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Abstract

Path planning is essential for UAVs that travel in different terrains. Designing feasible

path planners for UAVs taking the dynamic constraints is difficult. In this thesis, we

develop a 3D path planner using model predictive control (MPC) methods for a quadrotor.

The MPC based controller optimizes the control effort required to travel a given reference

path. The obtained path avoids infeasible regions of the terrain and also threats. The

MPC takes constraints on jerks, position and angular acceleration on the quadcopter.

Simulation results are presented to validate our approach.
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Chapter 1

Introduction

Quadcopter is an active area research as they have exceptional agility, mechanical sim-

plicity and robustness. With extraordinary rotational dynamics they achieve very high

thrust to weight ratio resulting in large translation acceleration.

This platform has already attracted great interest from academia as well as industries, as

they are very effective in real world problem solving such as surveillance [2], agriculture

for remote sensing & crop monitoring [3], [4],[5] or image based surveillance and decision

[6], culvert inspection [7] and mapping [8].

Some ways for path planning implementation with RHC are: trajectory generation for

urban terrain[9], Artificial Potential Field(APF) with RHC [10] ,[11], large range con-

strained trajectory [12], decentralized RHC [13] & multi-task allocation & path planning

for cooperative UAV [14].

Different vehicle guidance algorithms have been suggested for air vehicle control [15],[16],

ground vehicle and UAVs [1] for a predefined path in three or two dimensions at constant

height.

In general they have to follow predefined path such as straight line or circular orbits.

Path evaluation in 3D with vertical objects is suggested [17]. Selection process for visible

nodes is based on fact that shortest desired node would rarely choose nodes at the corners

[18]. Desired visible nodes are midpoint of edges having a relative height greater than

ground surface. Different other nodes could be chosen on edge for improved accuracy

of smallest weighted path but design expands very rapidly with small improvements in

accuracy and leads to very large computation [18]. Visible graph is evaluated using

MILP for verification of the path not passing through vertical obstacle. The cost function

penalizes based on the distance between the nodes and their relative heights. Then the

smallest weighted path is obtained using Dijkstra algorithm [12]. Path is followed by
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solving convex optimization problem based on receding horizon control with constraints.

The model predictive control solves quadratic cost function with linear equality constraints

and affine inequality constraints falls under subset of convex optimization problem. Differ-

ent tools are available to solve convex optimization problems are CVXOPT [19], FORCES

[20], CVX [21],[22] and CVXgen [23] which also generates C code.

3D terrain is generation as suggested [24]. Followed by visibility nodes chart preparation

along with cost map are required as input to the Dijkstra algorithm to evaluate the

smallest weighted path between the start node (*) and goal node (o) based on the weights

assigned in cost map for a node pair. As quadcopter should avoid threads and radar,

their path should be closer to surface so cost function penalizes euclidean distance and

also relative heights of visible nodes and current node. Model predictive control follows

a path with constraints on acceleration, positions and jerks. MPC is implemented using

CVX package for specifying and solving convex programs [21], [22] on MATLAB.
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Chapter 2

UAV Model

The Quadcopter model has six degrees of freedom (DoF) : three DoF are linear translations

along inertial x, y and z axis and rest three DoF are rotational translation along the body

frames with respect to the inertial axis. U is a rotational matrix such that when multiplied

with a vector br in body frames would yield resulted vector ir in internal frame (2.1).

ir =i
b U.br (2.1)

Quadcopter have rotational rate (ωx, ωy, ωz) about the body frames. These are illustrated

in figure (2.1), [25] suggested mixing of (ωx, ωy, ωz) to motor commands.

Figure 2.1: Inertial frame I and Body frame B of quadcopter

The change in quadcopter altitude in inertial frame is related to the rotational control
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inputs described by [26] as

˙i
bU =i

b U

 0 -ωz ωy

ωz 0 -ωx

-ωy ωx 0

 (2.2)

The total thrust t produced which is further controlled by the differential equation gov-

erning the translation acceleration with respect to an inertial frame [27] described as

 ẍ

ÿ

z̈

 =i
b U

 0

0

t

+

 0

0

-g

 (2.3)

Here g is acceleration due to gravity.

Note : The advantage of using jerk as an input to above model would be clearly visible

in MPC implementation. As it allow decoupling and hence convex optimization problem

can be solved separately for each axis [28].

Smallest weighted path assumed to be thrice differentiable and jerk is expressed as below

j = (jx, jy, jz) = (x′′′, y′′′, z′′′) (2.4)

The input thrust t obtained by applying euclidean norm to (2.3). The f is thrust trans-

formed to inertial axis.

f =i
b U.t =

∥∥∥∥∥∥∥
 ẍ

ÿ

z̈

+

 0

0

g


∥∥∥∥∥∥∥ (2.5)

2.1 Discrete time Model of UAV

Three dimensional jerk is input to the quadcopter system. The states of the system

are position (x, y, z), velocity (ẋ, ẏ, ż) and acceleration (ẍ, ÿ, z̈). The discrete linear time

invariant model of quadcopter decoupled for x inertial axis would be same for y and z

axis. The jerk (2.6), states (2.7) & dynamics model (2.8) for decoupled x inertial axis
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represented as

jx [n] =x′′′ [n∆t] (2.6)

xx [n] =
[
x [n∆t] ẋ [n∆t] ẍ [n∆t]

]T
(2.7)

xx [n+ 1] =Axx [n] +Bjx [n] (2.8)

A =

 1 ∆t 1
2
∆t2

0 1 ∆t

0 0 1

 (2.9)

B =
[

1
6
∆t3 1

2
∆t2 ∆t

]
(2.10)
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Chapter 3

Model Predictive Control for UAV

Suggested [28] MPC with constraints would be solved individually to decoupled inertial

axis with a uniform step size of ∆t. Trajectory is followed by implementing MPC on

individual decoupled inertial axis. Advantage of using MPC is, it can implement soft as

well as hard constraints. Soft constraints are generally added to the cost function and

hard constraints are explicitly define as linear equality constraints or affine inequality

constraints.

Form the various available solver we used CVX to solve MPC with constraints, a package

for specifying and solving convex programs [21] , [22] on MATLAB. The solver either

returns a solution within a by default residual of ε = 1.4832×10−8. That is quite sufficient

for most of the case. The solver also returns the status such as solved, unbounded, failed

and infeasible from which quality of optimal solution obtained can be inferred.

3.1 Objective function

In MPC cost function would try to emphasis more on error of distance which is controlled

by the value of γ. Then tracking of trajectory is done by solving convex optimization prob-

lem with cost function (3.1), with equality linear constraints (2.6) and affine inequality

constraints (3.4), (3.6) & (3.7) w.r.t to individual decoupled inertial axis.

minCx =

Np∑
i=1

(xpath [i]− x [i])2 + γ

Np∑
i=1

(jx [i])2 (3.1)

Here Np is prediction horizon of the MPC controller.

MPC objective is to minimize its cost function (Cx) influenced by error in path following
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and magnitude of jerks input in respective inertial frames. The objective of MPC is to

find the possible value of jerks which satisfies explicit constraints with least possible cost

function Cx.

3.2 Feasible constraints condition

The Quadcopter trajectory as described in (2.2) and (2.3) would only be feasible if they

lie in a feasible set defined as

0 <fmin ≤ f ≤ fmax (3.2)

‖ω‖ ≤ωmax (3.3)

jxmin =− jxmax ≤ jx ≤ jxmax

jymin =− jymax ≤ jy ≤ jymax

jzmin =− jzmax ≤ jz ≤ jzmax

(3.4)

As quadcopter have fixed pitch propellers with a fixed direction of rotation

fmin > 0 (3.5)

Squaring the equation (2.5) and decomposing to its components yield following constraints

ẍmin =− ẍmax ≤ ẍ ≤ ẍmax

ÿmin =− ÿmax ≤ ÿ ≤ ÿmax

z̈min =fmin − g ≤ z̈ ≤ z̈max

(3.6)

For z inertial axis we would add one more following constrain over predicted z position

as follows only for the 3D Terrain

z [n∆t.. (Np − 1 + n) ∆t] ≥ zpath [n∆t.. (Np − 1 + n) ∆t] (3.7)

3.3 Model Parameters

The following are the values of parameters used in the simulation, [29] these values have

been observed in real time to match Flying Machine Arena (FMA) at the ETH Zurich.

where:-

8



Table 3.1: Real Time constraints value

Parameter Value Units Description
fmin 5 ms−2 minimum thrust force
ẍmax 20 ms−2 max. acceleration in x direction
ÿmax 20 ms−2 max. acceleration in y direction
z̈max 20 ms−2 max. acceleration in z direction
ẍmin -20 ms−2 min. acceleration in x direction
ÿmin -20 ms−2 min. acceleration in y direction
jxmax 70 ms−3 max. Jerk in x direction
jymax 70 ms−3 max. Jerk in y direction
jzmax 70 ms−3 max. Jerk in z direction
jxmin -70 ms−3 min. Jerk in x direction
jymin -70 ms−3 min. Jerk in y direction
jzmin -70 ms−3 min. Jerk in z direction

v 2 ms−1 UAV velocity
Np 5 steps Prediction Horizon of MPC

• x, y, z - global position of UAV in x,y & z direction in inertial frame

• ẋ, ẏ, ż - global speed in x,y & z direction

9



Chapter 4

2D Path Planning and Control of

UAV

UAV is subjected to follow the the desired path. The most commonly and the used path

are straight line and circular orbits [1]. As they are required to follow the predefined path

at a prescribed height.

We used virtual target point (VTP) & Nonlinear Guidance Law (NLGL) algorithms are

used for the path generation which UAV tries to follow based on real model constraints.

Model predictive control solve for x & y decoupled axis with constraints and tries to

minimize the cost function individually.

4.1 Trajectory Evaluation

A Virtual target point (VTP) is point on the path which UAV tries to follow. VTP may

be the point having shortest distance on path form UAV or may be obtain from other

algorithm like NLGL. Here γ is an angle which helps in evaluating the VTP , it is the

angle line made with UAV and shortest distance point in direction of path transverse by

UAV.

A Nonlinear Guidance Law based method described in [1] is used to determine the desti-

nation intercept along the given path. For simplicity, assume the UAV is following a path,

as shown in Figure 4.1 . At the current UAV position p, draw a circle of radius L. The

circle will intercept the path at two points q and ql . Depending on the direction in which

the UAV has to move, either q or q1 . will be selected. The advantage of this algorithm

is that the same algorithm can be applied to any type of trajectory. The stability of the

guidance law is shown using Lyapunov stability arguments .
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Figure 4.1: Determining the virtual target point (VTP) for NLGL. The VTP for (a) the straight-
line path and (b) the loiter path [1]

Once the target intercepts are calculated, future position, velocity and acceleration of the

quadcopter are predicted using convex optimization and having constraints based on the

quadcopter model. The discrete time formulation (described in the next sub-section) is

used to predict up to 5 values if position, velocity and acceleration. The first value of the

jerk calculated from the constraints is given as input

4.2 Results

Following are the parameters value used:-

Model Predictive Control tries to minimize the cost function (3.1) & constraints (3.4 &

3.6) for only x and y decoupled axis.

4.2.1 VTP for straight line & Circular Path planning

For the straight line as a reference trajectory 4.2 shows how it follow trajectory for dif-

ferent gamma angles (π/6, π/4, π/3) for VTP algorithm.

For the Circular Path Planning 4.3 shows how it follow trajectory for different gamma

angles (π/6, π/4, π/3) for VTP algorithm.
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Table 4.1: Parameter value for VTP & NLGL

Parameter Value Units Description
fmin 5 ms−2 minimum thrust force
ẍmax 20 ms−2 max. acceleration in x direction
ÿmax 20 ms−2 max. acceleration in y direction
ẍmin -20 ms−2 min. acceleration in x direction
ÿmin -20 ms−2 min. acceleration in y direction
jxmax 70 ms−3 max. Jerk in x direction
jymax 70 ms−3 max. Jerk in y direction
jxmin -70 ms−3 min. Jerk in x direction
jymin -70 ms−3 min. Jerk in y direction

v 2 ms−1 UAV velocity
Np 5 steps Prediction Horizon of MPC

Figure 4.2: VTP algorithm for Straight Line following

4.2.2 NLGL for straight line, Circular Path & Sine Wave

For Straight Line path 4.4 show how accurately it follow the straight line as a reference

path based on NLGL algorithm.

For the Circular Orbit 4.5 show how accurately it follow the circular orbit as a reference

path based on NLGL algorithm. Here L is the radius of circle intercepts reference path.

For the Sine Wave path 4.6 show how accurately it follow the sine wave as a reference

path based on NLGL algorithm.
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Figure 4.3: VTP algorithm for circular orbit

Figure 4.4: NLGL algorithm for straight line as desired path in green & path in red color traced
by UAV

Figure 4.5: NLGL algorithm for circular orbit as desired path in green & path in red color traced
by UAV
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Figure 4.6: NLGL algorithm for sine wave as desired path in green & path in red color traced
by UAV

14



Chapter 5

3D Path Planning and Control of

UAV for vertical obstacles

Artificial 3D arena is created to depict Urban buildings. Cuboid building represents the

obstacle. Complex structures are made with use of multi cuboid touching there faces.

5.1 Trajectory Evaluation

Path planning here requires following step.

1. Nodes for path, including start, goal points , point on cuboid as suggested by [18]

shortest path rarely visit obstacle corners.

2. Nodes selected must not lies inside any of the cuboid obstacle.

3. Selection of node pair as an element of path must not pass through obstacle.

4. Weighage or cost is assigned to selected node pair based on distance between and

their relative height. As we wish to closer to ground to avoid radars. So more

penalty for higher relative heights.

5. desired path is obtained using dijkstra’s algorithm.

5.1.1 Node Selection

As suggested by [18] for a cuboid , shortest path rarely visit obstacles corner. This paper

approximated the candidate nodes of shortest path with obstacle corner on the ground (z

15



= 0) and a middle point of each edge above ground surface.More vertices can be introduced

on each obstacle edge, but the computation load both in the cost map construction phase

and in the detailed trajectory design phase grows rapidly with small improvements in the

accuracy.

5.1.2 Visibility Graph

Formulation is based on some advancement above the approach suggested by [17]. This

formulation is allow fast computation and can also handle convex obstacles.

In 3D each obstacle is a polygon. Let πk denotes the kth polygon. Then for a point r =

[x, y, z]T position w.r.t. πk obstacle can be understand from below equation (5.3)

r = xi + l ∗ (xj − xi) (5.1)

0 ≤ l ≤ 1 (5.2)

πk : Ak∗r+bk


Inside : if all elements of πk < 0

Boundary : if all elements of πk ≤ 0 : with at least one element = 0

Outside : if any elements of πk > 0

(5.3)

For a cuboid πk has dimension of 6 x 1 .

Selection of node pair (xi, xj)is based on the fact , it must not pass through any of the

obstacle but its path may lie on the boundary of obstacle. We simply discard the node

pair which pass inside any polygon πk which can be determined by solving below mixed

integer linear programming (MILP), where c is an integer

min
r,ck

(∑
ck

)
(5.4)

subjected to

Ak ∗ r + bk ≤ ck ∗ 1 (5.5)

0 ≤ ck (5.6)

r = xi + l ∗ (xj − xi) (5.7)

0 ≤ l ≤ 1 (5.8)
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Figure 5.1: * as desired nodes and dotted red line a selected visible path

The above formula compute till it found a point r between the node pair which lies inside

the πk − c ∗ 1.

So line segment formed by node pair (xi, xj) can’t considered as a path, if any of the

condition is satisfied

ck > 0, for any k : it lies Inside that obstacle (5.9)

ck = 0,∀k


test r, if it lies Inside πk

test (r + εij, r − εij), if it lies Inside πk

if (z=0) for (xi, xj), test for
xi+xj+εz

2
if it lies Inside πk

(5.10)

εij =
xj − xi
‖xj − xi‖

∗ ε (5.11)

εz = [0, 0, 1]T ∗ ε (5.12)

Here (r + εij, r − εij ) are the near by point of r lying on line segment between (xi, xj).

The above expression also take care of the path formed below the obstacle surface.

Figure 5.1 shows the (*) in magenta as candid nodes based on above selection critera, red

dotted line are the visible path , green cuboid as vertical obstacles and (*) & (o) red as

start & goal position.

5.1.3 Cost Function

The Cost function Cij (5.13) assigns the weight age between current node ni with its one

of visible neighbor nodes. Here node nj represents one of the member in visible neighbors.
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Relative height of nodes ni and nj are represented as nzi and nzj .

Cij = ‖ni − nj‖ (1 + α(mean(nzi , n
z
j)) (5.13)

The cost function Cij depends on parameter α for a given terrain as relative heights and

euclidean distance would be same between the visible neighbor nodes and current node

pair. α decides weight age between mean relative heights and euclidean distance.

Then based on desired path MPC control is implemented with constraints.

5.2 Result

Following 5.2 show the path planned in black dot line and UAV followed the path using

MPC with constraints in red line. With start node as (*) and goal node as (o).

Figure 5.2: Desired 3D trajectory in black dots, UAV with MPC in red line
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Chapter 6

3D Path Planning and Control of

UAV for 3D Terrain

6.1 Trajectory Evaluation

For a given square terrain of size n×n m2. The total no of nodes would be n2. The node

number ni can be evaluated based on position(x, y) at terrain as

ni = x+ (n− 1) y (6.1)

Smallest weighted path is evaluated by Dijkstra’s algorithm which is a graph search al-

gorithm that solves single source and goal path on graph based on non negative cost

function. From all the possible path between start node and goal node, smallest weighted

path have smallest sum of weights assigned to the node pair in sequence forming the path

from start node to goal node. For graph search it required information about neighbor-

hood and cost map. The neighborhood scheme is demonstrated for a terrain by visibility

node chart and cost map is determined by the cost function for visible neighbor nodes

and current node.

6.1.1 Visibility node chart

For terrain surface visible nodes are adjacent neighbor nodes (o) to which quadcopter can

move from current node (x) as its current position.

The 8 point neighbor scheme is followed. The figure (6.1) shows how the 8 point neighbor

scheme varies at the central and the boundary regions. For scheme having more than
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Figure 6.1: Neighbor visibility graph, o represents the neighbor to x node.

8 neighbors may not include in between nodes of path as well as there penalty and

hence should not be incorporated as it may result in missing nodes from the actual path

trajectory between start node to goal node. The current node of quadcopter is represented

by (x) and their neighbor nodes are represented by (o). This neighbor relationship help

in evaluating the visibility node chart. For current node ni positioned at central region

following would be visible neighbors based on figure (6.1) ni-1+n ni+n ni+1+n

ni-1 - ni+1

ni-1-n ni-n ni+1-n

 (6.2)

For the boundary node there visible node can be obtain with help of (2) and figure(6.1).

6.1.2 Cost Map

The Cost function Cij (6.3) assigns the weight age between current node ni with its one of

visible neighbor nodes. Here node nj represents one of the member in visible neighbors.

Relative height of nodes ni and nj are represented as nzi and nzj .

Cij = ‖ni − nj‖ (1 + α(mean(nzi , n
z
j)) (6.3)

The cost function Cij depends on parameter α for a given terrain as relative heights and

euclidean distance would be same between the visible neighbor nodes and current node

pair. α decides weight age between mean relative heights and euclidean distance. So

it controls cost function Cij which indirectly influence smallest weighted path based on

penalty. To avoid threads and radar detection it is preferred to move closer to terrain

surface and not to climbing through ridges. In cost map (6.4) for position (i, j) represents
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Figure 6.2: shows different smallest weighted path between start node (*) and goal node (o) for
α = 2 in blue line, α = 0.2 in magenta line & α = 0 in red line

the cost between current node ni and neighbor node nj as

C (i, j) =

{
Cij node nj is visible neighbor

∞ node nj is not visible neighbor
(6.4)

6.1.3 Smallest weighted Path

Smallest weighted path is evaluated using the Dijkstra’s algorithm based on the visible

neighbor chart and cost map. Path evaluated not solely depends on euclidean distance as

α in cost function Cij decides weight age to relative height of nodes also. Hence smallest

weighted trajectory may be different for different value of α.

From the figure (6.2) demonstrate impact of α on smallest weighted path. Smallest

weighted paths for α = 2 would be used as reference for MPC control for quadcopter.
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6.2 Results

The 3D terrain was generated [24] of size 50 × 50 m2. For the value of α = 2 in a cost

function Cij smallest weighted path is evaluated by using dijkstra’s algorithm based on

cost map.

The following are the parameters used in the simulation, [29] these values have been

observed in real time to match Flying Machine Arena (FMA) at the ETH Zurich.

Figure 6.3: shows smallest weighted path in blue line between start node (*) and goal node (o),
red line shows trajectory followed by MPC for v = 2 ms−1

Here v is velocity of quadcopter and Np is the prediction horizon of the MPC. The next as

well as important step was selection of γ value such that constraint (3.7) remains valid as

it depends on the distance error between the actual path and smallest weighted trajectory.

As the cost function Cx, Cy and Cz of MPC (3.1) comprises of two parts and we had given

more weight age to the distance error part. As we knew that jerk can’t be greater the 70

ms−3 as problem become infeasible. The desired distance error must be lower than 0.25

for constraint (3.7) to be valid. The value of γ = 0.001 would satisfies the requirement,

which is equivalent of giving 3 times more weight age to max acceptable distance error

w.r.t max jerk error. The figure (6.3) show good results for path followed for v = 2

ms−1. The figure (6.4) & (6.5) shows the value of distance error less than the desired

0.25, constraints on jerks & acceleration are also satisfied.

These are calculated on a laptop running on Windows 7 with Intel Core i3-2350M dual

core processor (2.5Ghz) with 4GB RAM. CVX is a Matlab-based modeling system for
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Figure 6.4: shows the value of distance error and jerk of quadcopter for v = 2 ms−1

convex optimization. CVX turns Matlab into a modeling language, allowing constraints

and objectives to be specified using standard Matlab expression syntax.

6.3 3D Path Planning and Control of UAV for 3D

Terrain with threat avoidance

In this threat are also sensing if detected try to maintain minimum distance from it as non

flying zone. So when threat is encounter or identify at a particular point on the planned

path while traversing. We discard the planned path and identify the non flying zone and

setting its cost to inf. From the current point after updating the cost map we obtain the

shortest weighted path by Dijkastra Algorithm. And then follows that path as a reference

trajectory using Model Predictive Control with constraints.

6.4 Results

In this UAV tries to maintain minimum distance of 10 m from threat detected as a no fly

zone to avoid it. Figure 6.6 & 6.7 shows how the UAV avoid no flying zone. Here the old

planned path passing through no fly zone is shown in blue. The new planned path in blue

overlaps with UAV transverse path in red. Nodes as (* , o) in red represents start and

goal nodes. No fly area for UAV is presented as (*) in magenta having threat at centre.
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Figure 6.5: shows the value of distance error and acceleration of quadcopter for v = 2 ms−1

Figure 6.6: Top view of threat avoidance by UAV
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Figure 6.7: Other view of threat avoidance by UAV
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Chapter 7

Conclusion & Future Directions

This thesis presented a method for 3D terrain path generation and path following with

MPC with constraints by quadcopter works satisfactory well. Quadcopter is supposed to

move closer to terrain and avoid going through ridges in order to evade from threats and

radar detection. The proposed method had two parts: smallest weighted path evaluation

and trajectory following using MPC with constraints. For evaluation of smallest weighted

path for a given terrain required cost map based on knowledge of visibility node chart

and cost function. Then Dijkstras algorithm evaluates smallest weighted path based on

cost map. Trajectory is followed by Quadcopter using Model Predictive Control with

constraints on jerks, position & acceleration. The simulation showed good results for

trajectory followed by quadcopter using MPC with constraints.

Further work can be extended using Model Predicative Control with the nonlinear Quad-

copter model having precise state output. The MPC may be used with external distur-

bances such as wind as their direction is influenced near to the terrain shape. Other

Dynamics model of UAV may be used to compare the results obtained. In Path planning

weightage may be added if quadcopter constraints are violated based on which dijkastra

may choose a path that would be constrained friendly shortest weighted path. Threat

avoidance may be extended to the moving threat approaching UAV, based on the threat

information path planning and path following may be implemented.
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