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Abstract

In this thesis, we study the d-dimensional rectilinear drawings of d-uniform hypergraphs
in which each hyperedge contains exactly d vertices. A d-dimensional rectilinear drawing of
a d-uniform hypergraph is a drawing of the hypergraph in R? when its vertices are placed
as points in general position and its hyperedges are drawn as the convex hulls of the cor-
responding d points. In such a drawing, a pair of hyperedges forms a crossing if they are
vertex disjoint and contain a common point in their relative interiors. A special kind of
d-dimensional rectilinear drawing of a d-uniform hypergraph is known as a d-dimensional
convex drawing of it when its vertices are placed as points in general as well as in convex
position in R%. The d-dimensional rectilinear crossing number of a d-uniform hypergraph
is the minimum number of crossing pairs of hyperedges among all d-dimensional rectilinear
drawings of it. Similarly, the d-dimensional convex crossing number of a d-uniform hyper-
graph is the minimum number of crossing pairs of hyperedges among all d-dimensional convex
drawings of it.

We study two types of uniform hypergraphs in this thesis, namely, the complete d-uniform
hypergraphs and the complete balanced d-partite d-uniform hypergraphs. We summarise the
main results of this thesis as follows.

o We prove that the d-dimensional rectilinear crossing number of a complete d-uniform

hypergraph having n vertices is Q(24/d) (;1)

o We prove that any 3-dimensional convex drawing of a complete 3-uniform hypergraph

n
with n vertices contains 3 (6) crossing pairs of hyperedges.

o We prove that there exist © <4d / \/;l) <2nd) crossing pairs of hyperedges in the d-dimensional

rectilinear drawing of a complete d-uniform hypergraph having n vertices when all its
vertices are placed over the d-dimensional moment curve.

o We prove that the d-dimensional rectilinear crossing number of a complete balanced
d-partite d-uniform hypergraph having nd vertices is € (2¢) (n/2)* ((n —1)/2)".

We also study the properties of different types of d-dimensional rectilinear drawings and
d-dimensional convex drawings of the complete d-uniform hypergraph having 2d vertices by
exploiting its relations with convex polytopes and k-sets.
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Chapter 1

Introduction

A hypergraph H = (V,E) is a combinatorial object where V' denotes the set of vertices
and £ C 2V denotes the set of hyperedges. Hypergraphs are extensively studied in the
literature [13]. A hypergraph is called uniform if each hyperedge contains an equal number
of vertices. A hypergraph is said to be d-uniform if each of its hyperedges contains d vertices.
In particular, a graph is a 2-uniform hypergraph, i.e., each hyperedge contains two vertices.
As a result, uniform hypergraphs are natural generalizations of graphs. Many combinatorial
problems on graphs are generalized for uniform hypergraphs. For example, the 2-colorability
of a uniform hypergraph is a generalization of the graph colorability problem and has been
widely studied in the literature [12, 49]. Firedi [25], Alon et al. [6] studied the problem of
matching in uniform hypergraphs. Lehel [39] studied the edge covering problem in uniform
hypergraphs. Hypergraphs are also used to model various practical problems in different
domains, e.g., RDBMS [24] and social networks [40].

Graph drawing is also an active area of research for many decades, with applications
in various fields of computer science, e.g., CAD, database design and circuit schematics
[33, 53]. Dey et al. [18] generalised the concept of graph drawing to the drawing of uniform
hypergraphs. In this thesis, we address the problem of drawing a uniform hypergraph. Let us
introduce some basic notations that are used throughout the thesis. A hypergraph H = (V, E)
is d-uniform if each of its hyperedges contains d vertices. A complete d-uniform hypergraph
with n vertices, denoted by K¢, contains (Z) hyperedges. A d-uniform hypergraph H =
(V, E) is said to be d-partite if there exists a sequence < X, Xo,..., Xy > of disjoint sets

12
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such that V = Cj X, and E C X; x Xy X ... x X4. The set X; is called the " part of
V. Such a d—paz;cilte d-uniform hypergraph is called balanced if each of the parts contains
an equal number of vertices. A d-uniform d-partite hypergraph H is said to be complete if
|E| = | X x X5 x ... x Xg|. In particular, let K2, , denote the complete balanced d-partite
d-uniform hypergraph with n’ vertices in each part.

A good drawing of a graph is defined as a drawing of the graph in R? such that its vertices
are placed as points in general position and its edges are drawn as simple continuous curves
(i.e., homeomorphic to a line segment) joining the corresponding two vertices. In such a
drawing of a graph, two edges are said to be crossing if they do not share a common vertex
and intersect each other at a point different from their vertices. The crossing number of a
graph G, denoted by cr(G), is defined as the minimum number of crossing pairs of edges
among all such good drawings of it. For a graph GG with n vertices and m > 4n edges, Erdds
et al. [21] conjectured that cr(G) > em?/n? for some constant ¢ > 0. Ajtai et al. [4] and
Leighton [38] independently proved the conjecture affirmatively and established a value of ¢
to be 1/64.

Let K, , denote a complete bipartite graph having m vertices in one part and n vertices
in the other part. Let K,,, denote a complete tripartite graph having 1 vertex in the
first part, m vertices in the second part and n vertices in the last part. Finding the crossing
number of kK, ,, is also an active area for research. In 1944, Turan in his famous “brick factory
problem” asked for the crossing number of a complete bipartite graph [54]. Kleitman [36]
proved that ¢r(Ks,) = 6 |n/2] [(n —1)/2]. Zarankiewicz [57] conjectured that cr(K,,) =
lm/2| [ (m —1)/2] |n/2] |(n — 1)/2] and this number has been proven to be an upper bound
on cr (K, ) [57]. The crossing numbers of some other special graphs have been widely studied
in the literature [16, 37]. For example, Gethnerand et al. [28] studied the crossing number of
balanced complete multipartite graphs. Ho [34] gave a lower bound on the crossing number
of K1 mn. Glebsky et al. [29] studied the crossing number of cartesian product graphs. We
summarise the crossing numbers of a few special graphs in Table 1.1.

A rectilinear drawing of a graph is a good drawing of it where each edge is drawn as
a straight line segment connecting the two corresponding vertices. The rectilinear crossing

number of a graph G, denoted by ¢r(G), is defined as the minimum number of crossing
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Graph Crossing Number Reference
Kign | 2|n/2] [(n—1)/2] + [n/2] 9]
Kian n(n —1) [35]
Kogn | 4[n/2][(n—=1)/2] +n 9]
Ko 6[n/2] [(n—1)/2] [36]
Ky 100 48]
Table 1.1

pairs of edges among all rectilinear drawings of G. The currently best-known lower and
upper bounds on the rectilinear crossing number of a complete graph with n vertices are
0.37997 (Z) + O(n?) and 0.380449186 (Z) + ©(n?), respectively [10, 1]. The exact values
of rectilinear crossing numbers of complete graphs with n vertices are known for n < 27
[11]. The rectilinear crossing numbers for a few special graphs have also been studied in the
literature [14].

A convex drawing of a graph is a rectilinear drawing of it where all of its vertices are
placed as the vertices of a convex polygon. The convezr crossing number of a graph G,
denoted by cr*(G), is defined as the minimum number of crossing pairs of edges among all
such convex drawings of it. Shahrokhi et al. [50] studied the convex crossing number problem
for graphs. They established an upper bound on ¢r*(G) with respect to ¢r(G). In particular,
they proved that cr*(G) = O((cr(G) + 3,y d2) log? n), where V is the set of n vertices of
G and d, denotes the degree of the vertex v.

Dey et al. [18] defined a d-dimensional geometric d-hypergraph H = (V, E) as a collection
of (d — 1)-simplices, induced by some d-tuples of a vertex set in general position in R?. Simi-
larly, Anshu et al. [8] defined a d-dimensional rectilinear drawing of a d-uniform hypergraph
H as a drawing of it in R? where its vertices are placed as points in general position in R¢
(no d+1 points on a (d — 1)-dimensional hyperplane) and each hyperedge is represented as
a convex hull of the d corresponding vertices. In a d-dimensional rectilinear drawing of a
d-uniform hypergraph, a pair of hyperedges is said to have an intersection if they contain a
common point in their relative interiors [18].

The convex hull of a finite point set P is denoted by Conv(P) and the affine hull of P
is denoted by Af f(P). The convex hulls Conv(P) and Conv(P’) of two finite point sets P

and P’ intersect if they contain a common point in their relative interiors. The convex hulls
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Conv(P) and Conv(P’) cross if they are vertex disjoint and they intersect.

In a d-dimensional rectilinear drawing of a d-uniform hypergraph, a pair of hyperedges is
said to be crossing if the hyperedges are vertex disjoint and contain a common point in their
relative interiors [8, 18]. For u and w in the range 2 < u,w < d, a (u — 1)-simplex Conv(U)
spanned by a point set U containing u points and a (w — 1)-simplex C'onv(W') spanned by
a point set W containing w points (when these u + w points are in general position in R¢)

cross if Conv(U) and Conv(W) intersect, and U N W = () [18].

Figure 1.1: (left) Crossing simplices in R*, (right) Intersecting simplices in R?

The d-dimensional rectilinear crossing number of a d-uniform hypergraph H is defined
as the minimum number of crossing pairs of hyperedges among all d-dimensional rectilinear
drawings of H and it is denoted by éry(H) [8]. Dey et al. [17] proved the following results
about the 3-dimensional geometric 3-hypergraph.

Lemma 1. [17] (i) A 3-dimensional geometric 3-hypergraph can have at most n* 2-simplices
if there does not exist an intersecting pair of 2-simplices in the collection.
2
n
(ii) A 3-dimensional geometric 3-hypergraph can have at most - 2-simplices if there does

not exist a crossing pair of 2-simplices in the collection.

Later, Dey et al. [18] proved that a d-dimensional geometric d-hypergraph can have at
most O(n?™1) (d—1)-simplices if it does not have a crossing pair of (d — 1)-simplices induced
by n vertices. Anshu et al. [8] established the first non-trivial lower bound on ¢ry(K¢9) for
n > 2d. In particular, they established that cry(KY,) = Q (2d logd). Since the set of

Vd

crossing pairs of hyperedges due to a particular set of 2d vertices is disjoint from the set of

crossing pairs of hyperedges due to another set of 2d vertices, it follows from this result that
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cry(KY) = Q (Qd\l;)gd) (;1) for n > 2d. They also proved that ¢7y(Kg) = 4. Note that
we use log d to denote log, d in this thesis.

This thesis contains results about the d-dimensional rectilinear drawings of d-uniform
hypergraphs. Unless specified otherwise, the dimension d used throughout the thesis is a
sufficiently large integer even though several statements are true for smaller values of d as
well. In Chapter 4, we improve the lower bound on ery(K4,). In Chapter 5, we investigate
the d-dimensional convex drawings of K¢. We also establish the first non-trivial lower bound
on cry (K4,,) in Chapter 6. Let us introduce some basic definitions and theorems before
discussing the main results of this thesis.

Let V' = {v1,vs,...,029} be the set of points corresponding to the set of vertices in a
d-dimensional rectilinear drawing of the hypergraph K, The points in V are said to be
in convex position if there does not exist any point v; € V (for some 1 < i < 2d) such
that v; can be expressed as a convex combination of the points in V' \ {v;}. We define a
d-dimensional convexr drawing of a d-uniform hypergraph H as a d-dimensional rectilinear
drawing of H such that the vertices of H are placed as points in general, as well as in
convex position. The d-dimensional convex crossing number of H, denoted by c¢r}(H), is the
minimum number of crossing pairs of hyperedges among all d-dimensional convex drawings
of H. Note that the convex hull of the vertices of H in a d-dimensional convex drawing
of it forms a d-dimensional convex polytope. All d-dimensional polytopes considered in this
thesis are convex polytopes with vertices placed in general position in R?. The d-dimensional
moment curve is defined as {(a,a?,...,a%) : a € R}. Let us define the ordering between two
points p; = (a;, (a;)%, ..., (a;)?) and p; = (a;, (a;)? ..., (a;)?) on the d-dimensional moment
curve by p; < p; (p; precedes p;) if a; < aj. A d-dimensional convex polytope is said to
be t-neighborly polytope if each subset of its vertex set having at most ¢ vertices forms a
face of the polytope. A [d/2]|-neighborly polytope is called neighborly polytope since any
d-dimensional convex polytope can be at most |d/2|-neighborly unless it is a d-simplex. The
d-dimensional cyclic polytope is a special kind of d-dimensional neighborly polytope where
all of its vertices are placed on the d-dimensional moment curve.

We summarize the main contributions of this thesis in Section 1.1. In order to prove

them, we use a few theorems and techniques from combinatorial geometry. We introduce
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those theorems and techniques briefly.

Ham-Sandwich Theorem for measures. [44] Let py, pio, . .., jtq be d finite Borel measures

in R? such that any hyperplane has measure 0 for each p;. There exists a hyperplane h in R?
i(R?

that bisects each of these d measures, i.e., ju;(h*t) = p;(h™) = % for each i in the range

1 <14 <d, where h* and h™ denote the open half-spaces created by h.

The Ham-Sandwich theorem for measures can be proved using the Borsuk-Ulam theorem.
We now state the Ham-Sandwich theorem for finite point sets and refer to it as the

Ham-Sandwich theorem in this thesis.

Ham-Sandwich Theorem. [5, 43/ There ezists a (d — 1)-dimensional hyperplane h which
simultaneously bisects d finite point sets Py, P, ..., P; in RY, such that each of the open
P .
half-spaces created by h contains at most {%J points for each of the sets P;,1 <1 < d.
The Ham-Sandwich theorem is a direct consequence of the Ham-Sandwich theorem for
measures. We replace each point in P; by a ball of very small radius and apply the Ham-

Sandwich theorem for measures to get the desired result.

Colored Tverberg Theorem with restricted dimensions. [44, 55] Let {C1,Cy, ..., Cyi1}
be a collection of k + 1 disjoint finite point sets in R, Each of these sets is assumed to be of
cardinality at least 2r — 1, where r is a prime integer satisfying the inequality r(d — k) < d.
Then, there exist v disjoint sets Si,Ss,...,S, such that S; C Ufj Cj, Nz, Conv(S;) # 0
and |S; N C;| =1 for all i and j satisfying 1 <i<rand1 <j<k+1.

Throughout this thesis, we use the Gale transformation extensively. The Gale transfor-
mation is a technique to convert a point sequence to a vector sequence in a lower dimension.
In Chapter 2, we discuss it in detail. We also use k-set and related concepts extensively. We

discuss these in Chapter 3.
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1.1 Our Contributions

2¢]log d
Vd

proved in [8]. We use the Gale transformation and the Ham-Sandwich theorem to improve

this lower bound. We further improve the lower bound on ery(K4,) to Q(24y/log d) and then

In Chapter 4, we improve the lower bound on ¢ery( K<) to Q(2¢) from Q ( ) that was

to Q(Zd\/a) by using the properties of k-sets and balanced lines, respectively.

Theorem 1. The number of crossing pairs of hyperedges in a d-dimensional rectilinear

drawing of K3, is Q(24d%/?) if the vertices of K$, are not in convex position.

Theorem 2. The d-dimensional rectilinear crossing number of a complete d-uniform hyper-

graph having 2d vertices is Q(2/d), i.e., TFq(K$,) = Q(24/d).

In Chapter 5, we investigate a special d-dimensional convex drawing of K¢, where all of
its vertices are placed on the d-dimensional moment curve. For such a d-dimensional convex
drawing of Kg,, we count the exact number of crossing pairs of hyperedges in it. This number
is denoted by 7. We also prove that the 3-dimensional convex crossing number of K is 3.
We then investigate some special types of d-dimensional rectilinear drawings of K¢,, We

summarize the results obtained in Chapter 5 here.

Theorem 3. Let ¢} be the number of crossing pairs of hyperedges in a d-dimensional convex

drawing of K3, where all of its vertices are placed on the d-dimensional moment curve. The

[EDEOEY e
R 1 5 s 1\ /d P
Giot) -5 (1)) waee

value of ¢l is

Theorem 4. The number of crossing pairs of hyperedges in a 3-dimensional rectilinear
drawing of K3 is 3 when all the vertices of K2 are in conver as well as general position in

R3.
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Theorem 5. For any constant t > 1 independent of d, the number of crossing pairs of
hyperedges in a d-dimensional rectilinear drawing of K4, is Q(2%d®/?) if the vertices of K4,

are placed as the vertices of a d-dimensional t-neighborly polytope that is not (t+1)-neighborly.

Theorem 6. For any constant t' > 0 independent of d, the number of crossing pairs of
hyperedges in a d-dimensional rectilinear drawing of K3, is Q(2%d®/?) if the vertices of K4,

are placed as the vertices of a d-dimensional (|d/2] — t')-neighborly polytope.

In Chapter 6, we deal with a generalized version of the rectilinear crossing number problem
for bipartite graphs. We investigate the d-dimensional rectilinear drawing of the complete
balanced d-partite d-uniform hypergraph with nd vertices. Using Colored Tverberg Theorem
with restricted dimensions, we first prove that ery (K4,,,) = Q ((8/3)%?) (n/2)" ((n —1)/2)
for n > 3. By using the Gale transformation and the Ham-Sandwich theorem, we then
improve this bound to  (2¢) (n/2)" ((n —1)/2)* for n > 3. In summary, we prove the

following.
Theorem 7. Forn > 3, ey (K§,,) = Q (2% (n/2)" ((n—1)/2)*.

In Chapter 7, we summarize the results in this thesis and discuss some open problems.

1.2 Organization of the Thesis
The thesis is organised as follows.

e Introduction
We survey the literature on the rectilinear drawings of graphs in a plane. Thereafter, we
mention that the concept of rectilinear drawings of graphs in a plane can be generalized
to the d-dimensional rectilinear drawings of d-uniform hypergraphs. We then survey the
literature on the d-dimensional rectilinear drawings of d-uniform hypergraphs. Finally,
we define the problems that are studied in this thesis and briefly discuss the results

obtained by us.
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« Gale Transformation
We use Gale transformation and its properties for the proofs in this thesis. In Chapter 2,
we study Gale transformation in detail. In particular, we mention the properties of a
Gale transform of a point set and discuss their proofs. These properties are well-known

but their proofs are not written in detail elsewhere as per our knowledge.

o Balanced Lines, j-Facets and k-Sets
We use the concepts of balanced lines, j-facets and k-sets to obtain the results of this
thesis. First, we study the concepts of j-edges and k-sets of planar point sets and
discuss the relation between them in Observation 1. The proof of Observation 1 is
well-known but we produce the proof in the thesis for the sake of completeness. We
then discuss the concept of a balanced line and prove Observation 2 which is used
later. Finally, we discuss the concepts of j-facets and k-sets of a point set in R?® and
also discuss their properties in Observation 3, Observation 4 and Observation 5 that

are used later in the thesis.

» Rectilinear Crossing Number of Complete d-Uniform Hypergraphs
In this chapter, we first reproduce the results obtained by Anshu et al. [8]. We then
improve the bound obtained by Anshu et al. [8] by proving that the d-dimensional
rectilinear crossing number of a complete d-uniform hypergraph with 2d vertices is
Q(2%). In Section 4.3, we prove Theorem 1. Subsequently, we improve the lower bound
on the d-dimensional rectilinear crossing number of a complete d-uniform hypergraph

with 2d vertices to Q(2¢y/logd). Finally, we prove Theorem 2 in this chapter.

e Convex Crossing Number of Complete d-Uniform Hypergraphs
In this chapter, we first reproduce the proof of Gale’s evenness criterion. We then
compute a Gale transform of d + 3 points on the d-dimensional moment curve. Using
these results, we prove a non-trivial lower bound on ¢j'. We then prove Theorem 3 and

Theorem 4. Finally, we prove Theorem 5 and Theorem 6 in Section 5.3.

e Rectilinear Crossings in Complete Balanced d-Partite d-Uniform Hyper-

graphs
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In this chapter, we first prove a non-trivial lower bound on the d-dimensional rectilin-
ear crossing number of the complete balanced d-partite d-uniform hypergraph having
nd vertices by using the Colored Tverberg theorem with restricted dimensions. In the

subsequent section, we improve this lower bound by proving Theorem 7.

o Conclusions
In this chapter, we summarise the results of the thesis. We then state some open

problems.

1.3 List of Symbols

K? A complete d-uniform hypergraph with n vertices
A complete balanced d-partite d-uniform hypergraph with n’ vertices in each part
crq(H)  The d-dimensional rectilinear crossing number of a d-uniform hypergraph H
Conv(P) The convex hull of the point set P
Aff(P) The affine hull of the point set P
The number of crossing pairs of hyperedges in a d-dimensional convex drawing of
Kd, where all of its vertices are placed on the d-dimensional moment curve
D(P) A Gale transform of the point set P
D(P)  An affine Gale diagram of the point set P
S) The number of k-sets of a planar point set S

(
E’(S)  The number of j-edges of a planar point set S
ex(S)  The number of k-sets of a point set S in R?

(

(S)  The number of j-facets of a point set S in R?



Chapter 2

Gale Transformation

The Gale transformation is a useful technique to deal with the properties of high dimensional
point sets [43]. Consider a sequence of m > d + 1 points P = < py,pa, ..., pm > in RY such

that the affine hull of the points is R%. Let the i'" point p; be represented as (z¢, 2%, ..., 7).

To compute a Gale transform of P, let us consider the (d + 1) x m matrix M (P) whose i
column is [x’l N | :
ot ot - ar
Ty T g
M(P) = :
Ta T Ty
1 1 1

Since there exists a set of d+ 1 points in P that is affinely independent, the rank of M (P)
is d+1. Therefore, the dimension of the null space of M (P) is m—d—1. Let {(b},b3,...,b}),
(L2,02,...,b2), ..., (b 4=t p=d=t o pm=d=1)Y be a set of m — d — 1 vectors that spans
the null space of M(P). A Gale transform D(P) is the sequence of vectors < g1, ga, ..., gm >
where g; = (b}, b2, ..., b"971) for each i satisfying 1 < i < m. Note that D(P) can also be
treated as a point sequence in R™~9~1, We denote vectors and points as row vectors in this
thesis.

We define a linear separation of D(P) to be a partition of D(P) into two disjoint sets
of vectors D (P) and D~ (P) contained in the opposite open half-spaces created by a linear

22
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hyperplane (i.e., a hyperplane passing through the origin). A linear separation of D(P) is
called proper if one of the sets among Dt (P) and D~ (P) contains [%—‘ vectors and the other
contains {%J vectors. We list the following properties of D(P). For the sake of completeness,

we mention the proofs of these properties.

Property 1. [43] Every set of m — d — 1 vectors in D(P) spans R™~9=1 if and only if the

points in P are in general position.

Proof. (=) Without loss of generality, let us assume that the first d+ 1 points in P are not in
general position. This implies that there exist real numbers pq, po, . . ., ftgy1, not all of them

zero, satisfying the following equation.

i T 1
doad oy x
0
vy 3 ay’ .
. Ha+1| | (2.1)
1.2 0
Lg Lg Ty
0
1 1 - 1 L
- . 0
It is evident from Equation 2.1 that the vector (u1, po, ..., ptar1, 0, 0, ..., 0) lies in
the null space of the row space of M(P). This implies that (u1, pa, ..., ftas1, 0, 0, ..., 0)
= oy (b, bY, . bL) (bR, b3, 02 gy (OO B ) for
some real numbers aq, s, ..., g1, not all of them zero. In other words, there exist oy,
Q9, ...,0,_q_1, not all of them zero, such that alb} + 042b§ + ...+ am,d,lb}”’dfl = 0 for
j=d+2,d+3,...,m. This shows that the last m — d — 1 vectors in D(P) lie on the
m—d—1
hyperplane > «;x; = 0. This implies that there exists a set of m —d — 1 vectors in D(P)
i=1

that does not span R™~ %1 leading to a contradiction.
(<) Without loss of generality, let us assume that the first m — d — 1 vectors in D(P),
ie., (b1, 03, .. b7 ) (Bh, b3, by (Y 02y, o, B 97Y) do not span

Rmfdfl



24

This implies that there exist real numbers Ay, Aa, ..., A\;u_g_1, not all of them zero, such
that Ay (b3, 02, ..., b7 )4 Mg (03,02, 0y )+ A N a1 (B bR gy, D) =
0. Let us consider the vector (A, Aoy ooy A—d—1, Am—a = 0, ..., Ay = 0). It is easy to

see that Ay (b1, b2, ..., 0471 (L, B2, ..., b~ )+ L A (BL, B2, ..., e = 0.
This implies that (A, Ag,..., \;,) lies in the row space of M (P). This further implies that
there exist real numbers aq, s, ..., agy1, not all of them zero, such that the following linear

equations hold for each i satisfying 1 <17 < m.
Tt + aoTh + .+ gl + ag = N

This implies that the last d + 1 points in P, i.e., pmi—d; Pm—d+1, - - -, Pm lie on the hyperplane
a1, + ey + ... + agrg + gy = 0. This further implies that the points in P are not in

general position, leading to a contradiction. [

Property 2. [/3] Consider two integers u and v satisfying 1 < u,v < d—1 and u+v+2 = m.
If the points in P are in general position in R?, there exists a bijection between the crossing

pairs of u- and v-simplices formed by some points in P and the linear separations of D(P)

into DT (P) and D~ (P) such that |DT(P)|=u+1 and |D~(P)| = v+ 1.

Proof. Let o be a u-simplex that crosses a v-simplex v, such that 1 <u <d—-1,1<v <
d—1and u+ v+ 2 = m. Without loss of generality, we assume that ¢ is spanned by
the first w + 1 points {p1, pa, ... pus1} of P and v is spanned by the remaining v + 1 points
{Pur2, Pur3, .-, Pm} of P. As there exists a crossing between o and v, we know that there
exists a point p belonging to the relative interiors of both ¢ and v. This implies that there

exist real numbers A\p > 0, 1 < k < m, satisfying the following equations:

u+1 m
b= Z)‘ipi = Z Ajpj
i=1 j=u+2
u+1 m
=D N=1
=1 Jj=u+2

Therefore, we obtain the following equation.
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[ 1 .2 ] M
T, Ty i m
1 1 0
vy T3 '
. /\u+1 0
= (2.2)
_>\u+2
1 2 m
Ty X x
d Ldq d 0
11 - 1 L
L _ _)\m
It is evident from Equation 2.2 that the vector (A1, Ao, ..., Adus1, —Aute, .., —Ay) lies
in the null space of the row space of M(P). This implies that (A1, A2, ..., Aug1, —Auio,
o =Am) = ag(bh, DY, L BE )+ oan(bE, b3, 02 A gy (DT A
bm=4=1) for some real numbers oy, as, ..., Qpm_q_1, not all of them zero. In other words, there
exist o, g, . .., Qpy_g_1, not all of them zero, such that a;b} +asb?+ ... + pm_a_1 b;-"_d_l >0

fori=1,2,...,u+1, and albjl+a2b§+...+am,d,1b;.”*d*1 <0forj=u+2,u+3,...,m.
m—d—1
This shows that the hyperplane > «a;x; = 0 separates the first u+ 1 vectors in D(P) from
i=1
the remaining v 4+ 1 vectors in it.

In the other direction, let us assume without loss of generality that the hyperplane

m—d—1

Z air; =0

i=1

separates the first u + 1 vectors in D(P) from the remaining v + 1 vectors. This implies
that there exists a vector (u}, ph, ..., puh,) = o (b], b3, ... bE ) + ab(b3, b3, ..., b2) +...+
of o (BrATtpdmt s pm=d=1) guch that the signs of pf for 1 < i < u 4+ 1 are opposite
to the signs of p; for u+2 < j < m. Without loss of generality, let us assume that ; > 0
forl1 <i<wu+1and ,u"j < 0 for u+2 < j < m. As this vector (uf, ph,...,pu,) lies in the

null space of the row space of M (P), it satisfies the following equation.
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xi x% ... ‘7;'7]?1 - , -— — -
1.2 m| [ 0
x2 x2 .. x2 ,
o 0
Tl = (2.3)
1 2 m
T, T x
d Td d " 0
1 1 O - -
From Equation 2.3, we obtain the following.
u+1 m
Siin= 3 it
i=1 j=ut2
u+1 m
Si= >
=1 Jj=u+2

Rearranging the above equations, we obtain the following.

u+1 m /

i 1
w1l P = Z “m P
u+1
i=1 3 1, j=u+2 Z 14,

=1 Jj=u+2

u+1 m /

14 Z e
pry B ——— 1
u+1 m
=1 Sy g=ut? Z ,u;-
i=1 J=u+2

It shows that there exists a crossing between the u-simplex spanned by the first u + 1

points of P and the v-simplex spanned by the remaining v + 1 points of P. [

We now prove the following property that is a slight variation of Property 2. We use this
property in the proof of Theorem 7.

Property 3. [43] Let h be a linear hyperplane, i.e., a hyperplane passing through the origin, in
R™4=1 such that it partitions the vectors in D(P). Let D*(P) C D(P) and D=(P) C D(P)
denote two sets of vectors such that |D*(P)|,|D~(P)| > 2 and the vectors in D (P) and
D~ (P) lie in the opposite open half-spaces h™ and h™ created by h, respectively. Then, the
convex hull of the point set P, = {p;|p; € P,g; € D" (P)} and the convex hull of the point set
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P, = {pjlp; € P,g; € D~ (P)} cross.
m—d—1

Proof. Let us assume that the hyperplane h is given by the equation Z a;x; = 0 such
that o; # 0 for at least one i, and h™ (h™) is the positive (negative) openlzlalf—space created
by h with an orientation assigned to it. Let D°(P) = {gx|lgr € D(P), gx lies on h}. This
implies that there exists a vector (i1, fo, ..., fm) = a1 (b, b3, ... bL) + an(b?, b3, ..., b2)
o Qg (BT b =41 such that g > 0 for each g; € DY(P), pi <0
for each g; € D™(P) and py, = 0 for each gy € D°(P). Since this vector (pu1, pa, .. ., pim) lies

in the null space of M(P), it satisfies the following equation.

1 2 m _ _ L
Ty X7 Ty
1 2 m 'ul 0
Ty Ty T
. H2 0
1 2 m
Ty Ty Ty
Han 0
1 1 1 - - - -

From the equation above, we obtain the following.

Z HiDi = Z ~H;jPj; Hi = Z —Hj

i:g; €D (P) J:g; €D~ (P) i:g;€D1(P) j:g; €D (P)

Rearranging the equations above, we obtain the following.

g Hj

Y. b= ), D
gieD+(P) Yo M g, €D (P) > Mg
vgi i:g;€D(P) J:93 j:g;€D—(P)

Yo Y e
. Hi - H
wg:€DT(P) o D (P) 1:9;€D7(P) jg.€D-(P) ’

It shows that Conv(P,) and Conv(F,) cross. O

Property 4. [{3] The points in P are in convex position in R? if and only if there is no
linear hyperplane h with exactly one vector from D(P) in one of the open half-spaces created

by h.
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Proof. (=) Without loss of generality, let us assume that the hyperplane

m—d—1

/
g a;x; =0
i=1

ensures that exactly one vector from D(P) lies in an open half-space created by it. This
implies that there exists a vector (uf, b, ..., ul) = (b1, b3,...,bL) + ab(b?, b3, ..., b2)
okl (Bt M=) such that g > 0 for 1 <i <m—1and p/, <O0.
As this vector (u}, 5, ..., u.) lies in the null space of the row space of M (P), it satisfies the

following equation.

[ 1 2 m-
1’1 $1 :L‘l B N 7]

1 2 m Mll O
Ty Ty Ty , 0

. J20) _ (2 4>

xh o x? xh

d Ld d Nlm 0

1 1 1 - - - -

From Equation 2.4, we obtain the following.

m—1
> 1pi = =1t m
=1

m—1
> = -,
=1

Rearranging the above equations, we obtain the following.

m—1 ’
My
m—1 pZ - pm
=1 !
! s
i=1
m—1 ’
Hi 1
m—1
=1 /
i 1
=1

It shows that p,, can be expressed as the convex combination of P\ {p,,}, leading to a
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contradiction.

(<) Let us assume that the points in P are not in convex position. Without loss of
generality, we assume that p,, can be expressed as the convex combination of the points in
P\ A{pm} = {p1,p2, .. - pm—1}. This implies that there exist real numbers A\, > 0, 1 < k <

m — 1, satisfying the following equations:
m—1
> i = pm
i=1

=1

i=1

Therefore, we obtain the following equation.

i 2? i A -0-
Ty a2 xy A2 0
: = (2.5)
rh o a? | | Aot .
1 1 1 -1 - -

It is evident from Equation 2.5 that the vector (A1, As, ..., A1, —1) lies in the null space
of M(P). This implies that (A1, Aa, ..., A1, —1) = ay (b1, 03, ... bL) + as(b?, b3, ..., b2)
o Qg (BT b AT pm=d1) for some real numbers ag, v, .. ., Quy_g_1, DOt
all of them zero. In other words, there exist oy, as, ..., @;y_q_1, not all of them zero, such
that a1b} + ab?+ ...+ Qg1 b;”’d’l >0fori=1,2,...,m—1, and a;b} + asb? + ...+
am_d_lbﬁ_d_l < 0. This shows that the hyperplane m_zd:_l a;x; = 0 ensures that exactly one

i=1
vector from D(P) lies in an open half-space created by it, leading to a contradiction. ]

Let us state the definition of an acyclic vector configuration.

Acyclic Vector Configuration. [58] A vector configuration V' = {vi, v, ... v} C R? is
said to be acyclic if there does not exist any non-zero vector (aq, ag, ..., o) in R™ such that

a; > 0 for each i satisfying 1 <i<mn and ) | o;v] = 0.
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In Lemma 2, we mention a property of an acyclic vector configuration that is used to
prove Property 5 and Property 6 of the Gale transformation. In order to prove Lemma 2, we
mention the following version of the Farkas’ Lemma. Recall that we denote vectors as row

vectors in this thesis.

Farkas’ Lemma. [58] Let A be a (d + 1) x n matriz with each element from R, and let z be
a vector in R¥Y. Either there exists a vector © € R™ with AzT = 2T, x > 0, or there exists

a vector ¢ € R¥TL with cA > 0 and czT < 0, but not both.

Lemma 2. [58] V' = {v}],v},...,v.} C R? is an acyclic vector configuration if and only
if there exists a hyperplane h passing through the origin such that all the vectors in V' are

contained in one of the open half-spaces created by h.

Proof. (<) Let the i*" vector v/ € V' be represented as (vly, vy, ..., v};). Let us consider the

T
(d+ 1) x n matrix M (V') whose i*" column is |:1)£11}£2 .. ,Ugdl} .

/ / /
U V1 w0 Uy
/ / /
Vg U " Upg
MWV =
/ / /
Vig Y2a " Und
1 1 - 1
Suppose that the vector configuration V' = {v}, v}, ..., v/} C R?is not acyclic. Since the
vector configuration V' = {v}, v}, ..., v} C R? is not acyclic, there exists a non-zero vector

(a1, @9, .., a,) in R™ such that a; > 0 for each i satisfying 1 <i <mnand > ., o] = 0. For
1 < i < n, let us define p; = f—i. Note that each u; > 0 and (w1, pa, . . ., pin) satisfies

B D i Qi

the following equation.
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Vip Uy ot Upy| T 0
! / .. ! ILLl 0
U1g  Ugg Un2
. (2.6)
Vig Vhg  Upg ' 0
HUn
1 1 - 1 - - 1

Let us denote the vector (0,0,...,0,1) € R¥! by 2. The Farkas’ lemma implies that
there does not exist a vector ¢ = (¢y, s, . . ., €4, ¢o) € R with M (V') > 0 and c2” = ¢y < 0.
This implies that there does not exist a hyperplane h passing through the origin such that

all the vectors in V'’ are contained in one of the open half-spaces created by h.

(=) Let us assume that the vector configuration V' = {v},v}, ... v} C R? is acyclic.
This implies that there does not exist a non-zero vector (puy, i, - . . , i4n,) which satisfies Equa-
tion 2.6. The Farkas’ lemma implies that there exists a vector ¢ = (c1, ca, ..., cg, o) € R

with eM (V') > 0 and ¢z” = ¢y < 0. This further implies that there exists a hyperplane h
passing through the origin such that all the vectors in V' are contained in one of the open

half-spaces created by h. O

Two nonempty convex sets C' and D in R? are said to be properly separated if there exists
a (d — 1)-dimensional hyperplane h such that C' and D lie in the opposite closed half-spaces
determined by h, and C' and D are not both contained in the hyperplane h [32].

Proper Separation Theorem. [30, 52] Two nonempty convex sets C and D in R? can be

properly separated if and only if their relative interiors are disjoint.

Let @ be a d-dimensional convex polytope.
Face of a Convex Polytope. [30] A face of the convex polytope Q is defined as follows:
e () itself is a face.

e Any subset of Q of the form Q N h is a face of Q, where h is a (d — 1)-dimensional
hyperplane such that Q) is contained in one of the closed half-spaces created by h.
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We consider the following property of D(P).

Property 5. [30] Let the points in P be in general, as well as in convex position in RY. Note
that Conv(P) is a d-dimensional polytope. A t-element (t < d) subset P = {p1,pa,...,p1} C
P forms a (t — 1)-dimensional face of Conv(P) if and only if the relative interior of the
convex hull of the points in D(P)\ {¢1,92,-..,9:} contains the origin.

Proof. (=) Let us assume that the relative interior of Conv({giy1,g1+2,--.,9m}) does not
contain the origin. The Proper Separation theorem implies that there exists a hyperplane
11+ Qoo + ...+ Qg 1Tm—q—1 = 0 such that the points g;11, gsv2, - - ., gm lie in the same
closed half-space created by the hyperplane and not all of these points lie on the hyperplane.
This implies that there exists a vector (uy, p2, ..., fe, fer1r > 0, pyao > 0, oo iy > 0)
= oy (b1,b, ... b)) (B2, B2, .. b2) gy (OO b gl for
some real numbers a7y, as, ..., Qy,_q_1, not all of them zero. Since the vector (i, pa, - .., i,
fev1 >0, fygyo >0, ... iy > 0) lies in the null space of the row space of M (P), it satisfies

the following equation.

H1
d gt |
Ty @ g’ .
. He | = (2.7)
ry a? S I T 0
1 1 1 -

From Equation 2.7, we obtain the following.

t m
- Z Wipi = Z HjDPj
=1

j=t+1

t m
—Zm: Z Hj
=1

j=t+1
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Also, note that p; > 0 for each j satisfying t +1 < j < m.

Rearranging the above equations, we obtain the following.

t m
Hi Hj
L=y
=1 3" J=t+1 Y 14
i=1

j=t+1

This implies that Conv({pss1,Dis2, -, Pm}) VASf{p1, 02, ---,pe}) # 0. This further
implies that {pi,ps,...,p:} does not form a (f — 1)-dimensional face of P, leading to a
contradiction.

(<) Let us assume that {p1,ps,...,p:} does not form a (¢t — 1)-dimensional face of P.

This implies that Conv({pis1, praas - Pm}) VAffF({p1,p2, ..., pe}) # 0. This implies that

there exist real numbers \;, 1 < i < m, satisfying the following equations:

t m
D Api= Y A
=1

j=t+1

t m
i=1

j=t+1

Aj >0 foreacht+1<j3<m

Therefore, we obtain the following equation.

)\
i 2? x| =g -0-
Ty T3 ay’ .
' N - (23)
rh 2? | | A .
1 1 1 - -
Am

It is evident from Equation 2.8 that the vector (—Ai, —Xg, ..., =Xy, A1, <oy Apy) lies
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in the null space of the row space of M (P). This implies that (—=A1, =g, ..., =Xy Ay,

cAm) = ag (bbb ) (b2 b2, 02) gy (BT AT pmd ),
for some real numbers aq, ao, ..., a,,_q—1, not all of them zero. In other words, there exist
a1, o, ...,0;,_4-1, not all of them zero, such that ozlb]l- + a2b§ + ...+ am_d_lb;”_d_l >0
for j =t+1,t+2,...,m. This implies that the points g;y1,gi12,--.,gm lie in the same
closed half-space created by the hyperplane ayxy + asxs + ... + Qg 1Tm_q-1 = 0. Since
the points in P are in general position in RY, all the points in {g;11, gr42, .-, gm} can not
lie on the hyperplane. The Proper Separation theorem implies that the relative interior of
the convex hull of the point set {gi+1, gt12, - - -, gm} does not contain the origin, leading to a

contradiction. O]

Property 6. [30] Let the points in P be in general, as well as in convex position in R?. A
d-dimensional polytope formed by the convex hull of P is t-neighborly (2 <t < |d/2]|) if and
only if each of the linear separations of D(P) contains at least t + 1 points in each of the

open half-spaces created by the corresponding linear hyperplanes.

Proof. (=) Note that P is the vertex set of a t-neighborly d-dimensional polytope having m
vertices. Consider a Gale transform D(P) of P. Without loss of generality, assume for the
sake of contradiction that there is a linear separation of D(P) into two sets of size m —t and
t. Property 3 of the Gale transformation implies that the convex hull of some ¢ points of P
crosses with the convex hull of the remaining m — t points. This is a contradiction to the
fact that every set of t vertices of P forms a face of Conv(P).

(<) Let us assume that Conv(P) is not a t-neighborly d-dimensional polytope. Without
loss of generality, we assume that the first ¢ points pq, pa, . . ., p; do not span a face of Conv(P).
Property 5 implies that the relative interior of Conv({gi+1, gir2,---,gm}) does not contain
the origin. Since the vectors in D(P) are in general position in R™~¢71 this implies that
there does not exist a non-zero vector (aq, ag, . .., ay,—¢) such that a; > 0 for each i satisfying
1<i<m—tand Y. " vigirs = 0. This implies that {gi41, gir2, - - -, gm} forms an acyclic
vector configuration in R™~ %!, Lemma 2 implies that there exists a hyperplane h passing
through the origin such that all the vectors in {g;11, gr+2,.-.,9m} are contained in one of
the open half-spaces created by h. This implies that the other open half-space created by h

contains at most ¢ points of D(P), leading to a contradiction. O
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We obtain an affine Gale diagram [43] of P by considering a hyperplane h that is not
parallel to any vector in D(P) and is not passing through the origin. For each 1 < i < m,
we extend the vector g; € D(P) either in the direction of g; or in its opposite direction until
it cuts h at the point g;. We color g; as white if the projection is in the direction of ¢;, and
black otherwise. The sequence of m points W = < 01,02 - - -, Gm > in R™972 along with
the color of each point is defined as an affine Gale diagram of P.

We define a separation of D(P) to be a partition of D(P) into two disjoint sets of points

D+(P) and D~(P) contained in the opposite open half-spaces created by a hyperplane. We

restate Property 2 using these definitions and notations.

Property 7. [43] Consider two integers 1 < u,v < d — 1 satisfying u + v + 2 = m. If the

points in P are in general position in R?, there exists a bijection between the crossing pairs

of u- and v-simplices formed by some points in P and the partitions of the points in D(P)

into D+(P) and D= (P) such that the number of white points in D*(P) plus the number

of black points in D=(P) is u+ 1 and the number of white points in D=(P) plus

the number of black points in D+(P) is v+ 1.
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Figure 2.1: An affine Gale diagram of 8 points in R*



Chapter 3

Balanced Lines, j-Facets and k-Sets

In this chapter, we state the definitions and discuss the properties of j-facets and k-sets of
a finite set of points in R? and R3. The concepts of j-edges and k-sets of planar point sets
were first studied by Lovész [42] and Erdés et al. [22]. They have been extensively studied
in discrete geometry since then. We also state the definition of a balanced line and discuss

some of its properties in this chapter.

3.1 j-Edges and k-Sets in R?

Consider a set S containing s points in general position in R2.

j-Edge. [43] A j-edge of S is an directed line spanned by 2 points of S such that exactly j
points of S lie in the left open half-space created by it.

k-Set. [43] A k-set of S is a subset of S of size k that can be separated from the rest of the

points by a line that does not pass through any of the points in S.

We observe the following on the relation between the number of (kK — 1)-edges and k-sets
of S. Let us denote the number of k-sets of S by e, (S). We also denote the number of
(k — 1)-edges of S by Ej_;(S). We use this observation in the proof of Lemma 11.

Observation 1. [56] For each k satisfying 1 <k <s—1, €,(S) = E,_(95).

37
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S\T

Figure 3.1: k-Set and (k — 1)-Edge

Proof. Let T be a k-set of S which can be separated from S\ T by the line [ as shown in
Figure 3.1. It is easy to observe that there exists a unique ordered pair of points (p, ¢) where
p €T and ¢ € S\ T such that T\ {p} lies completely in the left open half-space created by
the directed line pg and (S '\ T) \ {¢} is completely contained in the other open half-space
created by the directed line ]ﬁ This implies that the directed line ]7& is a (k—1)-edge of S,
since there exist k — 1 points in its left open half-space. The directed line p{ is a (k—1)-edge
of S corresponding to this particular k-set.
On the other hand, let the directed line pg be a (k — 1)-edge of S as shown in Figure 3.1.
If we rotate the directed line ﬁ counter-clockwise around the midpoint of the line segment
[p, q], we obtain a line [ which does not pass through any of the points in S and k points (i.e.,
all the points in {p} U (T \ {p})) are contained in one of its open half-spaces. This implies
that T is a k-set of S.

The above argument establishes a bijection between (k — 1)-edges and k-sets of S. This
implies that e} (S) = Ej,_,(S) for each k satisfying 1 <k < s — 1. O

3.2 Balanced Lines in R?

We now introduce the concept of a balanced line. Consider a set R containing r points in

general position in R?, such that [r/2] points are colored white and |r/2] points are colored
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black. Let us state the definitions of a balanced line and an almost balanced directed line

of R, and discuss their properties that are used in the proof of Theorem 2.

Balanced Line. [}7] A balanced line | of R is a straight line that passes through a white
and a black point in R and the number of black points is equal to the number of white points

in each of the open half-spaces created by L.

Note that a balanced line exists only when r is even. The following lemma gives a non-trivial

lower bound on the number of balanced lines of R.
Lemma 3. [}7] When r is even, the number of balanced lines of R is at least r/2.

We extend the definition of a balanced line to define an almost balanced directed line of R.

Almost Balanced Directed Line. When r is even, an almost balanced directed line | of
R is a balanced line with direction assigned from the black point to the white point it passes
through. When r is odd, an almost balanced directed line | of R is a directed straight line that
passes through a white and a black point in R such that the number of black points is equal

to the number of white points in the left open half-space created by .
The following observation follows from Lemma 3.
Observation 2. The number of almost balanced directed lines of R is at least |r/2].

Proof. As already mentioned, an almost balanced directed line is a balanced line if r is even.
When 7 is even, Lemma 3 therefore implies that there exist |r/2] balanced lines.

Let us assume that r is odd. As mentioned earlier, we assume that R contains r points in
general position in R? such that [r/2] points are colored white and |r/2] points are colored
black. We remove one white point from R. Let us denote this new set by R’. Lemma 3
implies that the number of balanced lines of R is at least |r/2]. Note that the removed
point can not lie on any of these balanced lines, since the points in R are in general position
in R?. Consider a balanced line of R’. The removed point must lie in one of the open half-
spaces created by it. Note that we can assign a direction to each balanced line of R’ such

that the removed point lies in the right open half-space created by each of the balanced lines
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of R'. This therefore implies that the number of almost balanced directed lines of R is at

least |r/2]. O

3.3 j-Facets and k-Sets in R?

Let us introduce the concepts of j-facets and k-sets of a set of points in general position
in R?. Consider a set S containing s points in general position in R3. Let us first state
the definitions of a j-facet and an (< j)-facet of S for some integer j > 0. We then state
the definitions of a k-set and an (< k)-set of S for some integer k£ > 1, and discuss their

properties that are used in the proofs of Theorems 1, 5 and 6.

j-Facet. [7] A j-facet of S is an oriented 2-dimensional hyperplane spanned by 3 points of
S such that exactly j points of S lie in the positive open half-space created by it.

Let us denote the number of j-facets of S by E;(S).

(< j)-Facet. [7] An (< j)-facet of S is an oriented 2-dimensional hyperplane h spanned by
3 points of S such that at most j points of S lie in the positive open half-space created by it.

Almost Halving Triangle. An almost halving triangle of S is a j-facet of S such that

|7 — (s — 7 —3)| is at most one.

When s is odd, note that an almost halving triangle is a halving triangle containing an equal
number of points in each of the open half-spaces created by it. The following lemma gives a
non-trivial lower bound on the number of halving triangles of S. In fact, it is shown in [51]

that this lemma is equivalent to Lemma 3.
Lemma 4. [51] When s is odd, the number of halving triangles of S is at least |s/2]*.

The following observation follows from Lemma 4.

Observation 3. The number of almost halving triangles of S is at least | (s — 1)/2]>.

Proof. Consider a set S containing s points in general position in R?. As already mentioned,
an almost halving triangle is a halving triangle if S is odd. When s is odd, Lemma 4 implies

that there exist |s/2]? halving triangles.
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Let us assume that S is even. We remove one point from S. Let us denote this new set
by S’. Lemma 4 implies that the number of halving triangles of S’ is at least [(s — 1)/2]%.
Note that the removed vertex can not lie on any of the hyperplanes which created those
|(s — 1)/2]* halving triangles of S’ since the points in S are in general position in R3. Con-
sider a halving triangle of S”. The removed vertex must lie in one of the open half-spaces
created by the hyperplane corresponding to the halving triangle. This implies that each
halving triangle of S’ corresponds to a unique almost halving triangle of S. This further

implies that the number of almost halving triangles of S is at least [ (s — 1)/2]>. O

We consider the following lemma which gives a non-trivial lower bound on the number of

(< j)-facets of S.
: . . Jj+3
Lemma 5. [3] For j < s/4 , the number of (< j)-facets of S is at least 4 5 )

k-Set. [43] A k-set of S is a non-empty subset of S having size k that can be separated from
the rest of the points by a 2-dimensional hyperplane that does not pass through any of the
points of S.

Let us denote the number of k-sets of S by e (9).

(< k)-Set. [7] A subset T C S is called an (< k)-set if 1 <|T| < k and T can be separated
from S\ T by a 2-dimensional hyperplane that does not pass through any of the points of S.

Andrzejak et al. [7] gave the following lemma regarding the number of the j-facets and

the k-sets of S.

Lemma 6. [7] e1(S) = (Eo(S)/2) + 2, e5s-1(S) = (Fs—3(5)/2) + 2, and ex(S) = (Ex-1(S) +
Er2(5))/2 + 2 for each k in the range 2 < k < s — 2.

The following observation follows from Observation 3 and Lemma 6.

Observation 4. There exist a total of Q(s?) k-sets of S such that min{k,s — k} is at least

[(s = 1)/2].

Proof. Consider a set S containing s points in general position in R®. Let us assume that s is

even. Lemma 6 implies that €[(s—1)/2] (S) = (EL(S_l)/QJ (S) +E|_(5_1)/2J_1(S))/2+2. For even s,
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a(|(s—1)/2] — 1)-facet is an almost halving triangle. Observation 3 implies that the number
of almost halving triangles of S is Q(s?). This implies that efs_1y/21(S) > E|s-1),2(5)/2 =
Q(s?).

Let us now assume that s is odd. Lemma 6 implies that eq_1)/2(S) = (E(s—3),2(S) +
Es—52(5))/2 4+ 2. For odd s, a ((s — 3)/2)-facet is a halving triangle. Observation 3 im-
plies that the number of halving triangles of S is Q(s*). This implies that e(s_1)/2(5) >

E(s-3)/2(5)/2 = Q(s?). H

The following observation follows from Lemma 5 and Lemma 6.
Observation 5. The number of (< [s/4])-sets of S is Q(s3).

Proof. Lemma 6 implies that the number of (< [s/4])-sets of S is at least Z(s/ 1B, (9)/2.
This further implies that (< [s/4])-sets of S is at least ZLS/ U1 B,(S)/2. Lemma 5 implies

that ST E,(S)/2 is at least 4(L8/4§) * 2) = Q(s?). O



Chapter 4

Rectilinear Crossing Number of

Complete d-Uniform Hypergraphs

As mentioned in the introduction, we present the proofs of Theorem 1 and Theorem 2 in this
chapter. Let us recall that a d-dimensional rectilinear drawing of K, is a drawing of it in
R? such that all its 2d vertices are placed as points in general position and each of the <2j)
hyperedges is drawn as the convex hull of d corresponding vertices. In such a drawing of
Kd,, two hyperedges are said to be crossing if they are vertex disjoint and contain a common
point in their relative interiors. Recall that the d-dimensional rectilinear crossing number of
K4, denoted by cry (Kgd), is defined as the minimum number of crossing pairs of hyperedges

among all d-dimensional rectilinear drawings of it.

4.1 Motivation and Previous Works

2410g d
As mentioned earlier, Anshu et al. [8] proved the first non-trivial lower bound of 2 ( °8 )

Vd

on cry(K4,). They used the Gale transformation to reduce the crossing number problem to

a linear separation problem. For a given set of d + 4 points in R, Property 2 of the Gale
d+4

transformation ensures that there exists a bijection between the crossing pairs of LTJ -

d+4
and {% ~simplices in R? and the proper linear separations of d + 4 vectors in R? [43].

In order to calculate the lower bound on ¢4, Anshu et al. [8] chose a set of d + 4 vertices

43
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from the set of 2d vertices of K, in R?. A Gale transform of these d + 4 vertices is a set
of d + 4 vectors in general position in R3. Using the Ham-Sandwich theorem, Anshu et
al. [8] proved the existence of O(logd) distinct proper linear separations of the set of d + 4
vectors mentioned above. Each proper linear separation of d + 4 vectors in R? corresponds
to a crossing between {%J and [#—‘ simplices in R?. They extended the crossings

between the lower dimensional simplices to the crossings between (d — 1)-simplices to get the
2¢log d

Vd

constructed an arrangement of 8 vertices of K3 in R? having 4 crossing pairs of hyperedges.

bound ery(KY;) = Q( . In particular, they showed that ery(K3) > 4. They also
This arrangement established that e7y(K3) = 4. In this section, we reproduce the proofs in

detail.

Lemma 7. [8] The 4-dimensional rectilinear crossing number of a complete 4-uniform hy-

pergraph with 8 vertices is 4, i.e., ery (Kg§) = 4.

Proof. In a 4-dimensional rectilinear drawing of K3, its vertices are represented as points
in general position in R*. Let P = {p1,ps,...,ps} be a set of 8 points in general position
in R*. Let D(P) = {g1,92,...,93} a Gale transform of P, be a collection of 8 vectors in
R3. As already mentioned, the vectors in D(P) can be treated as points in R?. We use the
Ham-Sandwich theorem to obtain the proper linear separations of D(P). As the points in
D(P) are in R?, we use three colors, namely, ¢y, ¢; and ¢y. The coloring argument proceeds
as follows.

We color the origin with ¢y and all the 8 points of D(P) with color ¢;. The Ham-Sandwich
theorem guarantees that any separating hyperplane passes through the origin. Property 1 of
the Gale transformation guarantees that at most 2 vectors in D(P) can lie on the separating
hyperplane. It is easy to observe that we can rotate the separating hyperplane to obtain a
proper linear separation of the vectors in D(P). Let us assume without loss of generality
that the proper linear separation obtained in this way is {{g1, g2, 93, 94}, {95, g6, 97, gs } }-

After obtaining the first proper linear separation, we color the points in {g1, g2, g3, g4}
with ¢; and the points in {gs, g, g7, gs } With ¢o. The origin is colored with ¢o. We apply the
Ham-Sandwich theorem to obtain a separating hyperplane passing through the origin. Since

at most 2 vectors in D(P) can lie on the separating hyperplane, we obtain a new proper
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linear separation of D(P) by rotating the separating hyperplane, if necessary. Without loss
of generality, let us assume that the new partition of D(P) is {{g1, 92, 95, 96}, {93, 94, 97, 9 } }
Note that the pairs of points {g1, g2},{93, 94},{9s5, g6} and {g7, gs} remained together in both
the partitions obtained previously.

We color {g1, g2} with color ¢; and rest of the six points with color ¢;. The origin is
colored with cy. We again obtain a new proper linear separation as g; and gy get separated.
The proper linear separation obtained in this way can be of two types: (i) all the four pairs
of points, i.e., {g1,92}, {93, 94}, {95, 96} and {g7, gs} get separated, (ii) two of the three pairs
of points, i.e., {g3,94},{95, 96} and {g7, gs} remain together.

In Case (i), let us assume without loss of generality that the proper linear separation
obtained is {{g1, 93, g5, 97}, {92, 94, g6, gs } } . Note that three out of four points in {g1, g2, 93, g5}
have remained together in all the three partitions obtained till now. In this case, we color
{91, 92, 93, g5 } with ¢, the rest of the four points with color ¢, and the origin with ¢q to obtain
a new proper linear separation of D(P). In Case (ii), we color one of the two unseparated
pairs with color ¢; and the rest with color co,. We also color the origin with color ¢y to obtain
a new proper linear separation of D(P).

Since Property 2 implies that each of these four proper linear separations of vectors in
D(P) corresponds to a unique crossing pair of 3-simplices, the above argument shows that
cry (K§) > 4. Anshu et al. [8] created a particular 4-dimensional rectilinear drawing of Kg
having 4 crossing pairs of hyperedges. In the following, we mention the placement of 8 points
in general position in R* to obtain the above mentioned 4-dimensional rectilinear drawing
of K with 4 crossing pairs of hyperedges. The coordinates of the points are listed in the

following table [8].
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Point Coordinate
D1 (1,0,0,0)
D2 (—1/4,1,0,0)
D3 (—1/4,-1/3,1,0)

pe | (=1/4,—1/3,—1/2,4/5)
ps | (=1/4,-1/3,—1/2,—4/5)
Pe (—1/28,1/16,0,3/40)
pr | (~1/5,1/100,3/200,1/10)
ps | (—6/25,0,—1/20,1/20)

]

Lemma 8. [8] The d-dimensional rectilinear crossing number of a complete d-uniform hy-

24]og d 241og d
ergraph with 2d vertices is §) e, crg (KL) =Q .
pergrap ( 7 ) a (K5y) ( NG

Proof. In a d-dimensional rectilinear drawing of K¢, its vertices are represented as points in

general position in R%. Let P’/ = {p1,p2,-..,p2a} be a set of 2d points in general position in
R?. Let us consider a subset containing d + 4 points of P’. Without loss of generality, let the
subset be P = {p1,p2,...,paza} C P'. Let D(P) = {g1,92,---,9a+4}, & collection of d + 4
vectors in R3, be a Gale transform of P. As already mentioned, the vectors in D(P) can
be treated as points in R®. We use the Ham-Sandwich theorem to obtain the proper linear
separations of D(P). As the points in D(P) are in R3, we use three colors, namely, cg, ¢;
and co. The coloring argument proceeds as follows.

We color the origin with ¢y and all the points in D(P) with ¢;. The color of the origin
remains unchanged throughout the process. By the Ham-Sandwich theorem and rotating the
separating hyperplane if needed (as mentioned before), we obtain a proper linear separation
of D(P) into Dq1(P) and Dq2(P) having [(d+4)/2] and [(d + 4)/2] vectors, respectively.

We then color all the vectors in Dq;(P) with ¢; and all the vectors in Djy with ¢,. The
Ham-Sandwich theorem guarantees that we obtain a partition Dy (P) and Days(P) of D(P).
Note that at least |(d + 4)/4] points of D(P) have stayed together in both the partitions.

Next, we color these |(d+4)/4] points of D(P) with ¢; and rest of the points with

¢o to obtain a new proper linear separation of D(P) into Ds;(P) and Dss(P). Note that
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| (d+ 4)/8] points of D(P) have stayed together in all three partitions obtained till now.

In particular, in the k' step, we obtain a proper linear separation of D(P) into Dy (P)
and Dy (P). Note that the k' proper linear separation of D(P) is distinct from all the k& — 1
proper linear separations obtained before. It is easy to observe that [(d +4)/ QkJ points of
D(P) have stayed together in all the k proper linear separations obtained so far.

We then color these |(d+ 4)/2"| points of D(P) with ¢; and rest of the points with ¢,
to obtain the (k+ 1)"™ proper linear separation of D(P). We keep on coloring in this way
until only a pair of points stays together. This implies we can keep on coloring for ©(log d)
times without repeating any of the previous proper linear separations of D(P). Property 2
implies that each of these O(logd) proper linear separations of vectors in D(P) corresponds
to a unique pair of crossing (|(d +4)/2| — 1)-simplex and ([(d+4)/2] — 1)-simplex. Any

such crossing pair of simplices can be extended to a crossing pair of (d — 1)-simplices in

o - 2%log d
(L( ) =0 (—) distinct ways. This implies that cry (Kgd> _ Q( og ) -

d—4)/2] Vd Vd

4.2 Lower Bound by Gale Transformation and Ham-
Sandwich Theorem

In this section, we improve the lower bound on ¢; by using the Gale transformation and
Corollary 1 mentioned below. Let P denote the set of 2d vertices of Kg, that are in general
position in R?. Let us recall that two nonempty convex sets C' and D in R? are said to be
properly separated if there exists a (d — 1)-dimensional hyperplane h such that C' and D lie
in the opposite closed half-spaces determined by h, and C' and D are not both contained in
the hyperplane h [32]. Let us recall the proper separation theorem that is mentioned earlier

in Chapter 2.

Proper Separation Theorem. [32] Two nonempty convex sets C and D in R? can be

properly separated if and only if their relative interiors are disjoint.

Lemma 9. Consider a set A that contains at least d + 1 points in general position in R<.
Let B and C be its disjoint subsets such that |B| =0, |C|=¢, 2<b,c<d andb+c>d+1.

If the (b—1)-simplex formed by B and the (¢ — 1)-simplex formed by C form a crossing pair,
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then the u-simplex (uw > b — 1) formed by a point set B' O B and the v-simplex (v > c—1)
formed by a point set C' 2 C satisfying BN C' =0, |B'|,|C'| < d and B',C" C A also form

a Crossing pair.

Proof. For the sake of contradiction, we assume that there exist a u-simplex and a v-simplex,
formed respectively by the disjoint point sets B’ O B and C’ O C, that do not cross. We

consider two cases.

Case 1. Let us assume that Conv(B’) N Conv(C’) = 0. It clearly leads to a contradiction
since Conv(B) N Conv(C) # (.

Case 2. Let us assume that Conv(B’) N Conv(C") # (). Since the relative interiors of
Conv(B’) and Conv(C") are disjoint, the Proper Separation theorem implies that there exists
a (d—1)-dimensional hyperplane h such that Conv(B’) and Conv(C”) lie in the opposite closed
half-spaces determined by h. It implies that Conv(B) and Conv(C') also lie in the opposite
closed half-spaces created by h. Since the relative interiors of Conv(B) and Conv(C') are not
disjoint and they lie in the opposite closed halfspaces of h, it implies that all b+ ¢ > d+1
points in BUC lie on h. This leads to a contradiction since the points in BUC' are in general

position in RY, O

Corollary 1. Consider two disjoint point sets U,V C P such that |U| = p, |V] = g,
2<pgq<dandp+q>d+1. If the (p—1)-simplex formed by U crosses the (q—1)-simplex
formed by V', then the (d — 1)-simplices formed by any two disjoint point sets U' O U and

V' DOV satisfying |U'| = |V'| = d also form a crossing pair.
Since Corollary 1 is a special case of Lemma 9, its proof is immediate from Lemma 9.

Lemma 10. The d-dimensional rectilinear crossing number of a complete d-uniform hyper-

graph with 2d vertices is Q(2%).

Proof. Consider the hypergraph K¢, whose vertices are in general position in R¢, and let A
be any subset of d + 3 vertices selected from these vertices. The Gale transform D(A) of the
point set A contains d + 3 vectors in R?, which can also be considered as a sequence of d + 3

points (as mentioned earlier). In order to apply the Ham-Sandwich Theorem (mentioned in
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the Introduction) in R?, we assign the points in D(A) to P, and the origin to P, to obtain
a line [ passing through the origin that bisects the points in D(A) such that each partition
(open half-space) contains at most |3|D(A)|| points from D(A). Since the points in A are in
general position, every pair of vectors in D(A) spans R?. Hence, at most one point from D(A)
can lie on [. As a consequence, [ can be rotated using the origin as the center of rotation to
obtain a proper linear separation of D(A) into 2 subsets [f” and I of size | 42| and [42],
respectively, such that [ denotes the left (counter-clockwise) side and /] denotes the right

(clockwise) side of I. Property 2 implies that this proper linear separation corresponds to

]

; 41

23] — 1)-simplex in R%. We observe from

a crossing pair of a (| — 1)-simplex and a ([

Corollary 1 that this crossing pair of simplices can be used to obtain ({g’ J) distinct crossing
pairs of (d — 1)-simplices formed by the vertices of the hypergraph K¢,.

We rotate [ clockwise using the origin as the center of rotation, until one of the d + 3
points in D(A) moves from one side of the line I to the other side. Since every pair of

vectors in D(A) spans R?) it can be observed that exactly one point of D(A) can change its

side at any particular time during the rotation of I. We further rotate [ clockwise to obtain

d+1

> J points, at the instance a point in

another new partition {I3,1; }, each having at least |
either I or I; changes its side. This new linear separation corresponds to a crossing pair
of simplices in R¢, which can be used to obtain at least (fé;; J) distinct crossing pairs of
(d — 1)-simplices formed by the vertices of the hypergraph K¢, Note that all the crossing
pairs of simplices obtained by extending the partitions {l/{",l;} and {IF,l;} are distinct.
Continuing in this manner for any 1 < k < L%J — 1, we rotate [ clockwise to obtain a new

d—22k+3j

partition {l,;:l, li11}, each having at least \_ points, at any time a point in either [}

or [, changes its side. Therefore, the corresponding crossing pair of simplices in R? can be
extended to crossing pairs of (d — 1)-simplices in at least (d_{f_‘fkﬂ) = (V—d;isp distinct
2 2

ways. Hence, the number of crossing pairs of (d — 1)-simplices obtained using this method is
d—3 d—3 d—3 d—3 d

at least | |, 5 PN R T = 0(2%). O
[Z°] [ [ 1

4.3 Improved Lower Bound

In the following, we state Carathéodory’s Theorem which is used in the proof of Theorem 1.
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Carathéodory’s Theorem. [43] Let X C R%. Then, each point in the convex hull of X

can be expressed as a convexr combination of at most d + 1 points in X.

Theorem 1. The number of crossing pairs of hyperedges in a d-dimensional rectilinear

drawing of K3, is Q(24d%/?) if the vertices of K&, are not in convex position.

Proof. Since the points in V are not in convex position in R?, we assume without loss of
generality that vy, can be expressed as a convex combination of the points in V' '\ {vg2}.
The Carathéodory’s theorem implies that v4,15 can be expressed as a convex combination of
d+ 1 points in V' \ {v452}. Without loss of generality, we assume these d + 1 points to be
{v1,v2, ..., V411}

Consider the set of points V' = {vy,vq,...,v445} C V. Note that a Gale transform D(V")
of it is a collection of d + 5 vectors in R*. Property 4 of the Gale transformation implies that
there exists a linear hyperplane h that partitions D(V’) in such a way that one of the open
half-spaces created by h contains exactly one vector of D(V'). Since the points in V' are in
general position in R*, Property 1 implies that at most three vectors of D(V”) lie on h. Since
the vectors in D(V’) are in general position, it can be easily seen that we can slightly rotate
h to obtain a linear hyperplane A’ that partitions D(V"”) such that one of the open half-spaces
created by h' contains d + 4 vectors and the other one contains exactly one vector.

Consider a hyperplane parallel to h'. We project the vectors in D(V’) on this hyperplane
to obtain an affine Gale diagram D(V’). Note that D(V’) contains d + 4 points of the same
color and one point of the other color in R3. Without loss of generality, let us assume that
the majority color is white. Also, note that the points in W are in general position in R?
since the corresponding vectors in the Gale transform D(V”) are in general position in R*.

Consider the set W containing d + 4 white points of D(V’) in R?. Observation 4 im-
plies that there exist Q(d?) distinct k-sets of W such that min{k,d + 4 — k} is at least
[(d+ 3)/2]. Each of these k-sets corresponds to a unique linear separation of D(V’) having
at least [(d+ 3)/2] vectors in each of the open half-spaces created by the corresponding
linear hyperplane. Property 2 of the Gale transformation implies that there exists a unique

crossing pair of u-simplex and v-simplex corresponding to each of these linear separations of

D(V’), such that v +v+2 = d+ 5 and min{u + 1,v + 1} > [(d+ 3)/2]. It follows from
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Corollary 1 that each such crossing pair of u-simplex and v-simplex can be extended to ob-
d—>5
d—[(d+3)/2]
in F. Therefore, the total number of crossing pairs of hyperedges in such a d-dimensional

d—=5 _ d 3/2
I s sym) = 2@ -

tain at least < ) crossing pairs of (d — 1)-simplices formed by the hyperedges

rectilinear drawing of K¢, is at least Q(d?) (

In the following, we improve the lower bound on ¢7y (Kgd) to 2(2%y/log d) using the prop-

erties of k-sets of R2.

Lemma 11. The d-dimensional rectilinear crossing number of a complete d-uniform hyper-
graph with 2d vertices is Q(2%/logd), i.e., cry (K3;) = Q(2%/logd).

Proof. Consider a subset V' = {vy,vq,...,v444} C V having d+4 points. The Gale transform
D(V') is a set of d + 4 vectors in R3. Using the similar procedure employed by Anshu et
al. [8], we apply the Ham-Sandwich theorem to obtain Q(logd) proper linear separations of

D(V"). Consider an affine Gale diagram D(V"’). Let us ignore the colors of the points in

D(V"). Note that each of the Q(logd) proper linear separations of D(V’) corresponds to a

k-set of D(V") for some k satisfying 1 < k < d + 3. For each of these Q(logd) k-sets, we can

obtain a distinct (k — 1)-edge in D(V’) as mentioned in the proof of Observation 1. We need
at least Q(y/logd) distinct points of D(V') to span these Q(logd) lines. This implies that
there exists a set of Q(y/logd) (k — 1)-edges such that each of them contains a unique point
of D(V") for some k satisfying 1 < k < d+3. Let us denote the collection of these Q(y/Iog d)
(k — 1)-edges by L.

Let [; be a member of L. Without loss of generality, let us assume that gy is the unique
point contained in /;. Without loss of generality, let us also assume that /; contains g;. We
rotate [; counter-clockwise around the mid-point of [g7, g3] to obtain the line /;(0). Note that
[1(0) does not contain any point of TV’) We obtain a partition of the points in W by
[1(0). This partition corresponds to a linear separation of vectors in D(V"’) such that each of
the open half-spaces contains at least | (d 4+ 1)/2] vectors. We now rotate [; counter-clockwise
with respect to g7 until it meets another point g; of W and let us denote this line by /. We
then rotate the line [; counter-clockwise around the mid-point of [g7, g;] as mentioned in the

proof of Observation 1 to obtain the line {1 (0). Note that /](0) does not contain any point of
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D(V"). We obtain a new partition of the points in D(V”) by [}(0). This partition corresponds
to a linear separation of vectors in D(V’). We now rotate [} counter-clockwise around g; until
it meets the next point and let us denote this line by /3. We then rotate {? counter-clockwise
around the mid points of its two endpoints in D(V’) to obtain [2(0). We obtain a new
partition of the points in D(V’) by 12(0). In general, we rotate I} around the mid-points of its
two endpoints in D(V’) to obtain the line 7(0). #4(0) creates a new partition of the points in
D(V'). We then rotate I} counter-clockwise around g7 to obtain a new (k — 1)-edge 1% for
some k satisfying 1 < k£ < d+3. Note that we can keep on rotating like this until all the points
in D(V')\ {g1, 92} are covered. Note that we obtain d + 3 distinct proper linear separations
while rotating the line with respect to g;. Let us denote the linear separation of D(V’) that
corresponds to the line #Z(0) by {D;(V"), D; (V')}. Note that HD;(V’)} - ‘D;:AV’)H <4
for j satisfying 0 < j < d+ 2. Each of these proper linear separations corresponds to distinct

crossing pairs of u-simplex and v-simplex where u+v =d+2 and 1 < u,v < d—1. It follows

from Corollary 1 that each such crossing pair of u-simplex and v-simplex can be extended
d—4

d—u—1

in £. The total number of crossing pairs of hyperedges obtained in this way is at least

( d—4 )+< d—4 >+ +<d—4)_9(2d)
d—[(d+1)/2] d—|(d+1)/2)—4) 7 \d—-4) ‘
For each of the Q(v/Togd) (k—1)-edges in L, we obtain Q(2¢) crossing pairs of hyperedges

to obtain at least ( ) crossing pairs of (d — 1)-simplices formed by the hyperedges

in a similar way. Note that Observation 1 implies that partitions of points in D(V") obtained
during the rotation of a line in L are distinct from the partitions of points in D(V”) obtained
during the rotation of another line in L. This implies that for each of the lines in L, we obtain

Q(24) distinct crossing pairs of hyperedges. This proves that erg(K4,) = Q(2¢/log d). O

We further improve the lower bound on ¢, from Q(2¢/log d) to 2 (2‘1\/3) using the prop-

erties of balanced lines in the following.

Theorem 2. The d-dimensional rectilinear crossing number of a complete d-uniform hyper-

graph having 2d vertices is Q(2/d), i.e., &g (K4,) = Q(29/4d).

Proof. Consider a set V' = {vy,v9,...,v444} C V, whose Gale transform D(V’) is a set of

d + 4 vectors in R?. As mentioned before, the vectors in D(V’) can be treated as points in
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R3. In order to apply the Ham-Sandwich theorem to obtain a proper linear separation of
D(V'), we keep the origin in a set and all the points in D(V’) in another set. The Ham-
Sandwich theorem implies that there exists a linear hyperplane h such that each of the open
half-spaces created by it contains at most | (d 4+ 4)/2] vectors of D(V’). Since the vectors in
D(V') are in general position in R?, note that at most two vectors in D(V”) can lie on h and
no two vectors in D(V”) lie on a line passing through the origin. As a result, it can be easily
seen that we can slightly rotate h to obtain a linear hyperplane h’ which creates a proper
linear separation of D(V'). Consider a hyperplane parallel to A’ and project the vectors in
D(V') on this hyperplane to obtain an affine Gale diagram D(V"). Note that D(V") contains
| (d + 4)/2] points of the same color and [(d + 4)/2] points of the other color in R?. Without
loss of generality, let us assume that the majority color is white. Also, note that the points
in W are in general position in R?.

Observation 2 implies that there exist at least | (d + 4)/2] almost balanced directed lines
of D(V"). Consider an almost balanced directed line that passes through a white and a black
point in TV’) Consider the middle point p of the straight line segment connecting these two
points. We rotate the almost balanced directed line slightly counter-clockwise around p to
obtain a partition of D(V’) by a directed line that does not pass through any point of D(V").
Note that this partition of W corresponds to a unique linear separation of D(V’) having
at least | (d + 2)/2] vectors in each of the open half-spaces created by the corresponding linear
hyperplane. This implies that there exist at least [(d +4)/2] distinct linear separations of
D(V') such that each such linear separation contains at least |(d 4 2)/2] vectors in each of
the open half-spaces created by the corresponding linear hyperplane. Property 2 of the Gale
transformation implies that there exists a unique crossing pair of u-simplex and v-simplex

corresponding to each linear separation of D(V”), such that v +v + 2 =d + 4 and min{u +
Lv+1} > [(d+2)/2]. Tt follows from Corollary 1 that each such crossing pair of u-simplex

d—4

_yo (2d ) i
d—[(d+2)/2j> /V/d) crossing
pairs of (d — 1)-simplices formed by the hyperedges in E. Therefore, the total number

and v-simplex can be extended to obtain at least (

of crossing pairs of hyperedges in a d-dimensional rectilinear drawing of K¢, is at least

[(d+4)/2] @ (24/Vd) = (22Vad). O



Chapter 5

Convex Crossing Number of Complete

d-Uniform Hypergraphs

5.1 Motivation and Previous Works

In this chapter, we investigate some d-dimensional convex drawings of K¢,. Our main focus
in this chapter is to derive a closed form expression on the number of crossing pairs of
hyperedges when all 2d vertices of K4, are placed on the d-dimensional moment curve. Note
that the points placed on the d-dimensional moment curve are in general, as well as in convex
position in R?. Also, recall that a d-dimensional cyclic polytope is a polytope whose vertices
lie on the d-dimensional moment curve. The d-dimensional moment curve plays an important
role in discrete geometry.

Our motivation to work on this particular d-dimensional convex drawing of K¢, is the
Upper Bound theorem [45], which states that the d-dimensional cyclic polytope has the
maximum number of faces (of any given dimension ¢ in the range 1 < i < d — 1) among
all d-dimensional convex polytopes having an equal number of vertices. Gale’s evenness
criterion [27, 43] provides a necessary and sufficient condition to determine the number of
facets ((d—1)-dimensional faces) of the d-dimensional cyclic polytope. Let us recall that there
exists a natural ordering among the points on the d-dimensional moment curve. Given two
points p; = (a;, (a;)?, ..., (a;)?) and p; = (a;, (a;)?, ..., (a;)?) on the d-dimensional moment

curve, we say p; < p; (p; precedes p;) if a; < a;.

o4
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Gale’s Evenness Criterion. [43] Let V' be the set of vertices of a d-dimensional cyclic poly-
tope with the usual ordering on the d-dimensional moment curve. Let F' = {v{,vh,... v} C
V' be a set of d vertices of the d-dimensional cyclic polytope such that vi < vy < ... < v).
F spans a facet ((d — 1)-dimensional face) of the cyclic polytope if and only if the number of

vertices v, € F with the ordering v’ < v, < v is even for each pair of vertices u',v" € V' \ F.

Lemma 12. [/3] The number of facets of a d-dimensional cyclic polytope with n > d + 1

vertices is
) i) o
2( /2] ) if dis odd.

Proof. The Gale’s evenness criterion implies that counting the number of facets of a d-dimensional

) if dis even,

cyclic polytope with n > d+1 vertices is equivalent to counting the number of ways of placing
d black points and n —d white points in a row such that there exists an even number of black
points between every two white points. Let us call an arrangement of d black points and
n — d white points in a row a valid arrangement if there exist an even number of black points
between every two consecutive white points.

Let us first consider the case when d is odd. Let d be 2k + 1. Note that there can be odd
number of black points at the beginning or at the end but not both in a valid arrangement.
Let us consider the case when there are odd number of black points at the beginning. We
ignore the first black point. We are then left with 2k black points and n — 2k — 1 white
points. Also, note that each contiguous segment of remaining black points contains an even
number of black points. The total number of ways we can obtain such an arrangement is

k
we obtain a one-to-one correspondence with selecting k positions for the black points out of

—k—-1
(n ), since by deleting every second black point from the remaining 2k black points

n—2k—1+k = n—k—1 positions. We repeat the same argument when there are odd number
of black points at the end by ignoring the last black point. This implies that the number of
facets of a d-dimensional cyclic polytope with n > d + 1 vertices is 2 <n - S?;j B 1> when
d is odd.

Let us now consider the case when d is even. Let d be 2k. Note that there can be

odd number of black points or even number of black points at the beginning in a valid
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arrangement. Let us assume that there are odd number of black points at the beginning.
This implies that there are odd number of black points at the end. We ignore the first
and the last black points. We are then left with 2k — 2 black points and n — 2k — 2 white
points. Note that each contiguous segment of the remaining black points contains an even
number of black points. The total number of ways we can obtain such an arrangement is
(n ;ﬁ; 1), since by deleting every second black point from the remaining 2k — 2 black
points we obtain a one-to-one correspondence with selecting k — 1 positions for the black
points out of n — 2k +k —1 =mn — k — 1 positions. Let us now assume that there are an
even number of black points at the beginning and the end. In this case, each contiguous
segment of black points contains an even number of black points. The total number of ways
we can obtain such an arrangement is (n ; k), since by deleting every second black point

from the 2k black points we obtain a one-to-one correspondence with selecting k& positions

for black points out of n — 2k + k = n — k positions. This implies that the number of facets of
n— Ld/QJ) N (n —|d/2] — 1)
Ld/2] [d/2] —1

when d is even. O

a d-dimensional cyclic polytope with n > d 4 1 vertices is (

It can be noted that the cyclic polytope is a neighborly polytope [27, 43]. Also, it is easy
to verify that any (d — 1)-dimensional hyperplane cuts the d-dimensional moment curve in
at most d points [43]. The Upper Bound theorem also guarantees that any d-dimensional
neighborly polytope whose vertices are in general position in R? has the maximum number
of faces (of any given dimension 7 for any i satisfying 1 <7 < d — 1) among all d-dimensional
convex polytopes having the same number of vertices [45]. The Upper Bound theorem moti-
vated us to investigate the d-dimensional convex drawings of K¢, when its vertices are placed
in general position as the vertices of a neighborly polytope.

In this chapter, we determine a Gale transform of d+3 points placed on the d-dimensional
moment curve. This result helps us to obtain a lower bound on the number of crossing pairs of
hyperedges when all 2d vertices of K, are placed on the d-dimensional moment curve. Let us
recall that ¢’ denotes the number of crossing pairs of hyperedges in a d-dimensional convex
drawing of K, when its 2d vertices are placed on the d-dimensional moment curve. We
obtain the exact value of cj'. We also prove that the number of crossing pairs of hyperedges

among all 3-dimensional rectilinear drawings of K? is maximized when its vertices are placed



o7

on the 3-dimensional moment curve.

5.2 Crossings in Cyclic Polytope

In this section, we obtain the value of ¢'. Let us recall that ¢ is the number of crossing
pairs of hyperedges of K¢, when all the 2d vertices of K¢, are placed on the d-dimensional
moment curve. As mentioned in Section 5.1, we first prove a lower bound on ¢’ using the
Gale transform and show later that this bound can be improved by using other techniques
to obtain the exact value of ¢J'. Let A = ((a1, (a1)?, ..., (a1)?), (a2, (a2)?, ..., (a2)%), ...,
(ag+3, (aars)?, ..., (aars)?)), where a; < ap < ... < agys, be a subset of d+3 vertices selected

from the set of 2d vertices of Kg,. We obtain the following.

Lemma 13. The following sequence of 2-dimensional vectors D(A) = <g1, oy v vy gd+3> can

be obtained by the Gale transform of A = ((ay, (a1)?, ..., (a1)?), (a2, (a2)?, ..., (a2)?), ...,

(Gags, (@ars)?, -, (ad+3)d)>-
je{1,2 d+1}\{'}(ad+2 - aj) je{1,2 l_¢[1+1}\{'}(ad+3 a aj)
((—1)d+1] i ‘ o)  (—1)drr e ‘ ey ) ifie{d+2,d+3}
gi = ke{1,2,-- ,d+1}\{3i} ke{1,2,-- d+1}\ {3}
(1,0) if i=d+2
(0,1) if i=d+3

Proof. Let us consider the following matrix M(A).

(01)2 (02)2 T (@d+3)2
M(A) =

(a)* (a2)* -~ (aar3)

i 1 1 1 |

To obtain the basis of the null space, we need to find solutions of the following d+1 equations

involving d + 3 variables vy, 72, ..., Ya+3-
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aq a9 [N a/d+3 - - -
2 2 2 m 0
(a1)® (a2)* -+ (aass)
Y2 0
= (5.1)
(a)? (a2)? -+ (aars)?
Yd+3 0
1 | I 1 - - -
Rearranging Equation 5.1, we get the following:
~ a4 -1 -
i 7] ai az -+ Qd+1 Ad+2 Ad+3
2!
(@)® (a2)* -+ (aar1)? (aar2)?  (agss)?
T2l : : : : : : Yd+2
_ : : : : : : s
(@) (a2)® - (aas1)? (@a+2)? (adi3)?
Yd+1
L 11 1 1 1
Setting v412 = 1 and 7443 = 0, we obtain the vector v1 = (v1,72, - . ., Vare, Var3) for every
i satisfying 1 <i < d+ 1.
‘ A (Aara — Clj)
(1 a1 dE(12, - dr1)\ (i} |
it ( ) H (ak _ ai)
ke{1,2, ,d+1}\{i}
Setting Y442 = 0 and 443 = 1, we obtain the vector vy = (71,72, - - -, Yar2, Yars) for every i

satisfying 1 <7 < d+ 1.
(aars — a;)
g1 JE{12,- d+ 11\ (i}

[I (ax —a;)

ke{1,2, d+1}\{i}

Y= (—1)

Note that the vectors v; and vy are linearly independent and form a basis of the null space

of the row space of M(A). Hence, the result follows. O

Note that for every 1 < i < d+ 3, each vector g; in D(A) is represented as an ordered
s

pair (b;, ¢;) where b;,¢; € R. We denote the slope of the vector g; as s; = b_z In order to
i

count the number of linear separations, we observe the following properties of these vectors.

Observation 6. The sequence of 2-dimensional vectors D(A) = <g1,g2, ey gd+3> having

slopes <51, So,. .. ,sd+3> satisfies the following properties.
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(i) For any 1 <i<d+1, g; lies in the first (third) quadrant if d + 1+ i is odd (even).
(ii) 00 = Sgy3 > 1 > S92 > ... > Sgp1 > Squo = 0.

Lemma 14. The number of crossing pairs of hyperedges in a d-dimensional conver drawing
of K&, where all of its vertices are placed on the d-dimensional moment curve is Q(2%/d),

i.e., ¢ = Q(24/d).

Proof. Consider the vectors in D(A), that can also be considered as a sequence of d + 3
points in R?2. We apply the Ham-Sandwich Theorem by assigning the points in D(A) to P
and the origin to P, to obtain a line [ passing through the origin that bisects the points in
D(A) into two partitions, each containing at most |£|D(A)|| points. Since at most one point
from D(A) can lie on [, it can be rotated using the origin as the center of rotation to obtain
a proper linear separation of D(A) into 2 subsets [ (left or counter-clockwise side) and I}

(right or clockwise side) of size L%J and (%L respectively. This proper linear separation

corresponds to a crossing pair of a (L%J — 1)-simplex and a ((%W — 1)-simplex in RY, as

mentioned in Property 2. It follows from Corollary 1 that this crossing pair of simplices can

be used to obtain ({g J) distinet crossing pairs of (d — 1)-simplices formed by the vertices
2

of the hypergraph K¢, We rotate [ clockwise using the origin as the center of rotation until

one of the d + 3 points in D(A) moves from one side of the line to the other side to obtain

d+1

new subsets {3, 15 }, each having at least |4!| points. This new linear separation {I3,; }

corresponds to a crossing pair of simplices in R?, which can be used to obtain at least ({g’ J)
distinct crossing pairs of (d — 1)-simplices formed by the vertices of the hypergraph K.
Note that all the crossing pairs of simplices obtained by extending the partitions {/{,; }
and {lF,l;} are distinct. Since all the d 4+ 3 points of A lie on the d-dimensional moment
curve, Observation 6 implies that the sequence of vectors in D(A), excluding g4.2 and ggy3,
lie alternatively in the first and third quadrants with increasing slopes. As a consequence,

another clockwise rotation of [ results in a point in D(A) changing its side at some point of

d+3

5 W points to the other side. This creates

time from a side having more than or equal to (
d+3

5 J points. We continue rotating [

a new partition {I, I3}, each containing at least |

clockwise until we obtain the partition {/{",/; } again. In this way, we obtain at least 2 [d—f’J

d+1

distinct partitions of D(A) such that each subset in a partition contains at least LTJ points.
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Hence, the number of crossing pairs of hyperedges spanned by the vertices of K, placed on

the d-dimensional moment curve is at least 2 | 453 | (fgw) = 0(24/4d). O
2

We now use Lemma 15 and Lemma 16 to prove Theorem 3 that implies ¢} = © <%>.

Lemma 15. [15] Let p1 < ps < ... < p{%JH and g <@g < ... < q[%hl be two distinct point
sequences on the d-dimensional moment curve such that p; # q; for any 1 < i < [gJ +1
and 1 < 5 < (%ﬂ + 1. The B—ij -simplex and the (%W -simplex, formed respectively by these
point sequences, cross if and only if every interval (q;, ¢j+1) contains exactly one p; and every

interval (p;, piv1) contains exactly one g;.

Lemma 16. [18] Let P and Q be two vertez-disjoint (d — 1)-simplices such that each of the
2d wvertices belonging to these simplices lies on the d-dimensional moment curve. If P and
Q cross, then there exist a L%IJ -simplex U C P and another (%l] -simplex V. C @Q such that U

and 'V cross.

Proof. Let us define an interval Iy = {p;| p; = (a;, (a;)?,...,(a;)?) and a; < a; < a} on
the d-dimensional moment curve. For the sake of contradiction, let us assume that P and Q)
cross but there do not exist a \_%J -simplex U C P and another {g}-simplex V € @ such that
U and V cross. We color the vertices of P by red and the vertices of () by blue. Lemma 15
implies that there is no chain of length d 4+ 2 with alternating colors. This further implies
that the set of all vertices of P and () can be partitioned into at most d + 1 monochromatic
alternating intervals. Thus, the set of monochromatic red intervals can be separated from
the set of monochromatic blue intervals by a hyperplane passing through d points on the
d-dimensional moment curve. This implies that the set of red points and the set of blue
points can be separated by a hyperplane. This further implies that P and @ lie in the

different open half-spaces created by this hyperplane. This contradicts our assumption that

P and () cross. [

Theorem 3. Let ¢}’ be the number of crossing pairs of hyperedges in a d-dimensional convex

drawing of K, where all of its vertices are placed on the d-dimensional moment curve. The
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value of ' is

[EDEOEY e
R 1 5 a1\ /d T
i) -5 () () i

{3

Proof. Let {C, D} be a pair of disjoint vertex sets, each having d vertices of K, placed on
the d-dimensional moment curve. Without loss of generality, let us assume that C' contains
the first vertex (i.e., the vertex corresponding to the minimum value of ¢) of K¢,. Note that
the number of such unordered pairs {C, D} is %(Qdd) = (267:11). Let us color the vertices in C'
and D by red and blue, respectively, to obtain d partitions created by the red vertices. In
particular, the first d — 1 of these partitions are between two adjacent red vertices, and the
last one is after the last red vertex. It implies from Corollary 1 and Lemma 15 that the pair
of (d—1)-simplices formed by the vertices in C' and D cross if there exists a sequence of d+ 2
vertices with alternating colors. Similarly, we obtain from Lemma 15 and Lemma 16 that
the pair of (d — 1)-simplices formed by the vertices in C' and D do not cross if there does not
exist any sequence of d + 2 vertices with alternating colors.

When d is even, the number of disjoint vertex sets {C, D} that do not contain any
subsequence of length d 4+ 2 having alternating colors is equal to the number of ways d blue
vertices can be distributed among d partitions such that at most %l of the partitions are non-

d
empty. This number is equal to Zil <CZ> (ZZ: 11) When d is odd, the number of disjoint
vertex sets {C, D} that do not contain any subsequence of length d + 2 having alternating

colors is equal to the number of ways d blue vertices can be distributed among d partitions

such that at most L%J of the first d — 1 partitions are non-empty. This number is equal to

RCO(CD-()

Hence, the total number of crossing pairs of (d — 1)-simplices spanned by the 2d vertices
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placed on the d-dimensional moment curve is

= <d_1)_i;(i)(¢_1) if dis even.
d — 2d — 1 . L%J d—1\ /d R
(d_l)_ _Z‘_1< 7 ><Z) 1f dis odd.

O

In the following, we show that 3-dimensional convex crossing number of K is 3, i.e.,
c; = 3. It is easy to see that c¢; = 1. However, we are not aware of the exact values of ¢ for

d> 3.

Theorem 4. The number of crossing pairs of hyperedges in a 3-dimensional rectilinear

drawing of K3 is 3 when all the vertices of K2 are in conver as well as general position in

R3.

Proof. Let A be the set of vertices of K that are in convex as well as general position
in R®. Let D(A) denote the Gale transform of A. Since the points in A are in general
position, Property 1 of the Gale transformation shows that the 6 vectors in D(A) are in
general position in R?. Since the points in A are also in convex position, Property 4 of the
Gale transformation implies that these vectors can be partitioned by a line [ passing through
the origin in two possible ways, i.e., the number of vectors in the opposite open half-spaces
created by [ can be either 4 and 2, or 3 and 3. Note that the second case is also known as
a proper linear separation that corresponds to a crossing pair of 2-simplices spanned by the
points in A. Without loss of generality, let us assume that [ partitions the vectors in D(A)
in such a way that one of the open half-spaces created by [ contains 4 vectors and the other
contains 2 vectors. We rotate [ clockwise using the origin as the center of rotation until one
vector changes its side. Since Property 4 of the Gale transformation shows that [ cannot
partition the vectors such that there exists 1 vector on one of its side, this new partition
obtained by rotating [ is a proper linear separation. We again rotate [ clockwise using the
origin as the axis of rotation until one vector changes its side to obtain a new partition having

4 vectors on one side and 2 on the other side. We continue rotating [ clockwise till we reach
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the first partition to obtain three proper linear separations of the vectors in D(A). [

5.3 Crossings in Other Convex Polytopes

In this section, we consider K¢, having the vertex set V = {vy,va, ..., v94} and the hyperedge

2d
set F having ( p ) hyperedges formed by these 2d vertices.

Theorem 5. For any constant t > 1 independent of d, the number of crossing pairs of
hyperedges in a d-dimensional rectilinear drawing of K3, is Q(2%d®/?) if the vertices of K4,

are placed as the vertices of a d-dimensional t-neighborly polytope that is not (t+1)-neighborly.

Proof. Consider the points in V' that form the vertex set of a d-dimensional ¢-neighborly
polytope which is not (¢ + 1)-neighborly. Property 6 of the Gale transformation implies that
there exists a linear hyperplane h such that one of the open half-spaces created by it contains
t + 1 vectors of D(V). Without loss of generality, we denote the set of these ¢t + 1 vectors
by DT (V). Tt implies that one of the closed half-spaces created by h contains 2d — t — 1
vectors of D(V). If d — 2 vectors of D(V) do not lie on h, we rotate h around the lower
dimensional hyperplane spanned by the vectors on 1 till some new vector g; € D(V) lies on
it. We keep rotating h in this way till d — 2 vectors of D(V) lie on it. Property 6 of the
Gale transformation also implies that none of these d — 2 vectors belongs to the set D*(V).
After rotating h in the above mentioned way, we obtain a partition of D(V) by a linear
hyperplane ' such that one of the open half-spaces created by it contains ¢ + 1 vectors and
the other one contains d + 1 — ¢ vectors. This implies that there exist a ¢-simplex and a
(d — t)-simplex created by the vertices in V' such that they form a crossing. We choose any
three vertices from the rest of the d — 2 vertices in V' and add these three vertices to the d+2
vertices corresponding to this crossing pair of simplices. This implies that the t-neighborly
sub-polytope formed by the convex hull of the d + 5 vertices is not (¢ + 1)-neighborly.
Without loss of generality, let the vertex set of this sub-polytope be V' = {v, v,
...,va15}. Note that a Gale transform D(V’) of it is a collection of d + 5 vectors in R*.
Property 6 of the Gale transformation implies that there exists a linear hyperplane h such
that one of the open half-spaces created by it contains exactly ¢ 4+ 1 vectors of D(V'). As

described in the proof of Theorem 1, it follows from Property 1 that at most three vectors
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can lie on h. Since the vectors in D(V’) are in general position, we can slightly rotate h to
obtain a linear hyperplane h’ such that one of the open half-spaces created by A’ contains
t + 1 vectors and the other one contains d + 4 — t vectors.

Consider a hyperplane parallel to b’ and project the vectors in D(V’) on this hyperplane

to obtain an affine Gale diagram D(V"’). Note that D(V’) contains d + 4 — t points of the

same color and ¢ -+ 1 points of the other color in R3. Without loss of generality, let us assume

that these d + 4 — t points of the same color are white. Also, note that the points in D(V")
are in general position in R3.

Let us consider the set W consisting of d + 4 — ¢ white points of D(V"). Observation 4
implies that there exist Q(d?) distinct k-sets of W such that min{k,d+4 —t — k} is at least
[(d+ 3 —t)/2]. Each of these k-sets corresponds to a unique linear separation of D(V") such
that it contains at least [(d + 3 — t)/2] vectors in each of the open half-spaces created by the
corresponding linear hyperplane. Property 2 of the Gale transformation implies that there
exists a unique crossing pair of u-simplex and v-simplex corresponding to each of these linear

separations of D(V’), such that u +v+2 =d+5 and min{u+ 1,v+ 1} > [(d+3 —1)/2].

It follows from Corollary 1 that each such crossing pair of u-simplex and v-simplex can be
d—5
d—[(d+3—1)/2]
by the hyperedges in E. Therefore, the total number of crossing pairs of hyperedges in

extended to obtain at least < ) crossing pairs of (d — 1)-simplices formed

d—>5
such a d-dimensional rectilinear drawing of K, is at least Q(d?) ( d—[(d+3—1) /2]) -

Q (212 m

Theorem 6. For any constant t' > 0 independent of d, the number of crossing pairs of
hyperedges in a d-dimensional rectilinear drawing of K4, is Q(2%d°/?) if the vertices of K4,

are placed as the vertices of a d-dimensional (|d/2] — t')-neighborly polytope.

Proof. Since the points in V' form the vertex set of a d-dimensional (|d/2]| — t')-neighborly
polytope, consider a sub-polytope of it formed by the convex hull of the vertex set V' con-
taining any d+5 points of V. Without loss of generality, let V' be {vy,vs,...,v4:5}. Note
that a Gale transform D(V”) of it is a collection of d + 5 vectors in R* and an affine Gale

diagram D(V") of it is a collection of d + 5 points in R?. In this proof, we ignore the colors

of these points. However, note that the points in D(V"’) are in general position in R?.
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Consider the set D(V"). It follows from Observation 5 that the number of (< [(d + 5)/4])
—sets of D(V') is Q(d®). For each k in the range 1 < k < [(d +5)/4], a k-set of D(V") cor-
responds to a unique linear separation of D(V’). Property 6 of the Gale transformation
implies that each of these Q(d®) linear separations of D(V’) contains at least |d/2] — ¢ + 1
vectors in each of the open half-spaces created by the corresponding linear hyperplane.
Property 2 of the Gale transformation implies that there exists a unique crossing pair
of u-simplex and v-simplex corresponding to each linear separation of D(V’), such that
u+v+2=d+5and min{fu+ 1,v+ 1} > |d/2] — ¢ + 1. It follows from Corollary
1 that each such crossing pair of u-simplex and v-simplex can be extended to obtain at

d=5 ) =0 <2d/ \/E) crossing pairs of (d — 1)-simplices formed by the

least
cas (d— 12|+t —1
hyperedges in E. Therefore, the total number of crossing pairs of hyperedges in such a

d-dimensional rectilinear drawing of K, is at least Q(d*)Q <2d / \/E> = Q (27d°/?). O



Chapter 6

Rectilinear Crossings in Complete
Balanced d-Partite d-Uniform

Hypergraphs

6.1 Motivation and Previous Works

In this chapter, we establish a non-trivial lower bound on the d-dimensional rectilinear cross-
ing number of the complete balanced d-uniform d-partite hypergraph having nd vertices.
Finding the rectilinear crossing number of complete bipartite graphs (i.e., complete 2-uniform
bipartite hypergraphs) is an active area of research [36]. Let K, ,, denote the complete bipar-
tite graph having n vertices in each partition. The best-known lower and upper bounds on

cr(K,,) are w (n/2] |(n —1)/2] and |n/2]? |(n —1)/2)?, respectively [36, 57]. Na-

0 =) o) [ - 1)/2) +9.9 x 107658

has [46] improved the lower bound on €7 (K, ) to 7

for sufficiently large n.

Let us recall that a hypergraph H is called d-uniform if each hyperedge contains d vertices.
Let us also recall that a d-uniform hypergraph H = (V| E) is said to be d-partite if there
exists a sequence < X1, Xo, ..., Xy > of disjoint sets such that V' = U X;and E C X x Xy X

..x X4. We call X; to be the i"* part of V. Moreover, such a d- partlte d-uniform hypergraph
is called balanced if | X;| = |Xs| = ... = |X4| and complete if |E| = | X7 x X5 x ... x Xyl
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Let us also recall that K% denotes the complete balanced d-partite d-uniform hypergraph

d

with n vertices in each part. For ¢ > 2, let us denote by K ...\t xnot.. thxn, the complete

d-partite d-uniform hypergraph if Xt: k; = d, n; # n;.1 for all 7 in the range 1 < i <t —1,
and each of the first £y > 0 parts C(Z):nltains ny vertices, each of the next ky > 0 parts contains
no vertices, ..., each of the final k;, > 0 parts contains n; vertices.

We first use the Colored Tverberg theorem with restricted dimensions and Corollary 1 to
observe the lower bound on ¢ry (Kfilm> mentioned in Observation 7. Let us introduce a few
more definitions and notations used in its proof. Two d-uniform hypergraphs H, = (Vi, E})
and Hy = (Va, E3) are isomorphic if there is a bijection f : V; — V4 such that any set
of d vertices {uy,us,...,uq} is a hyperedge in E; if and only if {f(u1), f(ua),..., f(uq)}
is a hyperedge in Es. A hypergraph H' = (V' E’) is called an induced sub-hypergraph of
H = (V,E) if V' CV and E’ contains all hyperedges of E spanned by the vertices in V.
A (u — 1)-simplex which is a convex hull of a set U containing u points (1 < u < d + 1)
in general position in R? is denoted by Conv(U). Recall that a (u — 1)-simplex Conv(U)
spanned by a point set U containing u points and a (w — 1)-simplex C'onv(W') spanned by
the point set W containing w points cross if UNW = ¢ and they contain a common point in
their relative interiors. For the sake of completeness, we again mention the Colored Tverberg

theorem with restricted dimensions.

Colored Tverberg Theorem with restricted dimensions. [//, 55/ Let {C,Cs, ..., Cri1}
be a collection of k + 1 disjoint finite point sets in R?. Each of these sets is assumed to be of
cardinality at least 2r — 1, where r is a prime integer satisfying the inequality r(d — k) < d.
Then, there exist r disjoint sets Si,Ss,...,S, such that S; C Uf;l Cj, = Conv(S;) # 0
and |S; N Cj| =1 for all i and j satisfying 1 < i <r and1<j<k+1.

We prove the following observation to establish a lower bound on ¢ry (K d

an)~ We improve

this lower bound later in this chapter.
Observation 7. @74 (K4,,) = Q ((8/3)%) (n/2)* (n — 1)/2)" for n > 3.

Proof. Let us consider the hypergraph H = K% such that its vertices are in general posi-

tion in R?. Let H' = K(Cl(d/2}+1)><3+(td/2j71)x2 be an induced sub-hypergraph of it containing
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3 vertices from each of the first [d/2] 4+ 1 parts and 2 vertices from each of the remain-
ing |d/2] — 1 parts. Let C; denote the i*" part of the vertex set of H’' for each i in the
range 1 < i < [d/2] +1. Note that Cy,Cy,...,Cry/2141 are disjoint sets in R? and each
of them contains 3 vertices. Clearly, these sets satisfy the condition of Colored Tverberg
theorem with restricted dimensions for & = [d/2] and r = 2. Since the vertices of H’
are in general position in R?, Colored Tverberg theorem with restricted dimensions im-
plies that there exists a crossing pair of [d/2]-simplices spanned by U C Uj[i/f 1+ C; and
W C U Oy such that UNW = 0 and [UNCy| = 1, [WNCy| = 1 for each j in
the range 1 < j < [d/2] + 1. Corollary 1 implies that U and W can be extended to
form 2142171 distinct crossing pairs of (d — 1)-simplices, where each (d — 1)-simplex con-
tains exactly one vertex from each part of H’. This implies that &7y (H') > 2l9/21=1 Note
that each crossing pair of hyperedges corresponding to these (d — 1)-simplices is contained in

(n—2)14/21+1 distinct induced sub-hypergraphs of H, each of which is isomorphic to H’. More-

[d/214+1 7\ /2] -1
over, there are (3) ( ) distinct induced sub-hypergraphs of H, each of which

2
[d/2]+1 |d/2]—1
is isomorphic to H’. This implies ey (K4,,) > 2Ld/2J*1(§> (;L) /(n — 2)fd/21+1
= nd(n — 1)4/612141 = Q ((8/3)%2) (n/2)" ((n —1)/2)". O

In Section 6.2, we improve the lower bound on ¢ry (ij). To the best of our knowledge,

this is the first non-trivial lower bound on this number.

6.2 Lower Bound on the d-Dimensional Rectilinear Cross-
ing Number of K¢

In this section, we use Property 3 and the Ham-Sandwich theorem to improve the previously

observed lower bound on the d-dimensional rectilinear crossing number of K¢, for n > 3.

Theorem 7. &7y (K4,,) = Q(29) (n/2)" (n — 1)/2)" for n > 3.

Proof. Let us consider the hypergraph H = K4, such that all of its vertices are in general

position in R%. Let H' = KJ , \(d—2)x2 be an induced sub-hypergraph of it containing 3
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vertices from each of the first 2 parts and 2 vertices from each of the remaining (d — 2)
parts of the vertex set of H. Let P = < p1,p2, D3, - -, D2ds1, P2d12 > be a sequence of the
vertices of H' such that {p1,ps, ps} belongs to the first partition Ly, {ps, ps,ps} belongs to
the second partition Ly and {poxi1, pors2} belongs to the k™ partition Ly, for each k in the
range 3 < k < d. We consider a Gale transform of P and obtain a sequence of 2d + 2
vectors D(P) = < v1,V,03, ..., Usq41, Vaqse > in R Tt follows from Property 1 of the
Gale transformation that any set containing d + 1 of these vectors spans R*!. As mentioned
before, D(P) can also be considered as a sequence of points in R4*!. In order to apply
Ham-Sandwich theorem in R4, we color the origin with color ¢g, {vy,vs,v3} with color ¢;,
{vy,v5,v6} with color co and {vag i1, vors2} with color ¢ for each k in the range 3 < k < d.
The Ham-Sandwich theorem guarantees that there exists a hyperplane h such that it passes
through the origin and bisects the set colored with ¢; for each ¢ in the range 1 < ¢ < d. Note
that at most d points of D(P) lie on the linear hyperplane h, since any set of d+ 1 vectors in
D(P) spans R4, This implies that there exist at least d + 2 points in D(P) that lie either
in the positive open half-space At or in the negative open half-space h~ created by h with
an orientation assigned to it. Let DT (P) and D~ (P) be the two sets of points lying in h*
and h~, respectively. The Ham-Sandwich theorem ensures that at most d points of D(P)
can lie in one of h*t and A~. This implies that |D*(P)| > 2 and |D~(P)| > 2. Moreover,
note that 2 points having the same color cannot lie in the same open half-space. Property
3 implies that there exist a (u — 1)-simplex Conv(P,) spanned by the vertices of P, C P
and a (w — 1)-simplex Conv(B,) spanned by the vertices of P, C P such that the following

properties are satisfied.
1) P,NB=10
(IT) Conv(P,) and Conv(F,) cross.
(II) 2 < [Pl [P < d, [Pl + [Py] = d + 2
(IV) |P,NL;| <1 for each ¢ in the range 1 < i < d

(V) |P,N L;| <1 for each i in the range 1 <1i <d
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Corollary 1 implies that the crossing between two lower-dimensional simplices Conv(P,)
and Conv(FP,) can be extended to a crossing pair of (d — 1)-simplices spanned by vertex sets
U, W' C P satistying U' O P, and W' D Py, respectively. In fact, it is always possible to

add vertices to P, and P, in such a way that following conditions hold for U’ and W’.
O UNwW =0
(IT) Conv(U’) and Conv(W') cross.
() U] = W'| = d
(IV) |U'n L;] =1 for each 7 in the range 1 <i <d
(V) |[W'n L;| =1 for each i in the range 1 < i < d
The argument above establishes the fact that @ry(H') > 1. Note that H contains

3
each crossing pair of hyperedges is contained in (n — 2)? distinct induced sub-hypergraphs of

2 d—2
H, each of which is isomorphic to H', we obtain ¢r, (Kgxn) > (g) . (Z) /(n —2)2 =

nd(n —1)4
9.2d

2 d—2
(n) (Z) distinct induced sub-hypergraphs, each of which is isomorphic to H’. Since

=0 (29) (n/2)" ((n — 1)/2)". O



Chapter 7

Conclusions

In this chapter, we summarize the contributions in this thesis. In Chapter 4, we gave a lower
bound on the d-dimensional rectilinear crossing number of a complete d-uniform hypergraph
with n vertices by using the Gale transformation and the Ham-Sandwich theorem. In Chap-
ter 5, we investigated the d-dimensional convex drawing of a complete d-uniform hypergraph
when all of its vertices are placed on the d-dimensional moment curve. In particular, we
proved that the 3-dimensional convex crossing number of a complete 3-uniform hypergraph
with n vertices is 3(Z> We also investigated different types of d-dimensional rectilinear
drawings of a complete d-uniform hypergraph having 2d vertices in convex as well as general
position in R¢. In Chapter 6, we established a non-trivial lower bound on the d-dimensional
rectilinear crossing number of a complete balanced d-partite d-uniform hypergraph having
nd vertices. We list some open problems related to the d-dimensional rectilinear drawings of

the d-uniform hypergraphs.

o We already showed that the number of crossing pairs of hyperedges in a d-dimensional
rectilinear drawing of K¢ is asymptotically maximum when all of its vertices are
placed on the d-dimensional moment curve. It is an interesting problem to produce
a d-dimensional rectilinear drawing of K¢ which maximizes the number of crossing
pairs of hyperedges. The Upper Bound theorem [45] states that the d-dimensional
cyclic polytope (i.e., the polytope whose vertices are all placed on the d-dimensional
moment curve) has the maximum number of faces of any given dimension among all

d-dimensional convex polytopes having the same number of vertices. Inspired by this
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result, we conjecture the following.

Conjecture 1. The placement of n vertices on the d-dimensional moment curve maz-

imizes the number of crossing pairs of hyperedges in a d-dimensional convex drawing

of K&

Garey and Johnson [26] showed that given a graph G and an integer M, determining
whether the crossing number of G is less than or equal to M is NP-complete. The
same proof can be modified to show that determining whether the rectilinear crossing
number of a graph G is less than or equal to M is NP-hard. For d > 3 and an integer N,
it is an interesting open problem to prove that determining whether the d-dimensional
rectilinear crossing number of a d-uniform hypergraph is less than or equal to N is

NP-hard.

There is a significant gap between the lower bound and the upper bound on the
d-dimensional rectilinear crossing number of Kg,. It is an interesting problem to reduce

this gap.

It is an exciting problem to establish a non-trivial upper bound on the d-dimensional
rectilinear crossing number of a complete balanced d-partite d-uniform hypergraph

having n vertices in each part.

Guy [31] noted that in a rectilinear drawing of a complete graph, the number of crossing
pairs of edges is minimum when the convex hull of its vertices forms a triangle. A rigor-
ous proof of this claim can be found in [2]. No such result is known for the d-dimensional
rectilinear drawings of K¢,. Proving a similar result for the d-dimensional rectilinear
drawings of K¢, will improve the lower bound on the d-dimensional rectilinear crossing

number of K¢,.
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