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Abstract
Biological systems are inherently complex, governed by nonlinear dynamics, feedback loops,
multi-scale interactions, and hidden regulatory mechanisms. Accurately modeling such systems
is essential for understanding processes like cellular growth, differentiation, signaling, and
immune response. Traditional systems biology approaches rely on prior mechanistic knowl-
edge to construct models using ordinary differential equations (ODEs). While powerful in
well-characterized scenarios, these models are often difficult to apply in data-rich but poorly
understood systems, as they require manual specification of the governing equations and as-
sume complete knowledge of interactions. To overcome these limitations, we propose a hybrid
data-driven framework that integrates classical dynamical systems theory with modern sparse
regression techniques. Our approach begins with Takens’ embedding to reconstruct the system’s
dynamics from time-series data using delay coordinates. We then apply Sparse Identification of
Nonlinear Dynamical Systems (SINDy) to infer minimal and interpretable ODEs that govern
the observed dynamics. Recognizing the prevalence of rational nonlinearities in biological
systems, such as Michaelis–Menten and Hill kinetics, we extend our method using Implicit
SINDy (SINDy-PI), which can identify models involving algebraic constraints and rational
terms. We validate our framework on synthetic time-series data generated from a range of well-
known biological models, including the FitzHugh–Nagumo, Goodwin, Oregonator, glycolytic
oscillators, mass-action systems, Michaelis–Menten kinetics, and microbial growth dynamics.
The results demonstrate accurate recovery of the underlying dynamical structure, phase space
features, and network topologies. To assess real-world applicability, we apply the framework
to two biologically relevant systems: (1) the eukaryotic cell cycle and (2) tumor–immune
interactions relevant to cancer immunotherapy. From synthetic data emulating experimental
observations, we successfully rediscover governing equations that predict system behavior and
reveal key regulatory motifs. Sensitivity analysis and bifurcation techniques further confirm
that the inferred models exhibit known transitions and critical points consistent with biological
expectations. In summary, our method bridges the gap between mechanistic modeling and
data-driven inference. It offers a unified, interpretable, and scalable approach to uncovering
meaningful biological dynamics from time-series data. This work advances the field of sys-
tems biology by enabling dynamic modeling in settings with limited mechanistic knowledge,
ultimately supporting improved understanding, hypothesis generation, and therapeutic design.

Keywords: Systems biology, Nonlinear dynamics, Data-driven modeling, ODEs, Takens’
embedding, Sparse regression, SINDy, SINDy-PI, eukaryotic cell cycle, Tumor–immune
interaction, Sensitivity analysis, Bifurcation analysis.
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7.11 Optimal Value of Threshold (λ) for ẋ2 corresponding to each metric. . . . . . 114
7.12 Implicit equations for x1 sorted by lowest Relative Error corresponding to

λ = 1.0× 10−5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
7.13 Implicit equations for x1 sorted by lowest Relative Error corresponding to

λ = 1× 10−6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
7.14 Comparison of coefficients for the numerator terms for ẋ1. . . . . . . . . . . 116
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Chapter 1

Introduction

1.1 Motivation and Background

Biological systems are inherently complex and dynamic in nature. They consist of networks
with many interacting components, including genes, proteins, and metabolites. These networks
govern many essential processes for life, including cellular growth, differentiation, immuno-
logical response, and many more. In order to understand how such networks regulate cellular
behavior and respond to any internal or external stimuli, we require mathematical modeling [2].

Mathematical modeling offers a robust framework for representing, evaluating, and predict-
ing biological behavior. It allows researchers to identify hidden mechanisms, test hypotheses,
and investigate emergent dynamic behaviors like oscillations, multistability, and chaos that are
often difficult to quantify directly through experiments [3].

Traditionally, these models were constructed using first principles, where the functional
forms were derived from biological knowledge, validated through controlled experiments,
and typically put into the form of ordinary differential equations (ODEs). These mechanistic
approaches, grounded in the principle of parsimony (Occam’s razor) [2], have resulted in
many foundational models in systems biology. Although the traditional method has provided
significant insights in several biological situations, it fails to capture the full complexity of
living systems.

Also, in contrast to physics, which is grounded in well-defined fundamental principles,
biology often involves complex structures, variability, and incomplete knowledge. Also, recent
advancements in high-throughput technologies such as RNA sequencing, proteomics, single-cell
analysis, and live-cell imaging have revolutionized experimental biology. These technologies
generate large-scale, high-resolution temporal and spatial datasets, providing great insights into
biological processes. However, they also offer a significant challenge: how can one manually
extract and formulate the underlying patterns from such kind of high-dimensional, noisy,
and nonlinear data? [4, 5]

Furthermore, the functional complexity of biological systems arises from the complex
structure of their regulatory and metabolic networks. These networks exhibit distinct patterns,
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including feedback loops, repeated interaction motifs, and sparse connectivity, rather
than being randomly connected. The structured design of such networks is essential
for maintaining proper cellular activity. Disruptions in these networks, whether due to
mutations or environmental stresses, can result in illnesses such as cancer, metabolic
syndromes, and autoimmune disorders [6, 7]. Understanding how these networks behave
over time and how their dynamics respond to perturbations, is not only theoretically important
but also essential for the development of improved therapies, diagnostics, and therapeutic
interventions. This highlights the essential need for accurate models that can capture not only
the topology of these networks but also their time-dependent dynamics [8]

Determining such models directly from data using classical modeling approaches typically
requires researchers to guess the right equations from a set of possible equations and then
refine them through trial and error. This is time-consuming and often not feasible in situations
where systems become more complex and nonlinear. As a result, the growing complexity and
data abundance in modern biology create new opportunities for model building and require
automated ways of modeling [4, 5].

Among the emerging techniques, the Sparse Identification of Nonlinear Dynamics
(SINDy) framework is a novel approach that integrates nonlinear function libraries
with sparse regression to extract governing equations from data [5, 9]. Unlike black-box
machine learning models that lack interpretability, SINDy produces structurally simple, white-
box models that are mathematically tractable and capable of capturing biologically meaningful
dynamics.

This thesis lies at the intersection of conventional mathematical modeling and modern
data-driven discovery of ODE-based biological models. It examines how techniques like
SINDy and its variants may be used to build interpretable models of biological networks
directly from experimental time-series data. By integrating sparse regression approaches
with domain-specific information, we aim to bridge the gap between abstract dynamical
theory and the realistic modelling of biological networks.

1.2 Mathematical Tools for Analyzing Dynamical Systems

While data-driven frameworks like SINDy enable us to recover dynamical models directly
from the biological data, the resultant systems are often expressed as coupled nonlinear
ordinary differential equations (ODEs), which describe how biological components evolve
over time. However, finding equations is only the initial step. To understand and make
inferences from these models, we must examine their qualitative behavior. This requires
several mathematical tools capable of revealing properties such as steady states, oscillations,
multistability, and chaotic dynamics [10].

This section examines the essential mathematical tools required for the analysis of ODE-
based models. This includes regulatory functions that explain the interactions among molecu-
lar components, steady-state analysis for identifying equilibrium conditions, Jacobian-based
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methods for determining local stability, and bifurcation theory to analyze qualitative shifts in
dynamics in response to parameter variations.

1.2.1 Regulation

Regulation refers to the control of one biological component by another through certain
molecular interactions. It is essential for determining many events, like the timing and rate of
gene expression, protein synthesis, and the production or degradation of metabolites [11].

Regulation can be broadly classified as

• Positive regulation (activation), where a component promotes the activity of another.
For example, a transcription factor may enhance the transcription of a particular gene,
resulting in increased mRNA and protein synthesis [11].

• Negative regulation (inhibition), where a component suppresses the activity of another.
A typical example is end-product inhibition, when a final product of a metabolic pathway
inhibits the activity of an upstream enzyme, hence preventing excessive synthesis [11].

These regulatory influences can be transient or permanent, and their collective interplay
gives rise to feedback loops, which can give rise to phenomena such as switch-like transitions
or oscillations, which will be discussed in the subsequent sections.

Regulatory Functions

Regulatory effects are incorporated into models using some mathematical expressions termed as
regulatory functions. These functions characterize the relationship between input (concentration
of regulator) and output (rate of production of target). The Michaelis–Menten equation, and
the Hill function provide biologically plausible frameworks for incorporating enzymatic and
regulatory mechanisms.

(1) Michaelis–Menten equation: The Michaelis–Menten equation is commonly used to
model enzymatic reactions. It describes how the rate of a reaction increases with substrate
concentration and saturates at high levels. The equation is typically written as:

v := v(S) =
vmax S

KM + S
(1.2.1)

where:

• S is the substrate concentration,

• vmax is the maximum reaction rate,

• KM is the Michaelis constant (substrate concentration at which the rate is half of
vmax).
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(2) The Hill Function: While Michaelis–Menten kinetics describes how reaction rates
saturate at high substrate concentrations, the Hill function (for activation) extends it by
incorporating co-operativity. In particular, it captures the phenomenon of ultrasensitivity,
where the system shows a relatively flat response for small input levels, followed by
a sharp transition when a certain threshold is reached (Figure 1.1). This behavior re-
sembles a biological switch. Typically, two types of Hill functions are utilized when
modeling a biological problem:

H+(x,K, n) :=
xn

Kn + xn
(Activation) (1.2.2)

H−(x,K, n) :=
Kn

Kn + xn
(Inhibition) (1.2.3)

where x is the regulator concentration, K is the half-maximal value, and n is the Hill
coefficient controlling cooperativity [12].

(A)

(B) (C)

Figure 1.1. Response curves for enzyme kinetics and regulatory Hill functions. (A) represents
the classic Michaelis–Menten kinetics, which shows a hyperbolic relationship between
substrate concentration S and reaction velocity v. The curve rises rapidly at low substrate
concentrations and gradually saturates as it approaches the maximum velocity vmax. The
dashed vertical line (green) corresponds to the Michaelis constant Km, where the reaction rate
reaches half of vmax, shown in red. (B) and (C) represent the response of Hill functions for
activation (H+) (S– shaped) and inhibition (H−) (Z– shaped) respectively. For n = 1, the
response is graded (Michaelian). As n increases, the response becomes increasingly
switch-like, resembling a step function in the limit n→∞. The threshold parameter K
determines the concentration at which the effect is half-maximal.
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1.2.2 Differential Equation Modeling in Biological Systems

Mathematical models based on differential equations are essential tools for representing the
dynamic behavior of biological systems. Once the regulatory interactions between components
have been determined, ordinary differential equations (ODEs) may be used to describe the
temporal evolution of a system. These equations determine how the concentration of each
component varies over time due to the combination of synthesis, degradation, and regulatory
interactions.

Consider a biological system consisting of n interacting components (species) say x1, x2, . . . , xn.
(e.g., concentrations of proteins, mRNA, or metabolites), and let k denote a set of parameters
(e.g., rate constants, thresholds). The time evolution of the system may then be represented by
the following set of autonomous ordinary differential equations (ODEs) [10]:

dxi
dt

= Fi(x,k), i = 1, 2, . . . , n. (1.2.4)

where

• x = (x1, x2, ...xn), and k is a vector of non-negative parameters.

• Fi : Rn → R can be a combination of linear and nonlinear terms that describes the net
effect of regulating factors due to other variables on xi.

1.2.3 Steady States and Stability Analysis

A steady state represents a condition in which the system exhibits no net change with respect
to time. Mathematically, a point x∗ = (x∗1, x

∗
2, . . . , x

∗
n) is called a steady state (or dynamic

equilibrium point) for the system given by Eq.(1.2.4) if

Fi(x
∗,k) = 0, for all i = 1, 2, . . . , n. (1.2.5)

It is important to note that the steady-state concentrations x∗i , i = 1, 2, ...n are dependent
on the parameters kα ∈ k and must remain non-negative for all i, as negative concentrations
have no physical meaning.

A steady state x∗ = (x∗1, x
∗
2, . . . , x

∗
n) is said to be stable if small perturbations around it

decrease over time, bringing the system back to the steady state.

Jacobian Matrix and Linear Stability Analysis

To determine the stability of a steady state, the system of ODEs given by Eq.(1.2.4) is linearized
in a neighborhood of the steady state, resulting in the following linearized equation:

dxi
dt
≈
∑
j

aijxj (1.2.6)
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where
aij =

∂Fi

∂xj

∣∣∣∣
x=x∗

.

are the partial derivatives calculated at the steady state. The system (1.2.4) and (1.2.6) exhibit
similar dynamics near the steady states [13]. The partial derivatives in (1.2.6) constitute a
matrix J = [aij ]n×n, known as the Jacobian matrix or, sometimes, the community matrix in
ecological literature. Its interpretation has been provided in Box 1.2.3 [14].

Interpretation of the Jacobian Matrix J

The elements aij of the Jacobian matrix measure the influence of component j on the
dynamics of component i near a steady state.

Diagonal Elements:

1. aii = 0: Species i does not influence its own rate of change to the first order.

2. aii ̸= 0: Species i exerts self-regulation.

Off-Diagonal Elements:

1. aij > 0: An increase in xj increases dxi/dt (activation).

2. aij < 0: An increase in xj decreases dxi/dt (inhibition).

3. aij = 0: No interaction from j to i.

According to the theory of linear differential equations, the solutions to the linearized
system (1.2.4) can be expressed as a superposition of exponential terms of the form, eλjt where
{λj} denotes the set of eigenvalues of the Jacobian matrix, which determines the stability of
the steady state [15]:

• If all eigenvalues have negative real parts, perturbations decrease, and the matrix J is
referred to as (qualitatively) stable.

• If either eigenvalue has a positive real part, the corresponding perturbations will amplify
with time, making the matrix J (qualitatively) unstable [15].

1.2.4 From Local Stability to Bifurcation Analysis

While the Jacobian provides local information on the stability of stable states, it does not
account for how system behavior changes when parameters are varied. A small change in
parameters, such as the feedback strength or reaction rates, may cause a huge shift in the
dynamics of biological systems. This motivates the study of bifurcations.

A bifurcation is a qualitative change in the behavior of a dynamical system as a parameter
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crosses a critical value. The parameter value at which this change occurs is referred to as a
bifurcation point.

A plot of steady states versus a parameter (keeping others fixed) is called a bifurcation
diagram. This diagram highlights the parameter regions where the model exhibits biologically
relevant behaviors [16, 17]. Table 1.1 provides the summary of different types of bifurcations
along with their characteristics.

Table 1.1. Common bifurcations and their biological significance.

Bifurcation Type Biological Interpretation

Saddle-Node Bifurcation Two fixed points of opposite stability collide and annihilate
each other (or are created) as a parameter is varied. This is
often observed in bistable gene switches [18, 19].

Transcritical Bifurcation Two fixed points exchange their stability when they intersect
as a parameter changes. Activation of a gene that can be both
on or off depending on conditions [11, 16].

Pitchfork Bifurcation A symmetric equilibrium gives rise to multiple asymmetric
branches as a parameter changes. Often used for modeling
symmetry breaking in cell fate decisions [16, 17].

Hopf Bifurcation A fixed point loses stability, and a stable or unstable limit
cycle emerges. This transition explains the onset of biological
oscillations, such as cell cycle oscillations [18, 20].

Saddle-Node Infinite Period
(SNIPER) Bifurcation

A saddle and a stable node collapse on a closed orbit as a
parameter is varied. Often used to explain slow, size-dependent
triggering of cell cycle transitions [18, 19]

Bifurcation analysis is often performed using numerical continuation software such as
XPPAUT [21] or MATCONT [22], particularly for nonlinear and high-dimensional systems.

1.2.5 Feedback Loops and Feedback Analysis

A feedback loop is a closed chain of regulatory interactions in which a component eventually
influences its own activity, either directly or indirectly. The existence of these loops is crucial
in determining the qualitative behavior of biological systems. Depending on their configuration
(e.g., positive, negative, or mixed), feedback loops give rise to a diverse range of dynamic
phenomena, shown in Table 1.2 [11, 15, 23].
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Figure 1.2. An illustration of a bifurcation diagram. A codimension-one bifurcation diagram
showing how the steady-state x* of a dynamic variable x changes with respect to the parameter
α. The red branches correspond to stable steady states, while the black branch indicates
unstable steady states. The two turning (fold) points SN1 and SN2 correspond to saddle-node
bifurcations (Table1.1). The shaded region between these two represents the region of
bistability where a parameter gives rise to one unstable and two stable steady states. For any
given value of the parameter in this region, the system can reside in either a high or low stable
state, depending on its history.

Table 1.2. Fundamental dynamical behaviors in biological systems arising from feedback
regulation. Each behavior reflects a distinct class of system dynamics driven by specific
regulatory motifs.

Dynamical Behavior Role of Feedback Loops

Homeostasis Requires at least one negative feedback loop (necessary) to main-
tain internal stability by responding to external perturbations [11].

Limit Cycle Oscillations Requires a negative feedback loop of length ≥ (necessary). Along
with this, delays and possibly nonlinearity in the regulation func-
tions can make the system sufficient to exhibit sustained oscilla-
tions [11].

Multistability Requires at least one positive feedback loop (necessary). Addition-
ally, if the loop is functional under appropriate parameter regimes,
then the system can exhibit multistability. [11].

Chaos Requires both nonlinearity and at least one negative feedback loop,
often in high-dimensional systems. Chaos is not guaranteed unless
certain sensitive dependence conditions are met [11, 24].
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Feedback Loops

Positive Feedback Loops
Involve an even number of 
inhibitory interactions:
each element exerts a 
positive effect on its own 
rate of synthesis.

Negative Feedback Loops
Involve an odd number of 
inhibitory interactions:
each element exerts a 
negative effect on its own 
rate of synthesis.

X Y X Y

(A) (B)

(+) (−)

Figure 1.3. Classification of feedback loops. (A) A simple positive feedback loop. (B) A simple
negative feedback loop. Blue and red arrows represent activation and inhibition, respectively.

Mathematically, a feedback loop near a steady state is represented by an interaction
graph, often derived from the sign-pattern of the Jacobian, where

• Nodes represent components (state variables) of the system.

• Edges represent interactions between these components, such as activation (+) or inhibi-
tion (−). Arrows (→) are used to indicate activation, while blunt ends (⊣) are used to
represent inhibition [23].

Identification of Local Feedback Loops using Jacobian

Any set of nonzero elements in the Jacobian matrix J defined by Eq.(1.2.6) that constitutes
a circular permutation of indices i, j, k, . . . defines a feedback loop. Moreover, its sign is
determined by the product of the signs of these terms.
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• If the Jacobian/ interaction graph contains a positive loop, the system may exhibit
multistability.

• If it contains a negative loop of length ≥ 2, the system may exhibit sustained oscillations.

Figure 1.4. Local interaction network using signs of Jacobian

1.2.6 Sensitivity Analysis

Sensitivity analysis is a fundamental tool used in dynamic modeling to assess the effect of
changes in model parameters on the behavior of a system. In particular, it evaluates how small
perturbations in parameter values (cause) affect key outputs (effect). In this way, it helps in
determining which parameters are most critical to model outcomes. This is particularly relevant
in biological systems, where accurate values of parameters may be difficult to measure or are
subject to inherent biological variability [25].

In this thesis, we have used COPASI (COmplex PAthway SImulator) [26] to perform local
sensitivity analysis (in chapters 8 and 9) under steady-state conditions to determine which
parameters have the greatest influence on the steady-state levels of the system variables. This
step can reveal parameters (leverage points) whose perturbation can cause major qualitative
shifts in system dynamics, such as transition of states, loss of homeostasis, or emergence of
oscillations. Identification of such parameters can guide experimental design or therapeutic
targeting in biological systems. The analysis has been carried out using the configuration
illustrated in Figure 1.5.

1.3 Statement of The Thesis Problem

Classical and mechanistic approaches for modeling biological systems often start with the
identification of network motifs, assigning them feedback structures based on biological
theories, and then formalizing them into mathematical models. These models are typically
represented as differential equations whose parameters are fitted through experiments. The

11/180

https://copasi.org/Support/User_Manual/
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resultant models, then, are used to simulate system behavior and extract insights for making
predictions about the system’s behaviors.

Figure 1.5. An illustration of a local sensitivity analysis performed in COPASI. Each output
species is monitored at steady state, and all kinetic parameters in the model are perturbed. In
this setting, when we run sensitivity, COPASI calculates a 2D sensitivity matrix S, where each
entry Sij = ∂xi

∂pj
measures the change in steady-state concentration xi (rows) in response to a

small change in parameter pj (columns). The lower panel shows scaled sensitivities computed
as Scaled Sij =

∂xi
∂pj
· pjxi

. The scaled form is dimensionless, facilitating comparison across
parameters with different units or magnitudes.

This thesis aims to address the inverse problem: using time-series data to identify the
governing differential equations and then deduce the dynamic behaviors, including steady
states and regulatory interactions. To accomplish this, we develop a reproducible pipeline
that integrates phase-space reconstruction, sparse model identification, and symbolic
analysis to extract interpretable equations from time series data. This pipeline is designed
to overcome several challenges inherent in data-driven modeling of biological systems:

• Handling hidden variables: In many biological systems, not all variables are measurable.
To solve this, the pipeline leverages phase-space reconstruction methods based on Takens’
embedding theorem, which allow for the reconstruction of the whole system dynamics
from single-variable time-series data. The PyTISEAN tool is used to evaluate the
reconstruction against known examples.

• Discovering governing equations: The pipeline uses the Sparse Identification of Non-
linear Dynamics (SINDy) framework and its variant, Implicit SINDy (SINDy-PI) to find
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interpretable ODE models using PySINDy Python package.

• Biological interpretation: The inferred models are examined to determine steady states,
interaction graphs, bifurcation diagrams, and sensitivity profiles. This is accomplished
through symbolic computation and numerical simulation. Specifically, we used SymPy
for any symbolic compuation and Jacobian-based analysis; Graphviz and drawing the
feedback loops; XPPAUT [21] to generate bifurcation diagrams, and COPASI (COmplex
PAthway SImulator) [26] to perform local sensitivity analysis.

Measurements

Identify the minimum 
number of dimension 
(state variables) 
required 

Takens’ 
Embedding
Theorem

SINDy

Discover Governing Equations

𝑑𝑥𝑖
𝑑𝑡

= 𝑓𝑖 𝒙,𝜶

Steady States,  Interaction Network,
             and  Dynamical Behaviour

Network / Model

𝑑𝑥𝑖
𝑑𝑡

= 𝑓𝑖 𝒙, 𝒑

= Growth + Decay + Regulations
 

Inference & Prediction

Figure 1.6. Schematic of the thesis problem and proposed solution framework.

1.4 Thesis Organization

The thesis is divided into two parts: the first part focuses on the methodology development and
implementation (Takens’ embedding theorem, SINDy, SINDy-PI). The second part deals with
the application of these techniques to biological systems like the cell division cycle and cancer
immunotherapy. A schematic overview is provided in Figure 1.7.
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[1] Introduction

[2] Literature Review

[3] Examples Taken 
for the Analysis

[4] Phase Space  
Reconstruction

[6] Implicit SINDy: 
Handling Rational 
Nonlinearities

[5] System 
Identification using 
SINDy

Part I
Modeling challenges,
motivation for data-driven 
discovery using SINDy, 
Mathematical Tools for 
Analyzing Dynamical Systems

Reviews on phase-space 
reconstruction, Takens' 
embedding, SINDy and its 

variants.

Application of Takens' embedding 
and SVD/PCA to reconstruct the 
dynamics and latent feature 
analysis from  single-variable time 
series using PyTISEAN.

Introduction of some canonical 
models and their general 
behavior, which form the basis 
for the subsequent study..

Implementation of  SINDy 
framework to infer governing 
ODEs from simulated time 
series data using PySINDy, and 
then analyze them for steady 
states and interaction network.

Extends classical SINDy to 
model rational nonlinearities 
using SINDy-PI; demonstrates 
the use of the SINDyPI 
(PySINDy) tool and post-
symbolic processing."

[7] Cell Cycle Dynamics:
Discovering Governing 
Equations using Implicit 
SINDy 

Part II

Motivation & problem statement, 
model discovery and sensitivity 
analysis using COPASI, 
Dynamic inferences.

[8] CAR T-Cell Therapy: The 
Role of Mathematical 
Modelling

Biological Background, motivation 
for data-driven discovery using 
SINDy, Problem statement and 
modeling pipeline, sensitivity 
analysis using COPASI, inferences.

Figure 1.7. Overall structure of the thesis.
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Chapter 2

Literature Review

2.1 Introduction

Modeling biological systems is crucial for understanding cellular growth, their response to
external or internal signals, and their internal regulation [11]. Traditionally, researchers have
relied on mechanistic models, usually formulated as sets of ordinary differential equations
(ODEs), to describe known biochemical interactions. Classical models such as the FitzHugh-
Nagumo model for excitability [27, 28], the Goodwin oscillator for gene regulation [29, 30],
and mass-action-based models for reaction kinetics [31–33] have revealed interesting dynamic
phenomena like bistability, oscillations, and feedback control. However, these models rely on
a detailed knowledge of the system, like which molecules interact, what is the strength and
sequence of their interactions. In several biological systems, such a level of mechanistic detail
is often incomplete, noisy, or inaccessible. Consequently, even established models may not
properly represent the underlying complexity of cellular activity.

Recent advancements in biological technologies, such as RNA sequencing, proteomics,
single-cell analysis, and live-cell imaging have enhanced the accessibility of time-resolved
biological data. Although these datasets provide remarkable insight into cellular function, they
also increase the difficulty of modeling tasks, particularly due to noise, partial observability, and
high dimensionality [4, 5]. To address this, two complementary approaches have evolved. The
first approach addresses imperfect measurements and identifying the number of dimensions by
reconstructing the system’s underlying dynamics utilizing techniques such as delay embedding
and dimensionality reduction [34, 35]. The second approach employs data-driven modeling,
namely sparse regression approaches such as SINDy, to automatically discover governing
equations without requiring precise mechanistic assumptions [9].

Together, these approaches form a powerful foundation for modern data-driven modeling in
biology. This chapter reviews techniques for reconstructing system dynamics from incomplete
measurements and determining governing equations from data, emphasizing how combining
them facilitates the development of interpretable models that may reveal underlying dynamics.
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𝑑𝑥𝑖

𝑑𝑡
= 𝑓𝑖 𝒙, 𝒑 , 

How many
𝒅𝒙𝒊

𝒅𝒕
 

should be there?

What should be 
the form of 𝑓𝒊’s?

Given Time Series Data

To Find the Governing 
Equations

Figure 2.1. Schematic overview of the data-driven model discovery process. Given time-series
data x(t), the goal is to infer a system of governing equations of the form dxi

dt = fi(x,p). Two
key challenges are: determining the appropriate number of state variables (dimensionality),
and identifying the functional form of each right-hand-side expression fi.

2.2 State Space Reconstruction and Latent Feature Analysis

A frequent problem in experimental biology is that only a subset of the variables influencing a
dynamical system can be measured directly [5]. Additionally, many data-driven approaches
require an appropriate dimension, and therefore, the minimal number of relevant state variables
is necessary for accurate and interpretable model identification. Takens’ embedding theorem
serves as the theoretical foundation for this [34], which helps in recovering the underlying
dynamics by reconstructing the system’s state (phase) space from a scalar observable. It states
that, under generic conditions, the time evolution of an n-dimensional continuous dynamical
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system can be accurately represented in a delay-coordinate space derived from any sufficiently
lengthy scalar time series [34, 36].

In practice, one creates vectors

x(t) =
[
x(t), x(t− τ), x(t− 2τ), . . . , x(t− (m− 1)τ)

]
whose components are copies of the observable x(t), that have been shifted in time for the
reconstruction. If the embedding delay τ and the embedding dimension m are chosen correctly,
the reconstructed system preserves the important topological and dynamical properties of the
original system.

However, successful phase space reconstruction depends on choosing the correct embedding
parameters, time delay (τ ) and embedding dimension (m). τ is often estimated using the
autocorrelation function (ACF) [37], and m is determined using methods like false nearest
neighbors (FNN) [38].

These standard methods assume a single, constant delay (τ ) for all dimensions, which
may be suboptimal for systems with multiple time scales, such as fast-slow systems, and may
fail to capture cases where different state variables evolve at different rates. Additionally,
autocorrelation and FNN depend on statistical heuristics that do not always generalize well
to strongly nonlinear or chaotic systems. The FNN algorithm requires defining a threshold to
classify points as false neighbors. Selecting this threshold is subjective and can affect the final
embedding dimension [39].

Despite its utility, delay coordinate embedding does not inherently prioritize the most rele-
vant features and/or correct embedding dimension of the system. To reduce dimensionality
and extract dominant structures, techniques like Singular Value Decomposition (SVD) and
Principal Component Analysis (PCA) have been widely applied to the embedded data obtained
from the delay coordinate embedding [35, 37].

2.3 Data-Driven Discovery: SINDy

As discussed earlier, the classical way of modeling is often based on first-principles derivation,
where we write equations from known biochemical reactions, and such mechanistic details are
typically inadequate, noisy, or experimentally inaccessible [5]. This constraint, the growing
complexity, and data abundance have motivated a shift toward data-driven approaches that can
discover the dynamic equations directly from experimental observations.

Early efforts in this area utilized symbolic regression techniques, including evolutionary
algorithms and genetic programming. These approaches seek to derive closed-form equations
from data without requiring prior assumptions on the model structure. While promising in
theory, they are computationally expensive and frequently prone to overfitting, particularly
when the data is noisy or high-dimensional.

Brunton et al. [9] presented a more scalable and interpretable alternative known as the
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Sparse Identification of Nonlinear Dynamics (SINDy) framework. SINDy assumes that several
dynamical systems are regulated by a sparse set of dominant interactions. This assumption is
valid for several biological networks when only a limited number of variables affect the system
at a particular time [9, 40]. Also, it requires access to the time series of all relevant dynamical
variables in order to identify the underlying governing equations. The number of time series
required can be determined using time-delay embedding, which helps identify the minimum
number of state variables needed to reconstruct the system’s dynamics. SINDy formulates the
model discovery problem as a sparse regression problem, where time derivatives ẋk for each k,
are expressed as a linear combination of candidate nonlinear functions in a predefined library
Θ(x):

ẋk = Θ(x) ξk, where ξk is sparse vector of coefficients for kth equation..

Methods like sequential thresholding, ridge [41] and LASSO [42] are utilized to eliminate
redundant terms, yielding simple and interpretable models that capture the system’s fundamental
dynamics.

2.4 Implicit-SINDy and SINDy-PI

Despite its utility, conventional SINDy experiences challenges in biological situations. Many
biological processes are regulated by rational functions (e.g., Michaelis-Menten or Hill kinetics),
which are difficult to capture using only polynomial libraries.

To address this limitation, Mangan et al. [8] introduced implicit-SINDy. Rather than
formulating an explicit equation,

ẋk = f(x),

the implicit formulation aims to identify an implicit relationship in the derivative

F
(
x, ẋk

)
= 0,

where F is represented as a sparse linear combination of candidate functions that rely
on both the state vector x and derivative ẋk for each k. After formulating the problem as an
implicit equation, the implicit-SINDy requires an implicit feature library Θ(x, ẋk) which solves
the regression problem:

Θ(x, ẋk) ξk = 0

Although implicit-SINDy successfully recovers the rational dynamics, the implicit for-
mulation has significant drawbacks. It often results in a large and ill-conditioned null space,
particularly when the data is noisy. This makes the sparse solutions unreliable or dense and
prevents the model from generalizing.

To address the limitations of the implicit formulation, Kaheman et al. [43] developed
SINDy-PI (Parallel Implicit), which reformulates the implicit-SINDy problem into a series of
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explicit sparse regression problems that may be solved in parallel. By selecting one candidate
term in Θ(x, ẋk) as a fixed target and expressing it as a linear combination of all other terms,
the method transforms the problem into:

θj(x, ẋk) =
∑
i ̸=j

θi(x, ẋk) ξ
(j)
i ,

which is then solved using sparse regression. This strategy not only avoids null-space computa-
tions but also improves numerical stability, ensures interpretability, and facilitates recovery of
biologically meaningful models.

Massonis et al. extended this procedure by introducing further improvements which
integrate symbolic simplification and identifiability analysis into the SINDy-PI framework.
Their methodology transforms identified models into interpretable formats such as Hill or
Michaelis–Menten kinetics, and confirms structural identifiability by eliminating non-unique
representations. This guarantees that the retrieved models are both sparse and predictive, as
well as biologically significant [44].

2.5 Summary

The literature shows a distinct transition from traditional, handcrafted models to data-driven,
sparse model discovery methods that are better aligned with the structure and constraints
of modern biological data. Through the integration of phase space reconstruction methods,
dimension identification, and both explicit and implicit sparse regression, researchers may now
derive governing equations from high-dimensional, noisy datasets with limited observability.

An excellent example of this methodology can be seen in the study of Brummer
et al. [45], who examined CAR T-cell treatment using time-lapse microscopy data of
glioblastoma–immune interactions. Initially, they utilized delay embedding and singular
value decomposition to reconstruct a clean, low-dimensional phase space from noisy
tumor trajectories. After that, by applying SINDy to the latent variables, they discovered
dynamics that captured functional responses, including single-versus double-CAR binding
and Allee-like tumor proliferation. This example shows how delay coordinate embedding
and sparse model discovery together can be used to discover interpretable biological
mechanisms while also providing practical insights for treatment design.

This thesis builds upon these methods by applying SINDy and its implicit variants to
canonical biological models, aiming to evaluate their robustness, accuracy, and ability to reveal
underlying regulatory interactions.
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Standard Test Cases Taken for the
Analysis

This chapter presents a collection of canonical models that form the basis for the subsequent
study in this thesis. These examples have been taken from the study conducted by Prokop and
Gelens [5]. These examples illustrate a variety of systems spanning physical, chemical, and
biological domains and have been selected to assess the applicability and constraints of the
Sparse Identification of Nonlinear Dynamics (SINDy) framework.

The main goal of this chapter is to show the governing equations and general behavior
(such as time series, phase diagrams, and codimension-one bifurcation diagrams) of each
model. These serve as a foundation for the more extensive studies that follow in the upcoming
chapters, where we use time-delay embedding techniques, construct SINDy for model discovery,
and draw the interaction networks for further investigations. Each example is presented
below along with its brief introduction, governing equations, and qualitative dynamics. All
code, simulation files, and visualization scripts used for this chapter are available at https:
//github.com/Alka-CBhub/Chapter-3.

3.1 Example-1: FitzHugh–Nagumo Model

The FitzHugh–Nagumo (FHN) model was first introduced in the 1960s to describe the oscilla-
tory spiking behavior of neurons [27]. Since then, it has been applied to a variety of biological
phenomena, including early embryonic cell cycle oscillations [46] and cardiac excitation dy-
namics [28]. This model captures oscillatory behavior in a two-dimensional framework and is
moderately complex, featuring a cubic nonlinearity to model excitation and recovery dynamics.
The following form of the FHN model is used, as taken from [5]:

dx

dt
= −x3 + γx2 + δx− y, (3.1.1)

dy

dt
= ε(x− βy + α), (3.1.2)
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where the variables x and y are dimensionless state variables. The parameters α, β, γ, δ, ε are
the kinetic parameters that govern the system’s dynamics (Figure 3.1).

(A) (B)

(C) (D)

Figure 3.1. Time series, phase diagram, and codimension-one bifurcation diagram of the
FitzHugh-Nagumo model. (A), (B) Time series of the FitzHugh-Nagumo model for the variables
x and y, each starting with x = 0.1 and y = 0.0, respectively. The values of the parameters to
simulate the system are taken from the Table (3.2). (C) Phase diagram of the
FitzHugh–Nagumo model. The system transitions from the initial state (red circle) to a stable
limit cycle, showing the sustained oscillations in x and y. (D) A plot of steady-state x as a
function of bifurcation parameter α. HB is Hopf bifurcation, and SS and USS are stable and
unstable steady states. A Hopf bifurcations occur at α ≈ −0.463. Near −0.463, the stable
fixed point (red curve) becomes unstable (black curve), and a limit cycle emerges around it.
This type of bifurcation is a subcritical Hopf, as the periodic orbit surrounds unstable steady
states. The green and blue points correspond to maximum and minimum values attained by a
stable and unstable limit cycle, respectively.

3.1.1 Interaction Network using Jacobian

The model exhibits a unique steady state at (0, 0). To visualize the regulatory structure near this
steady state, we constructed the interaction network based on the sign structure of the Jacobian
matrix, shown in Figure 3.2.

The model contains a positive feedback loop (via self-activation of x), a negative feedback
loop (via self-inhibition of y) and a negative feedback loop (via x → y ⊣ x). Such negative
feedback loops are a necessary condition for sustained oscillations, while positive feedback
enables excitability [23]. In this system, the time-scale separation between x (fast) and y (slow)
introduces the delay required to destabilize the fixed point, making oscillatory behavior possible
under current parameter regimes.
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+ −
+ −

Figure 3.2. Interaction network derived from the Jacobian near the steady state of the
FitzHugh–Nagumo model. The interaction network is constructed based on the sign structure
of the Jacobian matrix evaluated at the steady state (x∗, y∗) = (0, 0). The sign pattern
indicates the following regulatory influences: x exhibits positive auto-regulation, y negatively
regulates x, x activates y, and y exhibits negative auto-regulation. Blue arrows represent
activation and red arrows represent inhibition. This feedback architecture includes both
one-node loops (a positive self-loop on x and a negative self-loop on y) and a two-node
negative feedback loop (x→ y ⊣ x).

3.2 Example-2: The Goodwin Model

The Goodwin model, proposed by B. Goodwin in the 1960s, describes biological processes
including circadian rhythms and the phosphorylation/dephosphorylation of transcription fac-
tors [29, 30]. Unlike the FitzHugh–Nagumo model, the Goodwin model exhibits greater
structural complexity. It captures nonlinear interactions via the Hill function H(w). We
consider the following variant of the Goodwin model, as used in [5]:

dx

dt
= aH(z)− dx, (3.2.1)

dy

dt
= bx− ey, (3.2.2)

dz

dt
= cy − fz, (3.2.3)

where the Hill function is defined as

H(w) =
Kn

Kn + wn
, for any arbitrary variable w. (3.2.4)

The variables x, y, and z represent dynamical variables specific to the system. For example,
in a circadian rhythm context, they may correspond to clock mRNA, clock protein, and
a transcriptional repressor, respectively. The parameters a, b, c, d, e, f are rate constants
governing production and degradation processes (Figure 3.3).
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(A) (B)

(D) (E)

(C)

Figure 3.3. Time series, phase diagram, and codimension-one bifurcation diagram of the
Goodwin model. (A), (B), and (C) Time series of the Goodwin model for the variables x, y, and
z, each starting with x = 0.01, y = 0.0, and z = 0.0, respectively. The values of the parameters
to simulate the system are taken from the Table (3.2). (C) Phase diagram of the Goodwin
model. The system transitions from the initial state (red circle) to the final state through a
spiral path, illustrating the damped oscillations in x and y. (D) A plot of steady-state x as a
function of the bifurcation parameter f . HB1 and HB2 are Hopf bifurcations, and SS, USS are
stable and unstable steady states. Two Hopf bifurcations occur near f = 0.04 and f = 0.26.
Near f = 0.04, a stable steady state (red curve) loses its stability (black curve) and gives rise
to a stable limit cycle (green curve), while near f = 0.26 the stable limit cycle disappears, and
the steady state becomes stable again (red curve). This is the case of supercritical Hopf, as the
periodic orbit surrounds unstable steady states. The green points correspond to maximum and
minimum values attained by a stable limit cycle oscillation.

3.2.1 Interaction Network using Jacobian

This model also exhibits a unique steady state at (0.0187, 0.187, 1.87). We constructed
the interaction network near this state based on the sign pattern of the Jacobian, as shown in
Figure 3.4.

The Jacobian reveals three negative self-regulatory loops (on x, y, and z) and a three-node
closed negative feedback loop: x→ y → z ⊣ x. Thomas and Thieffry’s framework suggests
that this configuration is a necessary condition for the emergence of sustained oscillations
[23]. However, in the current parameter regime, the system exhibits damped oscillations and
eventually converges to a unique stable state. This suggests that, while the feedback structure
allows for oscillations, additional factors, such as time-scale separation and parameter values,
are crucial for realizing them in practice.
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− 𝟎 −
+ − 𝟎
𝟎 + −

Figure 3.4. Interaction network derived from the Jacobian near the steady state of the
Goodwin model. The interaction network is based on the sign structure of the Jacobian matrix
evaluated at the steady state (x∗, y∗, z∗) = (0.0187, 0.187, 1.87). All three components x, y,
z exhibit negative auto-regulation. Additionally, z inhibits x, while x activates y, and y
activates z. Blue arrows represent activation and red arrows represent inhibition. This
feedback architecture forms one-node negative feedback loops and a three-node closed
negative feedback loop (x→ y → z ⊣ x).

3.3 Example-3: Mass-Action Model

Mass-action models [32, 33] are among the most widely used frameworks for describing
the dynamics of biochemical systems. They offer a relatively simple yet high-dimensional
representation of molecular interactions, based on the law of mass action, which states that
reaction rates are proportional to the concentrations of the interacting species. As a result, these
models typically involve linear or quadratic terms.

The model considered here, developed by Hopkins et al. [31], describes the oscillatory
behavior of the early embryonic cell cycle in Xenopus laevis using mass-action kinetics. The
governing equations for this model are [5]:

du

dt
= kp,a(AT − u)v − kd,au(PT − y), (3.3.1)

dv

dt
= ks − bdeguv, (3.3.2)

dw

dt
= kp,g(GT − w)v − kd,g(PT − y)w, (3.3.3)

dx

dt
= −kp,exw + kcaty, (3.3.4)

dy

dt
= kass(ET − x− y)(PT − y)− kdissy − kcaty. (3.3.5)

Here, u, v, w, x, and y, represent molecular concentrations or active/inactive forms of
regulatory components. The system exhibits oscillatory behavior for some specific choices of
kinetic parameters (Figure 3.5).
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(A) (B)

(D) (E)

(C)

(F)

Figure 3.5. Time series and codimension-one bifurcation diagram of the mass action model.
(A)-(E) Time series of the mass action model for the variables u, v w, y, and z, each starting
with u = 0, v = 0, w = 0, y = 3, z = 0. The values of the parameters to simulate the system are
taken form the Table (3.2). (F) A plot of steady state x as a function of bifurcation parameter
kpa. HB1 and HB2 are Hopf bifurcations, and SS and USS are stable and unstable steady
states. Two Hopf bifurcations occur near kpa = 0.35 and kpa = 0.57. Near kpa = 0.35, a
stable steady state (red curve) loses its stability (black curve) and gives rise to limit cycles,
while near f = 0.57 the limit cycle disappears, and the steady state becomes stable again (red
curve). This is the case of subcritical Hopf, as the periodic orbit surrounds unstable steady
states. The green and blue points correspond to maximum and minimum values attained by
stable and unstable limit cycles respectively.

3.3.1 Interaction Network using Jacobian

The steady state for this model occurs at (0.501, 29.9, 0.386, 1.71, 0.881). The interaction
network near this steady state is shown in Figure 3.6. From the structure of the Jacobian,
we can see that all variables, u, v, w, x, and y exhibit negative self-regulation. Multiple
cross-regulatory interactions are also present. The variable u is activated by both v and y, and v

is inhibited by u. Further, w is activated by both v and y, while x is inhibited by w but activated
by y. At last y is inhibited by x.

This network reveals multiple nested regulatory motifs. All variables u, v, w, x, y exhibiting
negative self-regulation near the steady state are represented by red self-loops. They might
contribute to local stability. Two-node delayed negative feedback loops are observed in the
interactions v → u ⊣ v and x → y ⊣ x, each forming a minimal inhibitory circuit. A three-
element positive feedback circuit is present via the interaction w ⊣ x ⊣ y → w. Additionally, a
five-element closed loop spanning the full system is also present, u ⊣ v → w ⊣ x ⊣ y → u.
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This may cause a larger delay in the network. Overall, these motifs satisfy the necessary
structural conditions for the emergence of sustained oscillations [23].

Figure 3.6. Interaction network derived from the Jacobian near the steady state for the mass
action model. The network is based on the sign structure of the Jacobian matrix evaluated at
the steady state (u∗, v∗, w∗, x∗, y∗) = (0.501, 29.9, 0.386, 1.71, 0.881). All components u,
v, w, x, and y exhibit self-inhibition. Cross-regulatory interactions include activation of u by v
and y; inhibition of v by u; activation of w by v and y; inhibition of x by w; activation of x by
y; and inhibition of y by x. Blue arrows represent activation and red arrows represent
inhibition. This feedback architecture forms multiple nested regulatory motifs. Negative
self-loops on all variables, two-node delayed negative feedback loops, v → u ⊣ v and
x→ y ⊣ x, a three-node positive feedback loop arises through the interaction w ⊣ x ⊣ y → w
and a five-node negative loop u ⊣ v → w ⊣ x ⊣ y → u.

3.4 Example-4: The Oregonator Model

The Belousov–Zhabotinsky (BZ) reaction is a classical chemical oscillator. Even though it’s not
biological, its oscillating behavior is similar to rhythms seen in systems like cardiac tissue [47].
The system of differential equations describing this reaction is known as the Oregonator model,
proposed by Field, Körös, and Noyes [48], describes its dynamics using a simplified set of
reactions. The model involves three key components: bromous acid [HBrO2], bromide ions
[Br−], and the cerium ion ratio [Ce4+]/[Ce3+]. The governing equations are:

ϵ
dx

dt
= q a y − x y + a x− x2, (3.4.1)

γ
dy

dt
= −q a y − x y + f b z, (3.4.2)

dz

dτ
= a x− b z, (3.4.3)

Here, x, y, and z denote dimensionless concentrations, and parameters ϵ, γ, q, f control the
system’s time scales and stability ( Figure 3.7).
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(A) (B)

(D) (E)

(C)

Figure 3.7. Time series, phase diagram, and codimension-one bifurcation diagram of the
Oregonator model. (A)-(C) Time series of the Oregonator model for the variables x, y, and z,
starting with x = 0.1, y = 0.1, z = 0.1. The values of the parameters to simulate the system are
taken form the Table (3.2). (D) Phase diagram of the Oregonator model. The system
transitions from the initial state (red circle) and converges to a limit cycle. (E) A plot of
steady-state x as a function of bifurcation parameter f . HB is Hopf bifurcations, SS and USS
are stable and unstable steady states. A Hopf bifurcations occur near f = 0.54. Near
f = 0.54, a stable steady state (red curve) loses its stability (black curve) and gives rise to a
limit cycle. This is the case of subcritical Hopf, as the periodic orbit surrounds unstable steady
states. The green and blue points correspond to maximum and minimum values attained by a
stable and unstable limit cycles, respectively.

3.4.1 Interaction Network using Jacobian

This model exhibits two distinct steady states, ( 0, 0, 0 ) and ( 0.0706, 0.130, 0.0565 ) respec-
tively. The regulatory structure corresponding to each equilibrium is shown in Figure 3.8.

Near (0, 0, 0), the Jacobian reveals three self-regulatory loops on (x, y, and z and a three-
element positive feedback loop formed entirely from positive interactions: x→ z → y → x.
This architecture supports multistability [23].

In contrast, near the second steady state, (0.0706, 0.130, 0.0565), all variables exhibit
negative self-regulation, indicating local damping. The cross-regulatory structure includes
mutual inhibition between x and y, as well as activation from x to z and from z to y. These
interactions give rise to a three-element loop x → z → y ⊣ x, which constitutes a negative
feedback loop. This architecture aligns with the possibility of oscillations, particularly when
delays or suitable time-scale separation are present.
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+ + 𝟎
𝟎 − +
+ 𝟎 −

− − 𝟎
− − +
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(A)

(B)

Figure 3.8. Interaction networks derived from the Jacobian near steady states for the
Oregonator model. (A), (B) represent the networks based on the sign structure of the Jacobian
evaluated at steady states (0, 0, 0) and (0.0706, 0.130, 0.0565) respectively. (A) Near the
steady state (x∗, y∗, z∗) = (0, 0, 0), the system exhibits a positive self-loop on x, negative
self-loops on y and z, and a fully positive three-node feedback loop x→ z → y → x. (B)
Near steady state (0.0706, 0.130, 0.0565), all variables show self-inhibition. The
cross-regulation involving x→ z, z → y, and y ⊣ x, forming a delayed negative feedback
loop x→ z → y ⊣ x. Blue arrows denote activation and red bars denote inhibition.

3.5 Example-5: Glycolytic Oscillation in Yeast

Glycolysis is a metabolic process that breaks down glucose into smaller molecules to produce
energy. One of its primary roles is to make adenosine triphosphate (ATP), especially when there
isn’t enough oxygen. Glycolytic oscillations have been seen in cell-free extracts or concentrated
suspensions of non-proliferating Saccharomyces cerevisiae (yeast) under glucose starvation.

The interaction between adenosine diphosphate (ADP) and ATP is the main force behind
these oscillations, and they constitute the foundation of the famous Selkov model [49]. The
equations governing the dynamics are [50]:

dx

dt
= a+ x2y − x, (3.5.1)

dy

dt
= b− x2y. (3.5.2)
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where x and y are dimensionless variables that may represent ADP and ATP concentration,
respectively ( Figure 3.9).

(B)(A)

(C) (D)

Figure 3.9. Time series, phase diagram, and codimension-one bifurcation diagram of the
Goodwin model. (A), (B) Time series of the glycolytic oscillation for the variables x, and y,
starting with x = 0.0, y = 0.0. The values of the parameters to simulate the system are taken
from Table (3.2). (C) Phase diagram of glycolytic oscillation. The system transitions from the
initial state (red circle) to a stable limit cycle. (D) A plot of steady state x as a function of
bifurcation parameter b. HB1 and HB2 are Hopf bifurcations, and SS and USS are stable and
unstable steady states. Two Hopf bifurcations occur near b = 0.11 and b = 0.78. Near
f = 0.11, a stable steady state (red curve) loses its stability (black curve) and gives rise to a
stable limit cycle (green curve) while near f = 0.78 the stable limit cycle disappears, and the
steady state becomes stable again (red curve). This is the case of supercritical Hopf, as the
periodic orbit surrounds unstable steady states. The green points correspond to maximum and
minimum values attained by a stable limit cycles.

3.5.1 Interaction Network using Jacobian

The system exhibits a single steady state at (x∗, y∗) = (0.300, 2.22). The interaction network
near this state is shown in Figure 3.10. The structure of the Jacobian shows the presence of a
positive self-loop on x, and a negative self-loop on y. The cross-regulatory interactions involve
the inhibition of y via x and activation of x via y. These interactions form a two-node feedback
circuit x ⊣ y → x, which constitutes a negative feedback loop. The similar kind of architecture
has been seen in the FitzHugh-Nagumo model.
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+ +
− −

Figure 3.10. Interaction network derived from the Jacobian near the steady state for the
glycolytic oscillation model. The interaction network is based on the sign structure of the
Jacobian matrix evaluated at the steady state (x∗, y∗) = (0.300, 2.22). The sign pattern
indicates the following regulatory influences: x exhibits positive regulation via y and itself. y
exhibits negative auto-regulation as well inhibited by x. Blue arrows represent activation and
red arrows represent inhibition. This feedback architecture includes both one-node loops (a
positive self-loop on x and a negative self-loop on y) and a two-node negative feedback loop
(x→ y ⊣ x).

In this chapter, we focused on understanding the dynamics of a biological regulatory circuit
using some standard examples of nonlinear ODE models. These models capture essential
features such as activation, inhibition, and feedback, which are fundamental to many biological
networks. Through numerical simulations and phase portrait visualization, we analyzed their
dynamical behavior. Also, for each of the models, we identified steady states and explored the
local interaction network using Jacobian. We also used XPPAUT [21] to perform bifurcation
analysis and analyzed how a system’s behavior changes with respect to certain key parameters.
Overall, this chapter demonstrated how mathematical and computational tools can uncover rich
dynamical behavior in biological networks.

Table 3.1. Summary of the Models

No. Model # Variables # Parameters
1 FitzHugh–Nagumo Model 2 5
2 Goodwin Model 3 8
3 Mass Action Models 5 14
4 Oregonator Model for B–Z Reaction 3 6
5 Glycolytic Oscillation in Yeast 2 2
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Table 3.2. Values of parameters for each model

No. Model Parameters
1 FitzHugh-Nagumo Model α = 0, β = 0.5, γ = 1, δ = 1, ε = 0.3.
2 Goodwin Model a = 1, b = 1, c = 1, d = 0.1, e = 0.1, f = 0.1,

n = 10, K = 1.
3 Mass Action Models kp,a = 0.4, kd,a = 100, kp,g = 0.05, kdiss = 1,

kd,g = 20, kp,e = 6, kcat = 4.5, kass = 100, ks =
1.5, bdeg = 0.1, AT = 1, PT = 1, GT = 1, ET = 3.

4 Oregonator Model for B-Z Reaction ϵ = 0.067, γ = 8.89×10−5, q = 8×10−4, a = 0.2,
b = 0.25, f = 0.65.

5 Glycolytic Oscillation in Yeast a = 0.1, b = 0.2
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Chapter 4

Phase Space Reconstruction

Understanding and analyzing complicated dynamical systems presents a number of challenges.
Often, we do not know all of the important state variables that represent the system. Even
when these variables are known, measuring them can be challenging, and even if we can, the
act of measuring itself can disturb the natural dynamics of the system under investigation.

Assume that s(t) ∈ Rn denotes the whole set of variables that characterize a system’s state
at time t. Also let h : Rn → Rm, where m < n, represent a measurement function, which is
basically a mapping done by a device or sensor to acquire the observable data. During any
trial of the measurement process, we always observe x(t) ∈ Rm, a reduced and simplified
picture of the entire state s(t), instead of observing the full s(t) because measuring all the
state variables is usually infeasible. For simplicity, we concentrate on the scenario when
m = 1, indicating a single scalar time series [51].

The key challenge, therefore, is to ascertain all internal state variables of the system based
solely on the available time series, x(t). A proficient method for addressing this challenge is
reconstructing the state space using delay coordinate embedding.

State space reconstruction is a fundamental method in the theory of nonlinear time-series
analysis. This methodology, first introduced by Packard et al. [36] and subsequently formalized
by Takens [34], enables the approximation of the whole dynamics of the system with just
the observed time series x(t). Reconstructed dynamics are not always the same as the
system’s internal dynamics, but they are topologically equivalent to the real dynamics if the
reconstruction is done properly. This topological equivalence guarantees that the system’s
many essential features, which are invariant under smooth transformations, are preserved. As a
result, insights derived from the reconstructed dynamics can often be applied directly to the
original system.

4.1 Delay Coordinate Embedding

Delay coordinate embedding, often known as time delay embedding, is the conventional method
for state space reconstruction, initially proposed by Packard et al. [36]. The key idea of delay
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coordinate embedding is to graph the data against its delayed version. In other terms, it involves
transforming a scalar time series x(t) into a higher-dimensional space by generating the delay
vectors, r(t) as:

r(t) = [x(t), x(t− τ), x(t− 2τ), . . . , x(t− (m− 1)τ)]

where τ represents the delay lag and m denotes the embedding dimension. If N denotes
the length of the time series x(t), beginning at t = 1, then the total number of embedding
vectors will be N − (m − 1)τ , and the dimensions of the embedded data matrix will be
[N − (m− 1)τ ]×m.

For delay coordinate embedding to function properly, the observed time series data x(t)

must meet many criteria:

(1) The data points x(ti) must be evenly spaced. Real-world data acquisition systems rarely
achieve such type of time series. Therefore, interpolation is frequently employed as a
solution. However, interpolated data combines real and estimated dynamics, introducing
potential inaccuracies [52].

(2) The measurement function h that generates the time series x(t) must be a smooth and
generic function of the state space of the system. This condition may fail under certain
circumstances, such as when an event counter in the data acquisition system exceeds its
limit. Testing whether the measurement function meets this theoretical criterion might be
difficult. Practical solutions to this problem include changing the sample frequency or
measuring a new quantity, followed by reanalyzing the data. Consistent findings across
modifications indicate reliability of the measuring procedure [52].

A Comment on the Choice of the Embedding Parameters

The parameters τ and m are collectively referred to as embedding parameters. According
to Takens’ theorem [34], embedding is theoretically valid for any τ > 0, provided that m
is sufficiently large and data are measured with infinite precision. However, these ideal
conditions are unattainable in practice due to noise, finite data lengths, and computational
limitations. The selection of τ and m significantly impacts the embedding quality, as different
combinations unfold the dynamics to varying extents. If τ is too small, the components of
r(t) becomes strongly correlated. As a result, reconstructed trajectories align closely with the
diagonal of the embedding space. As τ grows, the dynamics diverge more from this diagonal.
Conversely, as τ increases, the dynamics progressively unfold away from this diagonal. In
practical applications, the value of τ must be chosen carefully to guarantee that the embedding
is sufficiently unfolded and prevents overlapping trajectories.

If d represents the actual dimension of the underlying system, original embedding theorems
require that m > 2d ensure topological equivalence between the reconstructed and true
dynamics. Sauer et al. [53] presented a less stringent requirement, m > 2dcap, where
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dcap denotes the capacity dimension of the attractor. Unfortunately, calculating d or dcap is
challenging without any prior knowledge about the system.

4.2 Methods for Estimating the Embedding Parameters

4.2.1 Estimating the Time Delay

State space reconstruction begins with the estimation of the time delay (τ ), a critical parameter
that significantly impacts the selection of the embedding dimension (m). Literature has several
techniques for identifying an optimal τ . These strategies generally provide optimal results
for specific systems and average results for others. The autocorrelation function and mutual
information techniques stand out among these approaches. This thesis uses the autocorrelation
function approach to determine the best time delay [37].

Autocorrelation Function Method

The autocorrelation function technique is based on the idea that each delayed component
in the reconstructed state space must yield new, independent information regarding the
system’s underlying dynamics. As a result, the reconstructed space accurately preserves the
original system’s key dynamics. Mathematically, the autocorrelation function (ACF (τ)) at lag
τ is defined as

ACF (τ) =

∑N−τ
t=1 (xt − x̄) (xt+τ − x̄)∑N

t=1 (xt − x̄)2
, (4.2.1)

To estimate the time delay τ using this method, the ACF (τ) is plotted as a function of τ .
The smallest τ for which ACF (τ) decays to 1/e is chosen as a time delay.

4.2.2 Estimating the Embedding Dimension

After determining the time delay τ , the next step is to estimate the embedding dimension m,
which reflects the number of delayed copies of the time series needed to reconstruct the system’s
dynamics. This thesis utilizes the method of false nearest neighbors (FNN) to estimate m [38].

The Method of False Neighbors

This method is based on the idea that when a deterministic system is embedded into a higher-
dimensional space, it should unfold the attractor smoothly. This means that points close
together in a lower dimension (m = k) should remain close when embedded into a higher
dimension (m = k + 1). If they become significantly separated, it indicates the dynamics
were not sufficiently unfolded with dimension (m = k). These points are considered as
false nearest neighbors. [37]. The procedure involves the following steps:

34/180



Chapter 4. Phase Space Reconstruction

1. Given a time series {x1, x2, . . . , xN}; xi = x(i), and a chosen time delay τ , form vectors
in m dimensional embedded space:

pi = [xi, xi+τ , xi+2τ , . . . , xi+(m−1)τ ].

where pi represents the state of the system at time i.

2. For each vector pi, identify its nearest neighbor pj in the current m- dimesnional space,
such that for a given small positive threshold ϵ

||pi − pj || < ϵ,

3. Now, increase the embedding dimension to m+1, by appending next delayed coordinate
to each vector as

p′i = [xi, xi+τ , xi+2τ , . . . , xi+mτ ].

and
p′j = [xj , xj+τ , xj+2τ , . . . , xj+mτ ].

4. Compute the ratio of the distance between the added coordinates to the original distance
between pi and pj :

Ri =
|xi+mτ − xj+mτ |
||pi − pj ||

.

If Ri exceeds a predefined threshold Rtr, then pj is marked as a false nearest neighbor
ofpi.

5. Repeat the above process for all points in the dataset and calculate the proportion of false
nearest neighbors.

6. Increase m gradually and observe the proportion of false nearest neighbors. The appro-
priate embedding dimension m is determined as the smallest m at which the proportion
approaches zero (indicating that most points are correctly close in higher dimensions and
the dynamics are accurately unfolded).

4.3 Latent Variable Analysis

Latent variables are hidden structures or processes within a dataset that are not directly visible
yet significantly influence the observed measurements. Many factors in high-dimensional
biological data, such as gene expression profiles or time series, are interrelated and contained in
a manifold of lower dimensions. While Takens’ embedding allows us to reconstruct dynamics
from a single scalar measurement, it doesn’t automatically rank or prioritize the most significant
directions of variability.
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Techniques such as Singular Value Decomposition (SVD) and Principal Component Anal-
ysis (PCA) are employed to detect dominant patterns and minimize redundancy. These ap-
proaches identify orthogonal axes that identify the main directions capturing the variation in the
data, hence allowing dimensionality reduction, noise filtration, and enhanced interpretability
[35].

4.3.1 Singular Value Decomposition (SVD)

Singular Value Decomposition is a matrix factorization method that represents a real matrix
X ∈ Rm×n as the product of three “simple” matrices:

X = USV ⊤

where:

• U is an m×m orthogonal matrix.

• V is an n× n orthogonal matrix.

• S is an m× n diagonal matrix with nonnegative entries si, arranged in descending order
along the diagonal.

The columns of U are referred to as the left singular vectors of X and constitute an
orthonormal basis for the column space of X with SV ⊤ as coefficients. The columns of V are
referred to as the right singular vectors and constitute an orthonormal basis for the row space
of X with US as coefficients. The elements of S are the singular values of X .

The matrix X may be expressed as

X =

r∑
k=1

skukv
⊤
k

where r = rank(X). Each term captures a latent structure, whereas the singular values denote
their relative significance.

4.3.2 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) aims to identify a collection of orthogonal directions
(principal components) that maximize the variance within the data. It is predominantly utilized
for feature extraction and dimensionality reduction.

For a data matrix X ∈ Rm×n, with each column centered at its mean, PCA requires the
calculation of the covariance matrix:

Cov(X) =
1

m− 1
X⊤X
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and calculating its eigenvalues and eigenvectors. The eigenvectors define the principle direc-
tions, whereas the associated eigenvalues reflect the explained variance.

• The first principal component captures the direction of maximum variance.

• Subsequent components are orthogonal and capture decreasing amounts of variance.

Hence, PCA transforms the data into a new basis where each axis corresponds to a principal
component.

4.3.3 Relationship Between SVD and PCA

A clear mathematical link exists between SVD and PCA, particularly when PCA is
derived from the covariance matrix. If the data matrix X is column-centered, the
covariance matrix is proportional to X⊤X . Performing Singular Value Decomposition
(SVD) on X , gives

X = USV ⊤

This indicates that,
X⊤X = V S2V ⊤

Therefore,

• The columns of V (right singular vectors) constitute the principal components.

• The squared singular values s2k are the eigenvalues of the covariance matrix and
relate to the variances along the main components.

• The product XV = US gives the principal component scores—the coordinates
of the data in the new principal component basis.

Alternatively, Conversely, if the rows of X are centered, then XX⊤ represents the
covariance matrix, and the left singular vectors U correspond to the principal components
of the variables (e.g., gene profiles).
This relationship indicates that PCA is essentially a specific instance of SVD applied to
a centered matrix, where

PCA = SVD of centered X

Utilizing SVD or PCA enables the identification of significant latent dimensions in complex
biological datasets, the denoising of observations, and the extraction of interpretable low-
dimensional representations [35, 37].
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4.4 Tools for Implementation

There are a number of techniques that may be used for nonlinear time series analysis and
to estimate embedding parameters. Some well-known software packages are Teaspoon [54],
Giotto-tda [55], and TISEAN [56].

In this thesis, we use TISEAN [56], a well-established software package specifically
designed for the analysis of time series data of nonlinear deterministic dynamical systems.
TISEAN offers a wide range of tools for phase space reconstruction, embedding parameter
estimation, and various time series applications [37].

To enable integration with a Python-based process, we utilized its Python wrapper, known
as PyTISEAN. PyTISEAN provides a sophisticated interface to TISEAN’s C-based algorithms,
facilitating the implementation of TISEAN in the Python environment. The tools used to
find the embedding parameters and reconstruct the time series are

• mutual (mutual information) and autocorr (autocorrelation) for estimating the
optimal time delay τ ,

• false_nearest for identifying the minimum embedding dimension d by minimiz-
ing false neighbors,

• delay for reconstructing the phase space after finding the embedding parameters.
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4.5 Application

The techniques discussed in this chapter can be used to determine the minimum number of
dimensions (state variables) required before proceeding with any model identification method.
To demonstrate the practical application of these techniques, we apply the methods described
in this chapter to the examples introduced in Chapter 3. All codes and Jupyter notebooks
corresponding to this chapter are available at https://github.com/Alka-CBhub/
Chapter-4.

Data Generation
Selecting a scalar

Time series
Time delay

Embedding dimension
Reconstructing the

state space
SVD for Extracting the

Latent Features

Figure 4.1. Schematic overview of the State space reconstruction

4.5.1 Example-1: FitzHugh–Nagumo Model

The FitzHugh–Nagumo (FHN) model, introduced in Section 3.1, is a two-dimensional dy-
namical system having cubic nonlinearity. In this section, we reconstruct its phase space using
delay embedding.

We begin by generating the time series data by integrating the ODEs, using the parameter
values listed in Table 3.2 and simulation settings from Table 4.1. From the resulting trajectory,
we extract the x(t) variable and use it as the observable scalar time series.

Table 4.1. Simulation settings for the FitzHugh-Nagumo model.

Setting IC t0 tf ∆t

Value [0.1, 0.0] 0 100 0.001

To estimate the embedding parameters, we employ the autocor and false_nearest
functions from the PyTISEAN package. Figure 4.2 displays the autocorrelation function (ACF)
and the false nearest neighbors (FNN) outputs. The optimal time delay τ is selected as the first
lag where the ACF drops below the threshold 1/e. In this case, the selected delay is τ = 2762

steps, which corresponds to 2.762 seconds given the sampling interval of 0.001.
Using this delay, the embedding dimension d is determined from the FNN method as the

smallest dimension for which the percentage of false neighbors effectively drops to zero. This
gives d = 2.
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(A) (B)

(C) (D)

Figure 4.2. Reconstruction parameters for the FitzHugh-Nagumo model using PyTISEAN. (A)
Graphical output of the autcor function for the one dimensional time series x(t) from the
FitzHugh-Nagumo Model. The default threshold value (1/e) is shown as the horizontal line in
the plot. The optimal time delay τ is selected as the lag τ = 2762 (time steps) where the ACF
drops below the threshold 1/e for the first time. (B) Graphical output of the
false_nearest function for the one dimensional time series from the FitzHugh-Nagumo
Model. The function is called with the parameters M = 1,5, where 1 and 5 are the minimum
and maximum allowed dimensions to test, d = 2762, and f = 3. The graph shows an
immediate drop-off of the percentage of false-nearest neighbors to 0 near d=2, indicating that
no additional embedding is necessary. (C) and (D) represent the original and reconstructed
phase space for the FitzHugh-Nagumo Model. The time series for the reconstructed space is
obtained by using delay. The phase diagram shows that they are topologically equivalent.

With the estimated parameters (τ, d) = (2762, 2), we reconstruct the phase space using the
delay function, which provides the embedded data whose columns are [x(t), x(t−τ)], starting
from, t0 = 2.762. A comparison of the original [x(t), y(t)] and reconstructed [x(t), x(t− τ)]

state spaces confirms that they are topologically equivalent, preserving the essential structure
of the system dynamics.

To extract the latent feature from the reconstructed space, we perform SVD on the embedded
data. The lower panel in Figure 4.3 shows the first two latent components obtained after
applying SVD to the reconstructed data matrix. Since SVD involves rotation and scaling
operations, the latent features obtained from SVD require further processing like denoising and
rescaling to get the biologically relevant features.
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(A) (B)

(C) (D)

Figure 4.3. Latent feature extraction using Singular Value Decomposition (SVD) on the
delay-embedded time series from the FitzHugh–Nagumo model. In the upper panel, (A) and (B)
show the original time series for the variables x(t) and y(t), respectively. In the lower panel,
(C) and (D) display the first two latent components obtained after applying SVD to the data
obtained from delay coordinate embedding. These components capture the dominant temporal
patterns and preserve the core structure of the oscillations.

4.5.2 Example-2: Goodwin Model

Next, we reconstruct the phase space of the Goodwin model, introduced in Section 3.2. It is a
three-dimensional nonlinear oscillator used to describe biological rhythms such as circadian
clocks and transcriptional regulation.

We begin by numerically integrating the system with the parameters listed in Table 3.2 and
simulation settings given in Table 4.2. Among the three resulting time series, we choose x(t)

as the observable input for delay coordinate embedding.

Table 4.2. Simulation settings for the Goodwin model.

Setting IC t0 tf ∆t

Value [0.01, 0, 0] 0 1000 0.01

To estimate the delay, we apply the autcor function to the x(t) series. The autocorrelation
gives τ = 1017 steps, which correspond to 10.17 seconds given the sampling interval of
0.01. Using this value of τ , we apply the false_nearest function to determine the
minimum embedding dimension. The output reveals a rapid drop in the percentage of false
neighbors, reaching zero at d = 3, which matches the known dimension of the underlying
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system (Figure 4.4).

(A)

(C) (D)

(B)

Figure 4.4. Reconstruction parameters for the Goodwin model using PyTISEAN. (A)
Graphical output of the autcor function for the one dimensional time series from the
Goodwin Model. The default threshold value (1/e) is shown as the horizontal line in the plot.
The optimal delay is selected at lag τ = 1017 time steps. (B) Graphical output of the
false_nearest function for the one dimensional time series from the Goodwin model. The
function is called with the parameters M = 1,6, which allow to test a range of dimensions
from 1 to 6, d = 1017, and f = 2. The graph shows an immediate drop-off of near d = 3,
indicating that no additional embedding is necessary. (C) and (D) represent the original and
reconstructed phase space for the Goodwin model. The time series for the reconstructed space
is obtained by using delay. Both phase space are topologically identical.

Using the estimated embedding parameters (τ, d) = (1017, 3), we perform delay coordinate
embedding to reconstruct the full trajectories [x(t), x(t− τ), x(t− 2τ)], which start from time
t0 = 2 × 10.17 seconds. Comparison of the original phase space [x(t), y(t), z(t)] and the
reconstructed space is shown in Figure 4.4.

We further extract the latent feature from the embedded data using SVD. The lower panel
in Figure 4.5 shows the first three latent components obtained after applying SVD to the
reconstructed data matrix. The features capture the essential dynamics of the original data but
need some preprocessing for further use.
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(A) (B) (C)

(D) (E) (F)

Figure 4.5. Latent feature extraction using Singular Value Decomposition (SVD) on the
delay-embedded time series from the Goodwin model. In the upper panel, (A)-(C) show the
original time series for the variables x, y, and z of the Goodwin model. In the lower panel
(D)-(F) display the first three latent components obtained after applying SVD to the data
obtained from delay coordinate embedding. The components capture the temporal patterns
observed in the original time series.

4.5.3 Example-3: Mass-Action Model

The mass–action cell-cycle model introduced in Section 3.3 is a five-dimensional model whose
oscillatory dynamics emerge from linear and bilinear terms. We reconstruct this system using
delay embedding based on the scalar time series x(t).

The trajectories are obtained by integrating the model for the parameters listed in Table 3.2
and simulation settings given in Table 4.3

Table 4.3. Simulation settings for the Mass-Action model.

Setting IC t0 tf ∆t

Value [0, 0, 0, 3, 0] 0 1000 0.01

The optimal time delay in this case is obtained at τ = 843 steps that correspond to 8.43

seconds for sampling interval of 0.01
Using this delay, we apply the false nearest neighbors (FNN) method to determine the

minimal embedding dimension. The FNN output shows a sharp drop in the percentage of false
neighbors from over 36% at d = 1 to nearly 0% at d = 2, after which the curve flattens. This
suggests the embedding dimension d = 2 (Figure 4.6.
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(A) (B)

Figure 4.6. Reconstruction parameters for the Mass-Action Model using PyTISEAN. (A)
Graphical output of the autcor function for the one dimensional time series from the
Mass-Action Model. The default threshold value (1/e) is shown as the horizontal line in the
plot. The optimal delay is selected at lag τ = 843 time steps. (B) Graphical output of the
false_nearest function for the one dimensional time series from the Mass-Action Model.
The function is called with the parameters M = 1,10, testing the dimension range from 1-10,
d = 843, and f = 1.12. The graph shows an immediate drop-off of the percentage of
false-nearest neighbors at d = 2, after no significant false neighbors are found.

Since the original system is 5-dimensional, we use singular value decomposition (SVD) on
the delay-embedded matrix with dimension d = 5 to learn more about the inherent dimensional-
ity of the reconstructed system. The singular values are {317.66, 95.90, 82.17, 27.80, 26.76},
which shows that the first two or three components account for most of the variance. This
indicates that the system lies on a two- to three-dimensional manifold, even if the entire
model is five-dimensional.

Overall, these findings show that the mass-action cell cycle model, while algebraically
high-dimensional, has low-dimensional oscillatory behavior.
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(A) (B) (C)

(D) (E)

Figure 4.7. Original time series for the mass action model for the variables u, v, w, x and y
respectively.

(A) (B) (C)

(D) (E)

Figure 4.8. Latent feature extraction using Singular Value Decomposition (SVD) on the
delay-embedded time series for the Mass Action Model. (A)–(E) present the first five left
singular vectors u1(t), . . . , u5(t) derived after applying Singular Value Decomposition (SVD)
to the delay-embedded matrix of the Mass-Action model. The first two panels (A) and (B)
clearly represent the dominant oscillatory pattern of the system. The next two panels (C), (D)
also exhibit regular oscillations and are visually similar, indicating that they provide further
structure in the dynamics. However, because the fourth component contributes far less to
overall variance, it is likely to provide only small details or replicate identical aspects collected
by earlier components. The fifth panel (E) has no clear pattern and is most likely dominated by
noise.
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4.5.4 Example-4: The Oregonator Model

We now apply delay embedding to reconstruct the phase space of the Oregonator model,
introduced in Section 3.4. The Oregonator is a three-dimensional nonlinear oscillator
governed by a fast-slow timescale separation. We simulate the system using the parameters in
Table 3.2 and the settings listed in Table 4.4. Among the three variables generated, we choose
x(t) as the scalar observable to reconstruct the system.

Table 4.4. Simulation settings for the Oregonator model.

Setting IC t0 tf ∆t

Value [0.1, 0.1, 0.1] 0 100 0.001

We apply the autcor function to the time series x(t) which gives τ = 2993 steps, which
corresponds to 2.993 seconds based on the sampling interval. With this delay, we determine

(A)

(C) (D)

(B)

Figure 4.9. Reconstruction parameters for the Oregonator model using PyTISEAN. (A)
Graphical output of the autcor function for the one dimensional time series from the
Oregonator model. The default threshold value (1/e) is shown as the horizontal line in the plot.
The optimal time delay is selected at lag τ = 2993 time steps. (B) Graphical output of the
false_nearest function for the one dimensional time series from the Oregonator model.
The function is called with the parameters M = 1,10, d = 2993, and f = 2. The graph
shows an immediate drop-off at d = 3, indicating that no further embedding dimension is
necessary. (C) and (D) show the original and reconstructed phase spaces respectively. The
reconstructed trajectory is obtained using delay, and it clearly preserves the topological
features of the original system.

the embedding dimension using false_nearest. The output shows a sharp drop to
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zero at d = 3, consistent with the known dimensionality of the system (Figure 4.9).
Using the embedding parameters (τ, d) = (2993, 3), we reconstruct the phase space via

delay coordinates [x(t), x(t − τ), x(t − 2τ)], beginning from t0 = 2 × 2.993 seconds. A
comparison of the original and reconstructed phase space confirms that the essential topological
properties are preserved across both the system.

We apply singular value decomposition (SVD) to the embedded data for extracting the
latent features. The lower panel in Figure 4.10 shows the first three singular vectors obtained
after applying SVD to the reconstructed space. These latent components show the important
time patterns seen in the original system.

(A) (B) (C)

(D) (E) (F)

Figure 4.10. Latent feature extraction using Singular Value Decomposition (SVD) on the
delay-embedded time series from the Oregonator model. In the upper panel, (A)–(C) show the
original time series for the state variables x, y, and z. In the lower panel, (D)–(F) show the
first three latent components obtained by applying SVD to the delay-embedded time series
constructed from x(t). The extracted components capture the oscillatory behavior of the
system.

4.5.5 Example-5: Glycolytic Oscillation

As the final example in this section, we consider the phase space reconstruction for the glycolytic
oscillator described in Section 3.5. This two-variable nonlinear model captures metabolic
oscillations observed in yeast cells. The time series is generated by numerically integrating
the system using the parameters in Table 3.2 and simulation settings listed in Table 4.5. We
choose the variable x(t) as the scalar observable used for delay embedding.

47/180



Chapter 4. Phase Space Reconstruction

Table 4.5. Simulation settings for the Glycolytic Oscillation model.

Setting IC t0 tf ∆t

Value [0, 0] 0 100 0.001

The autcor function when applied to x(t) crosses the 1/e line at τ = 2057 steps. There-
fore, the delay in this case is 2.057 seconds, for the sampling interval of 0.001. Using the
delay, the FNN approach reveals d = 2 as the minimal embedding dimension, beyond which
the fraction of false neighbors quickly drops, as illustrated in Figure 4.11.

(A)

(C) (D)

(B)

Figure 4.11. Reconstruction parameters for the Glycolytic Oscillation model using PyTISEAN.
(A) Graphical output of the autcor function for the one dimensional time series from the
Glycolytic Oscillation model. The default threshold value (1/e) is shown as the horizontal line
in the plot. The optimal time delay is selected at lag τ = 2057.(B) Graphical output of the
false_nearest function for the one dimensional time series from the Glycolytic
Oscillation model. The function was called with the parameters M = 1,6, d = 2057, and f
= 3. The graph shows an immediate decline of the percentage of false-nearest neighbors to 0
near d = 2, indicating that no additional embedding is necessary. (C), (D) represent the
original and reconstructed phase space for Glycolytic Oscillation model. The time series for
the reconstructed space is obtained by using delay.

For the embedding parameters (τ, d) = (2057, 2), we reconstruct the system dynamics by
creating delay vectors [x(t), x(t− τ)], starting from t0 = 2.057 seconds. The resultant phase
diagram preserves the fundamental oscillatory characteristics of the original system, indicating
a successful reconstruction.

We further perform singular value decomposition (SVD) on the embedded data to reveal
the latent structure in the reconstructed state space. The first two left singular vectors, seen in
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Figure 4.12, reflect some of the temporal trends seen in the original system.

(A)

(C) (D)

(B)

Figure 4.12. Latent feature extraction using Singular Value Decomposition (SVD) on the
delay-embedded time series from the Glycolytic oscillation model. The upper panels (A) and
(B) show the original time series for the variables x and y, respectively. The lower panels (C)
and (D) display the first two left singular vectors derived from the singular value
decomposition (SVD) of the embedded data. These latent components represent the primary
oscillatory activity of the system and preserve its fundamental dynamic characteristics.

Discussion

In this chapter, we applied delay coordinate embedding to five canonical systems, namely
FitzHugh–Nagumo, Goodwin, Mass-Action, Oregonator, and Glycolytic Oscillation—to eval-
uate the efficacy of the PyTISEAN package for phase space reconstruction from scalar time
series. In all cases, autcor and false_nearest provided embedding parameters (τ, d)
that effectively unfolded the attractor, preserving the fundamental topological characteristics
of the original systems. Moreover, singular value decomposition (SVD) applied to the recon-
structed state space consistently revealed the latent structure with the predominant oscillatory
behavior.

The current methodology is effective in most aspects, but it has several limitations that
became clear during implementation:

• Uniform delay embedding: This study employed the conventional method of uniform
delay embedding, where delayed vectors are created using a single fixed delay τ . This
method, although simple, may not be ideal for systems that evolve across several time
scales. A single delay can underresolve either slow or fast dynamics, resulting in one
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time-scale to appear as noise in the reconstruction. To overcome this limitation, adaptive
or non-uniform embeddings might be used [51].

• Sensitivity to FNN parameters: The false-nearest-neighbor (FNN) method requires
the selection of a distance ratio threshold f , which is fundamentally subjective and
problem-specific. There is no universally accepted value, and various systems may
require different thresholds to get meaningful results.

• Interpretability of SVD components: The SVD algorithm provides scaled and stan-
dardized representations of both the actual data in the first column and estimates of the
latent data in the subsequent columns. While the primary components capture prominent
dynamics, they do not directly align with the original state variables. Consequently,
rescaling or offset correction is required before any further application or biological
interpretation.

• For extensive or finely sampled time series, PyTISEAN may surpass internal array re-
strictions, leading to crashes until the data is down-sampled or the time step is adjusted to
a coarser resolution. Furthermore, PyTISEAN has no inherent visualization capabilities,
in contrast to alternatives like Teaspoon. Users must depend on other libraries such as
NumPy and Matplotlib for result visualization and further analysis.

Despite these constraints, the reconstructed attractors preserved the topological character-
istics, and the latent components consistently captured the principal oscillatory patterns for
all the models. Thus, PyTISEAN remains an efficient tool for performing delay embedding
of nonlinear deterministic time series. Future research should explore improved embedding
methodologies, including non-uniform delays and adaptive feature extraction approaches, for
complicated biological data characterized by noise, different time scales, or unknown structure,
to provide more accurate and robust reconstructions.
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Chapter 5

System Identification using SINDy

Identifying governing equations directly from the data remains a fundamental challenge across
many scientific and engineering disciplines. Despite the tremendous rise in data availability, the
development of reliable and interpretable models frequently lags behind. This gap is particularly
apparent in disciplines like climate science, neurology, ecology, finance, and epidemiology,
where the complexity of systems makes it impossible to develop governing equations from
fundamental principles [5, 9].

The Sparse Identification of Nonlinear Dynamics (SINDy) framework addresses this
challenge by integrating sparsity-promoting techniques with machine learning to predict funda-
mental dynamics directly from (possibly noisy) measurement data [9].

The core idea of SINDy is that many physical systems exhibit dynamics driven by a
finite number of dominant terms when expressed in an appropriate mathematical basis.
This supports the hypothesis that such systems allow for sparse representations within a larger
functional space. SINDy utilizes sparse regression to determine the essential terms required for
predicting the observed dynamics accurately. This methodology balances interpretability and
predictive accuracy, providing simple models that mitigate overfitting [9, 40].

5.1 Sparse Identification of Nonlinear Dynamics (SINDy)

5.1.1 Problem Statement

Consider a nonlinear autonomous system with n state variables x1, x2, . . . , xn, whose dynamics
is governed by the equations

ẋ(t) = f
(
x(t)

)
, x(t) ∈ Rn, (5.1.1)

Here, f : Rn → Rn, f
(
x(t)

)
= (f1(x(t)), f2(x(t)), ..., fn(x(t))

T,

ẋk = fk
(
x1, x2, . . . , xn

)
, k = 1, 2, . . . , n. (5.1.2)

and for each k, the component function fk : Rn → R determines the rate of change of the
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state variable xk.
The objective is to build a parsimonious model for each xk directly from time-series data

{x(ti)}mi=1 using SINDy. Specifically, SINDy looks for a coefficient vector ξk such that

ẋk ≈ Θ(x) ξk, k = 1, 2, ..., n. (5.1.3)

where Θ(x) represents a library of candidate (nonlinear) functions, also known as a basis or a
feature library, and the vector ξk determines which terms are active in Θ(x).

5.1.2 Steps involved in SINDy

(1) Data Collection: Data is gathered from literature or simulated using established models
at several time points t1, t2, . . . , tm for all state variables. This provides the measure-
ments, x(ti) ∈ Rn which may be organized as a data matrix

X =


xT(t1)

xT(t2)
...

xT(tm)

 =


x1(t1) x2(t1) . . . xn(t1)

x1(t2) x2(t2) . . . xn(t2)
...

...
. . .

...
x1(tm) x2(tm) . . . xn(tm)

 ∈ Rm×n. (5.1.4)

The associated time derivatives ẋ(ti) may be measured or approximated numerically,
yielding the derivative matrix

Ẋ =


ẋT(t1)

ẋT(t2)
...

ẋT(tm)

 =


ẋ1(t1) ẋ2(t1) . . . ẋn(t1)

ẋ1(t2) ẋ2(t2) . . . ẋn(t2)
...

...
. . .

...
ẋ1(tm) ẋ2(tm) . . . ẋn(tm)

 ∈ Rm×n. (5.1.5)

(2) Library Construction: After acquiring the data, X and Ẋ, the library Θ(x) is con-
structed as follows:

Θ(x) = [1,x,x(2),x(3), . . . , sin(x), cos(x), . . . ] ∈ Rm×p, (5.1.6)

Here,
x(d) = {xd1, xd−1

1 x2, . . . , x
d
n}

represents the collection of all monomials of degree d, and p denotes the total number of
candidate functions. This, when evaluated at time points, results in the following feature
matrix:

Θ(X) = [1,X,X(2),X(3), . . . , sin(X), cos(X), . . . ] ∈ Rm×p, (5.1.7)
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(4) Sparse regression: The problem in Eq. (5.1.3)becomes

Ẋk = Θ(X) ξk, k = 1, 2, ..., n (5.1.8)

where each ξk is found by solving the following sparse linear regression (convex opti-
mization) problem:

ξk = argmin
ξ′k

∥∥Ẋk −Θ(X) ξ′k
∥∥2
2︸ ︷︷ ︸

Reconstruction Loss

+ λR(ξ′k)︸ ︷︷ ︸
Sparsity Promoting Term

. (5.1.9)

Once the coefficient vectors ξk are obtained, substituting them into Eq. (5.1.3) yields a
closed-form system of differential equations that approximates the original dynamics.

Remarks

• The sparsity on the coefficients is enforced using the regularization term, R(ξ̂)

which is typically selected from one of the following:

1. R(ξ̂) = λ∥ξ̂∥0 Sequential threshold least squares (STLS) method [9][57].

2. R(ξ̂) = λ∥ξ̂∥2 Ridge regression method [56].

3. R(ξ̂) = λ∥ξ̂∥1 LASSO (Least Absolute Shrinkage and Selection Operator)
method [42].

• The hyperparameter λ, referred to as the regularization parameter, determines the
amount of sparsity. A higher λ results in a sparser solution, whereas a lower λ
yields a less sparse solution; when λ = 0, the problem reduces to unconstrained
least squares optimization only.

• The original SINDy method employs the sequential threshold Ridge (STRidge)
regression technique (R(ξ̂) = λ1∥ξ̂∥0 + λ2∥ξ̂∥2) to iteratively refine the model
by sequentially imposing thresholds on the ridge regression results [9][5].

• LASSO is favored over ridge regression when the objective is sparsity. Ridge
regression (R(ξ̂) = λ∥ξ̂∥2) penalizes large coefficients to mitigate overfitting
without enforcing sparsity, whereas LASSO (R(ξ̂) = λ∥ξ̂∥1) employs a l1-
penalty that not only minimizes overfitting but also reduces certain coefficients to
zero, which encourages sparsity in the solution [58] (Figure 5.1).
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Figure 5.1. Comparison of Ridge and LASSO regression (adapted from [58]). The left panel
illustrates the ℓ1-penalty used in LASSO (diamond-shaped constraint), which encourages
sparse solutions by often intersecting with the feasible region. The right panel shows the
ℓ2-penalty used in Ridge regression (circular constraint), which generally yields non-sparse
solutions by shrinking coefficients toward zero but not to exactly zero. Contours (in red)
represent levels of the ordinary least squares cost function, and the intersection point β̂
indicates the optimal solution under each regularization.

Selection of Terms in the Candidate Library

Library construction is a critical aspect of SINDy. One way is to select the terms in the library
based on the prior information about the system. The alternative technique (a practical strategy)
is to begin with a small collection of functions, such as low-order polynomials, and gradually
expand the library’s complexity until a sparse and accurate model is created [9].

Sparse Relaxed Regularized Regression

While LASSO is an efficient method for variable selection, sparsity is sometimes enforced by
sparse relaxed regularized regression (SR3). The reason for this is because LASSO ensures
both sparsity and accuracy simultaneously via a single optimization problem:

min
ξ

1

2
∥Ẋk −Θ(X)ξ∥22 + λ∥ξ∥1, (5.1.10)

However, the restriction to the l1-norm makes LASSO potentially inadequate for problems
that may benefit from non-convex penalties (e.g., lp-norms with p < 1) or composite regu-
larizers (e.g., sparsity with smoothness). Also, the penalty imposed by the l1 norm reduces
all coefficients by an amount proportionate to λ, hence, introducing bias, especially for large
coefficients. This can make the model less interpretable and affect its predictive performance.
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5.1.3 Frequent Terms used in the Candidate Library for Modeling a Bio-
logical System: Biochemical Library

When the state variables represent concentrations of biomolecules (e.g., proteins, mRNA,
metabolites), the candidate library Θ(x) must reflect the existing kinetic patterns ob-
served in cell biology. Systems biology suggests that a concise yet comprehensive
"biochemical library" often comprises:

1. Linear and first-order degradation

• Production / basal input: Bias Term

• First-order decay: −β xi

2. Mass-action interactions (binding, dimerization, catalysis) kij xixj .

3. Michaelis-Menten saturation (enzyme kinetics)

vmax
xi

KM + xi
.

4. Hill-type cooperativity and ultrasensitivity

xn

Kn + xn︸ ︷︷ ︸
activation

,
Kn

Kn + xn︸ ︷︷ ︸
inhibition

Typical exponents: n = 2–4.

5. Cross-regulation terms

xi
xnj

Kn + xnj
,

xn1
i

Kn1
1 + xn1

i

xn2
j

Kn2
2 + xn2

j

Incorporating these terms directly into the SINDy feature library speeds up sparse
regression efficiency and produces models that are readily interpretable by biologists
[10].

Sparse Relaxed Regularized Regression (SR3) addresses these limitations by decoupling
the objectives of sparsity and accuracy. It aims to optimize

min
ξ,w

1

2
∥Ẋk −Θ(X)ξ∥22 + λR(w) +

1

2η
∥ξ −w∥22, (5.1.11)

where w represents the vector of relaxed coefficients that approximates ξ and η and λ are the
hyperparameters. This decoupling eliminates the direct conflict between sparsity and accuracy,
resulting in more robust and interpretable solutions [59].
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5.2 Tools for Implementation

The Sparse Identification of Nonlinear Dynamics algorithm has been implemented in Python
using PySINDy package [60, 61]. PySINDy is a sparse regression package featuring multi-
ple implementations of the Sparse Identification of Nonlinear Dynamical Systems (SINDy)
methodology. It offers a versatile, easy-to-use interface that interacts effortlessly with NumPy,
scikit-learn, and more scientific Python libraries.

Implementing SINDy on experimental data requires many modeling choices, including the
method for numerical differentiation, the construction of the candidate-function library, and
the selection of a sparse-regression solver. PySINDy has integrated support for each of these
stages:

1. Numerical differentiation: Includes methods like finite-difference schemes and smoothed
finite differences for noise-robust derivative estimates.

2. Feature libraries: Provides polynomial, Fourier, and fully custom libraries that can be
tailored to the underlying biology.

3. Sparse regression optimizer: Involves optimization algorithms such as LASSO [42],
sequentially thresholded least squares (STLSQ) [9], and SR3 [59], which enable the
efficient identification of parsimonious models.

5.3 Application

We use the Sparse Identification of Nonlinear Dynamics (SINDy) framework to analyze the
canonical models described in Chapter 3. Each model was studied utilizing a unified workflow
including simulation, preprocessing, library construction, sparse regression, and validation, as
described in Figure 5.2. The underlying methodology remained unchanged, but the feature
libraries and sparsity parameters were adjusted to each system, as detailed in Table 5.1.

Data Generation
Numerical

Differentiation
Feature Library Sparse Regression

Model Identification
and Comparison

Steady-State
& Network Analysis

Figure 5.2. Schematic overview of the SINDy workflow

Methodology Overview

The overall procedure consists of the following key steps: numerical simulation of the system,
preparation of time-series data, construction of a candidate function library, sparse regression
for model identification, and validation of the inferred dynamics via networks.
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1. Numerical Simulation and Data Generation: For each system, time-series data were
generated by numerically integrating the original differential equations using known
initial conditions and parameter values (Table 3.2).

2. Numerical Differentiation: A smoothed finite difference scheme was employed to de-
termine time derivatives from the simulated trajectories. This method provides robustness
to any numerical noise.

3. Candidate Libraries: For all models except the Goodwin model, two types of candidate
libraries were constructed:

• Prior-informed library: Includes only those terms that are known to be present in
the original model equations.

• Polynomial library: Contains all monomials in the state variables up to degree 3
(since the maximum degree involved in the equations was 3).

These libraries serve as the feature space for the sparse regression step.

4. Sparse Regression: Sparse regression was then carried out using the Sequentially
Thresholded Least Squares (STLSQ) technique, which repeatedly refines the solutions
by switching between least squares estimation and thresholding. In each iteration, coeffi-
cients with magnitudes less than a defined threshold are adjusted to zero, encouraging
sparsity in the final model. By default, this approach uses sequentially thresholded Ridge
regression to balance model accuracy and regularization.

5. Model Validation and Interpretation:

• Simulation comparison: Trajectories of the original and identified models were
compared.

• Steady-state analysis: Equilibrium points were computed to verify alignment with
the original system.

• Jacobian analysis and interaction network construction: The Jacobian matrix
was evaluated at the steady state to uncover the local regulatory interactions. The
sign structure of the Jacobian was then visualized as a directed graph, showing
excitatory and inhibitory influences.

57/180

https://pysindy.readthedocs.io/en/latest/_modules/pysindy/optimizers/stlsq.html#STLSQ


Chapter 5. System Identification using SINDy

Table 5.1. Candidate library and hyperparameter values for different models.

S.No Model Library Terms Hyperparameters
(Alpha, Threshold)

1 FitzHugh–Nagumo Model (I) [1, x, x2, x3, y]

(II) [1, x, y, x2, xy, y2, x3, x2y, xy2, y3]

(I) α = 0.05,
threshold = 0.1

(II) α = 1.8 × 10−6,
threshold = 6.2 ×
10−2

2 Goodwin Model (I) [x, y, z, 1/(z10 + 1)] (I) α = 1.6 × 10−5,
threshold = 1.0 ×
10−3

3 Mass Action Model (I) [
1, u, v, w, x, y, uv,

uy, vw, wx, wy, xy, y2

]

(II) 
1, u, v, w, x, y,

u2, v2, w2, x2, y2,

uv, uw, ux, uy, vw,

vx, vy, wx, wy, xy



(I) α = 1.0× 10−14,
threshold = 0.025

(II) α = 6.6×10−14,
threshold = 0.025

4 Oregonator Model (I) [x, y, z, xy, x2]

(II) [1, x, y, z, x2, xy, xz, y2, yz, z2]

(I) α = 1.1 × 10−4,
threshold = 0.002

(II) α= 1.0 × 10−10,
threshold= 3.0 ×
10−4

5 Glycolytic Oscillation (I) [1, x, x2y]

(II) [1, x, y, x2, xy, y2, x3, x2y, xy2, y3]

(I) α = 0.05,
threshold = 0.1

(II) α = 1.0 × 10−5,
threshold = 1.0 ×
10−2
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5.3.1 Example 1: FitzHugh–Nagumo Model

Recall the FitzHugh–Nagumo (FHN) model, introduced in Section 3.1. This is a two-variable
system that captures the essential dynamics of excitable systems, including neurons and cardiac
tissue. The SINDy pipeline, as outlined in Section 5.3, was employed to infer the governing
equations. The simulation parameters and candidate libraries used for model identification are
provided below:

Table 5.2. Settings for simulation of FitzHugh-Nagumo model.

Setting IC t0 tf ∆t

Value [0.1, 0.0] 0 100 0.001

Candidate Library:

Two types of candidate libraries were chosen to train SINDy:

(1) Candidate library consisting of the terms present in the ODEs [use of prior information]:

Θ1(X) =
[
1, x, x2, x3, y

]
(2) Library consisting of all monomials in x and y up to degree 3 to ensure that all nonlinear-

ities present in the original model:

Θ2(X) =
[
1, x, y, x2, xy, y2, x3, x2y, xy2, y3

]
Identified Equations:

For both the candidate libraries and for the choice of specific hyperparameters (Table 5.1), the
SINDy algorithm converged to the same set of equations:

ẋ = 0.999x− 1.001 y + 1.000x2 − 0.999x3,

ẏ = 0.300x− 0.150 y.

These equations closely resemble the original system, exhibiting negligible variations in
coefficients (Table 5.3 and 5.4). Also, the time-series simulations of both the original and
SINDy models exhibit nearly identical trajectories, further confirming that the inferred system
accurately captures the dynamics (Figure 5.3).
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Table 5.3. Comparison of coefficients for the FitzHugh-Nagumo model for library (5.3.1)

S.No Term ẋ ẏ

True Estimated True Estimated

1 1 0.000 0.000 0.000 0.000

2 x 1.000 0.999 0.300 0.300

3 x2 1.000 1.000 0.000 0.000

4 x3 -1.000 -0.999 0.000 0.000

5 y -1.000 -1.001 -0.150 -0.150

Table 5.4. Comparison of coefficients for the FitzHugh-Nagumo model for library (5.3.1)

S.No Term ẋ ẏ

True Estimated True Estimated

1 1 0 0.000 0 0.000

2 x 1 0.999 0.3 0.300

3 y -1 -1.001 -0.15 -0.150

4 x2 1 1.000 0 0.000

5 xy 0 0.000 0 0.000

6 y2 0 0.000 0 0.000

7 x3 -1 -0.999 0 0.000

8 x2y 0 0.000 0 0.000

9 xy2 0 0.000 0 0.000

10 y3 0 0.000 0 0.000

Steady-State and Network Analysis:

A steady-state analysis of the SINDy-inferred system gave a steady state at (x∗, y∗) = (0, 0),
matches with the analytical steady state of the original model. To reveal the underlying
regulatory interactions, the Jacobian matrix was computed at this point, and its sign structure
was used to construct the local interaction network. The sign structure of the Jacobian and the
corresponding interaction network are shown in Figure 5.3).
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Figure 5.3. Results from the Sparse Identification of Nonlinear Dynamics (SINDy) method
applied to the FitzHugh–Nagumo model. (A) and (B) show the time series of the
FitzHugh–Nagumo model for variables x and y, respectively. The black curves represent the
true dynamics, while the red curves correspond to the SINDy-simulated trajectories. (C) and
(D) display the corresponding phase diagram in the x–y plane for the original and
SINDy-learned model, respectively. The similarity between the two diagrams indicates that the
learned model effectively captures the underlying system dynamics. (E) depicts the sign
structure of the Jacobian matrix evaluated at the steady state (x∗, y∗) = (0, 0), along with the
resulting interaction network. Blue arrows indicate positive regulation (activation), and red
arrows indicate negative influences (inhibition).
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5.3.2 Example 2: The Goodwin Model

The Goodwin model, introduced in Section 3.2, describes a three-variable biological oscillator
based on negative feedback with time delays, often used to model circadian rhythms and
transcriptional regulation. The SINDy pipeline, as outlined in Section 5.3, was employed
to infer the governing equations. The simulation parameters and candidate libraries used for
model identification are provided below:

Table 5.5. Settings for simulation of the Goodwin Model.

Setting IC t0 tf ∆t

Value [0.01, 0, 0] 0 1000 0.01

Candidate Library:

In this case, the library used consists of the terms present in the ODEs:

Θ(X) =
[
x, y, z,

1

z10 + 1

]
Identified Equations:

The system of equations inferred by SINDy algorithm is

ẋ = −0.100x+ 1.000
1

z10 + 1
,

ẏ = 1.000x− 0.100 y,

ż = 1.000 y − 0.100 z.

These equations match the original Goodwin model in structure and show negligible
numerical deviation in coefficient values, indicating successful model recovery (Table 5.6).
Further, the time-series simulations of both the original and SINDy models exhibit nearly
identical trajectories (Figure 5.4).

Table 5.6. Comparison of coefficients for the Goodwin model for library (5.3.2)

S.No Term ẋ ẏ ż

True Estimated True Estimated True Estimated

1 x -0.1 -0.100 1.0 1.000 0 0

2 y 0 0 -0.1 -0.100 1.0 1.000

3 z 0 0 0 0 -0.1 -0.100

4 1
z10+1 1.0 1.000 0 0 0 0
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Figure 5.4. Results from the Sparse Identification of Nonlinear Dynamics (SINDy) method
applied to the Goodwin model. (A)-(C) show the time series of the Goodwin model for
variables x, y, and z, respectively. The black curves represent the original dynamics, and the
red curves correspond to the SINDy-simulated trajectories. (D) and (E) display the 3D phase
diagram for the original and SINDy-learned model, respectively. The similarity between the
two diagrams indicates that the learned model effectively captures the underlying system
dynamics. (F) illustrates the sign structure of the Jacobian matrix evaluated at the steady state
(x∗, y∗, z∗) = (0.0187, 0.187, 1.87) and corresponding interaction network. Red arrows
indicate negative regulation (inhibition), and blue arrows positive regulation (activation).
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Steady-State and Network Analysis:

Steady-state analysis of the SINDy-learned model revealed a fixed point at approximately
(x∗, y∗, z∗) = (0.0187, 0.187, 1.87), aligning with the analytical steady state of the original
model. The local regulatory interactions were obtained using the sign structure of the Jacobian
evaluated at the steady state, as shown in Figure 5.4.

5.3.3 Example 3: Mass–Action Model

The mass-action model, introduced in Section 3.3, describes the early embryonic cell-cycle
oscillator using five molecular species. The governing equations were inferred using the SINDy
pipeline outlined in Section 5.3. Details of the simulation parameters and candidate function
libraries are given below:

Table 5.7. Settings for simulation of Mass action Model.

Setting IC t0 tf ∆t

Value [0,0,0,3 0] 0 100 0.001

Candidate Libraries:

SINDy was performed using the following two libraries:

1. Library including only those terms known to appear in the ODEs:

Θ1(X) = [ 1, u, v, w, x, y, uv, uy, vw, wx, wy, xy, y2 ] (5.3.1)

2. Library containing all monomials up to the second degree in each variable:

Θ2(X) = [ 1, u, v, w, x, y, u2, v2, w2, x2, y2,

uv, uw, ux, uy, vw, vx, vy, wx, wy, xy ]
(5.3.2)

Identified Equations:

For particular choices of hyperparameters, SINDy identified the same governing equations for
both libraries:

u̇ = −100.000u + 0.400 v − 0.400u v + 100.000u y,

v̇ = 1.500 · 1 − 0.100u v,

ẇ = 0.050 v − 20.000w − 0.050 v w + 20.000w y,

ẋ = 4.500 y − 6.000w x,

ẏ = 300.000 · 1 − 100.000x − 405.500 y + 100.000x y + 100.000 y2
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These equations match the original Mass Action model and show negligible numerical deviation
in coefficient values, as shown in (Table 5.8 and 5.9). Also, the time-series simulations of
both the original and SINDy models exhibit nearly identical trajectories, further confirming
that the inferred system accurately captures the dynamics (Figure 5.5).

Steady-State and Network Analysis.

Steady-state analysis of the SINDy-learned model revealed a fixed point at approximately
(u∗, v∗, w∗, x∗, y∗) = (0.501, 29.9, 0.386, 1.71, 0.881). The sign structure of the Jacobian
evaluated at this steady state and the corresponding interaction network is shown in Figure 5.5.

Table 5.8. Comparison of coefficients for the Mass–Action model for library 5.3.1

S.No Term u̇ v̇ ẇ ẋ ẏ

True Est. True Est. True Est. True Est. True Est.

1 1 0.000 0.000 1.500 1.500 0.000 0.000 0.000 0.000 300.000 300.003
2 u -100.000 -100.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 v 0.400 0.400 0.000 0.000 0.050 0.050 0.000 0.000 0.000 0.000
4 w 0.000 0.000 0.000 0.000 -20.000 -20.000 0.000 0.000 0.000 0.000
5 x 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -100.000 -100.001
6 y 0.000 0.000 0.000 0.000 0.000 0.000 4.500 4.500 -405.500 -405.503
7 uv -0.400 -0.400 -0.100 -0.100 0.000 0.000 0.000 0.000 0.000 0.000
8 uy 100.000 100.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
9 vw 0.000 0.000 0.000 0.000 -0.050 -0.050 0.000 0.000 0.000 0.000

10 wx 0.000 0.000 0.000 0.000 0.000 0.000 -6.000 -6.000 0.000 0.000
11 wy 0.000 0.000 0.000 0.000 20.000 20.000 0.000 0.000 0.000 0.000
12 xy 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000 100.001
13 xw 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
14 y2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000 100.001
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Table 5.9. Comparison of coefficients for the Mass–Action model for library 5.3.2

S.No Term u̇ v̇ ẇ ẋ ẏ

True Est. True Est. True Est. True Est. True Est.

1 1 0.000 0.000 1.500 1.500 0.000 0.000 0.000 0.000 300.000 300.000
2 u -100.000 -100.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 v 0.400 0.400 0.000 0.000 0.050 0.050 0.000 0.000 0.000 0.000
4 w 0.000 0.000 0.000 0.000 -20.000 -20.000 0.000 0.000 0.000 0.000
5 x 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -100.000 -100.000
6 y 0.000 0.000 0.000 0.000 0.000 0.000 4.500 4.500 -405.500 -405.500
7 u2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
8 v2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
9 w2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

10 x2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000 100.000
11 y2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
12 uv -0.400 -0.400 -0.100 -0.100 0.000 0.000 0.000 0.000 0.000 0.000
13 uw 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
14 ux 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
15 uy 100.000 100.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
16 vw 0.000 0.000 0.000 0.000 -0.050 -0.050 0.000 0.000 0.000 0.000
17 vx 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
18 vy 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
19 wx 0.000 0.000 0.000 0.000 0.000 0.000 -6.000 -6.000 0.000 0.000
20 wy 0.000 0.000 0.000 0.000 20.000 20.000 0.000 0.000 0.000 0.000
21 xy 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000 100.000
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Figure 5.5. Results from the Sparse Identification of Nonlinear Dynamics method applied to the
Mass-Action model. (A–E) show time series trajectories of the Mass-Action model for variables
u, v,w, x and y, respectively. The black curves represent the true dynamics, while the red
curves correspond to the SINDy-simulated trajectories. (F) the sign structure of the Jacobian
matrix evaluated at the steady state (u∗, v∗, w∗, x∗, y∗) = (0.501, 29.9, 0.386, 1.71, 0.881),
along with the resulting interaction network. Blue arrows indicate positive regulation
(activation), and red arrows indicate negative regulation (inhibition).
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5.3.4 Example 4: Oregonator Model

The Oregonator model, introduced in Section 3.4, encapsulates the nonlinear oscillatory
dynamics of the Belousov–Zhabotinsky (BZ) chemical reaction using three interacting variables.
The simulation parameters and the libraries for implementing the SINDy algorithm are given
below:

Table 5.10. Settings for simulation of the Oregonator Model.

Setting IC t0 tf ∆t

Value [0.1, 0.1, 0.1] 0 1000 0.01

Candidate Libraries:

1. Candidate library containing all the terms present in the original ODEs:

Θ1(X) = [x, y, z, xy, x2] (5.3.3)

2. Candidate library incorporating all monomials upto degree 2:

Θ2(X) = [1, x, y, z, x2, xy, xz, y2, yz, z2] (5.3.4)

Identified Equations:

In this case, SINDy gave a different set of equations corresponding to each library. For the
library (Θ1), the equations identified by the SINDy are

ẋ = 2.983x+ 0.002 y − 14.928xy − 14.909x2,

ẏ = −0.031x− 1.800 y + 1827.942 z − 11249.478xy+0.369x2,

ż = 0.200x− 0.250 z.

In contrast, using the library (Θ2), SINDy identified the following equations:

ẋ = 2.983x+ 0.002 y−0.002 z − 14.903x2 − 14.915xy−0.025xz+0.010 z2,

ẏ = −0.019 · 1+0.361x− 1.798 y + 1828.680 z−1.070x2 − 11251.686xy

−3.061xz−0.043 yz−2.032 z2,

ż = 0.200x− 0.250 z+0.001x2 + 0.004xz − 0.004 z2

Although both inferred models incorporate additional terms beyond those in the original
system, they successfully retain all the true governing terms. Furthermore, the coefficients
associated with the common terms closely match the original values. Despite additional
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terms, simulations of the inferred models nearly mimic the genuine system trajectories, as
demonstrated in Figure 5.6.

Table 5.11. Comparison of coefficients for the Oregonator model for library (5.3.3)

S.No Term ẋ ẏ ż

True Est. True Est. True Est.

1 x 2.985 2.983 0.000 -0.031 0.200 0.200
2 y 0.002 0.002 -1.800 -1.800 0.000 0.000
3 z 0.000 0.000 1827.897 1827.942 -0.250 -0.250
4 xy -14.925 -14.928 -11248.594 -11249.478 0.000 0.000
5 x2 -14.925 -14.909 0.000 0.369 0.000 0.000

Table 5.12. Comparison of coefficients for the Oregonator model for library (5.3.4)

S.No Term ẋ ẏ ż

True Est. True Est. True Est.

1 1 0.000 0.000 0.000 −0.019 0.000 0.000
2 x 2.985 2.983 0.000 0.361 0.200 0.200
3 y 0.002 0.002 −1.800 −1.798 0.000 0.000
4 z 0.000 −0.002 1827.897 1828.680 −0.250 −0.250
5 x2 −14.925 −14.903 0.000 −1.070 0.000 0.001
6 xy −14.925 −14.915 −11248.594 −11251.686 0.000 0.000
7 xz 0.000 −0.025 0.000 −3.061 0.000 0.004
8 y2 0.000 0.000 0.000 0.000 0.000 0.000
9 yz 0.000 0.000 0.000 −0.043 0.000 0.000
10 z2 0.000 0.010 0.000 −2.032 0.000 −0.004

Steady-State and Network Analysis:

For the model inferred using the library (Θ1), two steady states were identified, (x, y, z) =
(0.0705, 0.130, 0.0564) and (0, 0, 0). In contrast, the model inferred using library (Θ2), only
the non-trivial steady state (0.0705, 0.130, 0.0564) was recovered. The Jacobian matrix was
evaluated at both the steady states. The sign structure of the Jacobian and the corresponding
interaction network at both steady states is shown in Figure 5.6.
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Figure 5.6. Results from the Sparse Identification of Nonlinear Dynamics method applied to
the Oregonator model. (A)-(C) show the time series of the Oregonator model for variables x, y,
and z, respectively. The black curves represent the original dynamics, and the red curves
correspond to the SINDy-simulated trajectories. (D–E) display the 3D phase diagram for the
original and SINDy-learned model, respectively. The similarity between the two diagrams
indicates that the learned model effectively captures the underlying system dynamics. (F–G)
Jacobian sign patterns and inferred interaction networks: (F) corresponds to the steady state
(0.0705, 0.130, 0.0564), while (G) corresponds to the steady state (0, 0, 0). The lower panel
illustrates the corresponding networks where blue arrows represent activation, and red arrows
represent inhibition.

Although the steady states and time-series trajectories align closely between the original
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and inferred models, the interaction network differs from the original model. This can further
be analyzed using the entries and their magnitude in the Jacobian. Small but non-zero Jacobian
entries introduce weak spurious interactions in the inferred interaction network. These weak
terms, while numerically insignificant, can alter the network topology if not thresholded during
interpretation. This highlights that accurately reproducing the dynamics does not always
guarantee faithful recovery of the underlying interaction structure (Figure 5.7).

(A) (B)

(C) (D)

(E)

Figure 5.7. Comparison of the Jacobian evaluated at steady states for the original and
SINDy-identified equations for the Oregonator model. The original model and the
SINDy-identified model using library 5.3.3 share nearly the same steady states: (1) (0, 0, 0)
and (2) (0.0705, 0.130, 0.0564) respectively. In contrast, the model identified using
library 5.3.4 exhibits only steady state (2), due to the presence of a small bias term in the
inferred equation for ẏ. (A)–(B) show the Jacobians at steady states (1) and (2) for the original
model. (C)–(D) show the Jacobians at the same points for the SINDy-inferred model using
library 5.3.3. (E) shows the Jacobian at steady state (2) for the SINDy-inferred model using
library 5.3.4. Small but non-zero Jacobian entries (highlighted in blue) introduce weak
spurious interactions in the inferred interaction network.
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5.3.5 Example 5: Glycolytic Oscillation Model

The final example is the Selkov model for glycolytic oscillation, described in Section 3.5, is a
two-variable system that exhibits metabolic oscillations typical of yeast cells. The simulation
settings and candidate libraries for performing SINDy are given below:

Table 5.13. Settings for simulation of Glycolytic Oscillation model.

Setting IC t0 tf ∆t

Value [0.1, 0.0] 0 100 0.001

Candidate Libraries:

1. Candidate library containing all the terms present in the original ODEs:

Θ1(X) = [1, x, x2y] (5.3.5)

2. Candidate library containing all monomials up to degree 3:

Θ2(X) = [1, x, y, x2, xy, y2, x3, x2y, xy2, y3] (5.3.6)

Identified Equations:

For the choice of hyperparameters in Table 5.1, SINDy gave the same models for both the
libraries:

ẋ = 0.100 · 1 − 1.000x + 1.000x2y,

ẏ = 0.200 · 1 − 1.000x2y

The identified equations accurately reproduce the structure of the original model, effec-
tively recovering the true system dynamics (Table 5.14 and 5.15). Moreover, the time-series
trajectories produced by the SINDy-inferred models strongly align with those of the actual
system (Figure 5.8).

Steady-State and Network Analysis:

A steady-state analysis of the SINDy-inferred system revealed a steady state at (x∗, y∗) =

(0.300, 2.220), , matching with the analytical steady state of the original model. The Jacobian
matrix was analyzed to determine the regulatory interactions near steady state. The sign
structure of the Jacobian and the corresponding interaction diagram are illustrated in Figure 5.8.
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Table 5.14. Comparison of coefficients for the simple model

S.No Term ẋ ẏ

True Est. True Est.

1 1 0.1 0.100 0.2 0.200
2 x -1.0 -1.000 0.0 0.000
3 x2y 1.0 1.000 -1.0 -1.000

Table 5.15. Comparison of coefficients for the simple two-variable model

S.No Term ẋ ẏ

True Est. True Est.

1 1 0.1 0.1 0.2 0.2
2 x -1.0 -1.0 0.0 0.0
3 y 0.0 0.0 0.0 0.0
4 x2 0.0 0.0 0.0 0.0
5 xy 0.0 0.0 0.0 0.0
6 y2 0.0 0.0 0.0 0.0
7 x3 0.0 0.0 0.0 0.0
8 x2y 1.0 1.0 -1.0 -1.0
9 xy2 0.0 0.0 0.0 0.0
10 y3 0.0 0.0 0.0 0.0
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Figure 5.8. Results from the Sparse Identification of Nonlinear Dynamics method applied to
the Glycolytic oscillation (Selkov) model. (A) and (B) show the time series of the
FitzHugh–Nagumo model for variables x and y, respectively. The black curves represent the
true dynamics, while the red curves correspond to the SINDy-simulated trajectories. (C) and
(D) display the corresponding phase diagram in the x–y plane for the original and
SINDy-learned model, respectively. The similarity between the two diagrams indicates that the
learned model effectively captures the underlying system dynamics. (E) depicts the sign
structure of the Jacobian matrix evaluated at the steady state (x∗, y∗) = (0.30, 2.22), along
with the resulting interaction network. Blue arrows indicate positive regulation (activation),
and red arrows indicate negative influences (inhibition).
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5.4 Discussion

The Sparse Identification of Nonlinear Dynamics (SINDy) framework was evaluated on five ex-
amples, namely, FitzHugh–Nagumo (FHN), Goodwin, Mass-Action cell-cycle, the Oregonator,
and Glycolytic (Selkov) Oscillation model, to assess its efficacy in discovering interpretable
governing equations using simulated time-series data. The entire procedure involved simulating
each system, extracting time derivatives from trajectories, creating candidate function libraries,
executing sparse regression using STLSQ, and validating the SINDY-learned models using
steady-state, Jacobian, and network analysis. The codes and notebooks for all the analysis done
in this chapter are available at https://github.com/Alka-CBhub/Chapter-5.

All models, excluding the Goodwin oscillator, utilized two types of libraries: (1) a prior-
informed library including just terms derived from the original system, and (2) a polynomial
library comprising all monomials up to degree 3.

In most cases, both libraries produced consistent results: the proper terms were
recognized, extra terms (if any) had tiny coefficients, and the dynamics of the SINDy-
inferred models closely resembled the original trajectories and phase diagram. The steady
states estimated from the discovered equations were likewise consistent with the analytical
fixed points, and the sign pattern of the Jacobians typically reflected the actual local
regulatory interactions.

However, the Oregonator model showed an important limitation. While both inferred
models accurately captured the system’s dynamics and stable states, the expanded polynomial
library incorporated several terms not present in the original equations. These extra terms,
although did not affect the time evolution, appeared as non-zero entries in the Jacobian.
Consequently, it affected the deduced interaction network. This finding suggests that
successful reconstruction of dynamic behavior does not always imply correct model
discovery, especially when network edges are chosen only by numerical Jacobian structure
and no significance threshold is used on their entries.

For the Goodwin model, we used a single candidate library consisting only of terms
explicitly found in the original ODEs. This model incorporates a Hill-type term, 1

z8+1
.

The standard SINDy framework symbolically depicts each candidate term, treating its rational
representation as an a single indivisible basis function. Thus, the discovered equations preserved
this term in its original form, possibly multiplied by a relevant coefficient derived via regression.
This shows a fundamental limitation of the standard SINDy approach. The candidate terms
are treated as symbolic black-box terms, with SINDy simply assigning a scalar coefficient
to them. This limits interpretability and generalization, particularly when the actual dynamics
incorporate nonlinearities that may be analytically factored or reduced.

In the next chapter, we examine this limitation in more detail and learn an adaptable
variation of SINDy— Implicit SINDy—which can more naturally identify and express models
incorporating rational functions with improved identifiability.

Overall, our analysis shows that SINDy, when combined with effective library design, may
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recover meaningful dynamics across systems of varying complexity. For real-world applications,
it is important to consider not only trajectory accuracy but also the interpretability of
inferred structures, particularly in network analysis.
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Implicit SINDy: Handling Rational
Nonlinearities

Sparse Identification of Non-linear Dynamics (SINDy) has become a fundamental approach
for identifying governing equations directly from data. When the underlying dynamics can be
expressed as low-degree polynomials, a simple library consisting of monomials is generally
sufficient to derive models that are both precise and understandable. Unfortunately, several
biochemical processes are either mediated by enzymes or include cooperativity. The terms
corresponding to these kinetics involve rational nonlinearity and cannot be expressed sparsely in
a polynomial basis. Mangan et al. [8], introduced the notion to generalize the SINDy library
to account for rational nonlinear dynamics. It involves creating the library that consists of
both state variables and their derivatives and allow the algorithm to identify the coefficients of
an implicit algebraic relation that naturally accommodates rational functions.

Reasons for the Failure of Normal SINDy

When the system involves enzyme-mediated or cooperative binding phenomena, the library
must have the appropriate rational functions to accurately represent these phenomena. To
understand the failure of traditional SINDy, consider the following single-species Michaelis-
Menten dynamics:

ẋ = 0.6− 1.5x

0.3 + x
.

If some one intends to implement standard SINDy in this scenario, several questions must
be addressed:

(1) Can the rational term x
K+x , be written as a finite linear combination of various

rational functions? The answer is no, since generic rational nonlinearities are not sparse
linear combinations of a finite number of rational functions [8].

(2) In certain cases, a rational function may be represented as an infinite power series and
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can be approximated by a finite linear combination of polynomials, subject to a specific
degree of inaccuracy. Using this type of approximation in the context of standard SINDy
will lead to two additional inquiries:

(2a) What should be the highest degree of the polynomial?

(2b) What should be the error tolerance?

Assume that a polynomial of degree d is used to represent a rational term in n variables in
a rare instance. Consequently, the SINDy library should contain the monomial terms. The total
number of all these monomials in n variables is determined by

Nm =

(
n+ d

d

)
.

For example:

If n = 5 variables and d = 4, then:

Nm =

(
5 + 4

4

)
=

(
9

4

)
= 126.

As a result, the SINDy library will need to contain Nm terms, and if the degree d is moderate
to high, it can be very large for a given number of state variables n.

Due to the possibility of several rational terms and state variables, the process will be
computationally costly. Additionally, it may result in a model that does not accurately reflect
the dynamics.

Mangan et al. [8] proposed the concept of generalizing the SINDy library to accommodate
rational nonlinear dynamics by including both state and derivative terms into an implicit feature
matrix, which will be explored in the subsequent section.

6.1 Implicit SINDy and SINDy-PI

Suppose that each of the state variables xk in the equation

ẋk = fk
(
x1, x2, . . . , xn

)
, k = 1, 2, . . . , n. (6.1.1)

(6.1.1) is governed by some nonlinear rational function. The above equation then can be
expressed as:

ẋk = fk(x) (6.1.2)

=
fN
k (x)

fD
k (x)

, (6.1.3)
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where fN
k (x) and fD

k (x) are polynomials in the state variables x1, x2, ..., xn obtained after
simplification.

To model the dynamics represented by (6.1.3), it is rewritten in the implicit form by
multiplying both sides of the equation by the denominator polynomial:

fN
k (x) = fD

k (x)ẋk, or (6.1.4)

fN
k (x)− fD

k (x)ẋk = 0 (6.1.5)

Thus, the original dynamics (6.1.1) has the form

Fk(x, ẋk) = 0. (6.1.6)

For example: The equation

ẋ = 0.6− 1.5x

0.3 + x

may be expressed in the rational form (6.1.3) as:

ẋ =
0.18− 0.3x

0.3 + x

which further can be written in the implicit form (6.1.6) as:

0.18− 0.3x− 0.3ẋ− xẋ = 0

The implicit formulation (6.1.6) in ẋk ∀ k, has motivated to generalize the SINDy library
to include both purely state-dependent terms and the terms involving the product of ẋk
with functions of x [8]:

Θk(x, ẋk(t)) =
[
ΘN

k (x) ẋk(t)Θ
D
k (x)

]
∀ k = 1, 2, ..., n (6.1.7)

where, the first term, ΘN
k (x), is the library of numerator monomials in x and the second term,

ẋk(t)Θ
D
k (x), is obtained by multiplying each term in the library of denominator polynomials

ΘD
k (x) with the vector ẋk(t)[8].
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Remark:

• Complexity (the number of terms) of the model written in the implicit for-
mulation (6.1.5), will be : Number of monomials in the numerator × Number of
monomials in the denominator.

• In most cases, the same polynomial degree can be used for both the numerator
and denominator libraries, so that ΘN

k (x) = ΘD
k (x). Thus, in this case, the

augmented library (6.1.7) is only twice the size of the original polynomial library
in ΘN

k (x) [8].

Hence, the equation (6.1.6) in terms of the augmented library can be written as:

Θk(x, ẋk(t))ξk = 0, k = 1, 2, ..n (6.1.8)

where ξk is the coefficient vector for the kth implicit equation. The Eq.(6.1.8) terms of the data
matrix take the form

Θk(X, Ẋk)ξk = 0, Θk(X, Ẋk) =
[
ΘN

k (X) diag(ẋk(t))ΘD
k (X)

]
(6.1.9)

Note that finding the sparsest non-zero vector ξk (as a trivial solution is always there,
which will capture no dynamics) that satisfies (6.1.9) is equivalent to finding the null space of
Θk(X, Ẋk). This led to solving the sparse null space problem:

min ∥ξk∥0 subject to ξk ∈ N \ {0} (6.1.10)

where:

• N = Null Space(Θk(X, Ẋk)

• ∥ξk∥0 counts the number of non-zero entries in ξk, (combinatorial, discontinuous, and
non-convex function).

Remark:

• The constraint set, N = Null Space(Θk(X, Ẋk) is a linear subspace, but the
intersection with the objective function ∥ξk∥0 introduces multiple local minima.

• If p is the number of columns in the implicit feature matrix, then the (theoretical)
dimension (independent directions) of N = p−m where m >> p.

The problem (6.1.10) constitutes a non-convex optimization problem that is computationally
NP-hard: to determine the best subset of non-zero coefficients, one will have to evaluate
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all the possible combinatorial subsets, which grows exponentially with the number of
candidates in the library. To address this sparse null space problem, implicit SINDy employs
the Alternating Directions Method (ADM) developed by Qu et al. [62]. This approach identifies
the sparsest vector within a subspace of the null space by alternating between two tasks: (1)
enforcing sparsity and (2) projecting onto the null space.

6.1.1 Limitations of implicit formulation of SINDy

The implicit formulation of SINDy is solved using the Alternating Directions Method (ADM),
which requires null space calculations. If Θk(X, Ẋk) has full rank (columns in the feature
matrix are linearly independent), the null space N is properly defined and has the smallest
dimension. However, when the data matrix X is noisy, it perturbs each column of Θk(X, Ẋk).
As a result, this decreases the numerical rank of Θk(X, Ẋk), and so increases the dimension
of the null space N . This increase in size may not represent the true direction. Due to a richer
null space, ADM might get stucked in suboptimal local minima. As a result, the sparse solutions
become unreliable or dense, preventing the model from generalizing.

6.1.2 Robust formulation of the Implicit SINDy: SINDy-PI

To address the limitations of the implicit formulation, Kaheman et al. [43] developed SINDy-PI,
which reformulates the implicit SINDy problem into a series of explicit sparse regression
problems that may be solved in parallel. The key idea of SINDy-PI is that, if a single term θj(·)
of the dynamics (6.1.6) is known, then the original implicit equation (6.1.8) can be rewritten by
isolating θj on the left-hand side and expressing it as a linear combination of all other terms:

θj(X, Ẋk) =
∑
i ̸=j

θi(X, Ẋk) ξ
(j)
i (6.1.11)

Here, θj(X, Ẋk) is the jth column of Θk(X, Ẋk) and ξ(j) ∈ Rp−1 for j = 1, 2, ..., p. The
equation (6.1.11) now is no longer an implicit equation in the derivative, and thus, it can be
solved for a sparse coefficient vector ξ(j)i by minimizing:∥∥∥∥∥∥θj(X, Ẋk) −

∑
i ̸=j

θi(X, Ẋk) ξ
(j)
i

∥∥∥∥∥∥
2

2
Residual Loss

+ λj

∥∥∥ξ(j)∥∥∥
0

Sparsity Penalty

(6.1.12)

where λj is the penalty for the jth regression problem. This explicit regression problem is
solved for each candidate θj(·), j = 1, 2, ..., p in parallel.

In this way SINDy-PI avoids explicit null-space computations, hence enhancing numerical
stability and robustness to noise than implicit SINDy [43].
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Reformulating SINDy-PI as a Global Constrained Optimization Problem

Each individual sparse regression problem in SINDy-PI (6.1.11) is formulated by se-
lecting one candidate feature θj as the left-hand side and expressing it as a sparse linear
combination of the remaining p − 1 terms in the library, hence yielding p regression
problems. Kaheman et al. [43] formulated these separate sparse regressions as a sin-
gle constrained optimization problem by writing the regression equations as a single
constrained system of equations:

Θ
(
X, Ẋk

)
≈ Θ

(
X, Ẋk

)
Ξ subject to Ξjj = 0. (6.1.13)

where:

(1) Θ = [ θ1 | θ2 | · · · | θp ] ∈ Rm×p, θj is a candidate basis function evaluated over
m time points.

(2)
Ξ =

[
ξ(1)

∣∣∣ ξ(2) ∣∣∣ · · · ∣∣∣ ξ(p) ] ∈ Rp×p, with ξ(j) ∈ Rp,

and ξ
(j)
i = Ξjj = 0, j = 1, 2, . . . , p. These diagonal constraint ensures that no

column uses itself for reconstruction.

(3)

ΘΞ =
[
Θ ξ(1)

∣∣ Θ ξ(2)
∣∣ · · · ∣∣ Θ ξ(p)

]
=
[
θ̂1
∣∣ θ̂2

∣∣ · · · ∣∣ θ̂p
]

where θ̂j =
∑

i ̸=j θi ξ
(j)
i .

so that, the optimization problem becomes:

min
Ξ

∥∥∥Θ(X, Ẋk)−Θ(X, Ẋk)Ξ
∥∥∥2
2︸ ︷︷ ︸

Residual Loss

+ β ∥Ξ∥0︸ ︷︷ ︸
Sparsity Penalty

s.t. diag(Ξ) = 0, (6.1.14)

where β > 0 is a sparsity-promoting regularization parameter. This formulation enables
all candidate models to be evaluated in a unified optimization framework and solved
efficiently in parallel using sequential thresholded least squares [43].

6.2 Tools for Implementation

In this thesis, the SINDy-PI framework is implemented in Python utilizing the PySINDy Python
package [60, 61]. This package has specific modules to identify models with implicit dynamics.
The implementation involves two key components:

(1) Feature Library Construction:
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Designing the library of candidate function is the crucial part in while performing
implicit SINDy. The library is constructed using the SINDyPILibrary class from the
pysindy.feature_library.sindy_pi_library module. Unlike standard SINDy, this library
separately accepts two sets of user-defined functions:

(a) One involving the function of state variables.

(b) Another for defining the derivative of the state variable.

After defining the functions, the library constructed from SINDyPILibrary contains
all the terms from (a) and (b) and their tensor product.

Things to consider when constructing the library:

• Separate feature libraries are created for each equation ẋk, as the implicit
formulation requires that ẋk appears only in the kth equation.

• The library must include both:

– Purely state-dependent terms: θ(x)

– Implicit terms involving derivatives: ẋk · θ(x)

(2) Optimization Framework:
Once the library has been constructed, the next step is to perform sparse regression. This
is done by using the optimizer SINDyPI, implemented in the module
pysindy.optimizers.sindy_pi. The theoretical formulation (6.1.14) involves
ℓ0 norm minimization, which is non-convex and computationally hard. PySINDy uses
convex relaxations for practical implementation. Specifically, for each j = 1, . . . , p, the
optimizer solves:

min
ξ(j)

1

2

∥∥∥θj −Θξ(j)
∥∥∥2
2
+ λR(ξ(j)) subject to ξ

(j)
j = 0

where R(·) is a sparsity-inducing regularization term, such as ℓ1, ℓ2, or their weighted
variants. Convex optimizations are handled internally using solvers available in CVXPY,
a convex optimization library.

Remark: In order to control the strength of the regularization PySINDy allows:

• A global threshold parameter threshold, applied uniformly across all coeffi-
cients, or

• A matrix thresholds[i, j], specifying the threshold for the jth term in the
ith equation providing flexibility in handling variables with different scales or noise
sensitivities.
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Algorithm 1: Parallel Implicit Sparse Identification (SINDy-PI)

Input: Implicit Feature matrix Θ ∈ Rm×p;
Sparsity parameter λ > 0;
Tolerance tol, maximum iterations max_iter;
Output: Sparse coefficient matrix Ξ ∈ Rp×p

1 Initialize Ξ← 0p×p;
2 for j = 1 to p do
3 Extract target feature: θ(j) ← Θ[:, j];
4 Define optimization variable ξ(j) ∈ Rp;
5 Solve:

min
ξ(j)

∥∥∥θ(j) −Θξ(j)
∥∥∥2
2
+ λ

∥∥∥ξ(j)∥∥∥
1

s.t. ξ
(j)
j = 0

6 Set Ξ[:, j]← ξ(j);

7 return Ξ

6.2.1 Model Selection in SINDy-PI

For a given choice of hyperparameters, the SINDy-PI algorithm returns a collection of candidate
models: one for each target term θj by solving a series of sparse regression problems in parallel
[43]. The goal of model selection is to determine which among these candidates best balances
accuracy and parsimony, that is, to identify implicit models that adequately explain the observed
data while remaining as simple as possible.

Let Y = Θ
(
X, Ẋk

)
∈ Rm×p and Ŷ = Θ

(
X, Ẋk

)
Ξ ∈ Rm×p where Y and Ŷ are defined

in (6.1.14). Each column in Ŷ corresponds to the predicted model obtained by solving an
individual regression problem associated with the corresponding implicit feature.

Further, define:

y(j) = Y [:, j], ŷ(j) = Ŷ [:, j], and r(j) = y(j) − ŷ(j), j = 1, 2, . . . , p

where r(j) is the residual vector for the jth model (column).

To evaluate the quality of each inferred model, we can compute several performance metrics
for every model (j = 1, 2, . . . , p:.

(a) Coefficient of Determination (R²):

R2
j = 1− ∥r(j)∥22

∥y(j) − ȳ(j)∥22
, where ȳ(j) =

1

m

m∑
i=1

y
(j)
i .

A higher R2
j ∈ [0, 1] indicates better model fit.
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(b) Relative Error:

Relj =
∥r(j)∥2
∥y(j)∥2

.

This normalized residual helps to compare models regardless of the scale of y(j).

(c) Sparsity (Number of Active Terms):

kj = ∥ξ(j)∥0,

where ξ(j) is the coefficient vector for the jth equation. A lower kj implies a more
parsimonious model.

(d) Akaike Information Criterion (AIC):

AICj = 2kj +m ln

(
∥r(j)∥22

m

)
.

AIC penalizes the number of active terms to discourage overfitting.

(e) Bayesian Information Criterion (BIC):

BICj = kj ln(m) +m ln

(
∥r(j)∥22

m

)
.

BIC imposes a stronger penalty for model complexity, especially when m is large.

These metrics can be used separately or combined to evaluate model accuracy, sparsity, and
complexity. The final model is often chosen based on high R2

j , low relative error, and lowest
AIC and BIC values.

Multiple candidate functions θj(·) may generate accurate and sparse models. These models
should be cross-referenced to verify the consistency of selected terms [43].
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Remarks:

• When a specific column of Y is constant (e.g., all ones, which may arise when a
bias term is included independently in the library), the coefficient of determination
R2 becomes undefined, since the denominator ∥y(j) − ȳ(j)∥22 evaluates to zero.
In such instances, libraries like scikit-learn yield R2 = 0, which may
wrongly suggest that the associated model is an inadequate match. Consequently,
for constant columns, it is advisable to utilize additional metrics.

• When modeling the dynamics of biological systems, it is often required that all ex-
pressions in the denominator of rational terms should remain positive to maintain
physical and biological validity. Consequently, models exhibiting singularities
or including negative-valued denominators are excluded due to their potential to
produce biologically implausible or undetermined outcomes in simulation.

6.3 Application

Methodology Overview

This thesis employs the SINDy-PI (Parallel Implicit Sparse Identification of Nonlinear Dy-
namics) framework to discover rational dynamical models from time-series data. The overall
methodology follows a systematic pipeline, as illustrated in Figure 6.1. The workflow integrates
simulation, sparse model identification, and interpretability filtering to produce biologically
meaningful rational ODEs.

Simulate ODEs Compute Derivatives Construct Implicit Library
Evaluate Feature Matrix:

Θ(X, Ẋk)

Grid Search over Thresholds
λ

Evaluate Global Model Fit
& Select Optimal λ

Re-fit with Optimal λ
& Equation-wise Evaluation

Convert Implicit → Explicit

Re-scale Each Model
by the Coefficient of a Given Term

Select Interpretable Models
Validation

& Interpretation
Sensitivity Analysis

& Bifurcation Diagrams

Figure 6.1. Schematic Overview of the Implicit SINDy (SINDy-PI) workflow

The key steps in the methodology are outlined below:

1. Simulate the ODEs: The given system of ODEs are numerically integrated to generate
synthetic time-series data x(t) for all state variables, based on predefined parameters and
initial conditions.
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2. Compute Time Derivatives: Derivatives ẋ(t) are estimated from the simulated trajecto-
ries using finite difference methods.

3. Construct the Implicit Library: An implicit feature library Θ(x, ẋ) is constructed.
This includes both state-dependent monomials and derivative-coupled terms, such as
ẋ · θ(x), to enable the discovery of rational expressions.

4. Evaluate the Feature Matrix: The constructed library is evaluated on the dataset to
obtain matrix Y = Θ(X, Ẋ), which serves as the data matrix for the model discovery
process.

5. Perform Threshold Grid Search: A grid of sparsity thresholds λ is explored. For
each value, SINDy-PI solves a constrained sparse regression problem to identify a set of
implicit candidate models 6.3.

6. Evaluate Global Model Fit and Select λ∗: Each model is evaluated using global
performance metrics such as mean squared error (MSE), relative error, and information
criteria (AIC and BIC). The optimal threshold λ∗ is selected based on a balance between
accuracy and sparsity.

7. Re-fit and Evaluate Equation-wise Models: Using the selected thresholdλ∗, SINDy-PI
is re-applied to generate a set of implicit equations. Each equation is individually assessed
using R2, relative error, AIC, BIC, and the number of active terms.

8. Convert Implicit to Explicit Form: All the implicit equations are algebraically re-
arranged to solve for the derivative, yielding explicit rational expressions suitable for
interpretation.

9. Re-scale Equations: Each model is then rescaled by dividing through the coefficient of a
selected term from the denominator to normalize the expression and facilitate comparison.
If any given term is not present in the denominator, then the expression will get rescaled
by the coefficient of the leading term.

Symbolic
Implicit Equation
f(x, ẋ) = 0

Solve for Derivative (ẋk)
(Raw model)

Rescale Rational
Expression

Drop Small Terms
(Filter Terms with

|ξij | < tol)

Round to
Significant Digits

Final Explicit Model
(Rational Form)

Figure 6.2. Schematic overview of the implicit to explicit conversion and rescaling.

10. Select Interpretable Models: Models are filtered based on interpretability criteria like
absence of singularities, positive-valued denominators, and biological plausibility.
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11. Validation and Interpretation: The final model is validated by comparing it with the
ground-truth system. Additional analysis includes computation of steady states, Jacobian
matrices, and network visualization to explain the system’s regulatory behavior.

This pipeline enables robust discovery of accurate, interpretable, and biologically relevant
rational ODE models, even in the presence of complex nonlinearities.

Steps in Performing Global Threshold Tuning

The SINDy-PI implementation generates a collection of implicit equations by solving the
optimization problem:

min
Ξ

∥∥∥Θ(X, Ẋk)−Θ(X, Ẋk)Ξ
∥∥∥2
2︸ ︷︷ ︸

Residual Loss

+ λR(Ξ)︸ ︷︷ ︸
Sparsity Penalty

s.t. diag(Ξ) = 0, (6.3.1)

where λ > 0 is a sparsity-promoting regularization parameter that must be carefully tuned to
obtain a model that best balances accuracy and sparsity [43].

We let Y = Θ
(
X, Ẋk

)
∈ Rm×p (implicit feature matrix) and Ŷ = Θ

(
X, Ẋk

)
Ξ ∈

Rm×p where m is the number of time points and p is the number of candidates in implicit
feature library. In this scenario, k = 1. Each column of Ŷ represents the prediction for
the corresponding column of Y. We conduct a grid search by choosing a set of 20 threshold
parameters logarithmically spaced between 10−6 and 10−1 to find the optimal value of threshold,
λ. In this process, we fit a SINDy-PI for each value of the threshold λ, resulting in the coefficient
matrix Ξ ∈ Rp×p, and assess the overall efficacy of the models (coefficient matrix Ξ) by using
the following performance metrics:

• Mean Squared Error (MSE) between the predicted and actual feature matrices:

MSE =
1

n · p

n∑
i=1

p∑
j=1

(Yij − Ŷij)
2

• Relative Error, calculated as the normalized Frobenius norm of the residual matrix:

Relative Error =
∥Y − Ŷ ∥F
∥Y ∥F

,

• Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC),
which penalize model complexity based on the number of active terms k and the total
residual sum of squares:

AIC = 2k +m · ln
(

RSS
m

)
, BIC = k · ln(m) +m · ln

(
RSS
n

)
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where RSS = ∥Y − Ŷ ∥2F , k = ∥Ξ∥0.

We computed all the metrics and then select the optimal threshold accordingly.

Limitations of Global Threshold Tuning: Given a value of a threshold, SINDy-PI
algorithms generate multiple models, one for each candidate term in the implicit library.
In order to choose the optimal value of the threshold, we used a uniform global sparsity
criterion, in which a uniform threshold is typically imposed for all equations. Though it
simplifies the selection process, it brings numerous significant constraints:

1. We can not expect each implicit equation to show the same degree of noise or
sensitivity. Therefore, a single threshold may not sufficiently balance sparsity and
accuracy across all implicit models.

2. For each state variable, the implicit feature matrix usually combines state mono-
mials and derivative-coupled terms. Using a uniform criterion might result in
biased selection of models that may favour high-magnitude features and eliminate
significant but smaller-magnitude terms.

3. Performance indicators such as AIC or global mean squared error include residuals
from all equations, which might mask poor fits in certain models. As a result, the
selected threshold may fail to provide equations that capture the true dynamics.

4. Another significant issue with global threshold tuning arises when we use ex-
tremely small threshold values, such as λ ≤ 10−10. Although such values may
preserve the entire set of candidate terms and occasionally recover the proper
model structure, they frequently cause numerical instability in the sparse regres-
sion solver. Specifically, as regularization decreases, the underlying linear system
becomes ill-conditioned and susceptible to overfitting, causing the solver to fail or
provide degenerate solutions with all-zero coefficients. This problem occurred
repeatedly during threshold sweep, with several models failing to converge
or producing zero-valued coefficient vectors at extremely low thresholds.
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6.3.1 Example-1: Michaelis-Menten Kinetics

As a first example, we implemented the implicit-SINDy framework on a classical enzyme
system regulated by Michaelis-Menten dynamics. This system describes the time evolution of
a single substrate concentration x, which is consumed by an enzymatic process. The model
takes the well-known form:

ẋ = jx −
Vmaxx

Km + x
, (6.3.2)

where jx denotes a constant input flux, Vmax represents the maximum reaction rate, and
Km is the Michaelis constant which represents the substrate concentration at half-maximal
velocity [8].

To test model recovery, we generate synthetic time-series data using the parameters defined
in Table 6.1 and settings in Table 6.2.

Table 6.1. Parameter values for the MM kinetics Model.

j Vmax Km

0.6 1.5 0.5

Table 6.2. Settings for simulation of the MM Kinetics model.

Setting IC t0 tf ∆t

Value 0.1 0 500 0.05

After substituting the parameter values, the model 6.3.2 becomes

ẋ = −1.5 x

(x+ 0.3)
+ 0.6 (6.3.3)

To make the further analysis more clear, we express the model 6.3.3 in its pure rational
form :

ẋ =
0.18− 0.9x

x+ 0.3
(6.3.4)

Writing the above equation in implicit form gives

(0.18− 0.9x)− ẋ(x+ 0.3) = 0 (6.3.5)

Note that, the Eq. (6.3.5) is spanned by, [1, x ] ∪ ẋ · [1, x]. Therefore we choose the library
for x:

Θ(x, ẋ) = [1, x , ẋ, xẋ ]

We then conduct a grid search by choosing a set of 20 threshold parameters logarithmically
spaced between 10−8 and 10−1 to find the optimal value of threshold, λ (Figure 6.3). We
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observe that each metric returns a nearly identical value for the optimal threshold shown in
Table 6.3.

Equation-wise model evaluation for optimal threshold

We re-fit the SINDy-PI using the optimal value of the threshold lambda, which results in a set
of 4 implicit equations. We assessed every equation using the same training set in terms of:

• R2 score

• Relative Error

• AIC and BIC

• Number of active terms (k)

Table Table 6.4 shows the value of these scores together with the LHS term and the model
index. This table ranks every equation based on relative R2 score along with other scores.

(A) (B)

(C)

Figure 6.3. Global diagnostic plots for determining the sparsity threshold for MM Kinetics
model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C) Information Criteria (AIC
and BIC) are plotted as functions of the sparsity threshold λ, evaluated over a logarithmically
spaced grid from 10−8 to 10−1. The implicit feature matrix Y = Θ(X, Ẋ1) ∈ R10001×4 is
approximated by Ŷ = ΘΞ, and model performance is assessed by residual norms and
complexity-penalizing criteria. Optimal thresholds minimizing each metric are indicated with
colored markers. The corresponding values are presented in Table 6.3.
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Table 6.3. Best thresholds selected by different metrics for MM Kinetics Model.

Metric Best Threshold

Mean Squared Error 2.069 00×10−5

Relative Error 2.069 00×10−5

Akaike Information Criterion (AIC) 2.069 00×10−5

Bayesian Information Criterion (BIC) 2.069 00×10−5

All models show a good performance score on the training data. Since a biologically
interpretable model must not have singularities or negative terms in the denominator, we
reformulate all candidate models to explicit equations for further examination.

Table 6.4. Equations sorted by lowest Relative Error for λ = 2.069× 10−5.

Eq Feature R2 Relative Error AIC BIC

1 x 9.999 80 5.146 30×10−5 −2.297 08 −2.296 86
0 1 0.000 000 5.235 80×10−5 −1.971 62 −1.971 40
2 ẋ 9.999 70 5.499 00×10−3 −2.106 58 −2.106 37
3 x ẋ 9.979 99 4.467 60×10−2 −2.094 66 −2.094 44

Candidate models for x:

Model 0: ẋ =
0.1811− 0.9055x

1.0x+ 0.3013
, Extra Terms: 0 (6.3.6)

Model 1: ẋ =
0.1955− 0.9775x

1.0x+ 0.3360
, Extra Terms: 0 (6.3.7)

Model 2: ẋ =
0.1912− 0.9558x

1.0x+ 0.3258
, Extra Terms: 0 (6.3.8)

Model 3: ẋ =
0.1465− 0.7326x

1.0x+ 0.2178
, Extra Terms: 0 (6.3.9)

We find that all the possible models described above are both interpretable and exhibit a
good performance score. To know the variation of coefficients across all models, we compare
the learned coefficients with the ground truth values for each term in the numerator and the
denominator by listing the minimum and maximum values of the coefficients across all final
candidate models. The comparisons are summarized in Table 6.5 and Table 6.6 respectively.
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Table 6.5. Comparison of coefficients for the numerator terms for ẋ.

S.No Candidate Term Original Coeff. Min Max
1 x −0.9 −0.9775 −0.7326
2 1 0.18 0.1465 0.1955

Table 6.6. Comparison of coefficients for the denominator terms for ẋ.

S.No Candidate Term Original Coeff. Min Max
1 x 1.0 1.0 1.0

2 1 0.3 0.2178 0.3360

Besides coefficient comparison, we simulated the derived equations and compared their
dynamics with the original model. As seen in Figure 6.4, all recovered models accurately
replicated the original time series of x(t), with negligible deviation in both transient and
steady-state behavior. All identified models converged to an identical steady-state value of
x = 0.2, matches with the analytical steady state of the original model. Moreover, all produced
a consistent interaction network that was again found to align corresponding to the original
model shown in Figure 6.4).

−

(A) (B)

(C)

Figure 6.4. Results from the Implicit SINDy (SINDy-PI) method applied to the MM Kinetics
model. (A) and (B) show the original and SINDy simulated time series of the MM kinetics
model for the variable x. (C) represents the sign of the Jacobian evaluated at the steady state
x∗ = 0.20, along with the resulting interaction network. The red arrows indicate negative
influence (inhibition). All candidate models accurately replicate the original dynamics.
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6.3.2 Example 2: Microbial Growth Model

As a second example, we studied a two-dimensional system that monitors microbial population
dynamics in a batch reactor. This system, regulated by Monod-type kinetics, has been used as
a case study for model identifiability [44]. It describes the interaction between the microbial
biomass (x1) and a growth-limiting substrate (x2) via the following set of nonlinear differential
equations:

ẋ1 =
µx1x2
Ks + x2

−Kdx1, (6.3.10)

ẋ2 = −
µx1x2

γ(Ks + x2)
, (6.3.11)

where µ is the maximum specific growth rate, Ks is the saturation constant, Kd is the death
rate, and γ represents the yield coefficient, quantifying substrate depletion per unit of biomass
produced [44].

Table 6.7. Parameter values for the Microbial Growth Model.

µ Ks Kd γ

0.4 1.0 0.05 0.5

Table 6.8. Settings for simulation of the Microbial Growth Model.

Setting IC t0 tf ∆t

Value [0.1, 0.4] 0 500 0.05

We simulated this system using the parameters and settings listed in Table 6.7 and Table 6.8,
respectively, to generate synthetic data. Also, substituting the parameter values to the system
6.3.11 gives:

ẋ1 =
0.4x1x2
x2 + 1.0

− 0.05x1

ẋ2 = −
0.4x1x2

0.5x2 + 0.5

(6.3.12)

(6.3.13)

which further can be written in pure rational form as:

ẋ1 =
0.35x1 x2 − 0.05x1

x2 + 1.0
, (6.3.14)

ẋ2 = −
0.8x1 x2
x2 + 1

. (6.3.15)

To test implicit SINDy, we build a separate library for both the state variables x1 and x2

and use SINDy-PI to recover each equation independently. The selected candidate libraries for
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x1 and x2 are:

Θ1(x, ẋ1) =
[
x1, x2, x1x2, ẋ1, ẋ1x1, ẋ1x2, ẋ1x1x2

]
,

Θ2

(
x, ẋ2

)
=
[
x2, x1x2, ẋ2, ẋ2x2, ẋ2x1x2

]
,

we perform a grid search independently to identify the optimal value of λ for each equation. The
optimal thresholds and equation wise model performance for each x1 and x2 are summarized
in the subsequent tables.

(A) (B)

(C)

Figure 6.5. Global diagnostic plots for determining the sparsity threshold for x1 in the
microbial growth model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated on 25 points logarithmically spaced between 10−7 to 10−1. The implicit feature
matrix Y = Θ(X, Ẋ1) ∈ R10001×7 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and complexity-penalizing criteria. Optimal thresholds minimizing
each metric are indicated with colored markers. The corresponding values are presented in
Table 6.9.

Table 6.9. Best thresholds selected by different metrics for x1 in the Microbial Growth Model.

Metric Best Threshold

Mean Squared Error 3.162 00×10−7

Relative Error 3.162 00×10−7

Akaike Information Criterion (AIC) 1.778 00×10−6

Bayesian Information Criterion (BIC) 1.778 00×10−6
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(A) (B)

(C)

Figure 6.6. Global diagnostic plots for determining the sparsity threshold for x2 in the
Microbial Growth Model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated on 20 points logarithmically spaced between 10−8 to 10−3. The implicit feature
matrix Y = Θ(X, Ẋ2) ∈ R10001×5 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and complexity-penalizing criteria. Optimal thresholds minimizing
each metric are indicated with colored markers. The corresponding values are presented in
Table 6.10.

Table 6.10. Best thresholds selected by different metrics for x2 in the Microbial Growth Model.

Metric Best Threshold

Mean Squared Error 6.952 00×10−7

Relative Error 6.952 00×10−7

Akaike Information Criterion (AIC) 3.793 00×10−7

Bayesian Information Criterion (BIC) 3.793 00×10−7
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Table 6.11. Equations for x1 sorted by lowest Relative Error for λ = 3.162× 10−7.

Eq Feature R2 Relative Error AIC BIC

0 x1 1.000 00 6.327 20×10−6 −3.066 35 −3.066 06
1 x1x2 1.000 00 5.513 50×10−5 −2.996 19 −2.995 90
3 ẋ1 1.000 00 2.334 00×10−4 −3.033 00 −3.032 71
6 ẋ1x2 9.999 97 1.647 10×10−3 −2.960 16 −2.959 87
5 x1 ẋ1 x2 9.952 19 6.880 80×10−2 −2.643 09 −2.642 80
2 x2 9.886 29 1.013 10×10−1 −1.075 91 −1.075 55
4 x1 ẋ1 9.598 70 1.996 10×10−1 −2.131 03 −2.130 67

Table 6.12. Equations for x2 sorted by lowest Relative Error for λ = 6.952× 10−7.

Eq Feature R2 Relative Error AIC BIC

0 x1x2 1.000 00 3.060 20×10−5 −3.113 96 −3.113 75
2 ẋ2 1.000 00 4.366 90×10−5 −3.132 85 −3.132 64
4 x2ẋ2 1.000 00 2.838 50×10−4 −3.021 62 −3.021 40
3 x1x2ẋ2 9.955 95 6.537 80×10−2 −2.353 79 −2.353 57
1 x2 9.855 28 1.143 00×10−1 −1.051 82 −1.051 53

Candidate models for x1:

Model 0: ẋ1 =
0.35x1x2 − 0.05001x1

1.0x2 + 1.0
(6.3.16)

Model 1: ẋ1 =
0.3507x1 x2 − 0.05008x1

1.0x2 + 1.002
(6.3.17)

Model 3: ẋ1 =
0.3516x1 x2 − 0.0502x1

1.0x2 + 1.004
(6.3.18)

Model 6: ẋ1 =
0.3476x1 x2 − 0.04971x1

1.0x2 + 0.9937
(6.3.19)

Candidate models for x2:

Model 0: ẋ2 =
−0.8005x1x2
1.0x2 + 1.0

Model 2: ẋ2 =
−0.8005x1x2
1.0x2 + 1.001

Model 4: ẋ2 =
−0.799x1x2

1.0x2 + 0.9988
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Table 6.13. Comparison of coefficients for the numerator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x1 x2 0.3500 0.3476 0.3516

2 x1 −0.0500 −0.0502 −0.0497

Table 6.14. Comparison of coefficients for the denominator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x2 1.0000 1.0000 1.0000

2 1 1.0000 0.9937 1.0040

Table 6.15. Comparison of coefficients for the numerator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x1 x2 −0.8000 −0.8005 −0.7990

Table 6.16. Comparison of coefficients for the denominator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x2 1.0000 1.0000 1.0000

2 1 1.0000 0.9988 1.0010

98/180



Chapter 6. Implicit SINDy: Handling Rational Nonlinearities

(B)(A)

(C)

+ 0
− 0

Figure 6.7. Results from the Implicit SINDy (SINDy-PI) method applied to the Microbial
Growth Model. (A) and (B) show the original and SINDy simulated time series of the Microbial
Growth Model for the variable x1 and x2 respectively. (C) represents the sign structure of the
Jacobian matrix evaluated at the steady state (x∗1, x

∗
2) = (0, 1), along with the resulting

interaction network. The red and blue arrows indicate negative and positive regulation
respectively. Any combination of candidate models for x1 and x2 accurately replicate the
original dynamics.

Discussion

In this chapter, we applied the Implicit SINDy (SINDy-PI) framework to two examples
involving rational nonlinearities: (1) the Michaelis-Menten (MM) enzyme kinetics model
(one variable) [8] and (2) a Microbial Growth model (two variables) [44] to illustrate the
methodology and implementation approach. Unlike the classical SINDy, which treats each
candidate term as an isolated symbolic expression, Implicit SINDy enables us to discover the
governing dynamics as an implicit expression in derivatives, thus allowing rational functions to
emerge in the dynamics.

The candidate library in both examples was constructed using nonlinear terms present in the
original equations to make the analysis simple and validate the tool. The learned models
obtained not only matched the behavior of the original equations but were also compact,
containing few terms. This shows that SINDy-PI may effectively reconstruct interpretable
rational models without requiring a large basis. The codes and notebooks are available at
https://github.com/Alka-CBhub/Chapter-6.

However, an important limitation of the SINDy-PI framework frequently highlighted in
the literature [8, 43, 44] is that a single trajectory may not be sufficient to uniquely identify the
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model. Also, the coefficients in the rescaled model were dropped below a tolerance, which may
be subjective and may affect the number of terms in the model. We were able to recover models
back from a single trajectory in our analysis, probably due to the candidate library, which was
constructed with prior information. In practical situations, where the actual expressions for
nonlinearities are uncertain and data may be noisy or partial, the concept of multiple trajectories
may become necessary to ensure model identifiability and interpretability.

100/180



Chapter 6. Implicit SINDy: Handling Rational Nonlinearities

Part II
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Chapter 7

Cell Cycle Dynamics: Discovering
Governing Equations using Implicit
SINDy

7.1 Motivation and Problem Statement

Biological systems often exhibit rhythmic behavior, as seen in many processes such as cardiac
dynamics, circadian clocks, and cell division. In many eukaryotic cells, the cell division cycle
progresses through a strictly regulated sequence of events, namely cell growth, DNA replication,
and mitotic division, which are basically governed by transcriptional feedback and checkpoint
controls [63]. However, in the early embryonic cell cycles of Xenopus laevis, the dynamics are
fundamentally different. These cycles oscillate autonomously with a period of ≈ 25 minutes
and are driven entirely by post-translational protein-level interactions. The lack of transcription
and the rapid transition between S-phase and mitosis make this system a minimal yet powerful
model for understanding the design principles of biochemical oscillators [20, 64, 65].

To understand the design principles of this autonomous biochemical oscillator, Ferrell
et al. [20] studied this system by developing a series of differential equation models. Their
objective was to figure out how protein-level feedback interactions cause sustained oscillations
in CDK1 activity. Their modeling framework demonstrated that the interaction between a
negative feedback loop (where CDK1 activates APC, leading to CDK1 inactivation) and a
positive feedback loop (where CDK1 promotes its own activation by stimulating Cdc25 and
inhibiting Wee1) suffices to produce both bistability and robust oscillatory dynamics [15, 20, 23].
In this whole architecture, negative feedback is required for generating oscillatory behavior,
and positive feedback adds hysteresis and sharp transitions, contributing to the robustness and
switch-like nature of the dynamics. Since the regulation involves rapid transitions and delays
caused by multistep biochemical processes, the authors used Hill-type response functions in
their models to account for these events. These functions, characterized by their sigmoidal
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shape and rational structure, effectively approximate the ultrasensitive dynamics of regulatory
interactions within the feedback circuits.

In this study, we revisit the CDK1–APC regulatory architecture proposed by Ferrell et
al. [20], decomposing it into individual feedback components to understand how distinct motifs,
ranging from simple positive or negative feedback to coupled feedback loops (Fig. 7.1 (A)) and
delayed regulation (Fig. 7.1 (B)) contribute to oscillations.

Although Ferrell’s mechanistic models offered great biological insights, they heavily rely
on domain-specific knowledge and hand-crafted differential equations. Recent developments
in computational biology have concentrated on automated discovery of dynamical models
directly from experimental time-series data. In this work, we aim to rediscover the underlying
dynamics using time-series data simulated from the original models. For this, we employ
Implicit SINDy (Sparse Identification of Nonlinear Dynamics), a data-driven approach capable
of recovering rational nonlinearities such as Hill functions. This approach allows us to derive
interpretable dynamic models directly from data, without relying on prior knowledge of network
structure or kinetics.

CDK1
APC

(A)

(a)

CDK1 CDK1 APC

(b)

CDK1
APC

Plk1

(B)

Figure 7.1. Schematic of regulatory networks in CDK1–APC dynamics. (A) Feedback circuit
combining positive and negative feedback in a two-component model of CDK1 and APC
regulation: CDK1 activates APC, which in turn promotes CDK1 degradation (negative
feedback). Simultaneously, CDK1 enhances its own activation by stimulating Cdc25 and
inhibiting Wee1 (positive feedback). (a) Isolated positive feedback loop from (A), involving only
CDK1 self-activation. (b) Isolated negative feedback loop from (A), where CDK1 activates
APC and APC suppresses CDK1 activity. (B) Extended regulatory architecture where Plk1 acts
as an intermediate between CDK1 and APC. This delayed negative feedback loop supports
sustained oscillations even without explicit positive feedback, as captured in the three-variable
model.

Below, we apply our methodology to the models for each of the cases discussed in 7.1.
Main features for each of the models are given in Table 7.1.
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Table 7.1. Main features of the models considered in this study.

ID Example 1 Example 2 Example 3 Example 4
State variables 1 2 2 3

Total parameters 5 8 11 11

Max degree N(x) 9 (9, 9) (17, 9) (9, 9, 9)

Max degree D(x) 8 (8, 8) (16, 8) (8, 8, 8)

Dynamics Bistable Damped oscillations Limit-cycle oscillations Limit-cycle oscillations

Example 1: A one-variable model of CDK1 regulation with a positive
feedback:

We start with a one-variable model describing the regulation of cyclin-dependent kinase 1
(CDK1), a crucial regulator of mitotic entry in the cell cycle. The model comprises three
processes: basal activation, linear decay, and a positive feedback via the self-regulation of
CDK1. The feedback is characterized by a Hill function that represents ultrasensitive and
cooperative activation mediated by regulatory pathways, such as Cdc25 phosphatase and Wee1
kinase. This simplified system isolates the impact of positive feedback and illustrates how
bistability can arise without any additional regulatory component. The reaction network and its
governing dynamics are given as follows:

(I) Reaction network:

R1: Θ
α1−→ CDK1∗, Basal production.

R2: CDK1∗
β1−→ ∅, Linear degradation.

R3: CDK1ina +H+(CDK1∗,K3, n3)
α3−→ CDK1∗, Self-regulation.

(II) System dynamics:

d[CDK1∗]

dt
= α1 − β1CDK1∗ + α3 (1− CDK1∗)

CDK1∗n3

Kn3
3 +CDK1∗n3

(7.1.1)

Here, CDK1∗ and CDK1ina represent the active and inactive form of CDK1, respectively,
H+(CDK1∗,K3, n3) := CDK1∗n3

K
n3
3 +CDK1∗n3

is the Hill’s activation function that has activation
constant K3 and Hill’s coefficient n3. α1, β1, and α3 are the kinatic parameters. The last term
in Eq.(7.1.1) represents CDK1 triggering its own production via an autoregulatory feedback.
Also, CDK1∗ +CDK1ina = CDK1T , where CDK1T is the total amount of CDK1. We take
CDK1T = 1. This system shows bistability for the specific choice of parameters as shown in
Fig 7.2.
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(A)

CDK1

(B)

(C) (D)

Figure 7.2. Circuit diagram, codimension-one bifurcation, rate-balance plot, and time series
of CDK1 regulation. (A) A circuit diagram of the model. (B) A plot of steady state CDK1 as a
function of bifurcation parameter α. Red and black curves denote stable and unstable steady
states, respectively. The kinetic parameters to simulate the ODE are β1 = 3,α3 = 3,K3 = 0.5,
and n3 = 8. At α1 close to 0.72 and 0.95, the two steady states, one stable node and another
unstable saddle, collide to give rise to saddle-node bifurcation, and the parameter at which this
happens is called saddle-node (SN) bifurcation point. SN1 and SN2 denote two saddle-node
bifurcations. (C) Rate-balance plot for the parameter α1 = 0.8. The rest of the parameters are
the same. The black and red circles represent the steady states. (D) Time series of the system,
starting with CDK1*[0] = 0 and approaching towards steady state.

For simplicity of writing, we let x := CDK1∗. Then, the Eq.(7.1.1) becomes:

ẋ = α1 − β1 x+ α3 (1− x)
xn3

Kn3
3 + xn3

(7.1.2)

In order to rediscover Eq (7.1.2) using implicit SINDy (SINDy-PI), we generate the synthetic
data using the parameters and settings given in Table 7.2 and 7.3 respectively.

Table 7.2. Parameter values for CDK1 regulation Model .

α1 β1 α3 K3 n3

1.5 3 3 0.5 8
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Table 7.3. Settings used for simulation of one variable CDK1 regulation Model.

Setting NIC t0 tf ∆t

Value 1 0 500 0.05

Using the values of parameters from Table 7.2, Eq 7.1.2 becomes:

ẋ = 1.5− 3x+ 3 (1− x)
x8

0.58 + x8
(7.1.3)

Since we are utilizing synthetic time series data with a known true form, to make the further
analysis more clear, we first express the model in its pure rational form :

ẋ =
−6.0x9 + 4.5x8 − 0.01171875x+ 0.005859375

1.0x8 + 0.00390625
(7.1.4)

We, then proceed to construct the library of possible candidate terms. Note that the degree of
the numerator and the denominator in Eq.(7.1.4) is 9 and 8, respectively. Also, when written in
the implicit form, the equation is spanned by the set:

[1, x, x8, x9︸ ︷︷ ︸
state monomials

] ∪ ẋ [ x8, 1]

Therefore, to ensure clarity and minimize computational cost, we choose the library for x:

Θ(x, ẋ) =

1, x, x8, x9︸ ︷︷ ︸
state monomials

, ẋ, xẋ, x8ẋ, x9ẋ


The candidate library consists of three types of terms: pure monomials in the state variables,

the time derivative of the state, and products of this derivative with those monomials. In order to
make sure that the library is both minimal and enough expressive for recovering the true ODEs,
we first extract the derivative-free monomials from the implicit form of the original equations.
We next call SindyPILibrary(), which append the state derivative and all cross-terms
generated by multiplying the derivative with each chosen monomial. The result is a compact
yet complete basis of candidate functions that span the original dynamics. We employ the same
strategy to construct the library in subsequent examples.

The next stage in the SINDy-PI framework involves solving the sparse regression problems
for each state variable independently. In this case, only one state variable is present. In
order to perform sparse regression, we first conduct a grid search by choosing a set of 20
threshold parameters logarithmically spaced between 10−6 and 10−1 to find the optimal value
of threshold, λ (Figure 7.3). We observe that each metric returns a nearly identical value for
the optimal threshold shown in Table 7.4.
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(A) (B)

(C)

Figure 7.3. Global diagnostic plots for determining the sparsity threshold for x in CDK1
regulation model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C) Information
Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ, evaluated over a
logarithmically spaced grid from 10−6 to 10−1. The implicit feature matrix
Y = Θ(X, Ẋ1) ∈ R10001×8 is approximated by Ŷ = ΘΞ, and model performance is assessed
by residual norms and complexity-penalizing information criteria. Optimal thresholds
minimizing each metric are indicated with colored markers. The corresponding values are
presented in Table 7.4.

Table 7.4. Optimal Value of Threshold (λ) for Each Metric)

Metric Best Threshold
MSE 1× 10−6

Relative Error 1× 10−6

AIC 1× 10−6

BIC 1× 10−6

After determining the optimal threshold parameter λ, we reapply the SINDy-PI technique
to generate a set of eight implicit equations. The performance of each implicit equation is
assessed separately, as outlined in Section 6.2.1, using the same training data. Table 7.5 shows
the value of performance metrices together with the LHS term and the model index. This table
ranks every equation based on relative error score along with other scores. The metrics may be
used independently or collectively to evaluate the accuracy, and complexity of the model. An
effective model typically has a high R2, low relative error, and minimal AIC and BIC values.
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Table 7.5. Implicit equations for x sorted by lowest Relative Error corresponding to
λ = 1.0× 10−6.

Eq Feature R2 Relative Error AIC BIC

2 x8 1.000 00 5.393 80×10−6 −2.897 52 −2.897 09
3 x9 1.000 00 1.239 50×10−5 −2.790 00 −2.789 57
0 1 0.000 000 1.737 70×10−4 −1.731 58 −1.731 08
1 x 9.999 09 2.023 50×10−4 −1.760 14 −1.759 64
4 ẋ 9.999 39 7.816 00×10−3 −1.667 50 −1.666 92
6 x8ẋ 9.991 60 2.896 50×10−2 −2.267 50 −2.267 07
7 x9ẋ 9.990 49 3.081 80×10−2 −2.334 25 −2.333 81
5 x ẋ 9.964 67 5.937 80×10−2 −1.448 38 −1.447 94

Multiple models show a good performance score on the training data. Since a biologically
interpretable model must not have singularities or negative terms in the denominator, we
reformulate all models to explicit equations for further examination and obtain the following
candidate models for x:

Candidate models for x:

Model 0: ẋ =
−5.726x9 + 4.291x8 − 0.01095x + 0.005712

−0.0822x9 + 1.0x8 + 0.0007456x + 0.003754
,

Model 1: ẋ =
5.415x9 − 4.068x8 + 0.01248x − 0.006045

0.1552x9 − 1.0x8 + 0.001972x − 0.00431
,

Model 2: ẋ =
−6.121x9 + 4.595x8 − 0.01366x + 0.006828

1.0x8 − 0.0007203x + 0.004642
,

Model 3: ẋ =
−6.091x9 + 4.541x8 − 0.006395x + 0.004393

1.0x8 + 0.007161x + 0.002047
,

Model 4: ẋ =
−5.633x9 + 4.223x8 − 0.01108x + 0.005706

−0.1035x9 + 1.0x8 + 0.0002618x + 0.003816
,

Model 5: ẋ =
−0.1884x9 + 0.02904x − 0.008325

1.449x9 − 1.0x8 + 0.03931x − 0.01049
,

Model 6: ẋ =
−0.04865x8 + 0.00734x − 0.0008533

1.383x9 − 1.0x8 + 0.01476x − 0.002208
,

Model 7: ẋ =
−0.04946x8 + 0.007595x − 0.0009663

1.389x9 − 1.0x8 + 0.01484x − 0.002279
.

Among all the possible models described above, only Model 3 is both interpretable as well
exhibits a good performance score. Consequently, we choose Model 3 as the final model.

ẋ =
−6.091x9 + 4.541x8 − 0.006395x + 0.004393

1.0x8 + 0.007161x + 0.002047
, Extra Terms: 1. (7.1.5)
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In the next step, we compare the original coefficients and the estimated coefficients for each
term in the numerator and the denominator by listing the minimum and maximum values of
the coefficients across all final candidate models. In this case, we obtained only one candidate
model. Consequently, the minimum and maximum values are identical (Table 7.6 and 7.7).

Table 7.6. Comparison of coefficients for the numerator terms for ẋ.

S.No Candidate Term Original Coeff. Min Max
1 x9 −6.0 −6.091 −6.091
2 x8 4.5 4.541 4.541

3 x −0.01171875 −0.006395 −0.006395
4 1 0.005859375 0.004393 0.004393

Table 7.7. Comparison of coefficients for the denominator terms for ẋ.

S.No Candidate Term Original Coeff. Min Max
1 x8 1.0 1.0 1.0

2 x 0.0 0.007161 0.007161

3 1 0.00390625 0.002047 0.002047

The identified model accurately preserves all original terms together with their appropriate
signs. We further validate its accuracy by calculating the steady state and examining the local
interaction network. Despite incorporating one extra term, the model exhibit the same transient
steady state behavior as in the original model shown in Figure 7.4.
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(B)(A)

(C)

−

Figure 7.4. Results from the Implicit SINDy (SINDy-PI) method applied to the CDK1
regulation model. (A) and (B) show the original and SINDy simulated time series of the CDK1
regulation model for the variable x. (C) represents the sign of the Jacobian evaluated at the
steady state x∗ = 0.745, along with the resulting interaction network for the identified model.
The red arrows indicate negative influence (inhibition).

Example 2: A two-variable model of CDK1–APC regulation with
negative feedback

We next examine a two-variable model that captures a negative feedback loop between CDK1
and the Anaphase-Promoting Complex (APC). In this formulation, CDK1 activates APC, which
promotes CDK1 degradation or inactivation, resulting in a negative feedback loop. The model
has two coupled differential equations: one representing the active form of CDK1 and the
other representing the active form of APC. Both regulatory interactions are modeled using Hill
functions to incorporate ultrasensitivity. This model does not incorporate any positive feedback,
hence lacking the structural prerequisites for bistability. The dynamics in this case generally
display either a single stable steady state or damped oscillations, depending upon parameter
values [23]. The reaction networks and interaction dynamics for this system are:
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(I) Reaction network:

R1: ∅ α1−→ CDK1∗, Basal Production.

R2: CDK1∗ +H+(APC∗,K1, n1)
β1−→ CDK1ina, Regulation of CDK1 via APC.

R3: APCina +H+(CDK1∗,K2, n2)
α2−→ APC∗, Regulation of APC via CDK1.

R4: APC∗ β3−→ ∅, Linear degradation.

(II) System dynamics:

d[CDK1∗]

dt
= α1 − β1CDK1∗

APC∗n1

Kn1
1 +APC∗n1

, (7.1.6)

d[APC∗]

dt
= α2 (1−APC∗)

CDK1∗n2

Kn2
2 +CDK1∗n2

− β2APC
∗ (7.1.7)

Here, CDK1∗, APC∗ and CDK1ina, APCina represent the active and inactive form of
CDK1 and APC, respectively. Also, CDK1∗+CDK1ina = CDK1T , and APC∗+APCina =

APCT , where CDK1T and APCT represent the total amount of CDK1 and APC respectively.
We take CDK1T = APCT = 1. The parameters α1, α2, β1, and β2 are the kinetic parameters.

Note that, the second term in Eq.(7.1.6) delineates the inactivation of CDK1* by active APC,
whereas the first term in Eq.(7.1.17) indicates the activation of APC by CDK1*. The terms
H+(CDK1∗,K2, n2) and H+(APC∗,K1, n1) collectively form a negative feedback loop.
The system exhibits damped oscillations for the choice of specific parameters, as illustrated in
Fig 7.5. The parameter values and simulation settings to generate the training data are given
below:

Table 7.8. Parameter values for the two-variable CDK1–APC model.

Parameter α1 α2 β1 β2 K1 K2 K3 n1 n2 n3

Value 1.5 3 3 1 0.5 0.5 0.5 8 8 8

Table 7.9. Settings used for simulation of CDK1–APC model.

Setting NIC t0 tf ∆t

Value 1 0 500 0.05

Again for simplicity, we let x1 := CDK1∗, x2 := APC∗. The equations (7.1.6) and
(7.1.7) then transformed into:

dx1
dt

= α1 − β1 x1
xn1
2

Kn1
1 + xn1

2

,

dx2
dt

= α2 (1− x2)
xn2
1

Kn2
2 + xn2

1

− β2 x2

(7.1.8)

(7.1.9)
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(A) (B)

(D)(C)

CDK1 APC

Figure 7.5. Circuit diagram, codimension-one bifurcation diagram, phase diagram, and time
series of CDK1-APC regulation. (A) A circuit diagram of the model. (B) A plot of steady state
CDK1* as a function of bifurcation parameter α1. It reveals a graded response, where the
steady-state value of the system output increases smoothly and continuously, corresponding to
the parameter α1. (C) Phase plane diagram of the system. The black arrows represent
direction fields. The red and green curves represent the two nullclines of the system. These two
nullclines intersect at (CDK1∗ ≈ 0.54,APC ≈ 0.67), which is a stable steady state. A black
trajectory is shown, which starts from (0,0) and approaches toward the steady state.(D) Time
series of the system, starting with CDK1∗[0] = APC[0] = 0, showing damped oscillations.

Substituting the parameter values yields the following equations:

ẋ1 = 1.5− 3x1
x82

x82 + 0.58

ẋ2 = 3 (1− x2)
x81

x81 + 0.58
− x2

(7.1.10)

(7.1.11)

This can be further simplified into a purely rational form:

ẋ1 =
−3.0x1 x82 + 1.5x82 + 0.005859375

1.0x82 + 0.00390625
(7.1.12)

ẋ2 =
−4.0x81x2 + 3.0x81 − 0.00390625x2

1.0x81 + 0.00390625
(7.1.13)

We build a separate library for both the state variables x1 and x2 and use SINDy-PI to
recover each equation independently. The selected candidate libraries for x1 and x2 are:

Θ1(x, ẋ1) =
[
1, x82, x1x

8
2, ẋ1, ẋ1 x

8
2, ẋ1 x1 x

8
2

]
,
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Θ2

(
x, ẋ2

)
=
[
x2, x

8
1, x

8
1x2, ẋ2, x2ẋ2, x

8
1ẋ2, x

8
1x2ẋ2

]
As in Example 1, we perform a grid search independently to identify the optimal value of λ

for each equation. The optimal thresholds and equation-wise model performance for each x1

and x2 are summarized in the subsequent tables.

(A) (B)

(C)

Figure 7.6. Global diagnostic plots for determining the sparsity threshold for x1 in
CDK1-APC regulation model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated on 25 points logarithmically spaced between 10−7 to 10−1. The implicit feature
matrix Y = Θ(X, Ẋ1) ∈ R10001×6 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and complexity-penalizing information criteria. Optimal thresholds
minimizing each metric are indicated with colored markers. The corresponding values are
presented in Table 7.10.

Table 7.10. Optimal Value of Threshold (λ) for ẋ1 corresponding to each metric.

Metric Best Threshold
MSE 1× 10−5

Relative Error 1× 10−5

AIC 1× 10−5

BIC 1× 10−5
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(A) (B)

(C)

Figure 7.7. Global diagnostic plots for determining the sparsity threshold for x2 in
CDK1-APC regulation model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated over 15 points logarithmically spaced between 10−10 to 10−3. The implicit feature
matrix Y = Θ(X, Ẋ1) ∈ R10001×7 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and complexity-penalizing criteria. Optimal thresholds minimizing
each metric are indicated with colored markers. The corresponding values are presented in
Table 7.11.

Table 7.11. Optimal Value of Threshold (λ) for ẋ2 corresponding to each metric.

Metric Best Threshold
MSE 1× 10−6

Relative Error 1× 10−6

AIC 3.162× 10−4

BIC 1× 10−9
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Table 7.12. Implicit equations for x1 sorted by lowest Relative Error corresponding to
λ = 1.0× 10−5.

Eq Feature R2 Relative Error AIC BIC

2 x1x
8
2 9.999 97 7.681 60×10−5 −2.656 29 −2.656 01

1 x82 9.999 96 8.222 80×10−5 −2.522 54 −2.522 25
0 1 0.000 000 6.847 60×10−4 −1.457 31 −1.456 88
3 ẋ1 9.996 22 1.943 00×10−2 −1.377 65 −1.377 29
4 ẋ1x

8
2 9.973 06 5.185 70×10−2 −2.062 87 −2.062 58

5 x1ẋ1x
8
2 9.971 21 5.361 20×10−2 −2.133 63 −2.133 35

Table 7.13. Implicit equations for x1 sorted by lowest Relative Error corresponding to
λ = 1× 10−6.

Eq Feature R2 Relative Error AIC BIC

1 x81 1.000 00 2.609 40×10−4 −2.569 09 −2.568 73
2 x81x2 1.000 00 3.120 90×10−4 −2.626 13 −2.625 77
5 x81 ẋ2 9.999 98 1.528 80×10−3 −2.346 45 −2.346 02
6 x81x2 ẋ2 9.988 05 3.455 80×10−2 −1.864 79 −1.864 42
3 ẋ2 9.978 41 4.643 50×10−2 −1.255 64 −1.255 21
4 x2 ẋ2 9.868 41 1.146 50×10−1 −1.288 11 −1.287 68
0 x2 −1.100 21 1.000 00 −8.026 66 −8.026 66

We select optimal λ = 10−5 for x1 and λ = 10−6 for x2, respectively and then apply
implicit SINDy (SINDy-PI). The final candidate models and the corresponding comparison
table for each variable is shown below:

Candidate models for x1:

Model 1: ẋ1 =
−3.002x1 x82 + 1.498x82 + 0.005995

1.0x82 + 0.004035
, Extra Terms: 0

Model 2: ẋ1 =
−3.006x1 x82 + 1.497x82 + 0.006134

1.0x82 + 0.004131
, Extra Terms: 0.
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Candidate models for x2:

Model 1: ẋ2 =
−4.017x81 x2 + 3.019x81 − 0.004001x2

1.0x81 + 0.002226x2 + 0.004209
, Extra Terms: 1

Model 2: ẋ2 =
−4.018x81 x2 + 3.020x81 − 0.003999x2

1.0x81 + 0.002173x2 + 0.004221
, Extra Terms: 1

Model 3: ẋ2 =
−4.018x81 x2 + 3.020x81 − 0.003998x2

0.0005981x81 x2 + 1.0x81 + 0.001927x2 + 0.004284
, Extra Terms: 2

Model 4: ẋ2 =
−4.247x81 x2 + 3.227x81 − 0.004660x2

0.1551x81 x2 + 1.0x81 + 0.01187x2 + 0.003624
, Extra Terms: 2.

Table 7.14. Comparison of coefficients for the numerator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x1x

8
2 −3.0 −3.006 −3.002

2 x82 1.5 1.497 1.498

3 1 0.005859375 0.005995 0.006134

Table 7.15. Comparison of coefficients for the denominator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x82 1.0 1.0 1.0

2 1 0.00390625 0.004035 0.004131

Table 7.16. Comparison of coefficients for the numerator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x81x2 −4.0 −4.247 −4.017
2 x81 3.0 3.019 3.227

3 x2 −0.00390625 −0.004660 −0.003998

Table 7.17. Comparison of coefficients for the denominator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x81x2 0 0 0.1551

2 x81 1.0 1.0 1.0

3 x2 0 0.001927 0.01187

4 1 0.00390625 0.003624 0.004284

We have a total 8 pair of candidate models for the original system. We determined the
steady states and the Jacobian for all pair and then evaluated Jacobian there. Any combination
of the models for x1 and x2 gives the steady state, ≈ (0.548, 0.670) aligning with the original
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system. Also, for each case, the Jacobian exhibits the common pattern of signs matching with
the original system shown in Figure 7.8.

(B)(A)

(C)

− −
+ −

Figure 7.8. Results from the Implicit SINDy (SINDy-PI) method applied to the CDK1-APC
regulation model. (A) and (B) show the original and SINDy simulated time series of the
CDK1-APC regulation model for the variable x1 and x2 respectively. (C) represents the sign of
the Jacobian evaluated at the steady state (x∗1, x

∗
2) = (0.548, 0.670), along with the resulting

interaction network for the identified model. Blue arrows indicate positive regulation
(activation), and red arrows indicate negative regulation (inhibition).

Example 3: CDK1–APC regulation model with coupled feedback:

In the previous two examples, we analyzed the positive and negative feedback mechanisms
regulating CDK1 independently. This example examines a two-variable model that integrates
both positive and negative feedback mechanisms regulating CDK1. Similar to the previous
paradigm, CDK1 activates APC, which then inhibits CDK1, thus forming a negative feedback
loop. However, this model includes a nonlinear positive feedback term represented by a Hill-
type function. It characterize CDK1 autoactivation through regulatory mechanisms involving
Cdc25 phosphatase and Wee1 kinase and enables the system to exhibit bi-stability in CDK1
activity. The interplay between the bistable switch and the delayed negative feedback through
the APC gives rise to sustained oscillations [20]. Consequently, the entire system captures
both the decision-making function of CDK1 (via positive feedback) and the resetting role of
APC (through negative feedback) in the control of the cell cycle. For this system, the reaction
network and the governing dynamics are as follows:
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(I) Reaction network:

R1: ∅ α1−→ CDK1∗, Basal Production.

R2: CDK1∗ +H+(APC∗,K1, n1)
β1−→ CDKina, Regulation of CDK1 via APC.

R3: CDK1ina +H+(CDK1∗,K3, n3)
α3−→ CDK1∗, Self-regulation of CDK1

R4: APCina +H+(CDK1∗,K2, n2)
α2−→ APC∗, Regulation of APC via CDK1.

R5: APC∗ β3−→ ∅, Linear degradation of APC.

(II) System dynamics:

d[CDK1∗]

dt
= α1 − β1CDK1∗

APC∗n1

Kn1
1 +APC∗n1

+ α3 (1− CDK1∗)
CDK1∗n3

Kn3
3 +CDK1∗n3

,

(7.1.14)

d[APC∗]

dt
= α2 (1−APC∗)

CDK1∗n2

Kn2
2 +CDK1∗n2

− β2APC
∗ (7.1.15)

The second term in Eq.(7.1.14) reflects CDK1* inactivation by active APC, whereas the
third term captures positive autoregulation of CDK1*. The first term in Eq.(7.1.15) represents
the activation of APC by CDK1*. Both terms H+(CDK1∗,K2, n2) and H+(APC∗,K1, n1)

collectively constitute a delayed negative feedback loop. The system has sustained oscillations
for specific choice of parameters shown in Fig 7.9.

Table 7.18. Parameter values for the two-variable CDK1–APC model with a positive feedback.

Parameter α1 α2 α3 β1 β2 K1 K2 K3 n1 n2 n3

Value 1.5 3 3 3 1 0.5 0.5 0.5 8 8 8

Table 7.19. Settings used for simulation of CDK1–APC model with a positive feedback.

Setting NIC t0 tf ∆t

Value 1 0 50 0.05
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(A) (B)

(D)(C)

CDK1 APC

Figure 7.9. Circuit diagram, one-parameter bifurcation diagram, phase diagram, and time
series of CDK1-APC regulation with combined feedback. (A) A circuit diagram of the
model.(B) A plot of steady state CDK1 as a function of bifurcation parameter α1. Red and
black curves denote stable and unstable steady states respectively. The kinetic parameters to
simulate the ODE are α2 = 3, β1 = 3, β2 = 3, α3 = 3, K1 = K2 = K3 = 0.5, and
n1 = n2 = n3 = 8. The bifurcation here is saddle-node of infinite period bifurcation
(SNIPER) since a saddle and a stable node collapse into a single stationary point on a closed
orbit . (C) Phase diagram of the system. The black arrows represent direction fields. The red
and green curves represent the two nullclines of the system. These two nullclines intersects at
(CDK1∗ ≈ 0.46,APC ≈ 0.51), which is a stable steady state. A black trajectory is shown
which starts from (0,0) and converges to a limit cycle.(D) Time series of the system, starting
with (CDK1∗ ≈ 0.46,APC ≈ 0.51), showing sustained oscillations.

Following the same notation for the variables and for the parameters given in Table 7.18,
the system becomes:

ẋ1 = 1.5− 3x1
x82

0.58 + x82
+ 3 (1− x1)

x81
0.58 + x81

(7.1.16)

ẋ2 = 3 (1− x2)
x81

0.58 + x81
− x2 (7.1.17)
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which on further simplification gives:

ẋ1 =
−6.0x91x82 − 0.0117x91 + 4.5x81x

8
2 + 0.0176x81 − 0.0117x1x

8
2 + 0.00586x82 + 2.29× 10−5

1.0x81x
8
2 + 0.00391x81 + 0.00391x82 + 1.53× 10−5

,

ẋ2 =
−4.0x81x2 + 3.0x81 − 0.00391x2

1.0x81 + 0.00391
.

(7.1.18)
Analogous to the previous example, we implement SINDy-PI on the training data by

constructing distinct libraries for the state variables x1 and x2. The selected libraries in this
case are:

Θ1

(
x, ẋ1

)
=

{
1, x81, x

9
1, x

8
2, x1x

8
2, x

8
1x

8
2, x

9
1x

8
2, ẋ1,

x81ẋ1, x
9
1ẋ1, ẋ1 x

8
2, x1 ẋ1 x

8
2, x

8
1 ẋ1 x

8
2, x

9
1 ẋ1 x

8
2

}
,

Θ2

(
x, ẋ2

)
= {x2, x81, x81x2, ẋ2, x2ẋ2, x81ẋ2, x81x2ẋ2}.

The results of the grid search for optimal thresholds and equation-wise model performance for
each x1 and x2 are summarized in the following tables.

120/180



Chapter 7. Cell Cycle Dynamics: Discovering Governing Equations using Implicit SINDy

(A) (B)

(C)

Figure 7.10. Global diagnostic plots for determining the sparsity threshold for x1 in
CDK1-APC regulation model with a positive feedback. (A) Mean Squared Error (MSE), (B)
Relative Error, and (C) Information Criteria (AIC and BIC) are plotted as functions of the
sparsity threshold λ, evaluated at 25 points logarithmically spaced between 10−15 to 10−4.
The implicit feature matrix Y = Θ(X, Ẋ1) ∈ R1001×14 is approximated by Ŷ = ΘΞ, and
model performance is assessed by residual norms and information criteria. Optimal thresholds
minimizing each metric are indicated with colored markers. The corresponding values are
shown in Table 7.20.

Table 7.20. Optimal Value of Threshold (λ) for ẋ1 corresponding to each metric.

Metric Best Threshold
MSE 6.19× 10−8 (No any valid models)
Relative Error 6.19× 10−8 (No any valid models)
AIC 1.101× 10−10

BIC 1.101× 10−10
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(A) (B)

(C)

Figure 7.11. Global diagnostic plots for determining the sparsity threshold for x21 in
CDK1-APC regulation model with a positive feedback. (A) Mean Squared Error (MSE), (B)
Relative Error, and (C) Information Criteria (AIC and BIC) are plotted as functions of the
sparsity threshold λ, evaluated at 20 points logarithmically spaced between 10−6 to 10−4. The
implicit feature matrix Y = Θ(X, Ẋ1) ∈ R1001×7 is approximated by Ŷ = ΘΞ, and model
performance is assessed by residual norms and complexity-penalizing criteria. Optimal
thresholds minimizing each metric are indicated with colored markers. The corresponding
values are presented in Table 7.21.

Table 7.21. Optimal Value of Threshold (λ) for ẋ2 corresponding to each metric.

Metric Best Threshold
MSE 6.952× 10−6

Relative Error 6.952× 10−6

AIC 7.848× 10−5

BIC 7.848× 10−5
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Table 7.22. Implicit equations for x1 sorted by lowest Relative Error corresponding to
λ = 1.101× 10−10.

Eq Feature R2 Relative Error AIC BIC

6 x91x
8
2 9.999 98 1.138 00×10−3 −3.274 17 −3.268 28

5 x81x
8
2 9.999 98 1.146 00×10−3 −3.166 13 −3.160 24

12 x81 ẋ1 x
8
2 9.999 81 3.894 30×10−3 −3.153 66 −3.147 77

13 x91 ẋ1 x
8
2 9.999 68 5.171 90×10−3 −3.203 13 −3.198 22

9 x91 ẋ1 9.987 12 3.589 30×10−2 −1.900 11 −1.893 73
11 x1 ẋ1 x

8
2 −4.818 20 1.000 00 −1.208 28 −1.208 28

8 x81 ẋ1 −9.800 00 1.000 00 −1.139 70 −1.139 70

Table 7.23. Implicit equations for x1 sorted by lowest Relative Error corresponding to
λ = 6.952× 10−6.

Eq Feature R2 Relative Error AIC BIC

1 x81 9.999 95 1.821 80×10−3 −2.196 21 −2.193 75
2 x81x2 9.999 90 2.620 30×10−3 −2.246 57 −2.244 12
5 x81 ẋ2 9.999 17 8.435 20×10−3 −1.966 15 −1.963 20
3 ẋ2 9.990 63 3.060 50×10−2 −8.775 82 −8.741 46
6 x81x2 ẋ2 9.933 73 7.490 70×10−2 −1.671 01 −1.668 56
4 x2 ẋ2 9.834 02 1.288 10×10−1 −7.374 92 −7.345 47
0 x2 −1.119 09 1.000 00 −1.397 17 −1.397 17

With the best-fit thresholds determined from the grid search (λ = 1.101× 10−10 for x1 and
λ = 6.952 × 10−6 for x2), we apply SINDy-PI to reconstruct the governing dynamics. The
resulting models, along with comparison tables, are provided below:

Candidate models for x1:

ẋ1 =
−18.45x91 x82 − 0.03101x91 + 10.05x81 x

8
2 + 0.03487x81 − 0.04254x1 x

8
2 + 0.005333x82 + 8.429× 10−6

2.459x91 x
8
2 + 0.001347x91 + 1.0x81 x

8
2 + 0.01197x81 + 0.01837x1 x82 + 0.005259x82 + 4.153× 10−5

, Extra Terms: 3

ẋ1 =
−7.338x91 x82 − 0.01336x91 + 3.96x81 x

8
2 + 0.01476x81 − 0.01667x1 x

8
2 + 0.001956x82 + 3.366× 10−6

0.1632x91 x
8
2 + 0.0005767x91 + 1.0x81 x

8
2 + 0.004951x81 + 0.003671x1 x82 + 0.003462x82 + 1.716× 10−5

Extra Terms: 3.

(7.1.19)

Candidate models for x2:

ẋ2 =
−3.919x81 x2 + 2.963x81 − 0.004023x2

1.0x81 + 0.0004261x2 + 0.003882
, Extra Terms: 1.
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Table 7.24. Comparison of coefficients for the numerator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x91 x

8
2 −6.0 −18.45 −7.338

2 x91 −0.0117 −0.03101 −0.01336
3 x81 x

8
2 4.5 3.96 10.05

4 x81 0.0176 0.01476 0.03487

5 x1 x
8
2 −0.0117 −0.04254 −0.01667

6 x82 0.00586 0.001956 0.005333

7 1 2.29× 10−5 3.366× 10−6 8.429× 10−6

Table 7.25. Comparison of coefficients for the denominator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x91 x

8
2 0.0 0.1632 2.459

2 x91 0.0 0.0005767 0.001347

3 x81 x
8
2 1.0 1.0 1.0

4 x81 0.00391 0.004951 0.01197

5 x1 x
8
2 0.0 0.003671 0.01837

6 x82 0.00391 0.003462 0.005259

7 1 1.53× 10−5 1.716× 10−5 4.153× 10−5

Table 7.26. Comparison of coefficients for the numerator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x81 x2 −4.0 −3.919 −3.919
2 x81 3.0 2.963 2.963

3 x2 −0.00391 −0.004023 −0.004023

Table 7.27. Comparison of coefficients for the denominator terms for ẋ2.

S.No Candidate Term Original Coeff. Min Max
1 x81 1.0 1.0 1.0

2 x2 0.0 0.0004261 0.0004261

3 1 0.00390625 0.003882 0.003882
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(B)(A)

(C)

+ −
+ −

Figure 7.12. Results from the Implicit SINDy (SINDy-PI) method applied to the CDK1-APC
regulation model with a positive feedback. (A) and (B) show the original and SINDy simulated
time series of the CDK1-APC regulation model for the variable x1 and x2 respectively. (C)
represents the sign of the Jacobian evaluated at the steady state (x∗1, x

∗
2) = (0.464, 0.511),

along with the resulting interaction network forthe identifiedd model. Blue arrows indicate
positive regulation (activation), and red arrows indicate negative regulation (inhibition).

The candidate models for individual equations result in two pairs of candidate models
for the entire system containing 4 extra terms for each. Similar to the previous example, we
determined the steady states and the Jacobian for both pairs to determine the interaction network.
Both combinations gave the steady state, ≈ (0.464, 0.511). Also, for each case, the Jacobian
exhibits the same structure of signs shown in Figure 7.12.

Example 4: A three-ODE model of CDK1–Plk1-APC regulation:

While the addition of positive feedback in the previous example enabled sustained oscilla-
tions through a bistable switching mechanism, Ferrell et al. [20] also demonstrated that such
oscillatory behavior can emerge solely from a negative feedback loop, provided the loop is
sufficiently long and nonlinear. To explore this design principle, we now consider a three-
variable model in which an intermediate species, Polo-like kinase 1 (Plk1), serves as a delay
between CDK1 and APC. The reaction network and the governing equations for this system are
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(I) Reaction network:

R1: ∅ α1−→ CDK1∗, Basal production of CDK1.

R2: CDK1∗ +H+(APC∗,K1, n1)
β1−→ CDK1ina, Inactivation of CDK1 via APC.

R3: Plk1ina +H+(CDK1∗,K2, n2)
α2−→ Plk1∗, Activation of Plk1 by CDK1.

R4: Plk1∗
β2−→ ∅, Linear degradation of Plk1.

R5: APCina +H+(Plk1∗,K3, n3)
α3−→ APC∗, Activation of APC by Plk1.

R6: APC∗ β3−→ ∅, Linear degradation of APC.

(II) System dynamics:

d[CDK1∗]

dt
= α1 − β1CDK1∗

APC∗ n1

K n1
1 +APC∗ n1

, (7.1.20)

d[Plk1∗]

dt
= α2 (1− Plk1∗)

CDK1∗ n2

K n2
2 +CDK1∗ n2

− β2 Plk1
∗, (7.1.21)

d[APC∗]

dt
= α3 (1−APC∗)

Plk1∗ n3

K n3
3 + Plk1∗ n3

− β3APC
∗, (7.1.22)

The variables CDK1∗, Plk1∗, and APC∗ represent the active forms of CDK1, Plk1, and
APC, respectively. Their corresponding inactive forms are represented as CDK1ina, Plk1ina,
and APCina. Also, they satisfy the conservation relations such that CDK1∗ + CDK1ina =

CDK1T, Plk1∗ + Plk1ina = Plk1T, and APC∗ + APCina = APCT. We take CDK1T =

Plk1T = APCT = 1.
The delay introduced by the intermediate Plk1 allows the system to exhibit sustained

oscillations even without explicit positive feedback (Fig. 7.13).
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(A) (B)

(D)(C)

CDK1
APC

Plk1

Figure 7.13. Circuit diagram, one-parameter bifurcation diagram, phase diagram, and time
series for a three-ODE model of CDK1, Plk1, and APC regulation. (A) A circuit diagram of the
model.(B) A plot of steady state CDK1 as a function of bifurcation parameter α1. Red and
black curve denote stable and unstable steady states respectively. The kinetic parameters to
simulate the ODE are α2 = α3 = 3, β1 = 3, β2 = 1, K1 = K2 = K3 = 0.5, and
n1 = n2 = n3 = 8. HB1 and HB2 are Hopf bifurcations. The two Hopf bifurcations occur
near α = 0.008 and α = 1.076. Near α = 0.008, a stable steady state (red curve) loses its
stability (black curve) and gives rise to a stable limit cycle (green curve) while near α = 1.076
the stable limit cycle disappears, and the steady state becomes stable again. This is the case of
supercritical Hopf, as the periodic orbit surrounds unstable steady states. (C) Phase diagram
of the system. The black arrows represent direction fields. The light red, blue and green
surfaces represent the null surfaces of the system. A black trajectory is shown which starts from
(0.1, 0.1, 0.1) and converges to a limit cycle. (D) Time series of the system, starting with
CDK1∗ = 0.1, Plk∗ = 0.1, APC∗ = 0.1, showing sustained oscillations.

Table 7.28. Parameter values for the three-ODE model of CDK1, Plk1, and APC Regulation.

Parameter α1 α2 α3 β1 β2 β3 K1 K2 K3 n1 n2 n3

Value 0.3 3 3 3 1 1 0.5 0.5 0.5 8 8 8
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Table 7.29. Settings used for simulation of CDK1-Plk1–APC model.

Setting NIC t0 tf ∆t

Value 1 0 50 0.05

we let x1 := CDK1∗, x2 := Plk1∗, x3 := APC∗. The equations then become

ẋ1 = α1 − β1 x1
xn1
3

Kn1
1 + xn1

3

,

ẋ2 = α2

(
1− x2

) xn2
1

Kn2
2 + xn2

1

− β2 x2,

ẋ3 = α3

(
1− x3

) xn3
2

Kn3
3 + xn3

2

− β3 x3.

Substituting the parameters from Table 7.28 and simplifying to pure rational form, we get:

ẋ1 =
−3.0x1x83 + 0.3x83 + 0.001171875

1.0x83 + 0.00390625
(7.1.19)

ẋ2 =
−4.0x81x2 + 3.0x81 − 0.00390625x2

1.0x81 + 0.00390625
(7.1.20)

ẋ3 =
−4.0x82x3 + 3.0x82 − 0.00390625x3

1.0x82 + 0.00390625
(7.1.21)

To recover the dynamics of each state variable independently, we choose the following
libraries and apply the SINDy-PI algorithm to each:

Θ1

(
x, ẋ1

)
=
[
1, x83, x1x

8
3, ẋ1, ẋ1x

8
3, x1ẋ1x

8
3

]
Θ2

(
x, ẋ2

)
=
[
x81, x2, x

8
1x2, ẋ2, x

8
1ẋ2, x2ẋ2, x

8
1x2ẋ2

]
Θ3

(
x, ẋ3

)
=
[
x82, x

8
2x3, x3, ẋ3, x

8
2ẋ3, x

8
2x3ẋ3, x3ẋ3

]
we conducted a threshold grid search for each equation independently. The optimal thresholds
and associated metrics for x1, x2 and x3 are summarized in the following tables:

128/180



Chapter 7. Cell Cycle Dynamics: Discovering Governing Equations using Implicit SINDy

(A) (B)

(C)

Figure 7.14. Global diagnostic plots for determining the sparsity threshold for x1 in
CDK1-Plk-APC regulation model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated at 30 points logarithmically spaced between 10−6 to 10−2. The implicit feature
matrix Y = Θ(X, Ẋ1) ∈ R1001×6 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and information criteria. Optimal thresholds minimizing each
metric are indicated with colored markers. The corresponding values are presented in
Table 7.30.

Table 7.30. Optimal Value of Threshold (λ) for Each Metric (ẋ1)

Metric Best Threshold
MSE 1.0× 10−6

Relative Error 1.0× 10−6

AIC 0.005298
BIC 0.005298
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(A) (B)

(C)

Figure 7.15. Global diagnostic plots for determining the sparsity threshold for x2 in
CDK1-Plk-APC regulation model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated at 30 points logarithmically spaced between 10−8 to 10−3. The implicit feature
matrix Y = Θ(X, Ẋ1) ∈ R1001×7 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and information criteria. Optimal thresholds minimizing each
metric are indicated with colored markers. The corresponding values are presented in
Table 7.31.

Table 7.31. Optimal Value of Threshold (λ) for Each Metric (ẋ2)

Metric Best Threshold
MSE 3.562× 10−7

Relative Error 3.562× 10−7

AIC 0.001
BIC 0.001
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(A) (B)

(C)

Figure 7.16. Global diagnostic plots for determining the sparsity threshold for x3 in
CDK1-Plk-APC regulation model. (A) Mean Squared Error (MSE), (B) Relative Error, and (C)
Information Criteria (AIC and BIC) are plotted as functions of the sparsity threshold λ,
evaluated at 20 points logarithmically spaced between 10−6 to 10−3. The implicit feature
matrix Y = Θ(X, Ẋ1) ∈ R1001×7 is approximated by Ŷ = ΘΞ, and model performance is
assessed by residual norms and complexity-penalizing criteria. Optimal thresholds minimizing
each metric are indicated with colored markers. The corresponding values are presented in
Table 7.32.

Table 7.32. Optimal Value of Threshold (λ) for Each Metric (ẋ3)

Metric Best Threshold
MSE 1.0× 10−6

Relative Error 1.0× 10−6

AIC 0.001
BIC 0.001
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Table 7.33. Implicit equations for x1 sorted by lowest Relative Error corresponding to
λ = 1× 10−6.

Eq Feature R2 Relative Error AIC BIC

2 x1x
8
3 9.999 93 2.284 40×10−3 −2.340 06 −2.337 61

4 ẋ1x
8
3 9.999 76 4.331 20×10−3 −2.111 72 −2.109 75

1 x83 9.999 31 7.039 60×10−3 −1.889 70 −1.887 25
5 x1 ẋ1 x

8
3 9.958 30 5.752 90×10−2 −1.793 99 −1.791 54

3 ẋ1 −2.970 00 1.000 00 −1.992 61 −1.992 61
0 1 0.000 000 1.000 00 0.0000 0.0000

Table 7.34. Implicit equations for x2 sorted by lowest Relative Error corresponding to
λ = 3.562× 10−7.

Eq Feature R2 Relative Error AIC BIC

0 x81 9.999 99 6.146 10×10−4 −2.501 10 −2.498 64
2 x81x2 9.999 99 8.232 50×10−4 −2.558 09 −2.555 63
4 x81 ẋ2 9.999 78 4.157 30×10−3 −2.263 39 −2.260 45
6 x81x2 ẋ2 9.981 58 3.878 10×10−2 −1.943 98 −1.941 52
5 x2 ẋ2 9.731 28 1.639 30×10−1 −7.129 84 −7.095 48
3 ẋ2 −2.200 00 1.000 00 −1.848 84 −1.848 84
1 x2 −5.382 55 1.000 00 −1.827 20 −1.827 20

Table 7.35. Implicit equations for x3 sorted by lowest Relative Error corresponding to
λ = 1× 10−6.

Eq Feature R2 Relative Error AIC BIC

0 x82 9.999 99 8.599 60×10−4 −2.358 23 −2.355 78
1 x82x3 9.999 98 1.189 70×10−3 −2.414 84 −2.412 39
4 x82 ẋ3 9.999 87 3.257 80×10−3 −2.176 53 −2.173 59
5 x82x3 ẋ3 9.973 84 4.666 80×10−2 −1.784 82 −1.782 37
6 x3 ẋ3 9.734 82 1.628 40×10−1 −6.977 68 −6.948 23
2 x3 −4.735 02 1.000 00 −1.736 84 −1.736 84
3 ẋ3 −2.000 00 1.000 00 −1.584 31 −1.584 31
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The choice of optimal thresholds λ = 1.0 × 10−6 for x1, λ = 3.562 × 10−7 for x2, and
λ = 1.0× 10−6, results in the following candidate models:

Candidate models for x1:

Model 1: ẋ1 =
−3.138x1x83 + 0.3187x83 + 0.001227

0.1055x1x83 + 1.0x83 + 0.004132
,

Model 2: ẋ1 =
−3.026x1x83 + 0.299x83 + 0.001211

0.02599x1x83 + 1.0x83 + 0.004077
,

Model 4: ẋ1 =
−2.987x1x83 + 0.292x83 + 0.001203

1.0x83 + 0.004049
.

Candidate models for x2:

Model 0: ẋ2 =
−4.031x81x2 + 3.019x81 − 0.00395x2
1.0x81 + 0.0001882x2 + 0.003896

,

Model 2: ẋ2 =
−4.035x81x2 + 3.021x81 − 0.003951x2
1.0x81 + 0.0001796x2 + 0.003903

,

Model 5: ẋ2 =
−4.088x81x2 + 3.068x81 − 0.004095x2

0.01309x81x2 + 1.0x81 + 0.000948x2 + 0.003724
.

Candidate models for x3:

Model 0: ẋ3 =
−3.979x82x3 + 2.993x82 − 0.003982x3
1.0x82 + 0.0001612x3 + 0.003944

,

Model 1: ẋ3 =
−3.982x82x3 + 2.994x82 − 0.003976x3
1.0x82 + 0.0001173x3 + 0.003957

.

Table 7.36. Comparison of coefficients for the numerator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x1x

8
3 −3.0 −3.138 −2.987

2 x83 0.3 0.292 0.3187

3 1 0.001171875 0.001203 0.001227

Table 7.37. Comparison of coefficients for the denominator terms for ẋ1.

S.No Candidate Term Original Coeff. Min Max
1 x1x

8
3 0 0 0.1055

2 x83 1.0 1.0 1.0

3 1 0.00390625 0.004049 0.004132
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Table 7.38. Comparison of coefficients for the numerator terms for ẋ2.

S.No Candidate Term Original Min Max
1 x81x2 −4.0 −4.088 −4.031
2 x81 3.0 3.019 3.068

3 x2 −0.00390625 −0.004095 −0.00395

Table 7.39. Comparison of coefficients for the denominator terms for ẋ2.

S.No Candidate Term Original Min Max
1 x81x2 0 0 0.01309

2 x81 1.0 1.0 1.0

3 x2 0 0.0001796 0.000948

4 1 0.00390625 0.003724 0.003903

Table 7.40. Comparison of coefficients for the numerator terms for ẋ3.

S.No Candidate Term Original Min Max
1 x82x3 −4.0 −3.982 −3.979
2 x82 3.0 2.993 2.994

3 x3 −0.00390625 −0.003982 −0.003976

Table 7.41. Comparison of coefficients for the denominator terms for ẋ3.

S.No Candidate Term Original Min Max
1 x82 1.0 1.0 1.0

2 x3 0 0.0001173 0.0001612

3 1 0.00390625 0.003944 0.003957
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(B)(A)

(C)

− 𝟎 −
+ − 𝟎
𝟎 + −

Figure 7.17. Results from the Implicit SINDy (SINDy-PI) method applied to three ODE
CDK1-Plk1-APC regulation model. (A) and (B) show the original and SINDy simulated time
series of the CDK1-Plk1-APC regulation model for the variables x1, x2, and x3 respectively.
(C) represents the sign of the Jacobian evaluated at the steady state (x∗1, x

∗
2, x

∗
3)=

(0.438, 0.436, 0.429), along with the resulting interaction network for identified models. Blue
arrows indicate positive regulation (activation), and red arrows indicate negative regulation
(inhibition). All the Jacobian corresponding to any combination of models exhibits the same
steady state and sign structure, resulting into same interaction network.
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7.2 Sensitivity Analysis

In order to check that our data-driven reconstructions capture not only the algebraic form but
also the underlying control dynamics of CDK1 regulatory networks, we performed a unified
time-course sensitivity analysis across the four examples discussed above using COPASI
(COmplex PAthway SImulator) [26].

For each model, we performed and compared the sensitivity for three versions:

• The original formulation involving mass action and Hill-type terms explicitly.

• Its algebraically equivalent pure rational form.

• The explicit rational SINDy-PI reconstruction.

For SINDy-PI reconstructed models, we selected the model involving a greater number
of terms and then assigned the parameter values as the mean of the maximum and
minimum across all valid and identified models for each case.

Below, we have shown the form of the models and scaled sensitivity plots for each of the
four models for identifying the dominant parameters that exert the strongest positive or negative
control over system behavior and compared which parameters exert the strongest positive or
negative control on steady-state levels across original, rational, and data-driven models.

7.2.1 Sensitivity Analysis for one-variable model of CDK1 regulation

Table 7.42. Comparison of CDK1 dynamics in one-variable model of CDK1 regulation: RHS
for the original form (top), and the corresponding rational and SINDy-identified models
(bottom). The parameter notation in both rational and SINDy-identified models has been taken
to be the same for convenience, but that does not mean that they are exactly equal. The notation
e1 stands for extra terms. The scaled sensitivity analysis in each case is shown in Figure 7.18

.

Original Form

α1 − β1CDK1 + α3(1− CDK1) · CDK1n3

CDK1n3 +Kn3
3

Rational Reformulation SINDy-Identified Model

−a1x9 + b1x
8 − c1x+ d1

x8 + f1

−a1s9 + b1s
8 − c1s+ d1

s8 + e1s+ f1
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(A)

(B) (C)

Figure 7.18. Scaled sensitivities of CDK1 activity to each model parameter in Example 1, for
three model formulations. (A) (Blue) Sensitivities computed for the original model. (B)
(Orange) Sensitivities computed for the pure rational reformulation. (C) (Green) Sensitivities
computed for the SINDy-identified models. The y-axis represents the scaled local sensitivity of
the steady-state of CDK1 concentration to each parameter. Positive bars capture the control on
activation effect, while negative bars indicate inhibitory control. The rational form of the
model shows a different sensitivity pattern from the original due to their structure, but the same
rational form and its SINDy reconstruction show a similar kind of control behaviour.
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7.2.2 Sensitivity Analysis for two-variable model of CDK1–APC regulation with
negative feedback

Table 7.43. Comparison of CDK1 dynamics in two-variable model of CDK1–APC regulation
with negative feedback: RHS for the original form (top), and the corresponding rational and
SINDy-identified approximations (bottom). The parameter notation in both rational and
SINDy-identified models has been taken to be the same for convenience, but that does not imply
that they are exactly equal. No extra terms are present in this case. The scaled sensitivity
analysis in each case is shown in Figure 7.19

.

Original Form

α1 − β1CDK1 · APCn1

Kn1
1 +APCn1

Rational Reformulation SINDy-Identified Model

− a1 x1 x
8
2 + b1 x

8
2 + c1

x82 + d1

− a1 s1 s
8
2 + b1 s

8
2 + c1

s82 + d1

Table 7.44. Comparison of APC dynamics in two-variable model of CDK1–APC regulation
with negative feedback: RHS for the original form (top), and the corresponding rational and
SINDy-identified models (bottom). The parameter notation in both rational and
SINDy-identified models has been taken to be the same for convenience, but that does not imply
that they are exactly equal. Two extra terms, namely e11 and e12, are present in this case. The
scaled sensitivity analysis in each case is shown in Figure 7.19

.

Original Form

α2 (1−APC) · CDK1n2

Kn2
2 +CDK1n2

− β2APC

Rational Reformulation SINDy-Identified Model

− a2 x
8
1 x2 + b2 x

8
1 − c2 x2

x81 + d2

− a2 s
8
1 s2 + b2 s

8
1 − c2 s2

e11 s81 s2 + s81 + e12 s2 + d2
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(A)

(B)

(C)

Figure 7.19. Scaled sensitivities of CDK1-APC activity to each model parameter in Example 2,
for three model formulations. Left and right panels in each (A) (Blue), (B) (Orange), and (C)
(Green) show the scaled local sensitivity of the steady-state concentrations of CDK1 and APC,
respectively, with respect to the kinetic parameters present in the models. Note that despite the
increased number of terms in the SINDy reconstructed model, the core control behavior is
preserved.
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7.2.3 Sensitivity Analysis for two-variable model of CDK1–APC regulation with
positive feedback

Table 7.45. Comparison of CDK1 dynamics in two-variable model of CDK1–APC regulation
with positive feedback: RHS for the original form (top), and the corresponding rational and
SINDy-identified models (bottom). The parameter notation in both rational and
SINDy-identified models has been taken to be the same for convenience. Three extra terms are
present in this case. The scaled sensitivity analysis in each case is shown in Figure 7.20

.

Original Form

α1 − β1 · CDK1 · APCn1

Kn1
1 +APCn1

+ α3 · (1− CDK1) · CDK1n3

Kn3
3 +CDK1n3

Rational Reformulation SINDy-Identified Model

− a1 x
9
1x

8
2 − b1 x

9
1 + c1 x

8
1x

8
2 + d1 x

8
1

− f1 x1x
8
2 + g1 x

8
2 + h1

x81x
8
2 + p1 x81 + q1 x82 + r1

− a1 s
9
1s

8
2 − b1 s

9
1 + c1 s

8
1s

8
2 + d1 s

8
1

− f1 s1s
8
2 + g1 s

8
2 + h1

e11 s
9
1s

8
2 + e12 s

9
1 + s81s

8
2 + p1 s

8
1

+ e13 s1s
8
2 + q1 s

8
2 + r1

Table 7.46. Comparison of CDK1 dynamics in two-variable model of CDK1–APC regulation
with positive feedback: RHS for the original form (top), and the corresponding rational and
SINDy-identified models (bottom). The parameter notation in both rational and
SINDy-identified models has been taken to be the same for convenience. Only one extra term is
present in this case. The scaled sensitivity analysis in each case is shown in Figure 7.20

.

Original Form

α2 (1−APC)
CDK1n2

Kn2
2 +CDK1n2

− β2APC

Rational Reformulation SINDy-Identified Model

− a2 x
8
1 x2 + b2 x

8
1 − c2 x2

x81 + d2

− a2 s
8
1 s2 + b2 s

8
1 − c2 s2

s81 + e2 s2 + d2

140/180



Chapter 7. Cell Cycle Dynamics: Discovering Governing Equations using Implicit SINDy

(A)

(B)

(C)

Figure 7.20. Scaled sensitivities of CDK1-APC activity to each model parameter in Example 3,
for three model formulations. Left and right panels in each (A) (Blue), (B) (Orange), and (C)
(Green) show the scaled local sensitivity of the steady-state concentrations of CDK1 and APC,
respectively, with respect to the kinetic parameters present in the models. While the
SINDy-identified models include additional terms, their sensitivity profiles closely reflect the
key regulatory influences captured in the original(rational models).
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7.2.4 Sensitivity Analysis for three-variable model of CDK1–Plk1-APC regula-
tion

Table 7.47. Comparison of CDK1 dynamics in three-variable model of CDK1-Plk1–APC
regulation with positive feedback: RHS for the original form (top), and the corresponding
rational and SINDy-identified models (bottom). The parameter notation in both rational and
SINDy-identified models has been taken the same for convenience. The number of extra terms
present in this case is one. The scaled sensitivity analysis in each case is shown in Figure 7.21

.

Original Form

α1 − β1CDK1

(
APCn1

Kn1
1 +APCn1

)

Rational Reformulation SINDy-Identified Model

− a1 x1 x
8
3 + b1 x

8
3 + c1

x83 + d1

− a1 s1 s
8
3 + b1 s

8
3 + c1

e1 s1 s83 + s83 + d1

Table 7.48. Comparison of Plk1 dynamics in three-variable model of CDK1-Plk1–APC
regulation with positive feedback: RHS for the original form (top), and the corresponding
rational and SINDy-identified models (bottom). The parameter notation in both rational and
SINDy-identified models has been taken to be the same for convenience. Two extra terms are
present in this case. The scaled sensitivity analysis in each case is shown in Figure 7.21

.

Original Form

α2 (1− Plk1)
CDK1n2

Kn2
2 +CDK1n2

− β2 Plk1

Rational Reformulation SINDy-Identified Model

− a2 x
8
1 x2 + b2 x

8
1 − c2 x2

x81 + d2

− a2 s
8
1 s2 + b2 s

8
1 − c2 s2

e21 s81 s2 + s81 + e22 s2 + d2
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Table 7.49. Comparison of APC dynamics in three-variable model of CDK1-Plk1–APC
regulation with positive feedback: RHS for-the original form (top), and the corresponding
rational and SINDy-identified models (bottom). The parameter notation in both rational and
SINDy-identified models has been taken to be the same for convenience. Only one extra term is
present in this case. The scaled sensitivity analysis in each case is shown in Figure 7.21

.

Original Form

α3 (1−APC)
Plk1n3

Kn3
3 + Plk1n3

− β3APC

Rational Reformulation SINDy-Identified Model

− a3 x
8
2 x3 + b3 x

8
2 − c3 x3

x82 + d3

− a3 s
8
2 s3 + b3 s

8
2 − c3 s3

s82 + e3 s3 + d3
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(A)

(B)

(C)

Figure 7.21. Scaled sensitivities of CDK1-APC activity to each model parameter in Example 4,
for three model formulations. Left, middle and right panels in each (A) (Blue), (B) (Orange),
and (C) (Green) show the scaled local sensitivity of the steady-state concentrations of CDK1,
Plk1 and APC, respectively, with respect to the kinetic parameters present in the models. Again,
the dominant regulatory influences are the same across both models, indicating that control
behavior is largely preserved in the identified models.
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(A)

(B)

(C)

(D)

Figure 7.22. Comparison of codimension-one bifurcation diagrams from original models and
SINDy-inferred models. The left and right panels in each of (A)-(D) show the bifurcation
diagram for the original rational model and its SINDy-recovered model for all four examples,
respectively. Note that, in all cases, a similar kind of bifurcation is observed for all
SINDy-identified models.
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Discussion

In this chapter, we used the SINDy-PI framework to rediscover the underlying regulatory
interaction of CDK1-APC dynamics. We started from known models [20], simulated them for
training data, reformulated equations to pure rational form, and built the library for training
Implicit SINDy (SINDy-PI). The governing equations obtained in each case were written in
explicit rational form only. We compared the minimum and maximum value of the coefficient
across all models in their pure rational form to know the range of the learned parameters. We
also simulated the time series obtained and determined the steady states from the SINDy-learned
equation. In order to know the effect of learned parameters on steady-state concentration of
each variable, we also performed local sensitivity analysis. In all cases, despite the presence of
extra terms introduced by SINDy models, the dominant regulatory influences largely remained
consistent. Also, we compared the bifurcation diagrams obtained for ground truth models
(written in rational form) and for the SINDy-identified models. We selected the parameter
having less scaled sensitivity for performing bifurcation. All the results obtained so far
aligned with the known ground truth in each case. All the codes, sensitivity analysis data, and
notebooks associated with this chapter are available at the repository https://github.

com/Alka-CBhub/Chapter-7.

Limitation

The candidate library in all examples was constructed using terms present in the original
equations to make the analysis simple and validate our approach and the tool. The learned
models obtained in this way not only matched the behavior of the original equations but were
also compact, containing few terms. This shows that SINDy-PI may effectively reconstruct
interpretable rational models without requiring a large basis.

However, literatures [8, 43, 44] frequently suggests that a single trajectory may not be
sufficient to correctly identify the model. Also, the coefficients in the rescaled model were
dropped below a tolerance as proposed in the workflow, which may be context dependent
and may affect the number of terms in the model. We recovered models back from a single
trajectory in our analysis, which was simulated directly from the models. This happened
probably due to the candidate library, which was constructed using the known models. In
practical situations, where the actual expressions for nonlinearities are uncertain and data may
be noisy or partial, the concept of multiple trajectories may become necessary to ensure model
identifiability and interpretability.

Also, in order to select interpretable models from a set of candidate models, we assessed
the performance of implicit equations only. Many literatures [8, 43] uses the RK-4 method to
simulate the explicit form (independent from other variables) to assess their performance. Also,
the learned equations were kept in explicit rational form, though they simulate the original
behavior, but they are not completely interpretable in the sense that they don’t reflect the well-
known regulatory terms of the biological dictionary. The reason was the presence of some extra
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terms in the denominator, which were not factorizable.
Overall, this study demonstrates that, despite many limitations, SINDy-PI can recover the

models and preserve the essential features of the original system. These findings may provide
the groundwork to extend the approach for more complex, noisy data and a generalized library.
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Chapter 8

CAR T-Cell Therapy: The Role of
Mathematical Modelling

8.1 Introduction to CAR T-Cell Therapy

Cancer is one of the most challenging diseases to understand and treat because of its genetic
and molecular complexities, as well immune system’s limited ability to distinguish malignant
cells from healthy tissue. In recent years, adaptive immunotherapy for cancer has emerged as
a powerful strategy to overcome this limitation by enabling immune cells to more effectively
recognize and eliminate tumor cells. Among the most promising immunotherapies is Chimeric
Antigen Receptor (CAR) T-cell therapy, which involves engineering a patient’s own T cells
to detect and attack specific tumor-associated antigens. Once reinfused into the body, these
modified T cells can actively recognize and bind to cancer cells, leading to their targeted
destruction. Because of their ability to persist and expand in response to antigen exposure,
CAR T cells are sometimes referred to as a “living drug” [66].

(A) (B)

Figure 8.1. Overview of CAR T cell design and its therapeutic workflow. This figure is adapted
from the reference [66]. (A) The structure and mechanism of a chimeric antigen receptor
(CAR) T-cell. (B) Clinical workflow of CAR T cell therapy.
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8.1.1 Biological Principles behind CAR T-Cell Function

CAR T-cell therapy is based on the fundamental biology of the immune system, particularly in
the specialized role of native T cells. T cells are immune cells that help to detect and eliminate
infected or abnormal cells. In their normal form, T lymphocytes identify antigens on cell
surfaces via the major histocompatibility complex (MHC). However, many tumor cells avoid
detection by downregulating antigen presentation. CAR T-cell therapy addresses this issue by
modifying T cells with synthetic receptors that directly attach to tumor-associated antigens,
avoiding the necessity for MHC presentation [66, 67].

Structure and Mechanism of CARs

Each chimeric antigen receptor (CAR) is composed of four essential domains for performing
specific functions (Figure 8.2):

1. Extracellular antigen-binding domain: Typically produced from the single-chain
variable fragment (scFv) of a monoclonal antibody. This domain provides specificity to
the CAR for a particular antigen associated with tumors (e.g., CD19 or BCMA).

2. A hinge or spacer region: This provides flexibility and suitable orientation for the
antigen-binding domain, enabling successful binding to its target.

Figure 8.2. Structural evolution of CAR T cells across five generations. This shows the
evolution of CAR T-cell designs from the first to the fifth generation. Each receptor has an
external antigen-binding domain (scFv), a hinge and transmembrane region, and an
intracellular signaling domain. First-generation CARs comprise just the CD3ζ domain.
Second-generation CARs incorporate a single co-stimulatory domain, such as CD28 or 4-1BB.
Third-generation CARs integrate two co-stimulatory domains to enhance signaling. Fourth-
and fifth-generation CARs incorporate supplementary components, such as cytokine secretion
modules (e.g., IL-12 or IL-2Rβ) or transcriptional regulators, to enhance immunological
functionality and longevity [68].
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3. A transmembrane domain: It links the exterior binding domain to the internal signaling
machinery and anchors the receptor within the T cell membrane.

4. An intracellular signaling domain: This component initiates T cell activation in re-
sponse to antigen binding. The structure and composition of this domain defines the
CAR’s “generation”. First-generation CARs just include the CD3ζ domain, which causes
basic activation. Second- and third-generation CARs contain one or more co-stimulatory
domains, such as CD28 or 4-1BB, that significantly boost T cell growth, persistence, and
cytokine production [67, 69].

Signaling and Effector Mechanisms of CAR T Cells

After recognizing a target antigen, CAR T-cells start a complex cascade of activation, prolifera-
tion, and cytotoxic activities. The process starts when the scFv domain of the CAR attaches
to its target antigen, which results in receptor aggregation at the junction between the T cell
and the tumor cell. This establishes an immunological synapse, which is defined as a specific
signaling hub whose stability relies on both the antigen density and the affinity of the scFv.

The formation of this synapse activates the phosphorylation of immunoreceptor tyrosine-based
activation motifs (ITAMs) in the CD3ζ domain, which triggers the downstream signaling
pathways including PI3K/AKT, NF-κB, and MAPK. These pathways are significantly affected
by the structure of the intracellular signaling domain [69].

In second and later generations of CAR, co-stimulatory domains play an important role in
modulating T cell metabolism and function. For example, CD28-mediated co-stimulation
facilitates rapid proliferation and effector differentiation by enhancing glycolytic metabolism.
This enables immediate cytotoxic responses. In contrast, 4-1BB-mediated co-stimulation favors
mitochondrial biogenesis and promotes the differentiation of memory T cells, hence facilitating
long-term persistence and tumor surveillance [68].

CAR T-cells destroy tumor cells by two principal cytotoxic mechanisms: (1) The secretion of
cytotoxic granules, where perforin creates membrane holes and granzymes initiate apoptosis;
and (2) Fas–Fas-FasL-mediated signalling, which activates programmed cell death in target cells.
These pathways are particularly crucial for overcoming tumor resistance and heterogeneity.

Besides direct cytotoxicity, CAR T cells release pro-inflammatory cytokines including IL-2,
IFN-γ, and TNF-α. These cytokines augment the proliferation and viability of CAR T cells and
attract supplementary immune effectors to the tumor location. In certain instances, a portion
of CAR T cells evolves into memory phenotypes, which possess the ability for prolonged
monitoring and reactivation upon re-encounter with antigens. This feature has resulted in their
characterization as a "living drug."
Most importantly, the efficacy of CAR T-cells is unaffected by the patient’s HLA status,
making the treatment widely applicable. Nevertheless, resistance mechanisms, such as antigen
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downregulation or the release of immunosuppressive molecules, can constrain the treatment
effectiveness. These problems highlight the necessity of integrating immune evasion and
feedback control into experimental systems and computational models [69, 70].

8.1.2 Clinical Successes and Limitations

CAR T-cell therapy has rapidly evolved from an experimental idea to a clinically approved
treatment for many hematological malignancies. The therapy obtained its initial approval
from the U.S. Food and Drug Administration (FDA) in 2017 for the treatment of relapsed or
refractory B-cell acute lymphoblastic leukemia (B-ALL). Subsequently, it has been extended to
span more hematological cancers, such as diffuse large B-cell lymphoma (DLBCL), mantle
cell lymphoma (MCL), follicular lymphoma, and multiple myeloma. In several cases, espe-
cially when traditional therapies have been ineffective, CAR T cells have shown remarkable
therapeutic outcomes [66, 69].

A key benefit of this treatment is its ability to achieve long-term remission, frequently
with a single infusion, especially seen in pediatric B-ALL and adult DLBCL. These long-
term responses are frequently linked to the presence of memory-like CAR T cell populations,
which give ongoing protection against residual illness. Furthermore, using a patient’s own T
cells makes the therapy more individualized, boosting compatibility and lowering the hazards
associated with immunological mismatch.

Despite these advances, significant clinical difficulties remain. Relapse is still prevalent in
many individuals, typically due to antigen loss or T cell depletion. Toxicities such as cytokine
release syndrome (CRS) and neurotoxicity remain major clinical concerns that require close
monitoring and management. Furthermore, while the effectiveness in hematologic malignancies
has been widely reported, extending this to solid tumors has been difficult due to various factors
such as immunosuppressive microenvironments and restricted T cell penetration. Table 8.1
summarizes these limitations and highlights ongoing research and innovation areas [1, 68].

8.1.3 Therapeutic and Manufacturing Strategies to Overcome Challenges

As discussed in the previous section, while CAR T-cell therapy has achieved success in
hematologic malignancies, its application, especially to solid tumors, remains limited. In order
to enhance clinical outcomes and ensure treatment consistency, researchers have developed a
range of biological and engineering methods. These methods are summarized in Table 8.2 and
Table 8.3, highlighting both therapeutic combinations and manufacturing innovations.
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Table 8.1. Key Clinical Limitations and Challenges in CAR T Cell Therapy

Category Specific Challenge Description

Relapse and
Resistance

Antigen loss Tumor cells may downregulate or
loose expression of the target antigen
(e.g., CD19), leading to immune es-
cape.

T cell exhaustion Chronic stimulation or immunosup-
pressive signaling may impair CAR
T cell function over time.

Limited persistence CAR T cells may decline too quickly
post-infusion, reducing long-term an-
titumor activity.

Toxicity and
Side Effects

Cytokine Release Syn-
drome (CRS)

An acute inflammatory response trig-
gered by cytokine surge; ranges from
mild to life-threatening.

ICANS Neurologic toxicity, such as confusion
or seizures, sometimes reversible but
poorly understood.

B-cell aplasia CD19-targeting may deplete healthy
B cells, compromising immunity and
increasing infection risk.

Challenges in
Solid Tumors

Tumor microenvironment
(TME)

Immunosuppressive cells, metabolic
stress, and inhibitory molecules re-
strict CAR T cell function.

Poor trafficking Engineered T cells often struggle to
reach or penetrate solid tumor sites.

Antigen heterogeneity Target antigens may also be present on
healthy tissues, increasing off-target
toxicity risk.

Table 8.2. Therapeutic Combinations to Improve CAR T Cell Efficacy [1]

Strategy Mechanism Purpose
Lymphodepletion
Chemotherapy

Temporarily weakens the patient’s
immune system.

Boosts CAR T survival and ex-
pansion.

Radiotherapy (RT) Causes local inflammation and
weakens tumor defenses.

Helps CAR T cells enter the
tumors more easily.

Oncolytic Viruses
(OVs)

Uses viruses that infect and dam-
age tumor cells, and boost immune
signals.

Improves tumor microenviron-
ment and antigen exposure.
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Table 8.3. Manufacturing Innovations to Improve CAR T Cell Consistency and Safety [1]

Focus Area Innovation Purpose
Gene Editing CRISPR or non-viral methods to

insert genes.
Allows safer and more accu-
rate modification of T cells.

Cell Culture Methods Improved growth conditions with
special signals (e.g., IL-7, IL-15)
and shorter expansion time.

Helps in growing CAR T cells
that last longer and stay effec-
tive.

T Cell Subtypes Tuning CD4/CD8 ratios and en-
riching for early memory T cells.

Improves long-term efficacy
and persistence.

Safety Features Built-in “off-switches" (like
Caspase-9) and checks for where
genes are inserted.

Minimizes the risk off-target
effects or cell malfunction.

8.2 Computational and Mathematical Modeling of CAR T-Cell
Therapy

Recent advancements, such as gene editing, cytokine regulation, and multi-antigen targeting,
have significantly enhanced the therapeutic effectiveness and reliability of CAR T-cell therapy.
However, these improvements introduce additional layers of biological and technical complexity
because treatment efficacy is influenced not just by “design choices" but also by the
dynamic interactions with tumor cells, cytokine environments, and individual patient
immunological profiles. As these systems get more complicated, intuitive reasoning
alone is no longer sufficient for predicting treatment results or guiding intervention
strategies. From the identification of antigens and the development of immunological
synapses to clonal proliferation, cytokine signaling, and the final elimination of tumors or
immune fatigue, each phase is controlled by complex, nonlinear relationships. Also, each
process spans several spatial and temporal dimensions and is influenced by variables like
tumor heterogeneity, antigen evasion, and the immunosuppressive environment. These
limitations highlight the need for predictive frameworks that can capture various dynamic
behaviors and inform about the therapeutic design.

In response to the above limitation, researchers are increasingly turning to mathematical
models and computer simulations. They offer a formal and quantitative framework for simulat-
ing CAR T cell function, estimating all essential parameters, and testing various therapeutic
scenarios in silico before any clinical application [1].

Mechanistic models, particularly those utilizing systems of ordinary differential equations
(ODEs), have been extensively used in systems biology to explain these dynamics. These
models formalize biological hypotheses and describe population-level interactions among
CAR T cells, tumor cells, and other components of the immune system. These models are
important not just for their prediction capability but also for their interpretability. They enable
researchers to examine the impacts of various parameters, such as T cell dosage, antigen density,
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or cytotoxicity rate, and conduct sensitivity analysis to determine the elements most critical to
therapeutic effectiveness. For example, predator–prey models, which describe CAR T-cells as
predators and tumor cells as prey, emphasize that T-cell fatigue or tumor recurrence may result
in relapse [71].
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Figure 8.3. Schematic overview of CAR T cell function and its regulatory mechanisms [1].
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Hardiansyah and Ng [72] used ODE-based models to demonstrate the impact of prolifera-
tion–exhaustion equilibrium on sustained tumor management. Similarly, Sahoo et al. [73] also
employed a mechanistic model to investigate the influence of therapy factors on glioma tumor
response and recurrence.

However, mechanistic modeling encounters two significant constraints. First, developing
models that are both exhaustive and computationally feasible remains a significant challenge,
particularly in complex systems such as CAR T cell treatment. Capturing essential biological
interactions, like antigen binding, intracellular signaling, and cytokine feedback, frequently
requires assumptions that may oversimplify or neglect critical dynamics. Furthermore, these
models typically incorporate several parameters, many of which are challenging to assess
directly or are only partially visible in clinical or experimental contexts. This may result in
problems of parameter identifiability and model ambiguity.
This led researchers to adopt data-driven methodologies that provide system dynamics directly
from time-series measurements. One such approach is the Sparse Identification of Nonlinear
Dynamics (SINDy), which infers compact differential equations by selecting only the most
relevant terms from a large candidate library. This makes it particularly suitable for biological
systems in which the governing equations are only partially known or hidden by noise.
Brummer et al. [45] used SINDy to analyze CAR T cell killing test data, demonstrating its
usefulness. Their strategy produced concise models that matched experimental dynamics while
retaining biological interpretability, emphasizing essential aspects like saturation effects and
effector depletion. As CAR T treatments get increasingly complicated, data-driven modeling
methods such as SINDy provide a powerful means of identifying key processes, refining
treatment strategies, and eventually tailoring therapies to specific patients.

8.3 Problem Statement

In this study, we aim to discover interpretable dynamical models that govern the interactions
between effector cells, tumor cells, and other important immunological factors using Sparse
Identification of Nonlinear Dynamics (SINDy). Specifically, given time-series data (sim-
ulated) and a biologically informed library of candidate terms (from literature), our
goal is to find ordinary differential equations that can represent the key structure of the
effector-tumor cell interaction network.

We try to see how SINDy, equipped with a feature library that reflects known immuno-
logical processes, can infer the type (e.g., activation, suppression, saturation) of interactions
between system variables. The resulting models may be assessed for biological plausibility,
prediction accuracy, and interpretability, with the long-term goal of guiding therapy design
and understanding critical therapeutic success thresholds (for example, tumor clearance,
immune weariness, and cytokine overshoot).

This approach may bridge data-driven discovery with mechanistic modeling, providing a
scalable framework for evaluating CAR T cell treatment dynamics in both hematological and

155/180



Chapter 8. CAR T-Cell Therapy: The Role of Mathematical Modelling

solid tumor settings.

Approach

We used three well-known ODE models from the literature [74] to create a structured modeling
pipeline to see how SINDy can figure out understandable interaction dynamics in adoptive
immunotherapy.

Table 8.4. Summary of tumor–immune interaction models used for simulation and SINDy
training

Model Variables Focus
Model 1 E, T Model tumor growth and elimination by ef-

fector cells and capture bistability between
tumor-free and tumor-present states.

Model 2 E, T, I Study tumor regulation via interleukin-
mediated immune activation and explore ther-
apy using effector and cytokine infusion.

Model 3 E, T,N Model tumor-driven activation of naive T cells
and study immune response amplification and
tumor control.

To standardize the modeling framework and facilitate the use of traditional SINDy, we
initially nondimensionalized each model to minimize parameter redundancy and accelerate
numerical simulation. We produced time-series datasets from each nondimensional system
using numerical integration and yielding three trajectory datasets including either two or three
state variables.

To facilitate generalization and cross-model discovery, we created a unified dataset by align-
ing and concatenating the state variables from all three models. This produced a consolidated
dataframe with columns (E, T, I,N). Essentially, effector cells (E) and tumor cells (T) are
common in all models and are the primary variables of interest.

Next, we constructed a biologically informed library of candidate features to be used by
SINDy. This library was created to incorporate all forms of regulatory, proliferative, and
suppressive interactions seen in the three source models.

Once the library was constructed, the identities of the original models were intentionally
disregarded. The system was regarded as if just the time-series data and the functional hypotheses
(encoded in the library) were accessible, thereby replicating a true data-driven discovery scenario.

To assess the efficacy of this approach, we separately trained SINDy models by supplying
the input for each appropriate subset of variables, namely (E, T ), (E, T, I), (E, T,N), and the
entire set of variables (E, T, I,N). This configuration reflects a minimal practical scenario in
which users have access to specific measured variables (such as effector and tumor cell counts)
and aim to reconstruct the underlying governing equations directly from experimental data.
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Post-training, the identified SINDy models were simulated forward in time to examine
their emerging dynamical behaviors. We evaluated the steady states of each system to deduce
essential qualitative regimes, such as tumor removal or coexistence, and investigated how the
underlying interactions influenced these results. This enabled us to evaluate the biological
plausibility and interpretative significance of the inferred models, revealing possible therapeutic
scenarios and system-level behaviors associated with CAR T cell dynamics.

Figure 8.4. Schematic of the workflow for discovering CAR T cell–tumor interaction dynamics
using SINDy.

Figure 8.5. Effector and tumor dynamics from the three source models. This illustrates the
simulated time series for effector (E) and tumor (T ) cell populations derived from the three
previously stated literature-based ODE models. The left panel illustrates the time-series
trajectories of effector cells (E), whereas the right panel depicts the dynamics of tumor cells
(T ). We chose E and T from model 1 to keep in the unified data frame because of their rich
and diverse dynamical behaviors, including tumor clearance, persistence, and oscillatory
immune responses.
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Results

8.3.1 Case I: Selecting E and T as Input Measurements:

Equations learned using SINDy:

dx

dt
= α− β x− γ1 xy + γ2

xy

1 + y
,

dy

dt
= −δ xy + r y − k y2 ,

where x := E (effectors), y := T (tumors), and the parameters take the values,

α = 1.000, β = 1.000, γ1 = 0.168, γ2 = 3.022, δ = 0.843, r = 4.369, k = 0.176.

This predicted framework captures essential interactions between effectors and tumor
cells. Effector cells are introduced at a constant rate and decrease through natural decay and
exhaustion when they interact with the tumor. The presence of tumors also induces effector
proliferation through a saturating response, indicating limited activation at higher tumor burdens.
Tumors proliferate logistically but are subjected to elimination by CAR T-mediated cytotoxicity.

(A) (B)

Figure 8.6. Time-series evolution of the discovered SINDy model trained using (E ,T) as inputs.
Panels (A) and (B) show the time evolution of the variables E (effector) and T (tumor)
respectively. Solid black curves denote ground-truth data, whereas dashed red curves represent
the trajectories predicted by SINDy.
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(A) (B)

Figure 8.7. Interaction networks drawn near the steady states discovered from the
SINDy-inferred model for E-T interaction dynamics. (A) and (B) show the interaction network
near the steady-state tumor-free state (1.000, 0), and (co-existance) (5.10, 0.406),
respectively. Edges represent regulatory influences drawn using the signs of the Jacobian
matrix evaluated at each equilibrium. Blue arrows indicate positive effects (activation),
whereas red arrows indicate negative effects (inhibition). In panel (A), the negative loop on E
may reflect natural decay or exhaustion of effector cells in the absence of any stimulation. The
positive loop on T may arise from the underlying model structure, where tumor cells grow in
the absence of immune pressure. This indicates that a small tumor regrowth can destabilize the
system. Panel (B) corresponds to the coexistence regime, where effector cells persist due to
tumor stimulation but are unable to fully eliminate the tumor, probably due to exhaustion or
saturation.
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(A) (B)

(C)

Figure 8.8. Local parameter sensitivity analysis and one-parameter bifurcation diagram for
the SINDy-inferred model for E-T dynamics. Panels (A) and (B) illustrate the scaled sensitivity
of the steady-state values of effector cells (E) and tumor cells (T ), respectively, in relation to
each model parameter. A positive bar indicates that increasing the parameter increases the
steady-state value of the variable, while a negative bar indicates a suppressive effect. In Panel
(A), the effector population is most sensitive to γ2 (tumor-driven stimulation) and r (tumor
growth rate), implying that both stimulation and tumor burden significantly affect long-term
effector persistence. In Panel (B), tumor steady-state levels are positively influenced by γ2,
while adversely impacted by γ1 (exhaustion), β (effector decay), and r. These contrasting
effects underscore a dynamic equilibrium between tumor-induced activation and
effector-mediated inhibition that regulates overall tumor burden. Panel (C) shows the
codimension one bifurcation diagram for the parameter γ2. As γ2 increases (more effector
stimulation) , the system undergoes two saddle-node bifurcations near γ2 ≈ 1.68 and 3.55,
respectively. Low γ2 corresponds to effector failure, and high γ2 makes the system stable in a
no-tumor regime. Therefore, depending on initial conditions, it may fall into the
tumor-controlled or tumor-dominant state.
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8.3.2 Case II: Selecting E, T, I as Input Measurements:

Equations learned using SINDy:

dx

dt
= α1 − α2x− α3xy + α4

(
xy

1 + y

)
,

dy

dt
= −β1xy + β2y − β3y

2,

dz

dt
= γ1x− γ2

(
xz

1 + z

)
+ γ3

(
zy

1 + y

)
− γ4z.

where x := E, y := T, z := I, and the values of parameters are given in Table 8.5.
These equations suggest that effector cells (E) are produced at a constant rate and are

stimulated by tumor presence by a saturation term ( xy
1+y ). Their inhibition occurs due to

the natural decay, direct tumor contact (xy), and by interleukin. Tumor cells (T) exhibit
logistic growth, and are reduced by interactions with effector cells. A saturating term involving
interleukins ( zy

1+y ) supports its growth. Interleukin levels (I) are upregulated by effector cells
and tumor–interleukin interaction, whereas they are reduced through interactions with E and by
natural decay.

Table 8.5. Parameter values from SINDy-inferred model (E, T, I)

Effector (E) Tumor (T) Interleukin (I)

Parameter Value Parameter Value Parameter Value

α1 1.000 β1 0.843 γ1 0.039

α2 1.000 β2 4.369 γ2 198.217

α3 0.168 β3 0.176 γ3 55.130

α4 3.022 γ4 44.071
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(A) (B)

(C)

Figure 8.9. Time-series evolution of the discovered SINDy model using (E ,T , I) as inputs.
Panels (A)-(C) illustrate the time evolution of effector cells E(t), panel, tumor burden T(t), and
interleukin I(t). In each panel, the solid black curves represent the ground-truth simulation
from the original ODE system, while the dashed red curves represent predictions made by the
SINDy-discovered model. The close match between predicted and true trajectories
demonstrates the accuracy of the identified governing equations in capturing system dynamics.
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(A) (B)

(C) (D)

Figure 8.10. Interaction networks drawn near the steady states discovered from the
SINDy-inferred model for E-T-I dynamics. Each panel shows the local interaction network
near a steady state. Panel (A) illustrates the interaction network at the steady state
(0.543, 22.2, 11.4) (high tumor burden), panel (B) represents the network near
(1.0, 0.0, 0.00016), (tumor free state) panel (C) shows the interaction network near
(2.42, 13.2, 0.00020), and panel (D) represents the network near (5.10, 0.406, 0.00019) (low
tumor burden). The negative self-loop on E likely indicates natural death or depletion of
effector cells, probably due to the lack of continuous antigen stimulation. The positive loop on
T may arise from intrinsic tumor growth in the absence of immunological pressure.
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(A) (B)

(C) (D)

Figure 8.11. Local scaled parameter sensitivity analysis and codimension-one bifurcation
diagram for the SINDy-inferred model for E-T-I dynamics. Panels (A), (B), and (C) illustrate
the local scaled parameter sensitivities of the steady-state values of effector cells (E), tumor
cells (T ), and interleukin (I), respectively. Panel (A) indicates that E is strongly activated by
β2, α3 and is negatively influenced by α4, β3. Panel (B) demonstrates that T is very sensitive
to α3 and α4. Panel (C) demonstrates that I is significantly enhanced by its own growth rate γ1
and lowered by γ2 (intrinsic decay), and all other factors have no effect on its steady state.
Panel (D) shows the codimension one bifurcation diagram for the parameterα4. The system
also exhibits bistability with two saddle node bifurcations, marking the transition between the
tumor-free and tumor-persistence states. As α4 increases, the system shifts from a low-effector,
tumor-dominated state to a high-effector, tumor-controlled regime. This illustrates the critical
role of tumor-induced effector stimulation in therapy success.

8.3.3 Case III: Selecting E, T, N as Input Measurements:

Equations learned using SINDy:

dx

dt
= α1 − α2x− α3xy + α4

(
zy

1 + y

)
+ α5

(
xy

1 + y

)
,

dy

dt
= −β1xy + β2y − β3y

2,

dz

dt
= γ1 − γ2z.

where x := E, y := T, z := N, and parameters take the values from Table 8.6.
This inferred model demonstrates that effector cells (E) are produced by constant input and

stimulation from tumor cells and naive T cells, but are reduced by natural decay, direct tumor
contact, and naive T cell activity. Tumor cells (T) expand logistically and are destroyed by
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effector-mediated death. Further, naive T lymphocytes (N) are produced at a constant rate and
depleted due to natural death

Table 8.6. Parameter values from SINDy-inferred model (E, T, N)

Effector (E) Tumor (T) Naive T Cell (N)

Parameter Value Parameter Value Parameter Value

α1 1.000 β1 0.843 γ1 1.000

α2 1.000 β2 4.369 γ2 0.667

α3 0.168 β3 0.176

α4 0.001

α5 3.021

(A) (B)

(C)

Figure 8.12. Time-series evolution of the discovered SINDy model using (E ,T , N ) as inputs.
Panels (A-C) depict the time evolution of effector cells E(t), tumor cells T (t), and naive T
cells N(t), respectively. The solid black curves show the ground-truth simulation data, while
the dashed red curves show the trajectories predicted by the inferred model. The predicted
dynamics closely correspond to the actual system behavior, precisely capturing both transient
oscillations and long-term steady-state convergence. The model accurately depicts early
effector proliferation, tumor clearance, and the rapid increase and saturation of naïve T cells.
Panel (D) shows the codimension one bifurcation diagram for the parameterα5.
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(A) (B)

Figure 8.13. Interaction networks drawn near the steady states discovered from the
SINDy-inferred model for E − T −N dynamics. Panel (A) illustrates the interaction network
obtained from the Jacobian matrix evaluated near the steady state (1.0, 0.0, 1.5) (tumor free
state of the SINDy-inferred model. Effector cells show self-inhibition and obtain positive
activation from tumor cells, possibly indicating immunological stimulation in response to
tumor presence. Panel (B) demonstrates the interaction network obtained near the steady state
(5.10, 0.406, 1.50) (coexistence). Effector cells show self-inhibition and obtain positive
activation from tumor cells, as well as from naive T cell.

(A) (B)

(C) (D)

Figure 8.14. Local scaled parameter sensitivity analysis for the SINDy-inferred model using
(E, T,N) dynamics. Panels (A), (B), and (C) illustrate the local parameter sensitivities of the
steady-state values of effector cells (E), tumor cells (T ), and naive T cells (N ), respectively.
Panel (A) illustrates that E is significantly reduced by β2 (immune-mediated tumor
elimination). In Panel (B), T exhibits the highest positive sensitivity to α5 (tumor-induced
effector activation) and the highest negative sensitivity to α3 (effector decay). Panel (C)
indicates that N is dominantly governed by its production rate γ1 (positive) and decay rate γ2
(negative), with negligible impact from other parameters. The system shows bistability for the
parameter α5. If the tumor-stimulated effector activation α5 is strong enough, the system
jumps to immune-dominant state, otherwise, it remains in tumor dominant state.
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8.3.4 Case IV: Selecting E, T, I, N as Input Measurements:

Equations learned using SINDy:

dx

dt
= α1 − α2x− α3xy + α4

(
xy

1 + y

)
,

dy

dt
= −β1xy + β2y − β3y

2,

dz

dt
= γ1 − γ2z − γ3

(
zy

1 + y

)
− γ4u,

du

dt
= δ1 − δ2u.

where x := E, y := T, z :=I and u :=N. The values for the parameters is shown in
Table 8.7.

This inferred model demonstrates that the persistence of effector cells is simultaneously
influenced by tumor-induced activation. Tumor burden is regulated by immunological pressure
while being regulated by interleukin-mediated feedback. The dynamics of interleukin are
regulated by nonlinear feedback loops.

Table 8.7. Parameter values from SINDy-inferred model (E, T, I, N)

Effector Cells (E) Tumor Cells (T) Interleukin (I) Naive T cells (N)

Parameter Value Parameter Value Parameter Value Parameter Value

α1 1.000 β1 0.843 γ1 0.076 δ1 1.000

α2 1.000 β2 4.369 γ2 15.418 δ2 0.667

α3 0.168 β3 0.176 γ3 417.170

α4 3.022 γ4 0.033
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(A) (B)

(C) (D)

Figure 8.15. Time-series evolution of the discovered SINDy model using (E ,T , I , N ) as
inputs. Panel (A)-(D) show the time evolution of effector cells E(t), tumor cells T (t),
interleukin I(t), and naïve T cells N(t), respectively. The solid black curves represent the
ground-truth simulation data, while the dashed red curves indicate the trajectories predicted by
the inferred model. The predicted dynamics closely match the true system behavior, accurately
capturing both transient oscillations and long-term steady-state convergence. Also, the model
captures the effector proliferation and tumor clearance, as well as the decay, rapid rise and
saturation of inerleukin and naive T cells in the same way as in the previous inferred models.

(A) (B)

Figure 8.16. Interaction networks drawn near the steady states discovered from the
SINDy-inferred model for E-T-I-N dynamics. Interaction networks derived from the Jacobian
matrices, evaluated near two distinct steady states ( tumor free regime)
(1.00, 0.00, 0.00172, 1.50) and (5.10, 0.406, 0.00019, 1.50) the coexistence regime,
respectively. In both states, the effector population (E) inhibit itself. Naive T cells (N ) and
interleukin (I) show the same interaction effect in both cases, while tumor (T ) activates E in
both regime.

168/180



Chapter 8. CAR T-Cell Therapy: The Role of Mathematical Modelling

(A) (B)

(C) (D)

(E)

Figure 8.17. Local parameter sensitivity analysis and bifurcation diagram for the
SINDy-inferred model using (E, T, I,N) dynamics. Panels (A)–(D) illustrate the local
parameter sensitivity of the steady-state values of effector cells (E), tumor cells (T ),
interleukin (I), and naive T cells (N ), respectively. Panel (A) indicates that E is primarily
affected by α4 and decay rate β2 . Panel (B) indicates that T is mainly influenced by
effector-mediated factors α4 (positive) and α3 (negative) Panel (C) illustrates that I is
suppressed by tumor-mediated inhibition through γ3 and favorably influenced by its own
proliferation factor γ1. Panel (D) illustrates that N is closely regulated by its own production
δ1 (positive) and decay δ4 (negative), with minimal impact from the remaining parameters of
the system. Panel (E) shows the codimension one bifurcation diagram for the parameter α4

(tumor-stimulated effector proliferation). This system also shows bistability for certain choice
of α4. The treatment success depends on the initial immune level.
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Discussion

In this work, we developed a comprehensive modeling pipeline to assess whether SINDy can
robustly recover interpretable immune–tumor dynamics directly from time series data, without
depending on pre-existing mechanistic assumptions. We approached this by creating a unified
dataset from three well-established ODE models, each emphasizing a different biological
mechanism (effector-driven killing, cytokine activation, and naïve T cell recruitment) and a bio-
logically informed library. Then, we trained SINDy models on this dataset using various obser-
vational settings to simulate minimal experimental scenario. Across all situations, we observed
that the identified models not only reproduced important dynamical characteristics but also
captured crucial regulatory influences. All the models exhibited bistability for certain choices of
parameters, which can lead to treatment outcomes depending on the initial immune state. This
illustrates that SINDy, when directed by a proper library, can generate predictive models of com-
plicated immunotherapy dynamics. All source codes, simulation scripts, and SINDy workflows
used in this study are available at https://github.com/Alka-CBhub/Chapter-8.

Limitations

Although SINDy aims to produce sparse models, several inferred models in our study main-
tained a considerable number of terms. This is partially due to our selected range of hyperpa-
rameters, within which the R2 score were calculated on the training data. The R2 was found
to be almost constant across all choices of hyperparameters, and we selected the parameters
for which we don’t get too sparse models. Opting for more stringent regularization may have
produced simpler dynamics and perhaps modified the quantity or characteristics of the identified
stable states.

Additionally, all training and assessment were performed on simulated, noise-free data.
In practical experimental contexts, measurement noise, limited observability, and irregular
sampling may significantly affect performance.

Moreover, we created a biologically informed library, which still assumes a predefined set
of potential interaction motifs, which may bias inference toward predicted forms and restrict
the finding of any new mechanisms that are not represented in the candidate library.

Other Approaches

Approach I

To make our task compatible with classical SINDy, we performed non-dimensionalization
and variable rescaling on the original ODE models before simulation. Since these operations
are linear in nature, they don’t affect the qualitative properties of the system, so in this sense,
this process can be useful. Also, this approach removes parameters like saturation constants
by normalization, thus simplifying the equations. While this helps to simplify the modeling
work and reduces the number of parameters, it also leads to the loss of biologically significant
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parameters. In many situations, keeping those parameters may be is critical, making traditional
SINDy less suited.

In these situations, implicit modeling techniques such as Implicit SINDy or SINDy-PI
become essential. These approaches allow for rational nonlinearities and can capture more
biologically realistic dynamics. However, they offer significant challenges. Constructing a
biologically relevant implicit library is not easy; it requires rigorous derivation of algebraic
connections for each interaction and manual encoding into the feature set. Furthermore, SINDy-
PI is based on convex optimization solvers (e.g., CVXPY), which might be unstable or infeasible
for big, multidimensional, or poorly scaled datasets.

This is a practical restriction for using SINDy-PI to realistic CAR T cell datasets, which
often have larger time spans, severe nonlinearities, and substantial dynamic fluctuation spanning
many orders of magnitude.

Approach II

Even if SINDy-PI can be employed successfully, it requires choosing a suitable feature library
customized for each case of input data. This indicates that complete automation is impractical
in such cases.

To advance towards a more automated discovery framework, one may use the adaptability
of vectorized SINDy-PI libraries by providing a minimal set of general biological interactions
(e.g., activation, inhibition, saturation). Such libraries may accommodate diverse quantities of
input variables without necessitating change. Nonetheless, vectorization also adds extra terms,
particularly coupled derivatives among unrelated variables. Consequently, preprocessing on the
implicit feature matrix, or symbolic post-processing, is crucial for eliminating extra derivative
terms and preserving just the accurate implicit equation for each variable. This stage guarantees
that the final model is interpretable, physiologically reasonable, and free from the artifacts of
excessive library development.
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Discussion

This thesis provides a unified framework for discovering and analyzing the governing equations
of biological systems using a hybrid approach that blends classical dynamical systems theory
with modern sparse regression techniques. Building on the Sparse Identification of Nonlinear
Dynamics and its variant SINDy-PI, we systematically demonstrated how sparse modeling
techniques can recover governing equations and regulatory interactions from time-series data,
even in the presence of nonlinearities, feedback, and hidden variables.

The framework developed in this thesis addresses the challenge of modeling complex
biological systems by learning governing equations directly from time-series data. Using
Takens’ embedding theorem, we identify the minimum number of dimensions required for
further model identification and reconstruct phase-space trajectories from limited measurements
(in our case, a scalar time series). The Sparse Identification of Nonlinear Dynamics (SINDy)
then infers minimal and interpretable ODEs, while its extension, SINDy-PI, handles rational
nonlinearities commonly found in biological kinetics, such as Michaelis-Menten and Hill
functions. This combination yields symbolic models that are both predictive and interpretable,
capturing dynamics like oscillations and bistability.

The methodology was validated on several canonical biological models, including the
FitzHugh-Nagumo and Goodwin oscillators, the Oregonator and glycolytic models, and mass-
action and microbial growth systems. In each case, the inferred models successfully recovered
the system’s core dynamics and regulatory structure, confirmed through Jacobian analysis and
bifurcation diagrams.

We applied the framework to two biologically relevant systems: the eukaryotic cell cycle
and tumor-immune interactions in cancer immunotherapy. From synthetic data emulating
experimental observations, we successfully rediscover governing equations that predict system
behavior and reveal key regulatory motifs. Sensitivity analysis and bifurcation techniques
further confirm that the inferred models exhibit known transitions and critical points consistent
with biological expectations. All materials, codes and data related to this thesis are available at
https://github.com/Alka-CBhub/MTechCB-Thesis.
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Chapter 9. Discussion

Deliverables

• The framework enables discovering governing equations from time-series data, including
situations when fewer variables are known and the remaining can be reconstructed via
phase-space reconstruction.

• It supports discovery of both polynomial and rational nonlinearities, capturing behaviors
like oscillations, bistability, and saturation.

• The pipeline includes integrated diagnostics such as sensitivity analysis, Jacobian-based
interaction network, and bifurcation analysis for dynamic interpretation and validation.

Limitations and Future Directions

• Synthetic validation only: All analysis in this thesis was conducted on synthetic time-
series data. Application to experimental or clinical datasets remains an important next
step to assess robustness under real-world measurement noise and biological variability.

• Sensitivity to noise: While the framework performed well on clean synthetic data, its
performance under noisy conditions remains to be evaluated. Incorporating denoising
methods or regularized differentiation could improve reliability.

• Structural identifiability: Identifiability analysis was not systematically performed on
the inferred models. Verifying structural identifiability using tools such as StrikePy is
essential to ensure uniqueness and interpretability of model parameters.

• Model simplification and factorization: Although SINDy-PI successfully captured the
system dynamics, some inferred rational expressions were not easily factorizable into
known biological forms. Enforcing additional constraints or symbolic pattern matching
could improve biological relevance.

• Hyperparameter tuning: Sparse regression in SINDy-PI depends heavily on threshold
selection. We used uniform thresholding across all implicit equations. A more robust
and automated strategy is needed to perform hyperparameter tuning.

Conclusion

In conclusion, this thesis advanced the area of systems biology by proposing a systematic and
interpretable framework for inferring nonlinear dynamical models directly from time-series
data. The suggested technique successfully combines mechanistic and data-driven strategies,
providing a scalable alternative to conventional modeling strategies. By enabling data-driven
discovery of biological systems with limited knowledge, this work opens new opportunities
for hypothesis generation, mechanistic understanding, and treatment design in contexts where
traditional modeling is insufficient.
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Audun D. Myers, Sunia Tanweer, Sarah Tymochko, and Melih Yesilli. Teaspoon: A
python package for topological signal processing. Journal of Open Source Software,
10(107):7243, March 2025.

[55] Guillaume Tauzin, Umberto Lupo, Lewis Tunstall, Julian Burella Pérez, Matteo Caorsi,
Anibal Medina-Mardones, Alberto Dassatti, and Kathryn Hess. giotto-tda: A topological
data analysis toolkit for machine learning and data exploration, 2020.

[56] Rainer Hegger, Holger Kantz, and Thomas Schreiber. Practical implementation of
nonlinear time series methods: The tisean package. Chaos: An Interdisciplinary Journal
of Nonlinear Science, 9(2):413–435, June 1999.

[57] Linan Zhang and Hayden Schaeffer. On the convergence of the sindy algorithm. Multiscale
Modeling & Simulation, 17(3):948–972, 2019.

[58] Gareth James, Daniela Witten, Trevor Hastie, Robert Tibshirani, and Jonathan Taylor. An
Introduction to Statistical Learning with Applications in Python, volume 398. eTextbooks
for Students, 1st edition, 2023.

[59] Peng Zheng, Travis Askham, Steven L. Brunton, J. Nathan Kutz, and Aleksandr Y.
Aravkin. A unified framework for sparse relaxed regularized regression: Sr3. IEEE
Access, 7:1404–1423, 2019.

[60] Brian de Silva, Kathleen Champion, Markus Quade, Jean-Christophe Loiseau, J. Nathan
Kutz, and Steven L. Brunton. PySINDy: A python package for the sparse identification of
nonlinear dynamical systems from data. Journal of Open Source Software, 5(49):2104,
2020.

[61] Alan A. Kaptanoglu, Brian M. de Silva, Urban Fasel, Kadierdan Kaheman, Andy J.
Goldschmidt, Jared Callaham, Charles B. Delahunt, Zachary G. Nicolaou, Kathleen

178/180



Bibliography

Champion, Jean-Christophe Loiseau, J. Nathan Kutz, and Steven L. Brunton. PySINDy:
A comprehensive python package for robust sparse system identification. Journal of Open
Source Software, 7(69):3994, 2022.

[62] Qing Qu, Ju Sun, and John Wright. Finding a sparse vector in a subspace: Linear sparsity
using alternating directions. IEEE Transactions on Information Theory, 62(10):5855–
5880, 2016.

[63] Leland H. Hartwell and Ted A. Weinert. Checkpoints: controls that ensure the order of
cell cycle events. Science, 246(4930):629–634, 1989.

[64] Andrew W. Murray and Marc W. Kirschner. Cyclin synthesis drives the early embryonic
cell cycle. Nature, 339(6222):275–280, 1989.

[65] Andrew W. Murray and Marc W. Kirschner. Dominoes and clocks: the union of two
views of the cell cycle. Science, 246(4930):614–621, 1989.

[66] National Cancer Institute. Car t cells: Engineering patients’ immune cells to treat their can-
cers. https://www.cancer.gov/about-cancer/treatment/research/
car-t-cells, February 2025. Updated February 26, 2025; accessed June 23, 2025.

[67] Carl H. June and Michel Sadelain. Chimeric antigen receptor therapy. New England
Journal of Medicine, 379(1):64–73, July 2018.

[68] T. Chen, M. Wang, Y. Chen, and et al. Current challenges and therapeutic advances of
CAR-T cell therapy for solid tumors. Cancer Cell International, 24:133, 2024.

[69] Felix Korell, Trisha R. Berger, and Marcela V. Maus. Understanding car t cell–tumor
interactions: Paving the way for successful clinical outcomes. Med, 3(8):538–564, August
2022.

[70] Kristen Newick, Sean O’Brien, Edmund Moon, and Steven M. Albelda. Car t cell therapy
for solid tumors. Annual Review of Medicine, 68:139–152, January 2017. Epub 2016
Nov 17.

[71] L. R. C. Barros, B. J. Rodrigues, and R. C. Almeida. CAR-T cell Goes on a Mathematical
Model. Journal of Cell Immunology, 2(1):31–37, 2020.

[72] D. Hardiansyah and C. M. Ng. Quantitative systems pharmacology model of chimeric
antigen receptor t-cell therapy. Clinical and Translational Science, 12(4):343–349, July
2019. Epub 2019 Apr 20.

[73] Pranav Sahoo, Xiaohui Yang, Dan Abler, Daniel Maestrini, Vikram Adhikarla, Drew
Frankhouser, Heyrim Cho, Victor Machuca, Dandan Wang, Matthew Barish, Margarita
Gutova, Sergio Branciamore, Christine E. Brown, and Russell C. Rockne. Mathematical
deconvolution of car t-cell proliferation and exhaustion from real-time killing assay data.

179/180

https://www.cancer.gov/about-cancer/treatment/research/car-t-cells
https://www.cancer.gov/about-cancer/treatment/research/car-t-cells


Bibliography

Journal of the Royal Society Interface, 17(162):20190734, January 2020. Epub 2020 Jan
15.

[74] Amanda Talkington, Clarisse Dantoin, and Rick Durrett. Ordinary differential equation
models for adoptive immunotherapy. Bulletin of Mathematical Biology, 80:1059–1083,
2018.

180/180


	Certificate
	Acknowledgements
	Abstract
	Abbreviations
	Part I

	Introduction
	Motivation and Background
	Mathematical Tools for Analyzing Dynamical Systems
	Regulation
	Differential Equation Modeling in Biological Systems
	Steady States and Stability Analysis
	From Local Stability to Bifurcation Analysis
	Feedback Loops and Feedback Analysis
	Sensitivity Analysis

	Statement of The Thesis Problem
	Thesis Organization

	Literature Review
	Introduction
	State Space Reconstruction and Latent Feature Analysis
	Data-Driven Discovery: SINDy
	Implicit-SINDy and SINDy-PI
	Summary

	Standard Test Cases Taken for the Analysis
	Example-1: FitzHugh–Nagumo Model
	Interaction Network using Jacobian

	Example-2: The Goodwin Model
	Interaction Network using Jacobian

	Example-3: Mass-Action Model
	Interaction Network using Jacobian

	Example-4: The Oregonator Model
	Interaction Network using Jacobian

	Example-5: Glycolytic Oscillation in Yeast
	Interaction Network using Jacobian


	Phase Space Reconstruction
	Delay Coordinate Embedding
	Methods for Estimating the Embedding Parameters
	Estimating the Time Delay 
	Estimating the Embedding Dimension

	Latent Variable Analysis
	Singular Value Decomposition (SVD)
	Principal Component Analysis (PCA)
	Relationship Between SVD and PCA

	Tools for Implementation
	Application
	Example-1: FitzHugh–Nagumo Model
	Example-2: Goodwin Model
	Example-3: Mass-Action Model
	Example-4: The Oregonator Model
	Example-5: Glycolytic Oscillation


	System Identification using SINDy
	Sparse Identification of Nonlinear Dynamics (SINDy)
	Problem Statement
	Steps involved in SINDy
	Frequent Terms used in the Candidate Library for Modeling a Biological System: Biochemical Library

	Tools for Implementation
	Application
	Example 1: FitzHugh–Nagumo Model
	Example 2: The Goodwin Model
	Example 3: Mass–Action Model
	Example 4: Oregonator Model
	Example 5: Glycolytic Oscillation Model

	Discussion

	Implicit SINDy: Handling Rational Nonlinearities
	Implicit SINDy and SINDy-PI
	Limitations of implicit formulation of SINDy
	Robust formulation of the Implicit SINDy: SINDy-PI

	Tools for Implementation
	Model Selection in SINDy-PI

	Application
	Example-1: Michaelis-Menten Kinetics
	Example 2: Microbial Growth Model

	Part II

	Cell Cycle Dynamics: Discovering Governing Equations using Implicit SINDy
	Motivation and Problem Statement
	Sensitivity Analysis
	Sensitivity Analysis for one-variable model of CDK1 regulation
	Sensitivity Analysis for two-variable model of CDK1–APC regulation with negative feedback
	Sensitivity Analysis for two-variable model of CDK1–APC regulation with positive feedback
	Sensitivity Analysis for three-variable model of CDK1–Plk1-APC regulation


	CAR T-Cell Therapy: The Role of Mathematical Modelling
	Introduction to CAR T-Cell Therapy
	Biological Principles behind CAR T-Cell Function
	Clinical Successes and Limitations
	Therapeutic and Manufacturing Strategies to Overcome Challenges

	Computational and Mathematical Modeling of CAR T-Cell Therapy
	Problem Statement
	Case I: Selecting E and T as Input Measurements:
	Case II: Selecting E, T, I as Input Measurements:
	Case III: Selecting E, T, N as Input Measurements:
	Case IV: Selecting E, T, I, N as Input Measurements:


	Discussion

