gain control over all the orbits of the space.
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8.3 Projectivized Derivative Extension

In Chapter [6]and Chapter[7] we explore ergodic properties of the diffeomorphism
along with its differential map with respect to a smooth measure in the projec-
tivization of the tangent bundle. We explore this aspect using the Approximation
by Conjugation method for the smooth and analytic category. We present an ex-
ample of a derivative extension map that exhibits weak mixing with respect to
a smooth measure for both smooth and analytic category. We introduce a weak
mixing criterion specifically tailored for the projectivized derivative extension for
both categories. To demonstrate the weak mixing property of the projectivized
derivative extension, we provide a suitable distribution of elements under the ex-
plicit choice of conjugation maps and the approximation techniques that meet the

necessary requirements of the criterion.

8.3.1 Future Directions

Problem 1. Does a minimal projectivized derivative extension exist on PTM ¢
Problem 2. [s there a projectivized derivative extension on PT'M with precisely
two ergodic invariant measures that are absolutely continuous with respect to the
Lebesgue measure?

Addressing this problem would be more challenging, as existing tools only provide
control over all orbits of the base elements of the manifold, making it difficult to
attain control over the tangent direction. One would require new tools and tech-
niques to gain control over all the orbits within the space PTM. Developing such
techniques could potentially lead to further exciting questions, such as controlling
the existence of the number of ergodic invariant measures on the space PTM, or
determining the existence of a uniquely ergodic projectivized derivative extension.
Problem 3. Can similar results be extended to Theorems|1.6] and[1.7 for higher-
dimensional torus or other manifolds ?

To investigate this, it is necessary to delve into the combinatorics of distribut-
ing elements to achieve weak mixing in the base manifold T", and to adapt an

appropriate analytic approximation technique.
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Appendix

This chapter serves as a supplementary section and include detailed derivations,

proofs and technical details that support the understanding of the main text.

9.1 Some standard results

We present some standard result on the closeness between the maps constructed

as conjugation of translations on the torus.

Lemma 9.1. Let k € N. For all o, 8 € R and all h € Dift*™(T?), we have the

estimate
dx(hSah ' hSsh") < Cymac{[ Bl . |5y, Hor — B,

where Cy, is a constant that depends only on k.
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Proof. For k = 0 we clearly have the estimates by the mean value theorem. We

claim that for j € N with |j| = k the partial derivative
D;[hiSoh™" — hiSgh™]
will consist of a sum of terms with each term being the product of a single derivative
(Dahi)(Sah™") = (Dahi)(Ssh™") (9-1)
with |a| < k, and atmost k partial derivative of the form
Dyh; (9.2)

with || < k. This holds for k =1

B d Oh; Oh!
ZhiSuh™" — hySsh ( o h~ ) —.
8yj[ g Z dyi Oy, y;

=1

Now we proceed by induction. With the product rule we only need to consider
the effect of differentiating equations (9.1) and (9.2). Therefore differentiate (9.1)

with respect to y; we obtain

d <8Dbh ,1_ ODuhy _1> oh;
> Wht - Sgh .
—1 . Ay dy;

which increases the number of terms of the form (9.2) by 1. Differentiating (9.2)
we get another term of the form (9.2) but with |b| < k + 1. we estimate

1(Dahi)(Sah™") = (Dahi)(Ssh™) o < llAlll g1l — B

Dk llo < [l

Use the fact that the inverse maps have the same structure of the partial derivative

as above completes the proof. The constant (', is the number of terms in the sum
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which only depends on k£ and not on the map h. O]

Proof of Lemma Here we show that T}, is a cauchy sequence in Diff>™(T?, 1)
by choosing [, enough large and hence implies that 7,,; converges to some
T € Diff**(T?, u). For any k > 0 we have

di(Trs1, Tp) = di(Hng1San i Hy by HoSo Hy V)
< dk<Hn+1San+1Hrj—i1> Hn+1SanH;i1) + dk<Hn+1SanH7;i1> HnSanHrjl)
<N DHllk1dk(Pns1San i b1 Pt Sanhoir) + 1D Hp k1 di (P 1 Sa, iy 15 Sa)-

With the fact that h, 1 0S,, = Sa, ©hni1, second term of the inequality becomes
zero. Using the Lemma for a = ap41, 8 = a,, and h = h, 1, we have

dk(hn+lsan+1h1_z-sl—1> hn+1Sanh7:-1H) < Ckmhn+lmk+1’o‘n+1 - an|-

where |y, 11— ay| < m. As [, is choosen to be enough large such that it satisfy

1

_ < -
|Oén+1 an| 2n||DHnHk7

and estimate the closeness between T}, and 7T,, as
1
dk(Tn+17Tn) < 2—

For fixed k, T}, is cauchy sequence in C* topology, hence converges to T €
Diff*(T?, 11). This is true for any arbitrary k& > 0 implies the convergence of T},
in C'*° topology. Also note that for any m < ¢,41,

do(Ty"y, T}") = do(Hyya St Ho by, Ho SO HL )

1
<2m - ||DH,||1 - |otns1 — ap| < o

Then do(T), T) < D002, do(T, Ti™) = 2n1—1'
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