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Abstract

Mobile robots have become ubiquitous today and are used widely in sensor networks. Their use in applications
involving long-term operations, remote sensing and complex environments is a widely studied area of research
due to their high precision capabilities over extended periods of time and low cost operation. This thesis devel-
ops methods for path planning of mobile robot systems for use in novel applications under various application
and system specific constraints. First, path planning algorithms for visual surveillance applications are devel-
oped. The problems addressed therein relate to long-term autonomy, visual monitoring on terrains, cooperative
operations and large-scale coverage. The proposed solutions consider environment and robot limitations such
as visibility obstructions, terrain restrictions and refueling considerations. Second, path planning for robots
with a curvature-constrained motion model is considered. This motion model is widely used to model mobile
robot kinematics and poses computationally hard problems in path planning. This thesis addresses two interest-
ing problems in this space. The results focus on practical considerations and implementability of the solution

approach.
Cooperative Air-Ground Route Planning for Large-Scale Coverage Applications

This problem considers the use of an aerial robot for large-scale visual coverage in two dimensional planar
environments. The use of aerial robots for surveillance is limited by their fuel capacity. The approach discussed
in this work uses a ground-based mobile refueling vehicle, constrained to travel on the road, to increase opera-
tional range of the aerial robot in both space and time. The planning algorithm determines paths for both aerial
and ground robots for visual coverage and coordinated rendezvous visits to refuel the aerial robot. The solu-
tion techniques include a branch-and-cut based exact method; and a construction heuristic for computationally

efficient solutions. The techniques are validated in field demonstrations using real robots.

Persistent Monitoring of Piece-Wise Linear Features on Terrains using Multiple Aerial and Ground

Robots

Persistent monitoring on terrains using multiple mobile robotic sensors requires coordinated planning. Ter-



rain features add visibility obstacles and limited fuel capacity of aerial robots leads to range restrictions, that
make the problem challenging. This work addresses the visual-monitoring problem on piece-wise linear fea-
tures within a terrain using multiple mobile robots for persistent operations. The planner must account for
visual coverage, refueling aerial robots during the mission and placement of refueling depots while also utiliz-
ing the available sensor diversity to minimize overall costs for the monitoring mission. Building on existing
literature on visibility in specific classes of polygons and fuel-constrained routing, this thesis develops a discrete
representation of the problem that allows the design and application of discrete optimization techniques to find
optimal solutions. It develops a Mixed Integer Linear Programming formulation and a branch-and-cut imple-
mentation to speed-up computation. It also includes the design of a construction heuristic based on competitive
construction of robot paths using a step-increment strategy. The thesis reports results from computational sim-

ulations and illustrates proof-of-concept using experiments on real robots.
Multi-Point Visual Monitoring on a Terrain using an Aerial Robot

The multi-point monitoring problem on terrains using an aerial robot extends the results of visual moni-
toring on planar environments and 1.5 D terrains. The points-of-interest may be located anywhere within the
terrain. A solution strategy to the problem involves addressing the visibility constraints due to topographical
features and camera field-of-view limitations. This work develops a visibility computation strategy based on
existing techniques on terrain visibility, to compute visibility regions fully contained in the flight plane. The
route planning problem is posed as an instance of TSP with neighbourhoods (TSPN). A constant-factor ap-
proximation algorithm is designed and construction of the proof for the approximation bounds is discussed in
detail. The bounds on solution are computed based on properties of the visibility regions and the terrain. The
problem is further reduced to an instance of generalized TSP (GTSP) and a practically useful approach that
uses a standard GTSP solver to solve the reduced problem is developed. A branch-and-cut method based on
a new ILP formulation is also developed to solve and benchmark the solutions found using the GTSP solver.

Proof-of-concept experiments were performed using an aerial robot for paths computed by the planner.

Curvature Constrained Trajectory Planning for a Mobile Robot through a sequence of points: A Pertur-

bation - based Approach

Curvature constrained motion modeling is a popular modeling technique for a majority of wheeled ground
mobile robots as also altitude-constrained flight operations of fixed-wing aerial robots. In this work, Dubins’
model for a forward moving car-like vehicle is used to account for the curvature constraint. Path planning for
the model is challenging for any sequence of more than two points and is known to be NP-hard. Hence, one

cannot expect to design polynomial time exact algorithmic solutions. This thesis develops a perturbation-based

vi



method to design approximate paths through a sequence of points. The problem extends Dubins’ original results
on optimal paths between two locations, to a sequence of n locations. It is shown that bounded perturbations
of the location coordinates at precisely computed parameter values that correspond to discontinuity in the path

length function, lead to computationally efficient solutions with path length close to known lower bounds.
Path Planning for a UAV with Kinematic Constraints in the Presence of Polygonal Obstacles

Building on the work on path planning through a sequence of points, this work develops a path planner for
a curvature constrained vehicle in the presence of polygonal obstacles. It uses a visibility graph representation
for the environment and develops a modified Dijkstra’s shortest path algorithm as a first step in the two-step
path planning approach. The second step performs a reverse search on the graph to find feasible paths and uses

results of the first step as priors to speed up the search. Simulation results are used to substantiate the claims.

In summary, this thesis develops novel path planning algorithms for mobile robots that account for appli-
cation and system-level constraints. Optimal planning algorithms and efficient heuristics are developed for air-
ground robots operating individually and in cooperation, to perform visual coverage and persistent monitoring.
The methods developed in the thesis are validated through computational simulations and field demonstrations.
Further, practically useful path planners are developed for robots with a curvature constrained motion model

for visiting a sequence of points and in the presence of obstacles.
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the obstacles to start from S and reach T. (b). Visibility graph as computed for the sample
environment. The graph is augmented to include the start and terminal locations. . . . . . . .

I, is the arrival angle, O, ., is departure angle and wy,,, is the maximum steering angle.
Transition from edge (u, v) onto edge (v, w) is not valid as it violates the constraint on steering
angle. Transition, ( = (u,v,w), where o, is the Dubins curve form v to w is valid, since
(|Ovw — (Lyy + )| < Winae) and the curve does not intersect any obstacle. . . . . . ... ..

Sample simulation results conducted on a randomly generated environment for various initial
and terminal configurations. (a), (c), (e), (g), (i) and (k) show the shortest path as returned
by Dijkstra’s algorithm. These paths violate the maximum turning angle constaint and are
infeasible for a UAV. (b), (d), (), (h), (j) and (1) show paths generated using our algorithm for the
same configurations. The paths are successful in compromising obstacles and are traversable
by aUAV. . . e e

XX

83

95



Chapter 1

Introduction

Mobile robots are ubiquitous today. Their types and variety have expanded to include micro-scaled robots that
fit in the palm of the hand to large-scale defense-grade robots. They may operate on the ground, in the air and/or
in water. With such large penetration, the horizon of use of mobile robots has widened significantly. Their
popularity is attributed to many factors, including increased reliability of robotic hardware, robust software
systems, low production costs, and the availability of accurate sensing and actuation mechanisms. In addition,
the ability to operate autonomously in uncontrolled, natural and possibly cluttered environments, makes them
well suited for many diverse tasks. They find application in field operations, like harvesting, fruit picking and
weed mowing, and in structural monitoring for bridges, pipelines, industrial plants and the like. They are also
used in surveillance, mapping, long-term monitoring and reconnaissance operations. Many applications have
also benefited from the use of multiple robots operating in a cooperative setting. Low production and operat-
ing costs for the robots coupled with ease of operation admit the use of multiple robots with complementary
capabilities. Multiple robots operating cooperatively help achieve better performance and lower the costs. A
common component in the realization of these robotic solutions that involve autonomous mobile robots, is path

planning (also called planning) for the robots.

Path planning is integral to autonomous operation of mobile robots and is required at all scales of operation.
Ground robots, flying robots, manipulator arms, micro-scale mobile robots: each of these require path planning
to perform useful tasks. A planning algorithm or a planner, computes a path for a mobile robot or a robotic
component, to traverse from an initial state to a terminal state. The path must ensure feasibility. Feasibility may
be defined in terms of problem-specific criterion such as a curvature constraint or the requirement to visit a set
of intermediate states. Additionally, a planner aims to minimize the cost and maximize the reward. Traversing

a path usually incurs a cost to the robot, that may quantify the distance traveled, time taken or the energy



consumed on the path. The reward on the other hand, may quantify information gain, number of successful
visits to intermediate states or some measure of appropriateness of the path. A path planning problem usually
involves at least one of the two, a cost function or a reward function. It may also involve both, or multiple
instances of each function. The cost and the reward functions, along with the feasibility constraints in a path
planning problem, are determined by the application and system specifications. In terms of implementation,
path planning logic may operate in a higher abstraction module or may be embedded in low-level control
layers. It may be done offline or in real time or as a combination of the two. Based on the application specific
requirements, path planning may be performed individually for each robot or jointly for multiple robots. Given
these large set of variations in the problem and solution space for path planning, it is forthright to appreciate
the complexity and challenges involved. This thesis addresses a few important problems in path planning for
single and multiple robot systems. The problems relate to the use of mobile robots that operate on or above the

ground.

1.1 Overview

This thesis develops path planning solutions for single and multiple robot systems operating in a variety of
environments. The problems addressed in this thesis are classified in two broad themes: 1). Path planning for

visual monitoring and coverage using autonomous robots and 2). Path planning for nonholonomic robots.

Visual monitoring is one of the most important and popular application areas for mobile robots. This thesis
addresses a set of problems related to visibility-based monitoring and coverage in outdoor environments. These
environments are inherently dynamic and uncontrolled, and any large scale or long term operations also need to
account for limited fuel capacity of the robots. Chapter 2 develops solutions for large-scale aerial coverage in
two dimensional planar environments. It develops methods to utilize mobile ground robots as refueling stations
to increase the operational range of aerial robots. Chapters 3 and 4 extend these results to visual monitoring
within altitude varying terrains. Chapter 3 develops methods to the use of a heterogeneous set of ground and
aerial robotic sensors for persistent monitoring along piece-wise linear features on terrains. Chapter 4 addresses
the path planning problem for a single aerial robot to perform visibility-based monitoring for multiple points of
interest that lie within a terrain. The results for each of these problems are augmented with field deployments

using real robots.

Path planning for a robot with curvature constraints (nonholonomic) is a well studied area of research.
This is because nearly all automobiles and a majority of wheeled ground mobile robots follow a nonholonomic

motion model. Dubins [1] developed a constant-time algorithm to compute a point to point path for a car-like



vehicle in a two dimensional obstacle-free environment. The extension of these results to any sequence of
more than two points and to environments with obstacles is hard and there exist important gaps in the current
literature. Chapters 5 and 6 identify these problems and develop novel solution methods for planning paths
for curvature constrained robots. A detailed review of existing literature highlighting the contributions of this

thesis is also included within these chapters.

1.2 Contributions

1.2.1 Cooperative Air-Ground Route Planning for Large-Scale Coverage Applications

This problem considers the use of an aerial robot for large-scale visual coverage in two dimensional planar en-
vironments. The use of aerial robots for surveillance is limited by their fuel capacity. The approach discussed
in this work uses a ground-based mobile refueling vehicle, constrained to travel on the road, to increase the op-
erational range of an unmanned aerial vehicle (UAV) in both space and time. The aerial robot must rendezvous
with the ground refueling vehicle to refuel as needed, to complete the coverage mission. A solution method
for the problem must account for fuel constraints of the aerial robot, terrain restrictions of the ground vehicle
and speed differential of the two vehicles. The planning algorithm determines paths for both aerial and ground
robots for visual coverage and coordinated rendezvous visits to refuel the aerial robot. The solution techniques
include a branch-and-cut based exact method; and a construction heuristic based on a repair mechanism for a
TSP (Traveling Salesman Problem) tour of a reduced version of the problem. Comparative computational sim-
ulations are presented to discuss the efficacy of the developed approaches. Field deployments of the proposed

approach using aerial and ground robots operating cooperatively are also presented.

1.2.2 Persistent Monitoring of Linear Features on Terrains using Multiple Aerial and Ground

Robots

Visual monitoring on terrains using multiple heterogeneous robotic sensors is challenging due to obstructions
to visibility and the need for coordinated planning. This thesis designs methods to perform long term persis-
tent monitoring of piece-wise linear features within a terrain. The requirement for persistent monitoring adds
additional constraints for refueling the robots. The placement of refueling depots within the environment is
also considered within the planning problem. The terrain feature is modeled as an x-monotone curve in 1.5
dimensions and permits the computation of an efficient discrete representation of visibility regions to cover the

terrain. A mixed-integer linear program (MILP) is formulated using this representation that allows the compu-



tation of exact solutions. A branch-and-cut implementation of the MILP is used to speed-up the computation. A
construction heuristic based on competitive construction of robot paths is also designed. The planner optimizes
over a min-max function for cost-balancing over all robots. Finally, the methods are evaluated in simulation

and also demonstrated experimentally.

1.2.3 Multi-Point Visual Monitoring on a Terrain using an Aerial Robot

As extension to the results on visual monitoring in planar environments and piece-wise linear features on a ter-
rain, this work addresses the multi-point monitoring problem 2.5 dimensional terrains. The points-of-interest
may be located anywhere within the terrain and must be visited by a aerial robot equipped with a downward-
facing camera with a limited field of view. A solution strategy to the problem involves addressing the visibility
constraints due to topographical features and camera field-of-view limitations. This work develops a visibil-
ity computation strategy based on existing techniques on terrain visibility, to compute visibility regions fully
contained in the flight plane. The route planning problem is posed as an instance of TSP with neighbourhoods
(TSPN) and a constant-factor approximation algorithm is designed based on a characterization of the neigh-
bourhoods within the TSPN version and the terrain. For practical purposes, an approximation algorithm may
not be very useful and hence the problem is further reduced to an instance of generalized TSP (GTSP) and
solved using a standardised GTSP solver. A branch-and-cut method for a new ILP formulation for the GTSP
is also developed to benchmark the GLNS based approach. Experimental deployment were carried out using
an aerial robot. The experiments were used to demonstrate the applicability and usability of paths generated by

the planner for multi-point monitoring within a visibility-constrained environment.

1.2.4 Curvature Constrained Trajectory Planning for a Nonholonomic Mobile Robot through

a sequence of points: A Perturbation - based Approach

Path planning for a robot with a curvature constrained motion model is challenging and most commonly occur-
ring versions are known to be NP-hard. This model finds relevance due to its applicability to wheeled ground
mobile robots, as also altitude-constrained flight operations of fixed-wing aerial robots. The problem addressed
in this thesis builds on Dubins’ [1] classical model for a nonholonomic vehicle and extends the results on
path planning between two locations in an unobstructed two dimensional environment to a sequence of n lo-
cations. The problem has been shown to be NP-hard and one cannot expect to design polynomial time exact
algorithmic solutions due to the inherent hardness of the problem. This thesis develops a perturbation-based

method to design approximate paths through a sequence of points. It is shown that bounded perturbations of



the location coordinates at precisely computed parameter values that correspond to discontinuity in the path
length function, lead to computationally efficient solutions with path length close to known lower bounds. This
approach is straight forward to implement and useful to practitioners, as mission objectives within many real

world applications are not affected by small deviations in location coordinates.

1.2.5 Path Planning for a UAV with Kinematic Constraints in the Presence of Polygonal Ob-

stacles

Path planning for an unmanned aerial vehicle (UAV) with kinematic constraints in the presence of polygonal
obstacles is computationally hard and occurs commonly in many operations. Dubins’ model [ 1] for a forward
moving car-like vehicle is used to model the kinematic/curvature constraints of a UAV restricted to operate in
constant-altitude setting. A visibility graph representation is used to capture the information about the envi-
ronment and the obstacles. A modified Dijkstra’s shortest path algorithm is designed as the first step in the
two-step path planning approach. The algorithm in step one takes polynomial time in the number of obstacle
vertices in the visibility graph. The second step performs a reverse search on the graph to find feasible paths
and uses results of the first step as priors to speed up the search. Simulation results are presented to substantiate

the claims.

1.3 Thesis Organisation

The rest of this thesis is organized in 6 chapters. Each of the five contributions listed above is written as an in-
dividual chapter. Each chapter is self-contained and can be read independent of the others. Chapter 2 addresses
the fuel constrained UAV routing problem using a mobile refueling station. Chapter 3 develops solutions to the
problem on persistent monitoring of piece-wise linear features on terrains using aerial and ground robots oper-
ating cooperatively. Chapter 4 addresses the multi-point aerial monitoring problem on terrains using a single
aerial robot. Chapters 5 and 6 develop solutions to path planning problems for a curvature constrained mobile
robot through a sequence of points and in the presence of obstacles, respectively. Chapter 7 makes concluding

remarks and identifies future research directions.






Chapter 2

Cooperative Air-Ground Route Planning for

Large-Scale Coverage Applications

Mapping and surveillance are important exercises undertaken in a variety of applications like precision agriculture[2],
remote sensing [3], biodiversity surveys [4] and intelligence gathering missions [5]. Manual operations can be
strenuous and time consuming, ranging anywhere from a few days to weeks [0]. Furthermore, some regions
may not be reachable by land due to terrain restrictions, leading to incomplete surveys. Hence, small UAVs

with on-board cameras have emerged as an economical alternative for mapping applications [4, 7].

For any reasonable-sized mission, a small, low-cost UAV may not be able to visit all points of interest or
targets in a single sortie, thus requiring multiple refuels to visit all targets. An alternative is to make use of
stationary refueling station(s) to refuel the UAV [8, 9]. The placement of refueling stations affects coverage area

size and incurs additional cost for each refueling station. This work investigates the use of a mobile Ground
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Figure 2.1: A sample scenario of a coverage application using a UAV. The UAV must visit all targets (red
squares) to complete the mission. Due to limited fuel capacity, it needs to refuel to visit all targets. It may
rendezvous with a GV, constrained to travel on the road-network, to refuel as needed. The figure depicts
possible routes for the UAV and GV.



Vehicle (GV) as a refueling station to increase the operational range of a UAV in space and time. Figure 2.1
illustrates this scenario for a coverage application. The UAV must visit all the targets (red squares) to complete
the coverage mission. However, limited fuel capacity makes it incapable of visiting all targets in a single flight.
The UAV must rendezvous with the GV, restricted to traverse on the road-network, to refuel and extend its

range of operation.

The cost of the mission, in terms of fuel consumed by the UAV, depends on the identification of an ap-
propriate set of rendezvous locations for the UAV and the GV, referred to as refueling sites. The placement of
refueling sites must ensure reachability of the targets and address fuel limitations of the UAV. In addition, as
the GV is restricted to traverse on the road network, the refueling sites are restricted to be located on the road
network. Furthermore, consecutive refueling sites must lie within the road-distance that the GV can travel in
one flight time of the UAYV, to ensure timely refueling. The speed differential of the two vehicles and the fuel
and terrain restrictions described above, build a strong coupling in the UAV and GV routes. In this scenario,
the following fuel-constrained UAV routing problem with a mobile refueling station (FCURP-MRS) arises

naturally:

Given a set of targets, a road network, a UAV and a GV; plan routes for the UAV and the GV such that 1)
each target is visited by the UAV, 2) the UAV and the GV rendezvous at suitable locations on the road network

to refuel so that the UAV never runs out of fuel, and 3) the total distance traveled by the UAV is a minimum.

This work develops off-line planning techniques to compute solutions to FCURP-MRS and does not assume
communication between the two vehicles. A two-stage strategy is designed for joint route planning for the
UAYV and GV to complete the mapping operation and rendezvous as needed. Contributions of this work are as

follows:

* A two-stage approach to solve FCURP-MRS; the first stage computes a set of refueling sites on the road
network while accounting for fuel constraints of the UAV and the speed differential of the two vehicles.
The second stage solves the joint routing problem for the UAV and GV with refueling constraints and

terrain restrictions.

* Mixed Integer Linear Programming (MILP) based formulations to optimally solve the coupled UAV-
GV routing problem. A branch-and-cut implementation framework for the MILP formulations is also

described.

* FCURP-MRS is an NP-hard problem, and hence a computationally efficient construction heuristic is also

designed to generate feasible solutions that are benchmarked using lower bounds to the optimal solution



generated using the MILP formulations.

* Performance of all approaches is corroborated using extensive simulations based on solution quality and

computation time.

* On-field experiments were conducted to verify the efficacy of the developed approaches.

2.1 Related work

FCURP-MRS is a generalization of the multiple-vehicle, multiple-depot, fuel constrained vehicle routing prob-
lem [10], that aims at computing minimum distance routes through a given set of targets for multiple vehicles
while satisfying the fuel constraints for each vehicle using known, static fuel stations. Our problem generalizes
the problem in [10] by enabling the fuel stations to be mobile and is NP-Hard. The notion of a mobile refueling

station creates a strong coupling between the routes for the UAV and GV, and makes the problem challenging.

Khuller et al. [11] proposed the fuel-constrained routing problem in the context of a ground vehicle for
a given set of stationary refueling stations; they developed a constant factor approximation algorithm for the
problem. Fuel-constrained routing for a UAV, assuming that location of refueling stations are fixed and known
a priori, has been addressed in [8, 9]. They develop MILP-based approaches and heuristics to determine UAV
routes. Similar techniques have also been employed by authors in [12, 13] for parcel delivery and informa-
tion gathering applications using multiple UAVs. In [14], a multi-objective evolutionary algorithmic approach
is proposed to solve a persistent coverage problem for multiple UAVs. Alternate strategies for the multiple-
vehicle, multiple-depot variants of the problem are proposed in [10, 15, 16]. Heuristics for the multiple-vehicle
versions have been developed in [17]. The problem addressed in this paper, FCURP-MRS, differs from afore-

mentioned work in the sense that the refueling station is mobile.

Erdogan and Miller-Hooks [18] develop construction heuristics for alternative fuel vehicle routes and val-
idate the performance using numerical experiments. The complementary problem of optimal placement of
recharging stations for electric vehicles to guarantee energy supply on any shortest path has been studied in
[19]. Persistent monitoring and data delivery using UAVs have been addressed in [20, 21, 22]. Mathew et al.
[22] also use mobile refueling stations to refuel the UAVs but they assume a priori knowledge of UAV trajec-
tories and develop strategies on the use of multiple ground-based refueling vehicles to aid the UAVs. Recently,
Yu et al. [23] have addressed a relaxed version of FCURP-MRS, wherein they assume zero speed differential
between the aerial and ground vehicles, allow the ground vehicle to transport the UAV between two points and

discretize the fuel consumption. This work, however, models fuel consumption as a continuous state variable
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Figure 2.2: (a) A characteristic environment with an interior road network. Refueling must happen along the
road network as the RV is restricted to traverse on the road network. (b) The discretized locations on the road
network that form the initial set of candidate refueling sites S. (c) The set of refueling sites obtained after the
first stage using the algorithm described in Section 2.3.

and explicitly addresses the speed differential of the two vehicles. It also considers terrain restrictions of the
GV in the joint path planning problem. The speed differential mandates that consecutive refueling visits on the
UAV path must be reachable by GV within a single flight time of the UAV to ensure that the UAV lands on the
GYV. This develops a strong coupling in the paths for the two robots and makes the problem very challenging.
The current state of the art on joint-route planning of a UAV and a ground-based refueling vehicle is inadequate
and there does not exist mathematical formulations to estimate the optimum. This work aims to bridge this gap

in the literature by addressing the FCURP-MRS applied to a coverage application.

The remainder of the chapter is organized as follows: Section 2.2 gives an overview of the problem scenario
and the underlying assumptions. Section 2.3 presents the site selection algorithm that forms the first stage of
the solution approach. Sections 2.4 and 2.5 develop algorithms for the second stage of the solution approach.
In particular, the Section 2.4 develops MILP formulations for the routing problem and presents a branch-and-
cut algorithm to solve the MILP formulations and Section 2.5 details a computationally efficient heuristic
algorithm. Section 2.6 compares the various algorithms and presents simulation results. On-field experimental
setup and accompanying results are documented in Section 2.7. Concluding remarks are discussed in Section

2.8.
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2.2 Application scenario

Consider an environment (£) with an interior road network as shown in Fig. 2.2(a), a UAV with a fixed down-
facing camera on board and a GV that traverses on the given road network. To perform a mapping mission, £
is discretized into cells of equal size. The size of a cell is equal to the camera foot print of the UAV at a given

altitude. The grid centers are denoted as targets or data points (1) in £.

UAV Model: The UAV is assumed to be multi-rotor or VTOL (Vertical Take-Off and Landing) type of
vehicle flying under ideal conditions without wind. It travels at a constant altitude and a constant air speed,
V.. UAV autopilot may use autonomous landing techniques (see [24, 25, 26] and references within), to land on
the GV. The refueling process on the GV may be automated using battery swap systems [27, 28] or performed

manually by a human operator.

Further, the following assumptions are made on the UAV model. Fuel consumed by the UAV to travel
from location ¢ to j is proportional to euclidean distance (in 2D) between ¢ and j and is independent of flight
maneuvers. For ease of exposition, the proportionality constant is assumed to be unity. Given constant speed
for the UAYV, distance traveled by the UAV is also proportional to flight duration. Hence, distance traveled, time
of flight and fuel consumed are used interchangeably through the rest of the text, unless otherwise indicated.
Let U be the fuel capacity of the UAV available after compensating for a take-off and landing sequence; due to
the previous assumption, U is also the maximum distance the UAV can travel when starting at full fuel capacity.
It may hover at the refueling site if the GV has not reached, but the sum of traveling time and hovering time

must not exceed U.

Ground vehicle model: GV travels with a constant speed, V,., between refueling sites and remains station-
ary during rendezvous operations with the UAV. Let t,, = U/V,, denote the maximum flight time of the UAV in
one sortie, then R = ¢,V is the maximum distance traveled by the GV, on road, in one flight time of the UAV.
The road-distance traveled by the GV between two points in the environment is at least as large as the euclidean
distance between the two points. The GV has a sufficient supply of UAV batteries and never runs out of fuel

itself. Since the aim of this work is to plan routes for the UAV and GV, vehicle dynamics are not considered.

2.3 Refueling Site Selection

Refueling site selection problem is a precursor to route planning for both UAV and GV. A greedy algorithm

(Algorithm 1) is presented to compute a set of refueling sites so that the joint optimization problem in the
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second stage is feasible. To begin with, the road network is discretized at a resolution A << R. The set of
candidate refueling sites, denoted by S, comprises of the discretized locations on the road network (Fig. 2.2b).
Let T denote the set of targets. For a subset, S C S, of candidate refueling sites, to be deemed as a valid set of
refueling sites, it must satisfy the following two conditions:

1) Coverage condition: Each target ¢ € T has a refueling site s € .S such that the distance between s and ¢ is
at most U/2 units. This distance also corresponds to the fuel consumed by the UAV to travel from s to ¢.

2) Connectedness condition: Refueling sites in S form a connected component in the graph G, where G, =
(S, E); an edge (i, j) where i, j € S is contained in the set F if and only if the distance between i and j via the

road network (road distance) is at most R units.

Lemma 1. The above conditions ensure that if there exists a solution to the site selection problem, then there
always exist a feasible solution to the joint routing problem of a UAV and GV in the presence of refueling

constraints for the UAV.

Proof. A trivial feasible solution may be computed as follows [29]: assuming that the GV and the UAV are
initially stationed at s € S, the UAV visits every unvisited target that is reachable from s with refueling visits
to s after each target visit. Once all targets reachable from s are visited, s is marked processed and the GV and
UAV proceed to the nearest unprocessed refueling site from s (feasible due to connectedness condition). This

sequence is repeated until all targets are visited. O

The solution computed as described above may not be optimal but provides a baseline to benchmark the
results. This method was also designed as part of this work and is used in the Section 2.6 for comparison with

other solution methods.

Algorithm 1 Refueling Site Selection

1 S={s0} > 50 : initial refueling site (starting point)
22T =T\ H(S)
. while T # ¢ do
4: Smaz = argmax(|H (s) \ H(S)|)

SEN(S)
5 S =S U{smaz}
6: T =T\ H(Smaz)
7
8

[O¥]

. end while
. return S

The objective of the refueling site selection problem is to compute a subset S C S of low cardinality that
satisfies coverage and connectedness conditions. To that end, let H(s) and N(s) be two sets associated with

every candidate refueling site s € S . The reachable set, H(s), comprises of all targets reachable from s, while

12



the neighbor set, N (s), comprises of neighboring candidate refueling sites of s within R road distance. Also,
H(S) = U,eg H(s) and N(S) = J,cq N(s). Atargett € T is said to be reachable from s if the distance
between ¢ and s is at most U /2. To compute such a subset S of candidate refueling sites S, a greedy algorithm
as detailed in Algorithm 1 is used. The algorithm works as follows. It starts from a predefined initial refueling
site (starting point), sg, where the two vehicles are stationed. Thereafter, it iteratively selects a refueling site
Smaz € S, that covers the maximum number of uncovered targets and lies in the neighborhood of the current
set of refueling sites (line 4). S;,q, is then added to .S (line 5). This process is repeated until all targets are
reachable from S, i.e. H(S) = T. An illustration of the solution obtained using the greedy refueling site
selection algorithm (Algorithm 1) is shown in Fig. 2.2c. The worst case time complexity of the algorithm is

o(T1IS)-

2.4 Routing problem

Given the minimal set of refueling sites, stage two must design the routes for the UAV-GV team. The UAV
and GV are initially stationed at a common refueling site and return to the same location after the mission. Let
P represent a feasible UAV route for the routing problem. Let P; be the i™ subpath of P, traversed by the
UAV between two consecutive refueling sites, s; and sj. Also, let F; be the fuel consumed and 7; be the set of
targets visited by UAV on P; and r;;, be the road distance between s; and s. Then P satisfies the following
constraints: (i) | J, s = T i.e., all the targets are visited by the UAV, (ii) 7; (| 7; = 0, Vi, j, i # j i.e., each target
is visited exactly once by the UAV, (iii) F; < U, Vi i.e., the UAV never runs out of fuel, and (iv) rj; < R, Vi i.e,
the refueling sites s; and sy, at the start and end of each subpath P; are within road distance R to ensure that
GV reaches s; before UAV runs out of fuel. Since the goal of the problem is aerial coverage using a UAV, the
objective function is formulated to minimize the total fuel consumed (proportional to distance traveled) by the

UAV,
min Z F,. (2.1)

PP EP
The fuel constrained UAV routing problem with mobile refueling station (FCURP-MRS) problem can be for-
mulated in the Mixed Integer Linear Programming (MILP) framework. The FCURP-MRS is formulated on a
complete directed graph G' = (V, E), with vertex set V' = T'| J S and edge set E. ! UAV and GV are initially
stationed at a refueling site so € S. Associated with the edge set are two weight functions: f : £ — R, where

fij denotes the fuel consumed by UAV when it travels along the directed edge (¢,j) and r : (S x S) — RT,

'A common constraint in UAV path planning is no-fly-zone. If any target or candidate refueling sites are in no-fly-zone, then they
may be removed before the site selection stage. If a travel edge passes through the no-fly-zone, then a large cost is assigned to the edge.
This mechanism will ensure no route is allowed inside the no-flying-zone.

13



that represents the road distance between two refueling sites. Let NV : S — ©(S), where p(.5) is the power set
of S, denote a neighborhood function defined as N(s;) := {s; : r;; < R, s; € S}. Refueling constraints for

UAV can be formulated using node-labeling or edge-labeling approach.

2.4.1 Node-based formulation

In this formulation, decision variables on each vertex of the graph G are used to formulate FCURP-MRS. The
set of decision variables used in the formulation are defined as follows. z;;, defined for each edge (i, j) € E,
are binary variables that represent whether or not the UAV traverses the edge (i, j). Associated with each target
t; € T is a variable u; that represents the amount of fuel left in the UAV when it reaches ¢;. y;; are binary
decision variables, defined for every pair < ¢;,s; >: t; € T and s; € S, and take value 1 if s; is the most
recently visited refueling site when the UAV is at target ¢;. Also, for any subset of vertices P C V, define
5t(P) :={(i,7): (i,7) € E,i € P,j ¢ P}. The objective and the constraints of FCUPR-MRS are wriiten as

follows:

Objective:

.7:1 : minz Z fij$ij- (22)

i€V jeV

Degree constraints:

> omij= > wj, VjeVand (2.3)
ieV\{j} ieV\{j}

Y mu=1, VeT. (2.4
1€V\{t}

The degree constraints in Eq. (2.3) enforce in-degree to be equal to out-degree Vj € V. Constraint (2.4)
ensures that each target is visited exactly once by the UAV. By not limiting the in/out-degree for refueling sites,

UAV is permitted to make multiple visits to the refueling sites.

Sub-tour elimination constraints:

Z zij>1, YPCV\{so},PNT # ¢. 2.5)
(i,§)€6+ (P)

Constraint set (2.5) eliminates sub-tours in the UAV route by enforcing a path to exist from the initial refu-
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eling site to every target in the set 7. It may be observed that the number of such constraints in the formulation
is exponential; a dynamic cut-generation procedure is detailed in Section 2.4.4 to add these constraints into the

problem as needed, without having to enumerate all of them.

Fuel constraints:

ug —u; + fir < M(1—zj), Vt,jeT, (2.6)
w —uj+ fje > =M1 —zj), Vt,jeT, 2.7)
up — U+ frog < M(1—xp), VteT,VkeS, (2.8)
w — U+ fre > —M(1—zp), VteT,VkeS, (2.9)
—up + frae < M(1—ay,), YteT,VkeS, (2.10)
fii-wg <U VijeS, @2.11)
Z Z fijxi; < UZZ% (2.12)
i€V jev keSicV

The fuel constraints (2.6)—(2.12) ensure that the UAV does not run out of fuel as it traverses its route.
In particular, constraints (2.6) and (2.7) ensure fuel conservation when the UAV travels between two targets.
Constraints (2.8)—(2.10) enforce similar restrictions on the UAV when it travels between a refueling site and
a target. In all of these constraints, M represents a large constant M = U + max; ;) fi;. It may be noted
that UAV can reach a refueling site with some fuel left in the vehicle. Constraint (2.11) restricts direct paths
between refueling sites to exist only between sites at most U distance away. Constraint (2.12) states that the

total fuel consumed by the UAV must be at most equal to U times the total number of refueling visits.

Refueling site constraints:

Yts —wst =20, VteT,s €S, (2.13)
Ytos — Yt1s S (1 — l‘tth), VS € S, th,tg c T, (214)
Ytos — Yt1s > —(1 — ZL‘tth), Vs € S,th,tz S T, (215)
Z Ttk S (1 - yts)a vt S T7S S 57 (216)
keS\N(s)
> zg=0, VseS§, (2.17)
keS\N(s)
=1, Vel (2.18)
seS
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Constraints (2.13)—(2.18) limit the road distance between consecutive refueling sites to be at most R. Con-
straints (2.13)—(2.15) set the value of y;s variables to appropriate value using UAV route decision variables.
Constraints (2.16) and (2.17) restrict refueling visits on the UAV path to neighbors of the most recently visited
refueling site as computed by the neighborhood function N(s). Constraint (2.18) imposes the restriction of

marking exactly one refueling visit as the most recently visited refueling site for each target.

Variable restrictions:

zij € {0,1}, V(i,j) € E,eitheriorjeT (2.19)
u; € [0,U], VieT, (2.20)
ys €{0,1}, VteT,seS. 2.21)

Finally, constraints (2.19), (2.20), and (2.21) enforce domain restrictions and bounds on x;, u;, and y¢s

decision variables.

2.4.2 Edge-based formulation

In this formulation, decision variables on each edge of GG are used to formulate fuel constraints for the UAV.
Binary decision variables x;; and y;; introduced for node-based formulation in the previous section are retained
in the edge-based formulation while continuous decision variables u; are replaced with z;; variables, defined
for each (i, j) € E, to formulate fuel constraints. The decision variable z;;, represents the amount of fuel
used by the UAV to reach the j'" vertex from a (most recent) refueling site when traveling along the incoming
edge (i,7). The incoming edge included in the UAV tour is uniquely defined for each target. Hence, the
differentiating factor between node-based and the edge-based formulations for FCURP-MRS is in the way fuel

constraints for the UAV are formulated.

Fuel constraints:
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> ai— Y zu=Y furu, VLeT, (2.22)

eV eV eV

2k = frithi, Vk € S,VieV, (2.23)
0< 2z <Uxy, Vi,jevV, (2.24)
zi; ERT, Vi,jeV. (2.25)

The new formulation 5 replaces the fuel constraints (2.6)-(2.12) and variable restrictions on the w,; vari-
ables (2.20), with constraints (2.22)-(2.24) and (2.25), respectively. Constraint (2.22) conserves the fuel at each
target and (2.23) addresses the terminal cases. Constraints (2.24) and (2.25) specify the upper and lower bounds

on z;; variables.

2.4.3 Ground vehicle route

The route for the GV is computed from the solution to the MILP formulation. The formulation ensures that
consecutive visits to refueling sites on the UAV tour are within R road distance. The tour comprising refueling
site visits in the sequence as they occur on the UAV tour is a valid tour for the GV and ensures feasibility of the
UAV tour. The tour so computed, ensures that the GV, when traveling at the constant speed V., always reaches
the refueling site before the UAV runs out of fuel. The sum of traveling time and hovering time for the UAV is

thus always constrained to be within U, allowing the UAV to land on the GV.

Algorithm 2 Separation Algorithm

1: Build graph G(directed) = (V, E)

2: Add edge (i, ) to E, foreach z;; = 1

3: P = strongly connected components in G

4: forall P € P do
5 if (|P| > 1)&&(P CV\ {so})&& (P NT # ¢) then
6: Add violated constraint (Eq. (2.26))
7
8

end if
. end for

2.4.4 Branch-and-cut algorithm

To optimally solve the two formulations presented in the Sec. 2.4.1 and 2.4.2, a branch-and-cut implementation

is employed. Due to the presence of sub-tour elimination constraints (2.5), it is not computationally efficient
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Figure 2.3: Tour repair algorithm for the TSP-based heuristic to generate feasible solutions to FCURP-MRS
from TSP tours of the targets. Circles represent targets and squares mark refueling sites. Targets shown in blue
color constitute a fuel violation. (a) A TSP tour with exactly two refueling sites, one at the start and other at the
end. (D1 == Do, in case of original TSP sequence) (b) Detection of fuel violation. (c) Compute indirect path
to fix the fuel violation. (d) Repair algorithm resumes from the second vertex in the violation.

to enumerate all constraints in Eq. (2.5) and provide them to a MILP solver. To address this issue sub-tour
elimination constraints in the formulation are relaxed, and whenever the solver obtains an integer solution
feasible to this relaxed problem, a check is made to find if any of the relaxed constraints are violated by
the feasible solution. If so, the violated constraints are added to the formulation and the problem is given
back to the solver. This process of adding violated constraints to the problem at runtime has been observed
to be computationally efficient for many variants of the traveling salesman problem [30] and also the fuel
constrained vehicle routing problems [ 15]. The algorithms used to identify violated constraints, also called valid
inequalities are referred to as separation algorithms. Algorithm 2 presents the pseudo-code for a separation
algorithm used to dynamically identify violated constraints (2.5) given an integer feasible solution for FCURP-
MRS. The algorithm computes the strongly connected components (line 3) in the graph defined by the integer
feasible solution. Each component P that satisfies the condition P C V'\ {so}, and PNT # ¢ (line 5) violates
the corresponding constraints as given in Eq. (2.26). The violated constraints are then added to the formulation

and the solver is allowed to optimize the problem with the new constraints.

Yoo wi;=1, PNT#6. (2.26)

(i.§)€8+ (P)
2.5 Heuristics

The MILP formulation and the branch-and-cut algorithm compute an optimal tour for FCURP-MRS, expectedly
the computation time grows exponentially as the number of targets in the environment increases. In such cases,
it is useful to find a good solution (feasible solutions) quickly by developing a fast heuristic for FCURP-MRS.

The heuristic computes a TSP (Traveling Salesman Problem) tour of the targets and the initial refueling site
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for the UAV using Lin-Kernighan-Helsgaun heuristic [31]. If the UAV does not run out of fuel as it traverses
the tour then a feasible solution to FCURP-MRS has been found, else a repairing algorithm (Algorithm 3) is
used to convert the tour into a feasible solution satisfying fuel and road distance constraints. The input to the
repairing algorithm (Algorithm 3) is a sequence of targets and exactly two refueling sites (same or different),
one at the beginning and the other at the end (Figure 2.3(a)). The algorithm traverses the UAV route starting
at the initial refueling site while keeping track of fuel consumption. When it finds a fuel capacity violation, if
any, it calls the indirect Path routine (Algorithm 4) to fix the violation (see Figure 2.3(b)). It is marked by
a pair of consecutive vertices on the UAV route, as shown in Figure 2.3(c). The indirectPath routine attempts
to fix the violation by a computing a feasible subpath that only visits refueling sites. Once a feasible path is
computed, it is inserted between the two vertices that constitute the fuel violation. The algorithm then resumes
from the latter of the two vertices (target 4 in the figure) and continues to search for fuel violations (Figure
2.3(d)). In case a feasible path is not found, the algorithm backtracks to one previous vertex on the tour. It

keeps backtracking until it finds a feasible path or reaches a refueling site .

Algorithm 3 Repair Algorithm

1: curr_vertex = start_of_tour

2: while curr_vertex # end_of_tour do

3 check for fuel capacity violation between curr_vertex and next_vertex
4: if fuel_capacity_violation == true then

5: while feasible_path == not_found do

6 compute indirectPath between curr_vertex and next_vertex

7 if feasible_path == found then

8 insert indirectPath after curr_vertex

9

: break
10: else
11: curr_vertex = prev_vertex
12: end if
13: end while
14: end if
15: freeze curr_vertex
16: curr_vertex = next_vertex

17: end while

The indirect Path routine takes as input, v; and v;, the two consecutive vertices on the UAV route that
constitute the violation; sy, the most recently visited refueling site; U,.¢,,, amount of fuel remaining at v; and
S, the set of all refueling sites. It computes a feasible indirect path comprising only of refueling sites between
the two vertices as shown in Figure 2.3(c). To compute the feasible path, it builds a graph, G;, with its vertex
set as the union of the set of refueling sites and the two vertices on the UAV route. Edges in the graph exist
between neighboring refueling sites. If v; is a target then edges connecting v; to refueling sites that lie in the

intersection set of the sites reachable from v; and neighbors of s, are also added to G;. If v; is a target,
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it is connected to all of its neighboring refueling sites in ;. The algorithm then computes the shortest path
between v; and v; in G; and returns this as the feasible path to fix the violation. If a path from v; to v; cannot
be found in G}, it implies the graph is disconnected. As mentioned in Section 2.3, the set of refueling sites form
a connected component and each target must be reachable from at least one refueling sites. Hence, if G; is a
disconnected graph then v; is the disconnected vertex within G;, implying there is not enough fuel available
to reach a refueling site from v;. In this case, Algorithm 3 backtracks to the previous vertex on the UAV route
(line 11). Now, v; becomes v; and the previous vertex becomes v;. It keeps backtracking until it finds a pair of

vertices v; and v; for which it can compute an indirect path.

The heuristic will compute a feasible solution in at most |7'| iterations of the repairing algorithm and each
iteration can make at most | 7’| calls to the indirectPath routine. Hence, the computation time of the heuristic is

polynomial in the number of targets.

Algorithm 4 indirectPath
Build graph G; = (V, E)
V =8SU{v;,v;}
add edges between all neighboring refueling sites
if v; is a target then
add edges from v; to all reachable refueling sites that are also neighbors of s,
end if
if v; is a target then
add edges from v; to all refueling sites within U /2 distance
end if
return P = shortest path from v; to v; in G

R e A Al s

_
=4

2.6 Simulation Results

The performance of proposed solution approaches for FCURP-MRS are evaluated using simulations. MILP
formulations implemented using the branch-and-cut algorithm presented in Sec. 2.4 are compared with TSP-

based heuristic algorithm (Sec. 2.5) and a baseline greedy algorithm [29].

2.6.1 Simulation Setup

Two different computing systems were used for the simulations. System 1, used for small computation activity,
is an HP Spectre 360 laptop with Intel i7 7500U processor with 2 cores and 16 GB RAM running Windows 10.
System 2, used for computationally intensive simulations, is a High Performance Cluster node with 20 cores

and 96 GB RAM running Cent OS 6.5.
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Figure 2.4: The figure shows sample instances used in the simulations. Cyan colored lines represent the road
network and cyan squares represent road discretization points (candidate refueling sites), red dashed lines
represent the UAV route, red stars represent data points and green squares represent refueling sites. The two
road networks used are shown in (a) and (b). Figures (a) and (b) also show the candidate refueling sites (cyan)
and refueling sites (green) selected from amongst those. Figures (c) and (d) show UAV routes computed by the
MILP solver for the same instances for simulation parameter values, U = 20; R = 15 (road-network 1) and
R = 10 (road-network 2).

Edge MILP Node MILP
road-nw 1 road-nw 2 road-nw 1 road-nw 2

3 100 86.67(13.33) 100  86.67(13.33)
4 95.83 79.16(20) 99.16 80(20)

5  13.33 0(33.33) 35 0(33.33)

6 0 0(33.33) 0 0(33.33)

Table 2.1: Percentage of instances solved to optimality within 7200 seconds. Numbers in braces represent the
percentage of infeasible instances, if any.

The site selection algorithm (Algorithm 1) was implemented in MATLAB and executed on System 1. MILP
formulations were implemented in C++, using the traditional branch-and-cut framework and solver callback
functionality of IBM ILOG CPLEX library version 12.7 and executed on System 2. A computational time
limit of 7200 seconds was imposed on every run of the branch-and-cut algorithm. The heuristic was also
implemented in C++ and executed on System 1. The baseline greedy algorithm [29] was implemented in
MATLAB and executed on System 1. The solutions generated by the TSP-based heuristic were also input to
the MILP solver as warm start for both formulations and the program was allowed to run for 7200 seconds. The

solver was set to stop the optimization process at 1% relative gap from the lower bound.

The performance of all the algorithms was tested with randomly generated test instances as described in the
following section. Computation time and relative gap of the solution, using lower bound computed by CPLEX,

are reported in Section 2.6.3.
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Edge MILP Node MILP
road-nw 1 road-nw 2 road-nw 1 road-nw 2

100 86.67 (13.33) 100 86.67 (13.33)
100 80 (20) 100 80 (20)

100 66.67 (33.33) 100 66.67 (33.33)
100 66.67 (33.33) 100 66.67 (33.33)

AN U~ W

Table 2.2: Percentage of instances for which the MILP solver could compute a feasible solution when given a
warm start using the solutions generated by the TSP-based Heuristic. Numbers in braces represent the percent-
age of infeasible instances, if any. Feasible solutions were computed for all feasible instances by the heuristic.

2.6.2 Instance Generation

A grid of size 20 x 20 square kilometers (km) is used for all simulations. The round trip distance between
the two farthest points in the environment is approximately 57 km; this distance is greater than the maximum
distance a small UAV can travel in one flight time [32]. The value of U is varied in the range of 15 to 25 km and
R is varied in the range of 10 to 15 km, both in steps of 5. Two different road networks, as shown in Figure 2.4,
are used. To achieve area coverage, an n X n grid is placed in the environment. The grid size n is varied from 3
to 10, to denote different camera resolutions. Targets are placed at the grid centers and their number is varied in
the range 9 to 100. 20 instances are created for each configuration by randomly selecting target locations from

within a uniform distribution around the grid centers.

The two different road networks used, are shown in Figure 2.4. Road Network 1 is very expansive within
the environment and the mean shortest distance of any point in the environment from the road network is small.
While in the case of Road Network 2, the mean shortest distance is much higher, specifically the points in each
of the four corners of the environment are far off from the road network. The choice of particular road networks
was made to include two representative extremes of road network coverage. In each case, the road network is
discretized at a resolution of 1 km to generate a set of candidate refueling sites (Figures 2.4(a) and 2.4(b)).
Then, the greedy algorithm presented in Section 2.3 is used to obtain a reduced set of refueling sites. The set
of refueling sites along with target locations are given as input to the second stage to compute routes for UAV

and GV.

2.6.3 Results

Simulation instances generated as described in Section 2.6.2 were solved using six strategies namely (i) Edge-
based MILP (ii) Node-based MILP (iii) Edge-based MILP with warm start (iv) Node based MILP with warm

start (v) TSP-based heuristic (vi) Baseline greedy algorithm. The MILP solvers were used to generate optimal

22



Edge MILP Node MILP
road-nw 1 road-nw?2 road-nw 1 road-nw 2

3 0.94 0.90 0.83 0.61
4 1.00 1.00 0.98 0.99
5 10.85 21.84 10.10 21.18
6 18.06 28.84 21.69 34.34

Table 2.3: Gap percentage from lower bound as computed by CPLEX (computed only for feasible instances)
for feasible solutions computed by using the TSP-based heuristic solution as warm start to the formulations.

edge-MILP + + + :

3 node-MILP ¥ ;
10“ 4

30 A edge-MILP w/ start +
+
— node-MILP w/ start 2 ; + +
S 25 102 4
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Figure 2.5: (a).Relative gap plot for MILP-based approaches for different instance sizes. (b). Computation
time plot for MILP-based approaches for different instance sizes. The values are plotted over all values of the
simulation parameters U and R.
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solutions for benchmarking purposes. In the case, when the optimal solution was not found within stipulated
time limit, lower bounds generated by the solver were used as a proxy for the optimal objective. Table 2.1
shows the percentage of instances that were solved to optimality for different values of n. The solver was
not able to compute optimal solutions for any instances with more than 25 targets (n = 5), hence the table
only shows the numbers for up to 36 targets. The fraction of instances that were solved to optimality in the
stipulated time period decreases drastically with increasing values of n. The numbers were slightly better for
the node-based formulation. However, both formulations show a clear trend and do not scale well for larger
instances. In case of road-network 2, some of the instances were infeasible due to the limited road network.
The percentage of such instances is indicated in braces in the Table 2.1. The site selection algorithm in stage
one of the strategy was not able to compute a feasible set of refueling sites for any of these instance. Tables
2.2 and 2.3 give computation results for the MILP formulations when the solver was given a warm start using
solutions generated by the TSP-based heuristic. Table 2.2 reports the percentage of instances solved while
Table 2.3 tabulates the relative gap of the solutions. The relative gap is computed as the percentage difference
between the feasible solution and the lower bound as computed by the MILP solver. It is seen, that while
the solver was able to compute feasible solutions for all instances, the solution quality degrades rapidly with
increase in instance size. It may also be observed that the gap is higher for road-network 2. This is attributed to
characteristics of the respective environments: large value of mean shortest distance of targets from the road in

case of road network 2.

Figures 2.5a and 2.5b show box plots for relative gap of the MILP solutions from the optimal (or solver
generated lower bound) and computation time taken by the MILP solver, respectively, for different instance
sizes. The figures give insights on the performance of the two different MILP paradigms, namely edge-based
and node-based. The edge-based formulation has lower relative gap than the node-based formulation, as may
be observed from Figure 2.5a for large instance sizes. At the same time, the node-based formulations is compu-
tationally more efficient, for the instances where it is able to compute the optimal, as seen in Figure 2.5b. This
is because of the lower dimensionality of the node-based formulations. Figures 2.5a and 2.5b also report com-
parative results for MILP solvers using TSP-based heuristic solutions as warm start. A counter intuitive insight
from these figures is that the warm start does not improve the solution quality nor does it help the formulations
to converge faster. This is not consistent with results for similar approaches for other combinatorial problems.
The reason for these results is manifold. One, the heuristic solutions have significant gaps (Figure 2.6a) and do
not give much improved starting points for the solver. Two, this problem has a very large number of constraints
and has a strong coupling between the routes for the two vehicles. For these reasons, the heuristic solutions do

not improve the MILP formulation.
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Figure 2.6: (a). Relative gap plot for heuristic approaches for different instance sizes. (b). Computation time
plot for heuristic approaches for different instance sizes. The values are plotted over all values of the simulation
parameters U and R.

The TSP-based heuristic, however, does have its own merits. As may be observed from Figure 2.6b, the
heuristic is extremely fast and completes execution in milliseconds. It consistently performs better than the
greedy algorithm over all instance sizes. This is very useful in missions that need computationally efficient
solutions and can afford a higher mission cost. Figure 2.6a reports the relative gap for both the TSP-based
heuristic and the greedy algorithm using lower bounds generated by the MILP formulations. Even though the
mission cost is same, the relative gap is persistently lower for the edge based formulation. This admits the con-
clusion that the edge based formulation generates tighter lower bounds than the node based formulation. The
results shown in Figure 2.5a, when inspected with this knowledge on lower bounds, may be understood with a
different perspective. The node based formulation, does not necessarily generate worse solutions. The higher
value of the relative gap is also attributed to relatively loose lower bounds. The major takeaway from the simu-
lations results may be summarized as follows: MILP-based approach, scales well for small- and medium-sized
test instances and the TSP-based heuristic provides feasible solutions in a computationally efficient manner for
small-, medium-, and large-sized test instances. One cannot expect to find optimal solutions for all instance

sizes due to the hardness of the problem.

2.7 Field Experiments

The proposed solution techniques are demonstrated experimentally on a sample scenario using a quadrotor
and a ground rover. The experiments were conducted at IIIT-Delhi campus in Delhi, India in an area of size
approximately 110m x 90m. The environment and the contained road-network used in the experiments is
shown in Figure 2.7a. 3D Robotics IRIS+ (Figure 2.7b) quadrotor is used as the UAV and was operated at an

altitude of 15m, with a speed of 1 m/s. The refueling vehicle (Figure 2.7¢) is a custom built RC rover with
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Figure 2.7: Experimental setup: (a) The environment showing data points (blue squares) and the road network
(yellow line). Red line forms the area boundary. (b) UAV, 3DR IRIS+, used in the experiments. (c) Refueling
Vehicle used in the experiments.
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Figure 2.8: Ground Station view of UAV mission computed by (a) Edge-based MILP formulation within a
time limit of 10 minutes (b) Node-based MILP formulation within a time limit of 10 minutes (c) TSP-based
Heuristic Algorithm
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Figure 2.9: Flight Altitude profile for the UAV to traverse the path. Each visit of the UAV to a refueling site
simulates a refueling operation using a landing and take-off sequence. (a) UAV path for edge-based MILP for-
mulation (b) UAV path for node-based MILP formulation and (c) UAV path for TSP-based heuristic algorithm
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Edge MILP Node MILP Heuristic

Objective Value 819.5 817.7 1078.3
Lower Bound 669.8 598.3 -
Relative Gap (%) 18.2 26.8 -
Comp. Time (s) 600 600 0.13

Table 2.4: Performance comparison of Edge-based MILP, Node-based and TSP-based Heuristic for the field
experiment. The heuristic does not compute an explicit lower bound. Lower bounds generated by MILP
formulations are used for performance evaluation.

Pixhawk autopilot running ArduRover firmware. GV was operated with a speed of 0.5 m/s. Both the vehicles
started simultaneously from the first refueling site and traversed their respective missions. Maximum flight
distance, U, for the UAV was fixed to 120m and the value of R, maximum distance traveled by GV in a single
flight time of the UAV, was fixed as 40m. The refueling process was simulated by a rendezvous operation at
each refueling site. The rendezvous operation involves a landing and take-off sequence of the UAV and the GV

staying stationary at the same location during the operation. The video of the experiment may be seen in [33].

The number of targets within the environment were set to be 16. The road network was discretized at a
resolution of Sm. UAV and GV routes were generated for edge-based MILP (Figure 2.8a), node-based MILP
(Figure 2.8b) and TSP-based heuristic (Figure 2.8c). For each strategy, the actual altitude profile of the UAV
while doing the experiment are shown in Figures 2.9a, 2.9b and 2.9¢ respectively. The routes generated for both
vehicles were successfully traversed by the respective vehicles for each of the three experiments. The mission
cost for the three strategies from the field experiments is given in Table 2.4. The table shows the objective
function value, relative gap and computation time. As may be observed the edge-based formulation generates
solutions with the lowest relative gap. The corresponding mission cost for the UAV in terms of distance traveled

is minimum for the edge-based MILP formulation as a direct consequence of the same.

2.8 Conclusion

This work addresses the cooperative routing problem for a fuel constrained UAV and a terrain constrained
ground based refueling vehicle in the context of a coverage application. A two stage solution strategy is de-
signed to find efficient solutions to the problem, wherein the first stage computes a feasible set of refueling
sites for UAV-GV rendezvous and the second stage performs joint route planning that satisfies the fuel and
speed limitations of the two vehicles, respectively. Alternate MILP formulations and a computationally effi-
cient heuristic algorithm are presented to solve the routing problem in the second stage. Extensive simulations

and field experiments were carried out to verify the approaches on hardware implementations. The results show
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that edge based MILP formulation computes tighter lower bounds than node based formulation. The heuristic
scales well for large instances and gives promising results on time efficiency of the planner with trade off on

solution quality. Field experiments are used to corroborate simulation results.
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Chapter 3

Visibility-based persistent monitoring of
piece-wise linear features on a terrain using

multiple aerial and ground robots

Visual monitoring using autonomous mobile robots has been transformative in applications like Intelligence,
Surveillance and Reconnaissance operations (ISR) [34, 35], disaster management [36, 37] and structural mon-
itoring [38, 39]. In this context, the utility of cooperative aerial and ground robot systems for monitoring tasks
is an active area of research and has garnered a lot of interest from the research community over the last decade.
This chapter discusses the use of a cooperative heterogeneous robot system for persistent monitoring on a ter-
rain. Applications like, rail-track monitoring [38, 40], power-line inspection [41], border & highway patrol
[42] and river monitoring [43], involve extended features that may span several kilometers in length and often
witness terrain variability in terms of altitude. This restricts visibility of robotic sensors and requires intricate
planning algorithms for successful mission completion. This work models terrain features like roads, borders
and pipelines as piece-wise linear ([43] and [44] also use similar models) and addresses the problem of persis-
tent monitoring of such features using a cooperative system of aerial and ground robots (Figure 3.1). This class

of problems are combinatorial in nature and are computationally intensive.

There exists literature that addresses cooperative routing for mobile robots [45, 46, 23, 47], persistent
monitoring [48, 49, 34, 50, 51, 46, 23, 52] and other related problems. However, this work fills a gap in the
literature and addresses the visibility-based persistent monitoring problem for piece-wise linear features on a

terrain using autonomous aerial and ground robots. It includes negotiating visibility and fuel restrictions, joint
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Figure 3.1: An example scenario of a piece-wise linear feature (colored segments) on a terrain where a team of
robots consisting of two aerial vehicles and one ground vehicle are monitoring.

planning for a cooperative system of heterogeneous robots and the placement of refueling depots that comes into
significance due to the requirements of a persistent mission. Mission cost is modeled to include one-time setup
costs for refueling depots and operating costs for the robotic agents. The solution involves geometric modeling
for visibility computation within the terrain, selection of a guard set, fuel-constrained route planning for robotic
agents and placement of refueling depots on the terrain to ensure mission feasibility while minimizing the total

cost. The terms tour, route and sequence are used interchangeably through the rest of the text.

3.1 Related Work

Determining tours for a robot to fully observe a given space is popularly known as the watchman routing
problem (WRP) [53, 54]. WRP is a well-studied problem. The simple version of WRP in a polygon without
holes may be solved in polynomial time[54]; for polygon with holes, Mitchell [55] devised an approximation
algorithm with a log? n-approximation factor and showed that the approximation factor cannot be improved
beyond clog n for some constant ¢ > 0. In the multiple watchmen (n-WRP) version [56], the goal is to compute
tours for n robots (watchmen) to cover the environment. Carlsson et. al. [56] show that n-WRP is NP-hard. Due
to inherent complexity of the problem, practical solution approaches including decoupled viewpoint selection
followed by robot routing [57] and self-organizing map heuristics [58] have been developed. There have also
been efforts to design algorithms for restricted polygon domains: spiral polygons [59], histograms [60], and
more recently street polygons[49, 56]. Exact[59, 60] and approximate [49] solution approaches for the n-WRP
have been designed for these special polygonal domains by exploiting their structural characteristics. All of
these approaches address the homogeneous robots case. This work addresses a persistent version of n-WRP to
monitor a piece-wise linear feature on a terrain and extends the current state of the art by admitting the use of

heterogenous robotic sensors.

Persistent monitoring using mobile robots is also a well-studied problem in the literature. Variations of the
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persistent monitoring problem for a single robot have been addressed in [50, 61, 8, 62]. Alamdari et. al. [50]
introduce the idea of the kernel of an infinite walk as a closed walk that may be repeated to find an infinite walk
for a mobile robot. Manyam et. al. [34] address the homogeneous multi robot persistent monitoring problem
in the context of a data delivery application with constraints on data freshness. Mathew et. al. [63] solve a
scheduling problem for mobile recharging stations to rendezvous with aerial robots for a persistent monitoring
application. Ghazzai et. al. [37] develop a scheduling framework to optimize battery capacity of aerial robots
to visit spatially and temporally distributed targets. The use of mobile ground robots as mobile refueling nodes
has been explored in [51, 46, 23, 52]. Lasla et. al. [39] develop an approach to utilize public transport to extend
the operational range of aerial robots and optimize energy consumption in a smart city scenario. The problem of
placement of refueling depots is complementary to persistent monitoring and significantly affects the mission
cost. [46] [23] and [63] address different versions of the fuel-constrained routing problem for aerial robots and
use mobile refueling stations operating on the ground. They develop methods to determine rendezvous sites
and time intervals to refuel the aerial robots and extend their range of operation. The work of Funke et. al. [19]
addresses the problem of placement of recharging depots for electric automobiles ensuring they can travel long

distances with minimal detours for recharging.

This work addresses both, route planning and placement of refueling depots, for persistent monitoring using
a diverse set of robotic agents. Contributions of this work are as follows:

* It addresses the persistent monitoring problem for piece-wise linear features on altitude varying terrains

using a heterogeneous set of ground and aerial mobile robotic sensors.

* The solution approach considers robot path planning and refueling depot placement as a coupled problem

and determines solutions to both problems while optimizing on the overall mission cost.

* A Mixed Integer Linear Programming (MILP) formulation is developed for the persistent monitoring

problem. A branch-and-cut based implementation to speed-up computation is also designed.

* A construction heuristic, called -search, is developed based on competitive construction of robot paths

using a step-increment strategy.
* The solution methods are validated using large scale computational simulations.

* Outdoor experiments performed using multiple aerial and multiple ground robots are used to establish

proof-of-concept.

The rest of the chapter is organized as follows. Section 3.2 discusses preliminaries on terrain model, robot

models, persistent monitoring and the placement of refueling depots.. Section 3.3 describes the application
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Figure 3.2: A piece-wise linear feature within a terrain may be straightened out to build a 1.5D model. The
individual edges of the feature are color coded in the two figures.

scenario and establishes the problem statement. Section 3.4 develops the MILP and heuristic solution methods.
Section 3.5 describes the computational simulations including setup, instance generation, examples and results.
Section 3.6 describes the experiments used to illustrate the proof-of-concept. Section 3.7 concludes the chapter

and identifies future research directions.

3.2 Preliminaries

This section discusses some preliminary ideas needed to develop the solution methods. Specifically, it formal-
izees the visibility-based model of the terrain and establishes the definitions used in the rest of the chapter. It

also describes the chain visibility property and the robot model used.

3.2.1 Terrain Model

The environmental feature to be monitored is modeled as a 1.5 dimensional structure. As shown in Figure 3.2,
a piece-wise linear feature within a terraineous environment may be straightened out in one dimension to build
a 1.5D model. The 1.5D representation of a feature is xz-monotone and is characterized by terrain points and

reflex points (Figure 3.3a).

Definition 1 (Terrain point). A terrain point is any point on the surface of the terrain that observes a change in

slope.

Consider a 1.5D terrain as shown in Figure 3.3a. The figure shows 12 terrain points marked using an asterisk

symbol.
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Definition 2 (Reflex point). A reflex point is a terrain point where the slope decreases while going in the left to

right direction on the terrain.

The set of reflex points is a subset of the set of terrain points. Figure 3.3a shows 7 reflex points on the terrain,

marked using a red asterisk symbol.

Definition 3 (Chain Visibility). A curve C and a set of points X in 2D are said to be chain visible if for each
point © € X, the intersection of the visibility polygon, i.e. space that has an unrestricted view of x, and C is

either an empty set or a connected chain [49].

Connected chain here refers to a connected and continuous curve. Figure 3.3b shows the visibility polygon
for a point = on the terrain. Examples of chain visible pairs includes street polygons and collapsed watchman
routes [64], points on a 1.5D terrain and fixed altitude paths [49]. In the case of this problem, the fixed altitude
path (line C' in Figure 3.3b) corresponds to the aerial robot flight altitude and the set of points X comprises

points that lie on the terrain.

Definition 4 (Visibility segment). The surface of a 1.5D terrain between two consecutive reflex points forms a

convex polyline and is called a visibility segment.

Figure 3.3c shows a visibility segment marked as a blue colored line on the terrain. When the context is clear
from the text, the term ‘segment’ is also used to refer to a ‘visibility segment’. Each visibility segment is

marked on the terrain by a left and a right reflex point.

Definition 5 (Visibility region). The region on the constant-altitude flight path between extended projections
of the right edge of the left reflex point and left edge of the right reflex point of the visibility segment, is defined

as the visibility region of the given visibility segment.!

Visibility region of a segment is a continuous curve and any point in the visibility region has an unobstructed
view of the corresponding segment. Figure 3.3c shows the visibility region of a segment on the terrain on the
constant altitude flight path. It also shows the extended projections from the left and right reflex points of the
segment that intersect with the chain visible curve to mark the visibility region. The continuity of the visibility
region is attributed to the property of chain visibility between the constant altitude flight path and the terrain,

and convexity of the visibility segment.

'Tn case of visibility obstructions, the projections are suitably adjusted to pass through the obstructing reflex point to compute the
visibility region.
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Figure 3.3: (a) Terrain points, reflex points and a fixed altitude path, C, chain visible with the terrain. (b)
Visibility polygon corresponding to a point x on the terrain. (c) A visibility segment and its corresponding
visibility region. (d) Left and right viewpoints for all visibility segments.
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In the case of ground robots, the visibility region for a segment is explicitly defined to be the segment itself.
The visibility regions on ground robot paths also satisfy the condition that any point in the visibility region has

an unobstructed view of the corresponding segment. This is true since each visibility segment is convex.

Definition 6 (Viewpoints). Left and right end-points of a visibility region are referred to as the left and right

viewpoints, respectively, of the corresponding visibility segment.

The intersection of the extended projections from the left and right reflex points of a segment, with the chain
visible curve as shown in Figure 3.3c mark the two viewpoints for the segment. Figure 3.3d shows the left and

right view points for all visibility segments on the terrain.

3.2.2 Robot Model and System Assumptions

This work is concerned with developing high level route planning algorithms and hence does not consider
robot kinematics and dynamics. Further, the techniques developed here find application in offline planning and
do not consider communication between any of the robots during the monitoring task. The following system

assumptions are made for ease of exposition:

» There exists a robust point-to-point navigation and obstacle avoidance system on each robot, including

the availability of localization estimates.

* Ideal operating conditions are assumed and the effects of weather, wind or material properties of the
terrain is not considered. Further, the terrain material properties are considered to be uniform throughout

the operational environment.

These assumptions are not restrictive and allow the modular development of high level planning and coordina-
tion algorithms for mobile robots. Point-to-point navigation is usually performed by low level controllers that
directly interface with on-board sensors and actuators. The effect of environmental disturbances and variations

are independent topics of research and outside but complementary to the scope of this study.

The aerial robot model used in this work is a multi-rotor type vertical take-off and landing (VTOL) model
with a given maximum fuel capacity. Aerial robots may have different fuel capacities and operate at different
fixed altitudes with a constant individual air speed. Assuming a constant rate of fuel consumption, regardless
of the maneuver, and a constant speed for each robot; flight time, distance traveled, fuel consumed and cost
are proportional quantities and are used interchangeably. Further, the operating cost of aerial robots is directly

proportional to the euclidean distance traversed and flight altitude. The ground robots are assumed to have

35



infinite fuel availability and do not run out of fuel. The cost function for ground robot operation is proportional
to the euclidean distance traversed and slope of the terrain. The fuel limitations are considered only for aerial
robots since they usually operate under strong payload restrictions and each refueling operation entails a landing

and take-off sequence leading to significant overhead costs.

3.2.3 Persistent Monitoring

To conduct persistent monitoring, a planner must compute an infinitely long monitoring route for each robot.
Such an infinite sequence may exist in one of the following two forms: (1) a repetitive sequence, and (2)
a non-repeating sequence. In this work, this search is restricted to repetitive sequences, wherein a certain
finite sequence is repeated infinitely many times to build an infinite sequence. Alamdari et. al. [50] define
the repeating sequence as the kernel of an infinite sequence. The length of the kernel, i.e. the time taken to
complete one execution of the kernel determines the frequency of monitoring the terrain. The maximum time

between two consecutive observations of any point on the terrain is upper bounded by the length of the kernel.

In the multi-robot persistent monitoring problem, the kernel would comprise of a route for each robot such
that each visibility segment on the terrain is covered by at least one robot. Further, a robot may visit certain
viewpoints multiple times within the kernel. Let the maximum number of times a robot visits a viewpoint
within the kernel be «. In this setup, the monitoring takes place along an xz-monotone curve, and any point
on a robot’s path that does not lie on the left or the right extreme would need to be visited twice - once going
forward and once returning back. A viewpoint on one of the extremes would be visited only once. Hence,
the smallest feasible value of « is two. Except in the case where one of the viewpoints lies directly above a
take-off point (starting location or a refueling depot), it is straight forward to show that for any path that visits
a viewpoint more than twice, there exists a shorter equivalent path that visits the viewpoint at most two times.

For this reason, the value x = 2 is used in this setup.

In the scenario, when a viewpoint exists directly above a take-off location, a robot may visit the viewpoint
more than two times. While this does not pose any problems in field operations, even a small increase in the
value of & significantly increases the size of the search space (additional details on ~ are discussed in Section
3.4.1). To address this, a preprocessing step is added, that takes linear time to check if a viewpoint lies directly
above the starting point or any of the candidate refueling depot opening sites. If such a viewpoint is found,
a small noise may be added to the take-off location. Such a small deviation does not affect field operations
since take-off platform space requirements are relatively insignificant due to the size of the aerial robots in

consideration.
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3.2.4 Refueling Depot Placement

A solution to the persistent monitoring problem must also decide on the placement of refueling depots in the en-
vironment. Both, automated and manually operated depots for refueling or battery replacement in aerial robots
incur additional resources and hence their number and placement needs to be optimized. The placement of re-
fueling depots and planning of robot paths are complementary problems. While the refueling depot placement
ensures reachability of viewpoints by aerial robots, the selection of viewpoints on a robot’s path determines the
subset of viewpoints that affect the placement of refueling depots. Too many refueling depots would result in
wastage of resources while too few would result in higher cost robot paths or potentially an incomplete mission,
in a scenario where only aerial robots are available. Existing works in the literature either assume that refueling
depot locations are given [8], decouple route planning and placement of refueling depots/sites [51, 63, 46, 52] or
setup refueling depots/sites at a subset of points visited by the aerial robot [23]. This work significantly extends
the state-of-the-art by jointly optimizing route planning for robots and the placement of refueling depots. The
placement problem is modeled on the lines of the classic facility location problem [65] where refueling depots
must be opened at a subset of potential depot opening sites to ensure reachability of viewpoints. A combined
mathematical formulation is devised to determine both robot paths and refueling depot placement while also

accounting for associated costs in the optimization criteria.

3.3 Problem Formulation

Consider an environment £ as shown in Figure 3.2 for a persistent monitoring application. The piece-wise
linear feature is represented as a 1.5D terrain. Two types of robots are available: aerial robots with given fuel
capacities and flight altitudes (greater than the highest point on the terrain), and ground robots that traverse on
the terrain. Each individual flight altitude corresponds to a chain visible curve to the 1.5D terrain. Let C be
a set that comprises constant altitude flight paths and the 1.5D terrain representation that corresponds to the
paths for ground vehicles. Let A, be the set of autonomous robots, ground or aerial, on the curve ¢ € C. Then,
A = | A., is the set of all robots. Also, let U be the fuel capacity and s¥ be the starting location for the
robot ;{GCE A.. The fuel capacity for ground robots is assumed to be infinite. The starting location of an aerial

robot is also considered an a refueling depot and is also available to other aerial robots, if the aerial robot is

used in the monitoring mission.

A planner must compute paths for robots in the set .A to monitor, in combination, each of the visibility

segments on the terrain. There also exist, a set of refueling depot opening sites, D, located on the terrain.
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A solution to the persistent monitoring problem must also determine the placement of refueling depots from
amongst the sites in D, i.e. it must determine a subset of sites in I to open refueling depots. Each site d € D,
where a refueling depot is opened, incurs a one time depot opening cost. The aerial robots may use any of the

opened refueling depots as computed by the path planner, to refuel during the mission.

Cost function comprises of two components: (a) a maximum robot path cost, and (b) sum of refueling depot
opening costs for each opened depot. The first component adds the maximum operational cost (proportional
to distance traveled/travel time) of a single robot, to the cost function. This component rewards simultaneous
robot operation and prioritizes the length of the kernel of the persistent mission over individual robot operating
costs. The second component corresponds to the one time setup costs incurred in opening refueling depots.
This component optimizes on the number and placement of refueling depots setup in the environment. In such
a scenario, the Heterogeneous Watchmen Persistent Routing Problem on a Terrain (HWPRPT) may be defined

as follows.

Definition 7 (HWPRPT). Given a 1.5D terrain and a set of ground and aerial robots with optical sensors, fuel
limitations, and given operating altitudes, determine a placement of refueling depots in the environment and
plan routes for the robots such that all points in the terrain are observed by at least one robot and the aerial
robots never run out of fuel. The cost function, as given in Eq. 3.1, minimizes the sum of maximum robot path

cost and refueling depot opening costs .

minimize{ max cost(I1;) + Z B(wq) }, (3.1)
where, cost(I1;) is the cost of the path II; for robot i and 3(wy) is the cost of opening a refueling depot at site

d e D.

Note to practitioners: By design, this problem does not minimize the total operating cost of the robots, and
hence the solutions may include overlapping paths for the robots operating at the same altitude. This is a direct
repercussion of the the min-max component of the objective function. In the context of this problem, if needed,
the robot path overlaps can be removed in a simple post-processing step by considering the paths pairwise and
snipping at the point of first intersection of the paths when going in the left to right direction. The paths of both
robots on the same side of the snipping point may be combined and assigned to one robot and paths of both
robots on the other side of the snipping point be combined and assigned to the other robot. This process does
not increase the value of the objective function as defined by Eq 3.1. This post-processing is not included in

this work.
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3.4 Solution Approach

This work develops two solution methods - a) an exact approach that builds on a Mixed Integer Linear Pro-
gramming formulation for the problem and is implemented within a branch-and-cut framework and b) a com-
putationally efficient construction heuristic, named as J-search algorithm. The core idea of the heuristic is
competitive construction of routes for all robots while minimizing the step increase in objective function value.

This section, establishes the notation used in the solution methods and then describes the two solution methods.

Let v be the set of visibility segments on the terrain. By virtue of the chain visibility property and the
convexity of the segments, each segment is visible from every curve in C and has at most two distinct endpoints
of the visibility region on each curve, referred to as the left and right viewpoints. Let VX and V7 be the set
of left and right viewpoints on the curve c, respectively (see Figure 3.3). Let V. = VX |JVE, be the set of
all viewpoints on the curve ¢ € C and V = Ucec V. be the set of all viewpoints over all curves in the set C.
VE = Uee VE and VE = |, VE are defined similarly. V. (v), VX (v), VE(v), VE(v) and VE(v) are subsets
of viewpoints corresponding to the visibility segment v contained in the respective set. To quantify coverage

and path costs, a visibility function and two cost functions, as follows:

Definition 8 (Visibility function). v.(v) : v — (V) where p(z) is the power set of x, is defined for each
curve ¢ € C. 7.(v) is the set of viewpoints on curve c that lie between the left and right end points of the

visibility region for the segment v, thus .(v) C V.. Also, ¥(v) = {Jzcc 7e(v).

Definition 9 (Cost function - 1). a;?j : Vo x V. — RT, returns the cost to travel from i to j on the curve c € C,

where i and j belong to the set V. = V.| JD.

Definition 10 (Cost function - 2). 3, : D — R™, defines the cost of opening a refueling depot at the site d € D.

3.4.1 MILP Formulation

The following set of variables are used in the MILP formulation:

. :p?]].“llb, defined foreach c € C, k € A.,i,j € Voand ly,l3 € {1...K}. xfj’ﬂll? = 1, if the k" vehicle on
the ¢! curve visits the j* vertex along the edge (i, j) on c and 0 otherwise. [; and [y refer to the serial

number of the current visit by the k** vehicle to i and j, respectively.

. zfﬁllb, defined for each ¢ € C,k € A.,i,j € Vo and ly,ly € {1...k}. szllb are real valued decision

variables that represents the amount of fuel consumed by the k" vehicle on the ¢! curve to visit the 5"
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vertex along the edge (7, j) on ¢, from the most recently visited depot. [1, [3 refer to the serial number of

the current visit on the two vertices.

. yl‘?k are binary variables defined for each ¢ € C,k € A, i € V,. They take value 1 if the k' vehicle on

the ¢t” curve visits the i*" vertex, and 0 otherwise.

* wy, are binary decision variables defined for each d € D. wy mark the opened refueling depots at sites in

D.

The serial numbers refer to the time ordering of the robot visits to viewpoints. For each c € C and P C V,
let 61 (P) = {(i,5) : i € P,j € V. \ P}, be the set of all outgoing edges from set P to V, \ P. Expanded form

of the objective function described in Eq. 3.1 to be used in the MILP formulation, is given next.

minimize{ (ceén%gA Z Z Z Z ag; - :E%Mllg) + Z ﬁdwd} (3.2)

lie{l...x} lae{l..k} i€V jEV. deD

The constraints used in the MILP are as follows:

Degree Constraints:

Z Z x%cml _ Z Z x;‘fllb =0, VecCkecA,icV,lie{l.. .k} (3.3)

loe{l..k} jeV\i loe{l..k} jeV\i

Z Z .f;];bll S 1, VCEC,kEAc,ll S {1/4'}7’561)6 (34)
lae{l...k} jeV\i

SO a3 N a0, VeeC ke dnlbe{l bl =h+1icV,

l3e{l...c} jeVe\i l3e{l...c} jeVe\i
3.9
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Visit Constraints:

- > ) 2B =0, VeeCkeA,icV, (3.6)
lae{l...} JEV:\i
ygk 25?1 >0, VeeCkeA,deD,jeV.\dlye{l...x} (3.7)
Z Z c’“l2l<o VeeC ke A.,deD (3.8)
l2€{1 K}je‘/c\d
wg—yF >0, VYeelCkeA,deD (3.9)
wg—» > yF <0, VdeD (3.10)
ceC ke A.

Sub-tour Elimination Constraints:

>y a1y (yF —1), VeeC ke A, PCV.\sh (3.11)

hie{l..x}lo€{l...k} (4,5)e6F (P) ieP

Coverage Constraints:

ZZ Z yF>1, Ywev (3.12)

ceC ke Ac i€v.(v)

Refueling Constraints:

ST YT Y= Y Y e ol e 0\ g ke Ani € Vely € (1.

loe{l...c} jeVL lae{l...c} jEVL loe{l..k} jEVL
(3.13)
Zehhlz — o Ml e e €\ co, k€ Ag b € {1.. .k}, deD,i eV, (3.14)
zf]’.dll? < (U - gu}gajd) :UCklllQ, Vee C\co, k€ Ac,li,lo € {1...k},i,5 € Ve (3.15)
€

Variable Domain Constraints:

w2 € 0,1}, VeeC ke Aol €{l...k},i,j €V, (3.16)
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Algorithm 5 Separation Algorithm

for all c € C do
forallk € A.do

Build graph G(directed) = (V =V, F)
Add edge (i, j) to E, if 3, e (1.0} xg]’.fhlz -
Find connected components in G

for all connected components G € GG do

if (|G| > 1)&&(G C V. \ sf) then
Add violation constraint (Eq. (3.11))

end if
end for
end for
end for
Yk € {0,1}, VeeC ke AsieV. (3.17)
wg € {0,1}, VdeD (3.18)
2R e [0,U], YeeC\eo, k€ Ac by €{1...k},i,j €V, (3.19)

The objective function (3.2) combines the length of the kernel of the persistent mission and the setup costs
for opening refueling depots in the environment. This helps to jointly optimise the overall cost of the mission.
Constraint (3.3) is a set of degree constraints that ensures that the result is a closed walk. Constraints (3.4) and
(3.5) together ensure that no viewpoint is visited more than x number of times. It may be noted that, the number
of variables and consequently the size of the search space increases significantly, with a small increase in the
value of k. Hence, it is advantageous to restrict its value (x = 2) as discussed in Section (3.2.3). Constraints
(3.6)-(3.8) populate visit variables for viewpoints and depots. Constraint (3.6) populates the ‘y’ variable when
a robot visits a viewpoint for the first time. Constraints (3.7) and (3.8) together ensure that a depot visit by a
robot is tracked without capping the total number of visits. Constraints (3.9) and (3.10) restrict the placement
and number of refueling depots opened in the environment. They populate placement variables ‘w’ based on
aerial robot visits to refueling depots. Constraint (3.11) ensures that there does not exist a disconnected subtour
unreachable from the starting point (s¥). Constraint (3.12) ensures that for each visibility segment v at least
one viewpoint in the set y(v) is visited by one of the vehicles, thus ensuring coverage. Constraints (3.13) and
(3.14) ensure fuel conservation at the viewpoints and when traveling out of a depot, respectively. Constraint
3.15 makes sure the aerial robot has enough fuel to reach the nearest depot. Constraints (3.16)-(3.19) specify

the domain for decision variables used in the formulation.
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Branch-and-Cut Algorithm

The number of sub-tour elimination constraints is exponential in the number of viewpoints. It is not computa-
tionally efficient to enumerate them all and add to the solver. To address this issue, a branch-and-cut framework
is used that works as follows: initially a relaxed version of the problem is solved that does not include the
sub-tour elimination constraints. When the solver obtains an integer feasible solution to this relaxed problem,
it checks if the feasible solution violates any of these constraints. If so, the violated constraints are added to
the formulation and the solver then continues to solve the problem. This process of adding constraints to the
problem sequentially has been observed to be computationally efficient for many variants of TSP [30] and fuel
constrained vehicle routing problems [46, 8]. The algorithm to identify violated constraints is called a separa-
tion algorithm. Psuedocode for the separation algorithm is presented in Algorithm 5. The procedure computes
the connected components in the graph defined by the integer solution for each vehicle. Each component P of
cardinality greater than one that satisfies the condition P C V. \ {s*}, where c is the curve on which the k"
vehicle traverses and .s’c€ is the starting point of the vehicle, violates the corresponding constraint (Constraint
3.11). The violated constraints are then added to the formulation and the solver is allowed to optimize the

problem with the new set of constraints.

3.4.2 Construction Heuristic

Algorithm 6 §-Search

initialize robot paths to starting locations
initialize segment coverage vector
while all segments are not covered do
for all robots do
compute-A-path
end for
d-increment = minimum cost A-path
update robot paths
update coverage data
end while
: return robot paths

A A U R o AT

._._.
—_ O

Owing to the computational hardness of HWPRPT, one cannot hope for an exact method like the MILP
based branch-and-cut algorithm to scale well. In this light, this work includes the design of a computationally
efficient heuristic that may be used to compute feasible solutions quickly. The construction heuristic, named
as d-search algorithm is based on competitive construction of robot paths using a step increment strategy.

Algorithm 6 gives pseudo-code for the d-search algorithm. It has an iterative construction and incrementally
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builds robot paths until all segments are covered. The paths are competitively allowed a J-increment in every
iteration based on the value of a cost function. This cost function accounts for distance traveled (fuel consumed),

new visibility segments covered on the J-increment, and refueling cost in the case of aerial robots.

Lemma 2. The set of viewpoints on a ground robot’s path (tour) that begins and ends at a given starting

location on the 1.5D terrain can be ordered in non-decreasing sequence based on their x-coordinate values.

Proof. The viewpoints visited by a ground robot lie on the 1.5 D terrain. A 1.5D terrain representation is a z-
monotone curve. Hence, the set of all viewpoints on a ground robot’s path can be ordered in a non-decreasing

sequence. O

Lemma 3. The set of viewpoints on an aerial robot’s path (tour) that begins and ends at a given starting

location on the terrain can be ordered in non-decreasing sequence based on their x-coordinate values.

Proof. The viewpoints on an aerial robot’s path lies on the constant-altitude flight path that is parallel to the
x-axis and is z-monotone. Hence, the set of all viewpoints on an aerial robot’s path can be ordered in a non-

decreasing sequence. O

The §-search algorithm (Algorithm 6) works as follows. Each robot path is initialized to the given starting
location. Segment coverage vector is initialized and updated to include segments covered by the ground robots
at their starting locations. A while loop is used (lines 3-10) to incrementally build robot paths until all visibility
segments are covered in combination by the robots. Within each iteration of the while loop, a A-path is
computed for each robot using the algorithmic routine given in Algorithm 7. The A-path with the minimum

cost is then marked as the §-increment. A-paths are compared based on the following cost function:

cost(A;) = deost (1) + Teost (1) + vra(2), (3.20)

where, A; refers to the A-path for robot i, cost(A;) is the value of cost function for A;, d.ys¢(7) corresponds to
length of A; (fuel consumed), 7,5 (7) corresponds to the cost of refueling visits on A; and v,.4(¢) is the visibility
score for A;. v,4(i) is inversely proportional to the number of previously uncovered visibility segments covered
by A,;. If a valid A-path for an aerial robot is not found, its d.,s; value is set to co. In the case of ground robots,

there always exists a valid A-path.

The §-increment is then added to the corresponding robot’s path. Segment coverage vector is updated to in-

clude new segments covered by the d-increment. The while loop continues until all segments are covered. This
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ensures that §-search algorithm terminates with a valid set of paths for each robot and ensures each visibility

segment is covered.

The A-path computation is performed using the algorithmic routine given in Algorithm 7. It follows from
the results in Lemmas 2 and 3, that there always exists a left-most viewpoint (smallest x-coordinate) and a
right-most viewpoint (largest x-coordinate) on a robot’s path at any stage of the algorithm. These viewpoints
are referred to as end-viewpoints. To compute the A-path, end-viewpoints on the robot’s path, II, are identified.
Next, a neighbor (adjacent) viewpoint not currently on the robot’s path, is computed for each end-viewpoint. A
A-path is defined as the path that starts at an end-viewpoint, visits the neighbor viewpoint and then ends at the

same end-viewpoint, while also satisfying the fuel constraint of the robot at every point on the path.

Algorithm 7 compute-A-path

1: II = current robot path

2: FEp = end-viewpoints of I1

3: N1 = {n; : neighbor viewpoint of e¢; € Ey, n; ¢ 11}
4: for all e; € Eyp do

A;={¢}

v = {¢}

length(A;) = 0o

Agb = path from e; to n;

Ab = path from n; to e;

10: if (A% exists) && (AY exists) then
1 A; =A% + Abe

L PR

12: v; = new segments covered by A;
13: Compute length(A;)

14: end if

15: end for

16: ID = | /length(/\;
max ar%"re?ea%cn {]vz|/ ength( Z)}

17: return A D

A-path construction is done in two steps: 1) from end-viewpoint to the neighbor viewpoint 2) from neighbor
viewpoint back to end-viewpoint. The computation is shown in the for loop (lines 4-15) in Algorithm 7 and
works as follows. For ground robots, the A-path computation is straight-forward and is computed as point to
point traversals. In case of aerial robots, the path computation in step 1 must account for amount of fuel left
in the robot when it reaches the end-viewpoint and the fuel-required to reach the neighbor viewpoint. For path
computation in step 2, the amount of fuel left when the robot completes the return journey to the end-viewpoint
must be sufficient to reach the next refueling depot or return to the starting depot, as the case may be, on the
original path. In both cases, if point to point paths satisfy fuel constraints the paths are computed as direct
traversals. Otherwise, the minimum cost traversal that includes a refueling visit to the nearest refueling depot is

computed. Any A-paths and the resultant robot paths, computed in this way satisfy fuel constraints. The search
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for A-paths is restricted to include at most one refueling visit on each step of the path between an end-viewpoint
and its neighbor. This choice was observed to perform well while still being computationally tractable. Utility
value for a A-path is computed as the number of new visibility segments covered per unit length (line 16 in
Algorithm 7). The path that maximizes the utility function is returned to the J-search algorithm as the robot’s

A-path.

3.5 Computational Simulations

A synthetic simulation platform was built to study and analyse the computational efficiency of the developed
approaches. The following sections discuss the simulation setup, instance generation, a few sample scenarios

and results of computational simulations.

3.5.1 Simulation Setup

The MILP formulation requires significant computational resources. Therefore, simulations were performed
on a High Performance Cluster running Cent OS 6.5. Two blade servers within the cluster, each with 20 cores
and 96 GB RAM, were used. The number of cores assigned to each process was dynamically decided by the
HPC scheduler and was not fixed. The MILP formulation was implemented in C++ using IBM ILOG CPLEX
library version 12.7. The branch-and-cut framework was implemented using solver callback (lazy callbacks)
functionality of the CPLEX library and LEMON graph library. For each instance, the solver was allowed to
execute for 3600 seconds or up to 1% relative gap, whatever was reached first. Relative gap is defined as

mﬁ)lb * 100, where z is the cost of the computed solution and /b’ is the best lower bound found so far.

3.5.2 Instance Generation

The simulations were executed for a total of 2000 randomly generated instances. The values of various simu-
lation parameter are summarized in Table 3.1. Size of the environment, in terms of terrain points was varied
from 5 to 20 in steps of 5. For each environment size, 20 random 1.5 D terrains were generated. A total of
6 robotic sensor nodes were made available for each run; 2 ground robots and 4 aerial robots. For each envi-
ronment, 5 different starting locations were generated randomly for each robot. Some sample instances used
in the simulation are shown in Figure 3.4 along with the routes computed by the MILP solver. The starting
locations were chosen randomly from amongst the reflex points on the terrain. Refueling depot opening sites

were placed at each of the reflex points. The total width of the terrain was fixed at 1000 units. The terrain point
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S.No. Parameter Name # values used Range of Values

1 size (# terrain points) 4 {5,10, 15,20}
2 1.5D terrain 20 random
3 starting location 5 random
4 fuel capacity 5 see Table 3.2

Table 3.1: Simulation parameters used for instance generation.

No. UAV1 UAV2 UAV3 UAV4

S.

1 2000 2000 2500 2500
2 2000 4000 2500 5000
3 4000 4000 5000 5000
4
5

4000 6000 5000 7500
6000 6000 7500 7500

Table 3.2: Fuel capacities (U})) for aerial robots (UAV) used in simulation. UAV 1 and 2 were operated at
altitude 1500 units. UAV 3 and 4 were operated at altitude 1800 units.

altitudes were generated within the range 0 to 1300 units. The two aerial robots were operated at 1500 units
altitude (A1) and 1800 units altitude (A2). The fuel capacity values (U})) for the aerial robots were selected
from five pre-generated set of values as given in Table 3.2. The costs associated with ground robot operation
are given in Table 3.3. Note that in the case of ground robots, the cost is proportional to both, the distance
traveled and the slope of the terrain, as mentioned in Section 3.2.2. The ground robots incurs an additional cost
while traveling uphill. To include this aspect, we define an uphill travel coefficient, ¥ = 0.35, and a downbhill
travel coefficient, v = —0.15. The cost computation for ground robots is shown in Table 3.3. The same table
also mentions the costs associated with aerial robot operations which include takeoff/landing and traveling on
a path segment. Aerial robot cost computation uses the following parameters, 4;, Vi € {1...(|C|] — 1)} and
A =2000 units, where A; is the flight altitude and A represents the maximum permissible altitude. The cost for

opening a refueling depot is fixed at 1000 units.

Ground Robot distance * costFactor
Path Cost where, costFactor (uphill) =1 + % * 7y

costFactor (downhill) =1 + =2

Aerial Robot takeoff/landing cost = 2*distance
Path Cost horizontal travel cost = distance*costFactor
where, costFactor = 2 + (A4;/A)

Table 3.3: Costs for different vehicles
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Instance Size

# instances solved optimally

9

10
15
20

500(0)
491(9)
334(166)
73(420)

Table 3.4: Number of instances solved optimally by the MILP solver. Numbers in brackets represent the
instances for which the solver could find at least one feasible solution but not optimal.
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Figure 3.4: Sample instances from the simulation set. The paths are color coded. Red color represents ground
robots, cyan color represents robots flying at altitude 1 and magenta color represents aerial robots flying at
altitude 2. Blue squares represent refueling depot opening sites. Starting location for the robots are shown in
concentric hollow squares on the reflex points in corresponding color. The size of these squares increases with

increase in the robot’s operating al

titude.
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Figure 3.5: Result plots for branch-and-cut based approach. Median values for (a) computation time and (b)
relative gap of the best solution computed by the solver within the stipulated time limit are plotted on Y-axis
against fuel capacity serial IDs on the X-axis. The values on x-axis identify the fuel capacities as represented
by the corresponding serial numbers in Table 3.2. Whiskers represent first and third quartile values.
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Figure 3.6: Result plots for the heuristic algorithm. Median values for (a) computation time and (b) relative gap
using lower bounds, computed by the MILP solver, are plotted on Y-axis against fuel capacity serial IDs on the
X-axis. The values on x-axis identify the fuel capacities as represented by the corresponding serial numbers in
Table 3.2. Whiskers represent first and third quartile values.
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Figure 3.7: (a) Simulated path-like feature used in the experiments. (b) 1.5 D terrain superimposed on the
feature. (c) and (d) Robot paths generated by the MILP solver for experiment 1 and 2, respectively. Ground
robot paths are shown in cyan color lines. Aerial robot #1 and #2 paths are shown in magenta and red color
lines respectively. The starting locations for the robots are shown as large hollow squares of the corresponding
color. Refueling station opening sites are shown in small blue squares.
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3.5.3 Illustrative Scenarios

This section discusses a few illustrative scenarios and shows how paths for the robotic sensors are generated by
our planner to perform monitoring on a terrain. Figure 3.4 shows a few sample instances and the robot paths
computed by the MILP solver. The robots available for monitoring are: 2 ground robots (UGV 1 and UGV
2), 2 aerial robots (UAV 1 and UAV 2) at altitude A1 and 2 aerial robots (UAV 3 and UAV 4) at altitude A2.
The ground robot paths are shown in red lines. Paths for aerial robots at altitude A1l are shown in cyan color,
while magenta colored paths represent UAV 3 and UAV 4 at altitude A2. To distinguish the paths of UGV
2, UAV 2 and UAV 4 from other robots operating at the same altitude namely, UGV 1, UAV 1 and UAV 3,
respectively, a small vertical offset is added in the visualization. Refueling depot opening sites are shown in
small blue squares. Starting location for the robots are shown in concentric hollow squares on the reflex points

in corresponding color. The size of these squares increases with increase in the robot’s operating altitude.

Consider the 1.5D terrain shown in Figure 3.4a. The terrain consists of 9 reflex points. The fuel capacities
U, for the UAVs are mentioned within the figure following the letter U. The robot operating costs were
computed as given in Table 3.3. The route determined by the proposed MILP solution is shown in the Figure
3.4a. In this scenario, only UGV 1 and UAV 3 at altitude A2 are used for monitoring. The cost incurred by the
individual robots are shown in the same figure. These two robots persistently monitor the terrain by operating
on the assigned routes. The solution makes use of 2 refueling depots whose opening costs equal 2 * 1000 units.
The objective value mentioned in the figure reports the total cost of the operation, as given by Eq 3.2. In this
instance, it include the opening cost of two refueling depots, i.e. 2000 units, and the maximum operating cost

of a robot, i.e. 9756 units, thus making a total of 11756 units.

Consider another scenario as shown in Figure 3.4b. The environment consists of 17 terrain points, and 9
reflex points. In this case, 2 aerial robots (UAV 2 at A1 and UAV 3 at A2 altitudes) and 2 UGVs were used to
monitor the terrain. UAV 3 must hover above its take-off location at altitude A2, so that the combined visibility

of the agents covers the terrain.

The next example, shown in Figure 3.4c uses only one aerial robot (UAV 1) for monitoring. The scenario
consists of 16 terrain points, and 9 reflex points. In the scenario shown in Figure 3.4d, two aerial robots (UAV
2 and UAV 4) are used at different altitudes to monitor. The example has 22 terrain points and 13 reflex points.
These example shown how the paths for different vehicles are determined for monitoring. The generated paths
depend on the terrain profile, robot operating and travel costs, fuel levels, operating altitudes and the placement
of refueling depots. When these parameters are modified the optimal cost and routes for monitoring will also

change.
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3.5.4 Results

This section analyzes the effect of fuel capacity and number of terrain points when using the MILP formulation.
In Section 3.4.1, the simulation instance generation is described and after solving these instances for different
fuel capacities and terrain points, the results are shown in Figure 3.5. Figure 3.5a shows the computation time
taken by the solver as median values along with first and third quartiles. Figure 3.5b shows the relative gap
for the best solution computed by the MILP solver within the time limit (3600 seconds). The plots show a
distinctive correlation. The values for large environment size (terrain size with 20 terrain points) have high
time consumption and relative gap. This is a consequence of exponential increase in the size of the MILP
formulation with increase in instance size and hence the solver is not able to compute the optimal solution for

most instances.

Results of computational simulations for the construction heuristic are shown in Figure 3.6. Figure 3.6a
shows the time taken to compute the solution against fuel capacity for the various instance sizes. It is observed
that computation time taken to compute solutions for instances of all sizes and fuel capacity values are less than
one second. The heuristic has very low computational time requirement. However, as visible in Figure 3.6b,
that shows the median relative gap for solution computed by the heuristic algorithm, the trade-off results in a
drop in solution quality. The heuristic is thus useful in cases where computation time is of importance. It also

can be used as an initial feasible solution to the MILP solver.

The number of instances solved optimally by the MILP solver are reported in Table 3.4. It also reports the
number of instances for which the solver found a feasible solution, but was unable to prove optimality within
the given time limit. Adding up the numbers for each instance size, we observe that for instances with 20
terrain points, the solver could not find any solution for 7 instances within the stipulated time. An increase
in computation time (for instances solved optimally) and declination in solution quality within the given time
limit, is also observed with increase in fuel capacity (Figures 3.5 and 3.6). This is attributed to the increase in

search space with increasing values of fuel capacity.

3.6 Proof-of-Concept Experiments

The solution methods proposed for coverage of a piece-wise linear feature with load-balancing and placement
of refueling depots, were also demonstrated in proof-of-concept experiments. Due to limited resources, the
experiments were conducted within the university campus at III'T-Delhi using 4 robots: two aerial robots and

two ground robots. A simulated piece-wise linear feature as shown in Figure 3.7a was superimposed on the
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Figure 3.8: Robots used in the experimental validations. 2 3DR Solo quadrotor and 2 custom build ground
rovers.

(d (e)

Figure 3.9: Paths traversed by individual robots in the experiments. The paths were traced out using telemetry
data collected during the robot mission. Visulizations were done in Google Earth Pro software. The paths also
show the altitude profile for the aerial robots. Figures 3.9a, 3.9b and 3.9c show the paths traversed by UAV #1,
UAV #2 and UGV #2 during experiment 1. Figures 3.9d, 3.9¢ and 3.9f show the paths traversed by UAV #1,
UGV #1 and UGV #2 during experiment 2.
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terrain shown in Figure 3.7b to build the experimental setup. The operational region was of size ~ 80 x 60 sq.
meters and the length of the simulated feature was ~ 188 meters. Paths for the robots were computed using
the MILP based solver (Figures 3.7d and 3.7c). The proof-of-concept experiments holds importance, since it
shows the feasibility of the kernel computed by the solver for the persistent mission. The optimal placement of
refueling depots and the planned routes ensure that the aerial robots never run out of fuel and are able to sustain
the persistent mission. The experiments illustrate that even with purely offline planning based on geometry of

the terrain and cost models for the robots, the methods developed herein can be used in real implementations.

3DR Solo quad-copters were used as aerial robots in the experiments (Figure 3.8). They were operated using
the ArduCopter firmware and employed at 25 and 35 meters altitude respectively. We assign id #1 to the aerial
robot operated at altitude 25 meters and id #2 to the one operated at 35 meters. Both the aerial robots were
set to a cruise speed of 1 m/s and vertical speed (during take-off and landing) of 1 m/s. Aerial robot operating
cost was directly proportional to the distance traveled and the constant of proportionality was based on flight
altitude. The ground robots were custom built using Pixhawk cube flight controllers and used the ArduRover
firmware. They were also operated at a speed of 1 m/s. The ground robot operating cost was proportional to

distance traveled and slope of the terrain. All costs were computed in terms of the fuel consumption.

Two set of experiments were conducted. The simulator visualization of robot paths generated for the ex-
periment are shown in Figures 3.7c and 3.7d. The flight range of aerial robots, U, was varied over the two
experiments. The set of values used was (80,100) in experiment 1 and (100,120) in experiment 2. The refueling
depot opening cost was fixed at 30 units. First experiment utilized both the aerial robots and one ground robot.
The exact paths traversed by the robots as traced using the telemetry logs from the robots and visualized in
Google Earth are shown in Figures 3.9a, 3.9b and 3.9c. In the second experiment, one aerial robot and both
ground robots were used. The robot paths captured using telemetry data and visualized in Google Earth are
shown in Figures 3.9d, 3.9¢ and 3.9f. The experiment video showing complete mission operation for both the

experiments may be viewed in [66].

3.7 Conclusion

In this work, path planning algorithms are developed for the persistent monitoring problem on piece-wise linear
features on terrains. These methods admit the use of a heterogeneous set of aerial and ground robotic sensors.
The MILP-formulation based implementation allows the computation of exact solutions for smaller instances of
the problem. For larger instances, an extremely fast construction heuristic that can be used to compute feasible

solutions, is designed. The solution methods are evaluated and analysed in simulation. Field experiments
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were also conducted using real robots, albeit on a virtually simulated terrain. The experiments demonstrate

proof-of-concept for persistent monitoring operations in a limited outdoor setting.

This work opens up avenues for future extension. There is a need to develop approximation algorithms
that have bounds on the quality of the solution. It would also be interesting to evaluate the performance of
evolutionary heuristics that speed up MILP computations for this problem, since the search space size increases
very quickly with large instances. The exact solution to 2.5D version of the problem for coverage on terrains is

also an open problem and is very challenging.
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Chapter 4

Multi-Point Visual Monitoring on a Terrain

using an Aerial Robot

Visual surveillance and monitoring is an important application area for Unmanned Aerial Vehicles (UAVs).
Crop management [67], area coverage [68, 69], terrain mapping [70], structural inspection [71], and disaster
management [72, 73] are some applications where UAVs present a promising solution, essentially acting as
“eyes in the sky.”” When planning paths in such missions, it is important to take visibility obstructions into
account. Landscape features such as mountains, gorges, buildings, and bridges limit the line-of-sight of the
UAVs. Besides, operative limitations such as camera Field-of-View (FOV) and maximum flight altitude corre-
sponding to the image resolution and/or regulatory requirements also restrict visibility. Such restrictions must
be accounted for when planning for monitoring missions. This chapter addresses the visual monitoring problem
on 2.5D terrains using a UAV while accounting for camera FOV and terrain imposed visibility restrictions (Fig-
ure 4.1). Specifically, the input to the problem is a set of points of interest on the terrain that must be monitored
by a UAV with a downward-facing camera. The goal is to find a tour such that every point of interest is seen
by the UAV and minimize the tour length. The UAV is restricted to fly at a certain fixed altitude above the
ground plane. This fixed altitude flight plane may or may not be above the highest point in the terrain, further

complicating the matter.

A naive strategy is to visit a point directly above each point of interest. This is equivalent to solving the
Traveling Salesperson Problem (TSP) which is NP-Hard [74]. However, this strategy does not take into account
the FOV of the camera. The UAV may be able to view a point of interest from further away and may be able
to view multiple points of interest from the same location. Therefore, the problem requires solving for the

locations from where to monitor the points of interest and to find a minimum length tour that visits them.
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Figure 4.1: (a) A example 2.5 D terrain showing the set of points of interest marked with blue spikes. (b) These
points must be monitored by a UAV with a downwards-facing camera flying at altitude h. Camera FOV shown
in red conical regions.

4.1 Related Work

The visual monitoring problem broadly falls in the category of aerial coverage using UAVs. Applications
include target monitoring [75], surveillance [76, 77], and persistent monitoring [78]. There has been relatively
limited work on aerial coverage with UAVs that take into account constraints introduced by terrains. Terrain
visibility, however, is a classic problem in computational geometry [79] and graphics [80]. In particular, terrain
guarding [79] and watchtower problems [81] ask for a stationary camera placement either on the terrain or
at some fixed height above the terrain to ensure line-of-sight area coverage of all points on the terrain. Most
versions of these camera placement problems, especially when considering a 2.5D terrain, turn out to be NP-
Hard. The mobile version of the problem is known as the Watchman Routing Problem (WRP) [54]. In the
typical formulation, the environment is a 2D polygon and the robot has an omnidirectional vision with no FOV
constraints [56, 60]. In Chapter 3 a variant of the WRP for monitoring points on a 1.5D terrain is discussed. In
a 1.5D terrain, the left-to-right ordering can be exploited to yield efficient solutions. In this chapter, the focus
is on the 2.5D version of the problem, where no such ordering is available. Efrat et al. [82] studied a restricted
version of the visual monitoring problem for a 2.5D terrain with some specific conditions; in particular, they

assume that the robots move in straight lines and the camera is a vertical plane that can sweep a terrain.

A closely related work is that of Choi et al. [83] whose goal was to plan a trajectory for the UAV at a fixed
distance from the terrain while also taking the camera viewing angle into account. However, their method does
not model a finite FOV camera and no theoretical guarantees are presented. Plonski et al. [84, 85] do take the
camera FOV into account and provide approximation guarantees. They consider the problem of viewing a set

of points using an aerial robot with a conical FOV. However, they assume that all the points to be observed are
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on a plane and there are no obstructions to the visibility cones due to the terrain. This work explicitly considers

issues that arise due to obstructed visibility by the terrain and limited FOV.

Contributions. This work formalizes the visual monitoring problem on terrains for a UAV with limited FOV.
The main theoretical contribution is a constant-factor approximation algorithm for solving the planning prob-
lem. The constant-factor depends on some terrain-related geometric parameters but is otherwise independent of
the size of the input including the number of points of interest. This algorithm does not require any discretiza-
tion and runs in polynomial time. While this algorithm is satisfactory from a theoretical point-of-view, the
constant-factor may be too large in practice. Therefore, a practical algorithm that uses a Generalized Traveling
Salesperson Problem (GTSP) solver as a subroutine is also presented. This formulation is general enough that
it can be applied to a broader set of scenarios than those considered in this paper. Empirical evaluation of the
performance of the algorithm using a new Integer Linear Programming (ILP) formulation with branch-and-cut
implementation as a baseline is also presented. Proof-of-concept field deployments were carried out using a

UAV to monitor points of interest in a campus environment and are discussed in Section 4.6.

4.2 Problem Formulation and Preliminaries

This section describes the notation and formally defines the problem studied. Background information on how

visibility polyhedron can be computed for points on a terrain is also presented.

4.2.1 Problem Formulation

Consider an environment £ and a set of points of interest, ? = {pi,...,pm}, as shown in Figure 4.1a. & is
modeled as a 2.5D polyhedral terrain ([86], pg 352). The terrain is represented as a triangular irregular network
(TIN). The points of interest are located on the surface of £. Without loss of generality, assume that the lowest
point on the terrain is at z = 0 and the highest point of interest is at z = [. The UAV is equipped with a fixed
downward-facing camera having a constant focal length and a circular FOV. The FOV may then be represented
as a fixed view angle, J, in each direction. The camera casts a conical FOV on the terrain, as shown in Figure

4.1b.

Problem 1 (UAV Routing Problem on Terrains (URPT)). Given an environment with a polyhedral terrain, a
set of points P located on the terrain, a UAV equipped with a fixed downward-facing camera with a view angle

of § operating at a fixed altitude h above ground level, find a minimum length tour for the UAV to visually
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monitor all points in the set P.

Two strategies are presented for solving this problem: (1) A polynomial-time constant-factor approximation
algorithm that does not require any discretization. (2) A practical algorithm that reduces the problem to GTSP
through careful discretization. The latter uses an efficient GTSP solver called as GLNS [87] as a subroutine.
This approach is benchmarked using branch-and-cut ILP solutions. In the theoretical analysis, the UAV is
assumed to fly at a fixed altitude of z = h that must be above the highest point of interest to be monitored (i.e.,
h > 1). However, this plane need not be above the highest point on the terrain. As such, parts of the terrain

may act as obstacles along the flight path for the UAV. The analysis takes such obstacles into account.

While the theoretical results assume that the UAV flies at a fixed height, the practical GTSP-based strategies
can be extended to the case of varying flight altitude, e.g., if the points of interest need to be viewed from a
fixed distance. The extension to constant resolution (varying altitude) flight operations is discussed briefly later
in the text (Section 4.4). The theoretical analysis is also based on a parameter v > 0 which is the minimum

angle made by any line joining two points on the terrain with respect to the Z axis.

The strategy for solving URPT works in two phases. In the first phase the 2D visibility region, V;, for each
point of interest, p;, in the fixed altitude flight plane is computed. Visibility region of a terrain point is a closed
connected space in this plane. Due to occlusions with the terrain, these visibility regions may have complex
geometric shapes (Figure 4.2b). If the robot visits any point within V;, it can visually monitor p;. Once the
visibility regions for each point of interest are computed, the problem reduces to that of finding a tour for the

robot that visits at least one point in each visibility region.

In the next subsection, a method that is employed to compute the visibility region for each point of interest

is reviewed. The two planning algorithms are presented in Sections 4.3 and 4.4.

4.2.2 Visibility Computation

Consider a point, p; € P, that needs to be monitored as shown in Figure 4.2a. To compute the visibility region
for p; on the terrain, a viewpoint is placed at p; and terrain visibility is computed from the viewpoint. The
farthest visible point in a given radial direction, that obstructs all points beyond itself when viewed from a
specific viewpoint is called global horizon point [80] and is expressed in terms of the elevation angle ¢. The
locus of all global horizon points forms the global horizon. Visibility angle v in a radial direction is computed
as the complement of the elevation angle of the global horizon point. The smaller of the visibility angle and the

camera view angle defines the boundary of the visibility region in a radial direction.
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Figure 4.2: (a) Global horizon point is the farthest visible point in a radial direction. e is the elevation of the
horizon point, v is the visibility angle and § is the camera view angle. The minimum of v and § determines
the boundary of the visibility region in a given radial direction. (b) Visibility regions (red closed shapes) on
the constant altitude plane for a set of points on the terrain. Visibility region boundary for each point is marked
in a different color for ease of distinguishing. The boundary for a visibility region is computed as the linear
interpolation of the projections in d radial directions.

Horizon computation is a well-studied problem in the graphics literature ([80] and references within). This
work employs approximate horizon computation method developed by Stewart [88]. However, other methods
in the literature may also be used since the solution approach developed in this work is independent of the

horizon computation algorithm used.

The selection of Stewart’s algorithm was motivated due to its ease of implementation and computational
tractability. The algorithm is used to compute the horizon at each point of interest on the terrain, as shown in
Figure 4.1a. The radial space is sampled in a discrete number of values, d' and the minimum of v and 6 is
computed in each direction. Linear interpolation of the extended projections in each direction on the constant

altitude plane at height h is then used to compute the boundary of the visibility region as shown in Figure 4.2b.

4.3 Polynomial-Time Approximation Algorithm for URPT

In this section, the main theoretical algorithm for solving URPT is presented. The input to the algorithm
is the set of visibility regions that are computed using the method described in Section 4.2.2. The problem
of finding the shortest tour that visits a set of 2D regions is known as the TSP with neighborhoods (TSPN).
The neighborhoods correspond to the visibility regions in this case. TSPN is NP-hard. However, there exist
polynomial-time approximation algorithms for many special cases such as when the neighborhoods are all disks

of the same radii [89] and non-overlapping convex polygons [20].

'Sampling resolution, d, is a user-input parameter discussed in Section 4.4
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The visibility regions in this case may not necessarily be polygonal (for example, they may contain circular
arcs) or convex. In general, they can be overlapping. Furthermore, the fixed flight plane may be at an altitude
below the highest point on the terrain. Therefore there may be obstacles within this plane. Nevertheless, it is
shown how to approximate the visibility regions by possibly-overlapping disks of the same radius. It is also

shown that this approximation still yields a tour whose length is bounded with respect to the optimal.

4.3.1 Algorithm Description

In the following, let V- = {V; : i € [1,m]} be the set of input visibility regions corresponding to the points
of interest P that the robot must monitor, computed using the method presented in Section 4.2.2. Each Vj is
replaced by an inner disk, say d;, such that it is completely contained within V;, i.e., d; C V;. The inner disk d;
lies in the fixed flight altitude plane and is centered at the same coordinates, X; = (z;,v;), as p;. Let d! be the

set of all inner disks. All inner disks have the same radius of 74 = min{(h — [)tan~y, (h — [) tand}, where

¥ =.

Next a tour is computed that visits at least one point in each inner disk, d;. A modified approach from
the one presented by Dumitrescu and Mitchell [89] is developed. (1) Find the maximum independent set of
non-overlapping inner disks, say d’. (2) Find a 3 /2-approximation to the optimal TSP tour that visits the center
of all disks in d. (3) Follow the tour found in the second step. Every time the tour enters a new disk, take a
detour to follow the circumference till the same point is reached again and then move towards the center. Note

that this step adds a detour of length at most 2774 to the TSP tour.

In step (2), a TSP tour is computed that visits the centers of all disks in the fixed altitude plane at height
h. If the fixed altitude plane is above the highest point on the terrain, then this amounts to solving a Euclidean
TSP on the plane. This is NP-complete but there exists a (1 + ¢)—approximation algorithm [74]. However,
if the fixed altitude plane is below the highest point on the terrain, then the fixed altitude plane will contain
holes (i.e., obstacles that the robot cannot pass through). In such a case, the problem is solved as a metric TSP
instance by creating a complete graph where edge costs are the shortest distance between the pair of points
(considering the obstacles). Metric TSP has a simple 3/2—approximation algorithm using the Christofides
heuristic [91]. In the analysis, the worse 3/2—approximation for step (2) is assumed. This is also the reason
why a modification is added to the approach by Dumitrescu and Mitchell [89] wherein they assume that there
are no holes in the environment. The analysis describes how this algorithm returns a valid tour for URPT that

is within a constant-factor of the optimal tour.
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4.3.2 Theoretical Analysis

The analysis begins with showing that visiting all the inner disks is sufficient to visit all V;, i.e., to monitor each

point of interest.

Lemma 4. The inner disk d; is completely contained in V;.

Proof. Consider any point on the boundary of V;. If it can be shown that the distance between that point and
the center of d;, say z, is no less than r4, then the proof is complete. There are two possibilities: the line joining
that point and p; does not pass through any other point on the terrain or the line does pass through some other
point on the terrain. For example, in Figure 4.3 point z corresponds to the former and y corresponds to the
latter. Therefore, Zzp;x = 6 and ZLyp;x > ~. Furthermore, distance between x and p; is no less than h — [.
Therefore, the distance between z and the center of the disk is no less than (A — ) tan ¢ and that between y and
the center of the disk is no less than (h — 1) tan+y. Since, 74 = min{(h — [) tan~y, (h — ) tand }, both y and =z

are no less than r; away from the center of the disk. O

Let L, be the length of the tour found by the algorithm. First an upper bound

to the length of this tour is presented. Let Lj, be the length of the optimal tour

that visits at least one point in each visibility region, V; € V, i.e., the optimal
solution to URPT. L; and L7, are related as functions of the maximum number
of non-overlapping inner disks. Specifically, let d C D be the largest set of

inner disks, d;, such that no two disks overlap with each other. This can be found

EEE LR R 2

out greedily by constructing the maximum independent set of the disks, as shown pi

in [89]. Let my be the number of disks in d’.

Figure 4.3: A 1D slice of

Lemma 5. Let L be the length of the tour found using the proposed algorithm. o o ooi

Then Ly < % (L3, + 2mghtan §) + 2mgmry, where mg is the maximum number

of non-overlapping inner disks, d'.

Proof. The length of the tour, L, is equal to the distance traveled to visit the centers of the disk in d’ (Step
2) and the detours added every time the center is visited (Step 3). Let L7.gp be the length of the optimal TSP

tour that visits the center of the disks in d’. Although finding L% ¢p is NP-hard, there exists polynomial time
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approximation algorithms that find a tour whose length is at most 3/2L7.¢ » as described earlier. Therefore,

3

3
L; < 2 (LY, + 2mgrg) + 2mgmrg. 4.2)

The second inequality follows from the fact that a tour can always be constructed such that it visits the center
of the disks in d’ by first finding the optimal tour that visits at least one point in each disk in d’ (of length L)

and then adding a detour of at most 274 to visit the center. Thatis, L;.¢p < L) +2mgrgand L) < Ly,. [

Next, a lower bound on the length of the optimal tour is developed. Recall that h is the height of the fixed-
altitude plane on which the robot is allowed to fly and ¢ is the FOV angle. A lower-bounding approximation
tour for the optimal solution may be computed as follows. Replace each V; by an outer disk, say D;, whose
radius is equal to 7p = htand. Let D denotes the collection of all the disks D;. The disk, D;, lies in the

constant altitude flight plane at the height h and is centered at the same x and y coordinates as that of p;.

Lemma 6. The visibility region V; is completely contained within the disk D;.

Proof. Recall that V; is obtained by projecting a reverse cone whose apex is at p; on the fixed altitude plane at
height h. Let the coordinates of p; be (x;, y;, z;). Consider a reverse cone drawn centered at (x;, y;, 0). Further
assume that this cone is not obstructed by any point on the terrain. It is clear that this cone completely contains
the cone drawn at p;. The intersection of the larger cone with the fixed altitude plane at height A yields the disk

D;. Therefore, V; is completely contained within D;. (In the extreme case, V; is the same as D;.) ]

Lemma 7. Let L7, be the length of the optimal tour that visits at least one point in each disk, D; € D. Then

Ly < L.

Proof. From Lemma 6, it is known that V; C D;. Therefore, any tour that visits at least one point in each V; is
also a tour that visits at least one point in each D;. Thus, the optimal tour (of length L7,) that visits at least one
point in each V; is also a tour that visits at least one point in each D;. However, L7, is the length of the optimal

tour that visits at least one point in each D; giving L}, < L7, O

Finally, lower bound on the length of the optimal tour that visits at least one point in each V; is computed.
The lower bound is computed as a function of the maximum number of non-overlapping outer disks. Let
D' C D be the largest set such that no two outer disks overlap with each other and mp be the number of disks

in DI,
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m
Lemma 8. Let Lj, be the length of the optimal tour that visits at least one point in each V;. Then L}, > TDCW D

where o« = 0.4786 and when mp > 3.

Proof. From Theorem 1 in [92], it is known that any tour of length L that visits at least one point in mp disjoint
disks of radius rp satisfies: L > 7Darp. Therefore, the optimal tour of length LEI that visits all the mp

disks in DI must satisfy: L}‘)I > TDarD. Since D! C D, the optimal tour that visits at least one point in
each disk in D will have a length: L}, > LBI > TDar p. From the above equation and Lemma 7, the desired

inequality is derived. 0

What remains to be shown is the relationship between mp and my. It is easy to see that mq > mp, which
is the number of non-overlapping outer disks (in D) cannot be more than the number of non-overlapping inner

disks (in d). Also, my cannot be arbitrarily larger than mp.

Lemma 9. Let mp and my be the maximum number of non-overlapping outer disks, D; and inner disks, d;.

2
Then mg < (%—D) mp.

Td

Proof. Consider an outer disk, D;, whose radius is equal to rp. Draw another disk, say Dg, whose radius is
equal to 2rp with the same center. Any inner disk that intersects with D; is completely contained within D,

The maximum number of inner disks that can be packed within D] without any two overlapping can now be

2rp

2
> non-overlapping inner disks are contained
Td

bound. One inner disk has an area of wr?l. Therefore, at most (

within D}. Since there are m p non-overlapping outer disks, the desired result is found. O

The main result of this section is then stated as:

Theorem 10. Let Ly be the length of the tour found using the proposed algorithm. Let L3, be the length of the

optimal tour that visits at least one point in each visibility region, V;. Then:

3
Lg < (2 + 50.15¢% + 105.026) Vs 4.3)

where ¢ £ T h}i ) and h is the height of the fixed-altitude plane, 1 is the height of the tallest point

tan o
min{tan~y,tand}
of interest, § is the FOV angle, and v > 0 is the minimum angle between any two points on surface on the

terrain with respect to the Z axis.
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Proof. 1t is known from Lemma 5 that,

3
Ly < B (LT/ + deTd) + 2mygmry,
3 2rp 2rp
< = ( V2 <m> mDrd) + 2 <TD> MpTTrq,
2 Td Td
3 2rp\2 2 2rp\2 2
< — V2 — ) —L} 2 — | —L}
~ 2 ( v ( Td ) arp Vrd)) " < rd ) arp VT
3 h tan § h tan o
<(=[(1+16 16 Ly
(2 ( + a(h — 1) min{tan v, tan 5}> + 7Toz(h — [) min{tan ~, tan 6}) v
<o)L

This shows that the proposed algorithm yields a constant-factor approximation. The constant depends on
three parameters, maximum height of a point of interest, the height of the fixed-altitude flight plane, and the
maximum slope angle of the terrain, but is otherwise independent of the input (e.g., |P|, the width of the
terrain, etc.). It may be remarked that, the same approximation algorithm can also be used in the case of
constant resolution imagery (variable flight altitude) missions to compute UAV tours within a constant-factor
of the optimal. It is easy to see that the enclosing outer disks (D);) and enclosed inner disks (d;), used to compute
the lower and upper bounds on the UAV tour respectively, are still valid and may be used to compute the same

constant approximation factor.

4.4 A Practical Algorithm for Route Planning

In the previous section, a polynomial-time algorithm for solving URPT is presented. Given fixed parameters for
the terrain, it yields a constant-factor approximation which is appealing from a theoretical standpoint. However,
from a practical standpoint, the constant factor may be large resulting in longer paths. Therefore, in this section

a practical approach for finding the routes is presented.

This approach is based on reducing the route planning problem to the GTSP. The input is a graph, as in
TSP, as well as a set of clusters of vertices. The goal is to find the minimum-cost tour that visits at least one
vertex in each cluster. GTSP can be thought of as the discrete version of TSPN — the clusters are analogous to
neighborhoods. A naive approach to convert URPT to GTSP is to discretize each visibility region, V;. All the

discrete sample points within V; can then be clustered together. Visiting any one of these sample points will
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be sufficient to monitor p;. This approach has been used in existing literature [93]. While this is sufficient, it
is not necessary to discretize all of V;. Recall that V; is a 2D region. Instead of discretizing 2D regions, it is
sufficient to discretize only the boundaries of all visibility regions as is shown next. Similar ideas have been

used by Obermeyer et al. [70] for path planning for a non-holonomic robot through a set of polygonal spaces.

A tour that visits a visibility region, say V;, must cross or touch the boundary of that visibility region as
long as there is at least one other visibility region, say Vj, that is not completely contained in V;. However,
if V; completely contains all other visibility regions, then considering V; is redundant. It can be ignored and
the problem can be solved by considering only the remaining regions since any tour that visits a point in V;’s
interior can cover V;. This preprocessing can be continued until all non-redundant regions are found. For ease
of exposition, in the following it is assumed that none of m regions are redundant. Therefore, it is sufficient to
discretize and consider points only on the boundary of all of the (non-redundant) visibility regions to compute

a tour for the aerial robot. This significantly reduces the size of the GTSP instance created.

4.4.1 GTSP-Based Algorithm

The algorithm starts with computing the visibility regions for all points of interest, as discussed in Section 4.2.2.
Points on the boundary of each visibility region are sampled uniformly. Let S; be the set of sample points on
the boundary of V;. Some of these points may also lie in the interior (or boundary) of other visibility region(s).

In this case, copies of such points are created and added it to the other sets (Figure 4.2b).

Each point corresponds to a unique vertex in the input to the GTSP instance, V = G S;. An edge is added
between every pair of vertices. The cost function, ¢;; : V x V — R, defines the lenlg:ﬂ]i of path for the aerial
robot to go from v; to v;, where v;, v; € V. Note that when v; and v; are copies of the same sample point, then
the cost to travel between them is zero. In addition to defining the set of vertices and edges, the input to GTSP
also requires defining the clusters. m clusters, one corresponding to each point of interest, are created. The

vertices corresponding to the sample points from the same .5; belong to the same cluster. Note that because of

the copies created due to overlapping visibility regions, the clusters will be non-overlapping.

In this form, the problem reduces to an instance of the GTSP. The solution to GTSP is a tour that visits
at least one point in each cluster. Therefore, this tour corresponds to one from which each point of interest is
visible. Although GTSP is NP-Hard, there are specialized solvers such as GLNS [87], which can find efficiently
the optimal solution for large instances. In the next section, empirical results are presented in support of this
approach. An alternative strategy is to solve the GTSP instance directly using an Integer Linear Programming

(ILP) formulation with branch-and-cut, discussed in the next subsection.
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4.4.2 Branch-and-Cut ILP Formulation

To formulate the problem as an Integer Linear Program, binary decision variables, y;;, are defined for each pair
of vertices v; and v; in the set V. Here, y;; = 1 if the aerial robot visits v; and v; vertices in order. Let it (X)
denote the set of pairs (7, ) such that v; € X and v; € V \ X and P(X) denote the power set of X. The

objective function and constraints of the ILP formulation are defined as

Objective:

min Z Z Cijyij (44)

v, EV vj ey
Degree Constraints:

Z Yji — Z Yij = 0, Yy, €V 4.5)

v; EV\v; v; EV\v;

Y>> yu=1, Vke[l...m] (4.6)

viESk vj GV\Sk
Sub-tour Elimination Constraints:

Yo owg=1, VscP(S)\{S ¢} (4.7)

(4,7)€5% (s)
Variable Domain:

Yij € {0, 1} Vvi,vj ey (4.8)

Equations (4.5) and (4.6) represent tour constraints and ensure each visibility region is visited. Equa-
tion (4.7) represents the set of sub-tour elimination constraints. The number of sub-tour elimination con-
straints grows exponentially with increase in the number of visibility regions. Therefore, this work develops a
branch-and-cut strategy to solve the ILP formulation. A relaxed formulation, minus the sub-tour elimination
constraints is given as input to the solver. A separation algorithm (Algorithm 8) computes valid inequalities

>_(i,j)es+(x) Yis = 1 at runtime and adds them to the formulation to ensure feasibility of the final solution.
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Algorithm 8 Separation Algorithm

Build graph G(directed) = (P, E)
Add edge (i,j) toE,if Jvy, € S;,v; € Sjand y = 1
Find connected components G in G
if (|G| > 1) then

for all connected components x € G do

Add valid inequality

end for

end if

4.4.3 Extensions

Note that the presented approach is general and can incorporate more scenarios than that described in URPT.
It is assumed that the aerial robot must fly at a fixed altitude relative to the ground. In some cases, it may
be required for the robot to take images of the points of interest from a fixed height relative to the point of
interest. In this case, the sampled points on the boundary of the visibility will be at different heights and the
edges connecting them may require the robot to change altitudes. This only affects the way the edge costs are
computed. In fact, if there is a higher cost associated with changing altitudes, it can easily be taken into account.
If the field of view of the camera is not a cone but instead say rectangular, it can also be incorporated in the
methods developed in this thesis as long as the visibility regions can be computed. It is implicitly assumed that
the robot is a point robot and the plan only considers the position of the robot. However, there may be more
degrees of freedom that need to be taken into account in practice. For example, if the orientation of the camera
can be controlled (e.g., with the aid of a gimbal), the output should be a path for the robot along with the camera
orientation at each sample point. This can be incorporated by sampling the 3D pose at each sample point in S;,

each of which becomes a separate vertex in the GTSP input graph.

4.5 Simulation Results

The performance of the two stage strategy is evaluated using IBM ILOG CPLEX library (version 12.7) in
C++11 and GLNS solver in Julia [87]. For visualization, a TIN based modeling of the terrain is built using

MATLAB R2017a.

4.5.1 Instance Generation

To generate the simulation instances an environment of size 200 %200 units is used. A 10x10 grid is placed

on the environment and terrain altitude at each grid point is sampled randomly between 0 and 100 units. A
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(a) (b)

Figure 4.4: Aerial robot tours generated by (a) GLNS solver and (b) ILP solver. The tour is shown in cyan
color. In both the cases, the tour is the same for this particular instance.

Number of instances optimally solved by the ILP solver.
0 =20° 0 = 30° 0 = 40°
"™ 4=20 d=30 d=40 d=20 d=30 d=40 d=20 d=30 d=40
4 20(20) 20(20) 9(20) 20(20) 19(20) 7(20) 20(20) 18(20) 13(20)
6
8

1420) 0(20) 0(20) 10(20) 0(20) 0(19) 7(20) 0(20) 0(19)
0(20) 0(20) 0(18) 0(19) 0.7 0() 0(18) 0(I13) 0(8)

Table 4.1: The table shows the number of instances solved optimally by the ILP solver. Numbers in bracket
represent the number of instances for which the solver could compute at least a feasible solution within 900
seconds.

TIN representation of the terrain is then generated by a piecewise triangular interpolation between neighboring
grid points. The aerial robot flight altitudeiss fixed at 125 units (clear of all terrain features). Size of the set P
of points to be monitored on the terrain is varied from m = 4 to 15. The camera FOV view angle ¢ is varied
from 20° to 40° in steps of 10. The value of sampling resolution parameter d, that determines the number of
points sampled on the boundary of the terrain, is varied from 20 to 50 in steps of 10. For each combination of

parameters 20 different environments were generated.

The GLNS solver was used in slow mode setting and allowed a maximum time limit of 600 seconds to
directly solve the GTSP instance. The baseline method, ILP formulation, was implemented in a branch-and-cut
framework using the lazy callback functionality of IBM ILOG CPLEX library. The solver was allowed to run

for a maximum time of 900 seconds for each instance.

4.5.2 Results

This section discusses simulation results for GTSP instances generated using visibility regions to compute tours

for the aerial robot. Sample paths generated using the two solution methods are shown in Figure 4.4. Two sets
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Mean percentage relative gap of ILP generated solutions.

m 0 = 20° 0 = 30° 0 = 40°

d=20 d=30 d=40 d=20 d=30 d=40 d=20 d=30 d=40
4 0@ 0(0) 5.3(5.9) 0(0) 14.7) 13.0 (16.9) 0(0) 2217y  142(24.9)
6 470.8) 259107 32(114) 18.2(23.4) 453 (16.8) 51.3(14.5) 289 (28.1) 58.5(17.8) 68.5(18.7)
8 33.7(14.3) 43.7(17.6) 453(14.8) 52.3(18.2) 65.1(16.3) 65.7(13) 7499 (18.4) 79.6(14.3) 87.5(9.3)

Table 4.2: Relative gap for best ILP solutions w.r.t. solver generated lower bound within a maximum time limit
of 900 seconds. Numbers in bracket are standard deviation.

Mean percentage relative gap of GLNS solver solution w.r.t. ILP generated lower bounds.

m 0 =20° 0 =30° 0 = 40°

d=20 d=30 d=40 d=20 d=30 d=40 d=20 d=30 d=40
4 0(0) 0(0) 4.8 (5.6) 0(0) 1(4.5) 12.4 (16.7) 0(0) 21(7.4) 14247
6 4509.5) 247(11.2) 30.1(12.2) 17.8(23.1) 44.8(16.8) 52.3(18.2) 28.4(27.9) 57.3(18) 68(19.8)
8 31.6(152) 41.7(17.8) 482(23.2) 53.1(20.8) 68.2(20) 85.1(20.2) 76.2(19.7) 85(16.1) 94 (10.2)

Table 4.3: Mean percentage relative gap of GLNS solutions w.r.t. ILP solver generated lower bounds. The
numbers in bracket represent the standard deviation.

of quantitative results are reported. First, the performance of GLNS with respect to the ILP solver. Then, an

evaluation of the scalability of the GLNS solver.

The ILP solver used (IBM ILOG CPLEX) returns a lower bound on the solution along with the solution
found. When it finds the optimal solution, these two quantities are the same. These lower bounds are used to
benchmark the solutions and the relative gap is reported as a quality measure of the solution. Table 4.1 gives the
number of instances optimally solved by the ILP solver in 900 seconds. It also shows, in brackets, the number
of instances for which the ILP solver was able to find a feasible, but not necessarily optimal solution. In table
4.2, the relative gap for the ILP solutions is shown. It is observed that the ILP solver was not able to find any
feasible solution for a sizable number of instances, especially as d and § increase. While an increase in the time

limit would result in more instances being solved, the trends expected to be the same.

The GLNS method on the other hand, is able to find a feasible solution in all instances. In table 4.3, the
relative gap of solutions computed by GLNS from ILP generated lower bounds is presented. These results are
only reported for instances for which the ILP solver could compute a lower bound. The ILP solver is not able to
solve large instances (m = 10, d = 50) and hence results for up to m = 8 are shown. The relative gap for the
ILP solver generated solutions rises quickly with increase in the value of m and ¢ (Tables 4.3 and 4.2). Note
that the relative gap is computed with respect to the lower bound and therefore zero relative gap is sufficient

but not necessary condition to declare optimality.

The results for solving larger instances of URPT using GLNS are also shown. By modeling URPT as a
GTSP instance, compute practical solutions for large instances can be computed quickly. The problem size

for the GTSP instance increases as the size of the URPT instance increases. The size of a problem instance is
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Figure 4.5: (a) Effect of sampling resolution on size of the GTSP instance. (b) Effect of sampling resolution on
computation time using the GLNS solver. (c) Effect of sampling resolution on tour cost for tours computed by
the GLNS solver. The plots show the median values with whiskers marking the 1st and 3rd quartiles.

expressed in terms of the total number of vertices in the GTSP instance. Figure 4.5a shows the effect of increase
in the value of the resolution parameter, d, and the number of points to be monitored in the environment. The
size of the problem instances increases to more than 4000 points for m = 15, as seen in Figure 4.5b. The

corresponding computation time also increases but is still significantly faster than the ILP approach.

It is interesting to note from Figure 4.5c that the quality of the tours, i.e., tour cost, does not improve
proportionately with increase in the resolution. There is only a minimal effect of increasing the number of
points on the boundary of a visibility region beyond 20. Thus, even for very large number of input points (m),
one can use a coarser discretization (6, d) to yield a small GTSP instance which can be solved quickly, without

sacrificing on solution quality.

4.6 Field Experiments

Field experiments were conducted inside the campus of III'T-Delhi to demonstrate and validate the applicability
of the solution methods. The operational area for the experiments is shown in Figure 4.6(a). A DJI Phantom
4 quadrotor was used to perform the experiments. The quadrotor was operated in the downward facing setting
and operated at an altitude of 50 m. The DJI Phantom 4 has a field of view of 70° x 50° in the downward facing

mode. The field of view for the quadrotor was fixed at 30° in these proof-of-concept experiment.

A DEM of the area was created using PIX4D and modeled using a TIN representation. Four target points

were placed in the area as shown in Figure 4.6(b). Visibility regions for each target were computed using
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Figure 4.6: (a) Operational area for the field trials. (b) DEM of the topography showing the placement of
targets. (c) Visibility regions for the monitoring targets computed using the strategy discussed in Section 4.2.2.
(d) Top view of the operational area showing the UAV path in cyan color and visibility regions.

Figure 4.7: Aerial views of points of interest from the quadrotor during experiments.

the visibility computation strategy given in Section 4.2.2 (Figure 4.6(c)). Value of the sampling resolution
parameter d was set to 30. Path for the quadrotor was computed as solution to the corresponding GTSP instance
solved using GLNS solver, as shown in Figure 4.6(d). The aerial views of the four target points placed in the
environment as observed by the quadrotor are shown in Figure 4.7. Experiment footage showing the UAV flight
and camera imagery may be viewed in [94]. This serves to demonstrate that the presented method can be used

in a practical setting with real-world operational conditions.

4.7 Conclusion

A two phase strategy to computer tours for a UAV to perform multi-point visual monitoring on a terrain is
developed. The path planning problem is modeled as an instance of the TSPN problem and a constant-factor
polynomial time approximation algorithm is designed for the class of TSPN instances. Further, GTSP based
solution methods by discretizing the visiblity region boundaries were evaluated using two solution techniques
— ILP formulation implemented in a branch-and-cut framework and GLNS (widely used GTSP solver). Field

experiments were also conducted to verify the applicability and effectiveness of solution methods.
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Chapter 5

Curvature Constrained Trajectory Planning
for a Nonholonomic Mobile Robot through a
sequence of points: A Perturbation - based

Approach

Path Planning for curvature constrained (car-like) mobile robots is an important problem in many domains in-
cluding environmental, industrial and defense applications. The motion of most wheeled ground mobile robots
as also many Unmanned Aerial Vehicles (UAVs) can be effectively explained using a curvature constrained
motion model. Path planning for such vehicles with a nonholonomic constraint has gained prominence over
the past decade partly because of the rise in popularity of UAVs [95, 96, 97, 98, 99, , , 4]. A fixed-wing
UAV operating in a constant altitude setting follows the curvature constrained motion model. Literature on path
planning for UAVs in the presence of threat zones and obstacles, also makes use of the curvature constrained
vehicle model [101, , ]. The simple model for a car-like vehicle proposed by Dubins [1] is the most
commonly used model. It provides a clean and efficient representation, independent of the dynamics of the
vehicle, that allows development of path planning algorithms while considering only kinematic constraints.
Bhatia et. al. [104], for instance, use Dubins’ model for a UAV swarm rendezvous application. Sujit et. al.
[95, 4] develop solutions for forest fire monitoring and terrain mapping applications using Dubins’ model for

UAVs.

This work addresses the path planning problem for a curvature constrained mobile robot through a given
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sequence of n points. For path planning in the euclidean space or for a robot that can turn in-place (such as
quadrotors), a sequence immediately informs the path for the robot. However, in the case of nonholonomic
motion planning, due to the large search space of orientation angles at each of the n locations in the sequence,
path planning is challenging and is known to be NP-hard. This work develops an algorithm, scalable to large

sequences, that is able to compute approximate paths for a nonholonomic mobile robot in polynomial time.

5.1 Related Work

L.E. Dubins seminal work [1], is still one of the most conclusive results on path planning for curvature con-
strained vehicles in the literature. Dubins formalized the model for a forward moving car-like vehicle and
developed a characterisation for the shortest path between any two states of the vehicle in an obstacle free
environment. Dubins’ results are discussed in detail in a later section. The logical extension of Dubins results
to a sequence of 3 or more points, referred to as Generalized Dubins Path Problem (GDPP) and shown to be
NP-hard by Manyam et. al. [105], is still an open problem in the general case. Lee et. al. [106] address
GDPP and develop the only constant factor approximation algorithm that exists in the literature with a 5.03-
approximation guarantee. In a recent work, Manyam et. al. [105] developed algorithms to compute tight lower
bounds for GDPP. They relax the requirement for the departure angle at a location to be equal to the arrival
angle +7. The difference in the two is instead upper bounded by a constant. Goaoc et. al. [107] proved
that if the minimum separation between consecutive points is greater than (4 - R), where R is the minimum
turning radius of the vehicle, then the shortest path function through a sequence of points is convex and an
optimal solution may be found using a gradient descent approach. They reduce the problem to a family of
n-dimensional convex optimization subproblems, that may grow up to exponential size in the worst case. From
a practitioner’s perspective, their proofs are highly involved and the cost function (family of functions) is non

trivial to implement.

The tour version of the problem for curvature constrained vehicles, referred to as Dubins Traveling Sales-
man Problem (DTSP), is a generalisation of TSP and is NP-hard. Rathinam et. al. [108] develop a constant
factor approximation algorithm for the case when targets are atleast (2 - R) distance away from each other. Ny
et. al. [109] design an approximation scheme, where the approximation guarantee is inversely proportional to
the minimum distance between any two consecutive points in the sequence. Tang and Ozguner [ 10] develop
gradient-based heuristics and Savla et. al. [111] develop heuristics based on the relaxed euclidean version of
the problem. Heuristic algorithms [112, , ] for DTSP have also been developed based on reductions to

the one-in-a-set problem by discretizing the heading angle at each point. The solution requires large number of
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Figure 5.1: An instance of GDPP with 4 points is shown in (a). Points in the sequence are shown in small red
circles, a solid arrow represents the departure angle and dashed arrow represents arrival angle at a point. (b)
shows the arrival and departure angles computed by the lower bounding algorithm. An n-point sequence can be
expressed as multiple overlapping 3-point sequence problems. The subsequences extracted from (b) are shown
in (c) and (d). The instance in (c) needs to be solved first to find the heading angle at 2, given as input to the
instance in (d).

discretizations of the angular space and does not scale to large instances. Manyam et. al. [112] develop lower

bounding algorithms for DTSP using a relaxation of the angular constraints.

This work develops an algorithm to compute approximate paths for a curvature constrained mobile robot
through a given sequence of points. An approximate path implies that the location of the points on the path
may be perturbed by a small amount and the path may not pass exactly through the given locations. The
choice of exact coordinates of points to be visited by a robot may, in general, depend on application specific
priors or considerations for the shortest path. From a practitioner’s perspective, in applications like surveillance
and mapping, small perturbations to the points to be visited, in favour of a shorter path and a low-complexity
solution approach, is an acceptable trade-off in most applications. This thesis develops a practicable solution
]. The

that is easy to implement and approximates paths developed by known lower bounds for GDPP [

approach is computationally efficient and scalable to sequences of large number of points.

5.2 Application Scenario

GDPP extends the Dubins’ path problem to a sequence of points. Dubins’ algorithm allows the computation of
shortest paths for a curvature constrained vehicle between two states in constant time. In the case of GDPP, an n
point sequence of more than two points and the orientation angles of the curvature constrained robot at the start
and end locations, 81 and 6, are given as input (see Fig. 5.1a for an illustration). A solution would comprise
of an n-tuple of 0; (angle) values, < 61,05...60,, >, where each 0; for i € {1,...,n} corresponds to the
orientation of the robot at the i*" point in the sequence. Given n points and an n-tuple of the @ values, Dubins’
algorithm may be used to compute the shortest path between consecutive points with linear time complexity.

The challenge is to compute the optimal set of § values such that the total length of the path is a minimum.
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The solution approach is based on the recent work to compute lower bounds for GDPP by Manyam et. al.
[105]. The term ‘lower bounding algorithm’ is henceforth used to refer to Manyam’s solution, unless indicated
otherwise. Their algorithm takes € as a user input parameter and computes two # values at every point in
the sequence (except the first and last points) corresponding to arrival and departure angles of the robot (Fig.
5.1b). In a feasible solution to GDPP the departure angle must be exactly equal to arrival angle + w. The
lower bounding algorithm permits the arrival and departure angles at any point in the sequence to be different
but within the maximum angular difference, € (Fig. 5.3). Any feasible solution to GDPP satisfies the relaxed
constraint, thus making it a valid lower bound. In this work this maximum separation constraint between arrival
and departure angles is exploited to compute approximate (feasible) paths using the lower bounding solutions.
While feasibility is ensured by computing solution where the arrival angle is equal to the departure angle,
the paths are allowed to deviate from the exact coordinate of the point in the sequence. The perturbation of

locations in the interest of shorter path lengths leads to an efficient algorithm to solve GDPP.

5.3 Problem Formulation and Preliminaries

This work models the motion of a curvature constrained mobile robot using Dubins vehicle model [1] that
describes a forward moving vehicle with a minimum turning radius, R, traveling at a constant speed. The state
of a Dubins vehicle is defined using a triplet < z,y, 8 >, where < x,y > represent the location in a 2D plane
and 6 gives the orientation of the vehicle. To solve the Generalized Dubins Path Problem, this work shows the

computation for a 3-point sequence and extends the approach to an n-point problem.

5.3.1 Dubins Curves

Given initial and final vehicle states, A =< x31,y1,01 > and B =< x3a,y2, 2 >, Dubins postulated that
the shortest path from A to B in an obstacle free environment can be expressed as a 3-segment path of one of
the following six configurations or their reduced forms: {RSR, LSL, RSL, LSR, RLR, LRL} (Fig. 5.2). R
(Right) and L (Left) represent arcs on a circle of radius R along clockwise and counter-clockwise direction,
respectively and S represents a straight line segment. The terms path and curve interchangeably through the
rest of the chapter. The six Dubins’ curves can be represented using 3 generic curve types: CtSCT, CtSC~
and CTC~C™, where C* and C~ represent opposite directions of rotation along the circular arc. Curves
belonging to the same generic type have similar properties and are symmetrical in nature. For example, in case

of C*SC~ = {RSL, LSR}, all properties that hold true for RSL are also symmetrically true for LSR.
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There exist combinations of A and B, for which one or two segments of the shortest Dubins path may
vanish. These are called reduced/degenerate curves/paths. The value of 3-tuple parameters corresponding
to these curves are called degenerate points. These points hold special significance and characterize specific
properties of the path length function. In the context of the solution method developed in this work, the = and
y coordinates of both A and B and the orientation angle at A are fixed. This is discussed in more detail in
Section 5.3.2. Hence, the only variable is the arrival angle or the orientation at B. Hereafter, degenerate points
are used to refer to the value of the arrival angle (62) that corresponds to the occurrence of degenerate curves.
The degenerate curves and corresponding degenerate points can be computed in constant time by exploiting the

available geometric priors.

5.3.2 Problem Formulation

An n-point sequence can be expressed as a set of (n — 2) 3-point sequences, where consecutive sequences share
two consecutive points (Fig 5.1). Each such subsequence forms an instance of the 3-point GDPP (Fig. 5.1c and
5.1d). Consider a 3-point sequence to be traversed by a Dubins vehicle. Let the three corresponding states be
A, B and C, with tuples of the form < x1,y1,601 >, < x2,y2, 02 > and < x3,y3, 03 >. 61 and 63 are departure
and arrival angles at A and C, respectively and are given as input. The location of all 3 points is also given.
The only unknown is 6. Given 63, Dubins’ algorithm may be used to compute the shortest path from A to
B and B to C, thus giving the shortest path through the sequence. In the rest of the chapter, unless otherwise
mentioned the variation in path length function is always discussed as a function of 65, considering the rest of

the variables constant.

The output from the lower bounding algorithm (Fig 5.1b), generates for each 3-point subsequence, two
02 values at B, 6% and 04. 69 is the arrival angle at B along the shortest Dubins’ path from A and 69 is the
departure angle from B along the shortest Dubins path to C. Also, 165 - Hgll < €. To compute a solution to
the GDPP instance, from A to C, find a value 6, (B’ = < x9,y2, 65 >), such that L(A,B’) + L(B/,C) is a

minimum, where L(A, B) is the length of the shortest Dubins path from A to B.

5.4 Strategy

In the case of a (4 - R) minimum separation assumption between consecutive points, the optimal orientation at

B, 03, may be computed as argmin (L(A,B(6)) +L(B(0), C)), where B(6) signifies the vehicle state at B
0c{0$,05}
with orientation 6. This is because the path length function is convex under this assumption and continuous in
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Figure 5.2: Dubins Curves: 3 segment paths of the form CTSC™ (aand b), CTSC~ (cand d) and CTC~C*
(e and f). C and C~ are circular arcs in opposite directions of rotation and S is a straight line segment.

the domain of 65 [107].

When the assumption is relaxed to (2- R), the optimal Dubins’ path computation permits degenerate paths of
the form C™C~, that do not exist for separations greater than (4 - R). This may be observed from the geometry
of the curves. The generic curves of type CTSC~ do not exist between degenerate points corresponding to
CTC~ curves [112]. In this case, path length as a function of @, other parameters remaining constant, is
a lower semi continuous function. This implies that for small changes in the value of 5, path length could
increase abruptly. The abrupt behavior is observed only at degenerate points that correspond to C*C~ where
both segments are of length less than (7 - R). CTC™ curves with at least one segment greater than (7 - R) in
length occur as degenerate points in both CTC~C™ and C*TSC~ curves (Fig. 5.4) and thus act as transition
points from one curve type to the other, thereby maintaining continuity in the path length function. While in
the case when both segments of C™C~ type degenerate curve are less than (7 - R) in length, the degeneracy
occurs only in C*SC™ curves, thus making the optimal path length function discontinuous at precisely these

points. The discontinuity can be observed directly from the geometry of the curves [112].

Consider a 3-point subsequence as extracted from the output of the lower bounding algorithm, with different
arrival and departure angles, 65 and 9‘21, at B (Fig. 5.3). Let Pap and Ppc denote the path from A to B and

B to C, respectively.
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Figure 5.3: Problem Scenario for a 3-point subsequence extracted from the output of the lower bounding
algorithm. To compute a feasible path from A to C, the heading angle at B must be constant, i.e. arrival angle
(6%) = departure angle (6%).

5.4.1 Preprocessing

The preprocessing step involves computing degenerate curves for the point sets, < A, B > and < B, C >, and

classifying them based on their characteristics.

* Compute all degenerate points on the path length function. Computation of degenerate curves is well
studied in literature and any of the existing methods such as the one given in [105] or a sampling based
method may be used. Degenerate points will be computed separately for Paop and Ppc. To compute
Dubins curves or their degeneracies for Pgc, direction of the path is considered in the reverse order,
from C to B. The departure angle from C, for these computations, is considered as (03 + 7). Departure

angle for the path from B to C, would be derived similarly, as 7 + arrival angle from C to B.

e If both degenerate points (0 values) corresponding to CTC~ curves exist on the CTSC~ path length
function, mark the interval between them for which the CSC~ path does not exist. Let [ ﬁLB denote the
interval for RL degenerate curves for which RS L path does not exist on P pog. Corresponding intervals

on other C™SC~ curves are named similarly.

 Compute the shortest Dubins path at the points corresponding to C*C~ curves with both segments less
than (7 - R) in length. For each point, if the corresponding degenerate curve is of optimal length (i.e.
minimum amongst all other Dubins curves), mark the point as a point of discontinuity. Let the set of such

curves be denoted as Y.
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Figure 5.4: The Figure shows path length as a function of f3. For RSL type path (a), this function is discontinu-
ous between the two degenerate points corresponding to RL curves. RL curves occur as degeneracies in RS L,
RLR and LRL. RLR and LRL paths do not exist if the L (respecively R) segment is less than (pi - R) in
length [1]. RL, corresponds to the the case when both segments of the degenerate curve are less than (pi- R) in
length. In case of RLy, the L segment is greater than (pi - R) in length and hence it also occurs as a degenerate
curve in RLR paths, as shown in (b). RL, occurs only in the length function for RSL and hence leads to a
discontinuity in the length function for the shortest Dubins path.

5.4.2 Solution Approach

The heading/orientation angle 0 at B is computed differently for different combinations of curve types for
Pap and Ppc. As noted earlier, the points of discontinuity on Dubins’ path length function can occur only at
RL or LR degenerate curves (when both segments are less than (7 - R) length). Also, the interval [0$, 0] may
be clockwise or counter-clockwise and depends on independently computed optimal Dubins’ curves for Pag
and Ppc. Hence, on a given path even though both RL and LR degenerate points may occur within the given

interval only one of them would incur a penalty in the path length function.

In the solution approach, it is determined if there exist any points of discontinuity within the interval [6, Og].
Points on P o and Pgc are marked as 6% or 6 ;, and 9‘}1% 1, Or 0% - respectively, depending on the curve type.
In the case conflicting points in T exist on Paop and Pg¢ within the given interval, a perturbation mechanism
is devised to dissolve the conflict. The location and orientation at B is computed to allow an approximation to

the shortest path from A to C via B as enumerated in the steps below.

1. Check if there exists a point of discontinuity on Pap or Pgc in [05, Hg]. If there are no such points
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Figure 5.5: Figure shows a case when there does not exist a point of discontinuty in the range [05, 03]. The
approximate path shown in 5.5b is computed using the approach outlined in Section 5.4.2.
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Figure 5.6: Figure shows the application of the algorithm to a 3-point sequence, when both paths correspond
to points of discontinuity in their respective length functions of the shortest Dubins path. Figure (a) shows
the 3-point subsequence as extracted from the output of lower bounding algorithm, (b) shows the perturbation
procedure and (c) shows the solution computed by the algorithm for a 3-point sequence.

83



within [04, 03], then the heading angle 0 at B is computed as follows

0> = argmin (L(A,B(6)) + L(B(0),C))
0e{03,09}

. If there exists a point in T on only one of Pag and Pgc, say 0%; on P g, check if the intersection
condition, T4B N (0%, ,09] # ¢, is true. The intersection condition can be true for only one of 6%, or

0% , (similarly, 15 N [03,0%,) # ¢ for 0%, on Pgc).

If the intersection condition is not true, f2 is computed as:

0> = argmin (L(A,B(0)) + L(B(9),C))
0e{0%,,,.03}

or as follows for GC}%L on Ppc,

0, = argmin (L(A,B(0))+ L(B(0),C))
0€{03,0%.}

If intersection condition is true, #5 is computed as:
62 = H%L
or as follows for ‘9(11% on Pgc,

02 = G%L

. If a candidate pair of conflicting degnerate points exists, for example %; on P and 9% r on Pgc,

check for the existence of a conflict.

If 6%, exists (similarly for 0 ;) and I ﬁf N (0%, 9%] % ¢, check if 0% R (respectively Q%L) exists on

Ppc in the range (0%, ,63]. If not, then

02 = 0%

If 94 , exists on Ppc in the range (0%, 04] and IBS N [0%,,0% ) # ¢, there exists a conflict. In case of
a conflict, none of 65 or 9% can be moved any further towards each other without incuring a cost penalty

in the path length function.
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In this scenario the location of B is perturbed in a systematic manner, as shown in Fig.5.6. The per-
turbation amount is equal to the length of the common chord between the circles c; and c2 as shown
in the figure. The direction of perturbation is along the tangent between the two segments of Pap in
the direction of rotation of its first segment. The perturbation direction is away from C. The amount of
perturbation, ¢, is computed as:

0=2-R- sin(cosfl(ﬁ))

Let the new point be denoted as B’ =< x',y', 6, >, where 6, = 5.
5.5 Conclusion
In this work the n-point sequence problem for a curvature constrained mobile robot is addressed. Dubins car-
like vehicle model [1] is used to model to represent the mobile robot. The resultant problem is known as

Generalized Dubins Path Problem (GDPP). A practically useful algorithm is designed that generates approxi-

mate paths using known lower bounding solutions [105].
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Chapter 6

Path Planning for a UAV with Kinematic
Constraints in the Presence of Polygonal

Obstacles

Path planning for unmanned aerial vehicles (UAVs) with obstacle avoidance is challenging attributed to the
need for constant motion, unpredictable environmental factors like dynamically varying winds and added con-
straints on maneuvering. A popular approach to solve the path planning problem for UAVs used in the literature
is to formulate it as an optimization problem [115]. However optimization is not straight forward since the path
length needs to be optimized over free space while satisfying kinematic constraints. Some other techniques
used in literature, include RRT [116], A* [117], Voronoi diagrams [118], visibility graphs [119], potential
fields [120], road maps [117] and cell decomposition [121] based methods. This work aims to solve the path
planning problem for a UAV with kinematic constraints while avoiding obstacles. A Dubins vehicle model
applied to a point robot is used to approximate the kinematic properties of the UAV. The environment and
obstacles are modeled using a visibility graph and a novel graph-theoretic interpretation of the steering angle
constraint is devised that allows easy validation of the turning angle. A two step algorithm that is practically
useful and easy to implement is designed to find feasible paths in the presence of polygonal obstacles. The first
step comprises of a modified version of Dijkstra’s shortest path algorithm for positive-weighted graphs. In the
second step a reverse search is conducted on the visibility graph using results of the first step as priors, to find

a feasible path for the UAV.
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6.1 Related Work

L.E. Dubins’ seminal work [1] on curvature constrained shortest paths in an obstacle free environment remains
the most conclusive result on the path planning problem with constraints on steering angle. Dubins car-like
vehicle model, as discussed in Chapter 5 describes a forward moving car with a constraint on the maximum
curvature of the path. Dubins concluded that a smooth path of shortest length between any two states of the
curvature constrained vehicle consists of at most three subpaths, each of which is either a straight line or a
maximum curvature arc. Finding shortest paths for a Dubins car in an environment with arbitrary polygonal
obstacles is known to be NP-hard [122]. Backer and Kirkpatrick [123] give a (1 + ¢)-approximate algorithm
with time complexity, polynomial in the number of obstacle vertices. The same authors [124] also give a
polynomial time algorithm to find feasible unit-curvature paths in the presence of polygonal obstacles. They
use feature points in the environment as anchors for turn segments and coupling between turns to devise a new
normal form for the unit-curvature paths. Agarwal et. al. [125] give a characterization of the shortest curvature

constrained paths in the presence of convex obstacles.

Even though a Dubins model can take discrete turns, path planning literature focuses on using binary
values for the turning angle, zero or maximum turning angle. Eriksson-Bique et. al. [126] describe polygonal
paths with discrete curvature and show that in the limiting case these reduce to Dubins paths. The paths are
constrained by an upper bound on the maximum instantaneous change in the heading angle. The approach
discussed in this thesis also uses the ability of a Dubins model to make discrete turns as long as the turn angle is
less than the maximum steering angle of the robot. Chitsaz and LaValle [101] extend the Dubins car model to
three dimensional space and give a characterization of shortest paths between two states of a Dubins Airplane.
They classify the path planning problem using the goal altitude as, low, medium and high and give time-optimal
characterizations of the shortest path. Choi [96] extends the Dubins car and Dubins airplane models to the case
of path planning with unidirectional turning constraints. In a related line of work McGee and Hedrick [98][127]
use non-linear optimization to do path planning for a kinematic airplane model in the presence of wind. Bortoff
[118] gives a two-step path planner for UAVs in the presence of threat zones. The planner uses a Voronoi graph
search to find an initial solution and improve on it using virtual force fields. Yang and Kapila [97] consider a
class of 2-D optimal path-planning problems for UAVs with kinematic and tactical constraints. They use vector
calculus to reduce the problem to parameter optimization and characterize a necessary condition for optimal
path planning in the presence of tactical constraints. This work to plan an obstacle free path for a UAV with

kinematic constraints in the presence of polygonal obstacles.

This work develops a two step planner to find an obstacle free path that satisfies kinematic constraints of
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(a) b)

Figure 6.1: (a). A sample environment showing polygonal obstacles (blue rectangles), start (S) and terminal (T)
locations. The path planning problem needs to find a kinematics constrained path around the obstacles to start
from S and reach T. (b). Visibility graph as computed for the sample environment. The graph is augmented to
include the start and terminal locations.

the UAV. The planner is practically useful and easy to implement. It uses a visibility graph representation of
the environment and develops a modified version of Dijkstra’s algorithm. A novel validation mechanism is
built for the steering angle constraint. In the first step, a modification to Dijkstra’s single source shortest path
algorithm is designed to output paths suitable for a UAV. Time complexity of the algorithm is polynomial in the
number of vertices in the graph. If a feasible path is not found in the first step, a heuristic search is conducted
on the graph in the second step. Paths generated in the first step are used as priors to speed up the search. The
search strategy however, is independent of step one and can be used as an individual algorithm in its own right.
Further, the use of a graphical model of the environment and the validation mechanism for the steering angle
constraint enables development of intelligent heuristics as extensions to this work. Simulation results that show

paths computed by the planner in randomly generated environments are presented.

6.2 Problem Description and Preliminaries

Given an environment, [E (see Figure 6.1a), plan a path, P, for a fixed-wing UAV to travel from initial state,
S = (x0,%0,%0), to final state, T = (x¢,yy,1)s), that avoids obstacles (polygonal) and respects kinematic
constraints of the UAV. The UAV is assumed to travel at a constant altitude and modeled as a Dubins vehicle.
The problem is reduced to path planning in two dimensions with a constraint on maximum curvature in the

presence of arbitrary polygonal obstacles and is known to be NP-hard [122].
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Figure 6.2: I, , is the arrival angle, O,, ,, is departure angle and w4, is the maximum steering angle. Transition
from edge (u,v) onto edge (v, w) is not valid as it violates the constraint on steering angle. Transition, ( =
(u, v, w), where g, is the Dubins curve form v to w is valid, since (|Oyy — (Iyy + 7)| < Winaz) and the curve
does not intersect any obstacle.

6.2.1 Visibility Graphs

Visibility graph [128] (Fig. 6.1b) is a tool that allows environments with polygonal obstacle to be viewed as
graphs. The set of obstacle end-points forms the vertex set of the visibility graph. An edge exists between a pair
of vertices in the graph if the corresponding obstacle end-points can be joined by a straight line that does not
intersect any other obstacle. Edge weights are assigned as the Euclidean distance between the two end-points.
Shortest path between a pair of vertices in the graph gives an obstacle-free path for a vehicle that follows a
unicycle model [129]. However, due to constraints on the maximum steering angle, the shortest path so chosen
may not be feasible for a Dubins curvature constrained vehicle. Specifically some of the transitions may be

invalid because the turn angle is larger than the maximum instantaneous turn angle, wWy,qz.

6.2.2 Dijkstra’s Single Source Shortest Path Algorithm

Dijkstra’s algorithm [130] solves the single source shortest path problem in a positive weighted graph. The
problem is described as: consider an edge weighted graph, G(V, E), with cost function C' : E — R™, such that
C(u,v) = oo, if there is no edge between u and v. Let s € V be a vertex marked as source; find the shortest
distance from s to every vertex t € V' \ {s}. Dijkstra’s algorithm computes a shortest path tree and returns the

shortest distance from s to each vertex. The algorithm has a time complexity of O(|E| + |V log |V]).

Dijkstra’s algorithm maintains two partitions, S and 7', of the graph. S is initialized to {s} and T is
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Algorithm 9 UAVdijkstra(G, s, T)
S ={s}
T =V\{s}
dist(v) =oco,YVv € T
parent(v) = ¢, Vv € T
dist(s) =0
parent(s) =0
while 7" # ¢ do
d(v) = Iunelg {dist(u) + T, (parent(u),v)}, Yo € T

2R AN AN A A T

9: pred(v) = argminu € S {dist(u) + 7, (parent(u),v)}, Vv € T
10: minNode = argminv € T d(v)
11: T =T\ { minNode }
12: S =SU { minNode }
13: dist(minN ode) = d(minN ode)
14: parent(minN ode) = pred(minN ode)
15: end while

initialized to V' \ {s}. At each iteration of the algorithm, a vertex is removed from 7" and appended to S. It
selects a vertex from 7' that is connected to s, using the shortest path across the partition. Let this vertex be v.
Since all edges are positive weighted, the last edge on the path from s to v, (u, v), goes across the partition i.e.
u € S. v is removed from 7" and added to S. Edge (u,v) is also added to S. This produces a unique shortest
path from s to v in S. The algorithm iterates until all vertices are added to .S or there is no edge that goes across
the partition, in which case the graph is disconnected. Edges in .S form a shortest path tree and define a unique

path from s to each vertex.

6.3 Approach

6.3.1 Terminology

Information about the environment is available as a visibility graph, G(V, E). I, is the arrival angle at v
associated with the directed edge (u, v) of the graph (see Fig. 6.2). In the search for an obstacle-avoiding path,
the smallest independent unit of the path for a UAV is a segment. Segment, o, refers to the UAV’s path from
v to w when u is the immediately preceding vertex of v on the path. The arrival angle at w along the segment
ol, (Yu € V) is fixed to be I,,,. This prunes the search space by limiting the number of value for the arrival
angle at a vertex. The departure angle from v along the outgoing segment o}, is denoted as O},,. A segment,
op» 1s deemed feasible if |0, — (Lyy + )| < wimag. All angles are measured about the positive z — axis; a

vw?

positive (negative) value denotes counter clockwise (clockwise) direction.
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A segment, o,,,,,

is restricted to either be along the edge (v, w) of the graph or any of the six Dubins curve
from v to w. The heading angles at v and w used to compute the Dubins’ curves are I, and I, respectively.
Path along the directed edge of the graph is deemed feasible when the departure angle is within a maximum
tolerance of the arrival angle at v. This admits the path along an arc of a circle with infinite turning radius. In
the limiting case when w4, tends to 0, the set of feasible segments reduce to one of the Dubins’ curves. The
curve shortest in length and avoiding all obstacles is selected as o,. o, = 0, if w is not reachable from v by

an obstacle avoiding path when w is the last visited vertex.

Definition 1. A path is a sequence of segments, P(s ;) = 01,02, ..., 0m, from an initial vertex, s, to a terminal

vertex, t, such that consecutive segments share 2 vertices (in order).

A path such that all it’s constituent segments are feasible, is called a feasible path. By construction the path
is always obstacle free. A feasible and obstacle free path is a valid path. The shortest path for a UAV is a valid

path of shortest length between two vertices of the graph.

This leads to the definition of a simple path. In general, a simple path does not have a loop. A path that
does not visit any vertex more than once, is a sufficient characterization of a simple path for a unicycle model.
However, in case of a UAV, a simple path may visit a given vertex v more than once, without resulting in a loop,

as long as each visit is the result of a different segment.

Definition 2. A simple path, for a UAV with kinematic constraints, is a path that does not traverse a segment,

U
O More than once.

Let the number of vertices in the visibility graph be n, then a transition matrix, 7, for a vertex v € V is a

matrix of size n X n such that,

- il if ap; #0
Tv(%]) =
00 otherwise

where, ||o, || is the length of segment o%,,. We compute the transition matrix for each vertex a priori.
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Algorithm 10 initializePathFinder(G, S, s, t, T, parent)

\\ Output - P(, ;): simple valid path from s to ¢
1: P(&t) =NULL
2: pathLength = co
3: for eachv € S do
if (7¢(v,t) = 0) then
5 continue;
6: end if
7: P’ (s +) = pathFinder(G, S, s, t,v, 7, parent, P(, )
8
9

»

if (pathLength > ||’ ;||) then
/

Plogy = Ps)

10: pathLength = H]P)(s,t)H
11: end if
12: end for

6.3.2 Solution

A two-step algorithm is developed to find a simple valid path for a UAV in the presence of polygonal obstacles.
As described in section 6.2.2, Dijkstra’s algorithm maintains two partitions of the graph, S and T". For each
vertex in S, it stores the information of it’s nearest neighbor in 7. In every iteration, the neighbor of S that is
reachable by the shortest path from s is removed from 7" and added to S. The following modification is made
to Dijkstra’s algorithm to compute the path for the UAV. Let v be a vertex in S and « be it’s predecessor on the
unique path from s to v in .S. In case of s, the preceding vertex is considered to be s itself. Then v’s nearest
neighbor in 7', w, is selected as the one reachable by the least cost feasible segment o7},. Thus, we select w
such that 7, (u, w) is the minimum valued entry in the u‘" row of 7,. The neighbor reachable by the shortest
path from s is then selected as the vertex to be added to S. The modified version, called as UAVdijkstra, is
described in pseudo-code format in Algorithm 9 and has a time complexity of O(|V|). By construction it is
clear, that the s-¢ path returned by UAVdijkstra is feasible and obstacle free and hence, valid. However, it may
so happen that UAVdijkstra does not find an s — ¢ path in the visibility graph even when one exists. This is
because only the unique shortest paths already included in S can be used to find valid paths to vertices in 7.
It is not hard to see, that a vertex not reachable from the paths in S might still be reachable from s using a
transition not included in .S. In the event, when ¢ is not included in S by the end of UAVdijkstra, i.e. a valid

s — t path is not found, step two of the algorithm is executed.

The second step of the solution is developed as a recursive routine named pathFinder (Algorithm 11) and
has a time complexity of O(|V|?). It performs a reverse search in the graph starting from ¢ for any simple valid
s — t path that exists in the visibility graph. initializePathFinder (Algorithm 10) is an initialization routine to

pathFinder. It takes as input the output of step 1, namely the set S and vector parent that comprises of the

93



Algorithm 11 pathFinder(G, S, s, w, v, 7, parent, P, 1))

\\ Output - P(, ;): simple valid path from s to ¢
1: ]P)(s,t) =NULL
2: pathLength = co
3: forall v € Sdo
4: if (04 € Prop) || (7o(u, w) = 00)) then

5: continue;

6: else if (u == s) then

7: P sty = {0t} UPw 1

8: if (pathLength > |[P’(, ;)||) then
9: Pty = Psg)

10: pathLength = ||P( ;)|

11: end if

12: else if (u == parent(v)) then

13: Prup) = {opwt U P

14: P/(&t) = P(S’u) U ]P)(u7t)

15: if (pathLength > |[P’(, ,||) then
16: P(s,t) = P,(s,t)

17: pathLength = |[P(, ;||

18: end if

19: else

20: Plut) = {onwt U P

21: P’ (s,+) = pathFinder(G, S, s, v, u, 7, parent, P(, 1)
22: if (pathLength > |[P’(, ,||) then
23: Pisy =P

24: pathLength = [|P(, ||

25: end if

26: end if

27: end for

predecessors of vertices in .S on the unique shortest path from s, along with visibility graph of the environment
and the vector of transition matrices. It makes a call to pathFinder for every v € S such that (v, t) # oo. The
pathFinder routine takes the path, P, ;), constructed so far as one of the inputs. Each call to pathFinder adds
a segment, o, to the path and makes a recursive call on the transition matrix of u (lines 20-27). The recursion

returns when any one of the termination conditions are met.

Termination Conditions:

1. 7(s,w) #0

2. my(parent(v),w) # 0
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Figure 6.3: Sample simulation results conducted on a randomly generated environment for various initial and
terminal configurations. (a), (c¢), (e), (g), (i) and (k) show the shortest path as returned by Dijkstra’s algorithm.
These paths violate the maximum turning angle constaint and are infeasible for a UAV. (b), (d), (f), (h), (§)
and (1) show paths generated using our algorithm for the same configurations. The paths are successful in
compromising obstacles and are traversable by a UAV.

3. Yu e S, 1y(u,w) = o0

4. Ju € S, st. 7y(u,w) # ocoNoay, € Puy

Conditions 1 (lines 7-12) and 2 (lines 13-19) above, correspond to the event when a simple valid s — t path
is found. Condition 1 implies, o;,,, is a valid segment from s onto w through v. Then, P(, ;) = 03, U Py p).
Condition 2 means, oy, is a valid segment such that v = parent(v). Thus, u lies on the unique path, P(, .,
from s to v as found in step one. Then, P(,;) =P ) U oy, U P, 4. Condition 3 (lines 5-6) occurs when
there does not exist a u € S such that oy}, is a valid segment and condition 4 (lines 5-6) detects a loop. The

algorithm always returns path if the instance is feasible and there exists a simple valid path from s to £.
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6.4 Results and Analysis

A two step solution to the problem of path planning for a UAV with kinematic constraints in the presence of
arbitrary polygonal obstacles. Step one is a modified version of Dijkstra’s shortest path algorithm that finds
a feasible path for the UAV on visibility graph representation of the environment. The output of step one is
a tree such that there is a unique path from s to every vertex in S. By precomputing the transition matrix
7 for each vertex, an on-line implementation of the algorithm in step one is achievable. Time complexity of
augmenting the transition matrices in case of new obstacles is polynomial in the number of obstacle vertices in
the environment. Step two makes a complete search for the existence of a simple valid s —t path in the visibility
graph of the environment and returns false if such a path cannot be found. The use of termination condition 2
for step two of the algorithm enables the use of paths from s to v generated in step one to compute a valid path
from s to ¢t. This allows the solution to find a path from s to ¢ by using information precomputed in step one.

Output of the algorithm for a few instances in a simulated environment is shown in Fig. 6.3.

Simulations were conducted to verify the approach and observe properties of the generated paths. An
environment of size 100 units x 100 units was populated with 12 randomly generated obstacles. Random initial
and final states, X and X, were generated for the vehicle. The minimum turning radius, that is a function of
vehicle speed and model design, was fixed to be 6 units. Maximum instantaneous turn angle for the vehicle
was assumed to be 30 ° in the simulations. Fig. 6.3 shows some sample outputs generated by the algorithm.
Paths returned by this planner are obstacle free and satisfy the kinematic constraints of a Dubins vehicle and
are traversable by a UAV with kinematic constraints. In the limited simulations of the algorithm, we have
observed step one to perform well and return paths in most cases. It may be observed that step two can be
run independent of phase one of the algorithm, by replacing S with V' and removing termination condition 2,
in Algorithms 10 and 11. However during the simulations, step one was found to be a very strong prior and
accelerated the search considerably. In most typical environments UAVdijkstra is able to find a simple valid
path. Even when it fails to return a path, by virtue of computing a valid path to each vertex in .S it speeds up

step two.

6.5 Conclusion

A two step algorithm to plan obstacle-free paths for a UAV with kinematic constraints in the presence of
polygonal obstacles. It uses a graphical representation of the environment and proposes a novel interpretation

that allows easy validation of the steering angle constraint. As step one of the algorithm, a modified version

96



of Dijkstra’s algorithm is developed for Dubins’ vehicles that runs in polynomial time and is suited for on-line
implementation. An exhaustive reverse search is proposed as step two of the algorithm, in case step one does
not find a path. The use of the results of step one as priors, sped the reverse search significantly. The solution

performs well in practice and is able to find paths traversable by a UAV in randomly generated environments.
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Chapter 7

Conclusion

Mobile robotic systems, single or multi-robot, can be used in a multitude of different tasks in varying operating
conditions. This thesis addresses a few problems in this space and develops practical solutions. Important
advancements are developed in solution methods for each of the problems addressed and new open threads are
identifies that could be explored further. Fuel-constrained planning, for instance, is a very important problem
and the solutions developed in this thesis are extensible to many scenarios and robotic hardware. Problems
within the theme of visual coverage and monitoring using cooperative multi-robot systems are relevant to the
community and demonstrate cooperation in differing capacities. Given the current thrust on intelligent field
robotics, heterogeneous mobile robot systems are significant to operating successfully in unknown environ-
ments. In comparison to industrial settings, that offer a controlled setup, where the environment can be cali-
brated and the robot operations may be monotonic, robot operations in an outdoor natural setting can be very
challenging. The exploitation of varying capabilities to complement limitations of different type of robots in
a multi-robot system, to achieve a common goal is the way forward. For successful operation, this requires
addressing the finer aspects of these cooperative missions. Aspects that relate to robot-based visual monitor-
ing of marked geographical features and regions are addressed. Visibility constraints that arise as a result of
terrain features and field of view limitation pose challenges to field operations. In this regard several problem
are addressed including the coverage problem on a plane (Chapter 2), monitoring of linear features within a
terrain (Chapter 3) and subsequently the multi-point monitoring problem on a terrain where the location of
the points-of-interest is not restricted and can be random (Chapter 4). In the case of planar two dimensional
environments, ground robots are utilized as refueling vehicles and a coordinated plan must be computed. For
persistent monitoring of linear features on a terrain, both aerial and ground robots are utilized as robotic sensors

that must cooperate to cover the areas of interest while optimizing individual robot costs. In either of the two
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problems the path planning does not rely on any active communication between the robots. To make head start
into the more difficult problem of monitoring on a terrain, some of the other aspects of the problem are sim-
plified in Chapter 4. While mobile refueling vehicles are utilized in planar environments and stationary refuel
depots are used in the case of persistent monitoring of piece-wise linear features on terrains, for monitoring
points-of-interest that may be located anywhere within the terrain the use of a single aerial robot is explored.
Algorithmic approaches that admit random terrains and compute paths for the aerial robot are developed. A
constant-factor approximation algorithm and the construction of its proof is discussed. Practically useful and
computationally efficient method based on reduction to an instance of GTSP is also discussed. Experiment
and field deployments for each of these problems is discussed. These deployments are used to validate the

developed algorithms and establish proof-of-concept in each case.

In the case of wheeled mobile robots and fixed-wing aerial robots, curvature constrained planar motion
model provides a very clean interface to develop path planning algorithms. Within the second theme of prob-
lems addressed in this thesis, Dubins’ model for a forward-moving car is used to develop path-planning ap-
proaches for robots with kinematic constraints. Computing smooth curvature constrained paths in practice is a
challenge. It is shown in Chapter 5 that with small and precise perturbations to waypoint locations, a smooth
path through a sequence of points may be computed in polynomial time. This result generalises the point-to-
point path planning algorithm by Dubins to a sequence of points. Extension of Dubins’ path planning results to
an obstacle-laden environment where the obstacles are constrained to be polygonal is discussed in Chapter 6).
A two-phase search algorithm is developed that encodes a graphical model and uses a pruning mechanism to
improve search time for the shortest obstacle-free path within the graph. This algorithm is easy to implement

and computes a valid path in polynomial time.

7.1 Future Directions

There are many directions, one could possibly extend each of these results. The fuel constrained UAV routing
problem with mobile refueling station, discussed in Chapter 2 opens avenues for many interesting extensions.
A very relevant extension is to consider persistent area coverage satisfying a given coverage rate for monitoring
applications. The construction-heuristic based on a TSP tour of the targets and a repair algorithm, allows for
the development of evolutionary techniques as extensions to this work that have been found to work reasonably
well for many similar problems. A budgeted version of the problem that maximizes coverage with a cap on
the number of refuels also makes an interesting variant of the problem. The literature on refueling problems

also lacks any approximation schemes for the problem. Other interesting extensions to this problem, include
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multiple cost functions (for practitioners), pareto-optimal solutions and multiple-UAV multiple-RV scenarios.

The persistent monitoring problem for piece-wise linear features on a terrain (Chapter 3) with stochastic
fuel consumption is an open problem. It would involve the use of a probabilistic cost matrix and a multi-
stage stochastic solution. Stochastic modeling captures many real-world constraints and would help compute
solutions closer to field implementations. On the experimental validation front, a closed loop hardware imple-
mentation would be the way forward. It would be a challenging engineering problem and would also expose
interesting research problems. Another set of problems is related to monitoring water bodies using aerial and
surface vehicles which have similar properties in respect to visibility coverage but need more involved planning
strategies. The multiple-point monitoring problem on terrains discussed in Chapter 4 opens a plethora of related
problems. Computationally tractable solutions for complete coverage on terrains using a single robot is still an
open problem and is extremely hard to solve. Extending these results to multi-robot systems that utilize both
aerial and ground robots has not been explore before and forms for a challenging research problem given the

computational hardness.

The trajectory planning problems for curvature constrained vehicles is a classic problem. Dubins’ model is
a simple and clean model that allows easy development of planning strategies. Design of navigation algorithms
to exactly follow the Dubins’ path for a mobile robot is difficult. Field implementations would add value to

these results as well as open up new problems.

7.2 Concluding Remarks

In conclusion, research in using mobile robot systems for solving everyday problems holds promise. Robotic
solutions for complex tasks in uncontrolled outdoor settings have evolved rather quickly over the last decade.
There is interest and excitement towards the new set of solutions and I hope that we keep making progress.
This thesis makes a small contribution towards a larger goal of intelligent and reliable use of mobile robots for
performing tasks traditionally considered challenging. There are still many problems that would need to be ad-
dressed before much of these research evolve into products. These problems interest the community as a whole
and would need concerted efforts from researchers, engineers and other experts from diverse backgrounds to

solve them.
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