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Abstract

In the context of classification, the Bayes optimal classifier represents the best possible classification rule
with respect to the 0-1 loss, for a given data distribution. In the setting of binary classification, it can
often be expressed as a thresholding rule over the instance-dependent class posterior probability.

Prior research works have studied the best classification performance and the corresponding Bayes
optimal classification rule under fairness constraints, which can again be expressed as a group/instance-
dependent thresholding rule. However, it is often observed that fairness and accuracy of a model are
often at odds and exhibit a tradeoff. This tradeoff depends on the distribution and the fairness metric
of interest, and understanding its cause and effects is crucial for real-world deployments.

In this thesis, we study this tradeoff from several angles. One of the most important tools for all of
our studies involves exploring the Bayes optimal fair classifiers to study the effects of data biases and
derive theoretical guarantees. We first re-examine the critical stance on the fairness-accuracy tradeoff
and instead study under what conditions fairness constraints can eventually help recover the uncon-
strained Bayes optimal classifier, especially when we can characterize the factors of data bias in our
given distribution. Next, we highlight how the Bayes optimal fair classification rule can be implemented
at various stages of classification: Either as a pre-processing of the given distribution, a weighted risk
minimization, or as a post-processing (thresholding) of the class posterior probability. We then show,
via simulations on widely used fair classifiers, that with varying amounts of data bias, the theoretical
equivalence does not translate into practice and, in fact, sometimes even fails to mitigate unfairness.

Re-examining the tradeoff phenomena, we then ask whether it is possible to steer distributions most
minimally and efficiently towards an ideal distribution, where the Bayes optimal classifiers are always
fair by default. We mathematically characterize what an ideal distribution may look like when the
distribution can be expressed with some parametric family (e.g., Gaussian distributions).

Finally, we estimate the fairness-accuracy tradeoff using imperfect data access, i.e., in a model-free
setting, only using class posterior probabilities and without access to features. In the spirit of prior
works that use Bayes error estimation techniques to benchmark classification performance, we study
how we can estimate and characterize the fairness-accuracy tradeoff for any distribution only using
soft labels (class posterior probabilities). This allows us to compare various fairness-accuracy tradeoff
estimation techniques in the literature against the theoretically best and serves as an effective bench-
marking framework for future work in this space.
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Chapter 1

Introduction

Techniques and algorithms in machine learning have been at the forefront of enabling many techno-
logical innovations we see all around us. As machine learning continues to integrate into day-to-day
tasks and workflows, it has been supporting critical applications, such as loan assessments and disease
diagnosis.

The rapid availability of representative training data and computing resources has largely fueled
this growth. The models we train are heavily influenced by the datasets we prepare, which are often
collections of past observations, logs, and surveys. With such growth, challenges with the availability
of high-quality data and training models that meet responsible machine learning requirements have
rightfully attracted significant attention from the community. Unfortunately, we have had several doc-
umented instances of historical biases and discrimination, such as redlining based on demographics
[Jac21] and severe disparities in commercial gender classification products [BG18]. This is where we, as
a community, look beyond utility maximization and towards metrics and algorithms for Responsible
AI.

§ 1.1 Fairness in Machine Learning
Automated decision-making in highly sensitive domains such as justice, healthcare, banking, and ed-
ucation can proliferate social and economic harms [CR18; Fri+19; BHN17; Bir+19; Meh+21]. Fair and
representative data is a foremost requirement for training and validating fair models. However, most
datasets collected and labeled inevitably contain historical and systemic biases [BS16], resulting in un-
fair and unreliable performance after deployment [Sha+17; BG18; WHM19].

Models can often latch onto statistical correlations and therefore exhibit those biased correlations
in their outcomes. An example of such a correlation is shown in Figure 1.1(a), which highlights the
highly variable percentage of women in different occupations. Figure 1.1(b) shows how relying on
such correlation might affect deployed models: while translating English to Turkish (a gender neutral
language) and then back to English, the model exhibits a gender bias of assigning a nurse to females,
where originally it was assigned to a male.

Many seminal studies have highlighted the importance of formalizing, measuring, and mitigat-
ing biases in model training pipelines. Two such important ones are COMPAS [Ang+16] and Gen-
der Shades [BG18]. The COMPAS study [Lar+16] analyzed more than 10,000 defendants in Broward
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1.1. Fairness in Machine Learning Chapter 1. Introduction

(a) (b)

Figure 1.1: (a) Percentage of women in different occupations in the United States, and (b) An instance of Bias
in Machine Translation. Turkish is a gender-neutral language, and when translating English to Turkish and
back, the model may default to correlations in its training data. Source: Barocas et al. [BHN19].

County, Florida, and found that defendants of black ethnicity were far more likely to receive an incor-
rect judgment of high recidivism than white defendants. The Gender Shades study [BG18] highlighted
intersectional disparities: commercial gender classification on facial image data performed substantially
worse on darker-skinned females than on lighter-skinned males.

The first steps towards understanding potential unfairness in model outcomes are to define well-
motivated fairness metrics. The definitions of fairness prevalent in literature fall into two broad types:
individual fairness and group fairness [Dwo+12a; BJW20; Pet+21; Fle21; Pet+21; HPS16b; Zaf+17a;
Bin20]. Individual fairness promises similar treatment to similar individuals and often requires defining
the metric space of the individual features and the prediction space [Pet+21], which poses a strong
challenge. It can also serve as a mechanism to induce stability and generalization [Muk+22].

We will focus on group fairness, which aims to ensure equal or near-equal outcomes across sensitive
groups (e.g., race, gender) in the data and requires only individuals’ sensitive group identities. Exam-
ples of group fairness include Equal Opportunity (equal true positive rates across groups) [HPS16a]
and Demographic Parity (equal acceptance rates across groups) [Dwo+12a].

In the paradigm of group fairness, we can either explicitly use group information during training
and inference (commonly known as group-aware classification) or use it only during training and infer
without any sensitive attribute information (commonly known as group-blind classification) [BHN19].
Note, however, that merely omitting the use of sensitive attributes does not prevent unfairness: the sen-
sitive might still correlate with other features in the data and result in unintentional harm (for example,
in redlining, where zip codes strongly correlate with demographics). There are even works that attempt
to train fair models with any demographic information, i.e., fairness without demographics [Lah+20;
CJW22; AW23].

Various bias mitigation techniques have been proposed for group-fair classification motivated by
different applications and stages of the machine learning pipeline [Zli15; Fri+19; Meh+21]. They are
broadly categorized into three types: (1) Pre-Processing, where one transforms the input data, indepen-
dent of the subsequent stages of training, and validation [KC12; Fel+15; Cal+17], (2) In-Processing, where
models are trained by fairness-constrained optimization [CV10; Kam+12; Zem+13; Zaf+17b; ZLM18;
Aga+18; Cel+19], and (3) Post-Processing, where the output predictions are adjusted afterward to im-
prove fairness [KKZ12; HPS16b; Ple+17]. Several toolkits exist in the community for measurement,
mitigation, and auditing of unfairness in machine learning pipelines [Bel+18; Bir+20; Del+24].

However, maximizing accuracy while satisfying fairness constraints often results in a trade-off be-
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Chapter 1. Introduction 1.2. Bayes Optimal Classification

Figure 1.2: Illustration of the bias process studied in Blum and Stangl [BS19]. The positive and negative classes
are first undersampled with a factor of βp and βn, respectively, and then a random ν fraction of the positive
is flipped to negative.

tween fairness and accuracy [MW18; ZG19]. The sharpness of this trade-off depends on the type of
constraints imposed, their stringency, and the properties of the underlying distribution. Prior work in
this space has also sought to characterize this trade-off to understand it better and aid model designers
[MW18; ZG19; Don+18; CJS18]. However, several works have also suggested that this trade-off arises
from biased data or testing on imperfect distributions [BS19; WT+19; Mai+21; Dut+20]. When training
data is biased, maximizing accuracy subject to fairness constraints may not help after deployment.

§ 1.2 Bayes Optimal Classification
To formally study the impacts of fairness constraints and their corresponding trade-offs, it is essential
first to quantify the theoretically optimal performance. In the context of classification, the notion of
Bayes error (and the corresponding Bayes optimal classifier) captures the minimum possible error rate
achievable for a given data distribution [MRT12]. For binary classification, where we have only two
classes, it is possible to express this optimal classifier as a constant thresholding rule over the class
posterior probability: for a given example, pick the class that has the higher probability (> 1/2).

A threshold characterization of the Bayes optimal classifier helps design plug-in rules for classifica-
tion, where we can "plug-in" the estimated posterior probabilities (and sometimes the threshold) from
data and construct classification rules with appropriate thresholding [AT07; Chz19]. Plug-in classifi-
cation rules have also been beneficial in designing Bayes optimal classifiers for performance metrics
[NA13; Koy+14] and other cost-sensitive learning applications [Sco12; MW18; SK22]. Several works
have used this formulation to estimate Bayes error and apply it to detect overfitting [Ish+; UIS25] and
to detect test set contamination [ILY25].

When dealing with fairness constraints, we can extend the notion of Bayes optimal classifiers to-
wards Bayes optimal fair classifiers. We can similarly express it as a plug-in thresholding rule over the
class posterior probability, with the threshold function of the chosen metric and the desired unfairness
tolerance [MW18; Chz+19; ZDC22b]. The optimal fair classification rule also allows us to study incom-
patibility between fairness constraints, where it may be infeasible to impose different types of fairness
constraints without significant levels of accuracy degradation [KMR16; Ple+17; JD25]. We will study
this fair classification rule in greater depth in the coming chapters.

§ 1.3 Imperfect Data Distributions
As highlighted earlier, a sharp fairness-accuracy trade-off might not be a necessary evil but rather a
product of underlying group-specific data biases. We will now give a few examples of commonly

3
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observed data biases.

Consider the redlining scenario highlighted earlier, where certain individuals are denied oppor-
tunities solely because of where they live, which correlates strongly with their ethnicity. The historical
data being collected about opportunities being extended (for example, loans) and their outcome (repay-
ments/defaulting) can create a systematic under-representation of minority groups and selection bias
[KR18], where the data collected is only a representation of the population that the decision maker se-
lected [DW21; Das+25]. Such lopsided data collection can lead to imbalances and under-representation,
thereby inducing label biases, such as group-dependent label noise [WLL21] and prior probability shifts
[BM21]. Several of these biases can also appear simultaneously: not only can the minority groups be
under-represented, but imbalanced distributions may induce group-dependent label noise. An illustra-
tion of such a process is shown in Figure 1.2.

Several works have leveraged optimal fair classification to examine the above-described data bi-
ases [WT+19; BS19; Mai+21; Dut+20] and to present an alternate view of fairness constraints as tools
for recovering accurate classifiers rather than strictly trading off utility. Many standard datasets used
to evaluate and compare bias mitigation techniques are not perfectly fair and representative [Din+21;
PMN21]. Data biases can creep into both the training and evaluation data, and fair classifiers evaluated
on biased data can exhibit a sharp trade-off. Even in ideal data distributions where accuracy maximiza-
tion yields perfect fairness, if we have only a biased or truncated version of the data, naively applying
accuracy maximization or fair classification might not help [FSV21; Dut+20].

This motivates us to study optimal fair classification and fairness-accuracy trade-offs, not only for
arbitrary distributions but also for distributions with known imperfections, such as label-, group-, and
feature-dependent biases. It is also unclear as to what happens to optimal fair classifiers when they are
trained and exposed to varying amounts of data bias over time in the training or deployment environ-
ments.

§ 1.4 Scope and Summary of Contributions
In this thesis, we aim to study a variety of imperfect data settings through the lens of Bayes Optimality.
Most of our results are highlighted from the purview of fairness in machine learning and fair optimal
characterizations [MW18; Chz+19]. The central object of most of our studies will be the characterization
of the fair Bayes optimal classifier as a thresholding rule [MW18; Chz+19; Zen+26]. Our overall message
is the following: fairness constraints are not merely penalties; they can also serve as tools for recovering
accurate and fair classifiers in the presence of data biases.

We start our story by directly studying the relevance of fairness constraints. In Chapter 3, we study
when fairness constraints aid the recovery of accurate classifiers, especially when the source of unfair-
ness stems from biases that hinder certain sub-populations more than others. We instantiate this study
by examining the label bias model of Blum and Stangl [BS19]. We re-prove their recovery results on the
Bayes optimal classifiers under fairness constraints with threshold characterizations of fair classifiers.
The newer proof technique then allows us to move beyond their stylized distribution setting and study
recovery results for general distributions and hypothesis classes.

Next, in Chapter 4, we briefly note that the fair Bayes optimal classification rule can also be im-
plemented as data distribution pre-processing or as a weighted risk-minimization scheme. This obser-
vation justifies the availability of several kinds of fairness interventions in the literature. We then use
the data-bias model of Blum and Stangl [BS19] from Chapter 3 to study fair classification under vary-
ing levels of data bias. We empirically show that the output of several pre-/in- and post-processing
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implementations can differ significantly and even fail to mitigate unfairness as the data bias in our dis-
tribution changes. Such observations raise a word of caution: the theoretical equivalence does not easily
translate into practice, and a practitioner must move beyond simple accuracy evaluations and towards
"stability" of interventions in the face of changing data conditions.

We then set out to mitigate the trade-off arising from feature biases in the presence of data. In
Chapter 5, we define the notion of ideal data distributions [Dut+20]: the class of distributions where
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Chapter 2

Preliminaries

In this chapter, we introduce the necessary notations, definitions, and some key results that will be
useful throughout the manuscript. We introduce the Bayes optimal classifier as a thresholding rule
over the positive class posterior probability. We then introduce the constrained optimization problem
of imposing fairness constraints, and highlight a modified thresholding rule for the fair Bayes optimal
classifier.

§ 2.1 Setup

We will denote random variables with capital letters and sets with calligraphic notations. In most
settings we will study, we are given access to three objects: a random variable X ∈ X that denotes the
features of an individual, Y ∈ Y that denotes a class label we are interested in predicting, and A ∈ A,
that denotes the protected or sensitive features of an individual like gender or ethnicity. We will work
with the real-valued feature space (X = Rd), where d is the dimensionality of our feature space, binary
classification (Y = {0, 1}), and binary sensitive attributes (A = {0, 1}). However, some of the results
presented in this thesis can be generalized beyond binary sensitive attributes and labels.

Our data distribution D is defined over X×A× Y where a random variable from the distribution
is denoted by (X,A, Y) ∼ D. We will frequently deal with shifted or noisy distributions, which we
will denote by D̃, and the corresponding noisy random variable (for example, X) with X̃. Whenever
dealing with applications not involving fairness, we drop the use of A, and our data distribution D is
defined over X× Y. Another way to think about this is to assume that the sensitive attribute is part
of the feature space itself. Unless explicitly mentioned, all probabilities and expectations are taken
with respect to D. We write Pr(·) and E[·] for these quantities, with Pr(· | ·) denoting the corresponding
conditional probability. We use I () for the indicator function, equal to 1 when its argument is true and
0 otherwise.

Whenever unspecified, the set of classifiers we will deal with is the set of all deterministic functions
h : X×A → Y. We will overload the notation H with any other space of classifiers explicitly when
required. We will use the standard 0− 1 loss as our performance metric. The 0− 1 loss assigns a penalty
of 1 whenever the model’s prediction and the true label mismatch. We will denote the 0 − 1 loss with
l01 : Y× Y→ R+.
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Chapter 2. Preliminaries 2.2. Bayes Optimal Classification

§ 2.2 Bayes Optimal Classification
The most accurate model for a given data distribution can often be characterized in terms of distribution-
dependent quantities. Specifically, consider the following optimization problem:

min
h

E
(X,A,Y)∼D

[l01(h(X,A), Y)] .

The solution to this program is called the Bayes optimal classifier for a distribution D [MRT12;
SSBD14] and we shall denote it with h∗. The Bayes error is the expected 0−1 loss of h∗: E

D
[l01(h

∗(X,A), Y)].

For binary classification, the Bayes optimal classifier can be expressed more succinctly. Let η(x,a) =
Pr (Y = 1|X = x,A = a) denote the positive-class posterior probability for a feature X = x coming from
the group A = a. A well-known result in the case of binary classification [DGL96; Zen+26] states the
following:

h∗(x,a) = I

(
η(x,a) ⩾

1
2

)
,

where I (E) = 1 whenever event E is true. Simply put, the Bayes optimal classifier for a binary classifier
is just a constant threshold on the positive class probability. It is not hard to generalize this optimal rule
to multiple classes (where we can no longer threshold on η). The Bayes optimal multiclass classifier
(|Y| > 2) is given by the following rule:

h∗(x,a) = arg max
y∈Y

ηy(x,a), where ηy(x,a) = Pr (Y = y|X = x,A = a) .

Expressing the Bayes optimal classifier as a threshold classifier allows us to motivate the set of
threshold classifiers in the next section. This will then help us study Bayes optimal fair classifiers and
other interesting variations.

§ 2.3 Thresholding Classifiers
Define the class of all deterministic classifiers from the domain X×A to {0, 1} as H. We will now define
a subset of H that requires access to the class posterior probability η.

Definition 2.1. Let H be the set of all deterministic classifiers h : X×A → {0, 1}. Then, the set of
all threshold classifiers Ht ⊂ H is defined as the following:

Ht = {(x,a) 7→ I (η(x,a) ⩾ ta) : ta ∈ [0, 1]},

where ta is a group-dependent threshold.

Such threshold classifiers come up in various scenarios. For example, the Bayes optimal classifier for
a binary classifier uses t = 1/2. The fair Bayes optimal classifier for a given fairness metric (which we will
define and discuss later) is defined using t = 1/2 + δ, where the adjustment δ depends on the fairness
violation. Such threshold classifiers, where the threshold on η is a function of distribution-dependent
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quantities like class priors, also appear in other classification paradigms. One concrete example of learn-
ing with rejection or abstention [BW08; CDM16; Cha+21], where the goal is to abstain from classifying
points with low confidence. To define the reject option classifier, we first define the extended 0 − 1 loss,
which introduces a cost for rejection:

Definition 2.2. For a δ ∈ [0, 1/2), we define the 0 − 1 − rej loss of a classifier h : X × {0, 1} →
{0, 1}∪ {⊥} as the following:

l01r(h,y) =


0 if h(x,a) = y

1 if h(x,a) ̸= y

δ if h(x,a) = ⊥,

where ⊥ denotes abstention.

For reject-option classification, we can express a binary-class Bayes optimal reject option classifier in
the following manner.

Proposition 2.1. ([BW08; CDM16]) Let D be any distribution on X× {0, 1}× {0, 1}. Let δ ∈ [0, 1/2)
denote the cost of abstaining from prediction for a particular point. Then the optimal reject option
classifier with respect to the l01r loss (Definition 2.2), hrej, can be expressed as:

hrej(x,a) =


0, if η(x,a) ⩽ δ

⊥, if η(x,a) ∈ (δ, 1 − δ)

1, if η(x,a) ⩾ 1 − δ,

where η(x,a) = Pr (Y = 1|X = x,A = a) and ⊥ denotes abstention.

For many different performance metrics falling under the purview of cost-sensitive classification
[Sco12], such as Jaccard Similarity, F-measure, [Koy+14], the Bayes optimal classifier falls under Ht. To
introduce a general result that applies to many such cost-sensitive risks, we extend the simple approach
of Scott [Sco12] to a group-aware setting.

Lemma 2.1. (Extension of [Sco12] to the case of subgroups) Let αa ∈ [0, 1]. Define the α-CS risk as
weighing the false negatives for a group A = a with (1 −αa) and the false positives with αa:

Rα(h) =
∑
a∈A

(
(1 −αa) · π1a · E

X|Y=1,A=a
[l01(h(X,a), 1)] +αa · π0a · E

X|Y=0,A=a
[l01(h(X,a), 0)]

)
,

where πya = Pr (Y = y,A = a) > 0 for y ∈ {0, 1}. The cost-sensitive group-dependent Bayes
optimal classifier can be written down as:

h∗
α(x,a) =

1, if η(x,a) ⩾ αa

0, otherwise

§ 2.4 Fairness Constraints and Optimal Fair Classifiers
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A major theme in the upcoming chapters will concern imperfections in observed distributions. We will
call such distributions biased distributions. Whenever machine learning models are trained on a biased
distribution, they not only result in sub-optimal accuracy (e.g., label noise), but can also result in unfair-
ness in the downstream models, with respect to sensitive attributes in our features like demographics
or gender [BHN19; BS19; Dut+20].

To quantify the unfairness in machine learning models, practitioners have developed several fair-
ness metrics motivated by various use cases [Nar18]. For the rest of this thesis, we will work with
group fairness, where we care about the fairness of classifiers with respect to disjoint groups in the fea-
ture space (eg, gender, ethnicity). Several other notions of fairness exist. Two such important notions
include individual fairness [Dwo+12b], which aims to ensure that similar individuals receive similar
treatment, and intersectional fairness [Fou+20], which concerns groups that intersect across sensitive
attributes. Notions other than group fairness are beyond the scope of the work conducted in prepara-
tion for this thesis.

§ 2.4.1 Group Fairness Metrics

The Fair ML scholarship has developed various group fairness metrics over the last decade. Most of
them can be clustered into three different groups: Independence, Separation, and Sufficiency-based
fairness constraints. Barocas et al. [BHN19] present an excellent discussion on all three categories. We
include a brief discussion and introduce the formal definition here.

As a first attempt, a practitioner may want the model’s predictions to be completely independent
of the sensitive attribute. This is the basis of Independence-based fairness constraints. Independence
requires the prediction to be independent of the sensitive attribute: h(X,A) ⊥ A. Examples of such
fairness constraints include Demographic Parity [Dwo+12a], and Disparate Impact [Fel+15]. We will
now define a binary and multi-class, multi-attribute definition of Demographic Parity.

Definition 2.3. For a distribution D defined over X× {0, 1}× {0, 1}, a classifier h : X× {0, 1}→ {0, 1}
satisfies Demographic Parity if Pr (h(X,A) = 1|A = 0) = Pr (h(X,A) = 1|A = 1). Similarly, for a
multi-class, multi-attribute setting, and for a distribution D defined over X × A × Y, a classi-
fier h : X × A → Y satisfies Demographic Parity if ∀y ∈ Y, max

a,a ′∈A
|Pr (h(X,A) = y|A = a) −

Pr (h(X,A) = y|A = a ′) | = 0.

We denote the difference of positive rate between groups as ∆DP(h,D) (Similarly, ∆DP,y(h,D) for
multi-class settings). The above definition is for exact Demographic Parity and states that ∆DP(h,D) =

0. A serious limitation of independence-based constraints is that they do not account for error. For
example, we can achieve demographic parity by randomly assigning p% of the population to positive
decisions and selecting the top p% for the other group. This will satisfy Demographic Parity, but in
terms of accuracy, it will be horrendous for the first group.

To address this severe limitation, we can condition on the target variable Y. These will be called
Separation-based fairness metrics. With Separation, we require the prediction to be independent of the
sensitive attribute, given the true label: h(X,A) ⊥ A | Y. Examples of such metrics include equality
of the false-negative and false-positive rates between groups [HPS16a]. We will now define one such
fairness metric, which will be used frequently in later chapters.
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Definition 2.4. For a distribution D defined over X× {0, 1}× {0, 1}, a classifier h : X× {0, 1}→ {0, 1}
satisfies Equal Opportunity (or equality of true positive rates) if Pr (h(X,A) = 1|Y = 1,A = 0) =

Pr (h(X,A) = 1|Y = 1,A = 1). Similarly, for a multi-class, multi-attribute setting and a distribu-
tion D defined over X×A× Y, a classifier h : X×A → Y satisfies Equal Opportunity if ∀y ∈ Y,

max
a,a ′∈A

|Pr (h(X,A) = y|Y = y,A = a) − Pr (h(X,A) = y|Y = y,A = a ′) | = 0.

Similar to Demographic Parity, we denote the difference in true positive rates between groups as
∆EO(h,D) (∆EO,y(h,D) in multi-class settings). A similar definition can be written down for equality
of False Positive Rates. Requiring both the True and False negative rates to be equal constitutes the
definition of Equalized Odds [HPS16a].

Another category of fairness metrics defined in the literature is the Sufficiency-based fairness metrics.
Let R be a random variable that denotes the score of an individual, which may be used later to make
a decision or otherwise used as a feature itself (for example, as a credit score). Sufficiency requires
that the label is conditionally independent of the group given the score R : Pr (Y = 1|R = r,A = 0) =

Pr (Y = 1|R = r,A = 1). Conditioning the prediction h(X,A) on the risk score yields a fairness metric
known as Predictive Parity. Note that in certain cases, Sufficiency boils down to group-wise calibration
and can be achieved by unconstrained loss minimization [LSH19].

Prior work has also attempted to unify different fairness metrics into a single working definition and
to propose unified optimization frameworks for fair classification. Noting that most fairness constraints
are linear in the classifier of interest, Agarwal et al. [Aga+18] propose writing fairness constraints as
linear constraints M · µ(h) ⩽ c, where µ(h) is a vector of the conditional moments with respect to the
classifier h, M is a matrix, and c is a vector of tolerance (for exact fairness, it will be a zero vector).

Celis et al. [Cel+19] propose writing fairness constraints as linear and linear-fractional group perfor-
mance constraints in the following form:

qi(h) =
α
(i)
0 +

∑k
j=1 α

(i)
j · Pr

(
h = 1|Gi,A

(i)
j

)
β
(i)
0 +

∑l
j=1 β

(i)
j · Pr

(
h = 1|Gi,B

(i)
j

) ,

for two integers k, l ⩾ 0,qi(h) denoting the conditional moment with respect to the ith group, Gi

denoting the event that the probability is taken over group i, events A
(i)
j ,B(i)

j being independent of

h, and parameters α
(i)
0 , ....,α(i)

k ∈ R and β
(i)
0 , ....,β(i)

k ∈ R being independent of h, but dependent on
the underlying distribution D. They later show that many fairness constraints can be written in this
form. Finally, Zeng et al. [Zen+26] proposes writing the fairness metric as a Linear Disparity Measure.
A fairness metric is linear if there exists a w : X × A → R such that for all classifiers h, Dis(h) =∫
A

∫
X h(x,a) w(x,a)dP(x,a). Furthermore, it is bilinear if there exist distribution-dependent quantities

s,b such that w(x,a) = s · η(x,a) + b.

Finally, note that it is well researched that the above-described three families of fairness criteria
are not simultaneously achievable [KMR16; Sar20; Bel+23a]. However, by relaxing the criteria and
working with randomized fair classifiers that output a probability rather than a hard decision, it may
be possible to satisfy some of these fairness criteria simultaneously [Ple+17]. Several recent works have
demonstrated the power of randomization in achieving a better tradeoff [AD22; Aga+] and satisfying
incompatible fairness constraints [Ple+17; JD25].

10
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§ 2.4.2 Bayes Optimal Fair Classifiers

Now that we have some familiarity with fairness constraints, we can study the fair Bayes optimal clas-
sifier. We now highlight a result shown by [Chz+19] and many other works in different settings [MW18;
Cel+19; Zen+26; CKL23]. Note that for Propositions 2.2 and 2.3, we assume the following about η:
Assumption 2.1. (No interior atoms / Continuity of the Cumulative Distribution function of η) The
mapping t → Fa(t) = Pr (η(X,a) ⩽ t|A = a) , t ∈ [0, 1],∀a ∈ A is continuous in (0, 1). Moreover,
Pr (η(X,a) ⩾ t|A = a) > 0 for all a ∈ A for all t ∈ (0, 1).

Proposition 2.2. For any distribution D over X× {0, 1}× {0, 1}, let h∗
EO be a classifier of the maxi-

mum accuracy among all binary classifiers that satisfy the Equal Opportunity (Definition 2.4) on
D. There exists λ∗ ∈ R such that h∗

EO(x,a) = I (η(x,a) ⩾ ta), where

ta =



1

2 +
λ∗

Pr (Y = 1,A = 0)

, for a = 0

1

2 −
λ∗

Pr (Y = 1,A = 1)

, for a = 1.

The proof for Proposition 2.2 is given in Section 2.6. The above Proposition characterizes the EO fair
Bayes optimal classifier for binary sensitive attributes and binary labels. Other works have derived
characterizations for multiple attributes [Zen+26] and multiple classes as well [XZ24]. A similar char-
acterization proof can be followed for the Demographic Parity fairness constraint:

Proposition 2.3. For any distribution D, let h∗
DP be a classifier of the maximum accuracy among

all binary classifiers that satisfy Demographic Parity (Definition 2.3) on D. Then there exists a
λ∗ ∈ R such that

h∗
DP(x,a) =


I

(
η(x, 0) ⩾

1
2
−

λ∗

2Pr (A = 0)

)
, for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2Pr (A = 1)

)
, for a = 1

The proof for Proposition 2.3 is analogous to the proof of Proposition 2.2. For both of the above
characterizations, the elephant in the room is λ∗. Depending on the desired level of fairness (exact
or approximate), we can formulate an optimization program to find λ∗. Within the same proposition
(Proposition 2.2), Chzhen et al. [Chz+19] claim that |λ∗| ⩽ 2 and λ∗ is such that:

E
X|A=1

[
η(X, 1)I

(
1 ⩽ η(X, 1)(2 − λ∗

Pr(Y=1,A=1) )
)]

Pr (Y = 1|A = 1)
=

E
X|A=0

[
η(X, 0)I

(
1 ⩽ η(X, 0)(2 − λ∗

Pr(Y=1,A=0) )
)]

Pr (Y = 1|A = 0)
,

which is essentially saying that any λ∗ ∈ [−2, 2] that satisfies exact equal opportunity according to the
above expression works. Celis et al. [Cel+19] in Theorem 4.4 of their work propose an efficient optimiza-
tion program to find λ∗ for approximate fairness. Finally, Zeng et al. [Zen+26] shows (1) Monotonicity
of the unfairness in error rate with respect to λ (Proposition 4.1), and (2) convexity of the fairness-
accuracy tradeoff curve parameterized by λ (Proposition 4.6). Together, the above-mentioned results on
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finding λ∗ for any level of unfairness can help devise clever algorithms to find suitable λ and to study
the fairness-accuracy tradeoff, which is tricky otherwise for arbitrary distributions.

To conclude this section, we note that many works in the fairness literature have studied such char-
acterization beyond the binary label and sensitive attributes settings [MW18; Chz+19; Cel+19; CKL23;
ZDC22b; Zen+26; XZ24; WZC24; Hu+25; Den+24; YHC25; HZ24]. In Chapter 4, we will revisit one
such characterization and compare pre-/in- and post-processing interventions. Furthermore, note that
it is possible to beat the tradeoff and decrease the severity of the tradeoff with randomization, where the
solution space is allowed to take values in the entire interval [0, 1], rather than just {0, 1} [AD22; Aga+;
Ple+17; JD25; AL21]. However, while such an intervention improves performance in expectation, it
leads to increased variance and arbitrariness: the phenomena where models may produce conflicting
outputs on the same input [CGN19; Lon+23].

§ 2.5 List of Notations

In Table 2.1, we list some notations that will be used extensively throughout this thesis.

Table 2.1: Summary of Mathematical Notation

Symbol Description
X Feature space Rd

Y Label space {0, 1}
A Sensitive attribute space {0, 1}
x A point from the feature space X

y A point from the label space {0, 1}
a A point from the sensitive attribute space {0, 1}
D Data distribution over X×A× Y

(X,A, Y) A random variable from the joint distribution D
η(x,a) Class posterior probability Pr(Y = 1|X = x,A = a)
h,H A classifier and the corresponding hypothesis class
h∗ The Bayes optimal classifier for distribution D
l01 The 0 − 1 loss function: Y× Y→ R+

∆DP,∆EO Disparity measures for Demographic Parity and Equal Opportunity
πya Joint probability of label and attribute Pr(Y = y,A = a)
πy|a Conditional probability of label, given an attribute Pr(Y = y|A = a)

π Probability of the positive class Pr(Y = 1)
πa Probability of group a Pr(A = a)

§ 2.6 Proof of Proposition 2.2

Proof. The proof of this proposition follows the arguments from the proof of Proposition 2.3 in [Chz+19].
However, we include the core proof ideas here for completeness.

We will use a well-known technique based on Lagrange duality to provide a threshold-based charac-
terization of optimal equal-opportunity classifiers [MW18; Chz+19]. Given any classifier h : X×A→ Y,
let TPRa(h) denote its true positive rates conditioned on A = a for the distribution D. Then,

TPRa(h) =
Pr (h(X,a) = 1,A = a, Y = 1)

Pr (Y = 1,A = a)
=

E
X|A=a

[h(X,a)η(X,a)]

E
X|A=a

[η(X,a)]
.
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Furthermore, we define h∗
EO = argmax

h∈Hfair, EO

Pr (h(X,A) = Y), where Hfair, EO = {h ∈ H : TPR0(h) =

TPR1(h)}. The objective can be expressed as:

h∗
EO = argmax

h∈H

min
λ∈R

Pr (h(X,A) = Y) + λ Pr (h(X,A) = 1|Y = 1,A = 0)

− λ Pr (h(X,A) = 1|Y = 1,A = 1)

= Pr (Y = 0) + argmax
h∈H

min
λ∈R

1∑
a=0

Pr (A = a) E
X|A=a

[h(X,a)(2η(X,a) − 1)]

+
(−1)I(a=1) λ

E
X|A=a

[η(X,a)]
E

X|A=a
[h(X,a)η(X,a)]

= argmax
h∈H

min
λ∈R

1∑
a=0

Pr (A = a) E
X|A=a

[
h(X,a)

((
2 +

(−1)I(a=1)λ

Pr (Y = 1,A = a)

)
η(X,a) − 1

)]
= argmax

h∈H

min
λ∈R

L(h, λ)

By weak duality, max
h∈H

min
λ∈R

L(h, λ) ⩽ min
λ∈R

max
h∈H

L(h, λ). For a fixed λ, solving the dual objective

max
h∈H

L(h, λ), we get:

hλ(x,a) = I

η(x,a) ⩾
1

2 +
(−1)I(a=1)λ

Pr (Y = 1,A = a)

 .

Substituting hλ back into the dual objective reduces the positive part of the objective to a one-

dimensional problem in λ. Note that the mapping λ 7→ E
X|A=a

[((
2 +

(−1)I(a=1)λ

Pr (Y = 1,A = a)

)
η(X,a) − 1

)
+

]
is convex in λ. Due to Assumption 2.1, the random variable η(x,a) has no atoms, which assures dif-
ferentiability. Since the dual objective is convex in λ, any dual minimizer λ∗ satisfies the following
first-order condition:

E
X|A=1

[
η(X, 1)I

(
1 ⩽ η(X, 1)(2 − λ∗

Pr(Y=1,A=1) )
)]

Pr (Y = 1|A = 1)
=

E
X|A=0

[
η(X, 0)I

(
1 ⩽ η(X, 0)(2 − λ∗

Pr(Y=1,A=0) )
)]

Pr (Y = 1|A = 0)
.

Note that this is exactly the TPR equality condition we seek, and hence hλ∗ is a feasible solution
for our original problem. This means that Pr (hλ∗ = Y) ⩽ max

h∈H
min
λ∈R

L(h, λ). However, (λ∗,hλ∗) also

solves the dual problem and the constraint vanishes at feasibility: Pr (hλ∗ = Y) ⩽ max
h∈H

min
λ∈R

L(h, λ) ⩽

min
λ∈R

max
h∈H

L(h, λ) = Pr (hλ∗ = Y) , where the last equality holds since the constraint term vanishes at hλ∗ .

Hence, equality holds throughout and hλ∗ is the optimal EO-fair classifier.
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Chapter 3

How Far Can Fairness Constraints Help Recover From Bi-

ased Data?

Abstract
A general belief in fair classification is that fairness constraints incur a trade-off with accuracy, which biased

data may worsen. Contrary to this belief, Blum and Stangl [BS19] shows that fair classification with equal opportu-
nity constraints, even on extremely biased data, can recover optimally accurate and fair classifiers on the original
data distribution. Their result is interesting because it demonstrates that fairness constraints can implicitly rectify
data bias and simultaneously overcome a perceived fairness-accuracy trade-off. Their data bias model simulates
under-representation and label bias in the underprivileged population, and they show the above result on a styl-
ized data distribution with i.i.d. label noise, under simple conditions on the data distribution and bias parameters.

We propose a general approach to extend the result of Blum and Stangl [BS19] to different fairness constraints,
data bias models, data distributions, and hypothesis classes. We strengthen their result, and extend it to the case
when their stylized distribution has labels with Massart noise instead of i.i.d. noise. We prove a similar recovery
result for arbitrary data distributions using fair reject option classifiers. We further generalize it to arbitrary data
distributions and arbitrary hypothesis classes, i.e., we prove that for any data distribution, if the optimally accurate
classifier in a given hypothesis class is fair and robust, then it can be recovered through fair classification with equal
opportunity constraints on the biased distribution whenever the bias parameters satisfy certain simple conditions.
Finally, we show applications of our technique to time-varying data bias in classification and fair machine learning
pipelines.

§ 3.1 Introduction
Fairness-accuracy trade-offs often seem inevitable, and bias mitigation guarantees can fail when there
is a mismatch between train and test data distributions; it is a double whammy when we get neither
the desired accuracy nor the desired fairness on deployment. Hence, it is important to understand the
role of fair classification and fairness constraints when the training data in machine learning pipelines
has systematic biases [BS19; KL22; Sch+22].

Blum and Stangl [BS19] propose a model for data bias that simulates systematic under-representation
of the underprivileged group and label bias/flip on the underprivileged positive population. Apply-
ing this data bias model to a stylized data distribution with i.i.d. label noise, they prove a recovery
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result that makes the following high-level point: careful choice of fairness constraints can implicitly
rectify even extreme data bias and overcome a perceived fairness-accuracy trade-off. Formally, for their
stylized distribution with i.i.d. label noise, they prove that the optimal fair classifier satisfying equal
opportunity on a biased (or bias-induced) data distribution coincides with the Bayes optimal classifier
(that also happens to be perfectly fair) on the original data distribution, if the bias parameters satisfy cer-
tain simple conditions. Their proof is tailored to equal opportunity constraints and uses a careful case
analysis and iterative argument that is not amenable to arbitrary distributions or hypothesis classes.
They also show a specific distribution where a similar result fails to hold if we use demographic parity
constraints instead of equal opportunity constraints.

We take a significantly different approach and observe that the regression function for group-aware
classification (η(x,a)) undergoes a linear fractional transformation when we apply various data bias
models, including the one proposed by Blum and Stangl [BS19]. This observation plays an important
role in our proofs because the optimal group-aware fair classifier among the hypothesis class of all
binary classifiers can be mathematically characterized by group-dependent thresholds on the regression
function [MW18; Chz+19]. Under the conditions on the data distribution and bias parameters as in
Blum and Stangl [BS19], we show that the fairness-corrected thresholds applied to a linear fractional
transformation recover the Bayes optimal classifier on the stylized distribution of Blum and Stangl
[BS19] with i.i.d. label noise. Our proof uncovers a stronger version of their result that these conditions
on the bias parameters are both necessary and sufficient. Moreover, our proof readily extends to the
case when the above distribution has Massart or malicious label noise [MN06; RS94; Slo96] instead of
i.i.d. label noise.

We extend our recovery result to arbitrary data distributions by considering reject option classifiers
[BW08; CDM16] that can abstain from prediction on a small fraction of inputs by paying a penalty.
We further generalize our results to allow arbitrary data distributions and arbitrary hypothesis classes.
Generalizing beyond threshold-based arguments, we show that, for arbitrary data distributions, if the
optimal classifier in a given hypothesis class is fair and robust, it can be recovered from fair classification
on the biased distribution whenever the bias parameters satisfy simple conditions. Finally, we propose
multi-step models to capture time-varying data bias in machine learning pipelines and investigate the
necessary conditions on the data distribution and bias parameters for similar recovery results at finite
and infinite time horizons. Now we outline the organization of our results:

• Section 3.3 contains our theoretical setup for data bias and group-aware fair classification. In Sub-
section 3.3.1, we describe some recently studied data bias models in fair classification [BS19; DB20;
WLL21; Bis+19] (see Examples 3.1, 3.2, & 3.3), and show that all of them result in a linear fractional
transformation of the regression function. Subsection 3.3.2 captures how fairness constraints and
threshold-based characterizations of optimal fair classifiers change under data bias. We focus on
equal opportunity constraints and the data bias model of Blum and Stangl [BS19] (Examples 3.1)
as an illustrative example running through the rest of this chapter.

• In Section 3.4, we extend the result of Blum and Stangl [BS19] to the case when their stylized
distribution has Massart label noise instead of i.i.d. label noise (Theorem 3.2). We strengthen
their result (Theorem 3.3) and prove its analog for demographic parity constraints replacing equal
opportunity (Theorem 3.4).

• In Section 3.5, we show that our proof technique based on threshold classifiers extends to arbitrary
data distributions, if we allow reject option classifiers that can abstain from prediction on a small
fraction of inputs.
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• In Section 3.6, we invent clever workarounds to generalize our results further to recover the opti-
mal fair and robust hypothesis in an arbitrary hypothesis class simply by fair classification on the
biased version of an arbitrary data distribution (Theorem 3.6).

• Finally, in Section 3.7, we propose time-varying data bias models (also applicable to multi-stage
machine learning pipelines) and investigate necessary conditions for extending our recovery re-
sults above to the finite and infinite time horizon (Theorems 3.7 & 3.8).

§ 3.2 Related Work

There has been a plethora of recent work on fairness-accuracy trade-offs and data bias [MW18; WT+19;
BS19; Dut+20; Mai+21], but the closest to our work is the result of Blum and Stangl [BS19] that we
strengthen and generalize in many ways. Though we take equal opportunity constraints [HPS16a] and
the data bias model of Blum and Stangl [BS19] for under-representation and label bias as an illustra-
tive example, our techniques readily extend to other popular fairness constraints such as demographic
parity [Dwo+12a] and other recent data bias models [DB20; WLL21; BM21]. Our proof techniques in
Section 3.4 & 3.5 lean heavily on threshold-based characterizations of optimal fair classifiers known in
previous work [MW18; Chz+19; ZDC22a; ZDC22b].

Now we describe recent related works that complement our approach to rectify data bias in fair
classification. The feasibility of fair classification under data corruption and malicious noise in train-
ing data has been studied in Konstantinov and Lampert [KL22] and Blum et al. [Blu+23]. Recent work
has studied fair classification with noisy sensitive attributes [Lam+19; GKW23; Cel+21], noisy labels
[FCG20], feature-dependent label bias [JN20], sample selection bias [DW21; Zhu+23], subpopulation
shift [Mai+21], and causal models of data bias [PB22; Mad+19; CKG23]. All of them propose algorith-
mic modifications to the vanilla fair classification to rectify noisy or biased data. Complementing the
theoretical aspects, recent work has also empirically investigated the effect of data bias and choice of
fairness constraints on the accuracy and fairness of various fair classifiers [Isl+22; Akp+22; SDS23b;
GKW23].

§ 3.3 Data Bias Models & Fair Classification

We use D̃ to denote the biased joint distribution over features, sensitive attributes and class labels, and
use (X̃, Ã, Ỹ) to denote a random data point from the biased distribution D̃. If X (or A) in the joint
distribution remains unchanged when we go from D to D̃, then we simply use X (or A) in the place of
X̃ (or Ã). All proofs for the results that follow are included in Section 3.9.

§ 3.3.1 Regression Functions on Biased Data

Below, we list some data bias models from recent works on fair classification from biased data [BS19;
DB20; BM21]. We make a key observation that for all of these data bias models, the regression func-
tion on the biased distribution η̃(x,a) = Pr

(
Ỹ = 1|X̃ = x, Ã = a

)
can be expressed as a linear fractional

transformation of the regression function on the original distribution η(x,a) = Pr (Y = 1|X = x,A = a).
In other words,

η̃(x,a) =
Pη(x,a) +Q

Rη(x,a) + S
, for some P,Q,R,S ∈ R.

Please refer to Propositions 3.6, 3.7, and 3.8 in Section 3.9.2 for proofs of each of the below examples.
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Example 3.1. [BS19] Consider a biased distribution D̃ obtained from the original distribution D

by the following process defined by under-representation and label bias parameters βp,βn,ν ∈
(0, 1). A random data point (X,A, Y) from D with A = 1 remains unchanged, the points with
A = 0, Y = 1 survive independently with probability βp, and the points with A = 0, Y = 0 survive
independently with probability βn. Finally, the surviving points with A = 0, Y = 1 keep their
class label 1 with probability 1 − ν and flip to 0 with probability ν. For the privileged group
A = 1, we have η̃(x, 1) = η(x, 1), for all x ∈ X, whereas for the underprivileged group A = 0, we

prove that η̃(x, 0) =
(1 − ν)η(x, 0)

(1 − c)η(x, 0) + c
, where c =

βn

βp
in Proposition 3.6.

Example 3.2. [DB20; WLL21] Consider a biased distribution D̃ obtained from the original dis-
tribution D by introducing a group-dependent label flip from (X,A, Y) to (X,A, Ỹ) where ϵ1

a =

Pr
(
Ỹ = 0|Y = 1,A = a

)
and ϵ0

a = Pr
(
Ỹ = 1|Y = 0,A = a

)
, with 0 ⩽ ϵ1

a + ϵ0
a < 1. For this data

bias model, we show that η̃(x,a) = (1 − ϵ1
a − ϵ0

a)η(x,a) + ϵ0
a in Proposition 3.7.

Example 3.3. [BM21] Consider a biased distribution D̃ obtained from D by introducing a group-
dependent prior probability shift such that Ã = A and

Pr
(
X̃ = x|Ỹ = i,A = a

)
= Pr (X = x|Y = i,A = a) , for any i,a ∈ {0, 1},

but Pr
(
Ỹ = i|A = a

)
̸= Pr (Y = i|A = a). For this data bias model, we prove that

η̃(x,a) =
η(x,a)

(1 −α)η(x,a) +α
where α =

Pr
(
Ỹ = 0|A = a

)
Pr (Y = 1|A = a)

Pr
(
Ỹ = 1|A = a

)
Pr (Y = 0|A = a)

,

in Proposition 3.8.

For classifiers that apply a threshold on η(x,a) or η̃(x,a), it is important to understand when the above
linear fractional transformations are order-preserving.

Proposition 3.1. Suppose S > 0, R+ S > 0, and PS−QR > 0, then the transformation η̃(x,a) =
Pη(x,a) +Q

Rη(x,a) + S
is order-preserving, i.e., η(x1,a) < η(x2,a) iff η̃(x1,a) < η̃(x2,a).

The proof is provided in Section 3.9.1. Note that all of the above data bias models satisfy the order-
preservation property. For the rest of this chapter, we exclusively focus on the under-representation
and label bias model in Example 3.1 [BS19] as an illustrative example. Our techniques are flexible and
applicable to other data bias models.

§ 3.3.2 Fair Classification on Biased Data

Demographic Parity (equal group-wise positivity rates) and Equal Opportunity (equal group-wise true
positive rates) are two most popular fairness constraints in classification. It is easy to see that the true
positive rates (TPRs) and the true negative rates (TNRs) for a classifier on the biased data distribution
can be expressed as linear combinations of its TPRs and TNRs on the original data distribution.
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Proposition 3.2. Let D be any distribution on X×A× Y and let D̃ be its biased version defined
using any of the data bias models defined in Subsection 3.3.1. Let h be any hypothesis, and let
TPRa(h) and T̃PRa(h) be its true positive rates according to D and D̃, respectively, conditioned on
the underprivileged group A = a. Let TNRa(h) and T̃NRa(h) be the true negative rates defined
similarly. Then

1. T̃PRa(h) = Pr
(
Y = 1|Ỹ = 1,A = a

)
TPRa(h) + Pr

(
Y = 0|Ỹ = 1,A = a

)
FPRa(h), and

2. T̃NRa(h) = Pr
(
Y = 0|Ỹ = 0,A = a

)
TNRa(h) + Pr

(
Y = 1|Ỹ = 0,A = a

)
FNRa(h).

The proof of Proposition 3.2 is given in Section 3.9.3, and we get the following interesting corollary
for the data bias model in Example 3.1 [BS19].

Corollary 3.1. Let D be any distribution and D̃ be its biased version as in Example 3.1. Given
any hypothesis class H, let Hfair, EO be its subset that satisfies equal opportunity on the original
distribution D, i.e., Hfair, EO = {h ∈ H : TPR0(h) = TPR1(h)}. Similarly, let H̃fair, EO = {h ∈ H :

T̃PR0(h) = T̃PR1(h)} be the subset of H satisfying equal opportunity on the biased distribution D̃.
Then, for any h, T̃PR0(h) = TPR0(h) and T̃PR1(h) = TPR1(h), and hence, Hfair, EO = H̃fair, EO.

Remark 3.3.1. Corollary 3.1 can be extended to other fairness metrics such as demographic parity as
well as the hypothesis class of approximately fair classifiers that satisfy fairness constraints up to a small
additive or multiplicative error. However, we focus on exact equal opportunity as in Blum and Stangl
[BS19] for a direct, illustrative application. Please see Section 3.9.3 for additional results on a similar
relationship for the positive rate (Proposition 3.9) and a corollary highlighting the relationship between
biased positive rate and the true parities, similar to Corollary 3.1 (Corollary 3.10).

The optimal fair classifier for equal opportunity (similarly, demographic parity) on a given data dis-
tribution can be expressed by group-dependent thresholds applied to the regression function [MW18;
Chz+19]. Since the regression function η̃(x,a) on the biased distribution D̃ is an order-preserving linear
fractional transformation of η(x,a), the optimal fair classifier for equal opportunity on D̃ is equivalent
to applying group-dependent thresholds to η(x,a).

Proposition 3.3. For any distribution D and its biased version D̃ described in Example 3.1, let h̃EO

be a classifier of the maximum accuracy among all binary classifiers that satisfy equal opportunity
on D̃. Then there exists λ∗ ∈ R such that h̃EO(x,a) = I (η(x,a) ⩾ ta), where

ta =



1

1 +
1 − 2ν

c
+

λ∗

βnPr (Y = 1,A = 0)

, for a = 0

1

2 −
λ∗

Pr (Y = 1,A = 1)

, for a = 1.

The Proof of Proposition 3.3 is given in Section 3.9.3. We can similarly derive the optimal threshold with
the biased distribution for the Demographic parity constraint (Proposition 3.10 in Section 3.9.3).

§ 3.4 Recovering Optimal Classifier from Biased Data for

Massart Label Noise
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Blum and Stangl [BS19] consider a stylized distribution D with i.i.d. label noise and show that the
optimal fair classifier h̃EO on the biased distribution D̃ (defined in Example 3.1) recovers the Bayes
optimal (and fair) classifier h∗ on the original distribution D, if the bias parameters satisfy certain simple
conditions. Note that this does not require knowing, estimating, or correcting for data bias explicitly,
and their result holds even for extreme under-representation and label bias in D̃. We first demonstrate
the utility of our technique by generalizing the recovery result of Blum and Stangl [BS19] to the case of
Massart noise [MN06]. We describe the distribution setup below, give a sketch of our proof, and point
out the generality of our technique compared to Blum and Stangl [BS19].

§ 3.4.1 Generalizing Blum and Stangl [BS19] Recovery Result for Mas-

sart Noise

Assume any arbitrary data distribution D on X × A. Let Pr (A = 0) = r and Pr (A = 1) = 1 − r,
for some 0 < r < 1. Let h : X × A → Y be any hypothesis that satisfies Pr (h(X,A) = 1|A = 0) =

Pr (h(X,A) = 1|A = 1). Let δ < 1/2, and extend the distribution to X×A× Y as follows. Y|X = x,A = a

takes value h(x,a) with probability 1 − δ(x,a), and ¬h(x,a) with probability δ(x,a), for some δ(x,a) ⩽
δ. Let D be the resulting distribution on X×A× Y. This type of bounded noise in class label is popu-
larly known as Massart noise1 in literature, based on a noise model proposed by Massart and Nédélec
[MN06]. We assume that the Massart noise is added in a way that equalizes the base rates on the two
protected groups, i.e., Pr(Y = 1|A = 0) = Pr(Y = 1|A = 1) = q. Since δ < 1/2, the Bayes optimal
classifier h∗ on the distribution D coincides with h and satisfies Equal Opportunity.

Theorem 3.2. For any distribution D defined as above and its biased version D̃ defined as in Ex-
ample 3.1 using the bias parameters βp,βn,ν ∈ (0, 1). If the data distribution and bias parameters
satisfy

(1 − r)(1 − 2δ) + r ((1 − δ)βp(1 − 2ν) − δβn) > 0

and

(1 − r)(1 − 2δ) + r ((1 − δ)βn − δβp(1 − 2ν)) > 0,

then the optimal equal opportunity classifier on the biased distribution D̃ recovers the Bayes op-
timal classifier on the original distribution D, i.e., h̃EO ≡ h∗.

The proof of Theorem 3.2 is given in Section 3.9.4. The same proof also works for group-dependent
Massart noise, i.e., there exist δ0, δ1 < 1/2 such that δ(x,a) ⩽ δa, for all (x,a) ∈ X×A.

The conditions in Theorem 3.2 above are identical to those in the recovery result of Blum and Stangl
[BS19] (Theorem 4.1 in their paper) that only works for the special case when δ(x,a) = δ, for all (x,a) ∈
X×A. Their proof is arguably less flexible to other models of label noise and data bias, as it relies on
clever, iterative modifications of an initial fair classifier until its accuracy cannot be improved further.
For their special case δ(x,a) = δ, for all (x,a) ∈ X×A, our technique gives a stronger statement that the
conditions in Theorem 3.2 are in fact both necessary and sufficient. Figure 3.1 illustrates the recovery
conditions in Theorem 3.2 for reasonably chosen group proportion parameter r, label bias ν and δ.

1 Equivalently known as malicious classification noise in previous work [RS94; Slo96].
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Figure 3.1: Recovery region for βp,βn ∈ (0, 1] given by the constraints (1 − r)(1 − 2δ) +
r ((1 − δ)βp(1 − 2ν) − δβn) > 0 and (1− r)(1− 2δ)+ r ((1 − δ)βn − δβp(1 − 2ν)) > 0 as in Theorem 3.2, when
r = 0.25, ν = 0.05, and δ = 0.45. We can recover optimal and fair classifiers for a large range of data biases,
including extreme under-representation, i.e., region close to the origin (0, 0), by applying just equal opportu-
nity constraints.

Theorem 3.3. (a slightly stronger version of Theorem 4.1 in Blum and Stangl [BS19]) For the data
distribution D described above with δ(x,a) = δ, for all (x,a) ∈ X×A, and its biased version D̃ as
described in Example 3.1, the data distribution and bias parameters satisfy

(1 − r)(1 − 2δ) + r((1 − δ)βp(1 − 2ν) − δβn) > 0

and

(1 − r)(1 − 2δ) + r((1 − δ)βn − (1 − 2ν)δβp) > 0,

if and only if the optimal equal opportunity classifier on D̃ recovers the Bayes optimal classifier
on D, i.e., h̃EO ≡ hEO ≡ h∗.

Similarly, we can also obtain necessary and sufficient conditions for when the optimal demographic
parity classifier on D̃ recovers h∗. Blum & Stangl [BS19] only give a specific example where such a
recovery is impossible via demographic parity constraints (see Subsection 3.1 of [BS19]) but do not
prove any analog of Theorem 3.3 (see Table 1 in [BS19]). We prove a weaker recovery condition, where
the under-representation in both the classes for the under-privileged group is the same (βp = βn).

Theorem 3.4. For the data distribution D described above with δ(x,a) = δ, for all (x,a) ∈ X×
A, and its biased version D̃ as described in Example 3.1, if βp = βn, then the data distribu-
tion and bias parameters satisfy (1 − 2δ)(1 − r) − r (1 − 2(1 − δ)(1 − ν)) > 0 and (1 − 2δ)(1 − r) +

r (1 − 2δ(1 − ν)) > 0, if and only if the optimal demographic parity classifier on D̃ recovers the
Bayes optimal classifier on D, i.e., h̃DP ≡ hDP ≡ h∗.

Section 3.9.4 contains the proofs of Theorems 3.3 & 3.4.

§ 3.4.2 Proof Sketches

We briefly outline our proof technique for Theorems 3.2, 3.3, 3.4 to explain an important technical con-
tribution in this chapter. We write fairness-constrained accuracy maximization using a Lagrange multi-
plier λ. Proposition 3.3 characterizes h̃EO as h̃EO(x,a) = I (η(x,a) ⩾ ta) that applies group-dependent
thresholds ta on η(x,a), where the threshold ta is actually a function of the optimal Lagrange multi-
plier λ∗, the data distribution parameters, and the bias parameters. We show (see Lemma 3.1) that as
long as these thresholds ta applied to η(x,a) for both the groups a = 0 and a = 1 lie within the interval
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(δ, 1− δ), we have h̃EO ≡ h∗. We show that the possible choices of λ∗ are narrowed down to allow only
h̃EO ≡ h∗ using the given conditions on the data distribution and bias parameters, and the fairness
constraint on the resulting threshold classifier. We prove that the conditions in Theorem 3.3 are neces-
sary and sufficient for the optimal λ∗ parameter in Proposition 3.3 to satisfy that the group-dependent
thresholds t0 and t1 lie in the interval (δ, 1 − δ), and equivalently, h̃EO ≡ h∗.

§ 3.5 Recovery of Optimal Reject Option Classifiers from

Biased Data for Arbitrary Data Distributions
A major limitation of Theorems 3.2 and 3.3 is that they work only on stylized distributions, where the
label noise is either i.i.d. or Massart. In this section, we remove this limitation by proving a similar
recovery result for arbitrary data distributions. Massart or i.i.d. label noise creates a clear separation
between η(x,a) values (or high-risk and low-risk), and allows a small interval margin for the group-
wise thresholds to recover h∗. To mimic this in an arbitrary data distribution, we consider reject option
classifiers that are allowed to abstain from prediction by paying a penalty [BW08; CDM16; Cha+21; SC21;
FPV23]. Models that abstain from prediction play an important role in responsible machine learning, as
predictions of high uncertainty can be overseen by a human in the loop. As a result, many prior works
have studied reject option classifiers for fair classification [MPZ18; SC21; Sha+22].

Let D be an arbitrary distribution on X × A × Y, with A = {0, 1} and Y = {0, 1}. A reject option
classifier g : X×A → {0, 1,⊥} either rejects or abstains from prediction on an input (x,a), denoted by
g(x,a) = ⊥, or it predicts g(x,a) = h(x,a) using a binary classifier h : X×A → {0, 1}. Let H denote
the hypothesis class of all binary classifiers h : X×A→ {0, 1}, and let Hrej be the hypothesis class of all
g : X×A→ {0, 1,⊥}. For rejection penalty given by δ > 0, the optimal reject option classifier is defined
as

hrej = argmin
g∈Hrej

Pr (g(X,A) ̸= Y,g(X,A) ̸= ⊥) + δ Pr (g(X,A) = ⊥) .

Proposition 3.4 characterizes the optimal reject option classifier on any distribution D, which is a gen-
eralization of the known forms of Optimal reject option classifiers (Section 1 in Bartlett and Wegkamp
[BW08], Section 2 in Cortes et al. [CDM16]).

Proposition 3.4. Let D be any distribution on X × A × Y, with A = {0, 1} and Y = {0, 1}. Let
δ ∈ [0, 1/2) denote the rejection penalty and hrej be the optimal reject option classifier defined as
above. Then

hrej(x,a) =


0, if η(x,a) ⩽ δ

⊥, if η(x,a) ∈ (δ, 1 − δ)

1, if η(x,a) ⩾ 1 − δ,

where η(x,a) = Pr (Y = 1|X = x,A = a).

The proof of Proposition 3.4 is given in Section 3.9.5. Proposition 3.4 shows how reject option in-
duces a separation between high and low η(x,a) values similar to the case of i.i.d. or Massart label
noise. A larger separation has an obvious trade-off with a larger fraction of inputs being turned away
for model prediction.

Now assume that the optimal reject option classifier hrej satisfies equal opportunity on the non-
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rejected part of the distribution D, i.e., Pr
(
hrej(X,A) = 1|Y = 1,A = 0

)
= Pr

(
hrej(X,A) = 1|Y = 1,A = 1

)
.

Theorem 3.5 shows that the optimal equal opportunity classifier on the biased distribution D̃ recovers
hrej on the non-rejected inputs, if the data distribution and bias parameters satisfy the same conditions
as in Theorems 3.2 & 3.3.

Theorem 3.5. Let D be an arbitrary distribution on X×A× Y, with A = {0, 1} and Y = {0, 1}. Let
δ ∈ [0, 1/2) be the rejection penalty and suppose the optimal reject option classifier hrej defined
above satisfies equal opportunity on the non-rejected part of distribution D. Let D̃ be a biased
version of D defined as in Example 3.1 using bias parameters βp,βn,ν ∈ (0, 1), and let h̃EO be
the optimal equal opportunity classifier on D̃. If the data distribution and bias parameters satisfy

(1 − r)(1 − 2δ) + r ((1 − δ)βp(1 − 2ν) − δβn) > 0

and

(1 − r)(1 − 2δ) + r ((1 − δ)βn − δβp(1 − 2ν)) > 0,

then h̃EO(x,a) = hrej(x,a) whenever hrej(x,a) ̸= ⊥.

A complete proof of Theorem 3.5 can be found in Section 3.9.5. Note that if we consider the entire
distribution D instead of only the non-rejected inputs, then

Pr
(
h̃EO(X,A) ̸= hrej(X,A)

)
⩽ Pr

(
hrej(X,A) = ⊥

)
.

In other words, if Pr
(
hrej(X,A) = ⊥

)
is small, then h̃EO matches hrej on distribution D with high

probability.

§ 3.6 Recovering Robust Hypothesis under Data Bias for

Arbitrary Data Distributions and Arbitrary Hypoth-

esis Classes
In this section, we remove the restriction on hypothesis class H, assumed to be the class of all group-
aware binary classifiers in Sections 3.4 & 3.5. Note that the characterization of optimal fair classifiers
using group-aware thresholds on the regression function η(x,a) plays an important role in our proofs
from Sections 3.4 & 3.5. For an arbitrary hypothesis class H, even the classifier h∗ ∈ H that maximizes
accuracy on D need not be a threshold classifier on η(x,a). To work around this, we make an assump-
tion that the optimal (and fair) classifier that we want to recover under data bias must be robust under
small perturbations to the data distribution D. Our definition of ϵ-robustness is motivated by the linear
fractional transformations of the regression function observed in various data bias models earlier (see
Section 3.3).

Let D be any distribution on X × A × Y, with A = {0, 1} and Y = {0, 1}. Let Pr (A = 0) = r,
Pr (A = 1) = 1 − r, and let Pr (Y = 1|A = 0) = Pr (Y = 1|A = 1) = q. Let h∗ be the most accurate
classifier in H, i.e.,

h∗ = argmax
h∈H

Pr (h(X,A) = Y) = argmax
h∈H

E
(X,A)

[h(X,A)(2η(X,A) − 1)] .

Note that, for an arbitrary hypothesis class H, the optimal h∗ need not be a threshold classifier on
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η(x,a). As in the previous sections, we assume that h∗ satisfies equal opportunity on the distribution
D, i.e., Pr (h∗(X,A) = 1|Y = 1,A = 0) = Pr (h∗(X,A) = 1|Y = 1,A = 1).

Definition 3.1. We define h∗ ∈ H to be ϵ-robust if, for any distribution D ′ with random data points
(X,A, Y ′) s.t.

η ′(x,a) = Pr
(
Y ′ = 1|X = x,A = a

)
=

Paη(x,a) +Qa

Raη(x,a) + Sa
,

with Sa = 1, |Ra| ⩽ ϵ, |Qa| ⩽ ϵ, 1 − ϵ ⩽ Pa ⩽ 1 + ϵ, and PaSa −QaRa ⩾ 0, the optimal classifier
h∗ remains unchanged, i.e., h∗ = h ′ = argmax

h∈H

Pr (h(X,A) = Y ′).

The above conditions give a scale-invariant proxy to say that the linear fractional transformation
defined by Pa,Qa,Ra,Sa is order-preserving, and when it is appropriately scaled to make Sa = 1, it is
ϵ-close to the identity transformation. Definition 3.1 says that the classifier h∗ of maximum accuracy in
H is robust to small near-identity perturbations of the data distribution D.

Now we are ready to state our result: we recover robust, fair hypotheses from biased data under
arbitrary data distributions and hypothesis classes.

Theorem 3.6. For any distribution D and any hypothesis class H, suppose the data bias model
exhibits uniform under-representation, i.e., βp = βn = β. If the optimal classifier h∗ ∈ H is
ϵ-robust and the bias parameters β, v satisfy:

rβ(ϵ− v) + ϵ(1 − r) ⩾ 0 and rβ(ϵ+ v) + ϵ(1 − r) ⩾ 0,

then the optimal equal opportunity classifier from H on the biased distribution D̃ recovers the
optimal classifier from H on the original distribution D, i.e., h̃EO ≡ h∗.

We prove Theorem 3.6 in Section 3.9.6. Our proof reuses the basic characterization of optimal fair
classifiers using Lagrange multipliers, and although it uses the class probabilities η(x,a)’s in a crucial
way, it circumvents the need for threshold-based arguments completely. Figure 3.2 illustrates the recov-
ery conditions in Theorem 3.6, for reasonably chosen group proportion parameter r, label bias ν and
hypothesis robustness parameter ϵ.

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

βp

βn

Figure 3.2: Recovery region for βp,βn ∈ (0, 1] given by the constraints r ((1 − ν)βp − (1 − ϵ)βn) + ϵ(1 − r) ⩾
0 and r ((1 + ϵ)βn − (1 − ν)βp) + ϵ(1 − r) ⩾ 0 as in Theorem 3.6, when r = 0.2, ν = 0.1, and ϵ = 0.05. Even
for arbitrary distributions and hypothesis classes, optimal and fair classifiers can be recovered from extreme
under-representation and for a large range of data biases using just equal opportunity constraints.

§ 3.7 Recovering from Time-Varying Data Bias
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Data biases arise commonly in machine learning pipelines where data changes for downstream applica-
tions and over time. As an application of our techniques, we demonstrate how we can obtain recovery
guarantees in data bias pipelines, i.e., when at every time step, we obtain a new shifted distribution.
We model time-varying data bias as repeated applications of single-step data bias model (e.g., Example
3.1 used in previous sections).

Let D̃t be the biased data distribution obtained from an original distribution D, when the data bias
model described in Example 3.1 gets applied repeatedly t times with possibly different bias parameters

(βp,i,βn,i,νi) at i-th time step, and let ci =
βn,i

βp,i
. Since the composition of linear fractional transfor-

mations remains a linear fractional transformation, we obtain the following generalization for how the
regression function changes over time.

Proposition 3.5. Let (X,A, Y) denote a random data point from any given distribution D and let
(X,A, Ỹt) be a random data point from its corresponding biased distribution D̃t after applying the
multi-stage time-varying data bias model described above. Let η(x,a) = Pr (Y = 1|X = x,A = a)

and η̃t(x,a) = Pr
(
Ỹt = 1|X = x,A = a

)
. Then

η̃t(x, 0) =
η(x, 0)

t∑
i=1

 1 − ci
1 − νi

t∏
j=i+1

cj

1 − νj

η+

t∏
i=1

ci
1 − νi

, where
t∏

j=t+1

cj

1 − νj

def
= 1.

Note that D̃t conditioned on A = 1 remains unchanged, and therefore, η̃t(x, 1) = η(x, 1), since we are
looking at the data bias model in Example 3.1. The proof of Proposition 3.5 is by simple induction on
t. As a result of Proposition 3.5, η̃t(x,a) can be expressed as another single-step data bias model that
directly transforms η(x,a) into η̃t(x,a) using a linear fractional transformation with P = 0,Q = 0,R =
t∑

i=1

 1 − ci
1 − νi

t∏
j=i+1

cj

1 − νj

 , and S =

t∏
i=1

ci
1 − νi

. The above P,Q,R,S obey the conditions in Proposition

3.1, so the corresponding linear fractional transformation is order-preserving.

§ 3.7.1 Repeated Data Bias & Infinite Time Horizon

As a warm-up, we first study a simpler case where the bias parameters do not change at each time step,
i.e., βp,i = βp, βn,i = βn, and νi = ν, for all i ∈ [t]). Equivalently, the same data bias model with
the same bias parameters gets applied repeatedly t times. We work with the original distribution D

described as in Theorem 3.3 for the ease of analysis, and assume that Pr (A = 0) = r, Pr (A = 1) = 1 − r

and Pr (Y = 1|A = 0) = Pr (Y = 1|A = 1) = q. First, we show Theorem 3.7 about when the optimal equal
opportunity classifier h̃EO,t on the biased distribution D̃t can recover h∗ for the infinite time horizon
as t→∞, and the necessary conditions on the data distribution and bias parameters to allow that. The
proof of Theorem 3.7 is given in Section 3.9.7.

Theorem 3.7. Let D̃t be the biased distribution obtained by applying the bias model in Example
3.1 repeatedly t times with βp,i = βp, βn,i = βn, and νi = ν, for all i ∈ [t] on a given distribution
D defined as in Theorem 3.3. Let h∗ be the Bayes optimal classifier on D and let h̃EO,t be the
optimal equal opportunity classifier on D̃t.

• If βn < 1 then as t → ∞, we have η̃(x, 0) → 0, for all x ∈ X. Thus, we cannot have
h̃EO,t ≡ h∗ as t→∞.
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• If βn = 1 and h̃EO,t ≡ h∗ as t → ∞, then the data distribution and bias parameters must
satisfy

1 −
(1 − 2δ)
(1 − δ)r

<
νβp

1 −βp(1 − ν)
< 1 +

(1 − 2δ)
δr

.

§ 3.7.2 Time-Varying Data Bias Pipeline with Finite Steps

Now we generalize the necessary conditions in Theorem 3.3 for repeated application of the data bias
model from Example 3.1, with possibly different bias parameters at each time step. We assume that the
bias parameters can vary but are bounded.

Theorem 3.8. Let D be a data distribution described as in Theorem 3.3 and D̃t be the resulting
biased distribution after repeated application of the data bias model from Example 3.1 to D in t

steps, with bounded but possibly different bias parameters in each step as βn,t ∈ [βn, 1],βp,t ∈
[βp, 1] and νt ∈ [0,ν], where ν < 1/2. Let h∗ be the Bayes optimal classifier on D and let h̃EO,t be
the optimal equal opportunity classifier on D̃t. If h̃EO,t ≡ h∗, then the data distribution and bias
parameters must satisfy

(1 − 2δ)(1 − r)

(1 − δ)r
−

δ

1 − δ
>

1
βt
n

− 2βt
p(1 − ν)t and

(1 − 2δ)(1 − r)

δr
> (1 − ν)tβt

p(1 −βp)
1 −βt

p(1 − ν)t

1 −βp(1 − ν)
−

βt
n

δ
− 2.

The proof of Theorem 3.8 is given in Section 3.9.7. The first condition in Theorem 3.8 can be used to
get the following upper bound on the time horizon up to which h̃EO,t ≡ h∗ is possible.

Corollary 3.9. The conditions in Theorem 3.8 above are satisfied only if t <
logKD

log(1/βn)
, where

KD =
(1 − 2δ)(1 − r)

(1 − δ)r
−

δ

1 − δ
+ 2.

The above corollary can be obtained by noting that the term 2βt
p(1−ν)t is upper bounded by 2 since

it converges to 1, and any t greater than the value in the corollary violates the first inequality in Theorem
3.8. We derive similar time-varying bias recovery conditions for demographic parity in Theorem 3.11
given in Section 3.9.7.

§ 3.8 Conclusion and Future Directions
In this work, we studied the phenomenon of using fair classification (in particular, equal opportunity
constraints) to recover optimal and fair classifiers even from an extremely biased version of the original
data. We generalize the result of Blum and Stangl [BS19] in many ways, for arbitrary distributions
and arbitrary hypothesis classes, and develop techniques that are flexible and may be of independent
interest in studying other fair classification problems and data bias models. Note that our approach
based on Blum and Stangl [BS19] does not require knowing, estimating, or correcting the data bias
explicitly. Previous work has studied alternate approaches to get around data bias through reweighing
and loss adjustment by estimating the extent of data bias [BM21; DB20; WLL21]. Rectifying data bias
for fair classification in practice would require the best combination of both these approaches.
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Given the flexibility of our technique, it would be interesting to investigate the applicability and
limitations of our results to different data bias models [DB20; WLL21; BM21; KL22; Blu+23] and a va-
riety of fairness constraints (e.g., predictive parity [ZDC22b]). A pragmatic future direction is to study
the effect of data bias on the sample complexity for fair classification [Don+18; TD23]. One can also
attempt to formulate a test for these conditions, which would require estimating the data bias param-
eters with either a clean validation set or adapting popular approaches in noise estimation literature,
such as separability [Men+15], anchor points [Xia+19] and clusterability [ZSL21] for handling general
linear-fractional transforms like under-representation and prior probability shifts.

An important question related to time-varying data bias models is to study the case when bias
parameters at time t are a function of the model performance at time t− 1, using ideas such as perfor-
mative prediction [Per+20; BHK22]

§ 3.9 Proofs
We now present proofs of the results from the previous sections, along with additional results.

§ 3.9.1 Proof of Proposition 3.1

Proof. η̃(x1,a) < η̃(x2,a) iff (Pη(x1,a) + Q)(Rη(x2,a) + S) < (Pη(x2,a) + Q)(Rη(x1,a) + S), using
Rη(x,a) + S > 0, for all 0 ⩽ η(x,a) ⩽ 1. By canceling the common terms, the above inequality holds iff
(PS−QR)η(x1,a) < (PS−QR)η(x2,a), or equivalently η(x1,a) < η(x2,a) because PS−QR > 0.

§ 3.9.2 Derivations for Linear Fractional Transforms of Data Bias Mod-

els

Proposition 3.6. Consider a biased distribution D̃ obtained from the original distribution D by
the following process defined by bias parameters βp,βn,ν ∈ (0, 1) [BS19]. A random data point
(X,A, Y) from D with A = 1 remains unchanged, the points with A = 0, Y = 1 have an indepen-
dent survival probability of βp, and the points with A = 0, Y = 0 have an independent survival
probability of βn. Finally, the surviving points with A = 0, Y = 1 keep their class label 1 with
probability 1 − ν, and it gets flipped to 0 with probability ν. For the privileged group A = 1,
we have η̃(x, 1) = η(x, 1), for all x ∈ X, whereas for the underprivileged group A = 0 we have
η̃(x, 0) = (1−ν)η(x,0)

(1−c)η(x,0)+c
, where c = βn

βp
.

Proof.

η̃(x, 0) = Pr
(
Ỹ = 1|X = x,A = 0

)
=

(1 − ν)βpη(x, 0)
βpη(x, 0) +βn(1 − η(x, 0))

=
(1 − ν)βpη(x, 0)

(βp −βn)η(x, 0) +βn
=

(1 − ν)η(x, 0)
(1 − c)η(x, 0) + c

, where c =
βn

βp
.

Since no bias acts on group A = 1, η̃(x, 1) = η(x, 1).

Proposition 3.7. Consider a biased distribution D̃ obtained form the original distribution D by in-
troducing a group dependent label flip rate [DB20; WLL21]: ϵ1

a = Pr
(
Ỹ = 0|Y = 1,A = a

)
and ϵ0

a =
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Pr
(
Ỹ = 1|Y = 0,A = a

)
, with 0 ⩽ ϵ1

a + ϵ0
a < 1. Then, the observed labels in D̃ obey the follow-

ing relationship: ỹi = yi with 1 − ϵ
I(yi=1)
ai

probability and ỹi = ¬yi with probability ϵ
I(yi=1)
ai

. In
terms of a linear fractional transform:

η̃(x,a) = (1 − ϵ1
a − ϵ0

a)η(x,a) + ϵ0
a

Proof.

η̃(x,a) = Pr
(
Ỹ = 1|X = x,A = a

)
=

Pr
(
Ỹ = 1, Y = 0,X = x,A = a

)
+ Pr

(
Ỹ = 1, Y = 1,X = x,A = a

)
Pr (X = x,A = a)

= Pr
(
Ỹ = 1|Y = 0,A = a

)
(1 − η(x,a)) + Pr

(
Ỹ = 1|Y = 1,A = a

)
η(x,a)

= (1 − ϵ1
a − ϵ0

a)η(x,a) + ϵ0
a.

Proposition 3.8. [BM21] Consider a biased distribution D̃ obtained from the original distribution
D by introducing a group-dependent prior probability shift such that Ã = A and

Pr
(
X̃ = x|Ỹ = i,A = a

)
= Pr (X = x|Y = i,A = a) for any i,a ∈ {0, 1},

but Pr
(
Ỹ = i|A = a

)
̸= Pr (Y = i|A = a). For this data bias model, we prove that η̃(x,a) =

η(x,a)
(1 −α)η(x,a) +α

, where α =
Pr
(
Ỹ = 0|A = a

)
Pr (Y = 1|A = a)

Pr
(
Ỹ = 1|A = a

)
Pr (Y = 0|A = a)

.

Proof.

η̃(x,a) = Pr
(
Ỹ = 1|X̃ = x,A = a

)
=

Pr
(
Ỹ = 1, X̃ = x,A = a

)
Pr
(
X̃ = x,A = a

)
Since Pr

(
X = x|Ỹ = 1,A = a

)
= Pr (X = x|Y = 1,A = a) from the definition of the bias model, we can

write:

η̃(x,a) =
Pr
(
X = x|Ỹ = 1,A = a

)
Pr
(
Ỹ = 1|A = a

)
Pr
(
X = x|Ỹ = 1,A = a

)
Pr
(
Ỹ = 1|A = a

)
+ Pr

(
X = x|Ỹ = 0,A = a

)
Pr
(
Ỹ = 0|A = a

)
=

1

1 +
Pr
(
X = x|Ỹ = 0,A = a

)
Pr
(
Ỹ = 0|A = a

)
Pr
(
X = x|Ỹ = 1,A = a

)
Pr
(
Ỹ = 1|A = a

) .

Thus,
1

η̃(x,a)
− 1 =

Pr
(
X = x|Ỹ = 0,A = a

)
Pr
(
Ỹ = 0|A = a

)
Pr
(
X = x|Ỹ = 1,A = a

)
Pr
(
Ỹ = 1|A = a

) .

Similarly,
1

η(x,a)
− 1 =

Pr (X = x|Y = 0,A = a)Pr (Y = 0|A = a)

Pr (X = x|Y = 1,A = a)Pr (Y = 1|A = a)
.
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Hence,
1

η̃(x,a)
− 1 = α

(
1

η(x,a)
− 1
)

, where α =
Pr
(
Ỹ = 0|A = a

)
Pr (Y = 1|A = a)

Pr
(
Ỹ = 1|A = a

)
Pr (Y = 0|A = a)

.

In other words,

η̃(x,a) =
η(x,a)

(1 −α)η(x,a) +α
.

§ 3.9.3 Proofs for Section 3.3.2

Given any classifier h : X×A→ Y, let TPRa(h) and T̃PRa(h) denote its true positive rates conditioned
on A = a for distributions D and D̃, respectively. Then

TPRa(h) =
Pr (h(X,a) = 1,A = a, Y = 1)

Pr (Y = 1,A = a)
=

E
X|A=a

[h(X,a)η(X,a)]

E
X|A=a

[η(X,a)]
,

and

T̃PRa(h) =
Pr
(
h(X,a) = 1,A = a, Ỹ = 1

)
Pr
(
Ỹ = 1,A = a

) =

E
X|A=a

[h(X,a)η̃(X,a)]

E
X|A=a

[η̃(X,a)]
.

We can now prove Proposition 3.2.

Proof. (Proof of Proposition 3.2)

T̃PRa(h) = Pr
(
h(X,a) = 1|Ỹ = 1,A = a

)
=

Pr
(
h(X,a) = 1, Ỹ = 1|A = a

)
Pr
(
Ỹ = 1|A = a

)
=

Pr (Y = 0|A = a)Pr
(
h(X,a) = 1, Ỹ = 1|Y = 0,A = a

)
Pr
(
Ỹ = 1|A = a

)
+

Pr (Y = 1|A = a)Pr
(
h(X,a) = 1, Ỹ = 1|Y = 1,A = a

)
Pr
(
Ỹ = 1|A = a

)
=

Pr (Y = 0|A = a)Pr
(
Ỹ = 1|h(X,a) = 1, Y = 0,A = a

)
Pr (h(X,a) = 1|Y = 0,A = a)

Pr
(
Ỹ = 1|A = a

)
+

Pr (Y = 1|A = a)Pr
(
Ỹ = 1|h(X,a) = 1, Y = 1,A = a

)
Pr (h(X,a) = 1|Y = 1,A = a)

Pr
(
Ỹ = 1|A = a

)
=

Pr (Y = 0|A = a)Pr
(
Ỹ = 1|Y = 0,A = a

)
Pr (h(X,a) = 1|Y = 0,A = a)

Pr
(
Ỹ = 1|A = a

)
+

Pr (Y = 1|A = a)Pr
(
Ỹ = 1|Y = 1,A = a

)
Pr (h(X,a) = 1|Y = 1,A = a)

Pr
(
Ỹ = 1|A = a

)
because Ỹ depends only on A and Y

=
Pr
(
Ỹ = 1, Y = 0|A = a

)
Pr
(
Ỹ = 1|A = a

) FPRa(h) +
Pr
(
Ỹ = 1, Y = 1|A = a

)
Pr
(
Ỹ = 1|A = a

) TPRa(h)

= Pr
(
Y = 0|Ỹ = 1,A = a

)
FPRa(h) + Pr

(
Y = 1|Ỹ = 1,A = a

)
TPRa(h).

28



Chapter 3. How Far Can Fairness Constraints Help Recover From Biased Data? 3.9. Proofs

Similarly, we show that T̃NRa(h) can be written as a linear combination of TNRa(h) and FNRa(h).

T̃NRa(h) = Pr
(
h(X,a) = 0|Ỹ = 0,A = a

)
=

Pr
(
h(X,a) = 0, Ỹ = 0|A = a

)
Pr
(
Ỹ = 0|A = a

)
=

Pr (Y = 0|A = a)Pr
(
h(X,a) = 0, Ỹ = 0|Y = 0,A = a

)
Pr
(
Ỹ = 0|A = a

)
+

Pr (Y = 1|A = a)Pr
(
h(X,a) = 0, Ỹ = 0|Y = 1,A = a

)
Pr
(
Ỹ = 0|A = a

)
=

Pr (Y = 0|A = a)Pr
(
Ỹ = 0|h(X,a) = 0, Y = 0,A = a

)
Pr (h(X,a) = 0|Y = 0,A = a)

Pr
(
Ỹ = 0|A = a

)
+

Pr (Y = 1|A = a)Pr
(
Ỹ = 0|h(X,a) = 0, Y = 1,A = a

)
Pr (h(X,a) = 0|Y = 1,A = a)

Pr
(
Ỹ = 0|A = a

)
=

Pr (Y = 0|A = a)Pr
(
Ỹ = 0|Y = 0,A = a

)
Pr (h(X,a) = 0|Y = 0,A = a)

Pr
(
Ỹ = 0|A = a

)
+

Pr (Y = 1|A = a)Pr
(
Ỹ = 0|Y = 1,A = a

)
Pr (h(X,a) = 0|Y = 1,A = a)

Pr
(
Ỹ = 0|A = a

)
because Ỹ depends only on A and Y

=
Pr
(
Ỹ = 0, Y = 0|A = a

)
Pr
(
Ỹ = 0|A = a

) TNRa(h) +
Pr
(
Ỹ = 0, Y = 1|A = a

)
Pr
(
Ỹ = 0|A = a

) FNRa(h)

= Pr
(
Y = 0|Ỹ = 0,A = a

)
TNRa(h) + Pr

(
Y = 1|Ỹ = 0,A = a

)
FNRa(h).

We now prove a similar result for the positive rate. For a fixed group a ∈ A, define PRa(h) :=

Pr(h(X,a) = 1 | A = a) and P̃Ra(h) := Pr(h(X,a) = 1 | A = a) =
∑
ỹ∈Ỹ

Pr
(
h(X,a) = 1, Ỹ = ỹ | A = a

)
,

where PRa(h) is computed under the original distribution D, and P̃Ra(h) is computed under the biased
distribution D̃.

Proposition 3.9. Let D be any distribution on X×A× Y and let D̃ be its biased version defined
using any of the data bias models from Subsection 3.3.1. Let h be any hypothesis, and let

PRa(h) := Pr(h(X,a) = 1 | A = a) and P̃Ra(h) := Pr(h(X,a) = 1 | A = a)

denote its group-wise positive rates according to D and D̃, respectively, conditioned on the group
A = a. Then

P̃Ra(h) = Pr
(
Ỹ = 1 | A = a

)
T̃PRa(h) + Pr

(
Ỹ = 0 | A = a

)
F̃PRa(h),

where
F̃PRa(h) := Pr

(
h(X,a) = 1 | Ỹ = 0,A = a

)
.

Equivalently, using Proposition 3.2,

P̃Ra(h) = Pr(Y = 1 | A = a) TPRa(h) + Pr(Y = 0 | A = a) FPRa(h),
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where the probabilities on the right-hand side are taken under D̃.

Proof. We first work with the biased distribution D̃. By definition,

P̃Ra(h) = Pr(h(X,a) = 1 | A = a).

We can now use the law of total probability with respect to Ỹ

P̃Ra(h) = Pr
(
h(X,a) = 1, Ỹ = 1 | A = a

)
+ Pr

(
h(X,a) = 1, Ỹ = 0 | A = a

)
= Pr

(
Ỹ = 1 | A = a

)
Pr
(
h(X,a) = 1 | Ỹ = 1,A = a

)
+ Pr

(
Ỹ = 0 | A = a

)
Pr
(
h(X,a) = 1 | Ỹ = 0,A = a

)
= Pr

(
Ỹ = 1 | A = a

)
T̃PRa(h) + Pr

(
Ỹ = 0 | A = a

)
F̃PRa(h).

This proves the first identity.
Now, by Proposition 3.2,

T̃PRa(h) = Pr
(
Y = 0 | Ỹ = 1,A = a

)
FPRa(h) + Pr

(
Y = 1 | Ỹ = 1,A = a

)
TPRa(h),

and
T̃NRa(h) = Pr

(
Y = 0 | Ỹ = 0,A = a

)
TNRa(h) + Pr

(
Y = 1 | Ỹ = 0,A = a

)
FNRa(h).

Since F̃PRa(h) = 1 − T̃NRa(h), FPRa(h) = 1 − TNRa(h), and TPRa(h) = 1 − FNRa(h), we obtain

F̃PRa(h) = Pr
(
Y = 0 | Ỹ = 0,A = a

)
FPRa(h) + Pr

(
Y = 1 | Ỹ = 0,A = a

)
TPRa(h).

Substituting the above expressions into the first identity gives

P̃Ra(h) = Pr
(
Ỹ = 1 | A = a

)[
Pr
(
Y = 0 | Ỹ = 1,A = a

)
FPRa(h) + Pr

(
Y = 1 | Ỹ = 1,A = a

)
TPRa(h)

]
+ Pr

(
Ỹ = 0 | A = a

)[
Pr
(
Y = 0 | Ỹ = 0,A = a

)
FPRa(h) + Pr

(
Y = 1 | Ỹ = 0,A = a

)
TPRa(h)

]
=
[

Pr
(
Ỹ = 1 | A = a

)
Pr
(
Y = 1 | Ỹ = 1,A = a

)
+ Pr

(
Ỹ = 0 | A = a

)
Pr
(
Y = 1 | Ỹ = 0,A = a

)]
TPRa(h)

+
[

Pr
(
Ỹ = 1 | A = a

)
Pr
(
Y = 0 | Ỹ = 1,A = a

)
+ Pr

(
Ỹ = 0 | A = a

)
Pr
(
Y = 0 | Ỹ = 0,A = a

)]
FPRa(h).

Simplifying using the law of total probability:

P̃Ra(h) = Pr(Y = 1 | A = a) TPRa(h) + Pr(Y = 0 | A = a) FPRa(h),

where all probabilities are taken under D̃.

Corollary 3.10. Let D be any distribution on X×A× Y and let D̃ be its biased version as in Exam-
ple 3.1, with bias parameters βp,βn,ν ∈ (0, 1). Given any hypothesis h, let

PRa(h) := Pr(h(X,a) = 1 | A = a)
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denote its group-wise positive rate on D, and let

P̃Ra(h) := Pr(h(X,a) = 1 | A = a)

denote its group-wise positive rate on D̃.
Further, let

π1|a := Pr(Y = 1 | A = a), π0|a := Pr(Y = 0 | A = a),

and let TPRa(h) and FPRa(h) be computed with respect to the original distribution D.
Then

P̃R1(h) = PR1(h),

and

P̃R0(h) =
βpπ1|0 TPR0(h) +βnπ0|0 FPR0(h)

βpπ1|0 +βnπ0|0
.

Proof. For group A = 1, the distribution is unchanged under Example 3.1, hence

P̃R1(h) = PR1(h).

Now consider group A = 0. By the law of total probability,

P̃R0(h) = Pr(h(X, 0) = 1 | Y = 1,A = 0)Pr
D̃

(Y = 1 | A = 0)+Pr(h(X, 0) = 1 | Y = 0,A = 0)Pr
D̃

(Y = 0 | A = 0).

Since the sampling mechanism in Example 3.1 depends only on (Y,A), the conditional distribution of X
given (Y,A) is unchanged, and therefore

Pr(h(X, 0) = 1 | Y = 1,A = 0) = TPR0(h), Pr(h(X, 0) = 1 | Y = 0,A = 0) = FPR0(h).

Moreover,

Pr
D̃

(Y = 1 | A = 0) =
βpπ1|0

βpπ1|0 +βnπ0|0
, Pr

D̃

(Y = 0 | A = 0) =
βnπ0|0

βpπ1|0 +βnπ0|0
.

Substituting the above identities gives

P̃R0(h) =
βpπ1|0 TPR0(h) +βnπ0|0 FPR0(h)

βpπ1|0 +βnπ0|0
.

Proof. (Proof of Proposition 3.3) The proof of this Proposition follows the arguments from the proof of
Proposition 2.3 in [Chz+19]. We define h̃EO = argmax

h∈H̃fair, EO

Pr
(
h(X,A) = Ỹ

)
.
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h̃EO = argmax
h∈H

min
λ∈R

Pr
(
h(X,A) = Ỹ

)
+ λ Pr

(
h(X,A) = 1|Ỹ = 1,A = 0

)
− λ Pr

(
h(X,A) = 1|Ỹ = 1,A = 1

)
= argmax

h∈H

min
λ∈R

Pr
(
Ỹ = 0

)
+

1∑
a=0

Pr (A = a) E
X|A=a

[h(X,a)(2η̃(X,a) − 1)]

+
(−1)I(a=1) λ

E
X|A=a

[η̃(X,a)]
E

X|A=a
[h(X,a)η̃(X,a)]

= argmax
h∈H

min
λ∈R

1∑
a=0

Pr (A = a) E
X|A=a

[
h(X,a)

((
2 +

(−1)I(a=1)λ

Pr
(
Ỹ = 1,A = a

)) η̃(X,a) − 1

)]
= argmax

h∈H

min
λ∈R

L(h, λ)

By weak duality, max
h∈H

min
λ∈R

L(h, λ) ⩽ min
λ∈R

max
h∈H

L(h, λ). For a fixed λ, solving the dual objective

min
λ∈R

max
h∈H

L(h, λ), we get:

h̃EO,λ(x,a) = I

η̃(x,a) ⩾
1

2 +
(−1)I(a=1)λ

Pr
(
Ỹ = 1,A = a

)


=



I

 (1 − ν)η(x, 0)
(1 − c)η(x, 0) + c

⩾
1

2 +
λ

Pr
(
Ỹ = 1,A = 0

)
 , for a = 0 (Example 3.1)

I

η(x, 1) ⩾
1

2 −
λ

Pr (Y = 1,A = 1)

 , for a = 1

=



I

η(x, 0) ⩾
c

1 − 2ν+ c+
λ(1 − ν)

Pr
(
Ỹ = 1,A = 0

)
 , for a = 0

I

η(x, 1) ⩾
1

2 −
λ

Pr (Y = 1,A = 1)

 , for a = 1

Let Pr (A = 0) = r and Pr (A = 1) = 1 − r, and let Pr (Y = 1|A = 0) = Pr (Y = 1|A = 1) = q. Then
Pr (Y = 1,A = 1) = Pr (A = 1)Pr (Y = 1|A = 1) = (1 − r)q and

Pr
(
Ỹ = 1,A = 0

)
= Pr (A = 0)Pr (Y = 1|A = 0)Pr

(
Ỹ = 1|Y = 1,A = 0

)
+ Pr (A = 0)Pr (Y = 0|A = 0)Pr

(
Ỹ = 1|Y = 0,A = 0

)
= rqβp(1 − ν).
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Therefore,

h̃EO,λ(x,a) =



I

η(x, 0) ⩾
c

1 − 2ν+ c+
λ

βprq

 , for a = 0

I

η(x, 1) ⩾
1

2 −
λ

(1 − r)q

 , for a = 1

.

Equivalently, we can also write

h̃EO,λ(x,a) =



I

η(x, 0) ⩾
1

1 +
1 − 2ν

c
+

λ

βnrq

 , for a = 0

I

η(x, 1) ⩾
1

2 −
λ

(1 − r)q

 , for a = 1.

.

Substituting h̃λ back into the dual objective reduces the positive part of the objective to a one-

dimensional problem in λ. Note that the mapping λ 7→ E
X|A=a

[((
2 +

(−1)I(a=1)λ

Pr
(
Ỹ = 1,A = a

)) η̃(X,a) − 1

)
+

]
is convex in λ. Due to Assumption 2.1, the random variable η(x,a) (and its linear-fractional mapping
η̃(x,a)) has no atoms, which assures differentiability. Since the dual objective is convex in λ, any dual
minimizer λ∗ satisfies the following first-order condition:

E
X|A=1

[
η̃(X, 1)I

(
1 ⩽ η̃(X, 1)(2 − λ∗

Pr(Ỹ=1,A=1)
)

)]
Pr
(
Ỹ = 1|A = 1

) =

E
X|A=0

[
η̃(X, 0)I

(
1 ⩽ η̃(X, 0)(2 − λ∗

Pr(Ỹ=1,A=0)
)

)]
Pr
(
Ỹ = 1|A = 0

) .

Note that this is exactly the TPR equality condition we seek, and hence h̃λ∗ is a feasible solution for
our original problem. This means that Pr

(
h̃λ∗ = Ỹ

)
⩽ max

h∈H
min
λ∈R

L(h, λ). However, (λ∗, h̃λ∗) also solves

the dual problem, and the constraint vanishes at feasibility:

Pr
(
h̃λ∗ = Ỹ

)
⩽ max

h∈H
min
λ∈R

L(h, λ) ⩽ min
λ∈R

max
h∈H

L(h, λ) = Pr
(
h̃λ∗ = Ỹ

)
.

where the last equality holds since the constraint term vanishes at hλ∗ . Hence, equality holds
throughout and h̃λ∗ (or h̃EO) is the optimal EO-fair classifier.

We can derive similar results for demographic parity [MW18; Chz+19], whose proof follows exactly
the same arguments as Proposition 3.3.

Proposition 3.10. For any distribution D and its biased version D̃ described above, let h̃DP be a
classifier of the maximum accuracy among all binary classifiers that satisfy demographic parity
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on D̃. Then there exists λ∗ ∈ R such that

h̃DP(x,a) =


I

(
η(x, 0) ⩾

c(r− λ∗)

2r(1 − ν) − (1 − c)(r− λ∗)

)
, for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2(1 − r)

)
, for a = 1

§ 3.9.4 Proofs for Section 3.4.1

For the distribution D described in Section 3.4.1, the following result holds:

Lemma 3.1. Let h : X×A → {0, 1} be a deterministic classifier. Let Y|X = x,A = a be a random
variable that takes value h(x,a) with probability 1 − δ(x,a) and ¬h(x,a) with probability δ(x,a),
for some δ(x,a) ⩽ δ < 1/2. Let η(x,a) = Pr (Y = 1|X = x,A = a) and let g(x,a) be a threshold
classifier given by g(x,a) = I (η(x,a) ⩾ ta), using group-dependent thresholds t0 and t1, respec-
tively. If t0, t1 ∈ (δ, 1 − δ) then g ≡ h ≡ h∗, where h∗ is the Bayes optimal classifier for the joint
distribution on X×A× Y.

Proof. It is folklore that the (group-aware) Bayes optimal classifier is given by h∗(x,a) = I (η(x,a) ⩾ 1/2)
[ZDC22b]. One of the ways by which we can recover the Bayes Optimal classifier with the biased distri-
bution D̃ is when the Bayes optimal classifier on the original distribution D does not change around the
vicinity of 1/2. Consider the following two cases for h(x,a). If h(x,a) = 0, then Y|X = x,A = a takes
value 0 with probability δ(x,a) ⩽ δ, and hence, I (η(x,a) ⩾ ta) = I (δ(x,a) ⩾ ta) = I (δ(x,a) ⩾ 1/2) =
0, for δ(x,a) ⩽ δ < 1/2 and ta ∈ (δ, 1 − δ). On the other hand, if h(x,a) = 1, then Y|X = x,A = a

takes value 1 with probability 1 − δ(x,a) ⩾ 1 − δ, and hence, I (η(x,a) ⩾ ta) = I (1 − δ(x,a) ⩾ ta) =

I (1 − δ(x,a) ⩾ 1/2) = 1, for δ(x,a) ⩽ δ < 1/2 and ta ∈ (δ, 1 − δ). Therefore, g ≡ h ≡ h∗.

We now describe the proof of Theorem 3.4. The proof for Theorem 3.3 is clubbed with the proof of
Theorem 3.2 later in this section.

Proof. (Proof of Theorem 3.4) We use the characterization optimal demographic parity classifier ob-
tained in Proposition 3.10 for D̃, i.e., there exists λ∗ ∈ R such that

h̃DP(x,a) =


I

(
η(x, 0) ⩾

c(r− λ∗)

2r(1 − ν) − (1 − c)(r− λ∗)

)
, for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2(1 − r)

)
, for a = 1.

Since we assume c = 1 (βp = βn), we can write:

h̃DP(x,a) =


I

(
η(x, 0) ⩾

(r− λ∗)

2r(1 − ν)

)
, for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2(1 − r)

)
, for a = 1.

Step 1: If the given conditions on the bias parameters hold, then there exists a λ ∈ R such that
hλ = h∗. From Lemma 3.1, we know that the threshold on η(x, 1) lies in the interval (δ, 1 − δ) if and

only if δ <
1
2
+

λ∗

2(1 − r)
< 1 − δ, or equivalently, (2δ− 1)(1 − r) < λ∗ < (1 − 2δ)(1 − r). Similarly, the

threshold on η(x, 0) lies in the interval (δ, 1 − δ) if and only if δ <
(r− λ∗)

2r(1 − ν)
< 1 − δ, or equivalently,

r (1 − 2(1 − δ)(1 − ν)) < λ∗ < r (1 − 2δ(1 − ν)) .
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There exists λ∗ that simultaneously satisfies both sets of constraints given above if and only if

r (1 − 2(1 − δ)(1 − ν)) < (1 − 2δ)(1 − r) and (2δ− 1)(1 − r) < r (1 − 2δ(1 − ν)) .

The above conditions can be simplified as

(1 − 2δ)(1 − r) − r (1 − 2(1 − δ)(1 − ν)) > 0 and (1 − 2δ)(1 − r) + r (1 − 2δ(1 − ν)) > 0.

Step 2: If the given conditions on the bias parameters hold, then there cannot exist any λ ∈ R such
that both the group-wise thresholds applied to η(x,a) in hλ are at most δ, or both the thresholds are
at least 1 − δ. (Thresholds lying on the same side) The threshold on η(x, 1) is at most δ if and only if
1
2
+

λ

2(1 − r)
⩽ δ, or equivalently, λ ⩽ (2δ− 1)(1 − r). Similarly, the threshold on η(x, 0) is at most δ if

and only if
(r− λ)

2r(1 − ν)
⩽ δ, or equivalently, λ ⩾ r (1 − 2δ(1 − ν)). If both were to hold simultaneously,

then r (1 − 2δ(1 − ν)) ⩽ (2δ− 1)(1 − r), or equivalently, (1 − 2δ)(1 − r) + r (1 − 2δ(1 − ν)) ⩽ 0, which
would violate the second condition in our theorem.

On the other hand, the threshold on η(x, 1) is at least 1 − δ if and only if
1
2
+

λ

2(1 − r)
⩾ 1 − δ, or

equivalently, λ ⩾ (1 − 2δ)(1 − r). Similarly, the threshold on η(x, 0) is at least
(r− λ)

2r(1 − ν)
⩾ 1 − δ, or

equivalently, λ ⩽ r (1 − 2(1 − δ)(1 − ν)). If both were to hold simultaneously, then (1 − 2δ)(1 − r) ⩽

r (1 − 2(1 − δ)(1 − ν)), or equivalently, (1− 2δ)(1− r) − r (1 − 2(1 − δ)(1 − ν)) ⩽ 0, which would violate
the first condition in our theorem.

Step 3: For any λ, if the group-wise thresholds on η(x,a) in hλ have one of them at most δ and an-
other at least 1 − δ, then hλ cannot satisfy demographic parity unless hλ = h∗. (Thresholds lying
on opposite sides) We know that h∗ satisfies demographic parity. Let PRa(hλ) = Pr (hλ = 1|A = a)

(group positive rate). For demographic parity, we require PR0 = PR1. Suppose the threshold of hλ

on η(x, 0)(call it t0) and the threshold on η(x, 1)(call it t1) are separated by either δ or 1 − δ. WLOG
assume t0 < t1. Suppose t0 ⩽ δ ⩽ t1. Since there is no input (x,a) with η(x,a) ∈ (δ, 1 − δ), we get
PR0(h̃λ) ⩾ PR0(h

∗) and PR1(h
∗) ⩾ PR1(h̃λ). Since h∗ satisfies demographic parity on the original

distribution D, we have PR0(h
∗) = PR1(h

∗). If hλ satisfies demographic parity on the biased distri-
bution D̃, we have P̃R0(hλ) = P̃R1(hλ), and since we assume that βp = βn, P̃Ra(hλ) = PRa(hλ)

due to Corollary 3.10. It implies PR0(hλ) = PR1(hλ). Combining the two observations above, we get
PR0(hλ) = PR0(h

∗) = PR1(h
∗) = PR1(hλ), which is possible only if hλ ≡ h∗ (as both are group-wise

threshold classifiers). The other case t0 ⩽ 1 − δ ⩽ t1 can be argued similarly.

Now, we give a complete proof of Theorem 3.2. Note that Theorem 3.2 extends the sufficiency
direction in Theorem 3.3 to Massart noise. Theorem 3.3 proves necessity and sufficiency in the constant
i.i.d. noise case when we have δ(x,a) = δ, for all (x,a) ∈ X × A. Thus, Theorem 3.2 is a stronger
statement than Theorem 3.3 (the original recovery theorem of Blum & Stangl [BS19]) while having the
same necessary and sufficient conditions on the data and bias parameters.
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Proof. (Proof of Theorem 3.2) Let

h̃λ(x,a) =



I

η(x, 0) ⩾
1

1 +
1 − 2ν

c
+

λ

βnrq

 , for a = 0

I

η(x, 1) ⩾
1

2 −
λ

(1 − r)q

 , for a = 1.

From the characterization of the optimal equal opportunity classifier shown earlier (Proposition 2.2),
there exists some optimal λ∗ ∈ R such that h̃EO = h̃λ∗ . We will show that if the conditions in Theorem
4.1 of Blum-Stangl hold, then the only possible choices left for λ∗ ∈ R are the ones that give h̃λ∗ = h∗.

Step 1: If the given conditions on the bias parameters hold, then there exists a λ ∈ R such that

h̃λ = h∗. The threshold on η(x, 1) lies in the interval (δ, 1 − δ) if and only if
1

1 − δ
< 2 −

λ

(1 − r)q
<

1
δ

,

or equivalently,
−(1 − 2δ)(1 − r)q

δ
< λ <

(1 − 2δ)(1 − r)q

1 − δ
. Similarly, the threshold on η(x, 0) lies in the

interval (δ, 1 − δ) if and only if
1

1 − δ
< 1 +

1 − 2ν
c

+
λ

βnrq
<

1
δ

, or equivalently,

βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
< λ < βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
.

There exists λ that simultaneously satisfies both sets of constraints given above if and only if

βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
<

(1 − 2δ)(1 − r)q

1 − δ
and

−(1 − 2δ)(1 − r)q

δ
< βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
.

Using c = βn/βp, the above conditions can be rewritten as

(1 − r)(1 − 2δ) + r ((1 − δ)βp(1 − 2ν) − δβn) > 0 and

(1 − r)(1 − 2δ) + r ((1 − δ)βn − δβp(1 − 2ν)) > 0.

Step 2: If the given conditions on the bias parameters hold, then there cannot exist any λ ∈ R such
that both the group-wise thresholds applied to η(x,a) in hλ are at most δ, or both the thresholds
are at least 1 − δ. (Thresholds lying on the same side) The threshold on η(x, 1) is at most δ if and

only if 2 −
λ

(1 − r)q
⩾

1
δ

, or equivalently,
−(1 − 2δ)(1 − r)q

δ
⩾ λ. Similarly, the threshold on η(x, 0)

is at most δ if and only if 1 +
1 − 2ν

c
+

λ

βnrq
⩾

1
δ

, or equivalently, λ ⩾ βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
. If

both were to hold simultaneously, then
−(1 − 2δ)(1 − r)q

δ
⩾ βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
, or equivalently,

(1− r)(1− 2δ)+ r ((1 − δ)βn − δβp(1 − 2ν)) ⩽ 0, which would violate the second condition in Theorem
4.1 of Blum-Stangl.

On the other hand, the threshold on η(x, 1) is at least interval 1− δ if and only if
1

1 − δ
⩾ 2−

λ

(1 − r)q
,

or equivalently, λ ⩾
(1 − 2δ)(1 − r)q

1 − δ
. Similarly, the threshold on η(x, 0) is at least 1 − δ if and only

if
1

1 − δ
⩾ 1 +

1 − 2ν
c

+
λ

βnrq
, or equivalently, βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
⩾ λ. If both were to hold
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simultaneously, then βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
⩾

(1 − 2δ)(1 − r)q

1 − δ
, or equivalently, (1 − r)(1 − 2δ) +

r ((1 − δ)βp(1 − 2ν) − δβn) ⩽ 0, which would violate the first condition in Theorem 4.1 of Blum-Stangl.

Step 3: For any λ, if the group-wise thresholds on η(x,a) in hλ have one of them at most δ and
another at least 1 − δ, then hλ cannot satisfy equal opportunity unless hλ = h∗. (Thresholds ly-
ing on opposite sides) We know that h∗ satisfies equal opportunity. Suppose the threshold of hλ on
η(x, 0)(call it t0) and the threshold on η(x, 1)(call it t1) are separated by either δ or 1 − δ. WLOG as-
sume t0 < t1. Suppose t0 ⩽ δ ⩽ t1. Since there is no input (x,a) with η(x,a) ∈ (δ, 1 − δ), we get
TPR0(hλ) ⩾ TPR0(h

∗) and TPR1(h
∗) ⩾ TPR1(hλ). Since h∗ satisfies equal opportunity on the orig-

inal distribution D, we have TPR0(h
∗) = TPR1(h

∗). If hλ satisfies equal opportunity on the biased
distribution D̃, we have T̃PR0(hλ) = T̃PR1(hλ), and since T̃PRa(hλ) = TPRa(hλ) by Corollary 3.1, it
implies TPR0(hλ) = TPR1(hλ). Combining the two observations above, we get TPR0(hλ) = TPR0(h

∗) =

TPR1(h
∗) = TPR1(hλ), which is possible only if hλ ≡ h∗ (as both are group-wise threshold classifiers).

The other case t0 ⩽ 1 − δ ⩽ t1 can be argued similarly.

Combining Steps 1, 2, and 3 to complete the proof: Finally, from Steps 1, 2, and 3 together, it is clear
that if the conditions in Theorem 4.1 of Blum-Stangl are met then the only possible classifiers h̃λ are
the ones for which h̃λ = h∗, and they satisfy equal opportunity on D̃. So under these conditions, the
optimal λ∗ (whatever it may be) gives h̃EO = h̃λ∗ = h∗.

§ 3.9.5 Proofs for Section 3.5

Proof. (Proof of Proposition 3.4)

The optimal reject option classifier g : X×A→ {0, 1,⊥} with rejection penalty δ can be thought of as
a pair of binary classifiers ρ and h in H such that:

ρ(x,a) =

1, if g(x,a) = ⊥

0, if g(x,a) ̸= ⊥

and g(x,a) = h(x,a) whenever ρ(x,a) = 0 (or equivalently, g(x,a) ̸= ⊥). The optimal reject option
classifier is defined as

hrej = argmin
g∈Hrej

Pr (g(X,A) ̸= Y,g(X,A) ̸= ⊥) + δ Pr (g(X,A) = ⊥) ,

where Hrej be the hypothesis class of all reject option classifiers g : X×A → {0, 1,⊥}. Equivalently, it
can be rewritten as:
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(ρ∗,h∗) = argmin
ρ∈H

argmin
h∈H

Pr (h(X,A) ̸= Y, ρ(X,A) = 0) + δ Pr (ρ(X,A) = 1)

= argmin
ρ∈H

argmin
h∈H

1 − Pr (ρ(X,A) = 1) − Pr (h(X,A) = Y, ρ(X,A) = 0) + δ Pr (ρ(X,A) = 1)

= argmax
ρ∈H

argmax
h∈H

Pr (h(X,A) = Y, ρ(X,A) = 0) + (1 − δ) Pr (ρ(X,A) = 1)

= argmax
ρ∈H

argmax
h∈H

1∑
a=0

Pr (A = a) E
X|A=a

[
(1 − ρ(X,a))(h(X,a)η(X,a)

+ (1 − h(X,a))(1 − η(X,a))) + (1 − δ)ρ(X,a)

]

= argmax
ρ∈H

1∑
a=0

Pr (A = a) E
X|A=a

[
(1 − δ) ρ(X,a)

+ (1 − ρ(X,a))

(
1 − η(X,a) + argmax

h∈H

h(X,a)(2η(X,a) − 1)

)]
.

We can now focus on obtaining the optimal functions for each group. For any ρ ∈ H, solving the inner
optimization gives the optimal solution hrej(x,a) = I

(
η(x,a) ⩾ 1

2
)

whenever ρ(x,a) ̸= 1. Thus, the
outer optimization can be written as

ρ∗ = argmax
ρ∈H

E
X|A=a

[
(1 − δ) ρ(X,a) + (1 − ρ(X,a))

(
1 − η(X,a) + I

(
η(X,a) ⩾

1
2

)
(2η(X,a) − 1)

)]
.

The above maximization can be solved point-wise for each x ∈ X in group A = a. Whenever η(x,a) ⩾
1/2 for an input x from group a, the function inside the expectation becomes (1 − δ)ρ(x,a) + (1 −

ρ(x,a))η(x,a), which is maximized by ρ∗(x,a) = I (η(x,a) ∈ [1/2, 1 − δ)). On the other hand, when-
ever η(x,a) < 1/2 for an input x,a, the function inside the expectation becomes (1 − δ)ρ(x,a) + (1 −

ρ(x,a)(1 − η(x,a)), which is maximized by ρ∗(x,a) = I (η(x,a) ∈ (δ, 1/2)). Thus, overall we can write
ρ∗(x,a) = I (η(x,a) ∈ (δ, 1 − δ)).

Proof. (Proof of Theorem 3.5) From Proposition 3.3, we can write:

h̃λ(x,a) =



I

η(x, 0) ⩾
1

1 +
1 − 2ν

c
+

λ

βnrq

 , for a = 0

I

η(x, 1) ⩾
1

2 −
λ

(1 − r)q

 , for a = 1.

We will now attempt to recover a classifier that matches the predictions of hrej, whenever hrej(x,a) ̸=
⊥, but incurs some penalty while trying to label the points when hrej(x,a) = ⊥. From the characteri-
zation of the optimal equal opportunity classifier shown earlier, there exists some optimal λ∗ ∈ R such
that h̃EO = hrej, whenever hrej(x,a) ̸= ⊥. Such a classifier will not change whenever it lies in the
rejection interval (δ, 1 − δ).

Step 1: If the given conditions on the bias parameters hold, then there exists a λ ∈ R such that
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h̃λ = hrej, whenever hrej(x,a) ̸= ⊥. The threshold on η(x, 1) lies in the interval (δ, 1 − δ) if and only

if
1

1 − δ
< 2 −

λ

(1 − r)q
<

1
δ

, or equivalently,
−(1 − 2δ)(1 − r)q

δ
< λ <

(1 − 2δ)(1 − r)q

1 − δ
. Similarly, the

threshold on η(x, 0) lies in the interval (δ, 1 − δ) if and only if
1

1 − δ
< 1 +

1 − 2ν
c

+
λ

βnrq
<

1
δ

, or

equivalently,

βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
< λ < βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
.

There exists λ that simultaneously satisfies both sets of constraints given above if and only if

βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
<

(1 − 2δ)(1 − r)q

1 − δ

−(1 − 2δ)(1 − r)q

δ
< βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
.

Using c = βn/βp, the above conditions can be rewritten as

(1 − r)(1 − 2δ) + r ((1 − δ)βp(1 − 2ν) − δβn) > 0 and

(1 − r)(1 − 2δ) + r ((1 − δ)βn − δβp(1 − 2ν)) > 0.

Step 2: If the given conditions on the bias parameters hold, then there cannot exist any λ ∈ R such
that both the group-wise thresholds applied to η(x,a) in hλ are at most δ, or both the thresholds
are at least 1 − δ. (Thresholds lying on the same side) The threshold on η(x, 1) is at most δ if and

only if 2 −
λ

(1 − r)q
⩾

1
δ

, or equivalently,
−(1 − 2δ)(1 − r)q

δ
⩾ λ. Similarly, the threshold on η(x, 0)

is at most δ if and only if 1 +
1 − 2ν

c
+

λ

βnrq
⩾

1
δ

, or equivalently, λ ⩾ βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
. If

both were to hold simultaneously, then
−(1 − 2δ)(1 − r)q

δ
⩾ βnrq

(
1 − δ

δ
−

1 − 2ν
c

)
, or equivalently,

(1 − r)(1 − 2δ) + r ((1 − δ)βn − δβp(1 − 2ν)) ⩽ 0, which would violate the second condition in Step 1.

On the other hand, the threshold on η(x, 1) is at least interval 1− δ if and only if
1

1 − δ
⩾ 2−

λ

(1 − r)q
,

or equivalently, λ ⩾
(1 − 2δ)(1 − r)q

1 − δ
. Similarly, the threshold on η(x, 0) is at least 1 − δ if and only

if
1

1 − δ
⩾ 1 +

1 − 2ν
c

+
λ

βnrq
, or equivalently, βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
⩾ λ. If both were to hold

simultaneously, then βnrq

(
δ

1 − δ
−

1 − 2ν
c

)
⩾

(1 − 2δ)(1 − r)q

1 − δ
, or equivalently, (1 − r)(1 − 2δ) +

r ((1 − δ)βp(1 − 2ν) − δβn) ⩽ 0, which would violate the first condition in Step 1.

Step 3: For any λ, if the group-wise thresholds on η(x,a) in hλ have one of them at most δ and another
at least 1 − δ, then hλ cannot satisfy equal opportunity unless hλ = hrej, whenever hrej(x,a) ̸= ⊥.
(Thresholds lying on opposite sides) From our assumption, we know that hrej satisfies equal op-
portunity whenever hrej(x,a) ̸= ⊥. Suppose the threshold of hλ on η(x, 0)(call it t0) and the thresh-
old on η(x, 1)(call it t1) are separated by either δ or 1 − δ. WLOG assume t0 < t1. Suppose t0 ⩽

δ ⩽ t1. Since there is no input (x,a) with η(x,a) ∈ (δ, 1 − δ), we get TPR0(hλ) ⩾ TPR0(h
rej) and

TPR1(h
rej) ⩾ TPR1(hλ). Since hrej satisfies equal opportunity on the original distribution D, we

have TPR0(h
rej) = TPR1(h

rej). If hλ satisfies equal opportunity on the biased distribution D̃, we
have T̃PR0(hλ) = T̃PR1(hλ), and since T̃PRa(hλ) = TPRa(hλ) by Corollary 3.1, it implies TPR0(hλ) =
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TPR1(hλ). Combining the two observations above, we get TPR0(hλ) = TPR0(h
rej) = TPR1(h

rej) =

TPR1(hλ), which is possible only if hλ ≡ hrej (as both are group-wise threshold classifiers). The other
case t0 ⩽ 1 − δ ⩽ t1 can be argued similarly.

Combining Steps 1, 2, and 3 to complete the proof: Finally, from Steps 1, 2, and 3 together, it is clear
that when the above conditions are met, then the only possible classifiers h̃λ are the ones for which
h̃λ = hrej, whenever hrej(x,a) ̸= ⊥, and they satisfy equal opportunity on D̃. Furthermore, by our
assumption, hrej is EO-fair.

§ 3.9.6 Proofs for Section 3.6

Definition 3.1 of ϵ-robustness of h∗ can be rewritten as

h∗(x) = argmax
h∈H

Pr
(
h(X,A) = Y ′)

= argmax
h∈H

E
(X,A)

[
h(X,A)(2η ′(X,A) − 1)

]
= argmax

h∈H

1∑
a=0

Pr (A = a) E
X|A=a

[
h(X,a)(2η ′(X,a) − 1)

]
= argmax

h∈H

1∑
a=0

Pr (A = a) E
X|A=a

[
h(X,a)

(
2
Paη(X,a) +Qa

Raη(X,a) + Sa
− 1
)]

= argmax
h∈H

1∑
a=0

Pr (A = a) E
X|A=a

[
h(X,a)

(2Pa − Ra)η(X,a) + (2Qa − Sa)

Raη(X,a) + Sa

]
,

for any Sa = 1, |Ra| ⩽ ϵ, |Qa| ⩽ ϵ, 1 − ϵ ⩽ Pa ⩽ 1 + ϵ, and PaSa −QaRa ⩾ 0.

Proof. (Proof of Theorem 3.6) Let h̃EO = arg maxh∈H̃fair,EO
Pr
(
h(X,A) = Ỹ

)
. By Lagrange duality, we

write the objective maximized by h̃EO for the optimal multiplier λ∗ as:

h̃EO = arg max
h∈H

1∑
a=0

Pr(A = a) E
X|A=a

[
h(X,a)

((
2 +

(−1)I(a=1)λ∗

Pr
(
Ỹ = 1,A = a

)) η̃(X,a) − 1

)]

Under uniform under-representation (βp = βn = β), we have c = 1. This simplifies the transformed
regression function for the underprivileged group to η̃(X, 0) = (1 − v)η(X, 0). For the privileged group,
η̃(X, 1) = η(X, 1).

Substituting these, along with the biased base rates Pr
(
Ỹ = 1,A = 0

)
= rqβ(1 − v)

and Pr
(
Ỹ = 1,A = 1

)
= (1 − r)q, the objective becomes:

= arg max
h∈H

(
rEX|A=0

[
h(X, 0)

((
2(1 − v) +

λ∗

rqβ

)
η(X, 0) − 1

)]

+ (1 − r)EX|A=1

[
h(X, 1)

((
2 −

λ∗

(1 − r)q

)
η(X, 1) − 1

)])
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This precisely matches the form from the ϵ-robustness definition and we get:

P0 = 1 − v+
λ∗

2rqβ
, Q0 = 0, R0 = 0, S0 = 1

P1 = 1 −
λ∗

2(1 − r)q
, Q1 = 0, R1 = 0, S1 = 1

Let Ua(h) = EX|A=a[h(X,a)η(X,a)] = q · TPRa(h), and let Va(h) = EX|A=a[h(X,a)]. The objective
maximized on each group a reduces strictly to 2PaUa(h) − Va(h).

Step 1: If the given conditions on the bias parameters hold, then there exists a λ ∈ R such that
1 − ϵ ⩽ P0,P1 ⩽ 1 + ϵ, and therefore, hλ = h∗.
To have h̃EO ≡ h∗ directly from robustness, we require 1 − ϵ ⩽ P0 ⩽ 1 + ϵ and 1 − ϵ ⩽ P1 ⩽ 1 + ϵ. This
translates to:

1 − ϵ ⩽ 1 − v+
λ∗

2rqβ
⩽ 1 + ϵ =⇒ 2rqβ(v− ϵ) ⩽ λ∗ ⩽ 2rqβ(v+ ϵ)

1 − ϵ ⩽ 1 −
λ∗

2(1 − r)q
⩽ 1 + ϵ =⇒ −2q(1 − r)ϵ ⩽ λ∗ ⩽ 2q(1 − r)ϵ

A valid λ∗ satisfying both intervals exists if and only if:

2rqβ(v− ϵ) ⩽ 2q(1 − r)ϵ =⇒ rβ(ϵ− v) + ϵ(1 − r) ⩾ 0

−2q(1 − r)ϵ ⩽ 2rqβ(v+ ϵ) =⇒ rβ(ϵ+ v) + ϵ(1 − r) ⩾ 0

Step 2: If the given conditions on the bias parameters hold, then there cannot exist any λ ∈ R such
that max{P0,P1} < 1 − ϵ or min{P0,P1} > 1 + ϵ.
If max{P0,P1} < 1− ϵ, then 1− v+ λ∗

2rqβ < 1− ϵ and 1− λ∗

2(1−r)q < 1− ϵ. This implies λ∗ < 2rqβ(v− ϵ)

and λ∗ > 2q(1 − r)ϵ. Thus, 2q(1 − r)ϵ < 2rqβ(v − ϵ), which strictly violates the required condition
rβ(ϵ− v) + ϵ(1 − r) ⩾ 0. By identical logic, min{P0,P1} > 1 + ϵ violates the other theorem condition.

Step 3: If the given conditions on the bias parameters hold, then an optimal λ∗ ∈ R cannot corre-
spond to P0 < 1 − ϵ and P1 > 1 + ϵ (or vice versa).
Suppose λ∗ forces P0 < 1 − ϵ and P1 > 1 + ϵ. Recall that for any group a, the objective maximized by h

reduces to 2PaUa(h) − Va(h).

Part 3.1: Analyzing Group 0
Assume P0 < 1 − ϵ. Because h∗ is ϵ-robust, it is optimal at the lower boundary P = 1 − ϵ. Thus:

2(1 − ϵ)U0(h
∗) − V0(h

∗) ⩾ 2(1 − ϵ)U0(h̃EO) − V0(h̃EO) (3.1)

By definition, h̃EO is optimal for the shifted parameter P0. Thus:

2P0U0(h̃EO) − V0(h̃EO) ⩾ 2P0U0(h
∗) − V0(h

∗) (3.2)

Summing Inequality 3.1 and Inequality 3.2 cancels the V0 terms:

2(1 − ϵ− P0)U0(h
∗) ⩾ 2(1 − ϵ− P0)U0(h̃EO)

Because P0 < 1 − ϵ, the multiplier (1 − ϵ− P0) > 0. Dividing it out yields U0(h
∗) ⩾ U0(h̃EO), meaning

TPR0(h
∗) ⩾ TPR0(h̃EO).

Part 3.2: Analyzing Group 1
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Assume P1 > 1 + ϵ. Because h∗ is robust, it is optimal at the upper boundary P = 1 + ϵ:

2(1 + ϵ)U1(h
∗) − V1(h

∗) ⩾ 2(1 + ϵ)U1(h̃EO) − V1(h̃EO)

h̃EO is optimal for P1:
2P1U1(h̃EO) − V1(h̃EO) ⩾ 2P1U1(h

∗) − V1(h
∗)

Summing these inequalities cancels the V1 terms:

2(P1 − (1 + ϵ))U1(h̃EO) ⩾ 2(P1 − (1 + ϵ))U1(h
∗)

Because P1 > 1 + ϵ, the multiplier (P1 − 1 − ϵ) > 0. Dividing it out yields U1(h̃EO) ⩾ U1(h
∗), meaning

TPR1(h̃EO) ⩾ TPR1(h
∗).

Part 3.3: The Fairness Contradiction
Since h∗ satisfies Equal Opportunity on D, TPR0(h

∗) = TPR1(h
∗). Since h̃EO is EO-fair on D̃ and under

uniform under-representation TPRs are invariant, TPR0(h̃EO) = TPR1(h̃EO). Substituting our bounds
into this equality chain:

TPR0(h̃EO) ⩽ TPR0(h
∗) = TPR1(h

∗) ⩽ TPR1(h̃EO) = TPR0(h̃EO)

For the ends of the chain to satisfy TPR0(h̃EO) ⩽ TPR0(h̃EO), all inequalities must be strict equalities.
Thus, TPR0(h̃EO) = TPR0(h

∗) and TPR1(h̃EO) = TPR1(h
∗).

Part 3.4: Geometric Resolution of Identical Classifiers via ROC Analysis
While we have established that TPR0(h̃EO) = TPR0(h

∗) and TPR1(h̃EO) = TPR1(h
∗), matching True

Positive Rates alone is insufficient to prove the classifiers are identical. We must show their True Nega-
tive Rates (TNR) also match. To do this, we analyze the optimization geometry in the Receiver Operat-
ing Characteristic (ROC) space.

Recall that for any group a, both h∗ and h̃EO are derived by maximizing an objective of the form
gP(h) = 2PaUa(h) − Va(h). In the ROC space where the y-axis is the True Positive Rate (proportional
to Ua) and the x-axis is the False Positive Rate (proportional to Va), any classifier maximizing this
objective must lie on the upper-left boundary of the achievable convex hull. This boundary is strictly
concave.

Furthermore, the parameter Pa geometrically dictates the slope of the tangent line to the ROC curve
at the optimal operating point.

1. The Geometry of ϵ-Robustness: By Definition 3.1, h∗ is ϵ-robust, meaning it remains the unique
optimal classifier for any weight P ∈ [1−ϵ, 1+ϵ]. Geometrically, a single point on a concave curve
can only be optimal for a continuous range of strictly different slopes if that point is a sharp, non-
differentiable corner (a vertex) on the ROC hull.

2. The Slope of h̃EO: h̃EO is optimal for the biased parameter P0. Under our current branch, we
assumed P0 < 1 − ϵ. This means the objective slope used to discover h̃EO is strictly steeper than
any slope in the robustness margin of h∗.

3. The Vertex Contradiction: We established in Part 3.3 that despite optimizing for strictly different
slopes (P0 < 1 − ϵ versus P = 1 − ϵ), both h̃EO and h∗ achieve the exact same y-coordinate (TPR).
Geometrically, it is impossible for two tangent lines with strictly different slopes to intersect the
upper boundary of a concave curve at the exact same y-coordinate unless they are both pivoting
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on the exact same non-differentiable vertex.

Therefore, h̃EO and h∗ must occupy the exact same geometric vertex on the ROC hull. Because
they are the same mathematical point, they must also share the exact same x-coordinate, meaning
FPR(h̃EO) = FPR(h∗), which trivially implies TNR(h̃EO) = TNR(h∗).

Since h̃EO and h∗ share identically perfect TPRs and TNRs, they achieve the exact same accuracy
profile. Because the ϵ-robustness definition guarantees the uniqueness of h∗ at this operating profile,
we conclude h̃EO ≡ h∗.

The inverse case (P0 > 1 + ϵ and P1 < 1 − ϵ) is contradicted identically.

§ 3.9.7 Proofs for Section 3.7

Proof. (Proof for Theorem 3.7) We start with the Bayes Optimal EO classifier at the time step t:

h̃
(t)
EO(x,a) = I

η̃t(x,a) ⩾
1

2 +
(−1)I(a=1)λ∗

Pr
(
Ỹt = 1,A = a

)


From Proposition 3.5 we can obtain the transformed η̃t with the same bias parameters at each time step:

=



I

 η(x, 0)

1 − c

1 − ν− c

(
1 −

(
c

1 − ν

)t
)
η(x, 0) +

(
c

1 − ν

)t
⩾

1

2 +
λ∗

Pr
(
Ỹt = 1,A = 0

)
 , for a = 0

I

η(x, 1) ⩾
1

2 −
λ∗

Pr (Y = 1,A = 1)

 , for a = 1

=



I

η(x, 0) ⩾
1

1 − 2ν− c

1 − ν− c

(
1 − ν

c

)t

+
λ∗

βt
nrq

+
1 − c

1 − ν− c

 , for a = 0, using c = βn/βp

I

η(x, 1) ⩾
1

2 −
λ∗

(1 − r)q

 , for a = 1.

So the threshold on η(x, 1) lies in the interval (δ, 1 − δ) if and only if δ <

(
2 −

λ∗

(1 − r)q

)−1
< 1 − δ,

which is equivalent to
−(1 − 2δ)(1 − r)q

δ
< λ∗ <

(1 − 2δ)(1 − r)q

1 − δ
. Given this, now let’s analyze the

threshold on η(x, 0). If βn < 1, then as t→∞ we have λ∗/(βt
nrq)→∞, and therefore, the threshold on

η(x, 0) in the above expression tends to 0, i.e., it cannot remain within (δ, 1 − δ) interval. If βn = 1 then
c = βn/βp > 1 − ν. Thus, ((1 − ν)/c)t → 0 as t → ∞. Using this and βn = 1, the above expression
becomes

1
1 − 2ν− c

1 − ν− c

(
1 − ν

c

)t

+
λ∗

βt
nrq

+
1 − c

1 − ν− c

→ 1
λ∗

rq
+

1 − c

1 − ν− c

as t→∞.
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The threshold on η(x, 1) lies in the interval (δ, 1 − δ) if and only if

−(1 − 2δ)(1 − r)q

δ
< λ∗ <

(1 − 2δ)(1 − r)q

1 − δ
.

Similarly, the limit expression as t → ∞ for threshold on η(x, 0) lies in the interval (δ, 1 − δ) if and

only if
1

1 − δ
<

λ∗

rq
+

1 − c

1 − ν− c
<

1
δ

, or equivalently, rq
(

1
1 − δ

−
1 − c

1 − ν− c

)
< λ∗ < rq

(
1
δ
−

1 − c

1 − ν− c

)
.

There exists a λ∗ that simultaneously satisfies the constraints on both the thresholds if and only if

−(1 − 2δ)(1 − r)q

δ
< rq

(
1
δ
−

1 − c

1 − ν− c

)
and rq

(
1

1 − δ
−

1 − c

1 − ν− c

)
<

(1 − 2δ)(1 − r)q

1 − δ
.

Thus, the necessary conditions to recover h∗ using equal opportunity fair classification on the biased
distribution after t steps as t→∞ can be written as βn = 1 and

r− (1 − 2δ)(1 − r)

(1 − δ)r
<

1 − c

1 − ν− c
<

r+ (1 − 2δ)(1 − r)

δr
.

The above conditions can be further simplified as βn = 1 and 1 −
(1 − 2δ)
(1 − δ)r

<
νβp

1 −βp(1 − ν)
< 1 +

(1 − 2δ)
δr

.

Proof. (Proof for Theorem 3.8) Similar to the proof of Theorem 3.3, we begin with η̃(x,a):

h̃EO,t(x,a) = I

η̃t(x,a) ⩾
1

2 +
(−1)I(a=1)λ∗

Pr
(
Ỹ = 1,A = a

)


Because the population in group 1 is unaffected, we can obtain the conditions on λ∗. Pr (Y = 1,A = 1) =
(1− r)q. From Lemma 3.1, we know that the threshold on η(x, 1) lies in the interval (δ, 1− δ) if and only

if
1

1 − δ
< 2 −

λ∗

(1 − r)q
<

1
δ

, or equivalently,
−(1 − 2δ)(1 − r)q

δ
< λ∗ <

(1 − 2δ)(1 − r)q

1 − δ
. We will now

work towards obtaining the set of conditions on λ∗ by focusing on the quantities inside the indicator on
η̃t(x, 0). Using Proposition 3.5:

η̃t(x, 0) =
η(x, 0)

t∑
i=1

 1 − ci
1 − νi

t∏
j=i+1

cj

1 − νj

η(x, 0) +
t∏

i=1

ci
1 − νi

⩾
1

2 +
λ∗

Pr
(
Ỹ = 1,A = 0

)
From previous derivations, we know that Pr

(
Ỹ = 1,A = 0

)
= rq

∏t
i=1(βp,i(1−νi). Simplifying the

above expression gives us the following:

η(x, 0) ⩾
1

2
t∏

i=1

1 − νi
ci

+
λ∗

rq
∏t

i=1 βn,i
−

t∑
i=1

1 − ci
ci

i−1∏
j=1

1 − νj

cj



44



Chapter 3. How Far Can Fairness Constraints Help Recover From Biased Data? 3.9. Proofs

where
∏i−1

j=1
1−νj

cj
= 1 whenever j > i.

Using similar arguments as in Proposition 3.3, the denominator must lie in the range ((1−δ)−1, δ−1),
which gives us the following inequalities on λ∗:

rq

t∏
i=1

βn,i

1 − δ
− 2rq

t∏
i=1

[
(1 − νi)βp,i

]
+ rq

(
t∏

i=1

[
(1 − νi)βp,i

]) t∑
j=1

1 − cj

cj

j−1∏
k=1

1 − νk
ck

 < λ∗ (3.3)

and

λ∗ <

rq

t∏
i=1

βn,i

δ
− 2rq

t∏
i=1

[
(1 − νi)βp,i

]
+ rq

(
t∏

i=1

[
(1 − νi)βp,i

]) t∑
j=1

1 − cj

cj

j−1∏
k=1

1 − νk
ck

 (3.4)

To get a tight bound, we can obtain an upper bound on the left side of Equation 3.3 and a lower
bound on the right side of Equation 3.4, using the assumed maximal bias of βn,t ∈ [βn, 1],βp,t ∈
[βp, 1] and νt ∈ [0,ν], where ν < 1

2 . This gives us the following bounds on λ∗:

rq

1 − δ
− 2rq(1 − ν)tβt

p + rq
1 −βt

n

βt
n

< λ∗ <
rqβt

n

δ
− 2rq+ rq(1 − ν)tβt

p(βp − 1)
1 −βt

p(1 − ν)t

1 −βp(1 − ν)
(3.5)

Comparing this with the conditions on λ∗ found earlier:
−(1 − 2δ)(1 − r)q

δ
< λ∗ <

(1 − 2δ)(1 − r)q

1 − δ
,

we get the following inequalities:

(1 − 2δ)(1 − r)

(1 − δ)r
−

δ

1 − δ
>

1
βt
n

− 2βt
p(1 − ν)t

and

(1 − 2δ)(1 − r)

δr
> (1 − ν)tβt

p(1 −βp)
1 −βt

p(1 − ν)t

1 −βp(1 − ν)
−

βt
n

δ
− 2

Theorem 3.11. Assuming boundedness on data bias parameters at each time step: βn,t ∈ [βn, 1],
βp,t ∈ [βp, 1] and νt ∈ [0,ν], where ν < 1

2 ; whenever the following relationships hold:

(1 − 3δ)(βp − 1)
1 −βt

p(1 − ν)t

1 −βp(1 − ν)
− 2δ− (1 − δ)

(
1 −βt

n

βt
n

− 2βt
p(1 − ν)t

)
> 0 and

1 + δ

(
(βp − 1)

1 −βt
p(1 − ν)t

1 −βp(1 − ν)
−

2
βt
n

− (2δ− 1)
1 −βt

n

βt
n

)
− 2(δ− 1) > 0,

we have h̃DP,t(x,a) = hDP(x,a) = h∗.
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Proof. We again begin with the thresholding results on Demographic Parity from Proposition 3.10.

h̃DP(x,a) = I

(
η̃(x,a) ⩾

1
2
−

−1I(a=1)λ∗

2

)
(Using Proposition 3.5)

=



I


η(x, 0)

t∑
i=1

 1 − ci
1 − νi

t∏
j=i+1

cj

1 − νj

η(x, 0) +
t∏

i=1

ci
1 − νi

⩾
1
2
−

λ∗

2

 , for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2

)
, for a = 1

=


I

η(x, 0) ⩾
(1 − λ∗)

∏t
i=1

ci
1 − νi

2 − (1 − λ∗)
∑t

i=1

(
1 − ci
1 − νi

∏t
j=i+1

cj

1 − νj

)
 , for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2

)
, for a = 1

=


I

η(x, 0) ⩾
1

2
1 − λ∗

∏t
i=1

1 − νi
ci

−
∑t

i=1

(
1 − ci
ci

∏i−1
j=1

1 − νj

cj

)
 , for a = 0

I

(
η(x, 1) ⩾

1
2
+

λ∗

2

)
, for a = 1

where
∏i−1

j=1
1−νj

cj
= 1 whenever j > i. From Lemma 3.1, we know that the threshold on η(x, 1)

lies in the interval (δ, 1 − δ) if and only if δ <
1
2
+

λ∗

2
< 1 − δ, or equivalently, 2δ− 1 < λ∗ < 1 − 2δ.

Similarly, the threshold on η(x, 0) lies in the interval (δ, 1 − δ) if and only if the denominator lies in the
range ((1 − δ)−1, δ−1) which gives us the following inequalities on λ∗:

1 + (1 − δ)

(∑t
i=1

(
1 − ci
ci

∏i−1
j=1

1 − νj

cj

)
− 2

∏t
i=1

1 − νi
ci

)
1 + (1 − δ)

∑t
i=1

(
1 − ci
ci

∏i−1
j=1

1 − νj

cj

) < λ∗ (3.6)

λ∗ <

1 + δ

(∑t
i=1

(
1 − ci
ci

∏i−1
j=1

1 − νj

cj

)
− 2

∏t
i=1

1 − νi
ci

)
1 + δ

∑t
i=1

(
1 − ci
ci

∏i−1
j=1

1 − νj

cj

) (3.7)

To get a tight bound, we can obtain an upper bound on Equation 3.6 and a lower bound on Equation
3.7, using the assumed maximal bias of βn,t ∈ [βn, 1],βp,t ∈ [βp, 1] and νt ∈ [0,ν], where ν < 1

2 . This
gives us the following bounds on λ∗:
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1 + (1 − δ)

(
1 −βt

n

βt
n

− 2βt
p(1 − ν)t

)
1 + (1 − δ)(βp − 1)

(
1 −βt

p(1 − ν)t

1 −βp(1 − ν)

) < 1 − 2δ , and

2δ− 1 <

1 + δ

(
(βp − 1)

(
1 −βt

p(1 − ν)t

1 −βp(1 − ν)

)
−

2
βt
n

)

1 + δ
1 −βt

n

βt
n

Therefore, to have a λ∗ which satisfies both sets of inequalities, the following conditions must hold:

(1 − 3δ)(βp − 1)
1 −βt

p(1 − ν)t

(1 −βp(1 − ν)
− 2δ− (1 − δ)

(
1 −βt

n

βt
n

− 2βt
p(1 − ν)t

)
> 0 (3.8)

and

1 + δ

(
(βp − 1)

1 −βt
p(1 − ν)t

(1 −βp(1 − ν)
−

2
βt
n

− (2δ− 1)
1 −βt

n

βt
n

)
− 2(δ− 1) > 0 (3.9)
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Chapter 4

A Closer Look at Pre-/In- and Post-Processing Interventions

Abstract
In this chapter, we will first highlight a simple observation that the fair Bayes optimal characterization result

from Propositions 2.2 and 2.3 can be implemented as a pre-processing of the data distribution, an in-processing of
the loss function, or as a post-processing of the class posterior probability. We will then examine the effects of data
bias on pre-, in-, and post-processing fair classifiers, assessing the robustness of accuracy and fairness to varying
levels of noise and bias in the training data.

§ 4.1 Revisiting Fair Bayes Optimal Classifiers
In Propositions 2.2 and 2.3, we described the fair Bayes optimal classifier as a thresholding of the group-
dependent class posterior probability η(X,A). In this section, we highlight a subtle observation: the
optimal threshold rule can be implemented both as pre-processing reweighing of the data distribution
and as weighted risk minimization. This observation has also been recently highlighted by [Zen+26],
and we will largely follow their methodology.

Let D̃ be a modified distribution derived from D. We assume that the pre-processing interven-
tion preserves the feature distributions conditioned on the subgroups, and only modifies the sub-
group probabilities: Pr

(
X̃ = x|Ỹ = y, Ã = a

)
= Pr (X = x|Y = y,A = a), but π̃ya = Pr

(
Ỹ = y, Ã = a

)
̸=

Pr (Y = y,A = a) = πya.
For pre-processing, our aim is to output a distribution D̃ such that the unconstrained Bayes optimal

classifier on D̃ is fair. We now highlight that a simple modification to subgroup probabilities (πya) is
enough to achieve that for any λ. Note that while this re-weighting scheme can be constructed for any
fairness disparity (and hence any λ), we illustrate the result for exact fairness.

Theorem 4.1. (Theorem 5.1 in [Zen+26]) Suppose there exists a λ∗ such that the Bayes optimal
classifiers in Propositions 2.2 and 2.3 exist. Let D̃ be the distribution constructed by modifying
the subgroup probabilities π̃ya so that the unconstrained Bayes optimal classifier on D̃: h̃(x,a) =
I
(
η̃(x,a) ⩾ 1

2
)

is fair with respect to D. Then, setting the subgroup probabilities as follows suffices
for the construction of D̃:

• Demographic Parity: π̃ya = πya ·
(

1
2 +

(2a−1)λ∗

2πa
(1 − 2y)

)
· ca,
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• Equal Opportunity: π̃ya = πya ·

(
y

(
1 − 2

2− (2a−1)λ∗
π1a

)
+ 1

2− (2a−1)λ∗
π1a

)
· ca,

where ca > 0 are group-dependent constants that ensure that D̃ is a valid probability distri-
bution, i.e.,

∑
(y,a)

π̃ya = 1.

With the new subgroup proportions, one can modify the distribution with under-/over-sampling
particular subgroups to obtain a new distribution, where the unconstrained Bayes optimal classifier
will be guaranteed to be fair. [Zen+26] also proposes empirically stable techniques to reduce variability
in sampling, when λ is obtained via bisection search and the ‘ideal’ datasets are obtained iteratively.

Next, we will similarly restate the in-processing version of fair Bayes optimal classifiers. Our aim is
to find a loss function l̃ such that the unconstrained minimization of l̃ outputs the fair Bayes optimal
classifier.

Theorem 4.2. (Theorem 5.2 in [Zen+26]) Suppose there exists a λ∗ such that the Bayes optimal
classifiers in Propositions 2.2 and 2.3 exist. Then, let l̃(h(x,a),y) = cyal01(h(x,a),y), where cya =
1
2 + λ∗

2πa
(2a− 1)(1− 2y) for Demographic Parity, and cya =

(1−2y)
2−λ∗(2a−1)

π1a

+y for Equal Opportunity.

Then, h̃ ∈ arg min
h

E
(X,A,Y)∈D

[
l̃(h(X,A), Y)

]
is the fair Bayes optimal risk minimizer.

The structure of the results in Theorems 4.1 and 4.2 shows that any characterization result (which is
inherently a post-processing classifier) can be tailored to define a pre-processing scheme or a weighted
risk. This exact methodology can be applied to several characterization results in the fairness literature
[MW18; Chz+19; HZ24; Hu+25; YHC25]. Such characterizations also serve as inspiration for instance-
level debiasing scores [CKL23] and group-level flipping mechanisms such as Randomized response
[WZC24].

§ 4.2 Comparing Pre-/In-/Post-Processing Fair Classifiers

under Data Bias
In the previous section, we highlighted the theoretical equivalence of obtaining the fair Bayes opti-
mal classifiers via different mechanisms. However, in practice, implementation may differ due to the
number of available samples, access to the model, and the relaxation of constraints, among other fac-
tors. We will now empirically compare the performance of several widely used fair machine learning
algorithms, especially when the underlying unfairness stems from group-dependent data biases and
differences between the training and test distributions.

Many works in fair classification have studied the failure of fairness and accuracy guarantees un-
der distribution shifts (e.g., covariate shift, label shift) between the training and test distributions and
proposed fixes under reasonable assumptions [Sch+19; DB20; Rez+21; Sin+21; Mai+21; DW21; BM21;
Sch+22]. In the following sections, we consider a simple and natural data bias model that incorporates
under-representation and label biases [BS19], to study the change in accuracy and fairness of various
classifiers as we inject bias in their training data. The central question we ask is: Among the various fair
classifiers available in the standard fairness toolkits (e.g., [Bel+18]), which ones are less vulnerable to data bias?

The focus of the analysis that follows is group-fair classification, which aims to ensure equal or
near-equal outcomes across different sensitive groups (e.g., race, gender). Examples of group fairness

49



4.2. Comparing Pre-/In-/Post-Processing Fair Classifiers under Data Bias Chapter 4. A Closer Look at Pre-/In- and Post-Processing Interventions

include Equal Opportunity (Definition 2.4) and Demographic Parity (Definition 2.3). Various bias miti-
gation techniques have been proposed for group-fair classification motivated by different applications
and stages of the machine learning pipeline [Zli15; Fri+19; Meh+21]. They are broadly categorized
into three types: Pre-Processing, where one transforms the input data, independent of the subsequent
stages of training, and validation [KC12; Fel+15; Cal+17], In-Processing, where models are trained
by fairness-constrained optimization [CV10; Kam+12; Zem+13; Zaf+17b; ZLM18; Aga+18; Cel+19],
and Post-Processing, where the output predictions are adjusted afterward to improve fairness [KKZ12;
HPS16b; Ple+17]. These techniques appear side by side in standard fairness toolkits, with little nor-
mative guidance on which to choose. Furthermore, it is unclear what happens to such standard fair
classifiers when they are trained and exposed to varying amounts of data bias over time in the training
or deployment environments. We aim to close this gap by providing an auditing method for comparing
different fair classifiers under a simple model of data bias.

To examine the effect of data bias on group-fair classifiers, we use a theoretical model by Blum &
Stangl (Example 3.1 and Blum and Stangl [BS19]) for under-representation and label bias, introduced
in the previous chapter. It is a simple model for demographic under-/over-sampling and implicit label
bias seen in real-world data [Sha+17; BG18; WHM19; GK06; KR18]. Given a train-test data split, we
create biased training data by injecting under-representation and label bias in the training data (but
not the test data). We then study the error rates and (un)fairness metrics of various pre-, in-, and post-
processing fair classifiers on the original test data, as we vary the amount of bias in their training data.
We inject two types of under-representation biases in the training data: βp-bias, where we undersam-
ple the positive labeled population of the minority group by a multiplicative factor of βp, and βn-bias,
where we undersample the negative labeled population of the minority group by a multiplicative factor
of βn. We examine the effect of increasing the parameters βp and βn separately as well as together.
We also investigate the effect of label bias parameter ν, where we flip the positive labels of the minority
group to negative ones with probability ν. We cannot hope to re-create real-world data bias scenarios
via this synthetic pipeline [BG18; WHM19], but our findings on stability/instability of various classi-
fiers can be somewhat useful towards designing fair pipelines in the presence of various data biases.

Our main contributions and observations are as follows.

• Using synthetic and real-world datasets (Adult, German Credit, Bank Marketing, COMPAS), we
show that the fairness and accuracy guarantees of many fair classifiers from standard fairness
toolkits are highly vulnerable to under-representation and label bias. In fact, often, an unfair
classifier (e.g., logistic regression classifier) trained on the correct data can be more accurate and
fairer than fair classifiers trained on biased data.

• Some fair classification techniques (viz., reweighing [KC12], exponentiated gradients [Aga+18],
adaptive reweighing [JN20]) have stable accuracy and fairness guarantees even when their train-
ing data is injected with under-representation and label bias. We provide a theoretical justification
to support the empirically observed stability of the reweighing classifier [KC12]; see Theorem 4.3.

Section 4.2.1 explains related work to set the context for our work. Section 4.3 explains our experimental
setup, and Section 4.4 discusses our key empirical observations. Section 4.5 contains some relevant
theorems and proof outlines. Section 4.6 discusses our work in the context of other research directions
on data bias in fair machine learning.

§ 4.2.1 Related Work
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Prior Work on Distribution Shifts: The robustness of ML models when there is a mismatch between the
training and test distributions has been studied under various theoretical models of distribution shifts,
e.g., covariate shift and label shift. Several works have studied fair classification subject to these distri-
bution shifts and proposed solutions under reasonable assumptions on the data distribution [Cos+19;
Sch+19; BS19; Rez+21; Sin+21; DB20; BM21; DW21; Mai+21; Gig+22].

Coston et al. [Cos+19] study the problem of fair transfer learning with covariate shift under two
conditions: availability of protected attributes in the source or target data, and propose to solve these
problems by weighted classification and using loss functions with twice differentiable score disparity
terms. Schumann et al. [Sch+19] present theoretical guarantees on different scenarios of fair transfer
learning for equalized odds and equal opportunity through a domain adaptation framework. Rezaei
et al. [Rez+21] propose an adversarial framework to learn fair predictors in the presence of covariate
shift by formulating a game between choosing fair minimizing and maximizing target conditional la-
bel distributions, formulating a convex optimization problem which they ultimately solve using batch
gradient descent. Singh et al. [Sin+21] propose to learn stable models with respect to fairness and
accuracy in the presence of shifts in data distribution using a causal graph modeling the shift, using
the framework of causal domain adaptation, deriving solutions that are worst-case optimal for some
kinds of covariate shift. Dai et al. [DB20] talk about the impact of label bias and label shift on standard
fair classification algorithms. They study label bias and label shift through a common framework that
assumes the availability of a trained, fair classifier on true labels and analyzes its performance at test
time when either the true label distribution changes or the new test-time labels are biased. Biswas et al.
[BM21] focus on addressing the effects of prior probability shifts on fairness and propose an algorithm
and a metric called Prevalence Difference, which, when minimized, ensures Proportional Equality.

Our study builds on the under-representation and label bias model proposed in Blum & Stangl
[BS19]. Under this model, they prove that the optimal fair classifier that maximizes accuracy subject
to fairness constraints (equal opportunity constraints, to be precise) on the biased data distribution
also maximizes accuracy on the unbiased data distribution. Along similar lines, Maity et al. [Mai+21]
derive conditions under which fairness constraints in the presence of subpopulation shifts yield better
accuracy on the test distribution. Jiang et al. [JN20] have also considered the label bias model, although
we examine the aggregate effect across varying levels of label bias. Our observations on label bias also
corroborate various findings by other works investigating the role of label noise in fair classification
[Lam+19; FCG20; WLL21; KL22]. Under-representation bias can also be studied as a targeted Sample
Selection Bias mechanism [Cor+08]. Some work has been done on fair sample selection bias [DW21;
Zhu+23], which we elaborate on next.

Du et al. [DW21] propose a framework for training classifiers robust to sample selection bias using
reweighing and minimax robust estimation. The selection of samples is indicated by S. The aim is to
train using a part of the distribution where S = 1 but generalize well for fairness and accuracy on the
overall population (both S = 0 and S = 1). Du et al. [DW21] show that robust and fair classifiers
on the overall population can be obtained by solving a reweighed optimization problem. Giguere et
al. [Gig+22] consider a demographic shift in which a certain group becomes more or less probable
in the test distribution than in the training distribution. They output a classifier that retains fairness
guarantees for given user-specified bounds on these probabilities. Zhu et al. [Zhu+23] study the fair
sample selection bias problem and propose the CRAB framework, which constructs a causal graph
based on the background knowledge about the data collection process and external data sources.

Prior Work on Comparative Analysis of Fair Methods: We compare various fair classifiers in the
presence of under-representation and label bias. Our work complements the surveys in fair machine
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learning that compare different methods either conceptually [Zli15; Meh+21; PS22; Fen+22] or empiri-
cally, on important aspects like the choice of data processing, splits, data errors, and data pre-processing
choices [Fri+19; BM21; Qia+21; Isl+22]. Friedler et al. [Fri+19] compare several fair classification meth-
ods with respect to how data is prepared and preprocessed for training, how different fairness metrics
correlate with each other, stability with respect to slight changes in the training data, and the use of mul-
tiple sensitive attributes. Islam et al. [Isl+22] conceptually compare various fairness metrics and further
use that to empirically compare 13 fair classification approaches on their fairness-accuracy tradeoffs,
scalability with respect to the size of the dataset and dimensionality, robustness against training data
errors such as swapped and missing feature values, and variability of results with multiple training
data partitions. On the other hand, we compare various classifiers with respect to changes in the dis-
tribution, while keeping most aspects, such as base classifiers and data preprocessing, the same across
methods.

Parallel to our work, Akpinar et al. [Akp+22] propose a simulation toolbox based on the under-
representation setting from Blum & Stangl [BS19] to stress test four different fairness interventions
with user-controlled synthetic data and data biases. On the other hand, our work uses the under-
representation framework from Blum & Stangl [BS19] to extensively examine the stability of different
types of fair classifiers on various synthetic and real-world datasets. While Akpinar et al. [Akp+22]
focus on proposing a simulation framework to extensively test all findings of Blum & Stangl [BS19], we
focus on using the under-representation framework to highlight the differences in performance between
various fair classifiers and theoretically investigating the stability of one of the fair classifiers.

§ 4.3 Experimental Setup
For our analysis, we select a comprehensive suite of commonly used fair classifiers implemented in
the open-source AI Fairness 360 (AIF-360) toolkit [Bel+18]. From the available choice of pre-processing
classifiers, we include two: 1. Reweighing (‘rew’) [KC12], and 2. Adaptive Reweighing (‘jiang_nachum’)
[JN20]. Since ‘jiang_nachum’ is not a part of AIF-360, we use the original implementation1. Among the
in-processing classifiers in AIF-360, we choose three: 1. Prejudice Remover classifier (‘prej_remover’)
[Kam+12], 2. Exponentiated Gradient Reduction classifier (‘exp_grad’), and its deterministic version
(‘grid_search’) [Aga+18] and 3. Kearns et al. (‘gerry_fair’) [Kea+18]. From post-processing classifiers,
we choose three: 1. the Reject Option classifier (‘reject’) [KKZ12], 2. the Equalized Odds classifier (‘eq’)
[HPS16b], and 3. the Calibrated Equalized Odds algorithm (‘cal_eq’) [Ple+17]. We omitted some clas-
sifiers from the AIF-360 toolkit for two reasons: resource constraints and their extreme sensitivity to
hyperparameter choices.

All fair classifiers use a base classifier in their optimization routine to mitigate unfairness. We exper-
iment with two base classifiers: a logistic regression (LR) model and a Linear SVM classifier with Platt’s
scaling [Pla+99] for probability outputs. We use the Scikit-learn toolkit to implement the base classifiers
[Ped+11]. The ‘prej_remover’ and ‘gerry_fair’ classifiers do not support SVM as a base classifier; hence,
we only show results for those on LR.

The fairness metric we use in the following sections is Equalized Odds (EODDS) [HPS16b], which
is defined as follows:

1 https://github.com/google-research/google-research/tree/master/label_bias
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Definition 4.1. For a distribution D defined over X× {0, 1}× {0, 1}, a classifier h : X× {0, 1}→ {0, 1}
satisfies Equalized odds if Pr (h(X,A) = 1|Y = 1,A = 0) = Pr (h(X,A) = 1|Y = 1,A = 1) (Equality of
true positive rates), and Pr (h(X,A) = 0|Y = 0,A = 0) = Pr (h(X,A) = 0|Y = 0,A = 1) (Equality of
true negative rates).

Blum & Stangl [BS19] suggest that the equal opportunity (Definition 2.4) and equalized odds con-
straints on biased data can be more beneficial than demographic parity constraints (Definition 2.3).
Therefore, we use the equalized odds constraint for ‘jiang_nachum’ and ‘exp_grad’. We report Equal-
ized Odds results in the main text and report average Equal Opportunity Difference (EOD) and Statis-
tical Parity Difference (SPD) results in Section 4.8.4.

We train on multiple datasets to perform our analysis. We consider four standard real-world datasets
from fair classification literature: the Adult Income dataset [DG17], the Bank Marketing dataset [MCR14],
the COMPAS dataset [Ang+16], and the German Credit dataset [DG17]. We also consider a synthetic
dataset setup from Zeng et al. [ZDC22a], which consists of binary labels and sensitive attributes. We
use the existing standard train-test splits for a given dataset, or, if unavailable, a 70%-30% stratified split
across subgroups. Section 4.8.1 gives specific details for all datasets.

To perform our analysis, we use the data bias model from Blum & Stangl [BS19] and inject varying
amounts of under-representation and label bias into the original training data before giving it to a clas-
sifier. We summarize our experimental setup in Algorithm 4.1, presented in Section 4.8.2. In essence, we
inject under-representation bias into the training data by retaining samples from the 10-subgroup and
the 00-subgroup with probability βp and βn, respectively, where ya denotes the subgroup defined by
label y and group a. We consider ten different values each for βp and βn varying over {0.1, 0.2, ....., 1.0}.
This results in 100 different settings (10 βp factors x 10 βn factors) for training data bias. We separately
inject ten different levels of label bias by flipping the favorable label of the underprivileged group to
an unfavorable one (10 → 00) with a probability ν varying over {0.0, 0.1, ........, 0.9}. The test set for all
settings is the original split test set, either provided with the original dataset or extracted separately
beforehand. This results in 110 datasets corresponding to different data bias settings, and consequently
110 different results for each particular fair classifier. Finally, training all classifiers and procedures
for creating biased training data using βp, βn, and ν is repeated 5 times to account for sampling and
optimization randomness.

We also note that some fair classifiers on our list, such as ‘exp_grad’ and ‘cal_eq’, are randomized.
Therefore, repeating the entire pipeline multiple times and reporting means and standard deviations
normalizes the random behavior of these methods to some extent, apart from the measures taken during
implementation in widely used toolkits like the one we are using, AIF-360 [Bel+18]. The code to train
and reproduce the results is available here 2.

§ 4.4 Stability of Fair Classifiers: Under Representation

and Label Bias
We now present our experimental results on the stability of the fairness and accuracy guarantees of var-
ious fair classifiers after injecting under-representation and label bias into their training data. Stability
means whether the error rate and unfairness exhibit high variance/spread in response to increases or
decreases in under-representation or label bias. A stable behavior is indicated by small changes in error

2 https://github.com/mohitsharma29/comparision_data_bias_fairness
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Figure 4.1: Error Rate-EODDS values for various classifiers on all datasets, with no explicit under-
representation and label bias. The blue horizontal and vertical lines denote the error rate and EODDS of a
base LR model without any fairness constraints.

rate and unfairness, as βp,βn or ν change.

We first plot the unfairness (Equalized Odds) and error rates of various fair classifiers on the original
training splits. Figure 4.1 shows the results of various fair classifiers with a logistic regression model on
original dataset splits without any explicitly injected under-representation or label bias. While most fair
classifiers exhibit an expected behavior of trading off some accuracy to minimize unfairness, some clas-
sifiers perform worse in mitigating unfairness than the unfair LR model. We attribute this to the strong
effects of different data preprocessing methods on the performance of fair classifiers, as noted in previ-
ous work [Fri+19; BR21a]. Other results with SVM as a base classifier, Equal Opportunity Difference,
and Statistical Parity Difference are given in Section 4.8.3.

We can also inspect Figure 4.1 and other figures later in this section by looking at the four quadrants
formed by the blue horizontal and vertical lines corresponding to the unfairness and error rate of the
base LR model. Following a Cartesian coordinate system, most fair classifiers, when trained on the
original training set without explicit under-representation or label bias, lie in the fourth quadrant, as
they trade off some accuracy to mitigate unfairness. Any method in the first quadrant is poor, as it
performs worse than the base LR model on both error rate and unfairness. Finally, any method in the
third quadrant is excellent, as it improves both error rate and fairness relative to the LR model.

Figure 4.1 shows how various fair classifiers perform without explicit under-representation and
label bias. In this figure, we summarize all available results for a given dataset in various ways to
get a holistic picture. We show the stability of error rates and Equalized Odds unfairness and look at
the average stability of the other two metrics: Equal Opportunity and Statistical Parity Difference, since
many times in practice, we care about the performance of methods against a fixed set of metrics. We now
look at the individual effects of both under-representation factors (βp, βn and label bias (ν)), with the
LR model as a reference, denoted by the vertical and the horizontal error rate and Equal Opportunity
Difference (EOD) lines, respectively. Figure 4.2(a) shows those results for the Compas dataset. The
results for the Adult, Synthetic, Bank Marketing, and Credit datasets are given in Section 4.8.4. We first
observe that many fair classifiers exhibit a large variance in the unfairness-error rate plane and often
become unfair as the bias factors increase. This is also indicated by how the fair classifiers jump from
quadrant four to quadrant one, as βp, βn, or ν increase. In fact, for the ‘prej_remover’ classifier, the
results lie outside the plot limits, indicating its instability. Even when its average SPD is measured in
Figure 4.2(c) (‘prej_remover’ is implicitly optimized for SPD), we observe that it does not perform well.

However, ‘rew’, ‘jiang_nachum’, and ‘exp_grad’ fair classifiers remain stable across all three kinds of
biases for both error rate and EOD and show a minimal spread across both the error rate and unfairness
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(a) (b)

Algo. Err. SPD EOD

base lr 0.324
±
0.011

0.206
±
0.011

0.126
±
0.024

svm 0.338
±
0.013

0.186
±
0.014

0.106
±
0.028

rew lr 0.327
±
0.006

0.198
±
0.026

0.123
±
0.037

svm 0.343
±
0.008

0.177
±
0.027
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± 0.04

jiang
nachum

lr 0.39 ±
0.014

0.066
±
0.017

0.018
±
0.009

svm 0.389
±
0.011
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±
0.018

0.016
±
0.006

exp
grad

lr 0.333
±
0.009

0.07 ±
0.025

0.029
±
0.022

svm 0.354
±
0.017

0.057
± 0.02

0.029
±
0.021

grid
search

lr 0.336
±
0.016

0.194
±
0.107

0.163
±
0.096

svm 0.358
±
0.025

0.163
±
0.092

0.13 ±
0.089

gerry
fair

lr 0.41 ±
0.037

0.113
±
0.057

0.097
±
0.082

svm - - -
prej

remover
lr 0.654

±
0.024

0.303
±
0.137

0.246
±
0.118

svm - - -

eq lr 0.37 ±
0.012

0.05 ±
0.016

0.044
±
0.021

svm 0.381
±
0.014

0.046
±
0.018

0.043
±
0.022

cal_eq lr 0.343
±
0.022

0.251
±
0.141

0.171
±
0.092

svm 0.353
±
0.022

0.216
±
0.114

0.144
±
0.083

reject lr 0.415
±
0.019

0.079
±
0.027

0.038
±
0.019

svm 0.413
±
0.021

0.081
±
0.026

0.041
±
0.018

(c)

Figure 4.2: Stability analysis of various fair classifiers on the Compas dataset (Lighter the shade, more the
under-representation and label bias): (a) The spread of error rates and Equalized Odds(EODDS) of various
fair classifiers as we vary βp, βn and label bias separately. The vertical and horizontal reference blue lines
denote the performance of an unfair logistic regression model on the original dataset without any under-
representation or label bias. (b) Heatmap for Error Rate and EODDS across all different settings of βp and βn.
Darker values denote lower error rates and unfairness. Uniform values across the grid indicate stability to dif-
ferent βp and βn. (c) Mean error rates, Statistical Parity Difference (SPD), and Equal Opportunity Difference
(EOD) across all βp and βn settings for both kinds of base classifiers (SVM and LR).
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(EOD) axes. They tend to remain in the same quadrant with varying bias factors. This remains true on
other datasets as well (as shown in Section 4.8.4). Furthermore, it is interesting to note that a simple
logistic regression model tends to stay relatively stable in the presence of under-representation and
label biases, and on many occasions, more fair than many fair classifiers in our analysis.

We can also look at the combined effect of βp and βn in Figure 4.2(b) with the help of heatmaps.
Each cell in the heatmap denotes a possible βp,βn setting, thus covering all the 100 possible settings.
Darker color values in cells denote lower error rates and unfairness. For this analysis, to examine
stability with heatmaps, we look for uniformity of colors across the entire grid, meaning that the error
rate and unfairness values do not change with different βp and βn values.

Figure 4.2(b) again confirm the stability of ‘rew’, ‘jiang_nachum’ and ‘exp_grad’ fair classifiers even
when they are trained on datasets with combined βp and βn biases. However, ‘jiang_nachum’ and
‘exp_grad’ emerge as stable and better classifiers in terms of their unfairness values than the ‘rew’
classifier because they have darker uniform colors across their entire error rate and unfairness grid. The
‘eq’ classifier also remains stable for unfairness, except on the Credit dataset (shown in Section 4.8.4).
Amongst the classifiers optimized for Equalized Odds (‘jiang_nachum’, ‘exp_grad’, ‘eq’, and ‘cal_eq’),
‘jiang_nachum’ and ‘exp_grad’ emerge as the most stable ones in terms of error rate and unfairness.

To quantitatively summarize the findings from the heatmap plots and to show this statistic with
other choices of base classifiers (LR and SVM) and unfairness metrics (SPD and EOD), we look at the
average performance across 100 different settings of βp and βn in Figure 4.2(c) for the Compas dataset.
An indication of stability in these results is whether the mean error rate and unfairness across 100 differ-
ent under-representation settings remain low, and whether the mean performance has a low standard
deviation. Because we run the entire experimental setup 5 times with different random seeds for re-
producibility, the values represent the mean of the means across 5 runs for each βp,βn setting, along
with its standard deviation across the 100 settings. We report the top-3 mean and top-3 standard devi-
ation values for each column, where the top-3 means the lowest 3 error rates and the lowest unfairness
metrics (SPD and EOD).

Across all datasets, the observations for the emboldened values corroborate our findings from the
heatmap plots. For both unfairness metrics (SPD and EOD), ‘exp_grad’ and ‘jiang_nachum’ often ap-
pear in the top-3 mean performance across all settings, whereas ‘rew’, ‘jiang_nachum’ and ‘exp_grad’
often appear in the top-3 smallest standard deviation values, indicating their stability. Furthermore,
‘rew’ and ‘jiang_nachum’ often appear in the top-3 mean and standard deviation list for error rate.
‘rew’ often appears in the top-3 mean performance for Statistical Parity Difference (SPD). As expected,
the unfair base classifier often appears in the top-3 list of mean error rates, since its objective is always
to minimize error rates without regard for unfairness. Finally, when looking over all datasets’ results,
we find that ‘exp_grad’ and ‘jiang_nachum’ often emerge as the most stable classifiers across metrics
like EOD and SPD, despite not being trained to minimize those metrics, further solidifying their stable
behavior.

Another interesting observation across the results of all datasets is that the deterministic version
of the ‘exp_grad’ fair algorithm, the ’grid_search’ classifier [Aga+18], is very unstable compared to
the ’exp_grad’ classifier, which is the most stable amongst the lot, indicating that in the face of data
bias, randomness might help. This observation of randomized methods exhibiting more robustness
than deterministic ones is corroborated by recent studies on the robustness of randomized fair Bayes
optimal classifiers [AD22; Aga+; JD25].

Finally, it is worth noting that the stability of ‘rew’ and ‘exp_grad’ has also been reported in another
benchmarking study about testing various fair classifiers in the presence of varying sensitive attribute
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noise [GKW23]. This indicates towards a potentially stable performance from reweighing-based ap-
proaches in the presence of varying kinds of data biases and noises in the training data.

§ 4.5 Stability Theorems for Reweighing Classifier

The following theorems give a theoretical justification for the stability of test accuracy when the reweigh-
ing classifier [KC12] is trained even on data injected with extreme under-representation such as βp → 0
or βn → 0.

Theorem 4.3. Let D be the original data distribution and β ∈ (0, 1]. Let Dβ be the biased data
distribution after injecting under-representation bias in D using any βp = β (or similarly any
βn = β). Let h be any binary classifier and L(h) be any non-negative loss function on the predic-
tion of h and the true label. Let L ′ denote the reweighed loss according to Kamiran et al. [KC12].
Then

α2

4
ED[L(h)] ⩽ EDβ

[L ′(h)] ⩽
4
α

ED[L(h)],

where α =
minij Pr(Y=i,A=j)

maxij Pr(Y=i,A=j) denotes the subgroup imbalance in the original distribution D.

The proof for this theorem is given in Section 4.8.5. The proof involves bounding subgroup and
group/label probabilities using α, and with a reasonable assumption that X ′|Y ′ = y,A ′ = a in Dβ ∼

X|Y = y,A = a in D. The main takeaway from Theorem 4.3 is the following: when we reweigh a given
non-negative loss function using the Reweighing scheme from Kamiran & Calders [KC12] on samples
from Dβ, we always lie in some constant ‘radius’ of the true expected loss on D for any classifier h.
This does not tell us anything about the expected loss on D itself, but rather, about the ability of the
reweighed loss L ′ to recover from any arbitrary under-representation bias β. However, the constant
factors depend on α, the worst-case imbalance between the subgroups for a given distribution.
Remark 4.5.1. Whenever ED[L(h)] is small, Theorem 4.3 says that the expected reweighed loss on the
biased distribution EDβ

[L ′(h)] will also be small, for any classifier h. This means that if we are given
a non-negative loss function that also subsumes a given fairness constraint (let’s call it Lfair), then
reweighing with Lfair can yield low unfairness and stable classifiers.

Using Theorem 4.3, we prove the following bound on the expected loss of the reweighing classifier
that is obtained by empirical minimization of the reweighed loss on the biased distribution Dβ but
tested on the original distribution D.

Theorem 4.4. For any β ∈ (0, 1], let ĥβ be the classifier obtained by empirical minimization of the
reweighed loss L ′ on N samples from the biased distribution Dβ defined as in Theorem 4.3. Then,
with probability at least 1 − δ, we have

ED[L(ĥβ)] ⩽
16
α3β

√
ln (2/δ)

2N
+

16
α3 ED[L(h∗)],

where h∗ is the Bayes optimal classifier on the original distribution D, α is the subgroup imbalance
as in Theorem 4.3.

The proof for this theorem is given in Section 4.8.5. It uses a generalized version of Hoeffding’s
inequality [Hoe63], proof of Theorem 2 of Zhu et al. [ZLL21] and Theorem 4.3. Note that Theorem 4.4
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implies that given any ϵ > 0 and δ > 0, we can get the guarantee

ED[L(ĥβ)] ⩽
16
α3 ED[L(h∗)] + ϵ,

with probability at least 1 − δ, by simply choosing the number of samples N from Dβ in the empirical
reweighed loss minimization to be large enough so that

N ⩾
128 log(2/δ)

α6β2ϵ2 .

It is important to note that Theorems 4.3 and 4.4 hold for data without any injected bias, i.e., βp =

βn = 1, where such theoretical guarantees for the reweighing classifier [KC12] were not known earlier.

§ 4.6 Discussion
In this section, we discuss where our results stand in the context of related works on distribution shifts
and data bias in real-world AI/ML models and make a few practical recommendations based on our
work.

§ 4.6.1 Under-Representation and Distribution Shifts

Let Prtrain and Prtest define the probabilities for training and testing distributions, respectively, with a
random data point denoted by (X,A, Y) with features X, sensitive attribute A, and class label Y. Let Y = 1
be the favorable label and A = 0 be the underprivileged group. A covariate shift in fair classification is
defined as Prtrain(Y|X,A) = Prtest(Y|X,A) [Rez+21]. Singh et al. [Sin+21] look at fairness and covariate
shift from a causal perspective using the notion of a separating set of features that induce a covariate
shift. Coston et al. [Cos+19] look at covariate shift and domain adaptation when sensitive attributes are
not available at source (train) or target (test).

Distribution shifts can also be induced via class labels. Dai et al. [DB20] present a more general
model for label bias, building upon the work of Blum et al. [BS19]. They present a model for label shift
where Prtrain(Y) ̸= Prtest(Y), but Prtrain(X|Y,A) = Prtest(X|Y,A). Biswas et al. [BM21] study model shifts
in prior probability, where Prtrain(Y = 1|A) ̸= Prtest(Y = 1|A) but Prtrain(X|Y = 1,A) = Prtest(X|Y = 1,A).
Our work is also different from sample selection bias [Cor+08] (selection of training samples at random
vs. sensitive group dependent under-sampling and label flipping), but may have some connections
to fair sample selection bias [DW21], where the objective is to train only on selected samples(S = 1),
but generalize well for fairness and accuracy on the overall population (unselected samples S = 0 and
S = 1). An interesting question in this regard is how to design fair classifiers that are stable against a
range of malicious sample-selection biases.

The under-representation model used in this chapter comes from Blum et al. [BS19] and can be
thought of as the following distribution shift: Prtrain(Y = 0,A = 0) = βn · Prtest(Y = 0,A = 0) and
Prtrain(Y = 1,A = 0) = βp · Prtest(Y = 1,A = 0), while the other two subgroups (Y = 0,A = 1) and
(Y = 1,A = 1) are left untouched. Overall, the distribution of (X,A) remains unchanged, while the
distribution of Y changes only for the underprivileged group A = 0. The above distribution shift is
different from covariate and label shifts in that it affects both the joint marginal P(X,A) and P(X|Y,A).

In a broader sense, beyond the mathematical definition used in our work, under-representation
of a demographic and implicit bias in the labels are known problems observed in real-world data.
Shankar et al. [Sha+17] highlight geographic over-representation issues in public image datasets and
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how this can harm use cases involving prediction tasks in developing countries. Buolamwini et al.
[BG18] highlight a similar under-representation issue with gender classification systems trained on
over-represented lighter-skinned individuals. Wilson et al. [WHM19] highlight similar disparities for
pedestrian detection tasks. Biased labels in the training data have also been observed in the context of
implicit bias in the literature [GK06; KR18].

§ 4.6.2 Practical Recommendations

We show that the performance guarantees of commonly used fair classifiers can be highly unstable
when their training data is under-represented and exhibits label bias. Our experimental setup serves
as a dashboard template to assess the vulnerability of fair classifiers to data bias by injecting bias using
simple models similar to Blum & Stangl [BS19].

Our work emphasizes the importance of creating test suites to assess robustness to data bias and
incorporating them with modern fairness toolkits such as AIF-360 [Bel+18]. Our results complement
previous studies on the stability across different train-test splits [Fri+19] or different data pre-processing
strategies [BR21a]. We experiment with a range of βp,βn and ν factors. In practice, this can be done
with a user-supplied range of under-representation and label bias relevant for specific use cases. The
ability to measure the stability of chosen fairness metrics across dynamically specified bias factors can
be a great first step towards the safe deployment of fair classifiers, similar to works such as Shifty
[Gig+22].

Our results show that some classifiers like ‘jiang_nachum’ [JN20] and ‘exp_grad’ [Aga+18] can re-
main relatively unscathed in the presence of varying under-representation and label biases. The stability
is maintained even when they are trained and tested on mismatching fairness metrics. This motivates
using such reweighing methodologies when the level of data biases our model might see is unknown.

Motivated by the same setup as Blum & Stangl [BS19], Akpinar et al. [Akp+22] also propose a toolkit
and dashboard to stress-test fair algorithms in a user-controlled synthetic setup, allowing the user to
control various aspects of the simulation. A handy addition to existing fairness toolkits, such as AIF-
360 [Bel+18], and Fairlearn [Bir+20] can be to incorporate input distribution stability routines from our
work, and Akpinar et al. [Akp+22], along with some comparative analysis routines from Friedler et
al. [Fri+19] to create a practical checklist for any fairness algorithm. Finally, our experimental setup
can provide an additional tool for assessing the robustness of models to data bias, alongside existing
robustness test suites, e.g., CheckList [Rib+20].

§ 4.7 Conclusion

We show that many state-of-the-art fair classifiers exhibit substantial performance variance when their
training data is injected with under-representation and label bias. We propose an experimental setup
to compare different fair classifiers under data bias. We show how the Bayes Optimal unfair and fair
classifiers behave under under-representation bias. We give a theoretical bound on the accuracy of the
reweighing classifier [KC12] that holds even under extreme data bias. Finally, we discuss our work in
the broader context of data bias literature and make practical recommendations.

A limitation of our work is that we use a simple model to introduce under-representation and label
bias, which cannot address the root causes of different kinds of biases in real-world data. Thinking
about the causal origin of data bias may allow one to model more types of bias and obtain better fixes
under reasonable assumptions. Theoretically explaining the stability of the ‘exp_grad’ [Aga+18], and
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Dataset # Data Pts. Outcome (Y) Sensitive At-
tribute(S)

Dropped Columns

Adult
[DG17]

45k Income(>50k,
<=50k)

Sex (Male, Female) fnlwgt, education-
num, race

Bank
[MCR14]

41k Term De-
posit (Yes,
No)

Age (<=25, >25) poutcome, contact

Compas
[Ang+16]

6k Recidivate
(Yes,No)

Race(African-
American, Cau-
casian)

sex

Credit
[DG17]

1k Credit Risk
(good, bad)

Sex (Male, Female) age, for-
eign_worker

Synthetic
[ZDC22a]

20k 0, 1 0, 1 NA

Table 4.1: Details of all the datasets used in our Experiments.

‘jiang_nachum’ [JN20] fair classifiers with under-representation bias is also an interesting future work.

§ 4.8 Additional Results and Proofs

In this section, we present the omitted details of the experiments and additional simulations, as well as
the proofs of the results in Section 4.5.

§ 4.8.1 Dataset Information

Table 4.1 lists all information pertaining to the datasets used in our experiments. We choose to drop
columns that either introduce many empty values or represent sensitive attributes. The reason for
dropping the non-primary-sensitive attributes is to avoid unintended disparate treatment. The choice
of sensitive attributes for each dataset is motivated by previous works in fair ML literature [Zaf+17b;
Aga+18; Fri+19; JN20].

The synthetic dataset setup from Zeng et al. [ZDC22a] consists of a binary label y ∈ {0, 1} and a
binary sensitive attribute setting a ∈ {0, 1}. We sample data from subgroup-specific 100-dimensional
Gaussian distributions X ∼ N(µay,σ2I100) where I100 denotes a 100× 100 identity matrix and all entries
of µay are sampled from U(0, 1). We sample 20, 000 training examples and 5000 test examples.

§ 4.8.2 Algorithm to create different Data Bias scenarios

Algorithm 4.1 gives a detailed description of how we inject varying amounts of under-representation
and label bias for the considered fair classifiers.

§ 4.8.3 Original Split results for other settings

Figures 4.4, 4.5 and 4.6 show the results of all fair classifiers when we use either a Logistic Regression
model or an SVM model, and measure unfairness using Statistical Parity or Equal Opportunity Differ-
ence as a metric. Note that ‘gerry_fair’ and ‘prej_remover’ are missing from Figures 4.5 and 4.6 because
these two classifiers do not support SVM as a base classifier for their fairness routines.

§ 4.8.4 Stability Analysis for remaining datasets
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Figure 4.3: Error Rate-EOD values for various classifiers on all datasets, with no explicit under-representation
and label bias. The blue horizontal and vertical lines denote the error rate and EOD of a base LR model
without any fairness constraints.

Figure 4.4: Error Rate-SPD values for various classifiers on all datasets, with no explicit under-representation
and label bias. The blue horizontal and vertical lines denote the error rate and SPD of a base LR model without
any fairness constraints.

Figure 4.5: Error Rate-EOD values for various classifiers on all datasets, with no explicit under-representation
and label bias. The blue horizontal and vertical lines denote the error rate and EOD of a base SVM model
without any fairness constraints.
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Algorithm 4.1: Experimental Pipeline for Under-Representation and Label Bias
Input: A fair classifier, or a base classifier (lr or svm without fairness constraints): cls, original training

dataset: data_train, test dataset: data_test. All samples in data_train and data_test are of the
form (x,y,a)

Output: Results for all under-representation and label bias setting for cls on the test set, with multiple
runs.

1 all_runs_results = {}
2 for run← 1 to 5 do
3 under_rep_results = {}, label_bias_results = {}
4 for βp ∈ [0.1....1.0] do
5 for βn ∈ [0.1....1.0] do
6 train_data(βp,βn)← Randomly sample βp proportion of (y = 1,a = 0) subpopulation and

βn proportion of (y = 0,a = 0) subpopulation from data_train, include other
subpopulations same as data_train.

7 under_rep_results[(βp,βn)]← result for cls on train_data(βp,βn)

8 for ν ∈ [0.0....0.9] do
9 train_data(ν)← Randomly flip ν proportion of (y = 1,a = 0) subpopulation examples to

(y = 0,a = 0) from data_train, include other subpopulations same as data_train.
10 label_bias_results[ν]← result for cls on train_data(ν)

11 all_runs_results[run] = (under_rep_results, label_bias_results)

12 return all_runs_results

Figure 4.6: Error Rate-SPD values for various classifiers on all datasets, with no explicit under-representation
and label bias. The blue horizontal and vertical lines denote the error rate and SPD of a base SVM model
without any fairness constraints.

Figures 4.7, 4.8, 4.9 and 4.10 show the scatter plot, heatmap and average results for the Synthetic, Adult,
Credit and Bank Marketing datasets respectively.

§ 4.8.5 Proofs for Section 4.5

Proof. (Proof for Theorem 4.3) We present the proof for the binary label y and the sensitive attribute a.
The proof proceeds similarly for multiple labels and sensitive attributes.

Assume that the subgroup probabilities on D are denoted by Pr(Y = y,A = a) = pya: p00,p01,p10,p11.

For the loss L, we can write its expectation under distribution D as:

E(X,Y,A)∼D[L(h(X), Y)] =
∑
y,a

Pr(Y = y,a = a) EX|Y=y,A=a[L(h(X),y)]

Let m = min{p00,p01,p10,p11}, M = max{p00,p01,p10,p11}, and α = m/M.

For the rest of the proof, we will assume an under-representation bias on (Y = 1,A = 0) subgroup
with bias β. The proof for bias on (Y = 0,A = 0) subgroup will work out similarly.

We denote by Dβ the distribution induced because of the under-representation bias on (Y = 1,A =
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Figure 4.7: Stability analysis of various fair classifiers on the Synthetic dataset (Lighter the shade, more the
under-representation and label bias): (a) The spread of error rates and Equalized Odds (EODDS) of various
fair classifiers as we vary βp, βn and label bias separately. The vertical and horizontal reference blue lines
denote the performance of an unfair logistic regression model on the original dataset without any under-
representation or label bias. (b) Heatmap for Error Rate and EODDS across all different settings of βp and βn.
Darker values denote lower error rates and unfairness. Uniform values across the grid indicate stability to dif-
ferent βp and βn. (c) Mean error rates, Statistical Parity Difference (SPD), and Equal Opportunity Difference
(EOD) across all βp and βn settings for both kinds of base classifiers (SVM and LR).
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Figure 4.8: Stability analysis of various fair classifiers on the Adult dataset (Lighter the shade, more the under-
representation and label bias): (a) The spread of error rates and Equal Opportunity Difference(EOD) of various
fair classifiers as we vary βp, βn and label bias separately. The vertical and horizontal reference blue lines
denote the performance of an unfair logistic regression model on the original dataset without any under-
representation or label bias. (b) Heatmap for Error Rate and EOD across all different settings of βp and βn.
Darker values denote lower error rates and unfairness. Uniform values across the grid indicate stability to dif-
ferent βp and βn. (c) Mean error rates, Statistical Parity Difference (SPD), and Equal Opportunity Difference
(EOD) across all βp and βn settings for both kinds of base classifiers (SVM and LR).
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Figure 4.9: Stability analysis of various fair classifiers on the Credit dataset (Lighter the shade, more the
under-representation and label bias): (a) The spread of error rates and Equalized Odds (EODDS) of various
fair classifiers as we vary βp, βn and label bias separately. The vertical and horizontal reference blue lines
denote the performance of an unfair logistic regression model on the original dataset without any under-
representation or label bias. (b) Heatmap for Error Rate and EODDS across all different settings of βp and βn.
Darker values denote lower error rates and unfairness. Uniform values across the grid indicate stability to dif-
ferent βp and βn. (c) Mean error rates, Statistical Parity Difference (SPD), and Equal Opportunity Difference
(EOD) across all βp and βn settings for both kinds of base classifiers (SVM and LR).
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Figure 4.10: Stability analysis of various fair classifiers on the Bank dataset (Lighter the shade, more the under-
representation and label bias): (a) The spread of error rates and Equalized Odds (EODDS) of various fair clas-
sifiers as we vary βp, βn and label bias separately. The vertical and horizontal reference blue lines denote the
performance of an unfair logistic regression model on the original dataset without any under-representation
or label bias. (b) Heatmap for Error Rate and EODDS across all different settings of βp and βn. Darker values
denote lower error rates and unfairness. Uniform values across the grid indicate stability to different βp and
βn. (c) Mean error rates, Statistical Parity Difference (SPD), and Equal Opportunity Difference (EOD) across
all βp and βn settings for both kinds of base classifiers (SVM and LR).
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0) subgroup, where p ′
10 ∝ βp10, and p ′

ya ∝ pya for rest of the subgroups.

For the reweighing loss L ′, the reweighing weight Wya is given by the following expression [KC12]:

Wya =
Pr (Y ′ = y) Pr (A ′ = a)

Pr (Y ′ = y,A ′ = a)
.

Now we can write

E(X ′,Y ′,A ′)∼Dβ
[L ′(h(X ′), Y ′)] =

∑
y,a

Pr
(
Y ′ = y,A ′ = a

)
EX ′|Y ′=y,A ′=a[L

′(h(X ′),y)]

=
∑
y,a

Pr
(
Y ′ = y,A ′ = a

)
EX ′|Y ′=y,A ′=a[WyaL(h(X

′),y)]

=
∑
y,a

Pr
(
Y ′ = y,A ′ = a

)
Wya EX ′|Y ′=y,A ′=a[L(h(X

′),y)]

=
∑
y,a

Pr
(
Y ′ = y

)
Pr
(
A ′ = a

)
EX ′|Y ′=y,A ′=a[L(h(X

′),y)].

Thus, we have

EDβ
[L ′] = E(X ′,Y ′,A ′)∼Dβ

[L ′(h(X ′), Y ′)]

=
∑
y,a

Pr
(
Y ′ = y

)
Pr
(
A ′ = a

)
EX ′|Y ′=y,A ′=a[L(h(X

′),y)]

=
∑
y,a

Pr
(
Y ′ = y

)
Pr
(
A ′ = a

)
EX|Y=y,A=a[L(h(X),y)],

because X ′|Y ′ = y,A ′ = a in Dβ remains the same as X|Y = y,A = a in D even after injecting under-
representation.

For the distribution Dβ, assume that the normalization constant for the subgroup probabilities is
N ′ =

∑
Y ′=y,A ′=a pya = p00 + p01 +βp10 + p11.

We can write down individual label and sensitive attribute probabilities as follows in Dβ: Pr (Y ′ = 0) =
(p00 + p01)/N

′, Pr (Y ′ = 1) = (βp10 + p11)/N
′, Pr (A ′ = 0) = (p00 +βp10)/N

′ and Pr (A ′ = 1) = (p01 +

p11)/N
′.

We will now attempt to lower and upper bound

Pr (Y ′ = y) Pr (A ′ = a)

Pr (Y = y,A = a)

in terms of α, for any Y,A ∈ {0, 1} and any β ∈ (0, 1]. Let N = 1 = p00 + p01 + p10 + p11. For example,
for Y = 0,A = 0 we get

α

2
⩽

p00 + p01

N
⩽

(p00 + p01)

N ′
(p00 +βp10)

N ′
N

p00
⩽

N

p00
⩽

4
α

,

using N ′ ⩽ N, p00 ⩽ p00 +βp10 and the definition of m,M and α. Similarly, working out the upper and
lower bounds for each of the four probability terms in the expected reweighed loss expression above,
we get a common bound

α2

4
⩽

Pr (Y ′ = y) Pr (A ′ = a)

Pr (Y = y,a = a)
⩽

4
α

,

67



4.8. Additional Results and Proofs Chapter 4. A Closer Look at Pre-/In- and Post-Processing Interventions

for any y,a ∈ {0, 1}. Now we can plug in these bounds in the following expression for ED[L].

ED[L] = E(X,Y,A)∼D[L(h(X), Y)]

=
∑
y,a

Pr (Y = y,A = a) EX|Y=y,A=a[L(h(X),y)]

Using the sandwich bound with the final form of EDβ
[L ′], we get:

α2

4
ED[L] ⩽ EDβ

[L ′] ⩽
4
α

ED[L].

Before proving Theorem 4.4, we prove a small proposition that will be useful for later results.

Proposition 4.1. Let L be a non-negative bounded loss between [0,B]. Let ĥ be the empirical risk
minimizing classifier with loss L with N samples: ĥ = argminh∈H

1
N

∑N
i=1 L(h(xi,yi)), where

{(x1,y1), (x2,y2), ..., (xN,yN)} are i.i.d. samples from D. Let h∗ = argminh∈H E(x,y)∼D[L(h(x),y)].
Then with probability of at least 1 − δ, we have

ED[L(ĥ)] ⩽ B

√
log(2/δ)

2N
+ ED[L(h∗)].

Proof. The proof follows directly from the proof of Thm. 1 in [ZLL21], and a general form of Hoeffding’s
inequality for any non-negative bounded loss3.

We are now ready to prove Theorem 4.4.

Proof. (Proof of Theorem 4.4) Using the results from Theorem 4.3, for any h and β, we can write

α2

4
ED[L(h)] ⩽ EDβ

[L ′(h)] ⩽
4
α

ED[L(h)].

For ĥβ, we can use the lower bound from Theorem 4.3 to get

ED[L(ĥβ)] ⩽
4
α2 EDβ

[L ′(ĥβ)]. (4.1)

We now assume that L is a bounded loss between [0, 1]. if not, we can rescale it to lie in [0, 1]. Using
m = min{p00,p01,p10,p11}, M = max{p00,p01,p10,p11}, and α = m/M, we can show that the reweighing
factor

Wya =
Pr (Y ′ = y) Pr (A ′ = a)

Pr (Y ′ = y,A ′ = a)
⩽

4
αβ

.

for all y,a ∈ {0, 1}. This can be done by using the upper bound from Theorem 4.3 and the fact that in
the worst case (Y = 1,A = 0 here), Pr(Y=y,A=a)

Pr(Y ′=y,A ′=a) = 1
β .

Thus, the reweighed loss L ′ is bounded between [0, 4/(αβ)]. Now, using Proposition 4.1 and that ĥ
is the empirical minimizer of the reweighed loss L ′ on N samples from the biased distribution Dβ, we
obtain that

EDβ
[L ′(ĥβ)] ⩽

4
αβ

√
log(2/δ)

2N
+ EDβ

[L ′(h ′)].

3 http://cs229.stanford.edu/extra-notes/hoeffding.pdf
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where h ′ is the Bayes optimal classifier for the reweighed loss L ′ on the biased distribution Dβ. Now
let h∗ be the Bayes optimal classifier for the loss L on the original distribution D. Thus, EDβ

[L ′(h
′
)] ⩽

EDβ
[L ′(h∗)], and we get

EDβ
[L ′(ĥβ)] ⩽

4
αβ

√
log(2/δ)

2N
+ EDβ

[L ′(h∗)]. (4.2)

Combining (4.1) and (4.2), we have

ED[L(ĥβ)] ⩽
4
α2

(
4
αβ

√
log(2/δ)

2N
+ EDβ

[L ′(h∗)]

)

=
16
α3β

√
log(2/δ)

2N
+

4
α2 EDβ

[L ′(h∗)]

⩽
16
α3β

√
log(2/δ)

2N
+

16
α3 ED[L(h∗)],

where we use the upper bound in Theorem 4.3 to get the last inequality. That completes the proof of
Theorem 4.4.
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Chapter 5

On Optimal Steering to Achieve Exact Fairness

Abstract
To fix the ‘bias in, bias out’ problem in fair machine learning, it is important to steer feature distributions of

data or internal representations of Large Language Models (LLMs) to ideal ones that guarantee group-fair outcomes.
Previous work on fair generative models and representation steering could greatly benefit from provable fairness
guarantees on the model output. We define a distribution as ideal if the minimizer of any cost-sensitive risk on it
is guaranteed to have exact group-fair outcomes (e.g., demographic parity, equal opportunity)—in other words, it
has no fairness-utility trade-off. We formulate an optimization program for optimal steering by finding the nearest
ideal distribution in KL-divergence, and provide efficient algorithms for it when the underlying distributions come
from well-known parametric families (e.g., normal, log-normal).

Empirically, our optimal steering techniques on both synthetic and real-world datasets improve fairness with-
out diminishing utility (and sometimes even improve utility). We demonstrate affine steering of LLM representa-
tions to reduce bias in multi-class classification, e.g., occupation prediction from a short biography in Bios dataset
(De-Arteaga et al.). Furthermore, we steer internal representations of LLMs towards desired outputs so that it
works equally well across different groups.

§ 5.1 Introduction
The importance of clean or ideal data in fair machine learning cannot be overstated. The principle of bias
in, bias out is widely recognised as a root cause of unfair outcomes in ML systems [BG18; May19; RR20;
Cow+20]. Models trained on biased data tend to learn, perpetuate, and often amplify such biases. Im-
portantly, the problem of biased data extends beyond training: fairness-constrained training on biased
data does not guarantee fairness on (unbiased) test sets, and post-processing using biased validation
data fails to ensure fairness at deployment. Moreover, fairness audits based on biased assessment data
can be misleading and difficult to reverse [BR21b; Bak+21].

Fairness metrics such as demographic parity and equal opportunity are inherently functions of both
the model and the data distribution. Thus, unfair outcomes may be addressed either by adjusting the
model or by altering the data distribution. While prior work on fair in-processing aims to construct an
ideal model under fairness constraints [Aga+18; Don+18], our work focuses instead on identifying an
ideal data distribution that supports fairness. In this respect, our approach aligns most closely with the
fair pre-processing literature.
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Early work by Kamiran and Calders [KC12] introduced heuristic reweighting methods for binary
classification, adjusting the weights of instances from class i and group a using Pr (Y = i) · Pr(A=a)

Pr(Y=i,A=a) .
However, this approach ignores feature distributions and provides no fairness guarantees when com-
bined with accuracy maximisation. Calmon et al. [Cal+17] framed fair pre-processing as an optimi-
sation problem that balances distance to the original distribution with group and individual fairness
constraints. While convex in some settings, their approach may be infeasible when group and individ-
ual fairness are incompatible [FSV21].

Other work explores alternative mechanisms: Jiang and Nachum [JN20] address label bias through
reweighting; Plečko and Meinshausen [PM20] and Plečko et al. [PBM24] propose fair adaptation meth-
ods based on causal models; and Xiong et al. [Xio+24] reformulate pre-processing as a large-scale mixed-
integer program, solved via a cutting-plane method. Fair pre-processing remains widely used in prac-
tice, often integrated into fairness toolkits alongside in- and post-processing methods [Bel+18; Bir+20].
Despite its heuristic nature, the reweighing method of Kamiran and Calders [KC12] continues to per-
form well in mitigating bias across standard benchmarks [SDS23b; Blo+24; Xio+24].

A common goal of all fair pre-processing methods is to find an ideal data distribution close to the
given distribution so that any downstream model trained on it must have guaranteed fairness. A
stronger requirement that this should hold for downstream models optimized for multiple tasks leads
to impossibility results [Lec+21]. If all downstream classifiers are required to be fair, then the group-
wise distributions must be nearly identical, which is absurd. Thus, we restrict our downstream models
only to Bayes optimal classifiers for cost-sensitive risks. Our first contribution is to formally define an
ideal distribution as the one where the Bayes optimal classifier for any cost-sensitive risk satisfies exact
fairness (e.g., satisfies equal opportunity perfectly).

Bayes optimal classifier maximizes accuracy on a given distribution, and is a significant object of
study in statistical machine learning [DGL96]. Fair Bayes optimal classifier maximizes accuracy sub-
ject to fairness constraints, and its mathematical characterization for binary fair classification has been
important in fair classification [MW18; Chz+19; Cel+21; ZDC22b]. Blum and Stangl [BS19] introduces
a data bias model that injects under-representation and label bias in an original unbiased distribution
to create biased data. They show that, for a stylized distribution under some conditions, the fair Bayes
optimal classifier on the biased distribution recovers the Bayes optimal classifier on the original unbi-
ased distribution. Their unbiased distribution is ideal by construction, i.e., the Bayes optimal classifier
on their unbiased distribution is guaranteed to be perfectly fair. In Chapter 3, we extended this obser-
vation to general hypothesis classes and distributions beyond the stylized setting of Blum and Stangl
[BS19]. Blum et al. [Blu+23] study fair Bayes optimal classifier whether its accuracy is robust to mali-
cious corruptions in data distribution. In contrast to these results, our focus is not on finding the ideal
classifier but on finding the nearest ideal distribution.

By definition, our ideal distribution has no trade-off between accuracy (or cost-sensitive utility) and
fairness. If we find an ideal distribution close to our original distribution, we can steer our distribution
towards reducing fairness-accuracy trade-off. Moreover, if the ideal distribution offers better accuracy,
it suggests that we can steer our distribution to improve both accuracy and fairness simultaneously.
Fig. 5.1 gives such an example where the pre-processing of [KC12], in contrast, leaves the original
distribution unchanged, and our method provides a direction to steer the distribution towards better
accuracy and fairness simultaneously.

Dutta et al. [Dut+20] characterize a similar objective using Chernoff Information (see Cover [Cov99])
and formulate an optimization program to find the nearest distribution in KL-divergence on which the
Chernoff Information gap between two group-conditional feature distributions vanishes. Their opti-
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Figure 5.1: Comparison of different interventions for changing Data Distributions for Exact Fairness. Figure
(5.1a) captures the original distribution, its Bayes error (BE), and the unfairness differences (∆DP and ∆EO). In
Figure (5.1b), we only change the under-privileged group using Corollary 5.2, and in Figure (5.1c) we change
all four subgroups using Proposition 5.3. Finally, in Figure (5.1d), we match the means of the two groups.
Figures (5.1b) and (5.1c) show that it is possible to construct ‘ideal’ distributions that are close to the given
distribution where both the BE and ∆DP/∆EO are small.

mization problem is not known to be efficiently solvable and the fairness guarantees in terms of Cher-
noff Information gap does not translate easily to standard fairness metrics such as demographic parity,
equal opportunity etc. In contrast, we formulate an optimization problem to find the nearest ideal dis-
tribution in KL-divergence to given distribution and give efficient algorithms to solve it for various
parametric families of distributions. To put our results to the test, we also apply our interventions to
steer the representations of an LLM [Tou+23; Gra+24] for fair multi-class classification [DA+19; Sin+24]
and emotion steering [Zha+24]. We are able to improve the effectiveness of steering without signifi-
cantly affecting the accuracy and are able to demonstrate how our notion of ideal distributions can help
guide interventions for practical applications.

For completeness, we also want to make the reader aware of a long line of work on fair represen-
tation learning where the data transformations can map the distributions to another space [Zem+13;
Mad+18; MOW19; Liu+22; Cer+24]. Our work is not directly related, but can potentially be used to
refine fair representations to achieve provable and exact fairness guarantees. Our approach falls within
the realm of fair pre-processing, where we transform the data distribution to remain within the same
joint feature and target space as the given distribution. We also note that, to derive non-parametric,
black-box post-processing techniques to obtain ideal distributions for potentially many cost-sensitive
risks, tools such as Multicalibration and Omniprediction can be a good starting point [HJ+18; Hu+23].
We now summarize our key contributions.

• We define ideal distribution (Definition 5.1) for fair classification as the one on which the Bayes
optimal classifier for any cost-sensitive risk satisfies exact fairness (e.g., exact demographic parity,
exact equal opportunity).

• When group and class-conditioned distributions belong to well-known parametric families of
distributions (e.g., Gaussian, log-normal), we can succinctly rewrite the property of being an ideal
distribution as a parametric condition (Proposition 5.2).

• The problem of finding the nearest ideal distribution to a given distribution is intractable in gen-
eral. We formulate it as an optimization problem of the KL-divergence subject to the parametric
conditions required for being ideal (Section 5.4). As stated, it is a non-convex optimization prob-
lem (Proposition 5.3), but we show how to solve it efficiently. We also provide a closed-form
optimal solution in special cases (Theorem 5.1, Corollary 5.2). When better accuracy is achievable
on the nearest ideal distribution, it suggests a direction to steer the original distribution in order to
improve both accuracy and fairness.

• To illustrate the effect of different interventions, we show the effect of using Affirmative Action
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(Corollary 5.2), changing all subgroups (Proposition 5.3) and matching the means of sensitive
groups for different univariate distribution where we can compute the Bayes Optimal Group-
aware classifiers analytically in Figures 5.1-5.2.

• To demonstrate how our guarantees can aid practical applications, we also perform experiments
to steer LLM representations to reduce bias in multi-class classification (Figure 5.3) and effective
group-level emotion steering (Figure 5.4).

§ 5.2 Problem Setup and Preliminaries
Let (X,A, Y) be a random data point from a joint distribution D over X×A×Y, where X,A,Y denote the
sets of features, sensitive attributes, and class labels, respectively. Let qia = Pr (Y = i,A = a) and Pia

denote the distribution X
∣∣ Y = i,A = a with the probability density pia(x) = Pr

(
X = x

∣∣ Y = i,A = a
)
.

When Pia’s come from parametric families of distributions, we assume X = Rd. We work with the
following well-known definitions of fairness in classification [Dwo+12a; HPS16a; BHN19].

Using our definitions of unfairness metrics from Chapter 2, we define quantitative metrics of unfair-
ness. For example, ∆DP,y(h,D) denotes the absolute value of difference between Pr (h(X,A) = y|A = a)

and Pr (h(X,A) = 1|A = a ′). Similarly, ∆EO,y(h,D) denotes the absolute value of difference between
Pr (h(X,A) = y|Y = y,A = a) and Pr (h(X,A) = y|Y = y,A = a ′). Whenever we are dealing with bi-
nary classification, we will omit the use of y in the subscript.

We consider group-aware classifiers. For binary classification tasks, we are particularly interested in
threshold classifiers ht(x,a) that apply a group and feature dependent threshold t(x,a) to the class
probability of an example: ht(x,a) = I (η(x,a) ⩾ t(x,a)) where η(x,a) = Pr (Y = 1|X = x,A = a).
The Bayes optimal classifier for a given distribution has the form t(x,a) = 1/2 [DGL96]. For a cost
matrix C ∈ R2×2 and the associated cost sensitive loss lC, the Bayes optimal classifier is defined as
I (η(x,a) ⩾ tC), for a threshold tC = (c10 − c00)/(c10 − c00 + c01 − c11) ∈ [0, 1], where cij denote the
entries of the cost matrix C ∈ R2×2 [Elk01; Sco12; Koy+14; SK22].

§ 5.3 Ideal Distributions for Fair Classification
We define a data distribution as ideal when minimizing any cost-sensitive risk on it is guaranteed to give
exact fairness (e.g., demographic parity, equal opportunity). In practice, downstream models trained
on a distribution are typically optimized for some performance or utility metric that may not be known
in advance. Our definition of ideal distribution allows the flexibility to choose any cost-sensitive risk as
the performance metric for downstream models and still gives exact fairness guarantee for any optimal
model downstream.

Definition 5.1. Let H be a hypothesis class of group-aware classifiers h : X × A → Y and let
∆(h,D) be a given unfairness metric, e.g., ∆DP,∆EO. Given a distribution D over X×A× Y and
a cost-sensitive risk C ∈ R|Y|×|Y|, let h∗

C = argmin
h∈H

E
D
[ℓC(h(X,A), Y)], where lC is the associated

cost sensitive loss. We call D an ideal distribution if ∆(h∗
C,D) = 0, for all C ∈ R|Y|×|Y|.

Examples of fairness metrics include Demographic Parity, Equal Opportunity, and Equalized Odds
(Definitions 2.3, 2.4 and 4.1 respectively), and examples of cost-sensitive risk include the usual 0− 1 loss
and different performance metrics which are functions of the confusion matrix metrics [Elk01; Koy+14;
SK22].
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Our definition gets around the impossibility theorems about fair representation for multiple tasks
[Lec+21]. However, we need to be careful of two things. First, our definition should not be too restrictive
to just force the group-conditioned distributions to be similar or identical, as that would be impractical.
Second, we need an efficient and equivalent way of expressing the constraint of being ideal. We show
how to express it as a parametric condition when the group and class-conditioned distributions belong
to certain well-known parametric families of distributions. This helps in checking if a given distribution
is ideal, and otherwise, finding its nearest ideal distribution.

§ 5.3.1 Parametric Conditions for Ideal Distributions

Borrowing a simple setup of parametric distributions from previous work on fair machine learning
[PCDG18], we assume that the class and group-conditioned feature distributions X

∣∣ Y = i,A = a be-
long to a parametric family of distributions, e.g., univariate or multivariate Gaussians, log-normal. In
that case, we show that the property of being ideal (Definition 5.1) can be equivalently expressed as cer-
tain parametric conditions. To begin, we will first show the set of parametric conditions for multivariate
normal distributions and a multi-class, multi-attribute setting.

Proposition 5.1. Let (X, Y,A) denote the features, class label, and group membership, respectively,
of a random data point from any data distribution D with qia = Pr (Y = i,A = a), for i ∈ Y

and a ∈ A. Let X|Y = i,A = a ∼ N(µia,Σia) be multivariate Normal distributions with mean
µia ∈ Rd and covariance matrix Σia ∈ Rd×d, for i ∈ Y and a ∈ A. If the means µia and the
covariance matrices Σia satisfy

Σ
−1/2
ia (µia − µja) = Σ

−1/2
ia ′ (µia ′ − µja ′) and

Σ
1/2
ia Σ−1

ja Σ
1/2
ia = Σ

1/2
ia ′Σ

−1
ja ′Σ

1/2
ia ′ and

qia

qja
=

qia ′

qja ′
, ∀i, j ∈ Y,a,a ′ ∈ A,

then the group-aware Bayes optimal classifier on D satisfies equal opportunity.

The proof for Proposition 5.1 is given in Section 5.8.1. When we are dealing with binary class la-
bels and group membership, we can show a necessary and sufficient condition for univariate normal
distributions.

Proposition 5.2. Let (X, Y,A) denote the features, binary class label, and binary group member-
ship, respectively, of a random data point from any data distribution D with qia = Pr (Y = i,A = a),
for i ∈ {0, 1} and a ∈ {0, 1}, and let X|Y = i,A = a ∼ N(µia,σ2

ia) be univariate normal distributions,
for i ∈ {0, 1} and a ∈ {0, 1}. Then the distribution D is ideal for equal opportunity (see Definition
5.1) if and only if

µ01 − µ11

σ11
=

µ00 − µ10

σ10
,

σ11

σ01
=

σ10

σ00
,

q10

q00
=

q11

q01
.

Proposition 5.2 shows that our parametric condition is equivalent to ∆C(h
∗
C,D) = 0, for all cost ma-

trices C ∈ R2×2. When we use a fixed cost matrix for 0-1 loss, and consider the Bayes optimal classifier
in Proposition 5.1, our parametric condition is sufficient but not always necessary. However, the same
condition ensures the Bayes optimal classifier to satisfy multiple fairness criteria simultaneously, viz.,
demographic parity, equal opportunity, equalized odds.

The proof for Proposition 5.2 is given in Section 5.8.1. It is interesting to note that the same paramet-
ric conditions imply that the Bayes optimal classifier on the corresponding distribution simultaneously
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satisfies multiple fairness criteria, viz., demographic parity, equal opportunity, and equalized odds.
Moreover, the same condition works for both univariate Gaussian and log-normal distributions. Using
our proof technique, it is easy to derive similar conditions for other parametric families too. We now
present a small proposition to link our intervention to a widely used reweighing intervention in the
fairness literature [KC12].
Remark 5.3.1. (Our conditions imply Kamiran and Calders [KC12] Intervention) Kamiran and Calders
[KC12] reweighing method essentially reweighs qia by a multiplicative factor of Pr (Y = i)Pr (A = a)

/Pr (Y = i,A = a). Let us call the resulting probabilities q̃ia. Using Pr (Y = i,A = a) = qia, Pr (Y = i) =∑
a∈A qia and Pr (A = a) =

∑
i∈Y qia, we get q̃ia ∝ qia(

∑
a∈A qia)(

∑
i∈Y qia)/qia. Hence, q̃ia/q̃ja =

q̃ia ′/q̃ja ′ =
∑

a∈A qia/
∑

a∈A qja,∀i, j ∈ Y and a,a ′ ∈ A. It is the same condition on qia’s stated in Propo-
sition 5.1. Thus, our result can be thought of as a second-stage pre-processing of Pia distributions after
applying the reweighing of Kamiran and Calders [KC12] to qia’s in the first stage.

Remark 5.3.2. (Limitation of [Dut+20]) As an interesting consequence, our conditions on µia and Σia

imply DKL
(
P̃00||P̃01

)
= DKL

(
P̃10||P̃11

)
. When the classes are balanced, the error rate of the Bayes optimal

classifier on group A = a in D̃ equals 0.5(1 − dTV(P̃0a, P̃1a)), where dTV denotes the total variation
distance [Nie14]. Thus, achieving dTV(P̃00, P̃10) = dTV(P̃01, P̃11) ensures equal error rates across both
the groups. However, there is no closed-form expression for the total variation distance between two
univariate Gaussians, and the KL-divergence can be thought of as a proxy using Pinsker’s inequality
[Can23]. This is similar to the information-theoretic argument used by Dutta et al. [Dut+20], which is
why their optimization cannot guarantee outcome fairness as we do.

§ 5.4 Finding The Nearest Ideal Distribution

When a given distribution D is not ideal, then a natural question is to find its nearest distribution D̃

that is ideal. We formulate this problem as follows.

minimize
D̃ : D̃ is ideal

DKL
(
D̃||D

)
.

In the above optimization problem, the KL-divergence objective is well-known and convex but the
constraint of D̃ being ideal is extremely non-trivial to express. We show that when the group and
class-conditioned distributions X

∣∣ Y = i,A = a come from certain well-known parametric families of
distributions, this constraint can be equivalently expressed as a constraint on the distribution param-
eters. We now give a concrete formulation of the optimization problem described in Section 5.3 using
the constraints derived in Proposition 5.1.

min
D̃

−
d

2
+

1
2

∑
(i,a)

qia(µ̃ia − µia)
TΣ−1

ia (µ̃ia − µia) +
1
2

∑
(i,a)

qia

(
tr
{
Σ−1
ia Σ̃ia

}
− log det

(
Σ−1
ia Σ̃ia

))
subject to Σ

−1/2
ia (µia − µja) = Σ

−1/2
ia ′ (µia ′ − µja ′), Σ

1/2
ia Σ−1

ja Σ
1/2
ia = Σ

1/2
ia ′Σ

−1
ja ′Σ

1/2
ia ′ and

qia

qja
=

qia ′

qja ′
, ∀i, j ∈ Y,a,a ′ ∈ A.

For readability, we will work with binary class labels and binary group attributes in this section.
However, all of our results can also be written down for multi-class and multi-group settings. In its
full generality, the above problem is non-convex, and therefore, we will first propose reducing this to a
convex optimization problem and then propose solving it in full generality by using line search.
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§ 5.4.1 Affirmative Action

We first focus on a class of interventions for which solving the optimization program is efficient. We
define Affirmative Action as changing the distribution of the underprivileged group to achieve ideal
distributions where fairness and accuracy are in accord.

Theorem 5.1. Let (X, Y,A) denote the features, binary class label, and binary group membership,
respectively, of a random data point from any data distribution D with qia = Pr (Y = i,A = a),
for i ∈ {0, 1} and a ∈ {0, 1}, such that q10/q00 = q11/q01. Let X|Y = i,A = a ∼ N(µia,Σia) be
multivariate Normal distributions, with mean µia ∈ Rd and covariance matrix Σia ∈ Rd×d, for
i ∈ {0, 1} and a ∈ {0, 1}. Let D̃ denote a distribution obtained by keeping (Y,A) unchanged and
only changing X|Y = i,A = a to X̃|Y = i,A = a ∼ N(µ̃ia, Σ̃ia). Then in the case of Affirmative
action (changing only µ̃i0 and Σ̃i0), finding the ideal distribution is a convex program, i.e., we can
efficiently minimize DKL

(
D̃||D

)
as a function of the variables µ̃i0 and Σ̃i0 subject to the constraints

in Proposition 5.1, so that the Bayes optimal classifier on the optimal D̃ is guaranteed to be EO-fair.

The proof for Theorem 5.1 is given in Section 5.8.2. While we show that the optimization program
is convex, obtaining a closed-form expression for the change in means and covariances is extremely
cumbersome for the general case. However, we can show how the closed-form expressions for µ̃i0 and
σ̃i0 look like for the univariate case in the following corollary:

Corollary 5.2. (Univariate Affirmative Action) For the case where X|Y = i,A = a ∼ N(µia,σ2
ia)

are univariate normal distributions, for i,a ∈ {0, 1} , the optimal distribution D̃ from Theorem 5.1,
with γ∗ being a function of the original distribution parameters, can be written down as:

σ̃i0 = γ∗σi1, µ̃00 = µ̃10 + γ∗(µ01 − µ11), and µ̃10 =

(
q00

µ00 − γ∗(µ01 − µ11)

σ2
00

+ q10
µ10

σ2
10

)
(
q00

σ2
00

+
q10

σ2
10

) ,

§ 5.4.2 Changing all Subgroups

Another intervention we can follow is to change all the subgroups of the given distribution. However,
a quick check through the proof of Theorem 5.1 shows that this will lead to a non-convex program.
However, just like Corollary 5.2, we can show a reasonable intervention for the univariate case, where
we change all four subgroups and search over a non-convex function using line search over a fairly
large grid size.

Proposition 5.3. (All subgroup change for Exact Fairness) Let (X, Y,A) denote the features, binary
class label, and binary group membership, respectively, of a random data point from any data
distribution D with qia = Pr (Y = i,A = a), for i ∈ {0, 1} and a ∈ {0, 1}, such that q10/q00 =

q11/q01, and let X|Y = i,A = a ∼ N(µia,σ2
ia) be univariate normal distributions, for i ∈ {0, 1} and

a ∈ {0, 1}. Let D̃ denote a distribution obtained by keeping (Y,A) unchanged and only changing
X|Y = i,A = a to X̃|Y = i,A = a ∼ N(µ̃ia, σ̃2

ia). Then minimizing DKL
(
D̃||D

)
as a function of the

variables µ̃ia and σ̃ia subject to the constraints in Proposition 5.1 leads to a non-convex program.
There exists a non-convex function γ 7→ Lγ, where γ∗ = arg min

γ∈(0,∞)

L∗
γ, which only depends on
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the original distribution parameters (Equation 5.1), such that µ̃ia and σ̃ia can be expressed as a
function of γ∗ and µia and σia.

The proof of Proposition 5.3 is provided in Section 5.8.2. We can also derive worst-case upper bounds
on the error rate and the unfairness gap ∆EO of the Bayes optimal classifier h̃ on D̃ with respect to the
original distribution D. These bounds show that both the accuracy loss and the fairness gap depend
only on the KL divergence between D and D̃. It also shows that the optimal value of our optimization
problem can be used to approximately translate the accuracy guarantee of h̃ from D̃ to D.

Proposition 5.4. Let err(h,D) denote the error rate (expected 0-1 loss) of a classifier h on the dis-
tribution D. Let dTV (D̃,D) denote the total variation distance between two distributions D̃ and
D, while DKL denotes the KL-Divergence between them. Denote the Bayes optimal classifier on
the ideal distribution D̃ as h̃ (and similarly the Bayes optimal classifier h. Then, we can bound the
error rate and the Equal opportunity of h̃ on the original distribution D as follows:

|err(h̃,D) − err(h̃, D̃)| ⩽
√

2DKL(D̃,D) and ∆EO(h̃,D) ⩽
√

8DKL
(
D̃||D

)
.

The proof for Proposition 5.4 is given in Section 5.8.2. The above bounds inform us that when the
ideal distributions are close enough to the true distribution, we do not lose much when going towards
an ideal distribution.

§ 5.5 Case Study on Gaussian Distributions
In this section, we adapt a stylized Gaussian setting from prior work (Definition 3.1 in [PCDG18], Sec-
tion 5.3 in [Bak+21]) to examine unfairness and Bayes optimal error before and after distributional
interventions. We assume homoskedastic Gaussians within each group A = a, i.e., σ0a = σ1a, so that
the Bayes classifier admits a threshold form. This enables tractable analysis of interventions aimed at
achieving a fairness–accuracy trade-off. Further details are provided in Section 5.8.3.

We evaluate four interventions: (a) the Bayes optimal classifier on the original distribution (no cor-
rection), (b) EF Affirmative: transforming the underprivileged group (A = 0) via the univariate KL
program in Corollary 5.2, (c) EF-All Subgroups: modifying all groups to minimize KL divergence to the
original distribution under exact fairness constraints (Proposition 5.3), and (d) Mean Matching: align-
ing group means while minimizing KL divergence (Proposition 5.5 in Section 5.8.2). Note that ‘EF-All
Subgroups’ involves non-convex optimization, for which we apply line search to estimate the optimal
mean–variance scaling factor γ. We report Demographic Parity (∆DP), Equal Opportunity (∆EO), KL
and Jensen–Shannon divergence, as well as Bayes Error (BE) under each intervention. For the univari-
ate Gaussian case, the Bayes-optimal thresholds are known in closed form (Lemma 5.1 in Section 5.8.1),
and allow precise computation of ∆DP and ∆EO via standard Gaussian CDFs.

We have already demonstrated the effect of different interventions for high ∆EO in Figure 5.1. To
cover another interesting case, we look at a distribution where ∆DP is high in Figure 5.2. Here, the
affirmative action intervention transforms both the under-privileged subgroups to high-variance ones,
which results in a reduction of BE and ∆DP, but at the cost of a high KL/JS-divergence with respect to
the true distribution. However, the EF-All intervention simply tries to match the variances of under-
privileged and privileged subgroups and, as a result, achieves perfect fairness and accuracy while stay-
ing close to the true distribution. Mean Matching is very similar to EF Affirmative in this case and, as
a result, has relatively high KL/JS numbers. Due to a lack of space, we show more results for differ-
ent settings: (1) same but shifted group distributions (Figure 5.5), (2) the case of ∆EO being close to 0
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Figure 5.2: Comparison of different interventions when the ∆DP on the original distribution is high. In this
case, EF-All manages to stay close to the true distribution and achieves perfect fairness and error rate, while
others deviate significantly.

(Figure 5.6), and (3) the case of a different cost sensitive risk (tC = 3/4 on η(x,a)) (Figure 5.7), in Section
5.8.3.

§ 5.6 Applications: Steering Representations of LLMs
We now empirically demonstrate how our guarantees can improve representation and generation steer-
ing in LLMs—an active area with limited theoretical grounding [Han+23; Sin+24; Zha+24; Tan+24].
Adopting the setup of Singh et al. [Sin+24], we first apply affine steering to pretrained LLM representa-
tions to reduce class-specific TPR gaps on the Bias in Bios dataset [DA+19]. We then use the framework
of Zhao et al. [Zha+24] to steer generations of movie reviews, showing that our intervention improves
expressed joy for the underperforming group.

§ 5.6.1 Reducing Per-class Disparity in Multi-class Classification

In this experiment, we aim to steer data representations to reduce disparities between groups in a multi-
class classification setting. We use the Bias in Bios dataset [DA+19], which comprises web-sourced
biographies labelled by profession and annotated for gender. The task is to predict the profession from
the biography while ensuring fairness with respect to a chosen metric. Our experimental setup closely
follows that of Singh et al. [Sin+24], who generate representations using the Llama-2 7b model [Tou+23]
and propose a method called MiMiC (Mean+Covariance Matching), which steers representations via
least squares alignment of the first two moments. They measure the TPR-gap (Definition 2.4), defined
as: TPR-gapy(h) := |P[h(X,A) = y | Y = y,A = 1] − P[h(X,A) = y | Y = y,A = 0]|.

They demonstrate that MiMiC significantly reduces the TPR-gap on the Llama-2 7b embeddings
of the Bios dataset. We adopt the same experimental pipeline as Singh et al. [SK22]; further details
are provided in Section 5.8.4.1. Our intervention, referred to as EF Affirmative in Figure 5.3, begins by
estimating the first two moments of the representations from Singh et al.’s pipeline. We then apply our
Affirmative Action framework to compute target moments corresponding to an ideal distribution. As in
Singh et al., we estimate affine transformation parameters that map the original moments to the target
ones and apply this transformation to all data representations. We use a multi-class generalization of
our optimization program in Theorem 5.1, and we lay out the details of the program and intervention
in Section 5.8.4.1.

We additionally evaluate the LEACE transformation [Bel+23b], which Singh et al. [SK22] used as
a baseline. Figure 5.3 reports the root-mean-square TPR-gaps across classes for various methods. Our
intervention consistently reduces TPR-gaps across all classes and, in many cases, outperforms both
MiMiC and LEACE. This provides empirical support for our approach: actively searching for and align-
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Figure 5.3: TPR-gap between Gender groups for all professions. All methods to steer feature representations
achieve roughly the same accuracy (in the range of 0.77-0.79). Our intervention (EF Affirmative) is able to
significantly reduce the TPR-gap for all professions. In many cases, it is even comparable or better than
previous interventions Belrose et al. [Bel+23b] and Singh et al. [Sin+24].

ing with an ideal distribution can meaningfully reduce group disparities in representation learning.

§ 5.6.2 Steering Activations for Joyful Generation

We steer LLM generation towards joyful movie reviews using the Gaussian Concept Steer (GCS) frame-
work of Zhao et al. [Zha+24], which samples steering vectors from a Gaussian vlc ∼ N(µl

c,Σl
c) for con-

cept c at layer l. This improves robustness across models and datasets compared to using a single vector.
Concept vectors for joy are estimated from GPT-4o [Hur+24] outputs and used to steer a Llama-3 8B
model [Gra+24]. At each layer l, the final token representation hl is updated as hl = (1−a) ·hl+a · vlc,
where a is the strength of the steering. Zhao et al. [Zha+24] experiment with values of a ∈ (0.03, 0.08).
We fix a = 0.03 for our experiments. Following [Zha+24], we evaluate the joyful tone using GPT-4 as
an oracle with fixed decoding parameters. We apply the GCS framework to steer movie review gen-
eration toward joy over anger, focusing on two groups: comedy and horror reviews. For each group,
we estimate Gaussian distributions of steering vectors for both directions (joyful→ angry and angry→
joyful), with the latter used for intervention. Full details are in Section 5.8.4.2.

While steering improves joyfulness overall, its effectiveness varies between groups. To address this,
we apply our EF Affirmative intervention to nudge the joyful vector for the horror group. Let N(µl

c,Σl
c)

be the original distribution and N(µ̃l
c, Σ̃l

c) be the distribution obtained after applying EF Affirmative in-
tervention (Theorem 5.1). We define ṽlc = (1−α) · vlc +α · ṽlc, where vlc ∼ N(µl

c,Σl
c) and ṽlc ∼ N(µ̃l

c, Σ̃l
c).

The final steering step updates the last-token representation at layer l as hl = (1 − a) · hl + a · ṽlc.

Figure 5.4 presents the simulation results. We report the change in joyfulness (denoted as ∆-Joyful)
before and after steering for both the comedy and horror review groups. For the horror group, we
additionally apply our EF intervention, denoted as Steering+EF, to adjust the steering vectors. We vary
the nudging parameter α, where α = 0 corresponds to the original steering vectors from Zhao et al.
[Zha+24]. As expected, moderate values of α improve joyfulness in the horror group, but excessive
nudging distorts the steering vector, reducing its effectiveness.
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Figure 5.4: Change in Joyful score(∆-Joyful) before and after adjusting the steering. Our intervention (‘EF
Affirmative’) pushes up the effectiveness of steering the ’Horror’ group, relative to the ‘Comedy’ group.

§ 5.7 Discussion and Future Work

We address fair classification by introducing the notion of ideal distributions—those that admit the
Bayes-optimal classifier satisfying exact fairness. For common parametric families, we show that iden-
tifying such distributions reduces to a KL divergence minimisation problem, subject to fairness con-
straints on the Bayes-optimal classifier. We characterize conditions under which this problem is feasible
and tractable. Through simulations, we demonstrate that the resulting interventions can steer the orig-
inal distribution towards both perfect fairness and Bayes-optimal accuracy while remaining close in
distributional distance. Additionally, we show that our method extends to post-training interventions,
effectively steering learned representations toward desired behavioural outcomes.

We study the foundational problem of finding the nearest ideal distribution to a given distribution.
This has many potential applications, such as correcting training data bias, learning fair representations,
steering intermediate representations for fair generation, etc. Fair pre-processing or reweighing is closer
to our mathematical setup, and steering intermediate representations gives a compelling application
for LLMs. Our KL optimization program can be used to measure training data bias and guide data
collection policies in practice, especially when the models are trained for fairness, but the inherent bias
in data is unresolved.

Our theoretical results are on the fairness of the Bayes optimal classifier and the corresponding op-
timization programs, which are tractable and mathematically easier to analyse for parametric families
of distributions, e.g., multivariate Gaussians. Multivariate Gaussians may not always fit real-world
data, but can be justifiably used to model concepts and internal representations [Zha+24; EP25]. There
can be scenarios and applications where a parametric assumption may not fit well with the input data
distribution, and hence, analyzing the fair Bayes optimal classifier will become highly non-trivial.

An important extension is to determine how to steer a given distribution within a fixed budget
so that exact fairness constraints are satisfied. This is relevant when deviations from the original dis-
tribution are costly or infeasible, and can inform data collection or active learning strategies for fair
classification [Hol+19; JG20; Dut+20; Awa+21]. In such cases, it may be necessary to relax the fair-
ness constraints and seek approximate solutions, prompting the need for efficient algorithms that op-
erate under finite-sample settings. In a finite-sample regime, we have high probability estimates of the
moments and other distribution-dependent quantities, so our approach leads to approximate fairness
guarantees. To go beyond distributional assumptions, we can leverage previous work that maps given
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data distribution to tractable, parametric families using invertible transforms that preserve Bayes error,
so our results become applicable [The+21]. We can also assume distributions with bounded moments
instead of parametric families, and still bound the Bayes error and other relevant quantities [MB24].
This requires a careful analysis and is certainly a very important future direction.

The framework of ideal distributions can also be applied to audit deployed models for fairness, par-
ticularly when the evaluation data may itself be biased [Akp+22; SDS23b; Bha+23], offering a pathway
toward more robust fairness evaluation protocols. Prior work on fairness audit has mostly focused on
auditing a given model instead of auditing training or evaluation data. There is a long line of work to
demonstrate that the fairness-accuracy trade-off disappears when data bias is accounted for [WT+19;
BS19; Dut+20; Mai+21; SD24; LRB25]. The KL gap in our formulation can be used as a metric of data
bias, and Theorem 5.1 essentially gives an algorithmic recipe to find the minimally different distribution
relative to the given one.

Our conditions can also be incorporated into optimization objectives to steer data generation to-
ward ideal distributions. We demonstrate this by applying post-training interventions to steer LLM
representations for multi-class fair classification and emotion control. More generally, our optimiza-
tion framework and parametric conditions can be embedded into the training objectives of generative
models. Modern generative approaches such as Variational Autoencoders [KW19] and Normalizing
Flows [Pap+21] often assume parametric latent distributions, such as mixtures of Gaussians. Embed-
ding fairness-aware ideality conditions into these objectives enables the generation of fair and accurate
data distributions that remain close to the original. This represents a promising direction for fair gen-
erative modeling, an area of growing theoretical and practical interest [Xu+18; Cho+20; BRV21; Bre+21;
TAC23; TAC24].

§ 5.8 Proofs and Additional Details

In this section, we present the proofs for the results presented in previous sections and the omitted
details for experiments in Section 5.6.

§ 5.8.1 Proofs for Section 5.3

We will require a helper result about threshold classifiers to prove our next set of results.

Lemma 5.1. Let η(x,a) = Pr (Y = 1|X = x,A = a), qia = Pr (Y = i,A = a) and
pia(x) = Pr

(
X = x

∣∣ Y = i,A = a
)
. Then the Bayes optimal classifier can be written as h∗(x,a) =

I
(

log p1a(x)
p0a(x)

⩾ log q0a
q1a

)
.

Proof. Let η(x,a) = Pr (Y = 1|X = x,A = a), qia = Pr (Y = i,A = a) and pia(x) = Pr
(
X = x

∣∣ Y = i,A = a
)
.

We consider group-aware threshold classifiers on D of the form ht(x,a) = I (η(x,a) ⩾ t), which can be
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equivalently written as

ht(x,a) = I (η(x,a) ⩾ t) = I
(
Pr
(
Y = 1

∣∣ X = x,A = a
)
⩾ t
)

= I

(
Pr
(
Y = 1

∣∣ X = x,A = a
)

Pr
(
Y = 0

∣∣ X = x,A = a
) ⩾

t

1 − t

)

= I

(
Pr (Y = 1,X = x,A = a)

Pr (Y = 0,X = x,A = a)
⩾

t

1 − t

)
= I

(
Pr
(
X = x

∣∣ Y = 1,A = a
)

Pr (Y = 1,A = a)

Pr
(
X = x

∣∣ Y = 0,A = a
)

Pr (Y = 0,A = a)
⩾

t

1 − t

)

= I

(
p1a(x)

p0a(x)
⩾

t

1 − t
· q0a

q1a

)
= I

(
log

p1a(x)

p0a(x)
⩾ log

t

1 − t
+ log

q0a

q1a

)
.

It is well-known that the group-aware Bayes optimal classifier h∗ = h1/2 by setting t = 1/2, or equiva-
lently,

h∗(x,a) = h1/2(x,a) = I

(
log

p1a(x)

p0a(x)
⩾ log

q0a

q1a

)
.

We now prove Proposition 5.1 from the main text.

Proof. (Proof of Proposition 5.1) The Bayes optimal classifier for group A = a in a multi-class setting
can be written down as a maximum over posterior probabilities:

h∗(x,a) = arg max
y∈Y

ηy(x,a), where ηy(x,a) = Pr (Y = y|X = x,A = a) .

We can say that h∗(x,a) = y, whenever the following happens:

h∗(x,a) = arg max
y∈Y

ηy(x,a) = I

(
ηy(x,a)
ηi(x,a)

⩾ 1,∀i ∈ Y

)
= I

(
log

pya(X)

pia(X)
⩾ log

qia

qya
,∀i ∈ Y

)

Using the above simplification, the EO-fairness condition:

Pr
(
h∗(X,A) = y

∣∣ Y = y,A = a
)
= Pr

(
h∗(X,A) = y

∣∣ Y = y,A = a ′) ∀y ∈ Y and a,a ′ ∈ A

means

Pr
(

log
pya(X)

pia(X)
⩾ log

qia

qya
,∀i ∈ Y

∣∣ Y = y,A = a

)
= Pr

(
log

pya ′(X)

pia ′(X)
⩾ log

qia ′

qya ′
,∀i ∈ Y

∣∣ Y = y,A = a ′
)

.

Since X|Y = i,A = a ∼ N(µia,Σia) are multivariate Normal distributions, their probability densities
are

pia(x) = (2π)−d/2 det(Σia)
−1/2 exp

(
−

1
2
(x− µia)

TΣ−1
ia (x− µia)

)
.
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Now we can write

log
pya(x)

pia(x)

=
1
2

(
(x− µia)

TΣ−1
ia (x− µia) − (x− µya)

TΣ−1
ya(x− µya) + log det(Σia) − log det(Σya)

)
=

1
2

(
(Σ

1/2
ya r+ µya − µia)

TΣ−1
ia (Σ

1/2
ya r+ µya − µia) − rT r− log det

(
Σ

1/2
yaΣ−1

iaΣ
1/2
ya

))
by substituting x = Σ

1/2
ya r+ µya, where r ∼ N(0, Id×d)

=
1
2
rTΣ

1/2
yaΣ−1

iaΣ
1/2
ya r+ (µya − µia)

TΣ−1
iaΣ

1/2
ya r+

1
2
(µya − µia)

TΣ−1
ia (µya − µia)

−
1
2
rT r−

1
2

log det
(
Σ

1/2
yaΣ−1

iaΣ
1/2
ya

)

Let us denote the above expression as Eyi(r). We can now write the group TPR as:

Pr
(

log
pya(X)

pia(X)
⩾ log

qia

qya
,∀i ∈ Y

∣∣ Y = y,A = a

)
= Pr

(
Eyi(R) ⩾ log

qia

qya
,∀i ∈ Y

)
,

for R ∼ N(0̄, Id×d). Now if we have
qya

qia
=

qya ′

qia ′
and

Σ
−1/2
ya (µya − µia) = Σ

−1/2
ya ′ (µya ′ − µia ′) and Σ

1/2
yaΣ−1

iaΣ
1/2
ya = Σ

1/2
ya ′Σ

−1
ia ′Σ

1/2
ya ′ ,

then the probability of the above event written in terms R ∼ N(0̄, Id×d) becomes identical ∀a,a ′ ∈
A, i ∈ Y. Hence, the Bayes optimal classifier satisfies equal opportunity under these conditions.

Proof. (Proof of Proposition 5.2) For any cost matrix C ∈ R2×2, the group-aware classifier that minimizes
its corresponding cost-sensitive risk is given by I (η(x,a) ⩾ tC), for a threshold tC = (c10 − c00)/(c10 −

c00 + c01 − c11) ∈ [0, 1]; see Equation (2) in [Elk01] and [Sco12]. The distribution D is ideal for equal
opportunity if Pr

(
η(X,A) ⩾ t

∣∣ Y = i,A = 0
)
= Pr

(
η(X,A) ⩾ t

∣∣ Y = i,A = 1
)
, for all thresholds t ∈

[0, 1] and i ∈ {0, 1}. Since the CDFs are identical, the random variables η(X,A)
∣∣ Y = i,A = 0 and
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η(X,A)
∣∣ Y = i,A = 1 must be identical. Note that

η(x,a) = Pr
(
Y = 1

∣∣ X = x,A = a
)
=

Pr (Y = 1,X = x,A = a)∑1
i=0 Pr (Y = i,X = x,A = a)

=
Pr (Y = 1,A = a)Pr

(
X = x

∣∣ Y = 1,A = a
)∑1

i=0 Pr (Y = i,A = a)Pr
(
X = x

∣∣ Y = i,A = a
) =

q1aP1a(x)∑1
i=0 qiaPia(x)

=

q1aσ
−1
1a exp

(
−
(x− µ1a)

2

2σ2
1a

)
∑1

i=0 qiaσ
−1
ia exp

(
−
(x− µia)

2

2σ2
ia

)

=
1

1 + exp

(
(x− µ1a)

2

2σ2
1a

−
(x− µ0a)

2

2σ2
0a

+ log
q0aσ1a

q1aσ0a

)

=
1

1 + exp

(
(µia + rσia − µ1a)

2

2σ2
1a

−
(µia + rσia − µ0a)

2

2σ2
0a

+ log
q0aσ1a

q1aσ0a

)

=



1

1 + exp

(
1
2

(
σ2

0a

σ2
1a

− 1

)
r2 −

σ0a(µ1a − µ0a)

σ2
1a

r+
(µ1a − µ0a)

2

2σ2
1a

+ log
q0aσ1a

q1aσ0a

) , for i = 0

1

1 + exp

(
1
2

(
1 −

σ2
1a

σ2
0a

)
r2 −

σ1a(µ0a − µ1a)

σ2
0a

r+
(µ0a − µ1a)

2

2σ2
0a

+ log
q0aσ1a

q1aσ0a

) , for i = 1.

If X|Y = i,A = a ∼ N(µia,σ2
ia), then X

∣∣ Y = i,A = a ∼ N(µia,σ2
ia). Thus, for η(X,A)

∣∣ Y = i,A = 0
and η(X,A)

∣∣ Y = i,A = 1 to be identical, we must have

1
2

(
σ2

00

σ2
10

− 1

)
R2 −

σ00(µ10 − µ00)

σ2
10

R+
(µ10 − µ00)

2

2σ2
10

+ log
q00σ10

q10σ00
and

1
2

(
σ2

01

σ2
11

− 1

)
R2 −

σ01(µ11 − µ01)

σ2
11

R+
(µ11 − µ01)

2

2σ2
11

+ log
q01σ11

q11σ01

as identically distributed for R ∼ N(0, 1). Similarly, we must also have

1
2

(
1 −

σ2
10

σ2
00

)
R2 −

σ10(µ00 − µ10)

σ2
00

R+
(µ00 − µ10)

2

2σ2
00

+ log
q00σ10

q10σ00
and

1
2

(
1 −

σ2
11

σ2
01

)
R2 −

σ11(µ01 − µ11)

σ2
01

R+
(µ01 − µ11)

2

2σ2
01

+ log
q01σ11

q11σ01

as identically distributed for R ∼ N(0, 1). Therefore, we must have

µ01 − µ11

σ11
=

µ00 − µ10

σ10
and

σ11

σ01
=

σ10

σ00
and

q10

q00
=

q11

q01
.

In the other direction, it is easier to prove that the above conditions imply the distribution to be ideal.
It can be proved by simply backtracking the steps above.
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§ 5.8.2 Proofs for Section 5.4

We first derive the KL divergence between two distributions, where each subgroup follows a multivari-
ate normal distribution.

Lemma 5.2. Let (X, Y,A) denote the features, binary class label, and binary group membership,
respectively, of a random data point from any data distribution D with qia = Pr (Y = i,A = a),
for i ∈ Y and a ∈ A. Let X|Y = i,A = a ∼ N(µia,Σia) be multivariate Normal distributions with
mean µia ∈ Rd and covariance matrix Σia ∈ Rd×d. Let D̃ denote a distribution obtained by
keeping (Y,A) unchanged and only changing X|Y = i,A = a to X̃|Y = i,A = a ∼ N(µ̃ia, Σ̃ia).
Then,

DKL
(
D̃||D

)
= −

d

2
+

1
2

∑
(i,a)

qia(µ̃ia − µia)
TΣ−1

ia (µ̃ia − µia)

+
1
2

∑
(i,a)

qia

(
tr
{
Σ−1
ia Σ̃ia

}
− log det

(
Σ−1
ia Σ̃ia

))
.

Proof.

DKL
(
D̃||D

)
=

∑
(x,i,a)

Pr
(
X̃ = x, Ỹ = i, Ã = a

)
log

Pr
(
X̃ = x, Ỹ = i, Ã = a

)
Pr (X = x, Y = i,A = a)

=
∑

(x,i,a)

Pr
(
Ỹ = i, Ã = a

)
Pr
(
X̃ = x

∣∣ Ỹ = i, Ã = a
)

log
Pr
(
Ỹ = i, Ã = a

)
Pr
(
X̃ = x

∣∣ Ỹ = i, Ã = a
)

Pr (Y = y,A = a)Pr
(
X = x

∣∣ Y = i,A = a
)

=
∑

(x,i,a)

Pr (Y = i,A = a)Pr
(
X̃ = x

∣∣ Y = i,A = a
)

log
Pr (Y = i,A = a)Pr

(
X̃ = x

∣∣ Y = i,A = a
)

Pr (Y = i,A = a)Pr
(
X = x

∣∣ Y = i,A = a
)

=
∑
(i,a)

qia

∑
x

Pr
(
X̃ = x

∣∣ Y = i,A = a
)

log
Pr
(
X̃ = x

∣∣ Y = i,A = a
)

Pr
(
X = x

∣∣ Y = i,A = a
)

=
∑
(i,a)

qiaDKL
(
P̃ia||Pia

)
Pia denotes the distribution of X

∣∣ Y = i,A = a ∼ N(µia,Σia) and P̃ia denotes the distribution of
X̃
∣∣ Y = i,A = a ∼ N(µ̃ia, Σ̃ia). Their probability densities are

pia(x) = (2π)−d/2 det(Σia)
−1/2 exp

(
−

1
2
(x− µia)

TΣ−1
ia (x− µia)

)
and

p̃ia(x) = (2π)−d/2 det
(
Σ̃ia

)−1/2 exp
(
−

1
2
(x− µ̃ia)

T Σ̃−1
ia (x− µ̃ia)

)
,
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respectively. Hence, the Kullback-Leibler divergence between P̃ia and Pia can be written as

DKL
(
P̃ia||Pia

)
= Elog

p̃ia(X̃)

pia(X̃)

∣∣ Y = i,A = a

=
1
2

E
[
(X̃− µia)

TΣ−1
ia (X̃− µia) − (X̃− µ̃ia)

T Σ̃−1
ia (X̃− µ̃ia)

− log det
(
Σ

1/2
ia Σ̃−1

iaΣ
1/2
ia

) ∣∣ Y = i,A = a
]

=
1
2

E(X̃− µia)
TΣ−1

ia (X̃− µia)
∣∣ Y = i,A = a−

d

2
−

1
2

log det
(
Σ

1/2
ia Σ̃−1

iaΣ
1/2
ia

)
using E(X̃− µ̃ia)

T Σ̃−1
ia (X̃− µ̃ia)

∣∣ Y = i,A = a = Σ̃−1
ia • Σ̃ia = tr{Id×d} = d

=
1
2

E(X̃− µ̃ia + µ̃ia − µia)
TΣ−1

ia (X̃− µ̃ia + µ̃ia − µia)
∣∣ Y = i,A = a

−
d

2
+

1
2

log det
(
Σ

1/2
ia Σ̃−1

iaΣ
1/2
ia

)
=

1
2

tr
{
Σ−1
ia Σ̃ia

}
+

1
2
(µ̃ia − µia)

TΣ−1
ia (µ̃ia − µia) −

d

2
+

1
2

log det
(
Σ

1/2
ia Σ̃−1

iaΣ
1/2
ia

)
.

The Kullback-Leibler divergence between D̃ and D can now be written as

DKL
(
D̃||D

)
=

∑
(i,a)

qiaDKL
(
P̃ia||Pia

)
=

∑
(i,a)

qia

(
1
2

tr
{
Σ−1
ia Σ̃ia

}
+

1
2
(µ̃ia − µia)

TΣ−1
ia (µ̃ia − µia) −

d

2
+

1
2

log det
(
Σ

1/2
ia Σ̃−1

iaΣ
1/2
ia

))

= −
d

2
+

1
2

∑
(i,a)

qia

(
tr
{
Σ−1
ia Σ̃ia

}
+ (µ̃ia − µia)

TΣ−1
ia (µ̃ia − µia) + log det

(
Σ

1/2
ia Σ̃−1

iaΣ
1/2
ia

))
= −

d

2
+

1
2

∑
(i,a)

qia(µ̃ia − µia)
TΣ−1

ia (µ̃ia − µia) +
1
2

∑
(i,a)

qia

(
tr
{
Σ−1
ia Σ̃ia

}
+ log det

(
ΣiaΣ̃

−1
ia

))
= −

d

2
+

1
2

∑
(i,a)

qia(µ̃ia − µia)
TΣ−1

ia (µ̃ia − µia) +
1
2

∑
(i,a)

qia

(
tr
{
Σ−1
ia Σ̃ia

}
− log det

(
Σ−1
ia Σ̃ia

))

Proof. (Proof of Theorem 5.1) Using Lemma 5.2 and Proposition 5.1, our objective is to minimize

DKL
(
D̃||D

)
= −

d

2
+

1
2

∑
(i,a)

qia(µ̃ia − µia)
TΣ−1

ia (µ̃ia − µia) +
1
2

∑
(i,a)

qia

(
tr
{
Σ−1
ia Σ̃ia

}
− log det

(
Σ−1
ia Σ̃ia

))
,

subject to the constraints

Σ̃
−1/2
10 (µ̃10 − µ̃00) = Σ̃

−1/2
11 (µ̃11 − µ̃01) and Σ̃

1/2
10 Σ̃−1

00 Σ̃
1/2
10 = Σ̃

1/2
11 Σ̃−1

01 Σ̃
1/2
11 .

Suppose Σ̃i0 and Σ̃i1 do not commute. The constraints can be equivalently rewritten as follows.

µ̃10 − µ̃00 = Σ̃
1/2
10 Σ̃

−1/2
11 (µ̃11 − µ̃01) and Σ̃

−1/2
11 Σ̃

1/2
10 Σ̃−1

00 Σ̃
1/2
10 Σ̃

−1/2
11 = Σ̃−1

01 .
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Let Γ = Σ̃
1/2
i0 Σ̃

−1/2
i1 . For any fixed positive semidefinite matrix Γ ∈ Rd×d, our optimization problem can

be divided into two separate parts that minimize∑
(i,a)

qia(µ̃ia − µia)
TΣ−1

ia (µ̃ia − µia) subject to µ̃10 − µ̃00 = Γ(µ̃11 − µ̃01)

over µ̃ia ∈ Rd, for i,a ∈ {0, 1}, and minimize (after substituting Σ̃
1/2
i0 = ΓΣ̃

1/2
i1 )

1∑
i=0

qi0

(
tr
{
Σ−1
i0

(
ΓΣ̃

1/2
i0

)2
}
− log det

(
Σ−1
i0

(
ΓΣ̃

1/2
i0

)2
))

+ qi1

(
tr
{
Σ−1
i1 Σ̃i1

}
− log det

(
Σ−1
i1 Σ̃i1

))
,

subject to ΓΣ̃
1/2
11 Σ̃−1

00 Γ = Σ̃
1/2
11 Σ̃−1

01

over symmetric, positive semidefinite matrix-valued variable Σ̃i1 ∈ Rd×d, for i ∈ {0, 1}. The first
optimization in µ̃ia is a constrained eigenvalue problem with linear constraints, i.e., minimize xTAx+

xTb subject to xTc = e [Gol73].

Let’s consider the case of Affirmative Action, where we only change the means µ̃i0 and the covariance
matrices Σ̃i0 for the underprivileged group but keep those for the privileged group unchanged, i.e.,
µ̃i1 = µi1 and Σ̃i1 = Σi1. In that case, Σ̃1/2

00 = ΓΣ
1/2
01 and Σ̃

1/2
10 = ΓΣ

1/2
11 get fixed. By substituting

µ̃10 = µ̃00 + Γ(µ̃11 − µ̃01) = µ̃00 + Γ(µ11 − µ01), we only need to optimize

q00(µ̃00 − µ00)
TΣ−1

00 (µ̃00 − µ00) + q10(µ̃00 + Γ(µ11 − µ01) − µ10)
TΣ−1

10 (µ̃00 + Γ(µ11 − µ01) − µ10),

or equivalently (ignoring the terms independent of µ̃00),

µ̃T
00

(
q00Σ

−1
00 + q10Σ

−1
10

)
µ̃00 − 2

(
Σ−1

00 µ00 + Σ−1
10 µ10 − Σ−1

10 Γ(µ11 − µ01)
)T

µ̃00.

This is a convex objective in µ̃00 because its Hessian is positive semidefinite, i.e., q00Σ
−1
00 + q10Σ

−1
10 ≽ 0

[Boy04]. By equating the gradient to zero, we get the optimal solution for µ̃00, and we denote it by
µ∗

00(Γ). Thus, the optimal solutions µ∗
00(Γ),µ

∗
10(Γ),Σ

∗
00(Γ),Σ

∗
10(Γ) for a fixed positive semidefinite Γ ∈

Rd×d are given by

µ∗
00(Γ) =

(
q00Σ

−1
00 + q10Σ

−1
10

)−1 (
Σ−1

00 µ00 + Σ−1
10 µ10 − Σ−1

10 Γ(µ11 − µ01)
)

and

µ∗
10(Γ) =

(
q00Σ

−1
00 + q10Σ

−1
10

)−1 (
Σ−1

00 µ00 + Σ−1
10 µ10 − Σ−1

10 Γ(µ11 − µ01)
)
+ Γ(µ11 − µ01)

Σ∗
00(Γ) = (ΓΣ

1/2
01 )2

Σ∗
10(Γ) = (ΓΣ

1/2
11 )2.

By substituting these, when we look at the objective as a function of a positive semidefinite matrix-
valued variable Γ , it turns out to be convex. This requires rewriting the expressions using the identities:

tr{AB} = tr{BA}, det(AB) = det(A)det(B),

tr{AXBX} = tr
{
(A1/2XB1/2)(A1/2XB1/2)T

}
and ,

log det(AXBX) = log det
(
A1/2XB1/2)(A1/2XB1/2)T

)
,
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for symmetric, positive semidefinite matrices A,B,X [PP+08].The convexity of the objective in Γ

follows from the convexity of tr{AXBX} and − log det(X) for matrix-valued variable X. Finally, we can
efficiently solve it to obtain the optimal Γ∗.

Proof. (Proof of Corollary 5.2)

DKL
(
D̃||D

)
=

∑
(x,i,a)

Pr
(
X̃ = x, Ỹ = i, Ã = a

)
log

Pr
(
X̃ = x, Ỹ = i, Ã = a

)
Pr (X = x, Y = i,A = a)

=
∑

(x,i,a)

Pr
(
Ỹ = i, Ã = a

)
Pr
(
X̃ = x

∣∣ Ỹ = i, Ã = a
)

log
Pr
(
Ỹ = i, Ã = a

)
Pr
(
X̃ = x

∣∣ Ỹ = i, Ã = a
)

Pr (Y = y,A = a)Pr
(
X = x

∣∣ Y = i,A = a
)

=
∑

(x,i,a)

Pr (Y = i,A = a)Pr
(
X̃ = x

∣∣ Y = i,A = a
)

log
Pr (Y = i,A = a)Pr

(
X̃ = x

∣∣ Y = i,A = a
)

Pr (Y = i,A = a)Pr
(
X = x

∣∣ Y = i,A = a
)

=
∑
(i,a)

qia

∑
x

Pr
(
X̃ = x

∣∣ Y = i,A = a
)

log
Pr
(
X̃ = x

∣∣ Y = i,A = a
)

Pr
(
X = x

∣∣ Y = i,A = a
)

=
∑
(i,a)

qiaDKL
(
P̃ia||Pia

)
Pia denotes the distribution of X

∣∣ Y = i,A = a ∼ N(µia,σ2
ia) and P̃ia denotes the distribution of

X̃
∣∣ Y = i,A = a ∼ N(µ̃ia, σ̃2

ia). Their probability densities are

pia(x) =
1

σia

√
2π

exp

(
−
(x− µia)

2

2σ2
ia

)
and p̃ia(x) =

1
σ̃ia

√
2π

exp

(
−
(x− µ̃ia)

2

2σ̃2
ia

)
,

respectively. Hence,

DKL
(
P̃ia||Pia

)
= Elog

p̃ia(X̃)

pia(X̃)

∣∣ Y = i,A = a

= E
(X̃− µia)

2

2σ2
ia

−
(X̃− µ̃ia)

2

2σ̃2
ia

+ log
σia

σ̃ia

∣∣ Y = i,A = a

= E

(
1

2σ2
ia

−
1

2̃σ2
ia

)
X̃2 +

(
µ̃ia

σ̃2
ia

−
µia

σ2
ia

)
X̃+

(
µ2
ia

2σ2
ia

−
µ̃2
ia

2σ̃2
ia

)
+ log

σia

σ̃ia

∣∣ Y = i,A = a

=

(
1

2σ2
ia

−
1

2σ̃2
ia

)
(µ̃2

ia + σ̃2
ia) +

(
µ̃ia

σ̃2
ia

−
µia

σ2
ia

)
µ̃ia +

(
µ2
ia

2σ2
ia

−
µ̃2
ia

2σ̃2
ia

)
+ log

σia

σ̃ia

=
(µ̃ia − µia)

2

2σ2
ia

+
σ̃2
ia − σ2

ia

2σ2
ia

+ log
σia

σ̃ia
,

using Elog X̃
∣∣ Y = i,A = a = µ̃ia and E(log X̃)2

∣∣ Y = i,A = a = µ̃2
ia + σ̃2

ia. Since we only change
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group A = 0, we want to minimize

DKL
(
D̃||D

)
=

1∑
i=0

qi0DKL
(
P̃i0||Pi0

)
=

1∑
i=0

qi0

(
(µ̃i0 − µi0)

2

2σ2
i0

+
σ̃2
i0 − σ2

i0

2σ2
i0

+ log
σi0

σ̃i0

)

as a function of the variables µ̃i0 and σ̃i0 subject to the constraints

µ01 − µ11

σ11
=

µ̃00 − µ̃10

σ̃10
and

σ11

σ01
=

σ̃10

σ̃00
and σ̃ia ⩾ 0, for all (i,a).

Let’s fix γ ∈ R⩾0 and minimize

Lγ =

1∑
i=0

qi0

(
(µ̃i0 − µi0)

2

2σ2
i0

+
σ̃2
i0 − σ2

i0

2σ2
i0

+ log
σi0

σ̃i0

)

as a function of the variables µ̃ia and σ̃ia subject to the following constraints

µ̃00 − µ̃10

µ01 − µ11
=

σ̃10

σ11
=

σ̃00

σ01
= γ and σ̃ia ⩾ 0, for all (i,a).

The objective Lγ is convex and for a fixed γ ∈ R⩾0, the constraints on are linear in µ̃i0 and σ̃i0. Let’s
denote the optimal solution for a fixed γ ∈ R⩾0 by µ∗

i0(γ) and σ∗
i0(γ), for i ∈ {0, 1}. For a fixed γ ∈ R⩾0,

the above constraints fix σ∗
i0(γ) = γσi1, for i ∈ {0, 1}, and by plugging in µ̃00 = µ̃10 + γ(µ01 − µ11), we

only need to minimize the following convex, quadratic objective in a single variable µ̃10,

minimize q00
(µ̃10 + γ(µ01 − µ11) − µ00)

2

2σ2
00

+ q10
(µ̃10 − µ10)

2

2σ2
10

.

By equating the derivative to zero, we get the optimal solution as

µ∗
10(γ) =

(
q00

σ2
00

+
q10

σ2
10

)−1(
q00

µ00 − γ(µ01 − µ11)

σ2
00

+ q10
µ10

σ2
10

)
,

and the optimal value at µ∗
10(γ) is (The min of ax2 + bx+ c occurs at x =

−b

2a
and has value c−

b2

4a
)

q00
(γ(µ01 − µ11) − µ00)

2

2σ2
00

+ q10
µ2

10

2σ2
10

−
1
2

(
q00

µ00−γ(µ01−µ11)

σ2
00

+ q10
µ10
σ2

10

)2

(
q00
σ2

00
+ q10

σ2
10

)

=
1
2

(
q00

σ2
00

+
q10

σ2
10

)−1
q00q10

σ2
00σ

2
10

((µ00 − µ10) − γ(µ01 − µ11))
2

=
1
2

(
σ2

00
q00

+
σ2

10
q10

)−1

((µ00 − µ10) − γ(µ01 − µ11))
2 .
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By plugging in the optimal solution, the minimum value of Lγ for a fixed γ ∈ R⩾0 is given by

L∗
γ =

1∑
i=0

qi0

(
(µ∗

i0(γ) − µi0)
2

2σ2
i0

+
σ∗
i0(γ)

2 − σ2
i0

2σ2
i0

+ log
σi0

σ∗
i0(γ)

)

=
1
2

(
σ2

00
q00

+
σ2

10
q10

)−1

((µ00 − µ10) − γ(µ01 − µ11))
2

+ q00
γ2σ2

01 − σ2
00

2σ2
00

+ q10
γ2σ2

11 − σ2
10

2σ2
10

+ (q00 + q10) log
1
γ
+ q00 log

σ00

σ01
+ q10 log

σ10

σ11

=
1
2

(
σ2

00
q00

+
σ2

10
q10

)−1

((µ00 − µ10) − γ(µ01 − µ11))
2 +

q00

2

(
γ2σ

2
01

σ2
00

− 1

)

+ (q00 + q10) log
1
γ
+ q00 log

σ00

σ01
+ q10 log

σ10

σ11
.

This is a convex objective in γ (because the second derivative is non-negative) and by equating the
derivative to zero, we have that the optimal γ∗ must satisfy

(µ01 − µ11) (γ
∗(µ01 − µ11) − (µ00 − µ10))(

σ2
00

q00
+

σ2
10

q10

) + γ∗

(
q00

σ2
01

σ2
00

+ q10
σ2

11
σ2

10

)
−

q00 + q10

γ∗ = 0.

Multiplying with γ∗

(
σ2

00
q00

+
σ2

10
q10

)
, we can write it as a quadratic equation as follows.

(
(µ01 − µ11)

2 + σ2
01 + σ2

11 +
q10σ

2
00

q00σ
2
10
σ2

11 +
q00σ

2
10

q10σ
2
00
σ2

01

)
γ∗2

−(µ01 − µ11)(µ00 − µ10)γ
∗ − (q00 + q10)

(
σ2

00
q00

+
σ2

10
q10

)
= 0

The discriminant of the above quadratic polynomial is non-negative because the leading coefficient is
positive and the constant term is negative. So this polynomial has two real roots. Moreover, since the
constant term is negative, it cannot have both positive or both negative roots. Its only non-negative root
is the optimal solution γ∗ ∈ R⩾0 we want.

γ∗ =
(µ01 − µ11)(µ00 − µ10) +

√
∆

2
(
(µ01 − µ11)2 + σ2

01 + σ2
11 +

q10σ
2
00

q00σ
2
10
σ2

11 +
q00σ

2
10

q10σ
2
00
σ2

01

) , where

∆ = (µ01 − µ11)
2(µ00 − µ10)

2

+ 4

(
(µ01 − µ11)

2 + σ2
01 + σ2

11 +
q10σ

2
00

q00σ
2
10
σ2

11 +
q00σ

2
10

q10σ
2
00
σ2

01

)
(q00 + q10)

(
σ2

00
q00

+
σ2

10
q10

)
.
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Proof. (Proof of Proposition 5.3) We consider the following optimization program

DKL
(
D̃||D

)
=

∑
(i,a)

qiaDKL
(
P̃ia||Pia

)
=

∑
(i,a)

qia

(
(µ̃ia − µia)

2

2σ2
ia

+
σ̃2
ia − σ2

ia

2σ2
ia

+ log
σia

σ̃ia

)

as a function of the variables µ̃ia and σ̃ia subject to the constraints

µ̃01 − µ̃11

σ̃11
=

µ̃00 − µ̃10

σ̃10
and

σ̃11

σ̃01
=

σ̃10

σ̃00
and σ̃ia ⩾ 0, for all (i,a).

Let’s fix γ ∈ R⩾0 and minimize

Lγ =
∑
(i,a)

qia

(
(µ̃ia − µia)

2

2σ2
ia

+
σ̃2
ia − σ2

ia

2σ2
ia

+ log
σia

σ̃ia

)

as a function of the variables µ̃ia and σ̃ia subject to the following constraints

µ̃01 − µ̃11

µ̃00 − µ̃10
=

σ̃11

σ̃10
=

σ̃01

σ̃00
= γ and σ̃ia ⩾ 0, for all (i,a).

Now the objective Lγ is convex and for a fixed γ ∈ R⩾0, the constraints on are linear in µ̃ia and σ̃ia.
Let’s denote the optimal solution for a fixed γ ∈ R⩾0 by µ∗

ia(γ) and σ∗
ia(γ), for i,a ∈ {0, 1}. To find this,

we can split the above objective into parts that can be optimized separately as follows.

minimize
∑
(i,a)

qia
(µ̃ia − µia)

2

2σ2
ia

subject to µ̃01 − µ̃11 = γ(µ̃00 − µ̃10), and

minimize
∑
(i,a)

qia

(
σ̃2
ia − σ2

ia

2σ2
ia

+ log
σia

σ̃ia

)
subject to σ̃i1 = γσ̃i0, and σ̃ia ⩾ 0, for all (i,a).

For each i ∈ {0, 1}, by substituting σ̃i1 = γσ̃i0, we need to optimize a function in only one variable σ̃i0.
The optimal solutions σ∗

ia(γ) turn out to be

σ∗
i0(γ) =

√√√√√ qi0 + qi1

qi0

σ2
i0

+
qi1γ

2

σ2
i1

and σ∗
i1(γ) = γ

√√√√√ qi0 + qi1

qi0

σ2
i0

+
qi1γ

2

σ2
i1

, for i ∈ {0, 1},

Now let’s find the optimal solutions µ∗
ia(γ). The gradient of the objective must be parallel to the linear

constraint, so

q00(µ
∗
00(γ) − µ00)

σ2
00

= −γλ,
q01(µ

∗
01(γ) − µ01)

σ2
01

= λ,

q10(µ
∗
10(γ) − µ10)

σ2
10

= γλ,
q11(µ

∗
11(γ) − µ11)

σ2
11

= −λ,
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for some λ ∈ R, which gives

µ∗
00(γ) = −γλ

σ2
00

q00
+ µ00, µ∗

01(γ) = λ
σ2

01
q01

+ µ01,

µ∗
10(γ) = γλ

σ2
10

q10
+ µ10, µ∗

11(γ) = −λ
σ2

11
q11

+ µ11.

Since µ∗
ia(γ) satisfies the constraint

µ̃01 − µ̃11

µ̃00 − µ̃10
= γ, we have

λ
σ2

01
q01

+ µ01 + λ
σ2

11
q11

− µ11

−γλ
σ2

00
q00

+ µ00 − γλ
σ2

10
q10

− µ10

= γ, and hence, λ =
γ(µ00 − µ10) − (µ01 − µ11)

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) .

Thus, we can express µ∗
ia(γ) as

µ∗
00(γ) = −γ

γ(µ00 − µ10) − (µ01 − µ11)

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) σ2
00

q00
+ µ00

µ∗
01(γ) =

γ(µ00 − µ10) − (µ01 − µ11)

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) σ2
01

q01
+ µ01

µ∗
10(γ) = γ

γ(µ00 − µ10) − (µ01 − µ11)

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) σ2
10

q10
+ µ10

µ∗
11(γ) = −

γ(µ00 − µ10) − (µ01 − µ11)

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) σ2
11

q11
+ µ11.

Thus, the optimal value of Lγ for a fixed γ ∈ R⩾0 is given by

L∗
γ =

∑
(i,a)

qia

(
(µ∗

ia(γ) − µia)
2

2σ2
ia

+
σ∗
ia(γ)

2 − σ2
ia

2σ2
ia

+ log
σia

σ∗
ia(γ)

)
.
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Dividing the above expression into three parts, the first part evaluates to

∑
(i,a)

qia
(µ∗

ia(γ) − µia)
2

2σ2
ia

=
q00

2σ2
00

γ2λ2σ4
00

q2
00

+
q01

2σ2
01

λ2σ4
01

q2
01

+
q10

2σ2
10

γ2λ2σ4
10

q2
10

+
q11

2σ2
11

λ2σ4
11

q2
11

=
γ2λ2σ2

00
2q00

+
λ2σ2

01
2q01

+
γ2λ2σ2

10
2q10

+
λ2σ2

11
2q11

=
λ2

2

(
σ2

01
q01

+
σ2

11
q11

+ γ2

(
σ2

00
q00

+
σ2

10
q10

))

=
1
2

 γ(µ00 − µ10) − (µ01 − µ11)

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

)


2(
σ2

01
q01

+
σ2

11
q11

+ γ2

(
σ2

00
q00

+
σ2

10
q10

))

=
1
2
(γ(µ00 − µ10) − (µ01 − µ11))

2

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) .

The second part evaluates to

∑
(i,a)

qia
σ∗
ia(γ)

2 − σ2
ia

2σ2
ia

=
∑
(i,a)

qia

2

(
σ∗
ia(γ)

2

σ2
ia

− 1

)

=

1∑
i=0

qi0

2

 qi0 + qi1

σ2
i0

(
qi0

σ2
i0

+
qi1γ

2

σ2
i1

) − 1

+

1∑
i=0

qi1

2

 γ2(qi0 + qi1)

σ2
i1

(
qi0

σ2
i0

+
qi1γ

2

σ2
i1
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

=
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i=0

qi0

2

qi1

(
1 −

σ2
i0γ

2

σ2
i1

)

qi0 + qi1
σ2
i0γ

2

σ2
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+

1∑
i=0

qi1

2

qi0

(
γ2 −

σ2
i1

σ2
i0

)

qi0
σ2
i1

σ2
i0

+ qi1γ2

=
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qi0

2

qi1

(
1 −

σ2
i0γ

2

σ2
i1

)

qi0 + qi1
σ2
i0γ

2

σ2
i1

+

1∑
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qi1

2

qi0

(
σ2
i0γ

2

σ2
i1

− 1

)

qi0 + qi1
σ2
i0γ

2

σ2
i1
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and the third part evaluates to

∑
(i,a)

qia log
σia

σ∗
ia(γ)

=

1∑
i=0

qi0

2
log

σ2
i0

σ∗
i0(γ)

2 +
qi1

2
log

σ2
i1

σ∗
i1(γ)

2

=

1∑
i=0

qi0

2
log

σ2
i0

(
qi0

σ2
i0

+
qi1γ

2

σ2
i1

)
qi0 + qi1

+
qi1

2
log

σ2
i1

(
qi0

σ2
i0

+
qi1γ

2

σ2
i1

)
γ2(qi0 + qi1)

=

1∑
i=0

qi0

2
log

qi0

qi1
+ γ2σ

2
i0

σ2
i1

qi0

qi1
+ 1

+
qi1

2
log

qi0

qi1
+ γ2σ

2
i0

σ2
i1

γ2σ
2
i0

σ2
i1

(
qi0

qi1
+ 1
)

=

1∑
i=0

qi0 + qi1

2
log

(
qi0

qi1
+ γ2σ

2
i0

σ2
i1

)
−

qi0 + qi1

2
log
(
qi0

qi1
+ 1
)
− qi1 logγ− qi1 log

σi0

σi1
.

Putting it all together

L∗
γ =

∑
(i,a)

qia

(
(µ∗

ia(γ) − µia)
2

2σ2
ia

+
σ∗
ia(γ)

2 − σ2
ia

2σ2
ia

+ log
σia

σ∗
ia(γ)

)

=
1
2
(γ(µ00 − µ10) − (µ01 − µ11))

2

σ2
01

q01
+

σ2
11

q11
+ γ2

(
σ2

00
q00

+
σ2

10
q10

) +

1∑
i=0

qi0 + qi1

2
log

(
qi0

qi1
+ γ2σ

2
i0

σ2
i1

)

−
qi0 + qi1

2
log
(
qi0

qi1
+ 1
)
− qi1 logγ− qi1 log

σi0

σi1
.

(5.1)

Minimizing L∗
γ leads to a non convex program. Since γ is the ratio between variances of the new

subgroup distribution, for a practical solution, we can do a line search over γ ∈ (0,B) for some B <∞.

Proof. (Proof of Proposition 5.4) For the sake of this proof, we assume a countable data domain. Using
the definition of the expected 0 − 1 loss, we can write:

err(h̃,D) − err(h̃, D̃)

=
∑

(x,y,a)

I
(
h̃(x,a) ̸= y

)
· (p(x,y,a) − p̃(x,y,a))

⩽ 2dTV (D̃,D) ⩽
√

2DKL(D̃,D) (Pinsker’s Inequality [Can23]).

The first inequality follows from writing the error as expected 0-1 loss and using the definition
of total variation distance. The last line follows from Pinsker’s inequality [Can23]. We can similarly
prove the other direction to obtain the first inequality. Similarly, for the true positive rate of group a,
TPRa(h̃,D) − TPRa(h̃, D̃) ⩽ 2DTV (D̃,D).

We can also write for the other group A = a ′, TPRa ′(h̃, D̃) − TPRa ′(h̃,D) ⩽ 2DTV (D̃,D). Adding
both LHS and RHS and repeating the exercise in the other direction, noting that the TPR difference of h̃
in D̃ is zero (since in the ideal distribution we have exact fairness), we can bound the absolute value of
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the TPR difference, which is our definition of ∆EO, we get:

∆EO(h̃,D) ⩽
√

8DKL
(
D̃||D

)

Equalizing the first moment A popular intervention in the fairness literature is to equalize the first
moment of the two sensitive groups or the mean outcomes of two groups, also known as the Calders-
Verwer gap [CV10; Kam+12; Che+19]. We, therefore, also study an intervention where we only change
the mean of the underprivileged group and try to match it with the mean of the privileged group. We
can show that the resulting optimization program is convex. We leverage this intervention in Section 5
of the main text.

Proposition 5.5. (Affirmative Action by Equalizing First Moments) Let (X, Y,A) denote the fea-
tures, binary class label, and binary group membership, respectively, of a random data point
from any data distribution D with qia = Pr (Y = i,A = a), for i ∈ {0, 1} and a ∈ {0, 1}. Let
X|Y = i,A = a ∼ N(µia,σ2

ia) be a univariate Normal distribution, for i ∈ {0, 1} and a ∈ {0, 1}.
Then in the case of Affirmative mean change, we impose the following constraints:

q10 µ̃10

q10 + q00
+

q00 µ̃00

q10 + q00
=

q11 µ11

q11 + q01
+

q01 µ01

q11 + q01
,

we can efficiently minimize DKL
(
D̃||D

)
as a function of the variables µ̃i0 and Σ̃i0.

Proof. We are dealing with the following optimization problem:

DKL
(
D̃||D

)
=

1∑
i=0

qi0DKL
(
P̃i0||Pi0

)
=

1∑
i=0

qi0

(
(µ̃i0 − µi0)

2

2σ2
i0

+
σ̃2
i0 − σ2

i0

2σ2
i0

+ log
σi0

σ̃i0

)

as a function of the variables µ̃i0 and σ̃i0 subject to the constraints

q10

q10 + q00
µ̃10 +

q00

q10 + q00
µ̃00 =

q11

q11 + q01
µ11 +

q01

q11 + q01
µ01

Since we are only changing the means and keeping the variances the same, the objective only depends
on µ̃i0. Furthermore, let K = (q10+q00)/(q11+q01) · (q11µ11 + q01µ01) so that

L =

1∑
i=0

qi0
(µ̃i0 − µi0)

2

2σ2
i0

, subject to µ̃00 =
K− q10µ̃10

q00
.

Substituting the constraint on µ̃00 in the objective L gives us a convex quadratic in µ̃10, and the
solution is obtained by setting the derivative to zero:

µ̃00 =

K
σ2

10·q10
− µ10

σ2
10
+ µ00

σ2
00

q00
σ2

10·q10
+ 1

σ2
00

, µ̃10 =

K
σ2

00·q00
− µ00

σ2
00
+ µ10

σ2
10

q10
σ2

00·q00
+ 1

σ2
10

, µ̃01 = µ01, and µ̃11 = µ11.
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(d) Mean Matching

Figure 5.5: Comparison of Different Interventions when the subgroup distributions are shifted version of
each other. While all methods achieve the same Bayes Error, Affirmative action is able to bring down the
Bayes Error and achieve exact fairness.
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Figure 5.6: Comparison of Different Interventions when the original distribution is already fair. In this case,
EF-All ensures that it stays close to the true distribution, as no intervention as required, while others relatively
deviate.

§ 5.8.3 Additional Figures for Section 5.5

In this section, we lay out additional plots from our Gaussian case study. We first describe the setup. We
modify a stylized setting of Gaussian distributions from previous work (see Definition 3.1 in [PCDG18],
Section 5.3 in [Bak+21]) to investigate the unfairness and the Bayes optimal error on the original and
ideal distributions obtained through various interventions. We fix qia ∈ (0, 1) such that q00 + q10 +

q01 + q11 = 1, and our data generation works as follows. We simulate a data distribution where Y =

i,A = a with probability qia and X
∣∣ Y = i,A = a is sampled from a univariate Gaussian N(µia,σ2

ia).
We choose homoskedastic Gaussians within each group A = a, i.e., σ0a = σ1a, so the we can show
the Bayes optimal classifier boundary as a threshold. We choose different σia’s that cover ground
truth distribution that can the entire spectrum of being ideal or close to ideal to very far, and then we
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Figure 5.7: Comparison of Different Interventions when we use a different threshold (3/4) than the Bayes
optimal threshold (1/2). As derived in Proposition 5.2, the EF-Affirmative and EF-All interventions work with
any threshold.
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apply different interventions to change all or some subset of µia’s and σia’s to find the nearest ideal
distribution in KL-divergence as given in Section 4 of the main text.

We first look at a case where the subgroup distributions are the same shifted versions of each other
in Figure 5.5. Note that all interventions, in this case, result in the same Bayes error (BE), but affirmative
action brings the BE down with zero unfairness at the cost of incurring a deviation in terms of KL and JS
divergence. However, in the next subplot, changing all four subgroups not only helps reduce the Bayes
error and unfairness but also stays very close to the true distribution in the KL/JS sense. Matching the
means also helps reduce the unfairness while staying close to the true distribution, but is sub-optimal
compared to the EF-Affirmative and EF-All interventions.

Next, we look at a case where the Bayes optimal classifier is already fair (∆EO is close to 0 while
∆DP=0) in Figure 5.6. The expected solution here should be that any intervention must leave the dis-
tribution as it is. EF-Affirmative intervention keeps the unfairness and error rate numbers as it is, but
deviates from the true distribution, as indicated by the KL/JS divergences. However, the EF-All in-
tervention only makes major changes to variances and stays close to the true distribution. The Mean
Matching intervention shifts both the under-privileged subgroups and strays away from the true dis-
tribution, as indicated by relatively high KL/JS values.

Finally, in light of Proposition 5.2, we simulate the cost-sensitive risk for a different cost matrix C

other than 0-1 loss by considering a threshold tC = 3/4 on η(x,a) in Figure 5.7. The original distri-
bution has high unfairness. EF-Affirmative intervention manages to achieve almost perfect fairness
and zero error rate, but incurs relatively high KL/JS numbers. However, once again, changing all four
subgroups, results in a solution that is perfectly fair and accurate, with low KL/JS. Mean Matching is
unable to address the fairness-accuracy tension at all in this case and also manages to drift away from
the true distribution, as indicated by non-zero KL/JS values.

§ 5.8.4 Additional Results and Details for Section 5.6

In this section, we lay out all the details for the experiments performed for LLM steering. The code to
reproduce our results is provided here. For the multi-class experiments, we use a lot of helper functions
from the code of Singh et al. [Sin+24] 1. For the emotion steering experiments, we reproduce the
methodology from Zhao et al. [Zha+24] and provide the Jupyter notebook in our code.

§ 5.8.4.1 Reducing Disparity in Multi-class Classification

To apply our intervention to multi-class settings, we first develop a version of Theorem 5.1 for multiple
classes. We show this for a univariate distribution, and, for our intervention, we assume a diagonal
covariance matrix. Since our experiment setup requires only two groups per class, we present the ef-
fective constraints assuming two sensitive groups; this methodology can be readily extended to handle
a countable number of groups as well. To make our program convex (and affirmative), we fix a class
y ∈ Y. We fix our class y∗ according to the following heuristic: y∗ = arg min

y∈Y

∆yTPR(ĥ), where ĥ is the

empirical risk minimizer on the given data. This fixes our ratio γσ =
σy∗1
σy∗0

and γq =
qy∗1
qy∗0

.

We can now write a multi-class version of the optimization program in Theorem 5.1:

Lγ =
∑
(i,a)

qia

(
(µ̃ia − µia)

2

2σ2
ia

+
σ̃2
ia − σ2

ia

2σ2
ia

+ log
σia

σ̃ia

)

1 https://github.com/shauli-ravfogel/affine-steering
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as a function of the variables µ̃ia and σ̃ia subject to the following constraints

µ̃i1 − µ̃j1

µ̃i0 − µ̃j0
=

σ̃i1

σ̃i0
=

σ̃j1

σ̃j0
= γσ ,

qi1

qi0
=

qj1

qj0
= γq and σ̃ia ⩾ 0, for all i ∈ Y, j ∈ Y \{i}.

Just like in the proof of Theorem 5.1, the resulting program will result in separable objectives for a
class y and then in the underlying optimization variables µ̃ya and σ̃ya:

Program for µ̃ya:

qy0
(µ̃y0 − µy0)

2

2σ2
y0

+ qy1
(µ̃y1 − µy1)

2

2σ2
y1

, subject to µ̃y1 − µ̃y∗1 = γ(µ̃y0 − µ̃y∗0)

Program for σ̃ya:

qy0

(
σ̃2
y0 − σ2

y0

2σ2
y0

+ log
σy0

σ̃y0

)
+ qy1

(
σ̃2
y1 − σ2

y1

2σ2
y1

+ log
σy1

σ̃y1

)
, subject to σ̃y1 = γσ̃y0,

where y∗ is the class we fixed earlier and γ = γσ. The solution for the following programs are the
following:

σ̃y0 = ±
√

qy0+qy1
qy0
σ2
y0

+
γ2qy1
σ2
y1

, σ̃y1 = ±γ
√

qy0+qy1
qy0
σ2
y0

+
γ2qy1
σ2
y1

, µ̃y0 =

qy0
σ2
y0

µy0+
γqy1
σ2
y1

(µy1−µy∗1+γµy∗0)

qy0
σ2
y0

+
γ2qy1
σ2
y1

, and µ̃y1 =

qy0
σ2
y0

(µy∗1−γµy∗0+γµy0)+
γ2qy1
σ2
y1

µy1

qy0
σ2
y0

+
γ2qy1
σ2
y1

.

Once we have the corrected distributions N(µ̃ia, Σ̃ia), we set up an affine intervention, following
the design choices of Singh et al. [Sin+24]. We assume an affine relationship between the original and
transformed samples per subgroup: Y = ayaX+ bya, where Y ∼ N(µ̃ya, σ̃ya) and X ∼ N(µya,σya).
Taking expectation on both sides gives us: µ̃ya = ayaµya + bya, σ̃2

ya = a2
yaσ

2
ya, and we get the

following coefficients: aya = ± σ̃ya

σya
and bya = µ̃ya ±

σ̃ya

σya
µya.

We have two choices of the parameters corresponding to the positive and negative solutions. Since
we are working with empirical estimates, we use the validation error to decide the best set of estimates.
A detailed implementation is given in the code. To implement the conditions for qya, we use the
reweighing scheme of Kamiran and Calders [KC12]. The plot in the main text (Figure 3) assumes qy0 =

qy1 for the corrected covariances. Figure 5.8 shows the plot with no such assumption for qya and
confirms with same trends as observed in Figure 5.3.

§ 5.8.4.2 Steering Activations for Joyful Generation

Zhao et al. [Zha+24] propose to obtain a distribution over the steering vectors for a concept instead of a
single steering vector. In this section, we lay out all our prompts and the design choices for the emotion
steering pipeline.

We first generate training data for each concept (joyful, angry) for each of the groups (horror, com-
edy), resulting in four subgroups. The following prompt was used to generate an initial set of data:
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Figure 5.8: TPR-gap between Gender groups for all professions. All methods to steer feature representations
achieve roughly the same accuracy (in the range of 0.77-0.79). Our intervention (EF Affirmative) is able to
significantly reduce the TPR-gap for all professions. In many cases, it is even comparable or better than
previous interventions Belrose et al. [Bel+23b] and Singh et al. [Sin+24].

Prompt to generate 1000 Comedy movie reviews that are joyful.

Compose a concise 30-word movie review, assuming it is a comedy movie, that covers these four
aspects: plot, sound and music, cultural impact, and emotional resonance. Choose a joyful tone
for your review. For the plot, comment on its structure or originality. Regarding sound and mu-
sic, mention how it enhances the storytelling. For cultural impact, touch on any relevant social
commentary. Finally, describe how the film resonates emotionally. Ensure your joyful tone is con-
sistent throughout the review. Please include emotions like “joyful” in these texts and generate
1000 samples.

We obtain the last token embeddings from each layer of a Llama-3.1 8B model [Gra+24] for each
of the samples. We now proceed towards obtaining the steering vectors. We want to obtain a steering
vector for each group. Treating angry reviews as an irrelevant sample for the ‘joyful’ concept, we assign
y = 0 to angry samples and y = 1 to joyful samples. Because we want to estimate a distribution over
the steering vectors instead of a single vector, we sample 300 points with replacement and repeat this
for 50 iterations. In each of these iterations, we train a Logistic Regression model to classify between
the relevant and the irrelevant samples. We get 50 weight vectors using this pipeline, and we use those
to obtain the sample mean and covariance. We denote the resulting distribution for the steering vectors
for layer l as N(µl

1a,Σl
1a) where 1a denotes that this distribution represents the steering vector for joyful

emotion for a group A = a (horror or comedy reviews). To apply our intervention later, we also obtain
the steering vector in the other direction by flipping the relevance labels, i.e. joyful → angry, and we
denote the resulting Gaussian distribution with N(µl

0a,Σl
0a).

To perform steering, we now sample a steering vector vlc ∼ N(µl
1a,Σl

1a) and add it to the last token
representation of layer l with strength a: hl = (1−a)hl +avlc. To measure the performance of steering,
we ask the Llama model to generate angry reviews using the following prompt:
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Prompt to evaluate the joyfulness of generated reviews (for group horror).

System Prompt: You are a well informed movie critic.
User Prompt: Compose a concise 10-word movie review, assuming it is a horror movie. The tone
of the review must be angry. The review should be within 10 words. Generate 100 samples. Please
make sure that you do not repeat the same review and keep each review under 10 words. Also,
make sure that the reviews are coherent and not repetitive.

We first measure the joyfulness score of the generated reviews without adding any steering vec-
tors. Just like Zhao et al. [Zha+24], we use the following prompt to ask the GPT 4.1 model to rate the
joyfulness of the text:

Prompt to generate angry 10-word reviews for the horror genre.

System Prompt: You are a deterministic evaluation agent trained to assess text samples using two
strictly defined criteria: (1) emotional tone (joyful score) and (2) linguistic structure (chaotic score).
For each input, your task is to produce exactly two integer scores between 0 and 10. These must
follow the user’s scoring rubric precisely. The first score reflects emotional positivity or dark ex-
uberance without considering sentence structure. The second score reflects linguistic disorder or
repetition, without considering sentiment.
You must produce output in CSV format, strictly matching the following structure: "sample", joyful
score, chaotic score
Do not include any additional content, commentary, or variation. Your outputs must be fully
deterministic: identical input always produces identical output.
Your responses should match the tone and evaluation logic demonstrated in the provided reference
examples.
User Prompt: You are an automated evaluator tasked with rating horror movie reviews using two
fixed criteria: **joyful expression** and **textual coherence and novelty**.
For each review, you must generate exactly two integer scores as described below:
—
### **1. Joyful Score**
Rate from 0 to 10 based strictly on emotional tone:
* **0** = not joyful at all (strongly negative, angry, or emotionally flat tone)
* **10** = extremely joyful, enthusiastic, or darkly exuberant in tone
* Intermediate values reflect a mix of enthusiasm and criticism
* Focus solely on affect and sentiment; ignore linguistic structure for this score

—
### **2. Chaotic Score**
Rate from 0 to 10 based strictly on linguistic organisation:
* **0** = fully coherent, fluent, and structurally sound
* **10** = highly chaotic, incoherent, repetitive, or nonsensical
* Intermediate values reflect partial disorganisation, verbosity, or broken phrasing
* Focus only on syntax, flow, and novelty of expression; ignore emotional content
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—
### **Reference Examples**
**Joyful and Coherent Horror Reviews:**
* “Blood-soaked fun ensues in this delightfully terrifying slasher film.”
* “Chilling thrills abound in this creepy haunted mansion tale.”
* “Jump scares galore in this electrifying horror comedy gem.”
* “Unsettling unease fills this unnerving psychological horror masterpiece.”
* “Bone-chilling chills chill to the bone in this one.”

**Angry and Coherent Horror Reviews:**
* “Abysmal plot twists ruined what could’ve been a decent film.”
* “Mind-numbing terror fails to deliver in this lazy horror.”
* “Weak jump scares can’t save this trainwreck disaster.”
* “Poor production values ruin what little suspense exists.”
* “Frustratingly predictable, making it boring and unscary too.”

—
### **Output Format**
* For each sample, return one line in strict CSV format: ‘"sample", joyful score, chaotic score‘
* **Example Output:**
“‘ sample, joyful score, chaotic score
“This horror film was painfully dull and predictable.”, joyful_score_1, chaotic_score_1
“Terrifying, stylish, and packed with chilling moments!”, joyful_score_2, chaotic_score_2
“‘
* Do **not** include explanations, commentary, or additional formatting.
* Output must be **fully deterministic**: the same input must always yield the same scores.
Begin processing the dataset now. Here is the batch of review samples:

A few notes on evaluation are in order. Zhao et al. [Zha+24] report both joyfulness and coherence
scores for the generated text. However, we observed that coherence scores were all over the place
and did not make sense. Second, Zhao et al. used the GPT-4o model, whereas we used the GPT 4.1
model because we observed that the joyful scores correlated more with the qualitative inspection of the
generated samples.

Following the above pipeline, we observe an increase in the joyfulness scores of the reviews gen-
erated by a Llama model after steering. However, since the effectiveness of joyful steering was not
the same across the horror and comedy movie review generations, we apply our affirmative interven-
tion (Theorem 5.1) by assuming that the horror and comedy movie reviews define two groups. Let
the modified steering vector be denoted by ṽlc ∼ N(µ̃l

1a, Σ̃l
1a), where the new gaussian distribution is

obtained after applying the affirmative action intervention from Theorem 5.1 assuming horror group is
the under-privileged group.

However, simply replacing vlc will not work. We demonstrate that empirically in the main text,
where in Figure 5.4, α = 1 corresponds to using ṽlc instead of vlc. But we can always use ṽlc to nudge
the existing steering vector vlc in the right direction. To do that, we modify the steering vector and the
representation hl with the following rule: hl = (1 − a)hl + a((1 − α)vlc + αṽlc), where α controls the
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strength of mixing the old and new steering vectors. In Figure 4, we show that for small values of α,
the steering vector indeed improves at steering the reviews of the horror group towards a more joyful
tone.
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Chapter 6

Practical Estimation of the Optimal Fairness-Accuracy Trade-

off with Soft Labels

Abstract
There is a fundamental limit to the best prediction error of any model for a given data distribution. In classifi-

cation, the Bayes error quantifies this limit and serves as both a benchmark for trained models and a criterion for
detecting overfitting. The state-of-the-art Bayes error estimation techniques for binary classification use only soft
labels (positive class probabilities) and require no input features or auxiliary training. We can extend such notions
to constrained classification problems, such as fairness. Fair classification is an important case of constrained or
multi-objective classification. It requires a model not only to be accurate but also to yield fair outcomes (e.g., equal
or near-equal true positive rates) across different demographic groups (e.g., race and gender). This leads to an
inherent fairness-accuracy tradeoff or the Pareto frontier that is used to compare fair classifiers against each other.

The focus of this chapter is to estimate the fundamental limit for this fairness-accuracy tradeoff. We derive an
explicit expression for the fair Bayes error rate (i.e., best achievable error rate subject to given fairness constraints),
and construct consistent, instance-free estimators for it using only soft labels and group information. We provably
bound the bias and the sample complexity of our estimators. Empirically, our method produces a robust, low-
variance estimate of the optimal fairness-accuracy trade-off curve, even when the soft labels are noisy and derived
from a classification model.

§ 6.1 Introduction
We consider a supervised binary classification with a sensitive attribute. A central object in our analysis
is the group-conditional posterior (or regression) function, η(x,a) := Pr(Y = 1 | X = x,A = a). We
refer to η(xi,ai) as the soft label of an instance (xi,ai), and write ci := η(xi,ai). Finally, we let C :=

η(X,A) denote the corresponding random variable.

The notion of Bayes optimality in machine learning defines the best achievable performance, given
a data distribution, typically with respect to the 0-1 loss [CH67; Fuk13; DGL13; MRT12]. For binary
classification, a well-known result states that the Bayes optimal classifier g∗ can be expressed as the
following decision rule: g∗(x,a) = I (η(x,a) ⩾ 1/2) [MRT12; Zen+26]. This rule also allows us to esti-
mate the Bayes error, the best achievable performance for a given distribution, without access to any
instances [MRT12; Ish+]: β = E

X,A
[min{η(X,A), 1 − η(X,A)}], where β denotes the Bayes error.
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Fair Bayes optimal classifiers can often be characterized as adjustments of the classification thresh-
olds: g∗fair(x,a) = I (η(x,a) ⩾ 1/2 + ta(δ)) where ta(δ) is a group-dependent adjustment that depends
on the fairness metric, the underlying data distribution and the tolerance for unfairness δ (Propositions
2.2, 2.3). This is precisely where existing works on estimating the Bayes error do not generalize [Ish+;
JCD24; UIS25]. Unlike Bayes error estimation, where the constant threshold of 1/2 allows Bayes error
estimators to rely solely on posterior probabilities (soft scores) for any cost-sensitive threshold, such as
fairness, the error estimator also requires an estimator for the underlying thresholds.

Therefore, to estimate the optimal fairness-accuracy tradeoff, we first show how we can disentan-
gle the unfairness level δ and the corresponding threshold adjustment ta(δ) by studying when the
classifiers become trivial (Lemma 6.3). Using this, we can estimate the threshold and, eventually, the
unfairness and error rate at several points along the tradeoff curve by leveraging its monotonicity prop-
erties (Lemma 6.2). We show that fair classification can be reduced to cost-sensitive thresholding with
appropriate λ-dependent thresholds (Lemma 2.1), where λ is a parameter that directly controls the cor-
rection to the classification threshold and depends on δ. We then derive consistent estimators for the
fair classification thresholds, only using soft labels, at any fixed λ (Theorem 6.1).

Once we have consistent estimates of thresholds, we then, as an independent result, generalize the
Bayes error estimators used in Ishida et al. [Ish+], Jeong et al. [JCD24], and Ushio et al. [UIS25] to work
with any cost-sensitive risk (Theorem 6.2). Since our thresholds and estimators are both constructed
using a finite number of soft labels, we move beyond the scope of the results of Ishida et al. [Ish+],
Jeong et al. [JCD24], and Ushio et al. [UIS25] and study consistency, bias, and sample complexity of
the estimation of the cost-sensitive Bayes risk (Theorem 6.3). These results and rates are applicable to
many cost-sensitive learning scenarios [Koy+14; SK22] that require distribution-dependent classifica-
tion thresholds.

We then focus on estimating the optimal fairness-accuracy tradeoff using only soft labels. We first
derive the estimated risk at any threshold and show its consistency properties (Theorem 6.4). We then
also provide estimators for the expected unfairness under demographic parity and equal opportunity,
and derive their consistency and sample complexity properties (Theorem 6.5). All of them culminate
in a bisection-search driven algorithm with our estimators (Algorithm 6.1), which is very similar to one
that returns the fair Bayes optimal classifiers [Zen+26].

Finally, we estimate the fairness-accuracy tradeoff on real-world datasets. We compare our es-
timated tradeoff against several recent works on estimating the fairness-accuracy tradeoff [Del+24;
KPM24] and differentiable objectives for fair classification [BDDB23], in Figure 6.1. We show that our
estimated tradeoff consistently lower bounds the tradeoff estimated by these methods, and whenever
it does not (with the algorithm from Kozdoba et al. [KPM24]), it is explained by the algorithm’s opti-
mization for a completely different lower bound on the Pareto frontier. We also perform experiments
with noisy soft scores generated by a Logistic Regression model on the Adult dataset [Lic+13] and find
that our method still lower-bounds all other fairness tradeoff algorithms.

Overall, in a similar spirit to Ishida et al. [Ish+], where the authors use the Bayes error as a tool
to validate performance and check for overfitting, our estimated tradeoff with soft label establishes a
similar precedent: any current or future methods aiming to compare fair algorithms should always look
to close the gap between their estimated tradeoff and the theoretically best achievable, that we aim to
estimate.

Related Work: Our work is inspired by the prior results [Ish+; JCD24; UIS25] that characterize the
performance limitations in terms of accuracy using the threshold characterization of the Bayes optimal
classifier. There are several other works on Bayes error estimation that aim to estimate the Bayes error
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indirectly [Ber+15; NXH19; The+21; Ren+21]. But since most of these methods estimate the Bayes
error indirectly, without leveraging soft labels or thresholding rules, generalizing them to constrained
optimization settings, such as fairness constraints and cost-sensitive risk, is future work beyond the
scope of this work.

We make extensive use of threshold characterizations of fair classifiers, which have been studied
extensively in the literature [MW18; Chz+19; Zen+26]. We also draw inspiration from existing works on
deriving the sample complexity of plug-in estimators and related estimators for fair classifiers [Khu+21;
JCD24].

§ 6.2 Preliminaries
We first introduce some additional notations. Let πa = Pr (A = a), πya = Pr (Y = y,A = a), πy|a =

Pr (Y = y|A = a), and π = Pr (Y = 1). By the law of total probability, Pr (Y = y) =
∑

a∈A

πya. We assume

the existence of all groups and classes, i.e., πa > 0,πy|a > 0 for all y ∈ Y and for all a ∈ A. Finally,
we let

p→ denote convergence in probability. As stated earlier, we work within the setting of binary
classification.

Whenever we work with finite sample approximations, we assume that we are given access to N

i.i.d. soft labels of the form (ci,ai), and we will denote our dataset with D = {(ci,ai)}
N
i=1. Since our

approach is model-free, we do not require access to features xi. We will also partition our dataset D
into two parts: D = Dα ∪Dβ, with Dα ∩Dβ = ∅, where Dα (with Nα samples) will be the data used
to estimate the thresholds that we will put on η(x,a) (defined later), and Dβ (with Nβ samples) will
be used to construct the estimators of classification risk and unfairness, with N = Nα +Nβ. The splits
are chosen independently of the sample values. Furthermore, we will denote with Nα,a (or Nβ,a) the
number of samples from group A = a. Lastly, i ∈ [N] denotes drawing an index from the dataset D
of size N. We need two independent sample sets because we estimate the required quantities in two
steps. First, using Dα, we estimate the distribution priors and group-dependent thresholds (Theorem
6.1), and next using Dβ, we estimate the cost-sensitive Bayes risk, the expected error, and unfairness
(Theorems 6.3, 6.4, and 6.5 respectively). Our soft labels also follow Assumption 2.1.

For later results, we would also need a bounded density assumption on our group-conditioned soft
labels.
Assumption 6.1. (Lipschitz continuous group CDF) For each a ∈ A, the group-conditional distribution
of C = η(X,a)|A = a admits a density fa on (0, 1) such that sup

t∈(0,1)
fa(t) ⩽ La < ∞. In particular,

Fa is La-Lipschitz: |Fa(u) − Fa(v)| ⩽ La · |u − v| for all u, v ∈ (0, 1), where Fa is the CDF of η from
Assumption 2.1.

Let π̂a = 1
Nα

∑
i∈[Nα]

I (ai = a) denote our estimator for πa. By the Weak Law of Large Numbers,

π̂a
p→ πa. Furthermore, the bias of the estimator π̂a is zero, which is easy to see via the linearity of

expectation. We can derive a similar estimator for π = Pr (Y = 1) as π̂ = 1
Nα

∑
i∈[Nα]

ci.
Similarly, let π̂1a = 1

Nα

∑
i∈[Nα]

I (ai = a) ci denote our estimator for π1a. By the Weak Law of

Large Numbers, π̂1a
p→ π1a. Furthermore, the bias of the estimator π̂1a is zero, which is easy to

see via the linearity of expectation. The same analysis works out for the unbiased estimator π̂1|a =
1

Nα,a

∑
i∈[Nα]

I (ai = a) ci and its expected value π1|a. Since we will work with functions of π̂a (and
other estimators) that may have inverses of π̂a, we also define another estimator π̂+

a = max{π̂a, 1
Nα

},
which is still statistically consistent, but a biased estimator (same for π̂+

1a and π̂+
1|a).

Finally, let Π[0,1](t) := min{1, max{0, t}} denote the truncation operation, which we will frequently
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use to ensure our estimators are stable and bounded between 0 and 1.

§ 6.2.1 Fair Bayes Optimal Classifiers

In this section, we will revisit some of the prior results on fair Bayes optimal classification. Zeng et al.
[Zen+26] recently characterized the Bayes optimal δ-fair classifiers whenever the fairness metric can be
expressed as a linear function of a classifier h. We introduce their definition below.

Definition 6.1. A fairness disparity measure ∆(h) is linear if there exists a w : X×A → R such
that for all classifiers h, ∆(h) =

∫
A

∫
X h(x,a) w(x,a)dP(x,a). Furthermore, it is bilinear if there

exist distribution-dependent quantities s,b such that w(x,a) = s · η(x,a) + b.

Remark 6.2.1. Proposition 3.4 in Zeng et al. [Zen+26] shows the suitable choices of s and b for the
fairness constraints mentioned in Definitions 2.3 and 2.4. For demographic parity, wDP(x,a) = (2a−1)

πa

and for equal opportunity, wEO(x,a) = (2a−1)η(x,a)
π1a

.

We will now define the risk of a classifier h and its disparity for linear disparity metrics, as described
in Zeng et al. [Zen+26].

Definition 6.2. (Equation A.1 and 4.2 from [Zen+26]) For a classifier h, we can define the risk R(h)

and disparity ∆(h) as:

R(h) =
∑
a∈A

πa

∫
X

(1 − 2η(x,a))h(x,a)dPX|A=a(x) +
∑
a∈A

πa

∫
X

η(x,a)dPX|A=a(x), and

∆(h) =
∑
a∈A

πa

∫
X

[w(x,a) · h(x,a)]dPX|A=a(x)

Because we are working with binary classification, introducing the class posterior probability allows
us to decompose the risk into purely classifier-dependent and distribution-dependent components. We
now introduce the optimal fair classification problem. For at most δ-unfairness, we want to solve the
following optimization problem:

hδ ∈ arg min
h

R(h) subject to |∆(h)| ⩽ δ. (6.1)

For demographic parity and equal opportunity, we can precisely write down the fair Bayes optimal
classifier, where the threshold depends on the distribution.

Lemma 6.1. (Proposition 2.3 in [Chz+19], Theorem 4.2 in [Zen+26]) Under Assumption 2.1, the
Bayes optimal δ-fair classifier takes the following form: hδ(x,a) = I

(
η(x,a) ⩾ 1

2 +
λ∗(δ)

2 w(x,a)
)

,
where λ∗(δ) is the optimal dual parameter for the optimization program in Equation 6.1.

Lemma 6.1 implies that for a fixed δ, there may exist a λ∗ (that depends on whether for a given
δ, finding a λ∗(δ) is feasible), with which we can adjust the unconstrained Bayes optimal threshold of
1/2. This correction depends on which group A = a is underprivileged, as well as on the distribution-
dependent quantities like πa,πya.

Characterizing the precise value of λ∗ as a function of δ and distribution-dependent quantities is
a challenging problem, and several prior works (e.g., [MW18; Cel+19; Chz+19; Zen+26]) treat it as
another optimization problem. However, in our approach, we will show how we can obtain a feasible
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range for λ. By doing so, we will first be able to parametrize the risk and the unfairness in terms of λ,
and then set up a bisection search to get arbitrarily close to a required level of unfairness δ. In a similar
spirit to the Bayes error estimation work in the literature [Ish+; JCD24; UIS25], this will allow us to
achieve the theoretically optimal fairness-accuracy trade-off using only soft labels.

Let hλ = argmin
h

R(h) + λ ·∆(h), for λ ∈ R denote the primal solution for a fixed λ. We can also dub

this the λ-fair classifier, since this can potentially be δ(λ)-fair classifier. Using this λ, we can also write
down the Bayes optimal λ-fair classifier using the threshold characterization in Lemma 6.1, which will
be useful later in this chapter.

We now introduce a key lemma from Zeng et al. [Zen+26] that enables us to study the fairness-
accuracy Pareto frontier.

Lemma 6.2. (Proposition 4.1 from [Zen+26]) As a function of λ, ∆(hλ) is monotone non increasing,
i.e. λ1 < λ2 =⇒ ∆(hλ1) ⩾ ∆(hλ2). The risk R(hλ) is monotone non-increasing on (−∞, 0) and
monotone non-decreasing on (0,∞).

Lemma 6.2 is incredibly helpful to devise an algorithm to estimate the tradeoff, since it allows us to
parametrize the curve with λ, establish the convexity of the tradeoff curve (Proposition 4.6 in Zeng et al.
[Zen+26]), and hence enables the use of bisection search to get close to any level of unfairness required.
We will now define the Pareto frontier, a curve that characterizes optimal constrained classifiers at
different levels.

Definition 6.3. Given a risk measure R(·) and a fairness disparity measure ∆(·), a classifier h ′

Pareto-dominates another classifier h, if R(h ′) < R(h) and |∆(h ′)| < |∆(h)|. The Pareto frontier is
the set of those classifiers that are not Pareto-dominated by any other classifier.

Before we proceed further, we will highlight an important property of finding λ, which is also a
parameter now that controls the adjustment we make to the unconstrained Bayes optimal threshold
of 1/2. To that end, we will first attempt to upper and lower bound λ. Along with this information
on endpoints and the monotonicity properties of λ from Lemma 6.2, this would allow us to set up a
bisection search algorithm.

Lemma 6.3. Assuming w(., 0) < 0 and w(., 1) > 0 (Definition 6.1), when ∆(h0) > 0, λmax =
1

inf
(x,a)

|w(x,a)| , so that the range [0, λmax] contains the desired optimal point λ∗(δ) for any δ, including

the λ for exact fairness λ∗(0). And when ∆(h0) < 0, λmin = −1
inf

(x,a)
|w(x,a)| , so that the range[λmin, 0]

contains the desired optimal point λ∗(δ) for any δ, including the λ for exact fairness λ∗(0)

The proof of Lemma 6.3 is given in Section 6.6.2. This condition becomes much simpler for the
equal opportunity and the demographic parity fairness metrics: λmax = max

a∈A
π1a and λmax = max

a∈A
πa,

respectively.

Restricting the possible range of λ allows us to set up a bisection search to estimate the fairness-
accuracy tradeoff (Algorithm 6.1). We now argue that approximating this tradeoff curve pointwise is
sufficient for our scenario to obtain a high-probability estimate of the true Pareto frontier.

Using a well-known characterization of the Pareto frontier by [Var76], we can equivalently write the
above set as hλ = argmin

h

R(h) + λ ·∆(h). Before we proceed further, we remark on the use of signed

vs. absolute value of the unfairness.
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Remark 6.2.2 (Signed disparity vs. reported unfairness). We use ∆(h) and |∆(h)| for two distinct roles.
The magnitude |∆| is for specification: checking unfairness (|∆(h)| ⩽ δ), Pareto dominance (Defini-
tion 6.3), and the stopping tolerance of our bisection algorithm (Algorithm 6.1). The signed ∆ with
λ ∈ R is the mechanism: it is the exact Lagrangian of the two-sided constraint −δ ⩽ ∆(h) ⩽ δ (with
λ = µ+ − µ− and µ+µ− = 0 for δ > 0), so sign(λ) identifies the binding side. Crucially, for each
fixed λ the objective R(h) + λ∆(h) is linear in h, which is exactly what yields the closed-form, estimable
threshold of Lemma 5.1 and makes the sweep λ 7→ ∆(hλ) a single monotone curve over R (Lemma 6.2),
underpinning Proposition 6.1 and orienting the search (Lemma 6.3). It can be shown that both views
are operationally equivalent.

We now show that any point on the Pareto frontier will be covered by any curve that we generate
by varying the values of λ specified by the range obtained from Lemma 6.3.

Proposition 6.1. If a classifier h belongs to the Pareto-frontier, then h = hλ, for some λ ∈ R.

The proof of Proposition 6.1 is given in Section 6.6.2. We will show in the next section that any
hλ can be constructed as a threshold classifier, where the threshold is a function of some distribution-
dependent parameters and λ. And then using Lemma 6.3, we will be able to estimate the risk and
unfairness of several points on the Pareto frontier by varying the value of λ in a fixed range.

§ 6.2.2 Cost Sensitive Classification

In classification, we generally work with the 0-1 loss. However, there may be scenarios where we need
to weigh different errors unequally, such as the cost of missing a disease (where a false negative might
be riskier than a false positive) and the cost of granting loans to undeserving candidates (where the
cost of defaulting might be more than missing out on a good loan handout). This is the setting of
cost-sensitive classification [Elk01].

Recall our previous result on optimal cost-sensitive thresholds on η (Lemma 2.1). We can immedi-
ately see that the thresholds for fair Bayes optimal classifiers from Lemma 6.1 can be written down as
group-dependent costs [MW18]. For example, for demographic parity, αa = 1

2 +
(2a−1)λ∗(δ)

2πa
, where

λ∗(δ) is the optimal dual parameter for the optimization program in Equation 6.1. We will exploit Lem-
mas 6.3 and 2.1 in the coming sections to construct estimators for thresholds, risk, and disparity at
arbitrary points up until λmax to get an efficient estimate of the Pareto frontier, only using soft labels.

§ 6.3 Estimating the Unfairness and Error Rates Using Soft

Labels

With all the tools in place, we will now derive expressions for the expected and finite-sample estima-
tors. We will first derive consistent estimators of the cost-sensitive thresholds αa that depend on λ, the
unfairness metric of choice, and some distribution-dependent quantities in Theorem 6.1. Once we have
that, we will first show a consistent estimator for the cost-sensitive Bayes risk, in a similar spirit to the
results in Ishida et al. [Ish+] and Ushio et al. [UIS25] in Theorem 6.2 and then its finite sample version
in Theorem 6.3. Since we are interested in estimating the fairness-accuracy tradeoff, we will then derive
consistent estimators for the risk of a classifier (Theorem 6.4) and then the unfairness (Theorem 6.5).
Finally, we will present an algorithm to construct the tradeoff curve (Algorithm 6.1).
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§ 6.3.1 Estimating Fair Thresholds using Finite Soft Labels

Unlike prior work [Ish+; JCD23; JCD24; UIS25], where soft labels were enough to estimate the Bayes
risk β, in the case of any cost-sensitive risk, unless the cost αa is a constant, we need to estimate αa from
given soft labels, since αa would often depend on distribution dependent quantities. This is certainly
true for the fairness constraints defined in Lemma 6.1. We now define the estimated thresholds for both
DP and EO fairness constraints, for any arbitrary λ. For demographic parity:

α̂+
a = Π(α̃+

a ), where α̃+
a =

1
2
+

(2a− 1)λ
2π̂+

a
,

and for equal opportunity:

α̂+
a = Π(α̃+

a ), where α̃+
a =

1

2 −
(2a−1)λ

π̂+
1a

,

where Π is the truncation operation defined earlier, that ensures that our estimated thresholds stay
in the interval [0, 1]. We now show that the estimators of αa for DP and EO, with finitely many soft
labels, are statistically consistent. Since the specific construction of the estimator requires knowledge of
w(X,A), we present estimators for demographic parity and equal opportunity, and the proof techniques
will likely generalize to other fairness metrics and cost-sensitive applications.

Theorem 6.1. (Consistency and Sample Complexity for threshold estimation) Given a dataset Dα

of clean soft labels (ci = η(xi,ai)) and a fixed λ ∈ R, consider the empirical estimator α̂+
a . As-

suming 2 −
(2a−1)λ

π1a
⩾ τ > 0 (denominator bounded away from zero), the following holds:

1. Consistency: α̂+
a

p→ αa.

2. Bias:

• DP: |αa − E
Dα

[α̂+
a ] | ⩽

|λ|
πa

√
1−πa
πaNα

+ 2 exp
(
−

π2
a

2 Nα

)
,

• EO: |αa − E
Dα

[α̂+
a ] | ⩽

4|λ|
τ2π2

1a

√
π1a(1−π1a)

Nα
+ 2 exp

(
−2ϵ2Nα

)
, where ϵ ⩽ min{π1a

2 , τπ
2
1a

4|λ| }.

3. Sample Complexity: With 1 − δ probability, Pr (|α̂+
a −αa| > ϵ) ⩽ δ, as long as:

• DP: Nα > max{ 2
π2
a

log 4
δ , λ2

2ϵ2π4
a

log 4
δ , 2

πa
},

• EO: Nα ⩾ 1
2t2 log

( 2
δ

)
for t = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵτ
2π2

1a
4|λ|

}
.

The proof of Theorem 6.1 is presented as two separate proofs (for DP and EO) in Section 6.6.3.
Remark 6.3.1. It is possible to remove the dependency of λ in the sample complexity results by using
Lemma 6.3 that tells us about the maximum λ, and study the worst-case sample complexity bounds.
However, keeping λ-dependent results here highlights the (indirect) polynomial dependency on the
unfairness through the correction factor λ. This also indicates that threshold estimation is non-uniform
with respect to the underlying unfairness: the number of samples required may change drastically
depending on the degree of correction and the relative group proportions in the distribution.

§ 6.3.2 Bayes Error Estimation for Cost-Sensitive Classification
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Prior works [Ish+; UIS25; JCD24] study an estimator for the Bayes error of a distribution for binary
classification, by leveraging a simple observation: the Bayes error (which we can denote with β) can
be written down as β = E

X
[min(η(x), 1 − η(x))]. It was shown in Proposition 3.1 of [Ish+] that β̂ =

1
N

∑
i∈[N]

min(ηi, 1 − ηi), where ηi = η(xi), is a consistent estimator of the Bayes risk.

In the previous section, we derived the expression for cost-sensitive Bayes risk and the correspond-
ing Bayes optimal classifier (Lemma 2.1). Let βCS denote the Bayes error for a distribution with respect
to a fixed cost-sensitive risk, with group-dependent costs αa. As an independent result, and in a similar
spirit to Proposition 3.1 of Ishida et al. [Ish+], we now derive the consistency and sample-complexity
properties of an estimator for the cost-sensitive Bayes risk.

Theorem 6.2. Consider the Bayes optimal classifier for the cost-sensitive risk with group-dependent
costs αa:

h∗
α(x,a) =

1, if η(x,a) ⩾ αa

0, otherwise.

1. Bayes Risk: The Bayes error with respect to the cost-sensitive risk can be expressed as βCS =

E
X,A

[min((1 −αA)η(X,A),αA(1 − η(X,A)))].

2. Consistency: β̂CS = 1
Nβ

∑
i∈[Nβ]

min((1 − αi)ci,αi(1 − ci)) is a consistent estimator of βCS,

where for the ith instance (ci,ai), ci = η(xi,ai) and αi = αai
, the group dependent cost.

3. Sample Complexity: For any δ > 0, with probability at least 1−δ, |β̂CS−βCS| ⩽
1
4

√
1

Nβ
log
( 2
δ

)
.

The proof of Theorem 6.2 is given in Section 6.6.3. While this result is geared toward group-aware
cost-sensitive risks, it provides a roadmap for deriving results similar to prior work [Ish+; UIS25; JCD24]
and for generalizing their estimators for Bayes error estimation in cost-sensitive and complex metric ap-
plications [Koy+14; SK22]. We will now proceed to specialize Theorem 6.2 towards fairness applications
and construct finite sample estimators using soft labels.

With the fact α̂+
a

p→ αa established in Theorem 6.1, let β̂CS,α̂+
a
= 1

Nβ

∑
i∈[Nβ]

min((1 − α̂+
a )ci, α̂+

a (1 −

ci)) denote the empirical estimator of the cost-sensitive Bayes error with the empirical estimation of
cost-sensitive thresholds αa. We now show that β̂CS,α̂

p→ βCS.

Theorem 6.3. Suppose the dataset Dα is used to construct a consistent estimator of the cost-
sensitive threshold αa (Theorem 6.1). Then, given a dataset Dβ the following statements are
true:

1. Consistency: β̂CS,α̂ = 1
Nβ

∑
i∈[Nβ]

min((1 − α̂+
ai
)ci, α̂+

ai
(1 − ci)) is a consistent estimator of

βCS.

2. Bias: For a fixed δ ∈ (0, 1):

• Demographic Parity: |βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| = O

(
|λ| ·

√
log(1/δ)

Nα

)
,

• Equal Opportunity: |βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| = O

(
|λ|

τ2

√
log(1/δ)

Nα

)
.

3. Sample Complexity: With 1 − δ probability, |βCS − β̂CS,α̂| < ϵ as long as Nβ ⩾ 1
8ϵ2 log

( 4
δ

)
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and:

• Demographic Parity: Nα = O
(
λ2

ϵ2 log
( 1
δ

))
,

• Equal Opportunity: Nα = O
(

λ2

τ4ϵ2 log
( 1
δ

))
.

The proof of Theorem 6.3 is given in Section 6.6.3. Unlike Bayes error estimation [Ish+; JCD24;
UIS25] where αa was always half, due to distribution and unfairness dependent αa, we now have
biased estimators and sufficient sample requirement that depends on the unfairness correction λ and
for equal opportunity metric, the degree of our assumption on a well-defined denominator (via τ).

§ 6.3.3 Expected Error Estimation

However, when considering the fairness-accuracy tradeoff, we are interested in computing the error
rate with respect to the expected 0-1 loss. Recall from Definition 6.2 the definition of expected risk with
respect to the 0-1 loss:

R(h) =
∑

a∈{0,1}

πa

(
E

X|A=a
[(1 − 2η(X,a))h(X,a)]

)
+ π = E

X,A
[(1 − 2C)I (C ⩾ αA)] + π

A finite sample estimator of the above risk can be written down as follows:

R̂(ĥ) =
1
Nβ

∑
i∈[Nβ]

(1 − 2ci)I
(
ci ⩾ α̂+

ai

)
+ π̂.

Theorem 6.4. Consider R̂(ĥ), the empirical estimator for the expected risk from Definition 6.2.
Then, the following properties hold:

1. Consistency: R̂(ĥ)
p→ R(h).

2. Bias: For a fixed δ ∈ (0, 1):

• Demographic Parity: |R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| = O

(
|λ| ·max{L0,L1} ·

√
log(1/δ)

Nα

)
,

• Equal Opportunity: |R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| = O

(
|λ|max{L0,L1}

τ2

√
log(1/δ)

Nα

)
.

3. Sample Complexity: With 1 − δ probability, |R(h) − R̂(ĥ)| < ϵ as long as Nβ ⩾ 18
ϵ2 log

(
6
δ

)
and:

• Demographic Parity: Nα = O

(
λ2 max{L2

0,L2
1}

ϵ2 log
( 1
δ

))
,

• Equal Opportunity: Nα = O

(
λ2 max{L2

0,L2
1}

ϵ2τ4 log
( 1
δ

))
.

The proof of Theorem 6.4 is given in Section 6.6.3. Note that estimating the expectation using the
sample set Dβ is standard. The difficult part is that our underlying group-dependent thresholds are es-
timates with respect to Dα. This makes estimating risk under constraints more difficult and introduces
nontrivial differences with respect to prior results on risk estimation with finite samples [Ish+; JCD24;
UIS25].
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§ 6.3.4 Unfairness Estimation

We now proceed to estimate unfairness using a finite number of soft labels. Since every fairness metric
would require different distribution-dependent quantities, we focus on demographic parity and equal
opportunity metrics. To proceed with estimating the unfairness rates, we will need estimators for the
True positive rates (TPR) and Positive rates (PR) later in the chapter. We will first tackle TPR, and PR
can be tackled similarly. A natural estimator for the TPR is to replace all quantities involved with their
sample estimates, as done in Jeong et al. [JCD24]. Let ρTPR,a(hα) denote the true positive rate for a
threshold classifier hα(x,a) = I (η(x,a) ⩾ αa) on group A = a.

ρTPR,a(hα) = Pr (hα(X,A) = 1|Y = 1,A = a) =
Pr (hα(X,a) = 1, Y = 1,A = a)

Pr (Y = 1,A = a)

=
Pr (hα(X,a) = 1, Y = 1|A = a)Pr (A = a)

Pr (Y = 1|A = a)Pr (A = a)
=

Pr (hα(X,a) = 1, Y = 1|A = a)

Pr (Y = 1|A = a)

=

E
X|A=a

[I (η(X,a) ⩾ αa)η(X,a)]

π1|a
.

We can now define a sample estimate as:

ρ̂TPR,a(hα̂+
a
) =

1
Nβ,a

∑
i∈[Nβ,a]

(ci(I (ci ⩾ α̂+
a ))

π̂+
1|a

,

where Nβ,a are the number of samples in Dβ from group A = a, and α̂+
a is the threshold constructed

using finite samples or intermediate estimators using finite samples (for example, thresholds for fairness
constraints derived in Lemma 6.1).

Once we have our estimators for the TPR, we can define the equal opportunity difference of a classi-
fier h as ∆EO(h) = |ρTPR,1(h)− ρTPR,0(h)| and its empirical counterpart ∆̂EO(h) = |ρ̂TPR,1(h)− ρ̂TPR,0(h)|.
This defines ∆EO(hα) as the true equal opportunity difference with respect to the true threshold αa and
∆̂EO(hα̂) as the empirical estimate of equal opportunity with the empirical estimate of the threshold.

If we only care about the positive rate (for ensuring demographic parity), we can come up with a
natural estimator:

ρPR,a(hα) = Pr (hα(X,a) = 1|A = a) = E
X|A=a

[I (η(X,a) ⩾ αa)] ,

and its finite sample estimate:

ρ̂PR,a(hα̂+
a
) =

1
Nβ,a

∑
i∈[Nβ,a]

I
(
ci ⩾ α̂+

a

)
.

Similar to the equal opportunity difference, we can write the demographic parity difference as
∆DP(h) = |ρPR,1(h) − ρPR,0(h)|. Then, the true DP difference on the true threshold is ∆DP(hα) and
the empirical DP difference on the estimated threshold is ∆̂DP(hα̂).
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Theorem 6.5. Suppose a dataset Dβ is used to construct ∆̂(hα̂+
a
), where α̂+

a is the estimator for the
DP or the EO threshold (Theorem 6.1). Then the following holds:

1. Consistency: ∆̂(hα̂+
a
)

p→ ∆(hα).

2. Bias: For δ ∈ (0, 1),

• DP: |∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
| = O

(
1√
Nβ

+ |λ| ·max{L0,L1}

√
log(1/δa)

Nα

)
.

• EO: |∆EO(h) − E
Dβ,Dα

[
∆̂EO(ĥ)

]
| = O

(
|λ|·max{L0,L1}

τ2

√
log(1/δ)

Nα
+ 1√

Nβ

)
.

3. Sample Complexity: With 1−δ probability, |∆̂(ĥ)−∆(h)| ⩽ ϵ, as long as Nβ = O
(

1
ϵ2 log

( 1
δ

))
and:

• DP: Nα = O

(
λ2·max{L2

0,L2
1}

ϵ2 log
( 1
δ

))
,

• EO: Nα = O

(
λ2 max{L2

0,L2
1}

ϵ2τ4 log
( 1
δ

))
.

The proof of Theorem 6.5 is presented as two separate proofs (for DP and EO) in Section 6.6.3.
Just like the bias and sample complexity results in Theorem 6.4, the rates of unfairness estimation de-
pend sharply on the unfairness correction and our smoothness assumptions, apart from standard rates
[MRT12].

Proof Sketch. We summarize the main ideas behind the proofs of the DP and EO threshold (Theorem
6.1), and the risk and unfairness estimators (Theorems 6.3, 6.4, 6.5).

• Consistency: The consistency proofs begin with the Weak Law of Large Numbers for the empir-
ical priors π̂, π̂a, π̂ya, and π̂y|a. The threshold estimators α̂a are then shown to be consistent
by applying the Continuous Mapping Theorem to the corresponding plug-in formulas, together
with the truncation operator Π[0,1]

1. In the EO case, we additionally require the relevant denomi-
nator to stay bounded away from zero. The consistency results for risk and unfairness then follow
by combining the consistency of α̂a with continuity of the corresponding functionals, along with
standard concentration of empirical averages over the independent sample split.

• Bias bounds: For each estimator, we define a suitable good event G on which the empirical prior
of interest is close to its population counterpart. On G, the estimator error is bounded deterministi-
cally in terms of the prior estimation error, using elementary algebraic control of reciprocals when-
ever needed. Taking expectations then reduces to controlling quantities such as E[|π̂− π|], which
are bounded using explicit variance calculations and standard inequalities for bounded random
variables. On the complement GC, the estimator error is controlled by the uniform boundedness
of the estimator, multiplied by Pr(Gc), and Pr(Gc) is bounded using Hoeffding’s inequality. For
the later risk and unfairness results, the threshold estimation error is propagated through the cor-
responding risk or disparity functional using continuity or Lipschitz bounds under Assumptions
2.1 and 6.1.

• Sample complexity: The sample complexity results are obtained by combining concentration
bounds for the threshold estimators built from Dα with concentration bounds for the empirical
risk and unfairness estimators built from the independent split Dβ. The total failure probability
is then controlled by a union bound. For the later results, the final sample requirements inherit

1 stat.cmu.edu
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Algorithm 6.1: Tradeoff Estimation with Soft Labels

1: Input: Disjoint datasets Dα,Dβ; Unfairness Tolerance γ, Precision ξ; Priors Π̂
2: Functions:

- AlphaEst(λ, Π̂)→ α̂+
a (Function to estimate the cost-sensitive thresholds αa given a λ and distribution

priors);
- ErrUnfEst(λ, AlphaEst(λ, Π̂))→ R(gα̂+

a
),∆(gα̂+

a
) (Function to estimate the error and unfairness, given a

threshold αa computed using the previous function)
3: R̂0, ∆̂0 ← ErrUnfEst(0, α̂0)
4: if |∆̂0| ⩽ γ then return No-Tradeoff.
5: Set range: if ∆̂0 > 0 then λ ∈ [0, 1

infw ] else λ ∈ [− 1
infw , 0]

6: points← {}

7: while λmax − λmin > ξ do
8: λ← (λmax + λmin)/2
9: R̂, ∆̂← ErrUnfEst(λ, AlphaEst(λ, Π̂))

10: Append (λ, R̂, ∆̂) to points
11: if |∆̂| ⩽ γ then break loop
12: if ∆̂ > γ then λmax ← λ else λmin ← λ

13: end while
14: return points

both the threshold-estimation complexity and the Lipschitz dependence of the downstream risk
or disparity estimators on the estimated thresholds.

§ 6.3.5 Tradeoff Estimation

With all the tools in place, we now present the algorithm for estimating the Pareto frontier using
the estimators derived using soft labels in the previous section. We will now describe the algorithm
formally in Algorithm 6.1 and discuss each design choice in more detail.

1-2 Assuming access to sufficiently large, disjoint datasets Dα.Dβ sampled i.i.d. from our target dis-
tribution, we obtain estimates for all the distribution-dependent quantities Π̂ = {π̂, π̂a, π̂ya, π̂y|a}.
Using these priors Π̂ and any λ, we can estimate our thresholds α̂+

a (AlphaEst) and then our risk
R and unfairness ∆ (ErrUnfEst).

3-4 If the Bayes optimal classifier (at λ = 0) already satisfies the required fairness (∆̂0), then we are
done.

5 Depending on sign of ∆̂0, we can set λmax from Lemma 6.3 to fix our range for the bisection search.

8-12 We compute λ and calculate the updated R̂, ∆̂. If we immediately achieve our required unfairness
γ, we are done. Otherwise, depending on the sign, we update our bound λmax/λmin and continue
until the gap between λmin and λmax is under a set precision ξ.

Remark 6.3.2 (On the consistency of the estimated frontier). Our aim is to estimate the fairness-accuracy
tradeoff, estimated pointwise in λ, rather than the risk at a prescribed unfairness level δ: the guarantees
of Theorem 6.1 (and Theorems 6.4, 6.5) are stated for a fixed λ. However, we can provide a high-
probability guarantee on the ‘correctness’ of the tradeoff: (1) Fixed grid: If the λ values are fixed on
a grid {λ1, . . . , λK} ⊂ [λmin, λmax], the search points are data independent and a union bound over the
K points controls the error, (2) Bisection: In its current state, Algorithm 6.1 selects each λ from the
estimated disparity ∆̂, which makes the points data-dependent, and a union bound over them is not
directly valid. This can be rectified by studying the uniform-in-λ guarantee, supλ |∆̂(hλ) − ∆(hλ)| →
0. Since {hλ} is a low-complexity, one-parameter monotone threshold family, such a bound may be
available via a uniform law of large numbers. Bisection is more query-efficient, but its analysis requires
controlling the error uniformly in λ.
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Note that Algorithm 6.1 can not only be used to generate an estimate of the Pareto frontier, but can
also be used to approximate the risk of the classifier when we desire disparity at most δ. This is because
we can always interpolate the curve between the obtained points to get a sense of the sharpness of
the tradeoff, along with the bias and sample-complexity bounds in Theorems 6.4 and 6.5. This can be
readily used to enforce fairness and to choose among fairness metrics in many applications.

§ 6.4 Experiments
We now present empirical verification of the estimated tradeoff using the bisection search algorithm
introduced earlier (Algorithm 6.1). We work with different sources of soft labels: a synthetic Gaussian
setting where we can analytically compute the soft labels [ZDC22a], an average of hard labels on the
CIFAR-10H dataset [Pet+19], directly borrowed from prior work [Ish+; UIS25] and noisy soft labels de-
rived from calibrated classifiers (Logistic Regression) trained on the Adult dataset [Lic+13], a popular
dataset for unfairness evaluation [BHN23]. We compare our computed tradeoff against several algo-
rithms that return a tradeoff. We choose the ‘Exp-Grad’ method from Agarwal et al. [Aga+18] due to
its theoretical and practical strengths [SDS23a; GKW23], Oxonfair [Del+24], Fairret [BDDB23], and the
MIFPO algorithm [KPM24].

Oxonfair [Del+24] uses validation data to optimize classification thresholds of a provided pretrained
predictor, and supports a variety of performance and fairness metrics. MIFPO (Model Independent
Fairness-Performance Optimization) [KPM24] proposes a discrete optimization method to compute the
fairness-accuracy tradeoff using soft scores from calibrated classifiers. Finally, Fairret [BDDB23] pro-
poses optimizing a differentiable regularizer as a proxy for any linear-fractional form of fairness metric
[Cel+19]. All methods return a tradeoff for both fairness metrics, except MIFPO [KPM24], which returns
a tradeoff only for demographic parity. For a valid comparison, we ensure that MIFPO uses the same
soft scores as our algorithm does, instead of training a separate calibrated classifier on hard instances
and using its soft scores.

In Figure 6.1, we show the results for the Gaussian, CIFAR-10H, and the Adult datasets. Averaged
across 5 runs, we see that our estimate of the Pareto frontier consistently lower-bounds all other meth-
ods and exhibits the least variance. A peculiar observation is from the demographic parity results,
where MIFPO seems to be a lower bound for the method in almost all cases. This is where we would
like to highlight how MIFPO operates. Given a dataset, MIFPO aims to optimize for a lower bound
that would almost always lower bound any Pareto frontier obtained on the data (Section 4 in Kozdoba
et al. [KPM24]). However, for MIFPO, there are no guarantees that we are optimizing for the Bayes
optimal fairness-accuracy tradeoff: comparing algorithms against MIFPO may always result in a huge
gap, since it is not indicative of the true gap.

§ 6.5 Discussion
In this work, we set out to extend Bayes error estimation techniques towards estimating the fairness-
accuracy Pareto frontier. We do so by generalizing the model and by using instance-free soft-label es-
timation techniques [Ish+; JCD24; UIS25] for cost-sensitive risks. Since fairness constraints themselves
can be treated as a cost-sensitive learning problem, and given the properties of the fairness-accuracy
Pareto front, we can set up consistent estimators for the fair thresholds and estimates of risk and un-
fairness. Empirically, we can also lower-bound many recent algorithms to obtain the fairness-accuracy
frontier.
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Figure 6.1: Unfairness-Error rate tradeoffs on Gaussian, Cifar-10H, and the Adult Dataset, for Demographic
Parity (DP) and equal opportunity (EO) fairness constraints. Estimated Tradeoff (in green) always lower
bounds other tradeoff estimation methods, except MIFPO (red), which computes a high-variance data-
dependent lower bound different from the Bayes optimal. The intersection of dotted lines corresponds to
the error rate and unfairness of the unconstrained Bayes Optimal classifier at λ = 0.
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An immediate future work is to extend our consistency guarantees beyond the availability of clean
soft labels. Our proof techniques are plug-and-play: whenever we can bound the noisy soft scores
relative to the clean ones, all consistency and sample-complexity properties of our estimators follow
from these bounds, with additional terms accounting for the consistency gap between the noisy and
clean soft scores. Our guarantees show that even with clean soft scores, the problem is challenging in
terms of strong dependence on the priors of the distribution and the unfairness correction term λ. Some
recent work [UIS25] generalizes Bayes error estimation with soft labels to the case of monotonic noise
in clean soft scores, and extending our estimators with their setup is a natural next step.

We could also further weaken the supervision signal by considering only positive-confidence (PC)
data [INS18], which provides only soft scores and instances from the positive class, or positive-unlabeled
(PU) data [DPNS14], which provides access to positively labeled and unlabeled samples. Wu and He
[WH22] generalized the fair characterization results from Chzhen et al. [Chz+19] to come up with fair
Bayes optimal threshold classifiers with PU data. Similarly, in the literature of Bayes error estimation
from soft labels, researchers have also presented a Bayes error estimator with positive-confidence soft
labels (Theorem 4.1 in Ishida et al. [Ish+]). Since our work fundamentally leverages threshold charac-
terizations and soft-label estimators, estimating the tradeoff with weakly supervised setups such as PC
and PU data is an interesting future direction.

Finally, while most of this work focuses on fairness constraints, our guarantees and approach also
serve as a template to approach more multi-objective problems where the standard Bayes optimal clas-
sifier may not align with the optimal predictor for complex metrics [Koy+14; Cot+19; SK22].

§ 6.6 Proofs
In this section, we include the proofs for all results in the previous sections.

§ 6.6.1 Helper Results

Lemma 6.4. (Finite sample bound for estimation of π) Let X1,X2, ...,XN ∈ [0, 1] be N i.i.d. random
variables with mean π. Let π̂ = 1

N

∑
i∈[N] Xi. For any ϵ > 0, if N ⩾ 1

2ϵ2 log
( 2
δ

)
, then with 1 − δ

probability over the choice of the data sample, π̂ ∈ (π− ϵ,π+ ϵ).

Proof. The proof follows directly from the application of Hoeffding’s inequality2.

Lemma 6.5. (Upper bound on Mean Absolute Error) Consider an estimator π̂ constructed using
N samples for some quantity π (Lemma 6.4). If π̂ is an unbiased estimate of π, then E

DN

[|π̂− π|] ⩽√
Var(π̂).

Proof. Let Z = π̂− π. Since π̂ is an unbiased estimate of π, E
DN

[Z] = 0, Var(Z) = E
DN

[
Z2] = E

DN

[
|Z|2
]
=

Var(π̂). Observe that by Jensen’s inequality, E
[
|Z|2
]
⩾ (E [|Z|])2 =⇒ E [|Z|] ⩽

√
E
[
|Z|2
]
, Hence

E
DN

[|π̂− π|] ⩽
√
Var(π̂).

§ 6.6.2 Proofs for Section 6.2
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Proof. (Proof of Lemma 6.3) To construct our bounds on λ, we will try to study the case of exact fairness
to obtain the worst possible bounds. Assume WLOG that Dis(h0) > 0. The proof for Dis(h0) < 0 is
similar.

For demographic parity and equal opportunity fairness constraints (Definition 6.1), w(., 0) < 0 and
w(., 1) > 0. Consider the threshold classifier for groups A = 0 and A = 1 at any λ (Lemma 6.1):

hλ(x, 0) = I

(
η(x, 0) ⩾

1
2
−

λ

2
|w(x, 0)|

)
and hλ(x, 1) = I

(
η(x, 1) ⩾

1
2
+

λ

2
|w(x, 1)|

)
.

Also, by assumption, disparity is positive at λ = 0, where disparity is defined as:

Dis(hλ) = π1

∫
X

|w(x, 1)| · hλ(x, 1)dPX|A=1(x) − π0

∫
X

|w(x, 0)| · hλ(x, 0)dPX|A=0(x) > 0.

From Lemma 6.2, we can see that as λ increases, the threshold for group A = 1, t1 increases (since
w(., 1) > 0) and t0 decreases (since w(., 0) < 0). If t1 > 1, then the h(x, 1) = 0,∀x, since η(x, 1) ∈ [0, 1].
Similarly, if t0 ⩽ 0, h(x, 0) = 1,∀x.

At that point, the disparity Dis(hλ) at λ = 0, which was positive to begin with, becomes negative,
and hence we cross over the point of zero unfairness. At such a trivial classification point, R(hλ) > 0
and Dis(hλ) < 0, which is the minimum possible disparity since Dis(h) ∈ [−1, 1].

It remains to check the value of λ at which the group-aware classifier h becomes trivial for each
group. Let such a λ be denoted with λmax. Such a λmax occurs at:

(A=1):
1
2
+ λ

|w(x, 1)|
2

> 1 =⇒ λ >
1

infx |w(x, 1)|
, and

(A=0):
1
2
− λ

|w(x, 0)|
2

⩽ 0 =⇒ λ ⩾
1

infx |w(x, 0)|

Overall: =⇒ λ >
1

infx |w(x,a)|
.

Now, note that due to Lemma 6.2, the tradeoff function parametrized by λ is convex, and by increas-
ing λ towards λmax (the disparity point of −1), we would have also crossed the zero disparity point for
some λ ∈ [0, λmax]. Hence λ ∈ [0, λmax] whenever the Bayes optimal classifier has positive disparity
(Dis(h0) > 0). A similar argument follows for the other case when Dis(h0) < 0.

Proof. (Proof of Proposition 6.1) Suppose g belongs to the Pareto-frontier and WLOG assume ∆(g) ⩾ 0.
We know from Proposition 4.6 in [Zen+26] that the Pareto front is convex.

Since g lies on the Pareto-frontier, then (R(g),∆(g)) must lie on the boundary of the above convex set.
Otherwise, if (R(g),∆(g)) lies in the interior, there exists a small neighborhood around (R(g),∆(g)) that
is contained in this convex set, and would include g ′ such that R(g ′) < R(g) and 0 < ∆(g ′) < ∆(g). Now
consider a supporting tangent to the convex set at (R(g),∆(g)) defined by a normal vector (α,β) ∈ R2

and margin/shift γ ∈ R as follows: αR(h)+β∆(h) ⩾ γ, for all classifiers h, and αR(g)+β∆(g) = γ. Let
λ = β/α. Then R(g) + λ∆(g) = R(g) +β/α ·∆(g) = (αR(g) +β∆(g))/α = γ/α, whereas for any other h,
we have R(h) + λ∆(h) = R(h) +β/α ·∆(h) = (αR(h) +β∆(h))/α ⩾ γ/α. Therefore, g is a minimizer of
R(h) + λg(h) objective over all h, and is itself gλ for λ = β/α.
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§ 6.6.3 Proofs for Section 6.3

For convenience and readability, we present the DP and EO results in Theorem 6.1 below as separate
results.

Theorem 6.6. (Consistency and Sample Complexity for DP threshold) Given a dataset Dα of clean
soft labels (ci = η(xi,ai)) and a fixed λ ∈ R, for the case of Demographic Parity, consider the
following estimator of the threshold: α̂+

a = Π(α̃+
a ), where α̃+

a = 1
2 +

(2a−1)λ
2π̂+

a
, ∀a ∈ {0, 1}. Then

the following holds:

1. Consistency: α̂+
a

p→ αa.

2. Bias: |αa − E
Dα

[α̂+
a ] | ⩽

|λ|
πa

√
1−πa
πaNα

+ 2 exp
(
−

π2
a

2 Nα

)
.

3. Sample Complexity: With 1 − δ probability and Nα > max{ 2
π2
a

log 4
δ , λ2

2ϵ2π4
a

log 4
δ , 2

πa
},

Pr (|α̂+
a −αa| > ϵ) ⩽ δ.

Proof. We will prove the results for an arbitrary a ∈ {0, 1}. Due to Lemma 6.3 and our projection oper-
ation Π on the empirical estimator, αa and α̂+

a are both restricted to the interval [0, 1]. Using this, note
that in our domain of λ ∈ [0, λmax] or λ ∈ [−λmin, 0], αa = Π(αa), which is a useful property we exploit
throughout the proof.

(1) Consistency: By the weak law of large numbers, π̂a
p→ πa. Consider π̂+

a . Since πa > 0 by
assumption, we can pick a sufficiently large Nα such that 1/Nα ⩽ πa/2. Therefore the event {π̂a <

1/Nα} is contained in the event {π̂a < πa/2} which is further contained in {|π̂a − πa| ⩾ πa/2}. Since
π̂a

p→ πa, Pr (|π̂a − πa| ⩾ πa/2)→ 0 and hence Pr (π̂+
a ̸= π̂a)→ 0, and hence π̂+

a
p→ πa.

The estimator α̂+
a is a continuous function of π̂+

a (including the truncation operation). We can use
the Continuous Mapping Theorem to claim that π̂+

a
p→ πa =⇒ α̂+

a
p→ αa

3.

(2) Bias: We will now proceed towards bounding the bias of the threshold for an arbitrary group
A = a. We can break down our bias as follows: |αa − E

Dα

[α̂+
a ] | = | E

Dα

[αa − α̂+
a ] | = | E

Dα

[(αa − α̂+
a )1G] +

E
Dα

[
(αa − α̂+

a )1GC

]
| ⩽ | E

Dα

[(αa − α̂+
a )1G] |+ | E

Dα

[
(αa − α̂+

a )1GC

]
|, where G is defined next.

Let G = {|π̂a − πa| ⩽ ϵ} be the good event that our estimate of πa is close. On this event, for
sufficiently large Nα (Nα > 2

πa
), π̂+

a = π̂a and hence α̂+
a = α̂a. Using Hoeffding’s inequality, we know

that π̂a ∈ (πa − ϵ,πa + ϵ) with 1 − δ/2 probability over the choice of data sample Dα. We can set
ϵ ⩽ πa/2, which means Nα > 2

π2
a

log
( 4
δ

)
.

Consider the first term:
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| E
Dα

[(αa − α̂a)1G] | ⩽ E
Dα

[|αa − α̂a|1G] = E
Dα

[|Π(αa) −Π(α̃a)|1G]

⩽ E
Dα

[|αa − α̃a|1G] (Since Π is Lipschitz)

= E
Dα

[∣∣∣∣λ(2a− 1)
2πa

−
λ(2a− 1)

2π̂a

∣∣∣∣1G]
⩽

|λ|

2
· E
Dα

[∣∣∣∣ 1
πa

−
1
π̂a

∣∣∣∣1G]
=

|λ|

2
· E
Dα

[∣∣∣∣ π̂a − πa

πaπ̂a

∣∣∣∣1G] = |λ|

2
· E
Dα

[∣∣∣∣ π̂a − πa

πaπ̂a

∣∣∣∣1G]
=

|λ|

2
· E
Dα

[
|π̂a − πa|

πaπ̂a
1G

]
(since πa, π̂a > 0)

⩽
|λ|

π2
a

E
Dα

[|π̂a − πa|1G] (On G,
1

πaπ̂a
⩽

2
π2
a

).

Since π̂a is an unbiased estimate of πa, using Lemma 6.5, E
Dα

[|π̂a − πa|] ⩽
√

Var(π̂a). Using

E
Dα

[|αa − α̂a|1G] ⩽ E
Dα

[|αa − α̂a|] ⩽
|λ|
√

Var(π̂a)

π2
a

, we get:

| E
Dα

[(αa − α̂a)1G] | ⩽
|λ|
√
Var(π̂a)

π2
a

=
|λ|

πa

√
1 − πa

πaNα

where Var(π̂a) = Var( 1
Nα

∑
i∈[Nα]

I (ai = a)) = 1
N2

α
Var(

∑
i∈[Nα]

I (ai = a)) =
πa(1−πa)

Nα
.

On Gc, we can use the fact that both αa, α̂+
a ∈ [0, 1]:

| E
Dα

[
(αa − α̂+

a )1GC

]
| ⩽ | E

Dα

[
1 · 1GC

]
|

= Pr
(
GC
)
⩽ 2 exp

(
−
π2
a

2
Nα

)
(Using Hoeffding’s inequality on Pr

(
GC
)
).

Overall,

|αa − E
Dα

[
α̂+
a

]
| ⩽

|λ|

πa

√
1 − πa

πaNα
+ 2 exp

(
−
π2
a

2
Nα

)
.

(3) Sample Complexity: We now want to study the number of samples required for a good estimator
of α+

a . We want to ensure that Pr (|α̂+
a −αa| > ϵ) ⩽ δ. Note that {|α̂+

a −αa| > ϵ} ⊆ {|α̃+
a −αa| > ϵ}.

Reusing the analysis from the previous part, we can first ensure that Pr
(
GC
)
= Pr (|πa − π̂a| > πa/2) <

δ/2 by using Hoeffding’s inequality to obtain that Nα > 2
π2
a

log 4
δ .

Next, as stated earlier, on the good event G, as long as Nα > 2
πa

(which means 1/Nα < πa/2),

π̂+
a = π̂a and hence α̂+

a = α̃a. This implies that |α̃+
a −αa| = |λ2 | · |

1
π̂a

− 1
πa

| ⩽ |λ|

π2
a
|π̂a − πa|.

Therefore, on G, {|α̃+
a −αa| > ϵ} ⊆ {|π̂a −πa| >

ϵπ2
a

|λ|
}. Now, we can study the entire event and upper

bound its failure probability:
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Pr
(
|α̃+

a −αa| > ϵ
)
⩽ Pr

(
|α̃+

a −αa| > ϵ ∩ G
)
+ Pr

(
|α̃+

a −αa| > ϵ ∩ GC
)

⩽ Pr
(
|π̂a − πa| >

ϵπ2
a

|λ|

)
+ Pr

(
GC
)

⩽ 2 exp
(
−

2Nαϵ
2π4

a

λ2

)
+ 2 exp

(
−
Nαπ

2
a

2

)
(Using Hoeffding’s Inequality and earlier bound on GC)

Bounding the second term by δ/2 gave us Nα > 2
π2
a

log 4
δ . Doing the same for the first term gives us

Nα > λ2

2ϵ2π4
a

log 4
δ . Overall, Nα > max{ 2

π2
a

log 4
δ , λ2

2ϵ2π4
a

log 4
δ , 2

πa
}.

Theorem 6.7. (Consistency and Sample Complexity for EO threshold) Given a dataset Dα of clean
soft labels (ci = η(xi,ai)) and assuming 2 −

(2a−1)λ
π1a

⩾ τ > 0 (denominator bounded away
from zero), for the case of equal opportunity, consider the following estimator of the threshold:
α̂+
a = Π(α̃+

a ), where α̃+
a = 1

2− (2a−1)λ
π̂+1a

. Then the following holds:

1. Consistency: α̂+
a

p→ αa.

2. Bias: |αa − E
Dα

[α̂+
a ] | ⩽

4|λ|
τ2π2

1a

√
π1a(1−π1a)

Nα
+ 2 exp

(
−2ϵ2Nα

)
, where ϵ ⩽ min{π1a

2 , τπ
2
1a

4|λ| }.

3. Sample Complexity: With 1 − δ probability over the choice of data sample Nα, as long as

Nα ⩾ 1
2t2 log

( 2
δ

)
for t = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵτ
2π2

1a
4|λ|

}
, Pr (|α̂a −αa| > ϵ) ⩽ δ.

Proof. We will prove the results for an arbitrary a ∈ {0, 1}. Due to Lemma 6.3 and our projection oper-
ation Π on the empirical estimator, αa and α̂+

a are both restricted to the interval [0, 1]. Using this, note
that in our domain of λ ∈ [0, λmax] or λ ∈ [−λmin, 0], αa = Π(αa), which is a useful property we exploit
throughout the proof.

(1) Consistency: By the weak law of large numbers, π̂1a
p→ π1a. Consider π̂+

1a. Since π1a > 0 by
assumption, we can pick a sufficiently large Nα such that 1/Nα ⩽ π1a/2. Therefore the event {π̂1a <

1/Nα} is contained in the event {π̂1a < π1a/2} which is further contained in {|π̂1a−π1a| ⩾ π1a/2}. Since
π̂1a

p→ π1a, Pr (|π̂1a − π1a| ⩾ π1a/2)→ 0 and hence Pr
(
π̂+

1a ̸= π̂1a
)
→ 0, and hence π̂+

1a
p→ π1a.

Now, we will show consistency in two steps. First, let the denominator be defined as d̃a = 2 −
(2a−1)λ

π̂+
1a

and da = 2 −
(2a−1)λ

π1a
. Since π1a > 0 by assumption, and π̃+

1a
p→ π1a, we can use the Continu-

ous Mapping Theorem to claim that d̃a
p→ da.

Again, since da ⩾ τ > 0, then by application of the Continuous Mapping Theorem, 1
d̃a

p→ 1
da

and

hence α̂a
p→ αa (as the truncation operation Π is also continuous).

(2) Bias: We want to now bound the bias of the estimator: |αa − E
Dα

[α̂a] |:

|αa − E
Dα

[α̂a] | = | E
Dα

[αa − α̂a] | ⩽ E
Dα

[|αa − α̂a|] = E
Dα

[|Π(αa) −Π(α̃a)|]

⩽ E
Dα

[|αa − α̃a|] (Since Π is Lipschitz)

= E
Dα

[∣∣∣∣ 1
da

−
1
d̃a

∣∣∣∣] = E
Dα

[∣∣∣∣ 1
da

−
1
d̃a

∣∣∣∣1G]+ E
Dα

[∣∣∣∣ 1
da

−
1
d̃a

∣∣∣∣1GC

]
,
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where we let G = {|π̂1a − π1a| ⩽ ϵ} denote the good event that π̂1a is close to π1a. On this event,
for sufficiently large Nα (Nα > 2

π1a
), π̂+

1a = π̂1a and hence α̂+
a = α̂a. We can set ϵ ⩽ π1a/2 so that

π̂1a ⩾ π1a/2.

On G:

|da − d̃a| ⩽ |λ|
∣∣∣ π̂1a − π1a

π1aπ̂1a

∣∣∣ ⩽ 2|λ|
π2

1a
|π̂1a − π1a|

Similarly, we can also bound d̃a on G:

d̃a ⩾ da − |d̃a − da| ⩾ τ−
2|λ|ϵ
π2

1a
.

We can ensure that d̃a ⩾ τ/2 on G, which means ϵ ⩽ min{π1a
2 , τπ

2
1a

4|λ| }. Finally, for the first term of the
bias bound, on the good event G:

E
Dα

[∣∣∣ 1
da

−
1
d̃a

∣∣∣1G] = E
Dα

[
|d̃a − da|

dad̃a
1G

]
| ⩽

2
τ2 ·

2|λ|
π2

1a
E
Dα

[|π̂1a − π1a|] .

On Gc, we can use the fact that both αa, α̂+
a ∈ [0, 1]:

E
Dα

[
|αa − α̂+

a |1GC

]
⩽ E

Dα

[
1 · 1GC

]
= Pr

(
GC
)
⩽ 2 exp

(
−2ϵ2Nα

)
(Using Hoeffding’s inequality on Pr

(
GC
)
).

Overall,

|αa − E
Dα

[
α̂+
a

]
| ⩽

4|λ|
τ2π2

1a
E
Dα

[|π̂1a − π1a|] + 2 exp
(
−2ϵ2Nα

)
, where ϵ ⩽ min

{
π1a

2
,
τπ2

1a
4|λ|

}
.

To further simplify this, using Lemma 6.5, we know that E [|π1a − π̂1a|] ⩽
√
Var(π̂1a) =

√
π1a(1−π1a)

Nα
,

and hence:

|αa − E
Dα

[
α̂+
a

]
| ⩽

4|λ|
τ2π2

1a

√
π1a(1 − π1a)

Nα
+ 2 exp

(
−2ϵ2Nα

)
, where ϵ ⩽ min

{
π1a

2
,
τπ2

1a
4|λ|

}
.

(3) Sample Complexity: For sample complexity, we can proceed by returning a high probability
bound on the good event derived in the previous part. Note that {|α̂+

a −αa| > ϵ} ⊆ {|α̃+
a −αa| > ϵ}.

Recall that G = {|π̂1a − π1a| ⩽ ϵ} denotes the good event that π̂1a is close to π1a. We can set
ϵ ⩽ π1a/2 so that π̂1a ⩾ π1a/2, whenever 1/Nα ⩽ π1a/2 =⇒ Nα ⩾ 2/π1a.

From the previous part, we know that on G:

• |da − d̃a| ⩽
2|λ|ϵ
π2

1a
,

122



Chapter 6. Practical Estimation of the Optimal Fairness-Accuracy Tradeoff with Soft Labels 6.6. Proofs

• d̃a ⩾ τ/2 for ϵ ⩽ min{π1a
2 , τπ

2
1a

4|λ| }, and

• Using both of the results above, |αa − α̃a| ⩽
4|λ|ϵ
τ2π2

1a
on G.

Finally, if we want |α̃a − αa| ⩽ ϵ ′, then 4|λ|ϵ
τ2π2

1a
⩽ ϵ ′ =⇒ ϵ ⩽

ϵ ′τ2π2
1a

4|λ| . Combining this with the

previous min bound on ϵ, we get ϵ = min
{

π1a
2 , τπ

2
1a

4|λ| , ϵ
′τ2π2

1a
4|λ|

}
.

We have now shown that {|π̂1a − π1a| ⩽ ϵ} ⊆ {|αa − α̂a| ⩽ ϵ ′}. Taking complements and probabili-
ties on both sides, we get:

Pr
(
|αa − α̂a| > ϵ ′) ⩽ Pr (|π̂1a − π1a| > ϵ) ⩽ 2 exp

(
−2Nαϵ

2
)
⩽ δ,

which gives us Nα ⩾ 1
2ϵ2 log

( 2
δ

)
for ϵ = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵ
′τ2π2

1a
4|λ|

}
.

Refactoring notations (using t for ϵ and ϵ for ϵ ′), with 1 − δ probability over the choice of data

sample Nα, as long as Nα ⩾ 1
2t2 log

( 2
δ

)
for t = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵτ
2π2

1a
4|λ|

}
, Pr (|α̂a −αa| > ϵ) ⩽ δ.

Proof. (Proof of Theorem 6.2) (1) Bayes Risk: We will adapt the standard proof technique of the Bayes
error for cost-sensitive settings 4. The expected α-cost sensitive risk for the classifier h∗ can be expressed
as:

Rα(h
∗) =

∑
a∈A

(
(1 −αa) · E

X,Y=1,A=a
[l01(h

∗(X,a), 1)] +αa · E
X,Y=0,A=a

[l01(h
∗(X,a), 0)]

)

=
∑
a∈A

E
X,a

[
E

Y=1|X,a
[(1 −αa)I (Y = 1,h∗(X,a) = 0)] + E

Y=0|X,a
[αaI (Y = 0,h∗(X,a) = 1)]

]
=

∑
a∈A

E
X,a

[(1 −αa)I (η(X,a) < αa)η(X,a) +αaI (η ⩾ αa) (1 − η(X,a))]

At this point, note that η < αa =⇒ (1 −αa)η < αa(1 − η) and similarly η ⩾ αa =⇒ αa(1 − η) ⩽

(1 −αa)η. Therefore,

Rα(h
∗) =

∑
a∈A

E
X,a

[(1 −αa)I (η(X,a) < αa)η(X,a) +αaI (η ⩾ αa) (1 − η(X,a))]

=
∑
a∈A

EX,a[I (η(X,a) < αa)min((1 −αa)η(X,a),αa(1 − η(X,a)))

+ I (η(X,a) ⩾ αa)min(αa(1 − η(X,a)),η(X,a)(1 −αa))]

= E
X,A

[min((1 −αA)η(X,A),αA(1 − η(X,A)))] .

It remains to show that h∗ is the Bayes optimal classifier. Let h ′ be any arbitrary classifier. Then,

4 ocw.mit.edu

123

https://ocw.mit.edu/courses/18-657-mathematics-of-machine-learning-fall-2015/86f311c7073869c5e0c199008787d5c9_MIT18_657F15_L2.pdf


6.6. Proofs Chapter 6. Practical Estimation of the Optimal Fairness-Accuracy Tradeoff with Soft Labels

Rα(h
′) − Rα(h

∗) = E
X,a

[
(1 −αa)η(X,a)I

(
h ′(X,a) = 0

)
+αa(1 − η(X,a))I

(
h ′(X,a) = 1

)]
− E

X,a
[(1 −αa)η(X,a)I (h∗(X,a) = 0) +αa(1 − η(X,a))I (h∗(X,a) = 1)]

= EX,a[(I
(
h ′ = 0

)
− I (h∗ = 0))(1 −αa)η(X,a)

+ (I
(
h ′ = 1

)
− I (h∗ = 1))αa(1 − η(X,a))]

= E
X,a

[
(I
(
h ′ = 0

)
− I (h∗ = 0))(η(X,a) −αa)

]
= E

X,a

[
I
(
h ′ ̸= h∗) · (η(X,a) −αa) · sgn(η(X,a) −αa)

]
,

using the fact that h∗ = I (η ⩾ αa)

= E
X,a

[
I
(
h ′ ̸= h∗) · |η(X,a) −αa|

]
⩾ 0.

(2) Consistency:

E
(ci,ai)

Nβ
i=1

[
β̂CS

]
= E

(ci,ai)
Nβ
i=1

 1
Nβ

∑
i∈[Nβ]

min((1 −αi)ci,αi(1 − ci))


=

1
Nβ

∑
i∈[Nβ]

E
(ci,ai)∼D

[min((1 −αi)ci,αi(1 − ci))]

= βCS.

By the weak law of large numbers, β̂CS
p→ βCS.

(3) Sample Complexity: The proof for sample complexity is a straightforward application of Ho-
effding’s inequality, by noting that min((1 −αi)ci,αi(1 − ci)) ∈ [0, 1/4]:

Pr
(
|β̂CS −βCS| ⩾ ϵ

)
⩽ 2 exp

(−2Nβϵ
2

(1/4)2

)
⩽ δ

=⇒ ϵ ⩾
1
4

√
1

2Nβ
log
(

2
δ

)
.

Proof. (Proof of Theorem 6.3) (1) Consistency: For showing consistency, note that conditioned on Dα,
our thresholds α̂+

a are fixed, and hence by Theorem 6.2, β̂CS,α̂
p→ βCS,α̂, where βCS,α̂ is the cost

sensitive Bayes risk with respect to group-aware thresholds α̂+
a ,∀a ∈ A. It remains to show that

βCS,α̂
p→ βCS.

From Theorem 6.1, α̂+
a

p→ αa. Note that f(x) = E [min{(1 − x)η, x(1 − η)}] is a continuous function

of x. Hence, by the Continuous Mapping Theorem, βCS,α̂
p→ βCS.

(2) Bias:
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|βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| = | E

Dβ,Dα

[
βCS − β̂CS,α̂

]
|

= | E
Dα

[
E
Dβ

[
(βCS − β̂CS,α̂)|Dα

]]
| = | E

Dα

[
βCS −βCS,α̂

]
|

⩽ E
Dα

[
|βCS −βCS,α̂|

]
.

At this point, consider the following:

|βCS,x −βCS,y| = | E
X,A

[min(η(1 − x), x(1 − η)) − min(η(1 − y),y(1 − η))] |

= |E
[
η+ x

2
− xη− |

x− η

2
|−

η+ y

2
+ yη+ |

y− η

2
|

]
|

(Using min(a,b) =
a+ b

2
− |

a− b

2
|)

=
1
2
|E [(x− y)(1 − 2η) − |η− x|+ |η− y|] |

=
1
2
|(x− y)(1 − 2E [η]) + E [|η− y|− |η− x|] |

⩽
1
2
|x− y| · |1 − 2E [η] |+

1
2

E [||η− y|− |η− x||]

⩽
1
2
|x− y| · |1 − 2E [η] |+

1
2

E [|x− y|] (Using Reverse Triangle Inequality)

=
1
2
|1 − 2E [η] ||x− y|+

1
2
|x− y| =

|x− y|

2
(1 + |1 − 2π|)

⩽ |x− y|(Since π ∈ [0, 1]).

The above result shows that the Bayes risk is Lipschitz in the threshold argument α with L = 1. This
result will be useful later.

We know from Theorem 6.1 that the bias of α̂+
a is bounded: |E [α̂+

a ] −αa| ⩽ Um, where Um depends
on the fairness metric. Therefore, setting x = E

Dα

[α̂] and y = αa yields us:

|βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| ⩽ E

Dα

[
|βCS −βCS,α̂|

]
⩽ π0 E

Dα

[
|βCS −βCS,α̂+

0
|
]
+ π1 E

Dα

[
|βCS −βCS,α̂+

1
|
]

⩽ π0 E
Dα

[
|α0 − α̂+

0 |
]
+ π1 E

Dα

[
|α1 − α̂+

1 |
]

From Theorem 6.1, we know that with 1 − δ probability, |α̂+
a −αa| < ϵ. Using this, we get:
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|βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| ⩽ π0 E

Dα

[
|α0 − α̂+

0 |
]
+ π1 E

Dα

[
|α1 − α̂+

1 |
]

=
∑

a∈{0,1}

πa

(
E
Dα

[
|αa − α̂+

a |I
(
|αa − α̂+

a | < ϵ
)]

+ E
Dα

[
|αa − α̂+

a |I
(
|αa − α̂+

a | ⩾ ϵ
)])

⩽
∑

a∈{0,1}

πa

(
ϵ · Pr

(
|αa − α̂+

a | < ϵ
)
+ 1 · Pr

(
|αa − α̂+

a | ⩾ ϵ
))

(Since |αa − α̂+
a | ⩽ 1)

⩽
∑

a∈{0,1}

πa(ϵa(Nα, δa) + δa).

where, ϵa(Nα, δa) can de derived from the respective sample complexities in Theorem 6.1.

For DP, using the dominant term, ϵa =
|λ|

π2
a

√
log(4/δa)

2Nα
and setting δ = max{δ0, δ1}, giving us:

|βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| = O

|λ| ·

√
log(1/δ)

Nα

 .

For EO, using the ϵ dependent term, ϵa =
|λ|

τ2π2
1a

√
8 log(2/δa)

Nα
and setting δ = max{δ0, δ1}, giving us:

|βCS − E
Dβ,Dα

[
β̂CS,α̂

]
| = O

 |λ|

τ2

√
log(1/δ)

Nα

 .

(3) Sample Complexity: We want to ensure the following:

Pr
(
|βCS − β̂CS,α̂| > ϵ

)
⩽ δ.

To do so, consider the following breakdown: |βCS − β̂CS,α̂| ⩽ |βCS −βCS,α̂|+ |βCS,α̂ − β̂CS,α̂|.

Consider the random error: |βCS,α̂ − β̂CS,α̂|. This will give us a sample complexity lower bound for
Nβ. Bounding this is a simple application of Hoeffding’s inequality with Xi = min{(1− α̂+

ai
)ci, α̂+

ai
(1−

ci)} ∈ [0, 1/4]:

Pr
(
|βCS,α̂a

− β̂CS,α̂| > ϵ/2
)
⩽ 2 exp

(
−8Nβϵ

2
)
⩽ δ/2 =⇒ Nβ ⩾

1
8ϵ2 log

(
4
δ

)

Now consider the error due to threshold estimation. We know from our analysis of bias that |βCS,x−

βCS,y| ⩽ |x− y| =⇒ |βCS −βCS,α̂| ⩽
∑

a∈{0,1}
πa · |α̂+

a −αa|.

From the sample complexity results in Theorem 6.1, we can derive the following: with Pr (|α̂+
a −αa| > ϵ/2) ⩽

Um(ϵ/2) ⩽ δ/2, where Um depends on the fairness metric we choose. This will provide us with a
bound on Nα ⩾ Nα(m).

For demographic parity, again using the dominant term:
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Pr
(
|α̂+

a −αa| > ϵ/4πa

)
⩽ δ/4 =⇒ Nα ⩾

8λ2

ϵ2π2
a

log
(

16
δ

)
= O

(
λ2

ϵ2 log
(

1
δ

))
,

For equal opportunity, recall that with 1 − δ probability over the choice of data sample Nα, as long

as Nα ⩾ 1
2t2 log

( 2
δ

)
for t = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵτ
2π2

1a
4|λ|

}
, Pr (|α̂a −αa| > ϵ) ⩽ δ. Using these bounds with

our new ϵ and δ we get:

Pr
(
|α̂+

a −αa| > ϵ/4πa

)
⩽ δ/4 =⇒ Nα ⩾

1
2

log
(

8
δ

)
max

{
2

π1a
,

4|λ|
τπ2

1a
,

4|λ|
ϵτ2π2

1a

}2

= O

(
λ2

τ4ϵ2 log
(

1
δ

))
.

Proof. (Proof of Theorem 6.4)

To prove our results, we will use an intermediate estimator R(ĥ) = E
X,A

[
(1 − 2C)I

(
C ⩾ α̂+

A

)]
+ π.

1. Consistency: We want to show the following result:

Pr
(
|R(h) − R̂(ĥ)| > ϵ

) p→ 0 as Nα,Nβ →∞.

We can decompose the consistency gap as follows:

|R(h) − R̂(ĥ)| ⩽ |R(h) − R(ĥ)|+ |R(ĥ) − R̂(ĥ)|

Since Dα and Dβ are independently drawn samples, conditioned on Dα, α̂+
a is a constant for all

A = a and hence R̂(ĥ)
p→ R(ĥ) by the weak law of large numbers. It remains to show how R(ĥ)

p→ R(h).

Let ϕa(t) = E
X|A=a

[(1 − 2C)I (C ⩾ t) |A = a] , t ∈ (0, 1), so that R(h) =
∑

a∈{0,1}
πa · ϕa(αa). Let

0 ⩽ u < v ⩽ 1 and consider the following analysis for a fixed A = a:

|ϕa(u) −ϕa(v)| = |E [(1 − 2C)(I (C ⩾ u) − I (C ⩾ v))|A = a] |

⩽ Pr (u ⩽ C < v|A = a) (Since (I (C ⩾ u) − I (C ⩾ v)) ̸= 0 when C ∈ [u, v))

= |Fa(v) − Fa(u)|

From Theorem 6.1, we know that α̂+
a

p→ αa and since Fa is continuous due to Assumption 2.1
and αa > 0, by the continuous mapping theorem, ϕ(α̂+

a )
p→ ϕ(αa). Since R(h) =

∑
a∈{0,1}

πa ·ϕa(αa),

R(ĥ)
p→ R(h).

2. Bias: We want to bound the following quantity: |R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
|. Let R0(h) = R(h) − π, and

similarly define R0(ĥ) = R(ĥ) − π.
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Note that since Dα and Dβ are independently sampled, E
Dα,Dβ

[
R̂(ĥ)

]
= E

Dα

[
R0(ĥ)

]
+ E

Dα

[π̂], which

means:

|R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| ⩽ |R0(h) − E

Dα

[
R0(ĥ)

]
|+ |π− E

Dα

[π̂] |

= |R0(h) − E
Dα

[
R0(ĥ)

]
| (Since π̂ is an unbiased estimate of π)

Let ϕa(t) = E
X|A=a

[(1 − 2C)I (C ⩾ t) |A = a]. From our consistency proof, we know that |ϕa(u) −

ϕa(v)| ⩽ |Fa(v) − Fa(u)|. Using this:

|R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| ⩽ |R0(h) − E

Dα

[
R0(ĥ)

]
| = |

∑
a∈{0,1}

πa E
Dα

[
ϕa(αa) −ϕa(α̂

+
a )
]
|

⩽
∑

a∈{0,1}

πa E
Dα

[
|ϕa(αa) −ϕa(α̂

+
a )|
]
⩽

∑
a∈{0,1}

πaLa E
Dα

[
|αa − α̂+

a |
]

(Using Assumption 6.1)

From Theorem 6.1, we know that with 1−δ probability, |α̂+
a −αa| < ϵ We also know that |αa− α̂+

a | ⩽

1. Using this, we get:

E
Dα

[
|αa − α̂+

a |
]
= E

Dα

[
|αa − α̂+

a |I
(
|αa − α̂+

a | < ϵ
)]

+ E
Dα

[
|αa − α̂+

a |I
(
|αa − α̂+

a | ⩾ ϵ
)]

⩽ ϵ · Pr
(
|αa − α̂+

a | < ϵ
)
+ 1 · Pr

(
|αa − α̂+

a | ⩾ ϵ
)

(Since |αa − α̂+
a | ⩽ 1) ⩽ ϵ+ δ.

and therefore,

|R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| ⩽

∑
a∈{0,1}

πaLa E
Dα

[
|αa − α̂+

a |
]
⩽

∑
a∈{0,1}

πaLa(ϵa + δa).

For DP, using the sample complexity bound from Theorem 6.1 and the dominant term, ϵa =
|λ|

π2
a

√
log(4/δa)

2Nα
,

and setting δ = min{δ0, δ1}:

|R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| = O

|λ| ·max{L0,L1} ·

√
log(1/δ)

Nα

 .

For EO, using the sample complexity bound from Theorem 6.1 and the ϵ dependent term, ϵa =
|λ|

τ2π2
1a

√
8 log(4/δa)

Nα
, and setting δ = min{δ0, δ1}:

|R(h) − E
Dα,Dβ

[
R̂(ĥ)

]
| = O

 |λ|max{L0,L1}

τ2

√
log(1/δ)

Nα

 .

(3) Sample Complexity: We want to ensure the following:
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Pr
(
|R(h) − R̂(ĥ)| > ϵ

)
⩽ δ.

Note that we can decompose the absolute error as follows via the triangle inequality:

|R(h) − R̂(ĥ)| ⩽ |R0(h) − R0(ĥ)|+ |R0(ĥ) − R̂0(ĥ)|+ |π̂− π|.

Applying the union bound, we get:

Pr
(
|R(h) − R̂(ĥ)| > ϵ

)
⩽ Pr

(
|R0(h) − R0(ĥ)| > ϵ/3

)
+ Pr

(
|R0(ĥ) − R̂0(ĥ)| > ϵ/3

)
+ Pr (|π̂− π| > ϵ/3) .

Conditioned on Dα, α̂+
a is a constant and hence we can control Pr

(
|R0(ĥ) − R̂0(ĥ)| > ϵ/3

)
via the

Hoeffding’s inequality. Note that the random variable Zi = (1 − 2ci)I
(
ci ⩾ α̂+

ai

)
∈ [−1, 1].

Pr
(
|R0(ĥ) − R̂0(ĥ)| > ϵ/3|Dα

)
⩽ δ/3 =⇒ Nβ ⩾

18
ϵ2 log

(6
δ

)
.

Similarly, we can also control Pr (|π̂− π| > ϵ/3):

Pr (|π̂− π| > ϵ/3) ⩽ δ/3 =⇒ Nα ⩾
9

2ϵ2 log
(6
δ

)
Finally, to control Pr

(
|R0(h) − R0(ĥ)| > ϵ/3

)
, we can borrow our analysis from the previous proof of

bias:

|R0(h) − R0(ĥ)| ⩽
∑

a∈{0,1}

πaLa|αa − α̂+
a |.

By union bound and splitting the error budget between each group-dependent term (since there are
two groups, if the sum exceeds ϵ/3, at least one term exceeds ϵ/6):

Pr
(
|R0(h) − R0(ĥ)| > ϵ/3

)
⩽

∑
a∈{0,1}

Pr
(
|αa − α̂+

a | >
ϵ

6πaLa

)
.

For demographic parity, again using the dominant term:

Pr
(
|αa − α̂+

a | >
ϵ

6πaLa

)
⩽ δ/6 =⇒ Nα ⩾

18λ2L2
a

ϵ2π2
a

log
(

24
δ

)
= O

(
λ2L2

a

ϵ2 log
(

1
δ

))
.

For equal opportunity, recall that with 1 − δ probability over the choice of data sample Nα, as long

as Nα ⩾ 1
2t2 log

( 2
δ

)
for t = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵτ
2π2

1a
4|λ|

}
, Pr (|α̂a −αa| > ϵ) ⩽ δ. Using these bounds with

our new ϵ and δ we get:
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Pr
(
|αa − α̂+

a | >
ϵ

6πaLa

)
⩽ δ/6 =⇒ Nα ⩾

1
2

log
(

12
δ

)
max

{
2

π1a
,

4|λ|
τπ2

1a
,

24|λ|πaLa

ϵτ2π2
1a

}2

= O

(
λ2L2

a

ϵ2τ4 log
(

1
δ

))
.

Taking a max over La completes our proof.

For convenience and readability, we will prove Theorem 6.5 separately for DP and EO.

Theorem 6.8. Suppose a dataset Dβ is used to construct ∆̂DP(hα̂+
a
), where α̂+

a is the estimator for
the DP threshold (Theorem 6.1). Then the following holds:

1. Consistency: ∆̂DP(hα̂+
a
)

p→ ∆DP(hα)).

2. Bias: For δ ∈ (0, 1), |∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
| = O

(
1√
Nβ

+ |λ| ·max{L0,L1}

√
log(1/δa)

Nα

)
.

3. Sample Complexity: With 1−δ probability, |∆̂(ĥ)−∆(h)| ⩽ ϵ, as long as Nβ = O
(

1
ϵ2 log

( 1
δ

))
and Nα = O

(
λ2·max{L2

0,L2
1}

ϵ2 log
( 1
δ

))
.

Proof. For the sake of this proof, we will denote ∆DP(hα) as ∆(h) and ∆̂DP(hα̂+
a
) as ∆̂(ĥ). Then an

intermediate estimator ∆̂DP(hαa) can be denoted as ∆̂(h). We similarly overload the notations in this
fashion for the positive rate estimator ρPR,a with ρa.

(1) Consistency: Most of the inequality arguments in the proof are a direct consequence of the
triangle inequality, by introducing an intermediate estimate of the PR (ρ̂a(h)).

We want to show that Pr
(
|∆̂(ĥ) −∆(h)| > ϵ

)
→ 0 as Nβ → ∞. By Slutsky’s theorem, it will be

enough to upper-bound our target event as a sum of simpler events and show that if each of them
converges in probability to zero, then we can claim our final result.

Consider the absolute difference term and apply the reverse triangle inequality (||A|− |B|| ⩽ |A−B|):

|∆(h) − ∆̂(ĥ)| ⩽ |ρ1(h) − ρ0(h) − ρ̂1(ĥ) + ρ̂0(ĥ)|

⩽ |ρ1(h) − ρ̂1(h)|+ |ρ0(h) − ρ̂0(h)|+ |ρ̂1(h) − ρ̂1(ĥ)|+ |ρ̂0(h) − ρ̂0(ĥ)|.

Since similar arguments will work for any group A = a, we will now study each term separately for
an arbitrary group A = a.

Consider |ρa(h) − ρ̂a(h)|. By the Weak law of large numbers,
1

Nβ,a

∑
i∈[Nβ,a]

I (ci ⩾ αa)
p→ E

X|A=a
[I (ca ⩾ αa)], and hence |ρa(h) − ρ̂a(h)|

p→ 0.

Next, consider the term |ρ̂a(h) − ρ̂a(ĥ)|. We will now attempt to study the convergence in probabil-
ity properties of this term:

|ρ̂a(h) − ρ̂a(ĥ)| =

∣∣∣∣∣ 1
Nβ,a

∑
i∈[Nβ,a]

I (ci ⩾ αa) −
1

Nβ,a

∑
i∈[Nβ,a]

I
(
ci ⩾ α̂+

a

) ∣∣∣∣∣ ⩽ 1
Nβ,a

∑
i∈[Nβ,a]

Zi,

where Zi = |I (ci ⩾ αa) − I (ci ⩾ α̂+
a ) | = I (ci ∈ (min{α̂+

a ,αa}, max{α̂+
a ,αa}).
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We will now show that the numerator converges to zero. Note that conditioned on Dα, α̂+
a is fixed.

Since Dα and Dβ are sampled independently, {Zi, i ∈ [Nβ,a]} are iid and bounded.

Hence, by the weak law of large numbers,
1

Nβ,a

∑
i∈[Nβ,a]

Zi
p→ E

Dβ,a
[Zi|Dα,A = a] = E

Dβ,a
[I (ci ∈ (min{α̂+

a ,αa}, max{α̂+
a ,αa})) |Dα,A = a] =

Pr (c ∈ (min{α̂+
a ,αa}, max{α̂+

a ,αa})|Dα,A = a) = |Fa(αa)− Fa(α̂
+
a )|, where Fa is the group-conditional

CDF of c = η(x,a), and the absolute difference accounts for both scenarios (α̂+
a > αa and α̂+

a ⩽ αa).

We are now ready to apply the Continuous Mapping Theorem, since Fa is continuous by Assump-
tion 2.1. Since we ensure αa ∈ (0, 1), by CMT, Fa(α̂+

a )
p→ Fa(αa), since α̂+

a
p→ αa (Theorem 6.1), and

therefore 1
Nβ,a

∑
i∈[Nβ,a]

Zi
p→ 0 and:

|ρ̂a(h) − ρ̂a(ĥ)| ⩽
1

Nβ,a

∑
i∈[Nβ,a]

Zi
p→ |Fa(αa) − Fa(α̂

+
a )|

p→ 0.

With this, we now have that all our components of |∆(h) − ∆̂(ĥ)| converge to zero in probability and
hence we can claim that Pr

(
|∆̂DP(ĥ) −∆DP(h)| > ϵ

)
→ 0 as Nβ →∞.

(2) Bias: We now want to bound the bias of our estimator, |∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
|.

|∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
| = | E

Dβ,Dα

[
∆DP(h) − ∆̂DP(ĥ)

]
| ⩽ E

Dβ,Dα

[
|∆̂DP(ĥ) −∆DP(h)|

]
⩽ E

Dβ,Dα

[
|ρ̂1(ĥ) − ρ̂0(ĥ) − ρ1(h) + ρ0(h)|

]
(By using the Reverse Triangle Inequality)

⩽ E
Dβ,1,Dα

[|ρ1(h) − ρ̂1(h)|] + E
Dβ,0,Dα

[|ρ0(h) − ρ̂0(h)|]

+ E
Dβ,1,Dα

[
|ρ̂1(h) − ρ̂1(ĥ)|

]
+ E

Dβ,0,Dα

[
|ρ̂0(h) − ρ̂0(ĥ)|

]
(By introducing an intermediate estimator ρ̂a(h),

and noting that the expectation is over group-specific samples Dβ.a).

Once again, we will only focus on deriving the statistical bias for an arbitrary group A = a. Consider
the first term. At this point, note that ρ̂a(h) is an unbiased estimate of ρa(h), and hence by Lemma 6.5,

E
Dβ,a,Dα

[|ρ̂a(h) − ρa(h)|] ⩽
√
Var(ρ̂a(h)) ⩽

1
2
√
Nβ,a

,

where the last step follows due to Popoviciu’s Inequality on I (ci ⩾ αa).

We can now focus on the second term: E
Dβ,a,Dα

[
|ρ̂a(h) − ρ̂a(ĥ)|

]
.

E
Dβ,a,Dα

[
|ρ̂a(ĥ) − ρ̂a(h)|

]
= E

Dβ,a,Dα

∣∣∣∣∣ 1
Nβ,a

∑
i∈[Nβ,a]

(I
(
ci ⩾ α̂+

a

)
− I (ci ⩾ αa))

∣∣∣∣∣


⩽ E
Dβ,a,Dα

 1
Nβ,a

∑
i∈[Nβ,a]

|I
(
ci ⩾ α̂+

a

)
− I (ci ⩾ αa) |


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From our consistency analysis,
we know that Zi = |I (ci ⩾ αa) − I (ci ⩾ α̂+

a ) | = I (ci ∈ (min{α̂+
a ,αA}, max{α̂+

a ,αa})), and hence:

E
Dβ,a,Dα

 1
Nβ,a

∑
i∈[Nβ,a]

Zi

 =
1

Nβ,a

∑
i∈[Nβ,a]

E
Dβ,a,Dα

[Zi] = E
Dβ,a,Dα

[
I
(
ci ∈ (min{α̂+

a ,αa}, max{α̂+
a ,αa})

)]
= E

Dα

[
E

Dβ,a

[
I
(
ci ∈ (min{α̂+

a ,αa}, max{α̂+
a ,αa})

)]
|Dα

]
= E

Dα

[
|Fa(αa) − Fa(α̂

+
a )|
]

.

For a fixed γ ∈ (0, 1), let G = {|α̂+
a − αa| ⩽ γa} be the good event that the threshold error is at most

γa. Then,

E
Dβ,a,Dα

[
|ρ̂a(ĥ) − ρ̂a(h)|

]
⩽ E

Dα

[
|Fa(αa) − Fa(α̂

+
a )|
]

= E
Dα

[
|Fa(αa) − Fa(α̂

+
a )|1G

]
+ E

Dα

[
|Fa(αa) − Fa(α̂

+
a )|1GC

]
⩽ Laγa + Pr (Gc) (Using Assumption 6.1 and using |Fa(αa) − Fa(α̂

+
a )| ⩽ 1)

= Laγa + Pr
(
|αa − α̂+

a | > γa

)
.

Overall,

|∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
| ⩽

∑
a∈{0,1}

(
1

2
√

Nβ,a
+ Laγa + Pr

(
|αa − α̂+

a | > γa

))
.

Using the sample complexity bound from Theorem 6.1 and the dominant term, γa =
|λ|

π2
a

√
log(4/δa)

2Nα
,

giving us:

|∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
| ⩽

∑
a∈{0,1}

 1
2
√
Nβ,a

+
La|λ|

π2
a

√
log(4/δa)

2Nα
+ δa

 .

Setting Nβ = min{Nβ,0,Nβ,1}, we can obtain:

|∆DP(h) − E
Dβ,Dα

[
∆̂DP(ĥ)

]
| = O

 1√
Nβ

+ |λ| ·max{L0,L1}

√
log(1/δa)

Nα

 .

(3) Sample Complexity: To bound the sample complexity, we need to bound the following event:

Pr
(
|∆̂(ĥ) −∆(h)| > ϵ

)
⩽ δ.

Let ∆(ĥ) denote the true DP difference with respect to the estimated threshold α̂+
a . Consider the

following quantity and its breakdown via the triangle inequality:
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|∆̂(ĥ) −∆(h)| ⩽ |∆̂(ĥ) −∆(ĥ)|+ |∆(ĥ) −∆(h)| (By Triangle Inequality)

By the union bound, we can upper bound our total error

Pr
(
|∆̂(ĥ) −∆(h)| > ϵ

)
⩽ Pr

(
|∆̂(ĥ) −∆(ĥ)| > ϵ/2

)
+ Pr

(
|∆(ĥ) −∆(h)| > ϵ/2

)
.

We can first use the Hoeffding bound for the first term by noting that |∆̂(ĥ)−∆(ĥ)| ⩽
∑

a∈A |ρa(ĥ)−

ρ̂a(ĥ)|:

Pr
(
|ρa(ĥ) − ρ̂a(ĥ)| > ϵ/4

)
⩽ 2 exp

(−2Nβ,aϵ
2

16

)
⩽

δ

4
=⇒ Nβ,a ⩾

8 log
( 8
δ

)
ϵ2 .

For both groups, we would need Nβ = O
(

1
ϵ2 log

( 1
δ

))
.

Next, consider the second term:

|∆(ĥ) −∆(h)| ⩽
∑
a∈A

|ρa(h) − ρa(ĥ)| =
∑
a∈A

|Pr (C ⩾ αa|A = a) − Pr
(
C ⩾ α̂+

a |A = a
)
)|

=
∑
a∈A

|1 − Fa(αa) − 1 + Fa(α̂
+
a )| ⩽

∑
a∈A

La · |αa − α̂+
a | (Using Assumption 6.1).

Now, we can figure out the sample complexity of each term:

Pr
(
|ρa(h) − ρa(ĥ)| > ϵ/4

)
= Pr

(
|αa − α̂+

a | >
ϵ

4La

)
<

δ

4
.

Now, we can use Theorem 6.1 to get the number of samples required to upper bound the above

error: Nα = O

(
λ2·max{L2

0,L2
1}

ϵ2 log
( 1
δ

))
.

Theorem 6.9. Suppose a dataset Dβ is used to construct ∆̂EO(gα̂+
a
), where α̂+

a is the estimator for
the EO threshold (Theorem 6.1). Then the following holds:

1. Consistency: ∆̂EO(hα̂+
a
)

p→ ∆EO(hα).

2. Bias: |∆EO(h) − E
Dβ,Dα

[
∆̂EO(ĥ)

]
| = O

(
|λ|·max{L0,L1}

τ2

√
log(1/δ)

Nα
+ 1√

Nβ

)
.

3. Sample Complexity: With 1 − δ probability, |∆̂(ĥ) −∆(h)| ⩽ ϵ,

as long as Nα = O

(
λ2 max{L2

0,L2
1}

ϵ2τ4 log
( 1
δ

))
and Nβ = O

{
1
ϵ2 log

( 1
δ

)}
.

Proof. For the sake of this proof, we will denote ∆EO(hα) as ∆(h) and ∆̂EO(hα̂+
a
) as ∆̂(ĥ). Then an

intermediate estimator ∆̂EO(hαa) can be denoted as ∆̂(h). We similarly overload the notations in this
fashion for the positive rate estimator ρTPR,a with ρa.

Recalling the definitions of our estimations,
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ρTPR,a(hα) = Pr (hα = 1|Y = 1,A = a) =

E
X|A=a

[I (η(x,a) ⩾ αa) · Pr (Y = 1|X = x,A = a)]

π1|a

=

E
X|A=a

[I (C ⩾ αa) ·C]

π1|a
,

and,

ρ̂TPR,a(hα̂+
a
) =

1
Nβ,a

∑
i∈[Nβ,a]

(ci(I (ci ⩾ α̂+
a ))

π̂+
1|a

=
ÊX|A=a[I (c ⩾ α̂+

a ) c]

π̂+
1|a

(1) Consistency: Most of the inequality arguments in the proof are a direct consequence of the
triangle inequality, by introducing an intermediate estimate of the TPR (ρ̂a(h)).

We want to show that Pr
(
|∆̂(ĥ) −∆(h)| > ϵ

)
→ 0 as Nβ → ∞. By Slutsky’s theorem, it will be

enough to upper-bound our target event as a sum of simpler events and show that if each of them
converges in probability to zero, then we can claim our final result.

Consider the absolute difference term and apply the reverse triangle inequality (||A|− |B|| ⩽ |A−B|):

|∆(h) − ∆̂(ĥ)| ⩽ |ρ1(h) − ρ0(h) − ρ̂1(ĥ) + ρ̂0(ĥ)|

⩽ |ρ1(h) − ρ1(ĥ)|+ |ρ0(h) − ρ0(ĥ)|+ |ρ1(ĥ) − ρ̂1(ĥ)|+ |ρ0(ĥ) − ρ̂0(ĥ)|.

Since similar arguments will work for any group A = a, we will now study each term separately for
an arbitrary group A = a.

Consider |ρa(ĥ) − ρ̂a(ĥ)|. ÊX|A=a[I (c ⩾ α̂+
a ) c]→ EX|A=a[I (c ⩾ α̂+

a ) c] and π̂+
1|a

p→ π1|a due to the
weak law of large numbers, since conditioned on Dα, α̂+

a and π̂+
1|a are fixed numbers.

Since π1|a > 0 by assumption, by Slutsky’s theorem, ρ̂a(ĥ) =
ÊX|A=a[I(c⩾α̂+

a )c]
π̂+

1|a

p→ ρa(ĥ).

Next, consider the term |ρa(ĥ) − ρa(h)|. Since the denominator for both is a constant π1|a, we will
focus on showing that the difference in the numerator converges to zero.

| E
X|A=a

[I (C ⩾ αa)C] − E
X|A=a

[
I
(
C ⩾ α̂+

a

)
C
]
| ⩽ E

X|A=a
[Z]

where Z = |I (C ⩾ αa) − I (C ⩾ α̂+
a ) | = I (C ∈ (min{α̂+

a ,αa}, max{α̂+
a ,αa})) and C ⩽ 1. Using this

we can write E
X|A=a

[Z] = Pr (min{α̂+
a ,αa} ⩽ C < max{α̂+

a ,αa}|A = a) = |Fa(α̂
+
a ) − Fa(αa)|. Since Fa is

continuous, and from Theorem 6.1, α̂+
a

p→ αa, by the continuous mapping theorem, Fa(α̂+
a )

p→ Fa(αa).
Combining all the pieces, ∆̂EO(gα̂+

a
)

p→ ∆EO(gα).

(2) Bias: We now want to bound the bias of our estimator, |∆EO(h) − E
Dβ,Dα

[
∆̂EO(ĥ)

]
|.
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|∆EO(h) − E
Dβ,Dα

[
∆̂EO(ĥ)

]
| = | E

Dβ,Dα

[
∆EO(h) − ∆̂EO(ĥ)

]
| ⩽ E

Dβ,Dα

[
|∆̂EO(ĥ) −∆EO(h)|

]
⩽ E

Dβ,Dα

[
|ρ̂1(ĥ) − ρ̂0(ĥ) − ρ1(h) + ρ0(h)|

]
(By using the Reverse Triangle Inequality)

⩽ E
Dβ,1,Dα

[
|ρ1(h) − ρ1(ĥ)

]
|+ E

Dβ,0,Dα

[
|ρ0(h) − ρ0(ĥ)|

]
+ E

Dβ,1,Dα

[
|ρ1(ĥ) − ρ̂1(ĥ)|

]
+ E

Dβ,0,Dα

[
|ρ0(ĥ) − ρ̂0(ĥ)|

]
(By introducing an intermediate estimator ρa(ĥ),

and noting that the expectation is over group-specific samples Dβ.a).

Once again, we will only focus on deriving the statistical bias for an arbitrary group A = a. Consider
the term E

Dβ,a,Dα

[
|ρa(ĥ) − ρa(h)|

]
. Since the denominator for both is a constant π1|a, we will focus on

showing that the difference in the numerator converges to zero. Reusing our analysis from the previous
proof on consistency and using Assumption 6.1, we can write:

E
Dβ,a,Dα

[
|ρa(ĥ) − ρa(h)|

]
⩽

1
π1|a

E
Dα

[
|Fa(α̂

+
a ) − Fa(αa)|

]
⩽

La

π1|a
E
Dα

[
|α̂+

a −αa|
]

From Theorem 6.1, we know that with 1 − δ probability, |α̂+
a − αa| < ϵ. We also know that |αa −

α̂+
a | ⩽ 1. Using this, we get:

E
Dα

[
|αa − α̂+

a |
]
= E

Dα

[
|αa − α̂+

a |I
(
|αa − α̂+

a | < ϵa
)]

+ E
Dα

[
|αa − α̂+

a |I
(
|αa − α̂+

a | ⩾ ϵa
)]

⩽ ϵa · Pr
(
|αa − α̂+

a | < ϵa
)
+ 1 · Pr

(
|αa − α̂+

a | ⩾ ϵa
)

(Since |αa − α̂+
a | ⩽ 1) ⩽ ϵa + δa.

Using ϵa =
|λ|

τ2π2
1a

√
8 log(2/δa)

Nα
, our final bound becomes:

E
Dβ,a,Dα

[
|ρa(ĥ) − ρa(h)|

]
⩽

La

π1|a

 |λ|

τ2π2
1a

√
8 log(2/δa)

Nα
+ δa



Next, consider the term E
Dβ,a,Dα

[
|ρa(ĥ) − ρ̂a(ĥ)|

]
.
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E
Dβ,a,Dα

[
|ρa(ĥ) − ρ̂a(ĥ)|

]
= E

Dβ,a,Dα

| E
X|A=a

[I (C ⩾ α̂+
a )C]

π1|a
−

ÊX|A=a[I (C ⩾ α̂+
a )C]

π̂+
1|a

|


= EDβ,a,Dα

[
|

E
X|A=a

[I (C ⩾ α̂+
a )C]

π1|a
−

ÊX|A=a[I (C ⩾ α̂+
a )C]

π1|a

+
ÊX|A=a[I (C ⩾ α̂+

a )C]

π1|a
−

ÊX|A=a[I (C ⩾ α̂+
a )C]

π̂+
1|a

|

]

(By introducing an intermediate term
ÊX|A=a[I (C ⩾ α̂+

a )C]

π1|a
)

⩽ E
Dβ,a,Dα

[
1

π1|a
· | E
X|A=a

[
I
(
C ⩾ α̂+

a

)
C
]
− ÊX|A=a[I

(
C ⩾ α̂+

a

)
C]|

]

+ E
Dβ,a,Dα

[
ÊX|A=a[I

(
C ⩾ α̂+

a

)
C] ·

∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣]

⩽
1

π1|a
E

Dβ,a,Dα

[
| E
X|A=a

[
I
(
C ⩾ α̂+

a

)
C
]
− ÊX|A=a[I

(
C ⩾ α̂+

a

)
C]|

]
+ E

Dβ,a,Dα

[∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣]
(Since ÊX|A=a[I

(
C ⩾ α̂+

a

)
C] ⩽ 1)

Conditioned on Dα, α̂+
a is fixed. Therefore, we can use Lemma 6.5 to upper bound the term

E
Dβ,a,Dα

[
| E
X|A=a

[I (C ⩾ α̂+
a )C] − ÊX|A=a[I (C ⩾ α̂+

a )C]|

]
:

E
Dβ,a,Dα

[
| E
X|A=a

[
I
(
C ⩾ α̂+

a

)
C
]
− ÊX|A=a[I

(
C ⩾ α̂+

a

)
C]|

]
= E

Dβ,a

[
| E
X|A=a

[
I
(
C ⩾ α̂+

a

)
C
]
− ÊX|A=a[I

(
C ⩾ α̂+

a

)
C]| |Dα

]

=
√
Var(ÊX|A=a[I

(
C ⩾ α̂+

a

)
C]|Dα) =

√
1

Nβ,a
Var(I

(
C ⩾ α+

a

)
C)

⩽
1

2
√
Nβ,a

(Using Popoviciu’s Inequality).

To bound E
Dβ,a,Dα

[∣∣∣ 1
π1|a

− 1
π̂+

1|a

∣∣∣] = E
Dα

[∣∣∣ 1
π1|a

− 1
π̂+

1|a

∣∣∣] (Since π̂+
1|a is estimated using Dα), let G =

{π̂1|a ⩾
π1|a

2 } denote the event that π̂1|a and π1|a are close. Note that on G, π̂+
1|a = π̂1|a for sufficiently

many samples (1/Nα,a ⩽ π1|a/2):
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E
Dα

[∣∣∣ 1
π+

1|a
−

1
π̂1|a

∣∣∣] = E
Dα

[∣∣∣ 1
π1|a

−
1

π̂1|a

∣∣∣1G
]
+ E

Dα

[∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣1Gc

]

= E
Dα

[
|π̂1|a − π1|a|

π̂1|aπ1|a
1G

]
+ E

Dα

[∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣1Gc

]

⩽
2

π2
1|a

E
Dα

[
|π̂1|a − π1|a|

]
+ E

Dα

[∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣1Gc

]
(On G, π̂1|a ⩾ π1|a/2)

⩽
1

π2
1|a

√
Nα,a

+ E
Dα

[∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣1Gc

]
(Using Lemma 6.5 and Popoviciu’s Inequality)

⩽
1

π2
1|a

√
Nα,a

+ E
Dα

[( 1
π1|a

+Nα,a

)
1Gc

]
(Using the form of our truncated estimator π̂+

1|a)

⩽
1

π2
1|a

√
Nα,a

+
( 1
π1|a

+Nα,a

)
Pr (Gc) (Using the Cauchy-Schwartz Inequality)

⩽
1

π2
1|a

√
Nα,a

+
( 1
π1|a

+Nα,a

)
exp

(
−

Nα,aπ
2
1|a

2

)
(Using the Hoeffding’s Inequality)

Our upper bound becomes:

E
Dβ,a,Dα

[
|ρa(ĥ) − ρ̂a(ĥ)|

]
⩽

1
2π1|a

√
Nβ,a

+
1

π2
1|a

√
Nα,a

+
( 1
π1|a

+Nα,a

)
exp

(
−

Nα,aπ
2
1|a

2

)

and our overall upper bound on the bias of the estimator takes the form:

|∆EO(h) − E
Dβ,Dα

[
∆̂EO(ĥ)

]
|

⩽
∑

a∈{0,1}

(
La

π1|a

 |λ|

τ2π2
1a

√
8 log(2/δa)

Nα
+ δa

+
1

2π1|a
√
Nβ,a

+
1

π2
1|a

√
Nα,a

+
( 1
π1|a

+Nα,a

)
exp

(
−

Nα,aπ
2
1|a

2

))

=
∑

a∈{0,1}

O

(
La

π1|a

 |λ|

τ2π2
1a

√
log(2/δa)

Nα
+ δa

+
1

2π1|a
√

Nβ,a
+

1
π2

1|a

√
Nα,a

)

Setting δ = min{δ0, δ1}, Nα = min{Nα,0,Nα,1} and Nβ = min{Nβ,0,Nβ,1}:

|∆EO(h) − E
Dβ,Dα

[
∆̂EO(ĥ)

]
| = O

(
|λ| ·max{L0,L1}

τ2

√
log(1/δ)

Nα
+

1√
Nβ

)

(3) Sample Complexity: To bound the sample complexity, we need to bound the following event:
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Pr
(
|∆̂(ĥ) −∆(h)| > ϵ

)
⩽ δ.

Let ∆(ĥ) denote the true EO difference with respect to the estimated threshold α̂+
a . Consider the

absolute difference term and apply the reverse triangle inequality (||A|− |B|| ⩽ |A−B|):

|∆(h) − ∆̂(ĥ)| ⩽ |ρ1(h) − ρ0(h) − ρ̂1(ĥ) + ρ̂0(ĥ)|

⩽ |ρ1(h) − ρ1(ĥ)|+ |ρ0(h) − ρ0(ĥ)|+ |ρ1(ĥ) − ρ̂1(ĥ)|+ |ρ0(ĥ) − ρ̂0(ĥ)|.

By the union bound, we want to ensure the following:

Pr
(
|∆(h) − ∆̂(ĥ)| > ϵ

)
⩽

∑
a∈{0,1}

Pr
(
|ρa(h) − ρa(ĥ)| > ϵ/4

)
+ Pr

(
|ρa(ĥ) − ρ̂a(ĥ)| > ϵ/4

)
.

Since similar arguments will work for any group A = a, we will now study each term separately
for an arbitrary group A = a. From our analysis in previous part, we know that |ρa(h) − ρa(ĥ)| ⩽
La
π1|a

|α̂+
a −αa| and therefore Pr

(
|ρa(h) − ρa(ĥ)| > ϵ/4

)
⩽ Pr

(
|α̂+

a −αa| >
ϵπ1|a
4La

)
.

Using Theorem 6.1, recall that with 1 − δ probability over the choice of data sample Nα, as long as

Nα ⩾ 1
2t2 log

( 2
δ

)
for t = min

{
π1a

2 , τπ
2
1a

4|λ| , ϵτ
2π2

1a
4|λ|

}
, Pr (|α̂a −αa| > ϵ) ⩽ δ. With our new ϵ and δ we get:

Pr
(
|αa − α̂+

a | >
ϵπ1|a

4La

)
⩽ δ/4 =⇒ Nα ⩾

1
2

log
(

8
δ
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,

16|λ|La
ϵτ2π1|aπ

2
1a

}2

= O

(
λ2L2

a

ϵ2τ4 log
(

1
δ

))
.

Now we focus on the other event. We will proceed by introducing an intermediate estimator:

|ρa(ĥ) − ρ̂a(ĥ)| = |

E
X|A=a

[I (C ⩾ α̂+
a )C]

π1|a
−

ÊX|A=a[I (C ⩾ α̂+
a )C]
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1|a

|
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(By introducing an intermediate term
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1
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Now we can use the union bound:
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Pr
(
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− ÊX|A=a[I

(
C ⩾ α̂+

a

)
C]| > ϵ/8

)

+ Pr

(∣∣∣ 1
π1|a

−
1

π̂+
1|a

∣∣∣ > ϵ/8

)

To further simplify
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− 1
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(By using Hoeffding’s Inequality on each event).

We can now derive our sample complexities by splitting out δ/4 budget between all three terms to

obtain Nβ,a ⩾ 32
π2

1|aϵ
2 log

( 24
δ

)
and Nα,a ⩾ max

{
2

π2
1|a

log
( 24
δ

)
, 128
π4

1|aϵ
2 log

( 24
δ

)}
. Overall, our sample

complexities take the following form:

Nα = O

(
λ2 max{L2

0,L2
1}

ϵ2τ4 log
(

1
δ

))
and Nβ = O

{
1
ϵ2 log

(
1
δ

)}
.
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Chapter 7

Concluding Remarks

In this thesis, we have studied fair classification and the trade-offs it induces with accuracy, from the
point of view of Bayes optimal classification and imperfect, biased distributions. For some of our stud-
ies, we have also been able to demonstrate impact on real-world datasets and hint towards more com-
prehensive benchmarking of fair algorithms, especially when the supervision is imperfect or the distri-
butions are biased.

Many of the results in this thesis can be extended to group-blind classification and to settings with
noisy information about the underlying groups, especially when we can model the noise in the sensitive
groups, just as we model label biases studied in Chapter 3. Modern black-box models such as LLMs
can generate reasonable class-probability scores for instances, which may allow practitioners to use
characterization results such as those studied in this thesis to make LLMs fair [XWZ25]. Studying the
calibration gap of these scores and adjusting the characterization results accordingly is a very fruitful
future direction [UIS25].

Finally, several results in this thesis are non-trivial to generalize to multi-class and multi-attribute
settings. While some work exists in the space of characterizing fair and cost-sensitive Bayes optimal
classifiers for multi-class and multi-attribute settings [XZ24; Nar+24], studying their tradeoffs and sus-
ceptibility to data biases is an important future direction.
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