
Spectral Instabilities in Water Wave Models

by

Bhavna
PhD20306

Department of Mathematics

Submitted

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

to the

Indraprastha Institute of Information Technology Delhi
August 2025



2

Dedicated to my parents





Certificate

This is to certify that the thesis entitled “Spectral Instabilities in Water Wave

Models” being submitted by “Ms. Bhavna” to the Indraprastha Institute of In-

formation Technology Delhi, for the award of the Degree of Doctor of Philosophy

is a record of the original bonafide research work carried out by her under my supervision

and guidance. The thesis has reached the standards fulfilling the requirements of the

regulations relating to the degree.

The results in this thesis have not been submitted in part or full to any other university

or institute for the award of any degree or diploma.

New Delhi Dr. Ashish Kumar Pandey

August 2025 Associate Professor

Department of Mathematics

IIIT-Delhi

i



ii Certificate



Acknowledgements

With profound gratitude and sincere pleasure, I extend my heartfelt acknowledgment to all those who

have supported and guided me throughout my Ph.D. journey.

First and foremost, I am deeply thankful to my advisor, Dr. Ashish Kumar Pandey. His support has

been unwavering and unconditional, both academically and personally. The Ph.D. journey never felt difficult,

only because of him. His immense patience, kindness, and the way he helped me are truly extraordinary. His

constant encouragement, insightful guidance, and generous availability for discussions made every step of

this research process smooth and enriching. I consider myself extremely fortunate to have worked under his

mentorship.

I would like to express my sincere appreciation to the faculty members of the Department of Mathematics

at IIIT-Delhi for their continuous support. I am especially grateful to my doctoral committee members, Dr.

Subhashree Mohapatra and Dr. Kaushik Kalyanaraman, for their valuable time, constructive feedback, and

thoughtful suggestions that significantly enhanced the quality of my work.

I would also like to acknowledge my good friend Bittu, whose steady support, cooperation, and positive

presence throughout this journey meant a lot to me. I truly appreciate the kindness and help he offered

whenever needed.

I am sincerely grateful to IIIT-Delhi and the University of Washington for their financial support,

which enabled my visit to Prof. Bernard Deconinck. Working with him was a truly distinctive experience,

one that significantly shaped my academic outlook. His deep expertise, clear and thoughtful approach to

research, and the unwavering dedication he brings to his work left a lasting impression on me. I learned a

great deal during my time under his guidance, and his mentorship continues to be a source of motivation and

inspiration in my academic journey.

I extend my heartfelt appreciation to my family, my parents, Mr. Vinod Kaushik, and Mrs. Rajbala

Kaushik for being my unwavering pillars of strength. Their love, sacrifices, and constant belief in me have

iii



iv Acknowledgements

shaped my path. I also thank my sisters Pratibha and Riya, as well as my brothers Prateek and Nitik, for

their endless support, encouragement, and care.

I am equally grateful to my uncle and aunt, Mr. Surender and Mrs. Rekha, who have been no less than

parents to me. Their affection, concern, and presence in my life have been deeply comforting and motivating.

I also wish to express my sincere gratitude to my in-laws’ family, especially my mother-in-law, Mrs. Suman

Sharma, and my sister-in-law, Mrs. Ritu Sharma. Being newly married while completing my thesis was a sig-

nificant challenge, especially within the expectations of an Indian household. Their warmth, understanding,

and wholehearted support allowed me to continue working passionately on my research. I am truly grate-

ful for their kindness, encouragement, and the space they gave me to balance both personal and academic

responsibilities during this important phase of life.

Lastly, I express my deepest love and boundless gratitude to my husband, Himanshu, who is the pillar

of my strength and the calm at the center of my storm. I am a deeply emotional person, and my emotional

stability, especially during the most overwhelming phases of this journey, has rested entirely on his presence,

patience, and understanding. He is the only person whose voice I truly listen to, not just because of his

calm wisdom, but because I know he always has my best interest at heart, even when I cannot see it myself.

Himanshu has supported me in ways both visible and silent, standing by me when I broke down, reminding

me of my strength when I forgot it, and helping me find clarity when my emotions blurred my focus. His

practical approach to life has gently grounded me when I was consumed by self-doubt or stress. Every word

of this thesis carries a part of his faith in me, and I know that without his quiet strength, I could not

have made it to the end. He has never demanded anything of me, not time, not attention, yet has given me

everything I needed. I am truly blessed to walk through life with someone who not only shares my dreams,

but holds me steady as I try to reach them. This thesis may carry my name, but it carries his strength.

To all of you, I dedicate this work. Your love, support, and belief in me have made this achievement

possible. Thank you for being an integral part of this milestone in my life.

New Delhi Bhavna

August 2025



Abstract

This thesis investigates the spectral instabilities of various nonlinear water wave mod-

els through rigorous analytical techniques. Focusing on three fundamental types of in-

stabilities, modulational instability, transverse instability, and high-frequency instability,

the work provides a unified spectral framework to study how small perturbations evolve

and potentially destabilize wave solutions in dispersive systems.

We begin by analyzing modulational instability, wherein a periodic traveling wave be-

comes unstable to long-wavelength perturbations. Using perturbation theory and spectral

analysis, we characterize conditions under which modulational instability arises in gen-

eralized Ostrovsky equations. The effect of dispersion, nonlinearity, and surface tension

is examined in detail.

The study then turns to transverse instability, where planar wave trains destabilize due

to perturbations in the transverse direction. We consider rotation-modified and surface

tension-influenced variants of the Kadomtsev–Petviashvili (KP) equation, the rotation-

modified KP equation, and the KD equation, and identify parameter regimes leading to

transverse spectral instabilities.

Finally, we explore high-frequency instability, focusing on the behavior of the spec-

trum. We demonstrate how high-frequency perturbations can induce instabilities in small-

amplitude periodic traveling waves.

Altogether, the results contribute to a deeper understanding of how wave coherence

is affected by perturbations of various scales and directions. The insights gained have po-

tential implications for the stability of wave patterns in physical settings such as oceanog-

raphy, fluid mechanics, and nonlinear optics.

v



vi Abstract



Contents

Certificate i

Acknowledgements iii

Abstract v

List of Symbols xi

Research Publications xiii

1 Introduction 1

2 Modulational Instability 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Asymptotically small-amplitude periodic traveling waves . . . . . . . . . 19

2.5 Modulational Instability Index . . . . . . . . . . . . . . . . . . . . . . . . 23

2.6 Application to Specific Models . . . . . . . . . . . . . . . . . . . . . . . . 32

2.6.1 Classical Ostrovsky Equation . . . . . . . . . . . . . . . . . . . . 32

2.6.2 Fractional Ostrovsky Equation . . . . . . . . . . . . . . . . . . . . 33

2.6.3 Whitham-Ostrovsky Equation . . . . . . . . . . . . . . . . . . . . 34

2.6.4 ILW-Ostrovsky Equation . . . . . . . . . . . . . . . . . . . . . . . 35

2.6.5 Effects of Surface Tension on Modulational instability . . . . . . . 36

vii



viii Contents

2.6.5.1 Classical Ostrovsky Equation with Surface Tension . . . 37

2.6.5.2 Whitham-Ostrovsky Equation with Surface Tension . . . 38

3 Transverse Instability 45

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.2 Transverse spectral instability in generalized Kadomtsev-Petviashvili equa-

tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.2.1 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2.2 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.2.3 Periodic Perturbations . . . . . . . . . . . . . . . . . . . . . . . . 54

3.2.3.1 Finite and short-wavelength transverse perturbations . . 56

3.2.3.2 Long wavelength transverse perturbations . . . . . . . . 59

3.2.4 Non-Periodic Perturbations . . . . . . . . . . . . . . . . . . . . . 62

3.2.4.1 Finite and short-wavelength transverse perturbations . . 64

3.2.4.2 Long wavelength transverse Perturbations . . . . . . . . 68

3.2.5 Proof of main results and applications . . . . . . . . . . . . . . . 69

3.2.5.1 KP-fKdV and KP-BO Equations . . . . . . . . . . . . . 70

3.2.5.2 KP-ILW Equation . . . . . . . . . . . . . . . . . . . . . 70

3.2.5.3 KP-Whitham Equation . . . . . . . . . . . . . . . . . . 71

3.3 Transverse Spectral Instabilities in Konopelchenko-Dubrovsky Equation . 71

3.3.1 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.3.2 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.3.3 Periodic Perturbations . . . . . . . . . . . . . . . . . . . . . . . . 77

3.3.3.1 Modulational transverse instabilities . . . . . . . . . . . 80

3.3.3.2 High-frequency transverse instabilities . . . . . . . . . . 82

3.3.3.3 (In)stability analysis for ∆ = 3 . . . . . . . . . . . . . . 82

3.3.3.4 (In)stability analysis for ∆ ≥ 4 . . . . . . . . . . . . . . 84

3.3.4 Non-Periodic Perturbations . . . . . . . . . . . . . . . . . . . . . 85

3.3.4.1 High-frequency transverse instabilities . . . . . . . . . . 88

3.3.4.2 (In)stability analysis for ∆ = 2 . . . . . . . . . . . . . . 88

3.3.4.3 (In)stability analysis for ∆ ≥ 3 . . . . . . . . . . . . . . 90

3.4 Transverse spectral Instabilities in rotation-modified Kadomtsev-Petviashvili

equation and related models . . . . . . . . . . . . . . . . . . . . . . . . . 91



Contents ix

3.4.1 RMKP equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.4.1.1 Construction of the spectral problem . . . . . . . . . . . 99

3.4.1.2 Periodic perturbations . . . . . . . . . . . . . . . . . . . 100

3.4.1.3 Localized or bounded perturbations . . . . . . . . . . . . 107

3.4.1.4 Long wavelength transverse perturbations: . . . . . . . . 111

3.4.1.5 Finite or short wavelength transverse perturbations . . . 113

3.4.1.5.1 (In)stability analysis for Θ = 1: . . . . . . . . . 113

3.4.1.5.2 (In)stability analysis for Θ ≥ 2: . . . . . . . . . 116

3.4.2 Generalized RMKP . . . . . . . . . . . . . . . . . . . . . . . . . . 118

3.4.2.1 Construction of the spectral problem . . . . . . . . . . . 118

3.4.2.2 Periodic perturbations . . . . . . . . . . . . . . . . . . . 118

3.4.2.3 Localized or bounded perturbations . . . . . . . . . . . . 120

3.4.2.4 Long wavelength transverse perturbations . . . . . . . . 123

3.4.2.5 Finite or short transverse perturbations . . . . . . . . . 125

3.4.2.5.1 (In)stability analysis for Θ = 1: . . . . . . . . . 125

3.4.2.5.2 (In)stability analysis for Θ ≥ 2: . . . . . . . . . 126

3.4.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

3.4.3.1 RM-fKdV-KP Equation . . . . . . . . . . . . . . . . . . 128

3.4.3.2 RMBO-KP Equation . . . . . . . . . . . . . . . . . . . . 129

3.4.3.3 RMG-KP Equation . . . . . . . . . . . . . . . . . . . . . 130

3.4.3.4 Reduced RMKP Equation . . . . . . . . . . . . . . . . . 131

3.4.3.5 RM-mKdV-KP Equation . . . . . . . . . . . . . . . . . 132

3.4.3.6 RMILW-KP Equation . . . . . . . . . . . . . . . . . . . 133

3.4.3.7 RM-Whitham-KP Equation . . . . . . . . . . . . . . . . 134

4 High-frequency Instabilities 137

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

4.2 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

4.3 Sufficiently small and periodic traveling waves . . . . . . . . . . . . . . . 140

4.4 Linearization and the spectral problem . . . . . . . . . . . . . . . . . . . 142

4.5 High-frequency instabilities . . . . . . . . . . . . . . . . . . . . . . . . . . 149

4.5.1 ∆n = 1 calculation and conclusion . . . . . . . . . . . . . . . . . 149

4.5.2 ∆n = 2 calculation and conclusion . . . . . . . . . . . . . . . . . 151



x Contents

4.5.3 ∆n ≥ 3 discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

5 Ongoing and Future Work 155

5.1 Ongoing work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.1.1 The Benjamin-Feir instability in KdV-like equations with general

dispersion and monomial nonlinearity . . . . . . . . . . . . . . . . 155

5.1.2 Transverse Instabilities in the full-dispersion Kadomtsev-Petviashvili

equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

5.2.1 Benjamin-Feir Instability in KdV-Like Equations with General Dis-

persion and Polynomial Nonlinearity . . . . . . . . . . . . . . . . 157

5.2.2 Determining the Pinch-Off Steepness of the Benjamin-Feir Figure-

Eight for Stokes Waves . . . . . . . . . . . . . . . . . . . . . . . . 157

5.2.3 High-Frequency Instabilities for Near-Extreme Stokes Waves . . . 157

A Lyapunov-Schmidt Procedure 159

A.1 Lyapunov-Schmidt Procedure . . . . . . . . . . . . . . . . . . . . . . . . 159

Bibliography 163



List of Symbols

Symbol Meaning

x Spatial variable with values in R

t Time variable with values in R+

N Set of natural numbers

Z Set of integers

Q Set of rational numbers

R Set of real numbers

L2(R) Space of square integrable functions on R.

L2(T) Space of 2π-periodic square integrable functions

L2
0(T) space of 2π-periodic square-integrable functions with of zero-mean

⟨ · , · ⟩ L2(T)-inner product

µ Floquet exponent

a amplitude parameter

T Surface Tension

u(x, t) Typically a velocity depending on x and t

M A multiplier operator

Mk A multiplier operator restricted to space of periodic functions

xi



xii List of Symbols



Research Publications

Published Papers

I have the following published papers:

1. Bhavna, Mathew A. Johnson, and Ashish Kumar Pandey. Modulational Instability

in the Ostrovsky Equation and Related Models. SIAM Journal on Mathematical

Analysis, 2024, https://epubs.siam.org/doi/full/10.1137/23M1608665

2. Bhavna, Ashish Kumar Pandey, and Sudhir Singh. Transverse spectral instabilities

in Konopelchenko–Dubrovsky equation. Studies in Applied Mathematics, 2023.

https://doi.org/10.1111/sapm.12617

3. Bhavna, Atul Kumar, and Ashish Kumar Pandey. Transverse spectral instability in

generalized Kadomtsev-Petviashvili equation. Proceedings of the Royal Society

A, 2022. https://doi.org/10.1098/rspa.2021.0693

4. Bhavna, Atul Kumar, and Ashish Kumar Pandey. High-frequency instabilities

of the Ostrovsky equation. Water Waves, 2022. https://doi.org/10.1007/

s42286-021-00054-0

xiii

https://epubs.siam.org/doi/full/10.1137/23M1608665
https://doi.org/10.1111/sapm.12617
https://doi.org/10.1098/rspa.2021.0693
https://doi.org/10.1007/s42286-021-00054-0
https://doi.org/10.1007/s42286-021-00054-0


xiv Research Publications



1
Introduction

Water wave models have long served as fundamental tools for understanding a wide

variety of nonlinear dispersive phenomena in fluid mechanics, oceanography, and related

physical systems. These models describe the dynamics of wave propagation and capture

the interplay between nonlinearity and dispersion, essential to wave formation, stability,

and evolution. Among such models, particular interest lies in the behavior of periodic and

solitary traveling wave solutions and their response to small perturbations. This thesis

focuses on the spectral (in)stability of such waveforms in various water wave models

through the lens of modulational instability, transverse instability, and high-frequency

instability.

Periodic traveling waves are spatially periodic solutions that retain a fixed shape while

traveling at a constant speed. Typically written as u(x, t) = ϕ(x−ct), where ϕ is a periodic

function and c is the wave speed, these solutions represent regular wave trains observed

in fluid systems. They are central to the study of nonlinear dispersive equations and pro-

vide a natural setting for analyzing wave modulation and stability. Understanding their

1



2 Introduction

spectral properties under small perturbations is essential for identifying the mechanisms

that lead to either the persistence or breakdown of these coherent structures.

A periodic traveling wave solution is said to be spectrally stable if small perturba-

tions evolve without leading to exponential growth in time. This contrasts with spectral

stability, where small disturbances don’t lead to rapid growth, and the wave maintains

its structure. The spectral instability of periodic traveling waves can be studied through

several mathematical tools, such as linearization, Floquet-Bloch theory, Krein signatures,

and linear stability analysis. Each method plays a crucial role in understanding how small

perturbations evolve over time and whether they lead to instability. Here’s a more sys-

tematic breakdown:

1. General Form of the Equation

We begin with the general form of a nonlinear wave equation describing the system:

∂u

∂t
+ f(u) = 0,

where u(x, t) represents the wave profile and f(u) is a nonlinear function. For a periodic

traveling wave solution, we look for solutions of the form u(x, t) = u0(x− ct), where c is

the wave speed. Small perturbations ϵ(x, t) are introduced around this solution:

u(x, t) = u0(x− ct) + ϵ(x, t).

After moving to a co-moving frame ξ = x−ct, the linearized equation for the perturbation

ϵ is
∂ϵ

∂t
+ Lϵ = 0,

where L is a linear operator derived from the nonlinear dynamics. This equation approx-

imately governs the evolution of small perturbations.

2. Need for Floquet-Bloch Theory

Periodic traveling waves give rise to linear operators L with periodic coefficients, and

their stability is determined by analyzing such operators. To handle this, Floquet–Bloch

theory is employed. The central idea is to exploit the periodicity of the background wave



3

and reduce the spectral problem to a family of simpler problems on a single period of the

wave. Perturbations are assumed to take the form

ϵ(x, t) = eλteiµxϕ̂(x), with ϕ̂(x+ L) = ϕ̂(x),

where λ ∈ C, µ ∈ [−π/L, π/L) is the Floquet parameter (or Bloch wave number), and L

is the period of the wave. This ansatz captures the quasi-periodic nature of perturbations

by allowing them to oscillate at a frequency µ while maintaining periodicity in ϕ̂(x). For

each fixed µ, this leads to a linear eigenvalue problem on a compact domain (length L)

for the modified operator Lµ = e−iµxLeiµx. The total spectrum of the original linearized

operator L, acting on L2(R), is then given by the union of the spectra of Lµ as µ ranges

over the Brillouin zone [−π/L, π/L):

spec(L) =
⋃

µ∈[−π/L,π/L)

spec(Lµ).

This construction converts the spectral problem from a global one on the real line to

a parametrized family of spectral problems on a bounded interval, and reveals that the

spectrum of L is in general continuous. Floquet–Bloch theory is thus essential in studying

the spectral (in)stability of periodic traveling waves, providing a structured and compu-

tationally tractable framework.

3. Krein Signatures

Krein signatures are used to study the spectrum of the linearized operator, particularly

when analyzing the stability of the wave in regions away from the origin. In systems with

Hamiltonian or reversible structure, eigenvalues typically appear in symmetric pairs, and

Krein signatures help determine which of these eigenvalues are susceptible to instabilities.

The Krein signature assigns a sign to eigenvalues based on the sign of the energy

associated with their eigenfunctions. When eigenvalues with opposite Krein signatures

collide under parameter variations, they may move off the imaginary axis into the complex

plane, leading to spectral instability. Thus, Krein signature theory helps predict such

instabilities by identifying which eigenvalues are "dangerous", those that can cause growth

when perturbed.
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Although the origin is often associated with symmetries or conserved quantities, Krein

signatures remain a valuable tool both near and away from the origin, particularly for

tracking non-zero eigenvalue collisions that may lead to instability.

4. Linear Stability Analysis

After obtaining the linearized operator L, the evolution of a perturbation ϵ is governed

by
∂ϵ

∂t
+ Lϵ = 0.

Seeking solutions of the form

ϵ(x, t) = eλteiµxϕ̂(x), ϕ̂(x+ L) = ϕ̂(x),

where λ ∈ C and µ ∈ [−π/L, π/L) is the Floquet exponent, reduces the PDE to the

spectral problem

Lϕ = λϕ,

where ϕ(x) = eiµxϕ̂(x). Thus, the stability analysis of a periodic traveling wave requires

determining the spectrum of L. To proceed, one studies how the operator L acts on a

suitable class of functions ϕ, often taken from a Hilbert space like L2(R), and seeks all

λ ∈ C such that the equation above has nontrivial solutions.

In the periodic setting, the coefficients in L are periodic, so the classical eigenvalue

problem is replaced by a family of Bloch-type problems indexed by the Floquet parameter

µ ∈ [−π/L, π/L). For each fixed µ, we solve:

Lµϕ = λϕ, with ϕ(x+ L) = eiµLϕ(x),

where Lµ is the restriction of L to quasi-periodic functions. This leads to a discrete

spectrum for each µ, and the union of these spectra over all µ gives the full spectrum of

L on L2(R). This process converts the original spectral problem into a band structure,

capturing the continuous spectrum of the linearized operator.

For each µ, one computes the eigenfunctions ϕµ and determines how Lµ acts on them.

The resulting eigenvalues λ(µ) describe how perturbations with quasi-momentum µ grow

or decay over time. If for any µ, the spectrum contains an eigenvalue with Re(λ) > 0,
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the wave is spectrally unstable. If all eigenvalues lie on the imaginary axis, the wave is

spectrally stable (though not necessarily nonlinearly stable).

In Hamiltonian or symmetric systems, the spectrum exhibits symmetry about both

the real and imaginary axes. This symmetry constrains how eigenvalues can move: they

cannot drift independently into one half of the complex plane. Instead, eigenvalues ap-

pear in symmetric quartets {λ,−λ, λ,−λ}. As a result, the emergence of an unstable

eigenvalue necessarily brings its counterparts, providing a clear indication of spectral

instability.

After establishing the general framework for spectral stability, it is important to clas-

sify the different mechanisms through which instabilities can arise. Depending on the

nature of the perturbation and the system’s structure, periodic traveling waves may ex-

hibit modulational, high-frequency, or transverse instabilities. Each type corresponds to

a distinct spectral behavior and has different physical implications. We describe these

instabilities below.

Types of Spectral Instabilities

Once the spectral stability framework is established, one can classify instabilities into

several types depending on the nature of perturbations. The most common types include

modulational instability, high-frequency instability, and transverse instability.

Modulational Instability. Modulational instability refers to the growth of long-wavelength

(low-frequency) perturbations and is typically associated with the interaction between a

carrier wave and its slow modulations. It manifests in the spectral analysis as eigenvalues

with positive real part emerging near the origin of the spectral plane. More precisely, one

tracks the behavior of eigenvalues λ(µ) for small values of the Floquet parameter µ. If

Re(λ(µ)) > 0 for some µ ≈ 0, the wave is said to be modulationally unstable.

To illustrate, consider the well-studied Korteweg–de Vries (KdV) equation

ut − βuxxx +
(
u2
)
x
= 0,

where β is the dispersion coefficient, which determines the type of dispersion. The KdV
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equation models the unidirectional propagation of weakly nonlinear, long-wavelength wa-

ter waves; see [55] and references therein. While the KdV equation captures long-wave

phenomena such as solitary and periodic traveling waves, it fails to describe important

high-frequency behaviors like wave breaking and peaking. This limitation stems from

its linear dispersion relation, which poorly approximates the full water wave dispersion

outside the long-wavelength regime.

Indeed, the non-dimensional phase speed of unidirectional water waves expands as

cww(k) :=

√
tanh(k)

k
= 1− 1

6
k2 +O(k4), |k| ≪ 1,

so the KdV equation’s dispersion relation matches only up to O(k2) in this regime. To

better capture the full dispersion while retaining the shallow water nonlinearity, Whitham

proposed the equation

ut + βMwwux +
(
u2
)
x
= 0, (1.0.1)

where Mww is a Fourier multiplier with symbol

M̂wwf(k) = cww(k)f̂(k),

and β is the dispersion coefficient, which determines the type of dispersion. This model,

now known as the Whitham equation, retains the full linear dispersion of water waves and

thus was conjectured by Whitham to better predict phenomena such as wave breaking

and peaking. Recent work has confirmed these features: equation (2.2.1) has been shown

to exhibit wave breaking [37] and peaking [19, 23].

Moreover, the Whitham equation supports modulational instability of small-amplitude

periodic traveling waves, as demonstrated in [38]. Related numerical studies on large-

amplitude waves further confirm these findings [68]. While the precise derivation of

(2.2.1) from the full water wave equations remains a topic of study, recent comparisons

show that it outperforms traditional models like KdV and BBM in the intermediate-

and short-wave regimes [7, 61]. Taken together, these results indicate that the Whitham

equation provides a powerful framework for capturing modulational and high-frequency

features of water waves beyond the long-wave approximation.
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High-Frequency Instability. High-frequency instability refers to the growth of per-

turbations with large wavenumbers and is often related to the spectral properties of the

linearized operator at large Floquet exponents. Unlike modulational instability, which

concerns the low-frequency behavior near the origin of the spectral plane, high-frequency

instability typically involves eigenvalues emerging far from the origin, often near the edges

of the Brillouin zone. It is especially relevant in dispersive models where the linear phase

speed fails to match the full physical dispersion for short waves.

Mathematically, these instabilities arise when the spectral bands of the Bloch operator

Lµ collide at high frequencies or when they become non-symmetric due to the nonlocal

nature of the dispersion operator. The phenomenon is particularly prominent in models

where the dispersion relation introduces strong nonlinearity in the frequency domain,

such as in equations involving fractional or pseudodifferential operators.

Transverse Instability. Transverse instability refers to the instability of one-dimensional

traveling waves with respect to perturbations that vary in a transverse direction, that is,

orthogonal to the direction of wave propagation. This phenomenon is especially impor-

tant in understanding the full two-dimensional behavior of solutions originally derived

from one-dimensional models. Consider a wave u(x, t) and a perturbation of the form

ϵ(x, y, t) = eily ϵ̃(x, t),

where y is the transverse variable and l is the transverse wavenumber. The linearized

stability problem then becomes a family of spectral problems parameterized by l. For

each l, one studies the spectrum of the resulting operator to determine whether eigen-

values with positive real part appear. If such eigenvalues exist for some l, the wave is

transversely unstable. This type of instability is central in multi-dimensional extensions

of integrable systems, such as the Kadomtsev–Petviashvili (KP) equation or the two-

dimensional nonlinear Schrödinger equation, and is associated with phenomena such as

wave disintegration or transverse pattern formation.

The transverse instability of solitary waves of the Korteweg–de Vries (KdV) equation

within the Kadomtsev–Petviashvili (KP) framework was first investigated by Kadomtsev

and Petviashvili [48]. They showed that solitary waves are transversely stable in the KP-

II equation (negative dispersion) but become unstable in the KP-I equation (positive
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dispersion) to long-wavelength transverse perturbations—even though these solutions are

stable in the corresponding one-dimensional problem.

The transverse stability of periodic cnoidal wave solutions of the KdV equation within

the KP setting was studied in [70], where the authors found instability results for the KP-I

case and established transverse stability for KP-II. Subsequent work by Johnson and Zum-

brun [47] considered the transverse instability of periodic waves for the KP–generalized

KdV (KP–gKdV) equations. Their analysis focused on periodic perturbations in the

direction of wave propagation and long-wavelength perturbations in the transverse di-

rection. They developed an orientation index based on comparing the low- and high-

frequency behavior of the periodic Evans function.

In the case of small periodic waves, Haragus [32] studied the transverse stability for

more general classes of perturbations within the KP–KdV equation. More recently, in [35],

the authors rigorously proved the transverse spectral stability of one-dimensional periodic

traveling waves of the KP-II equation with respect to two-dimensional perturbations that

are bounded in the direction of propagation.

In a broader context, transverse instability of periodic waves in the KP-I and nonlinear

Schrödinger equations has been investigated in [30], while the transverse instability of

solitary waves in various water-wave models has been examined in [29, 63, 65, 66]. These

studies emphasize the importance of dimensionality in understanding stability phenomena

and highlight the rich structure of instability mechanisms in nonlinear dispersive wave

equations.

In the first part of this thesis, we investigate modulational instability in generalized

Ostrovsky-type equations. These equations model unidirectional wave propagation in

rotating fluids, incorporating both dispersive and rotational effects. Our analysis derives

a modulational instability index for small-amplitude periodic waves, depending on the

phase and group velocities of the linearized equation. Notably, we consider general Fourier

multipliers, enabling the study of a broad class of dispersion relations beyond classical

KdV-type models. We show that small-amplitude periodic waves in these systems become

modulationally unstable when the wave number exceeds a critical threshold, which we

explicitly compute for various choices of dispersion.

We next turn to transverse spectral instability, where we assess the response of
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one-dimensional periodic traveling waves to perturbations that vary in a second, trans-

verse spatial direction. This class of instability is especially relevant in two-dimensional

generalizations of unidirectional models, such as the Kadomtsev-Petviashvili (KP) and

Konopelchenko-Dubrovsky (KD) equations. In these models, we study the transverse in-

stability of small-amplitude wave trains and establish conditions under which instability

arises depending on the wavelength and structure of the perturbations. Our analysis cov-

ers KP-type generalizations with different dispersive terms, including fractional, interme-

diate long wave, and Whitham-type dispersion, as well as the RMKP (rotation-modified

KP) and KD equations. We demonstrate that these systems exhibit transverse instabil-

ity in certain parameter regimes even when the base wave is stable to one-dimensional

perturbations.

The final focus of the thesis is on high-frequency instabilities, which involve pertur-

bations with large wave numbers. These instabilities are more subtle and arise due to

the collision of nonzero eigenvalues in the spectral plane. We study these phenomena in

the context of the Ostrovsky equation and show that such collisions lead to spectral in-

stabilities that are distinct from the modulational type. Using Floquet theory and Krein

signature analysis, we provide a complete description of these high-frequency instabilities

and classify all possible eigenvalue collisions that result in spectral growth.

Collectively, this thesis builds a comprehensive spectral framework for understanding

instabilities in nonlinear water wave models. The inclusion of rotation, surface tension,

and nonlocal dispersive effects enriches the models and brings them closer to real-world

scenarios encountered in geophysical flows. Our results contribute to the growing body of

literature that seeks to rigorously classify stability properties of nonlinear wave solutions

in multidimensional dispersive systems.

The remainder of this thesis is organized as follows:

Chapter 1 reviews the background on water wave models and sets up the spectral

stability problem. Chapter 2 presents our results on modulational instability for general-

ized Ostrovsky-type equations. Chapter 3 investigates transverse instabilities in KP-type

models, including gKP, KD, and RMKP equations. Chapter 4 focuses on high-frequency

spectral instabilities in the Ostrovsky equation. Chapter 5 summarizes the key findings

and discusses potential directions for future work.
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This work brings together tools from spectral theory, perturbation analysis, and non-

linear dispersive PDEs to provide a unified understanding of spectral instability mecha-

nisms in nonlinear wave propagation.



2
Modulational Instability

2.1 Introduction

This chapter focuses on the modulational instability of small-amplitude periodic trav-

eling waves in dispersive water wave models with rotational effects. Modulational insta-

bility, also known as the Benjamin–Feir instability, describes the amplification of long-

wavelength perturbations and is a fundamental mechanism that can destabilize coherent

wave trains in nonlinear dispersive systems.

In the context of water wave theory, modulational instability is classically observed in

models like the Whitham equation, where full dispersion is retained, unlike the Korteweg–

de Vries (KdV) equation which suppresses this phenomenon due to its simplified disper-

sion relation. In the presence of Coriolis effects, captured by the Ostrovsky equation, the

modulation of periodic wave trains reveals even more intricate behavior depending on the

choice of dispersion.

11
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This chapter is based on my joint work with Mathew A. Johnson and Ashish Ku-

mar Pandey, published in the SIAM Journal on Mathematical Analysis (2024), titled

“Modulational Instability in the Ostrovsky Equation and Related Models” [3].

We investigate a general class of dispersion-modified Ostrovsky equations, incorpo-

rating a Fourier multiplier to allow flexible modeling of physical dispersion. The model

includes various well-known equations (Whitham, Intermediate Long Wave, Benjamin-

Ono, fractional KdV) as special cases, and our analysis provides a unified framework to

study modulational instability in these settings.

The main contributions of this chapter are as follows:

• We rigorously construct small-amplitude, periodic traveling wave solutions via Lyapunov–

Schmidt reduction.

• We derive an explicit modulational instability index, formulated in terms of phase

and group velocities, which determines the stability of periodic wave trains.

• We verify this index analytically and numerically for several specific models, includ-

ing the classical and Whitham-Ostrovsky equations, and demonstrate how rotation

alone can trigger modulational instability even in otherwise stable regimes.

• We also analyze how the inclusion of surface tension influences this instability in-

dex, and determine the critical thresholds in wavenumber that mark the onset of

instability.

This work provides one of the first general, rigorous spectral stability analyses of small

periodic waves in generalized Ostrovsky-type equations, and confirms prior formal and

numerical predictions under a firm analytical foundation. It also connects with classical

criteria such as the Lighthill condition, which we show is equivalent to our index in the

small-amplitude regime.

The analysis here not only contributes to a deeper understanding of wave modulation

in dispersive fluids but also sets the stage for later chapters, where we explore other types

of instabilities, such as transverse and high-frequency instabilities, in related models.
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2.2 The Model

The well-studied Korteweg-de Vries (KdV) equation

ut + βuxxx +
(
u2
)
x
= 0,

which is a canonical model for the unidirectional propagation of weakly nonlinear, small

amplitude water waves in the long wavelength regime: see [55] and references therein.

Here, β is the dispersion coefficient. It is well known-however, that while the KdV

equation explains well long-wave phenomena in a channel of water – traveling solitary

and periodic waves, for example – it fails to exhibit many high-frequency phenomena such

as wave breaking – the evolutionary formation of bounded solutions with infinite gradients

– and peaking – the existence of bounded, steady solutions with a singular point, such as

a peak or cusp. This of course should not be surprising, as the phase velocity associated

with the linear part of the KdV equation poorly approximates that of the water wave

equations outside the long wavelength regime. Indeed, the (non-dimensional) phase speed

for unidirectional water waves can be shown to expand as

cww(k) :=

√
tanh(k)

k
= 1− 1

6
k2 +O(k4), |k| ≪ 1,

where here k is the wavenumber of the wave. Thus, in the long wavelength regime |k| ≪ 1

the water wave phase speed cww(k) agrees up to O(k2) with the phase speed associated

to the KdV equation.

In an effort to find a simple mathematical equation that could explain water wave

phenomena outside of the long-wavelength regime, Whitham proposed the model

ut + βMwwux +
(
u2
)
x
= 0, (2.2.1)

where here Mww is a Fourier multiplier with symbol

M̂wwf(k) = cww(k)f̂(k).

The model (2.2.1), now referred to as the Whitham equation, balances both the full
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phase speed for unidirectional water waves with a canonical shallow water nonlinear-

ity and hence, Whitham conjectured, one might expect it to be capable of predicting

both breaking and peaking of water waves. This has recently been seen to be the case.

Indeed, (2.2.1) has recently been seen to exhibit both wave breaking [37] and peaking

[19, 23]. Additionally, (2.2.1) was shown in [38] to bear out the famous Benjamin-Feir, or

modulational, instability of small amplitude periodic traveling waves: see also the related

numerical work in [68] on the stability of large amplitude periodic waves. Taken together,

it seems clear that, regardless of its rigorous connection to the full water wave problem1,

the dispersion generalized model (2.2.1) admits many interesting high-frequency features

known to exist in the full water wave problem.

Given the success of (2.2.1) in describing water wave phenomena outside of the long-

wavelength regime, a number of recent works have aimed to study such models that

incorporate additional physical effects such as surface tension, constant vorticity, as well

as models allowing for bidirecitonal wave propagation: see, for example, [12, 13, 20, 21,

39, 45, 46] and references therein. Interestingly, these works that focus on stability may

often be carried out by considering a dispersion generalized Whitham equation

ut + βMux +
(
u2
)
x
= 0, (2.2.2)

where here the Fourier multiplier M

M̂f(k) = m(k)f̂(k), (2.2.3)

need only have a symbol m(k) that satisfies a few simple non-degeneracy, smoothness

and growth assumptions. Results for specific models, or incorporating specific physical

properties, can then be immediately ascertained by substituting for M a specific Fourier

multiplier whose symbol agrees with the associated phase velocity. For example, with

the choice m(k) = 1 − |k|α(α > 1) (2.2.2) is the Fractional KdV (fKdV) equation,

m(k) = 1− |k| is the Benjamin-Ono (BO) equation, m(k) = k coth k is the Intermediate

Long wave (ILW) equation and m(k) =
√
tanh k/k is the Whitham equation (2.2.1).

Continuing in this spirit, this current work seeks to study the existence and stability of

1The relevance of the Whitham equation as a model for water waves has recently been studied in
[7, 61], where it was found to perform better than the KdV and BBM equations in describing surface
water waves in the intermediate and short wave regime.
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periodic traveling wave solutions in the following dispersion-generalized Ostrovsky (gOst)

equation (
ut + βMux + (u2)x

)
x
− γu = 0, γ > 0, β ∈ R \ {0}, (2.2.4)

where here the Fourier multiplier M

M̂f(k) = m(k)f̂(k), (2.2.5)

which satisfies the following assumptions:

Hypothesis 2.2.1. The multiplier m(k) in (2.2.5) is assumed to satisfy the following:

(H1) m is real valued, even and without loss of generality, m(0) = 1;

(H2) there exists constants C1, C2 > 0 and α ≥ −1 such that

C1k
α ≤ m(k) ≤ C2k

α,

for k ≫ 1.

Additionally, throughout we will assume the frequencies k > 0 considered satisfy the

following:

(H3) for each fixed n = 2, 3, . . . we have

k2 (m(kn)−m(k)) ̸= γ(n2 − 1)

βn2
,

for all k > 0.

Remark 2.2.2. Hypotheses (H1)-(H3) above will be essential for the proof of the exis-

tence of small-amplitude periodic traveling waves of (2.2.4): see Section 2.4 below. In

particular, we note that hypothesis (H3) rules out the resonance between the fundamental

mode and a higher harmonic. For more details, see the discussion directly preceding the

statement of Theorem 2.4.1.

Also, we note in the case m(k) = 1 − k2, corresponding to the classical Ostrovsky

equation, the non-resonance condition (H3) holds for all k > 0 if β < 0 while if β > 0 it

requires that

k /∈

{(
γ

βn2

)1/4

: n ∈ N, n ≥ 2

}
,
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thus excluding a countable number of frequencies tending to zero as n→ ∞.

The model (2.2.4) can thus be thought of as an extension of (2.2.1) that incorporates

rotational effects. Notice (2.2.4) recovers the standard Ostrovsky equation by choosing

M = ∂2x,

(ut + βuxxx + (u2)x)x = γu. (2.2.6)

Further, one can take m(k) = 1 − |k|α, m(k) = 1 − |k|, m(k) = k coth(k) and m(k) =√
tanh(k)/k to produce variants of the fKdV, BO, ILW, and Whitham equations that

incorporates rotating background fluids. Further, note that since m(k) is even, if u(x, t)

satisfies (2.2.4) for a particular choice of β and γ, then −u(x,−t) satisfies (2.2.4) with β

and γ replaced by −β and −γ respectively. Due to this symmetry, we restrict ourselves

to the case of γ > 0.

2.3 Main Results

To state our main result, note that the dispersion relation associated with (2.2.4) is

given by

ω(k) = βkm(k) +
γ

k
, (2.3.1)

while the corresponding phase and group velocities are given by

cp(k) :=
ω(k)

k
= βm(k) +

γ

k2
and cg(k) :=

dω

dk
= β(m(k) + km′(k))− γ

k2
, (2.3.2)

respectively. We now state our main result, providing a criterion governing the modula-

tional instability of periodic traveling waves of the generalized Ostrovsky equation (2.2.4)

which is as follows.

Theorem 2.3.1 (Modulational instability index). A 2π/k-periodic traveling wave of

(2.2.4) with sufficiently small amplitude is modulationally unstable if

∆(k) := (cp(k)− cp(2k))
dcg(k)

dk
< 0, (2.3.3)

where cp and cg are phase and group velocities respectively given in (2.3.2). It is modu-

lationally stable if ∆(k) > 0.
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Remark 2.3.2. Our precise definition of modulational stability and instability is provided

in Definition 2.5.4 in Section 2.5 below.

Remark 2.3.3. We note that the instability condition (2.3.3) is precisely the same as

the well-known Lighthill criteria for modulational instability of small-amplitude periodic

traveling wave solutions in the context of the Ostrovsky equation. Indeed, in [28] the

authors use formal asymptotic methods (so-called modulation theory) to show that if u is

a small amplitude, weakly nonlinear periodic solution of the Ostrovsky equation with an

asymptotic expansion of the form

u(x, t) =
(
Aeiθ + c.c.

)
+
(
A2e

2iθ + c.c.
)
+ . . . ,

where c.c. denotes the complex conjugate of the preceding term, θ = kx − ω̃(|A|, k)t,

where ω̃(|A|, k) is the nonlinear dispersion relation, and |A| = ε ≪ 1 is slowly varying

(in space and time) with A2 = O(ε2), then the leading order term A satisfies the effective

nonlinear Schrödinger (NLS) equation

iAt +
1

2
ω′′(k)AXX − ω2(k)|A|2A = 0, (2.3.4)

where here X = x − cg(k)t, ω(k) is the dispersion relation (2.3.1) for the Ostrovsky

equation and where ω2 is identified as the O(ε2) correction to the dispersion relation

ω̃(|A|, k) = ω(k) + ε2ω2 +O(ε4),

in the amplitude of the wave. The Lighthill criteria then says that the small weakly

nonlinear periodic traveling wave solution is modulationally unstable provided that the

NLS equation (2.3.4) is focusing, i.e. provided that

ω′′(k)ω2(k) < 0. (2.3.5)

In Remark 2.4.3 below, we will show that the Lighthill condition (2.3.5) agrees precisely

with the rigorous modulational instability index (2.3.3) stated in Theorem 2.3.1. In this

way, in the case of the Ostrovsky equation, our work can be seen as a rigorous justification

of the (formal) Lighthill condition (2.3.5) at the level of the (rigorous) spectral stability
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of the underlying small-amplitude periodic traveling wave. Of course, our analysis also

applies to the wider class of dispersion generalized Ostrovsky equations given in (2.2.4).

From Theorem 2.3.1, ∆(k) can change sign using two mechanisms - first when cp(k) =

cp(2k), that is, phase velocities of first and second harmonic coincide, and second when
dcg(k)

dk
= 0, that is, group velocity has a critical value. As an immediate corollary of

Theorem 2.3.1, we obtain modulational instability in the Ostrovsky equation (2.2.6).

Corollary 2.3.4 (Modulational instability). For a fixed γ > 0, a 2π/k-periodic traveling

wave of the Ostrovsky equation (2.2.6) with sufficiently small amplitude is modulationally

unstable if k > kc where 
kc =

(
γ

3|β|

)1/4

if β > 0,

kc =

(
γ

4|β|

)1/4

if β < 0,

and it is modulationally stable otherwise.

Figure 2.1 displays the spectrum obtained by numerically computing the eigenvalues of

the linearized operator around the small-amplitude periodic wave, using Floquet–Bloch

theory. The eigenvalues are plotted in the complex plane, with the real part on the

horizontal axis and the imaginary part on the vertical axis [16].

For β = 1 and γ = 1, the value of kc in Theorem 2.3.1 is approximately 0.76 which

agrees with critical wavenumber obtained by Whitfield and Johnson in [74]. See also

Figure 2.1 where modulational instability and stability is demonstrated numerically for

cases k > kc and k < kc, respectively. In addition, Whitfield and Johnson mention that

the instability is caused as group velocity has a critical value at kc which in accordance

with our analysis for β > 0. In our analysis, we will also see when β < 0 that modulational

instability is caused by coinciding phase velocities of first and second harmonic at kc.

Remark 2.3.5. From Corollary 2.3.4 we see that, regardless of the sign of β, the critical

frequency kc satisfies

kc ∼ γ1/4, for 0 < γ ≪ 1.

Thus, one may think this suggests that all periodic traveling wave solutions of the KdV

equation (corresponding essentially to γ = 0) exhibit a modulational instability. This
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R

(a)

R

(b)

Figure 2.1: A numerical determination of the λ ∈ C with |λ| ≪ 1 obtained from the
linearized problem for the classical Ostrovsky equation (corresponding to m(k) = 1−k2).
In both figures, we took β = 1 and γ = 1, for which Corollary 2.3.4 gives kc = 0.76.
Taking an amplitude a = 0.05, in (a) we took k = 0.8 > kc as predicted by Theorem 2.3.1.
Similarly, in (b) we took k = 0.72 < kc, and so the spectral stability in a neighbourhood
of the origin is again consistent with Theorem 2.3.1.

is, in fact not the case, as it is actually known that all periodic traveling waves in the

KdV equation are modulationally stable (in fact, spectrally stable to general localized and

bounded perturbations) [8, 10, 11, 33]. This emphasizes the singular nature of the γ → 0+

limit, and results about the associated γ = 0 model can not be directly inferred from taking

γ → 0+ in our analysis.

2.4 Asymptotically small-amplitude periodic traveling

waves

To begin, we seek periodic traveling wave solutions of (2.2.4). Here and throughout

our work, we will always assume the symbol m(·) associated with the Fourier multiplier

M satisfies (H1)-(H3) in Hypothesis 2.2.1. To this end we make a change of variables

z := k(x − ct), where k > 0 is the wave number and c is the speed of the wave, and

note that if u is a 2π/k-periodic traveling wave solution of (2.2.4) then the function



20 Modulational Instability

η(z) := u(k(x− ct), t) is a 2π-periodic solution of

−ck2η′′ + βk2Mkη
′′ + k2(η2)′′ − γη = 0, (2.4.1)

where here Mk is a Fourier multiplier satisfying

Mke
inz = m(kn)einz for n ∈ Z.

Note that m(k) is assumed to be real-valued and even. Consequently, (2.4.1) is invariant

under translation (z 7→ z + z0) and z 7→ −z and therefore, we may assume that η is

even. Also, since (2.4.1) does not possess scaling invariance, we may not a priori assume

that k = 1. In fact, the modulational instability results obtained below depend on the

wavenumber k of the background periodic wave.

For fixed β and γ, define the operator2 F : Hα+2
even(T)× R× R+ → L2(T) as

F (η, c; k) = −ck2η′′ + βk2Mkη
′′ + k2(η2)′′ − γη.

Note that F is well defined by a elementary Sobolev embedding argument. We seek a

non-trivial 2π-periodic solution η of (2.4.1) in Hα+2
even(T) with c ∈ R and k > 0 such that

F (η, c; k) = 0.

Note that if η ∈ Hα+2(T) solves (2.4.1) then by a Sobolev inequality we have Mkη
′′ ∈

Hα(T). Therefore, by (H2) in Hypothesis 2.2.1, η ∈ H2(α+1)(T). By a bootstrap argument

it follows that solutions η ∈ Hα+2(T) of (2.4.1) necessarily satisfy η ∈ H∞(T).

Now, to study (2.4.1) note that F (0, c; k) = 0 for all c ∈ R and k > 0 and

∂ηF (0, c; k) = −ck2∂2z + βk2Mk∂
2
z − γ,

so that, in particular, for each c ∈ R, k > 0 and n ∈ N we have

∂ηF (0, c; k) cos(nz) =
(
c(kn)2 − β(kn)2m(kn)− γ

)
cos(nz).

2Here, α is as in (H2).
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It follows that

ker (∂ηF (0, c0; k)) = span (cos(z)) ,

provided that

c = c0 =
γ

k2
+ βm(k),

and that k > 0 is chosen so that that3

m(kn)−m(k) ̸= γ(n2 − 1)

βn2
for any n ∈ N, n ≥ 2, (2.4.2)

i.e. k should be chosen so that (H3) holds. Using a Lyapunov-Schmidt argument, one

can thus establish the existence of a one-parameter family of non-trivial, even solutions

(η(a; k)(·), c(a; k)) of F (η, c; k) bifurcating from η ≡ 0 and c = c0 and defined for |a| ≪ 1

provided that k > 0 satisfies the non-resonance condition (2.4.2). This existence argument

is elementary and follows the same lines as those in [22, 44], and is hence omitted here. A

key feature of the solutions (η(a; k)(·), c(a; k)), however, is that they depend analytically

on the parameter a for |a| ≪ 1. Exploiting that fact, the next result further establishes

analytic expansions for these solutions valid for all |a| ≪ 1.

Theorem 2.4.1. Suppose that the symbol m(·) in (2.2.5) satisfies hypotheses (H1)-(H2).

For all wavenumbers k > 0 satisfying hypothesis (H3) there exists a one parameter family

of solutions of (2.4.1) given by u(x, t) = η(a; k)(k(x − c(a; k)t)) for a ∈ R and |a| suf-

ficiently small; η(a; k)(·) is 2π-periodic, even and smooth in its argument, and c(a; k) is

even in a; η(a; k)(·) and c(a; k) depend analytically on a and k. Moreover,

η(a; k)(z) = a cos(z) + a2A2 cos 2z + a3A3 cos 3z +O(a4), (2.4.3)

and

c(a; k) = c0 + a2c2 +O(a4), (2.4.4)

as a→ 0, where

c0 =
γ

k2
+ βm(k),

3While the choice of c0 guarantees that cos(z) is in the kernel of ∂ηF (0, c; k), the restriction on k
guarantees ∂ηF (0, c0; k) cos(nz) ̸= 0 for any n ∈ N with n ≥ 2. That is, the restriction on k guarantees
that the kernel of ∂ηF (0, c0; k) is simple.
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and

c2 = A2, A2 =
2k2

3γ + 4βk2(m(k)−m(2k))
and A3 =

9k2A2

8γ + 9βk2(m(k)−m(3k))
.

Proof. As this argument is standard, here we only sketch the details. The existence of the

solutions (η(a; k)(·), c(a; k)) for a fixed k > 0 follows by an elementary Lyapunov-Schmidt

argument: for similar arguments, see, for example, [22]. As a result, for a fixed k > 0 it

follows that the solutions (η(a, k)(·), c(a, k)) are analytic in a for |a| ≪ 1 and hence may

be expanded as4

η(a; k)(z) = a cos(z) + a2w2(k)(z) + a3w3(k)(z) +O(a4),

c(a; k) = c0 + c2(k)a
2 + c4(k)a

4 +O(a6).
(2.4.5)

Substituting these expansions into the profile equation (2.4.1) yields a hierarchy of com-

patability conditions indexed by the order of the small parameter a. By construction,

the first non-trivial equation occurs at O(a2), which reads

∂ηF (0, c; k)η2 = 2k2 cos 2z, (2.4.6)

Requiring, via the Fredholm Alternative, that the right-hand side of (2.4.6) be orthogonal

to the kernel of the (symmetric) operator ∂ηF (0, c; k) yields the stated equation for c2 =

c2(k), and then subsequently solving (2.4.6) results in the stated formula for the function

η2. Continuing to higher order equations in a, using again the Fredholm alternative and

subsequently solving the resulting equation, yields the remainder of the formulae. We

omit the remainder of the details, and instead refer the interested reader to [44][Lemma

2.1], for instance.

Remark 2.4.2. We note, in particular, that the solutions η(a; k)(z) constructed above

all satisfy a mean-zero constraint, i.e., they satisfy
∫ 2π

0
η(z)dz = 0. This of course is a

property of all localized or periodic traveling wave solutions of the generalized Ostrovsky

equation considered here, as integrating (2.2.4) over a period (for periodic traveling waves)

or on the whole line (for localized traveling waves) yields the mean-zero requirement since

γ ̸= 0.
4The relation c(a; k) = c(−a; k) follows from the details of the Lyapunov-Schmidt argument discussed

above. See, for example, [22, 44].
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Remark 2.4.3. From Theorem 2.4.1, we see that the nonlinear dispersion relation ω(a; k) =

kc(a; k) can be expanded as

ω(a; k) = ω(k) + a2
2k3

3γ + 4βk2 (m(k)−m(2k))
+O(a4).

Noting that

cp(k)− cp(2k) =
3γ

4k2
+ β (m(k)−m(2k)) ,

and that dcg
dk
(k) = ω′′(k) by definition, it follows that the Lighthill condition given in

(2.3.5) can be expressed as

ω′′(k)ω2(k) =
k

2 (cp(k)− cp(2k))
· dcg
dk

(k),

and hence the sign of the rigorous modulational instability index from Theorem 2.3.1

agrees exactly with the Lighthill condition (2.3.5).

2.5 Modulational Instability Index

Throughout this section, let η = η(x; a, k) with k > 0 and |a| ≪ 1 be a small

amplitude 2π/k-periodic traveling wave solution of (2.2.4) with wave speed c = c(a; k),

whose existence follows from Theorem 2.4.1 above. The goal of this section is to study

the modulational stability of the wave η.

Linearizing (2.2.4) about η in the spatial frame of reference z = k(x − ct) we arrive

at the linear evolution equation

k(vt − ckvz + βkMkvz + 2k(ηv)z)z = γv,

governing the perturbation v(z, t). We seek a solution of the form v(z, t) = e
λ
k
tṽ(z), λ ∈ C

and ṽ ∈ L2(R) to arrive at the equation

T λ
k,aṽ := (λ∂z + k2∂2z (−c+ βMk + 2η)− γ)ṽ = 0, (2.5.1)

where here T λ
k,a : L

2(R) → L2(R) is considered as a closed, densely defined linear operator.

The operator T λ
k,a introduced here is precisely the one used in the numerical computations
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presented in Figure 2.1.

Definition 2.5.1. The periodic traveling wave solution η of (2.2.4) is spectrally stable

with respect to square integrable perturbations if the operator T λ
k,a is invertible on L2(R)

for every λ ∈ C with ℜ(λ) > 0. Otherwise, it is deemed to be spectrally unstable.

Remark 2.5.2. Note that since (2.5.1) is invariant under the transformation (v, λ) 7→

(v̄, λ̄), as well as the transformation (z, λ) 7→ (−z,−λ), the set of λ ∈ C where the

operator T λ
k,a fails to be invertible is symmetric with respect to reflections about the real

and imaginary axes. Consequently, η is spectrally stable if and only if T λ
k,a is invertible

for all λ ∈ C with ℜ(λ) ̸= 0.

Since the coefficients of the operator T λ
k,a are 2π-periodic, we can use the Floquet

theory such that all solutions of (2.5.1) in L2(R) or Cb(R) are of the form ṽ(z) = eiµzV (z)

where µ ∈ (−1/2, 1/2] is the Floquet exponent and V is a 2π-periodic function. As a

result, we get the following.

Lemma 2.5.3. The linear operator T λ
k,a is invertible with bounded inverse on L2(R) if

and only if the linear operators

T λ
k,a,µ := λ(∂z + iµ) + k2(∂z + iµ)2(−c+ βeiµzMke

−iµz + 2η)− γ, (2.5.2)

acting in L2(T) with domain Hα+2(T) are invertible for all µ ∈
(
−1

2
, 1
2

]
. Moreover, T λ

k,a,µ

is invertible in L2(T) if and only if zero is not an L2(T)-eigenvalue of T λ
k,a,µ.

Proof. We refer readers to [31, 32, 44] for detailed proofs in similar situations. It is

straightforward to adapt those results to our case.

Lemma 2.5.3 reduces the invertibility problem (2.5.1) in L2(R) to a one-parameter

family of invertibility problems

T λ
k,a,µϕ := (λ(∂z + iµ) + k2(∂z + iµ)2(−c+ βeiµzMke

−iµz + 2η)− γ)ϕ = 0, (2.5.3)

in L2(T) indexed by µ ∈
(
−1

2
, 1
2

]
. From Definition 2.5.1, it follows that the periodic

traveling wave η is spectrally unstable with respect to square integrable perturbations

in L2(R) if and only if for some µ ∈
(
−1

2
, 1
2

]
the operator T λ

k,a,µ acting on L2(T) has

non-trivial kernel for some λ ∈ C with ℜ(λ) > 0. While determining the full set of λ for
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which the operator T λ
k,a,µ is invertible for all µ ∈

(
−1

2
, 1
2

]
is already a daunting task, in

this work our focus is on a particular subclass of the possible instabilities.

Definition 2.5.4. A periodic traveling wave solution η(a; k) of (2.2.4) is said to be

modulationally stable if the associated linear operators T λ
a,k,µ is invertible on L2(T) for all

|(λ, µ)| ≪ 1 with ℜ(λ) ̸= 0. Otherwise, the solution η(a; k) is modulationally unstable.

Remark 2.5.5. In essence, the above states that the periodic traveling wave η(a; k) is

modulationally stable if the operator T λ
a,k is invertible for all λ off the imaginary axis in a

sufficiently small neighborhood of λ = 0. It follows that if the solution η is modulationally

unstable, then it is indeed spectrally unstable in the sense of Definition 2.5.1. However,

being modulationally stable does not automatically imply spectral stability since the latter

requires that T λ
a,k is invertible for all λ ∈ C with ℜ(λ) ̸= 0, not just invertible for such λ

near the origin.

Remark 2.5.6. We note that modulational instabilities are a fundamental feature of

many nonlinear systems, including those arising in the modeling of nonlinear optics as

well as surface water waves. The connection between such “spectral” modulational instabil-

ities, as described above, and the dynamic instability of periodic traveling wave solutions

to slow modulations (via Whitham’s theory of modulations) has been studied in many

works, including [9, 42, 43]. In addition to the references mentioned above, the reader

can consult [75] for a mathematical and physical discussion.

We now list some properties of the operator T λ
k,a,µ, which may be readily verified by

direct calculation.

Proposition 2.5.7 (Symmetric Property). The operator T λ
k,a,µ acting on L2(T) has fol-

lowing properties:

1. T λ
k,a,µ(z) = T −λ

k,a,µ(−z),

2. T λ
k,a,µ = T λ

k,a,−µ.

We now set forth the study of the L2(T)-kernel of the operator T λ
k,a,µ for µ ∈

(
−1

2
, 1
2

]
and |a| sufficiently small. Note that, thanks to Proposition 2.5.7(2), it is sufficient to take

µ ∈ [0, 1/2]. Since k is fixed, in what follows, we denote T λ
k,a,µ by T λ

a,µ.
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We begin by discussing the case a = 0, corresponding to the trivial solution η = 0. A

straightforward Fourier calculation yields that

T λ
0,µe

inz =
(
iλ(n+ µ) + γ((n+ µ)2 − 1) + βk2(n+ µ)2(m(k)−m(k(n+ µ)))

)
einz = 0,

(2.5.4)

for all n ∈ Z and µ ∈ [0, 1/2]. The kernel of T λ
0,µ is thus non-trivial when

λ = i

(
γ

(
n+ µ− 1

n+ µ

)
+ nβk2(m(k)−m(k(n+ µ)))

)
=: iΩn,µ, n ∈ Z, (2.5.5)

and hence the trivial solution η = 0 of (2.2.4) is spectrally stable to square integrable

perturbations as expected. Moreover, for |a| small, because of Proposition 2.5.7, values

of λ in (2.5.5) will bifurcate to leave imaginary axis only when two of them collide on

imaginary axis. Therefore, we obtain instability for small |a| if for some λ in (2.5.5), the

kernel of T λ
0,µ is at least two-dimensional. Since we are only concerned with modulational

(in)stability, we will only consider small values of |µ| and |λ|.

In particular, notice that the two values Ω1,µ and Ω−1,µ collide at λ = 0 when µ = 0:

for all other n ∈ N and µ we have Ωn,µ ̸= 0. Furthermore, the two-dimensional generalized

kernel for T 0
0,0 can be continued into a two-dimensional critical subspace

Σ0,µ = ker
(
T iΩ1,µ

0,µ

)
⊕ ker

(
T iΩ−1,µ

0,µ

)
,

with (µ-independent) orthogonal basis

ϕ1(z) = cos(z), ϕ2(z) = sin(z). (2.5.6)

For all other values of n ̸= −1, 1, the kernel of T iΩn,0

0,0 is one-dimensional and therefore,

from Proposition 2.5.7(1), can not lead to instability for |(a, µ)| ≪ 1. We thus aim to

track how the values Ω±1,0 bifurcate from the origin for |(a, µ)| ≪ 1. To this end, we note

that, for |a| and µ small, the operator T λ
a,µ is a perturbation of T λ

0,0 with

∥T λ
a,µ − T λ

0,0∥L2(T)→L2(T) = O(|a|+ |µ|),

uniformly in operator norm as |a|, µ → 0. Consequently, for |(a, µ)| ≪ 1 there can be

only two values λ = iΩ±1,a,µ in a sufficiently small neighborhood of the origin where the
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operator T λ
a,µ fails to be invertible and, further, the functions

(a, µ) 7→ Ω±1,a,µ,

are analytic in (a, µ) for |(a, µ)| ≪ 1 and limit back to Ω±1,0 = 0 as (a, µ) → (0, 0).

Further, one has a two-dimensional critical subspace

Σa,µ = ker
(
T iΩ1,a,µ
a,µ

)
⊕ ker

(
T iΩ−1,a,µ
a,µ

)
,

which is an analytical continuation of that found at a = 0 above.

Our goal is now to track the critical values λ(a, µ) = iΩ±1,a,µ for |(a, µ)| ≪ 1. To

this end, our strategy is essentially to project the operator equation T λ
a,µv = 0 onto the

two-dimensional critical subspace Σa,µ above. More precisely, we will compute a suitable

basis {ϕj(z; a, µ)}j=1,2 for Σa,µ and then compute the 2× 2 matrix

Bλ
a,µ = [Bij]

2
i,j=1 with Bij =

⟨T λ
a,µϕi(z; a, µ), ϕj(z; a, µ)⟩
⟨ϕi(z; a, µ), ϕi(z; a, µ)⟩

. (2.5.7)

The critical values λ(a, µ) are then found by solving the algebraic equation

det(Bλ
a,µ) = 0, (2.5.8)

for the variable λ. It remains then to find a suitable basis for the critical subspace Σa,µ,

and then to compute the appropriate projections above.

To compute a basis for Σa,µ that is compatible with Σ0,µ, note that differentiating the

profile equation (2.4.1) with respect to z and a gives

T 0
a,0(∂zη) = 0, T 0

a,0(∂aη) = 0.

Using the expansions in Theorem 2.4.1, we thus obtain a normalized basis for the critical

subspace Σa,0, i.e. the generalized kernel of T 0
a,0, as

ϕ1(z; a, 0) = −1

a
(∂zη)(z) = sin z + 2aA2 sin 2z + 3a2A3 sin 3z +O(a4), (2.5.9)
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and

ϕ2(z; a, 0) = (∂aη)(z) = cos z + 2aA2 cos 2z + 3a2A3 cos 3z +O(a4), (2.5.10)

where here the values Aj are as in Theorem 2.4.1. These functions provide asymptotic

extensions for the generalized kernel of T 0
0,0 and, in fact, they provide an asymptotic

extension for the (µ-independent) basis of the critical subspace Σ0,µ provided in (2.5.6).

By spectral perturbation theory, it follows that the functions ϕ1(·; a, 0) and ϕ2(·; a, 0)

continue into a µ-dependent basis for the critical subspace Σa,µ for |(a, µ)| ≪ 1. We

note, however, that as in [38, 39, 44], the variations in the basis functions ϕj(·; a, µ) does

not play a role in the asymptotic calculation below as they contribute only to higher-

order terms than what are needed here. Thus, below, the calculations are done with the

µ-independent basis ϕj(·; a, 0).

Continuing our strategy, we now compute the action of T λ
a,µ on the critical subspace

Σa,µ. Here ⟨ · , · ⟩ denotes the L2(T)- inner product defined as

⟨f, g⟩ = 1

2π

∫ 2π

0

f(z)g(z) dz =
∑
n∈Z

f̂nĝn, (2.5.11)

where here, for a given h ∈ L2(T),

ĥn =
1

2π

∫ 2π

0

h(z)e−inxdx,

denotes the nth Fourier coefficient of h. Now, for µ and |a| sufficiently small, we expand

T λ
a,µ using Baker-Campbell-Hausdorff formula as

T λ
a,µ = T0,a + iµT1,a −

µ2

2
T2,a +O(µ3), (2.5.12)

as µ→ 0 where

T0,a := T λ
a,0 = T0 + 2k2∂z2(a cos z + a2A2 cos 2z) +O(a3),

T1,a := [T λ
a,0, z] = T1 + 4k2∂z(a cos z + a2A2 cos 2z) +O(a3),

T2,a := [[T λ
a,0, z], z] = T2 + 4k2(a cos z + a2A2 cos 2z) +O(a3),
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and

T0 = T λ
0,0, T1 = [T0, z] and T2 = [[T0, z], z].

Note that T1,a and T2,a are well defined in L2(T). Now, to find the action of T0, T1 and T2

on the generalized kernel, we use the expansion T λ
0,µe

inz rather than computing tedious

Fourier series expansions. Moreover,

T λ
0,µ(cosnz) = T λ

0,µ

(
einz + e−inz

2

)
and T λ

0,µ(sinnz) = T λ
0,µ

(
einz − e−inz

2i

)
.

Consequently,

T0(cosnz) =− nλ sinnz + γ(n2 − 1) cosnz + βk2n2(m(k)−m(kn)) cosnz,

T1(cosnz) =λ cosnz + 2nγ sinnz + βk2(−n2km′(kn) + 2n(m(k)

−m(kn)) sinnz,

T2(cosnz) =− 2γ cosnz − 2βk2(m(k)−m(kn)− 2nkm′(kn)

− n2k2

2
m′′(kn)) cosnz,

and

T0(sinnz) =nλ cosnz + γ(n2 − 1) sinnz + βk2n2(m(k)−m(kn)) sinnz,

T1(sinnz) =λ sinnz − 2nγ cosnz − βk2(−n2km′(kn) + 2n(m(k)

−m(kn)) cosnz,

T2(sinnz) =− 2γ sinnz − 2βk2(m(k)−m(kn)− 2nkm′(kn)

− n2k2

2
m′′(kn)) sinnz.

Using these, we get

〈
T λ
a,µϕ1, ϕ1

〉
=
1

2
(iµλ(1 + 4a2A2

2)−
µ2

2
(−2γ(1 + a2A2

2) + βk4(m′′(k)

+ 16a2A2
2m

′′(2k)) + 4βk3(m′(k) + 8a2A2
2m

′(2k)))) +O(µ3 + a3),〈
T λ
a,µϕ1, ϕ2

〉
=
1

2
(λ(1 + 8a2A2

2) + iµ(−2γ(1 + 2a2A2
2)

+ βk3(m′(k) + 16a2A2
2m

′(2k))) +O(µ3 + a3),
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〈
T λ
a,µϕ2, ϕ1

〉
=
1

2
(−λ(1 + 8a2A2

2) + iµ(2γ(1 + 2a2A2
2)− 4a2k2A2

2 − βk3(m′(k) + 16a2A2
2m

′(2k)))

+O(µ3 + a3),〈
T λ
a,µϕ2, ϕ2

〉
=
1

2
(−2a2k2A2 + iµλ(1 + 4a2A2

2)−
µ2

2
(−2γ(1 + a2A2

2) + 4a2k2A2 + βk4(m′′(k)

+ 16a2A2
2m

′′(2k)) + 4βk3(m′(k) + 8a2A2
2m

′(2k)))) +O(µ3 + a3).

Using the above obtained expressions, along with the expansion (2.5.12), it follows that

the matrix Bλ
a,µ in (2.5.7) can be expanded for sufficiently small µ and |a| as

Bλ
a,µ =

λ

2

 0 1

−1 0

+
a2

2

 0 8λA2
2

−8λA2
2 −2k2A2

+
iµ

2

 λ −2γ + βk3m′(k)

2γ − βk3m′(k) λ


+
iµa2

2

 4λA2
2 −4γA2

2 + 16βk3A2
2m

′(2k)

4γA2
2 − 4k2A2

2 − 16βk3A2
2m

′(2k) 4λA2
2


− µ2

2
(−2γ + βk4m′′(k) + 4βk3m′(k))

1 0

0 1


− µ2a2

2

(−2γA2
2 + 16βk4A2

2m
′′(2k) + 32βk3A2

2m
′(2k))

1 0

0 1

+

0 0

0 4k2A2


+O(µ3 + a3).

To study the two critical values λ(a, µ) bifurcating from the (λ, a, µ) = (0, 0, 0) state,

we recall from (2.5.8) that we must study the roots of the polynomial

det(Bλ
a,µ) = b0(a, µ) + ib1(a, µ)λ+ b2(a, µ)λ

2,

where the coefficient functions bj, defined for |(a, µ)| ≪ 1, depend smoothly on a and µ.

From the symmetry property in Proposition 2.5.7(1), we further see that the functions bj

are real-valued for j = 0, 1, 2. Similarly, Proposition 2.5.7(2) implies that b0 and b2 are

even functions of µ while b1 is odd in µ. Note also that since the values Ω1,µ and Ω−1,µ

collide at λ = 0 when µ = 0, we see that b0 = O(µ2) for |(a, µ)| ≪ 1. It follows that

bj(a, µ) = dj(a, µ)µ
2−j, j = 0, 1, 2,

where the functions dj are real-valued functions depending smoothly on a and µ for
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|(a, µ)| ≪ 1. Setting λ = iµX it follows that

det(Bλ
a,µ) = µ2

(
d0(a, µ)− d1(a, µ)X − d2(a, µ)X

2
)
=: µ2Q(a, µ,X).

The underlying wave is thus modulationally unstable if the polynomial Q admits roots

with non-zero imaginary parts, while if it modulationally stable if Q admits two distinct

real roots.

To determine the reality of the roots of Q, it is sufficient to study its discriminant

Da,µ, which can be directly expanded as

Da,µ = µ2(βk3(km′′(k) + 2m′(k)) + 2γ)2 + a2
k4

2

(
2γ + βk3(km′′(k) + 2m′(k))

3γ + 4βk2(m(k)−m(2k))

)
+O

(
a2
(
a2 + µ2

))
.

It follows that the asymptotically small background periodic traveling waves η(·; a, k)

are modulationally stable provided that Da,µ > 0 for 0 < |µ| ≪ 1 and modulationally

unstable if Da,µ < 0 for 0 < |µ| ≪ 1. In particular, we note that for a fixed small |a|

we can choose 0 < µ0 ≪ 1 sufficiently small such that Da,µ < 0 for all 0 < |µ| ≪ µ0,

indicating modulational instability of the background wave, provided that

2γ + βk3(km′′(k) + 2m′(k))

3γ + 4βk2(m(k)−m(2k))
< 0, (2.5.13)

while one can similarly guarantee Da,µ > 0 for all 0 < |µ| ≪ 1 provided that the expression

in (2.5.13) is strictly positive.

To complete the proof of Theorem 2.3.1, it remains simply to note by the calculations

in Remark 2.4.3, along with the observation that

dcg
dk

(k) =
2γ

k3
+ β (2m′(k) + km′′(k)) ,

that the quantity in (2.5.13) can be rewritten as

2γ + βk3(km′′(k) + 2m′(k))

3γ + 4βk2(m(k)−m(2k))
=

4

k3 (cp(k)− cp(2k))

dcg
dk

(k).

It follows that the sign of the expression in (2.5.13) agrees precisely with that of the
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modulational instability index ∆(k) in Theorem 2.3.1, completing the proof.

2.6 Application to Specific Models

In this section, we apply the general result from Theorem 2.3.1 to a number of specific

models. When possible, we compare our results to previously known results. Specifically,

we first apply our results to the classical Ostrovsky equation (2.2.6) as well as the frac-

tional Ostrovsky equation. We then consider the Whitham-Ostrovsky equation, where

the associated one-dimensinoal equation encodes the full dispersion relation from the

Euler equations for uni-directional surface water waves, as well as an Ostrovsky variant

of the well-studied Intermediate Long-Wave equation. Our final examples go further

to consider the effects of adding capillary effects into the the classical Ostrovsky and

Whitham-Ostrovsky equations.

We note that for each of the examples considered in this section, the corresponding

modulational stability of small amplitude periodic traveling waves in the non-rotational

version of the equation given by (2.2.2) has been previously studied: see, for example, the

works [33, 38, 39, 44]. As such, the results presented below essentially study the effect of

rotation (as modeled by the Ostrovsky equation) on these previously studied models.

2.6.1 Classical Ostrovsky Equation

As a first application, we apply Theorem 2.3.1 to the classical Ostrovsky equation

(2.2.6). Note that (2.2.6) corresponds to our generalized-dispersion model (2.2.4) with

the choice

M = 1 + ∂2x, i.e. m(k) = 1− k2. (2.6.1)

The symbol m(k) clearly satisfies Hypotheses 2.2.1 (H1), (H2) (α = 2, C1 = 1 and

C2 = 2), and (H3) (m is strictly decreasing for k > 0). Consequently, we obtain asymptot-

ically small periodic traveling wave solutions from Theorem 2.4.1 along with asymptotic

expansions provided explicitly by substituting m(k) = 1− k2 into (2.4.3).

In this case, the corresponding phase and group velocities are given explicitly by

cp(k) = β
(
1− k2

)
+

γ

k2
and cg(k) = β

(
1− 3k2

)
− γ

k2
.
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The qualitative properties clearly depend on the sign of β. For β > 0, the group velocity

cg attains a global maxima (for k > 0) at k = kc =

(
γ

3|β|

)1/4

and is monotonically

increasing for k ∈ (0, kc) and monotonically decreasing for k > kc. Further, in this case

the phase speed cp(k) is strictly decreasing for k > 0, and hence in this case one has

∆(k) > 0 for k ∈ (0, kc) and ∆(k) < 0 for k > kc.

This establishes the modulational instability and stability result in Corollary 2.3.4 in the

case β > 0. As noted in the Introduction, in the case β = 1 and γ = 1 our result agrees

with that derived by Whitfield and Johnson in [74].

Similarly, when β < 0 the group velocity is strictly increasing for all k > 0, while

cp(k)− cp(2k) changes signs exactly once, from positive to negative, at kc =
(

γ

4|β|

)1/4

.

This establishes Corollary 2.3.4 in the case β < 0. Notice, in particular, that the mech-

anisms accounting for the modulational instabilities in the case β > 0 are different from

those in the β < 0 case.

2.6.2 Fractional Ostrovsky Equation

The Ostrovsky-fractional KdV equation

(
ut + β(1− |∂x|δ)ux + (u2)x

)
x
− γu = 0, γ > 0, β ∈ R \ {0}, (2.6.2)

can be obtained from (2.2.4) by choosing m(k) = 1 − |k|δ, δ > 1/2. In this case, the

symbol m(k) clearly satisfies Hypotheses 2.2.1 (H1), (H2) (δ = α, C1 = 1, and C2 = 2),

and (H3) (m is strictly decreasing for k > 0). As above, we can obtain asymptotically

small amplitude periodic travleing wave solutions of the Ostrovsky-fKdV equation from

Theorem 2.4.1 by substituting m(k) = 1 − |k|δ. Applying precisely the same reasoning

as in the previous section for the classical Ostrovsky equation, we obtain the following

result.

Corollary 2.6.1. For a fixed γ > 0, a 2π/k-periodic traveling wave of the Ostrovsky-fKdV

equation (2.6.2) with sufficiently small amplitude is modulationally unstable if k > kc,
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where 
kc =

(
2γ

δ(1 + δ)|β|

)1/(2+δ)

if β > 0,

kc =

(
3γ

4(2δ − 1)|β|

)1/(2+δ)

if β < 0.

and it is modulationally stable otherwise.

Proof. The proof is same as the Ostrovsky equation in Section 2.6.1.

2.6.3 Whitham-Ostrovsky Equation

Continuing as above, we may consider an Ostrovsky variant of the well-studied Whitham

equation (2.2.1) by choosing

m(k) =

√
tanh k

k
. (2.6.3)

The symbol m(k) clearly satisfies Hypotheses 2.2.1 (H1), (H2) (α = −1/2, C1 = 1

and C2 = 2), and (H3) (m is strictly decreasing for k > 0). As above, we can obtain

asymptotically small amplitude periodic traveling wave solutions of the Ostrovsky-fKdV

equation from Theorem 2.4.1. In this case, our Theorem 2.3.1 gives the following result.

Corollary 2.6.2. For a fixed γ > 0, a 2π/k-periodic traveling wave of the Whitham-

Ostrovsky equation (2.2.6) with sufficiently small amplitude is modulationally unstable if

k > kc, where kc is the unique real solution of following equations

k3
(
k
d2

dk2

(√
tanh k

k

)
+ 2

d

dk

(√
tanh k

k

))
= − 2γ

|β|
if β > 0,

k2
(√

tanh k
k

−
√

tanh 2k
2k

)
=

3γ

4|β|
if β < 0,

and it is modulationally stable otherwise.

Proof. The proof is same as the Ostrovsky equation in Section 2.6.1.

We note that numerics indicate that the functions

k 7→ −k3
(
k
d2

dk2

(√
tanh k

k

)
+ 2

d

dk

(√
tanh k

k

))
, (2.6.4)
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and

k 7→ k2

(√
tanh k

k
−
√

tanh 2k

2k

)
, (2.6.5)

are both equal to zero at k = 0 and are both monotonically increasing for k > 0, tending

to infinity as k → ∞: see Figure 2.2. Consequently, it is clear in each case β > 0

and β < 0 there is a unique k = kc(β) > 0 where the conditions in Corollary 2.6.2 are

satisfied. Further, they are both O(k4) for |k| ≪ 1 and hence, for the Whitham-Ostrovsky

equation, the critical frequency satisfies kc ∼ γ1/4 for 0 < γ ≪ 1. Note that for the one-

dimensional Whitham equation for water waves, corresponding to (2.2.2) with the choice

(2.6.3), the corresponding asymptotically small waves exhibit a modulational instability

for k > k̃c ≈ 1.146. Again, this demonstrates a singularity of the Whitham-Ostrovsky

equation in the limit γ → 0+: see Remark 2.3.5 in the Introduction.

(a) 1 2 3 4
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Figure 2.2: Plots of the functions (a) (2.6.4) and (b) (2.6.5) associated with the
Whitham-Ostrovsky equation.

2.6.4 ILW-Ostrovsky Equation

The Intermediate Long Wave (ILW) equation is given by

ut + βMux +
(
u2
)
x
= 0,

where here M is a Fourier multiplier with symbol m(k) = k coth(k). The ILW is well-

known to describe long internal gravity waves in a two-layer stratified fluid, with the lower

layer having a large finite depth. By adding rotational effects, we can obtain an ILW-

Ostrovsky equation by making the choice m(k) = k coth(k) in (2.2.4). The symbol m(k)

clearly satisfies Hypotheses 2.2.1 (H1), (H2) (α = 2, C1 = 1 and C2 = 2), and (H3) (m is

strictly increasing for k > 0). As above, we can obtain asymptotically small amplitude
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periodic travleing wave solutions of the ILW-Ostrovsky equation from Theorem 2.4.1.

Again applying the same reasoning as in Section 2.6.1, we obtain the following result.

Corollary 2.6.3. For a fixed γ > 0, a 2π/k-periodic traveling wave of the ILW-Ostrovsky

equation (2.2.6) with sufficiently small amplitude is modulationally unstable if k > kc,

where kc is the unique real solution of following equations

k2(2k coth 2k − k coth k)− 3γ

4|β|
= 0 if β > 0,

k3(−4k csch2 k + 2k2 coth k csch2 k + 2 coth k)− 2γ

|β|
= 0 if β < 0,

and it is modulationally stable otherwise.

Proof. The proof is same as the classical Ostrovsky equation in Section 2.6.1. Note

that while we lack an explicit formula for the critical frequency kc, it can of course be

numerically approximated.

We note that, similar to the above example, numerics indicate that the functions

k 7→ k2(2k coth 2k − k coth k), (2.6.6)

and

k 7→ k3(−4k csch2 k + 2k2 coth k csch2 k + 2 coth k), (2.6.7)

both vanish at k = 0 and are monotonically increasing for k > 0, tending to infinity as

k → ∞: see Figure 2.3. As above, it follows that for each case β > 0 and β < 0 there is a

unique k = kc(β) > 0 where the conditions in Corollary 2.6.3 are satisfied. Further, both

functions are O(k4) for |k| ≪ 1. As such, for the ILW-Ostrovsky equation, we again see

the scaling relation kc ∼ γ1/4 for 0 < γ ≪ 1 as observed for both the classical Ostrovsky

and Whitham-Ostrovsky equations considered above.

2.6.5 Effects of Surface Tension on Modulational instability

We conclude our study by further adding capillary effects to the classical Ostrovsky

and Whitham-Ostrovsky equations considered above. Note that it is known that incor-

porating such capillary effects into even the non-rotational models drastically affects the
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Figure 2.3: Plots of the functions (a) (2.6.6) and (b) (2.6.7) associated with the ILW-
Ostrovsky equation.

modulational instability of asymptotically small waves: see, for example, [39]. As such,

we find it worthwhile to report on the effects adding surface tension to the rotational

models considered in our work.

2.6.5.1 Classical Ostrovsky Equation with Surface Tension

Upon normalization, in the presence of surface tension in the classical Ostrovsky

equation, the dispersive symbol in (2.2.5) will change to

m(k, T ) = 1− k2 + 3Tk2, (2.6.8)

where here T ≥ 0 is the constant coefficient of surface tension. Note that for T = 0,

(2.6.8) reduces to (2.6.1), which was studied in Section 2.6.1 above.

Using Theorem 2.3.1, we have following results on the effects of surface tension on

modulational stability in the Ostrovsky equation. As one might expect, the results depend

on the sign of β as well as whether the parameter T satisfies 0 < T < 1/3 or T > 1/3.

Corollary 2.6.4. In the case β > 0, a sufficiently small 2π/k-periodic traveling wave of

the full-dispersion Ostrovsky equation (2.2.2) with dispersive symbol m(k) = m(k;T ) as

in (2.6.8) is modulationally unstable if k > kc(T ), where
kc(T ) =

(
γ

3|β|(1− 3T )

)1/4

if T < 1/3,

kc(T ) =

(
γ

4|β|(3T − 1)

)1/4

if T > 1/3,

and it is modulationally stable otherwise.
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For the same equation, but in the case β < 0, a sufficiently small 2π/k-periodic

traveling wave is modulationally unstable if k > kc(T ), where
kc(T ) =

(
γ

4|β|(1− 3T )

)1/4

if T < 1/3,

kc(T ) =

(
γ

3|β|(3T − 1)

)1/4

if T > 1/3,

and it is modulationally stable otherwise.

For T = 0, that is, when capillary effects are absent, value of kc(0) of course agrees

with kc in Corollary 2.3.4. For T > 0, we describe the modulational instability through

the Figure 2.4, where we took γ
β
= 1 and γ

β
= −1 for the computations5. In k-k

√
T plane,

two curves are corresponding to each mechanism splitting the plane into two regions of

stability and two regions of instability. Any fixed T > 0 corresponds to a line passing

through the origin of slope
√
T . For T ̸= 1/3, the line through the origin only crosses

one curve at a time producing one interval of stable wave numbers and one interval of

unstable wave numbers. The result becomes inconclusive for T = 1/3.

2.6.5.2 Whitham-Ostrovsky Equation with Surface Tension

To incorporate the effects of surface tension into the Whitham-Ostrovsky equation,

we replace the dispersive symbol m(k) in (2.6.3) by

m(k, T ) =

√
tanh k

k
(1 + Tk2), (2.6.9)

where T ≥ 0 is the (properly normalized) coefficient of surface tension. Note that when

T = 0, (2.6.9) of course reduces to (2.6.3), and hence we will only consider the case T > 0

here.

First, note that for each fixed T > 0 the symbol m(·, T ) satisfies

m(0, T ) = 1 and lim
|k|→∞

m(k, T ) = ∞.

Further, it is readily seen that m(·, T ) is strictly monotone for k > 0 provided T >

1/3, while for 0 < T < 1/3 there exists a unique k∗(T ) such that m(·, T ) is monotone
5Note that while the results for the cases γ

β = ±1 are qualitatively similar, the exact stability boundary
curves in each figure are slightly different.
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Figure 2.4: Stability diagrams for sufficiently small, periodic wave trains of Ostrovsky
equation with surface tension (see Corollary 2.6.4). Here, for the computations we took
(a) γ

β
= 1 and (b) γ

β
= −1. In both figures, “S” and “U” denote stable and unstable regions.

Solid curves represent roots of the stability condition (2.3.3). Specifically, the solid orange
curve represents the coots of cp(k)− cp(2k) while the solid blue curve represents the roots
of dcg(k)

dk
. (Color available online.)

decreasing on (0, k∗(T )) and monotone increasing for (k∗(T ),∞). In this way, the critical

surface tension T = 1/3 is often used to differentiate between the “weak” (0 < T < 1/3)

and “strong” (T > 1/3) surface tension cases.

According to Theorem 2.3.1, whenever factors cp(k) − cp(2k) and dcg(k)

dk
of the mod-

ulational instability index ∆(k) are zero, stability changes, where cp(k) and cg(k) are

defined in (2.3.2). To show the explicit dependence on surface tension, we replace cp(k)

and cg(k), by cp(k, T ) and cg(k, T ), respectively. Notice in particular that the roots (in

the frequency k) of the factors cp(k, T )− cp(2k, T ) and dcg(k,T )

dk
are precisely the same for

each fixed value of the ratio

σ :=
γ

β
.

Of course, since γ is always positive, the sign of σ agrees with that of β. Below, we will

consider the cases σ > 0 and σ < 0 separately.

Case σ > 0:

It is straightforward to see that for each σ > 0, there exists a unique T = Tc(σ)
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such that the group velocity cg attains a local maxima and a local minima for 0 < T <

Tc(σ) and is monotonic for T > Tc(σ). For instance, for σ = 0.1, Tc ≈ 0.132 and

therefore, plots of cg(k, T ) vs. k for T = 0.02 < Tc and T = 0.5 > Tc (see Figure 2.5)

confirm the monotonocity property of cg. Moreover, for any T > 0, cp(k, T ) − cp(2k, T )

is changing its sign only once, see Figure 2.6, for instance. Therefore, for 0 < T <

((a)) T = 0.02 ((b)) T = 0.5

Figure 2.5: Graph of function cg vs. k for σ = 0.1 for which Tc ≈ 0.132.

Figure 2.6: cp(k, T )− cp(2k, T ) vs k for σ = 0.1 and T = 0.2.

Tc(σ), there exist three critical wavenumbers 0 < k1 < k2 < k3 such that sufficiently

small 2π/k-periodic traveling wave is modulationally stable for k ∈ (0, k1) ∪ (k2, k3) and

modulationally unstable for k ∈ (k1, k2) ∪ (k3,∞). On the other hand, for T > Tc(σ)

there is only one critical wave number kc > 0 such that sufficiently small 2π/k-periodic

traveling wave is modulationally stable for 0 < k < kc(T ) and modulationally unstable

for k > kc(T ). The graph of Tc vs. σ is shown in Figure 2.10.

In [49] and [18], the effects of surface tension on modulational instability in the full

water wave problem has been shown in k − k
√
T plane. We produce a similar plot for

σ = 0.1 in Figure 2.7. In k-k
√
T plane, two curves are corresponding to each mechanism

splitting the plane into three regions of stability and three regions of instability. For



2.6 Application to Specific Models 41

σ = 0.1, this can be easily seen that Tc ≈ 0.132 such that for 0 < T < 0.132, the line

crosses both the curves producing two intervals of stable wave numbers and two intervals

of unstable wave numbers. On the other hand, for T > 0.132, the line through the origin

crosses only one curve producing one interval of stable wave numbers and one interval of

unstable wave numbers.

Figure 2.7: Stability diagram for sufficiently small, periodic wave trains Whitham-
Ostrovsky equation for σ = 0.1. “S” and “U” denote stable and unstable regions. As in
Figure 2.4, the solid orange curve represent roots of cp(k)−cp(2k) and the solid blue curve

represent roots of
dcg
dk

. (Color available online.) Note in this case we have Tc ≈ 0.132.

Case σ < 0:

For each σ < 0, there exists T = Tc(σ) such that for 0 < T < Tc(σ), cp(k, T )−cp(2k, T )

changes its sign at two wavenumbers resulting in two critical wavenumbers, and for T >

Tc(σ), cp(k, T )− cp(2k, T ) does not change its sign (see Figure 2.8). On the other hand,

for each T > 0, cg attains extremum only once (see Figure 2.9) producing one critical

wavenumber. Therefore, for 0 < T < Tc(σ), there exist three critical wavenumbers

such that sufficiently small 2π/k-periodic traveling wave is modulationally stable for

k ∈ (0, kc1) ∪ (kc2 , kc3) and modulationally unstable for k ∈ (kc1 , kc2) ∪ (kc3 ,∞). For



42 Modulational Instability

T > Tc(σ), there is only one critical wave number kc such that sufficiently small 2π/k-

periodic traveling wave is modulationally stable for 0 < k < kc(T ) and modulationally

unstable for k > kc(T ). The graph of Tc vs. σ is shown in Figure 2.10.

((a)) T = 0.02 ((b)) T = 0.5

Figure 2.8: Graph of function cp(k, T ) − cp(2k, T ) vs. k for σ = −0.1 for which
Tc = 0.141.

Figure 2.9: cg vs k for σ = −0.1 and T = 0.5.

For σ = −0.1, we can see this behavior through Figure 2.11. In the k-k
√
T plane, two

curves correspond to each mechanism, splitting the plane into three regions of stability

and three regions of instability. For σ = −0.1, Tc ≈ 0.141 such that for 0 < T < 0.141,

the line crosses both the curves, producing two intervals of stable wave numbers and two

intervals of unstable wave numbers. On the other hand, for T > 0.141, the line through

the origin crosses only one curve, producing one interval of stable wave numbers and one

interval of unstable wave numbers.

Remark 2.6.5. For every σ < 0, there is a value of 0 < T = Ts < Tc(σ) corresponding

to the intersection of two curves in the Figure 2.11 for which there is only one interval

of stable and unstable wavenumbers contrary to other values of T in the interval (0, Tc).
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T = 1 /3
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Figure 2.10: Tc vs σ.

Figure 2.11: Stability diagram for sufficiently small, periodic wave trains of Whitham-
Ostrovsky equation for σ = −0.1. “S” and “U” denote stable and unstable regions. Orange

curve represent roots of cp(k, T )−cp(2k, T ) = 0 and blue curve represent roots of
dcg
dk

= 0.
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3
Transverse Instability

3.1 Introduction

This chapter investigates the transverse spectral instability of periodic traveling waves

in various dispersive water wave models. Transverse instability refers to the destabiliza-

tion of one-dimensional wave trains due to perturbations that act in a direction orthogonal

to the primary wave propagation. This mechanism is central in understanding multidi-

mensional phenomena such as wave disintegration and the breakdown of planar structures

in nonlinear dispersive systems.

In contrast to modulational instability, which involves longitudinal perturbations,

transverse instability captures the essential two-dimensional character of many physical

systems, especially in oceanography and plasma physics. Mathematically, the analysis

involves linearizing about a one-dimensional periodic wave and studying the resulting

spectral problem as a function of the transverse wavenumber.

45
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This chapter brings together results from three works that examine transverse in-

stability in increasingly complex and physically relevant models. In all three parts of

this chapter, we examine the transverse spectral stability of one-dimensional periodic

traveling wave solutions with respect to two-dimensional perturbations. These pertur-

bations are always assumed to be periodic in the transverse (y) direction, and may be

either periodic or localized in the longitudinal (x) direction. When the perturbation is

periodic in (x), it is taken to be co-periodic with the underlying wave. In contrast, non-

periodic perturbations in (x) are considered to be square-integrable over the real line.

The transverse perturbations are further categorized by their wavelength: we distinguish

between long-wavelength (modulational) and short- or finite-wavelength (high-frequency)

perturbations, and we analyze the spectral behavior under each type.

• The first part focuses on the generalized Kadomtsev–Petviashvili (gKP) equation,

extending classical results by incorporating general dispersion, including Whitham-,

BO-, and ILW-type effects. This work is based on my paper with Atul Kumar and

Ashish Kumar Pandey, published in the Proceedings of the Royal Society A (2022)

[5].

• The second part addresses the Konopelchenko–Dubrovsky (KD) equation, a higher-

order multidimensional integrable system. Here, we investigate both periodic and

localized transverse perturbations, establishing sharp thresholds for instability. This

section is based on my joint work with Ashish Kumar Pandey and Sudhir Singh,

published in Studies in Applied Mathematics (2023) [6].

• The final and most extensive part examines the rotation-modified Kadomtsev–Petviashvili

(RMKP) equation and several related models. This study introduces rotation into

the KP framework, yielding rich instability structures depending on the physical

parameters. This material is drawn from my recent work titled “Transverse Spec-

tral Instabilities in Rotation-Modified Kadomtsev–Petviashvili Equation and Related

Models” (with Ashish Kumar Pandey and Anastassiya Semenova), submitted for

publication.

Across these models, we rigorously establish conditions under which transverse insta-

bilities arise for both periodic and localized perturbations. Our methods involve Floquet

theory, spectral perturbation analysis tailored to different classes of dispersion.
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Collectively, these studies provide a comprehensive spectral analysis of transverse

instabilities across a wide class of nonlinear dispersive equations. The results not only

generalize earlier formal and numerical findings but also introduce new examples of insta-

bility in previously unexplored models, offering deeper insight into the role of dimension

and dispersion in nonlinear wave dynamics.

We begin our study of transverse instability with the generalized Kadomtsev–Petviashvili

(gKP) equation, which captures a broad class of two-dimensional extensions of one-

dimensional dispersive models.

3.2 Transverse spectral instability in generalized Kadomtsev-

Petviashvili equation

We propose the generalized Kadomtsev-Petviashvili (gKP) equation

(ut +Mux − uux)x + σuyy = 0, (3.2.1)

in which u(x, y, t) depends upon the spatial variables x, y ∈ R, and the temporal variable

t ∈ R, M is a multiplier operator given by the symbol m(k) as

M̂f(k) = m(k)f̂(k), (3.2.2)

and σ is equal to either 1 or −1. The multiplier symbol m(k) in (3.2.2) should satisfy

the Hypothesis 2.2.1 and m is strictly monotonic for k > 0.

The gKP equation (3.2.1) is a generalization to the Kadomtsev-Petviashvili (KP)

equation [48]

(ut − uxxx − uux)x + σuyy = 0, (3.2.3)

where M = −∂2x. The KP equation is a natural extension to two spatial dimensions of

the well-known Korteweg-de Vries (KdV) equation

ut − uxxx − uux = 0. (3.2.4)

The KP equation (3.2.3) with σ = −1 (negative dispersion) is called the KP-II equation,
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whereas the one with σ = 1 (positive dispersion) is called the KP-I equation. Along the

same lines, the gKP equation can be thought of as an extension to two spatial dimensions

of the equation

ut +Mux − uux = 0. (3.2.5)

The gKP equation in the form (3.2.1) first appears in [69], where the existence and

properties of its localized solitary waves were studied. The function m(k) determines the

dispersive properties of the model and has already been discussed in detail in Chapter 2,

where various choices corresponding to physically relevant equations were introduced.

Here, we adopt the same naming convention: depending on whether m(k) corresponds

to the fractional KdV, Benjamin–Ono, ILW, or Whitham-type dispersion, we refer to

the resulting two-dimensional equation as KP-fKdV, KP-BO, KP-ILW, or KP-Whitham,

respectively. We append ‘-I’ or ‘-II’ to indicate whether the transverse parameter σ is set

to −1 (KP-I) or +1 (KP-II).

Dispersion relation

Assuming a plane-wave solution of the form

u(x, t) = ei(kx−ωt+ℓy),

for the linear part

(ut +Mux)x + σuyy = 0,

of the gKP equation (3.2.1), we arrive at the dispersion relation given by the phase

velocity

vp(k) =
ω

k
= m(k) + σ

ℓ2

k2
. (3.2.6)

From (3.2.6), we observe that phase velocity vp is monotonic if σ = 1 and m is decreasing

or σ = −1 and m is increasing, while in other two combinations it changes its behavior

along local extremum.
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Small amplitude periodic traveling waves

Seeking y-independent traveling wave solution of (3.2.1) of the form u(x, y, t) = U(x−

ct), where c ∈ R is the speed of propagation, then U satisfies the following

(−cU ′ +MU ′ − UU ′)
′
= 0.

Here, the prime denotes differentiation with respect to the traveling-wave variable ξ =

x− ct, i.e., U ′ = dU
dξ

.

Integrating this, we get

MU = cU +
U2

2
+ b+ dx,

in which b and d are arbitrary constants. Since we are interested in periodic solutions,

we can set d = 0 and the equation becomes

MU = cU +
U2

2
+ b. (3.2.7)

Let U be a 2π/k-periodic function in x. Then, η(z) := U(x) with z := kx is a 2π-periodic

function in z. For each k > 0, a family of small amplitude 2π-periodic and smooth

solutions η(k, a, b)(z) exists at c = c(k, a, b), see [38, Proposition 2.2] for more details.

Moreover,

η(k, a, b)(z) =(1−m(k))b+ a cos z + a2(A0 + A2 cos 2z) + a3A3 cos 3z +O(a4 + ab+ b2),

c(k, a, b) =m(k)− (1−m(k))b+ a2c2 +O(a4 + ab+ b2),

(3.2.8)

where

A0 =
1

4(1−m(k))
, A2 =

1

4(m(2k)−m(k))
, A3 =

A2

2(m(3k)−m(k))
and c2 = −A0−

A2

2
.

(3.2.9)

Hypotheses 2.2.1 H1 and H2 are used to prove the existence of η(k, a, b)(z) and c(k, a, b),

see [38, Proposition 2.2] for the proof. Starting now, we denote η(k, a, b) and c(k, a, b) as

η and c respectively.
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Background

Clearly, a solution of (3.2.5) is a y-independent solution of the gKP equation (3.2.1).

The stability (or instability) of such a one-dimensional solution of (3.2.1) with respect to

perturbations which are two-dimensional is generally termed as transverse stability (or

instability).1 The transverse instability of solitary waves of the KdV in the KP equa-

tion was first conducted by Kadomtsev, and Petviashvili [48], where it was found that

such solutions are stable to transverse perturbations in the case of negative dispersion

(σ = −1), while they are unstable to long-wavelength transverse perturbations in the

case of positive dispersion (σ = 1) even though they are stable in the corresponding one-

dimensional problem. The transverse stability of cnoidal wave solutions of KdV in the

KP equation has been studied in [70] where authors obtain some instability results for

KP-I equation and prove transverse stability for KP-II equation. Johnson and Zumbrun

[47] have studied transverse instability of periodic waves for the KP-gKdV equation, with

respect to periodic perturbations in the direction of propagation and of long wavelength

in the transverse direction. They have constructed an orientation index by comparing

the low and high-frequency behavior of the periodic Evans functions. Mariana Haragus

[32] has also studied the transverse stability of KP-KdV equations, but the author re-

stricted to the case of small periodic waves and considered transverse stability for more

general perturbations for the KP-KdV equation. Recently in [35], authors have proved

transverse spectral stability of one-dimensional periodic traveling waves of KP-II equa-

tion with respect to two-dimensional perturbations which are bounded in the direction

of propagation of wave. Transverse instability of periodic waves of KP-I and Schrödinger

equations have been studied in [30]. Transverse instability of solitary wave solutions of

various water-wave models have also been explored by several authors, see [29, 63, 65, 66].

Notations

In this section, the value of σ and monotonic nature of the symbol m in (3.2.2) appear

numerous times, and we use the shorthand notation in Table 3.1 for them.

1The definition of transverse stability can be different in different articles depending on what is the
nature of the underlying stability analysis, for example, orbital or spectral stability.
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m
Increasing Decreasing

σ

1 (1, ↑) (1, ↓)
−1 (−1, ↑) (−1, ↓)

Table 3.1: Notations for different values of σ and monotonic nature of m.

3.2.1 Main Results

Our main results are following theorems depicting the transverse stability and insta-

bility of small amplitude periodic traveling waves (3.2.8) of (3.2.1) depending upon the

nature of the two-dimensional perturbation in x- and y-directions.

Theorem 3.2.1 (Transverse stability). Assume that small amplitude periodic traveling

waves (3.2.8) of (3.2.1) are spectrally stable in L2(T) as a solution of the corresponding

y-independent one-dimensional equation. Then, for any a sufficiently small, k > 0, and

m satisfying Hypotheses 2.2.1, periodic traveling waves (3.2.8) of (3.2.1) are transversely

stable with respect to two-dimensional perturbations which are periodic in the direction of

propagation of the wave and of

1. finite and short wavelength in the transverse direction if σ = 1 with monotonically

increasing m(k) and σ = −1 with monotonically decreasing m(k).

2. long wavelength in the transverse direction if σ = 1 with monotonically decreasing

m(k) and σ = −1 with monotonically increasing m(k).

Theorem 3.2.2 (Transverse instability). For any a sufficiently small, k > 0, and m

satisfying Hypotheses 2.2.1, periodic traveling waves (3.2.8) of (3.2.1) are transversely

unstable with respect to two-dimensional perturbations which are

1. periodic in the direction of propagation of the wave and of long wavelength in the

transverse direction if σ = 1 with monotonically increasing m(k) and σ = −1 with

monotonically decreasing m(k).

2. non-periodic (localized or bounded) in the direction of propagation of the wave and of

finite wavelength in the transverse direction if σ = 1 with monotonically increasing

m(k) and σ = −1 with monotonically decreasing m(k).

Consequently, by applying these theorems, we obtain transverse stability and insta-

bility results for KP-fKdV-I, KP-fKdV-II, KP-ILW-I, KP-ILW-II, KP-Whitham-I, and
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KP-Whitham-II equations conditioned on the spectral stability of periodic traveling waves

with respect to one-dimensional perturbations.

Corollary 3.2.3 (Transverse stability vs. instability of KP-fKdV). For any a sufficiently

small and k > 0,

1. (a) periodic traveling waves (3.2.8) of the KP-fKdV-I equation are transversely

stable with respect to two-dimensional perturbations, which are periodic in the

direction of propagation of the wave and of finite and short wavelength in the

transverse direction.

(b) periodic traveling waves (3.2.8) of the KP-fKdV-II equation are transversely

stable with respect to two-dimensional perturbations, which are periodic in the

direction of propagation of the wave and of long wavelength in the transverse

direction.

2. periodic traveling waves (3.2.8) of KP-fKdV-I equation are transversely unstable

with respect to two-dimensional perturbations, which are

(a) periodic in the direction of propagation of the wave and of long-wavelength in

the transverse direction, and

(b) non-periodic in the direction of propagation of the wave and of finite wavelength

in the transverse direction.

Corollary 3.2.4 (Transverse stability vs. instability of KP-ILW). For any a sufficiently

small and k > 0,

1. (a) periodic traveling waves (3.2.8) of the KP-ILW-I equation are transversely sta-

ble with respect to two-dimensional perturbations, which are periodic in the

direction of propagation of the wave and of finite and short wavelength in the

transverse direction.

(b) periodic traveling waves (3.2.8) of the KP-ILW-II equation are transversely

stable with respect to two-dimensional perturbations, which are periodic in the

direction of propagation of the wave and of long wavelength in the transverse

direction.
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2. periodic traveling waves (3.2.8) of KP-ILW-I equation are transversely unstable with

respect to two-dimensional perturbations, which are

(a) periodic in the direction of propagation of the wave and of long-wavelength in

the transverse direction, and

(b) non-periodic in the direction of propagation of the wave and of finite wavelength

in the transverse direction.

Corollary 3.2.5 (Transverse stability vs. instability of KP-Whitham). For any a suffi-

ciently small and k > 0,

1. (a) periodic traveling waves (3.2.8) of the KP-Whitham-II equation are trans-

versely stable with respect to two-dimensional perturbations, which are periodic

in the direction of propagation of the wave and of finite and short wavelength

in the transverse direction.

(b) periodic traveling waves (3.2.8) of the KP-Whitham-I equation are transversely

stable with respect to two-dimensional perturbations, which are periodic in the

direction of propagation of the wave and of long wavelength in the transverse

direction.

2. periodic traveling waves (3.2.8) of KP-Whitham-II equation are transversely unsta-

ble with respect to two-dimensional perturbations, which are

(a) periodic in the direction of propagation of the wave and of long-wavelength in

the transverse direction, and

(b) non-periodic in the direction of propagation of the wave and of finite wavelength

in the transverse direction.

The remainder of this section is devoted to the detailed proofs of the above theorems.

3.2.2 Linearization

Linearizing the gKP equation (3.2.1) about its one-dimensional periodic traveling

wave η in (3.2.8) and using change of variables, abusing notation, x → kz, t → kt, and

y → ky, we arrive at

vtz − cvzz +Mkvzz − (ηv)zz + σvyy = 0. (3.2.10)
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For v(z, y, t) = eλt+iℓyV (z), we obtain

λVz − cVzz +MkVzz − (ηV )zz − σℓ2V = 0,

which can be rewritten as

Ta(λ, ℓ)V := (λ∂z − ∂2z (c−Mk + η)− σℓ2)V = 0. (3.2.11)

We assume that 2π/k-periodic traveling wave solution u(x, y, t) = η(k(x− ct)) of (3.2.1)

is a stable solution of the one-dimensional equation (3.2.5) where η and c are as in

(3.2.8). We then say that the periodic wave η in (3.2.8) is transversely spectrally stable

with respect to two-dimensional periodic perturbations (resp. non-periodic (localized

or bounded perturbations)) if the gKP operator Ta(λ, ℓ) acting in L2(T) (resp. L2(R) or

Cb(R)) with domain Hα+2(T) (resp. Hα+2(R) or Cα+2
b (R)), where α is in Hypothesis 2.2.1

H2, is invertible, for any λ ∈ C, ℜ(λ) > 0 and any ℓ ̸= 0.

Depending on the space in which we are studying the invertibility of Ta(λ, ℓ), we split

our study into periodic (L2(T)) and non-periodic perturbations (L2(R) or Cb(R)). Also,

depending upon the values of ℓ we distinguish two different regimes: long-wavelength

transverse perturbations, when |ℓ| ≪ 1 and short or finite wavelength transverse pertur-

bations, otherwise.

3.2.3 Periodic Perturbations

In this section, we study transverse stability with respect to two-dimensional pertur-

bations, which are co-periodic in the direction of the propagation of the wave. Therefore,

we check if the operator Ta(λ, ℓ) acting in L2(T) is invertible, for any λ ∈ C, ℜ(λ) > 0

and any ℓ ̸= 0. We reformulate the invertibility problem for this particular case.

Proposition 3.2.6. The following statements are equivalent:

1. Ta(λ, ℓ) acting in L2(T) with domain Hα+2(T) is not invertible.

2. The restriction of Ta(λ, ℓ) to the subspace L2
0(T) of L2(T) is not invertible, where

L2
0(T) =

{
f ∈ L2(T) :

∫ 2π

0

f(z) dz = 0

}
.
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3. λ belongs to the spectrum of the operator Aa(ℓ) acting in L2
0(T) with domain Hα+1(T)∩

L2
0(T), where

Aa(ℓ) = ∂z(c−Mk + η) + σℓ2∂−1
z .

We refer to [32, Lemma 4.1, Corollary 4.2] for a detailed proof in a similar situation.

Proposition 3.2.6 reduces the invertibility problem of Ta(λ, ℓ) to the study of the spectrum

of Aa(ℓ) acting on L2
0(T) with domain Hα+1(T) ∩ L2

0(T). The operator Aa(ℓ) acting on

L2
0(T) has a compact resolvent so that its spectrum consists of isolated eigenvalues with

finite multiplicity. In addition, the spectrum of Aa(ℓ) is symmetric with respect to both

the real and imaginary axes.

A straightforward calculation reveals that

A0(ℓ)e
inz = iωn,ℓe

inz for all n ∈ Z \ {0}, (3.2.12)

where

ωn,ℓ = n(m(k)−m(kn))− σℓ2

n
. (3.2.13)

Consequently, L2
0(T)-spectrum of A0(ℓ) consists of purely imaginary eigenvalues of finite

multiplicity. Since

∥Aa(ℓ)−A0(ℓ)∥ = O(|a|),

as a → 0 uniformly in the operator norm. A standard perturbation argument then

guarantees the spectrum of Aa(ℓ) and A0(ℓ) will stay close for |a| small. Recalling that

the spectrum of Aa(ℓ) is symmetric with respect to the imaginary axis, it follows then

that for |a| small when eigenvalues of Aa(ℓ) bifurcate from the imaginary axis they must

bifurcate in pairs resulting from collisions of eigenvalues of A0(ℓ) on the imaginary axis.

For p ̸= q ∈ Z \ {0}, the two eigenvalues iωp,ℓ and iωq,ℓ collide for some ℓ = ℓc when

ωp,ℓc = ωq,ℓc . (3.2.14)

The linear operator Aa(ℓ) can be decomposed as

Aa(ℓ) = Ja(ℓ),
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where

J = ∂z and La(ℓ) = c−Mk + η + σℓ2∂−2
z .

The operator J is skew-adjoint whereas the operator La(ℓ) is self-adjoint. The Krein

signature κn of an eigenvalue iωn,ℓ of A0(ℓ) is defined as

κn = sgn(
〈
0(ℓ)e

inz, einz
〉
) = sgn

(
m(k)−m(kn)− σℓ2

n2

)
, n ∈ Z \ {0}, (3.2.15)

where sgn is the signum function which determines the sign of a real number. A pair

of eigenvalues leave imaginary axis after collision only if their Krein signatures κn are

opposite. We have the following lemma.

Lemma 3.2.7. For any |a| sufficiently small, there exists a ℓa > 0 such that for all

|ℓ| > ℓa, the spectrum of Aa(ℓ) is purely imaginary if (σ,m) is (1, ↑) or (−1, ↓), where

these notations are explained in Table 3.1.

Proof. For (σ,m) = (1, ↑), κn is negative for all n ∈ Z \ {0} and for (σ,m) = (−1, ↓), κn
is positive for all n ∈ Z \ {0} for all k > 0. Therefore, Krein signatures of all eigenvalues

remain same in both cases implying that eigenvalues will not bifurcate from the imaginary

axis even if there is a collision away from the origin for |a| sufficiently small. The collision

at the origin may possibly lead to bifurcation away from the imaginary axis for sufficiently

small ℓ (in fact, this is actually the case, see Lemma 3.2.10). Therefore, there exists an ℓa

depending on a such that for all |ℓ| > ℓa, the spectrum of Aa(ℓ) is purely imaginary.

It follows from Lemma 3.2.7 that the only collision that may lead to instability for

(σ,m) = (1, ↑) or (−1, ↓) is the collision at the origin between ω1,0 and ω−1,0. Since this

collision takes place at ℓ = 0, the perturbation analysis will take place in the regime

|ℓ| ≪ 1. In other words, the underlying transverse perturbations are of long wavelength.

The other regime is of finite and short-wavelength perturbations. We split our further

analysis into these two regimes.

3.2.3.1 Finite and short-wavelength transverse perturbations

We start the analysis of the spectrum of Aa(ℓ) with the values of ℓ away from the

origin, |ℓ| ≥ ℓ0, for some ℓ0 > 0, i.e., finite and short wavelength transverse perturbations.

Using Lemma 3.2.7, there are no collisions of eigenvalues that may lead to instability for



3.2 Transverse spectral instability in generalized
Kadomtsev-Petviashvili equation 57

|ℓ| ≥ ℓ0 > 0 if (σ,m) = (1, ↑) or (−1, ↓). Therefore, we restrict our attention to other two

cases, (σ,m) = (1, ↓) or (−1, ↑).

Let eigenvalues iωp,ℓ and iωq,ℓ, p ̸= q, collide at ℓ = ℓc > 0. From (3.2.15), Krein

signatures κp and κq are opposite at ℓ = ℓc when pq < 0, i.e. p and q should be of

opposite parity. A direct calculation shows that if (σ,m) = (1, ↓) or (−1, ↑) then iωp,ℓ

and iω−q,ℓ collide when

ℓ2 = ℓ2p,q =
σpq

p+ q
(p(m(k)−m(kp)) + q(m(k)−m(kq))) > 0.

for all p, q ∈ N except (p,−q) = (1,−1).

Let ∆ denotes the distance between indices p and −q of colliding eigenvalues. For

∆ = 1 and 2 there are no pairs of eigenvalues which can lead to instability. For ∆ = 3,

there are two such pairs of colliding eigenvalues, {ω−1,ℓ, ω2,ℓ} and {ω1,ℓ, ω−2,ℓ} which can

lead to instability. In what follows, we shall do instability analysis for ∆n = 3 and check

whether the pair of potentially unstable eigenvalues indeed lead to instability or not. Let

for some n ∈ Z, we have

0 ̸= ωn,ℓc = ωn+3,ℓc = ω (say), (3.2.16)

for some ℓ2 = ℓ2c > 0. Therefore, iω is an eigenvalue of A0(ℓc) of multiplicity two with an

orthonormal basis of eigenfunctions {einz, ei(n+3)z}. For |ℓ− ℓc| and |a| sufficiently small,

let λn,a,ℓ and λn+3,a,ℓ be eigenvalues of Aa(ℓ) bifurcating from iω with an orthonormal

basis of eigenfunctions {ϕn,a,ℓ(z), ϕn+3,a,ℓ(z)}. Note that λn,0,ℓc = λn+3,0,ℓc = iω with

ϕn,0,ℓc(z) = einz and ϕn+3,0,ℓc(z) = ei(n+3)z. Let

λn,a,ℓ = iω + iδn,a,ℓ and λn+3,a,ℓ = iω + iδn+3,a,ℓ. (3.2.17)

We are interested in the location of δn,a,ℓ and δn+3,a,ℓ for |ℓ− ℓc| and |a| sufficiently small.

We start with the following expansions of eigenfunctions[14]

ϕa,n,ℓ(z) =e
inz + aϕn,1 + a2ϕn,2 + a3ϕn,3 +O(a4), (3.2.18)

ϕa,n+3,ℓ(z) =e
i(n+3)z + aϕn+3,1 + a2ϕn+3,2 + a3ϕn+3,3 +O(a4). (3.2.19)
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We use orthonormality of ϕa,n,ℓ(z) and ϕa,n+3,ℓ(z) to find that

ϕn,1 = ϕn,2 = ϕn,3 = ϕn+3,1 = ϕn+3,2 = ϕn+3,3 = 0.

Using expansions of η and c in (3.2.8), we expand Aa(ℓ) in a as

Aa(ℓ) = A0(ℓ) + a∂z(cos z) + a2∂z

(
−A2

2
+ A2 cos 2z

)
+ a3∂z(A3 cos 3z) +O(a4).

(3.2.20)

Now, to trace the bifurcation of the eigenvalues from the point of the collision on the

imaginary axis for |ℓ− ℓc| and |a| sufficiently small, we compute the action of Aa(ℓ) and

identity operators on the extended eigenspace {ϕa,n,ℓ(z), ϕa,n+3,ℓ(z)} and arrive at

Ba(ℓ) =

iω − ia2
A2

2
n− iσa

n
ia3

A3

2
(n+ 3)

ia3
A3

2
n iω − ia2

A2

2
(n+ 3)− iσa

n+ 3

+O(a4),

where a = ℓ2 − ℓ2c and Ia, 2× 2 identity matrix, respectively. To locate δ, we compute

det(Ba(ℓ)− (iω + iδ)Ia) = 0, (3.2.21)

and arrive at a quadratic in δ

δ2 + δ

(
σa

(
1

n
+

1

n+ 3

)
+
a2A2

2
((n+ 3) + n)

)
+
a4A2

2n(n+ 3)

4
+

σ2a2

n(n+ 3)
+O(a2|a|+ |a|5) = 0.

A direct computation shows that the discriminant of the above quadratic is

disca(a) =
9σ2a2

n2(n+ 3)2
+

9a4A2
2

4
+O(a2|a|+ |a|5).

Note that, for |a| and |a| sufficiently small, the leading term in the discriminant is always

positive irrespective of the values of n, σ and m. Therefore, we do not observe any

instability for the ∆ = 3 case by performing the perturbation calculation up to the

fourth power of the amplitude parameter a.

Remark 3.2.8. A similar instability analysis can be carried out for any ∆ ≥ 4. But to
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explicitly obtain all coefficients, we will need higher powers of a in the expansion of the

operator Aa,µ and we will need to calculate more terms in the expansion of solution w

which we do not pursue here. But for a fixed ∆ ≥ 4, the matrix Ba(ℓ) would take the

form

Ba(ℓ) =

iω − iσa

n
+ in(α2a

2 + α4a
4 + . . . ) i(n+∆)βa∆

inβa∆ iω − iσa

n+∆
+ i(n+∆)(α2a

2 + α4a
4 + . . . )


+O(a∆+1),

and Ia would be 2× 2 identity matrix. Then, the resulting discriminant would look like

disca(a) =
σ2∆2a2

n2(n+∆)2
+∆2α2

2a
4 +O(a2|a|+ |a|5),

which is positive for sufficiently small |a| and |a| leading to stability in a sufficiently small

neighbourhood of ℓ = ℓc and a = 0.

3.2.3.2 Long wavelength transverse perturbations

In all four cases (σ,m) = (1, ↑), (1, ↓), (−1, ↑), and (−1, ↓), there is a collision at

the origin of eigenvalues iω−1,ℓ and iω1,ℓ at ℓ = 0. Since m is monotonic for k > 0,

the remaining eigenvalues at ℓ = 0 are all simple, purely imaginary, and located outside

the open ball B(0; |m(k)−m(2k)|). The perturbation analysis to locate the bifurcation

of these eigenvalues for small ℓ and a will correspond to long wavelength transverse

perturbations. The following lemma ensures that for sufficiently small ℓ and a, bifurcating

eigenvalues from the origin are separated from the rest of the spectrum by a non-zero

distance.

Lemma 3.2.9. The following properties hold, for any ℓ and a sufficiently small.

1. The spectrum of Aa(ℓ) decomposes as

spec0(Aa(ℓ)) ∪ spec1(Aa(ℓ)),
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with

spec0(Aa(ℓ)) ⊂ B(0;R/3), spec1(Aa(ℓ)) ⊂ C \B(0;R/2),

where R = |m(k)−m(2k)|.

2. The spectral projection Πa(ℓ) associated with spec0(Aa(ℓ)) satisfies ∥Πa(ℓ)−Π0(0)∥

= O(ℓ2 + |a|).

3. The spectral subspace Xa(ℓ) = Πa(ℓ)(L
2
0(0, 2π)) is two dimensional.

The proof of these properties is similar to [32, Lemma 4.7]. In the following lemma, we

show that for sufficiently small ℓ and a, two eigenvalues in spec0(Aa(ℓ)) leave imaginary

axis if (σ,m) = (1, ↑) or (−1, ↓) but remain on imaginary axis if (σ,m) = (1, ↓) or (−1, ↑).

Lemma 3.2.10. Assume ℓ and a are sufficiently small. For (σ,m) = (1, ↑) or (−1, ↓),

there exists ℓ2a = σA2a
2 +O(a4) > 0, such that

1. for any ℓ2 ≥ ℓ2a, the spectrum of Aa(ℓ) is purely imaginary,

2. for any ℓ2 < ℓ2a, the spectrum of Aa(ℓ) is purely imaginary, except for a pair of

simple real eigenvalues with opposite signs.

For (σ,m) = (1, ↓) or (−1, ↑), the spectrum of Aa(ℓ) is purely imaginary.

Proof. Consider the decomposition of the spectrum of Aa(ℓ) in Lemma 3.2.9. The

eigenvalues in spec0((Aa(ℓ)) are the eigenvalues of the restriction of Aa(ℓ) to the two-

dimensional spectral subspace Xa(ℓ). We determine the location of these eigenvalues by

computing successively a basis of Xa(ℓ), the 2×2 matrix representing the action of Aa(ℓ)

on this basis, and the eigenvalues of this matrix. Note that for a = 0, X0(ℓ) is spanned

by {cos z, sin z}. Moreover, a direct calculation shows that zero is an L2
0(T)-eigenvalue

of Aa(0) of multiplicity two with eigenfunctions (∂bc)(∂aη) − (∂ac)(∂bη))(z; k, a, 0) and

∂zη(z; k, a, 0). We use expansions of η and c in (3.2.8) to calculate expansion of a basis

{ϕ1, ϕ2} for Xa(ℓ) for small a and ℓ as

ϕ1(z) :=
1

(m(k)− 1)
((∂bc)(∂aη)− (∂ac)(∂bη))(z; k, a, 0)

:= cos z + 2aA2 cos 2z + 3a2A3 cos 2z +O(a3), (3.2.22)

ϕ2(z) := −1

a
∂zη(z; k, a, 0) = sin z + 2aA2 sin 2z + 3a2A3 sin 3z +O(a3). (3.2.23)
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We use expansion of Aa(ℓ) in (3.2.20) to find actions of Aa(ℓ) and identity operator on

{ϕ1, ϕ2} as

Ba(ℓ) =

 0 σℓ2 − A2a
2

−σℓ2 0

+O(|a|(ℓ2 + a2)),

and

I =

1 0

0 1

+O(a4), (3.2.24)

for |a| and |ℓ| sufficiently small. To locate the two eigenvalues bifurcating from the origin,

we examine the characteristic equation det(Ba(ℓ)− λI) = 0, which leads to

λ2 + σℓ2(σℓ2 − A2a
2) +O(|a|ℓ2(ℓ2 + a2)) = 0.

From which we conclude that

λ2 = −ℓ2(ℓ2 − σa2A2) +O(|a|ℓ2(ℓ2 + a2)).

For ℓ = a = 0, we get zero as a double eigenvalue, which agrees with our calculation.

For (σ,m) = (1, ↓) and (−1, ↑) , we obtain two purely imaginary eigenvalues for all ℓ

and a sufficiently small. For (σ,m) = (1, ↑) and (−1, ↓), we obtain two purely imaginary

eigenvalues when ℓ2 ≥ ℓ2a, and real eigenvalues, with opposite signs when ℓ2 < ℓ2a where

ℓ2a = σA2a
2 +O(a4).

Now, we study spec1(Aa(ℓ)) for ℓ and a sufficiently small. For n ∈ Z \ {−1, 0, 1}, as

ℓ is sufficiently small, κn in (3.2.15) depends upon behavior of m(k), which is monotonic

for all k > 0. Hence, kn is negative for all n and σ when m is monotonically increasing,

and kn is positive for all n and σ when m is monotonically decreasing. This implies that

even if eigenvalues in spec1(A0(ℓ)) collide, they remain on the imaginary axis and for all

ℓ and a sufficiently small spec1(Aa(ℓ)) is a subset of the imaginary axis. This proves the

lemma.
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3.2.4 Non-Periodic Perturbations

In this section, we will study two-dimensional perturbations which are non-periodic

(localized or bounded) in the direction of the propagation of the wave. For non-periodic

perturbations, we study the invertibility of Ta(λ, ℓ) in (3.2.11) acting in L2(R) or Cb(R)

(with domain Hα+2(R) or Cα+2
b (R)), for λ ∈ C, ℜ(λ) > 0, and ℓ ∈ R, ℓ ̸= 0. Since coef-

ficients of Ta(λ, ℓ) are periodic functions, using Floquet Theory, all solutions of (3.2.11)

in L2(R) or Cb(R) are of the form V (z) = eiµzṼ (z) where µ ∈
(
−1

2
, 1
2

]
is the Floquet

exponent and Ṽ is a 2π-periodic function, see [31] for a similar situation. This replaces

the study of invertibility of the operator Ta(λ, ℓ) in L2(R) or Cb(R) by the study of in-

vertibility of a family of Bloch operators in L2(T) parameterized by the Floquet exponent

µ. We present the precise reformulation in the following lemma.

Lemma 3.2.11. The linear operator Ta(λ, ℓ) is invertible in L2(R) if and only if the

linear operators

Ta,µ(λ, ℓ) = λ(∂z + iµ)− (∂z + iµ)2(c−Mk + η)− σℓ2,

acting in L2(T) with domain Hα+2(T) are invertible for all µ ∈
(
−1

2
, 1
2

]
.

We refer to [32, Lemma 5.1] for a detailed proof in the similar situation. The fact

that the operators Ta,µ(λ, ℓ) act in L2(T) implies that these operators have only point

spectrum. Note that µ = 0 corresponds to the periodic perturbations which we have

already investigated, so now we would restrict ourselves to the case of µ ̸= 0. The

operator ∂z + iµ is invertible in L2(T). Using this, we have the following result.

Lemma 3.2.12. The operator Ta,µ(λ, ℓ) is not invertible in L2(T) for some λ ∈ C and

µ ̸= 0 if and only if λ ∈ spec(Aa(ℓ, µ))), L2(T)-spectrum of the operator,

Aa(ℓ, µ) := (∂z + iµ)(c−Mk + η) + σℓ2(∂z + iµ)−1.

Note that the operator (∂z+ iµ)−1 becomes singular, as µ→ 0, so replacing the study

of the invertibility of Ta,µ(λ, ℓ) by the study of the spectrum of Aa(ℓ, µ) is not suitable

for small µ. To avoid this, we only study the spectrum of Aa(ℓ, µ) for |µ| > ϵ > 0. Also,

for µ ∈
(
−1

2
, 1
2

]
and µ ̸= 0, since the spectrum spec(Aa(ℓ, µ)) is symmetric with respect
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to the imaginary axis, and spec(Aa(ℓ, µ)) = spec(−Aa(ℓ,−µ)) , we can restrict our study

to µ ∈
(
0, 1

2

]
.

We will study the L2(T)-spectra of linear operators Aa(ℓ, µ) for |a| sufficiently small.

It is straightforward to establish the estimate

∥Aa(ℓ, µ)−A0(ℓ, µ)∥ = O(|a|),

as a→ 0 uniformly for µ ∈
(
0, 1

2

]
in the operator norm. Therefore, In order to locate the

spectrum of Aa(ℓ, µ), we need to determine the spectrum of A0(ℓ, µ). A simple calculation

yields that

A0(ℓ, µ))e
inz = iωn,ℓ,µe

inz, n ∈ Z,

where

ωn,ℓ,µ = (n+ µ)(m(k)−m(k(n+ µ)))− σℓ2

n+ µ
.

As in the previous section, the linear operator Aa(ℓ, µ) can be decomposed as

Aa(ℓ) = JµLa(ℓ, µ),

where

Jµ = ∂z + iµ and La(ℓ, µ) = c−Mk + η + σℓ2(∂z + iµ)−2.

The operator Jµ is skew-adjoint, whereas the operator La(ℓ) is self-adjoint. As defined in

(3.2.15), the Krein signature, κn,µ of an eigenvalue iωn,ℓ,µ in spec(A0(ℓ, µ))) is

κn,µ = sgn

(
m(k)−m(k(n+ µ))− σℓ2

(n+ µ)2

)
, n ∈ Z. (3.2.25)

Therefore, a necessary condition for bifurcation of colliding eigenvalues, iωp,ℓ,µ and iωq,ℓ,µ,

from the imaginary axis is (p + µ0)(q + µ0) < 0, where µ0 is the value of the floquet

exponent where eigenvalues iωp,ℓ,µ and iωq,ℓ,µ collide. As in the previous subsection, we

split the analysis in this subsection into finite and short wavelength, and long wavelength

transverse perturbations.
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3.2.4.1 Finite and short-wavelength transverse perturbations

We start the analysis of the spectrum of Aa(ℓ, µ) with the values of ℓ away from the

origin, |ℓ| ≥ ℓ0, for some ℓ0 > 0. We further split the analysis into two cases depending

on the value of σ and nature of m.

1. (σ,m) = (1, ↑) or (−1, ↓)

It is straightforward to verify that for (σ,m) = (1, ↑) and (−1, ↓), κn,µ is negative

for all n ∈ Z \ {−1, 0} and positive for all n ∈ Z \ {−1, 0}, respectively, for all

k > 0 and µ ∈
(
0, 1

2

]
. However, Krein signatures of iω−1,ℓ,µ and iω0,ℓ,µ can be

positive as well as negative depending upon the values of k, ℓ and µ. Therefore,

collision of iω−1,ℓ,µ and iω0,ℓ,µ with each other or with any other eigenvalue may lead

to instability. Another straightforward calculation reveals that eigenvalues iω−1,ℓ,µ

and iω0,ℓ,µ collide when

ℓ2 = ℓ2c = σµ(1−µ)[(1−µ)(m(k)−m(k(1−µ)))+µ(m(k)−m(kµ))] > 0, (3.2.26)

for all µ ∈
(
0, 1

2

]
while there are no collisions between pairs {iω0,ℓ,µ, iω−n,ℓ,µ}, n ∈

N\{1} and {iω−1,ℓ,µ, iωm,ℓ,µ}, m ∈ N. Therefore, we are left with only one pair

which may bifurcate into potentially unstable eigenvalues which is {ω−1,ℓ,µ, ω0,ℓ,µ}.

We further perform perturbation calculations to obtain the following result.

Lemma 3.2.13. Assume that µ ∈
(
0, 1

2

]
and consider ℓ2c given in (3.2.26). For

(σ,m) = (1, ↑) or (−1, ↓) and |a| sufficiently small, there exists aa(µ) = µ3/2(1 −

µ)3/2|a|+O(a2) > 0 such that

(a) for |ℓ2 − ℓ2c | ≥ aa(µ), the spectrum of Aa(ℓ, µ) is purely imaginary,

(b) for |ℓ2 − ℓ2c | < aa(µ), the spectrum of Aa(ℓ, µ) is purely imaginary, except for

a pair of complex eigenvalues with opposite nonzero real parts.

Proof. There exists a curve ℓ = ℓc given in (3.2.26) along which

ω(ℓc, µ) := ω−1,ℓc,µ = ω0,ℓc,µ.
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Furthermore,

ϕ0,−1(z) = e−iz and ϕ0,0(z) = 1, (3.2.27)

forms the corresponding eigenspace for A0(ℓc, µ) associated with the two eigenval-

ues. Let

iω(ℓc, µ) + iδa,ℓ,−1 and iω(ℓc, µ) + iδa,ℓ,0, (3.2.28)

be the eigenvalues of Aa(ℓc, µ) bifurcating from iω−1,ℓc,µ and iω0,ℓc,µ respectively for

|a| and |ℓ−ℓc| small. Let {ϕa,ℓ,−1(z), ϕa,ℓ,0(z)} be the extended eigenspace associated

with two bifurcating eigenvalues. Following [14], we can take,

ϕa,−1,ℓ(z) =e
−iz + aϕ−1 +O(a2), (3.2.29)

ϕa,0,ℓ(z) =1 + aϕ0 +O(a2). (3.2.30)

Using constraint of orthonormality on the eigenfunctions ϕa,ℓ,−1 and ϕa,ℓ,0, we obtain

ϕ−1 = ϕ0 = 0.

To locate eigenvalues, we calculate matrix representations of Aa(ℓc, µ) and identity

operators on {ϕa,−1,ℓ(z), ϕa,0,ℓ(z)} for |a| and |ℓ− ℓc| small and find that

Ba(ℓ, µ) =

iω(ℓc, µ)− i σa
µ−1

i
2
aµ

i
2
(µ− 1)a iω(ℓc, µ)− iσε

µ

+O(|a|(|ε|+ |a|)),

where ε = ℓ2 − ℓ2c and Ia is the 2 × 2 identity matrix. Solving the characteristic

equation det(Ba(ℓ, µ)− λIa) = 0 for λ of the form

λ = iω(ℓc, µ) + iδ,

leads to the polynomial equation

δ2 + δσε

(
1

µ− 1
+

1

µ
+O(a2)

)
− 1

4
µ(µ− 1)a2 +

ε2

µ(µ− 1)
+O(a2(|ε|+ a2)) = 0.
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((a)) KP-ILW-I ((b)) KP-Whitham-II

Figure 3.1: Collision of eigenvalues at ℓ = ℓc for k = 1 and µ = 0.25.

A direct computation shows that the discriminant of this polynomial is

disca(ε, µ) =
ε2

µ2(µ− 1)2
+ µ(µ− 1)a2 +O(a2(|ε|+ a2)).

For any a sufficiently small, there exists

εa(µ) = µ3/2(1− µ)3/2|a|+O(a2) > 0,

such that the two eigenvalues of Aa(ℓ, µ) are purely imaginary when |ℓ2−ℓ2c | ≥ εa(µ)

and complex with opposite nonzero real parts when |ℓ2 − ℓ2c | < εa(µ), which proves

the lemma.

Figure 3.1 depicts a collision of pair of eigenvalues in KP-ILW-I and KP-Whitham-II

equations which lead to instability according to Lemma 3.2.13.

2. (σ,m) = (1, ↓) or (−1, ↑)

In contrast to the previous case, for (σ,m) = (1, ↓) or (−1, ↑), there are infinitely

many pairs of eigenvalues which collide with each other. A pair {ωp,ℓ,µ, ω−q,ℓ,µ}

collide with each other at

ℓ2 = ℓ2p,q =
σ(p+ µ)(q − µ)

p+ q
((p+µ)(m(k)−m(k(p+µ)))+(q−µ)(m(k)−m(k(q−µ)))),

for all µ ∈ (0, 1/2], and for all p ∈ N ∪ {0}, q ∈ N except (p, q) = (0, 1). A Krein

signature analysis tells that for each pair of colliding eigenvalues; there are intervals

of ℓ where they have opposite Krein signatures. Therefore, all such collisions may

lead to instability. An additional analysis is required in order to detect the bifur-

cating eigenvalues which indeed leave the imaginary axis and become unstable. In
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what follows, we examine two pairs {ω−1,ℓ,µ, ω1,ℓ,µ} and {ω0,ℓ,µ, ω−2,ℓ,µ} whose in-

dices differ by two. Let iωn,ℓ,µ and iωn+2,ℓ,µ be such two eigenvalues for some n ∈ Z.

Assume that these eigenvalues collide at ℓ = ℓc, that is

0 ̸= ωn,ℓc = ωn+2,ℓc = ω (say). (3.2.31)

Furthermore,

ϕ0,n(z) = einz and ϕ0,n+2(z) = ei(n+2)z, (3.2.32)

form a basis for the corresponding eigenspace for A0(ℓc, µ) generated by the two

eigenvalues. Let

iω + iδa,n and iω + iδa,n+2, (3.2.33)

be the eigenvalues of Aa(ℓc, µ) bifurcating from iωn,ℓc,µ and iωn+2,ℓc,µ respectively,

for |a| small. Let {ϕa,n(z), ϕa,n+2(z)} be a orthonormal basis for the corresponding

eigenspace. We assume the following expansions

ϕa,n,ℓ(z) =e
inz + aϕn,1 + a2ϕn,2 +O(a3), (3.2.34)

ϕa,n+2,ℓ(z) =e
i(n+2)z + aϕn+2,1 + a2ϕn+2,2 +O(a3). (3.2.35)

We use orthonormality of ϕa,n,ℓ and ϕa,n+2,ℓ to find that

ϕn,1 = ϕn,2 = ϕn+2,1 = ϕn+2,2 = 0.

Next, we compute the action of Aa(ℓ, µ) and identity operators on the extended

eigenspace {ϕa,n,ℓ(z), ϕa,n+2,ℓ(z)} for |ℓ− ℓc| and |a| small. We arrive at

Ba(ℓ) =

iω − ia2
A2

2
(n+ µ)− iσε

n+ µ
ia2

A2

2
(n+ 2 + µ)

ia2
A2

2
(n+ µ) iω − ia2

A2

2
(n+ 2 + µ)− iσε

n+ 2 + µ

+O(a2(|ε|+|a|)),

where |ε| = |ℓ2 − ℓ2c | and Ia, the 2 × 2 identity matrix, respectively. Solving the
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characteristic equation |Ba(ℓ)− (iω + iδ)Ia| = 0 leads to

|Ba(ℓ)− (iω + iδ)Ia| = δ2 + δ

(
σε

(
1

n+ µ
+

1

n+ 2 + µ

)
+
a2A2

2
((n+ 2 + µ) + (n+ µ))

)
+

σ2ε2

(n+ µ)(n+ 2 + µ)
+O(a2(|ε|+ |a3|)) = 0.

A direct computation shows that the discriminant of this quadratic in µ is

disca(ε) =
4σ2ε2

(n+ µ)2(n+ 2 + µ)2
+ a4A2

2(n+ 1 + µ)2 +O(a2(|ε|+ |a3|)),

which implies that for |ε| and |a| sufficiently small, the leading term in the discrim-

inant is always positive irrespective of the values of n, µ, σ and m. Therefore, we

do not observe any instability for the ∆ = 2 case by performing the perturbation

calculation up to the fourth power of the amplitude parameter a.

Remark 3.2.14. A remark along the lines of Remark 3.2.8 should hold true here

for ∆ ≥ 3. We do not present explicit calculations as it require higher power of a

in solution η.

3.2.4.2 Long wavelength transverse Perturbations

We now consider the spectrum of Aa(ℓ, µ) for |ℓ| small. Recall that µ is away from

the origin, and we have taken |µ| > ϵ for some small but fixed ϵ > 0. Because of this, the

collision at the origin and collisions away from the origin are well separated for A0(ℓ, µ).

This separation persists for small |a| using perturbation arguments. More precisely, we

have the following lemma.

Lemma 3.2.15. For any ℓ and a sufficiently small, the spectrum of Aa(ℓ, µ) decomposes

as

spec(Aa(ℓ, µ)) = spec0(Aa(ℓ, µ)) ∪ spec1(Aa(ℓ, µ)),

with

dist(spec0(Aa(ℓ, µ)), spec1(Aa(ℓ, µ))) ≥ |(m(k)−m(k(1 + ϵ))| > 0.

Let ℓ∗ > 0 be the smallest positive value of ℓ for which a collision of eigenvalues of

A0(ℓ, µ) takes place. Note that such an ℓ∗ exists because the collision at the origin takes

place only for ℓ = 0, and other collisions are well separated from this. Now, for any ℓ with
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|ℓ| < ℓ∗, there are no collisions between the eigenvalues of A0(ℓ, µ) since |µ| > ϵ > 0. This

persists for small values of a using perturbation arguments, and we have the following

lemma.

Lemma 3.2.16. Assume that µ ∈
(
0, 1

2

]
. There exists ℓ∗ > 0 and a∗ > 0 such that the

spectrum of Aa(ℓ, µ) is purely imaginary, for any ℓ and a satisfying |ℓ| < ℓ∗ and |a| < a∗.

3.2.5 Proof of main results and applications

We shall prove theorem 3.2.1 and 3.2.2 by using all the results obtained in Sec-

tions 3.2.3 and 3.2.4.

Proof of Theorem 3.2.1. We have assumed that 2π/k-periodic traveling wave solution

u(x, y, t) = η(k(x − ct)) of (3.2.1) is a stable solution of the one-dimensional equation

(3.2.5) where η and c are as in (3.2.8). Lemma 3.2.7 says that the spectrum of Aa(ℓ)

is purely imaginary if (σ,m) is (1, ↑) or (−1, ↓) for all |ℓ| > ℓa > 0, which implies that

the small amplitude periodic traveling waves (3.2.8) of (3.2.1) are transversely stable

with respect to two-dimensional perturbations which are periodic in the direction of

propagation of the wave and of finite or short wavelength in the transverse direction

if σ and m in (3.2.1) satisfy (σ,m) = (1, ↑) or (−1, ↓). Lemma 3.2.10 says that the

spectrum of Aa(ℓ) is purely imaginary if (σ,m) is (1, ↓) or (−1, ↑) for all |ℓ| < |ℓ∗a|, which

implies that the small amplitude periodic traveling waves (3.2.8) of (3.2.1) are transversely

stable with respect to two-dimensional perturbations which are periodic in the direction

of propagation of the wave and of long wavelength in the transverse direction if σ and m

in (3.2.1) satisfy (σ,m) = (1, ↓) or (−1, ↑).

Proof of Theorem 3.2.2. Lemma 3.2.10 says that there exist ℓa such that the spectrum

of Aa(ℓ) is purely imaginary, except for a pair of simple real eigenvalues with opposite

signs if (σ,m) is (1, ↑) or (−1, ↓) for all |ℓ2| < |ℓ2a|, which implies that the small amplitude

periodic traveling waves (3.2.8) of (3.2.1) are transversely unstable with respect to two-

dimensional perturbations which are periodic in the direction of propagation and of long

wavelength in the transverse direction if (σ,m) = (1, ↑) or (−1, ↓). Moreover, Lemma

3.2.13 provide an interval of finite wavenumbers in the transverse direction for which

the spectrum of Aa(ℓ, µ) have a pair of complex eigenvalues with opposite nonzero real

parts when (σ,m) = (1, ↑) or (−1, ↓). These findings imply that the small amplitude
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periodic traveling waves (3.2.8) of (3.2.1) are transversely unstable with respect to two-

dimensional perturbations which are non-periodic in the direction of propagation and of

finite wavelength in the transverse direction if (σ,m) = (1, ↑) or (−1, ↓).

We discuss implications of 3.2.1 and 3.2.2 on KP-fKdV, KP-BO, KP-ILW, and KP-

Whitham equations.

3.2.5.1 KP-fKdV and KP-BO Equations

The KP-fKdV equation is obtained from (3.2.1) by taking

m(k) = 1 + |k|β, β > 1/2.

The symbol m(k) clearly satisfies Hypotheses 2.2.1 H1, H2 (α = β, C1 = 1, and C2 = 2),

and H3 (m is strictly increasing for k > 0). The two-parameter family of periodic

solutions can be obtained from (3.2.8) and (3.2.9) by replacing m(k) with 1 + |k|β. We

have obtained transverse stability and instability of these solutions in Corollary 3.2.3

using Theorems 3.2.1 and 3.2.2. Note that KP-BO equation corresponds to KP-fKdV

equation with β = 1. Therefore, Corollary 3.2.3 hold true for the KP-BO equation as

well.

For β = 2, KP-fKdV equation reduces to the KP equation (3.2.3). As results in [8, 34]

show that all periodic traveling waves of the KdV equation are spectrally stable in L2(T),

from Corollary 3.2.3, small-amplitude periodic traveling waves (3.2.8) of KP-I (and KP-II

resp.) are transversely stable with respect to two-dimensional perturbations which are

periodic in the direction of propagation of the wave and of finite or short-wavelength

(and long-wavelength resp.) in the transverse direction. These stability results agree

with results in [32, 35, 47, 70]. The transverse instability results obtained for KP-I in

Corollary 3.2.3 agrees with [32].

3.2.5.2 KP-ILW Equation

The KP-ILW equation is obtained from (3.2.1) by taking,

m(k) = k coth k.
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The symbol m(k) satisfies Hypotheses 2.2.1 H1, H2 (α = 2, C1 = 1, and C2 = 2), and H3

(m is strictly increasing for k > 0). The two-parameter family of periodic solutions can be

obtained from (3.2.8) and (3.2.9) by replacing m(k) with k coth k. We have discussed the

transverse stability and instability of these solutions in Corollary 3.2.4 by using Theorem

3.2.1 and 3.2.2.

3.2.5.3 KP-Whitham Equation

The KP-Whitham equation is obtained from (3.2.1) by taking,

m(k) =

√
tanh k

k
.

The symbol m(k) satisfies Hypotheses 2.2.1 H1, H2 with α = −1
2
, C1 = 1, and C2 = 2,

and H3 as m is strictly decreasing for k > 0. The two-parameter family of periodic

solutions can be obtained from (3.2.8) and (3.2.9) by replacing m(k) with
√

tanh k
k

. We

have discussed the transverse stability and instability of these solutions in Corollary 3.2.5

by using Theorem 3.2.1 and 3.2.2.

3.3 Transverse Spectral Instabilities in Konopelchenko-

Dubrovsky Equation

We consider the (2+1)-dimensional Konopelchenko-Dubrovsky (KD) equation [50, 52]
ut − uxxx − 6ℓuux +

3

2
ϕ2u2ux − 3vy + 3ϕuxv = 0,

uy = vx,

(3.3.1)

where, u = u(x, y, t), v = v(x, y, t), the subscripts denote partial differentiation, ℓ and ϕ

are real parameters, defining the magnitude of nonlinearity in wave propagation, modelled

for stratified shear flow, the internal and shallow-water waves and the plasmas [77], can

also be regarded as combined KP and modified KP equation [80], or generalized (2+1)D

Gardner equation [51].
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Models

The (1+1)-dimensional reduction of the KD equation (3.3.1) is the Gardner equation[54,

78]

ut − uxxx − 6ℓuux +
3

2
ϕ2u2ux = 0, (3.3.2)

which is example of the generalized Korteweg-de-Vries equation(gKdV)[53], that is

ut + (g(u)− uxx)x = 0,

where g : R → R is a smooth real function. Gardner equation (3.3.2) can be reduced to

KdV and modified KdV equations for ϕ = 0 and ℓ = 0, respectively.

For ϕ = 0, (3.3.1) is Kadomtsev-Petviashvili (KP) equation with negative dispersion

[48]

(ut − uxxx − 6ℓuux)x − 3uyy = 0, (3.3.3)

which is also known as KP-II equation. Modified KP-II [71] (say, mKP-II) reads from

(3.3.1) for ℓ = 0, (
ut − uxxx +

3

2
ϕ2u2ux

)
x

− 3uyy = 0. (3.3.4)

Integrability

The KD equation (3.3.1) is integrable [50, 59, 80]. Integrability is an useful property to

have for evolution equations, especially in higher dimensions. It gives sufficient freedom

to explore the equation through different aspects. It also helps significantly to observe

nonlinear coherent structures like rogue waves, breathers, solitons and elliptic waves in

the systems [57, 58, 64, 76, 79]. Some well-known integrable water wave models are

classical KdV, KP, and Schrödinger equations. The KD equation (3.3.1), like similar

evolution equations in (2+1) dimension, for example, Kadomtsev-Petviashvili equation,

Davey-Stewarson equation, and the three-wave equations, is solvable through Inverse

Scattering Transform (IST) [50]. It is among the few nonlinear evolution equations which

are completely integrable in different settings. Notably, the considered KD equation is

also integrable in the Painlevé sense and solvable through IST [50, 51, 77].
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Dispersion Relation

Assuming a plane-wave solution of the form

u(x, y, t) = ei(kx−Ωt+ℓy),

for the linear part

(ut − uxxx)x − 3uyy = 0,

of the KD equation (3.3.1), we arrive at the dispersion relation

Ω(k) = k3 − 3ℓ2

k
.

Small amplitude periodic traveling waves

The y-independent periodic traveling wave solution of the KD equation (3.3.1) that

are also solutions of the Gardner equation (3.3.2), is of the form

u(x, y, t)
v(x, y, t)

 =

u(x− ct)

v(x− ct)

 ,

for some c ∈ R. Under this assumption, we arrive at
−cux − uxxx +

ϕ2

2
(u3)x − 3ℓ(u2)x + 3ϕuxv = 0,

vx = 0,

(3.3.5)

which implies v = b1, where b1 is an arbitrary constant. Substituting v = b1 and inte-

grating, (3.3.5) is reduced to

−cu− uxx +
ϕ2

2
u3 − 3ℓu2 + 3ϕub1 = b2, (3.3.6)

where b1, b2 ∈ R. Let u be a 2π/k-periodic function of its argument, for some k > 0.

Then, η(z) := u(x) with z = kx, is a 2π-periodic function in z, satisfying

−cη − k2ηzz +
ϕ2

2
η3 − 3ℓη2 + 3ϕηb1 = b2. (3.3.7)
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For a fixed ϕ and ℓ, let F : H2(T)× R× R+ × R× R → L2(T) be defined as

F (η, c; k, b1, b2) = −cη − k2ηzz +
ϕ2

2
η3 − 3ℓη2 + 3ϕηb1 − b2.

We try to find a solution η ∈ H2(T) of

F (η, c; k, b1, b2) = 0. (3.3.8)

For any c ∈ R, k > 0, b1, b2 ∈ R and |b1|, |b2| sufficiently small, note that

η0(c, k, b1, b2) = −1

c
b2 +O((b1 + b2)

2), (3.3.9)

make a constant solution of (3.3.8). Note that η0 ≡ 0 if b1 = b2 = 0. If non-constant

solutions of (3.3.8) bifurcate from η0 ≡ 0 for some c = c0 then ker(∂ηF (0, c0; k, 0, 0)) is

non-trivial. Note that

ker(∂ηF (0, c0; k, 0, 0)) = ker(−c0 − k2∂2z ) = span{e±iz},

provided that c0 = k2.

The periodic traveling waves of (3.3.2) exists (see, [9]), and by following Lyapunov

schmidt procedure, their small amplitude expansion is as follows.

Theorem 3.3.1. For any k > 0, b1, b2 ∈ R and |b1|, |b2| sufficiently small, a one param-

eter family of solutions of (3.3.1), denoted by

u(x, t)
v(x, t)

 =

η(a, b1, b2)(z)
v(z)

 ,

where z = k(x − c(a, b1, b2)t), |a| sufficiently small, η(a, b1, b2)(z) is smooth, even and

2π-periodic in z and c is even in a, is given by
η(a, b1, b2)(z) =− 1

k2
b2 + a cos z + a2(A0 + A2 cos 2z) + a3A3 cos 3z +O(a4 + a2(b1 + b2)

2),

v(z) =b1,

c(a, b1, b2) =k
2 + 3ϕb1 +

3ℓ

k2
b2 + a2c2 +O(a4 + a2(b1 + b2)

2),

(3.3.10)
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where

A0 = − 3ℓ

2k2
, A2 =

ℓ

2k2
, A3 = − ϕ2

64k2
+

3ℓ2

16k4
, and c2 =

3ϕ2

8
+

15ℓ2

2k2
. (3.3.11)

3.3.1 Main Results

Our main result is the following theorem showing that the small periodic traveling

waves (3.3.10) of (3.3.1) possess modulational transverse instabilities with respect to

periodic perturbations.

Theorem 3.3.2. For a fixed ℓ ∈ R and ϕ ̸= 0, sufficiently small amplitude periodic

traveling waves (3.3.10) of KD equation suffers modulational transverse instabilities with

respect to periodic perturbations if

k > 2

∣∣∣∣ ℓϕ
∣∣∣∣ and |γ| < k|a|

√∣∣∣∣ϕ2

4
− ℓ2

k2

∣∣∣∣+O(a(γ + a)).

Theorem 3.3.3. Assume that small amplitude periodic traveling waves (3.3.10) of (3.3.1)

are spectrally stable in L2(T) as a solution of the corresponding y-independent one-

dimensional equation. Then, for any a sufficiently small, ℓ ∈ R, ϕ ∈ R, and k > 0,

periodic traveling waves (3.3.10) of (3.3.1) are transversely stable with respect to two-

dimensional perturbations which are either mean-zero periodic or non-periodic (localized

or bounded) in the direction of propagation and of finite or short wavelength in the trans-

verse direction.

As a consequence of this theorem, for all k > 0, periodic traveling waves (3.3.10) of

the mKP-II equation suffer modulational transverse instability with respect to periodic

perturbations which is in accordance with results in [47]. Also, in the limit ϕ→ 0, there is

no modulational transverse instability for KP-II equation by Theorem 3.3.2 which again

agrees with results in [5, 32, 36, 47, 70]. We also investigate all potentially unstable nodes

which can lead to high-frequency transverse instabilities with respect to both, periodic

as well as non-periodic perturbations.

We now turn to the detailed analysis required to establish the results stated above.
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3.3.2 Linearization

Linearizing (3.3.1) about its one-dimensional periodic traveling wave solution

η
v


given in (3.3.10), and considering the perturbations to

η
v

 of the form

η
v

+ ϵ

ζ
ψ

+O(ϵ2) for 0 < |ϵ| ≪ 1, (3.3.12)

we arrive at,
ζt − kcζz − k3ζzzz − 6kℓ(ηζ)z +

3

2
ϕ2k(η2ζ)z − 3ψy + 3ϕkηzψ + 3ϕkb1ζz = 0,

ζy − kψz = 0.

(3.3.13)

We seek a solution of the form

ζ(z, t, y)
ψ(z, t, y)

 = eλt+iℓy

ζ(z)
ψ(z)

, λ ∈ C, ℓ ∈ R, of (3.3.13),

which leads to
λζ − kcζz − k3ζzzz − 6kℓ(ηζ)z +

3

2
ϕ2k(η2ζ)z − 3iℓψ + 3ϕkηzψ + 3ϕkb1ζz = 0,

iℓζ − kψz = 0.

(3.3.14)

We can reduce this system of equations into

Qa,b1,b2(λ, ℓ)ψ :=(
k

(
λ− kc∂z − k3∂3z − 6kℓ∂z(η·) +

3

2
ϕ2k∂z(η

2·)
)
∂z + 3ℓ2 + 3ϕk(iℓηz + kb1∂

2
z )

)
ψ = 0.

(3.3.15)

Definition 3.3.4. (Transverse (in)stability) Assuming that 2π/k-periodic traveling wave

solution u(x, y, t) = η(k(x−ct)) of (3.3.1) is a stable solution of the one-dimensional equa-

tion (3.3.2) where η and c are as in (3.3.10), we say that the periodic wave η in (3.3.10) is

transversely spectrally stable with respect to two-dimensional periodic perturbations (resp.

non-periodic (localized or bounded perturbations)) if the KD operator Qa,b1,b2(λ, ℓ) acting

in L2(T) (resp. L2(R) or Cb(R)) is invertible, for any λ ∈ C, ℜ(λ) > 0 and any ℓ ̸= 0

otherwise it is deemed transversely spectrally unstable.
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We split the study of invertibility of Qa,b1,b2(λ, ℓ) into periodic (L2(T)) and non-

periodic perturbations (L2(R) or Cb(R)). In further study, we assume b1 = b2 = 0. For

nonzero b1 and b2, one may explore in like manner. However, the calculation becomes

lengthy and tedious.

3.3.3 Periodic Perturbations

In this section, we are considering perturbations which are periodic in z, that is,

in the direction of the propagation of wave. We check the invertibility of the operator

Qa,b1,b2(λ, ℓ) acting in L2(T) for any λ ∈ C, ℜ(λ) > 0 and any ℓ ̸= 0. We use the notation

Qa(λ, ℓ) for Qa,b1,b2(λ, ℓ) for simplicity. We convert the invertibility problem

Qa(λ, ℓ)ψ = 0; ψ ∈ L2(T),

into a spectral problem which requires invertibility of ∂z. Since ∂z is not invertible in

L2(T), we restrict the problem to mean-zero subspace L2
0(T), defined in (2.5.11), of L2(T).

Since L2
0(T) ⊂ L2(T), if the operator Qa(λ, ℓ) is not invertible for some λ ∈ C in L2

0(T)

implies that the operator Qa(λ, ℓ) is not invertible in L2(T) as well for the same λ ∈ C.

The operator Qa(λ, ℓ) acting on L2
0(T) has a compact resolvent so that the spectrum

consists of isolated eigenvalues with finite multiplicity. Therefore, Qa(λ, ℓ) is invertible

in L2
0(T) if and only if zero is not an eigenvalue of Qa(λ, ℓ). Using this and invertibility

of ∂z in L2
0(T), we have the following result.

Lemma 3.3.5. The operator Qa(λ, ℓ) is not invertible in L2
0(T) for some λ ∈ C if and

only if λ ∈ specL2
0(T)

(Ha(ℓ)), that is, L2
0(T)-spectrum of the operator, where

Ha(ℓ) := ck∂z + k3∂3z + 6kℓ∂z(η)−
3

2
ϕ2k∂z

(
η2
)
− 3ℓ2

k
∂−1
z − i3ϕℓηz∂

−1
z .

Proof. The operator Qa(λ, ℓ) is not invertible in L2
0(T) for some λ ∈ C, if and only if

zero is an eigenvalue of Qa(λ, ℓ). Moreover, for a φ ∈ L2
0(T), Qa(λ, ℓ)φ = 0 if and only if

Ha(ℓ)φ = λφ. The proof follows trivially.

Next, we analyze the spectrum of the operator Ha(ℓ) acting in L2
0(T) with domain

H3(T) ∩ L2
0(T). Since η is an even function, ηz is an odd function and therefore, the

spectrum of Ha(ℓ) is not symmetric with respect to the reflection through the origin.
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Moreover, the operator Ha(ℓ) is not real, therefore the spectrum of Ha(ℓ) is not symmetric

with respect to the real axis as well. The spectrum of Ha(ℓ) inherits following symmetry

property.

Lemma 3.3.6. The spectrum of Ha(ℓ) is symmetric with respect to the reflection through

the imaginary axis.

Proof. We consider R to be the reflection through the imaginary axis defined as follows

Rψ(z) = ψ(−z).

Assume λ is the eigenvalue of Ha(ℓ) with an associated eigenvector φ, then we have

Ha(ℓ)φ = λφ. (3.3.16)

Since

(Ha(ℓ)Rψ)(z) = Ha(ℓ)(Rψ(z)) = Ha(ℓ)ψ(−z) = −(Ha(ℓ)ψ)(−z) = −(RHa(ℓ)ψ)(z),

therefore, Ha(ℓ) anti-commutes with R. Using (3.3.16), we arrive at

Ha(ℓ)Rφ = −RHa(ℓ)φ = −λRφ.

We conclude from here that if λ is an eigenvalue of Ha(ℓ) with associated eigenvector φ,

then −λ is also an eigenvalue of Ha(ℓ) with associated eigenvector Rφ.

As a consequence of the symmetry of the spectrum obtained in Lemma 3.3.6, we obtain

instability if there is an eigenvalue of Ha(ℓ) off the imaginary axis. A straightforward

calculation reveals that

H0(ℓ)e
inz = iΩn,ℓe

inz for all n ∈ Z∗ := Z \ {0}, (3.3.17)

where

Ωn,ℓ = k3n
(
1− n2

)
+

3ℓ2

kn
. (3.3.18)
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Therefore, the L2
0(T)-spectrum of H0(ℓ) is given by

specL2
0(T)

(H0(ℓ)) = {iΩn,ℓ;n ∈ Z∗},

which implies specL2
0(T)

(H0(ℓ)) consists of purely imaginary eigenvalues of finite multi-

plicity. This is because the coefficients of the operator H0(ℓ) are real, which should be

the case, since zero-amplitude solutions are spectrally stable.

Spectra of Ha(ℓ) and H0(ℓ) remain close for |a| small as

||Ha(ℓ)−H0(ℓ)|| → 0 as a→ 0,

in the operator norm. Due to the symmetry in Lemma 3.3.6, for |a| sufficiently small,

bifurcation of eigenvalues of Ha(ℓ) from imaginary axis can happen only when a pair of

eigenvalues of H0(ℓ) collide on the imaginary axis. Let n ̸= m ∈ Z∗, a pair of eigenvalues

iΩn,ℓ and iΩm,ℓ of H0(ℓ) collide for some ℓ = ℓc when

Ωn,ℓc = Ωm,ℓc . (3.3.19)

We list all the collisions in the following lemma.

Lemma 3.3.7. For a fix ∆ ∈ N, eigenvalues Ωn,ℓ and Ωn+∆,ℓ of the operator H0(ℓ)

collide for all n ∈ (−∆, 0) ∩ Z at some ℓ = ℓc(k). All such collisions take place away

from the origin in the complex plane except when ∆ is even and n = −∆/2 in which case

eigenvalues Ωn,ℓ and Ω−n,ℓ collide at the origin.

Proof. Without any loss of generality, consider m > n and m = n+∆ with ∆ ∈ N in the

collision condition (3.3.19) then we obtain

3ℓ2c = k4n(n+∆)(−3n2 − 3n∆−∆2 + 1), (3.3.20)

which can be rewritten as

3ℓ2c = −k4[3n2(n+∆)2 + n(n+∆)(∆2 − 1)]. (3.3.21)

The above equation implies that collision between n and n + ∆ takes place if and only

if n(n + ∆) < 0, that is, −∆ < n < 0. Observe that Ωn,ℓc = Ω−n,ℓc = 0 for ℓ2c =
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k4n2(n2 − 1)

3
. Therefore, Ωn,ℓc and Ωn+∆,ℓc collide at the origin when ∆ is even and

n = −∆/2. All other collisions are away from the origin. Hence, the lemma.

From (3.3.21), assume ℓ2 = −k
4

3
f(n)g(n), where f(n) = n(n+∆) and g(n) = 3n2 +

3n∆ + ∆2 − 1. For a fixed ∆ ∈ N, f(n) ≥ f(−∆/2) and g(n) ≥ g(−∆/2) for all

n ∈ (−∆, 0) ∩ Z. And f(n)g(n) ≤ f(−∆/2)g(−∆/2) for all n ∈ (−∆, 0) ∩ Z. Also,

f(n)g(n) ≥ −(∆2 − 1)2

12
. Therefore

k4

48
∆2(∆2 − 4) ≤ ℓ2 ≤ k4

36
(∆2 − 1)2. Collision for

{n, n + ∆} = {−1, 1} occur at ℓ = 0 and all other collision mentioned in Lemma 3.3.7

occur for ℓ2 ∈
[
k4

48
∆2(∆2 − 4),

k4

36
(∆2 − 1)2

]
with

k4

48
∆2(∆2 − 4) > 0.

Depending upon the investigation of different type of instabilities, we split our further

analysis into following subsections.

3.3.3.1 Modulational transverse instabilities

Throughout this subsection, we work in the regime |ℓ| ≪ 1, that is, with respect

to long wavelength perturbations. From Lemma 3.3.7, when ℓ = 0, there is a collision

among the eigenvalues iΩ1,0 and iΩ−1,0 at the origin while all other eigenvalues, on the

other hand, remain simple and purely imaginary. Since

∥Ha(ℓ)−H0(ℓ)∥ = O(|a|),

as a → 0 uniformly in the operator norm. A standard perturbation argument assures

that the spectrum of Ha(ℓ) and H0(ℓ) will stay close for |a| and |ℓ| small. Therefore, we

may write that

spec(Ha(ℓ)) = spec0(Ha(ℓ)) ∪ spec1(Ha(ℓ)),

for a and ℓ sufficiently small where spec0(Ha(ℓ)) contains two eigenvalues bifurcating con-

tinuously in a from iΩ1,0 and iΩ−1,0 while spec1(Ha(ℓ)) consists of infinitely many simple

eigenvalues. Further, we investigate if the pair of eigenvalues in spec0(Ha(ℓ)) bifurcate

away from the imaginary axis and contribute to modulational transverse instabilities.

For a = 0, spec0(H0(ℓ)) = {iΩ−1,0, iΩ1,0} with eigenfunctions {e−iz, eiz}. We choose

the real basis {cos z, sin z}. We calculate expansion of a basis {ψ1, ψ2} for the eigenspace

corresponding to the eigenvalues of spec0(Ha(ℓ)) in L2
0(T) by using expansions of η and
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c in (3.3.10), for small a and ℓ as

ψ1(z) = cos z + 2aA2 cos 2z + 3a2A3 cos 3z +O(a4),

ψ2(z) = sin z + 2aA2 sin 2z + 3a2A3 sin 3z +O(a4).

We have the following expression for Ha(ℓ) after expanding and using η and c

Ha(ℓ) = H0(ℓ) + ka2
(
c2 + 6ℓA0 −

3

4
ϕ2

)
∂z +

(
6kℓa− 3ϕ2kA0a

3 − 3

2
ϕ2kA2a

3

)
∂z(cos z)+

ka2
(
6ℓA2 −

3

4
ϕ2

)
∂z(cos 2z) +

(
6kℓa3A3 −

3

2
ϕ2ka3A2

)
∂z(cos 3z) + i3ℓϕ(a sin z+

2a2A2 sin 2z + 3a3A3 sin 3z)∂
−1
z +O(a4).

(3.3.22)

In order to locate the bifurcating eigenvalues for |a| sufficiently small, we calculate the

action of Ha(ℓ) on the extended eigenspace {ψ1(z), ψ2(z)} viz.

Ta(ℓ) =

[
⟨Ha(ℓ)ψi(z), ψj(z)⟩

⟨ψi(z), ψi(z)⟩

]
i,j=1,2

and Ia =

[
⟨ψi(z), ψj(z)⟩
⟨ψi(z), ψi(z)⟩

]
i,j=1,2

. (3.3.23)

We use expansion of Ha(ℓ) in (3.3.22) to find actions of Ha(ℓ) and identity operator on

{ψ1, ψ2}, and arrive at

Ta(ℓ) =

 0 −3ℓ2

k
+ 3a2k

(
ϕ2

4
− ℓ2

k2

)
3ℓ2

k
0

+O(a2(ℓ+ a)).

To locate where these two eigenvalues are bifurcating from the origin, we analyze the

characteristic equation |Ta(ℓ)− λI| = 0, where Ia is 2 × 2 identity matrix. From which

we conclude that

λ = ±3|ℓ|
k

√
Λ +O(a(ℓ+ a)), (3.3.24)

where

Λ = −ℓ2 + a2k2
(
ϕ2

4
− ℓ2

k2

)
+O(a2(ℓ+ a)). (3.3.25)

For ℓ = a = 0, we get zero as a double eigenvalue, which agrees with our calculation. For
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ℓ and a sufficiently small, we obtain two eigenvalues which have non-zero real part with

opposite sign when

ℓ2 < a2k2
(
ϕ2

4
− ℓ2

k2

)
+O(a2(ℓ+ a)), (3.3.26)

which is possible only for

k > 2

∣∣∣∣ ℓϕ
∣∣∣∣ .

Hence the theorem 3.3.2.

3.3.3.2 High-frequency transverse instabilities

Here, we work in the regime |ℓ| > |ℓ0|, that is, with respect to finite or short wavelength

perturbations. We need to examine whether eigenvalues which collide away from origin,

indeed bifurcate from the imaginary axis or not. Note that, there is no collision for ∆ = 1

and 2.

3.3.3.3 (In)stability analysis for ∆ = 3

For ∆ = 3, we have two pairs of colliding eigenvalues (Ω−2,ℓ1 ,Ω1,ℓ1) and (Ω−1,ℓ2 ,Ω2,ℓ2).

Moreover, ℓ1 = ℓ2 = ℓc(say) and ℓ2c =
4

3
k4. We further check if both of these pairs lead

to instability. For some n ∈ Z∗, assume that the eigenvalues iΩn,ℓ and iΩn+3,ℓ collide at

ℓ = ℓc, that is

iΩn,ℓc = iΩn+3,ℓc = iΩ(say). (3.3.27)

The associated eigenvectors are {einz, ei(n+3)z} and we choose ψ0,n(z) = einz and ψ0,n+3(z) =

ei(n+3)z as basis for the corresponding eigenspace of H0(ℓc) generated by the two eigen-

values. Let iΩ+ iνa,n and iΩ+ iνa,n+3 be the eigenvalues of Ha(ℓ) bifurcating from iΩn,ℓc

and iΩn+3,ℓc respectively, for |a| and |ℓ− ℓc| sufficiently small. We need to locate νa,n and

νa,n+3 for |a| small as if any of them is located on right half complex plane, then we obtain

high-frequency transverse instabilities. Let {ψa,n(z), ψa,n+3(z)} be orthonormal basis for

the corresponding eigenspace. Using the following representation for the expansion of

eigenfunctions[14]

ψa,r(z) = eirz + aψr,1 + a2ψr,2 + a3ψr,3 +O(a4), (3.3.28)



3.3 Transverse Spectral Instabilities in Konopelchenko-Dubrovsky
Equation 83

for r = n, n+ 3. Through the condition of orthogonality of eigenfunctions, we obtain,

ψr,1 = ψr,2 = ψr,3 = 0,

for r = n, n + 3. Assume ε = ℓ2 − ℓ2c , sufficiently small. We use the expansion of Ha(ℓ)

in (3.3.22) to find actions of Ha(ℓ) and identity operator on {ψa,n,ℓ(z), ψa,n+3,ℓ(z)} as

Ta(ℓ) =


⟨Ha(ℓ)ψa,n, ψa,n⟩

⟨ψa,n, ψa,n⟩
⟨Ha(ℓ)ψa,n, ψa,n+3⟩

⟨ψa,n, ψa,n⟩
⟨Ha(ℓ)ψa,n+3, ψa,n⟩
⟨ψa,n+3, ψa,n+3⟩

⟨Ha(ℓ)ψa,n+3, ψa,n+3⟩
⟨ψa,n+3, ψa,n+3⟩


=

T11 T12

T21 T22

+O(a4),

where

T11 = iΩ +
i3ε

kn
− inka2

[
3ℓA2 +

3

8
ϕ2

]
,

T12 = i3(n+ 3)kℓa3A3 −
i3(n+ 3)

4
ϕ2ka3A2 −

9i

2n
ℓϕa3A3,

T21 = i3nkℓa3A3 −
i3n

4
ϕ2ka3A2 +

9i

2(n+ 3)
ℓϕa3A3,

T22 = iΩ +
i3ε

k(n+ 3)
− i(n+ 3)ka2

[
3ℓA2 +

3

8
ϕ2

]
.

We compute

det(Ta(ℓ)− (iΩ + iν)Ia) = 0, (3.3.29)

where Ia is 2× 2 identity matrix, and arrive at

ν2 − ν

[
3ε

k

(
1

n
+

1

n+ 3

)
−
(
3ℓA2 +

3

8
ϕ2

)
ka2[n+ (n+ 3)]

]
+

9ε2

n(n+ 3)k2

+ n(n+ 3)a4k2
(
3ℓA2 +

3

8
ϕ2

)2

+O(a2(|ε|+ |a3|)) = 0.
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A direct computation shows that the discriminant of the above quadratic is

disca(ε) =
81ε2

k2n2(n+ 3)2
+ 9k2a4

(
3ℓA2 +

3

8
ϕ2

)2

+O(a2(|ε|+ |a3|)).

For sufficiently small |ε| and |a|, the leading term in the discriminant remains always

positive, regardless of the values of n, ℓ and ϕ. As a result, there is no instability for

∆ = 3 situation for sufficiently small a.

3.3.3.4 (In)stability analysis for ∆ ≥ 4

For some n ∈ Z∗ and a fixed ∆ ≥ 4, we have

iΩn,ℓc = iΩn+∆,ℓc = iΩ. (3.3.30)

We expand Ha(ℓ) in a as

Ha(ℓ) =H0(ℓ) + (β2a
2 + β4a

4 + . . . )∂z + α1a∂z(cos z) + · · ·+ α∆a
∆∂z(cos (∆z))

+ (iδ1a sin z + · · ·+ iδ∆a
∆ sin (∆z))∂−1

z .

To explicitly obtain the values of all unknown coefficients in the expansion of Ha(ℓ),

we require coefficients of higher powers of a in the expansion of solution η. Calculating

higher coefficients is difficult as the coefficients of the solution do not seem to have any

obvious symmetry. Therefore, we pursue the instability analysis without calculating the

unknown coefficients explicitly.

Following the same steps as in the previous subsection, we arrive at

Ta(ℓ) =

iΩ +
i3ε

kn
+ in(β2a

2 + β4a
4 + . . . )

ia∆

2

(
nα∆ − δ∆

(n+∆)

)
ia∆

2

(
(n+∆)α∆ +

δ∆
n

)
iΩ +

i3ε

k(n+∆)
+ i(n+∆)(β2a

2 + β4a
4 + . . . )


+O(a∆+1).

The resulting discriminant of the characteristic equation det(Ta(ℓ)− (iΩ + iν)Ia) = 0 is

disca(ε) =
9∆2ε2

k2n2(n+∆)2
+∆2β2

2a
4 +O(a2(|ε|+ |a3|)).
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which is positive for sufficiently small |ε| and |a| which implies that no eigenvalue of

Ha(ℓ) is bifurcating from the imaginary axis due to collision. As a consequence of this,

the following result follows.

Lemma 3.3.8. For all k > 0, periodic traveling waves (3.3.10) of KD equation does

not possess any high-frequency transverse instability with respect to mean-zero periodic

perturbations in a sufficiently small neighbourhood of ℓ = ℓc and a = 0, irrespective of the

values of ℓ and ϕ.

3.3.4 Non-Periodic Perturbations

In this section, we aim to study the invertibility of Qa(λ, ℓ) acting in L2(R) or Cb(R)

(with domain H4(R) or C4
b (R)), for λ ∈ C, ℜ(λ) > 0, and ℓ ∈ R, ℓ ̸= 0. In L2(R)

or Cb(R), the operator Qa(λ, ℓ) no longer has point isolated spectrum; rather, it has

continuous spectrum. Thus, we rely upon the Floquet Theory such that all solutions of

(3.3.15) in L2(R) or Cb(R) are of the form ψ(z) = eiµzΨ(z) where µ ∈
(
−1

2
, 1
2

]
is the

Floquet exponent and Ψ(z) is a 2π-periodic function, see [31] for a similar situation. By

following same arguments as in the proof of [31, Proposition A.1], we can infer that the

study of the invertibility of Qa(λ, ℓ) in L2(R) or Cb(R) is equivalent to the invertibility

of the linear operators Qa,µ(λ, ℓ) in L2(T) with domain H4(T), for all µ ∈
(
−1

2
, 1
2

]
, where

Qa,µ(λ, ℓ) =
(
λ− kc(∂z + iµ)− k3(∂z + iµ)3 − 6kℓ(∂z + iµ)(η)

)
(k(∂z + iµ))

+

(
3

2
ϕ2k(∂z + iµ)(η2)

)
(k(∂z + iµ)) + 3ℓ2 + i3kℓϕηz.

Since µ = 0 corresponds to the periodic perturbations which we have already inves-

tigated, so now we would restrict ourselves to the case of µ ̸= 0. The L2(T)-spectra of

operator Qa,µ(λ, ℓ) consist of eigenvalues of finite multiplicity. Therefore, Qa,µ(λ, ℓ) is

invertible in L2(T) if and only if zero is not an eigenvalue of Qa,µ(λ, ℓ). Using this and

invertibility of ∂z + iµ, we have the following result.

Lemma 3.3.9. The operator Qa,µ(λ, ℓ) is not invertible in L2(T) for some λ ∈ C and

µ ̸= 0 if and only if λ ∈ specL2(T)(Ha(ℓ, µ)), L2(T)-spectrum of the operator,

Ha(ℓ, µ) := kc(∂z + iµ) + k3(∂z + iµ)3 + 6kℓ(∂z + iµ)(η)
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− 3

2
ϕ2k(∂z + iµ)

(
η2
)
−
(
3ℓ2

k
+ i3ϕℓηz

)
(∂z + iµ)−1.

Proof. The proof is similar to Lemma 3.3.5.

We will study the L2(T)-spectra of linear operators Ha(ℓ, µ) for |a| sufficiently small,

and for |µ| > δ > 0 since the operator (∂z + iµ)−1 becomes singular, as µ→ 0. Note that

the spectrum of Ha(ℓ, µ) is not symmetric with respect to the reflection through the real

axis or origin. Instead, we have the following symmetry.

Lemma 3.3.10. The spectrum of Ha(ℓ, µ) is symmetric with respect to the reflection

through the imaginary axis for all µ ∈
(
−1

2
, 1
2

]
\ {0}.

Proof. The proof is similar to Lemma 3.3.6.

A standard perturbation argument assures that specL2(T)(Ha(ℓ, µ)) and specL2(T)(H0(ℓ, µ))

will stay close for |a| sufficiently small. Therefore, to locate the spectrum of Ha(ℓ, µ), we

need to determine the spectrum of H0(ℓ, µ). A simple calculation yields that

H0(ℓ, µ))e
inz = iΩn,ℓ,µe

inz, n ∈ Z,

where

Ωn,ℓ,µ = k3(n+ µ)
(
1− (n+ µ)2

)
+

3ℓ2

k(n+ µ)
.

Therefore, the L2(T)-spectrum of H0(ℓ, µ) is given by

specL2(T)(H0(ℓ, µ)) = {iΩn,ℓ,µ;n ∈ Z, µ ∈ (−1/2, 1/2] \ {0}}. (3.3.31)

Since if λ ∈ specL2(T)(H0(ℓ, µ)) then λ̄ ∈ specL2(T)(H0(ℓ,−µ)), therefore, it is enough to

consider µ ∈ (0, 1/2]. Let n ̸= m ∈ Z, a pair of eigenvalues iΩn,ℓ,µ and iΩm,ℓ,µ of H0(ℓ, µ)

collide for some ℓ = ℓc and µ ∈ (0, 1/2] when

Ωn,ℓc,µ = Ωm,ℓc,µ. (3.3.32)

We list all the collisions in the following lemma.
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Lemma 3.3.11. For a fix ∆ ∈ N, eigenvalues Ωn,ℓ,µ and Ωn+∆,ℓ,µ of the operator H0(ℓ, µ)

collide for all n ∈ [−∆,−1]∩Z along a curve ℓ = ℓc(µ), µ ∈ (0, 1/2]; except {n, n+∆} =

{−1, 0}. All such collisions take place away from the origin in the complex plane except

when ∆ is odd and n = −(∆+1)/2 in which case eigenvalues Ωn,ℓ,µ and Ω−n−1,ℓ,µ collide

at the origin for ℓ = ℓc(1/2).

Proof. Without loss of generality, assume that m > n and m = n+∆ with ∆ ∈ N. Then

from collision condition (3.3.32), we obtain

3ℓ2 = −k4[3(n+ µ)2(n+ µ+∆)2 + (n+ µ)(n+ µ+∆)(∆2 − 1)]. (3.3.33)

This implies that collision between n and n+∆ takes place only if (n+µ)(n+µ+∆) < 0,

that is, −∆ ≤ n < 0. In order to check for which n ∈ [−∆, 0), there is indeed a collision,

assume n = −s, s ∈ N such that −s + µ +∆ > 0. From collision condition (3.3.32), we

get

3ℓ2
(

1

s− µ
+

1

−s+ µ+∆

)
= k4[(s−µ)((s−µ)2−1)+(−s+µ+∆)((−s+µ+∆)2−1)].

(3.3.34)

There exist such ℓ satisfying (3.3.32) for all s and −s+∆, except {−s,−s+∆} = {−1, 0}.

Hence the lemma.

Note that Ωn,ℓ,µ = 0 at ℓ2 = −k
4

3
(n + µ)2(1 − (n + µ)2). Ωn,ℓc,µ = Ωn+∆,ℓc,µ=0 for

a fixed ℓc is possible only for ∆ = −2n − 1, µ = 1/2. Therefore, Ωn,ℓc,µ and Ωn+∆,ℓc,µ

collide at the origin for n = −(∆ + 1)/2, for all n ∈ [−∆,−1] ∩ Z, µ = 1/2 and ℓ2c =
k4(2n+ 1)2(4n2 + 4n− 3)

48
; except the pair {n, n+∆} = {−1, 0}. All other collisions are

away from the origin.

From (3.3.33), assume ℓ2 = −k
4

3
d(n)h(n), where d(n) = (n + µ)(n + µ + ∆) and

h(n) = 3(n+ µ)2 + 3(n+ µ)∆ +∆2 − 1.

d(n) = (n+ µ)(n+ µ+∆) = (n+ µ)2 +∆(n+ µ) =

(
n+ µ+

∆

2

)2

− ∆2

4
, (3.3.35)

h(n) = 3(n+ µ)2 + 3(n+ µ)∆ +∆2 − 1 = 3

(
n+ µ+

∆

2

)2

+
∆2 − 4

4
. (3.3.36)

From (3.3.35) and (3.3.36), for a fixed ∆ ∈ N, f(n) ≥ −∆2

4
and g(n) ≥ ∆2 − 4

4
for
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all n ∈ Z. Collision for ∆ = 2 occur for ℓ2 ≥ k4

4
µ3(2 − µ) > 0 and all other collision

mentioned in Lemma 3.3.11 occur for ℓ2 ≥ k4

48
∆2(∆2 − 4) > 0. Also ℓ2 ≤ k4

36
(∆2 − 1)2 for

all ∆ ∈ N. Therefore, Collision for ∆ = 2 occur for
k4

4
µ3(2− µ) ≤ ℓ2 ≤ k4

4
and all other

collisions occur for ℓ2 ∈
[
k4

48
∆2(∆2 − 4),

k4

36
(∆2 − 1)2

]
with

k4

48
∆2(∆2 − 4) > 0.

Since if λ ∈ specL2(T)(H0(ℓ, µ)) then λ̄ ∈ specL2(T)(H0(ℓ,−µ)), there will be collision

between conjugate of eigenvalues mentioned in Lemma 3.3.11, for all µ ∈ (−1/2, 0).

Table 3.2 summarizes all the collisions between Ωn,ℓc,µ and Ωn+∆,ℓc,µ for a given ∆ ∈ N

∆ {n, n + ∆}
1 none
2 {−2, 0}, {−1, 1}, {0, 2}

≥ 3 {−1,∆− 1}, {−2,∆− 2}, . . . , {−∆+ 1, 1}, {−∆, 0}, {0,∆}

Table 3.2: All Collisions for non-periodic perturbations.

and for some µ ∈ (−1/2, 1/2]. More specifically, collisions for {−∆, 0} occur for all

µ ∈ (0, 1/2], for {0,∆} occur for all µ ∈ (−1/2, 0), and the remaining collisions occur for

all µ ∈ (−1/2, 1/2].

The perturbation analysis for the collisions mentioned in Lemma 3.3.11 will be per-

formed with respect to finite or short wavelength perturbations.

3.3.4.1 High-frequency transverse instabilities

Here, we work in the regime |ℓ| > |ℓ0| > 0. Using Table 3.2, note that, there is no

collision for ∆ = 1.

3.3.4.2 (In)stability analysis for ∆ = 2

For ∆ = 2, we have three pairs of colliding eigenvalues {Ω−1,ℓ,µ,Ω1,ℓ,µ}, {Ω0,ℓ,µ,Ω−2,ℓ,µ}

and {Ω0,ℓ,µ,Ω2,ℓ,µ}. We further check if these pairs lead to instability. Let iΩn,ℓ,µ and

iΩn+2,ℓ,µ be such two eigenvalues for some n ∈ Z. Assume that these eigenvalues collide

at ℓ = ℓc, that is

0 ̸= Ωn,ℓc,µ = Ωn+2,ℓc,µ = Ω (say). (3.3.37)

That is, iΩ is an eigenvalue of H0(ℓc, µ) of multiplicity two with an orthonormal basis

of eigenfunctions {einz, ei(n+2)z}. Let iΩ + iνa,n and iΩ + iνa,n+2 be the eigenvalues of
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Ha(ℓ, µ) bifurcating from iΩn,ℓc,µ and iΩn+2,ℓc,µ respectively, for |a| and |ℓ− ℓc| small. Let

{φa,n(z), φa,n+2(z)} be a orthonormal basis for the corresponding eigenspace. We assume

the following expansions

φa,n(z) =e
inz + aφn,1 + a2φn,2 +O(a3), (3.3.38)

φa,n+2(z) =e
i(n+2)z + aφn+2,1 + a2φn+2,2 +O(a3). (3.3.39)

We use orthonormality of φa,n,ℓ and φa,n+2,ℓ to find that

φn,1 = φn,2 = φn+2,1 = φn+2,2 = 0.

Next, we calculate the action of Ha(ℓ, µ) on the eigenspace {φa,n(z), φa,n+2(z)} for |ℓ−ℓc|

and |a| small. We arrive at

Ta(ℓ, µ) =

T11 T12

T21 T22

+O(a3(ℓ2 + a2)),

where

T11 = iΩ +
i3ε

k(n+ µ)
− i(n+ µ)a2k

(
3

8
ϕ2 +

3

2

ℓ2

k2

)
,

T12 = i(n+ 2 + µ)a2k

(
3

2

ℓ2

k2
− 3

8
ϕ2

)
− ia23ℓϕA2

(n+ µ)
,

T21 = i(n+ µ)a2k

(
3

2

ℓ2

k2
− 3

8
ϕ2

)
+

ia23ℓϕA2

(n+ 2 + µ)
,

T22 = iΩ +
i3ε

k(n+ 2 + µ)
− i(n+ 2 + µ)a2k

(
3

8
ϕ2 +

3

2

ℓ2

k2

)
,

and ε = ℓ2− ℓ2c , sufficiently small. Further, we obtained the equation det(Ta(ℓ, µ)− (iΩ+

iν)Ia) = 0, where Ia is 2× 2 identity matrix, and concluded the discriminant ∆ as

∆ =
36ε2

k2(n+ µ)2(n+ 2 + µ)2
− 36ℓ2cϕ

2a4A2
2

(n+ µ)(n+ 2 + µ)
+ 9a4k2(n+ µ+ 1)2

(
ℓ4

k4
+
ϕ4

16

)
+

9a4ℓ2ϕ2

2k2
(1− (n+ µ)(n+ 2 + µ)) +O(a2|ε|+ |a|5).
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Note that all the collisions listed in Table 3.2 for ∆ = 2 have (n + µ)(n + 2 + µ) < 0

which implies that for |ε| and |a| sufficiently small, the leading term in the discriminant

is always positive for all ℓ and ϕ. Therefore, we do not get any instability for ∆ = 2 case

for sufficiently small amplitude parameter a.

3.3.4.3 (In)stability analysis for ∆ ≥ 3

We expand Ha(ℓ, µ) in a as

Ha(ℓ, µ) =H0(ℓ, µ) + (β2a
2 + β4a

4 + . . . )(∂z + iµ) + α1a(∂z + iµ)(cos z) + . . .

+ α∆a
∆(∂z + iµ)(cos (∆z)) + (iδ1a sin z + · · ·+ iδ∆a

∆ sin (∆z))(∂z + iµ)−1.

We use the expansion of Ha(ℓ, µ) to find actions of Ha(ℓ, µ) and identity operator on

{ψa,n(z), ψa,n+∆(z)} as

Ta(ℓ, µ) =

T11 T12

T21 T22

+O(a∆+1),

where

T11 = iΩ +
i3ε

k(n+ µ)
+ i(n+ µ)(β2a

2 + β4a
4 + . . . ),

T12 =
ia∆

2

(
(n+ µ)α∆ − δ∆

(n+∆+ µ)

)
,

T21 =
ia∆

2

(
(n+∆+ µ)α∆ +

δ∆
n+ µ

)
,

T22 = iΩ +
i3ε

k(n+∆+ µ)
+ i(n+∆+ µ)(β2a

2 + β4a
4 + . . . ).

The resulting discriminant of the characteristic equation det(Ta(ℓ, µ)−(iΩ+iν)Ia) = 0

is

disca(ε) =
9∆2ε2

k2(n+ µ)2(n+∆+ µ)2
+∆2β2

2a
4 +O(a2(|ε|+ |a3|)),

which is positive for sufficiently small |ε| and |a| which implies that no eigenvalue of Ha(ℓ)

is bifurcating from the imaginary axis due to collision. We conclude the following result.
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Lemma 3.3.12. For all k > 0, periodic traveling waves (3.3.10) of KD equation do not

possess any high-frequency transverse instability with respect to non-periodic perturbations

in a sufficiently small neighbourhood of ℓ = ℓc and a = 0, irrespective of the values of ℓ

and ϕ.

We now turn to the final section of this chapter, where we examine transverse spec-

tral instabilities in the rotation-modified Kadomtsev–Petviashvili (RMKP) equation and

related models.

3.4 Transverse spectral Instabilities in rotation-modified

Kadomtsev-Petviashvili equation and related mod-

els

The (2+1)-dimensional rotation-modified Kadomtsev-Petviashvili (RMKP) equation

[26, 27] is (
ut − βuxxx + (u2)x

)
x
− γu+ uyy = 0, γ > 0, (3.4.1)

where, u = u(x, y, t), t ∈ R+ is a temporal variable, x, y ∈ R are spatial variables. Here, x

represents the direction of wave propagation and y represents the transverse direction to

the motion of the wave. The type of dispersion is determined by the coefficient β. If the

coefficient is β < 0 (negative dispersion), the equation simulates gravity surface waves in

a shallow water channel and internal waves in the ocean, whereas if the coefficient is β > 0

(positive dispersion), the equation represents oblique magneto-acoustic waves or capillary

surface waves in plasma. The parameter γ > 0, which is proportional to the Coriolis force,

assesses the effects of rotation. Equation (3.4.1) simplifies to the Kadomtsev-Petviashvili

(KP) equation [48] in the situation γ = 0, or without the effects of rotation.

(
ut + βuxxx + (u2)x

)
x
+ uyy = 0, (3.4.2)

and after removing y-term, it gets converted to the Ostrovsky equation[62]

(
ut + βuxxx + (u2)x

)
x
− γu = 0. (3.4.3)
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On one hand, the RMKP equation (3.4.1) can be viewed as a rotation-modified extension

of the classical KP equation (3.4.2), incorporating Coriolis effects into the two-dimensional

dispersive framework. On the other hand, it can also be regarded as a two-dimensional

generalization of the Ostrovsky equation (3.4.3), which models rotational effects in unidi-

rectional wave propagation. More broadly, the RMKP equation extends the well-known

Korteweg–de Vries (KdV) equation by incorporating both transverse spatial dimensions

and rotational influences. The KdV equation itself plays a fundamental role in describing

nonlinear wave phenomena in weakly dispersive media, and its generalizations such as

RMKP capture additional physical features essential for modeling geophysical flows.

One-dimensional periodic traveling waves

Since the y-independent form of (3.4.1) is the Ostrovsky equation (3.4.3), we are

interested in small-amplitude periodic traveling waves of (3.4.3). The existence of a one-

parameter family of such solutions has been established using the Lyapunov–Schmidt

procedure, and their small-amplitude expansions have been derived in our work presented

in Chapter 4 (see also [4, Appendix A and Theorem 2.1]). which we briefly describe here.

Depending on the sign of β, take into account the following wavenumbers,

1. for β < 0, all k > 0, and

2. for β > 0, all k > 0 but
(

γ
βn2

)1/4
, 2 ≤ n ∈ N.

Consequently, a one parameter family of solutions of (3.4.3) exists for all such wavenum-

bers k, given by u(x, t) = η(a; k)(k(x − c(a; k)t)) for a ∈ R and |a| sufficiently small;

η(a; k)(·) is 2π-periodic, even and smooth in its argument, and c(an; k) is even in a;

η(a; k) and c(a; k) depend analytically on a and k. Moreover,

η(a; k)(z) =a cos(z) + a2η2 cos 2z + a3η3 cos 3z +O(a4),

c(a; k) =c0 + a2c2 +O(a4),
(3.4.4)

as a→ 0,

η2 =
2k2

3γ − 12βk4
, η3 =

9k2η2
8γ − 72βk4

, c0 =
γ

k2
+ βk2, c2 = η2.
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Main results

Our main findings are the following theorems, which, depending on the kind of the

two-dimensional perturbations in the x- and y-directions, show the transverse stability

and instability of small amplitude periodic traveling waves (3.4.4) of (3.4.1).

Theorem 3.4.1 (Transverse instability). For a fixed γ > 0 and β > 0, sufficiently small

amplitude periodic traveling waves (3.4.4) of the RMKP equation (3.4.1) are transversely

unstable with respect to co-periodic perturbations in the x-direction and, periodic with long

wavelength perturbations in the y- direction if

k >

∣∣∣∣ γ4β
∣∣∣∣1/4 .

Theorem 3.4.2 (Transverse instability). For a fixed γ > 0 and β > 0, sufficiently small

amplitude periodic traveling waves (3.4.4) of the RMKP equation (3.4.1) are transversely

unstable with respect to non-periodic (localized or bounded) perturbations in the direc-

tion of propagation of the wave and, periodic with finite wavelength perturbations in the

transverse direction if

k >

∣∣∣∣4γβ
∣∣∣∣1/4 .

Theorem 3.4.3 (Transverse stability). Assume that small-amplitude periodic traveling

waves(3.4.4) of the Ostrovsky equation (3.4.3) are spectrally stable in L2(T) with respect

to one-dimensional perturbations. Then, for β ≤ 0, γ > 0, and k > 0, periodic trav-

eling waves (3.4.4) of the RMKP equation(3.4.1) are transversely stable with respect to

either periodic or non-periodic (localized or bounded) perturbations in the direction of

wave propagation and, periodic in the transverse direction.

Theorem 3.4.4 (Transverse stability). Assume that small-amplitude periodic traveling

waves(3.4.4) of the Ostrovsky equation (3.4.3) are spectrally stable in L2(T) with respect

to one-dimensional perturbations. Then, for β > 0, γ > 0, and k > 0, periodic traveling

waves (3.4.4) of the RMKP equation(3.4.1) are transversely stable with respect to periodic

perturbations in the direction of wave propagation and, periodic with finite wavelength in

the transverse direction.
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Generalized RMKP Model

By generalizing the dispersion and nonlinearity in the RMKP equation (3.4.1), we put

forward the generalized Rotation-Modified Kadomtsev-Petviashvili (gRMKP) equation

(
ut +Mux + α1(u

2)x + α2(u
3)x
)
x
− γu+ uyy = 0, γ > 0. (3.4.5)

Here, the multiplier operator M is represented by the symbol m(k) as

M̂f(k) = m(k)f̂(k), (3.4.6)

α1 ∈ {0, 1}, α2 ∈ {−1, 0} and m satisfies Hypotheses 2.2.1 and m is strictly monotonic

for k > 0. This equation can also be viewed as the extension of the generalized Ostrovsky

equation (
ut +Mux + α1(u

2)x + α2(u
3)x
)
x
− γu = 0. (3.4.7)

For different choices of m(k), α1, and α2, we obtain several models of interest. In a

similar fashion, one can define the Rotation-Modified Benjamin-Ono (RMBO) equation

(ut + βHuxx + (u2)x)x − γu = 0, (3.4.8)

by incorporating rotation effects in the Benjamin-Ono (BO) equation

ut + βHuxx + (u2)x = 0. (3.4.9)

Here, H is the Hilbert transform. The RMBO equation represents the long internal waves

in a deep rotating fluid [26]. The equation (3.4.8) can be extended to two dimensions as

(ut + βHuxx + (u2)x)x − γu+ uyy = 0, (3.4.10)

which we call Rotation-Modified Benjamin-Ono Kadomtsev-Petviashvili (RMBO-KP)

equation. We consider the following generalization of (3.4.1) and (3.4.10)

(ut + βΛαux + (u2)x)x + uyy − γu = 0, (3.4.11)
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where the psuedo-differential operator Λα = (
√

−∂2x)α is defined by its Fourier symbol

as Λ̂αf(κ) = |κ|αf̂(κ). Here, 1 ≤ α ∈ R. Notice that, α = 2 and α = 1 in (3.4.11) gives

(3.4.1) and (3.4.10) respectively. We say (3.4.11) as RM-fKdV-KP. Similarly, one can

also define the RM-Whitham-KP equation as

(ut + βMux + (u2)x)x + uyy − γu = 0, (3.4.12)

where

M̂f(k) =

√
tanh k

k
=: m(k)f̂(k), (3.4.13)

and RMILW-KP generalizing the Intermediate Long wave (ILW) equation as

(ut + βMux + (u2)x)x + uyy − γu = 0, (3.4.14)

where

M̂f(k) = k coth k =: m(k)f̂(k). (3.4.15)

Also, RMG-KP can be defined by generalizing the Gardner equation as follows

(ut − βuxxx + (u2)x − (u3)x)x + uyy − γu = 0. (3.4.16)

RM-mKdV-KP equation can be defined by generalizing the mKdV equation

(ut − βuxxx − (u3)x)x + uyy − γu = 0. (3.4.17)

For β = 0, We will call (3.4.1) as Reduced-RMKP equation. All these models discussed

above fits into the model (3.4.5).

Seeking for one-dimensional traveling wave solution of (3.4.5) of the form u(x, y, t) =

U(x− cgt), where c ∈ R is the speed of wave propagation, U satisfies the following

−cgU ′′ +MU ′′ + α1(U
2)′′ + α2(U

3)′′ − γU = 0. (3.4.18)

We look for a periodic solution of (3.4.18), that is, U is a 2π/k-periodic function of its

argument where k > 0 is the wave number. Taking z := kx, the function ηg(z) := U(x)
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is periodic with period 2π in z and satisfies

k2(−cgη′′g +Mkη
′′
g + α1(η

2
g)

′′ + α2(η
3
g)

′′)− γηg = 0. (3.4.19)

Note that (3.4.19) is invariant under z 7→ z+ z0 and z 7→ −z and hence, we may suppose

that ηg is even. Also, observe that (3.4.19) does not possess scaling invariance. We seek a

non-trivial 2π-periodic solution ηg of (3.4.19). For fixed γ > 0, let F : H4(T)×R×R+ →

L2(T) be defined as

F (ηg, cg; k) = k2(−cgη′′g +Mkη
′′
g + α1(η

2
g)

′′ + α2(η
3
g)

′′)− γηg. (3.4.20)

It is well defined by a Sobolev inequality. We seek a solution ηg ∈ H4(T), c ∈ R and

k > 0 of

F (ηg, cg; k) = 0.

Clearly, F (0, c; k) = 0 for all cg ∈ R and k > 0. If non-trivial solutions of F (ηg, cg; k) =

0 bifurcate from ηg ≡ 0 for some cg then

I0 := ∂ηgF (0, cg; k) = −cgk2∂2z + k2Mk∂
2
z − γ,

from H4(T) to L2(T), is not an isomorphism. From a straightforward calculation,

I0e
inz = (cgk

2n2 − k2n2m(k)− γ)einz = 0, n ∈ Z,

if and only if

cg = m(k)n2 +
γ

k2n2
, n ∈ Z.

Without loss of generality, we take n = 1 viz.

cg = m(k) +
γ

k2
. (3.4.21)

Note that wavenumbers satisfying k2 (m(kn)−m(k)) =
γ(n2 − 1)

n2
, 2 ≤ n ∈ N, satisfy

resonance condition

γ

k2
+m(k) =

γ

k2n2
+m(kn), (3.4.22)
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of the fundamental mode and nth harmonic, making the kernel of I0 four-dimensional.

With both the kernel and the co-kernel being spanned by e±iz, I0 is a Fredholm operator

of index zero for all other values of k.

The proof of existence of a one-parameter family of non-trivial solutions of F (ηg, cg; k) =

0 bifurcating from ηg ≡ 0 and cg = cg0 adheres to the same reasoning as the arguments

in Chapter 4. We summarize the existence result for periodic traveling waves of (3.4.5)

and their small-amplitude expansion below.

Theorem 3.4.5. Depending on the nature of m, take into account the following wavenum-

bers,

1. for m decreasing, all k > 0, and

2. for m increasing, all k > 0 but those satisfying k2 (m(kn)−m(k)) =
γ(n2 − 1)

n2
;

2 ≤ n ∈ N.

Consequently, a one parameter family of solutions of (3.4.19) exists for all such wavenum-

bers k, given by u(x, t) = ηg(a; k)(k(x − cg(a; k)t)) for a ∈ R and |a| sufficiently small;

ηg(a; k)(·) is 2π-periodic, even and smooth in its argument, and cg(a; k) is even in a;

ηg(a; k) and cg(a; k) depend analytically on a and k. Moreover,

ηg(a; k)(z) = a cos(z) + a2ηg2 cos 2z + a3ηg3 cos 3z +O(a4), (3.4.23)

and

cg(a; k) = cg0 + a2cg2 +O(a4),

as a→ 0, where cg0 is in (4.3.3),

ηg2 =
2α1k

2

3γ + 4k2(m(k)−m(2k))
, ηg3 =

9α1k
2ηg2 + 9/4α2k

2

8γ + 9k2(m(k)−m(3k)
,

cg2 = α1ηg2 + (3/4)α2.

Starting now, we denote ηg(k, a)(z) and cg(k, a) as ηg and cg respectively. We study

the transverse stability and instability of these waves with respect to two-dimensional

perturbations of different nature. We obtain results generalizing Theorems 3.4.1 -3.4.4,

which we list down below.
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Theorem 3.4.6 (Transverse instability). For a fixed γ > 0, sufficiently small amplitude

periodic traveling waves (3.4.23) of the gRMKP equation (3.4.5) are transversely unstable

with respect to periodic perturbations in both directions and long wavelength perturbations

in the transverse direction of propagation when

1. α1 = 1, α2 = 0

(a) m is increasing, and

|k2(m(2k)−m(k))| > 3γ

4
,

(b) m is decreasing, No instability.

2. α1 = 0, α2 = −1; all m, ∀k > 0.

3. α1 = 1, α2 = −1, all m, and

2k2

3γ + 4k2(m(k)−m(2k))
<

3

4
.

Theorem 3.4.7 (Transverse instability). For fixed γ > 0 and m increasing, sufficiently

small amplitude periodic traveling waves (3.4.23) of the gRMKP equation (3.4.5) are

transversely unstable with respect to non-periodic (localized or bounded) perturbations in

the direction of propagation of the wave and, periodic with finite wavelength perturbations

in the transverse direction if

k2(m(k)−m(k/2)) > 3γ.

Theorem 3.4.8 (Transverse stability). Assume that small-amplitude periodic traveling

waves of the generalized Ostrovsky equation(3.4.7) are spectrally stable in L2(T) with

respect to one-dimensional perturbations. Then, for m decreasing, γ > 0, and k > 0,

periodic traveling waves (3.4.23) of the gRMKP equation(3.4.5) are transversely stable

with respect to

1. either periodic or non-periodic perturbations in the direction of propagation and

periodic perturbations in the transverse direction when α2 = 0,

2. non-periodic (localized or bounded) perturbations in the direction of propagation and

periodic perturbations in the transverse direction when α2 ̸= 0.
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Theorem 3.4.9 (Transverse stability). Assume that small-amplitude periodic traveling

waves of the generalized Ostrovsky equation(3.4.7) are spectrally stable in L2(T) with

respect to one-dimensional perturbations. Then, for all choices of m, γ > 0, and k > 0,

periodic traveling waves (3.4.23) of the gRMKP equation(3.4.5) are transversely stable

with respect to periodic perturbations in the direction of propagation and, periodic with

finite wavelength perturbations in the transverse direction.

Theorems 3.4.6-3.4.9 have interesting consequences on example equations like RMBO-

KP, RM-fKdV-KP, RMG-KP, RM-mKdV-KP, RM-Whitham-KP, and RMILW-KP. We

list all these results in Table 3.3.

Equations LWTP F/SWTP
Periodic Non-periodic Periodic Non-periodic

β > 0 β ≤ 0 β ∈ R β ∈ R β > 0 β ≤ 0
RMBO-KP Unstable Stable Stable Stable Unstable Stable

RM-fKdV-KP Unstable Stable Stable Stable Unstable Stable
RMG-KP Unstable Unstable Stable Stable Unstable Stable

RM-mKdV-KP Unstable Unstable Stable Stable Unstable Stable
RM-Whitham-KP Stable Unstable stable stable Stable Unstable

RMILW-KP Unstable Stable Stable Stable Unstable Stable

Table 3.3: Transverse stability or instability for different type of equations. Here ‘LWTP’
stands for Long wavelength transverse perturbations and ‘F/SWTP’ stands for Finite or
short wavelength transverse perturbations.

In subection 3.4.1, we discuss RMKP equation (3.4.1) and prove Theorems 3.4.1-3.4.4.

All results for RMKP equation generalizes for gRMKP equation (3.4.5) and analysis can

be lifted from Section 3.4.1 as it is. We discuss this briefly in subsection 3.4.2 and prove

Theorems 3.4.6-3.4.9. We discuss applications of Theorems 3.4.6-3.4.9 in Section 3.4.3

and provide a proof for results in Table 3.3 for example equations.

3.4.1 RMKP equation

3.4.1.1 Construction of the spectral problem

In a traveling frame of reference moving with velocity c ∈ R, with coordinates (x, t) →

(k(x− ct), t), (3.4.1) becomes

k(ηt − ckηz − βk3ηzzz + k(η2)z)z + ηyy − γη = 0, (3.4.24)
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where η is the one-dimensional periodic traveling wave solution of (3.4.1), given in (3.4.4).

We consider perturbations to η of the form η+ ϵη∗+O(ϵ2) with 0 < |ϵ| ≪ 1, we arrive at

k(η∗t − ckη∗z − βk3η∗zzz + 2k(ηη∗)z)z + η∗yy − γη∗ = 0. (3.4.25)

We are looking for a solution of the form

η∗(z, y, t) = e
λ
k
t+iℓyφ(z), λ ∈ C, ℓ ∈ R, (3.4.26)

to arrive at

Ga(λ, ℓ)φ := (λ∂z − k2∂2z (c+ βk2∂2z − 2η)− ℓ2 − γ)φ = 0. (3.4.27)

3.4.1.2 Periodic perturbations

In case of periodic perturbations, we investigate the invertibility of the operator

Ga(λ, ℓ) acting in L2(T) with domain H4(T), for λ ∈ C with ℜ(λ) > 0, 0 ̸= ℓ ∈ R.

The invertibility problem

Ga(λ, ℓ)φ = 0, φ ∈ L2(T),

is transformed into a spectral problem which requires invertibility of ∂z. Since ∂z is

not invertible in L2(T), we restrict the problem to mean-zero subspace L2
0(T), defined in

(2.5.11), of L2(T). The study of invertibility of the operator Ga(λ, ℓ) in L2(T) is equivalent

to the study of invertibility of the operator Ga(λ, ℓ) in L2
0(T), as shown in the following

lemma.

Lemma 3.4.10. Ga(λ, ℓ) acting in L2(T) with domain H4(T) is not invertible if and only

if λ belongs to L2
0(T)-spectrum of the operator Qa(ℓ), where

Qa(ℓ) := k2∂z(c+ βk2∂2z − 2η) + (γ + ℓ2)∂−1
z . (3.4.28)

Proof. Observe that if φ ∈ L2
0(T), then Ga(λ, ℓ)φ ∈ L2

0(T) implies that the subspace

L2
0(T) ⊂ L2(T) is Ga(λ, ℓ)- invariant. Additionally, the spectrum is composed of discrete

eigenvalues with finite multiplicity because the operator Ga(λ, ℓ) acting on L2(T) has a

compact resolvent. Therefore, Ga(λ, ℓ) is not invertible if and only if zero is an eigenvalue

of Ga(λ, ℓ), that is, if and only if there exists a non-zero ψ ∈ H4(T) such that Ga(λ, ℓ)ψ = 0.
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Since γ ̸= 0, we conclude that ψ ∈ L2
0(T). Therefore, zero is an eigenvalue of Ga(λ, ℓ)

acting in L2(T) if and only if zero is an eigenvalue of the restriction of Ga(λ, ℓ) to L2
0(T).

This implies that Ga(λ, ℓ) acting in L2(T) with domain H4(T) is not invertible if and

only if its restriction to the subspace L2
0(T) is not invertible. Moreover, for a φ ∈ L2

0(T),

Ga(λ, ℓ)φ = 0 if and only if Qa(ℓ)φ = λφ, where

Qa(ℓ) := k2∂z(c+ βk2∂2z − 2η) + (γ + ℓ2)∂−1
z . (3.4.29)

Therefore, the operator Ga(λ, ℓ) is not invertible in L2
0(T) for some λ ∈ C if and only if λ ∈

specL2
0(T)

(Qa(ℓ)), that is, L2
0(T)-spectrum of the operator Qa(ℓ). Hence the lemma.

We arrive at pseudo-differential spectral problem

Qa(ℓ)φ = λφ, (3.4.30)

where φ ∈ L2
0(T). With respect to periodic perturbations, we will study the spectrum of

the operator Qa(ℓ) acting in L2
0(T) with domain H3(T) ∩ L2

0(T).

Proposition 3.4.11. The operator Qa(ℓ) possess following properties.

1. The operator Qa(ℓ) commutes with the reflection through the real axis.

2. The operator Qa(ℓ) anti-commutes with the reflection through the origin and the

imaginary axis.

3. The spectrum of Qa(ℓ) is symmetric with respect to the reflections through origin,

real axis, and imaginary axis.

Proof. We consider Rr, Ri and Ro to be the reflections through the real axis, imaginary

axis, and the origin, respectively, defined as follows

Rrψ(z) = ψ(z), Riψ(z) = ψ(−z) and Roψ(z) = ψ(−z). (3.4.31)

Assume λ is an eigenvalue of Qa(ℓ) with an associated eigenvector φ, then we have

Qa(ℓ)φ = λφ. (3.4.32)
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Observe that

(Qa(ℓ)Rrψ)(z) = Qa(ℓ)(Rrψ(z)) = Qa(ℓ)ψ(z) = (Qa(ℓ)ψ)(z) = (RrQa(ℓ)ψ)(z),

(3.4.33)

(Qa(ℓ)Riψ)(z) = Qa(ℓ)(Riψ(z)) = Qa(ℓ)ψ(−z) = −(Qa(ℓ)ψ)(−z) = −(RiQa(ℓ)ψ)(z),

(3.4.34)

(Qa(ℓ)Roψ)(z) = Qa(ℓ)(Roψ(z)) = Qa(ℓ)ψ(−z) = −(Qa(ℓ)ψ)(−z) = −(RoQa(ℓ)ψ)(z).

(3.4.35)

From (3.4.33), Qa(ℓ) commutes with Rr. From (3.4.34) and (3.4.35), we conclude that

Qa(ℓ) anti-commutes with Ri and Ro. Using (3.4.32), we arrive at

Qa(ℓ)Rrφ = RrQa(ℓ)φ = λRrφ,

Qa(ℓ)Riφ = −RiQa(ℓ)φ = −λRiφ,

Qa(ℓ)Roφ = −RoQa(ℓ)φ = −λRoφ.

We conclude from here that if λ is an eigenvalue of Qa(ℓ) with associated eigenvector φ,

then λ, −λ and −λ are also eigenvalues of Qa(ℓ) with associated eigenvectors Rrφ, Riφ

and Roφ, respectively. Therefore, the spectrum of Qa(ℓ) is symmetric with respect to

the reflections through the origin, real axis and imaginary axis.

Here, we check if there exist any λ ∈ specL2
0(T)

(Qa(ℓ)) with ℜ(λ) > 0 for some ℓ ̸=

0. As discussed above, specL2
0(T)

(Qa(ℓ)) inherits quadrafold symmetry that means an

eigenvalue of Qa(ℓ) away from the imaginary axis guarantees an eigenvalue with positive

real part. The spectral analysis for the operator Qa(ℓ) is based on perturbation arguments

in which we consider Qa(ℓ) as a perturbation of the operator Q0(ℓ) for |a| sufficiently

small. More precisely, for any d > 0, there exist δ > 0 such that for any a with ∥a∥ ≤ δ,

the spectrum of specL2
0(T)

(Qa(ℓ)) satisfies

specL2
0(T)

(Qa(ℓ)) ⊂ {λ ∈ C; dist(λ, specL2
0(T)

(Q0(ℓ))) < d}.

To find the spectrum of Qa(ℓ), we require to find the spectrum of Q0(ℓ). Since specL2
0(T)

(Q0(ℓ))



3.4 Transverse spectral Instabilities in rotation-modified
Kadomtsev-Petviashvili equation and related models 103

is a differential operator with periodic coefficients, a straightforward Fourier analysis al-

lows to compute its spectrum explicitly as

Q0(ℓ)e
inz = iΩn,ℓe

inz for all n ∈ Z \ {0}, (3.4.36)

where

Ωn,ℓ = γ

(
n− 1

n

)
+ βk4(n− n3)− ℓ2

n
. (3.4.37)

Therefore, the L2
0(T)-spectrum of Q0(ℓ) is given by

specL2
0(T)

(Q0(ℓ)) = {iΩn,ℓ;n ∈ Z∗}, (3.4.38)

which implies specL2
0(T)

(Q0(ℓ)) contains purely imaginary eigenvalues with finite algebraic

multiplicity, which has to be like this since a = 0 represents the zero solution, which

is trivially stable. The eigenvalues in (3.4.38) shift around and may depart from the

imaginary axis when |a| rises, resulting in spectral instability. Since the spectrum around

the real and imaginary axes is symmetric, it follows that for sufficiently small values of

|a|, eigenvalues of Qa(ℓ) must bifurcate in pairs as a result of collisions of eigenvalues of

Q0(ℓ) on the imaginary axis.

Let n ̸= m ∈ Z∗, a pair of eigenvalues iΩn,ℓ and iΩm,ℓ of Q0(ℓ) collide for some ℓ = ℓc

when

Ωn,ℓc = Ωm,ℓc . (3.4.39)

Without any loss of generality, consider n < m and m = n + Θ with Θ ∈ N in collision

condition (3.4.39), we arrive at

ℓ2 = −γJ(n,Θ) + βk4Y (n,Θ), (3.4.40)

where,

J(n,Θ) = n(n+Θ) + 1 and Y (n,Θ) = 3n2(n+Θ)2 + n(n+Θ)(Θ2 − 1).
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Analyzing signs of J(n,Θ) and Y (n,Θ) leads us to the following result.

Lemma 3.4.12. For a fixed γ > 0, β ∈ R and each Θ ∈ N, eigenvalues Ωn,ℓ and Ωn+Θ,ℓ

of the operator Q0(ℓ) collide for all n ∈ Z∗ when β > 0, and all n ∈ (−Θ, 0) when β ≤ 0.

For β > 0, all collisions occur in an interval (k∗,∞) if n ∈ (−∞,−Θ)∪ (0,∞), in (0, k∗)

if n ∈ (−Θ, 0), and for all k > 0 if n ∈ (−2, 0) where k∗ = (γJ(n,Θ)/βY (n,Θ))1/4. For

β ≤ 0, all collisions occur for all k > 0. All collisions take place away from the origin in

the complex plane except for the pair Ωn,ℓ and Ω−n,ℓ.

Proof. Note that

J(n,Θ) =

(
n+

Θ

2

)2

− Θ2 − 4

4
. (3.4.41)

For a fixed Θ ∈ N, J(n1,Θ) = J(n2,Θ) = 0, where

n1 = −Θ+
√
Θ2 − 4

2
and n2 = −Θ−

√
Θ2 − 4

2
.

Note that n1, n2 are purely complex for Θ = 1, real and equal for Θ = 2, and real and

distinct for Θ ≥ 3. Moreover, for Θ ≥ 3, −Θ < n1 < −Θ + 1/2, and −1/2 < n2 < 0.

Combining these, we have, J(n,Θ) > 0 when n ∈ (−∞,−Θ) ∪ (0,∞) for all Θ ∈ N,

J(−1, 2) = 0, and J(n,Θ) < 0 when n ∈ (−Θ, 0) for all Θ ≥ 3.

Now, rewriting Y (n,Θ), we obtain

Y (n,Θ) =3

(
n(n+Θ) +

Θ2 − 1

6

)2

− (Θ2 − 1)2

12

=

((
n+

Θ

2

)2

− Θ2

4

)(
3

(
n+

Θ

2

)2

+
Θ2

4
− 1

)
= : Y1(n,Θ)Y2(n,Θ).

A root analysis similar to J(n,Θ) on Y1(n,Θ) and Y2(n,Θ) provides that Y (n,Θ) > 0

when n ∈ (−∞,−Θ) ∪ (0,∞) for all Θ ∈ N, Y (−1, 2) = 0, and Y (n,Θ) < 0 when

n ∈ (−Θ, 0) for all Θ ≥ 3.

Note that, there exists a ℓ ∈ R satisfying the collision condition (3.4.40) if

X(n,Θ) := −γJ(n,Θ) + βk4Y (n,Θ) > 0. (3.4.42)

We know that J(n,Θ), Y (n,Θ) > 0 when n ∈ (−∞,−Θ) ∪ (0,∞) for all Θ ∈ N. The
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((a)) X(n, 4) with n : −5 to 1, β = −1,
γ = k = 1

((b)) X(n, 4) with n : −10 to −5,
β = γ = k = 1

Figure 3.2: Graph of function X(n,Θ) vs. n for Θ = 4

((a)) X(−2, 3) with k ∈ (0, 0.9), γ = β = 1 ((b)) X(−5, 3) with k ∈ (0, 0.5), γ = β = 1

Figure 3.3: Graph of function X(n,Θ) vs. k for n = −2,−5 and Θ = 3

condition in (3.4.42) does not hold for any n ∈ (−∞,−Θ)∪(0,∞) when β < 0. For β > 0,

(3.4.42) holds for n ∈ (−∞,−Θ) ∪ (0,∞) only when k > k∗. Since J(n,Θ), Y (n,Θ) ≤ 0

when n ∈ (−Θ, 0), there exist ℓ ∈ R satisfying the collision condition (3.4.40) for all

k > 0 when β ≤ 0; and for all k < k∗ when β > 0. For instance, see Figures 3.2 and 3.3.

In Figure 3.2 (A), we fix β = −1, γ = k = 1, Θ = 4, then X(n,Θ) > 0 for n ∈ (−4, 0)

and X(n,Θ) < 0 otherwise. In Figure 3.2 (B) for β = γ = k = 1, Θ = 4, X(n,Θ) > 0 for

all n ∈ (−10,−5). In Figure 3.3 (A), for β = γ = 1, Θ = 3, n = −2; (3.4.42) holds for

k ∈ (0, 0.707) and does not hold otherwise. Also, in Figure 3.3 (B), for β = γ = 1, Θ = 3,

n = −5; (3.4.42) holds for k ∈ (0.412,∞) and does not hold otherwise. Observe that,

Ωn,ℓc = Ω−n,ℓc = 0 for ℓ2c = (n2 − 1)|γ − βk4n2|. Therefore, Ωn,ℓc and Ωn+Θ,ℓc collide at

the origin when Θ is even and n = −Θ/2. All other collisions are away from origin.

For |a| sufficiently small, specL2
0(T)

(Qa(ℓ)) contain eigenvalues near to the eigenvalues

of specL2
0(T)

(Q0(ℓ)) which depend continuously upon a. The opposite sign of the Krein

signatures of the colliding non-zero eigenvalues is a prerequisite for instability [60]. The
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linear operator Qa(ℓ) can be decomposed into the product of a skew-adjoint and a self-

adjoint operator as follows

Qa(ℓ) = ABa,ℓ,

where A = ∂z is skew-adjoint and

Ba,ℓ = k2(c+ βk2∂2z − 2η) + (γ + ℓ2)∂−2
z ,

is self-adjoint.

An eigenvalue λ ∈ iR\{0} has negative Krein signature if ⟨ϕ,Qa(ℓ)ϕ⟩ < 0, where ϕ is

the corresponding eigenfunction, and it has positive Krein signature if ⟨ϕ,Qa(ℓ)ϕ⟩ > 0. In

particular, for sufficiently small a, the Krein signature χn,ℓ of eigenvalues iΩn,ℓ in (3.4.37)

of Q0(ℓ) is given by

χn,ℓ = sgn(
〈
B0,ℓe

inz, einz
〉
) = sgn

(
1

n
Ωn,ℓ

)
. (3.4.43)

Here, sgn is the signum function which establishes the sign of a real number. If the

collision condition (3.4.39) is satisfied for some n,m ∈ Z∗, then (3.4.43) states that at

the collision, the non-zero eigenvalues iΩn,ℓ and iΩm,ℓ have opposite Krein signatures if

nm < 0, (3.4.44)

otherwise they have same Krein signatures at the collision. We rule out several collisions

indicated in Lemma 3.4.12 that won’t cause transverse instability, using (3.4.44).

Lemma 3.4.13 (Potentially unstable nodes). Out of all the collisions mentioned in

Lemma 3.4.12,

1. For ℓ = 0, β ∈ R, {n, n + Θ} = {−1, 1}, are potentially unstable with respect to

long wavelength transverse perturbations.

2. For all β ∈ R; {n, n + Θ}, ℓ ̸= 0 with n ∈ (−Θ, 0), Θ ≥ 3 are potentially unstable

with respect to finite or short wavelength transverse perturbations.



3.4 Transverse spectral Instabilities in rotation-modified
Kadomtsev-Petviashvili equation and related models 107

3.4.1.3 Localized or bounded perturbations

We check the invertibility of the operator Ga(λ, ℓ) acting in L2(R) or Cb(R) with

domain H4(R) or C4
b (R), for λ ∈ C with ℜ(λ) > 0, 0 ̸= ℓ ∈ R. In L2(R) or Cb(R), the

operator Ga(λ, ℓ) has continuous spectrum. Since the coefficients of the operator Ga(λ, ℓ)

are 2π-periodic, we can use the Floquet theory such that all solutions of (3.4.27) in L2(R)

or Cb(R) are of the form φ(z) = eiµzφ̃(z) where µ ∈ (−1/2, 1/2] is the Floquet exponent

and φ̃ is a 2π-periodic function, see [31] for a comparable circumstance. By following

same arguments as in the proof of [31, Proposition A.1], we can deduce that the study

of the invertibility of Ga(λ, ℓ) in L2(R) or Cb(R) is equivalent to the invertibility of the

linear operators Ga,µ(λ, ℓ) in L2(T) with domain H4(T), for all µ ∈ (−1/2, 1/2], where

Ga,µ(λ, ℓ) := λ(∂z + iµ)− k2(∂z + iµ)2(c+ βk2(∂z + iµ)2 − 2η)− ℓ2 − γ.

We will confine ourselves to the case µ ̸= 0 because µ = 0 refers to periodic perturbations.

The L2(T)-spectra of operator Ga,µ(λ, ℓ) consist of eigenvalues of finite multiplicity. There-

fore, Ga,µ(λ, ℓ) is not invertible in L2(T) if and only if zero is an eigenvalue of Ga,µ(λ, ℓ).

For a Ψ ∈ L2(T), Ga,µ(λ, ℓ)Ψ = 0 if and only if Qa(ℓ, µ)Ψ = λΨ, where

Qa(ℓ, µ) := k2(∂z + iµ)(c+ βk2(∂z + iµ)2 − 2η) + (γ + ℓ2)(∂z + iµ)−1. (3.4.45)

Therefore, the operator Ga,µ(λ, ℓ) is not invertible in L2(T) for some λ ∈ C and µ ̸= 0

if and only if λ ∈ specL2(T)(Qa(ℓ, µ)), L2(T)-spectrum of the operator. This is straight

forward to observe that specL2(T)(Qa(ℓ, µ)) is not symmetric with respect to the reflections

through the real axis and the origin, rather it exhibit following properties.

Proposition 3.4.14. The operator Qa(ℓ, µ) possesses following properties.

1. The operator Qa(ℓ,−µ) commutes with the reflection through the real axis.

2. The operator Qa(ℓ, µ) anti-commutes with the reflection through the imaginary axis.

3. The operator Qa(ℓ,−µ) anti-commutes with the reflection through the origin.

4. The spectrum of Qa(ℓ, µ) is symmetric with respect to the reflections through the

imaginary axis.
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5. The spectrum of Qa(ℓ,−µ) is symmetric with respect to the reflections through the

real axis and the origin.

Proof. Proof is similar to the Proposition 3.4.11.

As a consequence of the properties mentioned in Proposition 3.4.14, it is sufficient to

take µ ∈ (0, 1/2]. Therefore, we arrive at pseudo-differential spectral problem

Qa(ℓ, µ)φ = λφ; φ ∈ L2(T) and µ ∈ (0, 1/2]. (3.4.46)

In case of non-periodic perturbations, we need to investigate if there exist any λ ∈

specL2(T)(Qa(ℓ, µ)) with ℜ(λ) > 0 for some ℓ ̸= 0 and µ ∈ (0, 1/2]. As a consequence of

the symmetry of the spectrum derived in Proposition 3.4.14, we obtain instability if there

is an eigenvalue of Qa(ℓ, µ) off the imaginary axis. We regard Qa(ℓ, µ) as a perturbation

of the operator Q0(ℓ, µ). Consider

Q∗
a(ℓ, µ) = Qa(ℓ, µ)−Q0(ℓ, µ).

This operator is compact in L2(T), with ∥Q∗
a(ℓ, µ)∥ → 0 as a→ 0 in the operator norm.

Note that this estimate is uniform for µ ∈ (0, 1/2]. Therefore, spectra of Qa(ℓ, µ) and

Q0(ℓ, µ) remain close for sufficiently small a. To find the spectrum of Qa(ℓ, µ), we require

to find the spectrum of Q0(ℓ, µ). A straightforward calculation reveals that

Q0(ℓ, µ)e
inz = iΩn,ℓ,µe

inz for all n ∈ Z, (3.4.47)

where

Ωn,ℓ,µ = γ

(
(n+ µ)− 1

(n+ µ)

)
+ βk4((n+ µ)− (n+ µ)3)− ℓ2

(n+ µ)
. (3.4.48)

Therefore, the L2(T)-spectrum of Q0(ℓ, µ), µ ∈ (0, 1/2] is given by

specL2(T)(Q0(ℓ, µ)) = {iΩn,ℓ,µ;n ∈ Z}. (3.4.49)

When eigenvalues of Qa(ℓ, µ) bifurcate from the imaginary axis for |a| sufficiently small,

according to the symmetry of the spectrum around the real and imaginary axes, they
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must do so in pairs as a result of collisions of eigenvalues of Q0(ℓ, µ) on the imaginary

axis. Let n ̸= m ∈ Z, a pair of eigenvalues iΩn,ℓ,µ and iΩm,ℓ,µ of Q0(ℓ, µ) collide for some

ℓ = ℓc and µ ∈ (0, 1/2] when

Ωn,ℓc,µ = Ωm,ℓc,µ. (3.4.50)

Without any loss of generality, consider n < m and m = n + Θ with Θ ∈ N in collision

condition (3.4.50), we arrive at

ℓ2 = −γR(n, µ,Θ) + βk4S(n, µ,Θ), (3.4.51)

where,

R(n, µ,Θ) = (n+ µ)(n+ µ+Θ) + 1 and

S(n, µ,Θ) = 3(n+ µ)2(n+ µ+Θ)2 + (n+ µ)(n+ µ+Θ)(Θ2 − 1).

Lemma 3.4.15. For a fixed γ > 0, β ∈ R and each Θ ∈ N, eigenvalues Ωn,ℓ,µ and Ωn+Θ,ℓ,µ

of the operator Q0(ℓ, µ) collide for all n ∈ Z except n = {−2,−1} for Θ = 2 when β > 0,

and all n ∈ [−Θ,−1] except n = −1 for Θ = 1 when β ≤ 0. All collisions take place

away from the origin in the complex plane except when Θ is odd and n = −(Θ + 1)/2 in

which case eigenvalues Ωn,ℓ,Θ and Ω−n−1,ℓ,Θ collide at the origin for ℓ = ℓc(1/2). Table 3.4

provides a range of values of k and µ for all such collisions.

β Θ n k µ
β > 0 N (−∞,−Θ) ∪ (0,∞) (min(kµ),∞) (0, 1/2]
β > 0 N \ {2} (−Θ,−1] (0,max(kµ)] (0, 1/2]
β > 0 1 −Θ (min(kµ),∞) (0, 1/2]

β > 0 ≥ 3 −Θ (0,max(kµ)]
(
(Θ−

√
Θ2 − 4)/2, 1/2

]
β ≤ 0 2 [−Θ,−1] (min(kµ),∞) (0, 1/2]
β ≤ 0 ≥ 3 (−Θ,−1] (0,∞) (0, 1/2]

β ≤ 0 ≥ 3 −Θ (min(kµ),∞)
(
0, (Θ−

√
Θ2 − 4)/2

)
β ≤ 0 ≥ 3 −Θ (0,∞)

[
(Θ−

√
Θ2 − 4)/2, 1/2

]
Table 3.4: For a given sign of β and value(s) of Θ, each row lists value(s) of n
for which collisions takes place along with the value(s) of k and µ. Here kµ =

|γR(n, µ,Θ)/βS(n, µ,Θ)|1/4 .

Proof. The function R(n, µ, 1), R(n, µ, 2) > 0 for all n ∈ Z, µ ∈ (0, 1/2]; while R(n, µ,Θ),

Θ ≥ 3 is zero for n = −Θ, µ =
Θ−

√
Θ2 − 4

2
; positive for all n ∈ (−∞,−Θ− 1]∪ [0,∞)
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for all µ ∈ (0, 1/2] and n = −Θ for all µ ∈
(
0,

Θ−
√
Θ2 − 4

2

)
, while negative for all

n ∈ [−Θ + 1,−1] for all µ ∈ (0, 1/2] and n = −Θ for all µ ∈
(
Θ−

√
Θ2 − 4

2
,
1

2

]
.

The function S(n, µ, 1) > 0 for all n ∈ Z; and S(n, µ,Θ), Θ ≥ 2 is positive for all

n ∈ (−∞,−Θ− 1] ∪ [0,∞) and negative for all n ∈ [−Θ,−1] for all µ ∈ (0, 1/2]. There

exist ℓ ∈ R satisfying the collision condition (3.4.50) if

Z(n, µ,Θ) = −γR(n, µ,Θ) + βk4S(n, µ,Θ) > 0, (3.4.52)

which holds for all n ∈ Z except n = {−2,−1} for Θ = 2 when β > 0; and for all

n ∈ [−Θ,−1] except n = −1 for Θ = 1 when β ≤ 0. For instance, see Figure 3.4.

Fixing β = −1, γ = k = 1; Z(n, 0.4, 5) > 0 for n ∈ [−5,−1] and Z(n, 0.4, 5) < 0

otherwise. Also, for β = γ = k = 1; Z(n, 0.3, 2) > 0 for all n except n = −2,−1. Now

see Figure 3.5. For β = γ = 1, Θ = 3, n = −2; (3.4.52) holds for k ∈ (0, 0.811) and

does not hold otherwise. Also for β = γ = 1, k = 0.2, n = −Θ = −4; (3.4.52) holds

for µ ∈ (0.268, 0.5) and does not hold otherwise, which agrees with the calculation. Note

that Ωn,ℓ,µ = 0 at ℓ2 = |((n + µ)2 − 1)(γ − βk4(n + µ)2)|. Ωn,ℓc,µ = Ωn+Θ,ℓc,µ=0 for a

fixed ℓc is possible only for Θ = −2n − 1, µ = 1/2. Therefore, Ωn,ℓc,µ and Ωn+Θ,ℓc,µ

collide at the origin for n = −(Θ + 1)/2, for all n ∈ [−Θ,−1] ∩ Z, µ = 1/2 and ℓ2c =∣∣∣∣∣
(
n2 + n− 3

4

)(
γ − βk4

(
n+

1

2

)2
)∣∣∣∣∣; except the pair {n, n + Θ} = {−1, 0}. All other

collisions are away from the origin.

The linear operator Qa(ℓ, µ) can be decomposed similarly to the preceding section

Qa(ℓ, µ) = AµBa(ℓ, µ),

where

Aµ = ∂z + iµ and Ba(ℓ, µ) = k2(c+ βk2(∂z + iµ)2 − 2η) + (γ + ℓ2)(∂z + iµ)−2.

The operator Aµ is skew-adjoint, whereas the operator Ba(ℓ, µ) is self-adjoint. Using the

definition in (3.4.43), the Krein signature, χn,µ of an eigenvalue iΩn,ℓ,µ in spec(Q0(ℓ, µ)))



3.4 Transverse spectral Instabilities in rotation-modified
Kadomtsev-Petviashvili equation and related models 111

((a)) Z(n, 0.4, 5) with n : −6 to 1, β = −1,
γ = k = 1

((b)) Z(n, 0.3, 2) with n : −3 to 0,
β = γ = k = 1

Figure 3.4: Graph of function Z(n, µ,Θ) vs. n

((a)) Z(−2, 0.4, 3) with k ∈ (0, 1.5), γ = β = 1 ((b)) Z(−4, µ, 4) with µ ∈ (0, 0.5), k = 0.2,
γ = β = 1

Figure 3.5: Left plot: Graph of function Z(n, µ,Θ) vs. k,
Right plot: Graph of function Z(n, µ,Θ) vs. µ.

is

χn,µ = sgn

(
1

n
Ωn,ℓ,µ

)
, n ∈ Z. (3.4.53)

Consequently, (n + µ0)(m + µ0) < 0, where µ0 is the value of the floquet exponent

where eigenvalues iΩn,ℓ,µ and iΩm,ℓ,µ collide, is a necessary condition for the bifurcation

of colliding eigenvalues from the imaginary axis.

Lemma 3.4.16 (Potentially unstable nodes). Out of all the collisions mentioned in

Lemma 3.4.15, all n ∈ [−Θ,−1] for each Θ ∈ N \ {2} when β > 0, and all n ∈ [−Θ,−1]

for each Θ ∈ N \ {1} when β ≤ 0 are potentially unstable with respect to finite or short

wavelength transverse perturbations.

3.4.1.4 Long wavelength transverse perturbations:

We start the further analysis with the values of ℓ sufficiently close to origin, that

is, |ℓ| ≤ ℓ0 for some ℓ0 > 0. Table 3.5 summarizes all the potentially unstable nodes
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Θ LWTP F/SWTP
Periodic Non-periodic Periodic Non-periodic

β > 0 β ≤ 0 β > 0 β ≤ 0 β ∈ R β > 0 β ≤ 0
1 None None None None None {−1, 0} None
2 {−1, 1} {−1, 1} None None None None {−1, 1}

, {−2, 0}
≥ 3 None None None None {−1,Θ− 1} {−1,Θ− 1} {−1,Θ− 1}

{−2,Θ− 2}, {−2,Θ− 2}, {−2,Θ− 2},
, . . . , . . . , . . .

{−Θ+ 1, 1} {−Θ+ 1, 1} {−Θ+ 1, 1}
{−Θ, 0} {−Θ, 0}

Table 3.5: Potentially unstable nodes for a given Θ ∈ N. Here ‘LWTP’ stands for Long
wavelength transverse perturbations and ‘F/SWTP’ stands for Finite or short wavelength
transverse perturbations.

with respect to long wavelength transverse perturbations. For a and ℓ sufficiently small,

{Ω−1,ℓ,Ω1,ℓ} are pair of eigenvalues bifurcating continuously from {Ω−1,0,Ω1,0}. For a =

0, {Ω−1,0,Ω1,0} are equipped with eigenfunctions {e−iz, eiz}. We choose the real basis

{cos z, sin z}. We calculate expansion of a basis {ψ1, ψ2} for the eigenspace corresponding

to the eigenvalues of {Ω−1,ℓ,Ω1,ℓ} in L2
0(T) by using expansions of η and c in (3.4.4), for

small a and ℓ as

ψ1(z) = cos z + 2aA2 cos 2z +O(a2),

ψ2(z) = sin z + 2aA2 sin 2z +O(a2).

We have the following expression for Qa(ℓ) after expanding and using η and c

Qa(ℓ) = γ(∂z + ∂−1
z ) + ℓ2∂−1

z + βk4(∂z + ∂3z )− 2ak2∂z(cos z) +O(a2). (3.4.54)

In order to locate the bifurcating eigenvalues for |a| sufficiently small, we calculate the

action of Qa(ℓ) on the extended eigenspace {ψ1(z), ψ2(z)} viz.

Ta(ℓ) =

[
⟨Qa(ℓ)ψi(z), ψj(z)⟩

⟨ψi(z), ψi(z)⟩

]
i,j=1,2

and Ia =

[
⟨ψi(z), ψj(z)⟩
⟨ψi(z), ψi(z)⟩

]
i,j=1,2

. (3.4.55)
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We use expansion of Qa(ℓ) in (3.4.54) to find actions of Qa(ℓ) and identity operator on

{ψ1, ψ2}, and arrive at

Ta(ℓ) =

 0 ℓ2 + 2a2k2η2

−ℓ2 0

+O(a2(ℓ+ a)).

To locate where these two eigenvalues are bifurcating from the origin, we analyze the

characteristic equation |Ta(ℓ)− λI| = 0, where Ia is 2 × 2 identity matrix. From which

we conclude that

λ2 + ℓ2(ℓ2 + 2a2k2η2) = O(|a|ℓ2(ℓ2 + a2)), (3.4.56)

and

λ2 = −ℓ2(ℓ2 + 2a2k2η2) +O(|a|ℓ2(ℓ2 + a2)). (3.4.57)

For ℓ = a = 0, we obtain zero as a double eigenvalue, which is consistent with our

calculation. For β < 0, we obtain two purely imaginary eigenvalues for all ℓ and a

sufficiently small. For β > 0, we obtain two real eigenvalues with opposite signs when

k > 4

√
γ

4β
. (3.4.58)

Hence the Theorem 3.4.1.

3.4.1.5 Finite or short wavelength transverse perturbations

Here we work with the values of ℓ away from the origin, |ℓ| ≥ ℓ0 for some ℓ0 > 0. We

do further analysis to check if collisions in Table 3.5 indeed lead to instability or not.

3.4.1.5.1 (In)stability analysis for Θ = 1: For periodic perturbations, there are

no collisions mentioned for Θ = 1. However, there in one pair of colliding eigenvalues

{Ω−1,ℓ,µ,Ω0,ℓ,µ} for β > 0 with respect to non-periodic perturbations, colliding for

ℓ2 = −γ(1− µ+ µ2) + 3βk4µ2(1− µ)2 and k > min

(
γ(1− µ+ µ2)

3βµ2(1− µ)2

)1/4

. (3.4.59)
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There exists a curve ℓ = ℓc given in (3.4.59) along which

Ω(ℓc, µ) := Ω−1,ℓc,µ = Ω0,ℓc,µ.

Furthermore,

ϕ0,−1(z) = e−iz and ϕ0,0(z) = 1, (3.4.60)

forms the corresponding eigenspace for Q0(ℓc, µ) associated with the two eigenvalues. Let

iΩ(ℓc, µ) + iθa,ℓ,−1 and iΩ(ℓc, µ) + iθa,ℓ,0, (3.4.61)

be the eigenvalues of Qa(ℓc, µ) bifurcating from iΩ−1,ℓc,µ and iΩ0,ℓc,µ respectively for |a|

and |ℓ − ℓc| small. Let {ϕa,ℓ,−1(z), ϕa,ℓ,0(z)} be the extended eigenspace associated with

two bifurcating eigenvalues. Following [14], we can take,

ϕa,−1,ℓ(z) =e
−iz + aϕ−1 +O(a2), (3.4.62)

ϕa,0,ℓ(z) =1 + aϕ0 +O(a2). (3.4.63)

Using orthonormality conditions on the eigenfunctions ϕa,ℓ,−1 and ϕa,ℓ,0, we get

ϕ−1 = ϕ0 = 0.

In order to find eigenvalues, we compute matrix representations of Qa(ℓc, µ) and identity

operators on {ϕa,−1,ℓ(z), ϕa,0,ℓ(z)} for sufficiently small |a| and |ℓ− ℓc|

Ba(ℓ, µ) =

iΩ(ℓc, µ)− i
ς

µ− 1
−iak2µ

−iak2(µ− 1) iΩ(ℓc, µ)− i
ς

µ

+O(|a|(|ς|+ |a|)),

where ς = ℓ2 − ℓ2c and Ia is the 2 × 2 identity matrix. Calculating the characteristic

equation det(Ba(ℓ, µ)− λIa) = 0 for λ of the form

λ = iΩ(ℓc, µ) + iθ,
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leads to the polynomial equation

θ2 + θς

(
1

µ− 1
+

1

µ
+O(a2)

)
− a2k4µ(µ− 1) +

ς2

µ(µ− 1)
+O(a2(|ς|+ a2)) = 0.

A direct computation shows that the discriminant of this polynomial is

disca(ς, µ) =
ς2

µ2(µ− 1)2
+ 4k4µ(µ− 1)a2 +O(a2(|ς|+ a2)).

For any a sufficiently small there exists

ςa(µ) = 2k2µ3/2(1− µ)3/2|a|+O(a2) > 0,

such that the two eigenvalues of Qa(ℓ, µ) are purely imaginary when |ℓ2 − ℓ2c | ≥ ςa(µ)

and complex with opposite nonzero real parts when |ℓ2 − ℓ2c | < ςa(µ), which proves the

Theorem 3.4.2.

The instability result in Theorem 3.4.2 is also supported by numerical experiments.

We consider the eigenvalue problem (3.4.46) with operator Qa(ℓ, µ) defined by (3.4.45).

We use the shift-invert technique [67] and consider the following problem,

[Qa(ℓ, µ)φ− iω]−1 =
1

λ− iω
φ; φ ∈ L2(T) and µ ∈ (0, 1/2]. (3.4.64)

Here ω ∈ R and is a guess chosen close to but not equal to λ. We use the MINRES [72]

method to invert the operator iteratively. The eigenvalue problem is solved numerically by

eigs function using MATLAB which is a matrix-free function based on Arnoldi iterations.

This allows us to have a O(N logN) flops scheme instead of O(N2) operations that would

be needed to form an operator matrix.

The spectrum of Qa(ℓ, µ) with γ = 1, β = 1, and k = 2 > 41/4 is shown in Figure 3.6.

High-frequency bubbles appear along the imaginary axis for the solution (3.4.4) with the

amplitude of the initial condition chosen to be ϵ = 0.01. In the right panel of Figure 3.6,

we zoom into one of the bubbles centered around 0.37916i on the imaginary axis. In

Figure 3.7, we show the range of parameter µ for two high-frequency bubbles located

above the imaginary axis.
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Figure 3.6: Left panel: Eigenvalue Spectrum of Qa(ℓ, µ) with γ = 1, β = 1,
k = 2 > 41/4 with the amplitude of the initial condition being ϵ = 0.01.
Right panel: zoom into a high-frequency bubble centered around 0.37916i on the imagi-
nary axis.
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Figure 3.7: µ vs. ℜ(λ) of Qa(ℓ, µ) with γ = 1, β = 1, k = 2 > 41/4 with the amplitude
of the initial condition being ϵ = 0.01.

3.4.1.5.2 (In)stability analysis for Θ ≥ 2: For some n ∈ Z and a fixed Θ ≥ 2, we

have

iΩn,ℓ∗,µ = iΩn+Θ,ℓ∗,µ = iΩ(ℓ∗, µ), µ ∈ (−1/2, 1/2]. (3.4.65)

µ = 0 represents the periodic case and µ ̸= 0 represents the non-periodic case. iΩ is an

eigenvalue of Q0(ℓc, µ) of multiplicity two with an orthonormal basis of eigenfunctions

{einz, ei(n+Θ)z}. Let iΩ+ iνa,n and iΩ+ iνa,n+2 be the eigenvalues of Qa(ℓ, µ) bifurcating

from iΩn,ℓc,µ and iΩn+2,ℓc,µ respectively, for |a| and |ℓ− ℓc| small. Let {φa,n(z), φa,n+2(z)}

be a orthonormal basis for the corresponding eigenspace. We suppose the following
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expansions

φa,n(z) =e
inz + aφn,1 + a2φn,2 + · · ·+ aΘφn,Θ +O(aΘ+1), (3.4.66)

φa,n+Θ(z) =e
i(n+Θ)z + aφn+Θ,1 + a2φn+Θ,2 + · · ·+ aΘφn+Θ,Θ +O(aΘ+1). (3.4.67)

We use orthonormality of φa,n and φa,n+Θ to find that

φn,1 = φn,2 = · · · = φn,Θ = φn+Θ,1 = φn+Θ,2 = · · · = φn+Θ,Θ = 0.

Using the expansions of η and c in (3.4.4), we expand Qa(ℓ, µ) in a as

Qa(ℓ, µ) = Q0(ℓ, µ) + k2(β2a
2 + β4a

4 + . . . )(∂z + iµ)− 2k2aδ1(∂z + iµ)(cos z)

− · · · − 2k2aΘδΘ(∂z + iµ)(cos(Θz)).

(3.4.68)

To explicitly obtain the values of all unknown coefficients in the expansion of Qa(ℓ, µ),

we require coefficients of higher powers of a in the expansion of solution η. Calculating

higher coefficients is difficult as the coefficients of the solution do not seem to have any

apparent symmetry. Therefore, we pursue the instability analysis without calculating the

unknown coefficients explicitly.

Following the same procedure as in the preceding subsection, we arrive at

Ga(ℓ, µ) =

G11 G12

G21 G22

+O(aΘ+1),

where

G11 = iΩ(ℓ∗, µ)− i
ς

n+ µ
+ ik2(n+ µ)(β2a

2 + β4a
4 + . . . ),

G12 = −ik2(n+ µ+Θ)δΘa
Θ,

G21 = −ik2(n+ µ)δΘa
Θ,

G22 = iΩ(ℓ∗, µ)− i
ς

n+ µ+Θ
+ ik2(n+ µ+Θ)(β2a

2 + β4a
4 + . . . ).

The resulting discriminant of the characteristic equation det(Ga(ℓ, µ)−(iΩ(ℓ∗, µ)+iθ)Ia) =
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0 is

disca(ς) =
Θ2ς2

(n+ µ)2(n+ µ+Θ)2
+ k4Θ2β2

2a
4 +O(a2(|ς|+ |a3|)).

For sufficiently small |ς| and |a| disca(ς) is positive which implies that no eigenvalue

of Qa(ℓ, µ) is bifurcating from the imaginary axis due to collision. Hence the proof of

Theorems 3.4.3 and 3.4.4.

3.4.2 Generalized RMKP

3.4.2.1 Construction of the spectral problem

Linearizing the gRMKP equation (3.4.5) about its one-dimensional periodic traveling

wave ηg in (3.4.23) and seeking a solution of the form

η∗g(z, y, t) = e
λ
k
t+iℓyφ(z), λ ∈ C, ℓ ∈ R, (3.4.69)

we arrive at

Gg
a(λ, ℓ)φ := (λ∂z − k2∂2z (c−Mk − 2α1ηg − 3α2η

2
g)− ℓ2 − γ)φ = 0. (3.4.70)

3.4.2.2 Periodic perturbations

The invertibility problem

Gg
a(λ, ℓ)φ = 0; φ ∈ L2(T),

is transformed into a spectral problem which requires invertibility of ∂z. Since ∂z is not

invertible in L2(T), we restrict the problem to mean-zero subspace L2
0(T), defined in

(2.5.11), of L2(T).

Lemma 3.4.17. Gg
a(λ, ℓ) acting in L2(T) with domain Hb+2(T) is not invertible if and

only if λ belongs to L2
0(T)-spectrum of the operator Qa(ℓ), where

Qg
a(ℓ) := k2∂z(c−Mk − 2α1ηg − 3α2η

2
g) + (γ + ℓ2)∂z−1. (3.4.71)

Proof. The proof is similar to the proof of Lemma 3.4.10.
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We arrive at pseudo-differential spectral problem

Qg
a(ℓ)φ = λφ, (3.4.72)

where φ ∈ L2
0(T). With respect to periodic perturbations, we will study the spectrum of

the operator Qg
a(ℓ) acting in L2

0(T) with domain Hb+1(T)) ∩ L2
0(T).

Proposition 3.4.18. The operator Qg
a(ℓ) possess following properties.

1. The operator Qg
a(ℓ) commutes with the reflection through the real axis.

2. The operator Qg
a(ℓ) anti-commutes with the reflection through the origin and the

imaginary axis.

3. The spectrum of Qg
a(ℓ) is symmetric with respect to the reflections through origin,

real axis and imaginary axis.

Proof. The proof is similar to the proof of Proposition 3.4.11.

A straightforward calculation reveals that

Qg
0(ℓ)e

inz = iΩg
n,ℓe

inz for all n ∈ Z \ {0}, (3.4.73)

where

Ωg
n,ℓ = γ

(
n− 1

n

)
+ k2n(m(k)−m(kn))− ℓ2

n
. (3.4.74)

Let eigenvalues iΩn,ℓ and iΩn+Θ,ℓ, n ̸= m, collide at ℓ = ℓc > 0. From (3.4.43), Krein

signatures χn and χn+Θ are opposite at ℓ = ℓc when n(n + Θ) < 0, i.e. n and n + Θ

should be of opposite parity.

Lemma 3.4.19. For a fixed γ > 0 and each Θ ∈ N, the potentially unstable collisions

between the eigenvalues iΩg
n,ℓ and iΩg

n+Θ,ℓ are

1. ℓ = 0, {n, n+Θ} = {−1, 1} for all m,

2. ℓ ̸= 0, n ∈ (−Θ, 0), Θ ≥ 3 for all m.
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All these collisions occur for k satisfying the relation −Jg(n,Θ) +
k2

Θ
Yg(n,Θ) > 0, where

Jg(n,Θ) = n(n + Θ) + 1 and Yg(n,Θ) = n(n + Θ)(n(m(k) −m(kn)) − (n + Θ)(m(k) −

m(k(n + Θ))). Also, all collisions take place away from the origin in the complex plane

except when Θ is even and n = −Θ/2 in which case eigenvalues Ωn,ℓ and Ω−n,ℓ collide at

the origin.

Proof. A direct calculation shows that iΩg
n,ℓ and iΩg

−t,ℓ collide when

ℓ2 = γJg(n, t) + k2Yg(n, t), (3.4.75)

where,

Jg(n, t) = nt− 1 and Yg(n, t) =
nt

n+ t
(n(m(k)−m(kn)) + t(m(k)−m(kt))).

When ℓ = 0, (3.4.75) holds only for n = t = 1. Jg(1, 1) = 0 and Jg(n, t) > 0 for

all n, t ∈ N \ {1}. Yg(1, 1) = 0. Yg(n, t) < 0 when m is monotonically increasing and

Yg(n, t) > 0 when m is monotonically decreasing. Therefore, for every m, there exist ℓ ̸= 0

satisfying (3.4.75). If we seek the potentially unstable collisions between the eigenvalues

iΩg
n,ℓ and iΩg

n+Θ,ℓ for each Θ ∈ N, then value of n should be n ∈ (−Θ, 0) for every m.

Observe that Ωg
n,ℓc

= Ωg
−n,ℓc

= 0 for ℓ2c = |γ(n2 − 1) + k2n2(m(k) −m(kn))|. Therefore,

Ωg
n,ℓc

and Ωg
n+Θ,ℓc

collide at the origin when Θ is even and n = −Θ/2. All other collisions

are away from the origin.

3.4.2.3 Localized or bounded perturbations

In L2(R) or Cb(R), the operator Gg
a(λ, ℓ) now have continuous spectrum. We can use

the Floquet theory such that all solutions of (3.4.70) in L2(R) or Cb(R) are of the form

φ(z) = eiφ̃(z) where µ ∈ (−1/2, 1/2] is the Floquet exponent and φ̃ is a 2π-periodic

function. We can deduce that the study of the invertibility of Gg
a(λ, ℓ) in L2(R) or Cb(R)

is equivalent to the invertibility of the linear operators Gg
a,µ(λ, ℓ) in L2(T) with domain

Hb+2(T), for all µ ∈ (−1/2, 1/2], where

Gg
a,µ(λ, ℓ) = λ(∂z + iµ)− k2(∂z + iµ)2(c−Mk − 2α1ηg − 3α2η

2
g)− ℓ2 − γ.
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Also, Gg
a,µ(λ, ℓ) is not invertible in L2(T) if and only if zero is an eigenvalue of Gg

a,µ(λ, ℓ).

For a Ψ ∈ L2(T), Ga,µ(λ, ℓ)Ψ = 0 if and only if Qg
a(ℓ, µ)Ψ = λΨ, where

Qg
a(ℓ, µ) := k2(∂z + iµ)(c−Mk − 2α1ηg − 3α2η

2
g) + (γ + ℓ2)(∂z + iµ)−1. (3.4.76)

Therefore, the operator Gg
a,µ(λ, ℓ) is not invertible in L2(T) for some λ ∈ C and µ ̸= 0

if and only if λ ∈ specL2(T)(Qg
a(ℓ, µ)), L2(T)-spectrum of the operator. This is straight

forward to observe that specL2(T)(Qg
a(ℓ, µ)) is not symmetric with respect to the reflections

through the real axis and the origin, rather it exhibit following properties.

Proposition 3.4.20. The operator Qg
a(ℓ, µ) possess following properties.

1. The operator Qg
a(ℓ,−µ) commutes with the reflection through the real axis.

2. The operator Qg
a(ℓ, µ) anti-commutes with the reflection through the imaginary axis.

3. The operator Qg
a(ℓ,−µ) anti-commutes with the reflection through the origin.

4. The spectrum of Qg
a(ℓ, µ) is symmetric with respect to the reflections through the

imaginary axis.

5. The spectrum of Qg
a(ℓ,−µ) is symmetric with respect to the reflections through the

real axis and the origin.

Proof. The proof is similar to the proof of Proposition 3.4.11.

A simple calculation yields the following

Qg
0(ℓ, µ)e

inz = iΩg
n,ℓ,µe

inz for all n ∈ Z, (3.4.77)

where

Ωg
n,ℓ,µ = γ

(
n+ µ− 1

n+ µ

)
+ k2(n+ µ)(m(k)−m(k(n+ µ)))− ℓ2

n+ µ
. (3.4.78)

Therefore, the L2(T)-spectrum of Q0(ℓ, µ) is given by

specL2(T)(Q0(ℓ, µ)) = {iΩg
n,ℓ,µ;n ∈ Z, µ ∈ (0, 1/2]}. (3.4.79)
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Let eigenvalues iΩn,ℓ,µ and iΩn+Θ,ℓ,µ, Θ ∈ N, collide at ℓ = ℓc > 0. From (3.4.53), Krein

signatures χn and χn+Θ are opposite at ℓ = ℓc when (n+ µ)(n+Θ+ µ) < 0.

Lemma 3.4.21. For a fixed γ > 0 and each Θ ∈ N, the potentially unstable collisions

between the eigenvalues iΩg
n,ℓ,µ and iΩg

n+Θ,ℓ,µ are all n ∈ [−Θ,−1] for each Θ ∈ N \ {2}

when m is increasing, and all n ∈ [−Θ,−1] for each Θ ∈ N \ {1} when m is decreasing.

All these collisions occur for k satisfying the relation −γRg(n, µ,Θ) + k2Sg(n, µ,Θ) > 0,

where Rg(n, µ,Θ) = (n+ µ)(n+ µ+Θ) + 1 and Sg(n, µ,Θ) =
(n+ µ)(n+ µ+Θ)

Θ
((n+

µ)(m(k)−m(k(n+µ)))− (n+µ+Θ)(m(k)−m(k(n+µ+Θ)))). All collisions take place

away from the origin in the complex plane except when Θ is odd and n = −(Θ + 1)/2 in

which case eigenvalues Ωn,ℓ,Θ and Ω−n−1,ℓ,Θ collide at the origin for ℓ = ℓc(1/2). Table 3.6

provides range of values of µ for all such collisions.

m Θ n µ
increasing N \ {2} (−Θ,−1] (0, 1/2]
increasing 1 −Θ (0, 1/2]

increasing ≥ 3 −Θ
(
(Θ−

√
Θ2 − 4)/2, 1/2

]
decreasing N \ {1} [−Θ,−1] (0, 1/2]

Table 3.6: For a given nature of m and value(s) of Θ, each row lists value(s) of n for
which collisions takes place along with the value(s) of µ.

Proof. The collision condition for eigenvalues iΩg
n,ℓ,µ and iΩg

n+Θ,ℓ,µ for Θ ∈ N is

ℓ2 = −γRg(n, µ,Θ) + k2Sg(n+Θ, µ,Θ), (3.4.80)

where,

Rg(n, µ,Θ) = (n+ µ)(n+ µ+Θ) + 1 and

Sg(n, µ,Θ) =
(n+ µ)(n+ µ+Θ)

Θ
((n+µ)(m(k)−m(k(n+µ)))−(n+µ+Θ)(m(k)−m(k(n+µ+Θ)))).

Since we intend to find only potentially unstable eigenvalues, therefore (n+µ)(n+µ+Θ) <

0 which implies n ∈ [−Θ,−1].

The function Rg(n, µ, 1), Rg(n, µ, 2) > 0 for all n ∈ [−Θ,−1]; while Rg(n, µ,≥ 3) is

positive only for n = −Θ for all µ ∈
(
0,

Θ−
√
Θ2 − 4

2

)
; and negative for all

1. n ∈ [−Θ+ 1,−1] for all Θ ∈ (0, 1/2],

2. n = −Θ for all µ ∈
(
Θ−

√
Θ2 − 4

2
,
1

2

]
.
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Also, the sign of the function Sg(n, µ,Θ) is

1. When m is monotonically increasing

(a) The function Sg(n, µ, 1) > 0 for all n ∈ [−Θ,−1] and µ ∈ (0, 1/2].

(b) The function Sg(n, µ,≥ 2) < 0 for all n ∈ [−Θ,−1] and µ ∈ (0, 1/2].

2. When m is monotonically decreasing

(a) The function Sg(n, µ, 1) < 0 for all n ∈ [−Θ,−1] and µ ∈ (0, 1/2].

(b) The function Sg(n, µ,≥ 2) > 0 for all n ∈ [−Θ,−1] and µ ∈ (0, 1/2].

The proof follows trivially from here. Note that Ωg
n,ℓ,µ = 0 at ℓ2 = |γ((n + µ)2 − 1) +

k2(n + µ)2(m(k) − m(k(n + µ)))|. Ωg
n,ℓc,µ

= Ωg
n+Θ,ℓc,µ

=0 for a fixed ℓc is possible only

for Θ = −2n − 1, µ = 1/2. Therefore, Ωg
n,ℓc,µ

and Ωg
n+Θ,ℓc,µ

collide at the origin for

n = −(Θ + 1)/2, for all n ∈ [−Θ,−1] ∩ Z, µ = 1/2 and ℓ2c = |γ((n+ 1/2)2 − 1) + k2(n+

1/2)2(m(k)−m(k(n+ 1/2)))|. All other collisions are away from origin.

3.4.2.4 Long wavelength transverse perturbations

We start the further analysis with the values of ℓ sufficiently close to origin, that

is, |ℓ| ≤ ℓ0 for some ℓ0 > 0. Table 3.5 work as it is here too. For a and ℓ sufficiently

small, {Ωg
−1,ℓ,Ω

g
1,ℓ} are pair of eigenvalues bifurcating continuously from {Ωg

−1,0,Ω
g
1,0}. For

a = 0, {Ωg
−1,0,Ω

g
1,0} are equipped with eigenfunctions {e−iz, eiz}. We choose the real basis

{cos z, sin z}. We calculate expansion of a basis {ψ1, ψ2} for the eigenspace corresponding

to the eigenvalues of {Ωg
−1,ℓ,Ω

g
1,ℓ} in L2

0(T) by using expansions of ηg and cg in (3.4.23),

for small a and ℓ as

ψg
1(z) = cos z + 2aA2 cos 2z +O(a2),

ψg
2(z) = sin z + 2aA2 sin 2z +O(a2).

We have the following expression for Qg
a(ℓ) after expanding and using η and c

Qg
a(ℓ) = γ(∂z + ∂−1

z ) + ℓ2∂−1
z + k2∂z(m(k)−Mk)− 2aα1k

2∂z(cos z) + k2a2(α1ηg2 − 3/4α2)∂z

− k2a2(2α1ηg2 + 3/2α2)∂z(cos 2z) +O(a3).
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We use expansion of Qg
a(ℓ) to find actions of Qg

a(ℓ) and identity operator on {ψg
1, ψ

g
2},

and arrive at

T g
a (ℓ) =

 0 ℓ2 +
3

2
α2k

2a2 + 2a2α1k
2ηg2

−ℓ2 0

+O(a2(ℓ+ a)).

To locate where these two eigenvalues are bifurcating from the origin, we analyze the

characteristic equation |T g
a (ℓ)− λgIa| = 0, where Ia is 2×2 identity matrix. From which

we conclude that

λ2g + ℓ2(ℓ2 +
3

2
α2k

2a2 + 2a2α1k
2ηg2) = O(|a|ℓ2(ℓ2 + a2), (3.4.81)

and

λ2g = −ℓ2(ℓ2 − 3

2
|α2|k2a2 + 2a2|α1|k2ηg2) +O(|a|ℓ2(ℓ2 + a2). (3.4.82)

For ℓ = a = 0, we get zero as a double eigenvalue, which agrees with our calculation.

1. α1 = 1, α2 = 0

(a) m is increasing, then we obtain two real eigenvalues with opposite signs when

|k2(m(2k)−m(k))| > 3γ

4
and ℓ2 < 2a2k2|ηg2|,

(b) m is decreasing, we obtain two purely imaginary eigenvalues.

2. α1 = 0, α2 = −1; we obtain two real eigenvalues with opposite signs for all m and

∀k > 0 and

|ℓ| <
√

3

2
|a|k.

3. α1 = 1, α2 = −1, we obtain two real eigenvalues with opposite signs for all m when

2k2

3γ + 4k2(m(k)−m(2k))
<

3

4
and ℓ2 <

3

2
|α2|k2a2 − 2a2|α1|k2|ηg2|.

Hence the Theorem 3.4.6.
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3.4.2.5 Finite or short transverse perturbations

Here we work with the values of ℓ away from the origin, |ℓ| ≥ ℓ0 for some ℓ0 > 0. We

do further analysis to check if collisions in Table 3.5 indeed lead to instability or not.

3.4.2.5.1 (In)stability analysis for Θ = 1: For periodic perturbations, there are

no collisions mentioned for Θ = 1. However, there is one pair of colliding eigenvalues

{Ωg
−1,ℓ,µ,Ω

g
0,ℓ,µ} for β > 0 with respect to non-periodic perturbations, colliding for

ℓ2 = −γ(1− µ+ µ2) + k2(µ(µ− 1)(m(k)−m(k(µ− 1)))− µ(m(k)−m(kµ)). (3.4.83)

There exists a curve ℓ = ℓc given in (3.4.83) along which

Ωg(ℓc, µ) := Ωg
−1,ℓc,µ

= Ωg
0,ℓc,µ

.

Furthermore,

ϕg
0,−1(z) = e−iz and ϕg

0,0(z) = 1, (3.4.84)

forms the corresponding eigenspace for Qg
0(ℓc, µ) associated with the two eigenvalues. Let

iΩg(ℓc, µ) + iθga,ℓ,−1 and iΩg(ℓc, µ) + iθga,ℓ,0, (3.4.85)

are the eigenvalues of Qg
a(ℓc, µ) departing from iΩg

−1,ℓc,µ
and iΩg

0,ℓc,µ
respectively for suf-

ficiently small |a| and |ℓ− ℓc|. Let {ϕg
a,ℓ,−1(z), ϕ

g
a,ℓ,0(z)} be the extended eigenspace asso-

ciated with two bifurcating eigenvalues. Following [14], we can take,

ϕg
a,−1,ℓ(z) =e

−iz + aϕg
−1 +O(a2), (3.4.86)

ϕg
a,0,ℓ(z) =1 + aϕg

0 +O(a2). (3.4.87)

Using the orthonormality conditions on the eigenfunctions ϕg
a,ℓ,−1 and ϕg

a,ℓ,0, we get

ϕg
−1 = ϕg

0 = 0.
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In order to find the eigenvalues, we compute matrix representations of Qg
a(ℓc, µ) and

identity operators on {ϕg
a,−1,ℓ(z), ϕ

g
a,0,ℓ(z)} for sufficiently small |a| and |ℓ− ℓc|

Bg
a(ℓ, µ) =

iΩg(ℓc, µ)− i
ς

µ− 1
−iaα1k

2µ

−iaα1k
2(µ− 1) iΩg(ℓc, µ)− i

ς

µ

+O(|a|(|ς|+ |a|)),

where ς = ℓ2−ℓ2c and Ia is the 2×2 identity matrix. We solve the characteristic equation

det(Bg
a(ℓ, µ)− λgIa) = 0 for λ of the form

λg = iΩg(ℓc, µ) + iθ,

and obtain the polynomial equation

θ2 + θς

(
1

µ− 1
+

1

µ
+O(a2)

)
− a2α2

1k
4µ(µ− 1) +

ς2

µ(µ− 1)
+O(a2(|ς|+ a2)) = 0.

A direct calculation depicts that the discriminant of this polynomial is

disca(ς, µ) =
ς2

µ2(µ− 1)2
+ 4α2

1k
4µ(µ− 1)a2 +O(a2(|ς|+ a2)).

For any a sufficiently small, there exists

ςa(µ) = 2α1k
2µ3/2(1− µ)3/2|a|+O(a2) > 0,

such that the two eigenvalues of Qg
a(ℓ, µ) are purely imaginary when |ℓ2 − ℓ2c | ≥ ςa(µ)

and complex with opposite nonzero real parts when |ℓ2 − ℓ2c | < ςa(µ), which proves the

theorem 3.4.7.

3.4.2.5.2 (In)stability analysis for Θ ≥ 2: For some n ∈ Z and a fixed Θ ≥ 2, we

have

iΩg
n,ℓ∗,µ

= iΩg
n+Θ,ℓ∗,µ

= iΩ(ℓ∗, µ), µ ∈ (−1/2, 1/2]. (3.4.88)

µ = 0 represents the periodic case and µ ̸= 0 represents the non-periodic case. iΩg is

an eigenvalue of Qg
0(ℓc, µ) of multiplicity two with an orthonormal basis of eigenfunctions

{einz, ei(n+Θ)z}. Let iΩg+ iνa,n and iΩg+ iνa,n+2 be the eigenvalues of Qg
a(ℓ, µ) bifurcating
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from iΩg
n,ℓc,µ

and iΩg
n+2,ℓc,µ

respectively, for |a| and |ℓ − ℓc| small. For the correspond-

ing eigenspace, suppose {φg
a,n(z), φ

g
a,n+2(z)} be an orthonormal basis. We suppose the

following expansions

φg
a,n(z) =e

inz + aφn,1 + a2φn,2 + · · ·+ aΘφn,Θ +O(aΘ+1), (3.4.89)

φg
a,n+Θ(z) =e

i(n+Θ)z + aφn+Θ,1 + a2φn+Θ,2 + · · ·+ aΘφn+Θ,Θ +O(aΘ+1). (3.4.90)

We use orthonormality of φg
a,n and φg

a,n+Θ to find that

φg
n,1 = φg

n,2 = · · · = φg
n,Θ = φg

n+Θ,1 = φg
n+Θ,2 = · · · = φg

n+Θ,Θ = 0.

Using the expansions of η and c in (3.4.4), we expand Qg
a(ℓ, µ) in a as

Qg
a(ℓ, µ) = Q0(ℓ, µ) + k2(β2a

2 + β4a
4 + . . . )(∂z + iµ)− 2k2aδ1(∂z + iµ)(cos z)

− · · · − 2k2aΘδΘ(∂z + iµ)(cos(Θz)).

(3.4.91)

Following the same procedures as in the preceding subsection, we arrive at

G g
a (ℓ, µ) =

G g
11 G g

12

G g
21 G g

22

+O(aΘ+1),

where

G g
11 = iΩ(ℓ∗, µ)− i

ς

n+ µ
+ ik2(n+ µ)(β2a

2 + β4a
4 + . . . ),

G g
12 = −ik2(n+ µ+Θ)δ

Θ,

G g
21 = −ik2(n+ µ)δ

Θ,

G g
22 = iΩ(ℓ∗, µ)− i

ς

n+ µ+Θ
+ ik2(n+ µ+Θ)(β2a

2 + β4a
4 + . . . ).

The resulting discriminant of the characteristic equation det(G g
a (ℓ, µ)−(iΩ(ℓ∗, µ)+iθ)Ia) =

0 is

discga(ς) =
Θ2ς2

(n+ µ)2(n+ µ+Θ)2
+ k4Θ2β2

2a
4 +O(a2(|ς|+ |a3|)).
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For sufficiently small |ς| and |a|, discga(ς) is positive which implies that no eigenvalue

of Qg
a(ℓ, µ) is bifurcating from the imaginary axis due to collision. Hence the proof of

Theorems 3.4.6 and 3.4.7.

3.4.3 Applications

3.4.3.1 RM-fKdV-KP Equation

The RM-fKdV-KP equation can be derived from (3.4.5) by choosing

m(k) = 1 + |k|α, α > 1/2

with α1 = 1, α2 = 0. Clearly, the symbol m(k) meets the hypotheses 2.2.1 J1, J2 (b = α,

A1 = 1 and A2 = 2), and J3 (m is strictly increasing for k > 0). We can obtain the

periodic solutions of rotation-modified fKdV equation from (3.4.23) by replacing m(k)

with 1 + |k|α. Transverse stability and instability of these solutions can be derived using

Theorems 3.4.6, 3.4.7, 3.4.8 and 3.4.9.

Corollary 3.4.22 (Transverse stability vs. instability of RM-fKdV-KP). For any a

sufficiently small and γ > 0,

1. (a) For all k > 0 and β < 0, periodic traveling waves (3.4.23) of (3.4.11) are

transversely stable with respect to either periodic or non-periodic (localized or

bounded) perturbations in the direction of propagation and periodic perturba-

tions in the transverse direction.

(b) For all k > 0 and β > 0, periodic traveling waves (3.4.23) of (3.4.11) are

transversely stable with respect to periodic perturbations in the direction of

propagation and, periodic with finite wavelength perturbations in the transverse

direction.

2. (a) β > 0, periodic traveling waves (3.4.23) of (3.4.11) are transversely unstable

with respect to periodic perturbations in both directions and long wavelength

perturbations in the transverse direction if

k >

∣∣∣∣ 3γ

4β(2α − 1)

∣∣∣∣1/α+2

.
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(b) β > 0, periodic traveling waves (3.4.23) of (3.4.11) are transversely unstable

with respect to non-periodic (localized or bounded) perturbations in the direction

of propagation of the wave and, periodic with finite wavelength perturbations

in the transverse direction if

k >

(
3(2α)γ

(2α − 1)β

)1/α+2

.

Note that, for γ = 0, all the results mentioned in Corollary 3.4.22 agree with the

findings in [5] for KP-fKdV equation.

3.4.3.2 RMBO-KP Equation

RMBO-KP equation analogous to RM-fKdV-KP equation with α = 1. We have

derived transverse stability and instability of these solutions in Corollary 3.4.23 using

Theorems 3.4.6, 3.4.7, 3.4.8 and 3.4.9.

Corollary 3.4.23 (Transverse stability vs. instability of RMKP-BO). For any a suffi-

ciently small and γ > 0,

1. (a) For all k > 0 and β < 0, periodic traveling waves (3.4.23) of (3.4.10) are

transversely stable with respect to either periodic or non-periodic (localized or

bounded) perturbations in the direction of propagation and periodic perturba-

tions in the transverse direction.

(b) For all k > 0 and β > 0, periodic traveling waves (3.4.23) of (3.4.10) are

transversely stable with respect to periodic perturbations in the direction of

propagation and, periodic with finite wavelength perturbations in the transverse

direction.

2. (a) β > 0, periodic traveling waves (3.4.23) of (3.4.10) are transversely unstable

with respect to periodic perturbations in both directions and long wavelength

perturbations in the transverse direction if

k >

∣∣∣∣3γ4β
∣∣∣∣1/3 .

(b) β > 0, periodic traveling waves (3.4.23) of (3.4.10) are transversely unstable



130 Transverse Instability

with respect to non-periodic (localized or bounded) perturbations in the direction

of propagation of the wave and, periodic with finite wavelength perturbations

in the transverse direction if

k >

(
6γ

β

)1/3

.

For γ = 0, all the results mentioned in Corollary 3.4.23 agree with the findings in [5]

for KP-BO equation.

3.4.3.3 RMG-KP Equation

The RMG-KP equation can be derived from (3.4.5) by choosing

m(k) = 1 + |k|2,

with α1 = 1, α2 = −1. Clearly, the symbol m(k) meets the hypotheses 2.2.1 J1, J2

(A1 = 1, and A2 = 2), and J3 (m is strictly increasing for k > 0). We can obtain the

periodic solutions of rotation-modified Gardner equation from (3.4.23) by replacing m(k)

with 1 + |k|2. We have derived transverse stability and instability of these solutions in

Corollary 3.4.24 using Theorems 3.4.6, 3.4.7, 3.4.8 and 3.4.9.

Corollary 3.4.24 (Transverse stability vs. instability of RMG-KP). For any a suffi-

ciently small and γ > 0,

1. (a) For all k > 0 and β < 0, periodic traveling waves (3.4.23) of (3.4.16) are trans-

versely stable with respect to non-periodic (localized or bounded) perturbations

in the direction of propagation and periodic perturbations in the transverse

direction.

(b) For all k > 0 and β ̸= 0, periodic traveling waves (3.4.4) of (3.4.16) are

transversely stable with respect to periodic perturbations in the direction of

propagation and, periodic with finite wavelength perturbations in the transverse

direction.

2. (a) periodic traveling waves (3.4.23) of (3.4.16) are transversely unstable with re-

spect to periodic perturbations cin both directions and long wavelength pertur-

bations in the transverse direction if
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i. β > 0,

36|β|k4 + 8k2 < 9γ,

ii. β < 0,

−36|β|k4 + 8k2 < 9γ.

(b) β > 0, periodic traveling waves (3.4.23) of (3.4.16) are transversely unstable

with respect to non-periodic (localized or bounded) perturbations in the direction

of propagation of the wave and, periodic with finite wavelength perturbations

in the transverse direction if

k >

(
4γ

β

)1/4

.

3.4.3.4 Reduced RMKP Equation

The Reduced RMKP equation can be derived from (3.4.5) by choosing

m(k) = 1 + |k|2,

with β = 0, α1 = 1 and α2 = 0. Clearly, the symbol m(k) meets the hypotheses 2.2.1 J1,

J2 (A1 = 1, and A2 = 2), and J3 (m is strictly increasing for k > 0). We can obtain

the periodic solutions of reduced Ostrovsky equation from (3.4.23) by replacing m(k)

with 1 + |k|2. We can obtain transverse stability and instability of these solutions using

Theorems 3.4.6, 3.4.7, 3.4.8 and 3.4.9.

Corollary 3.4.25. Assume that small-amplitude periodic traveling waves of the reduced

Ostrovsky equation are spectrally stable in L2(T) with respect to one-dimensional pertur-

bations. Then for any a sufficiently small, γ > 0, k > 0 and β = 0, periodic traveling

waves (3.4.23) of (3.4.1) are transversely stable with respect to either periodic or non-

periodic (localized or bounded) perturbations in the direction of propagation and periodic

perturbations in the transverse direction.



132 Transverse Instability

3.4.3.5 RM-mKdV-KP Equation

The RM-mKdV-KP equation can be derived from (3.4.5) by choosing

m(k) = 1 + |k|2,

with α1 = 0 and α2 = −1. Clearly, the symbol m(k) meets the hypotheses 2.2.1 J1, J2

(A1 = 1, and A2 = 2), and J3 (m is strictly increasing for k > 0). We can obtain the

periodic solutions of rotation-modified mKdV equation from (3.4.23) by replacing m(k)

with 1 + |k|2. We can obtain transverse stability and instability of these solutions using

Theorems 3.4.6, 3.4.7, 3.4.8 and 3.4.9.

Corollary 3.4.26. For any a sufficiently small and γ > 0,

1. (a) For all k > 0 and β < 0, periodic traveling waves (3.4.23) of (3.4.17) are trans-

versely stable with respect to non-periodic (localized or bounded) perturbations

in the direction of propagation and periodic perturbations in the transverse

direction.

(b) For all k > 0 and β ̸= 0, periodic traveling waves (3.4.4) of (3.4.17) are

transversely stable with respect to periodic perturbations in the direction of

propagation and, periodic with finite wavelength perturbations in the transverse

direction.

2. (a) For all k > 0 and β ̸= 0, periodic traveling waves (3.4.23) of (3.4.17) are

transversely unstable with respect to periodic perturbations in both directions

and long wavelength perturbations in the transverse direction.

(b) β > 0, periodic traveling waves (3.4.23) of (3.4.17) are transversely unstable

with respect to non-periodic (localized or bounded) perturbations in the direction

of propagation of the wave and, periodic with finite wavelength perturbations

in the transverse direction if

k >

(
4γ

β

)1/4

.

For γ = 0, all the results mentioned in Corollary 3.4.26 are in accordance with the

findings in [6, 47] for mKP-II equation.
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3.4.3.6 RMILW-KP Equation

The RMILW-KP equation can be derived from (3.4.5) by choosing,

m(k) = k coth k.

The symbol m(k) satisfies Hypotheses 2.2.1 J1, J2 (b = 2, A1 = 1, and A2 = 2), and

J3 (m is strictly increasing for k > 0). We can obtain the periodic solutions of rotation-

modified ILW equation from (3.4.23) by replacing m(k) with k coth k. We can obtain

transverse stability and instability of these solutions using Theorems 3.4.6, 3.4.7, 3.4.8

and 3.4.9.

Corollary 3.4.27 (Transverse stability vs. instability of RMILW-KP). For any a suffi-

ciently small and γ > 0,

1. (a) For all k > 0 and β < 0, periodic traveling waves (3.4.23) of (3.4.14) are

transversely stable with respect to either periodic or non-periodic (localized or

bounded) perturbations in the direction of propagation and periodic perturba-

tions in the transverse direction.

(b) For all k > 0 and β > 0, periodic traveling waves (3.4.23) of (3.4.5) are

transversely stable with respect to periodic perturbations in the direction of

propagation and, periodic with finite wavelength perturbations in the transverse

direction.

2. (a) β > 0, periodic traveling waves (3.4.23) of (3.4.14) are transversely unstable

with respect to periodic perturbations in both directions and long wavelength

perturbations in the transverse direction if

k2(2k coth 2k − k coth k) >
3γ

4β
.

(b) β > 0, periodic traveling waves (3.4.23) of (3.4.14) are transversely unstable

with respect to non-periodic (localized or bounded) perturbations in the direction

of propagation of the wave and, periodic with finite wavelength in the transverse

direction if

k2(k coth k − k/2 coth (k/2)) >
3γ

β
.
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Note that, for γ = 0, all the results mentioned in Corollary 3.4.27 agree with the

results in [5] for KP-ILW equation.

3.4.3.7 RM-Whitham-KP Equation

The RM-Whitham-KP equation can be derived from (3.4.5) by choosing,

m(k) =

√
tanh k

k
.

The symbol m(k) satisfies Hypotheses 2.2.1 J1, J2 with b = −1
2
, A1 = 1, and A2 = 2,

and J3 as m is strictly decreasing for k > 0. We can obtain the periodic solutions of

rotation-modified Whitham equation from (3.4.23) by replacing m(k) with
√

tanh k
k

. We

can obtain transverse stability and instability of these solutions using Theorems 3.4.6,

3.4.7, 3.4.8 and 3.4.9.

Corollary 3.4.28 (Transverse stability vs. instability of RM-Whitham-KP). For any a

sufficiently small and γ > 0,

1. (a) For all k > 0 and β > 0, periodic traveling waves (3.4.23) of (3.4.12) are

transversely stable with respect to either periodic or non-periodic (localized or

bounded) perturbations in the direction of propagation and periodic perturba-

tions in the transverse direction.

(b) For all k > 0 and β < 0, periodic traveling waves (3.4.23) of (3.4.12) are

transversely stable with respect to periodic perturbations in the direction of

propagation and, periodic with finite wavelength perturbations in the transverse

direction.

2. (a) β < 0, periodic traveling waves (3.4.23) of (3.4.12) are transversely unstable

with respect to periodic perturbations in both directions and long wavelength

perturbations in the transverse direction if

k2

(√
tanh k

k
−
√

tanh 2k

2k

)
>

3γ

4|β|
.

(b) β < 0, periodic traveling waves (3.4.23) of (3.4.12) are transversely unstable

with respect to non-periodic (localized or bounded) perturbations in the direction
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of propagation of the wave and, periodic with finite wavelength perturbations

in the transverse direction if

k2

(√
tanh k/2

k/2
−
√

tanh k

k

)
>

3γ

|β|
.

For γ = 0, all the results mentioned in Corollary 3.4.28 agree with the findings in [5]

for KP-Whitham equation.
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4
High-frequency Instabilities

4.1 Introduction

This chapter is devoted to the study of high-frequency spectral instabilities of small-

amplitude periodic traveling wave solutions in the Ostrovsky equation and its generaliza-

tions. While modulational and transverse instabilities have been extensively studied in

previous chapters, high-frequency instability, associated with finite and short-wavelength

perturbations, remains a distinct and important mechanism of spectral destabilization,

especially in rotationally influenced dispersive systems.

The Ostrovsky equation models the evolution of weakly nonlinear, weakly dispersive

long internal waves under the influence of Earth’s rotation and serves as a rotational

extension of the classical Korteweg–de Vries (KdV) equation. In the rotational regime,

the dispersive properties of the equation are significantly altered, and the introduction of

high-frequency perturbations leads to rich and nontrivial spectral behavior.

137
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This chapter is based on the results presented in our work: “High-frequency insta-

bility in the Ostrovsky equation and related models” with Atul Kumar and Ashish Ku-

mar Pandey. We rigorously establish the existence of a one-parameter family of small-

amplitude periodic traveling wave solutions to the Ostrovsky equation using Lyapunov–

Schmidt reduction. We then perform a detailed spectral analysis of the linearized op-

erator about these periodic waves and identify conditions under which high-frequency

instabilities arise.

4.2 The Model

The Ostrovsky equation

(ut − βuxxx + (u2)x)x = γu, x ∈ R, (4.2.1)

was derived by Ostrovsky (see [62]) as a model for the unidirectional propagation of

weakly nonlinear long surface and internal waves of small amplitude in rotating liquid.

The liquid is assumed to be incompressible and inviscid. Here, u(x, t) represents the

free surface displacement of the fluid. The constant γ measures the effect of rotation

and is rather small for the real conditions of the Earth rotation [24]. The parameter

β determines the type of dispersion, namely β < 0 (negative dispersion) for surface

and internal waves in the ocean and surface waves in a shallow channel with an uneven

bottom and β > 0 (positive dispersion) for capillary waves on the surface of a liquid or

for oblique magneto-acoustic waves in plasma [25]. Note that, if u(x, t) satisfies (4.2.1)

for a particular choice of β and γ, then −u(x,−t) satisfies (4.2.1) with β and γ replaced

by −β and −γ respectively. Due to this symmetry, we restrict γ > 0.

Setting γ = 0 in (4.2.1) and integrating with respect to x ∈ R and assuming the

solution u(x, t) and all the derivatives are vanishing at infinity, one obtains the well-

known Korteweg-de Vries (KdV) equation

ut − βuxxx + (u2)x = 0. (4.2.2)



4.2 The Model 139

The Ostrovsky equation is non-local and dispersive with linear dispersion as

ω(k) =
γ

k
+ βk3.

It is also Hamiltonian

ut =
∂H(u)

∂u
,

where

H(u) =

∫
R

(
β

2
|ux|2 +

γ

2
|D−1

x u|2 + 1

3
u3
)
dx,

and for k ∈ N, the operator D−k
x is defined by

(̂D−k
x f)(µ) = (iµ)−kf̂(µ).

The Ostrovsky equation, unlike KdV, is nonintegrable by the method of the inverse

scattering transform. The local and global-well posedness of the Ostrovsky equation are

known in some weighted Sobolev spaces [56, 73].

In this chapter, we investigate the spectral stability of small-amplitude periodic trav-

eling waves of the Ostrovsky equation. We use a standard argument based on implicit

function theorem and Lyapunov-Schmidt reduction to establish the existence of a family

of periodic traveling waves. As a consequence, we obtain a small-amplitude expansion of

these periodic traveling waves. We linearize (4.2.1) about the obtained periodic traveling

wave and examine the L2(R)-spectrum of the linearized operator. In the case of periodic

perturbations, one needs to restrict to the mean zero space because of the presence of

∂−1
z in the linearized operator. But for square-integrable perturbations on the whole real

line, we use Floquet-Bloch theory which transforms ∂−1
z to (∂z + iµ)−1, where µ is the

Floquet exponent. As a result, for µ ̸= 0, we need not restrict to mean zero space. In

terms of perturbations, µ ̸= 0 corresponds to non-modulational perturbations and the

resulting spectral instability is termed as high-frequency instability [17]. We show that

the obtained small-amplitude periodic traveling waves of (4.2.1) exhibit high-frequency

instability.

In Section 4.3, we obtain periodic traveling waves of the Ostrovsky equation bifurcat-

ing from the trivial solution. Existence of periodic traveling wave solutions We set up

the spectral stability problem in Section 4.4 and prove the existence of high-frequency
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instabilities in Section 4.5.

4.3 Sufficiently small and periodic traveling waves

A traveling wave of (4.2.1) is a solution which propagates at a constant velocity

without change of form. That is, u(x, t) = U(x− ct) for some c ∈ R. Substituting this in

(4.2.1) leads to

cU ′′ + βU ′′′′ − (U2)′′ + γU = 0.

We seek a periodic traveling wave of (4.2.1). That is, U is a 2π/k-periodic function of its

argument where k > 0 is the wave number. Taking z := kx, the function η(z) := U(x) is

2π-periodic in z and satisfies

ck2η′′ + βk4η′′′′ − k2(η2)′′ + γη = 0. (4.3.1)

Note that (4.3.1) is invariant under z 7→ z+z0 and z 7→ −z and therefore, we may assume

that η is even. Also, note that (4.3.1) does not possess scaling invariance. Hence, we

may not a priori assume that k = 1. In fact, the stability result reported in Theorem

4.5.1 depends on k. To compare, the KdV equation (4.2.2) for periodic traveling waves

possesses scaling invariance, and stability results are independent of the carrier wave

number, see [10], for instance.

In what follows, we seek a non-trivial 2π-periodic solution η of (4.3.1). For fixed β

and γ, let F : H4(T)× R× R+ → L2(T) be defined as

F (η, c; k) = ck2η′′ + βk4η′′′′ − k2(η2)′′ + γη. (4.3.2)

It is well defined by a Sobolev inequality. We seek a solution η ∈ H4(T), c ∈ R and k > 0

of

F (η, c; k) = 0.

Note that if η ∈ H4(T), then from (4.3.1), η′′′′ ∈ H2(T) by a Sobolev inequality. There-

fore, η ∈ H6(T). By a bootstrap argument, we obtain that η ∈ H∞(T).

The operator F in (4.3.2) is a polynomial in parameters c and k. Its Fréchet derivatives

with respect to η are all continuous from H4(T) to L2(T). Therefore, F is a real analytic
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operator.

Clearly, F (0, c; k) = 0 for all c ∈ R and k > 0. If non-trivial solutions of F (η, c; k) = 0

bifurcate from η ≡ 0 for some c then

L0 := ∂ηF (0, c; k) = ck2∂2z + βk4∂4z + γ,

from H4(T) to L2(T), is not an isomorphism. From a straightforward calculation,

L0e
inz = (−ck2n2 + βk4n4 + γ)einz = 0, n ∈ Z,

if and only if

c =
γ

k2n2
+ βk2n2, n ∈ Z.

Without loss of generality, we take n = 1 viz.

c0 =
γ

k2
+ βk2. (4.3.3)

Note that for β > 0, wavenumbers, k =
(

γ
βn2

)1/4
, 2 ≤ n ∈ N, satisfy resonance condition

γ

k2
+ βk2 =

γ

k2n2
+ βk2n2, (4.3.4)

of the fundamental mode and nth harmonic, and hence the kernel of L0 is four-dimensional.

For all other values of k, L0 is a Fredholm operator of index zero with both kernel and

co-kernel spanned by e±iz.

Next, we employ a Lyapunov-Schmidt procedure to establish the existence of a one-

parameter family of non-trivial solutions of F (η, c; k) = 0 bifurcating from η ≡ 0 and

c = c0. The proof follows along the same lines as the arguments in [38, 41] and we

provide it in Appendix A.1. We summarize the existence result for periodic traveling

waves of (4.2.1) and their small-amplitude expansion below.

Theorem 4.3.1. Consider the following wavenumbers depending on the sign of β,

1. for β < 0, all k > 0, and

2. for β > 0, all k > 0 but
(

γ
βn2

)1/4
, 2 ≤ n ∈ N.
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Then, for all such wavenumbers k, a one parameter family of solutions of (4.3.1) exists,

given by u(x, t) = η(a; k)(k(x− c(a; k)t)) for a ∈ R and |a| sufficiently small; η(a; k)(·) is

2π-periodic, even and smooth in its argument, and c(a; k) is even in a; η(a; k) and c(a; k)

depend analytically on a and k. Moreover,

η(a; k)(z) = a cos(z) + a2A2 cos 2z + a3A3 cos 3z + a4(A42 cos 2z + A44 cos 4z) +O(a5),

and

c(a; k) = c0 + a2c2 + a4c4 +O(a6),

as a→ 0, where c0 is in (4.3.3),

A2 =
2k2

3γ − 12βk4
, A3 =

9k2A2

8γ − 72βk4
, A42 = 2A2A3 − 2A3

2, A44 =
8k2(A2

2 + 2A3)

15γ − 240βk4
,

c2 = A2, and c4 = 3A2A3 − 2A3
2.

Remark 4.3.2. The Lyapunov-Schmidt procedure described above guarantees the exis-

tence of periodic traveling waves of (4.2.1) for only small amplitude. It would be interest-

ing to explore if the bifurcation curves for the periodic traveling waves of large amplitudes

exist.

4.4 Linearization and the spectral problem

We linearize (4.2.1) about the solution η in Theorem 4.3.1 in the coordinate frame

moving at the speed c. The result becomes

k(vt − ckvz − βk3vzzz + 2k(ηv)z)z = γv.

We seek a solution of the form v(z, t) = e
λ
k
tṽ(z), λ ∈ C, to arrive at

T λ
k,aṽ := (λ∂z − k2∂2z (c+ βk2∂2z − 2η)− γ)ṽ = 0. (4.4.1)

The operator T λ
k,a is defined on L2(R) with dense domain H4(R).

Definition 4.4.1. The periodic traveling wave solution η is said to be spectrally stable if



4.4 Linearization and the spectral problem 143

T λ
k,a is invertible for any λ ∈ C with ℜ(λ) > 0, otherwise, it is deemed to be spectrally

unstable.

The operator T λ
k,a has continuous spectrum in L2(R). By Floquet theory, since co-

efficients of T λ
k,a are periodic functions, all solutions of (4.4.1) in L2(R) are of the form

ṽ(z) = eiµzV (z) where µ ∈ (−1/2, 1/2] is the Floquet exponent and V is a 2π-periodic

function, see [31] for a similar situation. This helps to break the invertibility problem of

T λ
k,a in L2(R) into a family of invertibility problems in L2(T).

Lemma 4.4.2. The linear operator T λ
k,a is invertible in L2(R) if and only if linear oper-

ators

T λ
k,a,µ = λ(∂z + iµ)− k2(∂z + iµ)2(c+ βk2(∂z + iµ)2 − 2η)− γ,

acting in L2(T) with dense domain H4(T) are invertible, for any µ ∈ (−1/2, 1/2].

We refer to [31, Proposition A.1] for detailed proof in a similar situation.

Remark 4.4.3. The L2(T)-spectra of operators T λ
k,a,µ consist of eigenvalues of finite

multiplicity. Therefore, T λ
k,a,µ is invertible in L2(T) if zero is not an eigenvalue of T λ

k,a,µ.

Using Remark 4.4.3, we have the following result.

Lemma 4.4.4. The operator T λ
k,a,µ is not invertible in L2(T) for some λ ∈ C and µ ̸= 0

if and only if λ ∈ σ(Ak,a,µ), L2(T)-spectrum of the operator,

Ak,a,µ := k2(∂z + iµ)(c+ βk2(∂z + iµ)2 − 2η) + γ(∂z + iµ)−1.

Proof. The operator T λ
k,a,µ is not invertible in L2(T) for some λ ∈ C and µ ̸= 0 if and

only if zero is an eigenvalue of T λ
k,a,µ. Moreover, for a V ∈ L2(T), T λ

k,a,µV = 0 if and only

if Ak,a,µV = λV . The proof follows trivially.

Note that µ ̸= 0 is important in Lemma 4.4.4. For µ = 0, Ak,a,0 is not well-defined

on L2(T) since ∂−1
z is not well-defined on L2(T). In what follows, we restrict µ to be

non-zero and examine the L2(T)-spectrum of Ak,a,µ. To ease the notation, we will drop

k from subscript in Ak,a,µ. We observe that if λ ∈ σ(Aa,µ) then λ̄ ∈ σ(Aa,−µ), therefore,
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it is enough to consider µ ∈ (0, 1/2]. Also, since η(z) is even in z, we have

σ(Aa,µ) = σ(−Aa,−µ).

Consequently, we obtain spectral instability of η if σ(Aa,µ) is not contained in the imag-

inary axis for some µ ∈ (0, 1/2].

A straightforward calculation shows that

A0,µe
inz = iωn,µe

inz, n ∈ Z, (4.4.2)

where

ωn,µ = k2(n+ µ)(c0 − βk2(n+ µ)2)− γ

n+ µ
= (γ − βk4(n+ µ)2)

((n+ µ)2 − 1)

n+ µ
.

(4.4.3)

We have σ(A0,µ) ⊂ iR, which should be the case since a = 0 corresponds to the

zero solution, which is trivially stable. As |a| increases, the eigenvalues in (4.4.2) move

around and may leave the imaginary axis to give spectral instability. Because of the

symmetry of the spectrum around the real and imaginary axes, spectral instability takes

place only if a pair of imaginary eigenvalues collide on the imaginary axis. If the spectral

instability arises from a collision away from the origin on an imaginary axis, it is termed

as High-frequency instability [17].

Let n ̸= m ∈ Z, and µn,m ∈ (0, 1/2] be such that

ωn,µn,m = ωm,µn,m . (4.4.4)

For a fixed value of γ > 0 and β ̸= 0, collisions at the origin take place only when

(n+ µ)2 = (m+ µ)2,

with k4 = γ
β(n+µ)2

. This reduces to 2µ = −(n + m), which is an integer and therefore

forces µ = 1/2 and m = −n− 1. Hence, collisions at the origin take place only for β > 0,

all n ∈ Z, m = −n− 1, µn,m = 1/2, and k =
(

γ
β(n+1/2)2

)1/4
. There is no collision at the

origin if β < 0. The collision at the origin for non-zero Floquet exponent is an interesting
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characteristic of the Ostrovsky equation. In similar studies on other various water wave

models such collisions have not been observed, see [38, 40, 41], for example.

Here, we seek to find high-frequency instabilities and, therefore, list all collisions away

from the origin below.

Lemma 4.4.5. For each n ∈ Z and ∆n ∈ N, the eigenvalues ωn,µc and ωn+∆n,µc of the

operator A0,µ would collide away from the origin for

1. all pairs {n, n+∆n} except {−1, 1} and {−2, 0} when β > 0, and

2. pairs {−1, 1} and {−n, 0} : n ≥ 2, when β < 0.

Moreover, all collisions take place in an interval k ∈ (kmin
n,∆n, k

max
n,∆n), where kmin

n,∆n > 0 and

kmax
n,∆n ∈ R+ ∪ {∞} can be calculated explicitly depending on n and ∆n.

Proof. In (4.4.4), without loss of generality, we can assume that n < m and m = n+∆n

with ∆n ∈ N. Then the collision condition (4.4.4) can be written as ωn,µc = ωn+∆n,µc ,

that is

(γ − βk4(n+ µ)2)
((n+ µ)2 − 1)

n+ µ
= (γ − βk4(n+∆n+ µ)2)

((n+∆n+ µ)2 − 1)

n+∆n+ µ
.

We can rearrange the above equation to obtain

k4 =
γ∆n

β
K(x,∆n) :=

γ∆n

β

1 + x(x+∆n)

x(x+∆n)((x+∆n)3 − x3 −∆n)
,

where x = n + µ. In terms of the function K(x,∆n), since γ > 0, collision between n

and n+∆n takes place

1. for β > 0 if K(n+ µ,∆n) > 0 for some µ ∈ (0, 1/2], and

2. for β < 0 if K(n+ µ,∆n) < 0 for some µ ∈ (0, 1/2].

Hence, it is important to know the sign of K(x,∆n) for a fixed ∆n and x ∈ R. We

examine this case by case.

1. Case 1 (∆n = 1): The functionK(x, 1), see Figure 4.1(a), is always positive except

at singularities −1 and 0. Therefore, there is a collision between n and n + 1 for

all n ∈ Z when β > 0 while there is no collision between n and n+1 for any n ∈ Z

when β < 0.
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2. Case 2 (∆n = 2): The function K(x, 2), see Figure 4.1(b), is positive for x ∈

(−∞,−2) ∪ (0,∞) and negative for x ∈ (−2, 0). Since µ ∈
(
0, 1

2

]
, there is a

collision between n and n + 2 for all n ∈ Z\{−1,−2} when β > 0 while there is a

collision between n and n+ 2 only for n = −2, and −1 when β < 0.

3. Case 3 (∆n ≥ 3): The function K(x,∆n), ∆n ≥ 3, see Figures 4.1(c) and 4.1(d)

for example, is positive in

(−∞,−∆n) ∪
(
−∆n+

√
∆n2 − 4

2
,−∆n−

√
∆n2 − 4

2

)
∪ (0,∞),

and negative in

(
−∆n,−∆n+

√
∆n2 − 4

2

)
∪
(
−∆n−

√
∆n2 − 4

2
, 0

)
.

For ∆n ≥ 3, we have

−∆n < −∆n+
√
∆n2 − 4

2
< −∆n+

1

2
, and − 1

2
< −∆n−

√
∆n2 − 4

2
< 0.

Therefore, there is a collision between n and n+∆n for all n ∈ Z when β > 0 while

there is a collision between n and n+∆n only for n = −∆n when β < 0.

This proves the existence of all pairs satisfying collision condition (4.4.4) away from the

origin.

Now, for a fixed ∆n, if K(n,∆n) > 0 for some n ̸= −∆n, 0 then it continues to be

positive in [n, n+1/2] and therefore, for β > 0, collision takes place between n and n+∆n

for all µ ∈ (0, 1/2]. Since K(x,∆n) restricted to x ∈ (n, n+1/2] is a continuous function,

it attains a maximum and minimum in [n, n + 1/2] and therefore, collision takes place

in a bounded interval of wavenumbers k ∈ (kmin
n,∆n, k

max
n,∆n) ⊂ (0,∞), see Figure 4.2(a) for

an example. Similarly, for β > 0 and n = −∆n, the collision takes place in a bounded

interval of wavenumbers. For n = 0, K(x,∆n) is positive and unbounded either in

(n, n + 1/2] and therefore K(x,∆n) is bounded below but unbounded above. In these

cases, collision takes place in an interval of wavenumbers k ∈ (kmin
n,∆n,∞) ⊂ (0,∞), see

Figure 4.2(b) for an example. Similarly, for β < 0 and n = −∆n, collision takes place in

an unbounded interval of wavenumbers. This completes the proof.
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(a) K(x, 1) (b) K(x, 2)

(c) K(x, 3) (d) K(x, 4)

Figure 4.1: Graph of function K(x,∆n) vs. x for ∆n = 1, 2, 3, and 4.

(a) γ = 1, β = 1, n = −3, m = −1 (b) γ = 1, β = −1, n = 0, m = 5

Figure 4.2: Graph of wavenumbers vs. n+µ for two collisions. The range of wavenum-
bers for which collision is taking place is approximately (0.5, 0.73) for the left plot and
(0,∞) for the right plot.

A necessary condition for collisions in Lemma 4.4.5 to provide high-frequency insta-

bility is that their Krein signatures at collision should be opposite. Since the Ostrovsky

equation possesses a Hamiltonian structure, the linear operator Aa,µ can be decomposed

as

Aa,µ = JµLa,µ,
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∆n β > 0 β < 0
1 {−1, 0} none
2 none {−2, 0}, {−1, 1}

≥ 3 {−1,∆n− 1}, {−2,∆n− 2}, . . . , {−∆n+ 1, 1}, {−∆n, 0} {−∆n, 0}

Table 4.1: Collisions with opposite Krein signatures for a given ∆n for β > 0 and β < 0.

where Jµ = ∂z + iµ is skew-adjoint and

La,µ = k2(c+ βk2(∂z + iµ)2 − 2η) + γ(∂z + iµ)−2,

is self-adjoint. With this decomposition, the Krein signature κn,µ of eigenvalues iωn,µ in

(4.4.3) of A0,µ is given by

κn,µ = sgn(
〈
0,µe

inz, einz
〉
) = sgn

(
1

n+ µ
ωn,µ

)
, (4.4.5)

where sgn is the signum function which determines the sign of a real number. If the

collision condition (4.4.4) is satisfied for some n,m ∈ Z and µn,m ∈ (0, 1/2] then (4.4.5)

provides that eigenvalues iωn,µ and iωm,µ have opposite Krein signatures at the collision

if

(n+ µn,m)(m+ µn,m) < 0, (4.4.6)

otherwise they have same Krein signatures at the collision. Using (4.4.6), we can rule out

some collisions in Lemma 4.4.5 which will not lead to high-frequency instability.

Lemma 4.4.6. 1. For β > 0, out of all collisions mentioned in Lemma 4.4.5, {n,m}

with n ≤ −1 and m ≥ 0, have opposite Krein signatures.

2. For β < 0, all collisions mentioned in Lemma 4.4.5 have opposite Krein signatures.

Proof. If n ̸= 0 and m ̸= 0 then from (4.4.6), n and m must be of opposite signs for

(4.4.6) to hold. If one of n or m is zero then the other needs to be negative in order for

(4.4.6) to hold. Then the proof follows.
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4.5 High-frequency instabilities

Table 4.1 summarizes all the collisions with opposite Krein signatures based on Lemma 4.4.6

for a given ∆n for both β > 0 and β < 0. In what follows, we do further analysis to

check if collisions in Table 4.1 corresponding to ∆n = 1, and 2, lead to high-frequency

instability.

4.5.1 ∆n = 1 calculation and conclusion

For a fixed n ∈ Z, let µ0 ∈ (0, 1/2] be such that

0 ̸= ωn,µ0 = ωn+1,µ0 =: ω.

Therefore, iω is an eigenvalue of A0,µ0 of multiplicity two with an orthonormal basis of

eigenfunctions {einz, ei(n+1)z}. For |a| small, let λn,a,µ0 and λn+1,a,µ0 be eigenvalues of Aa,µ0

bifurcating from iω with an orthonormal basis of eigenfunctions {ϕn,a,µ0(z), ϕn+1,a,µ0(z)}.

Note that λn,0,µ0 = λn+1,0,µ0 = iω with ϕn,0,µ0(z) = einz and ϕn+1,0,µ0(z) = ei(n+1)z. Let

λn,a,µ0 = iω + iµn,a,µ0 and λn+1,a,µ0 = iω + iµn+1,a,µ0 . (4.5.1)

We are interested in the location of µn,a,µ and µn+1,a,µ for |a| small as if they have non-zero

imaginary parts then we obtain high-frequency instability.

We start with the following expansions of eigenfunctions

ϕn,a,µ0 =e
inz + aϕn,1 + a2ϕn,2 +O(a3), (4.5.2)

ϕn+1,a,µ0 =e
i(n+1)z + aϕn+1,1 + a2ϕn+1,2 +O(a3). (4.5.3)

We use orthonormality of ϕn,a,µ0 and ϕn+1,a,µ0 to find that

ϕn,1 = ϕn,2 = ϕn+1,1 = ϕn+1,2 = 0.

To trace the bifurcation of the eigenvalues from the point of the collision on the imaginary

axis for |a| sufficiently small, we compute the actions of Aa,µ0 and identity operators on
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the extended eigenspace {ϕn,a,µ0(z), ϕn+1,a,µ0(z)} viz.

Ba,µ0 =

[
⟨Aa(µ0)ϕi,a,µ0(z), ϕj,a,µ0(z)⟩

⟨ϕi,a,µ0(z), ϕi,a,µ0(z)⟩

]
i,j=n,n+1

and Ia =

[
⟨ϕi,a,µ0(z), ϕj,a,µ0(z)⟩
⟨ϕi,a,µ0(z), ϕi,a,µ0(z)⟩

]
i,j=n,n+1

.

(4.5.4)

Here ⟨ · , · ⟩ denotes the L2(T)- inner product as defined in (2.5.11).

Using the expansions of η and c in Theorem 4.3.1, we expand Aa,µ0 in a as

Aa,µ0 = A0,µ0 − 2ak2(∂z + iµ0) cos z + a2k2(∂z + iµ0)(c2 − 2A2 cos 2z) +O(a3),

and use the expansion of eigenfunctions in (4.5.2)-(4.5.3) to find the matrices in (4.5.4)

as

Ba,µ0 =


iω + ik2a2(n+ µ0)c2 −ik2a(n+ 1 + µ0)

−ik2a(n+ µ0) iω + ik2a2(n+ 1 + µ0)c2

+O(a3),

and Ia =

1 0

0 1

+O(a3). Note that B0,µ0 = diag(iω, iω) which should be the case as iω

is an eigenvalue of A0,µ0 of multiplicity two. The two values of µ solving the equation

det(Ba,µ0 − (iω + iµ)Ia) = 0, (4.5.5)

would coincide with µn,a,µ0 and µn+1,a,µ0 in (4.5.1) in leading order of a. Plugging the

values in (4.5.5) and calculating the discriminant of the quadratic in µ, we arrive at

Da,µ0 = 4k4a2(n+ µ0)(n+ 1 + µ0) +O(a3).

Therefore, for sufficiently small |a|, if (n + µ0)(n + 1 + µ0) is negative then we would

obtain high-frequency instability.

From Table 4.1, the only collision for ∆n = 1 is when β > 0 and n = −1. This

collision takes place for all values of µ ∈ (0, 1/2], see Figure 4.3. Analyzing the function

K(x,∆n) for x = µ− 1 and ∆n = 1, we easily deduce that this collision takes place for

wavenumbers k ∈ ((4γ/β)1/4,∞). We summarize the result in the following theorem.
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Figure 4.3: Collision contour describing collision between eigenvalues iω−1,µ and iω0,µ

for different values of k and µ for γ = 6 and β = 1.

Theorem 4.5.1. For a fixed γ > 0 and β > 0, a 2π/k-periodic traveling wave of (4.2.1)

given by u(x, t) = η(k(x − ct)) where η and c are given in Theorem 4.3.1 suffers high-

frequency instability if

k > 4

√
4γ

β
.

4.5.2 ∆n = 2 calculation and conclusion

We proceed as in the previous section. For a fixed n ∈ Z, let µ0 ∈ (0, 1/2] be such

that

0 ̸= ωn,µ0 = ωn+2,µ0 =: ω.

That is, iω is an eigenvalue of A0,µ0 of multiplicity two with an orthonormal basis

of eigenfunctions {einz, ei(n+2)z}. As before, for |a| small, let λn,a,µ0 and λn+2,a,µ0 be

eigenvalues of Aa,µ0 bifurcating from iω with an orthonormal basis of eigenfunctions

{ϕn,a,µ0(z), ϕn+2,a,µ0(z)}. Let

λn,a,µ0 = iω + iµn,a,µ0 and λn+2,a,µ0 = iω + iµn+2,a,µ0 , (4.5.6)

and we are interested in the location of µn,a,µ and µn+2,a,µ for |a| small. Again, using

orthonormality of ϕn,a,µ0 and ϕn+2,a,µ0 we find that

ϕn,a,µ0 = einz +O(a5) and ϕn+2,a,µ0 = ei(n+2)z +O(a5). (4.5.7)
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As before, we compute the action matrices of Aa,µ0 and identity operators on the extended

eigenspace {ϕn,a,µ0(z), ϕn+2,a,µ0(z)}. We use the expansions of η and c in Theorem 4.3.1

to expand Aa,µ0 in a as

Aa,µ0 =A0,µ0 − 2ak2(∂z + iµ0) cos z + a2k2(∂z + iµ0)(c2 − 2A2 cos 2z)− 2a3k2A3(∂z + iµ0) cos 3z

+ a4k2(∂z + iµ0)(c4 − 2(A42 cos 2z + A44 cos 4z)) +O(a5).

Using the expansion of eigenfunctions in (4.5.7), the matrices in (4.5.4) turn out to be

Ba,µ0 =


iω + ik2(a2A2 + a4c4)(n+ µ0) −ik2(a2A2 + a4A42)(n+ 2 + µ0)

−ik2(a2A2 + a4A42)(n+ µ0) iω + ik2(a2A2 + a4c4)(n+ 2 + µ0)

+O(a5),

and Ia =

1 0

0 1

+O(a5). Again, we solve the equation

det(Ba,µ0 − (iω + iµ)Ia) = 0,

to obtain a quadratic in µ whose discriminant is given by

Da,µ0 = 4k4a4A2
2(n+ µ0 + 1)2 +O(a5).

Note that, irrespective of the values of n and µ0, the leading term in the discriminant

is always positive. Therefore, we do not observe any high-frequency instability for the

∆n = 2 case by performing the perturbation calculation up to the fourth power of the

amplitude parameter a.

4.5.3 ∆n ≥ 3 discussion

It is evident from calculations for ∆n = 1 and 2 that higher is the value of ∆n,

higher powers of a are needed in the expansion of the operator Aa,µ. That is, we need

to calculate more terms in the expansion of solution η in the Theorem 4.3.1. Since we

do not see any obvious symmetry in the coefficients of the solution, calculating higher

coefficients is challenging, and so is the high-frequency instability analysis for higher ∆n.
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Therefore, we only present the analysis for ∆n = 1 and 2. In some recent works [14],

high-frequency instability have been explored numerically for higher values of ∆n. We

believe that numerical methods in [14], can be applied for the Ostrovsky equation, too,

and we will pursue it as a future project. Moreover, if the general term in the expansion

of the solution η can be calculated explicitly, then the high-frequency instability can be

explored for higher values of ∆n analytically.
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5
Ongoing and Future Work

Building upon the analytical foundations laid in this thesis, several promising direc-

tions remain for further investigation. Some of these have already been initiated and are

under active development, while others are proposed as future extensions of the current

research.

5.1 Ongoing work

5.1.1 The Benjamin-Feir instability in KdV-like equations with

general dispersion and monomial nonlinearity

In collaboration with Bernard Deconinck and Ashish Kumar Pandey, this work ex-

amines a class of scalar equations with general dispersion and monomial nonlinearity,

including various KdV-like equations. For small-amplitude traveling wave solutions, the

spectrum near the origin of the linear operator is characterized by linearizing around

155
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periodic traveling waves. Building on the work of Berti, Maspero, and Ventura [1, 2],

the analysis uses Kato’s similarity transformations and considers the reversibility of the

Hamiltonian system. Symplectic methods reduce the problem to finding eigenvalues of a

3x3 complex Hamiltonian matrix, which is then block-diagonalized into a 2x2 unstable

spectrum and a purely imaginary stable element. The primary result is that the unsta-

ble spectrum of generalized KdV equations may form figure-8 curves and more complex

patterns with a modulational instability X crossing at the origin. This phenomenon,

previously observed numerically, is now rigorously proven for a wide class of equations

under certain non-degeneracy conditions on the dispersion relation, with the Whitham-

Benjamin coefficient playing a crucial role.

5.1.2 Transverse Instabilities in the full-dispersion Kadomtsev-

Petviashvili equation

This work is in collaboration with Mathew A. Johnson and Ashish Kumar Pandey.

The full-dispersion KP (FDKP) equation

ut + ϕ(Dx, Dy)u+ (u2)x = 0,

where u(x, y, t) is typically the height of the wave from equilibrium position at spatial

variables x and y and time variable t, Dx = −i∂x, Dy = −i∂y and ϕ(Dx, Dy) is a Fourier

multiplier defined as

ϕ(Dx, Dy) = i
√
D2

x +D2
y c
(√

D2
x +D2

y

) Dx

|Dx|
,

where

c(κ) :=

√
(1 + Tκ2)

tanhκ

κ
.

Here T > 0 measures the effect of surface tension. The symbol p(κ1, κ2) of ϕ is given as

p(κ1, κ2) = i sgn(κ1)
√
κ21 + κ22 c

(√
κ21 + κ22

)
.

We investigate the transverse stability and instability of one-dimensional small-amplitude

periodic traveling waves in the aforementioned FDKP equation.
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5.2 Future work

5.2.1 Benjamin-Feir Instability in KdV-Like Equations with Gen-

eral Dispersion and Polynomial Nonlinearity

The objective of this work is to generalize the analysis of Benjamin-Feir instability in

KdV-like equations by incorporating polynomial nonlinearity, as opposed to the simpler

monomial nonlinearity used in previous studies. The analysis investigates the conditions

under which the Benjamin-Feir instability occurs in this generalized setting, examining

how the interplay between general dispersion and polynomial nonlinearity affects wave

stability. A comprehensive spectral analysis will be performed to determine the stability

of wave solutions in the generalized model. This involves identifying the full spectrum

of perturbation growth rates as a function of system parameters, providing insights into

both stable and unstable regimes. Understanding the spectrum is crucial for predicting

the onset of Benjamin-Feir instability and the behavior of perturbed solutions over time.

5.2.2 Determining the Pinch-Off Steepness of the Benjamin-Feir

Figure-Eight for Stokes Waves

The objective of this project is to identify the steepness threshold at which the

figure-eight instability curve of the Benjamin-Feir spectrum pinches off in Stokes waves.

This steepness represents a critical point for the stability of high-amplitude waves. The

methodology involves spectral analysis and perturbation methods, with a focus on deter-

mining the steepness values at which the onset of instability occurs.

5.2.3 High-Frequency Instabilities for Near-Extreme Stokes Waves

The objective of this project is to investigate the behavior of high-frequency instabili-

ties in near-extreme Stokes waves, extending the analysis of the stability spectrum beyond

the vicinity of the origin and across a range of steepnesses. High-frequency instabilities in

near-extreme conditions are not fully understood, and this work will enhance our ability

to model and predict wave behaviors in extreme physical settings. Leveraging insights

from Prof. Deconinck’s recent work with Sergey Dyachenko and Anastassiya Semenova
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[15], this project will apply spectral techniques to explore the evolution of instability

spectra in high-amplitude conditions.

Conclusion

The research directions outlined in this chapter build naturally on the analytical and

spectral foundations developed throughout this thesis. From ongoing investigations of

Benjamin–Feir and transverse instabilities in generalized dispersive models to ambitious

future projects involving extreme wave behavior, well-posedness, and numerical valida-

tion, these efforts aim to broaden the mathematical understanding of nonlinear water

wave dynamics. Together, they reflect a sustained commitment to exploring the intri-

cate relationship between wave structure, dispersion, nonlinearity, and stability in both

theoretical and applied settings.



A
Lyapunov-Schmidt Procedure

A.1 Lyapunov-Schmidt Procedure

Since

∂kF (η, c; k) := (2ckη′′ + 4βk3η′′′′ − 2k(η2)′′ + γη) and ∂cF (η, c; k) := k2η′′

are continuous, F : H4(T)× R× R+ → L2(T) is C1. Note that

L0e
±iz = 0.

For arbitrary k > 0, we seek a non-trivial solution η ∈ H4(T) near trivial solution

η ≡ 0 of

F (η, c; k) = 0, (A.1.1)

159
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for some c near c0, where c0 is defined in (4.3.3). Let

η(z) = 0 +
1

2
aeiz +

1

2
āe−iz + v(z) and c = c0 + r,

where a ∈ C and v ∈ H4(T) satisfying that

∫
T
v(z) e±iz dz = 0,

and r ∈ R. Plugging these into (A.1.1) and using the fact that L0e
±iz = 0, we arrive at

L0v = g(a, ā, v, r) = −rk2η′′ + k2(η2)′′, (A.1.2)

where g is analytic in its argument and g(0, 0, 0, r) = 0 for all r ∈ R. We define the

projection operator Π : L2(T) → kerL0 as

Πf(z) = f̂(1)eiz + f̂(−1)e−iz.

Since Πv = 0, we may write (A.1.2) as

L0v = (I − Π)g(a, ā, v, r) and 0 = Πg(a, ā, v, r). (A.1.3)

Note that, for wavenumbers not satisfying the resonance condition (2.4), we can write

f(z) = L0|(I−Π)H4(T)

(∑
n̸=±1

f̂(n)

(−c0k2n2 + βk4n4 + γ)
einz

)
,

or

(L0|(I−Π)H4(T)
)−1f(z) =

∑
n̸=±1

f̂(n)

(−c0k2n2 + βk4n4 + γ)
einz.

Consequently, we can rewrite (A.1.3) as

v = L−1
0 (I − Π)g(a, ā, v, r) and 0 = Πg(a, ā, v, r). (A.1.4)

Note that (L0|(I−Π)H4(T)
)−1 depends analytically on its arguments.

In parallel with the proof in [38], it follows from the repeated use of implicit function
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theorem and symmetries of the equation that a unique solution

(v, r) = (V (a, ā, r), r(|a|)),

exists to equations in (A.1.4) in the vicinity of (a, ā, r) = (0, 0, 0), which depends analyt-

ically on its argument. Moreover,

η(z) = 0 + a cos z + V (a, a, r(|a|))(z) and c = c0 + r(|a|),

solve (A.1.1) for |a| sufficiently small. Since details are exactly similar, we omit it here.

Since η and c depend analytically on a for |a| sufficiently small and since c is even in

a, we write that

η(k; a)(z) =0 + a cos z + a2η2(z) + a3η3(z) + a4η4(z) +O(a5),

and

c(k; a) =c0(k) + a2c2 + a4c4 +O(a6),

as a → 0, where η2, η3 and η4 are even and 2π-periodic in z. Substituting these into

(A.1.1), we see that the coefficients of a both sides are equal. Equating the coefficients

of a2, we arrive at

βk4η′′′′2 + c0k
2η′′2 + γη2 = −2k2 cos(2z),

which has a solution

η2(z) = A2 cos(2z) :=
2k2

3γ − 12βk4
cos(2z). (A.1.5)

For O(a3), we get

βk4η′′′′3 + c0k
2η′′3 + γη3 = k2(c2 − A2) cos(z)− 9k2A2 cos(3z),
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which has solution

c2 = A2, (A.1.6)

and

η3(z) = A3 cos(3z) :=
9k2A2

8γ − 72βk4
cos(3z). (A.1.7)

For O(a4), we get

c4 = 3A2A3 − 2A3
2, (A.1.8)

and

η4(z) = A42 cos 2z + A44 cos 4z :=
(
2A2A3 − 2A3

2

)
cos 2z +

(
8k2(A2

2 + 2A3)

15γ − 240βk4

)
cos 4z.

(A.1.9)

This completes the proof.
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