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Abstract

Distinguishing between unitary operators is one of the fundamental problems

in the field of quantum computing. In the operator identification problem, we

are given access to unknown operator U as a black-box that implements either

an operator U1 or an operator U2, where U1 and U2 are arbitrary unitary

operators and their operations are known to us. The goal is to determine

whether U is an implementation of U1 or U2. In this thesis, two different

versions of operator identification problem have been studied followed by a

generalization. Firstly, we consider the case when an exact implementation of

the operation of the operators U1 and U2 is given to us. We show that ampli-

tude amplification, which is one of the important tools in quantum computing,

can be used to design an efficient algorithm to solve this version of operator

identification problem without error. But, in the quantum circuit theory, it

may not be always possible to implement an arbitrary operator exactly and it

may happen that a fabricated circuit implements a close approximation of the

desired unitary operator. For the second version of the problem, we consider

the case where the approximate implementation of the operation of the oper-

ators U1 and U2 is given to us; once again the goal is to design an algorithm

to solve the problem. Finally, we consider a general version of the operator

identification problem when the candidate set is of any size, say n. That is,

U implements one of the operators present in the candidate set {U1, U2, ...

, Un} and we have to identify U . We propose novel approaches to solve all

these three problems in this thesis.
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Chapter 1

Background:Amplitude
Amplification

Amplitude amplification is one of the most popular tools for an algorithm designer in

the quantum computing. Amplitude amplification can be used to increase the success

probability of a broad class of quantum algorithms. It provides a polynomial speedup

over other classical amplifying techniques which have been designed for the same purpose.

The goal of this chapter is to revisit the concepts of amplitude amplification and see

how amplitude amplification is used to increase the success probability. The notion of

amplitude amplification has been described in a slightly different way as presented in the

original paper [4]. The formulation of amplitude amplification as shown in this chapter

can be directly applied to solve the problem of operator identification in chapter 2.

As a rough outline of this chapter, we begin with the explanation of an amplification of

the randomized algorithms. Then we discuss amplitude amplification as a tool to amplify

the success probability of a quantum algorithm. Finally, we discuss a de-randomization

technique that can be used to increase the success probability up to one.

1.1 Introduction

1.1.1 Amplification of randomized algorithm

Due to the imposed time and memory constraints, randomized algorithms are widely

used to get the acceptable solution in the provided time. Since these algorithms work

by randomly making decisions, there is a possibility of error in their outcomes. There

is a probability associated with the success of a randomized algorithm called the success

probability - the probability by which the algorithm outputs the correct answer within
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the allotted time.

The probability of success of the randomized algorithm can be quite low. To get the

correct output or to improve the success probability of an algorithm, the amplification

technique is used. Amplification is an algorithm which is used to increase the probability

of getting the correct output. This is done at the cost of the time. Amplification runs

the randomized algorithm several times to amplify the chance of success which leads to

increase in the runtime of an algorithm. Therefore. if amplitude amplification is applied,

then there is a trade-off between the correctness of an algorithm and the time taken by

the algorithm to return the outcome.

The simplest way of applying amplification is by running the original randomized al-

gorithm, whose success probability needs to be boosted, several times. The final output is

returned depending on the type of the problem for which an algorithm has been designed.

For instance, if the problem is a decision problem, then the algorithm is executed several

times and the majority of all the outcomes is returned. On the other hand, if its an op-

timization problem, then the best outcome of all the outcomes obtained during multiple

runs is returned. This approach of amplification works for most of the randomized algo-

rithms but requires a large amount of time to return the result. There are many other

sophisticated techniques of applying amplification to the randomized algorithms which

have been designed to increase the success probability of the algorithm without affecting

its runtime much. These techniques are applicable to some of the classes of randomized

algorithms [7].

1.1.2 Amplification of quantum randomized algorithm

The amplification techniques including both sophisticated ones and the simple approach of

executing the algorithm several times to increase the success probability of the algorithm

can also be applied in the quantum computing. In quantum computing, Brassard et

al.[4] proposed an approach of boosting the success probability for a quantum algorithm

and named it as amplitude amplification. Amplitude amplification is the generalization

of Grover’s search algorithm. Grover’s search algorithm is widely applicable quantum

algorithm proposed by L. Grover in 1996[8]. It provides a quadratic speedup over other

best-known classical algorithms designed for a broad class of search problems.
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To understand the amplitude amplification, let A be a quantum algorithm that makes

no measurement and produces a superposition state |ψ〉 when applied on some input

state |χ〉, i.e., |ψ〉 = A |χ〉. Let p denote the success probability of the algorithm A when

|ψ〉 is measured using some projective measurement operator, i.e., the algorithm A gives

the correct solution with the probability p. The amplitude amplification can be seen as

an algorithm that uses an iterative operator known as Grover’s iterator which is formed

using A and A† as black-box. Amplitude amplification increases the success probability

of algorithm A roughly by a constant factor on each application of the Grover’s iterator.

Since the success probability of the algorithm A is p, therefore 1/p is the expected number

of runs of the algorithm required to find a solution if we use the simple amplification

approach. Amplitude amplification is a method that requires 1/
√
p applications of A

(and A†) on the average to find the solution. Thus, a quadratic speedup is obtained by

the amplitude amplification approach and because of its quadratic speedup, it has become

one of the important tools in the quantum computing. Many algorithms use the technique

of amplitude amplification to solve the problem.

Grover’s search algorithm can be seen as a special case of amplitude amplification

in the following manner: set A = H⊗n and use |χ〉 = |0n〉. Therefore A |χ〉 generates a

uniform superposition of all possible solutions that is akin to guessing a solution uniformly

at random.

1.2 Amplitude Amplification

Let H be an N -dimensional Hilbert space spanned by the orthonormal computational

basis states B = {|b0〉 , |b1〉 , ..., |bN−1〉}. Consider a two-outcome projective measurement

operator defined by P = {P 0, P 1}: such that 0 and 1 denotes “bad” and “good” state

respectively. This projective measurement operator P can be considered as a Boolean

function f : Z→ {0, 1}, where f(x) = 1 denotes that a state |x〉 ∈ H is a good state and

f(x) = 0 denotes that a state |x〉 ∈ H is a bad state. P can be used to partition the space

H into two sub-spaces, a good subspace and a bad subspace. The subspace spanned by

a set of ”good” basis state is the good subspace and its orthogonal complement subspace

in H is the bad subspace. Let A be any quantum algorithm that acts on H, makes no

measurements and produces a superposition state |ψ〉 when applied on some input state

|χ〉, i.e, |ψ〉 = A |χ〉. Here |ψ〉 is a quantum superposition of the good and the bad
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states. When we measure the state |ψ〉 using P and observe a good state then we say the

algorithm A is successful. Suppose p denotes the probability of success of the algorithm

A. Amplitude amplification will be used to increase this success probability and we will

call p to be an initial success probability of A.

Define |ψ′0〉 = P 0 |ψ〉 and |ψ′1〉 = P 1 |ψ〉. Let θ ∈ [0, π/2] be such that sin2 θ = p.

For now, consider the case where p ∈ (0, 1). This lets us define the following normalized

states:

|ψ0〉 =
1

cos θ
|ψ′0〉 , |ψ1〉 =

1

sin θ
|ψ′1〉

First, observe that |ψ〉 = sin θ |ψ1〉 + cos θ |ψ0〉. Define the state |ψ〉 = cos θ |ψ1〉 −

sin θ |ψ0〉 which is orthonormal to |ψ〉. Let H′ be the subspace of H that is spanned by

|ψ0〉 and |ψ1〉. It can be shown that |ψ〉 and |ψ〉 form another basis for H′.

Fixing any n-qubit state |ψ〉 ∈ H and the two outcome projective measurement oper-

ator P = {P 0, P 1} defines a subspace H′ of H and the othonormal basis {|ψ1〉 , |ψ0〉} for

H′. {|ψ〉, |ψ〉} form another basis for H′. The amplitude amplification is the process of

repeatedly applying Grover’s iterator Gα,β that is constructed as the composition of two

operators for 0 ≤ α, β < 2π as follows:

Gα,β = −GIαGMβ, where GIα = I−( 1−eια ) |ψ〉 〈ψ| , and GMβ = I−( 1−eιβ ) P 1

Lemma 1. GIα and GIβ are the unitary operators.

Proof. We have GIα = I−( 1−eια ) |ψ〉 〈ψ| and GMβ = I−( 1−eιβ ) P 1. Corresponding

reversible operators are GI†α = I − ( 1 − e−ια ) |ψ〉 〈ψ| and GM †
β = I − ( 1 − e−ιβ ) P 1.

Simple algebra shows that GI†α·GIα = I and GM †
β · GMβ = I. It follows that operators

GIα and GIβ are the unitary operators. Note that operator P1 is an orthogonal projector

so, P 1† = P1 and P 1 . P 1 = P1.

Let |Φ〉 ∈ H be some pure state. Every state |Φ〉 has a decomposition |Φ〉 =

sinφ |ψ1〉 + cosφ |ψ0〉 such that φ ∈ [0 , π/2]. Let 0 < a < 1 ; a = sin2 φ de-

notes the probability of observing a good state when |Φ〉 is measured using P. Now we

will study the action of operator Gπ,π on |Φ〉 for α = β = π and this leads to the following

lemma.
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Lemma 2. For α = β = π, Gπ,π rotates any |Φ〉 ∈ H by angle 2θ towards |ψ1〉. If we

measure the Gπ,π |Φ〉 using P, the probability of observing a good state is sin2(2θ + φ).

Proof. We have GIπ = I − 2 |ψ〉 〈ψ| and GMπ = I − 2P 1. First note that, P 1 |ψ1〉 = |ψ1〉

and P 1 |ψ0〉 = 0. |ψ1〉 and |ψ0〉 can be written in the form of the basis {|ψ〉 , |ψ〉} as

|ψ1〉 = sin θ |ψ〉+cos θ |ψ〉 and |ψ0〉 = cos θ |ψ〉−sin θ |ψ〉. Therefore, we can easily convert

one basis to another basis of subspaceH′. To compute the action of Gπ,π on any pure state

|Φ〉, first consider action of GMπ on |Φ〉 and then consider the action of GIπ on GMπ |Φ〉 .

GMπ |φ〉 = ( I − 2P 1 ) ( sinφ |ψ1〉 + cosφ |ψ0〉 )

= sinφ |ψ1〉 + cosφ |ψ0〉 − 2 sinφ |ψ1〉

= cosφ |ψ0〉 − sinφ |ψ1〉

The operator GMπ performs reflection through the axis defined by the vector |ψ0〉 of any

pure state |Φ〉 ∈ H in the subspace H′.

We can rewrite GMπ |φ〉 in the form of {|ψ〉 , |ψ〉} basis as follows :

GMπ |φ〉 = cosφ ( cos θ |ψ〉 − sin θ |ψ〉 )− sinφ ( sin θ |ψ〉 + cos θ |ψ〉 )

= ( cosφ. cos θ − sinφ. sin θ ) |ψ〉 − ( cosφ. sin θ + sinφ. cos θ ) |ψ〉

= cos(θ + φ) |ψ〉 − sin(θ + φ) |ψ〉

Now, consider the action of GIπ on GMπ |Φ〉

−Gπ,π |Φ〉 = GIπGMπ |Φ〉 = GIπ( cos(θ + Φ) |ψ〉 − sin(θ + Φ) |ψ〉 )

= ( I − 2 |ψ〉 〈ψ| ) ( cos(θ + Φ) |ψ〉 − sin(θ + Φ) |ψ〉 )

= cos(θ + Φ) |ψ〉 − sin(θ + Φ) |ψ〉 − 2 cos(θ + Φ) |ψ〉

Gπ,π |Φ〉 = cos(θ + Φ) |ψ〉+ sin(θ + Φ) |ψ〉

The operator GIπ performs reflection through the axis defined by the vector |ψ〉 in the

subspace H′.

Gπ,π |Φ〉 can be rewritten in the form of {|ψ1〉 , |ψ0〉} basis as follows:

Gπ,π |Φ〉 = cos(θ + Φ) ( sin θ |ψ1〉 + cos θ |ψ0〉 ) + sin(θ + Φ) ( cos θ |ψ1〉 − sin θ |ψ0〉 )

= { cos(θ + Φ). sin θ + sin(θ + Φ). cos θ } |ψ1〉+ { cos(θ + Φ). cos θ − sin(θ + Φ). sin θ } |ψ0〉

= sin(2θ + Φ) |ψ1〉+ cos(2θ + Φ) |ψ0〉
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It follows that applying Gπ,π, m times for some integer m ≥ 0, rotates the state |Φ〉

by an angle 2mθ towards |ψ1〉. The probability of observing a good state when Gm
π,π |Φ〉

is measured using P is sin2(2mθ + φ). Similar results can be found in the book by Kaye

et al.[11]. Theorem 1 follows.

Theorem 1. Given a quantum algorithm A that makes no measurement and produces

a superposition state |ψ〉 when applied on some input state |χ〉, i.e, |ψ〉 = A |χ〉. Define

two outcome projective measurement operator P = {P 0, P 1}. Let 0 < p < 1 denotes the

probability of observing the good state when |ψ〉 is measured using P and θ ∈ [0, π/2] be

the angle such that sin2 θ = p. Consider any state |Φ〉 ∈ H and φ ∈ [0, π/2] be such that

sin2 φ denotes the probability of the observing good state when |Φ〉 is measured using P .

Then for any integer m ≥ 0, the probability of observing the good state when Gm
π,π |Φ〉 is

measured using P is sin2(2mθ + φ).

Corollary 1. When φ = θ, the state that is used to define the operator Gπ,π is the same

as the state on which Gπ,π is applied, i.e, |Φ〉 = |ψ〉. Hence, the probability of observing a

good state, when Gm
π,π |ψ〉 is measured using P is sin2((2m+ 1)θ).

Let θ = φ for the remaining part of the chapter. Theorem 1 only states that

the m applications of the operator Gπ,π increase the success probability from sin2 θ to

sin2((2m + 1)θ). It tells nothing about the number of iterations m needed to get the

appropriate success probability. So, it can be asked that how many applications of Gπ,π is

needed to find the good state with the high probability, i.e. what is the appropriate value

of m to achieve the good state. Another question that may come to mind is whether it is

possible to find the good state with certainty and if it is, then how to achieve it.

To answer the first question of how many applications of Gπ,π is needed to find the good

state with the high probability, consider the following result from Brassed et al. [4]:

Result(Quadratic speedup):

Given a quantum algorithm A that makes no measurement and produces a superposition

state |ψ〉 when applied on some input state |χ〉, i.e, |ψ〉 = A |χ〉. Define a two outcome

projective measurement operator P = {P 0, P 1}. Let 0 < p ≤ 1 denote the probability of

observing a good state when |ψ〉 is measured using P and θ ∈ (0, π/2] be the angle such
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that sin2 θ = p. Set m = bπ/4θc and if we measure the state Gm
π,π |ψ〉 using P then we

observe a good state with probability of at least max(p, 1− p).

The following subsection answers the second question and explains one of the possible

ways to improve the success probability to certainty. The number of applications required

to achieve this task is also described.

1.2.1 Improving success probability to certainty

Brassard et al.[4] (same paper in which amplitude amplification has been proposed) sug-

gested two optimal de-randomization techniques to improve the success to certainty. This

subsection will explain one of those two techniques proposed in the paper, although other

approaches are also possible.

From Corollary 1, we know that after m applications, the probability of observing

a good state is sin2((2m + 1)θ). Our goal is to achieve the good state with the high

probability i.e., we want sin2((2m+1)θ) close to one. Therefore, we need to have (2m+1)θ

close to π/2. Setting m = bπ/4θ − 1/2c makes (2m+ 1)θ close to π/2. Note that we are

taking floor because m (the number of iterations) should be an integer. If π/4θ − 1/2 is

an integer then we observe a good state with certainty, otherwise we observe a good state

with high probability when Gm
π,π |ψ〉 is measured.

Let θ = π/(4M+2), where M = dπ/4θ − 1/2e. Consider a quantum algorithm B such

that it succeeds with initial probability sin2(θ) (say p). If we can construct such algorithm

and apply amplitude amplification on it instead of on algorithm A, then we can improve

the success probability to certainty after M applications of amplitude amplification.

Given an algorithm A that succeeds with an initial probability p = sin2 θ, we can

construct an algorithm B that succeeds with an initial probability p = sin2 θ that is

slightly smaller than p. One possible way to design B is as follows: let C be a single qubit

quantum algorithm which converts state |0〉 into a
√

1− p/p |0〉+
√
p/p |1〉 superposition

state. Consider the algorithm B as applying both A and C in parallel on input state

|χ〉 |0〉. Define good states as those states in which an outcome of A is a good state and

an outcome of C is |1〉.

We can use B and B† to define an operator Gπ,π. Note that in each iteration of

amplitude amplification, the operator Gπ,π is applied once and one application of operator

Gπ,π makes two calls to the black-box. One call is made toA by an operator B and another
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to A† by an operator B†. In this way, total of 2M calls are made to A and A†. Immediate

theorem 2 follows.

Theorem 2. Given a quantum algorithm A as a black-box that makes no measurement

and produces a superposition state |ψ〉 when applied on some input state |χ〉, i.e, |ψ〉 =

A |χ〉. Define two outcome projective measurement operator P = {P 0, P 1}. Let 0 < p < 1

denote the probability of observing a good state when |ψ〉 is measured using P and θ ∈

[0, π/2] be an angle such that sin2 θ = p. We can find a good state with certainty using

2M number of applications of A and A†, where M = dπ/4θ − 1/2e.

Case 1. If the initial success probability p = 1 or θ = π/2 then M = 0. As M = 0,

amplitude amplification does not change the success probability. We observe a good state

with certainty.

Case 2. If the initial success probability p = 0 or θ = 0 then for any integer M ≥ 0,

amplitude amplification does not change the success probability. We observe a bad state

with certainty.

To summarize, if we have a quantum algorithm that makes no measurement and succeeds

with some non-zero probability then, amplitude amplification can be used to improve this

success probability. It is even possible to improve the success probability up to one. If

the initial success probability of the quantum algorithm is zero then the application of

amplitude amplification cannot improve the success probability.
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Chapter 2

Amplitude Amplification For Exact
Operator identification

The problem of distinguishing two unitary operators is a well studied problem in the field

of quantum computing. In this chapter, an efficient novel approach to solve this problem

without any error has been introduced which uses the approach of amplitude amplification

explained in the previous chapter.

As a rough outline of this chapter, we begin with the introduction of the problem of

distinguishing two unitary operators which is named as the operator identification problem

followed by the review of work done to distinguish two operators. Next, we discuss how

the amplitude amplification can be used to solve the problem of operator identification.

An efficient algorithm has been designed that solves the problem without any error. Also,

an analysis has been done on the number of queries and the number of the qubits needed

by the algorithm.

2.1 Introduction

Distinguishing of two non-orthogonal quantum states is one of the most fundamental

problems in the quantum information theory[2, 6, 10, 12]. This problem is known as the

state identification problem. In a typical scenario, the state identification problem can be

defined as follows: Given an unknown quantum state |φ〉 that is chosen from a set of two

non-orthogonal quantum states {|φ1〉, |φ2〉}, determine whether |φ〉 is |φ1〉 or |φ2〉 with

the high probability.

If the states |φ1〉 and |φ2〉 are orthonormal states then the given unknown state can

always be discriminated without any error. This can be done using a simple procedure:
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Define the measurement operators P = {Pa, Pb}, where Pa = |φ1〉 〈φ1| and Pb = I −

|φ1〉 〈φ1| and its corresponding outcomes are a and b respectively. Measure the state |φ〉

using the operator P . If the outcome is a then the unknown state is regarded as state

|φ1〉 otherwise it is considered as state |φ2〉. It can be shown easily that if |φ〉 = |φ1〉 then

the probability of observing an outcome a is one and if |φ〉 = |φ2〉 then the probability

of observing outcome a is zero, when |φ〉 is measured using P . Therefore, using this

simple method, the states can be identified with certainty for the case when the states

are orthonormal.

The other case is when the states |φ1〉 and |φ2〉 are not orthonormal. In this case,

we cannot find such measurement operator that could distinguish non-orthogonal states.

This is because, the state |φ1〉 can be decomposed in terms of the state |φ2〉 i.e., it can

be divided into non-zero component of |φ2〉 and a component orthonormal to state |φ2〉.

In fact, it is well known that two non-orthogonal states cannot be discriminated without

an error unless you are provided with an infinite number of copies of the unknown state

[10, 11].

An important problem related to the state identification problem is an operator iden-

tification problem[10]. Typically an operator identification problem is defined as follows:

Given an unknown operator U as a black-box which implements either an operator U1

or an operator U2, the goal is to determine whether an unknown operator U is an imple-

mentation of U1 or U2.

Consider A(U) to be a unitary operator that is constructed using an unknown opera-

tor U along with some other known operators including U1 or U2. Let A1 = A(U1) and

A2 = A(U2). Operator identification problem can be reduced into state identification

problem: Choose an input state say |α〉. Identify whether the unknown state A |α〉 is

A1 |α〉 or A2 |α〉. In contrast to the state identification problem, a perfect discrimina-

tion between two different unitary operators is possible. This is due to the flexibility of

choosing an input state and designing such operator A. A perfect discrimination between

the operators can be achieved by taking a suitable entangled state as input and then ap-

plying an unknown unitary operation in parallel[1, 5, 10]. A sequential method has also

been proposed that applies U in a sequential manner on a suitably chosen non-entangled

state[6].
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2.2 Problem Statement

In the previous section, we introduced the operator identification problem. In this section,

we define the problem formally.

Definition 1 (Operator identification problem). Given an operator unknown C as a black-

box which implements either operator C1 or C2, where the operation for C1 and C2 are

known to us and C1 6= eiαC2 for any α. The goal of the operator identification problem is

to determine whether C = C1 or C = C2.

2.3 Related Work

Acin[1] studied the problem of distinguishing two unitary operators and provided a

fidelity-like function that measures the orthogonality (or closeness) between quantum

operators. The closeness between the operators reflects their statistical distinguishabil-

ity. They used sophisticated metrics based on Fubini-Study and Bures to measure the

closeness between the operators. They also showed that any two unitary operators can

be perfectly discriminated by applying the operators in parallel on some well-chosen en-

tangled quantum state.

Duan et al.[6], in their work, showed how to perfectly discriminate two unitary opera-

tors. They applied an unknown operator C in sequence with some other known operator

(say X) multiple times on a well chosen non-entangled state. The operator X is inde-

pendent of C but it can depend on known operators C1 and C2. They also proved some

upper bound on number of iterations needed to perfectly discriminate the operators. They

considered one iteration as an application of the unknown operator C followed by some

known unitary operator.

Kawachi et al.[10] explored the complexity of the discrimination problem for general

quantum unitary operators. A single application of an unknown operator C is called a

query. The complexity of the problem was studied in terms of the number of queries

needed to solve the problem. Note that the number of queries depends on the closeness

between the operators. One notion of closeness is explained later in this chapter. The

definition of the closeness used by us is same as the one used by Kawachi et al.[10]. They

also described an algorithm to solve the problem in the bounded error setting and proved

an upper bound on the number of queries by showing a trade-off between the number of
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queries and the success probability. They claimed that the upper bound found by them

is not more than bounds of any other known algorithm for the problem and showed that

this bound is tight up to a possible constant factor when we need the success probability

of at least 2/3.

In the following sections, we introduce an algorithm that uses amplitude amplification

as a tool to solve the problem of operator identification. The analysis of the number of

queries and the number of qubits needed by the algorithm has been done. We show that

the number of queries needed by the algorithm designed by us is at most one more than

the number of queries needed by the algorithm given by Kawachi et al.[10] (best known

upper bound) to solve the problem without any error. The proposed algorithm requires

lesser number of qubits as compared to the algorithm used by Kawachi et al.[10]. The

number of qubits is reduced by a factor of the number of queries needed by the algorithm

used by Kawachi et al.[10] to solve the problem. All the comparisons have been done by

setting the error to be zero in the algorithm used by Kawachi et al.[10].

2.4 Amplitude Amplification For Operator Identifi-

cation

We will use amplitude amplification as a tool to solve the operator identification problem.

First, recall amplitude amplification from chapter 1. Given an algorithm A that makes

no measurement and produces some output state |ψ〉 when applied on some input state.

Define a two outcome projective measurement operator P in the similar way as defined

in chapter 1. Let p denotes the probability of getting the desired outcome when state |ψ〉

is measured using P . This probability of observing the desired outcome is known as the

success probability and p is the initial success probability of the algorithm A. If p > 0

then the application of amplitude amplification on the algorithm can improve this success

probability p to one. When p = 0 then amplitude amplification has no effect on this

success probability. Amplitude amplification can be considered as repeatedly applying

a unitary operator on the output state |ψ〉. This unitary operator is defined using the

algorithm A and the measurement operator P . Each iteration of this operator increases

the success probability by a constant factor.

In operator identification problem, an unknown unitary operator is given as a black-

box. It is guaranteed that this given black-box implements one of the known unitary
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operators C1 or C2. Our approach to solving the problem of operator identification is as

follows: Consider a given black-box C to be an algorithm. Define two outcome projective

measurement operator P and let its possible outcomes be 0 and 1. We define P in such

a way that if C = C1 then the probability of getting outcome 1 is zero, i.e, p = 0 and if

C = C2 then the probability of outcome 1 is non-zero, i.e, p > 0. Amplitude amplification

is applied on the state C |χ〉 for some input state |χ〉. If C = C1 then p = 0. In this case,

amplitude amplification has no effect on the success probability. If C = C2 then p > 0. In

this case, the appropriate number of applications of amplitude amplification can improve

the success probability to one. We have the flexibility to choose an input state in case of

operator identification problem. The input state is chosen in such a way that it maximizes

the initial success probability p when C = C2.

Let the state produced by the given unknown operator C when applied on some input

state |χ〉 be |ψ〉, i.e., |ψ〉 = C |χ〉. Say |ψ1〉 = C1 |χ〉 and |ψ2〉 = C2 |χ〉. Define two

outcome projective measurement operator P = {P 0, P 1}, where P 0 = |ψ1〉 〈ψ1| and P 1 =

I − |ψ1〉 〈ψ1|. The superscripts 0 and 1 denote ”bad” and ”good” state respectively. This

definition is analogous to the definitions used in amplitude amplification as there is a fixed

state |ψ〉 and we have defined a two outcome projective measurement. In the remaining

part of this section, we will see what is the probability of measuring a good state when |ψ〉

is measured using P for the two possible candidates of |ψ〉. We will call this probability

as the initial success probability since this terminology is used in amplitude amplification.

Lemma 3 follows:

Lemma 3. Let |ψ〉 = C |χ〉. If we measure |ψ〉 using P then the probability of observing

a good state is 0 if C = C1 and 1− |〈ψ1|ψ2〉 | if C = C2.

Proof. We will consider both the cases of C = C1 and C = C2.

Case 1. In the case when C = C1, we have |ψ〉 = |ψ1〉

The probability of observing a good state corresponding to P 1 is ||P 1 |ψ1〉 ||= ||(|ψ1〉−

|ψ1〉 〈ψ1|) |ψ1〉 ||= 0.

Case 2. In the case when C = C2, we have |ψ〉 = |ψ2〉
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The probability of observing the good state in this case:

||P 1 |ψ2〉 || = ||(I − |ψ1〉 〈ψ1|) |ψ2〉 ||

= || |ψ2〉 − 〈ψ1|ψ2〉 |ψ1〉 ||

= 1− |〈ψ1|ψ2〉 |

Lemma 3 tells about the initial success probability in both the cases when C = C1

and C = C2. Next step is to define an iterative operator (known as Grover’s iterator) for

amplitude amplification. Grover’s iterator G can be defined as follows:

Gπ,π = −GIπGMπ, where GIπ = [ C ( I − 2 |χ〉 〈χ| ) C† ] and GMπ = [ I − 2P 1 ]

Let p = 1 − |〈ψ1|ψ2〉 | and θ = sin−1(
√
p). Note that p > 0 because C1 6= eιαC2, for any

α. Here, Grover’s iterator has been defined in the same way as defined for amplitude

amplification. To see the effect of operator Gπ,π on |ψ〉 for both the possible values of |ψ〉,

consider the following lemma:

Lemma 4. Let M = dπ/4θ − 1/2e and |ψ〉 = C |χ〉. If we apply Gπ,π M times on |ψ〉 and

measure the state GM
π,π |ψ〉 using P then we can identify whether C = C1 or C = C2 with

certainty. If we observe a good state then C = C1 otherwise C = C2.

Proof. We will consider both the cases of C = C1 and C = C2.

Case 1. In the case when C = C1, we have |ψ〉 = |ψ1〉

Therefore, GIπ = [I − 2 |ψ1〉 〈ψ1| ] and GMπ = [ I − 2P 1 ]. The initial probability of

observing a good state when |ψ1〉 is measured is 0. For any integer M ≥ 0, amplitude

amplification does not change the success probability and we observe a bad state with

certainty.

Case 2. In the case when C = C2, we have |ψ〉 = |ψ2〉

Therefore, GIπ = [I − 2 |ψ2〉 〈ψ2| ] and GMπ = [ I − 2P 1 ]. Let p = 1− |〈ψ1|ψ2〉 | > 0

be the initial probability of observing a good state when |ψ2〉 is measured and choose θ such

that sin2 θ = p. From theorem 2, for M = dπ/4θ − 1/2e, if we compute and measure the

state GM
π,π |ψ2〉 then we observe the good state with certainty.
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2.4.1 Generate initial quantum state |χ〉

We want an initial quantum state |χ〉 such that the number of queries to the algo-

rithm C is minimized. Note that the number of queries only depends on θ, where θ =

sin−1(
√

1− |〈χ| C1†C2 |χ〉 |). As θ becomes larger, the number of queries becomes smaller.

Therefore, our goal is to find the quantum state |χ〉 that maximizes sin−1(
√

1− |〈χ| C1†C2 |χ〉 |).

The technique used to find the quantum state |χ〉 that maximizes sin−1(
√

1− |〈χ| C1†C2 |χ〉 |)

has been shown in the work done by Kawachi et al.[10]. Note that the above maximization

problem is same as the following minimization problem:

min
|χ〉
|〈χ| C1† C2 |χ〉 | = min

|χ〉
|〈χ| V |χ〉 |, where V = C1† C2 (2.1)

Definition 2 (∆(V)). Let eιθ1 , eιθ2 , ..., eιθn denote the eigen-values of a unitary operator

V. If we represent all the eigen-values of V on a unit complex circle then ∆(V) is defined

as the angle of the smallest length arc containing all the eigenvalues of V.

Let eιθ1 , eιθ2 , ..., eιθn denote the eigen values of V and the corresponding eigen vectors

are denoted by |v1〉 , |v2〉 , ... |vn〉. By spectral theorem, V can be written in the form of its

own eigenbasis:

V =
n∑
j=1

eιθj |vj〉 〈vj| (2.2)

The initial quantum state |χ〉 can also be written in the form of the same eigen-basis

for some ai ∈ C for, i = 1,2, . . . ,n and
∑n

i=1|ai|2= 1:

|χ〉 =
n∑
j=1

aj |vj〉 (2.3)

Using equation (2.2) and (2.3), (2.1) become

min∑n
j=1|aj |2=1

n∑
j=1

|aj|2eιθj (2.4)

Let OPT(V) denote the optimization problem represented by the equation(2.4). The

solution to this optimization problem can be found efficiently as it can be formalized in the

following form: If eιθ1 , eιθ2 , ..., eιθn are some points on a complex plane, then
∑n

j=1|aj|2eιθj

represents a convex set, where
∑n

j=1|aj|2= 1. Equation (2.4) is the square of the shortest

distance from the origin of the complex plane to the convex set. There are many well-

known efficient approaches to solve the problem of finding the shortest distance from
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convex polynomial to a point either inside the convex or outside the convex. Therefore,

we can use some approach and find the value of ai ∈ C (i = 1,2,...,n) that solve the

optimization problem OPT(V). Let ~A = {a1, a2, ..., an} where, ai ∈ C (i = 1,2,...,n),

be the solution of OPT(V). Therefore, the required state is

|χ〉 =
n∑
j=1

aj |vj〉 (2.5)

The optimization problem formulated in the paper of Kawachi et. al.[10] to find an

optimal initial state for their algorithm is same as the problem OPT(V) formulated

in Equation (2.4). Using the solution of this problem, Kawachi et. al.[10] found an

optimal initial state for their algorithm which is same as the initial state |χ〉 repre-

sented in equation (2.5). They showed that |χ〉 is an entangled state and proved that

corresponding to the entangled state |χ〉, min|χ〉|〈χ| C1† C2 |χ〉 |= cos2(∆(V)/2). We

have θ = sin−1(
√

1− |〈χ| C1†C2 |χ〉 |). Therefore, if we use an optimal initial state then

θ = ∆(V)/2 .

The number of queries needed by the algorithm depends on the value of ∆(V) as the

number of queries depends on the value of θ that depends on ∆(V). Thus, ∆(V) can

be used to measure the closeness between two unitary operators C1 and C2. Given two

unitary operators C1 and C2, the procedure of generating the input state that optimizes

the number of queries needed to solve the operator identification problem, when C1 and

C2 are used as candidate operators, is showed in Algorithm 1.

Algorithm 1: Algorithm to generate initial quantum state

input : Operator C1, C2
output: State |χ〉

1 {eιθ1 , eιθ2 , ..., eιθn } ← eigen-values of C1† C2
2 {|v1〉 , |v2〉 , ... |vn〉 } ← eigen-vectors of C1† C2
3 {a1, a2, ..., an} ← Solution of OPT(C1† C2)
4 |χ〉 =

∑n
j=1 aj |vj〉

5 return |χ〉

2.4.2 Complete Algorithm and performance analysis

The complete algorithm to solve the operator identification problem without any error is

shown in Algorithm 2. Line numbers (2-11) correspond to the improvement of the success

probability to one as explained in section [1.2.1]. Consider the case when ∆(C†1 C2) >
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π. In this case, we have θ > π/2. This condition contradicts with what we need to

apply the amplitude amplification. To apply the amplitude amplification to the operator

identification problem, we need θ ≤ π/2. The algorithm given below is designed to work

for the case when ∆(C†1 C2) ≤ π as it is easy to solve the operator identification problem

for the other case when ∆(C†1 C2) ≥ π i.e., if θ > π/2 using the following result: If

∆(C†1 C2) ≥ π then there always exist an initial quantum state |χ〉 such that the states

C1 |χ〉 and C2 |χ〉 are orthonormal[1] and the identification of the orthogonal states can be

done using the simple procedure explained in chapter 1. We will consider ∆(C†1 C2) ≤ π

for the rest of the discussion.

The number of queries needed (application of an unknown operator C) by the proposed

algorithm can be examined as follows: One application of C is being made in line 12 to gen-

erate a state |ψ〉. In line 22, Gπ,π is being applied M times, where M =
⌈

π
2∆(C1† C2)

− 1
2

⌉
.

One application of Gπ,π makes two calls to the black-box: one call to C and another call

to C†. Therefore, the algorithm 2 makes total of 2M + 1 calls to the operator C. If the

operator C operates on initial n qubits state then the number of qubits needed by the

algorithm is at most n+ 1.

Kawachi et al.[10] algorithm required
⌈

π
∆(C1† C2)

⌉
queries to solve the operator iden-

tification problem without any error. If the operator C operate on initial n qubits state

then the number of qubits needed by the Kawachi et al.[10] algorithm is n×
⌈

π
∆(C1† C2)

⌉
.

It can be seen that the number of queries needed by the algorithm designed by us is at

most one more than the number of queries needed by the algorithm given by Kawachi et

al.[10] (best known upper bound) to solve the problem without any error. The proposed

algorithm requires lesser number of qubits as compared to the algorithm used by Kawachi

et al.[10]. The number of qubits is reduced by factor of
⌈

π
∆(C1† C2)

⌉
(the number of queries

needed by the algorithm used by Kawachi et al.[10]) to solve the problem.
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Algorithm 2: Operator identification

input : C Operator C as black-bax
{C1, C2} Candidate set

output: Identify whether C is C1 or, C2
1 |χ〉 ← Algorithm 1(C1, C2)
2 if ( π

2∆(C1† C2)
− 1

2
) is not integer then

3 p = 1− |〈χ| C1†C2 |χ〉 |
4 m =

⌈
π

2∆(C1† C2)
− 1

2

⌉
5 p = sin2(π/(m+ 2)

6 Define single qubit unitary operator B = |1〉 〈1|+ |0〉 (
√

1− p/p 〈0|+
√
p/p 〈1|)

7 Update C ←C ⊗B
8 Update C1 ←C1 ⊗B
9 Update C2 ←C2 ⊗B

10 Update input state |χ〉 ← |χ〉 ⊗ |0〉
11 end
12 |ψ〉 = C |χ〉
13 |ψ1〉 = C1 |χ〉
14 |ψ2〉 = C2 |χ〉
15 P 0 = |ψ1〉 〈ψ1|
16 P 1 = I − |ψ1〉 〈ψ1|
17 P = {P 0, P 1}
18 GIπ = [ C ( I − 2 |χ〉 〈χ| ) C† ]
19 GMπ = [ I − 2P 1 ]
20 Gπ,π = −GIπGMπ

21 M =
⌈

π
2∆(C1† C2)

− 1
2

⌉
22 Outcome ← Measure the state GM

π,π |ψ〉 using P

23 if Outcome is 1 then
24 return C = C1
25 else
26 return C = C2
27 end

Theorem 3. Given an unknown operator C that implements either an operator C1 or C2,

where the operation for C1 and C2 are known to us and C1 6= eiαC2 for any α. The above

algorithm can identify whether C = C1 or C = C2 without error by making 2M + 1 calls

to the algorithm C and C†, where M =
⌈

π
2∆(C1† C2)

− 1
2

⌉
.

To summarize, amplitude amplification is used to increase the success probability of

a quantum algorithm. We used amplitude amplification to design an efficient algorithm

to solve the operator identification problem without any error.
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Chapter 3

Approximate Operator Identification

In the previous chapter, we introduced an operator identification problem and also pro-

posed an algorithm to solve it. In this chapter, the modified operator identification

problem that is named as approximate operator identification problem is explained. An

algorithm to solve this new problem has been presented.

As a rough outline of this chapter, we begin with the discussion of what it means to

approximate the unitary operation. The algorithm to solve the approximate operator

identification problem has been proposed. Also, an analysis on the lower bound of the

success probability of the proposed algorithm has been shown.

3.1 Introduction

In chapter 2, we discussed the operator identification problem and designed an efficient

algorithm to solve it. To recall, the operator identification problem is defined as: Given

an operator C as a black-box which implements either operator C1 or C2, where the

operation of C1 and C2 are known to us and C1 6= eiαC2 for any α. The goal is to

determine whether C = C1 or C = C2. Here, one point to note is that the operation of

C1 and C2 are arbitrary unitary operations. In quantum circuit theory, a discrete set of

quantum gates is used to implement the unitary operation. This discrete set of gates

cannot exactly implement an arbitrary unitary operation. They can only approximate

the unitary operations. Therefore, it is not always possible to implement the operations

of C1 and C2 exactly. We are just able to approximate its operations.

To understand what it means to approximate a unitary operation, consider U and V

to be two unitary operators on the same state space. We want to implement the operation

of the operator U but we are able to implement the operator V . Let E(U, V ) denote the
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error when V is implemented instead of U . We will call this error as an approximation

error. The approximation error E(U, V ) is defined later in the chapter.

The problem of operator identification can now be redefined as follows: Given an

operator C as a black-box which implements either operator C1 or C2, the aim is to guess

whether C implemented C1 or C2. We don’t have an exact implementation of C1 and C2

but we are only able to approximate the operations of C1 and C2. We call this modified

operation identification problem as approximate operator identification problem. To the

best of our knowledge, no work has been done by now to solve the approximate operator

identification problem. In this chapter, we present an algorithm to solve this problem.

The proposed algorithm uses only one query to the black-box C to guess whether C = C1

or, C = C2 with some probability. We also find the lower bound on the success probability

and show how it depends on the approximation error present in the implementation of C1

and C2. We can improve the success probability when we have multiple copies of C.

3.2 Approximating an unitary operation

Suppose U and V are two unitary operators on the same state space. We want to im-

plement the operation of the operator U but instead of implementing U , we are able to

implement the operator V . Operator V is called as an approximate implementation of

the operator U . Let E(U, V ) denote the error when V is implemented instead of U . This

error E(U, V ) is known as approximation error and is defined as:

E(U, V ) = max
|α〉
||(U − V ) |α〉 || (3.1)

Here, maximum is taken over all quantum states |α〉 belonging to the same state space

as U and V . Intuitively, if the operator V is applied on some input sate |χ〉 instead of

the operator U and the error E(U, V ) is small then any measurement applied on the state

V |χ〉 gives almost similar statistics which are obtained when measurement is applied on

the state U |χ〉. This intuition is formally described in lemma 5. The approximation

result of the lemma is extremely useful and this result has also been found in book by

Nielsen and Chuang[13].

Lemma 5. Given two unitary operators U and V , let E(U, V ) denote the approximation

error when V is implemented instead of U . Consider any state |ψ〉. Apply either of the
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operator U or V followed by the measurement of the state using any measurement operator

say M . Let p0 (or p1) be the probability of getting a particular outcome when state U |ψ〉

(or V |ψ〉) is measured using M then |p0 − p1|≤ 2E(U, V ).

3.3 Problem statement

We introduced the approximate operator identification problem informally. In this section,

we define the problem formally.

Definition 3 (Approximate Operator Identification Problem). Given an operator

U as a black-box which implements either operator U1 or U2, where U1 and U2 are arbitrary

unitary operators. We are able to only approximate the unitary operators U1 and U2. Let

V1 (or V2) be the approximate implementation of U1 (or U2) such that E(U1, V1) ≤ ε1 and

E(U2, V2) ≤ ε2, where ε1, ε2 ∈ IR and 0 < ε1, ε2 < 1. The goal is to determine whether an

unknown operator U is U1 or U2.

3.4 Approximate Operator Identification

This section describes our approach to solve the approximate operator identification prob-

lem. The following steps will be followed to :

Step 1: Generate a quantum state |φ〉 that is determined by the given operators V1 and

V2 such that distance between |ψ1〉 = V1 |φ〉 and |ψ2〉 = V2 |φ〉 is maximal. The

procedure of how to generate the initial state has been explained in the subsection

3.4.1. The metric used to compute the distance between the states and the reason

of why we are trying to maximize the distance has also been shown in the subsection

3.4.1.

Step 2: Apply U to |φ〉, where U is the unknown unitary operator given as black-box.

Step 3: Create two outcome measurement operator P such that, P can guess states |ψ1〉

and |ψ2〉 with minimal probability of failure. The procedure of how to create the

measurement operator is explained shortly in the subsection 3.4.2.

Step 4: Measure the state U |φ〉 using P . Guess whether operator U is U1 or U2 according

to the outcome of the measurement. This point will become more clear when we

explain the complete process in some detail.
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The following subsections will explain how the initial quantum state is generated using

given operators and how to create measurement operator which will be used to identify

the given unknown operator U . Also, an analysis has been done on the lower bound on

the success probability of the proposed algorithm.

3.4.1 Generate initial quantum state |φ〉

Given two operators V1 and V2, the problem is to generate a quantum state |φ〉 such that

distance between |ψ1〉 = V1 |φ〉 and |ψ2〉 = V2 |φ〉 is maximal. Here, the metric used to

measure the distance between two quantum states |ψ1〉 and |ψ2〉 is the trace distance that

is defined as D(|ψ1〉 , |ψ2〉) =
√

1− |〈ψ1|ψ2〉 |2. There are many well known techniques for

solving this problem[3, 10]. In this section, one of the techniques to solve the problem

has been presented. If D(|ψ1〉 , |ψ2〉) = d, then given one of these states chosen randomly

from the set {|ψ1〉 , |ψ2〉 }, any algorithm can guess the correct state i.e which state has

been chosen with at most (1 + d)/2 probability[11].

Therefore, the goal is to maximize the trace distance for the maximal success proba-

bility. This optimization problem is represented as follows:

max
|φ〉

√
1− |〈φ| V †1 V2 |φ〉 |2

Note that the above maximization problem is same as the following minimization problem:-

min
|φ〉
|〈φ| V †1 V2 |φ〉 |2 (3.2)

The optimization problem represented by the equation (3.2) is same as the optimization

problem discussed in section 2.3 of chapter 2. The goal in both of the optimization

problems is to find an initial input state |φ〉 and minimize |〈φ| V †1 V2 |φ〉 |. We have already

discussed the algorithm to generate such input state and the corresponding minimum value

of the expression represented by equation (3.2).

3.4.2 Create measurement operator

There are many possible ways to answer the question of how to create two outcome

measurement operator P such that, P can guess states |ψ1〉 and |ψ2〉 with the minimal

probability of failure[3, 11]. In this section, we will explain one of the techniques to answer

this problem. The idea used to create the measurement operator can be found in the work
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done by D Bera [3]. Let P = {P 0, P 1} be the two outcome measurement operator with

outcome 0 and 1, where outcome 0 denotes the state |ψ1〉 and 1 denotes the state |ψ2〉.

Let {|b1〉 , |b2〉} be two orthogonal basis states and P 0 and P 1 be the projectors onto the

states |b1〉 and |b2〉 respectively. This means, we perform measurement in basis defined

by the orthonormal basis {|b1〉 , |b2〉}. Depending on the outcome corresponding to the

state |b1〉 or |b2〉, we will guess the state to be |ψ1〉 or |ψ2〉. Our goal is to minimize the

probability of error, i.e, when the state is |ψ1〉 then we get an outcome corresponding to

the basis |b2〉 with the minimum probability. Similarly, we want the minimum error for

the other state. We need to create orthonormal states |b1〉 and |b2〉 such that |b1〉 is as

close as possible to |ψ1〉 and as far as possible from |ψ2〉. In the same way, we need to

have |b2〉 close to |ψ2〉. This implies |〈b1|ψ1〉 |2= |〈b2|ψ2〉 |2.

The states |ψ1〉 and |ψ2〉 can be written in the form of {|b1〉 , |b2〉} basis for some ri, kj ∈ R

(i = 1,2,3,4 and j = 1,2,3) as follows:

|ψ1〉 = r1 |b1〉+ r2e
ιk1 |b2〉

|ψ2〉 = r3e
ιk2 |b1〉+ r4e

ιk3 |b2〉

Let 〈ψ1|ψ2〉 = keιk. We want |〈b1|ψ1〉 |2 to be equal to |〈b2|ψ2〉 |2. One possible solution

is:

r1 = r4 = (
√

1 + k +
√

1− k)/2

r2 = r3 = (
√

1 + k −
√

1− k)/2

k1 = 0, k2 = k3 = k

Then the required basis,

|b1〉 =
1

N
(−r1 |ψ1〉+ r2e

−ιk |ψ2〉)

|b2〉 =
1

N
(r2 |ψ1〉 − r1e

−ιk |ψ2〉)

Here,N = r2
2 − r1

2

Therefore we create the measurement operator P = {P 0, P 1}, where P 0 = |b1〉 〈b1| and

P 1 = |b2〉 〈b2| with outcome 0 and 1. The algorithm that follows the explained procedure
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and creates the measurement operator is shown below (Algorithm 3). If the outcome is 0

then the state is guessed to be |ψ1〉 i.e. operator is V1 and outcome 1 guesses that state

is |ψ2〉 i.e. operator is V2.

Algorithm 3: Algorithm to create measurement operator

input : State |ψ1〉 , |ψ2〉
output: Measurement operator P = {P 0, P 1}

1 k ← |〈ψ1|ψ2〉 |
2 r1 ← (

√
1 + k +

√
1− k)/2

3 r2 ← (
√

1 + k −
√

1− k)/2
4 N ← r2

2 − r1
2

5 |b1〉 ← 1
N

(−r1 |ψ1〉+ r2e
−ιk |ψ2〉)

6 |b2〉 ← 1
N

(r2 |ψ1〉 − r1e
−ιk |ψ2〉)

7 P 0 ← |b1〉 〈b1|
8 P 1 ← |b2〉 〈b2|
9 return P = {P 0, P 1}

3.4.3 Analysis

For the analysis on the lower bound of the success probability of the proposed algorithm,

we will consider both the cases: when U = U1 and U = U2. The lower bound will be

computed for both the cases and the minimum of two bounds will give the final result.

Case 1. If U = U1 then

The probability of getting outcome 0 corresponding to the basis |b1〉 when |ψ1〉 = r1 |b1〉+

r2e
ιk1 |b2〉 is measured is r1

2 = (1 +
√

1− k2)/2 (say p0). But we have state |ψ1〉 = U1 |φ〉.

Let p1 be the probability of getting outcome 0 when |ψ1〉 is measured and we know that

E(U1, V1) ≤ ε1. Hence by lemma 5,

|p0 − p1|≤ 2ε1

Two possibilities are there. First if p1 ≥ p0 and p0 = (1+
√

1− k2)/2 then the probability

of success is at least (1 +
√

1− k2)/2. Second, if p1 < p0 then p1 ≥ p0 − 2ε1 then the

probability of success is at least (1 +
√

1− k2)/2 − 2ε1. Therefore, the probability of

success is at least min((1 +
√

1− k2)/2, (1 +
√

1− k2)/2− 2ε1) = (1 +
√

1− k2)/2− 2ε1.

Case 2. If U = U2 then

The probability of getting outcome 1 corresponding to the basis |b2〉 when |ψ2〉 = r3e
ιk2 |b1〉+

r4e
ιk3 |b2〉 is measured is r4

2 = (1 +
√

1− k2)/2. Similar to the case 1, the actual state
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|ψ2〉 = U2 |φ〉 and we know that E(U2, V2) ≤ ε2. Similar analysis leads the following result:

the probability of success i.e the probability of guessing the unknown operator is U2 in

this case is at least min((1 +
√

1− k2)/2, (1 +
√

1− k2)/2− 2ε2) = (1 +
√

1− k2)/2− 2ε2.

The proposed algorithm can solve the approximate Operator Identification Prob-

lem with at least (1 +
√

1− k2)/2 − 2.max(ε1, ε2) probability of success, where k =

min|φ〉|〈φ| V †1 V2 |φ〉 |2. Theorem 4 follows immediately:

Theorem 4. Given an operator U as a black-box which implements either an arbitrary

unknown unitary operator U1 or U2. Also given unitary operators V1 and V2 such that

E(U1, V1) ≤ ε1 and E(U2, V2) ≤ ε2. There exists an algorithm that can guess whether

U is U1 or U2 with the success probability of at least (1 +
√

1− k2)/2 − 2ε , where k =

min|φ〉|〈φ| V †1 V2 |φ〉 |2 and ε = max(ε1, ε2)

To summarize, even if we don’t have an exact implementation of unitary operators that

are possible candidates for a given unknown operator, we have an algorithm that can still

guess the operation of the unknown operator with some success probability that depends

on the implementation error.
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Chapter 4

Multiple Operator Identification

In the previous two chapters, we discussed two different versions of the operator identifi-

cation problem and designed an efficient algorithm to solve each of them. In this chapter,

we will try to solve the generalized operator identification problem in which the candidate

set size can be of any arbitrary size.

As a rough outline of this chapter, we begin with the problem statement and the applica-

tion of the problem in the fault detection. In the following section, the algorithm to solve

the problem has been proposed. Finally, an analysis of the proposed algorithm has been

done.

4.1 Introduction

To recall, the operator identification problem is defined as: Given an operator C as a

black-box which implements either operator C1 or C2 and C1 6= eiαC2 for any α, the goal

is to determine whether C = C1 or C = C2. In the first version of this problem, the

exact implementation of the operation of C1 and C2 were known to us and we designed an

efficient algorithm that was able to identify the operator with certainty. In chapter 3, the

problem was modified such that only the approximate implementation of the operations

of C1 and C2 were known to us. The algorithm was proposed that solved this modified

problem with some probability. In both of the problems, the candidate set was considered

to be of size two. In this chapter, we will consider the case when candidate set is of

any size in general, say n. Thus, the operator identification problem can be formulated

in general as follows: Given an operator C as a black-box and it is guaranteed that C

implements one of the operators present in the candidate set {C1, C2, ..., Cn}. The goal

is to determine which operator out of {C1, C2, ..., Cn} is being implemented by the given
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unknown C. We call this modified operation identification problem as multiple operator

identification problem.

To the best of our knowledge, no work has been done on how to extend the operator

identification problem having candidate size of size two to the operator identification

problem for candidate size of any size in general. Also, we believe that this is the first

work that shows the approach to solve the multiple operator identification problem. In

this chapter, an algorithm has been presented that solves this problem. The analysis of

the probability of success and the results obtained is not that good, but the proposed

idea can be used in the future related works to produce the efficient algorithm with better

accuracy.

The general multiple operator identification problem defined above is important for

detecting fault in a given circuit. Suppose, a circuit A is given that is constructed using

m gates. For simplicity, consider the case when at some point of time, only one gate is

faulty. The goal is to find which gate is faulty in the circuit. Let G1, G2, ..., Gm denote

the gates present in the circuit A, when enumerated in the standard left to right manner.

Let Ai denote the behaviour of the circuit when Gi gate is faulty and A0 denote the

case when none of the gates is faulty in the circuit. This problem of fault detection can

be formulated in terms of multiple operator identification problem as follows: Consider

the given circuit A as a black-box and the behaviour of A is implemented by one of the

operation present in the candidate set {A0, A1, ..., Am}. The goal is to determine the

operation of A which will tell about the faulty gate.

4.2 Problem statement

In the previous section, we introduced the multiple operator identification problem in-

formally. We also showed one application where multiple operator identification can be

applied. In this section, we define the problem formally.

Definition 4 (Multiple Operator Identification Problem). Given an operator C

as a black-box and it is guaranteed that C implements one of the operators present in

the candidate set {C1, C2, ..., Cn}, where Ci{i = 1, 2, ..., n} are arbitrary unknown unitary

operators and Ci = eιθCj for i 6= j. The goal is to determine which operator out of

{C1, C2, ..., Cn} is being implemented by the given unknown C.
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4.3 Multiple Operator Identification

In this section, an approach to solve the problem of multiple operator identification has

been proposed. Recall in the previous chapter, we used a distance metric named as

approximation error that showed the similarity between the operators. If the distance

between two operators say U and V is small then any measurement applied on the state

V |χ〉 gives almost similar statistics which are obtained when measurement is applied on

the state U |χ〉 for some input state |χ〉. This same intuition has been used to solve the

multiple operator identification problem. Our approach to solve the problem is as follows:

Step 1: Group the candidates present in the set {C1, C2, ..., Cn} into two clusters. The com-

plete procedure of how to cluster the elements of the set is explained shortly in the

subsection 4.3.1.

Step 2: Once the clusters have been formed, find the center operator for both the clusters.

The center operator will be one of the operators present in the candidate set. In

subsection 4.3.2, the meaning of the center operator of the cluster has been explained

and the procedure to find it has been shown. Let Ck and Cl be the center operators

for both the clusters which were formed in Step 1.

Step 3: Generate a quantum state |φ〉 that is determined by the given operators Ck and Cl
such that distance between |ψ1〉 = Ck |φ〉 and |ψ2〉 = Cl |φ〉 is maximal.

Step 4: Apply C to the generated quantum state |φ〉, where C is the unknown unitary oper-

ator given as black-box.

Step 5: Create two outcome measurement operator P such that P can guess states |ψ1〉 and

|ψ2〉 with minimal probability of failure.

Step 6: Measure the state C |φ〉 using P . If the outcome of the operator P suggests that

the operator that is being implemented by C is Ck, then remove all the operators

present in the cluster represented by the center operator Cl and vice versa.

Step 7: After removing one cluster, check the size of the remaining cluster. If the size of

the remainder cluster is one, return the center operator of that cluster. Otherwise

repeat steps 1-6 with the updated candidate set.
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The following subsections will explain how to cluster the operators present in the

candidate set and find the center operator of the cluster as required in steps 1 and 2

respectively. The procedure of how to generate the initial quantum state using given

operators mentioned in step 3 and how to create the measurement operator that is used

to identify the given unknown operator as required in step 5 has already been explained

in the previous chapter.

4.3.1 Clustering the operators

The distance metric that is used for clustering the elements is same as the one used in the

last chapter. It is denoted by D(U, V ) between any two operator V and U and is defined

as:

D(U, V ) = max
|α〉
||(U − V ) |α〉 || (4.1)

Here, maximum is taken over all quantum states |α〉 belonging to the same state space

as U and V . We will use modified 2-mean clustering algorithm. The two important steps

of the clustering include the initialization step and the assignment step. In initialization

step, the initial representatives for the clusters are chosen and then in assignment step,

each operator is assigned to one of the cluster. These two steps are as follows:

Initialization:

The first step is to choose the two initial representatives for the both the clusters. We will

choose two operators Ck and Cl such that D(Ck, Cl) = maxi,j D(Ci, Cj) for all 1 ≤ i, j ≤ n.

The operators Ck and Cl will be called as representatives of the clusters.

Assignment:

The second step is assignment of the remaining n− 2 operators to one of these clusters.

Each operator is assigned to the cluster whose representative has the least distance from

it i.e. for each remaining operator Ci if D(Cl, Ci) ≤ D(Ck, Ci), assign the operator Ci

to the cluster represented by the operator Cl otherwise in other cluster i.e. the cluster

represented by the operator Ck.

4.3.2 Center Operator of the cluster

After the clustering of the candidate set, as explained in above subsection, two clusters of

the given n operators are obtained. The next step is to find the representative of both the

clusters which will be known as the center operator of the cluster. Lets first understand
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what is meant by the center operator of the cluster. The center operator of the cluster is

the operator Co where the greatest distance D(C0, Ci) to all other vertices Ci is minimal.

Note that this definition of the center of the cluster is same as the center of a graph.

The center of the graph is the vertex of minimum eccentricity that is, the vertex u whose

greatest distance to other vertices v is minimal. We know many efficient algorithms to

find the center of the graph [9]. The same algorithm can be applied to find the center

operator of the cluster. Note that the center operator can be one of the operators present

in the candidate set. Many center operators may be possible but we can consider any one

of them. Once the center operator has been found for the cluster, we will say that the

cluster is represented by the obtained center operator.

After first two steps, we have two clusters and their center operators say Cl and Ck.

Now we use these two operators to find the initial input state and the measurement

operator as mentioned in steps 3 and 5. The procedure to generate the input state and

the measurement operator has already been explained in the previous chapter.

4.3.3 Analysis

For the analysis of the proposed algorithm, consider for any arbitrary iteration of the al-

gorithm say j, what is the probability of choosing the correct cluster given that we chose

the correct cluster in the previous iteration. Let Clj and Ckj be the center operator of

the clusters in the jth iteration. Now, there are two possibilities: first is when the actual

operator for an unknown operator C belongs to the cluster represented by Clj and the

other one is when the actual operator belongs to the cluster represented by Ckj.

Case 1. Unknown operator C belongs to cluster of Clj

Recall from the last chapter if D(C, Clj) is small then we can use Clj as an approximate

implementation for C. If this is the case, then any measurement applied on the state C |χ〉

gives almost similar statistics which are obtained when measurement is applied on the

state Clj |χ〉 for some input state |χ〉. Note that D(C, Clj) < D(C, Ckj). As a result, we

will guess the correct cluster i.e, the cluster in which C belongs with the high probability.

The formal analysis is same as the one done in the last chapter. We can consider Clj as an

approximate implementation for C. Let D(C, Clj) = ε0 then the probability of choosing

the correct cluster is at least (1 +
√

1− k2)/2− 2ε0, where k = min|φ〉|〈φ| Clj† Ckj |φ〉 |2.
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In the worst case, C will be at the farthest distance from the Clj because of which the

value of ε0 will be maximum. But since we have chosen Clj as the center operator so

this will not matter much. For the worst case, ε0 = maxi Ci for all Ci belonging to the

cluster represented by Clj. If the unknown operator C belongs to cluster represented by

Clj at some iteration and Clj and Ckj are the center operators for the cluster at that

iteration then the probability of choosing the correct cluster at that iteration given that

we guessed the correct cluster in the previous iteration is at least (1 +
√

1− k2)/2− 2ε0,

where k = min|φ〉|〈φ| Clj† Ckj |φ〉 |2 and ε0 = maxi Ci for all Ci belonging to the cluster

represented by Clj.

Case 2. Unknown operator C belongs to cluster of Ckj

Similar to the previous case, the same result is obtained: If the unknown operator C

belongs to cluster represented by Ckj at some iteration and Clj and Ckj are the center

operators for the cluster at that iteration then the probability of choosing the correct

cluster at that iteration given that we guessed the correct cluster in the previous iteration

is at least (1 +
√

1− k2)/2− 2ε1, where k = min|φ〉|〈φ| Clj† Ckj |φ〉 |2 and ε1 = maxi Ci for

all Ci belonging to the cluster represented by Ckj.

To summarize, the general multiple operator identification problem can be solved

using the clustering of the given candidate set and identifying the center operator of the

obtained clusters. The idea can be extended to get the better results to solve this problem.
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Chapter 5

Conclusion and Future Work

In summary of this study, we have tried to solve the problem of distinguishing of unitary

operators. We have considered different modifications of this problem and proposed an

efficient algorithm for each one of those modifications. First, we considered the problem of

operator identification that is related to the problem of distinguishing two pure quantum

states. Typically an operator identification problem is defined as follows: Given an un-

known operator U as a black-box which implements either an operator U1 or an operator

U2, where U1 and U2 are arbitrary unitary operators and their operation is known to us.

The goal is to determine whether an unknown operator U is an implementation of U1

or U2. We proposed an efficient algorithm to solve the operator identification problem

without any error. The proposed algorithm uses the tool known as amplitude amplifica-

tion. Amplitude amplification is used to increase the success probability of a quantum

algorithm.

In the above version of the problem, the operations of U1 and U2 are the arbitrary

unitary operations. In quantum circuit theory, it is not always possible to implement any

arbitrary operation exactly in an efficient way but it turns out that we can approximate

the required unitary operations. As a result, we considered the modification in the above

problem as : Given an operator U as a black-box which implements either operator U1

or U2, the aim is to guess whether U implemented U1 or U2. We don’t have an exact

implementation of U1 and U2 but we are only able to approximate the operations of

U1 and U2. We proposed an efficient algorithm to solve this problem. The proposed

algorithm uses only one query to the black-box C to guess whether C = C1 or, C = C2

with some probability. We also find the lower bound on the success probability and show

how it depends on the approximation error present in the implementation of C1 and C2.
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We can improve the success probability when we have multiple copies of C.

Finally we consider the general version of this problem: Given an operator U as a black-

box and it is guaranteed that U implements one of the operators present in the candidate

set {U1,U2, ...,Un}. The goal is to determine which operator out of {U1,U2, ...,Un} is being

implemented by the given unknown U . We proposed an algorithm to solve this problem.

The proposed algorithm clusters the candidate set into 2-cluster and guess the correct

cluster with some probability in which unknown operator U falls. It then removes other

cluster from the candidate set. The steps of the algorithm are repeated until one operator

is left.

The analysis and result of this general version of the problem is not that good but the

proposed idea can be used in the future to produce an efficient algorithm for the problem.

For better analysis and result we may use different metric to measure the distance between

the operators.
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