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ABSTRACT

Representation of visual data is a connecting link between the perceptual world and ma-
chine based processing. Over the decades, the computer vision community is dedicated to
improving these representations, so that it can assist humans in a wide range of applications
from medical imaging to visual search and face recognition systems to name a few. In this
thesis, we explore geometric constraints to aid in learning representations for various com-
puter vision applications that either have access to only limited amount of labeled training
data, abundant unlabeled training data or a combination of two.

We investigate two types of geometric constraints: manifold and semantic. The contri-
bution in this thesis can be categorized into two parts based on the geometric constraints
used. In the first category, we use the geometry of manifolds. First, we use the geometry of
Stiefel manifold to learn a linear transformation of feature representations in the supervised
setting, and we show improved generalization in low training-data settings. We also show the
same manifold constraint to be effective in the unsupervised learning of disentangled repre-
sentations, which can help improve the interpretability of deep networks. The third problem
is that of defense against adversarial attacks on deep networks. Using the geometry of the
Grassmann manifold, we show that our subspace based representations of an adversarially
perturbed input sample are sufficiently close to their clean counterparts, and can serve as a
defense strategy without the need of any retraining or fine-tuning of the network.

In the second category, we make use of semantic constraints and derive a loss term that
leverages the statistical manifold, i.e., the space of probability distributions. We apply this
loss term in two learning scenarios. First, we use it to combat over-fitting in supervised
representation learning in case of limited labeled training data for visual animal biometrics
task. We show that it improves the robustness and generalization of the representations
for primate face recognition as well tiger re-identification problem. Secondly, we use it
for learning clusterable representations in a semi-supervised setting, where it has access to
limited labeled data along with abundant unlabeled data.

In this thesis, based on the improvements across different applications and settings, we
conclude that the geometric information is useful for visual data representation learning re-
gardless of the level of supervision.

Keywords: Representation learniing, Stiefel manifold, Grassmann manifold, Statistical
manifold, Visual animal biometrics.
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Chapter One

Introduction

Learning representations from raw pixel data is crucial for the success of machine learning

and deep learning systems to perform tasks like image classification, recognition and retrieval.

In the last decade, supervised learning of these representations has been very successful for

various tasks and even generalized well when transferred to other tasks and datasets [90].

However, obtaining a large, diverse, well-curated dataset is usually tedious and becomes

a critical bottleneck in supervised learning. The recent and emerging applications like self

driving cars [121, 140] and visual wildlife monitoring [50] often have limited or no labeled data

and require domain experts for manually labelling the data. This has triggered research that

explores representation learning techniques for scenarios where there is limited labeled data

in the supervised or semi-supervised settings, or no labeled data at all in the unsupervised

setting.

In this thesis, we focus on exploring geometric constraints to assist representation learning

in the aforesaid settings. In the unsupervised setting, we show that the quality of the learned

feature representations improves when certain geometric properties hold in the feature space,

which can be imposed through manifold constraints. On the other hand, in the supervised

setting, the labeled data is used to derive semantic constraints that alter the geometry of the

learned feature space, making it more discriminative. By leveraging these two constraints:

manifold and semantic, for various computer vision applications, the central message of
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this thesis is that geometric information is vital for learning representations and provides

complementary benefits to human annotated data.

We now categorize our contribution in two heads based on the type of the geometric

constraints as manifold constraints and semantic constraints

1.1 Manifold Constraints

Over the last decade, manifolds have been used successfully in machine learning and various

computer vision applications [17, 168, 132]. In this thesis, we are specifically interested in two

matrix manifolds, the Stiefel manifold and the Grassmann manifold. The use of the Stiefel

manifold in this thesis is twofold. Firstly, we have used it to improve the interpretability of

the representations learned by deep networks by parametrizing the representation space with

the Stiefel manifold constraint. Secondly, the geometry of the Stiefel manifold is also used

for developing efficient optimization schemes. On the other hand, the Grassmann manifold

is used from purely an analysis perspective to validate the solution proposed for cleaning an

image from adversarial noise. The three problems that have used manifold constraint are

described in the following paragraphs.

1.1.1 Linear Transformation for Representations

Mahalanobis distance metric learning is one way to learn a linear transformation and is

parameterized by a symmetric positive semi-definite (PSD) matrix. The PSD matrix essen-

tially defines the rotation and scaling of basis vectors of the feature space, that encourages

semantically consistent similarity and dissimilarity measures between the transformed repre-

sentations. As opposed to most traditional approaches that directly learn the PSD matrix,

we propose to learn the orthonormal basis vectors and the corresponding scaling factors. We

propose a joint optimization strategy that leverages the manifold constraint to efficiently

optimize for the matrix of orthonormal basis vectors whereas the scaling factors are opti-
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mized over the positive orthant. The manifold constraint restricts the search space of basis

vectors to the space of orthonormal matrices i.e., the Stiefel manifold, effectively reducing

the number of parameters to be optimized from O(n2) to O(n2 − p(p−1)
2

), where n is the

dimensionality of the feature space and p is the rank of the PSD matrix. In limited labeled

data settings, this formulation results in improved generalization due to fewer parameters

and leads to ∼ 2% improvement in image classification task on several datasets over popular

traditional methods.

We further validate the capabilities of the proposed framework for figure/ground seg-

mentation of patterned species such as leopards, tigers and zebras in images captured in the

wild. Segmenting the foreground in the wild is challenging due to background clutter, com-

plex illumination effects, non-rigid variations in animal pose and occlusions. Additionally,

the limited labeled data poses a challenge in employing traditional supervised approaches

for segmentation, whereas interactive approaches can not extend to large databases. There-

fore, we design a simple pipeline based on handcrafted features that are transformed to a

new representation space with the learned metric improving the discriminability between fig-

ure and ground representations. The proposed setup outperforms traditional segmentation

approaches like GrabCut [145] and Random walk [57] across patterned species.

1.1.2 Disentangled Representation Learning

As the complexity of data increases, linear methods reach their limits and are often eschewed

in favor of nonlinear representation learning methods like deep neural networks (DNN). Im-

ages encountered in real world computer vision applications are usually a result of a complex

interaction of different factors like illumination, pose, object size etc. that can drastically

affect the perceptibility and understanding of the image. This poses a challenge in learning

meaningful representations that are invariant to the factors that do not contribute towards

the task at hand. This has driven the research of learning representations that can con-
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trol and/or separate these factors of variations in the representation space without the need

for any additional attribute annotation. These representations are termed as disentangled

representations as they capture different attributes along disjoint subsets of elements of the

representation vector. In order to separate the attributes in the learned representations, we

propose a manifold constraint driven approach that enforces orthonormality between these

subsets. These constraints can be written in closed form as a Frobenius norm to account

for deviation from orthonormality condition. Similar to our work on linear transformation

learning, we leverage the geometry of Stiefel manifold to explicitly enforce the orthonormality

constraint. We show that our approach improves the quality of disentanglement significantly

across several datasets, while empirically improving the network training convergence owing

to the explicit Stiefel manifold constraint.

1.1.3 Representations to Mitigate the Effect of Adversarial Attacks

Despite their success, a crucial limitation of deep network based representations is their

vulnerability to small imperceptible changes in the input images. These small changes known

as adversarial perturbations [55, 125, 26, 164] have shown to alter the representations that

adversely affect the network performance. We define a subspace based input transformation

that rectifies the effect of such perturbations of the image. The subspace is defined on the

self-correlation of random corruptions of an input image and essentially corresponds to a

point on the Grassmann manifold i.e. space of fixed dimensional subspaces. This allows us

to leverage the geometry of the Grassmannian and develop a proximity relationship between

the subspace obtained from an adversarial sample with that of its clean counterpart and show

that the geodesic distance on the manifold is upper-bounded. Alongside, we empirically show

that the subspaces corresponding to similar image pairs i.e. images from the same class are

closer while the subspaces of dissimilar image pairs formed by different classes are far apart,

establishing the ability of our approach to rectify the wrong predictions. The proposed
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approach is both model as well as training data agnostic and relies on a low dimensional

representation computed only from the input image that suppresses the perturbation effect

when projected back to the image space. We report an absolute improvement of ∼ 4.5% in

accuracy on ImageNet dataset over state-of-the-art approaches.

1.2 Semantic Constraints

Semantic constraints are used to improve semantic consistency in the representation space so

as to reflect task level similarities and dissimilarities when we have access to limited training

data. In an image classification task, a DNN can be viewed as a nonlinear transformation of

an image to a vector of probabilities that are used to predict the class label. Typically, these

networks are over-parametrized and have more number of parameters than the number of

training samples resulting in over-fitting [189]. We propose to use semantic constraints in low

labeled data settings to assist in improving the consistency of probability vectors generated

from data that directly impact the representations. The space of probability vectors defines a

manifold known as the statistical manifold, where every point on the manifold is a probability

vector. We propose to minimize an approximated measure of geodesic distance on this

manifold known as the KL-divergence to drive the points from the same class together while

maximizing the distance between points from the different classes. We have used semantic

constraints in both supervised as well as semi-supervised settings as discussed below.

1.2.1 Representations for Visual Animal Biometrics

For image recognition tasks like visual animal biometrics, i.e., recognizing a specific individ-

ual animal in an image, collecting a large annotated data for training DNNs is impractical.

The network trained with a cross-entropy loss on such data only encourages predicting the

correct class and ignores any other information present in the distribution over all other

classes. This can contribute to overfitting and a lack of consistency between predictions of
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different instances from the same class. Consequently, semantic constraints derived from

class labels are leveraged that aid representation learning for small training datasets. Specif-

ically, we use pairwise constraints in the probability space, to encourage similar distributions

for pairs with matching labels and dissimilar ones for non-matching labels. This simple reg-

ularization on the probability vectors results in a learned feature space representation, which

captures the fine-grained differences between individuals, and moreover delivers promising

performance in all the three protocols of visual biometric tasks, i.e., closed-set, open-set and

verification. We evaluate this individual identification approach for two visual biometrics

applications: primate face recognition and tiger re-identification.

1.2.2 Semi-Supervised Representation Learning for Clustering

While clustering has traditionally been an unsupervised learning problem, many DNN based

clustering approaches have incorporated varying degrees of supervision, which can substan-

tially improve clustering performance. On one hand, fully supervised approaches [99, 157]

perform well but are often limiting due to unavailability of sufficient labeled data. Unsuper-

vised approaches, while very desirable, are oblivious to any semantic notions of data, and may

lead to representations that are difficult to interpret and analyze. Weakly or semi-supervised

approaches are often used as a reasonable middle-ground between the two extremes. For ex-

ample, [76] uses pairwise constraints as a weaker form of supervision, and [49] exploits both,

labeled as well as unlabeled data for learning. Inspired by the success of semantic constraints

in the supervised setting, its applicability is further explored in learning clusterable repre-

sentations in the semi-supervised setting. We propose an autoencoder based semi-supervised

clustering framework in deep networks that has access to only a few labeled samples along

with abundant unlabeled data. The proposed approach achieved state-of-the-art results on

several datasets with annotated data less than 5%.
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1.3 Thesis Organization

The thesis starts with an overview of concepts and tools in Chapter 2 that are used in this

thesis.

Chapter 3: Learning Representations with Linear Transformation

This chapter presents a supervised approach for learning representations with linear trans-

formation. The proposed approach uses manifold constraint for efficient optimization and is

evaluated on a range of applications.

Related Papers:

• A.Shukla, S. Anand, Optimization on Stiefel Manifold for Mahalanobis Distance Met-

ric Learning (Under Review).

• A. Shukla and S. Anand, Metric Learning Based Automatic Segmentation of Pat-

terned Species, ICIP 2016.

• A. Shukla and S. Anand, Distance Metric Learning by Optimization on the Stiefel

Manifold, DIFF-CV 2015.

Chapter 4: Representations for Visual Animal Biometrics

This chapter also presents a supervised approach for representation learning. Applications

in visual wildlife monitoring have scarce training data that poses challenges in learning

representations using deep networks. In this chapter, we propose an approach that utilizes

semantic constraints to combat the effect of over-fitting during network training as well as

improve the discriminability of the representations.

Related Papers:

• A. Shukla, G.S. Cheema, S. Anand, Q. Qureshi, Y. Jhala, Primate Face Identification

in the Wild, PRICAI 2019.

• A. Shukla, C. Anderson, G. S. Cheema, P. Guo, S. Onda, D. Anshumaan, S. Anand, R.

Farrell, A Hybrid Approach for Tiger Re-Identification (Challenge Paper), Computer

Vision for Wildlife Conservation Workshop, ICCV 2019.
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Chapter 5: Semi-Supervised Representation Learning for Clustering

This chapter develops on the semantic constraints used in Chapter 4 to learn clusterable

representations in semi-supervised setting in deep networks. The performance is evaluated

on several image datasets and shown to outperform existing approaches.

Related Paper:

• A. Shukla, G.S. Cheema, S. Anand, Semi-supervised Clustering with Neural Net-

works, BigMM 2020, (submitted as an invited paper).

Chapter 6: Unsupervised Disentangled Representation Learning

This chapter proposes to learn a specific class of representations known as disentangled

representations in deep networks in unsupervised setting. The approach utilizes manifold

constraint in the representation space to improve the expressability and interpretability.

Related Paper:

• A. Shukla, S. Uppal, S. Bhagat , S. Anand, P. Turaga, PrOSe: Product of Orthogonal

Sphere Parametrization for Disentangled Representation Learning, BMVC 2019.

Chapter 7: Low Dimensional Representation for Adversarial Defense Strategy

This chapter proposes an unsupervised approach for defining a low dimensional represen-

tation for an adversarially perturbed input image such that the reconstructed image has

reduced effect of adversarial noise. The effectiveness of the approach is established by theo-

retical and experimental results derived by analysis on the Grassmann Manifold.

Related Paper:

• A. Shukla, P. Turaga, S. Anand, GraCIAS: Grassmannian of Corrupted Images for

Adversarial Security, ArXiv preprint arXiv:2005.02936 (2020).

Chapter 8: Geometry of Disentangled Representation Learning Models

This chapter presents the analysis developed using both quantitative and qualitative mea-

sures to understand the geometry of latent spaces learned with disentangled representation

learning models.

Related Paper:
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• A. Shukla, S. Uppal, S. Bhagat , S. Anand, P. Turaga, Geometry of Deep Generative

Models for Disentangled Representations, ICVGIP 2018.

Chapter 9: Conclusion and Future Work

This chapter concludes the thesis and presents a brief summary of the contributions. It also

presents some open problems that can be explored in future.
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Chapter Two

Preliminaries

This chapter gives an overview of the essential differential geometry and optimization tools

that are used throughout the thesis.

2.1 Riemannian Manifolds

A manifold is a generalization of curves and surfaces to higher dimensions that is locally

Euclidean i.e. every point has a neighborhood that can be mapped to an openset in Rn.

Few examples of 2d manifolds that are embedded in R3 are shown in Figure 2.1. A manifold

together with a Riemannian metric is known as a Riemannian manifold. A Riemannian

metric defines inner product on the tangent space i.e. 〈X,Y〉 = g(X,Y), here X,Y ∈ TXM.

One simple example of a Riemannian manifold is the n-dimensional Euclidean space Rn with

inner product as the metric on the tangent space that is essentially TXRn = Rn.

The Riemannian metric is also required to define geodesics on the manifold. A geodesic

is analogous to a straight line connecting two points in the Euclidean space and gives the

shortest path between the two. Formally, it is an arc-length parameterized curve that is

locally shortest with respect to the chosen Riemannian metric.

Mathematically, given a curve γ : [a, b]→M, from an open interval to the manifoldM,
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Figure 2.1 Few examples of 2d manifolds defined as non-intersecting closed surfaces
in R3 [source:wolfram].

the arc length L(γ) of γ is given by

L(γ) =

∫ b

a

|γ′(t)|dt (2.1)

Here (γ′(t))2 = g(γ′(t), γ′(t)), where γ′(t) is the velocity vector of the curve. Following this,

the geodesic distance between two points X,Y ∈ M is defined as the infimum of the arc

length taken over all curves γ : [a, b]→M such that γ(a) = X and γ(b) = Y.

2.1.1 Stiefel Manifold

The set of (n×p) dimensional matrices with orthonormal columns, endowed with the Frobe-

nius inner product forms a compact Riemannian manifold called the Stiefel manifold [46].

In other words, the Stiefel manifold Sn,p is defined for n× p matrices that satisfy

Sn,p = {U ∈ Rn×p : U>U = Ip, p ≤ n} (2.2)

The tangent space TU at a point U on the Stiefel manifold is given by

TU(Sn,p) = {Z ∈ Rn×p : U>Z + Z>U = 0} (2.3)
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2.1.2 Grassmann Manifold

The space of p-dimensional linear subspaces in Rn defines a Grassmann manifold [46] and is

denoted by Gn,p. Each point U on the manifold is a basis defined as a linear combination of

the set of p orthonormal vectors u1,u2 · · ·up. Mathematically, it can be written as

Gn,p = {span(U) : U ∈ Rn×p,U>U = Ip
}

(2.4)

Here, span denotes the space spanned by the column vectors of the matrix U. So, different

from the Stiefel manifold, two orthonormal matrices U1 and U2 can denote the same point

on the manifold if span(U1) = span(U2). More systematically, we can say U1R1 = U2R2,

where R1,R2 ∈ Op where Op = {O ∈ Rp×p : O>O = OO> = Ip}

The tangent space TU at a point U on the Grassmann manifold is given by

TU(Gn,p) = {Z ∈ Rn×p : U>Z = 0} (2.5)

Given two orthonormal matrices U and V, the principle angles θ1, θ2 · · · θp are given by

cos θk = max
u∈span(U)

max
v∈span(V)

u>k vk (2.6)

The cosine angles are used for computing geodesic distances. Thus, the geodesic distance

between the two points U and V on the Grassmann manifold can be written as [46]

d2G(U,V) = Σi θ
2
i (2.7)

The principle angles can be computed by the singular value decomposition of the matrix

U>V = P(cos Θ)Q>. Here, cos Θ is a diagonal matrix of cosine principle angles. The

columns of P and columns of Q are the left and right singular vectors of U>V respectively.

2.1.3 Statistical Manifold

A statistical manifold [139] is a Riemannian manifold, where every point on the manifold

is a probability distribution. Consider a family of probability functions parameterized by
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θ = [θ1, · · · , θn]. The collection of such probability functions, where each function is indexed

by a point θ ∈ Rn defines a statistical manifold given by

S = {p(x; θ) : θ ∈ Rn} (2.8)

S is a subset of P(X), the set of all probability measures on X is given by

P(X) =

{
p : X → R, p(x) > 0, (∀x ∈ X);

∫
X

p(x)dx = 1

}
(2.9)

The tangent space at a point pθ on the manifold is given by

Tθ(S) =

{
n∑
i=1

αi∂i : αi ∈ R

}
(2.10)

Here, ∂i = ∂
∂θi

. The Riemannian metric defined on this manifold is the Fisher-Rao Informa-

tion metric. It is proportional to the amount of information that the distribution contains

about the parameters. So, the Fisher-Rao Information matrix is given by

gi,j(θ) = E[∂ilθ∂j] (2.11)

Here, lθ = log p(x; θ) = pθ. Thus, the geodesic distance can be computed between points

on the statistical manifold by substituting the metric in Eq. 2.1. However, in general, the

parametrization of the probability density functions (pdfs) of the data is not known, making

Fisher-Rao metric unsuitable for computing distances between probability distributions in

practical scenarios [8].

Therefore, approximations of the Fisher-Rao metric have been developed [85] (e.g. Hellinger

divergence, certain Ali-Silvey divergences and Kullback-Leibler-divergence). The one we are

concerned in this thesis is the Kullback-Leibler divergence (known as the KL-divergence).

The KL-divergence provides an approximation of Fisher-Rao Information metric based

geodesic distance. It can be used to compute the difference between two probability density

functions in the infinite-dimensional function space or finite-dimensional vector space. Given

two distributions p and q ∈ Rn, the KL-divergence is given by

dKL(p||q) =
K∑
k=1

pk log
pk
qk

(2.12)
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The KL-divergence between two close distributions closely approximate the Fisher-Rao In-

formation metric by the relation 2dKL(p||q) → (dFD(p,q))2, where dFD is the Fisher-Rao

distance [85].

Figure 2.2 Comparison of KL-divergence (KLD) with Fisher Distance (FD) be-
tween two discrete probability distributions p = [p0, p1] and q = [q0, q1], where q is
defined as a function of p0 for different values of q0 [1].

Even when p and q are different and far apart, the KL-divergence approximates the

geodesic distance well. An example to illustrate the same is shown in Figure 2.2 for two

discrete probability distributions p = [p0, p1] and q = [q0, q1] . The distances are plotted by

considering q as a function of p0 for different values of q0. The KL-divergence approximates

the geodesic fairly well and drifts apart when KL-divergence goes to infinity i.e. with p0 =
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1, q0 = 0.

2.2 Optimization on Manifolds

A Riemannian optimization approach consists of two steps in each iteration (i) find a tangent

vector in the direction of descent (ii) apply a retraction that maps the tangent vector back to

the manifold. A retraction is a projection mapping from the tangent space onto the manifold

to keep the new point on the manifold. In the case of Stiefel manifold, polar decomposition

and QR decomposition are the most commonly used retractions [4]. Recently, many practical

algorithms like [83, 173] have been developed that are more computationally efficient. In our

work, we use Cayley transform based gradient descent approach [173] for optimizing a loss

function on the Stiefel manifold.

Given an optimization problem argminX∈Sn,pf(X), we want to solve for a X ∈ Sn,p that

minimizes the function f(X).

The gradient on the manifold can be obtained by projecting the ambient Euclidean space

gradient to the tangent space.

∇f = ProjX∇f(X) (2.13)

Here, the projection operator ProjX is defined to project a matrix Y onto the tangent

space as follows :

ProjXY = Y −XSym(X>Y) (2.14)

Therefore, the gradient on the manifold is defined as

∇f(X) = G−XSym(X>G) (2.15)

Here, G = ∂f(X)

∂X is the gradient in the Euclidean space. Sym() defines the symmetric matrix

for any given matrix i.e. Sym(B) = 1
2
(B + B>). Now, we adapt the Cayley transformation
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to define the retraction. For all Z ∈ TXSn,p, it holds

Z = WX (2.16)

Here, W is given as follows

WZ = GX> −XG> (2.17)

This is used to define the retraction on the Stiefel manifold, that is given by

RX(τ) =
(
I +

τ

2
W
)−1(

I− τ

2
W
)
X (2.18)

Here, τ is the step size. The curve defined by the retraction in the above equation is smooth.

The step size is obtained by a curvilinear search algorithm in the direction of descent in the

tangent space. The update on the manifold is then obtained using the Cayley transformation

based retraction to minimize the objective function. We employed the method developed in

[173] that proposed a monotone curvilinear algorithm and used Barzilai-Borwein step size

[12] to achieve faster convergence.

2.3 Deep Learning Overview

A deep neural network (DNN) processes an input and applies a series of transformations to

progressively extract representations suitable for a given task. These transformations are re-

ferred as layers with the first layer: input, last layer: output and the series of transformations

as hidden layers.

2.3.1 CNNs

A Convolutional Neural Network (CNN) is the most widely used neural network that operates

mainly on inputs that have grid structure such as the audio signals in 1d, images in 2d and

videos in 3d. The key operation in a CNN is convolution. A CNN is made of multiple
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convolution layers, to progressively learn higher level representations. Each layer consists

of a set of filters, a nonlinear function and a pooling operation. The convolution layers

are followed by a fully connected layer that produces the desired output. An example of

CNN architecture is shown in Figure 2.3. The output of the network is used in a loss

Figure 2.3 An example of CNN architecture, LeNet [100]

function that quantifies a measure of deviation from the desired output and is used to train

the network. These parameters are learnt using a mini-batch stochastic gradient descent

(SGD) that iteratively updates the network parameters starting with some initial (random)

parameters.

2.3.2 Autoencoders

An autoencoder is a neural network defined with an encoder-decoder pair, where the encoder

is designed to map an image to a representation z = f(x, θ) and the decoder function g

transforms it back to input image x̂ = g(z, φ). The parameters are learnt to minimize the

following loss function:

L(x, g(f(x))) = ||x̂− x||22 (2.19)

Autoencoders are trained in a similar way as convolution neural networks, but with the

unsupervised loss given by the above equation. They have been used widely over several

decades for a range of applications: layer wise greedy pre-training, dimensionality reduction
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Figure 2.4 An example of convolutional autoencoder [65].

and image denoising, to name a few. In this thesis, we are concerned with convolutional

autoencoders that have a sequence of convolution and deconvolution layers in the encoder

and decoder network respectively. During network training, the encoder network learns to

process an image to a low dimensional representation z and the decoder learns to reconstruct

the image at the output. An example of a convolution autoencoder is shown in Figure 2.4.

2.3.3 Generative Models

Deep generative models learn to approximate the data distribution by modeling the latent

variables and a generator function that maps the latent variables to the data manifold.

The two generative models used in this thesis are: Variational Autoencoders (VAEs) and

Generative Adversarial Networks (GANs).

Variational Autoencoders and Variants

As opposed to autoencoders that do not impose any constraint on latent variables, VAE’s [88]

add a generative probabilistic formulation to approximate the probability distribution of the

training data. VAEs have a stochastic encoder network to model the posterior distribution

q(z|x) and a decoder network or a generator that models the conditional log likelihood

18



Figure 2.5 Illustration of the re-parametrization trick in VAEs [2].

logp(x|z).

The objective function that a VAE is trained to optimize is given by

L(x; θ, φ) = −E[logqφ(z|x)(pθ(x|z))] + dKL(qφ(z|x)||p(z)) (2.20)

Here, the generator mapping parametrizes the data distribution and the posterior distribu-

tion qθ(z|x) parametrizes the encoder. The encoder is constrained to be a Gaussian and

the unknown posterior distribution term pφ(x|z) defines the decoder. Here, θ and φ are the

encoder and decoder parameters respectively. From an implementation point of view, the

encoder of VAE will output the parameters of the distribution. Since we parametrize the

latent space with a Gaussian distribution, it outputs mean and variance vectors describing

the distribution. The decoder can then generate an image at the output by sampling from

this distribution. But, the sampling process is not differentiable limiting the network train-

ing through the backpropagation algorithm. To tackle this, VAEs leverage reparametrization

trick that instead samples η from a unit Gaussian which is then shifted by the latent distri-

bution mean and scaled by the variance. This in-effect moves the non-differentiability out of

the network, allowing to train the model with backpropagation. An illustration of the same

is shown in Figure 2.5.

β-VAE [124] is a modified VAE that increases the weight on the KL-divergence between

the variational posterior and the prior by β > 1 to enforce disentanglement. The modified
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objective function is given as follows:

L(x; θ, φ) = −E[logqφ(z|x)(pθ(x|z))] + βdKL(qφ(z|x)||p(z)) (2.21)

While it improves the quality of disentanglement, the reconstruction quality degrades as

compared to VAE. Building on this work, Burgess et. al. viewed posterior distribution as

information bottleneck and added a term to the loss function that works as an upper bound

on the information that z captures of x. The proposed modification is as follows

L(x; θ, φ) = −E[logqφ(z|x)(pθ(x|z))] + β|dKL(qφ(z|x)||p(z))− C| (2.22)

Here, C is a real value that increases during training, allowing the divergence term to increase

without impacting the overall loss.

Factor-VAE [86] improves β-VAE by augmenting the objective function with a term to

enforce independence in the code distribution.

L(x; θ, φ) = −E[logqφ(z|x)(pθ(x|z))] + dKL(qφ(z|x)||p(z)) + γdKL(q(z)||q̄(z)) (2.23)

Here, the last term is known as TC (total correlation), where q̄(z) =
∏d

j=1 q(zi). Owing to

the intractability of both q(z) and q(ẑ), the term is minimized using density ratio trick by

training a discriminator jointly with the VAE.

Generative Adversarial Networks (GANs)

GANs [54] are generative models with two competing neural networks: a discriminator and

a generator that are trained together to learn the data distribution in a min-max game. The

discriminator tries to distinguish the samples generated from the data distribution from the

noise samples while the generator gradually learns to generate samples that can fool the

discriminator.
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Chapter Three

Learning Representations with Linear

Transformation

Given a set of images, one can compute representations either by naively vectorizing the

images or by extracting the handcrafted features. These representations are often inadequate

for a downstream task like image classification or clustering as they are unaware of the

notion of similarity or dissimilarity specific to the task. Learning a linear transformation

is one simple way of adapting these representations for the task at hand. This has been

shown to improve the performance of many applications such as face verification [33], person

re-identification [89], image classification [171] and image annotation [62].

Mahalanobis distance metric learning is one way to characterize this linear transforma-

tion. The Mahalanobis distance metric is a generalization of the Euclidean distance and is

parametrized by a symmetric positive semidefinite (PSD) matrix. Learning the Mahalanobis

distance amounts to learning a transformed input space that ensures that similar points are

closer, while dissimilar points are farther apart. The notion of similarity and dissimilarity is

based on the semantics of the application.

Most often, the positive semidefiniteness of the matrix is maintained by projecting it

onto the PSD cone at every iteration [39, 80, 94, 98] that requires computing eigenvalue

decomposition. However, doing so becomes intractable in medium and high dimensional
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spaces due to the computational cost of eigenvalue decomposition O(n3), where n is the

dimension of the data. To this end, several approaches made use of special regularizers like

the logDet divergence function [39], [93] that implicitly ensured positive semi-definiteness due

to the scale invariance and range space preservation properties of the function. However,

these approaches are limited in their choices of regularizer suitable for the task and the rank

of the solution is restricted to that of the initial solution. This motivates the two requirements

for a metric learning framework: that can efficiently maintain the positive semi-definiteness

and the flexibility to different regularizers, making it suitable for the application at hand.

In this chapter, we propose EigMetric framework for metric learning that fulfills these two

requirements by using an eigenvalue decomposition parametrization and the geometry of the

Stiefel Manifold.

Key Highlights

• Propose an optimization framework to learn the PSD matrix by alternately optimizing

for the eigenvectors on the constrained space of orthonormal matrices i.e. the Stiefel

Manifold and the corresponding eigenvalues on the positive orthant.

• EigMetric is flexible to incorporate different convex spectral function based regularizers

suitable for different applications with minimal changes in the update strategy.

• EigMetric is flexible to choice of distance constraints i.e triplet or pairwise distance

constraints based on the requirement of given task.

• EigMetric achieves improved generalization performance in limited labeled data over

traditional approaches for various applications.
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3.1 Background

In this section, we provide a brief overview of the Mahalanobis distance metric and the

convex spectral functions required in our framework.

3.1.1 Mahalanobis Distance Metric

Given data points x, y ∈ Rn, the Mahalanobis distance is given by

dM(x,y) = (x− y)>M(x− y) (3.1)

For any function d to be a metric, it has to satisfy these conditions:

dM(x,y) ≥ 0 Non-negativity (3.2)

d(x,y) = 0⇔ x = y identity of indiscernibles (3.3)

dM(x,y) = dM(y,x) symmetry (3.4)

dM(x, z) = dM(x,y) + dM(y, z) triangle inequality (3.5)

Now, for the Mahalanobis distance dM to be a valid metric, it needs to fulfill the above

conditions. A n×n real-valued symmetric positive definite matrix denoted as M � 0 fulfills

all the conditions. Therefore with a symmetric positive definite matrix M, dM(x,y) is a

distance metric.

However, strictly ensuring the symmetric positive definiteness is not easy to guarantee.

For this reason the identity of indiscernibles condition is usually relaxed into a condition

of identity that permits d(x,y) = 0 even when x 6= y i.e. symmetric positive semidefinite

matrix. This relaxed condition along with the rest of the conditions, define a pseudo metric.

Thus, Mahalanobis distance with positive semi-definite (PSD) matrix i.e. M � 0 is a pseudo

metric, which is shown to be enough in most applications.
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3.1.2 Convex Spectral Functions

Most Mahalanobis metric learning approaches [80, 39, 126, 111] include a regularization term

in the objective function to ensure desired properties on learned metric and impact model

complexity. Popularly used regularizers in metric learning algorithms belong to the class of

convex spectral functions.

Definition: A convex spectral function is defined as f : S → R for a n × n symmetric

matrix A, for which f(A) = ψ(λ1, . . . , λn) where λi, i = 1, . . . , n are the eigenvalues of A

and ψ : Rn → R is a real-valued symmetric scalar function of n variables.

We show that our framework is flexible to the choice of any convex spectral function as

regularizer. To this end, we show the effect with three convex spectral regularizers on M in

our framework: Frobenius norm, trace norm and logDet divergence function.

Frobenius norm :R(M) = ||M||2F (3.6)

Trace norm :R(M) = Tr(M) (3.7)

LogDet divergence :R(M) = Tr(MM−1
0 )− log det(MM−1

0 )− n (3.8)

Here, in Eq. (3.6), the squared Frobenius norm regularizer is the matrix analog of standard

l2 regularizer on a vector. It enforces to learn n(n+1)/2 independent parameters, where n is

the dimension of the data. While Frobenius norm is good for low dimensional data, it is prone

to over-fitting when n is large and only has limited training data. Trace norm regularizer

in Eq. (3.7) where tr() denotes the trace of the matrix i.e sum of eigenvalues of the matrix,

can limit the number of independent parameters by promoting a low rank solution. Low

rank solutions exploit data correlation and are often desired in metric learning approaches.

LogDet Divergence regularizer is given by Eq. (3.8). Here, M0 denotes an initial estimate of

the solution. The regularizer focuses on learning a M that is close to M0. In Eq. (3.8), M0 is

the identity matrix, but it can be generalized to arbitrary positive definite matrices. LogDet
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divergence preserves the rank as defined by M0. The solution is also scale and translation

invariant implicitly owing to the property of divergence function.

The flexibility of our approach to these regularizers is due to the proposed eigendecom-

position parametrization for the PSD matrix M that further simplifies these functions. A

more detailed description of the same will follow in Section 3.3.2.

3.2 Existing Literature

Most approaches in linear transformation learning focus on Mahalanobis distance metric

that is parameterized by a PSD matrix. The survey articles [184, 93, 15, 14] discuss some of

the important developments in traditional metric learning approaches and can be referred

for a detailed understanding of the literature. In this chapter, we categorize a few works

from the literature based on the way the positive semidefiniteness of the matrix is ensured

under three heads: projection based approaches, projection free approaches and geometric

approaches

Projection based methods The approaches in this category perform a projection onto

the PSD cone at every iteration to ensure that the learned matrix is PSD. The projection

step requires the computation of the eigenvalue decomposition, that scales cubic in the fea-

ture dimension. Xing et al. [179] proposed a convex objective function to maximize the

sum of distances between dissimilar pairs while maintaining an upper bound on the sum of

squared distance between similar pairs. On the other hand, Large Margin Nearest Neigh-

bor (LMNN) [171] proposed to minimize the distances between intra-class neighbors while

separating samples from different classes with a large distance margin. However, the lack

of a regularization term in LMNN made it prone to over-fitting and restricted other desir-

able properties, e.g., learning a low rank metric. In practice, LMNN avoided over-fitting

by applying cross validation for each dataset to carefully determine an early stopping cri-

terion. The recent work [130] learned metric in the feature space induced by a nonlinear
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function along with a low rank constraint. However, it resorted to a projection step at every

iteration for the PSD constraint. These approaches are intractable for medium and high

dimensional data. Therefore, [111] followed a two step strategy by first projecting it onto

a low dimensional subspace, effectively reducing the dimension for metric learning. Several

other methods used regularizer functions to promote a low rank solution. For example, the

work in [192] used a regularizer to bias the solution to lie on a low dimensional manifold.

Another work, Law et. al [98] instead used a regularizer to provide explicit control on the

rank of the learned metric.

Projection Free Approaches To overcome the computational overhead of eigenvalue de-

composition, methods like [39], [93] used logDet divergence function as a regularizer. These

approaches learned a matrix M that had minimum divergence with a given PSD matrix.

The learned metric is ensured to be a PSD matrix due to the one of the few properties of

the LogDet function that includes scale invariance and preservation of range space. Thus,

the projection step is omitted to ensure the PSD constraint. Further, similar to projection

based approaches, a low rank matrix can also be learned in this framework as discussed in

[94, 40].

Geometry Driven Approaches Sparse Compositional Metric Learning (SCML) [152] ex-

ploited the geometry of the training data to compute a set of basis vectors that are used to

construct locally discriminative rank one matrices. The final learned metric is represented as

a weighted sum of these rank one matrices, reducing the metric learning problem to solving

for the sparse, non-negative weights. However, the lack of a regularization term and the

dependency on a fixed basis set makes SCML prone to over-fitting, especially in low training

data settings.

While SCML exploited data geometry, more recent approaches leveraged the geometry

of Riemannian manifolds. The prime advantage of using manifolds is that a constrained op-

timization problem in Euclidean space is solved as an unconstrained problem by harnessing

the intrinsic geometry of the manifold. For example, [126] optimized a logistic loss function
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with Frobenius norm regularization over the manifold of fixed rank matrices. It combined

gradient descent with an efficient retraction step to obtain fast updates on the Riemannian

manifold of fixed rank matrices. However, the resulting matrix is not PSD and required

an eigendecomposition at each iteration. [188] utilized the Riemannian geometry of PSD

matrices and proposed a closed form solution for Mahalanobis distance metric. While this

approach reduced the run time by many orders, the classification accuracy is not improved

across various datasets. Later, [68] developed joint dimensionality reduction and metric

learning framework by optimizing on the quotient space of the product space of two Rie-

mannian manifolds with the orthogonal group. Following this, work in [106] developed a

multi-modal geometric metric learning approach to learn distance metric for each view of

the data. More recently, [56] developed a new representation for data using Grassmann

manifold, followed by using LDA to improve the discriminability of the features. Further, to

deal with more complicated data, they augmented the proposed method with LMNN [171]

to employ the strengths of both the approaches.

Deep Learning Approaches Over the last decade, with deep learning approaches achiev-

ing state-of-the-art performances for various machine learning and computer vision applica-

tions, several deep metric learning approaches have been proposed [77, 186, 158, 108]. These

approaches outperformed non-deep learning approaches due to their capability to learn com-

plex nonlinear transformations of the data that makes data linearly separable. However,

these approaches relied on huge training data to avoid over-fitting due to large number of

parameters. However, these approaches are not compared with our approach due to follow-

ing reasons. Firstly, our work learns a linear transformation, whereas deep networks learn

nonlinear transformations. And secondly, we addressed the issue of learning in small training

data setting and deep networks require pre-training on on large dataset owing to large num-

ber of parameters as opposed to the method compared in this work. Further, more recently

the works [47, 127] pointed out that the progress in deep metric learning is biased with unfair

evaluation caused due to change in network architecture and hyperparamter tuning. This
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disparity among deep learning approaches further increases the gap between deep learning

approaches and linear methods.

3.3 EigMetric Framework

3.3.1 Proposed Parametrization

Given data points x, x′ ∈ Rn, the squared Mahalanobis distance is given by

dM(x,x′) = (x− x′)>M(x− x′) (3.9)

Here, M � 0 is a symmetric positive semidefinite (PSD) matrix. A DML approach aims to

learn this PSD matrix M to compute the Mahalanobis distance between the two points. The

Mahalanobis distance function is equivalent to the Euclidean distance between data points

under a linear transformation, which in turn is characterized by a rotation and scaling applied

on the input space. To understand this aspect of the metric, we write the matrix M by its

eigenvalue decomposition as follows:

M = UWU> (3.10)

So, rewriting (3.9) with this substitution, the rotation and scaling components of Maha-

lanobis matrix M can be closely understood as follows:

dM(x,x′) =(x− x′)>UWU>(x− x′) (3.11)

=(U>x−U>x′)>W(U>x−U>x′)

Thus, learning the PSD matrix M corresponds to learning an orthonormal matrix U i.e.

the rotation matrix, that essentially removes the coupling among the feature dimensions.

Whereas, learning W assigns weights to different feature dimensions to establish their im-

portance. For convenience of notation, during the development of the optimization problem,
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we will alternately, but unambiguously use the vector representation w ∈ Rp
+ such that

w = Diag(W) and one can simply define M as

M =
n∑
i=1

wiuiu
>
i (3.12)

Here, wi ≥ 0, are non-negative eigenvalues corresponding to eigenvectors ui’s of the PSD

matrix M. Based on the premise that most often data lies in a lower dimensional subspace

with dimension p ≤ n, we explicitly parameterize rank-p PSD matrix M in matrix notation

as M = UWU> where U is n × p matrix with eigenvectors as columns and W is a p × p

diagonal matrix with eigenvalues along the diagonal.

We now present a simple example to show the effect of transformation defined by learning

the eigenvectors and eigenvalues for 2 dimensional synthetic data in Figure 3.1. The data

consists of 2 classes, the original spread of the data in ambient Euclidean space is shown in

Figure 3.1(a), with canonical basis vectors along the 2 dimensions represented as blue and

black arrows. This representsM = I i.e. the canonical basis scaled with unit eigenvaluesw =

[1, 1]>. Figure 3.1(c) shows transformed data with the learned metric after few iterations, the

corresponding U and w are given in Figure 3.1(b). Here, the direction and magnitude of the

vectors denote the rotation (eigenvectors) and scaling (eigenvalues) parameters respectively.

The data transformed with the final learned metric is shown in 3.1(e). The larger magnitude

in one of the basis directions shows that the class specific data can be distinguished along

this direction.

Parameter Reduction

Mahalanobis distance metric learning algorithms focus on learning the matrix M such that

the PSD constraint is satisfied on the distance matrix. Traditionally, one requires to solve

for n2 or np parameters for full rank and p-rank matrices respectively. With the eigenvalue

decomposition parametrization, that utilizes the geometric constraint of the Stiefel manifold,
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Figure 3.1 An illustration of 2 dimensional data with 2 classes (a) to show the
effect of learned transformation in terms of rotation and scaling parameters. (b)
shows the learned transformation after few iterations, (c) transformed points with
(b), (d) transformation at convergence and (e) transformed points with final metric.

we need to learn only np− p(p−1)
2

parameters. It is worth noting that for p > 1, this number is

strictly less than the number of parameters learned in traditional metric learning approaches.

This reduction in the number of parameters provides better generalization as compared to

other approaches when low training data is available.

3.3.2 Optimization Problem

With the PSD matrix parameterized as given by (3.10), we now describe our objective

function for learning the metric from triplet constraints imposed on the training data. Using

label information, we create triplets of data points (xi,xj,xk) ∈ T such that points xi and

xj belong to same class while xk comes from a different class and formulate the objective

function as follows:

min
M�0

1

|T |
∑
i,j,k∈T

[
1 + dM(xi,xj)− dM(xi,xk)

]
+

+ αR(M) (3.13)

Here, dM(xi,xj) = (xi − xj)
>M(xi − xj) is the squared Mahalanobis distance between

data points xi and xj with R as a regularizer, α ≥ 0 is a regularization parameter. The

[·]+ = max(0, ·) is the hinge loss function that penalizes for a triplet where distance between

xi and xk (samples from different class) is not greater than the distance between xi and xj

(samples of same class) by atleast unit distance margin.
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Now, rewriting (3.13) with the proposed parametrization UWU> as follows

min
U∈Sn,p,w∈Rp+

1

|T |
∑
i,j,k∈T

[
1 + dM(xi,xj)− dM(xi,xk)

]
+

+ αR(UWU>) (3.14)

Here, dM(xi,xj) = (xi − xj)
>UWU>(xi − xj) and the PSD constraint is replaced by

the non-negativity constraint on w and orthonormality constraint on U, U>U = I that are

respectively optimized on positive orthant and the Stiefel manifold respectively.

In this work, we use convex spectral functions described in Section 3.1.2 as regularizer R

in our framework. Due to the eigenvalue decomposition parametrization, the optimization

problems with convex spectral function regularizers are reduced to simple expressions that

are given as follows:

EigMetric-Fro

min
U∈Sn,p,w∈Rp+

1

|T |
∑
i,j,k∈T

[
1 + dM(xi,xj)− dM(xi,xk)

]
+

+ α ‖w‖22 (3.15)

EigMetric-Tr

min
U∈Sn,p,w∈Rp+

1

|T |
∑
i,j,k∈T

[
1 + dM(xi,xj)− dM(xi,xk)

]
+

+ α

p∑
i=1

wi (3.16)

EigMetric-LogDet

min
U∈Sn,p,w∈Rp+

1

|T |
∑
i,j,k∈T

[
1 + dM(xi,xj)− dM(xi,xk)

]
+

+ α

(
p∑
i=1

wi −
p∑
i=1

logwi − p

)
(3.17)

We now describe our optimization strategy for the loss function defined with triplet con-

straints. However, our strategy is also flexible to adopt different distance constraints based

loss functions with only minimal changes that are easy to accommodate in our framework.

3.4 Optimization Strategy

We develop an iterative alternating optimization strategy that alternately updates U and w

using gradient based methods until the convergence. We observe that solving the individual
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subproblems in Eq. (3.25) and Eq. (3.18) in each iteration for the exact solution of U and

w alternately is computationally expensive and adds little value to the final solution, due to

the dependency of U on the previous value of w and vice versa. Based on this observation,

we alternate between U and w updates to move one step in the descent direction in every

iteration.

In this section, while we illustrate the steps for the formulation in Eq. (3.15), that uses

Frobenious norm regularizer, we point out the required changes to adapt the strategy for

formulations in Eq. (3.16) and Eq. (3.17) as well.

3.4.1 Update Strategy for Eigenvalues w ∈ Rp
+

Given a solution for U, we optimize for w in Eq. (3.15) by solving the following subproblem:

min
w∈Rp+

1

|T |
∑
i,j,k∈T

[
1 + dw(x̂i, x̂i)− dw(x̂i, x̂k)

]
+

+ α ‖w‖22 (3.18)

Here, dw(x̂i, x̂j) = (x̂i − x̂j)
>Diag(w)(x̂i − x̂j) where x̂i, x̂j, x̂k ∈ Rp and the transformed

points given by x̂i = U>xi.

We can further simplify and rewrite the above equation as follows:

min
w∈Rp+

1

|T |

|T |∑
m=1

[
1 + s>mw − d>mw

]
+

+ α ‖w‖22 (3.19)

Here, sm = (x̂i− x̂j)◦(x̂i− x̂j) and dm = (x̂i− x̂k)◦(x̂i− x̂k) represent vectors corresponding

to similar and dissimilar pair respectively for the mth triplet in T . This problem is convex

in w, but is not differentiable due to the hinge loss term. To tackle this, we introduce a

dummy variable vector c ∈ R|T | and rewrite the problem in Eq. (3.19) as follows :

min
w∈Rp+,c∈R|T |

1

|T |

|T |∑
m=1

[cm]+ + α ‖w‖22

s.t. c− 1− S>w + D>w = 0 (3.20)

Here, cm ∈ R is the mth entry in c ∈ R|T | and S,D are p× |T | matrices where the columns
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of the matrix correspond to vectors s ∈ Rp and d ∈ Rp for similar and dissimilar pairs of T

respectively.

The function in Eq. (3.20) is now separable in c and w and can be solved effectively using

Alternating Direction Method of Multipliers (ADMM) [20] approach by using a proximal

operator for the hinge loss term.

So, using the solution at current iteration t, Ut and wt we obtain updates for (t + 1)th

iteration for ct+1 and wt+1 and write the ADMM updates using Eq. B.4 as follows:

Update for c: The update for ct+1 is given by

ct+1 = argmin
c

1

|T |

|T |∑
m=1

[
ctm
]
+

+
ρ

2

∥∥∥∥ct − 1− S>wt + D>wt +
λt

ρ

∥∥∥∥2
2

(3.21)

where λ ∈ R|T | is a vector of Lagrange multipliers corresponding to every constraint in

T and ρ ≥ 0 is the penalty parameter. We apply the proximal operator proposed in [185] to

handle [·]+ in Eq. (3.21) and obtain a closed form solution as

ct+1 = T1/ρ

(
1− S>wt + D>wt − λt

ρ

)
(3.22)

Here, the function Tθ(ω) known as the proximal operator takes values ω− θ, 0 and ω for

conditions ω > θ, 0 ≤ ω ≤ θ and ω < 0 respectively and operates elementwise on vector

arguments.

Update for w: Using ct+1, the wt+1 update is obtained by solving the following objective

function.

wt+1 = argmin
w∈Rp+

α
∥∥wt

∥∥2
2

+
ρ

2

∥∥∥∥ct+1 − 1− S>w + D>w +
λt

ρ

∥∥∥∥2
2

(3.23)

The problem in Eq. (3.23) is convex in w and can be solved using standard convex opti-

mization techniques. We employed a simple gradient descent approach and took one step in

the descent direction.

Update λ: The vector of dual variables, λ, is updated as follows

λt+1 = λt + ρ
(
ct+1 − 1− S>wt+1 + D>wt+1

)
(3.24)
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3.4.2 Update Strategy for Eigenvectors U ∈ Sn,p

For updating U, the intermediate solution w from Eq. (3.23) is now fixed and the problem

in Eq. (3.15) is rewritten with the set of those violated triplet constraints T1 ⊆ T , which

trigger the hinge loss term as follows:

Ut+1 = min
U∈Sn,p

1

|T |
∑

i,j,k∈T1

(
1 + xij

>UWU>xij − x>ikUWU>xik
)

(3.25)

Here, xij = xi − xj and xik = xi − xk are the difference vectors. In the problem above, we

obtain a feasible U ∈ Sn,p through a single update step that combines gradient descent with

non-monotone line search [173]. Instead of computing the gradient with respect to the n× p

matrix U, we pick a subset of q ≤ n rows, effectively optimizing the objective on a lower

dimensional Stiefel manifold. Without loss of generality, we can write Un×p =

[
U>s U>n

]>
where Us ∈ Rq×p is randomly selected subset of rows from U and Un ∈ R(n−q)×p is the

remaining set of rows of U.

Optimization on Sq,r

Since, Us is no longer an orthonormal matrix, we again rewrite Us = [UI UD], where

UI ∈ Rq×r is a matrix with r independent columns of Us and UD ∈ Rq×(p−r) represents

dependent columns of Us. Now, following [35], we can parametrize these two components

with Q ∈ Sq,r as

UI = QH1/2, UD = UIT (3.26)

where, H = U>I UI is a PSD matrix and T is an appropriate linear transformation. With

this re-parametrization of U, the domain of the problem in Eq. (3.25) is now reduced to

Sq,r, leading to the following update:

Qt+1 = min
Q∈Sq,r

F(Q) (3.27)
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which can be solved using the approach developed in [173]. However, since we are only

interested in a single step, given an appropriate step size τ , gradient G = ∇F(Q) and

V = GQ> −QG>, the update Qt+1 is

Qt+1 =
(
I +

τ

2
V
)−1 (

I− τ

2
V
)
Qt (3.28)

which in turn leads to the update

Ut+1 =

Qt+1H1/2 Qt+1H1/2T

Un

 (3.29)

From Eq. (3.29), an important observation is that an update on a lower dimensional

Stiefel manifold affects all the columns of U, which in turn drives the change in each wi , i =

1, . . . , p in the following iteration. In practice, for sufficiently large q, we achieve significant

computational gains without any noticeable loss in quality of the final solution.

3.5 Experimental Setup and Results

The performance of EigMetric framework is evaluated in different learning scenarios and

across different applications. The performance and run-time comparisons of EigMetric with

other approaches are presented in this section.

Choice of regularizers Firstly, we evaluate the flexibility of our framework to convex

spectral functions as regularizers. We consider Frobenius norm, trace norm and logDet

divergence functions and denote the corresponding objective functions as EigMetric-Fro,

EigMetric-Tr and EigMetric-LogDet respectively.

3.5.1 Applications

The effectiveness of our framework is evaluated across three diverse applications that are

described briefly below.
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1. Classification performance: We performed experiments on several benchmark datasets

of different sizes and feature dimensions and reported KNN classification accuracy.

2. Person re-identification : We evaluated the performance on two datasets and com-

pared with widely used closed form solutions for the re-id task.

3. Figure/ground segmentation of patterned species in images captures in the

wild: We pose figure/ground segmentation problem as a binary classification problem,

where the set of features are extracted from the figure region form one class, while

the background features correspond to the other class, thus casting the segmentation

problem as a binary classification problem. We evaluated the performance on three

different patterned species and compared them with both traditional segmentation

approaches as well as other metric learning approaches.

We now discuss each of the applications and present details of the evaluation metric,

datasets, experimental setup and results individually.

3.5.2 KNN Classification

We report the k -nearest neighbor classification error and run time on several datasets. The

nearest neighbor classifier uses k = 3 nearest neighbors, breaking ties with the smallest

distance. We compare our approach with various approaches: ITML [39], LMNN [171],

SCML [152], FRML [126] and GMML [188]. These approaches have been discussed briefly

in Section 3.2.
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Datasets Coil20 Ionosphere Segment USPS digits MIT scene

# classes 20 2 7 10 8

# Samples 1440 351 1848 11000 2697

d 1024 33 19 256 512

Table 3.1 Description of Datasets: We report the number of classes and the total
number of samples present in each of the datasets. The dimension (d) denotes the
dimension in the raw pixel space obtained by vectorizing an image of a dataset.

Datasets and Parameter Settings

Ionosphere1, Segment1, MIT scene 2 and Coil20 3. All the datasets are transformed to a low

dimensional representation by using PCA with 95% energy. The dimension of the data after

the projection is the feature dimension n. The parameters used in different metric learning

approaches are as follows:

EigMetric Method: The parameter p i.e. the rank of the PSD matrix is obtained by

applying PCA with 95% energy on the training data. The value of q that defines the small

Stiefel manifold Sq,r is calculated as q = n
4
and q = n for n > 20 and n ≤ 20 respectively.

The penalty parameter ρ and weight for the regularization term α are fixed to 1e4 and 1e−4

respectively in all the experiments.

Baseline Methods: The parameters used in LMNN and GMML are obtained using the

selection strategy provided with their code. For SCML and ITML, the optimal parameters

are chosen by experimentation. The rank parameter in FRML uses the same p value as

used in our EigMetric framework. For all the approaches, we use the implementation code

available on the respective authors website.
1http://archive.ics.uci.edu/ml/
2http://people.csail.mit.edu/torralba/code/spatialenvelope/
3http://www.cs.columbia.edu/CAVE/software/softlib/coil-20.php
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Datasets USPS Ionosphere MIT Segment Coil20

Euclidean 13.42±0.47 17.22 ±3.68 50.27±1.73 14.49 ±1.02 23.03±2.02

LMNN 8.06±0.56 21.92±11.17 45.95±3.17 12.66 ±3.47 19.6 ±3.09

ITML 12.80 ±1.32 17.69± 3.31 49.86±1.68 12.68 ± 1.44 24.11±1.89

SCML 9.16± 0.55 18.64± 5.05 48.90± 1.55 18.27 ±5.41 19.58±2.20

FRML 15.04 ± 1.18 17.38± 5.09 43.51± 1.46 13.01 ±1.07 19.61 ± 1.50

GMML 10.70 ± 0.56 15.11 ± 3.71 47.92± 2.47 18.16±9.31 21.4±2.49

EigMetric-Fro 7.36 ± 0.40 13.78± 4.01 43.49±1.86 10.99± 1.22 16.45±2.73

EigMetric-Tr 7.21± 0.35 14.82± 3.66 43.16±1.43 10.90 ±0.95 16.46±2.55

EigMetric-LogDet 7.22±0.40 14.10±2.92 42.97 ±1.41 11.10 ± 1.34 16.60 ±2.79

Table 3.2 Small Training Data Setting (10 % data for training): 3-NN classification
error (%) averaged over 10 random splits for 5 datasets. Comparison of three variants
of EigMetric with traditional approaches: ITML, LMNN, SCML, FRML and GMML
(best results in bold).

Classification Error

To compare the generalization performance of EigMetric with other baseline approaches, we

perform experiments under two settings. Small training data setting with 10/90 split, where

10% data is used for training while 90% is used for testing and large training data setting

with 60/40 split. All the results presented in this chapter are averaged over 10 random splits

of the data, unless otherwise stated.

Small Training Data Setting: The classification error for different methods is reported

in Table 3.2. As compared to existing approaches, EigMetric performs significantly better

across all the datasets. EigMetric achieves small classification error and variance as compared

to other approaches. The results point out that the flexibility in regularizer can lead to better

performance for a given dataset. Also, the results on MIT and Ionosphere dataset show that

both FRML and GMML perform better than other approaches. This improved performance

is likely due to the geometry of the Riemannian manifold explored in these methods.
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Datasets USPS Ionosphere MIT Segment Coil20

Euclidean 6.38± 0.45 8.79 ±1.92 44.15±1.59 5.60± 0.73 4 ± 0.81

LMNN 4.1± 0.27 8.15 ±1.30 36.79±1.11 4.51± 0.54 1.15 ± 0.55

ITML 11.26 ±2.04 8.36 ±2.10 45.51±1.91 9.14 ±0.56 4.25 ± 0.80

SCML 4.42±0.40 7.80 ±2.90 39.5±1.59 5.64 ±1.32 2.6± 0.62

FRML 10.17 ±3.87 10.92±1.80 39.84 ±1.17 6.98 ± 0.77 4.63±1.28

GMML 5.28 ±0.41 13.90±3.60 41.06±2.33 6.16±2.17 3.12 ±0.81

EigMetric-Fro 3.26±0.38 7.73±1.99 35.44 ±1.24 4.79±0.95 0.84±0.43

EigMetric-Tr 3.86 ± 0.38 8.36±1.84 34.55±1.31 4.75±0.82 0.94±0.55

EigMetric-LogDet 3.30±0.35 8.01±1.73 34.77 ±1.25 4.77±0.87 0.93 ±0.53

Table 3.3 Large Training Data Setting (60% data for training): 3-NN classification
error (in %) averaged over 10 random splits for 5 datasets. Comparison of three
variants of EigMetric with traditional approaches: ITML, LMNN, SCML, FRML
and GMML (best in bold).

Large Training Data Setting: The results for large training data setting are presented

in Table 3.3. EigMetric performs at par with the other competing methods.

Effect of size of Training Data: Figure 3.2 shows average classification error on

USPS digits dataset as a function of the number of training samples. The results show

that EigMetric outperforms other methods by a significant margin when available data for

training is scarce and also performs better in presence of large training data as well. On

the other hand, other Riemannian manifold based methods like FRML and GMML achieve

improved results over other traditional approaches in small training data setting, but drops

in large training data setting.

3.5.3 Person Re-Identification

Person Re-Identification refers to the task of matching images of individuals across different

camera views. We conducted experiments on two widely used public datasets and used

different representations that have shown to perform well for re-id task.
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Figure 3.2 Effect of training data size on average 3-NN classification error (%)
on USPS digits dataset for various metric learning approaches. EigMetric based
framework consistently achieves lowest error rates.

Datasets and Setup

We evaluated on two publicly available datasets, VIPeR [59] and GRID [119]. VIPeR dataset

has been used for benchmarking human re-id task and has 632 individuals with two images

per person, one in each of the two camera views. On the other hand, QMUL underGround

Re-Identification (GRID) is a challenging dataset captured from 8 disjoint camera views in an

underground station. It contains 1275 images collected from 900 individuals with one image

pair across two views for 250 individuals and an additional 775 images of other individuals

to increase the gallery set.

In our experiments, we adopt two protocols for evaluation. First is the standard test/train

setting where half of the image pairs are used for training i.e. 316 and 125 pairs in case of

VIPeR and GRID datasets respectively. The second setting is used to evaluate the perfor-

mance of our framework in small training data setting that uses only 25% of the total pairs

for training while remaining are used for testing.
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Results

We evaluate the performance using cumulative matching characteristic (CMC) that repre-

sents the expectation of finding the true match within the first r ranks. The results for large

and small training data setting for the two datasets are reported in Table 3.4 and 3.5. The

results show that the EigMetric consistently outperforms existing approaches in the standard

train/test setting.

In the case of small training data setting, as most datasets are small and have very

few images per individual with a few hundreds of individuals only, the number of samples

for training are reduced drastically. We observe that it adversely affects the performance

of closed form solution approaches used for re-id, more than EigMetric approach, as they

fail to capture distinguishable information from data. This also highlights the merit of

our framework in small training data that is due to the reduced number of parameters for

optimization.

Small No of Pairs

Features Method r=1 r=5 r=10 r=15 r=20

XQDA 27.30 53.52 66.98 74.81 79.60

LOMO [107] EigMetric 28.63 55.15 67.78 75.25 80.32

XQDA 31.20 58.00 70.70 77.83 82.72

FTCNN [123] EigMetric 34.06 60.50 71.96 78.53 82.96

Standard Setting

r=1 r=5 r=10 r=15 r=20

40 68.13 80.5 87.37 91.07

40.92 70.28 82.72 88.2 91.71

42.41 71.01 82.09 88.13 92.44

43.2 71.9 83.10 89.01 92.94

Table 3.4 VIPeR dataset [59]: Performance comparison of our metric learning
approach against baseline approach XQDA, when metric is learned on LOMO and
FTCNN features. The cumulative matching scores (%) at rank (r) 1, 10, 15 and 20
are reported.

3.5.4 Figure/Background Segmentation of Patterned Species

Segmentation of patterned species in images captured in the wild is challenging due to several

factors such as unavailability of large labeled data, complex illumination effects, non-rigid
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Small No of Pairs

Features Method r=1 r=5 r=10 r=15 r=20

XQDA 12.61 27.61 36.65 42.82 47.07

LOMO EigMetric 13.56 27.71 35.85 43.67 48.51

XQDA 21.60 39.26 48.19 53.72 58.35

FTCNN EigMetric 24.41 40.69 51.12 56.81 60.21

Standard Setting

r=1 r=5 r=10 r=15 r=20

18.40 37.28 47.20 53.52 57.76

19.60 37.52 47.76 54.24 58.56

24.08 43.28 51.36 57.60 62.80

32.16 49.28 55.36 60.32 63.04

Table 3.5 GRID dataset [119]: Performance comparison of our metric learning
approach against baseline approach XQDA, when metric is learned on LOMO and
FTCNN features. The cumulative matching scores (%) at rank (r) 1, 5, 10, 15 and
20 are reported.

variations in animal pose and occlusions. The goal of segmentation is to produce a binary

mask that separates the foreground object from the background. We first generate a super-

pixel based feature representation of a given image that allows efficient processing at query

time. As our domain consists of images of patterned animals, we create a feature space that

captures the texture properties. The details for the same can be found in the Appendix

C.1. The training data is used to learn a discriminative Mahalanobis distance based metric

offline. At query time the learned metric is used with mean shift clustering [36] to perform

clustering of the feature representations. Using a combination of mean shift and metric

learning increases the robustness of our figure-ground segmentation process against clutter

and illumination variations. The details of the same are present in Appendix C.2. Our

method does not require any user input for the query image and relies only on a few training

images for learning the metric.

Datasets and Setup

We evaluate the performance on three patterned species: tiger, leopard and zebra. The

approaches are evaluated on 30 tiger and 30 zebra [96] images. Leopard images are collected

from the web. The ground truths for all the images are created using interactive segmentation
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tool 4. We compare our metric learning method with other segmentation techniques: Graph

cut [22], GrabCut [145] and Random Walker [57]. We also compare the effectiveness of our

learned distance metric with Euclidean distance as a baseline as well as metrics learned by

two popular approaches ITML [39] and LMNN [171].

The quality of segmentation is evaluated by computing average pixel-wise precision/recall

and segmentation accuracy.

Training Setup

The metric learning problem for leopard and zebra datasets is formulated as a two class

problem: figure and background. We use only one labeled image to extract 20 feature

vectors from each class and generate similar and dissimilar image pairs for metric learning.

For tiger images, these feature vectors are selected from two labeled images and the problem

is formulated as a three class problem: figure, upper background and lower background. We

divide the background into two subcategories to handle the visible similarity between the

tiger and the illuminated ground conditions that appear due to flash in the camera traps.

Results

For tiger and zebra datasets, we report the average pixel-wise precision/recall and segmenta-

tion accuracy in Table 3.6. The results highlight the benefit of using a learning based method

for image segmentation as opposed to user input dependent approaches. While this advan-

tage is visible by the improvement in the results, it is more suitable for processing a large

number of images. For the leopard dataset, since there is no publicly available database, we

only report qualitative results in Figure 3.3.
4Available at http://kspace.cdvp.dcu.ie/public/interactive-segmentation
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Tiger (30 images) Zebra (30 images)

Method Precision (%) Recall (%) Segmentation Accuracy(%) Precision (%) Recall (%) Segmentation Accuracy(%)

GrabCut [145] 69.11 90.04 93.51 98.10 92.74 96.43

RW [57] 36.58 89.27 69.57 97.59 65.23 60.39

Graph Cut[21] 32.48 81.87 72.17 94 59.26 57.03

ITML[39] 30.71 64.57 65.01 64.92 92.77 66.76

LMNN [171] 51.75 67.93 72.19 50.03 70.93 73.14

Euclidean 26.37 33.98 71.51 75.86 80.95 78.61

EigMetric-FigSeg 78.04 93.49 93.61 90.33 93.72 94.59

Table 3.6 Comparison of Average Precision/Recall and Segmentation Accuracy
on Tiger and Zebra datasets for different segmentation approaches (best results
reported in bold).

Figure 3.3 Qualitative segmentation results. The first row is the original images
and the bottom row is the segmented foreground with our approach EigMetric-
FigSeg.

3.6 Analysis and Ablation Study

In this section, we analyze different aspects of our proposed optimization strategy and the

hyper-parameters in our formulation. We have also evaluated the objective function of

existing metric learning approaches in our EigMetric framework to validate its flexibility to

incorporate different objectives.

3.6.1 Row Selection for Sq,r Parametrization

As we parametrize the eigenvectors on the Stiefel manifold Sn,p, it is further reduced to an

optimization problem on a smaller Stiefel manifold Sq,r. A smaller value of q essentially
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corresponds to a modification of a smaller set of dimensions to satisfy the given distance

constraints on the training data. In the experiments, we fix q to n
4
and n for high dimension

and low dimension data respectively. In Figure 3.4, we analyse the effect of this hyper-

parameter on the performance of the classifier. The plot shows classification accuracy for

Coil20 and Segment dataset with an increasing value of q. We observe that the performance

is stable across different dimensions of the smaller manifold provided it is above the threshold

value.

3.6.2 EigMetric for Existing Metric Learning Objective Function

In the experiments for k nearest neighbor classification discussed in the previous section,

EigMetric framework with triplet constraints is observed to consistently perform better than

previous metric learning approaches. In this section, we also show that the objective func-

tions of existing metric learning approaches in the EigMetric framework improve their perfor-

mance as well. We present results for LMNN objective function [171] in EigMetric framework

i.e we optimize the objective function with eigenvalue decomposition parametrization and

our optimization strategy. The results are given in Table 3.7. Further, we also evaluate the

effect of regularization in the same setup.

3.6.3 Comparison with Projected Gradient

Apart from the recent developments in metric learning that explore geometric information

in the learning process, a large portion of metric learning methods comprises of a projection

step at every iteration. The projection step computes an eigenvalue decomposition of the

Mahalanobis matrix and ensures the positive semidefiniteness by clipping the negative eigen-

values to 0. We compare the performance of EigMetric with Projected Gradient (PrGrad)

method in the Table 3.8.
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(a) Segment Dataset

(b) Coil20

Figure 3.4 Average k nearest neighbor classification accuracy over 5 runs ( in %)
for different value of q that defines the dimension of the manifold Sq,r and k = 3 on
different datasets.

3.6.4 Performance with Neighborhood size in KNN

In order to evaluate the effectiveness of learned metric in capturing data semantics, we

perform an experiment with varying neighborhood size in k nearest neighbor classifier. The
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Dataset Segment USPS

LMNN 4.51 ± 0.54 4.1 ± 0.27

EigMetric-LMNN 4.48 ± 0.68 3.71 ±0.28

EigMetric-Fro-LMNN 4.46 ± 0.83 3.42±0.32

EigMetric-Tr-LMNN 4.48 ± 0.89 3.52± 0.39

EigMetric-LogDet-LMNN 4.46± 0.89 3.67± 0.26

EigMetric-Fro-Logistic 4.55 ± 0.98 3.33 ± 0.38

EigMetric-Tr-Logistic 4.44 ± 0.861 3.14 ± 0.28

EigMetric-LogDet-Logistic 4.45 ± 0.85 3.21 ± 0.28

Table 3.7 Performance evaluation of EigMetric framework with different objec-
tive functions (60% training data). EigMetric-LMNN uses LMNN objective func-
tion, EigMetric-()-LMNN uses LMNN objective function along with a regularizer.
EigMetric-()-Logistic uses logistic loss function used in FRML [126] with different
regularizers.

results for USPS digits dataset in small and large training data setting are shown in Figure

3.5. While FRML shows a stable behaviour across neighbourhood size in both the settings,

EigMetric sustains lower classification errors as opposed to other approaches.

(a) Small Training Data (b) Large Training Data

Figure 3.5 Comparison of k - nearest neighbor classification error vs neighbourhood
size for USPS digits datasets for different metric learning approaches under small
and large training data settings.
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Dataset Method Classification Error

Frobenius Trace LogDet

Segment PrGrad 11.76±0.95 11.35±1.67 11.40 ± 1.17

Small Training Data EigMetric 10.99± 1.22 10.90 ±0.95 11.10 ± 1.34

Segment PrGrad 4.89±0.73 6.69±1.64 4.88±0.86

Large Training Data EigMetric 4.79±0.95 4.75±0.82 4.77±0.87

USPS PrGrad 7.42±0.31 8.04 ±0.52 7.97 ± 0.43

(Small Training Data) EigMetric 7.36 ± 0.40 7.21± 0.35 7.22±0.40

USPS PrGrad 4.15 ±0.45 15.27 ±2.20 4.00 ± 0.43

(Large Training Data) EigMetric 3.26±0.38 3.86 ± 0.38 3.30±0.35

Table 3.8 Comparison of average classification error (%) of Projected Gradient and
EigMetric for different spectral regularizers in small and large training data setting.

3.6.5 Run Time Comparisons

Table 3.9 reports the run time of different approaches in small and large training data

settings. EigMetric and other metric learning approaches except SCML are implemented

in MATLAB and are available on the authors’ webpage. All the experiments are run on a

laptop with core i7 quad core processor and 8 GB RAM with only two cores enabled. The

improvement in classification performance under both small and large training data comes

at a cost of slightly higher running time.

Datasets EigMetric LMNN SCML FRML GMML

USPS (Small Data) 21.58± 3.2 372 ±102.31 14.89 ±0.21 17.37 ±4.23 5.87±0.53

Coil20 (Small Data) 4.15 ±4.78 25.17 ±14.76 0.43 ±0.15 2.02 ±0.91 1.74±0.08

USPS (Large Data) 404.05 ± 45.33 3014 ±208 194.62 ±23.67 24.42 ±3.70 73.33±5.36

Coil20 (Large Data) 21.91 ±4.41 132.68 ±34.98 5.51 ±0.77 17.39 ±7.96 8.30±0.55

Table 3.9 Comparison of average run time (in secs) of EigMetric with existing
metric learning approaches in small (10% training data) and large training data
(60% training data) settings.
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Dataset MIT USPS

Strategy Alternating Gradients Our Approach Alternating Gradients Our Approach

EigMetric-Fro 1006.2 ± 140.33 112.97 ± 38.47 929.39 ± 126.30 404.05±45.33

EigMetric-Tr 917.39 ± 117.593 639.16 ± 163.27 1255 ±122.80 73.80± 9.50

EigMetric-LogDet 749.45± 58.0 602.30 ±83.16 1359 ±98.62 819.09±88.18

Table 3.10 Average run time comparison of EigMetric optimization strategy with
Alternating Gradient approach for two datasets and across different regularizers.
EigMetric achieves significantly lower runtime across different datasets as well as
regularizer functions.

Alternating Gradients vs EigMetric Optimization Strategy

A simple solution to alternate between U and w updates is to do gradient step updates

for both U and w subproblems i.e. the method of alternating gradients as opposed to our

strategy that alternates between an ADMM update step for w subproblem and a gradient

based update for U subproblem. We compared our strategy with the alternating gradient

algorithm that is summarized in Algorithm 2, The comparison of run time on two datasets

is presented in Table 3.10 and shows reduction in run time.

3.7 Conclusion

In this work, we parameterized the PSD matrix of Mahalanobis distance metric with or-

thonormal eigenvectors and the associated non-negative eigenvalues. We proposed a joint

optimization strategy over Sn,p×Rp
+ to learn the orthonormal matrix on the Stiefel manifold

Sn,p and the corresponding eigenvalues on the positive orthant i.e. Rp
+. As opposed to the

existing approaches, the number of learnable parameters is reduced from n2 to np − p(p−1)
2

owing to the parameterization, improving the generalization performance in scarce training

data settings. Additionally, the proposed framework allows flexibility to incorporate any

convex spectral function as a regularizer to promote a task specific solution. Furthermore,
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we evaluated our framework to show the applicability of approach across different applica-

tions that include image classification, image segmentation as well as person re-identification

task.
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Chapter Four

Representations for Visual Animal

Biometrics

Visual animal biometric is a challenging problem, where the task is not to just identify a

species but also the specific identity of the individual. With the increasing use of visual sen-

sors like camera traps for passive monitoring of wildlife, while data collection is substantially

cheaper and more scalable, data labelling is still a challenge. Owing to very subtle differences

among the individuals of a species, it is challenging even for the experts to label, making

it a cumbersome and tedious process. This poses a bottleneck in training deep networks

that would suffer from over-fitting in the absence of large training dataset. In this chapter,

we propose to use the semantic constraints on the statistical manifold to define a regular-

izer that is augmented in the traditional loss function to mitigate the over-fitting problem.

We evaluated our approach on two wildlife monitoring applications namely: primate face

recognition and tiger re-identification.
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Key Highlights

• Used semantic pairwise constraints as a regularizer to learn robust and generalizable

representations.

• The learned representations achieve state-of-the-art results on datasets of two different

species of primates namely, chimpanzees and rhesus macaques.

• Used data transformations appropriate for the tiger Re-ID task.

• For tiger re-identification, combined SIFT-based matching together with the learned

representations.

4.1 Overview of the Contribution

In this chapter, we propose to learn representations for primate face recognition as well

as tiger re-identification problem. An important role that CNN-based classifiers play is

learning useful feature representations, even when simply trained for classification. In a

typical classification setting, the network produces a probability distribution over all classes,

and a cross-entropy loss is used to encourage the network to predict the correct class with

high probability. The cross-entropy loss only encourages predicting the correct class and

ignores any other information present in the distribution over all other classes. This can

contribute to overfitting and a lack of consistency between predictions of different instances

from the same class. We propose a pairwise KL-divergence penalty to encourage the network

to produce similar distributions for instances of the same class, and dissimilar distributions

for instances of different classes. In the case of primates, these representations alone have

been shown to generalize well even when the evaluation data may consist of novel individuals
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and environments. But in case of tiger re-identification task, for learning the representations

we employ several types of data augmentation to account for a range of possible geometric,

environmental, and image-quality transformations along with SIFT matching to tackle the

subtle changes in the tiger identities.

4.2 Existing Literature

Work in visual animal biometrics has focused primarily on animals that have unique coat

patterns like tigers or leopards, or on non-human primates like chimpanzees, gorillas and

monkeys. Earlier techniques relied mostly on human input to get the Region of Interest

(ROI) or key-points, while recent techniques utilized an end-to-end, automatic pipeline using

a CNN for feature extraction or classification. We broadly categorize these approaches into

two categories: Non-Deep Learning Approaches and Deep Learning Approaches and discuss

developments for both patterned species as well as primates.

4.2.1 Non-Deep Learning Approaches

One of the earliest works in patterned species individual recognition developed the interactive

software method Extract-Compare [71] for recognizing individuals by matching coat patterns

for species like tigers, giraffes, frogs, etc. While the tool worked well in terms of accuracy,

it required fifteen to twenty points to be manually marked in each image so that a 3D

surface model can be fitted to the animal’s body. This model is then used to unwarp the

flank region to improve stripe matching. Sloop [45] was another interactive retrieval engine

which, in addition to utilizing user input for key-points, pre-processed images for noise

removal, extracted various key-point descriptors like SIFT [118] for matching and also had a

relevance feedback loop for crowdsourcing. Hotspotter [37] and Wild-ID [18] also used SIFT

features to match query images with a database of existing animals. Hotspotter also used

efficient data structures like kd-trees, different scoring criteria and spatial re-ranking to rank
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the matched descriptors obtained from database images. For aquatic animals like Saima

ringed-seals, recent works [191, 29] used unsupervised segmentation to segment the body

into superpixels, followed by foreground/background classification before using Hotspotter

and Wild-ID for matching.

Similarly, early works in primate face recognition followed the standard pipeline for face

recognition that consists of face alignment, followed by low level feature extraction and

classification. The work in [117], adopted Randomfaces [176] technique for identifying chim-

panzees in the wild and followed the standard pipeline for face recognition. Later, LemurID

[38], additionally used manual marking of the eyes for face alignment. Patch-wise multi-scale

Local Binary Pattern (LBP) features were extracted from aligned faces and used with LDA

to construct a representation, that were then used with an appropriate similarity metric for

identifying individuals.

4.2.2 Deep Learning Approaches

Recent methods for patterned species recognition like [28] and [129] used a detector network

or unsupervised segmentation to crop the ROI and extracted CNN features from a pre-

trained network that are used to train an SVM classifier for classification of individuals. A

similar method was employed by [50, 24] for classifying chimpanzee and gorilla faces. Due to

limited training data, they explored the use of different layers of a pre-trained AlexNet [90] as

input to SVM, instead of fine-tuning the network. Freytag et al. [50] used CNNs for learning

a feature representation for chimpanzee faces. For increasing the discriminative power, the

architecture used a bilinear pooling layer after the fully connected layers (or a convolutional

layer), followed by a matrix log operation. These features were then used to train a SVM

classifier for classification of known identities. Later, [24] developed face recognition for the

gorilla images captured in the wild. This approach fine-tuned a YOLO detector [142] for

gorilla faces. For classification, a similar approach was taken as [50], where pre-trained CNN
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features were used to train a linear SVM. More recently, [41] proposed PrimNet, that used the

Additive Margin Softmax loss [170] and achieved state-of-the-art performance for identifying

individuals across different primate species including lemur, chimpanzee and golden monkey.

However, it required substantial manual effort in designing landmark templates for face

alignment prior to the identification process, that can adversely affect the adoption rates in a

crowdsourced mobile app setting. For human face recognition techniques, various approaches

had improved performance by combining the standard cross entropy loss with other loss

functions such as contrastive loss [161] and center loss [172] to learn more discriminative

features.

4.3 Semantic Constraints on the Statistical Manifold

4.3.1 Motivation

A CNN for image classification task transforms an image to a probability vector of K dimen-

sions, where K is the number of classes. The network is trained with a cross entropy loss

that pushes this distribution to a one hot encoding vector. However, in absence of sufficient

training data, the network suffers from over-fitting and the distributions are not indicative of

the class label. In this chapter, we propose to utilize the notion of task dependent semantic

information to improve these distributions in the absence of sufficient training data.

We leverage the geometry of space of probability distributions known as the statistical

manifold to ensure that the images of the same class have similar distributions while im-

ages from different classes have diverse distributions. We use an approximation of distance

measure defined on this manifold known as the KL-divergence measure to drive the simi-

larity/dissimilarity between the distributions [85, 8]. We add semantic pairwise loss during

network training that reduces the disparity between the distributions for points of the same

class, while moving the points from different classes far apart. The familiarity with the
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statistical manifold and the corresponding metric can be obtained by reading Section 2.1.3

in this thesis. We now describe the modified loss function used during network training in

the following section.

4.3.2 Proposed Pairwise Semantic Loss

Given a training dataset of n samples X = {x1,x2, . . . ,xn} with li ∈ {1, 2, . . . , K} as the

associated labels. We use the labeled training data to create the set of similar image pairs,

Cs = {(i,j) : xi,xj ∈ X , li = lj}, and dissimilar pairs, Cd = {(i, j) : xi,xj ∈ X ,li 6= lj} for

i, j∈{1, 2,· · ·, n}. The KL-divergence between two distributions pi and qj corresponding to

points xi and xj is given by

KL(pi||qj) =
K∑
k=1

pik log
pik
qjk

(4.1)

For a similar pair (i, j) ∈ Cs, we use the symmetric variant of (4.1) given by

Lijs = KL(pi||qj) +KL(qj||pi) (4.2)

and for a dissimilar pair (i, j) ∈ Cd, we use its large-margin variant for improving the dis-

criminative power

Lijd =max(0,m−KL(pi||qj))+max(0,m−KL(qj||pi)) (4.3)

where m is the desired margin width between dissimilar pairs.

4.3.3 Primate Face Recognition

In case of primate face recognition, we combine the standard cross entropy loss with a

guided pairwise KL-divergence loss imposed on similar and dissimilar pairs. Using pairwise

loss terms ensure that the underlying features are more discriminative and generalize better.

Our analysis in Sec. 4.4.4 shows empirical evidence that the learned features are more

clusterable than when trained with the standard cross-entropy loss.
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Figure 4.1 Illustration of proposed PFID loss function vs. the standard cross
entropy loss on the learned class probability distributions with ResNet model.

An illustration of the effect of loss function is shown in Figure 4.1. A similar pair

corresponds to images of the same individual, while a dissimilar pair corresponds to images

from two different identities. The learned class probability distribution for a similar pair and

dissimilar pair using two different loss functions is shown. In case of network trained with

Primate Face IDentification (PFID) loss, the class probabilities are maximally similar for a

similar pair as opposed to standard cross entropy loss.

We experimentally found that during training, when both xi and xj are mis-classified by

the model, minimizing Eq. (4.2) may lead to an increase in the bias. We therefore considered

the guided pairwise loss function that only considers those similar pairs, where atleast one

of the images in a pair is correctly classified.

Guided Pairwise Loss Function Since we use class labels for the cross-entropy loss, we

incorporate them in the pairwise loss terms to guide the training. Subsequently, we modify
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the terms in Eq. (4.2) and Eq. (4.3) to get the following guided KL-divergence loss term:

Ls =
∑
i,j∈Cs

aLijs , Ld =
∑
i,j∈Cd

aLijd (4.4)

where, a = 1 if either arg max pi = li or arg max qj = lj and a = 0 otherwise. The loss

function PFID is given by the sum of standard cross entropy (LCE) and the guided KL

divergence loss

L(θ) = LCE +
1

|Cs|
∑
i,j∈Cs

aLijs +
1

|Cd|
∑
j,k∈Cd

aLjkd (4.5)

This loss function is used to train the network with a mini-batch gradient descent. Here |Cs|

and |Cd| are the number of similar and dissimilar pairs respectively in a given batch. More

details on the training are provided in Sec. 4.4.3.

4.3.4 Tiger Re-Identification

In the case of tiger data, the loss function is modified to include all pairs in Eq. (4.5)

i.e. we set a = 1. However, the identification process involves several other steps along

with a modified loss function used for primate recognition. An overview of our method is

shown in Figure 4.2. The training images are transformed according to our augmentation

scheme before being passed to the convolutional network. The network is trained to classify

images according to their identity, using a combination of regular cross-entropy loss and a

KL-divergence loss between pairs of class-probability vectors. At inference time we take the

test set and treat each image as query, with all others as the gallery. The goal is to rank all

the images in the gallery so that images of the same identity as the query get ranked highest.

We use the class scores produced by the network as an image descriptor, and initially rank

the gallery by cosine similarity to the query. We then reorder the ranking so that all images

of the same flank as the query (facing left or right) get placed first. Finally, we re-rank the

top twenty gallery images by matching SIFT descriptors to the query.
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Figure 4.2 Overview of proposed approach: During training, a DenseNet121 net-
work is finetuned using cross-entropy and pairwise KL-divergence losses on images
that have been augmented through a variety of transforms. During evaluation, the
class-score vectors are used as features for similarity ranking. The initial ranking is
then modified by using flank information and SIFT descriptor matching.

We now discuss the details of our data augmentation method, the flank detection and

the SIFT matching for re-ranking.

a) Data Transformation

We utilize several types of image transforms to improve the model’s robustness to

geometric, environmental, and image-quality variations. Common image augmenta-

tion techniques are random cropping, random rotations, random horizontal flipping,

and random color-jitter (adjusting brightness, contrast, etc.). For handling geometric

transformations, we do random rotations within ∼ 10o. We found that incorporating

random crops gave poorer performance, so we did not use them. We also did not use

horizontal flips, since the tiger identities are based on the visible flank (left or right

side). We use small perturbations in brightness and contrast (∼ 5%) to better handle

lighting variations in the data. We also randomly convert some images to grayscale
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Quality: 90 Quality: 20

Figure 4.3 Effect of JPEG compression: At the lower quality (higher compres-
sion), block-like color artifacts introduced by the compression are visible. While
this change may seem insignificant to the human eye, it changes the internal statis-
tics of the image. Compressing the images at different random quality values during
training helps the network become robust to those statistical differences. Given the
fine-grained nature of this visual recognition problem, we saw significant improve-
ments in our empirical analysis

in order to reduce model dependency on color information. To help with variability

in image quality, we adopt a random JPEG compression transform. This has been

previously explored in the context of adversarial defences, but we hypothesize that it

can have a regularizing effect against differences in internal image statistics caused by

general image quality differences. Figure 4.3 shows the visual effect of different levels

of JPEG compression. We randomly compress the images at each training iteration

with compression quality values between 50 and 80. To the best of our knowledge,

JPEG compression has not been used as a data augmentation technique. We validate

its use in the experimental results.

b) Flank Separation

In the challenge dataset we also had access to key points, but we found that many

of the images had missing or incorrect keypoint labels. Instead of using the ground-

truth, we use keypoints generated from a keypoint-prediction network. The keypoint

prediction network is an HR-net [160] trained using the noisy ground-truth keypoint

annotations. To determine the flank orientation, we find the median x-value for the
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fore keypoints (nose, ears, shoulders, front paws) and the hind keypoints (tail, hips,

knees, back paws) and calculate the vector from hind to fore. If the vector points right

we assign the image a right flank, otherwise a left flank. During evaluation, we re-rank

the gallery so that all images with a flank orientation matching that of the query get

put before those which don’t match.

c) Re-ranking with SIFT Matching

Owing to the fact that SIFT [118] features are invariant to image scaling, rotation and

partially invariant to viewpoint and illumination changes, they have been extensively

used for individual recognition of zebras, jaguars and several other patterned animals in

[18, 37, 28]. To avoid unnecessary keypoint detection and matching due to background

clutter, all the previous works compute SIFT features on specific parts of the animal,

like the cropped flank of the Jaguar. In addition, a query image is compared to all the

database images to get the final match, making the process time consuming.

In our case, we compute features on the whole image but only use SIFT matching to

re-rank the top 20 images ordered by the cosine similarity score, thus increasing the

mAP and top-1 accuracy of the system in both single cam and cross cam scenarios.

We also observed that using a larger number of images for re-ranking decreased the

performance because of false matches in the background. For SIFT matching, we use

the standard matching algorithm [118] that uses nearest neighbor matching, followed

by Lowe’s ratio test to reject false matches and finally computing the number of inliers

by computing the homography.
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4.4 Experimental Setup and Results for Primate Face

Recognition

4.4.1 Dataset

We evaluate our model using three datasets, the details of which are given in Table 4.1. As

is typical of wildlife data collected in uncontrolled environments, all the three datasets have

a significant class imbalance as reported in Table 4.1.

Rhesus Macaque Dataset. The dataset is collected using DSLRs in their natural dwelling

in an urban region in the state of Uttarakhand in northern India. The dataset is cleaned

manually to remove images with no or very little facial content (e.g., extreme poses with

only one ear or only back of head visible). The filtered dataset has 59 identities with a total

of 1399 images. An illustrative set of pose variations for the datasets are shown using the

cropped images in Figure 4.4. Due to the small size of this dataset, we combined our dataset

with the publicly available dataset by Witham [174]. The combined dataset comprises 7679

images of 93 individuals. Note that we use the combined dataset only for the individual

identification experiments, as the public data by Witham consists of pre-cropped images.

On the other hand, the detection and the complete PFID pipeline is evaluated on a test set

comprising full images from our macaque dataset.

Chimpanzee Dataset The C-Zoo and C-Tai dataset consists of 24 and 66 individuals with

2109 and 5057 images respectively [50]. The C-Zoo dataset contains good quality images

of chimpanzees taken in a Zoo, while the C-Tai dataset contains more challenging images

taken under uncontrolled settings of a national park. We combine these two datasets to get

90 identities with a total of 7166 images.

62



Dataset Rhesus Macaques C-Zoo C-Tai

# Samples 7679 2109 5057

# Classes 93 24 66

# Samples/individual [4,192] [62,111] [4,416]

Table 4.1 Datasets Summaries: The numbers in the brackets show the range of
samples per individual ([min,max]), highlighting the imbalance in the datasets.

Figure 4.4 Pose variations in a Rhesus Macaque (Top) and a Chimpanzee face
image (Below) from the dataset.

4.4.2 Evaluation Protocol

We evaluate and compare the performance of PFID system under four different experimental

settings, namely: classification, closed-set identification, open-set identification and verifica-

tion.

Classification. To evaluate the classification performance the dataset is divided into 80/20

train/test splits. We present the mean and standard deviation of classification accuracy over

five stratified splits of the data. As opposed to other evaluation protocols discussed below,

all the identities are seen during the training, with unseen samples of same identities in the

test set.

Open and Closed-Set Identification. Both, closed-set and open-set performance is re-

ported on unseen identities. We perform 80/20 split of data w.r.t. to identities, which leads
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to a test set with 18 identities in test for both chimpanzee and macaque datasets. We again

use five stratified splits of the data. For each split, we further perform 100 random trials for

generating the probe and gallery sets. However, the composition of the probe and gallery

sets for the closed-set scenario is different from that of open set.

Closed-Set: In case of closed-set identification, all identities of images present in the probe

set are also present in the gallery set. Each probe image is assigned the identity that yields

the maximum similarity score over the entire gallery set. We report the fraction of correctly

identified individuals at Rank-1 to evaluate the performance.

Open-Set: In case of open-set identification, some of the identities in the probe set may not

be present in the gallery set. This allows to evaluate the recognition system to validate the

presence or absence of an identity in the gallery. To validate the performance, from the test

of 18 identities, we used all the images of odd numbered identities as probe images with no

images in the gallery. The rest of the even numbered identities are partitioned in the same

way as closed-set identification to create probe and gallery sets. We report Detection and

Identification Rate (DIR) at 1% FAR to evaluate open-set performance.

Verification. We compute positive and negative scores for each sample in the test set.

The positive score is the maximum similarity score of the same class and negative scores

are the maximum scores from each of the classes except the true class of the sample. In

our case, where the test data has 18 identities, each sample is associated with a set of 18

scores, with one positive score from the same identity and 17 negative scores corresponding

to the remaining 17 identities. The verification accuracy is reported as mean and standard

deviation at 1% False Acceptance Rates (FARs).

4.4.3 Network Details and Hyper-Parameter Setting

We resize all the face images in macaque and chimpanzee dataset to 112× 112. We add the

following data augmentations: random horizontal flips and random rotations within 5 degrees
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for both the datasets. We use the following base network architectures for PFID: ResNet-18

[70] and DenseNet-121 [79] and remove the first maxpool layer because of small image size.

For CE setting, we fine-tuned the imagenet pre-trained networks with cross-entropy loss and

a batch size of 16. For the PFID setting, for each image in a batch, a similar class image

is sampled to make a batch size of 8 pairs (16 images in a batch). The dissimilar pairs are

then exhaustively created from these pairs. We used SGD for optimization with an initial

learning rate of 10−3 and weight decay of 5e−4. We trained all the models for both datasets

for 40 epochs with learning rate decay by 0.1 at 25th and 35th epoch. We observed better

performance with batch size of 16 instead of 32 or higher especially in case of training with

only cross-entropy loss. It is recommended to use a lower batch size given that the training

data is less in both the datasets.

4.4.4 Results

We present the results corresponding to PFID and other state-of-the-art approaches for face

recognition.

Baseline Results

For the baseline results, we extracted the penultimate (FC) layer features from both ResNet-

18 and DenseNet-121 models. For all the evaluation protocols, the features are l2-normalized

and in addition for classification, they are used to train a SVM (Support Vector Machine)

classifier by performing a grid-search over the regularization parameter. The results are

given in the first 2 rows of Table 4.2 and 4.3. We directly used the features and did not

perform PCA (Principal Component Analysis) to reduce the number of feature dimensions

because it had no impact on the performance in each evaluation.
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Comparison with state-of-the-art approaches

We compare PFID with recent work PrimNet [41] that achieved state-of-the-art performance

on chimpanzee face dataset. While we outperform PrimNet by a large margin, it is worth

noting that our results are reported on non-aligned face images, that makes PFID better

suited for the application of crowdsourced population monitoring by eliminating the need for

manual annotations of fiducial landmarks. Since ResNet-18 and DenseNet-121 are pretrained

on imagenet data, we additionally fined-tuned ArcFace [42] and SphereFace [112] models that

are pre-trained on human face images, specifically on CASIA [187] dataset. We use ResNet-

50 as the backbone for ArcFace and 20-layer network for SphereFace, and use the parameters

given in the respective papers. We observed best performance with batch size 32 in all the

three methods. We used a learning rate of 0.1, 0.01 and 0.001 for PrimNet (trained from

scratch), SphereFace and ArcFace respectively and weight decay as 5e − 4. We trained all

the models for 30 epochs to avoid over-fitting with learning rate decay by 0.1 at 15th and

25th epoch. The results are reported in Table 4.2 and 4.3 for both the datasets. The results

highlight that the imagenet pre-trained models generalize well in our case where the training

data is not huge. Further, it should be noted that the results reported for the three models

ArcFace, SphereFace and PrimNet are also reported without face alignment as opposed to

the results reported in the respective papers. While we report results with non-aligned face

images, we would also like to point out that the performance dropped in all the approaches

with aligned face images in case of chimpanzee dataset owing to loss of features in aligned

faces.

PFID Results

To show the efficiency of our approach, we fine-tuned ResNet-18 and DenseNet-121 models

with standard cross entropy (CE) loss and report results in Table 4.3 and 4.2 for macaque

and chimpanzee datasets respectively and compared it with the PFID loss. We observe an
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Method
Classification Closed-set Open-set Verification

Rank-1 Rank-1 Rank-1 1 % FAR

Baseline (ResNet-18 FC + SVM) 55.38 ± 1.18 70.51 ± 2.98 12.80 ± 5.73 37.10 ± 4.63

Baseline (DenseNet-121 FC +SVM) 61.78 ± 1.4 75.34 ± 3.98 30.51 ± 6.61 54.80 ± 3.65

ArcFace (ResNet-50) 85.47 ± 0.86 78.47 ± 5.81 41.24 ± 7.82 63.91 ± 5.37

SphereFace-20 78.38 ± 1.23 72.72 ± 3.44 35.49 ± 8.34 57.74 ± 6.38

PrimNet 70.86 ± 1.19 72.22 ± 5.33 37.27 ± 5.48 62.83 ± 5.98

CE (ResNet-18) 85.29 ±1.43 86.44 ± 5.42 48.62 ± 9.05 75.19 ± 8.16

CE (DenseNet-121) 86.74 ± 0.74 87.01± 5.39 53.60 ± 13.04 76.86 ± 9.55

PFID (ResNet-18) 88.98 ± 0.26 88.26 ± 5.01 59.36 ± 9.12 80.06 ± 6.62

PFID (DenseNet-121) 90.78 ± 0.53 91.87 ± 2.92 66.24 ± 8.08 83.23 ± 6.07

Table 4.2 Evaluation of Chimpanzee dataset for classification, closed-set, open-set
and verification settings. Baseline results are reported by taking the penultimate
layer features of the network and training a SVM for classification. For all the
remaining settings the features are directly used for the evaluation protocol.

Method
Classification Closed-set Open-set Verification

Rank-1 Rank-1 Rank-1 1 % FAR

Baseline (ResNet-18 FC +SVM) 85.28 ± 0.25 88.29 ± 2.95 50.09 ± 7.35 66.98 ± 9.21

Baseline (DenseNet-121 FC +SVM) 88.3 ± 0.57 89.24 ± 3.63 53.93 ± 10.27 71.34 ± 8.88

ArcFace (ResNet-50) 98.23 ± 0.47 93.98 ± 2.99 67.07 ± 13.91 95.16 ± 1.56

SphereFace-20 97.61 ± 0.74 93.41 ± 2.19 95.62 ± 12.21 93.18 ± 1.95

PrimNet 97.11 ± 0.65 90.94 ± 2.54 65.98 ± 15.23 92.14 ± 2.82

CE (ResNet-18) 97.91 ± 0.58 95.94 ± 2.94 79.69 ± 8.12 96.35 ± 2.06

CE (DenseNet-121) 97.99 ± 0.69 96.24 ± 0.85 71.36 ± 10.05 96.01 ± 3.01

PFID (ResNet-18) 98.71 ± 0.41 96.18 ± 1.58 83.02 ± 7.36 97.71 ± 0.91

PFID (DenseNet-121) 98.91 ± 0.40 97.36 ± 1.73 84.00 ± 7.43 98.24 ± 0.94

Table 4.3 Evaluation of Rhesus Macaque dataset for classification, closed-set, open-
set and verification settings. Baseline results are reported by taking the penultimate
layer features of the network and training a SVM for classification. For all the
remaining settings the features are directly used for the evaluation protocol.

increase in performance for the four evaluation protocols with PFID loss as compared to

traditional cross entropy based fine-tuned network. Imposing a KL-divergence loss has im-
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Model Macaque Chimpanzee

NMI NMI

CE 0.868 ± 0.008 0.686 ± 0.084

PFID 0.897 ± 0.030 0.715 ± 0.089

Table 4.4 Comparison of K-means clustering performance on the learned represen-
tations with DenseNet-121. The results highlight that PFID learns more clusterable
space.

proved the discriminativeness of features by skewing the probability distributions of similar

and dissimilar pairs. For chimpanzee dataset an improvement of 4.04%, 4.86 %, 12.64%

and 6.97 % is achieved in case of classification, closed-set, open-set and verification settings

respectively using DenseNet-121. The corresponding CMC (Cumulative Matching Charac-

teristic) and TAR (True Acceptance Rate) vs FAR plots for the datasets are shown in Figure

4.5.

Feature Learning and Generalization

To further show the effectiveness of PFID loss function and robustness of features, we perform

cross dataset experiments in Table 4.5. We used model trained on chimpanzee dataset and

extracted features on macaque dataset to evaluate the performance for closed-set, open-set

and verification task and vice versa. We compared the quality of the features learned with

PFID with the features learned with cross entropy based fine-tuning. We also show the

generalizability between two chimpanzee datasets captured in different environments i.e. C-

Zoo and C-Tai. The results clearly highlight the advantage of PFID over cross entropy loss for

cross data generalization. Additionally, to highlight the discriminativeness and clusterability

of the class specific features, we cluster the feature representations of unseen (identities) test

data using K-means clustering algorithm. We report the clustering performance in Table 4.4

and compare with the standard cross entropy loss.
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Figure 4.5 CMC (Top) and TAR vs FAR (Bottom) plots for (Left) C-Zoo+C-Tai
and (Right) Rhesus Macaques datasets.

Comparison with Siamese Network based features

One might draw similarities between our approach and the popular siamese networks [150]

that are trained on similar and dissimilar pairs to output a similarity score. We trained

ResNet-18 on chimpanzee data in siamese setting with pairwise hinge-loss on features to

show that the learned features in the classification setting are not discriminative as compared

to our PFID. While training in siamese setting, we also observed that the network overfits on

the training data and performs poorly on unseen classes. The results for different evaluation

protocols are: Classification (83.97 ± 1.42), Closed-set (75.45 ± 5.51), Verification (57.28 ±

7.37) and Open-set (22.22 ± 8.07)
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Macq. → Chimp. Chimp. → Macq. C-Zoo → C-Tai C-Tai → C-Zoo

CE PFID CE PFID CE PFID CE PFID

Closed Set 54.58 63.48 83.02 88.38 59.92 70.35 87.54 91.96

Open Set 13.56 34.29 32.04 43.00 17.21 27.21 43.25 64.75

Verification 43.02 63.77 67.51 75.37 48.68 60.57 66.71 82.22

Table 4.5 Evaluation of learned model across datasets. Left of the arrow indicates
the dataset on which the model was trained on, and right of the arrow indicates the
evaluation dataset. All the results are reported for DenseNet-121 network.

Identification on Detected Face Images

The above results evaluated the performance of PFID on cropped face images i.e. the true

bounding box of the test samples. As the captured images with handheld devices like cameras

would also have background, we evaluate the performance of PFID on the detected faces on

test samples. Since we had 1191 full images for the Macaque dataset, the detector is trained

and tested with a split of 80/20. We fine-tune state-of-the-art Faster-RCNN [144] detector

for detecting macaque faces and achieve highly accurate face detection performance. The

identification results on the cropped faces obtained from the detector are shown in Table 4.6.

For identification evaluation, we have 10 identities and 227 images for both closed-set and

verification. For open-set, we extend the probe set by adding 8 identities and 1100 samples,

which are not part of the dataset.

4.5 Experimental Setup and Results for Tiger

Re-Identification

4.5.1 Dataset

The plain Re-ID dataset consists of 1887 training images distributed across 107 identities

and 1764 images in the test set. The number of training images varies from minimum 10 to
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Method Closed-set Open-set Verification

Rank-1 Rank-1 1 % FAR

CE (ResNet-18) 95.00 70.78 89.22

PFID (ResNet-18) 97.20 78.80 91.11

CE (DenseNet-121) 95.30 80.67 91.56

PFID (DenseNet-121) 97.80 89.67 95.11

Table 4.6 Evaluation of detected macaque faces for closed set, open set and verifi-
cation settings.

maximum 98 images per individual with an average of 18 images per individual. The wild

Re-ID dataset consists of 1652 images in the test set which is the same as the detection track

test set.

4.5.2 Network Details and Hyper-parameters

We use a pre-trained DenseNet-121 model and finetune the network with the objective

function given in section 3.2, with an initial learning rate of 10−3 using SGD. The network is

trained for 20 epochs with learning rate decay by 0.1 at 10 and 15 epochs. We use a batch size

of 16 images. When training with KL-divergence, we sample 8 pairs of images, where each

pair consists of two images from the same identity. The randomized JPEG transformation

chooses a random value between 50 and 80 (maximum value 100).

4.5.3 Results for Plain Re-ID task

The description of compared methods is summarized in Table 4.7 and results for Plain Re-ID

task are given in Table 4.8. The result in bold shows the performance of our approach in

single as well as cross camera settings.
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Table 4.7 Brief description of various methods used in Tables 4.8 and 4.9 for the
Re-ID task.

4.5.4 Ablation Study for Plain Re-ID task

In order to establish the efficacy of the proposed approach, we performed a set of experiments

to gauge the relevance of different components that contribute to model performance.

SIFT Matching We use the standard SIFT matching to set up the baseline for tiger

identification. Because the pre-cropped images in the Plain-ReID dataset have a lot of

background clutter, the baseline matching causes a lot of false matches. When re-ranking

only the top twenty images, we find that the SIFT matching in some cases improves the

ranking of images which lie outside the top-5, giving much better performance across all

metrics as seen in Tables 4.8, 4.9 and 4.10.

JPEG Transformations We also present the effect of randomized JPEG transformation

in network finetuning. We observe that training with the proposed transformation improves

performance, specifically in the cross camera setting where the images are more challenging,

both in terms of image quality and pose variation. We also use JPEG compression during

testing but with a fixed quality value of 65, so that noisy artifacts do not affect the test

performance.

Left-Right Prioritizing We use the keypoints to identify the left and right flanks. We ob-
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served that accounting for this information allows the system to avoid false matches between

left and right flanks.

Relevance of KL-divergence Loss We present the standard cross entropy results with

and without JPEG compression and re-ranking, to establish the improvement brought by

adding the pairwise KL-divergence loss in both cases. The cross-entropy loss without KL-

divergence, JPEG compression, or re-ranking performs much worse as can be seen in Table

4.8 and 4.9 for Test-dev and Full Test respectively.

Approach Single Cam Cross Cam

mmAP mAP Top-1 Top-5 mAP Top-1 Top-5

SIFT (Baseline) 0.532 0.748 0.943 0.969 0.317 0.766 0.897

CE 0.603 0.754 0.920 0.966 0.453 0.806 0.931

CE+JPEG+LR+SIFT 0.657 0.817 0.977 0.983 0.498 0.851 0.937

KLDiv+CE 0.658 0.801 0.948 0.980 0.515 0.840 0.914

KLDiv+CE+JPEG+LR+SIFT 0.691 0.847 0.986 0.986 0.535 0.891 0.940

Table 4.8 Ablation Study for Plain Re-ID Task on Test-dev.

Approach Single Cam Cross Cam

mmAP mAP Top-1 Top-5 mAP Top-1 Top-5

SIFT (Baseline) 0.538 0.749 0.930 0.970 0.327 0.768 0.909

CE 0.615 0.746 0.894 0.956 0.484 0.816 0.925

CE+JPEG+LR+SIFT 0.669 0.809 0.964 0.980 0.530 0.860 0.940

KLDiv+CE 0.662 0.791 0.923 0.969 0.533 0.833 0.926

KLDiv+CE+JPEG+LR+SIFT 0.696 0.836 0.973 0.981 0.556 0.872 0.948

Table 4.9 Ablation Study for Plain Re-ID Task for Full Test Data.
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Approach Detection Data Split Single Cam Cross Cam

mmAP mAP Top-1 Top-5 mAP Top-1 Top-5

CE+KLDiv+JPEG 0.8 Test-dev 0.64 0.74 0.85 0.92 0.54 0.84 0.90

Full Test 0.65 0.75 0.86 0.92 0.55 0.85 0.92

CE+KLDiv+JPEG 0.5 Test-Dev 0.644 0.749 0.866 0.927 0.538 0.841 0.91

Full Test 0.653 0.756 0.882 0.930 0.55 0.849 0.920

CE+KLDiv+JPEG+SIFT 0.8 Test-dev 0.654 0.773 0.902 0.925 0.535 0.834 0.918

Full Test 0.662 0.777 0.913 0.932 0.547 0.844 0.926

CE+KLDiv+JPEG+SIFT 0.5 Test-dev 0.658 0.780 0.916 0.937 0.536 0.835 0.920

Full Test 0.667 0.787 0.927 0.946 0.548 0.845 0.928

Table 4.10 Wild Re-ID Task Results. We report performance on the Test-dev and
Full Test test sets at two different detection levels (0.8 and 0.5 detection confidence).
Note that for wild Re-ID we don’t use any pose information, including left-right flank
filtering.

4.5.5 Results for Wild Re-ID

We also evaluate our approach on the wild Re-ID task. We use the same model trained

for plain Re-ID on the plain Re-ID training dataset. We fine-tune an RFBNet [110] model

on the detection dataset, and use detected bounding boxes with confidence scores greater

than 0.5 and 0.8. We present the Re-ID results on both the Test-dev and Full Test datasets.

Here, the benefit of using SIFT features during inference can be observed across all metrics

in Table 4.10.

4.6 Relevance and Impact of Visual Wildlife Monitoring

Over the last several decades, technological progress has substantially improved human qual-

ity of life, albeit at a cost of rapid environmental degradation. Specifically, to meet the needs

of the growing human population, various factors like urban and infrastructural development,

agricultural land expansion and livestock ranching have resulted in soaring rates of defor-

estation. While on one hand it has caused the risk of extinction for many species, on the
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other hand several other species have transitioned and adapted in urban dwellings, both of

which is alarming for sustainable ecosystem.

4.6.1 Primate Face Recognition

Primates are one such species which have transitioned into a commensal relationship with

humans, i.e., they rely on humans for food without causing direct harm. This species often

dwell in close proximity to human settlements and this co-existence has led to indirect

conflicts in the form of crop-raiding and property damage as well as occasional direct conflicts

such as attacks or biting incidents. An example image of crop raiding and primates in close

vicinity of humans is shown in Figure 4.6. Certain species like the rhesus macaque (Macaca

mulatta) have become a cause of serious concern due to their resilience and ability to co-

exist with humans in rural, semi-urban and urban areas. Their prolific breeding and short

gestation periods lead to high population densities, thereby increasing the chances and extent

of conflicts with humans.

Figure 4.6 Example images showing primates in human shared space and crop
raiding [ source: google images ].

As a consequence, organizations have resorted to lethal conflict management measures

like culling [5], which become infeasible when the conflicted species have declining popu-

lations, e.g., the human-primate conflict crisis in Sri Lanka where two of the responsible

primate species are endangered: Toque macaques (Macaca sinica) and the purple faced lan-

gur (Trachypithecus vetulus) [25]. Besides, the effectiveness of lethal measures is well debated

and poorly designed initiatives could have unexpected consequences like increased aggression
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or even extinction of the conflicted species [131]. On the other hand, non-lethal approaches

are easier to adopt across geographies as they avoid complex socio-religious issues [149]. Two

recurring non-lethal themes in conflict management discussions are population monitoring

and stakeholder engagement [131], both of which can be easily achieved with a combina-

tion of smartphone and AI technology. Pursuing a crowdsourcing approach to population

monitoring and conflict reporting has two direct benefits: the cost and scalability of data col-

lection for population monitoring can be improved drastically and active involvement of the

affected community can help increase awareness, which in turn abates the human behavioral

factors that often influence human-wildlife conflicts.

Inspired by the success and scalability of human face recognition, we propose a Primate

Face Identification (PFID) system. Automatic identification capabilities could serve as a

backbone for a crowdsourcing platform, where geo-referenced images submitted by users are

automatically indexed by individuals, gender, age, etc. Such an indexed database could

simplify downstream tasks like primate population monitoring and analysis of conflict re-

ports, enabling better informed and effective strategies for conflict as well as conservation

management.

4.6.2 Tiger Re-Identification

Tigers are among the many species that have become endangered over the last decade. There

are several factors that have caused this population decline. While rapid deforestation is one

factor, illegal poaching and trafficking is also an equal contributor. Conservation efforts

are often driven by policy-level changes that may impose special restrictions on human

activities like infrastructure building, logging, deforestation for agriculture and poaching

and trafficking of endangered species and their body parts [3]. For example, using tiger skin

and body parts are considered luxurious and prestigious items in many cultures and sold with

huge prices both legally and illegally. Some example images for the same are shown in the
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Figure 4.7 Example of tiger skin poaching and selling [3].

Figure 4.7. Active and frequent monitoring of endangered species populations is crucial in

facilitating timely policy-level decisions, where delays may lead to species extinction. Based

on population monitoring and census, specially targeted conservation efforts like captive

breeding programs can be designed for effective recovery. However, traditional field-based

methods of population monitoring like collaring are invasive, expensive, tedious and time-

consuming, thus limiting their scalability and ultimately their success.

With increasing use of visual sensors like camera traps for passive monitoring of wildlife,

data collection is substantially cheaper and more scalable. Advances in automated meth-

ods for population estimation could significantly reduce turn-around times, thus helping

achieve the necessary conservation objectives for biodiversity preservation and sustaining

the ecosystems in general. Individual identification is vital to population monitoring. Sim-

ilar to unique faces in primates, tigers can be uniquely identified by the stripe pattern on

their bodies. Therefore, we modified our primate face identification system and augmented it

with traditional matching algorithms to develop a hybrid re-identification system for tigers.

4.7 Conclusion and Future Scope

As visual sensing becomes a preferred modality for monitoring wildlife, designing robust

algorithms for applications like Re-ID of endangered species such as tigers and primates

becomes important for scalable data analysis. In this work, we proposed a solution for tiger

77



Re-ID by fine-tuning a pretrained deep learning model while also leveraging standard SIFT-

based image matching. In order to capture the wide range of data variations inherent in this

task, such as pose, illumination, scale and image quality, we proposed to use a set of data

transformations for augmentation during network fine-tuning. Additionally, to help mitigate

the small number of samples per class, we enhanced the standard cross-entropy loss with

a pairwise KL-divergence loss to explicitly enforce consistent semantically-constrained deep

representations. We showed competitive results on the Plain Re-ID task using our approach,

and further demonstrated its effectiveness when extended to the Wild Re-ID task, without

using any pose information, thus highlighting the robustness of our Re-ID technique. We

also showed through a series of ablation experiments that each component of our proposed

approach helps contribute to a robust and general solution to the tiger re-identification

problem. We foresee that this identification system could become a part of widely used

wildlife management tools like SMART3.

78



Chapter Five

Semi-supervised Representation

Learning for Clustering

Clustering is a classical unsupervised learning problem that seeks insights into the underlying

structure of data by naturally grouping similar objects together. DNNs have proven effective

in unsupervised learning with architectures like autoencoders, which learn representations

that consistently reconstruct the input. This capability has led to deep clustering methods

[178, 43, 64, 182] that rely on autoencoders, or on convolutional neural networks (CNNs) [76,

183]. For using DNNs to learn clusterable representations, two approaches are commonly

used: methods that explicitly compute cluster centers [178, 64, 182] and methods that

directly or indirectly model the data distribution [76, 43].

Figure 5.1 t-SNE plots for FRGC dataset: Raw data (Left Image), after unsuper-
vised training of autoencoder (Center Image) and after training with clustering loss
(Right Image, 2% labeled data)
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While clustering has traditionally been an unsupervised learning problem, many DNN

based clustering approaches have incorporated varying degrees of supervision, which can sub-

stantially improve the clustering performance. Based on the level of supervision, clustering

approaches can be categorized as unsupervised, supervised and semi-supervised. Fully super-

vised approaches like [99, 157] perform well but were often limiting due to the unavailability

of sufficient labeled data. On the other hand, approaches like [178, 64] are unsupervised and

rely on unlabeled data alone for learning the network parameters, assuming only the knowl-

edge of the number of clusters. Fully unsupervised approaches, while very desirable, are

oblivious of any semantic notions of data, and may lead to learned representations that are

difficult to interpret and analyze. Weakly or semi-supervised approaches are often used as

a reasonable middle-ground between the two extremes. For example, [76] uses pairwise con-

straints as a weaker form of supervision, and [49] exploits both, labeled as well as unlabeled

data for learning.

5.1 Overview of the Contribution

In this chapter, we introduce ClusterNet, an autoencoder based architecture that learns la-

tent representations suitable for clustering. The training works in a semi-supervised setting

utilizing the abundant unlabeled data augmented with pairwise constraints generated from

a few labeled samples. An example is shown in Figure 5.1, that shows the effect of using

a small amount of labeled data on the feature embedding space. In addition to the usual

reconstruction error, ClusterNet uses an objective function that comprises two complemen-

tary terms: a k-means style clustering term that penalizes high intra-cluster variance and

a pairwise KL-divergence based term that encourages similar pairs to have similar cluster

membership probabilities.
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Key Highlights

• An approach that relies on a simple convolutional autoencoder architecture to learn

clusterable latent representations in an end-to-end fashion.

• A loss function that combines a pairwise KL-divergence loss with a k-means loss to

complement each other and simultaneously learn the cluster centers as well as clus-

terable representations.

• The approach requires minimal hyper-parameter tuning and is easy to train, due to an

annealing strategy that adaptively trades off the importance of labeled and unlabeled

data during the training.

5.2 Existing Literature

In this section, we restrict our discussion to recent progress in clustering in a deep learn-

ing framework. Many of the clustering approaches leveraged the autoencoder due to its

ability to learn representations in an unsupervised manner. Xie et al. [178] employed the

encoder of a layer-wise pretrained denoising autoencoder to obtain both the latent space

representations and cluster assignment simultaneously. Guo et al. [64] improved upon this

approach by incorporating an autoencoder to preserve the local structure of the data. While

these two approaches used fully connected multi-layer perceptron (MLP) for encoder and

decoder architectures, work in [65] used a convolutional autoencoder to effectively handle

image data. Apart from encoder-decoder architectures, (CNN) based architectures had also

been applied to the clustering problem. For example, the work in [183] proposed JULE

takes an agglomerative clustering approach that utilizes a CNN based architecture. While

this approach performed well, it required a large number of hyper-parameter tuning, limiting
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its applicability in real world clustering problems. Further, being fully unsupervised, these

approaches may not learn a semantically meaningful representation, which can subsequently

affect the clustering performance. Huang et al. [43] proposed an unsupervised approach,

DEPICT, that also used a convolutional autoencoder stacked with a softmax layer in the

latent space. A KL-divergence loss was used to optimize for the cluster assignments in ad-

dition to a regularization term for discovering balanced clusters. Such a loss tends to limit

its capability to handle uneven class distributions. While this approach was extended to

the semi-supervised learning scenario and showed out of sample generalization, it required

fine-tuning the network with cross entropy loss as done in [141, 190].

More recently, several deep learning approaches [141, 190, 87] had utilized both labeled

and unlabeled data for classification. However semi-supervised clustering was not well ex-

plored. Work in [76] used pairwise constraints on the data and enforced small divergence

between similar pairs while increasing the divergence between dissimilar pair assignment

probability distributions. However, this approach did not leverage the unlabeled data, lead-

ing to suboptimal performance in small labeled data settings. Fogel et al. [49] proposed a

clustering approach using pairwise constraints, that were obtained by considering a mutual

KNN graph on the unlabeled data for unsupervised clustering. The method further extended

to semi-supervised approach by using few labeled connections that were defined using the

distances defined on the embedding obtained from the initial autoencoder training. How-

ever, several parameters like distance threshold and number of neighbors required for mutual

KNN (MKNN) were user defined and were crucial to the performance of the algorithm.

5.3 Proposed Approach

In this section, we present our approach, the network architecture and loss function, and

explain the optimization strategy. We consider the following setup for ClusterNet. Let

X l = ∪Kk=1{X l
k} denote the set of labeled data corresponding to K classes. Here X l

k =
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{xl1,xl2..xlp} ∈ Rn is the set of labeled points in kth class. Let X u denote a set of unlabeled

data points. The goal is to learn a feature representation that is amenable to forming K

clusters in a manner that similar pairs of points tend to belong to the same cluster while the

dissimilar pairs do not.

5.3.1 Network Architecture

We build our clustering model using a convolutional autoencoder architecture. The param-

eters for encoder and decoder are represented by θe and θd respectively. The cluster centers

are given by µ ∈ Rd, where d is the dimensionality of the latent space. We denote the cluster

membership of the ith point using a one-hot encoding vector ai ∈ {0, 1}K , such that ai,j = 1

implies that the ith point lies in the jth cluster. Further, we use z = f(θe;x) to denote latent

space representations, where f(θe; )̇ : x → z is a nonlinear mapping from the input space

to the latent space. Lastly, g(θd, z) represents the output of the autoencoder that maps the

latent space representations to the reconstructed input space. For all our experiments, we

have fixed both the network architecture as well as the dimension of the latent space to show

that clustering performance of ClusterNet is sustained across multiple datasets.

5.3.2 Objective Function

Our semi-supervised clustering loss function has three components: pairwise loss, cluster

loss and reconstruction loss, and is defined as

L = Lpair + Lcluster + Lrecon (5.1)

The reconstruction loss is common for all data, but the cluster and pairwise losses are defined

slightly differently for the labeled and the unlabeled data The reconstruction loss serves as a

regularizer for ensuring that the representation has high fidelity, while the other two terms

make the latent space more amenable to forming semantically consistent clusters. Next, we

discuss each component of the loss term in detail.
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Cluster Loss: Similar to k-means loss term, the cluster loss aims to minimize the distance

between latent space representations of samples with the corresponding cluster centers to

encourage clusterable representations. The corresponding loss for both labeled and unlabeled

data are given by

Lcluster =
1

|X l|
∑

xj∈X l
||f(θe;x

l
j)−Calj||22 +

λ

|X u|
∑

xi∈Xu
||f(θe;x

u
i )−Caui ||22 (5.2)

Here, C ∈ Rd×K is a matrix with each column corresponding to one cluster center, aui is the

predicted label assignments for an unlabeled sample i and alj is the true label for a labeled

sample j. λ acts as a balancing coefficient and is important for the performance of our al-

gorithm. A high value of λ suppresses the benefits of labeled data, whereas a very small

value of λ fails to use the unlabeled data effectively during training. Therefore, we resort

to a deterministic annealing strategy [58, 101], that gradually increases the value of λ with

time and tends to avoid poor local minima.

Pairwise Loss: The KL-divergence loss utilizes similar and dissimilar pairs and encour-

ages similar cluster assignment probabilities for similar point pairs, while ensuring a large

divergence between assignment probabilities of dissimilar pairs. We write the pairwise loss

as

Lpair = Llpair + λLupair (5.3)

For labeled data, the pairwise loss is given by

Llpair=
1

|T lsim|
∑

(p,q)∈T lsim

Lsim+
1

|T ldsim|
∑

(p,q)∈T ldsim

Ldsim (5.4)

where

Lsim = dKL(p||q) + dKL(q||p)

Ldsim = [0,m− dKL(p||q))]+ + [0,m− dKL(q||p)]+

Here, p and q are K− dimensional vectors denoting the cluster assignment probabilities for

points f(θe;xp) and f(θe;xq) obtained based on the distances from the cluster centers. The
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margin m is introduced to impose a minimum separability between dissimilar pairs. The

sets, T lsim and T ldsim are the similar and dissimilar image pairs respectively generated using

the labeled data. Similarly, the labels based on cluster membership are used to compute the

pairwise loss for unlabeled data as

Lupair=
1

|T usim|
∑

(p,q)∈T usim

Lsim+
1

|T udsim|
∑

(p,q)∈T udsim

Ldsim (5.5)

Here Lsim and Ldsim are defined as before.

Reconstruction Loss: While we want the latent space representations to form clusters,

the cluster loss and pairwise loss can lead to a degenerate latent space where points tend to

collapse to the cluster center, in an attempt to minimizing the cluster loss. This degeneracy

may lead to poor generalization to unseen points. To mitigate this effect, we regularize the

clustering loss by adding a reconstruction loss term for the autoencoder given by

Lrecon =
∑

x∈{Xu∪X l}

||g(f(xi))− xi||22 (5.6)

5.3.3 Network Optimization

We alternately optimize for the network parameters and the cluster center parameters. For

fixed cluster center parameters i.e. C and a, we update the network parameters θe and θd us-

ing standard backpropagation algorithm. The steps are described below and are summarized

in Algorithm 1.

Cluster Center Parameters

Cluster Center Initialization: Motivated by constrained k-means, we initialize the clus-

ter centers by the mean of the embedding corresponding to the samples in the corresponding

labeled set X l
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µk =
1

|X l
k|
∑
x∈X lk

f(θe;x) for k = 1, · · ·K (5.7)

Cluster Assignment: For given cluster centers C = {µ1, µ2 · · ·µK} and the embeddings in

the latent space, similar to constrained k-means, the class or cluster associated with a data

sample xi is obtained by Eqs. (5.8) and (5.9) for unlabeled and labeled data respectively.

auj,i =


1 if j = arg min

k={1,2,···K}
||f(θe;x

u
i )−µk||

0 otherwise

(5.8)

alj,i =


1 for j = k for xi ∈ X l

k

0 otherwise
(5.9)

Cluster Center Updates: A naive way to update cluster centers is to follow the k-means

strategy and compute the mean of the samples allocated to a cluster by looking at the

current values of au and al. This approach can pose a serious challenge due to a dynamic

representation space. While ali is informative and denotes the true cluster membership, the

predicted unlabeled data assignments aui may not be accurate and can introduce a significant

bias in the updated centers.

Therefore, similar to [182], we update cluster centers using gradient updates with an

adaptive learning rate. Further, we utilize the labeled data to update the corresponding true

cluster center as

µk ← µk −
1

N l
k

(µk − f(θe,x
l
i)) for xli ∈ X l

k (5.10)

The unlabeled data update the cluster centers corresponding to the predicted cluster

label in Eq. (5.8)

Caui ← Caui −
1

Nu
k

(Caui − f(θe,x
u
i )) (5.11)
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Here, N l
k and Nu

k are the number of labeled and unlabeled samples respectively, that

have been assigned to cluster k in the current iteration.

Pairwise Constraints : The pairwise loss in Eqs. (5.4) and (5.5) is defined on similar and

dissimilar image pairs. For labeled data, these pairs are created using the label information

as follows:

T lsim = {(i, j) : xi ∈ X l
k1
,xj ∈ X l

k2
, k1 = k2},

T ldsim = {(i, j) : xi ∈ X l
k1
,xj ∈ X l

k2
, k1 6= k2},

k1, k2 ∈ {1, 2, · · · , K} (5.12)

Similarly, the pairs are also computed for unlabeled data based on the predictions given by

the Eq. (5.8)

T usim = {(i, j) : xi ∈ X u
k1
,xj ∈ X u

k2
, k1 = k2},

T udsim = {(i, j) : xi ∈ X u
k1
,xj ∈ X l

k2
, k1 6= k2},

k1, k2 = {1, 2, · · ·K} (5.13)

Assignment Probabilities: In many approaches, for a given sample the cluster assignment

probabilities are obtained by a softmax layer with learnable parameters [76, 43]. Instead, we

simply define probabilities based on distances from the cluster centers as

pk,i =
exp(−dk,i)∑K
k=1 exp(−dk,i)

; k = 1, 2, · · ·K (5.14)

where dk,i = ||f(θe;xi)− µk)||22

Here, pk,i is the probability of assigning the ith sample to the kth cluster.

5.4 Experimental Setup and Results

In this section, we evaluate the performance of ClusterNet on several benchmark datasets and

compare it with state-of-the-art approaches. We present evaluation results of our approach
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Algorithm 1 ClusterNet Optimization
Input: X u= {xu1 ,xu2 , · · ·xum} : set of unlabeled data points, X lk = {xl1,xl2, · · ·xlp}: set of labeled

data in class k, X l = ∪Kk=1X lk, T : number of iteration

Output: C = {µ1, µ2, · · ·µk}: Cluster centers, θe: encoder parameters

Method:

1. Initialize cluster centers µk =
1
|X lk|

∑
x∈X lk

x

2. for t = 1 · · ·T

I Create similar and dissimilar image pairs T lsim and T ldsim respectively from labeled data

X l

II Compute labels for unlabeled data X u using cluster assignments from Eq. 5.8

III Create similar and dismal pairs T usim and T udsim respectively using the label assignment

IV Compute assignment probabilities for both labeled and the unlabeled data using Eq.

(5.14)

V Compute cluster center updates with labeled and unlabeled data using Eq. 5.10 and

5.11.

VI Update network parameters θe and θd

3. Return cluster centers C = µ1, µ2, · · · , µK and θe

for both clustering and classification problems.

5.4.1 Datasets

We use 5 datasets for experiments: two handwritten digits datasets; MNIST [100] and USPS

1 and three face datasets; FRGC 2, CMU-PIE [155] and YouTube Faces [175]. The details

of the datasets are given in Table 5.1. For YTF dataset, we use first 41 subjects, sorted
1https://cs.nyu.edu/~roweis/data.html
2https://sites.google.com/a/nd.edu/public-cvrl/data-sets
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according to their names in alphabetical order as in DEPICT [43]. For FRGC dataset, as in

[43] we use 20 randomly selected subjects for our experiments.

MNIST-train USPS FRGC CMU-PIE YouTube Faces

# Samples 60.000 11,000 2462 2856 10,000

# Classes 10 10 20 68 41

Size 32× 32 16× 16 32× 32× 3 32× 32× 3 55× 55× 3

Table 5.1 Dataset Description

MNIST-test USPS FRGC CMU-PIE YouTube Faces

#Samples 10,000 1100 246 285 1000

Table 5.2 Samples to evaluate the performance of ClusterNet on unseen data sam-
ples. These samples are new to the network and have not been used by the network
for training the network for clustering or in the pretraining stage.

5.4.2 Comparison with state-of-the-art approaches

ClusterNet is a semi-supervised approach that uses both labeled and unlabeled data. Since

semi-supervised approaches are not explored for end-to-end clustering, we present compar-

isons with state-of-the-art unsupervised clustering approaches as well as approaches that can

be adapted to operate in the semi-supervised setting.

Fogel et al. [49]: The approach works in both unsupervised as well as semi-supervised

setting. In order to bring supervision in the framework, while they define pairwise connec-

tions from unlabeled data, they either manually label or use ground truth to generate some

data pairs as similar and dissimilar. In Table 5.3, we present a comparative analysis of our

results with the best reported results in [49] with 5k labeled connections.

Kira et al. [76]: This approach utilizes labeled data to create similar and dissimilar con-

straints, however do not use any unlabeled data. Therefore, their performance is suboptimal

in case of low labeled data setting.
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Datasets Evaluation DEC [178] JULE-RC [183] DEPICT [43] CPAC-VGG [49] ClusterNet

MNIST-full NMI 0.816 0.913 0.917 - 0.926 0.94

ACC 84.4 96.4 96.50 - 96.84 97.72

Labeled Data - - - - 0.5% 1%

USPS NMI 0.586 0.913 0.927 0.914 0.923 0.936

ACC 61.9 95.0 96.4 86.7 96.51 97.26

Labeled Data - - - - 5k connect 2 % 5 %

FRGC NMI 0.504 0. 574 0.610 0.799 0.873 0.955

ACC 37.8 46.1 47.0 54.0 82.24 95.77

Labeled Data - - - - 5k connect 2 % 5 %

CMU-PIE NMI 0.924 1.00 0.974 0.849 1.00 1.00

ACC 80.1 100 88.3 68.8 1.00 100

Labeled Data - - - - 5k connect 2% 5%

YouTube Face NMI 0.446 0.848 0.802 0.860 0.932 0.988

ACC 37.1 68.4 62.1 54.2 90.31 98.58

Labeled Data - - - - 5k connect 2 % 5 %

Table 5.3 Performance comparison of different algorithms on several datasets based
on NMI (normalized Mutual Information) and ACC (Accuracy in %). The results
for various approaches are reported from the original paper. CPAC-VGG uses a
number of labeled connections and ClusterNet uses % labeled images/class.

ClusterNet outperforms the best clustering accuracy reported for MNIST dataset in [76]

by a margin of 15.71 %, 3.26 % and 0.26 % respectively for 6, 60 and 600 samples/class

respectively. The unsupervised approaches used for reference are: JULE [183], DEC [178]

and DEPICT [43].

5.4.3 Network Details

We used a common architecture for ClusterNet across all the datasets, and show that its

clustering performance generalizes well. We used three convolution layers with 32, 64 and

128 filters respectively, followed by a fully connected layer of dimension 32. Each convolution
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(a) YTF dataset

(b) MNIST dataset

Figure 5.2 t-SNE plots for two different percent of labeled data (a) YTF (Left :
2% labeled data, Right: 5% labeled data) and (b) MNIST (Left: 0.1% labeled data,
Right: 0.5% labeled data)

layer is followed by InstanceNorm layer and Leaky ReLU activation, while the fully connected

layers in both encoder and decoder use a tanh activation function. The stride and padding

values are chosen appropriately for the dataset. For each of the datasets, we pre-train the

autoencoder end-to-end for 100 epochs using Adam optimizer, with a learning rate of 0.0001

and β = (0.9, 0.999) to minimize the reconstruction error. We use a dropout of 10% at each

layer, except the last layer of the decoder. We use this pre-trained network and fine tune

it for clustering loss for 60 epochs, again with the Adam optimizer and a learning rate of
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0.0001. The value of balancing coefficient is determined by eq. 5.15.

λ =


0 t < T1

t−T1
T2−T1 T1 ≤ t < T2

1 T2 ≤ t

(5.15)

Here, t denotes the current epoch, T1 = 5, T2 = 40 for all the experiments.

5.4.4 Evaluation Metric

We use two standard metrics to evaluate the performance of proposed approach: NMI (nor-

malized mutual information) that computes the normalized similarity measure between be-

tween true and predicted labels for the data and is defined as

NMI(c, c′) =
I(c; c′)

max(H(c), H(c′))
(5.16)

Here, c and c′ represents true and predicted class label, I(c, c′) is the mutual information c

and c′ and H(·) denotes the entropy. We also report the classification accuracy (ACC) that

gives the percentage of correctly labeled samples. For our approach, the predicted label is

the cluster with minimum distance from the given sample point.

5.4.5 Clustering and Classification Results

We compare the performance of ClusterNet with other clustering approaches on all the

datasets. For our approach, we show the average results achieved over five runs. For each

of the datasets except MNIST, we first randomly split the data using stratified sampling

with 90% for training and hold-out 10% for testing. We further generate five random splits

from training data using stratified sampling into labeled and unlabeled data. For other

approaches, we quote the results reported in the original reference. Table 5.3 summarizes

both the classification as well as the clustering performance comparisons. The results show

that ClusterNet outperforms state-of-the-art approaches by using small amounts of labeled
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data (0.5, 2%and5%). The high NMI scores for ClusterNet can also be corroborated by the

clusters formed in the t-SNE based latent space visualization shown in Figure 5.2 for the

YouTube Face and MNIST datasets. The visible structure in the figures is typical and similar

visualizations are obtained for other datasets as well. We also show the effect of training the

pre-trained autoencoder with the clustering loss in Figure 5.1 and the corresponding NMI

results in Table 5.4. As before, the t-SNE plots shown on the FRGC dataset is a typical

indication of a clusterable latent space.

Datasets Autoencoder ClusterNet

All data Train Test

CMU-PIE 0.788 ± 0.006 1 ± 0.0 1 ± 0.0

FRGC 0.485 ± 0.012 0.945 ± 0.002 0.951 ± 0.003

YTF 0.761 ± 0.003 0.949 ± 0.0 0.953 ± 0.0

USPS 0.491 ± 0.001 0.931 ± 0.0 0.961 ± 0.0

MNIST 0.542 ± 0.0 0.942 ± 0.0 0.954 ± 0.0

Table 5.4 Comparison of K-means clustering performance (NMI) of autoencoder
embeddings with ClusterNet embeddings

(a) (b) (c)

Figure 5.3 (a) Consistency in NMI and ACC over epochs for unlabeled USPS digits
training data, (b) Effect of λ (balancing coefficient) on NMI and ACC on FRGC
dataset (c) Loss function plot for YTF dataset with 2% labeled data
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5.5 Analysis

5.5.1 Cluster Purity

At training time, we make use of predicted labels for the unlabeled data to compute the

clustering loss. It is crucial for most predicted labels to be relatively consistent with the

true class labels, or the training may diverge. In Figure 5.3a, we plot the test accuracy and

NMI over the training epochs for the USPS dataset as a typical example. We point out

that the annealing strategy Eq. (5.15) applied to the balancing coefficient λ is important for

stabilizing the clustering.

5.5.2 Effect of Balancing Coefficient

In Figure 5.3b, we show the effect of λ on the test accuracy and NMI values on the FRGC

dataset. Since the labeled data is typically much smaller than the unlabeled data, it is im-

portant to balance the loss contributed by unlabeled data for achieving good representations

and clustering performance. Too small a value of λ under-utilizes the unlabeled data, while

too large a value may lead the training loss to be too high. The performance is signifi-

cantly better when an annealing strategy is used to adapt λ throughout the training process

that gradually increases the contribution of unlabeled data as training progresses. Further,

we also observe a smooth convergence as shown in the loss function plot for Youtube Face

dataset in the Figure 5.3c.

5.5.3 Cluster Centers

Since our approach uses labeled data for initializing the cluster centers and also update

them using the corresponding labeled data samples over the epochs, each cluster center is

representative of one of the true classes decided by the labeled samples. This one-to-one

correspondence between clusters and classes provides the flexibility to use the cluster centers
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directly for classification of unseen data points. We show the reconstructions of the learned

cluster centers and a sample face image from the same class for two of the datasets in Figure

5.4.

(a) CMU-PIE (b) FRGC

Figure 5.4 Comparison of few reconstructed images corresponding to few cluster
centers (1st and 3rd row) in the latent space with sample images (2nd and 4th row)
from the respective clusters.

5.5.4 Performance with Varying Label Data

We present our results for the face and digit datasets, with varying number of labeled samples

in Tables 5.5 and 5.6 respectively. The number of data samples used for testing for each

of the datasets is given in Table 5.2. We use a maximum of 10% labeled data for training

the network, but our technique significantly improves the performance over unsupervised

approaches for most datasets with as low as 2% labeled data. Further, our approach is more

suitable for practical clustering tasks as opposed to existing semi-supervised approaches,

as supervision is provided with notably fewer samples, and yet boosting the performance

significantly. However, as we see in Table 5.5, there is a huge deviation in performance for

FRGC dataset with 2% samples/class due to large class imbalance. Here, the lowest number

of samples in a class is only 6, which results in choosing only 2 samples from the class as

labeled data.
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Labeled Data FRGC CMU-PIE YouTube Faces

/Class (%) NMI ACC (%) NMI ACC (%) NMI ACC (%)

2 0.884 ± 0.61 83.32 ± 8.80 1.00 ± 0.00 100 ± 0.00 0.938 ± 0.016 90.54 ± 2.92

5 0.951 ± 0.010 94.57 ± 0.97 1.00 ± 0.00 100 ± 0.00 0.989 ± 0.004 98.54 ± 0.61

10 0.971 ± 0.0052 97.01 ± 0.46 1.00 ± 0.00 100 ± 0.00 0.997 ± 0.002 99.70 ± 0.25

Table 5.5 Performance of ClusterNet with different percentage of labeled data on
completely unseen face data samples

Labeled Data USPS MNIST

/Class (%) NMI ACC (%) NMI ACC (%)

1 0.933 ± 0.006 96.33± 0.35 0.939 ± 0.018 98.13 ± 0.24

2 0.959 ± 0.007 98.02 ± 0.44 0.958 ± 0.003 98.38 ± 0.18

5 0.965 ± 0.009 98.43 ± 0.46 0.963 ± 0.001 98.65 ± 0.05

10 0.971 ± 0.007 98.64 ± 0.39 0.97 ± 0.003 98.96 ± 0.12

Table 5.6 Performance of ClusterNet with different percentage of labeled data on
completely unseen digits data samples

5.5.5 Ablation Experiments

Effect of Reconstruction Loss on Clustering Performance

To better understand the selection of autoencoder network over an encoding network, we

report results in Table 5.7 with and without reconstruction loss in our objective function.

The results show that adding the data fidelity term improves the performance both in terms

of the average and standard deviation values.

Effect on Image Reconstruction

Additionally, ClusterNet also retains the quality of reconstructed images owing to the recon-

struction loss in the objective function. We show some reconstructed images for the unseen

test samples of CMU-PIE and FRGC dataset in Figure 5.5. This indicates that the learned
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Approach MNIST FRGC CMU-PIE USPS YouTube Face

ClusterNet NMI 0.911 ± 0.039 0.866 ± 0.086 1.0 ± 0.0 0.924 ± 0.008 0.933 ± 0.016

w/o reconstruction loss ACC 94.94 ± 4.47 81.4 ± 13 100 ± 0.0 96.42 ± 0.691 90.23 ± 2.73

ClusterNet NMI 0.926 ± 0.018 0.873 ± 0.074 1 ± 0.0 0.923 ± 0.006 0.932 ± 0.016

with reconstruction loss ACC 96.84 ± 1.2 82.24 ± 10.13 100 ± 0.0 96.51 ± 0.43 90.31 ± 2.69

Table 5.7 Clustering performance with and without reconstruction loss in Cluster-
Net objective function.

latent space is not degenerate and the decoder can successfully generate the images from the

embeddings.

Figure 5.5 CMU-PIE and FRGC original images in top left and top right respec-
tively with corresponding reconstructed images in bottom left and bottom right.

5.6 Conclusion and Future Scope

In this work, we introduced a convolutional autoencoder based semi-supervised clustering

approach that works in an end-to-end fashion. The clustering and representation learning is

driven by the few labeled samples as well as the unlabeled data and their predicted cluster-

membership labels, as they evolve during the training process. The loss comprises a k−

means style cluster loss and a pairwise KL-divergence term regularized by the autoencoder

reconstruction loss. Further, experimental results show that ClusterNet achieves better

performance over state of the art unsupervised and semi-supervised approaches using only

2% of labeled data. We achieve stability in training by employing an annealing based strategy

to adjust the balancing coefficient.

In this chapter, using empirical analyses, we have demonstrated that with only a small

amount of labeled data and a lot of unlabeled data, it is possible to learn representations that
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achieve good clustering and classification performance. While the proposed representations

do perform well in clustering, its classification accuracy is still lower than the state of the art

semi-supervised classifier presented in [141]. In order to close this gap, one possible future

direction is to use probabilistic predictions of labels and perform clustering in a Bayesian

framework.
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Chapter Six

Unsupervised Disentangled

Representation Learning

6.1 Understanding Disentanglement and Human Percep-

tion

A lot of work in computer vision and graphics has focused on developing analytical forward

(and inverse) models of image formation, written as combinations of various factors such as

object size, type, pose, shape, illumination, reflectance, inter-reflections, shading, etc. In a

physical sense, while many of these factors vary independent of each other like pose and ob-

ject type, these variables often interact in highly non-linear ways, partly due to the intrinsic

non-Euclidean nature of the space in which these variables reside for image formation. Com-

mon assumptions to simplify the generation model include assuming Lambertian reflectance

properties, near-convex object shapes etc. Several results have been developed, which un-

der different assumptions and different combinations of factors show that the data manifold

generated is in fact non-linear [53, 181]. The non-linearity in the observed data manifold

is due to both the intrinsic non-linearity of certain factors of variation (like pose), and the

non-linearity in the forward model itself (due to illumination and shading for instance).

However, human cognition performs an invariant perception of objects, that allows to
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identify and discriminate objects irrespective of object variations in terms of pose, size,

orientation or background. This indicates that the human sensory system learns represen-

tations that encode these attributes disjoint from one another. The idea of disentangled

representations (dis-rep) is to mimic human understanding of different attributes. Thus,

dis-rep learning approaches focus on learning an interpretable representation that highlights

and provide control on the different attributes defining the visual data. As opposed to super-

vised learning task in deep networks that learn representations focusing on a given attribute

for the downstream task like classification, dis-reps are generic in their construction making

them suitable for wider range of applications like few shot learning [109], transfer learning

[16] and domain adaptation [169]. Most prominently dis-reps are used (i) to learn certain

attribute independent/invariant representations that can improve the performance of various

downstream tasks and (ii) to perform image synthesis or attribute transfer by controlling

different factors of variation.

6.2 Overview of the Proposed Formulation

In this chapter, motivated by the principles of image formation we propose to learn factorized

disentangled representations. Given the fact that an image is generated from a complicated

manifold formed by interaction of different manifolds that define different independent factors

of variations, the factorized aggregated representation is constrained to mimic this indepen-

dence. To this end, we explicitly enforce orthonormality of the attribute vectors of an image

as a proxy for independence of the factors. Furthermore, to improve the generalization of

the latent space, we employ an orthonormality loss during training along with the explicitly

enforced orthonormality of the stacked attribute representation. Additionally, to effectively

ensure the orthonormality of the stacked representation, it is explicitly parametrized as a

point on the Stiefel manifold. The proposed approach is modular in nature and hence can

be easily augmented in existing approaches.
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Key Highlights

• Proposed a framework that imposes an explicit structure in the form of orthogonality

constraint on the latent space to act as an inductive bias to improve the disentangling.

• Employed optimization on the Stiefel manifold to efficiently ensure the orthonormality

of the attribute representations during network training in an end-to-end fashion.

• The learned representations corresponding to different subsets of the latent space are

inherently separated on orthogonal subspaces.

• The proposed approach outperforms existing unsupervised approaches both in terms of

disentanglement as well as in image synthesis tasks.

• The proposed framework is flexible and can be accommodated in any existing disen-

tangling framework.

6.3 Existing Literature

Disentangling factors of variation to extract meaningful representations has been an engag-

ing area of interest in the research community and has been explored in various contexts

of style-transfer for both text [84] and image domains [52], analogy-making [143] and do-

main adaptation [167, 134]. Most widely VAEs and GANs have been used to learn these

representations in either unsupervised setting [31, 124, 86, 105, 30, 134, 153] or semi/weakly

supervised setting [122, 82, 162, 19, 146, 104].

Approaches such as those proposed in Mathieu et al. [122] and Szabó et al. [162] suc-

cessfully separate a specified attribute using semi-supervised adversarial training. Ruiz et al.

[146] also employed adversarial training in weak supervision. On the other hand, approaches
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like Jha et al. [82] eliminated adversarial training and resorted to cycle consistency in VAE

framework to avoid degeneracy. The approach of [104] also used cycle consistency in a semi-

supervised way, to disentangle pose and appearance for hand-pose tracking and estimation

application.

While these approaches perform well to some extent, disentangling in an unsupervised

setting is still a challenge. Several approaches like Press et al. [134] followed a domain

adaptation approach using an encoder-decoder architecture to disentangle. Li et al. [105]

utilized unsupervised sequence modeling to disentangle temporally dynamic features from the

static ones in audio and video sequences. Another related approach, [153] disentangled shape

from appearance using canonical and template-based coordinate systems in an unsupervised

manner.

Whether semi-supervised or unsupervised, most of these approaches are often limited to

one or two factors of variation. In order to improve image synthesis and attribute transfer,

a more elaborate representation is required that can disentangle multiple factors simulta-

neously. More recently, there is an interest in disentangling multiple factors of variation

simultaneously. Approaches like [32] condition the input on a favorable mask of factors to be

replicated in the output image. On the other hand, Bouchacourt et al. [19], utilized group

level supervision, where within a group the observations share a common but unknown value

for one of the factors of variation. This in effect relaxes the observations from independent

and identically distributed (i.i.d) condition imposed in VAE based models, and also improves

generalization to unseen groups during inference.

Unsupervised approaches based on β-VAE [124], introduce a weighted KL-divergence

term to ensure a restrained information bottleneck for the learned disentangled latent rep-

resentations. β-TCVAE [30], a variant of β-VAE, decomposes the marginal KL-divergence

term into dimension-wise KL-divergence and a total correlation term that exhibits the extent

of disentanglement. Another variant of β-VAE called Factor-VAE [86] supports the idea of

the latent code distribution to be factorial by introducing a discriminator that differentiates
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a latent code picked from marginal code distribution from one that is a product of them.

Chen et al. [31] tries to achieve mutual information maximization between latent codes and

corresponding observations via an additional information regularization in an unsupervised

fashion. Although it works in an unsupervised fashion, lack of encoder-decoder style archi-

tecture limits the re-usability of the latent codes of an image. We aim to propose a general

approach that works well on any disentangling model, by making use of factorized latent

spaces to enhance the quality of disentanglement.

More recently, over the last several years, geometry has been explored in deep learning

approaches. Approaches like [151, 154] explored the Riemannian geometry of the latent space

of generative models. [9] incorporates a geometry-aware adversarial approach to avoid mode

collapse, while [103] adds a geometry-aware regularization in accordance with the manifold

hypothesis. [6, 92] consider the curvature and non-linear manifold statistics in latent-space

and induce a Riemannian metric to achieve better interpolation and distance functions. [23]

proposes various metrics to measure disentanglement and flattening across layers of neural

architectures.

6.4 Proposed Latent Space Parametrization

A naive approach to learn representations [74] in deep networks is by using autoencoder

framework. An autoencoder, as the name suggests, consists of an encoder network that

learns a function f : x → z to map an input to the representation space and a decoder

network g : z→ x that maps the representation back to the input space. By restricting the

dimensionality of representation space to be fairly smaller than the input space, it allows

one to capture the principal factors of variations in the data. However, it is not ensured

that these factors are separated or disentangled to allow systematic data manipulation. On

the other hand, disentangled representations facilitate latent space manipulation and closely

align with human reasoning [11, 73, 72].
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While most approaches resort to deep generative models like VAEs and GANs, there are

only few developments using autoencoders. We develop a framework that is flexible to use

any existing disentanglement method irrespective of the network choice as a backbone and

improves its disentangling ability. We propose to explicitly enforce geometric structure in

the latent space.

6.4.1 Enforcing Geometric Structure in the Latent Space

The three factors that contribute to our design choice for disentangled representation learning

are as follows:

• Explicit or Implicit control on the latent space As pointed by recent devel-

opments in the field [115], unsupervised learning of disentangled representation is not

possible. This suggests the need for supervision either by interaction in the latent space

[166] or by using weak supervision e.g. data grouping [19] to achieve disentanglement.

• Independent latent variables: Assuming that the data is generated from inde-

pendent factors of variation, the disentangled representation should capture different

factors in independent dimensions of the latent space. This will allow control on dif-

ferent factors and improve image generation process.

• Continuity of Space: The latent representations should be evenly distributed in the

latent space to obtain valid latent codes allowing smooth interpolation, resulting in

valid images.

Product of Orthogonal Spheres We propose to model the latent space as product of

constant curvature spaces, where each space is a hypersphere. This characterization of the

latent space is trained with a disentangling objective function to capture different attributes

in these hyperspheres.
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6.4.2 Motivation for Proposed Parametrization

We would like to present a motivation for the choice of orthogonality in latent-spaces by first

principles analysis of typical factors of image-formation. An image can be seen as a complex

non-linear interaction between various factors such as lighting, pose, shape, and shading.

In many cases, there is a wealth of literature that studies the basic geometric properties of

each mode of variation. However, it has been found that the specific constraints are too

specific for each factor, and generally not compatible with each other, or with contemporary

machine learning models. In this section, we show that a slight relaxation of some of these

classical findings will lead to a very natural compact model for latent-variables in the form

of a product of orthogonal-spheres. This new model is very simple to implement and enforce

as a simple loss-function in deep-learning modules. We start with a few common factors in

image-formation, and develop the model.

1. Lighting variables: In the illumination cone model, assuming Lambertian re-

flectance, and convex object-shapes, one can show that the image space is a convex-cone

in image space [53]. A relaxation of this model leads to identifying cones as linear-

subspaces, which are seen as points on a Grassmannian manifold Gn,k (n = image-size,

k = lighting dimensions, typically considered equal to number of linearly independent

normals on the object shape) [116]. Under certain conditions of variance on the Grass-

mannian being low, a distribution of points on the Grassmann induces a distribution

on a high-dimensional sphere (see [27]), whose dimension depends on n and k [27].

2. Pose variables: 3D pose is frequently represented as an element of the special

orthogonal group SO(3). For analytical purposes, it is convenient to think of rotations

represented by quaternions [51], which are elements of the 3-sphere S3 embedded in

R4, with the additional constraint of antipodal equivalence. This makes rotations to

be identified as points on a real-projective space RP3. Real-projective spaces are just a

special case of the Grassmannian – in this case, of 1D sub-spaces in R4. Using similar
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result as before [27], from a distribution on quaternions, we can induce a distribution

in a higher-dimensional hyperspherical manifold.

3. Deformation variables: Deformation of underlying shape, or non-elastic deforma-

tion of image-grid (e.g. due to shape change, expression, or photoshop effects), can

be modeled by the framework of diffeomorphic maps from R2 to R2. Diffeomorphic

maps are continuous, smooth, and invertible maps that warp an image grid. Under

additional conditions such as corner-point preservation, a square-root form of the dif-

feomorphic map can be viewed as a point on a infinite-dimensional Hilbert sphere [81].

The infinite-dimensionality is more a mathematical convenience, but in practice, the

dimension of the hypersphere is defined by the image-resolution.

Generality: Now, the relevant question is whether hyperspherical relaxation is a good

model for factors beyond the above? Consider for instance the factors listed in table 6.4. Most

of the factors listed there are mid-level or semantic factors, rather than analytically definable

physical factors. However, to a good degree of approximation such semantic factors can be

explained as a result of combinations of low-level physical factors. Wavy hair for instance

can be approximately described by deformation variables, makeup can be approximated by

lighting variables, etc. While our model specifically is motivated by well-studied tractable

factors like illumination, pose, and deformation, our conjecture is that the model is quite

flexible and applicable beyond these factors.

6.4.3 Loss Function

Product of spheres is a generalization of tori geometry. The specification is incomplete

without knowing the individual dimensions of the hyperspheres involved. For analytical and

computational tractability, we choose to set the dimensions of the spheres to be equal to

each other. This in effect imposes a simple orthonormality constraint on the latent space
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blocks.

Definition 1: Spherical Space: A d dimensional hypersphere is an embedding in Rd+1

space and can be defined as follows:

Sd = {xd+1 : ||x||2 = 1} (6.1)

with spherical distance on the space given by dS(x, y) = arccos(〈x, y〉).

So, k such spheres S1,S2,S3, · · ·Sk, to characterize k partitioned latent space represen-

tation for an input x. So, the latent space representation z given as the product of spheres

is obtained by the Cartesian product i.e. S = S1 × S2 × S3 · · · × Sk

Now, in order to enforce that these k embeddings capture different factors of variation,

we propose to suppress their correlation i.e., ∀(i, j), i 6= j〈zi, zj〉 = 0. Thus, we augment the

disentanglement objective function with the following regularization term:

R(Z) = ||Z>Z− I||2F (6.2)

Here, Z = [z1z2 · · · zk] is a d × k matrix obtained by stacking together the k embeddings

corresponding to k hypershperes of the latent space and || · ||F is the matrix Frobenius norm.

Thus, the modified loss function is given by

Ldisentangle +R(Z) (6.3)

Here, Ldisentangle is the loss function imposed by any existing disentangled representation

learning approach, R(Z) is the orthonormality regularizer on the latent space and λ is a

trade-off parameter to weigh the importance of the added regularization term.

This effectively amounts to a structural constraint to overcome the limitation of unsu-

pervised approaches. It also explicitly fulfils the requirement of independent latent variables

for different attributes thus satisfying the first two design goals. The continuity of the la-

tent space is achieved as a consequence of the joint effect of the disentangling loss and the

orthogonality structure imposed by the objective function. An illustration of the proposed

parametrization and update strategy is shown in the Figure 6.1.
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Figure 6.1 Illustration of proposed Product of Orthogonal Spheres as a latent space
model

6.4.4 Parameter Updates and Explicit Orthonormality Constraint

The proposed regularizer in the loss function is a relaxation of strict orthogonality, also

known as the soft orthonormality constraint. The loss function in Eq. (6.3) can be optimized

with standard back-propagation algorithm to learn the network parameters. However, we

find that optimizing the proposed loss function leads to slow convergence due to additional

constraint on the latent space. Therefore, we explicitly enforce the orthogonality constraint

that ensures that the latent space representation is strictly orthonormal that improves the

convergence.

Explicit Orthonormality Projection

We utilize the geometry of Stiefel manifold to effectively ensure the orthonormality con-

straint. Therefore, our update strategy consists of two parts. Firstly, back-propagation

works towards ensuring that the soft constraint is satisfied. And secondly, the hard con-

straint imposed by constraining the representation as a point on the Stiefel manifold to push

the convergence along.
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Definition 2: Stiefel manifold Sd,k, with d > k is defined as space of d×k matrices, that

have orthonormal columns and is equipped with Frobenius inner product i.e.

Sd,k = {U ∈ Rd×k : U>U = I} (6.4)

Minimizing an objective function defined on the Stiefel manifold requires an update

strategy that ensures feasibility of the solution with every gradient step. We use Cayley

transform, a widely used approach for optimization on the Stiefel manifold because of the

closed form update. We used this transform to obtain feasible iterates in the direction of

descent.

Definition 3 : Cayley Transform Given a problem minU∈Sd,k F(U) computes a paramet-

ric curve on the Stiefel manifold to obtain a feasible iterate in the direction of iterate by a

closed form solution using the gradient G and is given by

Ut−1 =
(
I +

τ

2
A
)−1

(I− τ

2
A)Ut, (6.5)

where, A = GU>−UG> is a skew symmetric matrix and τ is the step size. More details on

the Stiefel manifold and the optimization strategy can be found in Section 2.1.1 and Section

2.2.

So, correspondingly the updates for Z as an element on the Stiefel Manifold Sd×k for

optimizing the loss function given in (6.3) as follows:

Z =
(
I +

τ

2
A
)−1

(I− τ

2
A)Z, (6.6)

where, A = JZ> − ZJ>, and J is the network gradient, thus transforming the latent space

representation before feeding it to generator for further processing.

It should be noted that the explicit orthonormality constraint is only enforced during the

training time. We observe that the trained network achieves close to orthonormal represen-

tations at evaluation time as well.
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We empirically demonstrate the advantage of the proposed product embeddings parametriza-

tion of the latent space. We show that it not only improves the quality of the disentan-

gled representations but simultaneously improves the fairness of the representations as well.

We also show improvement in the reconstruction quality across several synthetic and real

datasets.

6.5 Experimental Setup and Results

We evaluate our approach on a number of datasets to validate its ability to learn better

disentangled representations owing to the imposed orthonormality constraint in the latent

space.

Datatset Attributes

MNIST (28× 28) Slant Angle, Stroke Width, Identity

2D Sprites (64× 64) Gender , Hair Type, Body Type, Armour Type, Greaves Type, Pose, Weapon

Cars3d (128× 128) Azimuth, Elevation, Identity

Shapes3d (64× 64) Floor Hue, Wall Hue, Object Hue, Scale, Shape, Orientation

Table 6.1 Summaries of datasets with details of image size and the attributes. The
labeled attributes are denoted in bold.

6.5.1 Datasets

We perform experiments on several datasets of various difficulties with multiple attributes.

The details of different datasets along with the available label information are given below

and summarized in Table 6.1 for quick reference. The table provides details about image

sizes and different attributes present in the dataset. For ease of readability, we also highlight

the attributes that have available annotations. These annotations are used for evaluating

several aspects of disentangled representations.

2D Sprites [143] is a synthetic dataset with 143, 040 images of animated game characters
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Network Dataset and Architecture

MNIST

Enc. Conv(64,3,2) - Conv(128,3,2) - Conv(256,3,2) - FC(kd)

Dec. FC(1024)- Dconv(128,4,2) - Dconv(64,3,2) - Dconv(1,4,2)

Disc Conv(64,3,2) - Conv(138,3,2) - Conv(256,3,2) - Conv(512,1,nill) - FC(1)

CelebA, Sprites2d

Enc. Conv(64,3,2) - Conv(128,3,2) - Conv(256,3,2) - Conv(512,3,2) - Conv(512,3,2) - FC(kd)

Dec. Dconv(512,4, nill) - Dconv(256,4,2) - Dconv(128,4,2) - Dconv(64,4,2) - Dconv(3,2,nill)

Disc Conv(64,3,2)- Conv(128,3,2) - Conv(256, 3,4) - Conv(512,1, nill)- FC (2)

Cars 3D

Enc. Conv(64,3,2) - Conv(128,3,2) - Conv(256,3,2) - Conv(512,3,2) - Conv(512,3,2) - Conv(512,3, nill) - FC (kd)

Dec. Dconv(512,3,2) - Dconv(512,3,2) - Dconv(256,3,2) - Dconv(128,3,2) - Dconv(64,3,2) - Dconv(4,4,2)

Disc. Conv(64,3,2) - Conv(128,3,2) - Conv(256,3,2) - Conv(512,3,2) - Conv(512,3,2) - FC(1)

Shapes 3D

Enc. Conv(64,3,2)- Conv(128,3,2) - Conv(256,3,2) - Conv(256,3,2) - Conv(256,3, nill ) - FC(kd)

Dec. Dconv(256,3,2) - Dconv(256,3,2) - Dconv(128,3,2) - Dconv(64,3,2) - Dconv(3,4,2)

Disc. Conv(64,3,2) - Conv(128,3,2) - Conv(256,3,2) - Conv(512,3,2) - Conv(512,3,2) - FC(1)

Table 6.2 Details of network architectures for Enc. (Encoder), Dec. (Decoder) and
(Dis.) Discriminator used for different datasets.

(sprites) with 480 distinct characters. The training set consists of 320 characters while vali-

dation and test sets contain 80 identities each. Annotations for distinct factors of variation

such as gender, hair type, body type, armour type and greaves type are provided.

MNIST [100] comprises of 28× 28 grayscale images of hand written digits with 10 different

classes. The training set consists of 60K images along with a test set of 10K images. A few

tangible factors of variation that could be easily perceived from the data are stroke-width,

slant angle, identity etc.

CelebA [114] is a celebrity face dataset with 202,599 images each annotated with 40 parti-

tionary attributes like eyeglasses, wearing hat, bangs, wavy hair, mustache, smile, oval face

etc. The number of identities are 10,177. We trained our model using a train-test split ratio

of 4:1.
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Shapes3d is a simulated dataset that consists of 48000 images of 64 × 64 color images of

3d shapes. The images are procedurally generated from 6 ground truth independent latent

factors. These factors are floor colour, wall colour, object colour, scale, shape and orienta-

tion. The dataset has label information for all the six mentioned attributes.

Cars3d [48] consists of 128× 128 color images of 3d renderings of car models. The dataset

has three labeled attributes: azimuth, elevation and model type that have 4, 24 and 183

categories respectively.

6.5.2 Network Details and Hyper-Parameters

To fairly evaluate the different approaches and avoid induced bias, we use the same network

architecture, hyper-paramters, optimizer and batch size. For 2D Sprites and CelebA dataset,

the latent space is partitioned in 8 partitions with 64 dimensions each. For MNIST, due to

fewer variations in the data, the latent space is partitioned into 3 each with dimension 8.

For MNIST, the choice is due to the fact that it consists of 3 prime attributes: class identity,

stroke width and slant angle. The other two datasets have considerably more factors of

variation and therefore, we aspire to capture the ones that are the most obviously perceptible.

For shapes3d, the latent space is partitioned into 6 to capture the ground truth factors.

Additionally, the weights of individual loss terms used in our implementation is similar to

[78]. We use Adam optimizer with β1 = 0.5 and β2 = 0.999, and initial learning rate adapted

to each dataset to ensure convergence. The step size (τ) for Cayley transformation update

equation is chosen as 0.1 for all datasets. The details of the network architectures is given

in Table 6.2 for different datasets.

6.5.3 Comparison with state-of-the art approaches

Our framework proposes a paramterization of the latent space that can be augmented with

any disentangled representation approach. To evaluate this flexibility of our framework, we
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Method Gender Skin Vest Hair Arm Leg Avg.

MIX 66.5 77.2 90.0 56.2 63.1 89.4 73.7

+ PrOSe 70.1 75.5 88.5 63.2 72.1 94.4 77.3

β-VAE 68.4 77.6 86.8 60.2 60.8 92.2 74.3

+ PrOSe 73.8 75.6 93.2 63.7 59.6 94.7 76.8

Factor-VAE 71.2 75.5 88.2 59.8 61.7 91.8 74.7

+ PrOSe 73.8 75.0 93.8 64.1 61.8 93.7 77.0

Table 6.3mAP values for different attributes for 2D Sprites with various approaches
with and without PrOSe

used β-VAE, Factor-VAE, as well as an autoencoder based approach [78] that we refer as

MIX in our results.

6.5.4 Disentanglement Evaluation

We perform a series of experiments to qualitatively and quantitatively evaluate the disen-

tangled representations learned with PrOSe framework.

Classification Performance

A disentangled representation captures different attributes in the different parts. In order

to evaluate how well a factor is captured in the identified part of the latent space, we

evaluate the classification performance with respect to different attributes. We report Mean

Average Precision (mAP) values to quantify the classification, with higher mAP indicating

better performance. The effect of using PrOSe framework with existing approaches results

in improved performance across several datasets as given in Table 6.3, 6.4 and 6.5 for 2d

Sprites, CelebA and Shapes3d datasets respectively. Here MIX, β-VAE and Factor-VAE

denote the original method and + PrOSe denotes their PrOSe framework counterpart. We

report mAP for each of the labeled attribute in the datasets as well the average mAP across
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Attribute MIX +PrOSe β-VAE +PrOSe Factor-VAE + PrOSe

Eyebrows 79.4 79.5 77.2 79.2 76.2 78.8

Attractive 72.6 80.4 69.8 76.7 76.7 72.6

Bangs 91.7 90.2 76.3 74.5 87.2 90.4

Black Hair 71.9 75.6 89.2 90.5 89.6 86.6

Blonde Hair 87.2 92.0 91.0 92.4 78.1 84.8

Makeup 76.5 78.0 72.1 72.4 70.8 76.7

Male 86.2 83.1 83.8 86.2 84.8 86.5

Mouth 72.0 80.6 72.2 72.4 80.2 78.5

No Beard 86.3 89.6 82.0 78.2 80.5 82.4

Wavy Hair 65.7 71.9 84.8 84.0 75.0 77.8

Hat 95.2 94.8 85.4 86.2 82.0 85.2

Lipstick 79.8 80.5 68.2 74.8 72.2 70.0

Average 80.3 83.0 79.3 80.6 79.4 80.8

Table 6.4 mAP values for different attributes for CelebA face dataset with various
approaches with and without PrOSe parameterization.

all the attributes. The results highlight the benefits of employing ProSe framework over

existing state-of-the-art methods.

Orthogonality of the Attribute Subspaces

We have imposed the orthonormality constraint for every image such that the representa-

tion in each of the subsets of the latent space is orthonormal to the other, improving the

disentangled representations. This orthonormality allows us to capture different attributes

that vary independent of each other. We show that this condition extends beyond image

level and also results in different subspaces for different attributes and are orthogonal to each

other. We compute the subspace angle between subspaces corresponding to every attribute
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Attribute MIX +PrOSe β-VAE +PrOSe Factor-VAE + PrOSe

Floor Hue 88.2 90.4 84.4 82.2 81.8 84.0

Wall Hue 88.4 91.0 88.4 90.0 89.4 90.2

Object Hue 89.6 92.2 86.7 85.9 84.5 82.6

Scale 81.2 78.4 75.8 80.1 82.5 86.5

Shape 82.3 86.5 88.0 89.7 86.5 88.7

Orientation 70.2 69.6 68.1 71.2 68.8 70.0

Average 83.3 84.7 81.9 83.2 82.2 83.7

Table 6.5 mAP values for different attributes for Shapes3d dataset with various
approaches with and without PrOSe parametrization.

Datasets Number of Partitions MIX MIX + PrOSe

MNIST 3 83.42± 7.27 90.38 ±0.05

Sprites2d 8 85.97 ±29.22 90±0.0

Shapes3d 6 76.67±31.21 90.0±0.0

Cars3d 3 26.86±3.86 89.80± 0.72

Table 6.6 Quantitative evaluation of disentanglement by analyzing the relation
between different subspaces corresponding to the partitions of the latent represen-
tation. We report the average angle between different subspaces corresponding to
different subsets.

Dataset PrOSe Only ortho- Only Projection

Framework normality loss on Stiefel Manifold

Sprites2D 77.3 75.1 71.7

CelebA 83.0 80.9 76.8

Shapes3d 84.7 81.6 79.8

Table 6.7 Effect on mAP with different ways of imposing orthonormality constraint.
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(a) MNIST

(b) Car3D

Figure 6.2 Results of predicting an attribute using representations of remaining
k − 1 subsets with MIX (top row) and MIX + PrOSe (bottom row) for each of the
dataset. In both cases, (Left) shows the true class and (Right) shows the predicted
class. Marking on the true class is shown for visual correspondence. The marked
red boxes are the mis-classified images.

pair. For example, in case of MNIST, where latent space is partitioned into three parts, we

compute the angle between the 4 subspace pairs. The average across all pairs is reported for

each of the datasets in Table 6.6. We see that for all the datasets, this quantity is very close

to 90o with ProSe framework. This is also indicative of the fact the attribute subspaces are

disentangled, leading to improved control over image synthesis and generation.

116



Figure 6.3 Shapes3D: Results of predicting an attribute using representations of
remaining k − 1 subsets with MIX (top row) and MIX + PrOSe (bottom row). In
both the cases, (Left) shows the true class and (Right) shows the predicted class.
Marking on the true class is shown for visual correspondence. The marked red boxes
are the mis-classified images.

Figure 6.4 Distribution of reconstructed error with original output and with the
regressor output for Sprites2D (Left) and MNIST (Right) datasets.

Prediction of Attribute

A disentangled representation ensures that the information of a particular attribute is only

restricted to one subset of the space and there is no information leakage of the same to

rest of the latent space. Therefore, to validate the quality of disentanglement with PrOSe,

we trained a model using random set of k − 1 attributes (k being the total number of
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Figure 6.5 CelebA Dataset:(Top Pair) Interpolation across disentangled gender at-
tribute and hair attribute (Bottom Pair) for CelebA dataset with MIX (top) and
MIX + PrOSe (bottom). PrOSe achieves a well separated attribute spaces, evi-
denced by smoother and more meaningful interpolation without altering face shape,
expressions etc.

partitions in the latent space) to predict the remaining attribute. In an ideal scenario

where attributes have been disentangled, the prediction model must fail, since the left-out

attributes information is not captured by the other partitions. Thus, a higher number of

mis-classifications signifies lesser information leakage across different partitions of the latent

space that are dedicated to different attributes.

However, real world datasets often do not have attribute label information, hence report-

ing the mis-classifications is not feasible. Therefore, we empirically evaluated the effect on

the generated image. Given that the prediction model has failed, the reconstructed image

will deviate from the original image. We report the average reconstruction error on 10,000

samples of CelebA dataset. The results in Figure 6.4 show a comparison of reconstruction

error with and without prediction model for several datasets.

6.5.5 Applications of Disentangling

Image Manipulation and Interpolation

Interpolation is a qualitative measure to assess the purity of attribute captured in a partition.

Linearly interpolating between a pair of images along one partition of one image in the
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(a) Object Color

(b) Object Shape

(c) Floor Color

Figure 6.6 Interpolation across a disentangled attribute, while others are fixed for
Shapes3d dataset with MIX (top) and with MIX + PrOSe (bottom). The leftmost
image is the starting point, whose all factors are fixed except for one specified as
a, b or c that is interpolated in the direction of the target image in the rightmost
image.

direction of other, while fixing others, demonstrates the purity of given partition. Figures

6.5 and 6.6 show that PrOSe achieves a smoother transition in the attribute of interest while

others are unaltered. For example, in CelebA, interpolating in gender attribute space, also

affects smile and even face shape, in the case of MIX [78].

Attribute Transfer and Image Synthesis

Figures 6.9 and 6.10 show results for attribute transfer to visually analyze the quality of

disentanglement. The first row and the first column in each grid are randomly chosen samples

119



(a) Identity

(b) Stroke Width

(c) Slant

Figure 6.7 Interpolation across a disentangled attribute, while others are fixed for
MNIST dataset with MIX (top) and with MIX + PrOSe (bottom). The leftmost
image is the starting point, whose all factors are fixed except for one specified as
a, b or c that is interpolated in the direction of the target image in the rightmost
image.

from the test-set. All other images are formed by picking one subset representation from the

corresponding column lead while the remaining subsets representations are used from the

corresponding row lead. This allows us to quantify how well an attribute is captured in a

single partition. For example, in 2D Sprites, more than one factor changes simultaneously

with MIX [78] i.e. along with complexion/hair colour, a variation in pose is seen, similarly,

leg colour also varies along with armour colour. Similar trends are observed in other datasets

as well where either multiple factors change or the specified attribute is not transferred.
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(a) Car Model

(b) Orientation

(c) Color

Figure 6.8 Interpolation across a disentangled attribute, while others are fixed for
Cars3d dataset with MIX (top) and with MIX+ PrOSe (bottom). The leftmost
image is the starting point, whose all factors are fixed except for one specified as
a, b or c that is interpolated in the direction of the target image in the rightmost
image.

6.5.6 Ablation Study

Explicit Stiefel Manifold Projection: The loss function given by Equation 6.3 has a

Frobenius norm term that penalizes the deviation of orthonormal structure on the stacked

attribute code vectors. In order to ensure orthonormality while training, the stacked at-

tribute code matrix is also projected onto the Stiefel manifold. We observed that the training

converges faster with this additional projection step, without any significant change in the

reconstruction quality. We compute the mAP values in both the cases and report the results

in Table 6.7. The results indicate that the projection step imposes a stronger prior on the
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(a) Identity

(b) Stroke Width

(c) Slant Angle

Figure 6.9MNIST: A visualization grid of image synthesis using attribute transfer.
In each grid of the subfigures, the top row and leftmost column images come from
the test set. The other images are generated using code vector corresponding to one
of the attributes from the image in the top row, while all the remaining attributes
are taken from the leftmost column image. Results with MIX (left in each pair of
the subfigures) and MIX + PrOSe (right in each pair) are shown.
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(a) Complexion

(b) Hair

(c) Moustache

Figure 6.10 CelebA: A visualization grid of image synthesis using attribute transfer.
In each grid of the subfigures, the top row and leftmost column images come from
the test set. The other images are generated using code vector corresponding to one
of the attributes from the image in the top row, while all the remaining attributes
are taken from the leftmost column image. Results with MIX(left in each pair of
the subfigures) and MIX + PrOSe (right in each pair) are shown.
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Figure 6.11 t-SNE plots for MNIST (Column 1), 2D Sprites (Column 2) and
CelebA face (Column 3) datasets with MIX (top) and MIX + PrOSe (bottom). The
different colors denote different attribute spaces. Clearer separation of attributes is
seen in the case of PrOSe.

model, improving the results.

Visual Comparison of Latent Space: We show the latent space representations learned

from different models in Figure 6.11. The well separated attribute/subset with PrOSe ensures

smoother and meaningful interpolations in a given attribute space without affecting other

attributes.

6.6 Conclusion and Future Scope

In this work, we used the product of orthogonal spheres parametrization for improving dis-

entangled representations. The parametrization amounts to imposing an orthonormality

constraint on the partitioned latent representation of a data sample. The proposed frame-

work added a simple loss term to the disentangling loss, making it easy to incorporate in

existing approaches. Directions for future work include investigating broadening the model

to different-sized latent blocks, and the impact of the model on other tasks such as recog-

nition, multi-task learning, and generalization to other unseen factors. We are hopeful that

such geometric constraints and geometry aware directions will be taken up in the research
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community to improve beyond standard deep learning setting.
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Chapter Seven

Low Dimensional Representation for

Adversarial Defense Strategy

Adversarial attacks are small imperceptible perturbations carefully crafted to modify an

image that can mislead the classification ability of state-of-the-art classifiers. An example

from ImageNet dataset is shown in Figure 7.1 that is perturbed with adversarial noise, gets

mis-classified by GoogLeNet. Robustness of DNNs to such attacks [55, 125, 26, 164] rapidly

became an active area of research due to the increasing adoption rates of deep learning

based systems in practical applications often with high reliability and security requirements.

Since these applications range from autonomous driving [180] to medical evaluations [10], the

robustness of these models to adversarial perturbations is a crucial aspect for their reliability.

Figure 7.1 An illustration of an adversarial example generated by adding a small
imperceptible vector that is obtained by multiplying a small value ε = 0.007 with
the sign of the gradient of the loss function with the input.
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7.1 Limitations in Existing Defense Strategies

• Requirement of Huge Compute:

In order to provide security against adversarial attacks, various approaches like [95,

120, 55, 177, 159, 165, 128, 135] have focused on improving the model’s robustness by

modifying either the network, the loss function and/or the training strategy. While

these approaches have been successful to a great extent, many of them have either

model or attack dependencies. Moreover, defenses that rely on adversarial training,

i.e, the use of adversarially perturbed samples at train time, typically incur significant

computational costs. For example, the recently proposed feature denoising approach

[177] required synchronized training on 128 NVIDIA V100 GPUs for 52 hours to train

a baseline ResNet-152 model on ImageNet.

• Vulnerable to Strong Attacker:

Several approaches for adversarial defense employ simple pre-processing or post pro-

cessing strategies [63, 133, 148, 113] that can be augmented with the deployed models

directly at inference time. The success of these transforms is due to gradient obfusca-

tion that results in incorrect or undefined gradients, limiting the impact of the typical

gradient based white-box attacker. However, work by Athalye et al [7] overcame this

shortcoming by computing gradient approximations in such scenarios, drastically drop-

ping the performance of many defense strategies, and often completely defeating them

(0 % classification accuracy over adversarial samples).

7.2 Which Factors Contribute to a Successful Defense?

To achieve our goal of devising an input transformation based defense, from the discus-

sion above, we make two crucial observations that contribute in undermining the white-box

adversary’s ability to generate an attack: First is the compounded randomness in the trans-
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Figure 7.2 Left: Representation of subspaces as points on the Grassmannian man-
ifold. The subspace corresponding to the perturbed sample Xp lies close to the
subspace of its clean sample Xc counterpart. The distance between these two sub-
spaces is shown to be upper bounded as given by Eq. (7.8). Centre and Right:
The histograms show that subspaces of a pair of images of the same class are closer
than subspaces of an image pair formed from different classes. Given an adver-
sarial sample, the plot highlights that the geodesic distance between clean sample
subspace X l

c and its corresponding adversarially perturbed sample X l
p, is such that

d(X l
c ,X l

p) < d(X l′
c ,X l

p). Here l and l′ represent two different classes. The plot is
shown for 8000 similar (X l

c ,X l
p) and 8000 dissimilar pairs (X l′

c ,X l
p). The normalized

histogram for these pairs is shown for two models on ImageNet dataset : InceptionV3
(Center) and ResNet50 (Right).

formations applied to the input image. Second is the access to a set of similar images

(identified as neighbors in the web-scaled database in case of Dubey et al [44]) to have an

averaging or smoothening effect over predictions, leading to more accurate predictions for

an adversarial sample. Contrary to [138, 44], we take an approach that simply relies only on

a given sample and leverages benefits from both the compounded random transformations

as well as smoothing. However, the random transforms and smoothing are performed in a

principled manner that reduces the impact of adversarial noise, without significant changes

in the image. Thus, making our approach a model-agnostic, inference-time defense that does

not rely on additional data or training to achieve the desired goal of adversarial security.
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Key Highlights

• The proposed input transformation based defense GraCIAS achieves state-of-the-art

results on ImageNet dataset for ResNet50, InceptionV3, VGG16 and MobileNet mod-

els under different attacker strength in white box attack scenario.

• As opposed to state-of-the-art randomized input transformation approaches, GraCIAS

benefits not only from its intrinsic random parameterization, but also from the theo-

retical motivation that suggests retention of task-relevant information and suppression

of adversarial noise.

• Due to its simplicity and computational efficiency, the proposed defense can be inte-

grated with existing weak defenses like JPEG compression to create stronger defenses,

as shown in our experiments.

7.3 Overview of the Contribution

Our proposed approach, Grassmannian of Corrupted Images for Adversarial Security (Gra-

CIAS) applies a random number of randomized filtering operations to the input test image.

These filtered images provide a basis for a lower dimensional subspace, which is used to

smoothen the input image. Due to a principled structure of generated image corruptions

used for defining the subspace, it permits projection and reconstruction of the input image

without substantial loss of information. Furthermore, we can interpret these subspaces as

points on the Grassmann manifold, enabling us to derive an upper bound on the geodesic

distance between the subspaces obtained by filtering a clean sample and its adversarially

perturbed counterpart.It is also supported by empirical analysis, which suggests that the

geodesic distances between the subspaces corresponding to clean and adversarial examples
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belonging to the same class are smaller than those corresponding to samples from different

classes. Figure 7.2 illustrates the subspace representation and shows that the distribution of

geodesic distances computed between subspace pairs of the same class and that of different

classes are reasonably separable. This observation is central to our approach and validates

that our choice of filters ensures a low-dimensional subspace that is representative of the

test sample’s original class and serves as an appropriate smoothing operator for the input

samples. Through extensive experiments on the ImageNet dataset, we show the effectiveness

of GraCIAS on several models under attack of various strengths.

7.4 Existing Literature

The vulnerability of neural networks to adversarial perturbations has led the growth of a

large number of defense strategies. Given the large volume of work in this area, we categorize

the literature into two broad groups and briefly review recent developments in them.

Robust Training and Network Modification. Robust training refers to strategies that

retrain a model with an augmented training set. The most popular strategies use adversarial

training [120, 55, 95], where adversarially perturbed samples are included in the training

set on the fly, i.e., during the model training. These approaches, while effective, are very

computationally expensive, as the attacks have to be regenerated multiple times during the

entire training process. On the other hand, approaches [113, 165] modify network architec-

ture to achieve adversarial robustness. Xie et al [177] added feature denoising blocks in the

model to circumvent the impact of noisy feature maps caused due to adversarial perturba-

tions at the input. Whereas, [165] transformed layerwise convolutional feature map into a

new manifold using non-linear radial basis functions. However, both robust training and

network modification, not only require access to model parameters and training data, but

also necessary computational resources to perform the retraining, which may be nontrivial

to obtain. This requirement poses a bottleneck in securing the already deployed systems for
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various applications that are built on deep learning models. Therefore, in case of restrictions

on computational resources or access to model parameters, add-on defenses in the form of

pre-processing blocks at the input or output of a network are viable.

Input Transformations. The limitations of the previous category are addressed by the

input transformation based approaches, which aim to denoise the image before feeding it to

the network for classification. Most transformation based defenses like the ones proposed

in [63], e.g., image compression, bit depth reduction, image quilting etc., lead to obfuscated

gradient, a way of gradient masking that gives a false sense of security. Such defenses

have limited robustness on a given model under powerful attacks [7]. Other approaches

that have been successful to some extent under strong attacks like the Barrage of Random

Transforms (BaRT) [138] follow a highly randomized approach to choose at random from

an enormous pool of transformations, making it difficult for the attacker to break. BaRT

requires the model to be finetuned on the input transformations to reduce the drop in

performance on clean samples. Another defense in this category [113] improves the standard

JPEG compression to tackle the adversarial attack without significant drop in performance

of clean samples. Other approaches exist that assume access to the training set. They either

learn valid range spaces of clean samples, or use the training set to approximate the image

manifold, on which the input image is projected [148, 159].

Our proposed approach GraCIAS is also an input transformation based approach. We

emphasize that unlike most existing approaches, our defense is agnostic to model and the

training set used.

7.5 Proposed Approach

Given a trained deep network, an adversary can add an imperceptible perturbation to the

input sample that forces the model to make a wrong prediction. For a given sample x, an

adversary generates a sample x̂ = x + δ such that its label l(·) does not match that of the
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Figure 7.3 An overview of our defense applied on an adversarial sample. The
number of k random filters are used for creating a set of corrupted images. These
images are used to estimate a random d dimensional subspace that is used for
obtaining the low dimensional representation followed by re-projection to image
space to obtain a rectified image.

original sample, i.e., l(x) 6= l(x̂). Thus, the objective of an attacker can be understood as

follows arg maxL(x + δ, y) s.t. ‖δ‖p < ε

Here, y = l(x) is the ground truth label of sample x, δ is the added perturbation and ε

is the perturbation bound.

Design Goal: The goal of an input transformation based defense strategy is to ‘clean’

an adversarial sample before feeding it into a classification network. The ‘cleaning’ should

reduce mis-classifications due to the perturbation, while maintaining performance on clean

samples. In this work, we propose an input transformation-based inference time approach

that is simple and methodically randomized to achieve effective defense.

We strive to achieve this design goal and develop our defense strategy GraCIAS combines

simple randomized corruptions, subspace projections and a geometric perspective on the

input transformations. Figure 7.3 shows an overview of our approach, which we describe in

detail in the following sections.

7.5.1 Proposed Defense Strategy

The process of generating the transform to rectify an adversarial sample xp is described as

follows:
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Step 1: Image Set for Subspace Approximation.

An input defense strategy aims to find a transform that can estimate a clean sample from

a given adversarial sample. As opposed to Barrage of random transforms [138], we focus

on developing a random transform that is minimal without compromising the effectiveness

of the transform. Our transform comprises of a projection step from image space to a low

dimensional space and a reconstruction step to project back to image space. The first step

is to generate a database required for estimating the subspace for projecting the adversarial

sample. To this end, we use random image filtering to generate several noisy versions of

a given adversarial sample. For k such random filters, the set of k blurred images can be

written as

Xp = {xp ∗ h1,xp ∗ h2, ....xp ∗ hk} (7.1)

This step essentially corresponds to mixing a uniformly structured noise to the nonuni-

form noise in the image caused due to adversarial perturbation. This mixing is achieved

by multiple convolutions with kernels {h1,h2...hk} that have uniformly distributed weights

normalized to have unit `1-norm i.e. hi(m,n) ∼ U [0, 1] and ||V ec(hi)||1 = 1, where V ec()

is the vectorization operator and m,n are the indices of the kernel. In addition to random

kernels, the number of such kernels, k to create the set of corresponding k images, is also

picked at random from a fixed range of values krange. This choice of randomizing filter kernels

and their number is driven by our goal to increase randomness in the defense. Such random

filters are more effective than other filters like Gaussian blur, where their parametric nature

is much easier for attackers to approximate.

Step 2: Randomized Subspace for Low Dimensional Projection.

As Xp is derived from random filtering of the input image itself, the span of its elements is

likely to retain some information relevant for the end task. So we simply find an orthogonal

basis for the subspace spanned by Xp. The projection of the input image on to this subspace

has a blurring effect on the adversarial perturbation mixed with random noise. In the ab-
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sence of the adversarial perturbations, i.e., for clean samples, a similar blurring is expected

along with retention of task-relevant information. Computing the basis for the subspace is

computationally inexpensive even for high resolution datasets like ImageNet as the set of

corrupted images is fairly small.

Step 3: Re-projecting Low Dimensional Representation into Image Space.

The final step is to reconstruct the image from the low dimensional mapping obtained in

the previous step. As in PCA based reconstruction using the low dimensional mapping

and the inverse transform, we obtain the restored image. The basis of the subspace will

capture relevant image content in the first few leading principal components while the noisy

components are captured by the later. Thus, restoring to a low dimensional subspace will

filter out the noisy components. However, using a fixed dimension for subspace can be easily

estimated by a white box adversary, weakening the defense effectiveness. Therefore, the

dimension of the subspace is defined based on retaining a specific value of variance in the

data. The variance value is selected randomly from a predefined range of values. This adds

another level of randomness in choosing the subspace dimension, making the defense effective

in the presence of an adaptive attacker that is aware of the defense strategy.

7.5.2 Validity of Proposed Subspace

We now present our analysis to show that the subspace estimated with an adversarial example

is close to subspace created with clean image counterpart. Our theoretical result is based on

bounds obtained on the geodesic distance between the subspaces constructed by using the

clean sample xc and the adversarially perturbed sample xp.

The column space of Xp and Xc are the subspaces containing the set of convolutions of

xp and xc with random kernels hi i.e., span(Xp) and span(Xc) respectively. We represent

the subspaces as Xp and Xc for perturbed and clean image respectively, which are both

d-dimensional subspaces in RN , where N is the dimension of the vectorized image. Now,
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we want to compare these linear d-dimensional subspaces in RN for which we make use of

the Grassmann Manifold, GN,d, which is an analytic manifold, where each point represents a

d-dimensional subspace in RN regardless of the specific bases of the subspace. The distance

between the two subspaces is then given by the geodesic distance between the points on the

Grassmann manifold. The normalized shortest geodesic distance is defined as follows:

dng(Xc,Xp) =
1

D
dg(Xc,Xp) (7.2)

Here, D is the maximum possible distance on GN,d [61, 102]. It was shown in [61], that this

normalized distance is upper bounded by the following expression:

dng(Xc,Xp) ≤ ‖Xc‖F
∥∥X†c∥∥2 ‖∆X‖F

‖Xc‖F
(7.3)

≤
∥∥X†c∥∥2 ‖∆X‖F (7.4)

Here,
∥∥X†c∥∥2 is the spectral norm of pseudo inverse of Xc, ∆X = Xc − Xp and ‖·‖F

denotes the Frobenius norm. Rewriting, Eq. (7.3) with squaring on both sides as

d2ng(Xc,Xp) ≤
∥∥X†c∥∥22 ‖∆X‖2F (7.5)

Here,
∥∥X†c∥∥2 corresponds to the smallest eigenvalue of the X†c i.e. inverse of the smallest

singular value of Xc. Hence, we can write the following:

∥∥X†∥∥
2

=
1

σmin(X)
(7.6)

Here, σmin denotes the smallest singular value. In case of natural images the σmin is non-

zero. The eigenvalues of a blurred image decay faster than the clean images, as the blurred

images are dominated by low frequency components [66]. Similarly, the other factor in the

right side of Eq. (7.5) is given by

‖∆X‖2F =
∑
i

‖Hi‖2 ‖δ‖2 (7.7)
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Here, Hi’s are BTTB matrices that are full rank under zero boundary condition for convo-

lution and δ is the adversarial noise added to the clean image. Thus, substituting Eq. (7.6)

and Eq. (7.7) in Eq. (7.5), we get

d2ng(Xc,Xp) ≤
1

σmin(Xc)

∑
i

‖Hi‖2 ‖δ‖2 (7.8)

The bound in the above equation establishes that the subspaces of clean and adversarial

sample are in close proximity, as long as the singular value term is bounded above. To show

the latter, we adopt the following approach. It is not possible to provide a general bound

on σmin(X) without assuming something about natural image statistics. On the other hand,

it is easy to see that σmin(X) is small only for pathological examples. Consider the case of

σmin(X) = 0. This happens if and only if the columns of X are linearly dependent. That is,

there must exist non-zero scalars αi such that:

xc =
∑
i

αi (xc ∗ hi) (7.9)

Using simple Fourier transform arguments, it can be shown that the above happens only

under pathological cases such as when xc is a constant-image, or the filters hi are all just

plain delta functions. For any general situation, σmin(X) is finite, although a general lower

bound is hard to find.

The random filtering and the subspace projection reduces the effect of adversarial noise.

Further, in the above discussion, we have established that the subspaces derived from clean

samples and those from their adversarially perturbed counterparts are close to each other.

If such a subspace Xc is representative of the clean sample, i.e., if it captures information

relevant to the end task, then a nearby subspace like Xp is also likely to retain similar

information. Therefore, a projection and reconstruction operation on such a subspace (Xc

or Xp) will achieve our objective of reducing adversarial noise and yet retaining relevant

information. In addition to this proximity guarantee in Eq. (7.8), our empirical analysis of

geodesics in Fig. 7.2 shows that the geodesic distances between subspaces obtained from an
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adversarial sample is closer to its clean counterpart than that of another clean image from a

different class.

This observation along with our proximity result is the basis of our main hypothesis: The

subspaces resulting from our randomly corrupted versions of the input image are sufficiently

representative to retain task-relevant information and yet are effective transformations in

attenuating adversarial noise. In the following sections, we validate this hypothesis through

extensive empirical evaluation and analysis experiments.

7.6 Experimental Setup and Results

In this section, we firstly evaluate our defense strategy as pre-processing at inference time

on adversarial samples generated with different perturbation magnitude as well as attacker’s

knowledge. Secondly, we also present ablation experiments to thoroughly evaluate the choice

of parameters used in the proposed defense strategy. Now, we list down the dataset, models

and attack methods used to evaluate the performance of our defense strategy.

7.6.1 Experimental Setup

We present a series of experiments to evaluate the effectiveness of our defense strategy.

Datasets and Models

Datasets: ImageNet-50K[147] dataset contains images of different sizes distributed along

1000 categories. The images are processed to 256×256 dimensions encoded with 24 bit color.

The validation set consists of 50,000 images. We represent this entire set as ImageNet-50K

and a subset of first 10,000 images as ImageNet-10K for our experiments.

Models: For ImageNet [147], we evaluate the performance on InceptionV3 [163], Re-

sent50[70], MobileNet [75] and VGG16 [156]. We used pre-trained models available in Ten-

sorflow.
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Comparison with other Approaches.

We compare our defense strategy with several input transformations that are summarized

below:

1. JPEG compression, BitDepth reduction [63] and JPEGDNN [113]: These

defenses are applied to an image only at the inference time. Like our approach, these

approaches are model agnostic and can easily be integrated with existing systems. We

used the framework of [7] and the authors’ implementation from github for evaluating

these defenses under different attack scenarios. The JPEG defense is performed at a

compression quality level of 75 (out of 100) and the images are reduced to 3 bits for

BitDepth defense in all our experiments. For JPEGDNN, we used default parameters

available with the authors’ implementation that is available on github.

2. Barrage of Random Transformation [138] We compared state-of-the-art perfor-

mance of BaRT on ResNet50 model with our defense strategy on ImageNet50K. As the

authors’ implementation is not publicly available, we use results reported in their paper

in our comparisons. While we outperform BaRT in accuracy of attacked images by a

significant margin, our performance on clean images is lower. However, it is essential

to point out that BaRT’s model is finetuned for an additional 100 epochs using BaRT

transformed images, whereas we use the original model.

Parameters in GraCIAS.

In our defense strategy, two steps require random parameter choice. First is the number

of filters k to create the set of corrupted images as given by Eq. (7.1). To limit the com-

putational cost, it is chosen from a fixed range krange. This range is set to U [10, 60] i.e. a

minimum of 10 corrupted images to a maximum of 60. The other random parameter that

adds to the proposed defense strategy’s robustness is the dimensionality of the subspace

defined on the set of images mentioned earlier. The dimension is computed based on the %

138



of data variance retained while calculating the PCA basis. To avoid information loss and

drastic image changes, the variance is selected between 60 % to 95% at random. The third

parameter is the kernel size for the filtering operation. The filter size is fixed to 7 × 7 for

ImageNet dataset.

7.6.2 White Box Attacker

The white box adversary can access model parameters, training data, and trained weights to

generate adversarial samples. We evaluate the performance of different models under FGSM

[55] and PGD [120] attacks with L∞ distance. The different iterations of PGD attack are

denoted by PGDk. For example, PGD with 10 iterations is denoted with PGD10.

We evaluate the performance of InceptionV3 model under FGSM and PGD attack. The

results are present in Table 7.1 with perturbation value of ε = 16. The table also presents

results corresponding to standard JPEG compression and BitDepth reduction that are ef-

fective when the defense is not known to the attacker. These transformations are applied

at the inference time to transform the sample before feeding it to a pre-trained InceptionV3

network. The recent work on DNN guided JPEG compression [113] was shown to achieve

state-of-the-art results compared to other input transformations like image quilting, standard

JPEG and bitDepth. While JPEGDNN performs well in small perturbation setting, the per-

formance drops for high perturbation value of ε = 16 as reported in the table. Our approach

outperforms previously best known results using JPEGDNN as input transformation.

Performance across different Perturbation Magnitude. We evaluated our defense

strategy’s performance over a range of perturbation magnitude for both PGD and FGSM

attacks and compared them with state-of-the-art approaches. The results are shown in Figure

7.4 for InceptionV3 and for VGG16 and ResNet50 in Figure 7.5. The results indicate that

our approach sustains for larger range of perturbation before dropping at large magnitudes

of perturbations.
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Attack ImageNet10K (InceptionV3)

No def JPEG BitDepth JPEGDNN GraCIAS

(ICLR’18) (ICLR’18) (CVPR’19) (Our)

FGSM 22.88 25.32 24.76 26.21 37.63

PGD40 0.0 0.65 0.27 3.52 42.49

PGD100 0 0.0 0.23 3.01 44.32

Table 7.1 ImageNet 10K validation set: Comparison of different input transforma-
tion based defense on InceptionV3 model. The table reports defense classification
accuracy under FGSM, PGD40 and PGD100 attacks with an attack magnitude of
ε = 16

Figure 7.4 Performance Comparison of various defenses across different magnitudes
of ε using (Left) FGSM and (Right) PGD10 attacks on InceptionV3 model.

Figure 7.5 Performance comparison of different defense strategies under different
magnitudes of FGSM attack on ImageNet dataset for VGG16 and ResNet50 models.
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7.6.3 Adaptive Adversary

The recent work [7] showed that existing input transformation based defense strategies can

be attacked with a strong attacker that has access to the defense strategy as well. A non-

differentiable defense strategy can be defeated with BPDA (Backward Pass Differentiable

Approximation) that approximates the gradient with identity while backpropagating through

the transformation layer to develop strong attacks. We show that the proposed defense strat-

egy can withstand such attacks as opposed to existing defense strategies. The results in Table

7.2 indicate that the proposed approach achieves state-of-the-art results on both InceptionV3

and ResNet50 models with approximately 4% improved over state-of-the-art results. We also

validated the efficacy of our approach across different perturbation magnitudes and attack

iterations in Fig 7.6 and show that GraCIAS achieves non-trivial accuracy as opposed to

state-of-the-art input defense JPEGDNN.

Models

Defense Apply InceptionV3 ResNet50 MobileNet VGG16

JPEG [63](ICLR ’18) Only Inference 9.82 0.0 0.0 0.0

JPEG DNN [113] (CVPR ’19) Only Inference 13.12 0.35 0 18.38

*BaRT k =5 [138] (CVPR ’19) [ Finetune+ Inference NA 16.0 NA NA

*BaRT k =10 [138](CVPR’19) Finetune+Inference NA 36.0 NA NA

GraCIAS Only Inference 19.65 41.94 35.6 21.5

Table 7.2 ImageNet Validation Set: Performance comparison of defense classifica-
tion accuracy under BPDA attack (ε = 16, iteration 40) on InceptionV3, ResNet50,
MobileNet and VGG16 models. * indicates that the results are quoted from the
respective paper, in the absence of open source implementation.

To further ensure the effectiveness of proposed defense strategy, we also evaluate it against

EOT (Expectation over Transformation). The attacker aims to capture the randomness in

the transform by performing the transformation multiple times and using the average gradi-

ent. However, due to the presence of randomness at different steps of the transformation, the

expectation over the transformations fails to capture the randomness in the transform, even
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Figure 7.6 Left: InceptionV3 model under BPDA attack with different perturbation
magnitude on ImageNet dataset. The plot highlights that GraCIAS achieves state
of the art results over previously reported with JPEGDNN. Right: Performance
of defense accuracy on ResNet50 model under different iterations of BPDA attack
with ε = 8. While both ResNet50 and VGG16 are completely defeated at increased
attacker’s strength, GraCIAS still achieves non-trival defense performance.

with as large as 100 runs. The InceptionV3 model achieved an accuracy of 40.19% over 100

steps of EoT. Further, we also investigated the combination of the two i.e. BPDA +EoT,

where the defense achieved an accuracy of 19.1% similar to BPDA alone.

Effect on Clean Sample Accuracy. In the absence of detection of adversarial examples,

the input transformation strategies are applied to both clean and adversarial samples, ad-

versely effecting the performance on clean samples. To cope with this drop, the network

is finetuned with the proposed defense, before applying defense at the inference time. We

report that with GraCIAS, performance on clean samples drops by ∼16 % and ∼23 % for

Inception and ResNet50 models on ImageNet without finetuning respectively. However, this

drop reduces with network finetuning as suggested by BaRT that achieved 65% on clean

samples against original clean sample accuracy of 76%, i.e. 11% drop. Due to limited hard-

ware resources, we verified this on ResNet model for CIFAR10, where the finetuned model

regained the drop by 8%, suggesting similar benefits for ImageNet dataset on finetuning with

our defense strategy.
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7.7 Ablation Study

We now investigate the choice of parameters in our defense strategy. While the range for the

percentage of variance in data to be retained as well as the range of number of filters is fixed

across all the experiments, the parameter like filter size can depend on the dimension of the

image. Also, image operations’ performance to create the corrupted image set is evaluated

under adaptive attack settings to validate the effectiveness of random filters over others.

7.7.1 Effect of Filter Size

Our filtering operation aims to develop a diverse yet informative set of images to estimate

a subspace that retains task-relevant information. This effect is verified from the results

in Table 7.3 on ImageNet dataset for two different perturbation magnitudes across three

different filter sizes.

Operation Defense Accuracy

Gaussian Filter 17.11

Affine Transformation 11.86

Symmetric Transformation 7.29

Filter Size ε = 8 ε = 16

3 17.11 16.41

5 17.43 18.90

7 22.38 19.65

Table 7.3 Left: Effect of selecting different transforms to create the set of corrupted
image given in Eq. (7.1) needed for our GraCIAS defense. Right: Effect of filter size
on defense performance on ImageNet dataset at different perturbation levels under
adaptive adversary (BPDA+PGD) with 100 iterations.

The results are reported in the adaptive attack setting (PGD +BPDA) to show the

effect in stronger attack scenario. The results also point to the fact that in most real world

applications, higher image resolutions are encountered and the choice of filter size is not

difficult.
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7.7.2 Random Filters vs. Other Transforms

We evaluated the effect of different image transforms to create the set of images in Eq. 7.1

required for defining the subspace. The results for the same are given in Table 7.3. The

performance suffers a significant drop with affine and symmetric transformation, due to the

likely reason that the typically high frequency adversarial noise are still retained after such

transformations.

7.7.3 GraCIAS as Pre-processing Prior to Other Defenses

JPEG compression and BitDepth reduction are simple input transformations that are very

easy to incorporate in real world systems as they are model agnostic and can be implemented

in hardware as well. However, they become ineffective in the presence of large perturbation

as well as an adaptive adversary. Since the proposed defense is also inexpensive in terms

of computation resources for its implementation, it can complement these defenses to retain

their defense capabilities. The results in Table 7.4 show improvements on ImageNet dataset

under PGD attack.

Defense Accuracy

InceptionV3 ResNet50 VGG16

JPEG 5.58 39.2 18.9

GraCIAS → JPEG 44.26 45.14 31.79

BitDepth 0.42 39.38 27.95

GraCIAS → BitDepth 25.97 43.79 29.89

Table 7.4 ImageNet-10K: Performance of simple defenses with GraCIAS used as
a pre-processing step at the inference time on various models with ε = 16 under
PGD10 attack. The boost in the performance is indicative of GraCIAS ability to
restore the image details, making it easier for much simpler defense like JPEG and
BitDepth to defend against the attack.
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7.8 Conclusion and Future Scope

In this chapter, we proposed a simple randomized linear subspace-based input defense ap-

proach applied at inference time to mitigate the effect of adversarial noise. The proposed

approach achieved state-of-the-art results on ImageNet dataset across four different deep

classification networks. The proposed defense is extensively evaluated on attacks with dif-

ferent strengths and magnitudes and is effective in all cases. We have established both

empirically and theoretically, the validity of our strategy in cleaning the adversarial pertur-

bation. In future, it would be interesting to extend this approach further to develop the

robustness guarantees [34].
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Chapter Eight

Geometry of Disentangled

Representation Learning Models

As most recent representation learning approaches use DNNs as the base models, there

has been an increased interest in understanding their geometry. The work of Brahma et

al. [23] focused on providing theoretical insights and justification behind the success of

deep learning models for classification task. Owing to the recent success of deep generative

models like Generative Adversarial Networks (GANs) and Variational Autoencoders (VAEs)

in various applications like realistic image generation [137], learning interpretable features

[162, 122] and unsupervised domain adaptation [136], several recent works have also focused

on establishing the geometry of generative models [6, 92, 151, 97]. Shao et al. [151] suggested

that while the manifolds learned by deep generative models are nonlinear, they have close

to zero curvature. This conclusion further implied that the linear movements in the latent

space result in movements approximately along the geodesics of the generated data manifold.

Thus, statistics computed on a much smaller dimensional latent space, can be used along

with the Riemannian geometry induced by the generator mapping function f(z), to draw

inferences in the high dimensional data manifold. Later, [6, 92] showed that the latent space

is typically nonlinear and computations should appropriately account for its curvature. The

analysis in these papers has been restricted to latent space of one type of generative model
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i.e. VAEs.

The generator of a deep generative model like VAE can be seen as a mapping from the

low dimensional latent space to the data manifold embedded in a much higher dimensional

space. This permits us to define the Riemannian metric of the data manifold via the Jacobian

of the mapping. The work of Shao et. al. [151] developed the Riemannian metric for deep

generative models and analyzed the curvature of the generated data manifold. They empir-

ically showed that for VAEs, the resulting manifold is non-linear, yet has a low curvature as

indicated by the low disparity between the Euclidean and the geodesic distances. However,

they do not directly provide a compact measure for quantifying the curvature. Aravanitdis

et. al. [6] also used the Riemannian metric to define non-linear statistics in the latent space

of VAEs, and argued that the latent space is a curved space and advance the use of geodesic

interpolation.

As pointed out by these recent works, leveraging the Riemannian metric in generative

models helped in smoother interpolations as well as more meaningful interpretation of dis-

tances as opposed to the default Euclidean metric. As in the previous works, we restrict

our study to deep generative models. However, we focus our investigation on the geometric

properties of VAE-based disentangled latent space models. Furthermore, we aim to quantify

the curvature of the latent space and resort to different metrics for studying the following:

Firstly, we validate and quantify the near zero curvature of VAE as addressed in [151]. Sec-

ondly, we extend the geometric analysis to disentangled representation learning models and

quantify the effect of class separability on the curvature of the generated data manifold.
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Figure 8.1Model for learning factorized latent space representation for human face
recognition. The identity constitutes the specified component while all other factors
such as pose and illumination are considered in unspecified space.

8.1 Disentangled Representation Learning Models Under

Study

The focus of this work is limited to factorized disentangled representations that partition

the latent space into two codes: one code for the specified factor and the other code for

all uncontrolled or unspecified factors. For example, the latent space of face data set can

be partitioned with identity as specified factor whereas factors like illumination, pose and

expression together as unspecified factor. An illustrative example is shown in Figure 8.1 with

identity as the specified factor and all other attributes like pose, illumination, facial hair as

the unspecified component. In this work, we study the geometry of three models proposed

for disentangling [162], [122] and [82].

Szabo et al.[162] The model learns a disentangled latent representation using an

encoder-decoder architecture with weakly labeled data in the form of triplets {x1,x2,x3},

where x1 and x2 have the same label, while x3 has a different label. Note that absolute

labels are not required for this architecture, hence the weaker form of supervision. As shown
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Figure 8.2 Network for disentangled representation learning given in [162].

in Figure 8.2, during the training, the specified and unspecified components are swapped

and an appropriate loss function is optimized to ensure that the decoder learns to generate

realistic samples. In the first step, since x1 and x2 have the same labels, the encoder should

learn to satisfy s1 ' s2 (latent space representation corresponding to the specified attribute).

Upon swapping the unspecified components z1 and z2 i.e. representations corresponding to

the unspecified attributes, a simple `2 loss suffices to ensure that the generated samplesx2⊕1

obtained is similar to x2 as well as x1⊕2 looks similar to x1. On the other hand, when z3 and

z1 (or z2) are swapped, the loss cannot be an `2-norm, which Szabo et al. [162] circumvent

by using a discriminator with an adversarial loss. The discriminator is trained over real

pairs (x1,x2) and fake ones (x3⊕1,x1), so as to enable the decoder to generate samples that

resemble those from the distribution of x1 and x2.

The objective function consists of two terms: autoencoder loss and adversarial loss, and
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is given by

min
Dec,Enc

max
Dsc
LAE(Dec,Enc) + λLGAN(Dec,Enc,Dsc) (8.1)

Here LAE is given by

LAE = E(x1,x2)||x1 − f(gs(x1), gz(x2))||22 + ||x2 − f(gz(x2), gs(x1))||22 (8.2)

and, the adversarial loss is given by

LGAN = Ex1,x2 [log(d(x1,x2))] + Ex1,x3 [log(1− d(x1,x3))] (8.3)

The model by Mathieu et al. [122] is similar to the one described above. However, the

key difference is they train the unspecified component as a VAE, i.e., impose a KL-divergence

term such that the unspecified component has a standard normal distribution. The work by

Jha et al. [82] improves upon the two approaches [122, 162] by substituting the adversarial

training strategy with cycle-consistency of the unspecified latent space.

Geometric Perspective All the three methods, despite their differences, attempt to par-

tition the space into specified and unspecified components. In context of the work in this

chapter, the two important and common aspects of these methods are

• Encoder-decoder based architectures, that partition the latent space into specified and

unspecified factors.

• Specified latent space comprises discriminative features of the specified attributes, while

the unspecified space contains uninformative, nuisance variables.

We focus on analyzing the geometry of the two components of the learned latent space

(s, z) and the corresponding generator mapping functions (fs(·), fz(·)). We expect this

analysis and quantitative validation to provide insights into the geometric aspects of learning

disentangled latent spaces, which in-turn may help design better network architectures and

training strategies.
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8.2 Geometry of Latent Space of Factorized Representa-

tions

In this section, we present the different metrics used to compare the latent spaces of the

learned disentangled representation.

8.2.1 Euclidean vs Riemannian Metric

The latent space of a generative model provides a low dimensional representation of the

data manifold via nonlinear functions implemented by the encoder and decoder. Thus, the

statistical computations based on manifold theory are more appropriate as opposed to the

Euclidean space assumption. As pointed out by works in [6, 91], the latent space is the

coordinates for the data manifold though a generator mapping function. Thus distances

and other statistics are better defined with a Riemannian metric. This manifold assumption

holds true provided the generator is a smooth function.

In deep generative models, the network is a composition of multiple convolutonal layers

followed by activation layers that bring in the nonlinearity of the feature space. In order to

obtain a smooth generator function, the activation function such as ELU (exponential linear

unit) is used over the more popular ReLU (rectified linear unit).

Thus, the two conditions required for the generator mapping f to define a smooth man-

ifold [151] are:

• The activation function is smooth and monotonic function.

• The weight matrices for the layers are full rank. This condition in effect translates to

the full rank condition of Jacobian matrix at every point in the latent space

rank(Jf (z)) = d

where z is a point in the latent space and d is the dimension of the latent space.
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Provided that the above conditions are satisfied, every point in the coordinate latent

space is mapped uniquely on to the data manifold. This connection allows one to perform

operations in the low dimensional latent space, that is relatively computationally cheap as

opposed to their higher dimensional counterpart, the data manifold. Given a point in the

latent space, the Jacobian provides a mapping from the tangent space of latent space to the

tangent space of the data manifold. The associated Jacobian at every point in the coordinate

space allows to define a local metric at every point in the space that accounts for distortion

brought by low dimensional latent space representations. Thus, the Riemannian metric is

defined at every point z as a symmetric positive definite matrix Mz as

Mz = Jf (z)>Jf (z) (8.4)

Here, Jf (z) is the Jacobian matrix at point z and f() is the generator function.

8.2.2 Residual Normalized Cross Correlation

This metric has been used to establish the relation between geodesic and Euclidean distances

in [23] for establishing the flattening achieved due to unsupervised pre-training of the deep

network. While [6, 151] discuss the degree of nonlinearity (or flatness) of the approximated

data manifold in a VAE, the curvature of the established manifold is not quantified. The

residual cross correlation measures the similarity between Euclidean and Riemannian dis-

tance and hence can provide an indirect measure of the curvature of the manifold. For

example, for a linear manifold, both the distances are equal, but nonlinearity or curvature of

the space increases the difference between the two quantities. The residual cross correlation

is given by

ck = 1− (rM(k)− µrM )(rE(k)− µrE)

σrMσeE
(8.5)

ĉ =
2

N(N − 1)
Σkck
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Here, rE and rM are the vectors formed by the concatenation of upper-triangular matrices of

pairwise distance matrix for Euclidean and manifold distance respectively. µrM , µrE and σeE ,

σeM are means and standard deviations for manifold and Euclidean distance respectively.

8.2.3 Normalized Margin

It measures the class separability in the latent space. A higher value of normalized margin

means a larger separation between clusters of different classes and hence a higher classifica-

tion and clustering accuracy. Therefore, the specified space of disentangled representations

would typically have a higher margin than a standard VAE.

mn =
||xn −M(xn)|| − ||xn −H(xn)||

||xn −M(xn)||
(8.6)

Here, M(xn) is the nearest member from a different class other than xn and H(xn) is the

nearest member from the same class. A larger value signifies better separation between

classes.

8.2.4 Tangent Space Alignment

For a flat manifold, the tangent spaces are aligned, so the angle between the two subspaces

is zero. With the increase in the curvature of the space, the tangent spaces at two points in

this space would have a larger angle between them.

For a given data point x, the neighboring points are collected as X = [x1,x2, · · ·xk]. The

mean centered data is given by

X̂ = X− 1

k
X1 (8.7)

Here, 1 is a d× k matrix of all ones. The basis for the tangent space is obtained by the

singular value decomposition of the covariance matrix given by

C = X>X = UΣU> (8.8)
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Given two points the principal angle between the subspaces defined by the tangent spaces

gives a measure of curvature of the space.

8.3 Experimental Setup and Results

In this section, we present the qualitative and quantitative results to analyze the geometric

properties of the VAE and disentangled representation models. We provide the details of

the network architecture, datasets and the results for the different evaluation metrics.

8.3.1 Datasets

All the generative models are trained for 2 datasets: MNIST digits and MultiPIE face

dataset. MNIST digits consist of 60000 training samples and 10000 test samples distributed

over 10 class. The specified component is the class identity whereas the unspecified factors

constitute digit slant, stroke width etc. We consider a subset of MultiPIE dataset with 25

identities for training and 5 identities for test, each with 3300 images. We use identity as

the specified factor and other factors like pose, expression etc are considered as unspecified.

Further, we additionally evaluate the models on 3d chairs dataset that consists of images of

different chair models of different styles and large viewpoint variations. We selected a subset

of 30 models in different viewing angles.

8.3.2 Network Architecture

We use Convolutional Neural Networks (CNNs) for all the models. The dimensions for the

specified and unspecified spaces for MNIST digits are 16 and 64 respectively. For the Face

dataset, the specified and unspecified dimensions are 512 and 64 respectively. We also trained

a VAE with the same encoder decoder network as for the disentangled representation models

and with latent space dimensions as 16 and 512 for MNIST and Face dataset respectively.
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We used ELU activation function in all our models.

8.3.3 Normalized Margin

The normalized margin is a measure of distinguishability of class specific features. The

specified latent space of these models is enforced to learn class specific features and are used

for task like classification. Classification accuracy is one measure to evaluate the effectiveness

of these features for the given task. As pointed in [82], the performance of the three models

for MNIST digit classification is equally good, reflecting similar structure in the specified

space of these models. The normalized margin value given in the Table 8.1 is consistent with

the classification performance of these models.

Datasets Szabo et al Mathieu et al. Jha et al.

MNIST 0.622 0.653 0.640

MultiPIE 0.462 0.496 0.488

3D chairs 0.492 0.529 0.52

Table 8.1 Normalized margin for MNIST, MultiPIE and 3D chairs datasets.

8.3.4 Residual Cross Correlation

The values for the two datasets across different models are given in Table 8.2. Smaller

value suggests higher similarity between Euclidean and geodesic distances. For the MNIST

dataset, the small value of ĉ validates the claims of near zero curvature of VAEs discussed

in [151]. However, we observe that there is significant disparity between the Euclidean and

the Riemannian distances for the MultiPie dataset. Note that Szabo et al. [162] failed to

converge on the MultiPie data, and hence are not included in the table.
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Dataset VAE Szabo et al. Mathieu et al. Jha et al.

MNIST 0.071 0.142 0.178 0.167

MultiPie 0.65 - 0.72 0.71

3D chairs 0.162 0.262 0.311 0.315

Table 8.2 Comparison of ĉ values for different disentangling models with VAE for
MNIST digits, MultiPIE and 3D chairs datasets.

8.3.5 Curvature of Latent Spaces

In this section, we evaluate the curvature of the latent space manifolds of VAEs. The low

curvature claimed [151] is reflected by the small residual cross correlation between Euclidean

and Riemannian distance given in the Table 8.3 for different dimensions of the latent space.

The stability of improvement in clustering performance across different dimensions is also

indicative of the low curvature of the latent space regardless of the dimensionality. We further

quantify the curvature of latent spaces of VAE and disentangled representation models in

Table 8.4 by computing the angle between the tangent spaces of a pair of points. The

results validate higher curvature for disentangled representation models over VAEs. As the

specified spaces of the three disentangled representation models are constrained to learn class

discriminative features, the similarity in the curvature also reflects the same.

Dimension 16 64 80

ĉ 0.065 0.069 0.071

F score (Euclidean) 83.32 85.22 87.38

F score (Riemannian) 91.74 92.33 96.23

Table 8.3 Effect of dimensionality on the nonlinearity of the latent space of VAE.
The clustering performance: F score with Euclidean and Riemannian distance as
metric in K-means clustering algorithm for MNIST digits dataset.

156



Datasets VAE Szabo et al Mathieu et al. Jha et al.

MNIST 21.45 34.12 32.25 32.76

MultiPIE 27.95 37.42 36.88 36.96

3D chairs 23.45 36.77 35.86 36.50

Table 8.4 Approximate curvature estimated with principal angles between tangent
spaces.

8.3.6 Riemannian Distance vs Euclidean Distance

While the c values quantify the residual cross correlation between Euclidean and Rieman-

nian distances, we also quote the magnitudes of these distances in Table 8.5, 8.6 and 8.7

for MNIST, 3D chairs and Face datasets respectively. Due to curvature of the specified

space, using Riemannian distance over Euclidean distance is more appropriate for tasks like

clustering as shown in the results. For both the datasets, a significant improvement in the

clustering performance validates the high curvature of the latent space for the disentangled

models.

Models Szabo et al Mathieu et al. Jha et al.

Distances Euclidean 0.114 0.112 0.116

Riemannian 0.297 0.355 0.336

Clustering Euclidean 91.12 94.32 92.22

F score Riemannian 94.56 98.00 96.60

Table 8.5 MNIST dataset: Comparison of average distance between randomly
selected 100 pairs and clustering performance: Riemannian distance vs Euclidean
distance. The large differences in the distance/ F score is a result of curvature in
the latent space.
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Models Szabo et al Mathieu et al. Jha et al.

Distances Euclidean 0.158 0.160 0.156

Riemannian 0.344 0.376 0.365

Clustering Euclidean 91.16 94.33 94.24

F score Riemannian 95.22 96.34 96.44

Table 8.6 3D chairs dataset: Comparison of average distance between randomly
selected 100 pairs and clustering performance: Riemannian Distance vs Euclidean
Distance. The large differences in the distance/ F score is a result of curvature in
the latent space.

Models VAE Mathieu et al. Jha et al.

Distances Euclidean 0.312 0.346 0.332

Riemannian 1.142 1.784 1.602

Clustering Euclidean 82.98 89.37 90.06

F score Riemannian 89.04 94.45 95.60

Table 8.7 MultiPIE dataset: Comparison of average distance between randomly
selected 100 pairs and clustering performance: Riemannian Distance vs Euclidean
Distance. The large differences in the distance/ F score is a result of curvature in
the latent space.

8.3.7 Interpolations

Further, we also investigate the effect of Riemannian metric on interpolations in the latent

space of VAEs as well as the disentangling model. The images generated by linear and

Riemannian interpolations for class 2 of MNIST dataset for VAEs are shown in Figure 8.3.

The images generated with Riemannian metric are sharper as opposed to Euclidean metric

reflecting the non-linear nature of the space. The two ends of the sequence are the images

corresponding to the cluster center of class 2 and a point at the boundary of class 2 latent

space representations. Thus, along with sharper image generation, the presence of curvature

in class specific manifold is also highlighted. For samples from different classes, the images for

Euclidean and Riemannian interpolation are shown in Figure 8.4 for VAE as well as for the

158



disentangling model. As shown in the figure, the transition from one class to other is abrupt

with Euclidean distance while it changes more smoothly with the Riemannian counterpart.

An example with large number of intermediate interpolants between classes 8 and 2 is shown

in the Figure 8.5 for both VAE and disentangled representation model. The results show the

effect of the higher curved space in case of disentangled model with a huge difference between

Riemannian and Euclidean interpolants as opposed to VAE. Similar results are obtained for

face and chair datasets and are shown in the Figure 8.6 and 8.7 respectively.

Figure 8.3 Interpolation between two samples from same class in the latent space
of VAE using Euclidean (Left) and Riemannian Metric (Right).

8.3.8 Image Synthesis

Disentangling specified component from other components, allows one to generate new im-

ages with different variations of fixed specified component. Figure 8.8 shows the effect of

using Euclidean and Riemannian metric for generating images of a specific class with differ-

ent styles. These images are obtained by interpolation in the specified component between

the cluster center and a sample of the same class, while randomly sampling the unspecified

component from the Gaussian distribution imposed in the unspecified latent space. The sam-

ples generated are more realistic and preserve class identity in case of Riemannian metric.

Figure 8.4 Interpolation between two samples from different classes in the latent
spaces of VAE (Top) and specified space of Mathieu et al.[122](Bottom) with fixed
unspecified using Euclidean (Left) and Riemannian Metric (Right).
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Figure 8.5 Interpolation between two samples from different classes in the latent
spaces of VAE (1st and 2nd row)) and specified space of Mathieu et al.[122] (3rd and
4th row) with fixed unspecified using Euclidean (Odd rows) and Riemannian Metric
(Even rows).

Figure 8.6 Interpolation between two samples from different classes in the latent
spaces of Mathieu et al.[122] with fixed unspecified using Euclidean (Left) and Rie-
mannian Metric (Right).

Figure 8.7 Interpolation between two samples from different classes in the latent
spaces of VAE (left) and specified space of Jha et al.[82] (right) with fixed unspecified
using Euclidean (Top) and Riemannian Metric (Bottom).

Figure 8.8 Interpolation between two samples from same class in the specified
latent space of Mathieu et al. with randomly sampled unspecified component using
Euclidean (Left) and Riemannian Metric (Right).
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Figure 8.9 Effect of ReLU (left) and ELU (right) activation functions on the quality
of generated images with Euclidean (top row) and Riemannian metric (bottom row)
interpolations.

8.3.9 Rank of Jacobian

For the network to learn smooth generator function, the Jacobian matrix is required to be

full rank. We compare the rank of Jacobian matrix on MNIST dataset for the two activation

functions ReLU and ELU. The results given in the Table 8.8 show that the ELU results in

full rank Jacobian matrices as opposed to ReLU. Further, the results in Figure 8.9 show the

effect on the quality of the images generated with ReLU and eLU layers.

Activation function VAE Mathieu et al.

ReLU 8 15

ELU 16 16

Table 8.8 Rank of the Jacobian matrix for MNIST digits.

8.4 Conclusion

Latent spaces of deep generative models provide a low dimensional representation for data

embedded in a high dimensional manifold. In this chapter, we studied the geometric prop-

erties of deep generative models that learn disentangled representations. We verified various

recent claims about the non-linearity of the VAE based latent space representations and

utilized several metrics to quantify its lower curvature. Using the same metrics, we also

established that the specified components of the latent space of VAE-based disentangled

models are substantially more curved. The proposed study concluded that the latent spaces
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are curved. Thus an appropriate Riemannian metric as opposed to the Euclidean metric

should be used for obtaining better distance estimates, performing interpolations as well as

generating synthetic views.
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Chapter Nine

Conclusion and Future Work

This thesis investigated geometric constraints for learning representations of visual data

across different learning settings (supervised, semi-supervised and unsupervised). In partic-

ular, the geometric constraints took one of the two forms: manifold and semantic. In Chapter

3, we proposed eigenvalue decomposition parametrization of the PSD matrix for Mahalanobis

distance metric learning problem. This effectively reduced the PSD matrix learning to learn-

ing of the orthonormal eigenvectors and the corresponding eigenvalues. We leveraged the

geometry endowed by space of orthonormal matrices known as the Stiefel manifold to reduce

the number of optimization parameters effectively. Thus, enabling the framework to perform

well even in limited training data setting. Additionally, the parametrized appproach is flex-

ible to convex spectral functions as regularizers, making it adaptable for the task at hand.

The success of manifold constraint for metric learning motivated us to further explore the

field of matrix manifolds and their properties to assist in learning and analysis. While Stiefel

manifold was explored to develop efficient optimization strategy in Chapter 3, it was later

used in deep generative models to impose structure in the latent space that improved the

disentanglement of factors of variation in an unsupervised setting. Apart from the Stiefel

manifold, the other matrix manifold used in this thesis is the Grassmann manifold that

was used in Chapter 7 from analysis perspective. The low dimensional subspace computed

from the adversarial sample used for removing the effect of adversarial perturbation was
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compared with the subspace obtained from the clean image by analysing them as points on

the Grassmann manifold to establish the proximity relation between the two. The approach

outperformed state-of-the-art defense strategies across different attacker strengths. Lastly,

we used semantic constraints on the statistical manifold to drive the same class distributions

closer while pushing the distributions of different classes far. This had shown to improve the

semantic consistency of learned representations in supervised settings with limited labeled

training data and learning clusterable representations in semi-supervised settings.

The research presented in this thesis provides few possible avenues for future research and

exploration. In chapter 6, we parametrized the disentangled representation as a point on the

Stiefel manifold i.e. the subset representations are unit normed vectors that are orthogonal to

each other. This parametrization, while improved the results, was restricted to unit normed

vectors. In the future, it would be interesting to explore mixed curvature representations

[60] instead of just positive curvature i.e. the Stiefel manifold parametrization. This would

have the potential to impose an attribute specific structure on the partitioned representation,

further improving the interpretability and control in image generation.

Further, the semi-supervised approach for representation learning in chapter 5 can also be

extended to leverage the manifold structure of the latent space representations obtained from

the unlabeled data to assist in clustering. This would allow us to get semantic understanding

of the data and can lead to better representations without the need of labeled data.

Another direction to explore in future would be the expansion of approach developed

for adversarial defense. Chapter 7 developed a low dimensional representation to obtain the

clean image from an adversarially perturbed image. While, the method used random image

corruptions to define the low dimensional subspace obtained using PCA, it would be inter-

esting to further investigate other dimensionality reduction techniques that can perform at

par with PCA and can help overcome the drop in performance on clean sample performance.
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APPENDIX



Appendix A

Convergence Proof and Experiments in

Chapter 3

A.1 Convergence Plots

EigMetric restores to an alternating optimization strategy that jointly optimizes on the Stiefel

Manifold and the positive orthant. We derive the convergence proof for our Algorithm 2 in

this section. We additionally support our proof with empirical evidence of convergence for

USPS and segments datasets in Figure A.2 and VIPeR dataset in Figure A.1 that show

monotonic decrease in the objective function.

(a) Small Training Data (b) Large Training Data

Figure A.1 Objective function plot over iterations for EigMetric framework for
VIPeR dataset in small training data (10 %) and large training data (60 % data)
settings to show the convergence.
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Figure A.2 Objective function plots of EigMetric with different regularizers for
USPS (first row) and Segment dataset (second row) to show the convergence of the
proposed algorithm.

A.2 Proof of Convergence

Our optimization strategy alternates between the convex subproblem for w and the manifold

constrained subproblem for U that is shown to monotonically reduce the objective function

value over the iterations. We present Theorem 1 that develops on the theoretical convergence

of ADMM strategy to establish that the proposed strategy leads to a minima of the objective

function.

Theorem 1. For α > 0 and any convex spectral regularizer, the sequence {wt,Ut} generated

by Algorithm 1 monotonically decreases the objective function starting with initial w0 = 1,

U0 = UX . Here UX is the matrix of eigenvectors extracted from the training data.

Proof. The objective function for our metric learning formulation is given in 3.13. The

optimization strategy comprises of ADMM updates to solve the w subproblem and gradient
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updates to solve for U subproblem.

For a fixed U: We first show that the optimization strategy converges to a solution that

minimizes the problem in (3.20), as it reduces to standard ADMM strategy.

We rewrite the subproblem for w with the dummy variable vector c and a regularizer

R(w) to account for spectral functions as follows

min
w∈Rp+,c∈R|T |

1

|T |

|T |∑
k=1

[ck]+ + αR(w)

s.t. c = 1 + S>w −D>w (A.1)

Here, we replace, g(c) =
∑|T |

k=1 [ck]+, h(w) = R(w) for simplicity and show that the

problem in (A.1), satisfies the two conditions required for ADMM convergence as given by

[20].

Condition 1: Both the functions g(c) and h(w) are convex, proper and closed.

Condition 2: The function Lρ(ĉ, ŵ, λ̂) has a saddle point.

The condition 1 holds for g(c). For h(w), in our case, since variable w denotes the

eigenvalues of a PSD matrix that are non-negative i.e. w ∈ Rp
+ and h(w) is restricted to

convex spectral functions, conditions 1 also holds for h(w) as well.

For condition 2, we write the augmented Lagrangian as

Lρ(c,w, λ) =
1

|T |

|T |∑
k=1

[ck]+ + αR(w) + 〈λ, c− 1− S>w + D>w〉

+
ρ

2

∥∥c− 1− S>w + D>w
∥∥2
F

(A.2)

The domains of the variables ci,w and λi are convex sets given by R, Rp
+ and R+ respectively.

So, for the fixed λi’s, the Lρ(c,w, λ) is convex in c and w. Therefore, there exists {ĉ, ŵ, λ̂}

such that

Lρ(ĉ, ŵ, λ̂) ≤ Lρ(c,w, λ̂) (A.3)

Similarly, for a fixed (c,w), Lρ(c,w, λ) is a concave function of λi’s. Hence, there exists

{ĉ, ŵ, λ̂} such that
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Lρ(ĉ, ŵ, λ̂) ≥ Lρ(ĉ,w, λ̂) (A.4)

This proves that the Lρ(w, c, λ) has a saddle point.

This implies that there exists a ŵ, that minimizes the objective function in (3.13) .

With U updates: Now, to prove the convergence of the objective function in (3.13), the

U updates are also considered in addition to the w updates with ADMM strategy. Since

at every iteration t, U is updated with a [173] Crank-Nicholson update scheme that (1)

ensures the orthogonality of U at every iteration and (2) employ a non-monotone line search

approach to determine the appropriate step size in the direction of descent. This implies

that with every iteration t, there exists a Ut that satisfies the following condition

J (w,Ut) ≤ J (w,U(t−1)) (A.5)

So, with the domain defined as the Stiefel manifold, the update for U essentially leads

to further decrease in the objective function in addition to the decrease achieved by ADMM

updates for w subproblem. Thus, the convergence properties of ADMM still hold with

U updates and leads to the conclusion the sequence of updates monotonically decreases the

objection function. Furthermore, a practical solution (ŵ, Û) is obtained when both objective

function and M stop changing in l2 sense from the last iteration.

A.3 Algorithms

196



Algorithm 2 Joint Optimization over Sn,p × Rp
+

Input: X ∈ Rn×m :Training data matrix, T : Triplet constraints matrix, α: regularization param-

eter, q : no of rows, ρ ≥ 0

Output: M: Learned Distance Matrix

1. Initialize U and w

p: dimension after PCA containing 95% of the energy of X .

w0: 1p×1 (vector of ones)

U0: n× p orthonormal matrix corresponding to r eigenvectors of training data

2. Initialize c and λ

c0 ← 0|T |×1, λ0 ← 0|T |×1 (vectors of all zeros)

3. repeat for t = 1, . . . T do

(a) Compute S and D using Ut−1

(b) Update dummy variable ct using (3.22)

(c) Update wt by solving least squares in (3.23)

(d) Update λt = λt−1 + ρ(ct − 1− S>wt +D>wt)

(e) Update Ut ∈ Sn,p

i. Randomly select q row indices from n rows

ii. Compute H and T for parametrization on Sq,r

iii. Update Q according to (3.28)

iv. Update Ut with Q as in (3.29)

4. until convergence

return M̂ = Û Diag(ŵ)Û
>
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Algorithm 3 Alternating Gradient Method: Joint Optimization over Sn,p ×Rp
+ with alter-

nating gradients
Input: X ∈ Rn×m :Training data matrix, T : Triplet constraints matrix, α: regularization param-

eter, q : no of rows, ρ ≥ 0

Output: M: Learned Distance Matrix

1. Compute T0 (active constraints)

2. Update w with T0 constraints to obtain wt

by computing the gradient update from the following

1
|T |
∑|T0|

m=1

[
1 + s>mw − d>mw

]
+
+ α ‖w‖22

3. Update Ut

Follow the steps (e) in Algorithm 2

4. until convergence

return M̂ = Û Diag(ŵ)Û
>
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Appendix B

Algorithms Required for Chapter 3 and 5

B.1 Constrained K-Means

k-means [69] is a popular unsupervised approach for clustering data. Constrained K-Means

[13] is a modification that uses some amount of labeled data along with the the unlabeled

data to improve the clusterability. It utilizes some labeled data to guide the unsupervised

k-means clustering. As opposed to random initialization of cluster centers in traditional

k-means, labeled samples are used to initialize the cluster centers in constrained k-means.

Secondly, at each iteration of k-means the cluster re-assignment is restricted to the unlabeled

samples, while the membership of labeled samples is fixed. This procedure of constrained

k-means has shown performance improvement over k-means algorithm. The steps in the

procedure are summarized in the Algorithm 4

B.2 Alternating Direction Method of Multipliers

Alternating Direction Method of Multipliers (ADMM) [20] is used to solve large convex

optimization problems by decomposing the problem into smaller tractable problems that

can be easily solved. Given an optimization problem that is separable in variables allows

one to employ ADMM and takes an alternating update strategy by optimizing with respect

to each of the variable while other variables are kept fixed. While we discuss this approach

briefly here, more details of the method and related proofs are present in [20].
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Algorithm 4 Constrained KMeans [13]
Input: X u = {xu1 ,xu2 , · · ·xum}: set of unlabeled data points, X lk = {xl1,xl2, · · ·xlp}: Set of labeled

data in class l, X l = ∪Kk=1X lk: set of labeled data points

Output: Disjoint K clusters {Ck}Kk=1

Method:

1. t = 0

2. Initialize cluster centers µk = 1
|X lk|

∑
x∈X lk

x

3. Repeat till convergence

• Assign data to clusters

For labeled data :

x ∈ X lk assign x to cluster Ct+1
k cluster

For unlabeled data:

for xui ∈ X u assign to Ct+1
k cluster obtained by k = argmink ||xui − µtk||2

• Update centers : µt+1
k = 1

|Ctk|
∑

x∈Ctk
x

• t← t+ 1

For the optimization problem, given as follows:

min
x,z

f(x) + g(z) (B.1)

s.t. Ax + Bz = c (B.2)

Here, x ∈ Rn and z ∈ Rm are the variables, A ∈ Rp×n, B ∈ Rp×m and c ∈ Rp. The functions

f(x) and g(z) are convex functions.

We first write the augmented Lagrangian of the problem in (B.1) as follows

Lρ(x, z, λ) = f(x) + g(z) + λ>(Ax + Bz− c) +
1

2
ρ||Ax + Bz− c||22 (B.3)

Here, λ ∈ Rp represents Lagrange variable and ρ > 0 is the penalty parameter. Now, the
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steps involved in ADMM strategy are given as

xk+1 =argmin
x
Lρ(x, zk, λk) (B.4)

zk+1 =argmin
z
Lρ(xk+1, z, λk) (B.5)

λk+1 =λk + ρ(Axk+1 + Bzk+1 − c) (B.6)
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Appendix C

Patterned Species Segmentation Setup

C.1 Feature Extraction

All the images used for testing and training are first oversegmented using SLIC superpixels

[18]. The texture features are extracted using a filter bank [19] of 48 filters at differ-ent scales

and orientations. Thus, every pixel in the imagehas a 48-dimensional response vector. We use

the labeled training images and map pixels from each class to this feature space and perform

k-means clustering with k = 20. The cluster centers from each class are then concatenated

for vector quantization of the feature space. Each superpixel in the oversegmented image is

represented by a histogram of texture features. The texture features corresponding to each

constituent pixel is assigned to a histogram bin based on its closest cluster center. This

texture histogram is normalized to have unit l1-norm and is our final feature vector.

C.2 Segmentation Strategy

We describe the steps involved in processing a query image.

• Mean Shift Segmentation

The feature vectors representing the superpixels are concatenated with the centroid of

the superpixel in image space. Mean shift clustering is used in this concatenated feature

space, with the learned metric M used to compute distance between texture feature

vectors, while the spatial distance is computed as the l2 distance. For all experiments,
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we use available bandwidth mean shift with the pointwise bandwidth as the 3-nearest

neighbor distance. The step forms clusters of superpixels exhibiting texture and spatial

similarity.

• Distance Map Generation

To identify the cluster that corresponds to patterned species, we generate a distance

map by computing the average Mahalanobis distance of each cluster with the fore-

ground feature vector extracted from the training images. The cluster with the least

average distance is marked as the region containing animal while others are marked as

background to generate binary mask.

• Morphological Operations

The cluster marked as animal is often effected by illuminated vegetation and clutter of

some background superpixels. We perform two morphological operations on the binary

image to obtain the final segmentation mask [67]. The binary image is first operated

with a dilation operation then a connected component operation is performed on the

dilated image. The largest connected component corresponds to the animal, while other

connected components occur due to illuminated background superpixels and hence are

discarded.
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