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Abstract
The semiconductor industry has been driven by digital computation using binary dig-

its, following Moore’s law for over half a century. However, the demands of emerging

applications like artificial intelligence (AI), cloud computing, exascale computing, and

the Internet of Things (IoT) require scalable computational resources. Implementing

these applications sometimes requires solving a certain class of problems, such as op-

timization problem, which requires stochasticity to arrive at the solution. It should be

noted that the optimization problems can be implemented using digital computation that

includes a pseudo-random number generator. However, the area- and power-overhead

to implement a pseudo-random number generator is significant. One way to reduce the

area- and power-overhead is to choose the computational paradigm where the stochas-

ticity is inherently present in the fundamental building block. A recently proposed

computational paradigm, probabilistic computing has shown promising results as an

energy- and area-efficient alternative to digital computation.

The fundamental building block of probabilistic computing is a probabilistic bit or

a p-bit. A p-bit is a classical entity similar to bits with logic levels 0 and 1, however,

unlike bits, a p-bit fluctuates between the two logic levels. The p-bits can be realized

using different semiconductor devices such as metal-oxide-semiconductor field-effect

transistor (MOSFET), diodes, low-barrier magnets (LBM), etc. Among these alterna-

tives, the LBM-based implementation have shown promising results in reducing the

area and power overhead.

This work provides a comprehensive overview of probabilistic computing, from ma-

terial physics to the system level, to optimize the entire stack from algorithms to device

design and address challenges in hardware implementation to enhance the performance

and robustness of applications using probabilistic computing.

In this thesis, the design of an LBM for integration in the one transistor-one mag-

netic tunnel junction spin-transfer torque magnetic random access memory (1T-1MTJ
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STT-MRAM) structure is investigated. A method is proposed for the selection of ma-

terial parameters in the LBM-based p-bit implementation to improve flips per second

(fps), a critical system-level metric. The significance of specific material properties in

the LBM design is highlighted. It is demonstrated that, beyond material selection, sev-

eral design parameters are significantly influenced by process-induced variations and

are, therefore, critical to the development of a robust p-bit-based computational system.

Subsequently, the work systematically investigates the impact of non-idealities, such

as process variations, environmental factors, and ageing, on the performance of p-bit

networks. An analytical model is proposed to incorporate these non-idealities, and the

model’s predictions are validated using numerical and SPICE simulations. For demon-

stration, the image completion problem for digits (0 to 9) using non-ideal p-bits is im-

plemented. The analytical model closely aligns with the behavioral model, revealing

that non-idealities in p-bits significantly affect the performance of probabilistic comput-

ing. Furthermore, the impact of these non-idealities in p-bit-based implementations is

demonstrated in circuit simulations using SPICE models. This work highlights the im-

portance of considering process-induced variations when designing p-bit networks. By

incorporating these considerations, the performance and robustness of p-bit networks

can be enhanced, paving the way for their real-world application.

In line with efforts to enhance the robustness of p-bit networks, this work investi-

gates the impact of faults arising from fabrication defects, ageing, and variability in the

p-bits that lead to stuck-at faults, which can degrade system functionality. The effect of

such faults is examined using the Modified National Institute of Standards and Technol-

ogy (MNIST) dataset, and a mutual information-based criticality score (CS) is proposed

to guide fault-tolerance strategies. To further improve fault resilience, testable, isolat-

able, and fault-tolerant p-bit architectures are proposed and validated through Simula-

tion Program with Integrated Circuit Emphasis (SPICE) simulations using 14nm Fin

Field-Effect Transistor (FinFET) technology. Testable p-bits integrate conventional p-

bits with scan cells, introducing controllability and observability into the network. Iso-

latable p-bits enable the disconnection of faulty p-bits, while fault-tolerant p-bits restore

network functionality by activating faulty p-bits with redundant counterparts. By selec-

tively replacing only the most critical p-bits, accuracy degradation is minimized with
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limited overhead, thus demonstrating an effective framework for fault-tolerant p-bit sys-

tems.

Next, the exploration of probabilistic computing from an algorithmic perspective is

discussed. The effectiveness of a p-bit system in tasks such as image completion, where

the system uses partially clamped inputs, such as images of digits (0 to 9), to generate

a complete output is demonstrated. Additionally, a method is proposed to sparsify

a probabilistic computing network by leveraging mutual information, a concept from

information theory. The findings show that the proposed method is computationally

efficient and can produce a sparse network with only 42% of the original connections

while delivering accuracy comparable to the fully connected network.

In summary, this work comprehensively investigates probabilistic computing, span-

ning device materials, circuit-level implementations, and system-level design consider-

ations, focusing on understanding non-idealities and enabling fault tolerance for practi-

cal applications.
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Chapter 1

Introduction

1.1 Motivation

For over 60 years, transistor scaling guided by Moore’s Law has driven sustained growth

in the semiconductor industry. As transistor dimensions decreased, a greater number of

transistors could be fabricated on a single chip, enabling more functionality per chip.

However, the continued downscaling of transistors has slowed down due to several

critical challenges at advanced process nodes. These challenges have been partially

addressed through the introduction of high-k gate dielectrics (for example, hafnium ox-

ide) and strained silicon technologies [6]. Despite using advanced architectures like Fin

Field-Effect Transistor (FinFET) and Gate All-Around (GAA) transistors [7], current

semiconductor process technologies face fundamental limitations in reducing device

dimensions.

It is observed that the deterministic computing with Von Neumann architecture is

very efficient in arithmetic and bit operations. However, it can be more energy-efficient

in areas where it is difficult to specify precise logic or rules, or in problems that are

known to be computationally demanding. Pattern recognition, language models in our

brains, and the optimization problems (such as protein folding, chemical reactions) that

find possible answers in a large number of cases are some of the examples. These prob-

lems are solved in nature with a very small amount of energy. Hence, alternative com-

puting paradigms with fundamentally improved energy efficiency are being explored.

Among the most promising are neuromorphic, quantum, and probabilistic computing.

Moreover, existing computational paradigms are considered inadequate to meet the

demands of future applications, including Artificial Intelligence (AI), edge-AI, big

data analytics, autonomous systems, exascale computing, and the Internet-of-Things

(IoT) [8]. To this end, the International Roadmap for Devices and Systems (IRDS) pro-

jected two technological paradigms: 1) extending the functionality of Complementary



Metal Oxide Semiconductor (CMOS) circuits via the integration with other technolo-

gies (also known as ‘More Moore’), and 2) invention of new computational paradigms

(also known as ‘Beyond CMOS’). Beyond-CMOS technologies have shown promising

improvements in terms of area and energy efficiency by incorporating more efficient

and compatible devices, circuits and architectures needed for the new era of computing

[9]. The improvement in the performance of emerging Beyond-CMOS technologies is

possible because of the tailored devices, circuit design and architectures for different ap-

plications. Additionally, there is a focus on domain-specific hardware and architecture.

The idea is to design application-targeted hardware and combine multiple integrated

circuits to realize an efficient system. This approach of domain-specific computing can

provide the best performance.

There is a class of optimization problems in which the approximate solutions are ac-

ceptable such as simulated annealing (SA), parallel tempering (PT), and Markov Chain

Monte Carlo (MCMC), etc. Taking inspiration from nature, one of the attempts in

solving these problems on hardware is to employ stochastic computing. The idea of

including stochasticity in computational elements was originally proposed by John von

Neumann’s seminal work on probabilistic logic [10]. However, incorporating stochas-

ticity to solve problems was first introduced in the 1960s for logic circuit design [11],

[12]. The state-of-the-art implementation at that time incorporated an external source

of stochasticity using a pseudo-random number generator. Therefore, [11] also high-

lighted that existing hardware implementations gave promising results, but they are not

low in cost, and therefore can not be commercialized.

Two decades later, Richard Feynman in his seminal paper redefined this idea of

domain-specific computing, and articulated that the nature of the problem to be solved

should define the underlying computational paradigm [13]. Apart from the advance-

ment of quantum computation, the same principle can be applied to probabilistic com-

puting. The basic building block of probabilistic computing, a probabilistic bit (p-bit),

has deterministic states similar to classical bits, but fluctuates between them rather than

reaching a stable value [1]. The fluctuating characteristic of a p-bit is the source of

stochasticity in a probabilistic computing system. A truly remarkable feat is the design

of hardware implementation of p-bits using Low Barrier Magnet (LBM), with the true
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randomness originating from the physical phenomenon, for example, thermal fluctua-

tion in the devices [14], [15]. However, in addition to the hardware implementation of

a p-bit, it is required to analyze a device-to-system implementation of a probabilistic

computing system. At the device level, the rate of fluctuation of the LBM governs the

speed of operation of the p-bit system, which is a crucial figure of merit. To this end, in

this thesis, the impact of various material parameters on the output response of a p-bit

is analyzed. Additionally, there are fabrication-related implications on the performance

of the probabilistic computing system. Hence, a mathematical model is proposed to an-

alyze the impact of process-induced variations on the performance of the system imple-

mented for a given application. Apart from process-induced variations, another source

of practical challenge is the defects and faults in a p-bit. Subsequently, a framework is

proposed to implement a fault-tolerant p-bit system. Additionally, at the system-level,

a methodology is proposed to realize a sparse probabilistic computing network to re-

duce the area and power overhead. In summary, this work comprehensively investigates

probabilistic computing, spanning device materials, circuit-level implementations, and

system-level design considerations. At the system-level, the focus is on understanding

non-idealities and enabling fault tolerance for practical applications.

1.2 Objectives
The goal of this work is to analyze the full stack of probabilistic computing. This

entails gaining insights into the state-of-the-art hardware required to implement the

basic building block of the probabilistic computing known as p-bits. Furthermore, the

focus is on optimizing the design of p-bits and enhancing their figures of merit at every

level. Specifically, the objectives of this work are as follows.

• To investigate the impact of material parameters on the performance of p-bits,

and to propose a methodology to optimize the figures of merit at the device-level

that impacts the performance at the circuit- and system-level.

• To analyze the performance of a realistic p-bit with process-induced variations

using an analytical model and a Simulation Program with Integrated Circuit Em-

phasis (SPICE) model, and to propose a methodology for deriving application-

specific constraints for non-idealities in a p-bit to achieve desired figures of merit.
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• To develop a fault-tolerant design framework for p-bit systems and to minimise

accuracy loss and area overhead while achieving desired fault-tolerance levels in

p-bit systems.

• To propose a methodology to identify the relative importance of connections in

a p-bit network and employ this information to sparsify a fully connected proba-

bilistic network to improve its figures of merit.

1.3 Contributions
The major contributions of this work are summarized below.

• A one transistor and one magnetic tunneling junction (1T-1MTJ) -based p-bit is

employed to analyze the dependency of flips per second (fps) on various material

parameters. The fps of an LBM is dependent on the energy barrier Eb. The Eb

is dependent on the material parameters of the LBM, namely uniaxial anisotropy

Hk, saturation magnetization Ms, and the volume ⌦ of the LBM. A methodology

to identify the realistic range of material parameters that optimize fps is proposed.

The LBMs with different material parameters are integrated into the 1T-1MTJ

spin-transfer-torque (STT) magnetic random access memory (MRAM) based p-

bit architecture. The impact of deviation from the nominal range of material

parameters, potentially due to process-induced variations, on the output response

of a p-bit is investigated.

• The influence of non-idealities in a p-bit and a p-bit network is analyzed. A

mathematical model for a p-bit accounting for its non-idealities is derived and

shown to agree well with the SPICE simulations. The robustness of a p-bit net-

work, allowing it to retain functionality despite non-idealities, is demonstrated.

The averaging and cancelling effects of various random non-idealities are stud-

ied. A statistical method to account for non-idealities is proposed, which can be

employed to derive application-specific realistic design constraints on the p-bit

implementation. The impact of variations on the accuracy of the probabilistic

computing network is demonstrated using SPICE simulations.

• The impact of faults on p-bit systems is examined using a subset of the Modified
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National Institute of Standards and Technology (MNIST) handwritten dataset.

A methodology based on mutual information is proposed to evaluate the criti-

cality of individual p-bits. A testable p-bit is proposed to detect faults and its

functionality is validated through SPICE simulations. Additionally, isolatable

and fault-tolerant p-bits are proposed to tackle accuracy loss caused by stuck-at

faults. A framework is proposed to demonstrate the development of fault-tolerant

capabilities in p-bit systems implemented using stochastic elements susceptible

to stuck-at faults. Furthermore, the trade-off between various figures of merit is

shown, which could be employed to achieve desirable robustness for a system

with a minimal overhead.

• A methodology is proposed to realize a sparse probabilistic computing network

by computing the mutual information to predict the strength of interconnections

between the p-bits. The p-bit network is trained to identify the images of digits 0

to 9 of size 5 ⇥ 3 pixels. Subsequently, the invertibility property of probabilistic

computing is employed to recover a full image from a given partial image. The

sparsely connected p-bit network to implement the image completion task is de-

rived using three methods. The first two methods are conventional: Step-Wise

(SW) removal of weights and the Binary Search (BS) method. However, both

are iterative and, therefore, computationally expensive. An alternative method is

proposed using Information Gain (IG) based on information theory. The results

shows that the sparsely connected network successfully completes the partial im-

ages in all three cases.

1.4 List of Publications
1. A. Haroon and S. Saurabh, “Image Completion using a Sparse Probabilistic

Spin Logic Network,” in 35th International Conference on VLSI Design (VLSID),

2022, pp. 281–286, doi: 10.1109/VLSID2022.2022.00061

2. A. Haroon, R. K. Ghosh, and S. Saurabh, “Implementation of Probabilistic Bits

(Pbits) using Low Barrier Magnets: Investigation and Analysis,” in 36th Interna-

tional Conference on VLSI Design (VLSID), 2023, pp. 307-312, doi: 10.1109/VL-

SID57277.2023.00069.
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3. A. Haroon, R. K. Ghosh, and S. Saurabh, “Impact of Non-Idealities on the Be-

havior of Probabilistic Computing: Theoretical Investigation and Analysis,” in

IEEE Transactions on Circuits and Systems I: Regular Papers, vol. 71, no. 12,

pp. 6279–6291, 2024, doi: 10.1109/TCSI.2024.3461770.

4. A. Haroon and S. Saurabh, “Fault-Tolerant Design Framework for Probabilistic-

Bit (P-Bit) Systems: Proposal and Analysis,” in IEEE Transactions on Circuits

and Systems I: Regular Papers, doi: 10.1109/TCSI.2025.3569769.

1.5 Organization
The rest of this thesis is organized as follows:

• Chapter 2 Background and related work: The background and related work

relevant to this thesis are presented. The chapter begins with a historical overview

and a discussion of the technological and computational demands that have led

to the development of probabilistic computing. An overview of the recent ad-

vancements in the field is provided. Finally, the application space of probabilistic

computing is discussed, emphasizing its relevance across emerging domains.

• Chapter 3 Implementation of Probabilistic bits using Low Barrier Magnets:

An approach to identify optimal design parameters for LBM in 1T-1MTJ-based

p-bit implementations is proposed. This study investigates a realistic range of the

material parameters that can enhance p-bit performance.

• Chapter 4 Impact of Non-Idealities on the Behavior of Probabilistic Comput-

ing: The non-idealities in a p-bit arising from process- and environment-induced

variations, as well as aging of circuit components, are investigated. The impact

of these non-idealities on the functionality and robustness of a p-bit network is

demonstrated through an analytical model and numerical simulations. Further-

more, Monte Carlo simulations are performed using a 1T-1MTJ-based p-bit im-

plementation. It is shown that the results from numerical simulations and circuit-

level simulations are in agreement with the predictions of the proposed analytical

model. Therefore, the analysis presented in this chapter can be utilized to de-
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rive application-specific constraints on the non-idealities, offering critical design

criteria for future p-bit implementations.

• Chapter 5 Fault-Tolerant Design Framework for Probabilistic-Bit (P-Bit)

Systems: The impact of faults in the p-bit systems implemented with stochas-

tic nanomagnets is evaluated using the MNIST dataset. A mutual information-

based criticality score is proposed to identify essential p-bits. The testable, iso-

latable, and fault-tolerant p-bit designs were introduced and validated through

SPICE simulations using 14nm FinFET technology. By selectively replacing

critical p-bits, fault resilience is enhanced with minimal overhead. Additionally,

a performance evaluation of the proposed p-bits is performed.

• Chapter 6 Image completion using Sparse Probabilistic Computing network:

A methodology to optimize the p-bit network is proposed. A case study to per-

form image completion of the partial digit images is presented. A fully con-

nected p-bit network effectively recovers the missing pixels. Additionally, an

area-efficient sparsely connected p-bit network is introduced using weight prun-

ing and mutual information based on the perspective of information theory. Us-

ing the information gain method, 42% of the interconnections are removed. And,

lastly, the performance comparison of the fully connected and the sparsely con-

nected p-bit network is presented.

• Chapter 7 Conclusion and Future Work : The thesis is concluded and potential

directions for future research are discussed.
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Chapter 2

Background and related work
In this chapter, the basic concepts of probabilistic computing is discussed in detail

alongside the current state-of-the-art implementation techniques. Additionally, the ap-

plication space of probabilistic computing is discussed.

The presence of noise in computational systems was first recognized by John von

Neumann, who investigated the correctness of implemented logic in the presence of

noisy electrical components [10]. In the mid-1900s, implementation of emerging ap-

plications such as chemical plant control systems, aerospace navigation controls, and

other large-scale, complex systems posed challenges that conventional digital, analog,

or hybrid computing systems could not adequately address. A significant obstacle at

that time was the limited computational speed and the need for efficient algorithmic

implementation on hardware, which often required analog components. These analog

systems introduced their own challenges in terms of cost, physical size, reliability, and

integration with digital logic.

The introduction of integrated circuits (ICs) provided a partial solution to these lim-

itations. Nevertheless, it became evident that while stochastic computing held promise

for solving certain classes of problems, it was not cost-effective for commercial scale

deployment [16]. Despite these hurdles, pioneers such as Ted Poppelbaum, Sergio

Ribeiro, and Brian R. Gaines continued to advance the theoretical foundations of stochas-

tic computing, viewing stochasticity not as a hindrance, but as a viable computational

paradigm [11], [17], [18].

2.1 Introduction to probabilistic computing

The stochastic computational paradigm continued to evolve, with problems being ad-

dressed through the integration of pseudo-random noise sources. A common approach

involved the use of an Linear Feedback Shift Register (LFSR) to generate stochastic



bitstreams, effectively serving as a source of randomness.

In 1982, Richard Feynman, during the seminal keynote address, hypothesized that

the nature of a computational problem should define the underlying computational

paradigm. He emphasized that to efficiently simulate quantum mechanical systems,

the computing architecture itself must be inherently quantum [13]. This insight laid

the foundation for the field of quantum computing. Decades later, a research group

led by Dr. Kerem Y. Camsari and Dr. Supriyo Datta at Purdue University developed

a tunable true-randomness based fundamental building block specifically designed for

probabilistic computing [1]. This building block is called the probabilistic bit, or p-bit,

and it marked a crucial step in probabilistic computing. In this thesis, the terms p-bit

and probabilistic computing will be used to describe and explore the principles and

operations of this emerging computational framework.

The p-bit is characterized by deterministic logic levels, the states 0 and 1, similar

to those of binary digits or bits. However, unlike classical bits, the state of a p-bit

fluctuates between these two logic levels, offering a middle ground between classical

bits and quantum qubits. This unique ability of probabilistic toggling makes p-bits

Table 2.1: Comparison of bits, p-bits, and qubits

Characteristics Bits P-bits Qubits
State Space Either 0 or 1 Fluctuate be-

tween 0 and 1
Superposition of
0 and 1

Implementation tech-
nique (one of them)

CMOS/Stable
magnets

Unstable magnets Single electron
spin

Temperature Room Tempera-
ture (300K)

Room Tempera-
ture (300K)

Cryogenic Tem-
perature (⇡ 0K)

Measurement properties Readout without
state alteration

Readout without
state alteration

State altered dur-
ing readout

Scalability Mature scaling
(billions of tran-
sistors on-chip)
[19]

Emerging tech-
nology (Not
commercially
scalable, ⇡ 3000
p-bits on CPU)
[20]

Emerging tech-
nology (scalable
upto ⇡ few hun-
dered qubits [21])

Commercial availability Ubiquitous Limited special-
ized hardware

Limited special-
ized hardware

highly suitable for stochastic computations and solving optimization problems. Tab.

2.1 presents a comparison of the characteristics of bits, p-bits, and qubits. The working
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mechanism and design principles of an ideal p-bit using the behavioural model and the

subsequent circuit implementation are examined in the following subsection [1].

2.1.1 Design of a single p-bit

Earlier attempts at designing a building block for applications that require probabilistic

computations such as in Bayesian Network (BN) used magnetoelectric device that can

be programmed using magnetic field [22]. The idea is to design a circuit that can per-

form computation on discrete values, a representation of probabilities in BN. This tech-

nique uses non-volatile devices to realize energy-efficient implementation by concepts

similar to in-memory computing [23]. Therefore, the device could perform probabilistic

computations, but they were still far from being an inherently probabilistic device.

Similar to deterministic logic circuits, where the key properties of gain and di-

rectionality allow billions of devices to be interconnected, the p-bits must have an

input(write) - output(read) (W-R) isolation and a transistor-like gain [24]. The be-

havioural modelling and the subsequent circuit implementation using SPICE models

are demonstrated in the next part of this section.

Behavioural model of a p-bit

Fig. 2.1: (a) A generic model of a p-bit featuring input-output terminals denoted as W-R. (b)
Illustrates the variation of mi with Ii ranging from �4 to +4. The average of mi,
denoted as < mi >, is plotted for 10, 000 samples of mi at each Ii value. (c)
Probability distributions of mi for � = 1 and Ii = {�1, 0,+1}. [1].

The behaviour of an ideal p-bit is described by the following equation [1]:

mi(t) = sgn{tanh(Ii(t) + rand(�1, 1)} (2.1)
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where mi is the output of the p-bit and takes on a value of �1 or 1, sgn is the signum

function, rand(�1, 1) represents a uniformly distributed random number in the interval

[�1,+1], and Ii(t) is the input to the p-bit at time step t, evaluated according to the

following equation [1]:

Ii(t) = �{hi + hfix
i +

X

j

Jijmj(t)} (2.2)

where hi and hfix
i are the local and fixed bias input to the ith p-bit. A generic model

of a p-bit is shown in Fig. 2.1(a). To realize a meaningful functionality, a system of

p-bits is interconnected with synapse-like weighted connections, Jij , where the (i, j)th

element of the weight matrix J represents the influence of the behavior of p-bit j on

p-bit i, and � represents the global strength of interconnections between the p-bits [1].

The p-bits in the p-bit network are updated sequentially. Therefore, the convergence

of the p-bit network depends on the update of all the p-bits in the network, and on the

sufficient number of samples that need to be collected from the p-bit network to get the

valid states [25].

The p-bit’s output response mi for changing input Ii is depicted in Fig. 2.1(b). For

Ii = 0, the p-bit behaves like a true random number generator (TRNG). However, its

randomness can be tuned by providing a non-zero Ii, as described by Eq. 2.1. With

the increasing |Ii|, the effect of randomness diminishes, and the output tends to be

deterministic. A possible probability distribution for the two states is illustrated in Fig.

2.1(c) for three values of Ii = {�1, 0, 1} [1]. In the next part of this section, different

circuit implementation techniques for p-bit are demonstrated.

Hardware implementation of a p-bit

Low barrier magnet (LBM) inherently provides stochasticity through thermal fluctua-

tions, enabling energy-efficient probabilistic switching without requiring complex ad-

ditional circuitry. In contrast, CMOS implementations rely on pseudo-random number

generators or noisy analog circuits, microcontrollers, or microprocessors, which in-

creases the design complexity and power consumption [26], [27], [28].

The spintronic devices that are widely used in memory applications can be modi-
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Fig. 2.2: (a) The schematic of an LBM. The energy barrier, Eb for (b) Eb >> kBT (c) Eb ⇡
kBT . For Eb ⇡ kBT , the thermal fluctuations are sufficient to change the state of
the LBM from +1 to �1 or vice versa.

fied to be used as a p-bit. In memories, the stability of a logic state is dependent on the

energy barrier (Eb) of the nanomagnet, as shown in Fig. 2.2. For a stable nanomagnet,

Eb ⇡ 40-60 kBT , as shown in Fig. 2.2(b). For a p-bit implementation, the magnets are

designed such that the Eb ⇡ kBT , as shown in Fig. 2.2(c) [1], [5]. The Eb in turn con-

trols the correlation time ⌧c of the nanomagnet according to the equation ⌧c = ⌧0eEb/kBT

where kB is the Boltzmann constant, ⌧0 is a constant, and T is the temperature. The in-

verse of ⌧c, which is flips per second (fps), is defined as the rate of fluctuation in a

nanomagnet. In probabilistic computing, the time-to-solution is dependent on the fps

[29]. A fast fluctuating p-bit is able to traverse the solution space quickly. Based on

these observations, a nanomagnet-based implementation of a p-bit is proposed in [5]. A

SPICE model-based proof of concept for the design of LBM-based implementation of

a p-bit and its successful integration to realize a BN is demonstrated in [24].

A p-bit implementation based on an elliptical nanomagnet is presented in [30]. An

experiment-based comparison of the performance of circular and elliptical nanomag-

nets is demonstrated in [15]. It was found that the circular nanomagnet was faster and

energy efficient than the elliptical nanomagnet. Recently, a hardware implementation

of perpendicular spin-transfer-torque (p-STT) based p-bit with its corresponding pe-

ripheral circuitry is reported in [31]. However, in circular nanomagnets, an In-Plane

Magnetic Anisotropy (IMA) magnet has better performance than a Perpendicular Mag-

netic Anisotropy (PMA) magnet [5].

Fig. 2.3 illustrates the p-bit designs incorporating the IMA-LBM-based structures.

Fig. 2.3(a) shows the 1T-1MTJ STT-MRAM, which operates as a series-resistance-

controlled device where the input voltage modulates the resistance of the transistor

RNMOS . An alternative implementation involves the use of a one resistor one-MTJ (1R-

1MTJ) Spin-Orbit Torque (SOT) Magnetoresistive Random-Access Memory (MRAM)-
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Fig. 2.3: Two types of p-bit design using stochastic MTJ. (a) 1T-1MTJ STT MRAM based
design of a p-bit. (b) Equivalent circuit of 1T-1MTJ STT MRAM based p-bit [1]. (c)
Spin-Orbit Torque (SOT) MRAM based implementation of the p-bit. (d) Equivalent
circuit of Spin-Orbit Torque (SOT) MRAM based p-bit [2].

based p-bit design. In the 1R-1MTJ SOT-MRAM design, the input spin current gener-

ated by the Giant Spin Hall Effect (GSHE) layer is used to pin the free-layer magnetiza-

tion of the MTJ, as illustrated in Fig. 2.3(c). The corresponding equivalent circuit im-

plementation is presented in Fig. 2.3(d) [32], [33], [34]. In addition to fabrication chal-

lenges such as interlayer oxide defects, lattice mismatch between the interface layers,

ensuring thermal and structural stability faced by the integration of MTJ with the CMOS

technology, fabrication of SOT-MRAM encounters additional challenges as compared

to STT-MRAM [35]. The SHE layer in SOT-MRAM is ultra-thin, therefore, the etching

process to fabricate the MTJ-stack on top of the SHE layer needs to stop precisely at the

edge of the SHE layer. Any minor deviations in the device dimensions can affect the

performance and reliability of the SOT MRAM device [36]. In terms of performance

characteristics, the two device designs are compared based on the steady-state response,

correlation time (⌧c), response time, and the power consumption [32]. Since the IMA
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magnets require high current values to pin the LBM in any particular direction, the un-

pinned LBM contributes to the stochastic behavior of the p-bit. Similarly, both devices

can be simplified as a voltage divider, and therefore have a comparable power dissi-

pation. Additionally, the correlation time of the LBM is determined by the magnets’

parameters. The key difference lies in the response time, which is the time it takes for

the p-bit output to respond to the input stimuli. For the STT-MRAM-based design, the

response time depends on the transistor physics and for the SOT-MRAM-based design,

it depends on the magnet physics [32], [37].

The 1T-1MTJ-based implementation of p-bit is considered a milestone in proba-

bilistic computing because the STT MRAM is a widely researched architecture and a

commercialized technology [14], [38]. Additionally, the 1T-1MTJ of STT-MRAM cell

is integrable with the existing CMOS technology [1], [2], [32], [37]. In this work, the

circuit implementation of the p-bit adopts the 1T-1MTJ STT-MRAM-based design. The

circuit parameters for implementing a p-bit shown in Fig. 2.3(b) are listed in Tab. 2.2

[2]. The conductance of the MTJ is described by the following equation:

GMTJ = G0

✓
1 +mz

TMR

2 + TMR

◆
(2.3)

where G0 = (GP + GAP )/2 is the average conductance of the MTJ, TMR = (GP �

GAP )/GAP is the tunnel magnetoresistance, mz is the magnetization of the magnet, and

GP and GAP are the parallel (mz = 1) and antiparallel (mz = �1) conductance of the

MTJ [2]. The circuit in Fig. 2.3(b) is effectively a voltage divider with voltage Vx given

as follows:

Vx =
VDD

2

✓
RNMOS �RMTJ

RNMOS +RMTJ

◆
(2.4)

where VDD is the supply voltage, RNMOS and RMTJ are the resistances of the transistor

and the MTJ, respectively. Additionally, an inverter is added to drive the fluctuations at

Vx towards the high and low supply voltages [2].

The selection of G0, TMR, sizing of the NMOS, and the inverter are crucial design

criteria. The value of RNMOS and RMTJ should be such that in the absence of stimulus

to a p-bit, the voltage at the node x is sufficient to drive a small-sized inverter. The
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Fig. 2.4: (a) Input-output characteristics of the modified 1T-1MTJ-based p-bit with VIN vary-
ing from �VDD/2 to +VDD/2. (b) Probability distributions of VOUT for three val-
ues of VIN = {�VDD/2, 0, VDD/2}, shown in yellow, red, and green, respectively
(VDD = 0.8V for the 14nm HP-FinFET technology) [2].

Table 2.2: Parameters used for p-bit simulations

Parameters Value
Gilbert damping coefficient (↵) 0.01 [2]
Volume of the free layer (⌦) 4.16⇥ 10�19 cc
Saturation magnetization (Ms) 1200 emu/cc
In-plane uniaxial anisotropy field (Hk) 100Oe
Temperature (T ) 27 �C

Tunnel magnetoresistance (TMR) 200%
Average conductance of MTJ (G0) 46µS
Transistor technology models 14-nm HP-FinFET [40]
Time step for transient simulation (�t) 1ps [2]

output response of a p-bit obtained using SPICE simulation is shown in Fig. 2.4(a).

The green trace shows the instantaneous value and the red trace shows the average

response over 100ns for VIN 2 (�0.4V, 0.4V ). The average output response can be

approximated according to the following equation which has a similar form as Eq. 2.1

[39]:

mi(t) = C1

✓
sgn

⇢
rand(�1, 1) + tanh

✓
Ii(t)

C2

◆�◆
(2.5)

where C1 is the supply voltage and C2 denotes the sigmoidal range of the p-bit and is

primarily determined by the transistor characteristics [2], [39]. Fig. 2.4(b) shows the

probability distribution derived from the output samples binned into two states as: state

�1, if VOUT 2 [�0.4V, 0V ) and state 1, if VOUT 2 [0V, 0.4V ].

Probabilistic computing has demonstrated promising performance in solving NP-

hard problems such as integer factorization, spurring exploration of p-bit implementa-
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tions using existing devices. However, significant modifications are required to harness

true randomness [14], [38]. Among the notable advancements to realize a p-bit, single

ferroelectric field effect transistor (FeFET) [41], one-Transistor-one-Resistor (1T1R)

Resistance Random Access Memory (RRAM) [42] and PrxCa1�xMnO3 based proba-

bilistic RRAM [43], Cu0.1Te0.9/HfO2/Pt (CTHP) diffusive memristor [44], perovskite

nickelates [45], single photon avalanche diodes (SPAD) CMOS based p-bits [46], [47],

magnetoelectric RAM (MELRAM) [48], superconductor single flux quantum (SFQ)

circuit-based superconductor random number generator (SRNG) [49], and a variation-

tolerant p-bit implemented using stochastic MTJs, resistors, capacitor, and a comparator

[50] are reported in the literature.

Non-ideal behaviour in a p-bit

There has been extensive research into material synthesis and alternative architectures

to enhance the efficiency and functionality of probabilistic computing networks [51],

[52], [50], [53]. However, one of the major challenges in any p-bit implementation is

the impact of process-induced variations and defects during fabrication [54], [55], [56],

[57]. The figures of merit for a p-bit depend on the material and electrical properties

of the transistors and the MTJ [58]. The critical material properties of the MTJ impact-

ing the p-bit design include the uniaxial anisotropy (Hk), saturation magnetization Ms,

tunnel magneto-resistance ratio (TMR), and the oxide thickness (tox) of the insulating

layer. However, the impact of process-induced variations in the material parameters of

the MTJ on the performance of a p-bit remains largely unexplored. There have been a

few efforts in this regard, such as in-situ training for machine learning (ML) applications

[55], adaptation through the applied stimulus to the p-bits [59], or the variation-tolerant

circuits at the cost of extra circuit components [60]. An exhaustive analysis of the

strong sensitivity of the behavior of the p-bit to slight geometric variations is demon-

strated in [56]. An exhaustive analysis of the effect of process- and reliability-induced

variations on different components of a p-bit, namely the MTJ, NMOS, and the inverter,

is discussed in [61]. An alternate approach to train around the variations in the p-bits is

discussed in [55].

It is worth pointing out that probabilistic computing depends on the time-dependent
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random fluctuations in the computing element (such as thermal noise induced random-

ness in an LBM). This type of randomness is desirable and essential for probabilistic

computing. The probabilistic circuit is designed with some nominal parameters, assum-

ing that the computing element will have the above time-dependent randomness without

bias. If the fabricated circuit also has nominal values of circuit parameters, the proba-

bilistic circuit is expected to produce the desired results. However, during fabrication,

the circuit parameters, such as the width/length of transistors, oxide thickness, threshold

voltage, etc., can move away from their nominal values due to process-induced varia-

tions. Unlike the ideal time-dependent unbiased randomness in the computing element,

these deviations are undesirable and inevitable, can be biased, persist throughout the

circuit operation, and potentially disrupt functionality. A detailed discussion of the im-

pact of process-induced variations in the MTJ and the transistors on the performance of

the p-bit is reported in [61]. An on-chip training of the Boltzmann machines to counter

the device-to-device variations is demonstrated in [55]. Moreover, non-ideal behavior

may also arise due to aging-induced reliability issues in the transistors commonly used

in various p-bit implementations [61]. Therefore, the impact of such non-idealities on

the behavior of a p-bit, as well as on the performance metrics at the system level, such

as accuracy, must be investigated. In this thesis, the influence of non-idealities in a p-bit

and a p-bit network is systematically investigated. Furthermore, an analytical model is

proposed that accounts for the non-idealities in a p-bit. The SPICE simulations using

1T-MTJ-based p-bit implementation demonstrated that the analytical model can capture

the non-idealities present in the hardware implementation of a p-bit.

Fig. 2.5: A diagram illustrating the creation of a pinhole [3].

Another challenge that can cause a p-bit to deviate from its expected behavior is the

presence of defects and faults in the 1T-1MTJ STT-MRAM design [3], [62], [63], [64],

[65]. A defect can occur from patterning proximity effects, line-edge and line-width

roughness, polish variations for shallow trench isolation and variations in gate dielectric
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in the manufacturing of the transistor in the front-end-of-line (FEOL) phase [54]. With

extremely thin gate oxide, a pinhole defect can occur due to rough deposition of oxide

layer, as illustrated in Fig. 2.5 [3], [66]. Additionally, stuck-at faults can manifest as

open- and short-circuit between various terminals. The open-circuit faults are typically

caused by salicidation, incompletely filled vias, or electromigration in the interconnects.

Similarly, short-circuit faults may form during the transistor fabrication or the back-end-

of-line (BEOL) MTJ integration processes [67]. Recent studies have shown that during

the BEOL production phase, defects occur due to pinholes and thickness variations in

the insulating layer of the MTJ, MgO/CoFeB (insulating layer/magnetic material layer)

interface roughness, re-depositions on MTJ sidewalls, etc [68], [69], [70].

Among the above defects, the pinholes are the most common in the insulating layer

of the MTJ. A pinhole defect occurs due to an unoptimized deposition process. The

unintended thinning (thickening) of the insulating layer results in metallic shorts (open)

in the MTJ. It is observed that localized heating by high current flowing through the

pinholes results in the early oxide breakdown of the MTJ [71]. Furthermore, it is re-

ported that the pinholes may grow in size after the circuit has been in use, and may lead

to early breakdown of the device [72]. Fabrication steps such as ion beam etching can

result in a short in the insulation layer of the MTJ [73], [74]. Additionally, the switching

of resistance states in MTJ between low resistance state (parallel) and high resistance

state (anti-parallel) depends on the geometry and the interface properties of the insulat-

ing layer and the magnetic layer of the MTJ. These dependencies become particularly

significant in the nano-scale devices [75], [76]. Another potential cause of a stuck-at

fault is when the magnetization of the free layer becomes fixed in one state, leading to

the MTJ being stuck in either the parallel or anti-parallel configuration [77], [78].

The above studies suggest that STT-MRAMs are susceptible to various types of

defects and faults. As energy-efficient p-bit implementations are derived from STT-

MRAM technology, a thorough analysis of the impact of faults in a p-bit system is

required. Previous works have reported the impact of process-induced variations on

the performance of p-bit systems and have demonstrated remarkable resilience against

these variations [55], [56], [59], [61], [79], [80], [81], [82]. Nevertheless, a p-bit can

have faults due to defects introduced during fabrication, or while operating due to age-
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ing. Therefore, it is crucial to investigate the performance of a p-bit system under these

scenarios.

It is worth noting that there are related stochastic counterparts of p-bits, namely the

ternary stochastic neuron (TSN) and the analog stochastic neuron (ASN), where the

material properties of LBM are modified to achieve the desired output response [83],

[84]. The p-bit fluctuates between two discrete logic levels, {�1, 1}. In comparison, a

ternary stochastic neuron (TSN) encodes three discrete states {�1, 0, 1}, while an ana-

log stochastic neuron (ASN) can take any continuous value within the range [�1, 1].

Despite these differences in state representation, p-bits, TSNs, and ASNs leverage in-

herent stochasticity to compute their output responses. A TSN achieves more data

processing per neuron unit by employing three states per neuron, resulting in savings

in area, energy consumption, and number of interconnections. However, if a stuck-at

fault occurs in a TSN, its impact on the system performance can be more severe be-

cause of the greater deviation in the behavior of the faulty TSN from the non-faulty

TSN. ASNs, on the other hand, serve as the stochastic counterparts of analog neurons

and find applications in time-series prediction using reservoir computing. For an ASN,

fault models that are relevant to analog circuits, such as single and multiple parametric

fault models, can be more relevant and require thorough investigation. In this thesis, the

fault tolerance in a p-bit system is investigated; exploring the impact of faults in TSN-

and ASN-based systems remains an important direction for future research.

2.1.2 Design of interconnected network of p-bits

A given Boolean function can be implemented using a p-bit network by appropriately

selecting the h and J matrices. Multiple approaches exist for determining these weight

matrices. Early methods were based on the Ising Hamiltonian, initially developed for

quantum computing [85], [86], as well as principles from Hopfield networks [87]. A

numerical method for incorporating hidden p-bits is presented in [1].

Additionally, fundamental logic components such as AND, OR, and XOR gates

can be incorporated to realize larger arithmetic units like adders and multipliers, as

demonstrated in [1], [88], [89], [90], [91]. A generalized automated design flow from

a standard Hardware Description Language (HDL) is also proposed in [92]. Further-
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more, machine learning has been extensively implemented using probabilistic comput-

ing paradigm, as demonstrated in [55], [93], [94], [95], [96], [97].

A p-bit network has a unique property of invertibilty. This property allows the p-bit

network to operate in forward mode (input! output) and backward mode (output!

input). This phenomenon occurs because the input and output p-bits are not differenti-

ated in a p-bit network. Also, a p-bit network is an energy-based network, similar to a

Boltzmann machine [1], [98]. Therefore, the inherent randomness in a p-bit allows the

p-bit network to explore the energy landscape.

Fig. 2.6: The schematic for two-input AND gate implemented using p-bits. The h and J values
represent the weighted connections [1].

As an illustration, a two-input AND gate is implemented using the h and J matrices

as shown in Fig. 2.6 [1]. The p-bits A, B, and C in the network are ideal p-bits encapsu-

lated by Eq. 2.1. When the input p-bits (A and B) are fixed to one of the following input

combinations AB = {(�1,�1), (�1, 1), (1,�1), (1, 1)}, the probability distribution

of the output p-bit C gets adjusted to represent the output value {�1,�1,�1, 1}, re-

spectively, delivering the functionality of an AND gate. For all the input combinations,

the probability distribution for the p-bits of the AND gate obtained using simulation is

shown in Fig. 2.7(a-d). Similarly, when the output p-bit C is fixed to {�1, 1}, the prob-

ability distribution shows the dominant contribution of the corresponding valid states

i.e., ABC = {(�1,�1,�1), (�1, 1,�1), (1,�1,�1)} and {(1, 1, 1)}, respectively, as

shown in Fig. 2.7(e) and (f) [1].

The equivalent circuit implementation using 1T-1MTJ-based p-bits is shown in Fig.

2.8. The design parameters for the p-bits A,B and C are listed in the Tab. 2.2. The scal-

ing parameter A0, where A0 = 1/�, is set to 0.45 to manage the global strength of the

interactions. Similar to the behavioural model, the probability distribution for different
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Fig. 2.7: (a-d) The probability distribution for AND gate working in the forward mode i.e.,
(A,B) 2 {(�1,�1), (�1, 1), (1,�1), (1, 1)} and p-bit C is floating. The numbers
along the X-axis represent the decimal encoding of the states represented as (ABC).
For example, the states (�1,�1,�1), (�1,�1, 1), and (1, 1, 1) are encoded as 0, 1,
and 7, respectively. (e,f) The probability distribution for the AND gate working in
the backward mode [1].

input patterns, where (V A
fix, V

B
fix) 2 {(�0.4V,�0.4V ), (�0.4V, 0.4V ), (0.4V,�0.4V ),

(0.4V, 0.4V )} is shown in Fig. 2.7. To realize a floating p-bit, where no stimuli is to

be applied, the V C
fix is connected to high resistance (⇡ 1M⌦). A bias voltage Vbias is

applied to all the p-bits to emulate the fixed bias hi, as defined in Eq. 2.2. The proba-

bility distributions obtained using circuit simulations, as shown in Fig. 2.7(a-d), exhibit

behavior consistent with the behavioral model.
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Fig. 2.8: Circuit diagram for a two-input AND gate. The weight values represented by h and
J are mapped to resistance values as detailed in [1].

In terms of hardware requirements, the p-bit network can be implemented using

three techniques, namely purely CMOS-based implementation, purely stochastic de-

vices based implementation, and the hybrid approach.

In the purely CMOS-based implementation, the p-bit network is implemented on

FPGA, where each p-bit requires a PRNG, a look-up table for calculating the hyperbolic

tangent function, and a memory on-chip for storing weights with sufficient precision. A

recent report compared the area and energy consumption of three p-bit implementations.

The first, a 32-bit LFSR-based design, required 5150 transistors and consumed 145fJ

of energy. The second, a 1T-1MTJ-based p-bit, similar to one considered in this thesis,

used four devices (three transistors and one MTJ) and consumed 2fJ of energy. The

third, a high-quality 32-bit Xoshiro RNG-based design required 11, 546 transistors and
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consumed 293fJ of energy.

In the purely stochastic device based implementation, p-bits are realized using MTJs,

NMOS transistors, source resistors, and comparators (Operational amplifier). The weighted

connections can be realized using the resistors, capacitors, and buffers. For example,

to implement a full adder with five p-bits and fifteen weighted interconnections, five

sets of MTJs, NMOS transistors, source resistors, and comparators are required. Addi-

tionally, for weighted connections, fifteen sets of resistors, capacitors, and buffers are

required [55]. The 1T-MTJ-based p-bit consumes about 20µW [32]. For the overall cir-

cuit including the weighted connections and the weight update circuit, the total power

consumed is reported ⇡ 300µW .

In the hybrid approach, the p-bit network is implemented on the FPGA using the

PRNGs, and the stochastic MTJs are used as a clock to the FPGAs. Therefore, even

though the next state is pre-determined in PRNG, the unpredictability in the arrival

of the clock emulates true randomness. For example, the stochastic devices are imple-

mented using stochastic MTJ, NMOS transistors, resistors, and comparators. The p-bits

are implemented on the Kintex UltraScale KU040 FPGA Development Board [60].

Additionally,⇡ 5000 p-bit based deep Boltzmann machine network is implemented

on FPGA. Currently, this is the largest p-bit network that could be implemented on the

AMD Alveo U250 (Virtex UltraScale+ XCU250) FPGA [25].

In the next section, different applications of the probabilistic computing network are

discussed.

2.2 Applications of probabilistic computing

Several proof-of-concept problems, primarily in machine learning applications, have

been implemented using probabilistic computing, shown in Fig. 2.9. One notable con-

tribution is the Probabilistic Inference Network Simulator (PIN-Sim), in which p-bits

were used to replace the neurons in Restricted Boltzmann Machines (RBM), resulting in

improved accuracy compared to traditional methodologies [99]. An approximate gen-

erative adversarial network (ApGAN) for accelerating GANs from both algorithm and

hardware implementation perspectives is proposed in [100]. Also, Boltzmann machines

(BM) are considered a benchmark problem for the MCMC methods. A hybrid quantum-
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Fig. 2.9: Applications of probabilistic computing [1], [4].

classical method for learning BM for a generative and discriminative task is proposed in

[101]. A mean-field assisted training of fully connected Boltzmann machine is demon-

strated in [102]. A Deep Boltzmann Machine (DBM), a multilayer generalization of

the original Boltzmann Machine, is trained on standard datasets including the MNIST,

Fashion MNIST, and the Canadian Institute for Advanced Research 10-class dataset

(CIFAR-10). The model achieved accuracy comparable to conventional methodologies

and operated at a significantly greater speed than the existing traditional CPUs [25].

A considerable effort has gone into designing a clockless p-bit network that can

autonomously arrive at the solution [29], [103]. A clockless autonomous training of

the Boltzmann machine learning algorithm is demonstrated in [93]. Alternatively, other

machine learning applications, such as in-hardware training of Deep Neural Networks

(DNN) that harnessed the invertibility property of the probabilistic computing to per-

form back-propagation are discussed in [94], [96]. A performance comparison of the

training hardware for convolutional neural networks (CNNs) implemented with proba-

bilistic computing and classical computing is reported in [95].

The probabilistic network is an energy-based model and is prone to getting stuck

in local minima. A self-adaptive gate control for high convergence rates to the global

minimum energy is demonstrated in [104], and shows the convergence probabilities to

the global minimum a few times higher than those based on conventional methods.

Similarly, other applications, such as the parallel tempering and the Maximum Sat-
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isfiability (Max-SAT) problem implemented with thousands (⇡ 3000) of p-bits, showed

that the p-bit-based implementation outperformed the conventional algorithms in terms

of the number of iterations required to arrive at the solution [105]. On a similar note,

a sparse network is used to achieve massive parallelism. The sparsely connected net-

work allows parallel update instead of the sequential update generally used in the tra-

ditional Gibbs sampling, thereby significantly improving the sampling speed and effi-

ciency [29], [106], [107].

A noise-augmented chaotic bit (c-bit) is employed to enhance the performance of

combinatorial optimization and sampling tasks. Additionally, an Adaptive Parallel

Tempering (APT) algorithm, which outperforms fully deterministic c-bits executing

simulated annealing, is demonstrated in [108].

On the other extreme, a full-stack view of probabilistic computing incorporates

hardware, architecture, and algorithmic perspectives to cater to the applications of prob-

abilistic computers ranging from probabilistic machine learning and AI to combina-

torial optimization and quantum simulation [4]. A physics-based, modular, CMOS-

compatible modelling approach connecting the microscopic physics of spins and mag-

nets all the way up to circuits and system is demonstrated in [109].
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Chapter 3

Implementation of Probabilistic bits

using Low Barrier Magnets
In this chapter, the material optimization in the realm of probabilistic computing is

explored. A methodology is proposed to select material parameters for an LBM-based

p-bit implementation that improves flips per second (fps), a crucial system-level figure

of merit (FOM). Subsequently, the proposed p-bit is integrated with a magnetic tunnel

junction (MTJ), and the performance of p-bit implementations with different material

parameters is evaluated. The work presented in this chapter is published in [80].

3.1 Material optimization oriented design of a p-bit

In this section, a methodology to optimize the material for designing an LBM-based

p-bit is presented. The energy barrier Eb of a Nanomagnet (NM) is given as Eb =

HkMs⌦/2, where Hk is the in-plane uniaxial anisotropy, Ms is the saturation mag-

netization and ⌦ is the volume of the NM [110], [111]. A small-Eb NM is a crucial

requirement for a p-bit, as Eb directly controls the stochasticity of the p-bit. The two

methods of reducing Eb are 1) by reducing Hk and 2) by reducing Ms⌦ [37]. How-

ever, simply reducing Eb does not ensure the optimal performance of the p-bit [15].

Therefore, the motivation of this work is to determine the realistic range of material pa-

rameters that not only reduce Eb, but also ensure the optimal performance at the system

level. Hence, the results presented in this chapter are expected to provide direction to

the material exploration for p-bit implementations.

3.1.1 Design of LBM for p-bit implementation

Memory applications are characterized by the use of stable, high barrier magnets with

Eb ⇡ 40 kBT to 60 kBT . However, for p-bit functionality, spontaneous fluctuation



between two logic states is required. The rate at which the LBM fluctuates is a key pa-

rameter in defining the performance at the system level. In literature, it is characterized

as the flips per second (fps). The fps is related to another parameter, the correlation time

⌧c of a magnet, and is approximated as 1/⌧c, where ⌧c is defined as the attempt time to

change the state of the magnet [29]. However, recent work showed that ⌧c is not the

same for all LBMs and is given by the following equations [37]:

⌧c =
p

8ln(2)
1

�

r
Ms⌦

HDkBT
: Eb < kBT (3.1)

⌧c = ⌧0
eEb/kBT

1 + HD
2Hk

: 2kBT < Eb < 10kBT (3.2)

where gyromagnetic ratio � = 1.76 ⇥ 107 /s-Oe, demagnetization field HD = 4⇡Ms

and ⌧0 ⇡ 0.1 � 1ns. However, fps in a p-bit can be increased if ⌧0 lower than 100ps

can be realized for p-bit materials [103]. For all the SPICE simulation-based analysis

reported in this thesis, ⌧0 = 1ns is used [37]. Furthermore, for an IMA LBM, the Eq.

3.2 is also valid in the range kBT < Eb < 2kBT . The factor (1 + HD/2Hk) shows

the contribution of both easy-plane anisotropy and in-plane uniaxial anisotropy fields

[110]. For Eb > 10kBT , the eEb/kBT term dominates, and the conventional equation of

⌧c, given by Arrhenius model as ⌧c = ⌧0eEb/kBT is applicable [112].

The small fps value signifies that the magnet is almost pinned to a logic level (�1

or 1). When this type of magnet is integrated into a 1T-1MTJ architecture, it shows

a distorted sigmoid. A distorted sigmoid has a step-like characteristic and is not the

desired behavior for a p-bit. For Eb < kBT , Eq. 3.1 shows that fps is dependent on

volume ⌦. The volume ⌦ is decided by the process technology and the desired spin

orientation of the magnet (in-plane or out-of-plane). It should be small enough to have

a monodomain behavior (depends on the diameter), and the thickness should be large

enough for m to be in-plane instead of out-of-plane [113]. For example, the change in

the orientation of magnetic anisotropy with the thickness of the cobalt (Co) thin film

NM is demonstrated in [114].

The LBM with circular in-plane magnetic anisotropy (IMA), as shown in Fig. 3.1(a),

is characterized by a telegraphic nature (mz close to ±z-axis) in contrast to the relatively

continuous magnetization observed in perpendicular magnetic anisotropy (PMA). Ad-
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Fig. 3.1: (a) Schematic illustration of an LBM. (b) Thermal fluctuations between two logic
levels �1 and +1 separated by Eb. Magnetization dynamics on the Bloch sphere
for circular IMA: (c) Eb < 2 kBT , Hk ⇡ 100Oe, (d) 2 kBT < Eb < 4 kBT ,
Hk > 500Oe [5].

ditionally, a higher fps rate is exhibited by IMA magnets compared to PMA magnets.

Therefore, the IMA magnet is preferred over the PMA magnet for the p-bit design [5].

In an LBM, thermal fluctuations are sufficient to overcome the energy barrier, as illus-

trated in Fig. 3.1(b). In this work, the model geometry of the magnet provided in [110]

has been followed. The components of magnetization m of the LBM along the coordi-

nate axes are given by (mx,my,mz) ⌘ (m sin(✓) cos(�), m sin(✓) sin(�), m cos(✓)),

as depicted in inset in Fig. 3.1(a). The quantities mx, my, and mz are linearly dependent

since |m| = m2
x +m2

y +m2
z = 1, implying that m always remains on the Bloch sphere.

Here, mz corresponds to mi in Eq. 2.1. For circular IMA, the magnetization vector m

is constrained to remain in-plane due to the large demagnetization field HD = 4⇡Ms,

and it rotates freely in the easy plane (y-z), as shown in Fig. 3.1(c). However, when

the energy barrier is in the range 2kBT < Eb < 10kBT , a telegraphic behavior begins

to emerge in mz, with confined fluctuations appearing closer to the z-axis, as shown in

Fig. 3.1(d) [37].
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The fluctuation dynamics of the LBM is captured by the stochastic Landau-Lifshitz-

Gilbert (sLLG) equation [2]:

�
1 + ↵2

�
dm̂/dt = � |�| m̂⇥ ~H � ↵ |�|

⇣
m̂⇥ m̂⇥ ~H

⌘

+ 1/qN
⇣
m̂⇥ ~IS ⇥ m̂

⌘
+
⇣
↵/qN

⇣
m̂⇥ ~IS

⌘⌘ (3.3)

where normalized magnetization m̂ = m/Ms, m is the magnetization, ↵ is the Gilbert

damping parameter, q is the electron charge, N = Ms⌦/µB is the total number of

spins in the LBM, and µB is the Bohr magneton. m̂ can be controlled by the effective

field ~H or the spin current ~IS . ~IS is the spin-polarized charge current flowing from the

fixed to free layer or vice-versa. The ~H = 4⇡Msmz ẑ + ~HN has two terms: HD and

the isotropic thermal noise field ~HN . ~HN is a three dimensional uncorrelated thermal

noise having a Gaussian distribution with hHNi = 0 and standard deviation
⌦
HN

2
↵
=

2↵kBT/(|�|Ms⌦) along each coordinate axis. The Fokker-Planck equations have been

used to model the LBM for circuit simulations [115], [116].

A small Eb is achieved by selecting materials with small values of Hk, Ms, and

⌦ [15]. In this work, two methods have been explored, namely, tuning the Hk and Ms

values, to realize a magnet with Eb in the range of (1, 4) kBT . The methodology to

select Hk and Ms value is explained in the next section. It should be noted that the

chosen values of Hk and Ms lie within the range typically observed in real materials.

The exact values of Hk, Ms, and ⌦ are presented in the subsequent sections.

Optimizing fps with Hk selection

The magnetization m changes from zero to Ms depending on several factors. One

factor that strongly affects m is anisotropy. This term means that the magnetic prop-

erties depend on the direction of measurement. It is a widely researched subject and

is exploited in the design of magnetic devices of commercial importance. There are

different types of anisotropies, namely 1) crystalline anisotropy, also known as mag-

netocrystalline anisotropy, 2) shape anisotropy, 3) stress anisotropy, and 4) exchange

anisotropy, etc [113].

In literature, for a p-bit, CoFeB is the most widely used material for designing an

LBM. CoFeB has body-centered-cubic (bcc) crystal structure [117]. An experimental
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analysis of p-bit implementation using circular disk nanomagnet of Co60Fe20B20 (wt%)

is demonstrated in [15]. Furthermore, NiFe based alloys (permalloys) are considered

soft material. An extensive study on the structural and magnetic properties of Ni81Fe19

(wt%) is presented in [118]. Therefore, different magnetic properties of the soft mate-

rials can be exploited to implement a p-bit [113].

The LBM considered in this work is in the y � z plane, and Hk is along the z-

axis. For low values of Hk (⇡ few Oe), mz fluctuates freely in the easy plane (y � z

plane) as shown in Fig. 3.1(c). The value of Hk depends on the material of the LBM,

the shape of the magnet (circular or elliptical), etc. So, for an LBM with high Hk

(⇡ 200Oe) the movement of the mz is restricted closer to the z-axis as shown in Fig.

3.1(d). However, if Hk is very high (⇡ 600Oe ), then that magnet is a hard magnet,

and it is not suitable for p-bit implementation because of the smaller fps and distorted

behavior of the sigmoid.

Table 3.1: Material parameters for different LBM

Material Hk (Oe) Ms (emu/cc) Eb (kBT ) fps (/s)
LBM-A 115.86 2000.00 1.16 3.43⇥ 1010

LBM-B 134.48 1706.89 1.15 2.56⇥ 1010

LBM-C 153.10 1472.41 1.13 1.99⇥ 1010

LBM-D 302.07 1296.55 1.96 3.95⇥ 109

LBM-E 357.93 1120.68 2.01 2.78⇥ 109

LBM-F 395.17 1003.45 1.98 2.33⇥ 109

LBM-G 506.90 1062.06 2.69 9.59⇥ 108

LBM-H 544.14 1237.93 3.37 5.27⇥ 108

LBM-I 600.00 1296.55 3.89 2.98⇥ 108

The methodology to find suitable Hk and Ms is as follows. The energy value varies

in the range of 0.5 kBT to 4 kBT . For Eb < kBT , fps is dependent on ⌦. For ⌦ =

4.16⇥10�19cc, fps = 8.37⇥109/s. However, for kBT < Eb < 10kBT , fps is governed

by the Eq. 3.2 and is a) / Ms, b) / 1/Hk, and c) / 1/eEb/kBT . The pairs of Hk and

Ms values considered for materials examined in this work are listed in Tab. 3.1. The

variation of fps with Hk for different values of Ms is shown in Fig. 3.2.

The LBM-{A, B, C, D, and E} is preferred over the LBM-{F, G, H, and I}, because

the Hk values for LBM-{F, G, H, and I} are fairly high and are considered as hard mag-

nets. LBM-{E, F, and G} have Ms corresponding to CoFeB. The feasibility of achieving
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Fig. 3.2: Plot of fps versus Hk for different values of Ms. The analysis is performed for 30
values of Ms, separated linearly in the range of (300, 2000) emu/cc. However, the
graph is plotted only for 14 values of Ms to improve readability.

Ms corresponding to LBM-{A, B, and C} is assessed in the following subsection.

Optimizing fps with Ms selection

The maximum intensity of magnetization (i.e., the degree of alignment of magnetic do-

mains) is represented by Ms. However, Ms is influenced by temperature T , volume ⌦,

and the crystalline structure. A decrease in Ms is observed with an increase in temper-

ature. In the analysis presented in this work, the temperature T has been kept constant

at 27 �C. With an increase in the thickness of the LBM, the saturation magnetization

is observed to increase and then saturate at the maximum achievable Ms [113], [119].

It has been reported that a few soft materials may serve as alternative candidates for

the LBM in p-bit implementations. For instance, NiFe has been shown to exhibit an in-

crease in Ms with increasing thickness [120]. A comprehensive investigation of Heusler

alloys has been presented in [121], [122], [123], where it has been demonstrated that the

magnetic properties can be controlled by tuning the material composition of the alloy.

Therefore, the magnetic material composition can be adjusted to obtain suitable Hk and

Ms pairs corresponding to LBM-{A, B, and C}.

Based on the above analysis, the process of selecting magnetic materials for prob-

abilistic computing applications is summarized as follows: 1) if Eb < kBT , fps is
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adjusted by decreasing ⌦ of the LBM. 2) if kBT < Eb < 10 kBT , for a given fps, a

few combinations of (Hk,Ms) are selected, as shown in Fig. 3.2 and Tab. 3.1. Next,

the materials corresponding to the desired Ms values are identified. Once a material

is selected, the adjustment in Hk and Ms values can be made via the geometry of the

LBM.

Comparing the two methods

Fig. 3.3 shows the response of the 1T-1MTJ-based p-bit implemented using LBM

materials examined above. The sigmoid trend shows the tunability of the p-bit. For

Fig. 3.3: Average of VOUT (<VOUT>) for different values of VIN in the range
(�VDD/2, VDD/2). For LBM-{A, B, C, D, E, and F}, for each value of VIN , VOUT

is averaged over 500ns. For LBM-{G, H, and I}, the average window is increased
to 1µs to incorporate more fps. The inset shows the comparison of the sigmoid re-
sponse of LBM-{A and D} with LBM-{F, G, H, and I} for VIN ⇡ 0V .

VIN ⇡ 0V , the RNMOS and RMTJ are adjusted such that a 0V (on an average) is ob-

tained at Vx. This is possible when the MTJ has high fps, otherwise, a pinning effect

is observed. For LBM-{G, H, and I}, Eb is less than 4 kBT . This energy barrier lies in

the recommended design limit. However, the pinning effect is observed in the output

response because of the high value of Hk. The experiments suggested that a high value

of Ms and a low value of Hk such that Eb < 4 kBT does not distort the sigmoid. There-

fore, the selection of the Hk value is more crucial than the Ms, as the high value of

Hk is equivalent to a hard magnet. The distorted sigmoid signifies a strong telegraphic

nature of p-bit that does not fluctuate between the two logic levels. Such p-bits are

unsuitable hardware for probabilistic computing applications because fps encapsulates
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the stochasticity of the p-bit implementation.

In this work, the range of material parameters for low barrier magnet design is

proposed assuming that the p-bit circuit can be designed that is able to capture the

fast fluctuations in the MTJ. It is also projected that integrated solutions such as 2D

material-based FETs may have the potential to realize p-bits fluctuations in GHz range

[60] [61].

3.2 Conclusion

The impact of material parameters, namely Hk, Ms, and ⌦, and Eb on the output re-

sponse of a p-bit is investigated. Furthermore, a method of selecting material parameters

for the LBM-based p-bit implementation that improves fps, a crucial system-level figure

of merit, without sacrificing the ideal sigmoid-type output response is proposed. Addi-

tionally, the criticality of Hk on the output response of a p-bit is highlighted. Hence, the

impact of Hk changes, for example, because of process-induced variations should be

considered, while designing a p-bit-based computational system. The results presented

in this work provides the direction to the material exploration for the LBM-based p-

bit implementation. It should be noted that the conclusions drawn in this study for

1T-1MTJ STT MRAM may not be applicable to the 1T-1MTJ spin-orbit torque (SOT)

MRAM-based p-bit implementation. However, the methodology outlined in this work

for identifying suitable material parameters can also be followed in re-evaluating 1T-

1MTJ SOT MRAM p-bits.
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Chapter 4

Impact of Non-Idealities on the

Behavior of Probabilistic Computing
The ideal p-bit implementation, given by Eq. 2.1 in Chapter 2, is mathematically ab-

stracted as an ideal p-bit, while the hardware implementation of a p-bit (discussed in

Chapter 2) deviates from this ideal sigmoidal behavior [80]. These deviations in a

p-bit can be caused by process-induced variations, aging-induced reliability vulnera-

bilities, or implementation-specific non-idealities. Moreover, non-idealities at the p-bit

level manifest at the circuit and system levels, potentially disrupting functionality. In

this chapter, this aspect of a p-bit network is investigated. First, an analytical model

is developed to assess the impact of non-idealities in a p-bit, and its application in a

1T-1MTJ-based p-bit implementation is demonstrated. Then, this model, along with

the understanding of p-bits, is utilized to analyze their impact on a p-bit network im-

plemented using SPICE models. The work presented in this chapter is published in

[82].

4.1 Model of a Non-ideal p-bit

An ideal p-bit can be modelled using random variables as follows:

Y = sgn(tanh(X) + E) (4.1a)

= sgn(G) (4.1b)

The random variable Y is the output produced by a p-bit, the random variable X models

the input received by the p-bit, and the random variable E models the inherent random-

ness in the p-bit. A random variable G is introduced for easy explanation. For an ideal

p-bit, E is a continuous random variable uniformly distributed in the range [�1, 1]. Ad-

ditionally, it is assumed that X is uniformly distributed in the range [�R,+R]. The sgn



function in the above equation ensures that the output Y is bipolar, similar to Eq. 2.1.

Hence, Y is considered as a Bernoulli’s random variable with its characteristics defined

by a parameter p, where p is its probability of being 1. The value of p is computed as

follows:

p =

Z 1

0

fG(g)dg (4.2)

where fG(g) is the Probability Density Function (PDF) of G. For an ideal p-bit, in the

absence of the input stimulus, i.e. for X = 0, Y is equal to sgn(E). Therefore, by

evaluating the area under the curve of fG(g) according to Eq. 4.2, p = 0.5 is obtained.

In a realistic circuit where a p-bit receives inputs from other connected p-bits, the

input X will be biased. This bias forces a p-bit to favour one of the two states and

delivers the required functionality of a p-bit network. Further, the bias can be due to

non-ideal interactions between p-bits and undesirable variations in the input due to en-

vironmental and process-induced factors. These effects are modelled using a parameter

q and a shifted random variable V = X� q. Additionally, a realistic p-bit can be inher-

ently biased. The bias can be due to limitations in the implementation, process-induced

variations and aging-induced reliability vulnerabilities [61]. These inherent biases in a

p-bit are modelled using a parameter r and a shifted random variable Z = E�r. Hence,

a non-ideal p-bit is described as follows:

Y = sgn(tanh(X� q) + (E� r)) (4.3a)

= sgn(tanh(V) + Z) (4.3b)

= sgn(U + Z) (4.3c)

= sgn(H) (4.3d)

The random variables U and H is introduced for easy explanation. The behavior of a

non-ideal p-bit is analyzed by deriving the probability p for the output Y as described

below. The PDF of V and Z are the shifted versions of the PDF of X and E, re-

spectively. Since tanh is a strictly monotonic differentiable function, the PDF of U is
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computed as follows [124]:

fU(u) =
fV (v)

du
dv

�����
v=tanh�1(u)

(4.4)

The PDF of U is given by the following equation:

fU(u) =

8
>>>><

>>>>:

2
(1�u2)ln(⇥·�) �tanh(R + q)  u

 tanh(R� q)

0 Otherwise

9
>>>>=

>>>>;

where ⇥ = 1+tanh(R+q)
1�tanh(R+q) and � = 1+tanh(R�q)

1�tanh(R�q) . Similarly, the PDF of Z is given by the

following equation:

fZ(z) =

8
<

:

1
2 �1� r  z  1� r

0 Otherwise

9
=

;

Subsequently, the PDF of H = U+Z is calculated using the convolution (~) of U and

Z, and is given by the following equations:

fH(h) = fU(u)~ fZ(z)

=

Z +1

�1
fU(u) · fZ(h� u)du

The convolution is computed over the following ranges:

1. �1� tanh(R + q)� r  h  �1 + tanh(R� q)� r

fH(h) =

Z 1�r+h

�tanh(R+q)

2

(1� u2)ln(⇥ · �) ·
1

2
· du

2. �1 + tanh(R� q)� r  h  1� tanh(R + q)� r

fH(h) =

Z tanh(R�q)

�tanh(R+q)

2

(1� u2)ln(⇥ · �) ·
1

2
· du
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3. 1� tanh(R + q)� r  h  1 + tanh(R� q)� r

fH(h) =

Z tanh(R�q)

�1�r+h

2

(1� u2)ln(⇥ · �) ·
1

2
· du

The PDF of H is given by Eq. (4.6):

fH(h) =

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

ln(⇥· 2+r+h
�r�h )

2ln(⇥·�) �1� tanh(R + q)� r  h

 �1 + tanh(R� q)� r

1
2 �1 + tanh(R� q)� r  h

 1� tanh(R + q)� r

ln(�· 2�r�h
r+h )

2ln(⇥·�) 1� tanh(R + q)� r  h

 1 + tanh(R� q)� r

0 Otherwise

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

(4.6)

Finally, p is obtained using the PDF of H and Eq. 4.2. The probability p repre-

sents the area under the curve along the positive X-axis for this PDF. The non-idealities

introduced in the above p-bit model modify this area and change the output response

of a p-bit. If these modifications are solely because of intended input modulation, a

p-bit network works as designed and is expected to be functionally correct. However,

if significant unintended non-idealities exist, such as due to environmental or process-

induced variations, the functionality implemented using the p-bit network can be dis-

rupted. Therefore, the impact of these non-idealities on the output of a p-bit should be

examined carefully.

Fig. 4.1(a) shows the PDF fH(h) for an ideal p-bit. It is symmetric around the Y-

axis and will produce p = 0.5. Fig. 4.1(b) and (c) show fH(h) when some bias r is

added. A shift of the PDF along the X-axis is observed, depending on the value of r.

Consequently, the p-bit output Y is expected to favor one of the two states. Fig. 4.1(d)

and (e) show fH(h) when the bias q is added. It is observed that the shape of the PDF

changes on the two sides of the Y-axis (but it is not shifted along the X-axis), and a

preference for one of the two states is expected from the p-bit. Fig. 4.1(f) shows fH(h)

when both the terms q and r are non-zero. The curves are shifted, and their shapes also
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Fig. 4.1: Illustration of impact of q and r on fH(h). The shaded area represents the p-bits’
probability p being +1.

change, and it is expected that the p-bit will favor one of the two states.

Table 4.1: Probabilities for a non-ideal p-bit obtained using analytical model and simu-
lation (R=5)

P-bit parameters Analytical model
(p)

Simulation results (p)
Number of samples (N)

N = 100 N = 1000 N = 10000

r = 0, q = 0 0.50 0.55 0.50 0.51

r = �1, q = 0 0.78 0.85 0.75 0.78

r = 1, q = 0 0.22 0.15 0.21 0.22

r = 0, q = �2 0.70 0.67 0.69 0.69

r = 0, q = 2 0.30 0.35 0.30 0.30

r = �1, q = 1 0.73 0.71 0.73 0.73

The computed probability p for the non-ideal p-bit using the analytical model de-

scribed in Eq. 4.6 is shown in Tab. 4.1. This table also reports the probability p com-

puted numerically using Eq. 5(a) for varying number of samples of random variables. It

is observed that the results obtained by numerical simulations change with the number

of samples and are expected to become stable when N is large. Furthermore, it is found

that the value of p computed using the analytical model matches that obtained from

numerical simulation for large N . This agreement is expected, as the analytical model
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inherently captures the asymptotic behavior of probabilities. This is an advantage of the

analytical model over the numerical simulation.

From Tab. 4.1, it should be noted that both the terms q and r modify p-bits’ prob-

ability p. However, the nature of their impact is different, as illustrated in Fig. 4.1. In

some cases, their impact can be in the opposite direction (one increasing p and the other

decreasing p), reducing their overall effect on p. In contrast, in others, they can be in

the same direction, and their impact can add up. The canceling nature of these terms

can average out their effects and make a p-bit network more tolerant against variations.

For example, consider the non-ideal p-bits shown in Tab. 4.2. For r = 0, q = �0.5, the

value of p becomes 0.55. However, p will come closer to the ideal case of 0.5 when the

variation due to r = 0.08 cancels the effect of q = �0.5. Similarly, the effect of r = 0.1

is canceled by q = �0.45, as shown in Tab. 4.2. These considerations are critical in

making p-bit networks more resilient to errors and controlling their dynamic response

and robustness.

Table 4.2: Probabilities for a non-ideal p-bit obtained using analytical model and simu-
lation (R=5)

P-bit parameters Analytical model
(p)

Simulation results (p)
Number of samples (N)

N = 100 N = 1000 N = 10000

r = 0, q = �0.5 0.55 0.54 0.57 0.55

r = 0.08, q = �0.5 0.52 0.55 0.50 0.52

r = 0.1, q = 0 0.47 0.50 0.48 0.47

r = 0.1, q = �0.45 0.51 0.52 0.52 0.51

In the next section, the 1T-1MTJ-based implementation of a p-bit and the relevance

of the above model in capturing the non-idealities in the implementation is demon-

strated.

4.2 Modeling Variations in a p-bit implementation

Fig. 4.2 shows the equivalent circuit implementation of a p-bit employed in SPICE

simulation. The design parameters of the p-bit are listed in Tab. 4.3. In this section, it

is illustrated that the characteristics of a p-bit obtained through SPICE simulation can
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be modelled using the mathematical formulation of an ideal p-bit, as described by Eq.

4.1.

Fig. 4.2: Circuit implementation of 1T-1MTJ-based p-bit using SPICE models [2].

Table 4.3: Parameters used in SPICE simulations of p-bits

Parameters Value
Gilbert damping coefficient (↵) 0.01 [2]
Volume of the free layer (⌦) 4.16⇥ 10�19 cc
Saturation magnetization (Ms) 1200 emu/cc
In-plane uniaxial anisotropy field (Hk) 100Oe
Temperature (T ) 27 �C

Tunnel magnetoresistance (TMR) Nominal value: 200%
Average conductance of MTJ (G0) Nominal value: 46µS
Transistor technology models 14-nm HP-FinFET [40]
Time step for transient simulation (�t) 1ps [2]

Fig. 4.3 compares the simulated characteristics for varying VIN with the mathemat-

ical model of Eq. 4.1. Note that the X of the mathematical model is obtained using

X = m ⇤ VIN , where m is a scaling factor. From Fig. 4.3, it is inferred that the 1T-

1MTJ-based p-bit implementation with nominal parameters (as shown in Tab. 2.2) can

be modeled well by the proposed ideal p-bit analytical model.

However, a realistic 1T-1MTJ-based p-bit implementation is prone to process-induced

variations impacting the attributes of both the transistor and the MTJ. The process-

induced variations and non-idealities can result in variations in the dimensions of the

transistors (such as width, length, fin height, and oxide thickness), threshold voltage,

and physical parameters such as mobility [61]. The attributes of an MTJ can be im-

pacted by process-induced variations in the thickness of the oxide layer and the cross-
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Fig. 4.3: Comparison of the results obtained from the circuit simulation of 1T-1MTJ-based
p-bit implementation and the analytical model. A scaling factor m = 88.49/V is
included such that, Y = sgn(tanh(m ⇤ VIN ) + E) models the output response of the
p-bit.

sectional area of the MTJ stack [62]. In the context of the p-bits, the variations in the

p-bits are manifested as the misaligned average response, i.e., the equal contribution

of the valid states does not occur at the zero stimuli to the input of the p-bit, and the

distorted shape of the average response [14], [55]. The misalignment of the output re-

sponse is the consequence of the mismatch between the RNMOS and RMTJ , a crucial

design metric for a p-bit [61]. Furthermore, the attributes of the fixed and the free lay-

ers of the MTJ also control the stochastic behavior of the p-bit. The magnetization of

the magnetic material mz is a function of the uniaxial anisotropy (Hk), the saturation

magnetization (Ms), the volume of the nanomagnet, and the spin polarization current

(Is) [2]. These parameters are impacted by the geometry of the LBM [37], [80]. Thus,

non-idealities can arise for various reasons in a realistic p-bit implementation.

Next, it is illustrated that the mathematical model proposed in Eq. 4.3 is capa-

ble of capturing these non-idealities; hence, the simplified mathematical model can be

used to assess the impact of such non-idealities in realistic p-bit implementations. For

the sake of illustration, the impact of variations in the following parameters in the 1T-

1MTJ-based p-bit implementation is considered: variations in the fin height (hfin) of

the transistor and the average conductance (G0) of the MTJ.

The variation in hfin of the FinFET impacts its drive current. Therefore, the varia-

tion in hfin can support or oppose the external bias applied to the p-bit and is expected
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Fig. 4.4: Comparison of the results obtained from the circuit simulation and the analytical
model. The nominal value of the fin height hnomfin = 21nm is marked in blue. A
scaling factor c = �0.232/nm is included such that, Y = sgn(tanh(m ⇤ VIN � c ⇤
(hfin � hnomfin )) + E) models the output response of the p-bit.

to favor one of the two states. Hence, the parameter q in the analytical model of Eq. 4.3

is used, which works together with the external bias, to capture the variations in the fin

height. Fig. 4.4 shows the variation in the probability of observing state ‘1’ in the p-bits

with the variation in hfin obtained using SPICE simulation. Additionally, the results

obtained using the mathematical model of Eq. 4.3 are shown. It should be noted that

the q of the mathematical model is obtained from the variation in the fin height using

q = c ⇤ (hfin � hnom
fin ), where c is a scaling factor and hnom

fin is the nominal height of the

fin. These results illustrate that the effects of variations can be captured well using the

parameter q.

Next, the modeling of the impact of variations in the MTJ in the p-bit implemen-

tation is explored. The average conductance G0 depends on the parallel (GP ) and the

anti-parallel (GAP ) conductance of the MTJ. These conductances vary with the thick-

ness of the oxide layer and the cross-sectional area of the fixed and free layers and are

prone to process-induced variations. The MTJ is the primary source of stochasticity

in the 1T-1MTJ-based p-bit implementation, and the variations in G0 can introduce an

inherent bias in the p-bit implementation. Hence, the parameter r is used in the analyt-

ical model of Eq. 4.3, which provides a bias to the inherent randomness, to capture the

variations in G0. Fig. 4.5 shows the variation in the probability of observing state ‘1’

in the p-bits with the variation in G0 obtained using SPICE simulation. Additionally, it
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Fig. 4.5: Comparison of the results obtained from the circuit simulation and the analytical
model. The nominal value of Gnom

0 = 46µS is marked in blue. A scaling factor
k = 0.05/µS is included such that, Y = sgn(tanh(m⇤VIN )+(E�k⇤(G0�Gnom

0 ))
models the output response of the p-bit.

is demonstrated using the mathematical model of Eq. 4.3. It should be noted that the

r of the mathematical model is obtained from the variation in the average conductance

using r = k ⇤ (G0�Gnom
0 ), where k is a scaling factor and Gnom

0 is the nominal average

conductance of the MTJ. These results illustrate that the effects of G0 variations can be

captured reasonably well using the parameter r.

Furthermore, the canceling effect of non-idealities in the SPICE simulations is ob-

served similar to one predicted by the analytical model (shown in Section 4.1). For

example, when there is a variation in the fin height from the nominal value of hnom
fin =

21nm to hfin = 16nm, the probability of state ‘1’ becomes 0.38 (less than the ideal

probability of 0.5), while when there is a variation in the average conductance from the

nominal value of Gnom
0 = 46µS to G0 = 35µS, the probability of state ‘1’ becomes

0.68 (more than the ideal probability of 0.5). However, when both these variations oc-

cur together (hfin = 16nm and G0 = 35µS), the probability of state ‘1’ is observed to

be 0.52. Hence, the non-idealities with the opposite direction of impact can cancel their

effect in p-bit implementation, similar to the observation derived from the mathemati-

cal model. The canceling behavior of the non-idealities indicates a possible direction to

make a p-bit network more robust.

The above illustrations demonstrate the usefulness of the proposed analytical model

in capturing the non-idealities in a p-bit implementation using the model parameters q
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and r. However, it should be highlighted that the extent of the variations in the device

parameters depends on the specific fabrication technology, and the device variations

considered above are only for illustrative purposes. Moreover, other transistor/MTJ pa-

rameters, such as the threshold voltage, mobility of carriers, dimensions of the fixed

and free layers, interface properties, and the systematic variations in material param-

eters, may require considering the appropriate combination of q and r values in the

proposed model. The variation in the threshold voltage impacts the conductivity of the

NMOS transistor. For example, the increase in Vth decreases the conductivity of the

NMOS. Therefore, the resistance of the NMOS increases. As a result, Vx is pulled

up to +VDD/2, and VOUT is pulled down to �VDD/2. Similarly, for decrease in Vth

value, the VOUT is pulled up to +VDD/2. In essence, the impact on the probability

distribution would be opposite to that of the trend observed for hfin. The variation in

the TMR value affects the shape of the sigmoidal response of the p-bit. The varia-

tion in the temperature affects the mobility of charge carriers, leakage current and the

threshold voltage in the CMOS circuit. Similarly, the thermal fluctuations in the MTJ

are impacted by variations in the temperature. Additionally, the variation in the supply

voltage may also impact the performance of the p-bits. This aspect of the model cal-

ibration for other types of non-idealities requires further investigation and assessment,

and is intended for future work. Additionally, the proposed model will not cover some

types of variations in the p-bit attributes, such as those related to the dynamic response

(e.g., flips per second for the nanomagnets). Moreover, the variations in p-bit inter-

connections are implicitly captured within the q parameter. This is a valid assumption

because the input to a p-bit is the sum of weighted outputs of the interconnected p-bits,

according to Eq. 2.2. However, SPICE models based circuit simulations to analyze the

impact of variations in the interconnections is intended as future work.

4.3 Impact of non-idealities in a p-bit on a p-bit network

For a given p-bit network, some states deliver the required functionality, and these states

are referred to as valid states. Conversely, the states that are prohibited within the same

p-bit network are referred to as invalid states. For example, a two-input AND gate im-

plemented using three p-bits - A, B, and C is considered. Here, A and B are assumed to
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be the inputs, while C is the output of the AND gate. Encoding the states as (A,B,C),

the valid states are {(�1,�1,�1), (�1, 1,�1), (1,�1,�1), (1, 1, 1)} and the invalid

states {(�1,�1, 1), (�1, 1, 1), (1,�1, 1), (1, 1,�1)}. In an ideal p-bit network with no

external bias, all valid states have an equal probability of occurrence, while all invalid

states have zero probabilities.

In practice, a p-bit network exhibits non-ideal behavior, and a suppression of proba-

bilities of valid states and enhancement in the probabilities of invalid states is observed.

Any unexpected modulation in the incoming signal or skewness in the inherent random-

ness (e.g., due to process-induced variations) can potentially force a p-bit to be biased

towards an incorrect state, disrupting the functionality of the network. To quantify these

non-idealities in a p-bit network, a parameter called observed non-ideality NI_obs is

defined as follows:

NI_obs =

sP
Si
(P̂ (Si)�

⇤
P (Si))2

N
(4.7)

where N is the total number of states in a p-bit network, Si is the i-th state, P̂ (Si) is

the observed probability for Si, and
⇤

P (Si) is the ideal probability of the state Si. For a

two-input AND gate, N = 8, the ideal probabilities of all valid states are 1/4, and the

ideal probabilities of all invalid states are zero.

Next, a p-bit-based implementation of an AND gate, as shown in Fig. 2.6, is con-

sidered. Assuming that the p-bits (A, B, and C) are ideal and described by Eq. 4.1, the

observed probability P̂ (Si) may differ from the ideal probability
⇤

P (Si) when a limited

number of samples is taken, even for an ideal p-bit. As the number of time samples in-

creases to infinity, keeping � constant, P̂ (Si) will converge towards
⇤

P (Si), and NI_obs

is expected to approach zero for an ideal p-bit. However, in practice, each p-bit can have

non-idealities, as described by Eq. 4.3. The non-idealities in the p-bits A, B, and C are

denoted as (qA, rA), (qB, rB), and (qC , rC), respectively. First, the impact of these non-

ideality terms is examined separately on the NI_obs for the AND gate. Fig. 4.6(a-f)

shows the NI_obs with the variation in qA, rA, qB, rB, qC , and rC , respectively.

Fig. 4.6(a) plots the NI_obs for various values of qA, keeping all other non-ideality

terms as 0. It is observed that the NI_obs increases as qA moves further away from

zero. For qA = �1, p-bit A gets biased towards the state 1. Therefore, the states

{(1,�1,�1), (1, 1, 1)} dominate (⇡ 40% contribution of each state), as shown in Fig.
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Fig. 4.6: Impact of non-ideality in a p-bit on the functionality of the AND gate. Only one term
among (qA, rA), (qB , rB), and (qC , rC) is considered to be non-zero in each figure.

4.6(a1). The other valid states, {(�1,�1,�1), (�1, 1,�1)} get suppressed. Note that

the connections among p-bits (h and J matrices) can still force the fluctuations in B and

C such that invalid states are not inflated. This observation indicates the robustness of

the p-bit network. Similarly, for qA = 1, the states {(�1,�1,�1), (�1, 1,�1)} appear
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with high probabilities, as shown in Fig. 4.6(a2). Similar behavior of p-bits getting

biased towards �1 or 1 is observed when rA, qB, and rB are considered separately, as

shown in Fig. 4.6(b-d). In all these cases, the invalid states are found to be suppressed,

indicating no actual loss in the functionality of the AND gate.

When the p-bit C has non-ideality, the impact on the NI_obs is more severe and

asymmetric for positive and negative values of qC and rC . A vital attribute of a p-bit

network is that the input and output p-bits are inherently indistinguishable, making a

p-bit network invertible. It implies that when the output p-bit gets biased, it forces the

input p-bits to align to a subset of valid states defined by the weighted connections (h

and J matrices). For negative values of qC and rC , the p-bit C gets biased to the state

1. Hence, only one valid state for the case C = 1 (i.e., the state {(1, 1, 1)} dominates

and has a contribution of ⇡ 80%, as shown in Fig. 4.6(e1) and (f1), respectively.

Since the NI_obs quantifies RMS errors, a large non-ideality in one of the states results

in a large NI_obs. For the positive values of qC and rC , the p-bit C gets biased to

the state �1, and the states {(�1,�1,�1), (�1, 1,�1), (1,�1,�1)} dominate with

⇡ 33% contribution from each state, as shown in Fig. 4.6(e2) and (f2), respectively.

Small errors from multiple states result in a smaller NI_obs compared to when qC and

rC take negative values. It should be noted that the invalid states are still suppressed in

all these cases. The J and h matrices are robust enough to enable the p-bit network to

retain its intended functionality. It is worth pointing out that the range of q and r values

in the above illustrations are chosen to explore the behavior of the p-bit network under

various scenarios. In circuit implementations of a p-bit network, which are investigated

in the subsequent sections, the extent of the variation in the device parameters will

depend on the fabrication technology.

Next, the compensating effect of the non-idealities of a p-bit on the NI_obs for

the AND gate is examined. In the previous section, it was observed that the impact

of negative values of q could be canceled by a suitable positive value of r for a p-

bit. Therefore, an experimental determination is carried out to assess whether such

canceling effects in a p-bit can also reduce the non-idealities in an AND gate, and

the results are presented in Fig. 4.7. It is found that for a given negative qC value,

a positive rC value (shown in red) diminishes NI_obs significantly (it reduces below
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Fig. 4.7: Illustration of canceling effect of non-idealities of p-bits in an AND gate.

0.05). Similarly, for a given positive qC value, a negative rC value (shown in red)

diminishes NI_obs significantly. These results demonstrate that the canceling effects

of non-idealities can make a p-bit network inherently more immune to random process-

induced variations. Further, these results suggest compensations that can be made to

deal with aging-related reliability issues. The cancellation effect of non-idealities in a

p-bit network may be achieved by pairing p-bits with opposite biases. The tuning can

be done through the weighted output response of the connected p-bit and may cancel

out the impact of non-ideality in a p-bit. However, a behavioral and circuit simulation-

based analysis is required to validate the hypothesis, and is a promising direction for

future research. In the next section, the impact of the non-idealities is examined, and

the robustness of a larger p-bit network is analyzed for image completion.

4.4 Image Completion using a p-bit network with non-

ideal p-bits

The invertible property of a p-bit network opens up new opportunities for employing

p-bits in various applications [4], [88], [105], [125], [126]. However, there are accuracy

and scalability challenges in the backward operation of a p-bit network. Hence, the non-

idealities that can potentially impact accuracy are worth examining for the backward

operation of a p-bit network. This section explores a p-bit network that completes a

partial image using its invertibility and examines the impact of non-idealities.

The images of digits represented using 5⇥ 3 pixels is considered, as shown in Fig.
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4.8(a). The value of a pixel is taken as �1 for violet and +1 for yellow. A fifteen p-bit

fully connected network is trained to visit these valid states (corresponding to the ten

digits) with a high probability. The training is performed using the Boltzmann machine

learning algorithm demonstrated in [127]. The weights are represented using a matrix

J of dimension 15⇥ 15. The elements of this matrix Jij are updated as follows [93]:

Jij(n+ 1) = Jij(n) + ↵(TiTj � ViVj)� �Jij(n) (4.8)

where n is the training instant and ↵ = 0.05 is the learning rate. The training dataset

(T ) is 10 ⇥ 15, and the size of the sample data collected from the p-bit network (V ) is

10000 ⇥ 15. The terms TiTj and ViVj are the correlation between the ith and the jth

columns of T and V , and � = 1⇥10�4 denotes the regularization parameter [128]. The

training process is monitored using the Kullback-Leibler (KL) divergence. It should

be noted that other variants of the Boltzmann machines, including the one presented

here have been reported previously [93], [25]. However, in this study, the impact of

non-idealities in a p-bit on the performance of a p-bit network is analyzed. A detailed

explanation of the training algorithm is presented in [129]. Subsequently, the partial

images of the digits is provided by clamping six out of fifteen p-bits, as shown in Fig.

4.8(b), as an input to the p-bit network. It is expected that the p-bit network will com-

plete the image appropriately by assigning valid values to the rest of the nine p-bits, as

shown in Fig. 4.8(c). The completed image is imperfect because p-bits also visit invalid

states, though with a low probability (p-bits can be considered as a mix of violet and

yellow based on their probability distribution).

To assess the accuracy of image completion, the following average root mean square

(RMS) error metric ERMS is defined:

ERMS =
1

|SN |
X

SN

sPK
k=1(P̂ (k)�

⇤
P (k))2

K
(4.9)

where SN is the set of test images, K = 15 is the number of pixels in an image, P̂ (k)

is the observed probability of being +1 for the pixel k in the given image (collected

using 10000 time samples), and
⇤
P (k) is the ideal probability of being +1 for the pixel

k in the given image. The error measure quantifies RMS error in completing the image
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(b)
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1.00 0.75 0.50 0.25 0.00 -0.25 -0.50 -0.75 -1.00

Fig. 4.8: (a) Training images for a p-bit network with fifteen p-bits. (b) Test images where six
out of fifteen pixels in an image is clamped. (c) The images generated by the p-bit
network implemented using ideal p-bits. The colormap at the top indicates the colors
corresponding to the respective pixel values.

averaged over the entire image set SN .

The ERMS for the image completion obtained using simulation is reported in Tab.

4.4. The first row with ERMS = 0.21 corresponds to the case when all p-bits are ideal.

The second row corresponds to the case when all fifteen p-bits have a non-ideality term

q = �0.5. As expected, ERMS increases to 0.58. Similarly, the third row corresponds to

when all p-bits have a non-ideality term r = 0.1, and ERMS increases to 0.55. Thus, the

non-idealities existing in all p-bits lead to a significant increase in the error. However,

some errors can be nullified if compensatory non-idealities exist in the p-bits. Similar to

a single p-bit case (Tab. 4.2), if all p-bits have q = �0.5, r = 0.08 and q = �0.45, r =

0.1, the ERMS reduces to 0.44 and 0.43, respectively. Thus, compensatory errors can

also reduce errors in a p-bit network for the backward operation and can make p-bit

network more resilient to errors.

Table 4.4: ERMS for ideal and non-ideal p-bit based image completion models

S. No. Values of q and r ERMS

1 q = 0, r = 0 0.21
2 q = �0.5, r = 0 0.58
3 q = 0, r = 0.1 0.55
4 q = �0.5, r = 0.08 0.44
5 q = �0.45, r = 0.1 0.43

For the experiments in Tab. 4.4, it is assumed that the exact same non-ideality

impacts all the p-bits in the system. In practice, such a scenario can occur due to
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global variations that similarly impact all the fabricated devices (as assumed in corner-

based analysis in traditional design flows) and can be artificially pessimistic. The non-

idealities in p-bits can also be due to random local variations. The nature of such random

non-idealities will strongly depend on the p-bits’ implementation and manufacturing

technology. In such cases, depending on the size of the p-bit network and the nature of

randomness, the non-idealities can exhibit averaging or canceling effects.

Fig. 4.9: Results of Monte Carlo (MC) simulations for (a) µq = µr = 0, and �q = �r = 0.01,
(b) µq = µr = 0, and �q = �r = 0.02, and (c) µq = µr = 0, and �q = �r = 0.05.
(d) Expected value of ERMS with varying standard deviation of the q and r.

To assess the impact of random non-idealities in the p-bits more realistically, statis-

tical methods are required to be employed. One such widely used method is the Monte

Carlo (MC) simulation. Therefore, as an illustration, for the image completion task,

MC simulations are performed with 2000 samples. It is assumed that the parameters

q and r of the p-bits in Eq. 4.3 have normal distribution N (µq, �q) and N (µr, �r) ,

respectively. Each p-bit is assumed to have non-ideality defined by the above distribu-

tion for a given MC sample point. The output of a p-bit is determined by the weighted

contributions of other p-bits in the p-bit network and the applied input stimulus. The
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output of a p-bit is updated according to Eq. 2.1. The output values of the p-bits are

recorded once all the p-bits in the network have been updated. Fig. 4.9(a-c) shows the

number of samples observed for each ERMS interval. The µq and µr values are taken

as zero, and the values of �q and �r are varied. It is observed that due to the random

distribution of non-idealities and compensatory or adding effects, the ERMS shows a

wide variation. Furthermore, as �q and �r increase, the expected value of ERMS also

increases. Fig. 4.9(d) shows this trend of the expected value of ERMS for different �q

and �r values. These results suggest that, given an application, its tolerable error limit

will define the constraints on the acceptable non-idealities in the p-bits. For example,

the expected value and the standard deviation of the ERMS obtained for the samples

collected from a p-bit network and safety margins needed for the application (such as

3-sigma) will determine the tolerable non-idealities in p-bits. These constraints for the

p-bits can be extended to the design criterion for the p-bit network. Thus, the applica-

tion and the attributes of the p-bit network will essentially determine the design space

for the p-bit implementation.

4.5 Assessing impact of variations in 1T-1MTJ network

In this section, the impact of non-idealities in a 1T-1MTJ-based p-bit on the behavior of

a p-bit network is assessed using SPICE simulations. For illustration, a fully connected

Boltzmann machine is considered using N = 26 p-bits having N(N + 1)/2 = 351

weights and biases. Since each p-bit consists of three transistors (including two tran-

sistors for the inverter), the network consists of 78 transistors and 26 MTJ devices. The

size of the network is chosen to be large enough to allow observation of its average

response, and small enough to enable SPICE simulation with reasonable computational

resources and runtime. For demonstration, the image classification problem on the

MNIST handwritten digit image dataset is considered [130]. The original 28⇥ 28 pixel

images are modified to 5 ⇥ 5 pixel images with bipolar pixel values to map the prob-

lem on the above 78-transistor network. Moreover, the network is trained (derived the

weights and biases) for recognizing only two classes, namely letter ‘0’ and ‘1’. The

mapping of weights and biases to the resistors is demonstrated in [1].

The connections to a single p-bit in the circuit is illustrated in Fig. 4.10 (the com-
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Fig. 4.10: The connection to a single p-bit in a 26- p-bit network. The p-bit shown here has a
V i
fix indicating the clamped input.

plete circuit is not shown here for clarity). The V i
fix voltages (+VDD/2 or �VDD/2)

are applied to the p-bits corresponding to the pixel values in the 5 ⇥ 5 pixel image.

Hence, 25 p-bits are biased as per the given image, while the 26th p-bit is left floating

and its output voltage denotes the label for the image. For the demonstration, two types

of testcases, T1 and T2, were considered. In T1, the p-bits are clamped such that the

floating p-bit is expected to be at +VDD/2, while in T2, the floating p-bit is expected to

be at �VDD/2.

Firstly, the results of the SPICE simulation for the network with all device parame-

ters fixed to their nominal values (as mentioned in Tab. 4.3) is reported in Fig. 4.11(a)

and (b). The circuit was simulated for 25ns to obtain sufficient samples. However, the

(a) (b)

Fig. 4.11: Prediction of the image classification circuit with nominal design parameters for the
test cases: (a) T1 (b) T2.

output is shown for only 5ns to improve clarity. It is observed that the network pro-
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duces the correct response for both testcases T1 and T2 when the device parameters are

at their nominal values.

Next, the impact of global process-induced variations in devices is analyzed. The

global variations impact all the devices in a circuit in a similar manner. The extent and

the type of device parameters that are impacted by the global variations depend on the

fabrication process. However, for the sake of illustration, the SPICE simulation results

when the average conductance G0 = 46µS changes to 30µS and 70µS are shown in Fig.

4.12. For G0 = 30µS, the p-bits are biased towards the state +VDD/2, and the network

(a) (b)

(c) (d)

Fig. 4.12: Predictions of the image classification circuit with global variations in the G0 values
of the MTJ for each p-bit. For G0 = 30µS, the plot shows the result for (a) T1 and
(b) T2. For G0 = 70µS, the plot shows the result for (c) T1 and (d) T2.

produces the correct prediction for the T1 with a high probability. However, for T2,

due to the bias of the p-bits in the system, the network produces the correct prediction

for the letter ‘0’ with a lower probability. Similarly, for G0 = 70µS, the p-bits are

biased towards the state�VDD/2, leading to a worse prediction for T1 and an excellent

prediction for T2. These results show that global variations in a p-bit implementation
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can add bias in the network, potentially making the prediction erroneous.

Next, the impact of local variations in devices on the behavior of the network is

analyzed using SPICE simulations. Local variations can impact various devices in a

circuit in different ways. For illustration, the local variations in the average conductance

G0 around its nominal value is considered in this work. Monte Carlo (MC) simulations

with 2000 samples were carried out. For each sample, the G0 values for all the p-bits

in the network were drawn from a Gaussian distribution with an average µG0i
= 46µS

and a varying standard deviation �G0i
. The output of the p-bit is encoded as follows:

V i
obs(t) =

8
<

:
�1 V i

OUT (t) < 0V

1 V i
OUT (t) � 0V

9
=

; (4.10)

where V i
OUT (t) is the voltage at the output of the ith p-bit at the t time instant. To

quantify the accuracy of the network, the error in the image classification ETC
RMS , is

calculated for the test cases T1 and T2 as follows:

ETC
RMS =

s
((V

i=26
obs � Videal)2|T1 + (V

i=26
obs � Videal)2|T2)

2
(4.11)

where Videal = +VDD/2 and �VDD/2 corresponds to the true label for T1 and T2,

respectively, and V
i=26
obs is the average value for all the time samples for the 26th p-bit

(floating p-bit). Fig. 4.13(a) and (b) show the number of samples observed for each

ETC
RMS interval for �G0i

= 0.46µS and �G0i
= 9.2µS, respectively. It is observed that

the expected value of ERMS and its standard deviation increase with the increase in

variations around the nominal value.

Fig. 4.13(c) and (d) also show this trend for different �G0i
values. The geometric

parameter variation of ±10% in Ms, Hk,↵, tox, and TMR in STT-MRAM devices are

considered, and their impact on the performance of read and write errors in memory

devices is reported in [131]. Additionally, the extent of the impact of variations on

the performance of the MTJ also depends on scaling the dimensions of the MTJ de-

vices [131]. It should be highlighted that the extent and mechanics of process-induced

variations are technology-dependent and technology-specific realistic variations are not

considered in this work. Nevertheless, the above observations and trends obtained us-
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Fig. 4.13: Results of MC simulations for µG0i
= 46µS (a) �G0i

= 0.01 ⇥ µG0i
and (b)

�G0i
= 0.2 ⇥ µG0i

. (c) Expected value and (d) standard deviation of the ETC
RMS

with varying standard deviation of the G0 values of the MTJ.

ing SPICE simulation and the results obtained by the mathematical model (as shown in

Fig. 4.9) agree and highlight the importance of considering non-idealities in assessing

the performance of a p-bit network. Moreover, the results show that the proposed math-

ematical model can be used to gain insights into such non-idealities and analyze their

impact on the performance of a p-bit network.

4.6 Conclusion

The results presented in this chapter indicate that careful consideration must be given to

the non-idealities in p-bit implementations. Furthermore, circuit simulations for the 1T-

1MTJ-based p-bit implementation have demonstrated how specific variations in design

parameters can lead to biased outputs and affect performance in practical applications.

Hence, the importance of accounting for process-induced variations in the design of

p-bit networks is underscored by this work. Through the incorporation of these con-
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siderations, the performance and reliability of p-bit networks can be improved, thereby

facilitating their deployment in real-world applications.
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Chapter 5

Fault-Tolerant Design Framework for

Probabilistic-Bit (P-Bit) Systems
In addition to the non-idealities arising from process-induced variations, an added chal-

lenge of defects and faults needs to be tackled in the hardware implementation of a

p-bit. In this chapter, first, the impact of stuck-at faults on the performance of a p-bit

system is analyzed using the Modified National Institute of Standards and Technology

(MNIST) hand-written dataset. The experiments showed that a p-bit system, in general,

is resilient to stuck-at faults. However, some p-bits are more critical to the functional-

ity of the system, and faults in these p-bits adversely impact the functionality. Using

mutual information, a concept adapted from information theory, a methodology is pro-

posed to identify these critical p-bits. Additionally, a testable p-bit is proposed to detect

and identify the existence of a stuck-at fault in a p-bit integrated into a given p-bit sys-

tem. A testable p-bit helps increase the observability and controllability of p-bits, and

its effectiveness is demonstrated using SPICE simulations. Furthermore, the impact of

some faults can be reduced by identifying and isolating a faulty p-bit from the rest of

the system using the proposed isolatable p-bit. However, critical p-bits are integral to

the functionality of a p-bit system and isolating them may not restore the required func-

tionality. Hence, to enhance the robustness of a p-bit system, a p-bit with redundancy

is proposed to restore the functionality of critical p-bits and make a p-bit system robust

and fault-tolerant. The work presented in this chapter is published in [132].

5.1 Designing a network of p-bits

The impact of faults on the performance of a p-bit system is demonstrated by artificially

introducing faults in a p-bit network trained for the image classification problem using

MNIST hand-written dataset [130]. The images for letters ‘0’ and ‘1’ are extracted.



Additionally, the pixel values for all the images are transformed to bipolar values i.e.,

�1 and +1. There are 784 input p-bits such that each pixel is mapped to a particular

p-bit. The output labels are encoded using two p-bits. There are no hidden p-bits in

the network. A fully connected Boltzmann machine (BM) network with 786 p-bits is

trained according to the following equation:

Jij(n+ 1) = Jij(n) + ↵(TiTj � ViVj)� �Jij(n) (5.1)

where n is the training instant and ↵ = 1 ⇥ 10�5 is the learning rate. The training

dataset has 12665 images and the test dataset has 2115 images. Therefore, the size of

the training dataset (T ) is 12665 ⇥ 786. The mathematical model given by Eq. 2.1

is used to simulate the p-bit in the network and 10000 samples are collected from the

p-bit network. Therefore, the size of the sampled data (V ) is 10000 ⇥ 786. The terms

TiTj and ViVj are the correlation between the ith and the jth columns of T and V , and

� = 1⇥10�6 denotes the regularization parameter [128]. The model is trained for 2000

iterations. It should be noted that mini-batches are not used for training because of the

simplistic nature of the problem. After training, the training accuracy = 99.5% and the

test accuracy = 99.6% were obtained.

Next, the impact of stuck-at faults on the performance of the p-bit network is ana-

lyzed. A few p-bits are randomly selected and their output is set to ‘1’. This signifies

a stuck-at-1 fault such that the state of the p-bit is always ‘1’ despite variations in the

external stimuli (hfix
i ) and the influence of other connected p-bits.

Since the p-bit computing network is an energy-based model, the stuck-at p-bits

disrupt the energy profile of the solution space. Fig. 5.1 shows that the accuracy is

not degraded even if as many as ⇡ 550 p-bits out of 786 p-bits have stuck-at faults.

However, this observation should not be considered as a demonstration of the general

resilience of the p-bit network because it could be an artefact of the simplistic problem

of classifying between two letters 0 and 1. A simplistic problem is considered for this

work because the motivation for this study is to investigate the relative importance of

p-bits in the network, which can be easily demonstrated using this example. For a larger

p-bit network and complicated applications, the accuracy can degrade significantly with

less number of units having stuck-at faults, similar to other computational frameworks,
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Fig. 5.1: Accuracy versus the number of p-bits with stuck-at-1 faults (chosen randomly) in the
p-bit network.

such as deep neural network [133], [134]. Moreover, the extent of the impact on the

accuracy differs for various p-bits, i.e., some p-bits are more critical than others in

determining the overall accuracy of the network for a given application [135]. In the

next section, a method is proposed to identify critical p-bits in a p-bit network for a

given application.

5.2 Identifying critical p-bits in a p-bit network

The criticality of p-bits in a p-bit network is determined using the measure of infor-

mation gain. To assess the importance of an individual p-bit, the importance of the

connections of that p-bit with the other p-bits in the network is evaluated [129]. In

an N -p-bit network, for a given training dataset T , the mutual information (MI) be-

tween two p-bit pairs i and j, given the common neighbors k1, k2, ..., kn is calculated

according to the Eq. 5.2 [136]:

MI(T [i];T [j] | T [k1], T [k2], . . . , T [kn]) = H(T [i] | T [k1], T [k2], . . . , T [kn])

+H(T [j] | T [k1], T [k2], . . . , T [kn])

�H(T [i], T [j] | T [k1], T [k2], . . . , T [kn])

8 i, j, k1, k2, . . . , kn 2 [1, N ]; i 6= j 6= k1 6= k2 . . . 6= kn
(5.2)
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where T [i] denotes a 1D-array with all the training instances for the ith p-bit i.e.,

T [i][1], T [i][2], ....T [i][12665] and H(T [i]|T [k1], T [k2], ..., T [kn]) is the conditional en-

tropy evaluated according to the following equation [136]:

H(T [i] | T [k1], T [k2], . . . , T [kn]) = H(T [i], T [k1], T [k2], . . . , T [kn])

�H(T [k1], T [k2], . . . , T [kn])
(5.3)

Substituting Eq. 5.3 into Eq. 5.2 and simplifying, the following equation is obtained

[136]:

MI(T [i];T [j] | T [k1], T [k2], . . . , T [kn]) = H(T [i], T [k1], T [k2], . . . , T [kn])

+H(T [j], T [k1], T [k2], . . . , T [kn])

�H(T [i], T [j], T [k1], T [k2], . . . , T [kn])

�H(T [k1], T [k2], . . . , T [kn])

8 i, j, k1, k2, ..., kn 2 [1, N ]; i 6= j 6= k1 6= k2... 6= kn
(5.4)

Further, using the definition of joint entropy, H(T [i], T [k1], T [k2], . . . , T [kn]) is calcu-

lated as follows [136]:

H(T [i], T [k1], T [k2], . . . , T [kn]) = �
P

P (T [i], T [k1], T [k2], . . . , T [kn])·

log2
�
P (T [i], T [k1], T [k2], . . . , T [kn])

�

8 i, k1, k2, ..., kn 2 [1, N ]; i 6= k1 6= k2... 6= kn
(5.5)

where P (T [i], T [k1], T [k2], . . . , T [kn]) is the joint probability distribution evaluated for

all the instances in the training dataset [136].

The algorithm Compute_Criticality (shown in Algo. 1) determines the criticality

score of all p-bits in a given network. The inputs to the algorithm are the training dataset

T , the number of pixels in a row/column of the image M (a square-shaped image is

taken), and the number of p-bits N in the network. In the example considered in this

work, M = 28 and N = 784. The algorithm’s output is the criticality score (CS) for

each p-bit in the network.

First, m_info (an N ⇥ N matrix) is initialized to collect the mutual information

between various p-bit pairs (i, j), the MIS (an N ⇥ N matrix) to store the mutual
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Algorithm 1 Compute_criticality: Determines criticality score of all p-bits in a network
Input: T , M and N
Output: CS

1: Initialize: m_info of size [N,N ], MIS of size [N,N ], and CS of size [1, N ] with
all 0

2: for i = 1 : N do {Loop 1}
3: neighbors_i Get_Neighbors(i,M )
4: for j 2 neighbors_i do {Loop 2}
5: link_nodes �
6: for x 2 neighbors_i ; x 6= j do {Loop 3}
7: if MIS[i, x] > 0 and MIS[j, x] > 0 then
8: link_nodes link_nodes [ x
9: end if

10: end for # Loop 3
11: m_info[i, j] MI(T [i];T [j]|T [link_nodes])
12: end for # Loop 2
13: max Get index of p-bit j 2 neighbors_i with the maximum m_info[i, j]
14: if m_info[i,max] > 0 then
15: MIS[i,max] = MIS[max, i] m_info[i,max]
16: end if
17: end for # Loop 1
18: for i = 1 : N do
19: CS[i] =

P
q2[1,N ];i 6=q MIS[i, q]

20: end for
21: return CS

information-based score between p-bit pairs and CS (a 1 ⇥ N array) to store the

criticality score of the p-bits with all zero elements. The link_nodes corresponds to

k1, k2, ..., kn in the Eq. 5.4, and the neighbors_i denotes the surrounding pixels of the

ith p-bit. To reduce the complexity in computing mutual information, a 3⇥3 pixel block

sliding over the entire image is considered, and the mutual information is computed for

the pixels lying within this window. All the p-bits are iterated over, and their neighbors

are found using the algorithm Get_Neighbors. For the p-bit pair (i, j), the common

neighbors are identified and stored in link_nodes. In step 11, the mutual information is

calculated between the p-bit pair (i, j) according to the Eq. 5.4, where T [link_nodes] is

same as T [i], T [k1], T [k2], . . . , T [kn]. Among the p-bit pairs, the pair with the maximum

mutual information is picked and the mutual information-based score MIS is updated

with the corresponding mutual information value. In this way, the mutual information-

based score between different p-bit pairs is computed for all the N p-bits in the network.

It should be noted that the mutual information between the p-bit pairs (i, j) can be zero
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if the pixel values remain the same for the entire training dataset. For example, the

pixels at the boundary of the image remain the same for all the letters, and therefore,

are not the deciding factor in distinguishing the letters 0 and 1. Finally, in step 19, the

criticality score of a p-bit is determined by adding the mutual information-based score

of all its connections in the network. The algorithm Get_Neighbors (shown in Algo.

2), computes the set of indices of p-bits lying in the neighborhood of the ith p-bit within

a 3⇥ 3 window.

Algorithm 2 Get_Neighbors: Determines common neighbours
Input: i and M
Output: neighbors_i

1: neighbors_i �
2: r =

⌅
i�1
M

⇧
+ 1

3: c = (i� 1) mod M + 1
4: for each dr 2 {�1, 0, 1} do
5: for each dc 2 {�1, 0, 1} do
6: if dr 6= 0 or dc 6= 0 then
7: r0 = r + dr and c0 = c+ dc ; r0, c0 2 [1,M ]
8: neighbor_pbit = (r0 � 1) ⇤M + c0

9: neighbors_i neighbors_i [ neighbor_pbit
10: end if
11: end for each
12: end for each
13: return neighbors_i

Fig. 5.2: Identification of the critical p-bits based on mutual information. The criticality of
a p-bit is encoded by color, where yellow represents the critical most p-bit. There
are 784 input p-bits in the network, however, for illustration, a 500 p-bit network is
shown here.
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Fig. 5.2 shows the criticality score of 500 p-bits in a network. The CS value of a

p-bit is encoded with colors, yellow to violet, where the p-bit shown in yellow color has

the highest CS value.

It should be noted that the output p-bits are the most critical p-bit from the perspec-

tive of faults, and are not considered in the above computation. If an output p-bit has a

fault, the functionality can be recovered only by replacing the faulty p-bit, as discussed

in the later sections.

Once the critical p-bits are identified, the performance of the p-bit network can be

analyzed under the condition that the critical p-bits exhibit stuck-at faults. Fig. 5.3

shows that the accuracy degrades significantly if a fault occurs in the critical p-bits (red

curve) in contrast to the same number of randomly selected p-bits (black curve). Hence,

detecting faults in critical p-bits and making a p-bit system tolerant to them is important.

It should be noted that the results presented in this work focus on the stuck-at-1 fault.

Given the binary nature of the problem, the analyses for the stuck-at-(�1) fault gave

similar results. However, for a multiclass classification problem, the analysis of the

impact of stuck-at-(�1) is required [137]. The analysis for the transient faults is not

performed in this work, and is intended for future work.

Fig. 5.3: Accuracy versus the number of p-bits with stuck-at-1 faults in the p-bit network:
when critical p-bits are chosen (red) and when randomly chosen (black).

The method of identifying critical p-bits outlined above determines the criticality

of p-bits using the available training dataset T . Nevertheless, the mutual information

framework can be potentially extended to other p-bit applications for assessing the rel-

ative importance or criticality of individual p-bits in the network. To demonstrate this,
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an example is presented in which a p-bit circuit is used to emulate a Bayesian Net-

work (BN), allowing the correlation between real-world variables to be derived from

the output response of the p-bits in the network.

Fig. 5.4: (a) An example Bayesian Network (BN) is shown with three nodes Sprinkler (S),
Rain (R), and Wet-Grass (W). There are directed connections from the parent (S and
R) to the child node (W) according to CPTs. A selector block maps the probability
(P ) to hS , hR, and hW as shown in table in (b). (b) Probability to hi mapping to
determine the required hi that achieves P . (c) The corresponding output response
for the p-bits S,R, and W . (d) The corresponding probability distribution for all the
p-bits.

For illustration, a simple BN with three nodes: Sprinkler (S), Rain (R), and Wet-

Grass (W ) is considered. Each node takes a binary state True (T) or False (F) according

to the local probability table known as a Conditional Probability Table (CPT), as shown

in Fig. 5.4(a). In this example, the directed arrows indicate that the Sprinkler (S) and

the Rain (R) nodes are the parent nodes to the child node Wet-Grass (W ). The mapping

of CPT to hi values is given in the table shown in Fig. 5.4(b). For p-bits S and R,

the values of hS and hR are chosen such that mS and mR have probability distributions

similar to the CPT of S and R, respectively. For the p-bit W , the hi is selected by the
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selector block that finds the appropriate hW corresponding to different combinations of

the states of S and R such that the probability distribution of W corresponds to the CPT

of W [125], [138].

Fig. 5.4(c) shows the output response of each node in the p-bit network. The prob-

ability distribution of the child node (W ) is obtained by marginalizing over the parent

nodes (S and R), as given by the following equation [125]:

P (W ) =
X

S,R

P (W |S,R)P (S)P (R) (5.6)

Using Eq. 5.6, the probability distribution P (W = T ) = 0.59 is analytically ob-

tained for the W node. In Fig. 5.4(d), the probability distribution for both states of all

nodes is shown, and it is evident that the simulation results are in alignment with the

analytical predictions.

Next, MI between the nodes is used to determine the relative criticality of p-bits in

the BN. Given the CPT for a BN, the MI between the two nodes given by Eq. 5.4 is

modified using the relation between the entropy and probability distribution [136]. The

MI between the nodes S and W is given by Eq. 5.7:

MI(W ;S) =
X

i={T,F}

P (S = i)⇥
X

j={T,F}

P (W = j|S = i)⇥log2
✓
P (W = j|S = i)

P (W = j)

◆

(5.7)

Using Eq. 5.7, the mutual information values are calculated as follows: MI(W ;S) =

0.19 and MI(W ;R) = 0.38. Therefore, it is concluded that p-bit R has a stronger

influence on p-bit W as compared to p-bit S. Consequently, a fault in p-bit R is ex-

pected to exhibit more detrimental impact on the result. The validity of this deduction

is confirmed by quantifying the impact of a stuck-at fault in the p-bit by evaluating

the resulting deviation in the probability distribution using the error metric ERMS , as

follows:
ERMS =

✓
1

2

✓
(P (W = T )

��
SA-1 � P (W = T )

��
NF)

2

+ (P (W = T )
��

SA-(�1) � P (W = T )
��

NF)
2

◆◆1/2 (5.8)

where P (W = T )|NF is the probability of p-bit W = T when the p-bit W does not have

a stuck-at fault. P (W = T )|SA-1 and (P (W = T )|SA-(�1) is the probability obtained
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when a parent p-bit of the p-bit W has a stuck-at 1 and (�1) fault, respectively. Table

5.1 presents the ERMS values for stuck-at faults in p-bit R and p-bit S, indicating that

the ERMS value is higher when a fault occurs in p-bit R compared to p-bit S. This

illustrates that mutual information can be utilized to assess the relative criticality of

p-bits in Bayesian inference applications. However, it is important to note that the

example presented here is a simple BN. For more complex BNs, the method may require

appropriate adjustments to account for intricate dependencies. The methodology to

calculate CS is also expected to change with the depth of the network, for example, for

a deep neural network. In a recurrent neural network (RNN), the output of a neuron is

fed back to the neuron itself or to another neuron at different time steps. Therefore, the

proposed methodology to calculate CS needs to be re-evaluated to include the time step

dependencies. Next, the circuit-level solutions are proposed to detect faults in critical

Table 5.1: Impact on probability distribution due to stuck-at fault in various p-bits in
the given BN

P-bit Type of Fault P(W=T) ERMS

S stuck-at-1 0.95 0.27stuck-at-(�1) 0.46

R stuck-at-1 0.94 0.34stuck-at-(�1) 0.27

p-bits and make a p-bit system tolerant to faults.

5.3 Fault detection in a p-bit network

A critical p-bit can be deep inside a p-bit network, including in hidden layers, and

detecting and identifying a fault in it using the network’s input-output behavior can

be challenging. This challenge can be overcome by making a p-bit more controllable

and observable through the primary inputs and outputs of the network. Based on the

1T-1MTJ STT MRAM-based p-bit [2], a testable p-bit is proposed that is capable of

detecting stuck-at faults.
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5.3.1 Testable P-bits

Fig. 5.5(a) shows the proposed testable p-bit. A 2-to-1 multiplexer and a D-type scan

cell is added to increase the controllability and observability of a p-bit. A D-type scan

cell is widely used in scan design methodologies for digital circuits and its internal

structure is shown in Fig. 5.5(b). However, since p-bits work in bipolar logic mode, the

(b) (c)

(a)

Fig. 5.5: Proposed framework for fault detection (a) testable p-bit (b) internal details of scan
cell (c) connecting a testable p-bit with other p-bits.

2-to-1 multiplexer and the D-type scan cell are designed to work in the voltage range

[�VDD/2,+VDD/2], with �VDD/2 and +VDD/2 correspond to �1 and +1, respec-

tively.

The testable p-bit has the following inputs: Ia (input), TM (test mode), SI (scan

input), SE (scan enable), and clk (clock). The input Ia receives inputs from the neigh-
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boring p-bits according to Eq. 2.2. The inputs TM and SE determine the mode in

which the circuit works, as explained in Tab. 5.2. A p-bit network works normally in

the functional mode (TM and SE are at �0.4V ). During testing TM is kept at logic

1. The SE input is set to logic 1 when the scan cell of the p-bit is to be loaded with

a given value applied at the SI pin. When TM is at logic 1, the p-bit receives the

input V inp from the output of the scan cell Q. The testable p-bit also has a clk input,

despite probabilistic logic being an asynchronous system, for synchronizing the testing

operation and is relevant only when TM is set to logic 1.

Table 5.2: Modes of operation of testable/fault-tolerant p-bit system

Mode TM (V ) SE (V )

Functional �0.4 �0.4
Test (shift) 0.4 0.4
Test (capture) 0.4 �0.4

Functional Test

captureshift

1

2

3

4

Fig. 5.6: Validation of proposed testable p-bit circuit using SPICE simulations. The ma values
are shown in terms of the probability of occurrence of state 1(0.4V ) and�1(�0.4V ).

The proposed p-bit is implemented using 14 nm HP-FinFET technology [40]. Fig.
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5.6 shows the timing diagram for the testing p-bit a obtained using SPICE simulation

[116]. From t = 0 to 20ns, p-bit a is in the functional mode (TM = �0.4V ). The

input Ia is routed to V inp and the output of the p-bit, ma, is determined by V inp. Since

Ia > 0V , in this case of simulation, the probability P (1) > P (�1). If Ia < 0V is

applied, P (1) < P (�1) is observed. For large values of Ia ⇡ 0.4V , P (1) ⇡ 1 is

obtained, and the p-bit is observed to virtually provide a deterministic logic 1, as shown

in Fig. 2.4(a). In the functional mode, the values at SE, SI , clk and Q are irrelevant.

At t = 20ns, TM = 0.4V , SE = 0.4V and SI = �0.4V are set. This takes the

p-bit to the test (shift) mode. The value at SI input propagates to Q on the arrival of

the clk edge (arrow 1), which further propagates to V inp (arrow 2) due to SE = 0.4V .

Thus, the p-bit receives the value at SI instead of Ia. The output of the p-bit ma

responds to V inp and exhibits P (�1) ⇡ 1 (arrow 3).

At 40ns, SE = �0.4V is set, and the p-bit moves to the capture mode. The output

produced by ma is latched at the Q pin (arrow 4). If the p-bit was faulty and stuck-at 1,

ma would exhibit P (1) ⇡ 1, instead of P (�1) ⇡ 1 (arrow 3), and the faulty behaviour

will be recorded by the testable p-bit at the output of the scan cell. Thus, the proposed

testable p-bit can detect stuck-at 1 fault in the p-bit. Similarly, it can detect stuck-at �1

fault, if SI = 0.4V is provided in the scan mode. Moreover, the fault recorded at the

scan cell output is observed on a primary output of the network, as explained below.

5.3.2 Detect and identify faulty p-bits in a network

The connection of testable p-bits in a chain (shift register) configuration is demonstrated

for the purpose of applying the required test pattern and observing the response at the

primary inputs and outputs, respectively. This is illustrated using two testable p-bits, a

and b, as shown in Fig. 5.7. The SI input of the testable p-bit a receives the Q output of

the previous testable p-bit in the chain. Similarly, the SI input of the testable p-bit b is

connected to the Q pin of p-bit a, and the Q pin of b goes to the SI of the other testable

p-bit. The SI pin of the first testable p-bit in this chain is connected to a primary input

through which the required test pattern is shifted in the shift mode, and the Q pin of

the last testable p-bit in this chain is connected to a primary output through which the

response received is read by a testable p-bit in the capture mode.
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Fig. 5.7: Connections of two testable p-bits a and b.

Fig. 5.8: Validation of testable p-bits a and b shown in Fig. 5.7 using SPICE simulations.

Fig. 5.8 shows the SPICE simulation results obtained for the above circuit. From

t = 0ns to 20ns, TM = �0.4V is set, and the circuit works in the normal functional

mode. The values obtained at ma and mb, have a greater probability of being in state 1
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and �1, respectively, because Ia and Ib are set to values greater than and less than 0V ,

respectively. The values at other pins are irrelevant in this case.

At t = 20ns, TM = 0.4V and SE = 0.4V is set, and the circuit goes into the scan

mode. At the arrival of the clock edge, the value at the SI pin (state �1) of the p-bit a

goes to its Q pin (arrows 1 and 2), and at the next clock edge, this value goes to the Q

pin of the p-bit b. Thus, the testable p-bits is loaded with the required test pattern.

At t = 60ns, TM = 0.4V and SE = �0.4V is set, and the circuit goes into the

capture mode. The response of the p-bits ma and mb gets captured at Qa (step 4) and

Qb (step 5), respectively (arrows 4 and 5). It is assumed that both p-bits are non-faulty,

hence the state�1 is observed for both of them. If any p-bit was stuck-at 1, the value at

its Q pin would have been different. Next, the circuit is operated in the scan mode and

the observed response is shifted out at the Q pin to the primary output where the faulty

p-bit is identified by its respective position in the scan chain. The next test pattern can

be simultaneously shifted in this mode, if needed.

It should be noted that, in general, an ensemble of p-bit output responses is required

to estimate the probability of occurrence of state 1 and �1. However, to detect stuck-at

faults, +VDD/2 or �VDD/2 is applied, which practically biases it to the required state

and taking one sample would be sufficient.

In the next section, a circuit-based solution is presented to make the p-bit system

more tolerant to faults by isolating the faulty p-bits from the network.

5.4 Isolatable p-bit

When a stuck-at fault occurs in a p-bit, it is often better to isolate that p-bit from the rest

of the network rather than allow it to produce a constant stuck-at value. For example, if a

stuck-at fault is detected in the p-bit i, it is isolated by forcing mi = 0. It should be noted

that for bipolar logic, stuck-at faults produce either mi = �VDD/2 or mi = VDD/2.

Forcing mi = 0 is equivalent to making Jij = 0; 8(j 2 (1, N), i 6= j), hence, isolating

the faulty p-bit from the network. Fig. 5.9 shows the accuracies obtained when the

faulty p-bits are isolated from the network trained for the image classification problem

illustrated in Section 5.1. It is observed that isolating the faulty p-bit helps improve the

accuracy in certain cases for a p-bit network.
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Fig. 5.9: Comparison of accuracy obtained for a p-bit network with faulty p-bits and without
faulty p-bits (assumed to be removed using isolatable p-bits). The inset shows the
complete plot on a logarithmic scale.

Fig. 5.10: Proposed isolatable p-bits and their connections.

Next, an isolatable p-bit is proposed, as shown in Fig. 5.10. A 2-to-1 multiplexer

forces its output to 0V when needed, thus, isolating it from the rest of the network. For

instance, if a fault is detected in the p-bit a, Qa is forced to 0.4V through the scan chain

and make the multiplexer select the grounded input or 0V .

Figure 5.11 shows the simulation results obtained for two p-bits shown in Fig. 5.10

assuming that there is a stuck-at 1 fault in the p-bit a. From t = 0ns to 20ns, the circuit

is in the functional mode, ma is stuck-at-1 (stuck-at 0.4V ), while mb follows Ib. At

t = 20ns, the circuit is taken to the test mode, and in two clock cycles the test pattern

Qa = �0.4V,Qb = �0.4V is shifted in through the SI primary input (arrows 1, 2,

and 3). Next, at t = 60ns the circuit is taken to the capture mode, and Qa = 0.4V
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Fig. 5.11: Validation of isolatable p-bits shown in Fig. 5.10 using SPICE simulations. The
p-bit a is identified to be faulty during the test mode.

and Qb = �0.4V are latched (arrows 4 and 5). By shifting these values to the primary

output and comparing them with the golden values Qa = �0.4V and Qb = �0.4V , a

fault in the p-bit a is detected.

Next, it is demonstrated that the faulty p-bit a can be isolated by loading the iso-

latable p-bits with an appropriate mask pattern. To isolate or connect a p-bit, its Q pin

is set to either 0.4V or �0.4V , respectively, by shifting the appropriate mask pattern

through the scan chain. The mask pattern is loaded before taking the circuit to func-

tional mode. Fig. 5.12 shows the simulation results for the p-bits a (with fault) and

p-bit b (without fault). In the first clock cycle, Qa = �0.4V , and in the next clock cycle

Qa = 0.4V,Qb = �0.4V (arrow 1). The value at ma is forced to 0V (arrow 2), and

p-bit a gets isolated, while the p-bit b produces output based on Ib.
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Fig. 5.12: SPICE simulation results demonstrating isolation of the faulty p-bit a.

Isolating faulty p-bits can help improve accuracy in some cases. However, for ex-

tremely critical p-bits, replacement of a faulty p-bit with a fault-free p-bit may be re-

quired [139], [140]. In the next section, the use of redundant p-bits is proposed to make

a p-bit system more tolerant of faults.

5.5 Fault-tolerant P-bit

Fig. 5.13 shows the circuit diagram of the proposed fault-tolerant p-bit. It has a redun-

dant p-bit b0 besides a testable p-bit b. When a fault is detected in b, the redundant p-bit

b0 can deliver the required functionality. The input Ib drives both the p-bits b and b0.

The multiplexer selects the outputs from one of the p-bits b or b0 based on the value of

the select line Qb. On detecting a fault in the p-bit b, Qb is forced to logic 1 using an
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Fig. 5.13: Proposed fault-tolerant p-bit.

appropriate mask pattern, thus producing a fault-free result using the redundant p-bit b0.

Fig. 5.14 shows the timing diagram for the redundant p-bit obtained using SPICE

simulations. It is assumed that the p-bit b has a stuck-at-1 fault. From t = 0ns to

20ns, the circuit is in the functional mode (TM = �0.4V ). It is observed that V out
b

(highlighted in red) has a constant value of 0.4V irrespective of the Ib due to the fault.

The output mb is also stuck at 1 due to select signal Qb = �0.4V . The fault in b is

detected using the methodology outlined in Section 5.3. Subsequently, Qb is loaded

with the mask pattern 0.4V to enable b0 to produce the output. The circuit is taken to

the scan mode (TM = 0.4V and SE = 0.4V ), and then SI = 0.4 is applied, and

the value is propagated to Qb on the arrival of the next clock edge (arrow 1). If the

fault-tolerant p-bit was part of a long chain, multiple clock cycles are needed to load

the masking patterns at the Qb pin. The masking value allows the fault-tolerant p-bit to

produce mb using the fault-free p-bit b0 (arrow 2) through the highlighted yellow path in

Fig. 5.13. Subsequently, the clock is removed and the circuit is moved to the functional

mode, and it is expected to produce the correct result with the help of fault-free p-bit b0.

It should be noted that the functionality cannot be restored if b0 also has a stuck-at fault.

The above results demonstrate the effectiveness of testable, isolatable, and fault-free
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Fig. 5.14: Validation of fault-tolerant p-bit using SPICE simulations.

p-bits in making a p-bit system more robust. However, the proposed p-bits consume

extra resources. Tab. 5.3 reports the extra number of resources needed by the proposed

p-bits in comparison to the conventional p-bits. For the 14nm HP-FinFET technology,

the area of the FinFET is estimated as AFinFET = Lfin⇥(nfin⇥tfin+(nfin�1)⇥fp),

where Lfin is the length of the fin, tfin is the thickness of the fin, fp is the fin pitch, and

nfin is the number of fins [143]. In this work, Lfin = 18nm, tfin = 10nm, and

nfin = 1, which gives AFinFET = 180nm [40]. Therefore, for testable p-bits, the

area overhead of 24 transistors is 4.32 ⇥ 10�3µm2. It should be noted that an accurate

estimate of the area footprint requires layout design, which accounts for design rules,

routing congestion, and parasitics that are not captured at the circuit-level analyses.

Thus, there is a trade-off between the reliability and the area/resource cost. This trade-

off can be carefully evaluated as follows. For a given application, first, a set of critical
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Table 5.3: Comparison of area overhead for testable p-bits

Device # of Transistor # of MTJ
Conventional p-bit 3Ta 1

Testable p-bit 6Tb+3Ta+ 6T b+ 12Tc= 27T 1
Isolatable p-bit 27T +6Tb= 33T 1

Fault-tolerant p-bit 27T +6Tb+3Ta= 36T 2
a T: Transistor. Here 3T consists of 1 NMOS and 1 inverter [2].
b MUX: Multiplexer. 2-to-1 MUX consists of 6 transistors

[141].
c D flip-flop consists of 12 transistors [142]

p-bits must be determined. Then, a subset of these critical p-bits can be converted

to fault-tolerant p-bits based on their criticality scores, acceptable area overhead, and

reliability targets.

The above trade-off is demonstrated in Fig. 5.15 for the network discussed in Sec-

tion 5.1. If 640 p-bits of the network are randomly chosen to be stuck at 1, the accuracy

falls from 99.6% to 62.5%. However, if just 20 most critical p-bits are converted to

fault-tolerant p-bits the accuracy increases to more than 90%. Moreover, if the 30 most

critical p-bits are converted to fault-tolerant p-bits, the accuracy restores to 99%. Hence,

the proposed fault-tolerant p-bits can improve the fault tolerance of a p-bit system, with

minimal area overhead. It should be noted that a fault in the output p-bits in a p-bit net-

work will result in erroneous results irrespective of other p-bits, and they must always

be converted to fault-tolerant p-bits. Additionally, the above trade-off is application-

specific and an appropriate trade-off can be explored for a given application using the

proposed framework.

Next, we examine the feasibility of implementing post-deployment fault correc-

tion in a p-bit system that has been designed and fabricated for a specific application.

By leveraging the built-in self-test (BIST) strategy, which is widely used in integrated

circuits, faults in a p-bit can be detected during runtime after fabrication. A BIST con-

troller can be designed to internally generate test patterns, propagate them through the

scan chain, and identify faulty p-bits by comparing the observed response with the ex-

pected response. Moreover, based on the position of the erroneous bit in the observed

bit-pattern, the BIST controller can determine the appropriate mask pattern required to

activate the redundant p-bit b0 in the proposed fault-tolerant p-bit shown in Fig. 5.13.
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Fig. 5.15: Accuracy versus number of fault-tolerant p-bits. The values (M,N) indicate that
there are M fault-tolerant p-bits and randomly-chosen N p-bits with stuck-at-1
fault.

Thus, the proposed p-bit system can recover from faults after the system has been in

operation, enhancing its reliability and robustness. However, the overhead introduced

by the BIST controller in the p-bit system should also be considered.

It should be noted that the proposed methodology enables static fault tolerance,

where the target application is known prior to fabrication and critical p-bits are iden-

tified and converted to fault-tolerant p-bits during the design phase before hardware is

built. Implementing a fault-tolerant methodology is more challenging for versatile sys-

tems in which the application is dynamically configurable because critical p-bits cannot

be determined before fabrication in this case. One possible approach to introduce dy-

namic fault tolerance is to configure the p-bit array such that a certain proportion of p-

bits (for example, 80% conventional p-bits and 20% fault-tolerant p-bits) are reserved

without being hardwired during fabrication. Instead, their interconnections would be

electrically programmable post-fabrication. While this method could simplify initial

hardware design, supporting flexible, application-specific mapping and interconnectiv-

ity would introduce significant complexity and system-level overhead, possibly greater

than the overhead of the fault-tolerant p-bits alone. Addressing these challenges would

require a detailed system-level investigation. Thus, enabling dynamic fault tolerance in

versatile p-bit systems would be a promising direction for future research.
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5.6 Performance evaluation of Proposed P-bits

In this section, the delay and power dissipation of the proposed p-bits is compared with

the conventional p-bit.

5.6.1 Delay

The delays exhibited by the proposed p-bits in the functional and test modes are differ-

ent. Hence, these behaviours are reported separately.

Functional mode

In the functional mode, the comparison of delay incurred in testable p-bits is reported in

Tab. 5.4. For illustration, a load of four inverters is considered at the output of the p-bit.

The input Ii to the p-bit is a step input with a rising edge at t = 0s and a falling edge

at t = 2.5ns. For each p-bit, the rise (tpLH) and fall delay (tpHL) are evaluated and the

total average delay is reported. For a conventional p-bit, the total average delay is 5.2ps.

For the testable p-bit, an additional delay of the 2-to-1 multiplexer is introduced, while

for the isolatable and fault-tolerant p-bits, additional delays of two 2-to-1 multiplexers

are introduced. The fault-tolerant p-bit exhibits a slightly increased delay due to the

increased load on the driver due to the redundant p-bit. It should be noted that the

scan cells do not directly affect the delay of the proposed p-bits in the functional mode

because they do not appear in the input-to-output path in this mode.

Table 5.4: Comparison of delay for proposed p-bits in functional mode

Device Total Average Delay (ps)
Conventional P-bit 5.2

Testable P-bit 5.6
Isolatable P-bit 7.0

Fault-tolerant P-bit 7.4

Test mode

In the test mode, the main component of the delay is the clk-to-Q delay in the scan

cell during a clock cycle. The clk-to-Q delay is observed to be 10.2ps in the p-bit
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implemented in this work (assuming a clock slew of 1ps and a load of four inverters at

the output). For a p-bit network with N testable p-bits connected in a chain, a total of

2N + 1 clock cycles are required in testing: N clock cycles in loading the test bits into

the scan cells, one cycle in recording the response, and N clock cycles in observing the

response at the output of the chain [144].

5.6.2 Power dissipation

In a p-bit circuit, the power is dissipated in the MTJ branch (MTJ and NMOS) and the

inverter branch (its internal PMOS and NMOS). For the MTJ branch, the equivalent

resistance R = RMTJ + RNMOS and for the inverter branch, the drain-to-source resis-

tances RNMOS and RPMOS are responsible for the power dissipation. The resistance of

the MTJ is given by the following equation:

RMTJ =

✓
G0

✓
1 +mz

TMR

2 + TMR

◆◆�1

(5.9)

where G0 = (GP + GAP )/2 is the average conductance of the MTJ, TMR = (GP �

GAP )/GAP is the tunnel magnetoresistance, mz is the magnetization of the magnet, and

GP and GAP are the parallel (mz = 1) and antiparallel (mz = �1) conductance of the

MTJ [2]. For TMR = 200% and G0 = 46µS, the RP and RAP calculated according to

the Eq. 5.9 is equal to 14.5K⌦ and 43.5K⌦, respectively.

Functional mode

In the functional mode, the power dissipation values for different types of p-bits are

listed in Tab. 5.5. A pulse input Ii with the voltage levels 0.4V and �0.4V and a

time period of 1ns is applied to the p-bit. The rise and fall time of the Ii is taken as

1ps. When Ii = 0.4V , the NMOS in the MTJ branch is turned ON and the power is

dissipated in that branch. As the Ii switches to �0.4V , a switching power is dissipated

in the inverter. However, when Ii = �0.4V is reached, the NMOS in the MTJ branch

is turned OFF, therefore, the power dissipated in this branch becomes negligible [32].

In the testable p-bit, for TM = 0, the 2-to-1 multiplexer also contributes to the total

power dissipation. Similarly, in the isolatable and fault-tolerant p-bits, the two 2-to-
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1 multiplexers also contribute to the power dissipation. In the fault-tolerant p-bit, the

redundant p-bit also contributes to the power dissipation. The extra power dissipated

in the redundant p-bit can be eliminated by forcing the NMOS in the MTJ branch to

switch off when it is inactive.

Table 5.5: Comparison of Power dissipation in the proposed p-bits

Device MTJ branch
(µW )

Inverter branch
(µW )

2-to-1 MUX
(µW )

Total average power
(µW )

Conventional P-bit 12.9 0.1 - 13.0
Testable P-bit 12.9 0.1 0.1 13.1

Isolatable P-bit 13.0 0.2 0.1 13.3
Fault-tolerant P-bit 25.7 0.3 0.1 26.1

Test mode

In the test mode, power is dissipated within the scan cell (shown in Fig. 5.5(b)) also

during the scan operation. With a clock period of 20ns, the average power dissipation

in the scan cell is measured to be 115nW for the p-bits simulated in this work.

The additional delay and power dissipation in the proposed p-bit implementations,

as highlighted above, underscore the importance of considering these factors, alongside

area overhead, when converting a p-bit into a fault-tolerant p-bit.

5.7 Conclusion

In this chapter, the impact of stuck-at faults on the accuracy of a p-bit system is ana-

lyzed. An information-theory-based methodology is proposed to evaluate the criticality

of various p-bits in the network. Further, the proposed p-bits can detect faults and their

effectiveness is validated using simulations. P-bit architectures that enable isolation and

fault tolerance are also proposed, and it is demonstrated how these architectures can

mitigate accuracy loss caused by faults in a p-bit system. Furthermore, the proposed

fault detection framework can be integrated into hybrid probabilistic computing sys-

tems, which have demonstrated significant improvements in computational speed and

energy efficiency that are several orders of magnitude higher than conventional com-

puting paradigms. The proposed architectures have resource/area overheads, which can
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be kept acceptable by prioritizing critical p-bits. However, the impact of faults in the

interconnections between p-bits and other parts of the p-bit system, such as peripherals

is not considered. For practical applications, these should also be considered in future

work.

A notable feature of the proposed p-bits and fault detection/repair methodology is

that they can be employed in the field to detect/repair faults due to ageing and other

reasons, besides detecting/repairing faults arising due to fabrication. Moreover, in this

work, the proposed methodology is demonstrated using nanomagnet-based p-bit. How-

ever, it could be employed for p-bits implemented using other stochastic elements which

are susceptible to being stuck in one of the states.

It is important to highlight that the proposed fault-tolerant design framework is ap-

plicable when the target application is known in advance, allowing critical p-bits to be

selectively converted into fault-tolerant p-bits before fabrication. In the general case of a

versatile p-bit system, where the application is determined post-fabrication, the current

framework would not be directly applicable and would require significant adaptation.

Addressing this broader scenario remains an important direction for future work.
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Chapter 6

Image completion using Sparse

Probabilistic Computing network
In this chapter, a methodology to achieve sparsity in the probabilistic computing net-

work and the trade-off between performance and network optimization is investigated

in detail. The work presented in this chapter is published in [129].

6.1 Network optimization oriented realization of sparse

p-computing network

In this section, the optimization of a sparse probabilistic computing network is explored.

A case study involving image completion for letters 0 to 9 of size 5 ⇥ 3 pixels is pre-

sented. Furthermore, the performance of probabilistic computing with a fully connected

probabilistic network and a sparsely connected probabilistic network is evaluated. An

attempt is made to extend the energy efficiency claim of the probabilistic computing.

As discussed in [97], significant contributions to the area and power dissipation of the

circuit are made by weighted connections, which are reduced in a sparsely connected

probabilistic network.

A sparsely connected p-bit network to implement the image completion task is pro-

posed to be derived using three methods. The first two methods are conventional: Step-

Wise (SW) removal of weights and the Binary Search (BS) method. Third, a weight

connection prediction method is proposed using Information Gain (IG) based on infor-

mation theory.



6.1.1 Deriving Fully Connected probabilistic computing network

The training algorithm TRAIN_PC for fully connected p-bit network is demonstrated

in Algo. 3. The probabilistic computing network is trained on a ten-digit images for

letters 0 to 9 of size 5 ⇥ 3 pixels. Every letter contributed 10% to the ideal probability

distribution, Pdata. The K p-bit probabilistic computing network generated a probabil-

ity distribution, Pmodel, that has the contribution of all the 2K states as shown in Algo. 4.

The discrepancy between the probabilities Pdata and Pmodel during training is evaluated

by the Kullback-Leibler (KL) divergence according to the Eq. 6.1 [145]:

KL(Pdata||Pmodel) =
NX

x=1

Pdata(x) ⇤ log2
Pdata(x)

Pmodel(x)
(6.1)

where N is the no. of instances in the digit image set TT , and Pdata(x) and Pmodel(x)

are the probability of occurrence of xth state in TT and V V , respectively. Here, V V is

the samples from the p-bit network, collected using Algo. 4 (which is described later).

The input to the algorithm TRAIN_PC and their values are shown in Tab. 6.1

Table 6.1: Input parameters for Algo. 3

Symbol Description Value
TT Digit image set -
N Number of instances in TT 10
S Number of instances in V V 10000
K Number of p-bits 15
↵ Learning rate 0.05
� Regularization parameter 1⇥ 10�4

" Tolerance value 9⇥ 10�4

max_iterations Maximum number of iterations 1500
Pdata Ideal probability distribution -
WS Window size 10

Connections_Jij J matrix -

In step (1) all the parameters are initialized. Step (3) collects samples from the

PC_network. Next, KL divergence is calculated in step (4). Steps (5) to (7) calculates

the average KL divergence value over WS. If the average change in the KL divergence

is less than ", step (9) stops the training and goes to step (24). Otherwise, the update of

J and h is carried out through the steps (12) to (22). Finally, at step (24) , the algorithm

returns the h and J matrices.
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Algorithm 3 Training probabilistic computing network: TRAIN_PC
Input: TT , N , S, K, ↵, �, ", max_iterations, Pdata, WS, and Connections_Jij .
Output: h and J

1: Initialize: KL_present 1, KL_previous 1, J of size [K ⇥K], h of size
[1 ⇥ K] and KL_values of size [1⇥max_iterations] with all 0.

2: for no_iter = 1 : max_iterations do
3: (V V , Pmodel) = PC_network(J , h, S, K)
4: KL_values[no_iter] KL acc. to Eq. 6.1
5: if no_iter%WS = 0 then
6: KL_present = 1

WS

PWS
w=1 KL_values[no_iter � w]

7: end if
8: if |KL_present�KL_previous| < " then
9: break /* stop the training /*

10: end if
11: KL_previous KL_present
12: for i, j in Connections_Jij do
13: pos_ij = 1

N

PN
t=1 TT [t][i] ⇤ TT [t][j]

14: neg_ij = 1
S

PS
t=1 V V [t][i] ⇤ V V [t][j]

15: J [i][j] = J [i][j] + ↵ ⇤ (pos_ij � neg_ij)� � ⇤ J [i][j]
16: J [j][i] = J [i][j]
17: end for
18: for i = 1 : K do
19: pos_i = 1

N

PN
t=1 TT [t][i]

20: neg_i = 1
S

PS
t=1 V V [t][i]

21: h[i] = h[i] + ↵ ⇤ (pos_i� neg_i)
22: end for
23: end for
24: return h and J

The samples from probabilistic computing network V V are collected from PC_network

as shown in Algo. 4. The input to the algorithm are J , h, S, and K, and returns V V

and Pmodel. In step (4) all the p-bits are initialized to a random state. The samples are

independent of the order of p-bit updates, hence the shuffling of update_sequence in

step (6) ensures the random update of the p-bits. The input to the p-bit i, Ii and the

output, mi are calculated in steps (8) and (9). Step (11) collects all the samples in V V .

Steps (12) and (13) evaluates the Pmodel. Finally, V V and Pmodel is returned and the

algorithm is concluded in step (15).
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Algorithm 4 Collect sample from probabilistic computing network: PC_network
Input: J , h, S, and K
Output: V V , Pmodel

1: Initialize : V V of size [S ⇥ K], m of size [1 ⇥ K], update_sequence of size
[1⇥K], and Pmodel of size [1⇥ 2K] with all 0.

2: � = 1.
3: update_sequence[i] i 8i 2 [1, K]
4: m[i] sign(random(�1, 1)) 8i 2 [1, K]
5: for t = 1 : S do
6: Shuffle: update_sequence
7: for i in update_sequence do
8: I[i] = � ⇤ (J [i] ⇤mT + h[i])
9: m[i] = sgn(rand(�1, 1) + tanh(I[i]))

10: end for
11: V V (t) = m
12: x =

PK
q=1 2

K�q ⇤m[q]
13: Pmodel[x] Pmodel[x] + 1/2K

14: end for
15: return V V and Pmodel

6.1.2 Deriving sparse probabilistic computing network

Recently, sparsity has been explored to demonstrate a massively parallelized probabilis-

tic computing network in which speed-up in runtime was achieved at the expense of an

increased number of p-bits in the network [106]. With a sparsely connected p-bit net-

work, an area-efficient implementation is intended. However, reduced performance is

expected from the sparsely connected p-bit network due to the removed connections.

Nevertheless, it is shown that a certain level of sparsity can be tolerated in this case.

(a)

(b)

Fig. 6.1: (a) Digit image set TT , violet and yellow color represents pixel values �1 and 1
(b) Partial images with 6 out of 15 p-bits clamped to a unique pattern for every digit.
Green color represents the unclamped p-bits.
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The pixel pattern in TT is shown in Fig. 6.1(a). Given a unique clamping pattern

for all the digits, a full image is recovered from a partial image by the image completion

network, as shown in Fig. 6.1(b). This clamped pattern is represented by the value of

hfix
i in Eq. 2.2. Next, an RMS measure ERMS is defined to assess the best possible

sparsity achieved through a certain methodology, as given by Eq. 6.2.

ERMS =
1

no_trials

no_trialsX

trial=1

1

N

NX

x=1

0

@

vuut 1

K

KX

k=1

(Refpixel(k)�Genpixel(k))
2

1

A (6.2)

where ERMS is averaged over specified no_trials. For example, Refpixel takes the pixel

values of letter 0 and Genpixel is averaged over S samples obtained from the trained

probabilistic computing network provided that hfix
i is clamped to the pixel values of

letter 0 shown in Fig. 6.1(b).

Here, the trained network is evaluated based on the following assumption. Ideally,

the states corresponding to all the ten letters in the digit image set contribute equally, i.e.

10% to the Pmodel. However, the p-bit network is probabilistic, and therefore, the Pmodel

also contains the contribution of the invalid states. The p-bit network is assumed to be

trained if the valid states corresponding to each letter in the digit image set contribute

5% or more to the Pmodel. Hence, the contribution of all the valid states is effectively

50%. This threshold ensures completed images remain visually distinguishable while

allowing further refinement using the global strength parameter �. Additionally, it is

observed that a network satisfying this criterion during training exhibited ERMS <

0.3 during image completion, with no_trials = 10, and samples collected from the

probabilistic computing network S set to 100000. This condition has been used as the

exit criterion in the following paragraphs. However, an alternative method is to train

the p-bit network for a fixed number of iterations. Alternatively, the training is stopped

when the change in the interconnection weights between the two training steps is less

than a pre-defined threshold value. Another alternative is to evaluate using a validation

set with different mask patterns such that the ERMS is below a specified threshold value.
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Step-wise removal of weights

In this method, the weakest connection Jij between the p-bit pair i and j is removed at

every step. The probabilistic computing network is re-trained for every removed con-

nection, and therefore, step-wise (SW) is the most computationally expensive method.

The methodology to obtain the best possible sparsely connected p-bit network is pre-

sented in Algo. 5. The input to the Algo. 5 is similar to that of Algo. 3, except the

Algorithm 5 Sparsely connected p-bit network: Step-Wise (SW) method
Input: TT , N , S, K, ↵ �, ", max_iterations, error_limit, Pdata, and WS
Output: h and J

1: for n = 1 : K(K � 1)/2 do
2: Connections_Jij[n] = (i, j) 8i, j 2 [1, k]; i 6= j
3: end for
4: (h, J) = TRAIN_PC(TT , N , S, K, ↵ �, ", max_iterations, Pdata, WS, and

Connections_Jij)
5: for no_weights = 1 : K(K � 1)/2 do
6: (ilow, jlow) = index, (i, j) of min|J [i][j]|
7: Connections_Jij  Connection_Jij � (ilow, jlow)
8: Repeat step (4)
9: Evaluate ERMS acc. to Eq. 6.2

10: if ERMS > error_limit then
11: break /* stop the weight removal process /*
12: end if
13: end for
14: return h and J

parameter Connections_Jij , which is initialized in step (2). In Step (4), a fully con-

nected p-bit network is trained. Once a fully connected p-bit network is obtained, the

lowest unsigned magnitude in the J is selected and removed in steps (6) and (7). To

compensate for the removed connection, the network is re-trained in the step (8). If the

ERMS calculated in step (9) is greater than the error_limit, the weight removal pro-

cess is stopped as shown in step (11). The algorithm at completion returned the h and

J matrices. The zero entries in the J signify the sparsity of the probabilistic computing

network.

Weight removal with Binary Search method

The next method to obtain the best possible sparsely connected p-bit network is based

on the binary search (BS) method. As the name suggests, the sparsity is obtained by
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removing half of the total number of connections between the p-bits, where all the con-

nections are sorted in the increasing weight values. Therefore, the minimum valued

connections are removed first, and the ERMS value is checked. If the ERMS is not sat-

isfied, only the lower half-of-half (one-fourth) of the minimum-valued connections are

removed and ERMS is checked. If the ERMS is satisfied, the method is recursively ap-

plied to the remaining half of the weights. The methodology to realize sparse p-bit net-

work using binary search algorithm is presented in Algo. 6. The input to the algorithm

Algorithm 6 Sparsely connected p-bit network - Binary Search (BS) method
Input: TT , N , S, K, ↵ �, ", max_iterations, error_limit, no_trials, Pdata, and

WS
Output: h and J

1: Initialize : upper_noweights  K(K � 1)/2, lower_noweights  0, and
total_removed of size [1⇥ no_trials] with 0

2: for n = 1 : K(K � 1)/2 do
3: Connections_Jij[n] = (i, j) 8i, j 2 [1, k]; i 6= j
4: end for
5: (hR, JR) = TRAIN_PC(TT , N , S, K, ↵ �, ", max_iterations, Pdata, WS, and

Connections_Jij)
6: for trial = 1 : no_trials do
7: while |upper_noweights � lower_noweights| > 1 do
8: extra_weights = ceil((upper_noweights � lower_noweights)/2)
9: (ilow, jlow) = indices, extra_weights no. ofmin|JR[i][j]|

10: Connection_Jij Connection_Jij�all (ilow, jlow)
11: Repeat step (5)
12: Evaluate ERMS acc. to Eq. 6.2
13: if ERMS < error_limit then
14: lower_noweights  extra_weights
15: else
16: upper_noweights  extra_weights
17: end if
18: end while
19: total_removed[trial] = extra_weights
20: end for
21: return h, J , and total_removed

is similar to Algo. 5, except the no_trials parameter. Since, the probabilistic comput-

ing network is stochastic, the final sparse probabilistic computing network is reported

after no_trials = 10. In step (1), for a fully connected p-bit network, upper_noweights

is K(K � 1)/2 and lower_noweights is 0. Therefore, in step (3), Connections_Jij has

all the K(K � 1)/2 p-bit pairs. In step (5), a fully connected p-bit network is trained.
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For an even numbered p-bit network, the removal can be done until the upper_noweights

becomes equal to the lower_noweights but, the K(K � 1)/2 for this network is an odd

number hence the condition in step 7 is adjusted. In steps (9) and (10), 50% of the low-

est existing weights in JR are removed and the indices of remaining weights are stored

in Connections_Jij . To compensate for the removed weights, probabilistic computing

network is re-trained in the step (11). If the ERMS calculated in step (12) is less than

the error_limit, the removed weights are accepted and the value of lower_noweights

is updated, otherwise, upper_noweights is updated as shown in steps (13) to (17). The

algorithm returns h, J , and the no. of weights removed in each trial attempt. The final

sparsity is reported corresponding to the most frequently occurring extra_weights in

total_removed parameter.

Predicting weights in sparsely connected p-bit network using Information Gain

In this section, a method to generate a sparsely connected p-bit network using Infor-

mation Gain (IG) is proposed. Link prediction in probabilistic graphical models has

been widely explored [146], [147]. The prediction of network structure for a simplified

version of BM, the Restricted Boltzmann Machine (RBM), has been discussed in [148].

In the proposed method, the existence of the weight Jij between the p-bits i and j is

predicted prior to training the p-bit network. In contrast, simpler methods like removing

weights from a fully connected network require multiple training and evaluation to re-

move the connections. Therefore, the proposed method based on IG is computationally

efficient as it is based on a bottom-up strategy.

A fully connected p-bit network is described as a regular undirected graphical model

in which every p-bit is connected to all other p-bits in the network. To obtain a sparsely

connected p-bit network, the Mutual Information (MI) between two p-bit pairs (Y,W ),

given their common neighbors Z1, Z2, . . . , Zn p-bits, is evaluated according to Eq. 6.3.

MI(Y,W |Z1, Z2, ..., Zn) = H(Y |Z1, Z2, ..., Zn) +H(W |Z1, Z2, ..., Zn)

�H(Y,W |Z1, Z2, ..., Zn)

8Y,W,Zn 2 [1, K];Y 6= W 6= Zn

(6.3)

where Y denotes a 1D-array with all the training instances for the Y th p-bit i.e., Y [0], Y [1],
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...., Y [10] for ten letters in the digit image set, and H(Y |Z1, Z2, ..., Zn) is the condi-

tional entropy evaluated according to the following equation [136]:

H(Y |Z1, Z2, ..., Zn) = H(Y, Z1, Z2, ..., Zn)�H(Z1, Z2, ..., Zn) (6.4)

Substituting Eq. 6.4 into Eq. 6.3 and simplifying, the following equation is obtained

[136]:

MI(Y,W |Z1, Z2, ..., Zn) = H(Y, Z1, Z2, ..., Zn) +H(W,Z1, Z2, ..., Zn)

�H(Y,W,Z1, Z2, ..., Zn)�H(Z1, Z2, ..., Zn)

8Y,W,Zn 2 [1, K]; Y 6= W 6= Z1 6= Z2... 6= Zn

(6.5)

Further, using the definition of joint entropy, H(Y,W,Z1, Z2, . . . , Zn) is calculated as

follows [136]:

H(Y, Z1, Z2, ..., Zn) = �
P

P (Y, Z1, Z2, ..., Zn) · log2
�
P (Y, Z1, Z2, ..., Zn)

�

8Y, Z1, Z2, ..., Zn 2 [1, K]; Y 6= Z1 6= Z2... 6= Zn

(6.6)

where P (Y, Z1, Z2, ..., Zn) is the joint probability distribution evaluated for all the in-

stances in the training dataset [136].

The input to the Algo. 7 is a Graph G with vertices V and edges E. The rest of the

inputs are similar to that of the Algo. 6. In step (1), V has all the p-bits, and E is empty.

The strength_MI stores the MI between all the p-bits in V . An adjacency matrix

Adj_Matrix indicates the existence of a connection between p-bits i and j. In step (2),

MI is calculated according to the Eq. 6.5. All the p-bits are disconnected at the start

of the algorithm, hence the contribution of common neighbors in MI is zero. Next, the

p-bit pairs with maximum MI are recognized as connected, and the Adj_Matrix is

updated in step (4). Now, the p-bits will form new connections bounded by the degree

deg(V ) of any p-bit in V . In step (9), the p-bits with non zero degrees are picked, and

the MI to all the other p-bits is evaluated in steps (10) to (12). Again, in step (14), new

connections are updated in Adj_Matrix based on the maximum MI , calculated in step

(12). The process of edge creation is repeated until deg(pbit) is achieved for every p-bit.

In step (19) Connections_Jij are updated and is given to the TRAIN_PC algorithm in
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Algorithm 7 Sparsely connected p-bit network: Information gain (IG) method
Input: G = (V,E), TT , N , S, K, ↵ �, ", max_iterations, error_limit, no_trials,

Pdata, and WS
Output: h and J

1: Initialize: V 2 [1, K], E  �, Connections_Jij of size [1 ⇥ K(K � 1)/2],
strength_MI and Adj_Matrix of size [K ⇥K] with all 0

2: strength_MI(Y,W ) MI(Y,W ) 8Y,W2[1, K];Y 6=W
3: for max valued p-bit pairs, (Ymax,Wmax) in strength_MI(Y,W ) do
4: Adj_Matrix[Ymax,Wmax] 1
5: end for
6: for degree_pbit = 1 : K � 1 do
7: while any deg(pbit) < degree_pbit do
8: Initialize: strength_MI with all 0
9: for A = nonzero deg(pbit) do

10: for B = 1 : K;A 6= B do
11: obs_node (neighbor_A \ neighbor_B)
12: strength_MI(A,B) = (MI(A,B|obs_node)
13: for max valued p-bit pairs, (Amax, Bmax) in strength_MI(A,B) do
14: Adj_Matrix[Amax, Bmax] 1
15: end for
16: end for
17: end for
18: end while
19: Connections_Jij  Connections_Jij + (i, j) if Adj_Matrix[i][j] 6=0
20: (h, J) = TRAIN_PC(TT , N , S, K, ↵ �, ", max_iterations, Pdata, WS, and

Connections_Jij)
21: Calculate ERMS acc. to Eq. 6.2
22: if ERMS < error_limit then
23: break */ optimal Connections_Jij achieved /*
24: end if
25: end for
26: return h and J

step (20). In step (22), if the error_limit criteria is not satisfied, the algorithm repeats

to increase the degree of the p-bits.

6.1.3 Results

A quantitative assessment of the image completion using the probabilistic computing

network is performed in this section. It should be noted that the number of pairwise

connections Jij in a fully connected p-bit network is given by K(K � 1)/2. Therefore,

the Jij terms increase quadratically with K.

Fig. 6.2 shows the best possible sparsity from the three methods. The broken line
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Fig. 6.2: No. of removed Connections_Jij bounded by the ERMS value. Maximum number
of removed weights for every method is shown in green color.

extending the IG method signifies that the TRAIN_PC algorithm could not train the

sparsely connected p-bit network because the number of connections are insufficient to

satisfy the KL divergence criteria.

The SW method can remove the maximum possible connections, i.e., 75 out of 105,

achieving the sparsity of 71.43%. Similarly, BS and IG methods achieved sparsity of

63.81% and 58.09%. The order of complexity for SW method is O(C), where C is the

number of connections in a fully connected p-bit network. The number of connections

is quadratically related to the number of p-bits in the network. The complexity of BS

method is O(log(C)) because the number of connections that can be removed is halved

at every step. For the IG method, the maximum number of attempts is equal to the max-

imum degree of a p-bit, which is equal to K � 1. Additionally, the mutual information

is calculated all the p-bit pairs in the network. Therefore, its order is O(K) Tab. 6.2

Table 6.2: Comparison of the order of complexity of sparsification methods

Method Order of complexity # of attempts to achieve
sparse p-bit network

Step-Wise O(C) 75
Binary Search O(log(C)) 7(⇥no_trials)

Information gain O(K) 4
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shows the order of complexity and the number of attempts to sparsify a fully connected

p-bit network. Although the sparsity of IG is slightly lower than that of BS, it requires

significantly lower computational effort. It should be noted that the MI is calculated

for all the connections in the p-bit network. For a small problem, similar to one demon-

strated in this work, the iterative nature of the Step-Wise (SW) and Binary Search (BS)

methods seems to be computationally expensive in comparison to the bottom-up strat-

egy of the IG method. However, in a large p-bit network, calculating MI for all p-bit

pairs may pose a significant computational bottleneck.

Moreover, increasing the value of �, where � represents the strength of intercon-

nections between the p-bits (given by Eq. 2.2), increases the strength of input stimuli

to the p-bits. The increase in the strength of input stimuli results in a reduction of the

fluctuations of the p-bits in the p-bit network. Additionally, the performance of every

method is evaluated for the high precision and low precision of h and J weight values.

It is required that the performance should not deteriorate at the low precision weight

values because the low precision weight values represent the mapping of weight value

to the resistance values in hardware implementation as discussed in [97].

Fig. 6.3 shows the image completion performed using the fully connected and the

sparsely connected p-bit network. The pixel value is calculated as the average of the

output of the p-bit over S sampling instances. Therefore, the pixel value varies in the

range �1 and 1, and is encoded by the colormap, as shown in Fig. 6.3. The pixel value

around �1 (violet colour) and 1 (yellow colour) signifies that the output of the p-bit is

almost pinned to state �1 or 1, respectively. However, a pixel value around 0 (green

colour) signifies unpinned output of the p-bit. For a fully connected p-bit network, Fig.

6.3(a,b) shows that the pixel values for high precision weight values and optimized �

are closer to �1 (violet colour) and 1 (yellow colour), as compared to the low precision

weight values. Fig. 6.3(c,d) shows the image completion for a sparsely connected p-

bit network derived using the SW method. However, for both high precision and low

precision weight values, digit images for ‘four’, ‘five’, and ‘six’ have a few pixels with

around 0 values, and the digits are not clearly distinguishable from one another. Fig.

6.3(e,f) and (g,h) illustrate the image completion for BS and IG methods, respectively.

For both methods, it is evident that the performance of the p-bit network with high
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Fig. 6.3: Image completion: Colormap of the p-bit outputs: (a,b) Fully connected p-bit net-
work. Sparsely connected p-bit network realized using (c,d) step-wise (SW) method,
(e,f) binary search (BS) method, and (g,h) information gain (IG) method.

precision weight values is better than the low precision weight values. Additionally, the

accuracy for all three methods is similar. However, the proposed method based on IG

is computationally more efficient, as demonstrated earlier.

6.2 Conclusion

A methodology to sparsify a fully connected probabilistic network is proposed to reduce

the area of the p-bit network. However, an accurate estimate can be provided only after

the post-layout simulations, and is intended for future work. The sparsely connected

p-bit network derived from the proposed algorithm using the IG approach successfully

performed the image completion task, with a sparsity of 58.09%. The IG concept can

also identify the groups of closely related p-bits and parallelize the systems to speed

up the computational run time of a p-bit system. However, this requires quantitative

validation and is a key direction for future research. Furthermore, IG based sparsifica-
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tion method generalizes to p-bit network performing tasks beyond image completion,

provided the training data or prior knowledge of the probability distribution of the valid

and invalid states is available. It is important to note that the power dissipation is also

expected to reduce with the reduction in the area. However, an exhaustive comparison

with the existing pruning methods would be a valuable addition, and is intended for

future work.
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Chapter 7

Conclusion and Future Work

7.1 Summary

Probabilistic computing is an emerging computational paradigm that leverages the in-

trinsic stochastic behavior of probabilistic bits (p-bits) to perform efficient and invert-

ible computation. This work explores multiple aspects of the probabilistic computing

systems, including architectural, material, and robustness considerations.

From a hardware perspective, simulations are conducted to evaluate the feasibility

of implementing p-bits using 1T-1MTJ structures with LBM. The influence of mate-

rial parameters on p-bit performance particularly flips per second (fps) is analyzed, and

design guidelines are proposed to optimize system-level performance without compro-

mising sigmoid-like behavior.

To investigate the impact of process-induced variations, a mathematical model for

an ideal p-bit is proposed and extended to incorporate non-idealities, such as bias mis-

matches and asymmetries in the transfer characteristics. The model is validated against

SPICE simulations and numerical computations, demonstrating close agreement under

both ideal and non-ideal conditions.

The robustness of p-bit systems is also investigated, especially in the presence of

faults such as stuck-at faults resulting from fabrication defects, aging, or operational

variations. Using the MNIST dataset as a benchmark, the impact of these faults on

the system accuracy is assessed. A mutual information-based criticality score (CS) is

introduced to identify highly impactful p-bits within the network, enabling selective ap-

plication of fault-tolerance strategies. Testable and isolatable p-bit designs are proposed

and validated through SPICE simulations using 14nm FinFET technology, offering a

practical framework for building resilient p-bit systems with minimal area overhead.

Additionally, the invertibility property of fully connected p-network is exploited for

partial image completion using digit image set. An area-efficient sparsely connected p-



bit network is derived using the proposed information gain method resulting in retaining

only ⇡ 42% connections.

In summary, this work enables employing probabilistic computing for real-world

applications by tackling several practical challenges. A comprehensive performance

benchmarking of the proposed frameworks against CMOS alternatives is a key direction

for future research.

7.2 Future Work

While this thesis addresses several aspects of the design and modelling of p-bits and

p-bit systems, critical challenges persist in achieving scalable hardware architectures,

managing interconnect complexity, ensuring efficient mapping of the algorithm on the

hardware, harnessing the inherent stochasticity of the device, and tackling reliability

issues. Therefore, several important research directions remain open for future investi-

gation:

• Fabrication-driven Validation: Although proposed devices and circuits are stud-

ied using simulation, benchmarking using fabrication-driven experiments will

give more insights into practical issues and solutions.

• Optimizing Device-Circuit Co-Design: The area and power overhead of CMOS-

based p-bits limit the network scalability to beyond one million p-bits. In terms

of reducing area- and power-overhead, nanomagnet-based p-bit implementation

seems promising. To this end, the future work should address key challenges

such as device-to-device variability, the interplay between continuously fluctuat-

ing stochastic devices with CMOS circuits to realize scalable p-bit systems.

• Realizing scalable p-bit systems: Despite advancement at the device-level, the

experimental results show that the p-bit can only attain up to 105 flips per second

[149]. This happens because of the frequent charging/discharging of the capaci-

tances present in the circuit elements. Additionally, a larger network necessitates

realizing a fast synapse such that the fast fluctuating p-bits can communicate and

deliver the correct functionality. Addressing these challenges can contribute to

building a scalable p-bit network.
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• Aging and Reliability Modeling: Aging-induced non-idealities in NMOS and

MTJ components can degrade performance over time [61]. Incorporating such

long-term effects into the mathematical model would offer a more realistic esti-

mation of lifetime reliability.

• Redundancy and Reconfigurability: Future designs can explore more sophisti-

cated redundancy strategies, such as dynamic fault-tolerant topologies. Reconfig-

urable p-bit arrays could allow dynamic isolation and replacement of faulty units

in runtime.

• CAD Toolchain for p-bit Synthesis: A hardware description language (HDL)-

to-p-bit compiler and design automation framework (as discussed in [92]) would

help bring probabilistic logic design into mainstream VLSI workflows.

• ML and Inference Accelerators: Extending the p-bit network to accelerate

probabilistic inference and machine learning workloads including Boltzmann ma-

chines [99, 25] could unlock new directions in low-power neuromorphic comput-

ing.

• Probabilistic Security Primitives: The inherent stochastic behavior of p-bits

can be exploited to create entropy sources for true random number generators

and physical unclonable functions (PUFs).

• Cross-Paradigm Comparisons: A comparative study between p-bits, stochas-

tic CMOS [59], c-bits [108], and quantum-inspired computing platforms could

provide insights into the niche applications best served by each paradigm.

In conclusion, this thesis lays a strong foundation for the scalable and robust de-

ployment of p-bit-based probabilistic computing systems. With further development in

hardware, design automation, and emerging applications, p-bits have the potential to

serve as a practical bridge between classical deterministic logic and future quantum-

inspired computing platforms.
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