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ABSTRACT

Constructing codes that are easy to encode and decode, can detect and correct many errors and have
a sufficiently large number of codewords is the primary aim of coding theory. Several metrics (e.g.
Hamming metric, Lee metric, RT metric, etc.) have been introduced to study error-detecting and
error-correcting properties of a code with respect to various communication channels. Among the
prevalent metrics in coding theory, the Hamming metric is the most studied metric and it is suitable for
orthogonal modulated channels. Singleton [74] derived the upper bound (called the Singleton bound)
on the size of an arbitrary block code with respect to the Hamming metric. Linear codes that attain the
Singleton bound are called maximum distance separable (MDS) Hamming codes. Later, motivated by
the problem to transmit messages over several parallel communication channels with some channels
not available for transmission, a non-Hamming metric, called the Rosenbloom-Tsfasman metric (or
RT metric), was introduced by Rosenbloom and Tsfasman [70]; they also derived Singleton bound
for codes with respect to the RT metric. Linear codes that attain the Singleton bound for the RT
metric are called maximum distance separable (MDS) RT codes. Recently, Cassuto and Blaum
[12, 13] established a new coding framework for channels whose outputs are overlapping pairs of
symbols. Such channels are called symbol-pair read channels and the corresponding metric is called
the symbol-pair metric. These channels are more suitable for high density data storage systems in
which the spatial resolution of the reader is insufficient to isolate adjacent symbols. Chee et al. [15]
derived a Singleton-type bound for codes with respect to the symbol-pair metric and constructed many
maximum distance separable (MDS) symbol-pair codes, i.e., the codes attaining the Singleton-type
bound with respect to the symbol-pair metric. Recently, Yaakobi et al. [82] extended the framework
of symbol-pair read channels to b-symbol read channels, whose outputs are consecutive sequences
of b > 3 symbols. The corresponding metric is called the b-symbol metric. In a recent work, Ding
et al. [28] derived a Singleton-type bound for codes over finite fields with respect to the b-symbol
metric. The codes that attain the Singleton-type bound with respect to the b-symbol metric are called
MDS b-symbol codes. MDS codes have the highest possible error-detecting and error-correcting
capabilities for given code length, code size and alphabet size, hence they are considered optimal
codes in that sense. Thus it is of great interest to study and find MDS codes with respect to various

metrics.
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The derivative is a well-known operator of sequences and is useful in investigating the linear
complexity of sequences in game theory, communication theory and cryptography (see [6, 14, 33, 83]).
Etzion [32] first applied the derivative operator on codewords of linear codes over finite fields, and
defined the depth of a codeword in terms of the derivative operator. He showed that there are exactly
k distinct non-zero depths attained by non-zero codewords of a k-dimensional linear code, and that
any k£ non-zero codewords with distinct depths form a basis of the code. This shows that the depth

distribution is an interesting parameter of linear codes.

In this thesis, we study algebraic structures of repeated-root constacyclic codes over finite commu-
tative chain rings and their dual codes. We also explicitly determine Hamming distances, symbol-pair
distances, b-symbol distances, RT distances, and RT weight distributions of several classes of repeated-
root constacyclic codes over finite commutative chain rings. Using these results, we identify several
isodual, MDS Hamming, MDS RT, MDS symbol-pair and MDS b-symbol codes within the family of
repeated-root constacyclic codes over finite commutative chain rings. We also discuss a decoding
algorithm for repeated-root constacyclic codes of prime power lengths over finite commutative chain
rings with respect to Hamming, symbol-pair and RT metrics. We also study depths of codewords of
a class of repeated-root constacyclic codes over finite commutative chain rings. As a consequence,
we explicitly determine depth distributions of this particular class of constacyclic codes over finite
commutative chain rings. We also introduce two new turn-based roulette games and discuss their
winning strategies by applying our results on depths of codewords of repeated-root constacyclic
codes over finite commutative chain rings. These results are useful in encoding and decoding these
codes and in studying their error-detecting and error-correcting capabilities with respect to various

communication channels.
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Chapter 1

Introduction

The object of this thesis is

* to establish algebraic structures of repeated-root constacyclic codes over finite com-

mutative chain rings and to determine their dual codes.

* todetermine Hamming distances, symbol-pair distances, b-symbol distances, Rosenbloom-
Tsfasman distances, and Rosenbloom-Tsfasman weight distributions of repeated-root

constacyclic codes over finite commutative chain rings.

* to identify optimal codes with respect to Hamming, symbol-pair, b-symbol and
Rosenbloom-Tsfasman metrics within the family of repeated-root constacyclic codes

over finite commutative chain rings.

* to discuss a decoding algorithm for repeated-root constacyclic codes of prime power
lengths over finite commutative chain rings with respect to Hamming, symbol-pair

and Rosenbloom-Tsfasman metrics.

* to determine depth distributions of a class of repeated-root constacyclic codes over

finite commutative chain rings.

* to introduce two new turn-based two player roulette games and to discuss their posi-
tional winning strategies by studying depths of codewords of repeated-root constacyclic

codes over finite commutative chain rings.

Now we proceed to describe the problems that we have explored in this thesis.



2 Chapter 1 Introduction

1.1 Structure and distances of constacyclic codes over fi-

nite commutative chain rings

One of the primary objectives of coding theory is to construct codes that are easy to
encode and decode, can detect and correct many errors, and contain a sufficiently large
number of codewords. In other words, the goal is to find codes with efficient encoding and
decoding procedures, and with the largest possible value of distance for given code length,
code size and cardinality of the code alphabet. To study error-detecting and error-correcting
properties of a code with respect to various communication channels, several metrics (e.g.
Hamming metric, Lee metric, symbol-pair metric, etc.) have been introduced and studied
in coding theory. The most studied metric in coding theory is the Hamming metric, which
is suitable for orthogonal modulated channels. Singleton [74] derived the following upper
bound (called the Singleton bound) on the size M of an arbitrary block code with respect to

the Hamming metric:
M < gt (1.1.1)

where ¢ is the cardinality of the code alphabet, n is the block length and d is the Hamming
distance of the code. Linear codes that attain the Singleton bound (1.1.1) are called maxi-
mum distance separable (MDS) Hamming codes. Later, Rosenbloom and Tsfasman [70]
introduced a non-Hamming metric, called the Rosenbloom-Tsfasman metric (or RT metric),
which is motivated by a problem related to transmission over several parallel communication
channels with some channels not available for transmission. This metric is also useful in case
of interference between several consecutive communication channels. They also derived
Singleton bound for the RT metric. Linear codes attaining the Singleton bound for the
RT metric are called MDS RT codes. Recently, Cassuto and Blaum [12, 13] established a
new coding framework for channels whose outputs are overlapping pairs of symbols. Such
channels are called symbol-pair read channels and the corresponding metric is called the
symbol-pair metric. These channels are more suitable for high density data storage systems
in which the spatial resolution of the reader is insufficient to isolate adjacent symbols. They
proved that for a cyclic code with dimension greater than 1 and Hamming distance dy, the

corresponding symbol-pair distance is at least dy + 2. They showed that a code can correct
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up to ¢t symbol-pair errors if and only if its symbol-pair distance is at least 2¢ 4+ 1. They
further provided methods to construct symbol-pair codes from Hamming-metric codes, and
derived some bounds on the parameters of symbol-pair codes. They provided an algorithm to
decode symbol-pair codes obtained by interleaving the codewords of two Hamming-metric
codes. Apart from this, they showed asymptotically that there exist symbol-pair codes whose
rates are strictly higher than the best known Hamming-metric codes. Later, Chee et al. [15]
derived a Singleton-type bound for symbol-pair codes and constructed many maximum
distance separable (MDS) symbol-pair codes, i.e., the codes attaining the Singleton-type
bound with respect to the symbol-pair metric. Hiromoto et al. [37] provided a syndrome
decoding algorithm for symbol-pair codes within the symbol-pair error correcting capability
of the code. Yaakobi et al. [82] showed that for a cyclic code with dimension greater than 1
and minimum distance dj, the symbol-pair distance is at least dy + [%H} , which improves
the lower bound on the symbol-pair distance obtained by Cassuto and Blaum [12, 13]. They
also provided a decoding algorithm that can correct symbol-pair errors up to the decoding
radius corresponding to this bound. They further extended the framework of symbol-pair
read channels to b-symbol read channels, whose outputs are consecutive sequences of b > 3
symbols. The corresponding metric is called the b-symbol metric. They also extended some
of the results obtained in Cassuto and Blaum [12, 13] to b-symbol read channels. This new
paradigm is also very relevant to high density data storage systems with reading limitations.
It also relates the symbol-pair problem with the sequence reconstruction problem, which
was introduced and studied by Levenshtein [47]-[49]. To reconstruct sequences, the same
codeword is transmitted over multiple channels, which are almost independent. All channel
outputs are then received by the decoder, which provides an estimate of the transmitted
codeword. In a recent work, Ding et al. [28] derived a Singleton-type bound for codes
over finite fields with respect to the b-symbol metric. The codes attaining this bound are
called MDS b-symbol codes. They also provided methods to construct MDS b-symbol codes

using projective geometry. Besides this, they constructed an MDS b-symbol (simple-root)

qb+171

constacyclic code of length p,

and b-symbol distance 20 + 1 over the finite field F,
of order ¢, where b > 4 and ¢ is any prime power. Kai et al. [42] constructed some new
MDS symbol-pair codes over finite fields with symbol-pair distance either 5 or 6 based upon

simple-root constacyclic codes. Chen et al. [17] also obtained new MDS symbol-pair codes
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over finite fields with symbol-pair distance either 5 or 6 or 7 or 8 through repeated-root
cyclic codes of some special non prime power lengths and through a simple-root cyclic code
of length n over F, such that n (> ¢ + 4) is a divisor of ¢ — 1. In a recent work, Kai et
al. [43] constructed three new MDS symbol-pair codes over finite fields with symbol-pair
distance either 6 or 7 through repeated-root constacyclic codes of some special non prime
power lengths. Dinh et al. [24] and Sun et al. [77] simultaneously determined symbol-pair
distances of all repeated-root constacyclic codes of prime power lengths over finite fields.
Dinh et al. [24] also determined all MDS symbol-pair codes within this class of codes.
Recently, Mostafanasab and Sevim [63] determined b-symbol distances of some cyclic codes
of prime power lengths over finite fields. MDS codes are optimal codes in the sense that
these codes have the highest possible error-detecting and error-correcting properties for
given code length, code size and alphabet size. Thus it is of great interest to study and find
MDS codes with respect to various metrics. In this thesis, we shall study and find MDS
codes with respect to Hamming, RT, symbol-pair and b-symbol metrics within the family of

repeated-root constacyclic codes over finite commutative chain rings.

Constacyclic codes over finite fields were introduced and studied by Berlekamp [5].
These codes have rich algebraic structures and are generalizations of cyclic and negacyclic
codes. These codes can be effectively encoded and decoded using linear shift registers. In
1990’s, Calderbank et al. [8], Hammons et al. [36] and Nechaev [64] related several binary
non-linear codes to linear codes over the ring Z, of integers modulo 4 with the help of a
Gray map. This motivated many researchers to study linear codes over Z, in particular and
to study linear codes over finite commutative chain rings in general. This particular line
of research further inspired many coding theorists to study constacyclic codes over finite
commutative chain rings, which form an important class of linear codes. Despite all the
efforts, the algebraic structure of constacyclic codes is known only for some special lengths
and over certain special classes of finite commutative chain rings. Below we summarize

some of the recent results known in this direction.

Abualrub and Oehmke [1] studied all cyclic codes of length 2° over Z4, where s is a
positive integer. Later, Dinh and Lépez-Permouth [22] studied algebraic structures of simple-

root cyclic and negacyclic codes over finite commutative chain rings and their dual codes.



1.1 Structure and distances of constacyclic codes over finite commutative chain rings 5

In the same work, they also determined all negacyclic codes of length 2¢ over the ring Zgym
of integers modulo 2™ and their dual codes, where ¢ > 1 and m > 2 are integers. Dinh
[20] established algebraic structures of all negacyclic codes of length 2° over the Galois
ring GR(2¢, m) and their dual codes, where s > 1 and e > 2 are integers. Later, Kiah et
al. [44] determined all cyclic codes of length p°® over the Galois ring GR(p®, m), where p
is a prime and e, s, m are positive integers. They further considered the case e = 2, and
determined dual codes of all cyclic codes of length p* over GR(p?, m). They also listed all
self-dual cyclic codes of length p* over GR(p?, m) when p is odd. Sobhani and Esmaeili
[75] studied all repeated-root cyclic and negacyclic codes of arbitrary lengths over the Galois

ring GR(p?, m) and their dual codes.

In Chapter 3, we establish algebraic structures of all repeated-root constacyclic codes of
arbitrary lengths over the Galois ring GR(p?, m). As an application, we determine their dual

codes and list some isodual constacyclic codes over GR(p?, m).

In a related direction, many authors investigated algebraic structures of linear and cyclic
codes over the quasi-Galois ring Fy[v]/(v?) [2, 3, 7, 38, 78]. To describe some of the
recent results in this direction, let p be a prime, s, m be positive integers, and let IF,,» be
the finite field of order p™. Dinh [21] determined all constacyclic codes of length p°® over
F,m[v]/(v?) and their Hamming distances. Later, Chen et al. [16] and Liu et al. [56]
determined all constacyclic codes of length 2p* over the ring F,=[v]/(v?), where p is an
odd prime. Using a technique different from that employed in [16, 21, 56], Cao et al. [10]
determined all a-constacyclic codes of length np* over F,m[v]/(v?) and their dual codes
by writing a canonical form decomposition for each code, where « is a non-zero element
of F,~» and n is a positive integer with gcd(p,n) = 1. In a recent work, Zhao et al. [86]
determined all (o + [v)-constacyclic codes of length np* over Fym [v]/(v?) and their dual
codes, where n is a positive integer coprime to p, and «, /3 are non-zero elements of [Fm.
This completely solved the problem of determination of all constacyclic codes of length
np* over F m[v]/(v?) and their dual codes, where n is a positive integer coprime to p. In
a related work, Sobhani [76] determined all (o + yu?)-constacyclic codes of length p*
over F,m[u]/(u*) and their dual codes, where «,y are non-zero elements of F,=. Recently,

Cao et al. [11] established algebraic structures of all (o + yu?)-constacyclic codes over
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Fom[u]/(u?), where o,y € Fam \ {0}.

In Chapter 4, we determine all repeated-root constacyclic codes of arbitrary lengths over
the quasi-Galois ring = [u]/(u®). We also determine their dual codes and the number of
codewords in each repeated-root constacyclic code over Fm[u]/(u?). With the help of their
algebraic structures, we obtain Hamming distances, RT distances, RT weight distributions
and ranks (i.e., cardinalities of minimal generating sets) of some repeated-root constacyclic
codes over F,m[u]/(u®). Using these results, we identify several isodual and maximum
distance separable (MDS) constacyclic codes over Fym [u]/(u®) with respect to Hamming

and RT metrics.

In another related direction, Batoul et al. [4] proved that when A is an nth power of a
unit in a finite commutative chain ring R, repeated-root A-constacyclic codes of length n
over R are equivalent to cyclic codes of the same length n over R. Cao [9] established
algebraic structures of all (1 + a<y)-constacyclic codes of arbitrary lengths over a finite
commutative chain ring R with the maximal ideal as (), where a is a unit in R. Later,
Dinh et al. [25] studied repeated-root (o« + ay)-constacyclic codes of length p® over a finite
commutative chain ring R with the maximal ideal as (), where p is a prime number, s > 1
is an integer, « is a non-zero element of the Teichmiiller set of R and a is a unit in R. The
results obtained in Dinh et al. [25] can also be obtained from the work of Cao [9] with the
help of the ring isomorphism from R[z]/{z?" — 1 — aa~'v) onto R[z]/(z"" — a — ay),
defined as A(z) — A(ag'x) for each A(z) € R[z]/(z?" — 1 — aa'y), where v = o)
(such an element oy always exists in the Teichmiiller set of R). The constraint that a is a
unit in R restricts their study to only a few special classes of repeated-root constacyclic
codes over R. When « is a unit in R, the codes belonging to these special classes are
direct sums of (principal) ideals of certain finite commutative chain rings. However, when
a 1s a non-unit in R, there are repeated-root constacyclic codes over R, which are direct
sums of non-principal ideals. In a subsequent work, Dinh et al. [23] established algebraic
structures of all (4z — 1)-constacyclic codes of length 2° over GR(2¢, m) by showing that
the quotient ring GR(2%,m)[z|/(z*" — 4z + 1) is a chain ring, where z € GR(2¢,m).
They also determined their Hamming, Homogenous and Rosenbloom-Tsfasman distances,

and their Rosenbloom-Tsfasman weight distributions. However, we noticed an error in
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Proposition 6.5 of Dinh et al. [23] on Rosenbloom-Tsfasman weight distributions, which
we shall illustrate in Example 5.5.2 and rectify in Theorem 5.5.3. Extending the work of
Dinh et al. [23], Liu and Maouche [55] derived necessary and sufficient conditions for the
quotient ring GR(p¢, m)[z]/(zP" — \) to be a chain ring. They also determined Hamming
and Homogenous distances of all A-constacyclic codes of length p* over GR(p®, m) when

GR(p®,m)[x]/{zP" — \) is a chain ring.

In Chapter 5, we establish algebraic structures of all repeated-root constacyclic codes of
prime power lengths over finite commutative chain rings. Using their algebraic structures,
we explicitly determine their Hamming distances, symbol-pair distances, RT distances, and
RT weight distributions. As an application of these results, we identify all MDS Hamming,
MDS symbol-pair and MDS RT codes within this particular class of constacyclic codes. We
also present an algorithm to decode these codes with respect to Hamming, symbol-pair and

RT metrics.

In Chapter 6, we obtain b-symbol distances of all repeated-root constacyclic codes of
prime power lengths over finite fields. Using this result, we list all MDS b-symbol repeated-
root constacyclic codes of prime power lengths over finite fields. Furthermore, we determine
b-symbol distances of all repeated-root constacyclic codes of prime power lengths over
finite commutative chain rings. Applying these results, we identify all MDS b-symbol

repeated-root constacyclic codes of prime power lengths over finite commutative chain rings.

The results derived in Chapters 3-6 are useful in encoding and decoding these codes and
in studying their error-detecting and error-correcting capabilities with respect to various

communication channels.

1.2 Depth distributions of constacyclic codes over finite

commutative chain rings and roulette games

The derivative is a well-known operator of sequences and is useful in studying the linear

complexity of sequences in game theory, communication theory and cryptography (see
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[6, 14, 33, 83]). Etzion [32] first defined the depth of a codeword by placing the derivative
operator on codewords of linear codes over finite fields. He showed that non-zero codewords
of a k-dimensional linear code over a finite field attain £ distinct depth values, and such a
code has a generator matrix whose rows are k£ non-zero codewords having distinct depths.
This shows that the depth distribution is an interesting parameter of linear codes. He also
proved that the depth of a binary sequence of an even prime power length as a non-cyclic
word is equal to its linear complexity as a cyclic word. Later, Mitchell [62] explicitly
determined depth spectra of all cyclic codes over arbitrary finite fields. Luo et al. [58]
showed that depth distributions of linear codes over arbitrary finite fields are completely
determined by their depth spectra. They also studied the enumeration problem of counting
linear subcodes with a prescribed depth spectrum of a given linear code over a finite field.
Using these results, they determined depth distributions of all rth order binary Reed-Muller

codes.

Next let Depth(C) denote the depth spectrum of a linear code C over a finite field. Etzion
[32] showed that if C is a binary linear code of length 2", then the depth spectrum of its dual
code C* is given by Depth(C+) = {1,2,---,2"} \ {2" + 1 — i : i € Depth(C)}. However,
this result does not hold when the length n of the code C is not a power of 2. Recently,
Deng [19] studied the intersection Depth(C) N Depth(Ct) for a binary linear code C of
length n (not necessarily an even prime power). In particular, he derived a necessary and
sufficient condition for the intersection Depth(C) N Depth(C!) to be an empty set, and a
sufficient condition under which [Depth(C) N Depth(C*)| = [ %]. Kong et al. [45] obtained
depth spectra of all simple-root constacyclic codes over finite commutative chain rings.
Later, Kai et al. [41] studied depth spectra of negacyclic codes of even lengths over Z,.
Recently, Sidana [73] and Yuan et al. [84] independently determined depth spectra of some

constacyclic codes over finite commutative chain rings.

In another related direction, Yehuda et al. [83] proposed and studied a turn-based two
player rotating-table game and provided a winning strategy for the rotating-table game by
defining the depth of a finite sequence in terms of the derivative operator on sequences.
Motivated by the work of Yehuda et al. [83], we will propose two new turn-based two player

roulette games and provide winning strategies for these games in terms of depths of words
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over a finite commutative ring with unity R. Below we summarize some of the results known

on turn-based two player mathematical games in this direction.

Martin Gardner published a monthly column titled “Mathematical Games” in Scientific
American between the 1950s and the 1980s, in which he introduced many brain teasers and
gave new twists to the old classical puzzles. In one of the columns, Gardner [34] presented
a turn-based game for two players in which one of the players is the Blind Bartender and
the other player is the adversary, and is nowadays called the Blind Bartender’s problem or
the rotating table problem. In this game, both the players are standing by a square table,
which can rotate about its center by an angle a multiple of 90°. The game starts when the
adversary places 4 drinking glasses, either in the upright position or in the upside down
position, on each of the 4 corners of the table in such a way that not all glasses have the
same orientation (i.e., not all glasses on the table are either in the upright position or in
the upside down position). The Bartender, being blind, cannot see the glasses. Each round
of the game starts when the Bartender announces 2 positions of the glasses. Then the
adversary rotates the table by an angle a multiple of 90°, which leads to a permutation of
the glasses occupying the 4 positions on the table. Now the Bartender touches two glasses
on the positions that he declared and decides to invert these glasses in any way (that is, the
Bartender may decide not to invert any of these two glasses or may decide to invert one glass
or both the glasses). Thereafter, if all four glasses on the table have the same orientation,
then a bell rings and the Bartender wins the game. Otherwise, the next round of the game
starts and the game continues in this manner, unless all the 4 glasses on the table have the
same orientation. In the same column, Gardner [34] asked if a 2-handed Blind Bartender
can get all 4 glasses on the table either in the upright position or in the upside down position
in a finite number of moves (or equivalently, if there exists a winning strategy for a 2-handed
Blind Bartender in this game). In the next column [35], Gardner showed that a 2-handed
Blind Bartender can win this game in at most 5 moves, and provided a positional winning
strategy for the Bartender. In the same column [35], Gardner presented a generalization of
this game suggested by Graham and Diaconis, where the Blind Bartender and the adversary
are standing by a polygonal table with N edges. The polygonal table can rotate by an angle
a multiple of %. The game starts when the adversary places N drinking glasses, either in

the upright position or in the upside down position, at each of the N corners of the table,
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such that not all glasses on the table have the same orientation. Each round of the game

starts when the Bartender announces K positions of the glasses on the table. Then the

360°

adversary rotates the table by an angle a multiple of =

, which leads to a permutation of
the glasses occupying the /V positions on the table. Now the Bartender touches K glasses on
the positions that he declared and decides to invert the glasses that he wishes to invert among
these K glasses. Now if all [V glasses on the table have the same orientation, then a bell
rings and the Bartender wins the game. Otherwise, the next round of the game starts and the
game continues in this manner, unless all the N glasses on the table are either in the upright
position or in the upside down position. He also discussed the following result proved by
Graham and Diaconis: An (N — 2)-handed Blind Bartender can win this game if and only if
N is a composite integer. One natural question is to determine the smallest value of K such
that there exists a winning strategy for the K -handed Blind Bartender in this game. Laaser
and Ramshaw [46] and Lewis and Williard [50] independently answered this question and
showed that there exists a winning strategy for the A -handed Blind Bartender in this game
if and only if the parameters K and N satisfy K > (1 — i)N , where p is the largest prime
divisor of N. In fact, they provided a positional winning strategy for the (1 — Z%)N -handed
Blind Bartender in this game.

Later, Ehrenborg and Skinner [31] studied the following generalization of the Blind
Bartender’s problem: Let S be a set of positions, and let GG be a group acting transitively
on the set S. A drinking glass either in the upright position or in the upside down position
is standing on each element of the set S. Each round of the game starts when the Blind
Bartender chooses a subset S’ of S with |S’| = K and the adversary applies an element
g € G to the set S. The Bartender inverts some of the glasses standing on the image of the
set S” under the action of ¢ € GG. Now if all the glasses standing on the elements of S are
either in the upright position or in the upside down position, then the Bartender wins the
game. Otherwise, the next round of the game starts and the game continues in this manner,
unless all the glasses standing on the elements of S are either in the upright position or in
the upside down position. In the same work, they considered two versions of this game
according as the Blind Bartender is wearing the boxing gloves or not, and they provided

positional winning strategies for the Blind Bartender in both the versions of the game. They

also determined the smallest K such that there exists a positional winning strategy for the
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K-handed Blind Bartender in both the versions of the game. That is, they determined the
minimum number of hands that the Blind Bartender needs to have a positional winning
strategy in both the versions of the game. Note that the K -handed Blind Bartender Problem,
studied by Graham and Diaconis [35], Laaser and Ramshaw [46] and Lewis and Williard
[50], follows as a special case of the game studied by Ehrenborg and Skinner [31] when
the Blind Bartender is not wearing the boxing gloves, |S| = N and G is a group of cyclic

permutations of the set S.

Yehuda et al. [83] presented a generalization of the rotating-table game in which roulettes
are placed on the rotating table instead of drinking glasses. They studied two versions of
the rotating-table game for two players, Player A (adversary) and Player B, according as
Player B is blind or not. The version of the rotating-table game in which Player B is blind is
a generalization of the Blind Bartender’s problem. They derived necessary and sufficient
conditions for Player B to have a positional winning strategy in both the versions of the
rotating-table game. They also provided positional winning strategies for Player B in both
the versions of the rotating-table game by defining the depth of a word in terms of the

derivative operator on words.

In Chapter 7, we study depths of codewords of all repeated-root (« + 7/3)-constacyclic
codes of prime power lengths over a finite commutative chain ring R, where « is a non-zero
element of the Teichmiiller set of R, v is a generator of the maximal ideal of R and [ is a
unit in R. As a consequence, we explicitly determine depth distributions of all repeated-root
(v + yB)-constacyclic codes of prime power lengths over R. Apart from this, we propose
two new turn-based roulette games and provide winning strategies for these games in terms
of depths of words over finite commutative rings with unity. We also discuss the feasibility
of these winning strategies by applying our results on depths of codewords of repeated-root

(v + yfB)-constacyclic codes of prime power lengths over R.

1.3 Conclusion and future work

In Chapter 8, we mention a brief conclusion and discuss some interesting open problems.






Chapter 2

Some preliminaries

In this chapter, we shall state some basic definitions and results that are needed to derive
our main results. To begin with, let R be a finite commutative ring with unity, /N be
a positive integer, and let RY be the R-module consisting of all N-tuples over R. Let
u = (ug,uy, -+ ,un_1) and v = (vp,v1,- - ,vn_1) be vectors in RY. Then the Hamming

metric dg : RN x RY — N U {0} is defined as
dg(u,v) = {i:0<i<N—1,u; # v},
while the Rosenbloom-Tsfasman (RT) metric dpp : RY x RN — NU {0} is defined as

l+max{i:0<i<N—1u #v} ifuzo;
drr(u,v) = . ”
if u=w.

Further, the symbol-pair read vector of u € R” is defined as
Top(u) = (w0, ur), (ur, uz), -+, (un—1,u0)) € (R*)",
and the symbol-pair metric d, : RY x RY — N U {0} is defined as
dop(u,v) = dp(Tep(u), Tsp(v)) = {7 : 0 < i < N — 1, (ug, uig1) # (vi,vig1) },

where the subscript ¢ + 1 is taken modulo N. Furthermore, for an integer b satisfying

2 < b < N, the b-symbol read vector of u € RY is defined as

7Tb(u) = ((u07u17 T ,Ub71)7 (u17u27 T 7Ub)7“' 7<UN717U07"' ;ub—2>) € (Rb)N;

13
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and the b-symbol metric dj, : RY x RY — N U {0} is defined as

dy(u,v) = dg(m(u),m(v))

= [{i:0< i <N =1, (Wi, Uig1, -+ s Uigv—1) 7 (Viy Vi1, -+, Vigo1) }H,

where the subscripts ¢ + 1,7 + 2,--- ;2 + b — 1 are taken modulo N. In particular, when

b = 2, the b-symbol metric coincides with the symbol-pair metric on RV

The Hamming weight wy (u) of the vector u € RY is defined as the number of integers i

satisfying 0 <7 < N — 1 and u; # 0.

The Rosenbloom-Tsfasman (RT) weight wgr(u) of u is defined as

Il+max{i:0<i<N—1,u; #0} ifu0;
0 ifu=20.

wrr(u) =

The symbol-pair weight wy,(u) of the vector u € R” is defined as the Hamming weight
of the symbol-pair read vector 7, (u) over the alphabet R?, which equals the number of
integers ¢ satisfying 0 < i < N — 1 and (u;, u;41) # (0,0), where the subscript i + 1 is

taken modulo N.

For an integer b satisfying 2 < b < N, the b-symbol weight w;(u) of the vector u € RY
is defined as the Hamming weight of the b-symbol read vector 7,(u) over the alphabet R’
which equals the number of integers ¢ satisfying 0 < ¢ < N —1and (u;, wiy1, -, Uipp—1) 7
(0,0,---,0), where the subscripts 4,7 + 1, -+ ;i + b — 1 are taken modulo N. In particular,
when b = 2, the b-symbol weight wy,(u) of the vector u € R” is the same as the symbol-pair

weight w,(u) of the vector u € RY.

Note that wy(u) = dy(u,0), wer(v) = dpr(u,0), ws,(u) = dypy(u,0) and wy(u) =
dy(u, 0) for each u € RV,

A linear code C of length N over R is defined as an R-submodule of R”. The cardinality
of the set C is called the size of the code C. The Hamming distance dy(C) of the code C
is defined as dy (C) = min{dy (u,v) : u,v € Cand u # v} = min{wy(c) : ¢(#£ 0) € C},
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while the Rosenbloom-Tsfasman (RT) distance d7(C) of the code C is defined as dpr(C) =
min{dgr(u,v) : u,v € Cand u # v} = min{wgr(c) : ¢(# 0) € C}. Further, the symbol-
pair distance of the code C is defined as d,,(C) = min{ds,(u,v) : u,v € Cand u # v} =
min{ws,(c) : ¢(# 0) € C}. Furthermore, for an integer b satisfying 2 < b < N, the
b-symbol distance of the code C is defined as d,(C) = min{dy(u,v) : u,v € C and u #
v} = min{ws(c) : ¢(# 0) € C}. In particular, when b = 2, the b-symbol distance d;(C) of

the code C is the same as the symbol-pair distance d,(C) of the code C.

One can easily see that an arbitrary R-submodule of R" need not be a free module. The
cardinality of a minimal generating set of the code C is called the rank of C and is denoted by
rank(C). The code C of length N and rank % over R is referred to as an [N, k, d (C)]-code
with respect to the Hamming metric, while the code C is referred to as an [V, k, dgr(C)]-code
with respect to the RT metric. The Rosenbloom-Tsfasman (RT) weight distribution of the
code C is defined as the list Ay, Ay, - -+, Ay, where for 0 < p < N, A, equals the number

of codewords in C having the RT weight as p.

In the following theorem, we state Singleton bounds with respect to the Hamming, RT
and symbol-pair metrics.

Theorem 2.0.1. [15, 70, 74] Let C be a code of length NV over R.

(a) The Singleton bound with respect to the Hamming metric is as stated below.

c| < |R|N_dH(C)+1.

(b) The Singleton bound with respect to the RT metric is as stated below.

’C’ < |R|N*dRT(C)+1.

(c) The Singleton bound with respect to the symbol-pair metric is as stated below.

€] < RN,
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A code C of length N over R is called
(i) an MDS Hamming code if |C| = |R|N~du(©)+1,
(ii) an MDS symbol-pair code if |C| = |R|N~»(©)+2,
(iii) an MDS RT code if |C| = | R|N~rr(©)+1,
Note that an MDS code has to be non-zero.

The dual code of C, denoted by C*, is defined as
Ct={uc RY :uc=0forallceC},

where

u.c = upCy +uicp + - FuUuny_1CN—1

for u = (ug,uy, -+ ,uy_1) € RY¥ and ¢ = (cp,c1,- - ,en_1) € C. Two linear codes over
R are said to be R-linearly equivalent if one code can be obtained from the other by a

combination of operations of the following two types:

* permutation of coordinate positions of the code;

» multiplication of the symbols appearing in a fixed coordinate position by a unit in R.
The code C is said to be isodual if it is R-linearly equivalent to its dual code C*.

For a unit A € R, the linear code C is called a A\-constacyclic code if it satisfies the
following: (ag, ai,as, -+ ,anx—1) € C implies that (Aay_1, a9, a1, ,an_o) € C. It is
easy to observe that the dual code C* is a A™!-constacyclic code of length N over R.
Under the standard R-module isomorphism from RY onto R[z]/(z" — \), defined as
(ag,ai, -+ ,an_1) = ag+arx+---+ay_ 12V 1+ (z¥ — \) for each (ag, ay, -+ ,an_1) €
RY, the code C can also be viewed as an ideal of the quotient ring R[z]/(z" — A). Thus
the study of A-constacyclic codes of length /V over R is equivalent to the study of ideals
of the quotient ring R[z]/{xz" — )\). From now on, all elements of the ring R[z]/{z" — \)

shall be represented by their representatives in R[z] of degree less than NV, and their addition
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and multiplication shall be performed modulo % — ). In view of this, the Hamming weight
wg(c(z)) of ¢(x) € R[z]/{x™N — )) is defined as the number of non-zero coefficients of

c(z), while the RT weight wrr(c(x)) of c(x) € Rlx]/{(x" — \) is defined as

wrr(c(z)) = 1 +dege(x) ife(x) #0;

0 if c(z) =

On the other hand, the b-symbol weight wy,(c(x)) of ¢(x) = ¢+ c1x + - +ey_12¥ 1 €
R[z]/{xN — \) is defined as the b-symbol weight of the vector ¢ = (cg, ¢y, -+ ,cn_1). The

dual code C* of C is given by
C*t = {u(x) € R[z]/(z" — X1 u(z)c*(x) = 0in R[z]/(x™ — A1) for all ¢(z) € C},

where ¢*(z) = z%e<@c(x71) for all ¢(x) € C\ {0} and c¢*(z) = 0 if ¢(x) = 0. The

annihilator of C is defined as
ann(C) = {f(x) € R[z]/{(z™ — ) : f(z)e(z) = 0in R[z]/{(z™ — \) for all ¢(z) € C}.

One can easily observe that ann(C) is an ideal of R[x]/(z™ — \). Furthermore, for any ideal
I of R[z]/(zN — \), we define I* = {f*(x) : f(x) € I}, where f*(z) = 2%/ f(x71)
if f(z) # 0and f*(x) = 01if f(z) = 0. It is easy to see that [* is an ideal of the ring
R[z]/{xzN — A\~1). Now the following holds.

Theorem 2.0.2. [16] If C C R[z]/(x¥ — )) is a A-constacyclic code of length N over R,
then we have

C*+ = ann(C)*.
A finite commutative ring with unity is called

(i) alocal ring if it has a unique maximal ideal.

(i1) a Galois ring if all its zero-divisors including O (or equivalently, all its non-units) form

an ideal generated by some prime number p.

(iii) a chain ring if all its ideals form a chain with respect to the inclusion relation.
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One can easily observe that the ring Z,. of integers modulo p° is a Galois ring of
characteristic p°. Now let ~ be a canonical ring epimorphism from Z,. onto Z, /(p) ~ F,,,
defined as r +— 7 = r + (p) for each r € Z,.. The map ~ can be further extended to a ring

epimorphism from Z,.[z] onto F,[x] as follows:
Lk
f@) = flo) =) ba'
i=0

for every f(z) = i bix' € Zpe[z]. A polynomial f(z) € Zy[x] is said to be basic
irreducible if the poll};r(l)omial f(x) is irreducible over IF,,. A monic polynomial f(z) € F,[]
of degree k is called a primitive polynomial if f(z) has a primitive element of . as one
of its roots. A monic polynomial f(x) € Z,.[z] is said to be basic primitive if f(z) is a
primitive polynomial over IF,,. Then the following result is well-known.

Theorem 2.0.3. [79] Let R be a Galois ring. Suppose that the set of all zero-divisors of I?

including 0 form an ideal generated by a prime number p. Then the following hold.
(a) The characteristic of R is p® for some positive integer e.
(b) The ring R is a chain ring with the maximal ideal (p).

(c) The residue field of R is given by R/(p) ~ F,= for some positive integer m. Fur-
thermore, we have |R| = p™¢, and the ring R is isomorphic to the quotient ring
Zype[x]/(h(z)), where h(x) is a monic basic irreducible polynomial of degree m over

Lige .

P

(d) Any two Galois rings of the same characteristic and the same cardinality are isomor-

phic.

(e) There exists an element ( € GR(p®, m) having the multiplicative order as p™ — 1.
Moreover, the cyclic subgroup generated by ( is the only subgroup of the unit group
of GR(p®, m), which is isomorphic to Fym \ {0}, (the set T = {0,1,(,--- ,¢?" 2} is
called the Teichmiiller set of GR(p®, m)). As a consequence, for each non-zero 6 € T,

there exists 0, € T satisfying 67" = 6.
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(f) Each element r € GR(p®, m) can be uniquely expressed as r = ry + rip + rop® +
oo re_1p¢ Y, where r; € T for 0 < i < e — 1. Moreover, 7 is a unit in R if and only

if o # 0.

Now two polynomials k;(z), k2(x) € GR(p®, m)|[x] are said to be coprime if (k;(z)) +
(ko(x)) = GR(p®,m)[z], i.e., if there exist polynomials a;(z),as(x) € GR(p®, m)[z]
such that ky(x)ai(x) + ka(x)az(x) = 1 in GR(p®, m)[x]. In general, the polynomials
ki(x), ka(x), -+, k.(z) € GR(p®, m)|x] are said to be pairwise coprime in GR(p®, m)[z] if
for 1 < i,/ < r with i # ¢, the polynomials k;(z) and k,(x) are coprime in GR(p¢, m)[z].
In fact, we have the following:

Theorem 2.0.4. [67] The following hold.

(a) Let ky(z), k2(z) € GR(p®, m)[x]. Then k; () and ks(z) are coprime in GR(p®, m)[z]

if and only if k1 (x) and ko (z) are coprime in Fym [x].

(b) Let f(z) € GR(p®, m)[x] be a monic polynomial such that f(z) is square-free, i.e.,
f(z) is not divisible by the square of any irreducible polynomial over F,~. Then the
polynomial f(x) factors uniquely as a product of monic basic irreducible pairwise

coprime polynomials in GR(p®, m)|x].

One can easily observe that Galois rings, finite fields and quasi-Galois rings [F,,[u]/(u®)
are examples of finite commutative chain rings. Further, we have the following well-known
result.

Theorem 2.0.5. [22] For a finite commutative ring 2 with unity, the following statements are

equivalent:

(a) R is alocal ring and the (unique) maximal ideal M of R is principal, i.e., M = (7)

for some v € R.
(b) Ris alocal principal ideal ring.

(c) R is a chain ring and all its ideals are given by {0}, R, (7), (+*), -+, (y*~!), where e
is the nilpotency index of 7. Moreover, if R = R/(7), then R is a finite field (called
the residue field of R) and |(v*)| = |R|**for0 < ¢ < e.
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From now on, let R be a finite commutative chain ring with unity 1, and let v be a
generator of the maximal ideal of R. Further, let e be the nilpotency index of ~y, and let
R = R/(7) be the residue field of R. As R is a finite field, let us suppose that R ~ F,n
for some prime p and positive integer m, where F, is the finite field of order p™. Let
~ : R — R be the natural epimorphism from R onto R, which is given by r — 7 = r + (v)
for each r € 'R. Then we have the following:

Theorem 2.0.6. [61, 65] The following hold.

(a) The characteristic of R is p®, where 1 < a < e. Moreover, we have |R| = |R|¢ =

(b) There exists an element ( € R having the multiplicative order as p” — 1. Moreover,
the cyclic subgroup generated by ( is the only subgroup of the unit group of R, which
is isomorphic to F,m \ {0}, (the set T = {0,1,(, - -, ¢?" 2} is called the Teichmiiller
set of R). As a consequence, for each non-zero 6 € 7, there exists 6, € T satisfying

o = 0.

(c) Each elementr € R can be uniquely expressed as r = ro+71y+roy2+- - - +re_17¢ L,

where r; € T for 0 <1 < e — 1. Moreover, r is a unit in R if and only if ry # 0.

It is well-known that R = {0,1, ¢, - ,me_z}, and hence the restriction of the map ~ to
the Teichmiiller set 7 is a bijection from 7 onto R. Furthermore, the map ~ can be extended
to a ring epimorphism from R[] onto R[z] as follows: f(x) = Zk: ax’ — flz) = Zk: @’
for each f(x) € R|x]. For aunit A € R, the map ~ can be furthe;:eoxtended to a mapz;()from
Ry = Rlz]/{(z™ — \)into Ry = R[z]/{z™ — ) as follows:

=z

-1

N— N-1
Z a;x' for each Z a;xt € R,.
=0 =0

@
Il
=)

It is easy to observe that y is a surjective ring homomorphism from R onto Ry.

Now let C be a linear code of length NV over R. For 0 < ¢ < e — 1, the ith torsion code of
C is defined as

TOI‘Z‘(C) = {(507617 A ,EN_l) eER ’}/i((lo,al, tee ,CLN_l) € C}
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Theorem 2.0.7. [66, 67] Let C be a linear code of length NV over R. Then we have the

following:

(a) For 0 < i < e — 1, the ith torsion code Tor;(C) of C is a linear code of length N
over R and |Tor;(C)| = |R|4m(Tr:(C)  where dim(Tor;(C)) denotes the dimension of

Tor;(C) over R.
(b) We have Tor(C) C Tor;(C) C --- C Tor._1(C).
e—1
© IC| = E} |Tor;(C)].

(d) The Hamming distance of the code C is equal to the Hamming distance of its (e — 1)th

Torsion code Tor._(C).

Now let C be a A\-constacyclic code of length NV over R, (i.e., an ideal of the ring R)).

For 0 <7 < e — 1, the 7th torsion code of C is given by

Tori(C) = {u(f(x)) € Ra:7'f(x) € C}.

One can easily observe that for 0 < i < e — 1, the Torsion code Tor;(C) is a A-constacyclic

code of length N over R.

Now the following theorem is useful in the determination of Hamming distances of some
repeated-root constacyclic codes over R and is an extension of Theorem 3.4 of Dinh [21].
Theorem 2.0.8. For 17 € Fm \ {0}, there exists 1y € F,m satisfying 7 = 18 . Suppose
that the polynomial 2™ — 7 is irreducible over IF,». Let C be an n-constacyclic code of
length np® over F,m. Then we have C = ((2™ — 1)), where 0 < v < p°. Further, we have

|C| = p™"(P*~¥) and the Hamming distance d; (C) of the code C is given by

(

1 if v =0;
{+2 it +1<o<(l4+1ptwith0<l<p—2
du(C) =4 (i+1)p" ifp—p*+(i—Dp 1 +1<0v<p®—pF4+ip~* 1 with

1<i<p—landl1 <k <s-—1;

S

0 if v=7p°.
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Moreover, the code C is an MDS code if and only if exactly one of the following conditions

is satisfied:
ce0<v<p—1whenn=s=1;
e ve{0,1,p°— 1} whenn = 1and s > 2;

e v =0whenn > 2.

Proof. Working in a similar manner as in Theorem 3.4 of Dinh [21], the desired result

follows. L

The following three divisibility results involving binomial coefficients are quite useful in
determination of algebraic structures and distances of some repeated-root constacyclic codes
over R.

Theorem 2.0.9. (Kummer's Theorem) Let p be a prime number, and let u > v > 0 be
integers. If ¢ is the number of carries when adding v — v and v in the base p, then p|| ().
Theorem 2.0.10. (Lucas' Theorem) Let p be a prime number, ¢ be a positive integer, and

t—1

let u, v be integers satisfying 0 < u < v < p'. Letv = vg + vyp + - -+ + v;_1p"~ ! and

w = Uy + up + -+ u_1p' ! be the p-adic representations of integers v and u, where

0<wv,u <p—1for0<¢<t—1.Then we have

(0) = TT() s

Theorem 2.0.11. [25] Let p be a prime number, and let a > 1, ¢/ > k > 0 be integers. Then

the following hold.
(a) If p* > a and p*||a, then p*~F|| (ij)
(b) For each integer i satisfying 1 < i < p — 1, we have p| (ipi’[,l).

From now on, throughout this thesis, we shall follow the same notations as in Chapter 2.



Chapter 3

Repeated-root constacyclic codes over
the Galois ring GR(p?, m)

3.1 Introduction

In this chapter, we shall determine all repeated-root constacyclic codes of arbitrary lengths
over the Galois ring GR(p?, m), their sizes and their dual codes, where p is a prime and m
is a positive integer. As an application, we shall list some isodual constacyclic codes over
GR(p?,m). To illustrate the results, we obtain all cyclic and negacyclic codes of length 10

over GR(4, 3).

For this, throughout this chapter, let p be a prime, n, s be positive integers, and let A be a
unit in GR(p?, m). This chapter is organized as follows: In Section 3.2, we determine all
A-constacyclic codes of length np* over GR(p?, m), their sizes and their dual codes. Besides
this, we obtain some isodual constacyclic codes of arbitrary lengths over GR(p?, m). In

Section 3.3, we determine all cyclic and negacyclic codes of length 10 over GR(4, 3).

3.2 Algebraic structures of repeated-root constacyclic codes

over GR(p?, m) and their dual codes

In this section, we shall determine all repeated-root constacyclic codes of length np* over
GR(p?, m) and their dual codes. We shall also determine the number of codewords in each

code and list some isodual constacyclic codes of length np* over GR(p?, m).

23
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Towards this, we recall that for a unit A € GR(p?, m), a A-constacyclic code of length
np® over GR(p?, m) is an ideal of the quotient ring GR(p?, m)[z]/(z""" — \). By Theorem
2.0.3(f), the unit A € GR(p* m) can be uniquely written as A = o + pj3, where o, 3 € T
and o # 0. Further, by Theorem 2.0.3(e), we observe that there exists ay € 7 \ {0}
such that ag?” = «a. This implies that 27" — X\ = 2™" — «?" — p3. Now by Theorem
2.0.4(b), we can write 2" — ag = fi(x) fo(z) - - - fr-(z), where fi(x), fo(z), -, fr-(z) are
monic basic irreducible pairwise coprime polynomials in GR(p?, m)[z]. Further, by apply-
ing Theorem 2.0.4(a), we observe that the polynomials f,(x)?", fo(z)?", -, f,(z)P" are
pairwise coprime in GR(p?,m)[z] and that the polynomials f;(z) and Fj(z) = £72 are

fi()
coprime in GR(p?, m)[z] for 1 < j < r. Moreover, for 1 < u < r — 1, by Theorem 2.0.4(a)

again, we see that the polynomials f,(x)?" and f,1(2)?" fuio(x)?" -+ - f.(z)P" are coprime in
GR(p?, m)[z], which implies that there exist polynomials v, (z), w,(z) € GR(p?, m)|x] sat-
isfying deg w, () < deg fu(2)?" and v, () fu(2 )P +0,(2) fus (27 Fua @) -+ fo(2)?” =
1. Further, by Theorem 2.0.11, we see that p||(kppss_1) for 1 < k < p— 1 and that p?| (pz)
for each integer i satisfying 1 < ¢ < p* — 1 and p*~! 1 i. So we can write (kpis,l) = pay
with p { aj, for 1 < k < p— 1 and that () = 0 in GR(p?, m) for each integer i satisfying
1 <i<p*—1andp*!1i. Using this, we factorize the polynomial 27" — ) into pairwise
coprime polynomials in GR(p?, m)[z] in the following lemma.

Lemma 3.2.1. We have

r

S\ H (f; ()" + pg;(2)) ,

where the polynomials ¢,(z), g2(z), -+ , g.(x) € GR(p* m)[z] satisfy the following for
I<j<r:

* f;(z) and g;(x) are coprime in GR(p?, m)[z] when /3 # 0.

e g;i(x) = f;(z)"" M;(z) when 3 = 0, where

p—1 j—1
s—1 _ S— S __ s—1
M) = By () (DD anla™ = ag) 07 a7 Yy () [T wi(o)
k=1 =1

is coprime to f;(z) in GR(p?, m)[x].
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Moreover, the polynomials f1(z)?" + pgi(z), fo(x)?" + pga(x), - -, fr(2)?" + pg,(x) are

pairwise coprime in GR(p?, m)[z].

Proof. To prove the result, we note that (k - 1) = pay with p{ a, for1 <k <p—1,and
that (*) = 0in GR(p?, m) for each integer i satisfying 1 < < p* — 1 and p*~! 4. Using

this, we see that

p—1 s
2™ =N = (2" — o) + (k‘}il) (2™ — ap)*?’ “agP pp
k=1
p—1
= f( ) f2( ) fr(w)ps —p(ﬁ— ak({E —Ozo)ks 1&01)S kps— 1)
k=1

As vy (2) f1(2)P" 4+ wi(x) f2(2)? f3(z)P" - - - fo(2)P° = 1, we can write

PP\ = {fl(:x)ps _ p(@ _ Z ak(xn _ ao)kp51a0p5—k:p51>wl(x)}

k=1

x {fz($)psf3(fﬂ)”s e [l — p(ﬁ =) ar(z" - ao)'“pklozops_kpkl)vl (x)} :

k=1

Further, since vy() fa(2)P" + wo(x) f3(x)P" f4(z)P" - -« f(z)P" = 1, we see that
)
f2(x)p5f3(x)p5 . fT(x)pS _ p(ﬁ _ :zjl ak(x" _ ao)kpsflaops—kps’l)vl (x>

— {fz(m)ps —p(B - Zz:é a(z" — ao)’“ps_laops_kps_l)vl(x)w2(f’5)}

X {fs(x)psle(ﬂﬁ)ps e fr(2)P —p(B - zak(x” - ozo)kps_l@ops_kps_l)vl(x)vg(x)} :

Proceeding like this, we see that

"™ — o —pf = lj (fj(m)ps +pgj(x)>’

where g, (z < Z (2" — o) " R 1) when r = 1; and
pi B s—1 s s—1 jil

gj(x) = ( ST an(x™ — ) T P P )wj(:lr) [Tvi(x) forl < j <r —1and
k=1 i=1

gr(x) = ( § TS Lo el 1) H v;(x) when 1 > 2.
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From this and by applying Theorem 2.0.4(a), the desired result follows immediately. [l

Next for 1 < j < r, let us define k;(z) = f;(z)P" + pg;(x). Further, let deg f;(z) = d;

for each j. By Lemma 3.2.1, we see that
2 A =2 —a—pf =[] k()
j=1

is a factorization of 2"”° — )\ into monic pairwise coprime polynomials in GR(p?, m)[z].

Now by applying the Chinese Remainder Theorem, we get
Rays = GR(p?,m)[2]/(z™" — o — pB) = D GR(p*, m)[a] / (k;(x))
j=1

From this point on, let K; = GR(p?, m)[z]/(k;(x)) for 1 < j < r. Then we have the
following:
Proposition 3.2.1.  (a) If C is an (a + p/3)-constacyclic code of length np* over GR(p?, m)

(i.e., an ideal of the ring R, 3), then we have
C=CaCd - BC,

where C; is an ideal of ; for 1 < j <.

(b) Let I;beanideal of K for1 < j <r.Thenl =1, &I, -- DI, is anideal of R, g,
(i.e., I is an (a + pf3)-constacyclic code of length np*® over GR(p?, m)). Furthermore,

we have |I| = |L||L5] - - - |1, ].
Proof. Tts proof is straightforward. [

Now let C be an (« + pf3)-constacyclic code of length np® over GR(p?, m). Then its
dual code C* is an (a + pB3)~*-constacyclic code of length np® over GR(p?, m). Further,
we see that (o + pB)~! = a~! — pBa~2, which implies that C* is an ideal of the ring
Ras = GR(p%, m)[z]/(z"" — (o + pB)~") = Ra-1._ga-2. To determine the dual code C*,
we see that

27— (a+pB)~ = —(a+pB) K @)k (@) -+ (@),
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By applying the Chinese Remainder Theorem again, we obtain
Roa,,B =~ @ ICj,
j=1

where I/C; = GR(p? m)[x]/(k;(x)) for 1 < j < r. Now we make the following observation.
Proposition 3.2.2. Let C be an (« + pf3)-constacyclic code of length np® over GR(p*, m),
i.e., an ideal of the ring R . If C = C; © C2 @ - - - © C, with C; an ideal of the quotient ring
IC; for each j, then the dual code C* of C is given by

Ct=Claocie---ocCh

where ;- = {a;(z) € I/C\] L aj(v)ci(v) = OinI/C;for all ¢;(z) € C,;} is the orthogo-
nal complement of C; for each j. Moreover, le is an ideal of the quotient ring I/C\] =

GR(p®, m)[z]/(k;(x)) for each j.
Proof. Proof is trivial. [

In view of Propositions 3.2.1 and 3.2.2, we see that to determine all («+ p3)-constacyclic
codes of length np® over GR(p?, m), their sizes and their dual codes, we need to determine
all ideals of the quotient ring XC;, their cardinalities and their orthogonal complements in
the quotient ring I/C\] for 1 < j < r. For this, throughout this chapter, let 1 < 57 < r be
fixed. From now on, we shall represent elements of the quotient rings K; and I/C\] (resp.
Fym([z]/ <W>) by their representatives in GR(p?, m)[z] (resp. Fm [z]) of degree less than
d;p® (resp. d;p°), and we shall perform their addition and multiplication modulo %;(x) and
k3 (x) (resp. W) respectively. Now to determine all ideals of the quotient ring /C;, their
orthogonal complements and their sizes, we shall first prove the following lemma:

Lemma 3.2.2. Let 1 < j < r be fixed. In the ring K;, we have the following:

(a) Any non-zero polynomial a(z) € GR(p? m)[z] that is coprime to f;(x) is a unit
in ;. As a consequence, any non-zero polynomial b(z) € GR(p?, m)[z] satisfying

deg b(z) < d; and b(x) # 0 is a unit in ;.
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(b)

(c)

Proof.

(b)

(c)

{p) if 5 # 0;

f;(x) is nilpotent in K; and (f;(z)?") = »
(pfi(x)r) if g =0.

The nilpotency index 1 of f;(z) is given by

2p* if g # 0;
205 —p*~t if B =0.

m:

(a) As a(x) € GR(p?, m)[z] is coprime to f;(x) and f;(z) is a basic irreducible
polynomial in GR(p?, m)[z], by Theorem 2.0.4(a), we see that the polynomials f;(z)?"
and a(x) are coprime in GR(p?, m)[z], which implies that there exist polynomials
q(z),7(x) € GR(p?, m)[z] such that ¢(z)a(x) + r(x)f;(z)?" = 1 in GR(p?, m)[z].
This gives ¢(z)a(x) = 1 + pr(x)g;(z) in K;. From this and using the fact that p*> = 0
in C;, we see that a(x) is a unit in ;.

On the other hand, if b(z) € GR(p?, m)[x] satisfies deg b(x) < d; and b(z) # 0, then
by applying Theorem 2.0.4(a), we see that b(z) and f;(x) are coprime in GR(p?, m)[z],

from which the desired result follows.

In K;, we see that f;(z)?" = —pg;(z) € (p), which implies that f;(x) is nilpotent in

K;.

When 8 # 0, by Lemma 3.2.1, we see that f;(x) and g;(z) are coprime in GR(p?, m)|[x].
Now by part (a), we note that g;(z) is a unit in K;, which implies that (f;(z)?") = (p).

Finally, when 3 = 0, by Lemma 3.2.1, we have g;(x) = f;(z)?" M, (x), where M, (x)

is coprime to f;(z) in GR(p?, m)[z]. This implies that f;(x)?" = —pf;(x)?" M;(z).

By part (a), we see that M;(z) is a unit in K;. From this, we obtain (f;(z)?") =

(Dfi(@) ).

When 3 # 0, by part (b), we have (f;(z)?") = (p), which implies that the nilpotency
index of f;(z) in K; is 2p°. Next when 3 = 0, by part (b), we see that (f;(x)P") =
(pf;(x)?"""). This implies that pf;(z)?" = 0. We further observe that pf;(z)”" ="' # 0

in C;. From this, it follows that the nilpotency index of f;(x) in K; is 2p® — p*~ 1.
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For a positive integer £ and a subset S of GR(p?*, m) with 0 € S, let us recall that
Pr(S) = {g(x) € S[z] : either g(x) = 0ordeg g(z) < k}. By repeatedly applying the

division algorithm in GR(p?, m)[x], every element A(x) € K; can be uniquely written as

Alw) =) Ai(@) fia),

i=0
where A;(z) € Py, (GR(p?, m)) for 0 < i < p* — 1. Further, each A;(x) € Py, (GR(p?, m))

can be uniquely expressed as A;(x) = Aj(x) + pAa(z), where Ay (x), An(x) € Py, (T).

In view of this, we see that every element A(z) € K; can be uniquely expressed as

Alw) =D An(@)fi(@) +p ) An(@)f5(2)',

where Ajo(x), A (z) € Py, (T) for each i.

The following lemma is useful in the determination of cardinalities of ideals of ;.

Lemma 3.2.3. Let 1 < j < r be fixed, and let Z be an ideal of K;. Then

S

Torg(Z) = {m € Fymz]/(F; (@) ) : ao(z) + pai(z) € T for some ag(z), ar ()

€ Pupr(T) }

and

Tor,(Z) = {al(x) € Fym [x]/(WS) : pay(x) € I for some ay(z) € deps(T)}

S

are ideals of F,m [2]/(f;(z)" ). Moreover, we have

|Z| = |Tory(Z)||Tor; (Z)].

Proof. One can easily show that Tor(Z) and Tor (Z) are ideals of Fym[z]/(f; (x)ps>. To
prove the second part, we shall view GR(p?,m) as an F,n» —module with respect to the

addition in GR(p?,m) and the scalar product defined as ar = ar for each a € 7 and

r € GR(p?, m). Further, we note that Fm[z]/(f;(x) ) can be viewed as an F,»-module.
—ps

Thus the ideals Tor,(Z) and Tor; (Z) of Fym [x]/(f;(x) ) can also be viewed as [F,,»-modules.
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Now define amap ¢ : Z — Tory(Z) as ¢(a(z)) = ag(x) foreach a(z) = ag(x)+pa;(x) €
with ag(x), a1 (x) € Pa,ps (T ). We see that ¢ is a surjective F,m-module homomorphism and

its kernel is given by

ker ¢ = {ao(z) + pai(z) € T : aop(w) = 0} = {par(z) € T+ ar(x) € Paps (T)}-

This implies that | Z| = |Tory(Z)||ker ¢|. Further, one can easily see that | Tor, (Z)| = |ker ¢|.

From this, the desired result follows immediately. L]

The following lemma is useful in the determination of orthogonal complements of all
ideals of the ring ;.
Lemma 3.2.4. Let 1 < j < r be a fixed integer. Let Z be an ideal of the ring K;, and let Z+

be the orthogonal complement of Z in I/C\] . Then the following hold.
(a) Z" is an ideal of I/C\]
(b) I+ = {a*(2) € K, : a(z) € ann(Z)} = ann(Z)*.
(© IfZ = (f(z), pg(x)), then I* = (f*(x), pg™(x)).

(@) For f(2), g(x) € K, letus define (fg)(x) = f(x)g(x) and (f+9)(x) = f(x)+g(a).
If f(x),g(x),(fg)(z) all are non-zero, then we have

fH(x)g*(x) = 29 f(x)+deg g(x)—deg (fg)(x) (fg)*(x).

If f(x),g(x), (f + g)(z) all are non-zero, then we have

(f 1+ a)(a) (@) + ates (D)=deasl®) g () if deg f(x) > deg g(x);
9)"(z) =
gl U4t (f*(z) + g*(x)) if deg f(x) = deg g(=).
Proof. Its proof is straightforward. [

From now on, we shall distinguish the following two cases: 5 # 0 and 3 = 0.
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In the following theorem, we determine all ideals of the ring K;, their sizes and their
orthogonal complements in I/C\] when [ is non-zero.
Theorem 3.2.1. When 8 # 0, the ring KC; is a finite commutative chain ring with unity whose

ideals are given by

{0} € (fi(@) 1) € (fi(@)* %) € - C {fi(@)*) C (f(2)) € K;.

Moreover, for 0 < v < 2p*, the ideal (f;(z)") has p™%(P"~¥) elements and the orthogonal

complement of (f;(x)") is given by (f; ()",

Proof. To prove the result, we see that each element A(z) € K; can be uniquely expressed

A(r) = Z_ Aio(x)fj(ﬂf)i +p Z_ Ail(x)fj(x)ia

where Ajo(z), Air(x) € Py, (T) for each i. As f;(x) and p are nilpotent in IC;, we see that
A(z) is a unit in C; if and only if Ag(x) is a unit in /C;. Further, by Lemma 3.2.2(a), we
observe that Agy(x) € Py, (T) is a unit in K; if and only if Ago(x) # 0. In view of this and
by applying Lemma 3.2.2(b), we see that A(z) is a unit in K; if and only if A(z) ¢ (f;(z)).
This shows that all the non-units of ; are given by (f;(z)). Therefore K; is a local ring
with the unique maximal ideal as (f;(x)). This, by Theorem 2.0.5 and Lemma 3.2.2(c),
implies that /C; is a chain ring and all its ideals are given by (f;(z)"), where 0 < v < 2p°.
Further, we observe that |KC;| = |K;/(f;(z))| = p™%. Now by applying Theorem 2.0.5 and
Lemma 3.2.2(c) again, we see that |(f;(z)")| = p™% =) for 0 < v < 2p®. In order to
determine their dual codes, let Z = (f;(x)"), where 0 < v < 2p°®. Here it is easy to observe
that ann(Z) = (f;(x)* "), which, by Lemma 3.2.4, gives T+ = ann(Z)* = (f(x)*"™).

This completes the proof of the theorem. [

As a consequence of the above theorem, we deduce the following:
Corollary 32.1. Let o = of € T \ {0}, where ap € T is such that 2" — oy is basic
irreducible over GR(p?, m). When 3(#£ 0) € T, the ideal ((z" — ap)?") = (p) is the only
isodual (o + pf3)-constacyclic code of length np® over GR(p?, m).
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Proof. As z" — qy is basic irreducible over GR(p?, m), by Theorem 3.2.1, we see that
all (a + pf)-constacyclic codes of length np* over GR(p?, m) are given by ((z" — ap)”),
where 0 < v < 2p°. If Z = ((2™ — «y)"), then by Theorem 3.2.1 again, we note that
1Z| = p™®* =) and I+ = ((2™ — oy ")?° ) for each v. Working as in Theorem 3.2.1,
we see that |Z1| = p™ for 0 < v < 2p°. Now if the code Z = {(z" — «y)¥) is isodual,
then we must have |Z| = |Z*|, which implies that v = p°. On the other hand, we see that
the codes (2" — ap)?") = (p)(C Rap) and ((z" — a5 )?") = (p)(C Ras) are clearly

GR(p?, m)-linearly equivalent, which completes the proof. O

From this point on, throughout this chapter, we assume that 5 = 0.

In the following theorem, we determine all ideals of the ring K; when 3 = 0.

Theorem 3.2.2. When 3 = 0, all the distinct ideals of the ring KC; are as listed below:

* Type I: (Trivial ideals)
{0}, K;.

* Type II: (Principal ideals with non-monic polynomial generators)

{pf;(x)7), where 0 < 7 < p*.

* Type III: (Principal ideals with monic polynomial generators)

(fi(@)* +pf;(2)'G(x)),

where 0 < w < p*, 0 <t < kif G(x) # 0 and G(x) is either O or a unit in ; of
K—t—1

the form }° a;(x)f;(x)" with a;(x) € Py, (T) for 0 < i < k —t — 1, with & as the
i=0
smallest integer satisfying 0 < x < w and pf;(x)" € (f;(z)* + pf;(x)'G(x)).

* Type I'V: (Non-principal ideals)

(fi(@)* +pfi()' G (), pfi(x)"),
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where 0 < < k <w < p*,0 <t < pif G(z) # 0 and G(x) is either O or a unit in
p—t—1

K; of the form Z a;(x) fi(x)', ai(x) € Pg,(T) for 0 < i < p—t— 1, with & as
the smallest 1nteger satisfying pf;(z)" € (f;j(x)” + pfj(x)'G(z)).

Proof. Let 7 be a non-trivial ideal of ;. Now the following two cases arise: (i) Z C (p)
and (i) Z ¢ (p)

(i) First suppose that Z C (p). In this case, each element Q)(z) € Z can be uniquely written

as
-1

Q) =p Y A @) fi(x),

=0
where AEQ)(:U) € Pa,(T) for 0 < i < p® — 1. Further, for each Q(z)(# 0) € T,
we observe that there exists a smallest integer k¢ satisfying 0 < kg < p* — 1 and
A () # 0. Let

7 =min{kg : Q(z) € Z\ {0}}.

We note that 0 < 7 < p® — 1 and that there exists QQo(z)(# 0) € Z such that kg, = T,

1.e.,
pS—1

Qo(x) = pf;(x ZAQ“ z) fi(@

PPl .
with A9 () # 0. By Lemma 3.2.2, we observe that ) AgQO)(x)fj(x)Z_T is a

unit in K;, which implies that (pf;(z)") = (Qo(x)) C Z. Moreover, each element

Q(z) € T can be written as

Qz) =pfi(z ZA :

i=kgq

which implies that Z C (pf;(x)"). This gives Z = (pf;(x)") with0 < 7 < p* — 1,
which is of Type II.

(ii) Next suppose that Z ¢ (p). Here each element Q)(z) € Z can be uniquely written as

ZA(Q +pZB ;
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where A9 (z), BéQ) (w) € Pg,(T) for each i and £. Now let us define
T = {Qz) € T: A9 (x) # 0 for some i, 0 < i < p* — 1}

and

T, = {Q(x) EI:AEQ)(x) =0foralli, 0 <i<p®—1}.

Since Z Z (p), we see that Z; is a non-empty set and 0 ¢ Z;. We also observe that
pZ; C Iy, which implies that Z, # {0}. Further, we note that Z, is a non-zero ideal
of KC; and Z, C (p). This, by case (i), implies that Z, = (pf;(x)") for some integer
w, 0 < p < p* — 1. Next for each Q(x) € Z;, there exists a smallest integer wg

satisfying 0 < wg < p® — 1 and Afu%)(x) # 0, i.e., each Q(z) € Z; can be written as
Qx) = f;(x)*?Weq(x) + pMq(x),

p°—1 ) p°—1
where Wo(z) = 33 A9 (@) f;(2) ™2 and My (x) = ; B9(2)f;(x)" in K;. By
1=wqQ =0

Lemma 3.2.2, we see that W (z) is a unit in /C;. Now let
w = min{wg : Q(z) € I, }.

AsT # K;, we see that 1 < w < p® — 1. Also, there exists Q1(z) € Z; such that
wQ, = W, ie., Ql(x) = fj(m)wWQl (:E) + pMQ1 ('T)v where WQl(x)7 MQl(x) S ,C]"

For each ()(x) € Z;, we observe that

Qr) = fi(x)°Wq(z)+ pMg(z)
= p{Mo(z) — Mg, (x)Wa, (2) " Wo(x) f;(x)“0™} +
Fi(2)2 W (2) Q1 (2)We, (x) .

From this, we see that

p (Mo(z) — Mg, (x)Wo, ()~ Wo(2) f;(2)*27%) € In = (pfi(x)")
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for every Q(z) € Z;. This implies that each Q(z) € Z; can be written as Q(z) =
Q1(x)Ug(x) + pfj(x) Kg(z) for some Ug(z), Kg(z) € K;. From this, we get

T = (@), pfi(x)") = (f;(2)*Wa, (2) + pMq, (x), pf;(x)").

As W, () is a unit in C;, we obtain

1= <f](x)w +pMQ1 ($)WQ1(x)_17pfj(x)u>‘

Let us write .

pS—1

pMa, (2)Wo,(x) " =p Y Gilx) i)',

i=0
where G;(z) € Py, (T) for 0 < i < p* — 1. Forall i > p, we note that pf;(z)" €
(pfj(x)")(C Z), which implies that

pn—1

T={fi(x)+p>_ Gix)fi(x)', pfi(x)").

=0

p—1 ‘
Let us denote G1(z) = Y G;(x)f;(x)". When G;(x) # 0, there exists a smallest
i=0
integer ¢ (0 < t < p) satisfying G;(x) # 0 and we can write G4 (z) = f;(2)'G(z),
p—1 )
where G(z) = Y Gi(x)f;(x)"~" is a unit in K;. When G;(z) = 0, we choose
i=t

G(x) = 0. From this, we have

T = (fj(x)* + pf;(x)'G(x),pf;(x)"),

p—t—1 )
where G(z) is either O or a unit in K; of the form ) a;(z)f;(z)" with a;(x) €
i=0
Py, (T) for 0 <i < pu—t — 1. Since & is the smallest non-negative integer satisfying

pfi(@)* € (f(x)° + pfy(x)'Clx)) and pfy(x)* € (fy(@)* + pf;(2) Cla)), we get
kK <w.Aspfj(x)" € I, we must have ;o < k. Moreover, when p = x, we note that
T = (fj(x)” + pfj(x)'G(x)), i.e., T is of Type IIL In the view of this, we see that for
T = (fj(x)” + pfj(x)'G(x), pf;(z)") to be of Type IV, we must have p < k.

This completes the proof of the theorem. [
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By the above theorem, we see that x is the smallest non-negative integer satisfying

pfi(@) € (fi(0) +fi(2)'G()). As pfi (£)* € (f;(x)* +pf;(2)'G(x)), we have r < w.

Further, the element pf;(z)" can be written as
p¥—1 p¥—1
phi@) = (£@)° + (@) G@)) ( S Aa) (@) 4p Y Be<w>fj<x>f) SNCERY
=0 =0
where A;(x), By(x) € Pq,(T) for each 7 and /.
In the following proposition, we determine the integer ~ when 8 = 0.

Proposition 3.2.3. Let 5 = 0, and let us write p(M;(z) — G(z)) = pfj(x)?Ag(x), where

0 < p < p°® and Ag(x) is either O or a unit in /C;. Then we have

/

min{w, p*~*} if G(z) =
min{w’ps —w+ t,ps_l} if G(I) 7£ 0 and w 7£ ps o ps—l 4 t;
min{w,p*l + p} if G(.’L’) #0,w=p°— p‘sfl +t, A(;(:L’) # (0 and
K =
p < ps _ psfl;
w if G(x) # 0,w = p* — p*~* + ¢ with either Ag(z) = 0 or
\ Ag(z) #0and p > p* —p* .
Proof. Since f;(x)?”" = —pf;(x)’" 1]\/[j(:c), equation (3.2.1) can be rewritten as
pS—w—1
K z w z w— s—1
el =S AW —p S AW g
i=0 1=p°—w
ps—l S -1
+p Y Ail@) fi(2) G (x) + pz By()f;(2)".
i=0

pS—w—1

This gives Z A;(z) fj(m)i+w = 0in Fpm[z]/(f;(x) )Y > This implies that A;(z) = 0,

which further 1mp11es that A;(x) = 0 for 0 <i < p® —w — 1. From this, we obtain

pf] =—p Z A 7,+w—p5+ps 1 —|—p Z A H_tG(_jE)
i=p®—w i=p® prs_l (32.2)
+p Y Bu(x) f(x)™
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1

When G(x) = 0, by (3.2.2), we get £ > min{w, p*'}. Further, as pf;(z)?" " M;(x)

= —f;(z)P" and k < w, we get K = min{w, p*~'}.

From now on, throughout the proof, we assume that () is a unit in ;. Here we shall

consider the following two cases separately: p* —p* '+t —w # 0and p* —p* '+t —w = 0.
First let p* — p*~! + ¢ — w # 0. In this case, we note that

p(—=fi(@)P" Mj(z) + fi(x)"“HG(x)) = filx)” +pfi(z) M G(x)
= [i@)" 7 {fi(x)” + pfi(x)'G(z)}.

From this and using the fact that p* — p*~! — w +t # 0, we get
k <min{p® —w +t,p* '}

Now by (3.2.2), we obtain £ = min{w,p®* —w +t,p* '}

Next suppose that w = p® — p*~! 4 ¢. In this case, (3.2.2) can be rewritten as

pfj =—p Z A z+w pS+p°T 1+pAG _|_p Z Bg f-l—w (323)

1=pS—w
By (3.2.3), we see that k = w when Ag(z) = 0.

Further, let Ag(z) be a unit in ;. When p > p* — p*~!, (3.2.3) becomes

pfi(x)* =p Z By(x) f;(x)",

which gives K = w. On the other hand, we see that

5 1

pfi@P P Ag(w) = pfi(@)” (M(z) — G(w)) = = fi(2)”~“{fi(2)* + pf;(2)'G(x)},

which gives k < p*~! + p when p < p* — p*~!. From this and using (3.2.3), we get

k = min{w, p*~ ' + p} when p < p* — p*~L. O



38 Chapter 3 Repeated-root constacyclic codes over the Galois ring GR(p?, m)

In the following theorem, we determine cardinalities of all ideals of X'; when 3 = 0.
Theorem 3.2.3. Suppose that 3 = 0. Let Z be an ideal of K, (as determined in Theorem
3.2.2).

(a) If Z = {0}, then |Z| = 1.
(b) If Z = K;, then |Z| = p?™dir",
(c) If Z = (pf;(x)7) is of Type II, then |Z| = p™di(P*~7).

(d) Let T = (f;j(x)” + pfij(x)'G(z)) be of Type III. Let us write p(M;(z)— G(z))

= pfj(x)?Ac(x), where 0 < p < p® and A(x) is either O or a unit in ;. Then

( pmdi(p=w) if either G(z) = 0,w < p*lor G(z) # 0,p° — 2w
+t>0,w<plw#£p —pl+torG(z) #0,Ag(x) =0,
w=p —p +torG(r) #0,Ac(z) #0,w =p* —p*' +1,
p>p*—plorG(z) #0,Ag(z) #0,w=p° —p* L+t <

2] = P+
pdi (PP =t) ifG(z) #0,p° — 2w+t <0,p° —p L —w+t<0;
prEE e i Gx) = 0,0 > por G(z) # 0,w > pt

ps =Pt —w+t>0;
P ifG(x) #0,Ag(z) #0,w=p* —p* L+ t,w>p ! +p.

s—1__

md; (2p° —w—p

p

\
() T = (fj(x) + pfi(x)'G(z), pf;(x)") is of Type IV, then |Z| = i (2P —p—w)

Proof. To prove the result, we see, by Lemma 3.2.3, that

|Z| = |Tory(Z)||Tory (Z)|.

So we need to determine cardinalities of Tory(Z) and Tor,(Z), which are ideals of the
quotient ring Fym [x]/(f;(x) s>. To do this, we first note that the nilpotency index of f;(z)

—pS

in Fym[x]/(f;j(x) ) is p®. Further, by Theorem 2.0.5, we observe that F,n[z]/(f;(z) ) is
a finite commutative chain ring with unity and all its ideals are given by (f;(x) '), where

0 < < p®. We also observe that the residue field of F,m [z]/(f;(x) S) is of order p™4 . This,
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by Theorem 2.0.5 again, implies that
|(F())] = p" "= for 0 < i < p*, (3.2.4)

(a) If Z = {0}, then Tory(Z) = Tor,(Z) = {0}, which gives |Z| = 1.

(b) If T = K, then Tory(Z) = Tory(Z) = (1) = Fpm[x]/(f;(x) )Y > From this and using
(3.2.4), we get |Z| = p*™aiP",

(c) If Z = (pfj(x)7) is of Type IL, then Tory(Z) = {0} and Tor;(Z) = <fj<I)T>. From
this and using (3.2.4), we obtain |Z| = p™% " ~7),

(d) T = (f;(2)* + pfj(x)'G(z)) is of Type III, then it is easy to see that Toro(Z) =
(fj(x)w) and Tor, (Z) = (f; (z)"). Now by applying Proposition 3.2.3 and using
(3.2.4), part (d) follows.

(e) IfZ = (f;(x)* + pf;i(x)'G(z), pf;(x)") is of Type IV, then Toro( )= (mw) and
Tory(Z) = (fj( ) ). From this and using (3.2.4), we get |Z| = dj(2p°—p—w)

O

In the following theorem, we determine the orthogonal complement of each ideal of K;
when 3 = 0.
Theorem 3.2.4. Suppose that 3 = 0. Let Z be an ideal of K, (as determined in Theorem
3.2.2).

(a) If Z = {0}, then I+ = IC = GR(p? m)[z]/(k;(x)).
(b) If Z = K, then Z*+ = {0}.
(©) If T = (pf;(x)7) is of Type I, then T = (f*(x)" "7, p).

(d) Let Z = (f;(z)* + pf;(x)'G(z)) be of Type IIL Let us write p(M;(z) — G(z)) =
pfi(z)PAg(x), where 0 < p < p® and Ag(x) is either O or a unit in ;. When
G(z) # 0,t = w—p* +p* ! with either Ag(x) = 0or Ag(z) # 0and p > p* —p*~1
we have T = (f;(x)* + pf;(x)“ P +7" M;(z)). Furthermore, we have
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(fr(z)P"— + pplip’—dp* T —deg Mj(a:)f;(x)ps‘lfwM;(x» if G(z) = 0 and

J
w < pth
(3" = =N (1) (2~ i ) = 0
andw > p* L

s—1

(f5(xp
()G (@) pf; ()P ) i Gx) # 0,p° = p T+t —w > 0

J

dip®—d;p*~t—deg M, (x * dijw—dt—deg G(z
+pl»]P iP g ]()Mj(m)_pajj J e G(z)

and w > p* 1

<f]>.k(l’)p57w + pxd]'p87 jps—lideg Mj(x)f;(x)ps—lfwM;(x) - pl,djwfdjtfdeg G(f)

[Pt G (x)) if Gz) # 0,p° —p* '+t —w>0andw < p*

<f]>.k(gj>ps_w + pa;djps_djp57l_deg Mj(w)fj* (SE’)pL;il_wMj (SU) o pxdjw_djt_deg G(x)

[Pt G (2)) if Gz) #0,p° —p* '+t —w < Oand p* — 2w+t > 0;
(i 2)et -+ v e M) e () 5o 0 1)

—prem G CEOGH (2), pf ()" ) i G(2) £ 0,p° =P+t —w <0
and p® — 2w+t < 0;

(fr(x)P" ) if G(z) # 0,w = p* — p*~! + ¢ with either Ag(x) = 0 or Ag(x)

J

#0,p2p" —p"h
(fy ()P = 4 padp'=dp* " ~dp=deg Aa(@) fr(g)p " =t A% (z)) if G(x) # 0,
t=w—p +p" " Ag(z) #0andw —p* ' < p < p° —p* 1

(f (@)= =0 e patar' =™ i REAG) Az (1) p f ()7 ~) if Ca)

| #0t=w—p° +p* " Ag(x) #Oand p < w — p*~ .

(e) Let Z = (f;j(x)* + pf;(x)'G(x), pf;(x)") be of Type IV. Let us write p(M;(x) —
G(x)) = pfi(z)?Ag(x), where 0 < p < p® and Ag(x) is either O or a unit in
K;. When G(z) # 0,t = w — p* + p*! with either Ag(z) = 0 or Ag(z) # 0 and
p>p*—pt wehave Z = (f;(x)* +pf;(x)* 77" M;(z), pf;(x)*). Furthermore,

we have
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(@), ()2 if Gla) = Oand p° — p*1 — w0+ o < 0
(@ -+ patr = 0 £ (0 B 1), pf () ) i Gla)
=0andp® —p* ! —w+pu > 0;

<fj’.k(x)psfu + padip®—djp" ! —deg M; (:E)f;(x)psflfuM;(x) — prliw—djt—deg G(@)
Th = @ G (@), pf; (2 i Gle) # O and p* — 1 41— w £
(fr(x)P" =t pfr(x)P" <) if G(x) # 0,t = w — p* + p** with either Ag(x)
=0orAg(z) #0,p>p* —p* L

(f3 ()"~ 4 padsp®~dop™ = dipmdeg Ac () fr()p" =m0 A (), p f7 ()P )

| ifG(2) #0,t =w—p*+p*", Ag(z) # Oand p < p* —p*~".

s—1

Proof. It is easy to see that Z+ = K; when Z = {0} and that Z+ = {0} when Z = K.
As the proofs of parts (d) and (e) are almost similar, we will prove parts (c) and (e) only.
For this, we see, by Lemma 3.2.2(c), that the nilpotency index 91 of f;(z) in K; is given
by 9t = 2p° — p*~'. We also note that f;(z)” = —pf;(z)"" M;(z), pf;(z)”" = 0 and
pfi(z)P" =t #0in K;.

To prove (c), suppose that Z = (pf;(z)7) is of Type II. Here we see that ann(Z) =
(fj(@)?"~7, p). From this and by applying Lemma 3.2.4, we obtain Z* = (f;(x)” 7, p).

To prove (e), let Z = (f;(x)* + pf;(x)'G(x), pf;(x)") be of Type IV.

When G(z) = 0, we have Z = (f;(x)“,pf;(z)*). As ann(Z) is an ideal of K;, by
Theorem 3.2.2, we can write ann(Z) = (f;(2)® + pf;(x)"H(x), pf;(x)), where H(z) is

either O or a unit in /C;. This implies that
pfi(x) ™ =0,pfi(x)™ = 0and f;(z)"" + pfi(z)"T“H(x) = 0. (3.2.5)

By Theorem 3.2.2 and Proposition 3.2.3, we see that y < x and k = min{w,p*1},
which implies that 4 < w and p < p*~!. Using this and by (3.2.5), we get a > p°* — p,
¢ > p* —wand —pf;(x)* PP M (x) + pfj(z)t“H(z) = 0, which holds only if
a > max{p® — p,p* —p* '} =p* — u, b = a—p*+p* ! and pH(x) = pM;(x). This
implies that ann(Z) = (f;(x)?"~*, pf;(z)?"~*) when p* —p* ' —w+pu < 0, while ann(Z) =
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s—1

(fi(@)P" " +pfi(x)”
by applying Lemma 3.2.4, we get 7+ = (f7(x)?” * pfF(x)?"~*) when p* —p* ! —w+pu <

“HM;(x),pfi(x)P" =) when p* — p*~' — w + p > 0. From this and
0, while Z+ = (fi ()P # + padp’~dir " ~deg Mi(@) fx ()" =i \[* (), p ()P ) when

p*—pl—w+pu>0.

Next assume that G(x) is a unit in ;. As ann(Z) is an ideal of /C;, by Theorem 3.2.2, we
can write ann(Z) = (f;(2)* + pf;(x)"H(x), pf;(2)°), where H(x) is either 0 or a unit in
KC;. This implies that

pfi(@) ™ = 0,pf;(x)" = 0and f;(x)" + p(f;(x)"™'G(z) + f;(x)"“H(z)) = 0.
(3.2.6)
By (3.2.6), we geta > p® — p, c > p® —w and

s—1

p(—f; (@) TP AT () 4 f(2) TG () + f(2)" T H(z)) = 0. (3.2.7)

Here we consider the following two cases separately: p* — p* !+t —w # 0 and p* — p*~* +

t—w=0.

When p* — p*~! +t — w # 0, by Proposition 3.2.3, we note that p* —w +t — u > 0
and 1 < p*~!. In this case, we see that (3.2.7) holds for a = p* — p, which implies that
ann(Z) = (f; ()"~ + pfi(x)?" M (z) — pf; ()PP G(x), pf; ()P ). From this

and using Lemma 3.2.4, we get

TL <f;(x)psfu +pxdjp5—djps‘1fdeg Mj(m)f;(x>ps_1

M ()

— pxdjw—djt—deg G(z) f; (x)ps—u-&-t—wcr* (2), pf;‘ (m)ps—w> ‘

Next suppose that p* — p*~! + ¢ — w = 0. In this case, (3.2.7) can be rewritten as

s—1

(Mj(x) — G(x)) = pfy(x)* TP+ 0 Ag(x).
(3.2.8)
When Ag(x) = 0, we see that (3.2.8) holds for all b > p® — w, which implies that

pfj ('I)(H_WH(IL') = pfj(x)a—l—w—pSJ,_p

ann(Z) = (f;(z)?" 7", pf;(x)?"~*). From this and using Lemma 3.2.4, we obtain Z+ =
(f (@)= pf; ()7 =),
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Next let Ag(z) be a unit in ;. Here by Proposition 3.2.3, we see that p*~! + p > p.

s—1

When p > p* — p*~1, we see that pf;(x)“T°P" """ € T, which implies that

s—1

T = (fj() +pfi(x) 7 My(x) — pfi(x) P74 Ag(), pfi(x)")

= (fi(@)* +pfi(@) P My(x),pfi(x)").

Now when p > p* — p*~!, we see that (3.2.8) holds for all b > p* — w, which implies
that ann(Z) = (f;(x)”" =, pf;(z)?"~*). From this and using Lemma 3.2.4, we get 7+ =
(fy(@)P"=#, pf(x)’" ). Moreover, when p < p* — p°~', we observe that (3.2.8) holds for
alla > p* —p,b=a+p* ' —p°+ pand H(z) = Ag(x). This implies that ann(Z) =
(fj (@)= 4 pf;(x)?" " —H P Ag(z), pf;(x)P ), which, by Lemma 3.2.4, further implies
that

T — <f;(x)psfu _i_pxdjptdjpsﬂ—djpfdeg Aa(ac)f;(x)psflprAE(w)?pf;(x)ptw%

This completes the proof of the theorem. 0

As a consequence of the above results, we obtain some isodual a-constacyclic codes of
length np® over GR(p?, m).
Corollary 3.2.2. Suppose that 3 = 0. Let a = o € T \ {0}, where aq € 7T is such that
x"™ — ap is basic irreducible over GR(p*, m). Following the same notations as in Theorem

3.2.2, we have the following:
(a) The code (p) is the only isodual a-constacyclic code of Type II over GR(p?, m).

(b) When p = 2, the codes (2" — ag)?" ') and (2" — )% + 2(a" — ap)'G(z)) are
isodual a-constacyclic codes of Type III over GR(4, m) for each G(x) # 0 and for

each integer ¢ > 1.

(c) The a-constacyclic codes (" — ap)®, p(x™ — ap)?" %), % < w < p°, are

isodual codes of Type IV over GR(p?, m).



44

Chapter 3 Repeated-root constacyclic codes over the Galois ring GR(p?, m)

Proof. Let C be an a-constacyclic code of length np® over GR(p?, m). For C to be isodual,

we must have |C| = |Ct].

(a)

(b)

Let C be of Type 11, i.e., C = (p(z" — a)7”) for some 7, 0 < 7 < p*. By Theorems
3.2.3 and 3.2.4, we observe that C+ = ((2" — ay )P’ ™", p), |C| = p™P"~7) and
|C+] = pmmP*+7) Now if the code C = (p(z™ — ay)7) is isodual, then we must have
|C| = |C*|, which gives 7 = 0. On the other hand, when 7 = 0, we see that the codes
C = (p) and C*+ = (p) are GR(p?, m)-linearly equivalent. From this, it follows that

(p) is the only isodual a-constacyclic code of Type Il over GR(p?, m).

If C is of Type III, then C = ((z" — ap)* + p(x™ — ap)'G(z)), where 0 < w < p°,
G(z) is either O or a unitin R, and 0 < ¢t < w if G(z) # 0.

When G(z) = 0 and w < p*! by Theorems 3.2.3 and 3.2.4, we have [C| =
men(ps—w), CL —_ <(_&0)p5—w(:L.n_aal)ps—w_*_pxnps—nps’l—deg ]V[j(ac)(_ao)ps’l—w(xn_
ag )P @M (x)) and |Ct] = p*™™. Now for the code C to be isodual, we must have
|C| = |C*|, which gives p = 2 and w = 2°!. Further, when p = 2 and w = 2°~!, we

23—1

note that M, (z) = a;a?”" € GR(4,m), which implies that C+ = ((—ag)>" (2" —
ag D 4 pa® zag02” ). Tt is easy to observe that C1 is GR(4, m)-linearly equiv-
alent to the a-constacyclic code D = ((z" — a)? ' + 2a;02"") of length n2°
over GR(4,m). In view of this, we see that the codes C and C* are GR(4,m)-
linearly equivalent if and only if C and D are GR(4, m)-linearly equivalent. For
s = 1, we see that C = (2" — ap) and D = (2™ — ap + 2a,), which are triv-
ially GR(4, m)-linearly equivalent. For s > 2, by Theorem 2.0.11, we note that
QH(;S:;) and that (22_1) = 0 for each i satisfying 1 < i < 2°7' — 1 and i # 2°72.
From this, we get C = (2”2 + (gz:;)m”QkQ(—040)2572 +ad NYand D = (" +
(gz:;)xnzsﬂ (—a)? " +a2 ' (142a1)). It is easy to observe that the codes C(C Ra.0)

and D(C R, ) are GR(4, m)-linearly equivalent.
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(©)

Next when G(x) # 0,p* —p* '+t —w > 0and w < p* !, by Theorems 3.2.3 and
3.2.4, we have |C| = p?™nP" ),

s—l_w

CJ_ _ <(_a0)ps_w<xn . aal)ps_w +pxnp8_nps—1—deg MJ(m)MJ*<I,)(_a0)p

(mn _ aal)ps_lfw _ pxnwfntfdeg G(m)(_ao)psf2w+t<xn _ aal)pszertG* (LC»

and |Ct| = p*™™. Here for the code C to be isodual, we must have |C| = |C*|, which
gives p = 2 and w = 2°71. On the other hand, when p = 2 and w = 2°7!, we see

that C+ = ((—ag)? (2" —agh)? ™ —2(—ag)ta? ——dee G (g7 — oy V)G () +
2a,02" ' z"*"), which is GR(4, m)-linearly equivalent to the a-constacyclic code
Dy = (2" — ) —2(z" —ap)'G(x)+2a102" ") of length n2* over GR(4, m). Fur-
ther, one can easily observe that the codes C(C R,,0) and D;(C R,) are GR(4, m)-
linearly equivalent, which implies that the codes C(C R,) and C*+(C 75;)) are

GR(4, m)-linearly equivalent.

When p* — p* ! +t = w and pM,(z) = pG(x), by Theorems 3.2.3 and 3.2.4, we
have |C| = p*™P*=») Ct = ((a2" — o' )P ) and |Ct| = p*™"~. Now for the
code C to be isodual, we must have p = 2 and w = 2°~!. On the other hand, when
p=2andw = 2°7! itis easy to see that the codes C(C R,) and C+(C 75(;)) are

GR(4, m)-linearly equivalent.

If C is of Type IV, then C = ((2" — ap)“ + p(z" — ap)'G(x), p(x™ — a)*), where
0<pu<w<p®, G(x)iseither 0 or aunitin R,oand 0 <t < pif G(z) # 0. Here
by Theorems 3.2.3 and 3.2.4, we have |C| = p™(2P"~%=#) and |C*| = p™(“+1), Now

if the code C is isodual, then 2p® — w — p = w + p, which gives © = p® — w.

Now let ;1 = p* — w. Then we have C = ((z" — ap)* + p(z" — )'G(x), p(z" —

ag)”" ). When G(z) = 0 and w > 2°=2"" by Theorem 3.2.4, we see that C* =

(2" — a1 )?, p(a™ — ag')P" =), which is clearly GR(p?, m)-linearly equivalent to

the code C.

This completes the proof of the theorem. [
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3.3 Some examples

To illustrate our results, we determine all cyclic and negacyclic codes of length 10 over
the Galois ring GR(4, 3) as follows:
Example 3.3.1. In order to write down all negacyclic codes of length 10 over GR(4, 3),
we observe that the factorization of 2° — 1 into monic pairwise coprime basic irreducible
polynomials over GR(4, 3) is given by 2°—1 = (z+3)(2*+23+2%+x+1). Further, working
as in the proof of Lemma 3.2.1, we see that ' + 1 = {(x + 3)? 4+ 2(2® — 2) H{(2* + 2% +
2?2+ +1)% + 2(2° — 2)(32% + 22" + 2 + 22)} is a factorization of 2'° + 1 into coprime
polynomials over GR(4,3). Now by applying the Chinese Remainder Theorem, we get
Ri1 = GR(4,3)[z]/(x1°+ 1) ~ K, ® Ky, where K; = GR(4, 3)[z]/{(x + 3)* +2(a® — 2))
and Ky = GR(4, 3)[z]/((z* + 2 + 2® + © + 1)® + 2(2° — 2)(32° + 22* + 2? 4 22)). By
Theorem 3.2.1, we note that all the ideals of Xy are given by ((z + 3)"), 0 < i < 4 and
all the ideals of Ky are given by (! + 2® + 22 + z + 1)*), 0 < ¢ < 4. From this and by
applying Proposition 3.2.1, we see that all negacyclic codes of length 10 over GR(4, 3) are
given by ((z + 3)") @ ((a* + 2® + 2% + = + 1)*), where 0 < 4,/ < 4. By Corollary 3.2.1,
we see that the code (2) is a self-dual negacyclic code of length 10 over GR(4, 3).
Example 3.3.2. Next we proceed to write down all cyclic codes of length 10 over GR(4, 3),
which are ideals of the ring R1o = GR(4, 3)[z]/(z'® — 1). To do this, working as in the
proof of Lemma 3.2.1, we see that 2% — 1 = {(x+3)?+2(2® — 1) H{(z* + 23 + 22 + 2 +1)*+
2(x® — 1)(325 4 22 4 22 + 2x) } is a factorization of z'° — 1 into coprime polynomials over
GR(4, 3). Now by applying the Chinese Remainder Theorem, we obtain Ry ~ Ky & s,
where K; = GR(4,3)[z]/{(z + 3)? + 2(2® — 1)) and Ky = GR(4, 3)[z]/((2* + 2® + 2% +
r+1)%+2(2% —1)(32° + 22* + 2? + 22)). Further, by applying Proposition 3.2.1, all cyclic
codes of length 10 over GR(4, 3) are given by Z; & Z,, where Z; is an ideal of K; and Z, is
an ideal of /C,.

Trivial ideals | Principal ideals Non-principal ideals
(x4 3+ 20), (xr+ 3+ 25%)

TABLE 3.1: Ideals of Ky
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Trivial ideals | Principal ideals Non-principal ideals
{0}, Ko (2), (x* + 23 + 2% + x + 1), (' + 23+ 2 +2+1,2)
(22" + 223 4 22% + 22 + 2)
(t+ 23+ 2> + 2+ 1+ 2G(x))
TABLE 3.2: ®Ideals of /Cy
(2) (2) @ (z* 4+ 2% + 22 +x+1—|—2G( )
(x+3) ® (2) (x+3)® (a*+2° + 2>+ +1+2G(z))
(x+1) D (2) (r+ 1)@ (' + 23+ 22+ 2+ 1+ 2G(x))
(r+3+20) P (2) (r+3+20) @ (' +2°+ 2%+ + 1+ 2G(x))
(r+3+26%) @ (> (x+3+26%) @ (z* +2° + 2° + ¢ + 1 + 2G(x))
(2) ® (2t + 2% + 22 +x+1> (x+3+20%) @ (' +2°+2° +x+1)
(z+1) @@+ +22+x+1) | (2+3+20)® (' + 23 + 2> +x+ 1)
(z+3)yd (@t +22+a?+2+1)

TABLE 3.3: “Some self-dual cyclic codes of length 10 over GR(4, 3)

“Here G(x) runs over Py4(T) \ {0}.

If 7 ={0,1,4,0%} is the Teichmiiller set of GR(4, 3), then by applying Theorem 3.2.2,

we list all the ideals of /C; and KC; in Tables 3.1 and 3.2, respectively. In Table 3.3, we list

some self-dual cyclic codes of length 10 over GR(4, 3) by applying Corollary 3.2.2.







Chapter 4

Repeated-root constacyclic codes over
the chain ring IF;m |u|/ (u?)

4.1 Introduction

In this chapter, we shall determine all repeated-root constacyclic codes of arbitrary lengths
over the chain ring F,n [u]/(u?®) and their dual codes. We shall also determine the number
of codewords in each code. Besides this, we shall list some isodual codes within the class
of constacyclic codes. We shall also determine ranks, Hamming distances, Rosenbloom-
Tsfasman (RT) distances and Rosenbloom-Tsfasman (RT) weight distributions of some
classes of repeated-root constacyclic codes over the chain ring Fym[u]/(u?) . Using these
results, we shall identify some MDS Hamming and MDS RT codes within this class of

codes.

For this, throughout this chapter, let p be a prime, n, s, m be positive integers with
ged(n,p) = 1, Fym be the finite field of order p™, and let Z = Fm[u]/(u®) be the finite
commutative chain ring (i.e., quasi-Galois ring) with unity. Let A be a unit in %. One can
easily observe that the unit A € % can be uniquely expressed as A = o + uf3 + u?9, where
a,p,0 € Fym and a # 0. Further, as a(# 0) € F,m, there exists ay € F,m satisfying

o = o, so that we have A\ = o + u3 + u20.

This chapter is organized as follows: In Section 4.2, we determine all A-constacyclic codes
of length np® over # and their dual codes. We also list some isodual A-constacyclic codes
of length np® over & when the binomial 2" — « is irreducible over ;. In Section 4.3, we
obtain ranks, Hamming distances, Rosenbloom-Tsfasman (RT) distances and Rosenbloom-

Tsfasman (RT) weight distributions of all A-constacyclic codes of length np® over % and

49



50 Chapter 4 Repeated-root constacyclic codes over the chain ring Fym[u]/(u®)

identify all MDS A-constacyclic codes of length np® over % with respect to the Hamming
and RT metrics when the binomial 2™ — « is irreducible over IF,,». In Section 4.4, we obtain
Hamming distances of all A-constacyclic codes of length 2p® over & and identified all MDS

codes within this class of constacyclic codes with respect to the Hamming metric.

4.2 Algebraic structures of constacyclic codes of length np°

over 4% and their dual codes

In this section, we will provide a method to construct all A-constacyclic codes of length
np® over Z for the purpose of error-detection and error-correction. We will also determine
their dual codes and the number of codewords in each code. Besides this, we will list some

isodual constacyclic codes of length np® over Z.

To do this, we recall that a A-constacyclic code of length np® over # is an ideal of
the quotient ring Z\ = %|x]/(z™" — \). The unit A can be uniquely expressed as \ =
a + uf + u?d, where o, 3,0 € Fym and « is non-zero. Furthermore, as a(# 0) € Fym,
there exists ag € Fm satisfying o = ags, which implies that A\ = ozgs + ufB + u%5. Now let
" —ag = fi(x)fa(z) - - - f(z) be the irreducible factorization of ™ — o over F,m, where
fi(x), fa(x),-- -, fr(x) are monic pairwise coprime polynomials over F,~. In the following
lemma, we factorize the polynomial 2" — ) into pairwise coprime polynomials in Z|z].

Lemma 4.2.1. There exist polynomials g (), go(), - - - , g-(2), h1(x), ha(x), -, h.(z) €

[F,m [x] such that

T

w7 =\ = [T (@) +ugy(w) + uhy(w)) .

j=1

where for 1 < j <,
-+ ged(f;(x), g;(x)) = 1 when § 0.
* gi(z) = h;(z) =0when =0 = 0.

* gj(x) = 0and ged(f;(z), hj(z)) = 1 in Fym|[z] when § = 0 and ¢ is non-zero.
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Moreover, the polynomials f1(z)P" + ugi(z) + u?hy (), fo(2)P" +uge(z) + u?he(z), - -,
fr(2)P" +ug,(z) + u?h,(x) are pairwise coprime in Z|z].

Proof. To prove the result, we see that

S

2 — X = (2" — a)? —uf —uS = fi(2) fo(z)P - fu(x)? —uB — U (4.2.1)

Next we observe that for 1 < j < r — 1, the polynomials f;(z)?" and ] fi(x)?" are co-
i=j+1
prime in [F,;» [], which implies that there exist polynomials v;(x), w;(x) € F,m[z] satisfying

deg w;(z) < deg f;(z)?" and
v (@) f3(2)?" + w;(x H filx . (4.2.2)
1=7+1

Now by (4.2.1) and (4.2.2), we obtain

T

2 = A= L[ = ufwy(@) — w?y (@) (6 + B (@) ()} { T] Ay = upoi(a)

=2

—uvy () (6 + B0y (x )wl(x))}.

Furthermore, using (4.2.2) again, we get

ilﬁzfi(x)ps — upvi(x) — v?vr(2){0 + fo1(x)w: ()}

= {fo(@)?" = uBvi(x)ws(x) — uPvr(€)ws(x) (8 + B201 (2)wi () + B20r (2)va(w)ws(2)) }
x{ H fi(@)P" — uBuy(z)ve(x) — u?vy (2)vy(2) (6 + Bvi(2)wi (z) + 5201(x)v2(a:)w2(x))}.

Proceeding like this, we obtain 2" — \ = [] (fj (2)P" + ugj(z) + u?h, (x)) with

j=1
* g1(x) = —p and hy(z) = —0 when r = 1; and

+ 93(0) = ~Bus() Tl ), gute) = =5 T] ),

h;(z) = —w;(x) Z]:[i v () (5 + 52 ZJ: v1(z)vg(z)vg(x) - - - w(x)wg(:c)) and

(=1
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tnle) = = T o) (5.4 67 5 o (@)uale)un(o) - ool

(=1
for1 <j3<r—1whenr > 2.

From this, the desired result follows. ]

From now on, we define ¢;(z) = f;(2)?" + ug;(z) + u?h;(x) for 1 < j < r. Then we

have """ — X\ = [] ¢;(x). Further, let deg f;(x) = d; for each j. By Lemma 4.2.1, we
j=1

see that (4 (z), l2(x),- -+, {.(x) are pairwise coprime in Z[z|. This, by Chinese Remainder

Theorem, implies that

where J#; = Z[z]|/({;(x)) for 1 < j <r. Then we observe the following:
Proposition 4.2.1.  (a) Let € be a A-constacyclic code of length np® over Z, i.e., an ideal

of the ring #,. Then we have
‘5:%1@%2@.~@<5m

where € is an ideal of %] for 1 < j <.

(b) If I; is anideal of 7 for1 < j <r,thenl =1, ® I, ® --- @ I, is an ideal of %,

(i.e., I is a A-constacyclic code of length np® over #). Moreover, we have
(| = [L][ L] - - 1],
Proof. Proof is trivial. ]

Next if € is a A-constacyclic code of length np® over %, then its dual code €~ is a
A~ !-constacyclic code of length np* over %. This implies that €+ is an ideal of the quotient
ring Z\-1 = Z[x]/(x™ — A7), In order to determine ¢+ more explicitly, we observe
that 27" — A\~! = —\"105(2)¢3(x) - - - £2(x). By applying the Chinese Remainder Theorem
again, we get

e%)\fl ~ @%7

=1
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where % = Z|[]/{¢;(z)) for 1 < j < r. Then we have the following:

Proposition 4.2.2. Let € be a A-constacyclic code of length np® over Z, i.e., an ideal of the
ring Zx. If € = 6, © €2 @ - - - ® €, with € an ideal of %] for each j, then the dual code ¢+
of € is given by €+ = 6;" @ €5~ ® --- ® €, where €;- = {a;(z) € K - aj(z)ci(z) =
0in JZ for all ¢;(x) € €} is the orthogonal complement of ¢ for each j. Furthermore,

%" is an ideal of #; = Z[x|/((;(x)) for each j.
Proof. Its proof is straightforward. 0

In view of Propositions 4.2.1 and 4.2.2, we see that to determine all A\-constacyclic codes
of length np® over Z, their sizes and their dual codes, we need to determine all ideals of
the ring .}, their cardinalities and their orthogonal complements in 353 for1 <j<r.To
do so, throughout this chapter, let 1 < 57 < r be a fixed integer. From now on, we shall
represent elements of the rings .%%; and f%\/j (resp. Fym[z]/(f;(x)P")) by their representatives
in % |x] (resp. F,m[z]) of degree less than d;p®, and we shall perform their addition and
multiplication modulo /;(x) and ¢;(z) (resp. f;(x)?"), respectively. To determine all ideals
of the ring .%;, we make the following observation.

Lemma 4.2.2. Let1 < j < r be fixed. In the ring %, the following hold.

(a) Any non-zero polynomial g(x) € F,m[x] satisfying gcd(g(z), f;(x)) = 1 is a unit in
;. As a consequence, any non-zero polynomial in F,= [z] of degree less than d; is a

unit in JZ;.

(u) if B #0;
(b) (fi(x)’") =< (u?) if f=0andé # 0;
{0} iff=5=0.
As a consequence, f;(x) is a nilpotent element of ;. The nilpotency index of f;(z)
is 3p® when /3 # 0, the nilpotency index of f;(x) is 2p® when = 0 and ¢ # 0, while
the nilpotency index of f;(x) is p°* when 5 = § = 0.

Proof. (a) As f;(z) is irreducible over F,~ and gcd(g(z), f;(z)) = 1, we have ged(g(z),
fi(x)?") = 1in Fym[z]. By Euclidean algorithm, there exist polynomials a(x), b(x) € Fym[x]
such that a(z)g(z) +b(z) fj(x)P" = 1. This implies that a(z)g(z) + b(z)(f;(z)?" +ug;(x) +
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u?hj(z)) = 1+ ub(z)(g;(x) + uh;(z)). From this, we get a(x)g(z) = 1 + ub(z)(g;(x) +
uh;(z)) in ;. As u® = 0 in %, we see that 1 + ub(x)(g;(z) + uh;(z)) is a unit in J7;,
which implies that g(x) is a unit in JZ;.

(b) It follows immediately from Lemma 4.2.1 and part (a). L]

Next for a positive integer &, let us recall that Py, (F,m ) = {g(x) € Fym[z] : either g(z) =
0 or deg g(x) < k}. Note that by repeatedly applying the division algorithm in Z|[z],
every element a(z) € % can be uniquely expressed as a(x) = pil A;(z) f;(x)", where
Ai(z) € Py, (%) for 0 < i < p* — 1. Further, each A;(x) € Py, (%)Zc:z?n be uniquely written
as Aj(x) = Aip(x) + udii(z) + u*A;o(x),where A;o(z), Ai1(z), Aia(x) € Py, (Fym).

That is, each element a(x) € .#; can be uniquely expressed as

a(r) = Z A o) fi(2) + u Z Aia(z) fi ()" + o Z A o) fi(2)",

where A; (), Ai1(x), Aia2(z) € Py, (Fym) for each 4.

Now to determine cardinalities of all ideals of %}, we observe the following:
Lemma 4.2.3. Let 1 < j < r be a fixed integer. For an ideal .# of %], let us define
Toro(#) = {ao(x) € Fym|a]/{fj(x)P") : ap(x) + ua;i(x) + u?as(x) € # for some a;(x),
as(x) € Fyn [l /(f; (@)}, Tors () = {ar(2) € By 2]/ (fy(@)?") : uar (@) + u?a() €
S forsome ay(z) € Fym[z]/{f;(x)P")} and Tory(S) = {az(x) € Fpm[z]/{f;(x)?") :
u?ay(z) € #}. Then Torg(# ), Tory(#) and Tory (%) are ideals of Fym [x]/(f;(z)?"). More-
over, we have

|7 | = |Torg(&)||Tory (&)|| Tora(&)|.

Proof. One can easily observe that Torg(.#), Tor; (.#) and Tory(.%) are ideals of Fym ]/ ( f;(2)P").

In order to prove the second part, we define a map
¢: I — Tory(H)

as ¢(a(x)) = ap(x) foreach a(z) = ag(r)+uay (x)+u?as(r) € & withag(x), ay (), ax(x) €
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Fom[2]/(f;(z)P"). We observe that ¢ is a surjective Fym[z]/(f;(x)?")-module homomor-

phism and its kernel is given by

S

Ky = {uai(z) +vay(x) € I : ar(z), as(x) € Fymx]/(f;(x)")}.
This implies that
| I | = |Toro(I)|| K »|. (4.2.3)

We further define a map
v Ky — Tor (S)

as Y(uay (x) + u?as(x)) = ay(x) for each uay (r) + v?as(x) € K, where a;(z), as(z) €
Fpm[2]/(f;(z)P"). We see that 1 is also a surjective Fym[z]/(f;(z)?")-module homomor-
phism with the kernel as ker ¢ = {u?as(z) € K s : az(z) € Fym|[z]/(f;(x)?")}. From this,
it follows that

| K| = [Tory(5)|[ker ¢| = |Tor, (57)||Tory(-7)],

which, by (4.2.3), implies that
|7 | = |Tore(&)||Tor (&)|| Tory(5)|.
O

To determine orthogonal complements of all ideals of .7}, we need the following lemma.
Lemma 4.2.4. Let 1 < j < r be a fixed integer. Let .# be an ideal of the ring . with the
orthogonal complement as .# *. Then the following hold.

(a) £t is an ideal of ;"iz

(b) I+ ={a*(z) € X% : a(x) € ann(F)} = ann(.F)*.

(c) If & = (f(x),ug(x),u*h(x)), then we have .&* = (f*(z),ug*(x), u*h*(x)).
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(d) For non-zero polynomials f(x), g(x) € J;, let us define (fg¢)(x) = f(z)g(x) and
(f+9)(x)=f(z)+ g(x). If (fg)(x) # 0, then we have

fH(z)g"* (z) = g f@+degg(@)=deg (F9) (@) (£ o) (1),

If (f + g)(x) # 0, then we have

[*(@) + ateo [(@)=deaa@) g (1) if deg f(x) > deg g();

+9)(z) =
(f+9)(x) pdog (fro)@)—deg {0 ( f(3) 4 g*(2)) if deg f(x) = deg g(x).

Proof. Its proof is straightforward. [

From the above lemma, we see that to determine .#*, it is enough to determine ann(.%)
for each ideal .# of .%#;. Further, to write down all ideals of %}, we see, by Lemma 4.2.3,
that if .# is an ideal of %}, then Tory(.#), Tor;(.#) and Tor,(.#) all are ideals of the
ring Fm [z] /(f;(2)P"), which is a finite commutative chain ring with the maximal ideal as
(f;(x)). Next by Theorem 2.0.5, we see that all the ideals of F,m[z]/(f;(x)?") are given
by (f;(x)") with 0 < i < p® and that |(f;(z)")| = p™¥% @~ for each i. This implies that
Toro(#) = (f;(x)*), Tory (&) = (f;(x)°) and Tory(.¥) = (f;(x)¢) for some integers a, b, ¢
satisfying 0 < ¢ < b < a <p°.

First of all, we shall consider the case 5 # 0. Here we see that when oy = " for some
p € Fym, each A\-constacyclic code of length np® over Z can be determined by using the
results derived in Cao [9] and by applying the ring isomorphism from Z[z|/(z""" — 1 —
ua™t B — ula~16) onto Z[z]/{x™" — o — uf — u?d), defined as a(z) — a(u~'x) for each
a(z) € Zlz]/(x™ — 1 —ua™'B8 — u?a~15). However, when aq (and hence «) is not an
nth power of an element in [F,», the same technique can not be employed to determine all
(a+uB+u?d)-constacyclic codes of length np® over Z. In fact, the problem of determination
of all (o + uf + u?d)-constacyclic codes of length np* over Z and their dual codes is not
yet completely solved. Propositions 4.2.1 and 4.2.2 and the following theorem completely
solves this problem when ( is non-zero.

Theorem 4.2.1. When (3 # 0, the following hold.
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(a) Allideals of the ring .%; are given by (f;(x)*), where 0 < ¢ < 3p*. Furthermore, for
0 < £ < 3p*, we have |(f;(2))| = p™ %"= and ann((f;(2) ) = (f;(2)*" ).

(b) When kp® < ¢ < (k+ 1)p* with k € {0, 1,2}, the set

{ukfj (x)ffkps’ ukl'fj<£lj'>eikps, cor ukxdj((k+1)psfé)71fj (x)ffkps}

U{ukﬂ, uk+1$, L. uk+1xdj(€—kp )—1}

Y

is a minimal generating set of the ideal (f;(x)*) when viewed as an %Z-module.

Proof.  (a) To prove the result, we first observe that an element a(x) € .J#; can be
uniquely expressed as a(x) = ao(z) +uayi(z) +u?as(x), where ag(z), a;(z), as(x) €
Py, ps (Fym). By division algorithm in IF,m [z], there exist unique polynomials ¢(z), r(z) €
[F,m[z] such that ag(x) = f;(x)q(x) + r(z), where either r(x) = 0 or deg r(x) < d;.
This implies that a(z) = f;(z)q(x) + r(z) + uvai(x) + v?az(x). Now in view of
Lemma 4.2.2(b), we see that a(z) is a unit in %] if and only if () is a unit in .%;.
Further, by Lemma 4.2.2(a), we see that r(z) € F,m[z] is a unit in ] if and only
if r(z) # 0. This shows that a(z) is a non-unit in .%; if and only if 7(z) = 0 if and
only if a(z) € (f;(z)). That s, all the non-units of .7} are given by (f;(x)). Now by
Theorem 2.0.5 and Lemma 4.2.2(b), we see that .} is a chain ring and all its ideals
are given by (f;(z)"), where 0 < ¢ < 3p*. Furthermore, we observe that the residue
field of %} is given by #; = J#;/{f;(x)), and that |.%;| = p™%. Now by Theorem
2.0.5 and Lemma 4.2.2(b) again, we obtain |(f;(z)%)| = p™4Gr*=9 for 0 < ¢ < 3p®.

Further, it is easy to observe that ann({f;(z))) = (f;(z)* ).

(b) When kp®* < ¢ < (k + 1)p® with k € {0, 1,2}, by Lemma 4.2.2(b), we see that

(f;(x)%) = (u"f;(x)*~*"). Using this, it is easy to observe that the set

{ukfj@)f—kps7 ukxfj(x)é—kp57 . 7ukxdj((kﬂ)ps—é)—lfj<I>z—kps} U {ub bty

) ,uk+1xdj(€fkp )71}

is a minimal generating set of the ideal (f;(z)") when viewed as an Z-module.
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As a consequence of the above theorem, we deduce the following:
Corollary 4.2.1. Letn > 1 be an integer, and let oy € F,,m be such that the binomial 2" — c
is irreducible over Fym. Let a = of , and 8(# 0),6 € F,m. Then there exists an isodual
(a4 uB +u2d)-constacyclic code of length np® over Z if and only if p = 2. Moreover, when
p = 2, the ideal ((z" — a)*?" ") is the only isodual (v + uf + u2§)-constacyclic code of

length n2° over %.

Proof. On taking f;j(z) = 2™ — «p in Theorem 4.2.1, we see that all (o« + uf8 + u?0)-
constacyclic codes of length np® over Z are given by ((x™ — ag)*), where 0 < ¢ < 3p°.
Furthermore, for 0 < ¢ < 3p°, the code {(z" — ap)*) has p™"**"~%) clements and the
annihilator of ((2" — ag)*) is given by ((z" — ag)*" ~*). Next we see that if the code
€ = ((z" — ayp)") is isodual, then we must have |%’| = |€*|. This gives p™n(P =0 = pmnt,
This implies that 3p® = 2¢, which holds if and only if p = 2. So when p is an odd prime, there
does not exist any isodual (o + uf + u?d)-constacyclic code of length np® over Z. When
p =2, we get { = 3-25"1. On the other hand, when p = 2, we observe that ((z" — ag)*%" ")
is an isodual (o + u3 + u?6)-constacyclic code of length n2* over %, which completes the

proof. [

Remark 4.2.1. By Theorem 3.75 of [53], we see that the binomial 2™ — «y is irreducible
over [F,m if and only if the following two conditions are satisfied: (i) each prime divisor of
n divides the multiplicative order e of oy, but not (p™ — 1) /e and (ii) p”* = 1 (mod 4) if
n =0 (mod 4).

In the following theorem, we consider the case § = ¢ = 0, and we determine all non-
trivial ideals of the ring .}, their cardinalities, their annihilators and their minimal generating
sets.

Theorem 4.2.2. Let 3 = 6 = 0, and let . be a non-trivial ideal of the ring JZ; with
Toro(-#) = (f;(x)*), Tor1(-#) = (f;(2)?) and Tory(.#) = (f;(x)¢) for some integers a, b, ¢
satisfying 0 < ¢ < b < a < p°. Suppose that B;(z), Ci(x), Q¢(x), W (z) run over Py, (Fpm)

for each relevant ¢, k, ¢ and z. Then the following hold.
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* Type I: When a = b = p®, we have
I = (u f;(2)%),
where ¢ < p®. Moreover, we have
A =p" B ann(S) = (fi(a)" w),

and the set
{Uij(-f)c, uQxfj(x)c, . ,UQxdjps_de_lfj(x)c}

is a minimal generating set of the ideal .# when viewed as an %-module.

* Type II: When a = p® and b < p°, we have
I = (ufj(2)’ + u? fi(2) G(x), v f;(2)°),

where max{0,c+ b —p°} <t < cif G(x) # 0 and G(x) is either O or a unit in %]
c—t—1
of the form Y B;(z)f;(x)". Moreover, we have
i=0

7] = P ann () = (£ — ufi ()G ), ufi (2)” 0 )
and the set

{ufi(@)" +u®f;(2)'G(x), w(uf;(z)’ + v f;(2)'G(x)),- -, a5 (uf;(z)'+
w?fi(2)'G(x))} U {u’ fi ()", wa fi (), - -+ ua®P ™5 f () )

is a minimal generating set of the ideal .# when viewed as an %Z-module.

* Type III: When a < p*, we have

I = (f;(@)* +ufj(@)" Di(z) + ©*f;(x)? Da(z), uf;(x)" + w* f;(x)°V (), u? f;(2)°),

where max{0,a + b — p*} < t; < bif Di(x) # 0,0 < ty < cif Dy(z) # 0,
max{0,b+c—p°} <0 < cif V(x) # 0, Dy(x) is either 0 or a unit in . of the form
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b—t1—-1 c—ta—1
o Ci(x)fi(z)k, Dy(x) is either O or a unit in J¢; of the form > Q(z) f;(z)"*
k=0 £=0
c—0—-1
and V' (z) is either O or a unit in %; of the form > W;(x)f;(x)". Furthermore, we
i=0
have

u? (fi(@)" TV (@) Dy () — fi(@)” T Dy(2) € (u? fi(2)°),

i.e., there exists A(x) € Fym[x]/(f;j(x)P") such that

u? (fi ()" TV (@) Dy () — f(2)” T Dy () = w fi(w) Alx).

Moreover, we have

|f’ — pmdj(3psfafbfc)

Y

the annihilator of .7 is given by
ann(.#) = (£ = ufy @)V (@) + A, ufy (@)
_u2fj (x>ps—a+t1—bD1 (ZL‘), U2fj (x)ps—a>’
and the set

{Fi(2), 2 (2), -, 2% 4% B (2)} U{Fy(x), 2 Fy(x), - -, 2% 4 By (o) U

{szj(llf)c, U2$fj($)c, . ,u2$djb_djc_1fj(l")c}

is a minimal generating set of the ideal .# when viewed as an %-module, where

Fi(x) = fi(x)*+ufi(x)" Dy (x)+u? fj(x)2Dy(x) and Fo(z) = ufj(z)’+u? f;(x)°V (z).

Proof. As . is a non-trivial ideal of 7}, we note that neither a = Onora = b = c = p*
hold. Further, by Lemma 4.2.3, we have |.#| = pm4(r"=a=b=¢) Now to write down all
such non-trivial ideals of .; and to determine their annihilators, we shall distinguish the

following three cases: (i) a = b = p°, (ii) a = p°® and b < p°, and (iii) a < p°.

(i) When a = b = p*, we have .# C (u?). In this case, we have 0 < ¢ < p°. Here we

observe that . = (u®f;(z)). Now to find ann(.#), we consider the ideal &, =
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(fi(x)P° ¢, u,u?), and we see that , C ann(.#) and that |5, | = p™4i(2P°+9) As

— pmd;(p°—c)
- I

3md;p®
pmdj(ps—c) — |j| _ |‘%/]| < p P
ann(7)| — | %]

we getann(.¥) = B = (f;(z)P" ¢, u,u?).

(ii) When a = p® and b < p*, we have .# C (u) and .# < (u*). Here we observe that
I = (uf(x)’ +aPr(z), v’ f;(x)°)

p°—1 A
for some r(x) € ;. Let us write ur(z) = u? 3 %(z)f;(z)’, where ¥(z) €
=0
Pa,(Fpm) for 0 < i < p° — 1. Note that for all i > ¢, we have u?f;(z)" =
u2f;(x)°f; ()¢ € £, which implies that

c—1

I = (ufi(x)’ +u* D Gi(x) fi(x) WP f(x)°).

=0
c—1 )
If u? " 9 (x)f;(x)" # 0in %, then choose the smallest integer ¢ (0 < t < ¢)
i=0

1

c—1
satisfying 4;(z) # 0, which gives u? " ¥;(x) f;(z)" = u*f;(x)'G(x), where G(x) =
=0

c—1 c—1
> 9 (x)fi(x)""" is a unit in .Z;. On the other hand, when u? Y~ ¥;(z) f;(z)" = 0 in
i=t i=0

J;, let us choose G(z) = 0. From this, it follows that

I = (ufi(@)" +u fi(2) G(@), v’ f;(2)%),

c—t—1
where G(z) is either O or a unit in % of the form Y a;(x)f;(x)" with a;(x) €

=0
de.(]Fpm) fOI‘O S Z S Cc— t - 1

Further, as f;(z)?" " {uf;(x)" + v*f;(2)'G(z)} = u*f;j(x)"" "FG(z) € F, we
must have p* — b+ ¢ > ¢ when G(x) # 0. Moreover, let %, = (f;(z)P" ¢ —
wfj(z)P" =G (2), ufj(x)P 70, u?). We observe that %, C ann(.#) and |%,| >

pmdj (p'9+b+c)_ Since

3md;p®
md;(2p°—b—c) _ | | — ‘%’ < per < pmdj(st—b—C)
lann(F)[ =% T ’

p
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we obtain |ann(.%)| = | %, | = p™%P*+0+9) This implies that

ann(.) = By = (f(0)" = —ufy (@) G ), ufy () ).

(iii) When a < p®, we have .# < (u). In this case, we see that a > 0. Here we observe that

I = (fi(@)" + uri(2) + u'ra(x), ufi(@)" +u’q(), v fi(2)°)

for some (), r2(z), ¢(x) € #;. Further, working as in the previous case, one can

show that
I = (f;(2)* + ufj()" Di(z) + v’ ()2 Da(x), ufj(x)" + v f;(x)°V (z), u* f;(x)),

b—1
where D (x) is either O or a unit in %} of the form Y A,(z)f;(z)""", Da(z) is either
{=t1
c—1
0 or a unit in %; of the form > By (z)f;(x)**2 and V(z) is either O or a unit in ¥

k=to

c—1
of the form > W;(x) f;(z)"~? with A,(x), Bx(x), Wi(x) € J%; for each ¢, k and i.
i=0

In order to determine ann(.¥ ), we first observe that
ufj<5(7)ps_a+tl D1 (CL’) + U2fj ([E)pS_a_HZDQ (ZE) € j,

which implies that p*—a+t; > bwhen D;(z) # 0. Next we see that f;(z)P" ~*{uf;(x)"+
u?f;(2)°V(x)} € &, which gives p* — b+ 6 > ¢ when V(z) # 0. Moreover, as
Wfy(e) + W (@) Da(a) € F and fy(2)Hufy(o) + @ F@V ()} € 7, we
note that u*{ f;(z)"* Dy (z) — f;(x)*"**V (x)} € .#, which implies that

w?{fi(2)" Di() = f3(2) "V (@)} € (u?fi(2)°).

From this, we obtain u? f;(z)?"~¢{ f;(x)" Dy(z) — f;(2)* """V (2)} = 0. Further, we
see that

wf; ()P "D (2) + uP f(2)P T2 Dy(2) € S
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can be rewritten as

Fi(@)P = Dy (@) {ufi(@)” + u?f;(2)V (@)} — u? fi ()P T Dy () V ()

+u2fj (Q?)pSia+t2 D2 (Q?) ,

which implies that

W) DL (0)V(2) — @) Dy(a)} € 5.

This further implies that

uH{fi (@) D @)V (@) — fi(2)" T Da(x)} € (W fi(2)).

Let us write u?{ f;(z)P" ~* =040 Dy (2)V (z) — f;(x)P" ~*T 2 Dy(2)} = u? f;(z)° A(x),
where A(x) € Fyn[2]/(f;(x)").

Next consider the ideal

B = (f3(2)" ™ = uf; ()" "V (2) + utAlw), ufy ()"

—? f(2)" T Dy (), Wt f ()" 0.
Here we note that |%;| > p™%(@+%+¢) and %3 C ann(.#). Further, as

d;(3p°—a—b—c) _ | | o |‘)g]| p3mdjps

— < < pmdj (3p*—a—b—c)
ann(7)[ ||

pm

)

we get [ann(.7")| = || = p™ B (@) and ann(.7) = %s.

The determination of minimal generating sets of non-trivial ideals of .7} is a straightforward

exercise. L

In the following corollary, we obtain some isodual a-constacyclic codes of length np®
over Z when the binomial 2™ — « is irreducible over Fm.
Corollary 4.2.2. Let n > 1 be an integer and oy € Fpm \ {0} be such that the binomial

. . . S . . .
x"™ — o is irreducible over F,m. Let « = of) . Following the same notations as in Theorem
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4.2.2, we have the following:
(a) There does not exist any isodual a-constacyclic code of Type I over Z.

(b) There exists an isodual a-constacyclic code of Type II over % if and only if p = 2.
In fact, when p = 2, the code (u(z™ — a)?” ', u?) is the only isodual a-constacyclic

code of Type Il over Z.

(c) There exists an isodual a-constacyclic code of Type III over & if and only if p = 2.

Moreover, when p = 2, the codes ¢ = ((z" — ap)® + u?(x™ — ag)2 Dy(x), u(z" —

A 25—a>

@o)? uP (2" — ap) , 2571 < a < 2% are isodual a-constacyclic codes of Type

III over Z#.

Proof. Let € be an a-constacyclic code of length np® over Z. For the code % to be isodual,

we must have |€'| = |¢*| = |ann(%)|.

(a) Let ¢ be of Type 1, i.e., € = (u?(x™ — ay)¢) for some integer c satisfying 0 < ¢ < p°.

~¢) and |ann(%’)| = p™"(?°+°) Now if the

S

By Theorem 4.2.2, we see that |€’| = p™™(®
code ¥ is isodual, then we must have |¢’| = |ann(%’)|. This implies that p* + 2¢ = 0,
which is a contradiction. Hence there does not exist any isodual a-constacyclic code

of Type I over Z.

(b) Suppose that the code € is of Type IL, i.e., €’ = (u(ax"—ap)P+u?(z"—ap)!G(x), u? (2" —
ap)),where 0 < c < b<p’and 0 <t < cif G(x) # 0. By Theorem 4.2.2, we have
€| = pmn°==9) ann(¥) = (2" — ap)? "¢ — u(a" — )P "G (), u(z” —
ag)”" b, u?) and |ann(%)| = p™" "+ Now if the code ¥ is isodual, then we must
have |¢’| = |ann(%)|, which gives p = 2 and ¢ = 25~! — b. Further, if the code
% is Z-linearly equivalent to ann(%), then Tory(%) = {0} must be Fym-linearly
equivalent to Torg(ann(%’)) = ((x™ — ap)? ~¢), which implies that ¢ = 0. This gives
b=25"1—c=25"1

On the other hand, when p = 2, ¢ = 0 and b = 2°~!, by Theorem 4.2.2 again, we see
that ¢ = ann(%) holds, which implies that the codes ¢ (C %, ) and €+ (C %) are

Z-linearly equivalent.
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(c) Suppose that the code € is of Type I11, i.e., € = (2" — ap)® + u(x™ — ) Dy () +
u?(2" — ag)2 Dy (), u(z"™ — ap)® + u?(z" — )’V (z), u?(z" — ap)¢), where 0 <
c<b<a<p’0<t;<bif Di(x)#0,0 <ty <cif Dy(z) #0and 0 < 0 < cif
V(z) # 0.

Here by Theorem 4.2.2, we have || = p™(®r"=¢=0=9) and |ann(¥’)| = pmnlatb+e,
From this, we see that if the code %’ is isodual, then we must have 3p® = 2(a + b+ ¢),

which implies that p = 2.

On the other hand, when p = 2, we see, by Theorem 4.2.2 again, that for 2571 < g <
2% the code € = (2" — o) +u (2™ — )2 Do (), u(z™ — )2, w2 (a" — ) %)

satisfies ¢ = ann(%’), from which part (c) follows.

]

In the following theorem, we consider the case 5 = 0 and § # 0, and we determine all
non-trivial ideals of the ring .7}, their orthogonal complements, their cardinalities and their
minimal generating sets.

Theorem 4.2.3. Let 8 = 0 and 4 be a non-zero element of ;. Let .# be a non-trivial ideal
of the ring %} with Tory(.%) = (f;(x)®), Tor;(#) = (f;(z)?) and Tory(.#) = (f;(x)) for
some integers a, b, ¢ satisfying 0 < ¢ < b < a < p®. Suppose that B;(z), Cy(x), Qu(z), W, (x)

run over Py, (F,n) for each relevant ¢, k, £ and z. Then the following hold.

* Type I: When a = b = p®, we have
I = (U f;(2)%),
where 0 < ¢ < p®. Furthermore, we have
7] =p" P ann(F) = (f3(2)" ¢ u)

and the set

{u2fj<x>cv uQfo'(x)cv T 7u2xdjpS7dj671fj(x)c}
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is a minimal generating set of the ideal .# when viewed as an %-module.

Type II: When a = p® and b < p®, we have
I = (ufj(2)" + i fi(2) G(a), v f;(2)°),

where max{0,c+ b —p°} <t < cif G(x) # 0 and G(x) is either O or a unit in %]
c—t—1
of the form Y B;(x)f;(x)". Furthermore, we have
i=0

7| = p 4P ann( ) = (f5(2)P 0 — ufi(x)P TG (@), ufi ()P0 u?).
and the set

{ufi(@)" +u®f;(2)'G(x), w(uf;(z)’ + v f;(2)'G(x)), - -, a0 (uf;(z)'+
w? fi(2)'G(x))} U {u? fi ()", wPa fi (), - -+ ua®P =B f () )

is a minimal generating set of the ideal .# when viewed as an %-module.

Type III: When a < p*, we have
I = (fi(x)* +ufi(x)" Di(x)+u? f(2) Do), ufi(x) +u? f;(2)°V (x), u* f(2)°),

where max{0,a + b — p°*} < t; < bif Di(z) # 0,0 < ty < cif Dy(z) # 0,
max{0,b+c—p°} <0 < cif V(z) # 0, D;(z) is either O or a unit in .%; of the form

b—t1—1 c—ta—1
o Ci(x)fi(z)k, Dy(x) is either O or a unit in J¢; of the form > Q(z) f;(x)*
k=0 £=0
c—0—-1
and V (z) is either O or a unit in %; of the form > W;(x)f;(x)". Furthermore, we
i=0
have

u? (hj(x) + fj(m)ps_“+t1_b+0V(x)D1(m) — fj(m)ps_““QDQ(x)) € (u2fj(m)c>,
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i.e., there exists B(z) € Fym[z]/(f;(z)P") such that u? (h;(z) + f;(z)P" =00V (2)
Di(z) — fi(z)P" =22 Dy(z)) = u? f;(x)°B(x). Moreover, we have

|j’ _ pmdj(3ps—a—b—c)

the annihilator of .# is given by

ann(7) = (fi(2)" = — uf; (@) "V (@) + u’B(a), ufi ()"

—u? fi(x)P" Dy (), f ()P )
and the set

(F\(x),2Fy(2),- -, 2% %9 By ()} U {Fy(x), e Fy (), - - -, 2% 1 By (2))

U{Uij ($)c, Uzltfj(lt)c, . ,Uziﬂdjb_djc_lfj ([L‘)c}

is a minimal generating set of the ideal .# when viewed as an %#-module, where

Fi(x) = fi(x)*+uf;i(x)" Dy (x)+u? fj(x)2Dy(x) and Fo(z) = ufj(z)’+u? f;(2)°V (z).

Proof. Working as in Theorem 4.2.2 and by applying Lemmas 4.2.2(c) and 4.2.3, the desired

result follows. ]

In the following corollary, we list some isodual (o + u?)-constacyclic codes of length
np® over % when 0 # 0 and the binomial 2™ — « is irreducible over Fm.
Corollary 4.2.3. Let n > 1 be an integer and oy € Fpm \ {0} be such that the binomial
" — o is irreducible over F,m. Let o = ozgs € [F,m, and let 0 be a non-zero element of

F,=. Following the same notations as in Theorem 4.2.3, we have the following:
(a) There does not exist any isodual (o + u2J)-constacyclic code of Type I over Z.

(b) There exists an isodual (o + u%d)-constacyclic code of Type II over Z if and only if
p = 2. Furthermore, when p = 2, the code (u(z" — og)?™ ', u2) is the only isodual

(a + u?d)-constacyclic code of Type Il over Z.

(c) There exists an isodual (a0 + u2d)-constacyclic code of Type III over Z if and only if

p = 2. Furthermore, when p = 2, the codes € = ((2"—ayp)*+u(z"—ap)* 2 62" '+
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(2™ — ) Dy(z), u(z™ — ) 4 u20?" P (@ — ap)? ), 287 < a < 25,

are isodual (o + u?6)-constacyclic codes of Type III over Z.

Proof. Working in a similar manner as in Corollary 4.2.2 and by applying Theorem 4.2.3,

the desired result follows. O]

4.3 Ranks, Hamming distances, RT distances and RT weight

distributions of some constacyclic codes over %

Let o, 3,6 € Fym be such that « is non-zero. Furthermore, as o € Fm \ {0}, there exists
ap € Fpm satisfying o = ags. Throughout this section, we assume that n > 1 is an integer
and oy € Fm \ {0} is such that the binomial 2" — « is irreducible over F,~. In this section,
we shall determine ranks, Hamming distances, RT distances and RT weight distributions
of all (o« + uf3 + u?d)-constacyclic codes of length np® over %. We shall also list all MDS
Hamming and MDS RT (« + u/3 + u?d)-constacyclic codes of length np® over Z.

In the following theorem, ranks of all non-zero (a + u3 + u?d)-constacyclic codes of
length np® over % are determined.

Theorem 4.3.1. The following hold.

(a) Let 8 € Fym \ {0}, and let € = ((2" — ap)”) be an (a + uf + u?d)-constacyclic code
of length np® over #Z, where 0 < v < 3p® — 1. Then the rank of ¥ is given by

k(%) np® if 0<v<2p°—1,
ran =
n(3p* —v) if 2p°* <v <3p°—1.

(b) Let € be an (a + u?j)-constacyclic code of length np® over Z with Tory (%) =

((z™ — ap)), where 0 < ¢ < p* — 1. Then we have rank(%’) = np® — nc.

Proof. Tt follows immediately from Theorems 4.2.1(b), 4.2.2 and 4.2.3. ]
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In the following theorem, Hamming distances of all non-zero (o +u3 + u%§)-constacyclic
codes of length np® over Z are determined when £ is non-zero.
Theorem 4.3.2. Let 8 € Fpm \ {0}, and let € = {(2" — «p)¥) be an (« + uff + u?d)-
constacyclic code of length np® over Z, where 0 < v < 3p® — 1. Then with respect to the

Hamming metric, the following hold.
(a) When 0 < v < 2p°, the code % is an [np®, np®, 1]-code over Z.

(b) When 2p° + 1 < v < 3p® — 1, the code % is an [np®, n(3p® — v), dy (€ )]-code over
X%, where

042 if 2p° +0p P+ 1 <v<2p°+ (L + 1)p* L with0 < 0 < p—2;
du(€) = G+ Dp" if 3p°—pF+ (i —1)pF 1 +1<v <3p° —pF +ip !
withl <i<p—1landl1<k<s-—1.

Proof. The Hamming distance of the code % can be determined by applying Theorems 2.0.8
and 2.0.7(d), while Theorem 4.3.1(a) gives the rank of the code % [

In the following theorem, we show that there does not exist any non-trivial MDS Hamming
(a + uf + u?d)-constacyclic code of length np® over Z when 3 # 0.
Theorem 4.3.3. Let § € Fym \ {0}. The code ¢ = (1) is the only MDS Hamming (o + uf +

u?6)-constacyclic code of length np® over Z.

Proof. Let € be a non-zero (o + uf3 + u?d)-constacyclic code of length np® over Z. Then
by Theorem 4.2.1, we see that 4 = ((z" — a)”), where 0 < v < 3p® — 1. By Theorem

4.2.1 again, we see that |¢| = p™(37° V),

Now the code ¢ is MDS Hamming code if and only if p""(37° =) = |§’| = pPm(np’=du(@)+1)
which holds if and only if
v = 3{du(%) — 1). 4.3.1)

When 0 < v < 2p®, we see, by Theorem 4.3.2, that dy; (¢) = 1. This, by (4.3.1), implies
that the code ¢ is MDS Hamming if and only if v = 0.
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Next let 2p° + 1 < v < 3p°® — 1. Here working as in Theorem 4.3.2, we see that dy (%) is
equal to the Hamming distance of the a-constacyclic code 2 = {(z™ — ap)”~?"") of length
np® over F,m. By Theorem 2.0.5, we see that | 2| = p™""~*+2") By 2.0.1(a), we have
|D| < pm*=du(P)+1) This implies that nv — 2np® > dy(2) — 1 = dy(€) — 1. From this
and using the fact that np® > dg(%€) > dy(€¢) — 1, we get nv > 3{dy (%) — 1}. This, by
(4.3.1), implies that the code % is not MDS Hamming code when 2p°® + 1 < v < 3p® — 1.

This shows that ¢ = (1) is the only MDS Hamming (o + /3 + u*d)-constacyclic code
of length np® over Z. [

In the following theorem, we determine RT distances of all non-zero (o + uf + u*9)-
constacyclic codes of length np® over % when /3 is non-zero.
Theorem 4.3.4. Let 8 € Fym \ {0}, and let € = {(z" — ap)¥) be an (a + uff + u?d)-
constacyclic code of length np® over Z, where 0 < v < 3p® — 1. With respect to the RT

metric, the following hold.
(a) When 0 < v < 2p°, the code % is an [np®, np®, 1]-code over Z.

(b) When 2p°+1 < v < 3p® — 1, the code € is an [np®, n(3p® — v), nv — 2np® + 1]-code

over % .

Proof. By Lemma 4.2.2(b), we have ((2" — ap)?") = (u), which implies that u? € {(z" —
ap)”) for 1 < v < 2p®. This implies that dgr (%) = 1 for 1 < v < 2p°.

Next for 2p° +1 < v < 3p® — 1, we note that €’ = ((z™ — ap)”) = (u*(a™ — )" %) =
{u?(z™ — )% f(z) : f(x) € Fpm[z]}. From this, it follows that wpr(Q(z)) >
wrr(u?(z™ — )"~ ?") = nv — 2np® + 1 for each Q(x) € € \ {0}. Moreover, we
see that wrr((z" — p)”) = wrr(v?(z™ — ap)’ ") = nv — 2np® + 1, which gives

dpr(€) = nv — 2np® + 1.

From this and by Theorem 4.3.1(a), we get the desired result. [

In the following theorem, we show that there does not exist any non-trivial MDS RT

(a + uB + u?§)-constacyclic code of length np® over Z when 3 # 0.
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Theorem4.3.5. Let 3 € F,m\{0}. Then the code ¢ = (1) is the only MDS RT (a—+ufS+u?d)-

constacyclic code of length np® over Z.

Proof. Let ¢ be a non-zero (o + uf3 + u?d)-constacyclic code of length np* over %Z. Then
by Theorem 4.2.1, we have € = ((z" — ap)”), where 0 < v < 3p® — 1. By Theorem 4.2.1
again, we see that | 4’| = p™"(7°~¥)_ Further, the code ¥ is MDS RT Code if and only if
pmnBr ) = |§| = pPmwt—drr(€)+1) which holds if and only if

nv = 3{dpr(€) — 1}. (4.3.2)

Now for 0 < v < 2p®, by Theorem 4.3.4, we see that dgrr (%) = 1. By (4.3.2), we note that
the code ¢ is MDS RT Code if and only if v = 0.

On the other hand, when 2p* + 1 < v < 3p® — 1, by Theorem 4.3.4, we see that
drr (%) = nv — 2np® + 1. One can easily verify that (4.3.2) does not hold in this case. This
shows that the code % is not MDS RT Code when 2p° + 1 < v < 3p°* — 1. [

In the following theorem, we determine RT weight distributions of all (a + uf3 + u29)-
constacyclic codes of length np® over % when 3 is non-zero.
Theorem 4.3.6. Let 8 € F,m \ {0}, and let € = {((2" — «p)¥) be an (« + uff + u?d)-
constacyclic code of length np® over #, where 0 < v < 3p®. For 0 < p < np®, let A,

denote the number of codewords in ¢ having the RT weight as p.

(a) For v = 3p*, we have

1 ifp=0;
A, = !

0 otherwise.
(b) For2p® +1 < v < 3p° — 1, we have

1 if p = 0;
A,=1¢ 0 if1 < p<nv—2np*;
(p™ — 1)pme=mv 20" =) if ny — 2np® + 1 < p < np®.
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(c) Forv = yp® with y € {0, 1,2}, we have

1 if p=0;
A, =
(pE=) — prEeml i1 < p < p”.

(d) For (k—1)p°+1 <v <kp®—1withk € {1,2}, we have

1 if p=0;
A, =1 (prB=R) — 1)pmB-Re-1 if1 < p < nw— (k—1)np*;
pre=np® = =dk) (um(A=k) _ 1)pmE=Rle if ny — (K — Dnp® + 1 < p < np®.

Proof. ltis easy to see that Ay = 1. So from now onwards, throughout the proof, we assume

that 1 < p < np?.
(a) When v = 3p®, we have ¥ = {0}. This gives A, = 0 for 1 < p < np°®.

(b) Let 2p® + 1 < v < 3p® — 1. Here by Theorem 4.3.4, we see that dgr(¢) = nv —
2np® + 1, which gives A, = 0 for 1 < p < nv — 2np°. Next let nv — 2np® +1 <
p < np*. Here by Lemma 4.2.2(b), we see that {(z" — ag)?") = (u). This implies that
€ = (U (2" — )" ") = {u? (2" — )" F(z) : F(x) € Fym[z]}. From this, we
observe that the RT weight of the codeword u?(z" — )"~  F(x) € € is p if and
only if deg F(z) = p — nv + 2np® — 1. This gives A, = (p™ — 1)pmp—nv+2np=1),

(c) Nextlet v = yp®, where y € {0,1,2}. Here by Lemma 4.2.2(b), we see that € =
" — X)) = (W) = {WF(z) : F(x) € Ppy:(Z)}. From this, we see that
(( P
A, = (pmB3=y) — 1)pmB-v=1 for 1 < p < np°.

(d) Nextlet (k —1)p*+1 < v < kp® — 1, where k € {1,2}. Here also, by Lemma
4.2.2(b), we have ((2" — ap)?") = (u), which implies that v* € ¢ and € =
(uF=1 (2™ — a)¥~*=1P") . Further, we observe that any codeword Q(z) € % can be
uniquely written as Q(z) = uf~1(a" — ag)?~*"VP" F(z) + uf Hg(z) with Fy(x) €
Prenps—nw (Fpm ), Ho(x) € Prps(Fym) when k = 2 and Hg(x) € Prps (Fpm + ulFpm)
when £ = 1.
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When 1 < p < nv — (k — 1)np®, we see that the RT weight of the codeword
Q(z) € € is pif and only if Fp(z) = 0 and deg Hp(z) = p — 1. From this, we
obtain A, = (p"C=F) — 1)pmG=k=D for 1 < p < nv.

Next let nv — (k — 1)np® + 1 < p < np°. In this case, we see that the RT weight of
the codeword Q(z) € € is p if and only if exactly one of the following two conditions
is satisfied: (i) deg Fp(x) = p — nv + (k — 1)np® — 1 and Hg(x) is either O or
deg Hyp(z) < p — 1, and (ii) Fo(x) € Pponvt(k—1)nps—1(Fpm) and deg Hy(x) =

p — 1. From this, we obtain

Ap — (pm o 1)pm(p—m/—i-(k—1)np5—1)pm(3—k)p
_'_pm(p—nl/—l—(k—l)nps—l) (pm(S—k) . 1>pm(3—k)(p—1)

m(4fk)p.

=D

m((k—1)np®—nv—4+k) <pm(47k:) _ 1)p

This completes the proof of the theorem. 0

In the following theorem, Hamming distances of all non-trivial (o + u2d)-constacyclic
codes of length np® over Z are determined.
Theorem 4.3.7. Let € be a non-trivial (o + u?d)-constacyclic code of length np* over #Z
with Tory (%) = ((z™ — )€) for some integer ¢ satisfying 0 < ¢ < p® (as determined in
Theorems 4.2.2 and 4.2.3). Then with respect to the Hamming metric, the code % is an

[np®,n(p® — ¢),dy(€)]-code over #Z, where

(1 if c=0.

042 if lp 41 <c<(+1Dptwith0<(<p-—2;

(i+1)p* if pP—p"F+(i—1Dp 1+ 1<c<p®—pF+ip** 1 with

1<i<p—Tlandl1 <k <s—1.

Proof. By Theorem 4.3.1(b), we see that rank(%") = np® — nc. Further, by applying Theo-

rems 2.0.8 and 2.0.7(d), one can determine the Hamming distance of the code % . 0

One can easily observe that the (o + u?§)-constacyclic code ¢ = (1) of length np® over

Z is MDS Hamming and MDS RT Code. In the following theorem, we list all non-trivial
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MDS Hamming (« + u?§)-constacyclic codes of length np® over Z.

Theorem 4.3.8. The following hold.

(a)

(b)

When § # 0, there exists a non-trivial MDS Hamming (« + u?d)-constacyclic code of
length np® over Z if and only if p = 2 and n = s = 1. Furthermore, when p = 2 and
n = s = 1, all the distinct non-trivial MDS Hamming (o + u*§)-constacyclic codes

of length 2 over Z are given by (x — g + ud?" ' + u2D,), where Dy € Fom.

When § = 0, there exists a non-trivial MDS Hamming a-constacyclic code of length
np® over Z if and only if n = 1. Furthermore, when n = 1, all the distinct non-trivial

a-constacyclic codes of length p°® over Z are given by
{(x — ap)® + u(r — )" Dy () + u* (2 — ap)2Dy(x)),

where 1 <a <p—1lifs=1whilea € {1,p°—1}if s > 2, max{0,2a—p°} < t; <a
if Di(z) # 0,0 <ty < aif Dy(x) # 0, Dy(x) is either O or a unit in %, of the form
a—t1— a—to—1

1
> Ci(x—ap)® and Dy(x) is either 0 or a unitin %, of the form > Q(z— )’
— =0

k=0 -
with Cy,, @, € Fm for each relevant k and ¢, satisfying the following:

u?(z — )P T2 Dy(x) — u(z — ap)? 2Dy (2)? € (WP (x — ag)?).

Proof. Let € be a non-trivial (a + u?d)-constacyclic code of length np® over #Z with

Tory (%) = (2™ — ap)), where 0 < ¢ < p® (as determined in Theorems 4.2.2 and 4.2.3).

Here by Theorem 4.3.7, we note that dy (6) = dy(Tory(%)). By applying Theorem 2.0.1(a),

we have p""(P°=¢) = |Tory(%€)| < pmnP°~du(Tor2(€))+1) "This gives

ne > dy(Tory(€)) — 1 = dp(€) — 1. 4.3.3)

(i) Firstlet € be of Type 1. Here by Theorems 4.2.2 and 4.2.3, we have ¢ = (u?(z" —

a0)°). By Theorems 4.2.2 and 4.2.3 again, we see that |¢’| = p™"*"~°. Now by
Theorem 2.0.1(a), the code ¥ is MDS Hamming code if and only if pm”(psfc) =
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€| = p?mw°=du(©)+1) which holds if and only if
2np® + nc = 3{dy(¥¢) — 1}. (4.3.4)

By (4.3.3) and using the fact that p* > ¢, we get 2np® + nc > 3{dy (%) — 1}. This,
by (4.3.4), implies that the code %  is not MDS Hamming code in this case.

(ii) Now let & be of Type II. Here by Theorems 4.2.2 and 4.2.3, we have ¢’ = (u(z" —
@)’ + u?(z" — ap)!G(z), u (2" — ap)), where 0 < ¢ < b < p*, max{0,c + b —
p°’} <t < cif G(x) # 0 and G(z) is either O or a unit in %, 25 of the form
c_i_l Bi(x)(z" — ap)* with B;(z) € P,,(F,m ) for each i. By Theorems 4.2.2 and 4.2.3
a;:efin, we have |¢| = p™(2r"=b=9) Now the code € is MDS code if and only if

pmnri=b=c) — |g| = p3mw*—du(@)+1) "which holds if and only if
np® + nb+ nc = 3{dg (%) — 1}. (4.3.5)

Now by (4.3.3) and using the fact that p* > b > ¢, we get np®* +nb+nc > 3{dy(¢)—
1}. This, by (4.3.5), shows that the code € is not MDS Hamming code in this case.

(iii) Next let & be of Type III. Here by Theorems 4.2.2 and 4.2.3, we have € = ((z" —
) Hu(z"—ap) ' Dy (2)+u? (2" —p) 2 Da(), u(a™ —ag) P+ u? (2" — )V (2), u? (2" —
ap)¢),wherea > 0,0 < ¢ <b<a<p’, max{0,a+b—p°} <t; <bif Di(z) #0,

0 <ty < cif Do(z) # 0, max{0,b+c—p°} <0 < cif V(z) # 0, Dy(z) is either O
b—t1—1
or a unit in %, .25 of the form Y. Cy(x)(z"™ — ap)*, Dy(z) is either O or a unit in
k=0
c—ta—1
Roy2s of the form > Qu(x) (2" — ap)’ and V(z) is either 0 or a unit in Z 25
=0
c—0—1

of the form > W;(x)(z" — ap)* with Ci(z), Q¢(x), W;(z) € P,(F,m) for each
i=0

relevant &, ¢ and 7. Furthermore, by Theorems 4.2.2 and 4.2.3 again, we see that

w?{(2" — ag)” TV (@) Dy () — (2" — a)” T2 Dy(x) — 8} € (WP (" — ao)°),

(4.3.6)
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and that |€’| = p™(3P"=a=b=¢) Now the code € is MDS Hamming code if and only if
pmnEpt—a=b—c) — ]‘5| = p3mw’=du(€)+1) "which holds if and only if

na + nb+ nc = 3{dy(¢) — 1}. 4.3.7)

By (4.3.3) and using the fact that a > b > ¢, we have na + nb+ nc > 3{dy(¢) — 1}
and equality holds if and only if na = nb = nc = dy(€¢) — 1 = dy(Torz(¥)) — 1.

Now when a = b = ¢, we see that u® {(z" — )" Dy (z) — (2" — o)V (z)} €
(u?(2™ — ap)®), which implies that t; = ¢ and D;(z) = V(z). From this and using
(4.3.6), we see that

W (2" — )P 22D (1) — (2" — )P T2 Dy (2) — 6} € (W (2" — ap)?).
This holds if and only if t; = 0, p = 2, a = 2°~! and D;(x) # 0 in the case when
5 #0.

Further, we see, by Theorem 2.0.8, that the code ((z™ — ay)?), 0 < a < p®, of length

np® over F,m is MDS Hamming code if and only if
*0<a<p—1whenn=s=1,;
*a€{0,1,p°— 1} whenn = 1and s > 2;
e ¢ =0whenn > 2.

Using this, the desired result follows immediately.

]

In the following theorem, we determine RT distances of all non-trivial (o + u29)-
constacyclic codes of length np® over Z.
Theorem 4.3.9. Let € be a non-trivial (o + u2d)-constacyclic code of length np® over #

with Tora (%) = ((z" — ap)®) for some integer ¢ satisfying 0 < ¢ < p® (as determined in
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Theorems 4.2.2 and 4.2.3). Then the code %’ is an [np®, n(p® — ¢), nc + 1]-code with respect

to the RT metric.

Proof. To prove the result, we first observe that

wRT(Q(x)) > wRT<uQ(:L‘)) for each Q(l‘) S '%cx—i-u%- (438)

(i) When % is of Type I, we have € = (u*(z™ — ap)). Here we note that ¢’ = (u?(z" —
@)®) = {u?(z" — ag)°f(z) : f(x) € Fym[z]}. Now for each non-zero Q(z) € €, by
(4.3.8), we see that wpr(Q(x)) > wrr(u?(2"™ — ag)®) = nc+ 1, which implies that
drr(%€) > nc+ 1. Since u? (2™ — )¢ € €, we obtain dr7(€) = nc + 1.

(ii) When ¢ is of Type II, we have € = (u(x" — a)® + u? (2" — a)!G (), u?(z™ — ap)°),

a unit in F,m [x]/(f;(x)?"). Here by (4.3.8), we note that wrr(Q(x)) > wrr(uQ(x))
for each Q(x) € € \ (u?), which implies that wrr(Q(x)) > drr((u*(z™ — ap)®))
for each Q(z) € €\ (u?). From this, we get drp(€) > dpr({(u?(x™ — ap)®)). Since
(u?(2™ — ap)®) C €, we have dpr({(u?(x™ — ag)®)) > drr(%). This implies that

)

where ¢ < b < p*, max{0,c+ b —p*} <t < cif G(x) # 0 and G(x) is either O or
)
(

drr(€) = dpr({u*(x™ — ap)*)). From this and by case (i), we get dpr(€) = nc+ 1.

(ili) When % is of Type III, we have € = ((2" — ag)® + u(z" — ap)" Dy (z) + v*(z™ —
)2 Dy(z), u(x™ — ap)® + v (2™ — o)’V (x), u*(x™ — ap)), where ¢ < b < a <
p°, max{0,a + b — p*} < t; < bif Di(z) # 0,0 < ty < cif Dy(z) # 0,
max{0,b+c—p°} <0 < cif V(z) # 0and D;(x), Da(x), V(x) are either O or a units
in Fym[z]/(f;(x)""). For each Q(z) € € \ (u), by (4.3.8), we see that wrr(Q(z)) >
wrr(u?Q(x)). From this, we get wrr(Q(z)) > drr({(u? (2™ —ay)©)) for each Q(x) €
%\ (u). Further, for a codeword Q(x) € €\ (u?(2"—ap)¢) with Q(z) € (u), by (4.3.8)
again, we see that wrr(Q(x)) > wrr(uQ(z)) > drr((u? (2™ — ap)©)). This implies
that dpr (%) > drr((u?(z" — ap)¢)). On the other hand, as (u?(x™ — ag)¢) C €, we
have drr(u?(2™ — ag)®)) > drr(€), which implies that dgr(€) = drp((u?(z" —
ap)©)). From this and by case (i), we get dgr (%) = nc + 1.

From this and by Theorem 4.3.1(b), the desired result follows. ]
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In the following theorem, we determine all non-trivial MDS RT (« + u?§)-constacyclic
codes of length np® over Z.
Theorem 4.3.10. The following hold.

(a) When § # 0, there exists a non-trivial MDS RT (a + u?d)-constacyclic code of
length np® over Z if and only if p = 2. Furthermore, when p = 2, all the distinct

(a + u?d)-constacyclic codes of length 2°n over Z are given by

s—

(2" — ag)? " +uDy(z) + u*(2" — ag)? Da()),

2711
where 0 <ty < 2°71if Dy(x) # 0, Di(x) is aunitin Z, 25 of the form > By (z)(2"—
k=0
257191
ap)¥ and Dy (z) is either 0 or a unit in %y ,25 of the form  >°  Cy(x)(2" — ag)*
(=0

with By (x), Cy(z) € P, (IFam ) for each relevant k and /, satisfying the following:

u?{6 — Dy (2)?} € (WP (2" — ag)® ).

(b) When ¢ = 0, all the distinct non-trivial MDS RT «-constacyclic codes of length np®

over Z are given by
(2" — ) +u(z™ — )" Dy () + u* (2™ — ag)2 Dy(2)),

where 1 < a < p* — 1, max{0,2a — p°} < t; < aif Di(x) # 0,0 < t3 < a
a—t1—1
if Dy(x) # 0, Dy(z) is either O or a unit in %, of the form > Q(x)(z" —
k=0
a—to—1

ap)¥ and Ds(x) is either O or a unit in %, of the form Y W(z)(z" — ag)*’ with
=0

Qk(z), Wi(z) € P, (F,m) for each relevant k and ¢, satisfying the following:

u{(@" — o) T Dy(x) — (2" — ao)” Dy (2)°} € (uP (" — an)”).

Proof. To prove the result, let ¢ be a non-trivial (o + u2§)-constacyclic code of length np®
over Z with Tory (%) = (2" — ap)°), where 0 < ¢ < p® (as determined in Theorems 4.2.2
and 4.2.3). Then by Theorem 4.3.9, we see that dpr(¢’) = nc + 1.
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@

(ii)

(iii)

First let ¢ be of Type 1. Here by Theorems 4.2.2 and 4.2.3, we have ¢ = (u*(2" —
a0)°). By Theorems 4.2.2 and 4.2.3 again, we see that |%’| = p"""°~¢). Now the code
% is MDS RT code if and only if p""?°*=¢) = || = p?mP"=drr(€)+1) "which holds
if and only if

2np® + nc = 3{drr(¥¢) — 1} = 3nc. 4.3.9)

As p® > ¢, we get 2np® + nc > 3nc. From this and by (4.3.9), we see that the code &
is not MDS RT code in this case.

Let € be of Type II. Here by Theorems 4.2.2 and 4.2.3, we have ¢ = (u(2" — o)’ +
u? (2" — ap)'G(x), u? (2" — ap)¢), where 0 < b < p*, max{0,c+ b —p*} <t < cif
G(z) # 0 and G(z) is either 0 or a unit in %, 25 of the form cfl Bi(z)(z"™ — ap)"
with B;(z) € P,(F,=) for each i. By Theorems 4.2.2 and 41.:20.3 again, we have
|€'| = p™(2r°~b=¢) Now the code % is MDS RT code if and only if p™n(2r° ~b=¢) =

€| = pPm(w*=du(€)+1) which holds if and only if
np® + nb+ nc = 3{dpr(¢) — 1} = 3nc. (4.3.10)

Now as p® > b > ¢, we have np® + nb 4+ nc > 3nc. From this and by (4.3.10), we see
that the code ¥ is not MDS RT code in this case.

Let ¢ be of Type III. Here by Theorems 4.2.2 and 4.2.3, we have ¢ = (2" — ap)® +
(2™ — ap)t Dy (2) +u? (2" — aig) 2 Do), u(x™ — ap)? +u? (2" — )V (2), u? (2" —
ap)¢), where 0 < b < a < p*, max{0,a+b—p°} <t; <bif Di(z) #0,0 <ty <c
if Dy(z) # 0, max{0,b+c —p°} <0 < cif V(x) # 0, Dy(x) is either O or a unit
in Xy 25 Of the form bkiol Cr(x) (2™ — ap)¥, Dy(z) is either O or a unit in P25

c—to—1

of the form > Qu(z)(z" — o)’ and V(z) is either 0 or a unit in %,,,,2s of the
=0

c—0—1

form Z Wi(z)(a™ — ag)* with Ci(x), Q,(x), Wi(x) € P, (F,m) for each relevant
4 and i. By Theorems 4.2.2 and 4.2.3 again, we see that

UZ{(CL’H . ao)ps—a+t1—b+9V(x)D1 () — (2" — Oéo)ps_m—wDZ(x) — 0} 4.3.11)

€ (u?(z" — ap)),
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and that |¢| = p™(r"~a==¢) Now the code ¥ is MDS RT code if and only if
pmnBrta=b=c) — || = pPm(w*—drr(€)+1) "which holds if and only if

na + nb+ nc = 3{drr(€¢) — 1} = 3nc. (4.3.12)
Using the fact that a > b > ¢, we obtain na + nb + nc > 3nc, and the equality holds
ifandonly ifa =b = c.

Now when a = b = ¢, we see that u?{(2" — o))" Di(z) — (2" — )’V (2)} €
{ (2™ — ap)®), which implies that t; = 6 and D;(z) = V(x). From this and
using (4.3.11), we get u?{(z" — ap)? 2021 Dy (1) — (2™ — ap)P ~ 42 Dy(2) =6} €
(u?(x™ — ap)®). This holds if and only if ¢, = 0, p = 2, a = 2°"! and Dy(z) # 0 in
the case when 9§ # 0.

From this, the desired result follows.

]

In the following theorem, we determine RT weight distributions of all (« + u?6)-

constacyclic codes of length np® over Z.

Theorem 4.3.11. Let € be an (a + u?6)-constacyclic code of length np® over #Z with
Torg(€) = {((x™ — ap)?), Tor, (€) = ((2" — ayp)®) and Tory () = ((a™ — ap)¢) for some

integers a, b, ¢ satisfying 0 < ¢ < b < a < p° (as determined in Theorems 4.2.2 and 4.2.3).

For 0 < p < np®, let A, denote the number of codewords in ¢ having the RT weight as p.

(a) If € = {0}, then we have Ag = 1and A, =0 for 1 < p < np°.
(b) If € = (1), then we have Ay = 1 and A, = (p*™ — 1)p*™= for 1 < p < np®.

(¢) If € = (u*(x™ — ap)®) is of Type L, then we have

1 if p=0;
A, =14 0 if 1< p<ne
(p™ — D)pm™e=me=D) if ne+1 < p < np.
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(d)

(e)

If 6 = (u(2™ — ap)® + u?(2™ — ap)!G(x), u?(z"™ — ap)€) is of Type II, then we have

(

1 if p=0;
0 if 1< p<ng
(p™ — D)p™e=me=l) i pe+1 < p < nb;

\ (p2m . 1)pm(2p—nb—nc—2) if nbd + 1 S P S nps'

If ¢ = (2" — ap)® + u(a™ — o) Dy(x) + u? (2" — ap)2Dy(), u(z™ — ap)® +

u? (2™ — ap)?V (x), u?(z"™ — o)) is of Type III, then we have

1 if p=0;
0 if 1< p<nc

>
I

(p™ — D)pme=me=) if ne+1 < p < nb;

(p?™ — 1)pmr—nb—ne=2) if ph4 1< p < na;
(

\ p3m _ 1>pm(3p—na—nb—nc—3) if na+1< p < nps.

Proof. Proofs of parts (a) and (b) are trivial. To prove parts (c)-(e), by Theorem 4.3.9(c), we

see that dpp(€) = nc + 1, which implies that A, = 0 for 1 < p < nc. So from now on, we

assume that nc + 1 < p < np®.

(©)

(d)

Let ¢ = (u?(2" —y)¢). Here we see that € = (u?(2" —ap)®) = {u? (2" —ap)°F(x) :
F(z) € Fym[z]}. This implies that the codeword u?(z" —a)°F(z) € € has RT weight

pifand only if deg F'(x) = p—nc—1. From this, we obtain A, = (p™—1)pmr—ne=1),

Let € = (u(a"™ — ap)® + u?(z" — ap)!G(x),u?(z™ — )®). Here we observe that
each codeword Q(z) € % can be uniquely expressed as Q(z) = (u(z™ — ap)® +
u? (2" — ap)'G(2))Ag(x) + u?(z™ — ap)°Bg(z), where Ag(x), Bo(z) € Fym[z]
satisfy deg Ag(x) < n(p® —b) —1if Ag(x) # 0 and deg By(z) < n(p® —c¢) — 1
if Bo(x) # 0. From this, we see that if nc + 1 < p < nb, then the RT weight of the
codeword ()(x) € € is p if and only if Ag(z) = 0 and deg Bo(z) = p — nc — 1.
This implies that A, = (p™ — 1)p™e=re=1) for nc + 1 < p < nb. Further, if
nb+1 < p < np®, then the RT weight of the codeword )(x) € ¥ is p if and only if one

of the following two conditions are satisfied: (i) deg Ag(z) = p—nb—1and Bg(x) is
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either 0 or deg Bg(x) < p—nc—1and (ii) Ag(x) is either 0 or deg A (z) < p—nb—2
and deg Bg(x) = p — nc — 1. From this, we get A, = (p*™ — 1)pm2e—nb=nc=2) for
nb+1 < p < np°.

(e) Let € = (2™ — ag)® + u(z™ — ) Dy () + u?(2™ — )2 Dy(z), u(z™ — ag)® +
u? (2" — )’V (z), u?(z" — ap)¢). Here we see that each codeword Q(z) € € can
be uniquely expressed as Q(z) = ((x™ — ag)® + u(z"™ — )" Dy(z) + (2™ —
a0)"2 Da(2)) M(@)+ (u(z" —ao) +u? (2" — )V (2) ) No(2) +u? (2" — o) Wo(w),
where Mg (z), No(z), Wo(z) € Fym|x] satisfy deg Mo(z) < n(p® —a) — 1 if
Mg(x) # 0, deg Ng(x) < n(p® —b) — 1if Ng(x) # 0, and deg Wy (x) < n(p® —
c) — Lif Wo(x) # 0.

If nc +1 < p < nb, then the codeword Q)(z) € ¥ has RT weight p if and only
if Mg(x) = Ng(xz) = 0 and deg Wy(z) = p — nc — 1. This implies that A, =
(pm _ 1)pm(p—nc—1)'

Further, if nb + 1 < p < na, then the RT weight of the codeword Q(z) € € is p
if and only if My (z) = 0 and one of the following two conditions are satisfied: (i)
deg No(z) = p—nb—1and Wy(z) is either 0 or deg Wy (x) < p— 1 — nc; and (ii)
Ng(x) is either 0 or deg Ng(x) < p —nb — 2 and deg Wy(x) = p — nc — 1. This

implies that A, = (p?™ — 1)pm(2p—nb-ne=2),

Next let na + 1 < p < np°. Here the RT weight of the codeword Q(z) € €
is p if and only if exactly one of the following three conditions is satisfied: (i)
deg Mg(z) = p—na — 1, Ng(x) is either 0 or deg Ng(z) < p —nb— 1 and Wy(x)
is either 0 or deg Wy(z) < p — nc — 1; (i) Mg(z) is either 0 or deg Mqg(x) <
p—na — 2, deg No(z) = p — nb — 1 and Wy(z) is either O or deg Wy(z) <
p —nc — 1; and (iii) Mg(z) is either 0 or deg My (z) < p — na — 2, Ng(z) is either
0 or deg No(z) < p—nb— 2 and deg Wy(xz) = p — nc — 1. This implies that

Ap — (p3m _ 1)pm(3pfna7nb7n073) for na + 1 S p S nps.

This completes the proof of the theorem. [
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4.4 Hamming distances of constacyclic codes of length 2p°

over Z and determination of MDS Hamming codes

Throughout this section, let p be an odd prime. Here we will determine Hamming distances
of all constacyclic codes of length 2p® over Z, and we will also identify all MDS Hamming
constacyclic codes of length 2p® over Z. For this, we recall that A = o + u3 + 1?6, where
a, 3,9 are elements of F,» and « is non-zero. As o € F,m \ {0}, there exists oy € Fym

satisfying a = of . Here we have %y = Z[z]/(z*" — \).

When o € ;= is not a square in F,», the binomial 2% — ap is irreducible over Fpm, and
one can determine Hamming distances of all (a + u/3 + u?§)-constacyclic codes of length
2p® over # and identify all MDS Hamming codes within this class of codes on taking n = 2
in Theorems 4.3.2, 4.3.3, 4.3.7 and 4.3.8.

So from now on, throughout this section, we assume that ag(# 0) € F,m is a square
in Fym, i.e., there exists {(# 0) € F,m such that ay = &*. This implies that 2* — ap =
(x + &) (x — ). From this and working as in Section 4.2, we get Z) ~ J#| @ 5, where
= K]/ ((x+8)7 +ugi(x)+uhy(x)) and o = Z[x] /(2 =) +ugs(w) +uha(2)),
where for j € {1, 2}, the polynomials g;(z), h;(z) € Fym|z] satisfy ged(z + &, g1(2)) =
ged(z — €, g2(z)) = 1 when 5 # 0, g;(x) = hj(z) = 0 when 8 = 0 = 0, while g;(z) =0
and ged(z + &, hy(x)) = ged(z — &, ho(z)) = 1 when 5 =0 and § # 0.

Now let € be an (a + uf + u?d)-constacyclic code of length 2p* over Z, i.e., an ideal of

the ring #,. Then by Proposition 4.2.1, we have
Cg - %1 @ ng, (441)

where € is an ideal of .%; for j € {1,2}. Further, we note that an element a(z) € Z, can
be written as a(z) = ag(x) +uay(z) +u?ag(x), where ag(z), a;(z), ag(x) € Fpm|[z]/{(2? —
@)P"). Let us define Tory (%) = {co(x) € Fym[z]/{(x® — cp)?") : co(x) + ucy (x) + ulca(x)
€ ¢ for some ci(z), ca(x) € Fym[z]/{(x® — ap)?")}, Tory (€) = {c1(z) € Fym|x]/{(2? —
@o)P) : ucy(x) + ulcy(x) € € for some ca(z) € Fym[z]/{(2* — ap)?’)} and Tory(€) =
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{ca(x) € Fpm[z]/{(z* — ap)?") : uPca(x) € €' }. Then we make the following observation.
Proposition 4.4.1. Let € = 6, ® % be an (a + uff + u?d)-constacyclic code of length
2p® over Z (i.e., an ideal of the ring #,), where ¢ is an ideal of % for j € {1,2}.
Then Toro (%), Tor;(¢) and Tory (%) are ideals of Fym[z]/{(z? — ap)?"). Moreover, we
have Tor;(%¢) = Tor;(61) & Tor;(%,) for 0 < i < 2, where for i € {0, 1,2}, Tor;(%,) and
Tor;(65) are ideals of Fym [z]/{(z + £)P") and Fym[x]/{(x — £)P"), respectively.

Proof. Proof is trivial. O

Remark 4.4.1. Bach (o + uf3 + u?6)-constacyclic code & of length 2p* over & can be
expressed as ¢ = €1 ® €,, where € is an ideal of J7; for j € {1,2}. By Proposition
4.4.1, we see that Torg(%), Tor; (%) and Tory (%) are ideals of Fm [z]/{(2* — ap)P"), and
that Tor;(%¢") = Tor;(%1) @ Tor;(%>) for 0 < i < 2, where for i € {0, 1,2}, Tor;(%)) and
Tor;(6,) are ideals of Fym[z]/{(x + &)P") and Fpm|[z]/{(z — £)P"), respectively. Further,
as Fym[z]/{(z + &P") and Fym[z]/{(z — &)P") are finite commutative chain rings with
the respective maximal ideals as (x + &) and (z — &), we have Tory(%1) = ((z + £)™),
Torg(¢2) = ((z — &)™), Tori(€1) = ((z + &)™), Tori(%2) = ((x — §)*), Tors(%1) =
((z +€£)*) and Tory(€3) = ((x — §)*)

0< 1 <b <ap <p’and 0 < 3 < by < ay < p°. Now by applying the Chinese
Remainder Theorem, we get Tory(%) = ((z+&)® (z—£)®), Tor (€) = ((z+&)" (z—£)°2)
and Tory (%) = ((z +§)“ (z — £)*).

for some integers ay, by, c1, as, bo, co satisfying

Now we proceed to determine Hamming distances of all non-zero (o + uf + u29)-
constacyclic codes of length 2p® over Z. For this, we need the following theorem.
Theorem 4.4.1. [57] Let p be an odd prime, and let w be a non-zero square in F,~. Then
there exists wy € Fm satisfying w = wgs. Further, wy is a square in [F,,», i.e., there exists
¢ € Fym such that wy = £2. Now let € be a non-zero w-constacyclic code of length 2p* over

F,m. Then we have € = ((x + &) (x — £)"?), where 0 < vy, vy < p°.
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When v; > vy, the Hamming distance d (¢) of the code € over F,= is given by

/

\

1 if vy =vy =0;

2 if v9=0and0 < v, < p°;

min{(¢ + 2)p*, 2(6, + 2)pF'} if p*—pF 4+ 41 <wp < pie
ps—k + (g + 1)ps—k—1 and p°* — ps—k’ + glps—k’—l +1< vy < pe

P (G 4+ D F with0< 6,6, <p—2, and 0 <K <k <s—1;
206, +2)pF if vy =p andp® —pF + lpF T+ 1 <y <pi-

PP (G +D)pF T with0< 6 <p—2and 0 < k' < s — 1.

When vy > vy, the Hamming distance dy (€) of the code € over F,m is given by

(

\

1 if vy =vy=0;

2 if vy =0and0 < vy < p*;

min{ (£ + 2)p*, 2(£1 + 2)p*'} if p* —pF 4 lpsTEF 1 <y < p°
—p R+ DpFrand p* — pt M + ptH T+ 1 <y < p-
P+ (G + DpF T with0< 0,60, <p—2, and 0 < K <k <s— 1

206, +2)p" if vy = p*and p* —pF 4+ LpF T 41 <oy <pie
P+ (G 4+ DpF T with0 < ¢ <p—2and 0 < K < s— 1.

Moreover, the code % is an MDS Hamming code if and only if exactly one of the following

conditions is satisfied:

’U1:U2:O;

vy = 1 and vy, = 0;

Uleandvgzo;

vy =p°and vy = p° — 1;

e v =p°®—1and vy, = p°.

In the following theorem, Hamming distances of all non-zero (o + uf3 +u2J)-constacyclic

codes of length 2p° over % are determined.
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Theorem 4.4.2. Let € be a non-zero (a + uf + u?d)-constacyclic code of length 2p* over

Z with Tory(€) = ((x + &) (x — £)*) for some integers ¢, ¢y satisfying 0 < ¢, ¢ < p°.

(a) When ¢; > ¢, the Hamming distance dy (%) of the code %’ is given by

p
1 if 61:C2:O;

2 if co=0and0 < ¢ < p%;

min{ (¢ 4 2)pF, 2(¢; + 2)pF'} if p* —p*F 4+ lpTF 41 < ¢ < pf

du(€) = —p P L+ DpFand p — ptF + p T+ 1 <y < pi
PG+ D) F T with0< 6,6, <p—2,and0 < K <k <s—1;

200, +2)p* if ¢y =pandp® —p* K 4+ LpF T 1< ey < pPe
PP (L + D) F T with0 < <p—2and 0 < k' < s — 1.

(b) When ¢y > ¢;, the Hamming distance dy (%) of the code € is given by

;
1 if 61:C2:0;

2 if ¢g=0and0 < ¢y < p%;

min{ (¢ 4 2)p*, 2(¢; + 2)pF'} if p* —p T+ lpsTFl 41 < ¢y < pf

du(€) = —p R+ DpFrand pt — ptF 4 lptF T 4 1 < < pP—
P (G + D)pF T with0< 0,6 <p—2,and 0 < K <k <s—1;

200, +2)p*F if co=pandp® —p* K 4+ LpF T 1< ¢ < pPe
PP (D) F T with0 < <p—2and 0 < k' < s — 1.

Proof. Tt follows immediately by applying Theorems 4.4.1 and 2.0.7(d). [

In the following theorem, we derive a necessary and sufficient conditions for an (o + uf +
u?¢)-constacyclic code of length 2p® over # to be an MDS Hamming code.
Theorem 4.4.3. Let € be an (o + uf + u?d)-constacyclic code of length 2p® over Z
with Tory(%) = ((z + &)™ (z — £)®2), Tor,(¢) = ((x + &)"(z — £)P2) and Tory(€) =
((x + &) (x — &)°) for some integers ay, by, ¢1, as, ba, co satisfying 0 < ¢; < by < a; < p°
and 0 < ¢y < by < as < p®. Then the code ¢ is an MDS Hamming code if and only if
a; = by = ¢1, ag = by = ¢y and Tory (%) is an MDS Hamming a-constacyclic code of

length 2p® over [Fm.
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Proof. To prove the result, we see, by (4.4.1), that € = ¢, © ¢», where ¢ is an ideal
of #; for j € {1,2}. Further, by applying Proposition 4.4.1 and the Chinese Remainder
Theorem, we get Torg(61) = ((x + £)®), Torg(62) = {(x — £)?2), Tor, (61) = {(z + &£)®),
Tori (62) = ((z — £)), Tors(€1) = ((z + £)') and Tory(%2) = ((x — &)=).

Now since ¢ = 61 @ %5, by Lemma 4.2.3, we have

€| = |61||62| = [Toro(€1)||Tor, ()| Tora (1) || Toro(62)||Tor (62)| | Tora (62)|

m(6p°—a1—az—b1—ba—c1—c2)

From this, we observe that the code 4" is MDS Hamming code if and only if

m(6p®—a1—az—bi1—bz—c1—c2) _ = p3m(2p°—dn (€)+1
o ) = || = pPrCr —dn(©)+1)

which holds if and only if

a1—|—a2+b1—|—b2+01+02+3:3dH(%).

Next by Theorem 2.0.7(d), we see that the Hamming distance dy (%) of the code % is
equal to the Hamming distance dy (Tory (%)) of the a-constacyclic code Tory (%) = ((x +
€)1 (z — €)°2) of length 2p* over Fm. Now by Theorem 2.0.1(a), we have p™(?°—c1—<2) <
pm(2p°—du (Tor2(€))+1) “\which implies that ¢; + ¢34+ 1 > dg(Tory (%)) = dy (). From this
and using the fact that p* > a; > by > ¢; > 0and p° > as > by > ¢ > 0, we obtain
a1+ ag+by+by+c1+ca+3 > 3dy(€), with the equality holds if and only if a; = by = ¢y,
as = by = ¢y and Tory (%) is an MDS Hamming code of length 2p® over F,~. This completes

the proof of the theorem. [

In the following theorem, we list all non-trivial MDS Hamming (o + uf8 + u26)-
constacyclic codes of length 2p° over Z.

Theorem 4.4.4. The following hold.

(a) When either 3 is non-zero or § is non-zero, there does not exist any non-trivial MDS

Hamming (o + uf + u*J)-constacyclic code of length 2p° over Z.
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(b) When 3 = ¢ = 0, all the distinct non-trivial MDS Hamming «a-constacyclic codes of

length 2p® over & are as listed below:

o ((x+ 8 +u(z+&)" Dy (z) +u?(z+£)2 Dy(x)) © %, where either a; = p* —1
and 65, = {0} or a; = 1 and 6> = (1) = %, with max{0,2a; — p°} < t; < a4
if Di(z) # 0,0 <ty < ay if Dy(x) # 0, Dy(x) is either O or a unit in ] of
the form al;io_l Cr(z + €)% and Do(x) is either 0 or a unit in ] of the form
ai—ta—1

S Qu(x + &) with Cy, Qg € Fym for each relevant k and ¢, satisfying the
=0

following:

W+ R Dy(x) — (o + O P a)? € (r +€)).

e CLD{((x— &) +ulx — M Vi(z) +u?(z— &)™ V,(x)), where either ay = p* — 1
and 61 = {0} or as = 1 and €, = (1) = ] with max{0,2a; — p°} < k1 < as
if Vi(z) # 0,0 < ky < ag if Va(x) # 0, Vi(x) is either O or a unit in %5 of

a1—t1—1

the form Y Cy(z — &)* and V,(z) is either O or a unit in % of the form
k=0

azs—ko—1

S Qu(r — &)" with Cy, Q, € Fym for each relevant k and /, satisfying the
=0

foll_owing:

u? (o — PR Vg (2) —wP(x — P TV (2)? € (WP (z - €)™).

Proof. To prove the result, let ¢’ be a non-zero (a+uS+u?§)-constacyclic code of length 2p*
over Z with Torg () = ((z+&)® (z—£)®), Tor (€) = ((z+&)" (2 —&)b2) and Tory (€) =
((z+ &) (x — &)°) for some integers aq, by, ¢1, az, b, ¢y satisfying 0 < ¢; < b; < ap < p*
and 0 < ¢y < by < ay < p°. Then by (4.4.1), we have ¢ = €, ® 6>, where ; is an ideal
of #; for j € {1, 2}. Further, by applying Proposition 4.4.1 and the Chinese Remainder
Theorem, we have Tory (%)) = ((x+ &)™), Torg(62) = ((x —&)22), Tor (61) = ((x+ &)%),
Tor, (62) = ((z — &)%), Torz(€1) = ((z + £)*) and Torz(62) = ((z — £)2).

By Theorem 4.4.3, we see that the code 4 is MDS Hamming code if and only if a; =

by = ¢1, ag = by = ¢ and Tory (%) is an MDS Hamming a-constacyclic code of length 2p*
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over F,». Now we shall distinguish the following two cases: (i) 8 # 0 and (ii) 8 = 0.

@)

(ii)

First let 3 # 0. Here by Lemma 4.2.2(b), we note that ((x + £)P") = (u) in J#; and
{(x — &)P") = (u) in #5. This implies that when 1 < ay,ay < p* — 1, we have u € €,
and u € %5, which implies that b, = ¢; = 0 and by = ¢5 = 0. In view of this and by
applying Theorems 4.4.3 and 4.4.1, we observe that the code % is MDS Hamming
code if and only if a; = by = ¢; = 0 and as = by = ¢ = 0. So the code € = (1) is

the only MDS Hamming (a + uf3 + u2§)-constacyclic code of length 2p® over Z.

Next let 3 = 0. Here we see that (z + &)P" (267" )71 — (x — £)P"(267")~! = 1, which

gives

S

o — o —utd = <(x + 67 + u25(2§ps)_1> X ((x — &P — u25(2§”3)_1>.

From this, we have g (x) = g2(z) = 0, hy(x) = §(26P") "L and hy(x) = —6(267°) L.

Now we proceed to determine all MDS Hamming codes in this case.

To do this, by Theorems 4.4.3 and 4.4.1, we observe that the code % is an MDS

Hamming code if and only if exactly one of the following conditions is satisfied:
ca=by=cp=p°—1land ay, = by = ¢, = p°.
car=by=ci=p°anday = by =cy =p° — 1;
ca1=by=ci=1anday = by = ¢y =0;

e a=by=c;=0and a; = by = c3 = 1; and

°a1:blzclza2:b2202:0.

Let us first consider the case a; = by = ¢; = p°* —land ay = by = ¢ = p°. In
this case, we must have 45 = {0}. As a; = b; = ¢, by Theorems 4.2.2 and 4.2.3,
we observe that the code ¢ must be of Type III. So we have ¢ = ((z + &)™ +
u(z + &) Dy (z) + u?(x + )2 Dy(x), u(x + )M + u?(z + €)'V (x), u?(z + &)™),
where max{0,2a; — p°} < t; < ay if Di(x) # 0,0 < ty < ay if Dy(x) # 0,
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max{0,2a; —p°} < 0 < ay if V(x) # 0, Dy (x) is either O or a unit in %] of the form
ar—t1—1 a1 —to—1
S Cr(x+€)k, Dy(x) is either O or aunitin 7] of the form > Q,(z+&)* and
k=0 =0
a1—60—1

V() is either O or a unit in .#; of the form Z Wi(z + &)" with Ck, Q¢, W; € Fpm
for each relevant k, ¢ and :. Furthermore, by Theorems 4.2.2 and 4.2.3 again, we see

that

u o(267) 7+ (x + P TV (2) Dy () — (w4 €)M Da(x)}
€ (u*(z + ™).

(4.4.2)

We also note that u?{(z + &) Dy (x) —(z+ &)’V (z)} € (u?(x + &)™), which implies
that t; = 0 and Dy (z) = V(). From this and by (4.4.2), we get

u{0(267) 7 + (2 + &) Dy () — (2 + P T Do(x)} € (u(x +§)").

This holds if and only if t; = 0, p = 2, a = 2°~! and D;(x) # 0 in the case when

0 # 0. Hence we get a contradiction in this case when 9 is non-zero.

Working in a similar manner as above in the remaining four cases, the desired result

follows immediately.



Chapter 5

Repeated-root constacyclic codes of
prime power lengths over finite
commutative chain rings

5.1 Introduction

In this chapter, we shall determine all repeated-root constacyclic codes of prime power
lengths over finite commutative chain rings. We shall also determine their symbol-pair
distances, Rosenbloom-Tsfasman (RT) distances, and Rosenbloom-Tsfasman (RT) weight
distributions. Using these results, we shall identify all MDS Hamming, MDS symbol-pair
and MDS RT codes within this class of codes. Besides this, we shall provide an algorithm to

decode these codes with respect to Hamming, symbol-pair and RT metrics.

For this, throughout this chapter, let s be a positive integer, and let R be a finite commuta-
tive chain ring with unity 1. Let v be a generator of the maximal ideal of R. Further, let e
be the nilpotency index of v, and let R = R/(7) be the residue field of R. As R is a finite
field, let us suppose that R ~ F,m for some prime p and for some positive integer m, where

Fm 1s the finite field of order p™.

This chapter is structured as follows: In Section 5.2, we derive necessary and sufficient
conditions under which the quotient ring R[z]/(x?" —\) is a chain ring. When R [z]/(xP" —\)
is a chain ring, all A-constacyclic codes of length p® over R are known. Here we establish
algebraic structures of all A-constacyclic codes of length p® over R when R[z]/(xP" — \)
is a non-chain ring. We also determine the number of codewords in each of these codes.
In Section 5.3, we derive a necessary and sufficient condition for a constacyclic code of

length p® over R to be an MDS Hamming code. Using this result, we also list all MDS
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Hamming constacyclic codes of length p® over R. In Section 5.4, we obtain symbol-pair
distances of all constacyclic codes of length p* over R. We also derive a necessary and
sufficient condition for a constacyclic code of length p°® over R to be an MDS symbol-pair
code, and identify all MDS symbol-pair codes within this class of constacyclic codes. In
Section 5.5, we determine Rosenbloom-Tsfasman (RT) distances and Rosenbloom-Tsfasman
(RT) weight distributions of all constacyclic codes of length p® over R. We also derive a
necessary and sufficient condition for a constacyclic code of length p* over ‘R to be an MDS
RT code, and identify all MDS RT codes within this class of constacyclic codes. In Section
5.6, we provide an algorithm to decode constacyclic codes of length p® over R with respect

to Hamming, symbol-pair and RT metrics.

5.2 Algebraic structures of constacyclic codes of length p°

over R

Throughout this chapter, let A be a unit in R. We recall that a A\-constacyclic code of
length p* over R is an ideal of the quotient ring R = R[z]/(zP" — \). By Theorem 2.0.6(c),
the unit A € R can be uniquely expressed as A = 0 + 3, + 2By + - - + v [._1, where
0,B1, P2, ,Be_1 € T and 6 # 0. When (3, is non-zero, Dinh et al. [25] determined all \-
constacyclic codes of length p® over R and their sizes, by showing that R is a chain ring and
by applying Theorem 2.0.5. In this section, we will show that the quotient ring R is a chain
ring if and only if 3; is non-zero. We will also determine all A-constacyclic codes of length p®
over R and their sizes when ; = 0. We will also obtain symbol-pair distances, RT distances
and RT weight distributions of all constacyclic codes of length p® over R. Besides this, we
will derive necessary and sufficient conditions under which a constacyclic code of length
p® over R is MDS with respect to the (1) Hamming metric, (i1) symbol-pair metric and (iii)
RT metric. To do this, we first observe, by Theorem 2.0.6(b), that there exists A\g € 7 \ {0}
such that & = A?". This implies that 27" — A = 27" — \o" —~f3; — %8y — - - — 4 15,4,

From this, it is easy to see that

(x—Xo)” € (y) in Ry
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Now we make the following observation.

Remark 5.2.1. Let k be a positive integer, and let S be a subset of either R or R such
that 0 € S. Let us recall that P, (S) = {g(z) € S[z] : either g(z) = 0 or deg g(z) < k}.
By repeatedly applying the division algorithm in R[], every element A(z) € R, can be
uniquely expressed as A(zx) = pé)l Ai(z — o), where A; € R for 0 < ¢ < p* — 1. Further,
by Theorem 2.0.6(c), each element A; € R can be uniquely written as A; = ef 79 Aij,
where A;; € T for each i and j. From this, it follows that each element A(z) € 7]€:A0can be

uniquely expressed as

Az) = 4_ o (Z Aij(z — /\O)Z) )

where A;; € T for each i and j. From now on, we shall view the set Pj(7) as a subset of
R, for each integer k > 1. It is easy to see that the restriction map of 1 to P,s(7") (viewed

as a subset of R) is a bijection from P,:(7) onto R..

When ; # 0, Dinh et al. [25] determined all A\-constacyclic codes of length p* over R,
which are listed in the following theorem.
Theorem 5.2.1. [25, Th. 3.18] Let A = X0 + 701 + 7282 + - - + 7 18._1 € R, where

Ao, B1, B2, -+, Be—1 € T and both )\, 51 are non-zero. Then we have the following:

(a) The ring Ry = R[z]/{x?" — \) is a finite commutative chain ring with the unique

maximal ideal as (x — Ao).
(b) In the ring Ry, we have ((x — X\g)?") = (), and the nilpotency index of z — \g is ep®.

(c) All the distinct A-constacyclic codes of length p® over R are given by ((x — \g)"),
where 0 < v < ep®. Moreover, for 0 < v < ep®, the code ((z — \g)¥) has prer®=v)

codewords.

In the following theorem, we derive necessary and sufficient conditions for the quotient
ring R, to be a chain ring.
Theorem 5.2.2. Let A = /\83 +B1+2 B+ -+ 8.1, where Ao, 81, Ba, -+ s Bec1 €T

and )\g # 0. Then the quotient ring Ry = R[z]/{(x?" — )) is a chain ring if and only if
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B # 0.

Proof. By Lemma 3.1 and Proposition 3.3 of Dinh et al. [25], we see that R, is a local ring
with the maximal ideal as M = (z — )¢, 7). Here we assert that the ideal M is principal if
and only if 3; # 0.

When ; # 0, by Theorem 5.2.1(b), we see that v € (z— \¢), which gives M = (x— o).

Next let §; = 0. Here we will show that the ideal M is not principal, for which it is
enough to show that v & (x — \g) and (x — \g) & (7). For, if vy € (x — \g), then there exist
polynomials hy (), ho(z) € R[z] such that v = (x — Xg)hi(x) + (2" — N)ho(x) in Rz],
which implies that v = —(7285 + -+ + 7 'B8._1)ha(No). This gives v € (%), which
is a contradiction. On the other hand, if x — A\ € (), then there exist polynomials
g1(), go(x) € R[z] such that z — \g = vg1 () + (27" — X)go(x) in R[z]. This implies that

r— X = (z — Xo)” g2() in R[], which is a contradiction.

Now by the above assertion and by applying Theorem 2.0.5, the desired result follows. [

The following theorem presents some results on torsion codes of a A-constacyclic code of
length p® over 'R.
Theorem 5.2.3. Let A = )\85 +761 +7262 + +76_166717 where )\07 617 527 T ﬂefl €T

and \y # 0. If C is a A-constacyclic code of length p® over R, then we have the following:

(a) For0 <i<e—1,Tor;(C)isa ng-constacyclic code of length p® over R. Furthermore,
we have Tor;(C) = ((z — A\o)™%), where T; is an integer satisfying 0 < T; < p® for

each 7.
(b) |Tor;(C)| = p™® =T for0 < i < e — 1.
©p2>Ty>T>--->T._1 >0.

(d) |C| — pm(epsf(To+T1+---+Tef1))‘

(For 0 <i < e — 1, the integer T; = T;(C) is called the ith-torsional degree of the code C.)
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Proof. Tt is easy to see that Tor;(C) is an ideal of the ring Ry, i.e., Tor;(C) is a ng—
constacyclic code of length p® over R. Next we observe that the ring R is a finite commuta-
tive chain ring with the maximal ideal as (z — )\o). Now by applying Theorems 2.0.5(c) and
2.0.7(b)-(c), the desired result follows immediately. L]

In the following theorem, we consider the case 5; = 0, and we determine all \-
constacyclic codes of length p*® over R by obtaining unique generating sets for these codes.
Theorem 5.2.4. Let A\ = A" 4 428y + -+ + 41 3._;, where Ao, B3, , Be_1 € T and
Ao # 0. Let C be a A-constacyclic code of length p® over R, and let Tor;(C) = ((z — A\g)™*)
be the ith torsion code of C, where 0 < T; < p® for 0 < i < e — 1. Then the code C can be

uniquely generated by the codewords fo(x), fi(z), -, fe—1(z), where for 0 <i <e — 1,

filz) =" (z = X)" + 7"z = Xo) g1 () + 7P (x = Xo) i gai(z) 4 - -

+7 N — Ao)' e g g ()

with 0 < tjﬂ' < 7}+i if gjﬂ'(l') 7é 0, and gjﬂ'(l') € PT.

+i—t;,(T) as either 0 or a unit in Ry for

each j when 1 < T; < p*; f;(x) = 0 when T; = p*; and f;(z) = 7" when T; = 0.

Proof. To prove the result, let C be a non-zero A-constacyclic code of length p* over R.

Then there exists an integer k satisfying 0 < k < e — 1 and T}, < p°. Here we observe that

C = (Y@ — X)™ + " hy(x), /T (2 = Ao)THH + v P hypa (), -

172w = M) 4 o)1 (o = M) )

for some hy (), hyr1(2), -+, he—2(z) € Ry. By Remark 5.2.1, we can write v 'h,_o(x) =
-1

P~ )

vt ST Aj(z — No)?, where A; € T for each j. Now for all integers j satisfying j > 7.1,
=0

we see that ¢~ (z — \g)? € (y*~1(x — \g)Te-1). This implies that

C = (Y@ — M)™ + " hi(x), T (2 = Ao)TH+ + v P hypa (), -
T 1-1

Y@ — Xo) TR Z Aj(x = Xo) Mo — o)),

J=0
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Too1—1
If ~o1 Ai(x — N\g)? # 0, then there exists a smallest integer ¢ ._, satisfying 0 <
- J g , ying

7=0
tie—o <Tey —1land Ay, , # 0, and we can write

T.o1—1
v Aj(z = X)) =77 Ha = Xo) 2 g1e2(2),
=0
T._1—1 ‘
where g1 . o(x) = > Aj(x — X\o)? "2 is a unit in R . This gives
j:tl,e—Q

C = (7@ — Xo)™ + /" hi(z), ¥ (2 — Xo)HH + A" P hypa (), -

Y@ = M) e+ T (@ — M) g ea(2), 7 (@ — Ao) o).

Working in a similar manner with the rest of the generators of the code C, one can show that

C = (fr(2), frs1(x), -, ferr(2)),
where for k < <e—1,

filz) =" (x = X)) + 7" @ = Xo)igri() + 7@ — Xo) i g2.()

e+ T (= o)l g1 ()

with 0 S tjﬂ' < ,-Tj—i-i if gj,i(flf) 7é 0, and gj,i(x) S PT-

Jj+i

each j when 1 < T; < p*; f;(x) = 0 when T; = p®; and f;(z) = 7" when T; = 0.

—t,,(T) as either 0 or a unit in R, for

Now to prove the uniqueness part, let us suppose that

C= <ak(x),ak+1(x), T 7ae—1(‘r)>u
where for k <1 <e—1,

ai(z) =" (x — Xo)™ + 7@ = Xo) by i(x) + 7T (@ — Xo) " ibo(w)

R 76*1(1- _ )\O)UE717i7ibeflfi,i(x)

with 0 S Uyj i < 7}'4.1' if bjﬂ'(l') §£ O, and bj,i(x) € PT~

+i—u,,(T) as either O or a unit in R

for each j when 1 < T; < p*; a;(z) = 0 when T; = p*; and a;(x) = 7* when T; = 0.
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Here we assert that f;(z) = a;(z) fork <i <e— 1.

To prove this assertion, we first note that f._;(x) = a._1(z). Further, since

feea(x) = ae_a(x) = 7 H{(z — M)t gre—1(z) — (x — X)) by e_1(2)} €C,

we see that f._o(z) — a._2(z) is either the zero polynomial or a non-zero polynomial of

degree strictly less than T, _; and f._o(x) — a._o(z) € (77 (z — Ag)?==). So we must have

fe—2(x) = ac2(z).

Proceeding in a similar manner as above, one can show that f;(z) = a;(x) for k < <

e—3.

This completes the proof of the theorem. [

Remark 5.2.2. When 3; # 0, by Theorem 5.2.1(b) and (c), one can easily observe that all the
distinct non-zero A\-constacyclic codes of length p® over R are given by Cx.., = (v*(z—Xo)"),

where 0 < k <e—1and 0 < u < p®. Further, we see that

{0} if 0 <4 <Fk;
Tor;(Crw) = § ((z — No)¥) ifi=k;
R ifk<i<e—1.
This implies that the torsional degrees of Cy, are given by 1y = 1Ty = -+ = T}, =
p’, Iy = wand Ty = Tjpyo = -+ = 1.1 = 0. In view of this and by applying

Theorem 5.2.3(c), we observe that the code Cy, ,, can be uniquely generated by the codewords
fo(z), fi(x), -, feu1(z), where fi(x) =0for0 <i <k — 1, fe(x) = v*(x — X\¢)™*, and
filx) =7 fork+1<j<e-—1.

To illustrate Theorem 5.2.4 and Remark 5.2.2, we determine all constacyclic codes of
length p* over the finite commutative chain ring F,n [y]/(~?) as follows:
Example 5.2.1. Let R = Fym[v]/(7?). Here we see that T = F,n. Further, by Theorem
2.0.6(b) and (c), we see that a unit A in R can be uniquely expressed as A\ = )\gs + 0y,
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where )\, 31 € Fpm and A\ # 0.

When 3, # 0, by Remark 5.2.2, all the distinct non-zero A-constacyclic codes of length p*
over R are given by ((x — A\g)%, ) with Ty = a, 71 = 0, and by (y(xz — \g)*) with Ty = p°,

Ty = a,where 0 < a < p°— 1.

When ; = 0, by Theorem 5.2.4, all the distinct non-zero A-constacyclic codes of length
p® over R are given by {(z — X\o)® + (2 — Xo)tg(z), v(z — \o)?) with Ty = a, Ty = b, and
by {(y(x — X\o)®) with Ty = p*, Ty = b, where 0 < b < a < p*—1,0 <t < bif g(x) # 0,

and g(z) € Pp_¢(F,m) is either O or a unitin R .

5.3 Determination of MDS Hamming codes

In this section, we shall determine all MDS Hamming constacyclic codes of length p®
over R. For this, let C be a A\-constacyclic code of length p® over R. It is easy to see that
dy(C) = 0 when C = {0}, while dy(C) = 1 when C = (1). In the following theorem, we
determine Hamming distances of all non-trivial A-constacyclic codes of length p® over k.
Theorem 5.3.1. Let A = )\gs + B+ 2By 4+ -+ By, where Ny, f152, -, Be1 €T
and )\ # 0. Let C be a non-trivial A-constacyclic code of length p® over R with Tor._1(C) =

{(z — Xo)™-1), where 0 < T,_; < p°. Then the Hamming distance d (C) of the code C is

given by
( 1 if T, 1 = 0;
01y (C) = (42 iflp '+ 1<T. <+ Dptwith0< (< p—2;
i+ 1)p* ifp" —p 4+ (i = Dp 1< Ty <p° = pF ip” !
\ withl <i<p—landl1 <k <s-—1.
Proof. 1t follows immediately from Theorems 2.0.7(d), 2.0.8 and 5.2.3(a). ]

In the following theorem, we derive necessary and sufficient conditions for a A-constacyclic

code of length p® over R to be an MDS Hamming code.
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Theorem 5.3.2. Let \ = )\85 +B1+2 B+ -+ 8.1, where Ao, 81, B2, 3 Bee1 €T
and )y # 0. Let C be a non-zero \-constacyclic code of length p® over R. Then the code
C is an MDS Hamming code if and only if Tor(C) = Tor._;(C) and Tory(C) is an MDS

Hamming Xﬁs -constacyclic code of length p* over R.

Proof. To prove the result, let Tor;(C) = {(x — Ao)"), where 0 < T; < p*for 0 < i < e—1.
Then by Theorem 5.2.3(d), we see that |C| = p™(P"~(To+Ti++Te-1)) Now the code C is an
MDS Hamming code if and only if p™(¢?°~(To+Tit+Te1)) — |C| = pmel"=du(©)F+1) \which
holds if and only if

To+Ti+ - +T. 1 =e{dy(C) —1}.

By Theorem 2.0.7(d), we see that the Hamming distance d(C) of the code C is equal
to the Hamming distance of the ng—constacyclic code Tor,_1(C) = {((z — X)) of

S

length p* over R. By Theorem 5.2.3(b), we have |Tor,_;(C)| = p™®°~7--1). Now by the

Singleton bound for Tor,_;(C) with respect to the Hamming metric, we have p™®°~Te-1) <

pmP = d (Tore—1(C))+1) " This implies that T, ; > dy(Tor._1(C)) — 1 = dy(C) — 1. Further,
by applying Theorem 5.2.3(c), we get T; > dy(C) — 1 for each . This implies that 7 + 77 +
coo+ T,y > e{dy(C) — 1} and the equality holds if and only if Ty =T} = --- =T, =

di(C) — 1. From this, the desired result follows immediately. O

In the following corollary, we determine all MDS Hamming A-constacyclic codes of
length p® over 'R.

Corollary 5.3.1. Let A = )\’SS +yB1+Y2 Byt -+ B, Where Ao, B1, B2, -+ s Pect €T
and \y # 0. The following hold.

(a) When f3; # 0, the code C = (1) is the only MDS Hamming A-constacyclic code of
length p°® over R.

(b) When ; = 0, all the distinct MDS Hamming A-constacyclic codes of length p over

‘R are given by the principal ideals

(( = X0)™ 4+ 7(z — M) g10(z) + 7 (2 — X0)?°g2,0()

bt ’ye_l(l’ i )\O)te‘l""oge—l,o(ﬁ»
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with the ith-torsional degree as Ty for 0 < 7 < e — 1, where 0 < Ty < p — 1,
0 <tjo<Tpif gjo(x) # 0, and g;o(x) € Pr,_¢,,(T) is either O or a unit in R, for
1< <e—-1.

(¢c) When 3, = 0 and s > 2, all the distinct MDS Hamming A-constacyclic codes of

length p°® over R are given by the principal ideals

((z = 20)™ 4+ 7(z — M) g10(z) + 7 (x — X0)?°g2,0()

bt 76_1($ o )\o)tﬁ‘l’“ge—Lo(f’f»

with the ith-torsional degree as Ty for 0 < i < e — 1, where T; € {0,1,p* — 1},
0<tjo <Tpif gjo(x) # 0, and g;o(x) € Pr,—,,(T) is either O or a unit in R, for
1<j<e—1.

Proof. Let C be a A-constacyclic code of length p* over R with Tor;(C) = {(x — A)™),
where 0 < T; < p® for each i. By applying Theorem 5.3.2, we see that the code C is an
MDS Hamming code if and only if Tory(C) = Tor._;(C) and Tor,(C) is an MDS Hamming
ng—constacyclic code of length p° over R. This implies that for the code C to be an MDS

Hamming code, we must have 7y = 7,1 < p°.
Now we shall distinguish the following two cases: (i) 51 # 0 and (ii) 5; = 0.

(i) First let 8; # 0. When T, < p®, we see, by Remark 5.2.2, that C = ((x — \o)™°) =
{((x = Xo)To,v,72%, -,y Y, and that T} = Ty = -+ = T,_; = 0. From this, we
observe that the code C is an MDS Hamming code if and only if 7y = 7., = 0,
which holds if and only if C = (1).

(ii) Nextlet 51 = 0. Here we see that Tory(C) = Tor._(C) if and only if T, = T, _;. This,
by Theorems 5.2.3(c) and 5.2.4, implies that 7y =7} = --- =T, _; and that C is a
principal ideal of the ring R . Further, by Theorem 5.2.3(a), we note that Tor(C) is a
ng—constacyclic code of length p® over R. Now by applying Theorem 2.0.8, we see
that the code Tor,(C) is an MDS Hamming code if and only if

e 0Ty <p—1whens=1;
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* To € {0,1,p° — 1} when s > 2.
From this and by applying Theorem 5.2.4 again, we get the desired result.

]

To illustrate the above results, we determine all non-trivial MDS Hamming constacyclic
codes of length p® over the finite commutative chain ring F,m [7]/(7?) as follows:
Example 5.3.1. Let R = F,m[7]/(7?). Recall that a unit A € R can be uniquely expressed
as A = A0 4 v, where \(# 0), 51 € Fym.

When (3, # 0, by Corollary 5.3.1(a), we see that there does not exist any non-trivial MDS

Hamming A-constacyclic code of length p°® over R.

Now let 5, = 0. Here by Example 5.2.1, we see that a A-constacyclic code C of length
p® over R is either of the type ((z — \o)® + v(z — \o)'g(x),y(z — \o)?) with Ty = a and
Ty = b, or of the type (y(x — A\g)®) with Ty = p* and T} = b, where 0 < b < a < p* — 1,
0<t<bifg(x) #0,and g(x) € Pp_¢(Fym ) is either 0 or a unitin R . When C is of the type
((z=X0)*+7(2=20)'g(x),7(x—Ao)") with g(z) # 0, we see that y(z—Ao)” ~**'g(x) € C,
which implies that (z — \g)?"~*** € Tor;(C) = {(x — \o)?). This implies that p* —a +t > b
if g(x) # 0. From this and by Corollary 5.3.1(b), we see that when s = 1, all the distinct

non-trivial MDS Hamming A-constacyclic codes of length p over R are given by

(@ = 20)" +7(x = Xo)'g(x)),

where 1 < a < p — 1, max{0,2a — p} <t < aif g(z) # 0, and either g(x) = 0 or
a—t—1
g(x) = > Az — \)" with each A; € F,m and Ay # 0. Further, by Corollary 5.3.1(c),
=0
we see that when s > 2, all the distinct non-trivial MDS Hamming A-constacyclic codes of

length p® over 'R are given by

(x —Xo+79) and ((z — Xo)"" ™' + (2 — Ao)” 2g), where g € Fpm.
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5.4 Determination of symbol-pair distances and MDS symbol-

pair codes

In this section, we shall first determine symbol-pair distances of all A-constacyclic codes
of length p® over R. To do this, we need the following theorem.
Theorem 5.4.1. [24, Th. 4.13] Let n be a non-zero element of the finite field F,m. Let C
be an 7-constacyclic code of length p® over F,~. Then there exists 1y € I, satisfying
n=mnt and C = ((x — 19)"), where v is an integer satisfying 0 < v < p*. Furthermore, the

symbol-pair distance of the code C is given by

(

2 ifv=0;
3p” ifo=p°—p*F+1, where0 < k <s—2;
4pF ifp* —p 4+ 2<v<p*—p"F 4 pF where 0 < k
<s-—2
d(C) =< 207+ 2)p%  ifp —p 4 rp 1< v < p - pF 4 (1 + L)pr L,

where 0 < k<s—2and1 <7 <p-—2;
(1+2)p! fo=p°—p+7, wherel <7 <p—2;
ifv=p°—1;

0 if v =p°.

Now let C be a A-constacyclic code of length p® over R. It is easy to see that d,,(C) = 0
when C = {0}, while d,,(C) = 2 when C = (1). In the following theorem, we determine
symbol-pair distances of all non-trivial A\-constacyclic codes of length p® over R.

Theorem 5.4.2. Let \ = A0 4+~ +7%Bo+ - - -+ 7 Be_y, where \o, B1, B, -+, Becr €T
and \g # 0. Let C be a non-trivial A-constacyclic code of length p® over R with Tor,_;(C) =
((x — Ng)Te-1), where 0 < T, ; < p*. Then the symbol-pair distance d,(C) of the code C is
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given by
(
2 if 7., =0;
3p” ifT,_ =p°—p P +1with0 <k <s—2;
4p* ifp* —p P +2< Ty <p'—pF+pF with0 < k
<s-—2
dSP(C) =

2(7_ + 2)pk lfps _psfk + 7_psfkfl +1 S Te—l S ps _ psfk + (7_ + 1)psfk71
with0 <k <s—2and1 <7 <p—2;

(r4+2)pt T, 1 =p° —p+7rwithl <7<p—2;

P’ ifTe s =p° =1

\

Proof. To prove the result, we assert that
dsp(C) = dsp(Tor._1(C)). (5.4.1)

Towards this, we first note that Tor,_;(C) = {(z — A\g)™*-*). This implies that (y*~(z —

Mo)Te=1) C C, from which it follows that
dsp(we_l(as — )\O)TH}) > dg,y(C). (54.2)
Next we observe that

Wsp(Q(2)) > wsy(7Q(x)) for each Q(x) € R. (5.4.3)

Further, for any non-zero codeword () € C, there exists an integer ¢, 0 < ¢ < e — 1, such

that Q(z) € (v*) \ (v'*!). Now using (5.4.3), we get

wep(Q(1)) > wep(VQ(2)) > wep (Y Q(2)) > -+ > wep (777 Q(x)). (5.4.4)

It is easy to observe that v '7'Q(z)(#£ 0) € (y*'(x — Ag)”==1), which implies that
wep(YTQ()) > dgpy((v¢ (@ — Xg)Te-1)). From this and by (5.4.4), we obtain

wep(Q(x)) = dyp (77 (@ — Ao) ")) foreach Q(z) € C\ {0},
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which implies that
dsp(C) = dyp (Y (@ — Xo) " 1)). (5.4.5)

Now by (5.4.2) and (5.4.5), we get
dsp(C) = dop((Y* (2 = X)) (5.4.6)

Further, we observe that dg,((y*~'(z — A\g)”=-1)) is equal to the symbol-pair distance of
the Xﬁs -constacyclic code Tor,_;(C) = ((z — A\g)™*~1) of length p* over R. From this, the

desired assertion follows immediately.

Finally, by the above assertion and by applying Theorem 5.4.1, we get the desired

result. O]

In the following theorem, we derive necessary and sufficient conditions for a A-constacyclic
code of length p® over R to be an MDS symbol-pair code.
Theorem 5.4.3. Let A\ = A0 +~3; +72By+ - - -+~ Bey, where Xo, B1, B, -+, fer €T
and )y # 0. Let C be a non-zero \-constacyclic code of length p® over R. Then the code
C is an MDS symbol-pair code if and only if Tory(C) = Tor._;(C) and Tory(C) is an MDS

symbol-pair ng—constacyclic code of length p* over R.

Proof. To prove the result, let Tor;(C) = ((x —XO)TZ), where 0 < T; < p*for0 <i<e—1.
Further, by Theorem 5.2.3(a), we see that Tor,_;(C) is a ng -constacyclic code of length p*
over R. By the Singleton bound for Tor,._; (C) with respect to the symbol-pair metric and by

applying Theorem 5.2.3(b) and using (5.4.1), we get
PP Te=) — | Tor,_ (C)| < pm#°~dsp(Tore—1(€)+2) — pm(p®—dsp(C)+2)
which gives T,_; > d,,(C) — 2. This, by Theorem 5.2.3(c), implies that
T, > dg,(C) —2for0 <i<e—1. (5.4.7)

Further, by Theorem 5.2.3(d), we see that the code C is an MDS symbol-pair code if

and only if p(er"~(To+Tit+Te-1)) — |C| = pmel"~dsp(€)+2) " which holds if and only if
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To+ T+ -+ Ty = e{ds,(C) — 2} and by (5.4.7), the equality holds if and only if

To=T, =--- =T, = ds(C) — 2. From this, the desired result follows immediately. []

In the following corollary, we determine all MDS symbol-pair A-constacyclic codes of
length p® over k.
Corollary 5.4.1. Let A = A0 4731 +72By+- - -+7°" ey, where X, 81, Bo, -+, fer €T
and \y # 0. The following hold.

(a) When (3, # 0, the code C = (1) is the only MDS symbol-pair A-constacyclic code of

length p® over 'R.

(b) When 3; = 0, all the distinct MDS symbol-pair A-constacyclic codes of length p over

‘R are given by the principal ideals

(( = 20)™ 4+ 7(z — M) g1.0(z) + ¥ (z — Xo)?°g20()

4.4 fye*l(l’ — )\o)te_l’ogefl,O('x»

with the ith-torsional degree as Ty for 0 < ¢ < e — 1, where 0 < Ty < p — 2,
0<tjo <Tpif gjo(x) # 0, and g;o(x) € Pr,—,,(T) is either O or a unit in R, for
1<j<e—-1

(¢) When 3; = 0 and s > 2, all the distinct MDS symbol-pair A\-constacyclic codes of

length p® over 'R are given by the principal ideals

((z = X0)™ +7(x — M) °g10(z) + 7*(x — Xo)*°ga0()

o T = o) 0 g, 1 0())

with the ith-torsional degree as Ty for 0 < i < e — 1, where T; € {0,1,2,4,7} if
p® =9, while Ty € {0,1,2,p° — 2} if p® # 9,0 < ;o < Tp if gjo(z) # 0, and

gj0(%) € Ppy_y,,(T) is either O or a unitin Ry for 1 < j < e — 1.

Proof. Let C be a A-constacyclic code of length p* over R with Tor;(C) = {(x — X)),
where 0 < T; < p® for each i. By applying Theorem 5.4.3, we see that the code C is an MDS
symbol-pair code if and only if Tory(C) = Tor._;(C) and Tor,(C) is an MDS symbol-pair
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ng—constacyclic code of length p* over R. This implies that for the code C to be an MDS

symbol-pair code, we must have T < p°.
Now we shall distinguish the following two cases: (i) 5; # 0 and (ii) 5; = 0.

(i) First let 3; # 0. When Ty < p°, we see, by Remark 5.2.2, that C = ((z — \g)™?) =
{((z — Xo)To,v,92, -,y Y, and that T} = Ty = --- = T,_; = 0. From this, we
observe that the code C is an MDS symbol-pair code if and only if 7y = T, ; = 0,
which holds if and only if C = (1).

(ii) Nextlet 3; = 0. In this case, we see that Tor(C) = Tor._;(C) if and only if Ty = T,_;.
This, by Theorems 5.2.3(c) and 5.2.4, implies that 7y =77 = --- = T,_; and that C is
a principal ideal of the ring R . Further, by Theorem 5.2.3(a), we note that Tory(C) is
a X‘gs—constacyclic code of length p°® over R. Now by Theorem 5.2 of Dinh et al. [24],

we see that the code Tor(C) is an MDS symbol-pair code if and only if
e 0L Ty <p—2whens=1;
* T € {0,1,2,4,7} when p = 3 and s = 2;
e Ty €{0,1,2,p° — 2} when s > 2 and p® # 9.
From this and by applying Theorem 5.2.4 again, the desired result follows.

]

To illustrate the above results, we determine all non-trivial MDS symbol-pair constacyclic
codes of length p* over the finite commutative chain ring F,m [7]/(7?) as follows:
Example 5.4.1. Let R = Fym[7]/(7?). Recall that a unit A € R can be uniquely expressed
as A = A0 + v, where \(# 0), 51 € Fpm.

When 3, # 0, by Corollary 5.4.1(a), we see that there does not exist any non-trivial MDS

symbol-pair A-constacyclic code of length p® over R.

Now let 5, = 0. Here by Example 5.2.1, we see that a A\-constacyclic code C of length
p® over R is either of the type ((x — X\o)* + v(z — Ao)'g(z),v(z — A\o)?) with T = a,
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Ty = b, or of the type (y(x — \o)?) with Ty = p*, T} = b, where 0 < b < a < p* — 1,
0<t<bifg(x) #0,and g(x) € Pp_¢(F,m ) is either 0 or a unitin R . When C is of the type
(2 =20)"+7(z=0)"g(), y(x—=X0)") with g(2) # 0, we see that y(z—Xo)" ~**'g(z) € C,
which implies that (z — X\g)?" ~*** € Tor; (C) = {(x — X\o)®). This implies that p* —a+¢ > b
in the case when g(z) # 0. From this and by Corollary 5.4.1(b), we see that when s = 1, all
the distinct non-trivial MDS symbol-pair A\-constacyclic codes of length p over R are given
by
(= X0)" +7(z = X0)'g(2)),

where 1 < a < p — 2, max{0,2a — p} < t < aif g(z) # 0, and either g(z) = 0
a—t—1

or g(z) = Y. Agx — N)* with each A, € F,n and Ay # 0. Further, by Corollary
=0

5.4.1(c), we see that when s > 2 and p® # 9, all the distinct non-trivial MDS symbol-pair

A-constacyclic codes of length p® over 'R are given by
(= Xo+791), (2= X0)" 2 +y(x = X0)" Pg1) and ((z—Xo)" 2 +7y(z—Xo)" g(2)),

where g; € F,m and g(z) = Ag + Ai(x — o) with Ay(# 0), A; € Fym. Furthermore, by
Corollary 5.4.1(c), we see that all the distinct non-trivial MDS symbol-pair A-constacyclic

codes of length 9 over 'R are given by

(@ =20)") {(z = A0)7), {z = Ao +7g1) and ((z — Xo)* + (2 = Ao)'g()),

41
where g; € Fym, 0 <t <3andg(x) = Y, Ai(x — \o)" with each Ay € Fm and Ay # 0.
=0

5.5 Determination of RT distances, RT weight distributions

and MDS RT codes

In this section, we shall first determine RT distances of all A-constacyclic codes of length
p°® over R. For this, let C be a A-constacyclic code of length p® over R. It is easy to see that
drr(C) = 0 when C = {0}, while dgr(C) = 1 when C = (1). In the following theorem, we

determine RT distances of all non-trivial A-constacyclic codes of length p® over k.
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Theorem 5.5.1. Let A = )\’53 +yB1+ 2 Ba+ -+ Bet, where Ng, 81, B2, -+ Bt €T
and ¢ # 0. Let C be a non-trivial A-constacyclic code of length p* over R with Tor._(C) =
((x — Xo)"=—1), where 0 < T,_; < p°. Then the RT distance drr(C) of the code C is given
by

drr(C) =T,y + 1.

Proof. To prove the result, we first observe that wrr(Q(x)) > wrr(vQ(x)) for each

Q(z)(# 0) € R,. Now working in a similar manner as in the proof of (5.4.6), we get
drr(C) = drr({(y*~}(x — X\g)**—")). Further, we note that

(T = 2o) ) = {0 @ = M) A(x) ¢ A(2) € P, (T}

from which it follows that drr((y*~'(z — X\g)***)) = T._; + 1. This gives drr(C) =
T, 1+ 1. [

In the following theorem, we derive necessary and sufficient conditions for a A-constacyclic
code of length p® over R to be an MDS RT code.
Theorem 5.5.2. Let A\ = A0 +~3; +72By+- - -+~ Bey, where Xg, B1, B, -+, fer €T
and \g # 0. Let C be a non-zero A-constacyclic code of length p® over R. Then the code C
is an MDS RT code if and only if Tor(C) = Tor._;(C).

Proof. To prove the result, let Tor;(C) = ((z — Xg)”), where 0 < T; < p*for0 <i < e—1.
Then by Theorem 5.2.3(d), we see that |C| = p™("~(To+Ti++Te-1)) Now the code C is an
MDS RT code if and only if p™(?’~(To+Tit+Te-1)) — |C| = pme(P*=drr(©)+1) "which holds
if and only if

To+ T+ +Toy = e{dpr(C) — 1} (5.5.1)

By Theorem 5.5.1, we note that dry(C) = T,_1 + 1. Further, by Theorem 5.2.3(c), we see
thatp® > Ty > 1y > --- > 1.1 > 0. From this and by (5.5.1), we see that the code C is
an MDS RT code if and only if 7Ty + T} + --- + 1.1 = €T1._1, which holds if and only if

Ty =Ty = --- ="T,_4. From this, we get the desired result. U]
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In the following corollary, we determine all MDS RT A-constacyclic codes of length p*
over R.
Corollary 5.5.1. Let A = A0 4781 +72By+- - -4+7° ey, where N, 81, Bo, -+, fer €T
and \g # 0. The following hold.

(a) When (; # 0, the code C = (1) is the only MDS RT\-constacyclic code of length p*

over R.

(b) When ; = 0, all the distinct MDS RT A-constacyclic codes of length p® over R are

given by the principal ideals

(( = 20)™ 4+ (2 — M) g10(z) + ¥ (z — Xo)?°g20()

+ . _'_ ’yefl<x _ )\O)te—l,og€7170(x)>

with the ith-torsional degree as T for 0 < ¢ < e — 1, where 0 < T, < p* — 1,
0<tjo <Tpif gjo(x) # 0, and g;o(x) € Pr,—,,(T) is either O or a unit in R, for
1<j<e—1

Proof. By Theorem 5.5.2, we see that a A-constacyclic code C of length p® over R is an
MDS RT code if and only if Tor(C) = Tor._;(C), which, by Theorem 5.2.3(c), holds if and
only if all the torsional degrees of the code C are equal. From this and by applying Theorem

5.2.4 and Remark 5.2.2, we get the desired result. O]

To illustrate the above results, we determine all non-trivial MDS RT constacyclic codes
of length p* over the finite commutative chain ring F=[7]/(7?) as follows:
Example 5.5.1. Let R = Fym[y]/(7?). Recall that a unit A € R can be uniquely expressed
as \ = )\’58 + 761, where \g(# 0), B1 € Fpm.

When f3; # 0, by Corollary 5.5.1(a), we see that there does not exist any non-trivial MDS

RT A-constacyclic code of length p*® over R.

Now let 31 = 0. Here by Example 5.2.1, we see that a A-constacyclic code C of length
p® over R is either of the type ((x — X\o)® + v(z — \o)'g(x),v(z — \o)?) with Ty = a,
Ty = b, or of the type (y(z — X\o)®) with Ty = p*, T} = b, where 0 < b < a < p* — 1,
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0<t<bifg(x)#0,and g(x) € Pp_(Fpm) is either 0 or a unitin R 5. When C is of the type
((m=X0) " +y(z—=20)"g(x), v(x—N0)") with g(x) # 0, we see that y(z— )P ~**'g(z) € C,
which implies that (z — \g)? =% € Tor, (C) = ((x — A\g)®). This shows that p* —a +t > b
in the case when g(z) # 0. From this and by Corollary 5.5.1(b), we see that all the distinct

non-trivial MDS RT A-constacyclic codes of length p® over R are given by

(&= X0)" +7(z = Xo)'g(x)),

where 1 < a < p* — 1, max{0,2a — p°} <t < aif g(x) # 0, and either g(z) = 0 or
g(x) = a;:OlAg(x — Xo)? with each Ay € Fm and Ay # 0.

In a recent work, Dinh et al. [23] determined all (4z — 1)-constacyclic codes of length

2° over the Galois ring GR(2°,m), where z € GR(2°,m). As GR(2° m) is a chain ring
with the maximal ideal as (2), the unit 4z — 1 € GR(2°,m) can be rewritten as 4z — 1 =
14+2+4(z—1),1ie., By = 1 foraunit X of the form 4z — 1 for each z € GR(2°,m). In the
same work, Dinh et al. [23] determined RT weight distributions of all (4z — 1)-constacyclic
codes of length 2° over the Galois ring G R(2¢, m) (see [23, Prop. 6.3-6.5]). However, we
noticed an error in Proposition 6.5 of Dinh et al. [23], which we illustrate in the following
example.
Example 5.5.2. Let GR(4,1) = Z4 be the Galois ring of characteristic 4 and cardinality 4,
and let A = 3. By Theorem 3.3 of Dinh et al. [23], we see that all the distinct 3-constacyclic
codes of length 4 over GR(4, 1) are ideals of quotient ring GR(4,1)[z]/(z* — 3) and are
given by ((z + 1)%), where 0 < i < 8.

For the code C; = (x + 1), by Proposition 6.5 of Dinh et al. [23], we obtain Ay = 1,
A =1, Ay = 18, A3 = 36 and A4 = 72. However, by carrying out computations in
Magma, we see that the actual values of A,, A3 and A, are given by Ay = 6, A3 = 24 and
Ay = 96, which do not agree with Proposition 6.5 of Dinh et al. [23].

Moreover, for the code C; = ((x + 1)?), by Proposition 6.5 of Dinh et al. [23], we obtain
Ao=1 A4 =1, Ay =2, A3 = 20 and A, = 40. However, by carrying out computations
in Magma, we see that the actual values of A3 and A, are given by A3 = 12 and A, = 48.

This shows that there is an error in Proposition 6.5 of Dinh et al. [23].
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Now we proceed to determine RT weight distributions of all A-constacyclic codes of
length p*® over R. To do so, we first prove the following lemma.
Lemma 5.5.1. Let A = )\83 + 61 +72Ba+ -+ B._1, where X, 1, Ba, -+, Bee1 €T
and Ay # 0. Let C be a non-trivial A-constacyclic code of length p® over R with Tor;(C) =
{(x — No)%), where 0 < T; < p°. Further, let { fo(x), fi(z), -, fo_1(z)} be the unique
generating set of the code C (as determined in Theorem 5.2.4 when ; = 0 and Remark 5.2.2

when (; # 0). Then each codeword C'(z) € C can be uniquely written as
C(z) = Co(x) fo(x) + Cr(@) fi(@) + - -+ + Cer (@) feur (@),

where C(x) € Ppo_1,(T) for0 < j <e—1.

Proof. To prove the result, we consider the set

S = {Ao(2) fo(x) + Ar(2) fi(z) + - + Aemr(2) fou1(2) : Aj(x) € Ppomy(T)

for0 <j <e-—1},
and we assert that S = C.

To prove the assertion, we first note that S C C, and hence it is sufficient to show that
|S| = |C|. Towards this, suppose that there exist A;(z), Bj(z) € Pp_p,(T),0 < j <e—1,

satisfying

Ao(z) fo(x) + Ar(z) fr(m) + -+ + Aci(2) ferr ()
= By(x) fo(x) + Bi(x) fi(z) + -+ Be_1(z) fo_1(x) € S.

This implies that
Y Ao () folz) = v Bo() fo(x),

which further implies that
Y @ = Xo) " {Ao(2) — Bo(2)} = 77" fo(a){Ao(z) — Bo(x)} = 0in Ry

This holds if and only if (z — A\o)™u(A¢(x) — Bo(z)) = 0 in R, which holds if and
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only if pu(Ao(z)) = p(Bo(z)), as Ag(z), Bo(z) € Pps_1,(T). Further, as y is a bijection
from P,s(T)(C R,) onto Ry, we get Ag(x) = By(z). Proceeding like this, we see that
Aj(z) = Bj(z) for 2 < j < e — 1. This shows that all the elements in the set S are distinct,

which implies that

|S| _ pm(epS_(TO-i-TlJ,-..--i-Te—l)) — |C|,

by Theorem 5.2.3(c). From this, the desired result follows. L]

In the following theorem, we rectify errors in Proposition 6.5 of Dinh et al. [23], and we
obtain RT weight distributions of all A-constacyclic codes of length p® over R.
Theorem 5.5.3. Let A = )\88 +yB1+ 2 B+ + ¢ Be1, where Ng, 81, B2, -+ Be1 €T
and )y # 0. Let C be a non-trivial A\-constacyclic code of length p® over R with Tor;(C) =
(z — XO)Ti), where 0 < T; < p®for 0 < ¢ < e — 1. Let us define T_; = p°. Then there
exists a unique integer k satisfying 0 < k <e —1, Tj_; = p® and T}, < p°. If A, denotes

the number of codewords in C having the RT weight as p for 0 < p < p°, then

(

1 if p = 0;
0 if 1 < p < Tefl;
(pre=0) — 1)prlle=O= D)= (Tt Terat+Te-1)}  §f T, 41 < p < Ty_; with

kEk<t<e-—1.

\

Proof. Note that Aq = 1. Further, by Theorem 5.5.1, we see that dgr(C) = T._; + 1, which
implies that A, = 0 for 1 < p < T,_;. So from now on, we assume that 7,_; +1 < p < p®.
AsTpyy=p'andp’ >To 2Ty > - 2T, 1 >0, wegetly="Ty =--- =T 1 =p’
Then by Remark 5.2.2 and Theorem 5.2.4, we have

C = (fi(@), frra(z), - ferr(T)),

where fi.(z) = v*(z — X\o)"* and f;(z) =+ for k +1 < j < e — 1 when 3; # 0; while for
k<i<e—1, fi(x) =~"if T, = 0and fi(z) = v (z — M) + vz — o) Mig1(x) +
’yi+2<x_>‘0>t2'ig2,i(x)+' ' '+76_1(x_AO)teilii’ige—l—i,i(I) with each ng(‘T) S PTj+i—tj,i(T)

as either 0 or a unit in R if 1 < 7; < p® when (3; = 0. Further, by Lemma 5.5.1, we see
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that each codeword )(x) € C can be uniquely expressed as
Qx) = Cp(2) fi(x) + Crpa(2) fra () + - - 4 Cerr(2) ferr (@), (5.5.2)
where Cj(z) € Pps_r,(T) for k < j < e — 1. Moreover, we note that
wrr(Ci(z) fi(z)) =T; + 1+ deg Cj(x) if C;(z) # 0. (5.5.3)

By (5.5.2) and (5.5.3), we see that if 7, ;1 + 1 < p < T,_,, then the RT weight of the

codeword Q)(x) € C is p if and only if deg C._1(z) = p — T,y — 1 and C}(x) = 0 for

k < j < e — 2. This implies that A, = (p™ — 1)p™ P~ Tem1=Dfor T, | +1 < p < T, ».

NextletT, +1 < p < T, 1, where k < ¢ < e — 2. Here by (5.5.2) and (5.5.3), we see

that the RT weight of the codeword Q)(z) € Cis pif and only if Cj(x) = 0fork < j < (-1

and exactly one of the following (e — ¢) conditions is satisfied:

deg Cy(z) =p—T, —1and Cj(x) € Py, (T) forf+1<j <e—1; (1)
deg Cp1(z) = p—Tpy1 — 1, Co(x) € Ppeq,—1(T) and Cj(z) € Pp_r, (T)

forl +2<j<e—1; (2)
deg Cpa(z) = p—Tip2 — 1, Cy(x) € Ppoqy 1 (T), Coga(z) € Pporyyy—1(T)

and Cj(z) € Py, (T) for £ +3 < j <e—1; (3)
deg Cos(x) =p—Top — 1, Cj(x) € Ppeqy—1(T )for £ < j < e—3and

Cer(2) € Ppor,_, (T); (e—£€—1)

deg Cey(z) =p—Teey —land Cj(x) € Ppoqy1(T) forl < j<e—2. (e—¥)

From this, we obtain

A, = (pme=d )= Ten 44 Ten))
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forTy+1<p<T; q,wherek </{<e—2.

This completes the proof of the theorem. [

5.6 A decoding algorithm for constacyclic codes of length

p® over finite commutative chain rings

Several decoding algorithms are known for linear codes over finite fields with respect
to Hamming, symbol-pair and RT metrics (see [13, 37, 39, 54, 68, 81]). In this section,
we shall provide an algorithm to decode constacyclic codes of length p® over R using the
already known decoding algorithms of linear codes of length p® over the finite field R with

respect to these three metrics.

Throughout this section, by a metric, we mean either the Hamming metric or the symbol-
pair metric or the RT metric. Likewise, by the weight of a vector, we mean either the

Hamming weight or the symbol-pair weight or the RT weight.

Now let C be a non-trivial A-constacyclic code of length p* over R with Tor;(C) =
((x — Xo)%), where 0 < T; < p® for each 4. Let { fo(), fi(z), -+, fo_1(x)} be the unique
generating set of the code C as determined in Theorem 5.2.4 and Remark 5.2.2. Let C'(z) € C
be the transmitted codeword and let W (z) € R, be the received vector with the error pattern

as F(z) € R,. Then we have
W(z) = C(z) + E(x).
Further, both W (z), E(z) € R, can be uniquely written as
W(z) = Wolw) + Wi () + 7" Wa(z) + - + 77 Wea (2)

and

B(z) = Eo(w) + 7Bu(x) + 12Ba(x) + - + 1 Eu 1 (a),
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where W;(z), Ei(x) € P,«(T) for each i. We say that the error pattern E(x) = Ey(x) +
YE (x) + V2 Ey(x) 4+ - -+ E._1(z) € Ry is of the type (Jo, 01, - -, 0._1) if the weight

of E;(x) isatmost §; for 0 < j <e— 1.

Then the following theorem provides a decoding algorithm for non-trivial constacyclic
codes of length p° over R.
Theorem 5.6.1. Let A = A0 +~3; +72By+ - - -+~ Bey, where Xo, B1, By -+, fer €T
and )¢ # 0. Let C be a non-trivial A-constacyclic code of length p°® over R with Tor;(C) =
((x — Xo)™?), where 0 < T; < p® for each i. If Tor;(C) can correct errors with weight less

than or equal to 7); for each i, then the code C can correct all error patterns of the type

(7707771’ e 7776—1)'

Proof. Let C(x) € C be the transmitted codeword and let W (z) € R, be the received
vector with the error pattern as F(z) € R,. Note that W(x) = C(x) + E(x). Further,
suppose that the error pattern F(x) is of the type (7o, 71, - -+ ,Me—1). Then both W (x), E(x)
can be uniquely written as W (x) = Wo(x) + yWi(z) +v*Wa(z) + - -+ + ¢ 'We_1(z) and
E(z) = Eo(z) + vE1(z) + ¥V Es(x) + - - + v ' E._1(z), where W;(z), E;(x) € Pps(T)
for 0 < 7 < e — 1. Further, by Lemma 5.5.1, we see that C'(x) € C can be uniquely written

as

C(x) = Co() fo(x) + Cr(@) fr(w) + - - + Cemr(@) fer (@),
where Cj(x) € Pps_1;(T) for0 < j <e—1.

Given the polynomials Wy (z), Wi(x), -, We_1(z) € Pp:(T), our aim is to determine
Co(z), Cr(x),- -+, Ceei(x) satisfying Cj(x) € Pps_q,(T) for0 < j <e—1.

Towards this, we shall first determine Cy(x) € Pps_1, (T) and Ey(x) € P, (T ). Since
W(z) = C(x) + E(z), we have v*'W (x) = v*~'C(z) + 7' E(z). From this, we get
v HWo(x) = Eo(2)} = 7' Co(x)(x — Ag) ™, which implies that 11(Wo(z)) — u(Eo(x)) =
w(Co(z))(z—No)™ € Tor,_1(C)NTory(C) = Tory(C). Now as Tory(C) can correct all errors
with weight at most 7y and the weight of u(FEy(x)) is less than or equal to g, p(Wo(x))

can be uniquely decoded to 1(Cy(z))(z — Xo)™ in Toro(C). From this and using the fact
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that 1 is a bijection from P, (7)(C R,) onto Ry, the polynomials Co(x) € Pps_7,(T) and
Ey(x) € Ppys(T) can be uniquely determined.

Next let i be a fixed integer satisfying 1 < < e — 1. Suppose that C}(z) € Pps_1,(T)
and E;(z) € Pp:(T) are known for 0 < j <i— 1.

Now we shall determine C;(x) € Pps_1,(T) and E;(x) € P,s(T). For this, we see that
VT IW (2) = 4471 C(x) + 4471 E(x), which gives

VTIW () = 4 Co(@) folz) + 7T (@) fi(a) 4+ -+ T G (@) fima (2)
TG (@) fiw) + T T By (x) + YT B () + -+ TP (2) + T Ei(x).
(5.6.1)

Let us define

Wi(z) ='W (z) — "1 Co(a) folz) — v Ci() fr(z) — -+

— O (@) fioa(2) =TT By (z) — T By () — - — 2B ().

By (5.6.1), we see that W;(z) = v 1Cy(x) fi(x) + 7L E;(x) € (v*~1), and hence W;(z)
can be uniquely written as W;(z) = 4~ 'W7 () for some W () € P,s(T). From this, we
get Wi(x) — "7 Ey(x) = 7 'Wi(z) — y* ' Ei(z) = 71 Cy(x) fi(w) = v i) (x —
Mo)T € C, which implies that (W (z)) — u(Es(2)) = u(Ci(z))(z — Xo)™t € Tor,_1(C) N
Tor;(C) = Tor;(C). Now as Tor;(C) can correct all errors with weight at most 7; and the
weight of p(F;(x)) is less than or equal to 7;, (W (x)) can be uniquely decoded to
w(Ci(x))(x — Xg)™* in Tor;(C). From this and using the fact that y is a bijection from
P,s(T)(C Ry) onto Ry, the polynomials C;(x) € Pps_7,(T) and E;(z) € P,s(T) can be

uniquely determined.

This completes the proof of the theorem. [

The above theorem gives rise to the following decoding algorithm for non-trivial consta-

cyclic codes of length p® over R.
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A decoding algorithm for constacyclic codes of length p° over R

Suppose that for 0 < i < e — 1, there exists a decoding algorithm ©; for Tor;(C) that
can correct errors with weight at most 7;. Now suppose that the codeword C'(z) € C is
transmitted, the vector W (z) € R, is received, and that the error pattern E(z) in the

transmission is of the type (1o, 71, -+, Me—1)-

I. Apply the decoding algorithm @, for the code Tory(C) over the finite field R to
determine the codeword Dy (z) € Tory(C) and the error pattern Fy(z) from (W (x))
in ﬁ)\.

I. Using the bijection z from P,s(7T)(C R,) onto Ry, determine Cy(x) € Pps_1,(T)
and Ey(x) € Py (T) satisfying (z — Xo) ™ u(Co(z)) = Do(x) and ju(Fy(z)) = Fy(x).

III. Now fori =1,2,--- e — 1, do the following steps:

a. Given W (x) € Ry, Ej(z) € Pps(T) and Cj(x) € Pps_7,(T) for 0 < j <i—1,
determine W (z) € P,s(T) satistying

VTIW () =TT IW () = T Col@) fola) =TT (@) filw) — -

— O () fioa () — T T EBo(z) — T B () — - = TP E L (o).

b. Apply the decoding algorithm ®; for the code Tor;(C) over R to determine the
codeword D;(z) € Tor;(C) and the error pattern F(z) from p(W;*(x)) in R,.

c. Using the bijection y from P« (7)(C R, ) onto R, determine C;(z) € Pps 1, (T)
and F;(z) € P,(T) satisfying (z — \o)"u(Cy(x)) = Dy(z) and p(E;(z)) =

IV. Decode the received vector W(xz) € R, to the codeword C(x) = Cy(z)fo(z) +
Ci(x)fi(z) + -+ + Ceq(2) feur(x) in C.

In the following example, we illustrate the above decoding algorithm with respect to the

Hamming metric.
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Example 5.6.1. Let R = F3[y]/(7?). Here we note that 7 = F3 and that u(f(x)) = f(z)
for each f(z) € Fslx]/(x? — 2). In view of Example 5.2.1, let C = ((x — 2)%, v(z — 2)7)
be a 2-constacyclic code of length 9 over R. Here we observe that Tory(C) = ((z — 2)®)
and Tor; (C) = ((z — 2)"). By Theorems 2.0.8 and 5.2.3(a), we get dg(Torg(C)) = 9 and
dy(Tor;(C)) = 6 = dg(C). Using the syndrome decoding algorithm, the code Tor,(C)
can correct all errors with Hamming weight at most 4, while the code Tor; (C) can correct
all errors with Hamming weight at most 2 (see Section 4.8.3 of [54]). Further, we see,
by Lemma 5.5.1, that each codeword C'(z) € C can be uniquely expressed as C(x) =
Co(r —2)® + vCy(x)(z — 2)7, where Cyy € F3 and C)(x) € Po(TF3).

Now suppose that a codeword C'(z) = Cy(2—2)8+~C,(z)(xz—2)7 € C, with C; € F3 and
C1(x) € Py(F3), is transmitted. Suppose that the vector W (z) = (2+27)2® + (1 +2v)z" +
(2427)28 + (1+27)2° + 22+ (2+7) 23 + (1+7) 22+ 22+ (1+27) € Re = Rx]/{z—2)
is received, and that the error pattern F/(z) in the transmission is of the type (4, 2). Our aim
is to decode the vector W (x) to the codeword C(x) € C, i.e., to determine Cyy € F3 and
Ci(z) € Ps(Fs).

I. By applying the syndrome decoding algorithm for Tory(C) to the vector u(W (z)) =
22 + 27 + 220 + 2 + 22t 4 223 + 2* + 22 + 1 € F3[z]/(2” — 2) using Magma,
we get Do(z) = 22% + 27 + 225 4+ 2° + 22* + 2 + 222 + © + 2 € Tory(C) and
Fo(z) = 2% + 222 + o + 2.

II. The element Cy € F3 satisfying Co(z — 2)® = 228 + 27 + 225 + 25 + 22% + 23 +
22% +x + 2 = 2(x — 1)% is given by Cy = 2. Further, we have Ey(x) = u(Ey(z)) =
Fo(z) =a® 4+ 222 + x + 2.

II.  a. The vector W (x) € F3[z]/(x”—2) satisfying yW7 (x) = W (z)—Co(z) fo(x) —
Eo(z) = ~(22® + 227 + 22 + 225 + 23 + 2? + 2) is given by Wy (z) =
208 + 227 + 220 4 22° + 2% 4 2% 4 2.

b. Now by applying the syndrome decoding algorithm for Tor; (C) to the vector
Wi (z) using Magma, we get Dy(z) = 2% + 225 + 22° + 2 + 2% + 2 and
Fi(z) = 28 + 227,
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c. The vector Cy(x) € Py(FF3) satisfying (z — 2)"Cy(z) = D;(z) is given by

IV. Decode W () to the codeword C'(z) = 2(z — 2)8 + y(2 + 2)(x — 2)" = (2 +v)2® +
T+ 24292+ (1 +2y)° + 22 + (1 + )2 + 2+ )2 +2+ (2+2y) €C.

Remark 5.6.1.  (a) The decoding algorithm proposed in this chapter works for all those
metrics with respect to which decoding algorithms for linear codes over finite fields

are known.

(b) All the results obtained in this chapter can be extended for A\-constacyclic codes of
length np® over R, where n is a positive integer such that the binomial 2™ — )\ is

irreducible over R..






Chapter 6

On /-symbol distances of repeated-root
constacyclic codes

6.1 Introduction

In this chapter, we obtain b-symbol distances of all repeated-root constacyclic codes of
prime power lengths over finite fields. Using this result, we determine b-symbol distances of
all repeated-root constacyclic codes of prime power lengths over finite commutative chain
rings. We also identify all MDS b-symbol repeated-root constacyclic codes of prime power
lengths over finite fields, and all MDS b-symbol repeated-root constacyclic codes of prime

power lengths over finite commutative chain rings in general.

For this, throughout this chapter, let p be a prime, s be a positive integer, and let b be an
integer satisfying 2 < b < p°. This chapter is organized as follows: In Section 6.2, we state
some basic definitions and results that are needed to derive our main results. In Section 6.3,
we obtain b-symbol distances of all repeated-root constacyclic codes of length p® over finite
fields. Using this result, in Section 6.4, we list all MDS b-symbol repeated-root constacyclic
codes of length p°® over finite fields. In Section 6.5, we determine b-symbol distances of all
repeated-root constacyclic codes of length p® over finite commutative chain rings. We also
list all MDS b-symbol repeated-root constacyclic codes of length p*® over finite commutative

chain rings.

121
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6.2 Some preliminaries

Let R be a finite commutative ring with unity, N be a positive integer, and let R be the

R-module consisting of all N-tuples over R. Let b be an integer satisfying 2 < b < N. Recall

that for each vector a = (ag, a1, ,an_1) € RY, the b-symbol read vector of a € R" is
defined as
Wb(a) - ((a()a ai,--- 7ab—1)7 (ah ag, - - 7ab)a RS (aN—h ag, - - 7ab—2>) c (Rb)N

The b-symbol weight wy(a) of the vector a € RY is defined as the number of integers i
satisfying 0 < ¢ < N — 1 and (a;, a;y1,- -+ ,aiyo-1) 7 (0,0,---,0), where the subscripts
i,i+1,---,i+4 b— 1 are taken modulo N. Note that wj(a) equals the Hamming weight of
the b-symbol read vector m,(a) over the alphabet RP. In particular, when b = 2, the b-symbol

weight wy(a) of the vector a € RY is same as the symbol-pair weight wy,(a) of the vector a.

Now the natural question arises: Is there any relation between the b-symbol weight of a
vector and its Hamming weight? Towards this, Cassuto and Blaum [12, Th. 2] derived such
a relation when b = 2. Recently, Mostafanasab and Sevim [63, Th. 2.1] considered the case
b > 3 and derived a relation between the b-symbol weight and the Hamming weight of a
non-zero vector in R . However, we noticed that Theorem 2.1 of Mostafanasab and Sevim
[63] holds only for those non-zero vectors in R, which have a cyclic run of 0 of length at
least b — 1. We illustrate this in the following example.

Example 6.2.1. Let R = Zs be the ring of integers modulo 5, and let N = 17 and b = 5. Let
us take ¢ = (2,1,2,0,0,0,2,4,0,0,0,3,1,0,0,0,2) € Z.". Note that the vector ¢ does not
have a cyclic run of 0 of lengths at least 4. By Theorem 2.1 of Mostafanasab and Sevim [63],
we obtain ws(c¢) = 8+9+5—1=21 > 17 = N. However, one can easily observe that the

actual value of ws(c) is 17. O

We now take into account both the aforementioned cases and restate Theorem 2.1 of
Mostafanasab and Sevim [63] as follows:

Theorem 6.2.1. [63] Let2 < b < N be a fixed integer, and leta = (ag, a1, ,an_1) € RY.
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(a) If the vector a € RY does not have a cyclic run of 0 of length at least b — 1, then
wy(a) = N.

(b) Suppose that the vector a € RY has a cyclic run of 0 of length at least b — 1. Let
Z={0,1,2,--- , N — 1}, and let 7, be the union of all sets of the form {u € 7 :
i<u<yjj—i>b—2anda, =0for: <u < j} modulo N.Let C, =7\ J,.
Let B, = {By, By, -, By, } be a minimal partition of the set /C, into subsets of
consecutive indices modulo N. If e, is the number of integers k& € K, satisfying

ar = 0, then we have

wy(a) = i |By| + Lo(b— 1) = wy(a) + eq + Lo(b—1).

(=1

We now illustrate the above theorem in the following example.
Example 6.2.2. Let R = Zs, N = 17 and b = 5. Let us take ¢ = (3,1,0,0,0,0,2,3,0,0,
0,0,0,0,1,0,2) € ZL". Note that the vector ¢ has two cyclic runs of O of lengths at least
4. Here we see that 7, = {2,3,4,5,8,9,10,11,12,13} and K. = {0,1,6,7,14,15,16}.
This implies that B, = { By, By}, where B; = {6,7} and B, = {14, 15,16,0, 1}. Now by
applying Theorem 6.2.1(b), we obtain ws(c) = |By| + |Ba| + 2(5 — 1) = 15.

We also make the following observation, which is quite useful in approximating b-symbol
weights of non-zero vectors in RV
Lemma 6.2.1. Leta € RY be such thata = a; + ay + - - - + a,, where aq, as, - - - ,a, € RV

satisfy wy (a) = wy(a1) + wy(ag) + - - - + wy(a,). Then we have
wy(a) > max{wy(ay), wy(az), -, wy(a,)}.
Proof. Proof is trivial. O

Ding et al. [28, Th. 2.4] derived a Singleton-type bound for codes over finite fields with
respect to the b-symbol metric. In the following theorem, we extend this result to codes over

finite commutative rings. Although the proof of the following theorem is similar to that of
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Theorem 2.4 of Ding et al. [28], we reproduce the proof for the sake of completeness of this
thesis.
Theorem 6.2.2. (Singleton-type bound) Let |R| > 2, N > 3 be an integer, and let b be an
integer satisfying 2 < b < N. If C is a b-symbol code of length N and b-symbol distance
dy(C) over R, then we have

C| < |RN-d(@+D,

Proof. Let us take t = d,,(C), and let us consider the set
m(C) = {m(c) : c € C},

whose elements are viewed as N-tuples over the alphabet 12°. Now on deleting the last ¢ — 1

coordinates from all the elements of 7;,(C), we obtain the set

—_—
7Tb(C) = {((ao, ai, - 7ab—1)7 (ah A, - 7ab)’ T, (GN—t, AN—t+1, """ uaN—t+b—1)) :
(ag,ay, -+ ,an_1) € C},

whose elements are (N — t + 1)-tuples over R’, where the subscripts are taken modulo N.

Since the b-symbol distance of the code C is t, we see that all the elements in the set 7, (C)

must be distinct, and hence all the elements in the set

<I>b(C) = {((10,@1, T aaN—t—s-b—l) : (a07a1> ce ,GN—l) € C} (6.2.1)

must be the distinct vectors of RV =+ From this, it follows that |C| < |R|Y~"**, which

proves the theorem. 0
A code C of length N over R is called an MDS b-symbol code if it satisfies
IC| = |R|N O, (6.2.2)

Note that an MDS b-symbol code has to be non-zero.
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From now on, throughout this chapter, let p be a prime, s, m be positive integers, and let
b be an integer satisfying 2 < b < p°®. Let F,» be the finite field of order p™, and let R be
a finite commutative chain ring with the characteristic as a power of p. Further, let v be a

generator of the maximal ideal of 'R, and let e be the nilpotency index of ~.

6.3 1-Symbol distances of constacyclic codes of length p°

over [;m

In this section, we shall determine b-symbol distances of all constacyclic codes of length
p® over [F,m. For this, we first note that 2 < b < p® — 1. Throughout this section, let A
be a non-zero element of IF,,m. Recall that a A-constacyclic code of length p°* over Fym is
an ideal of the quotient ring Fym[z]/(zP" — \). By Theorem 2.0.8, we see that there exists
Ao € Fpm\ {0} satisfying A = A2, and that all A\-constacyclic codes of length p* over F,m are
given by 6, (s,v) = ((z — \g)"), where 0 < v < p®. It is easy to see that dy(%6),(s,0)) = b

and d,(6),(s,p°)) = 0. So from now onwards, we assume that 1 < v < p® — 1.

In a recent work, Mostafanasab and Sevim [63] considered the case \j = 1 and b > 3,
and determined b-symbol distances of the cyclic code %7(1,v) when 1 < v < p — b and
the cyclic code % (s,v) when s > 2 and v = p* — p** + i, where 0 < ¢ < s — 1 and
0 < i < min{p*~*"1, p*=* — b,b}. In this section, we shall determine b-symbol distances
of all non-trivial A-constacyclic codes 6),(s,v), 1 < v < p° — 1, of length p* over Fm,
thereby extending the work of Mostafanasab and Sevim [63]. For this, we shall consider the

following two cases separately: (i) s = 1 and (ii) s > 2.

In the following theorem, we consider the case s = 1, and we determine b-symbol
distances of all non-trivial A\-constacyclic codes é),(1,v), 1 < v < p — 1, of length p over
F,~ by applying Theorem 6.2.1. When 1 < v < p — b — 1, the b-symbol distance of the
code 6, (1, v) can also be determined by using Theorem 2.0.8 and by repeatedly applying
Theorem 2.5 of Ding et al. [28].
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Theorem 6.3.1. For 1 <v < p— 1, we have
dy(€\,(1,v)) = min{v + b, p}.

Proof. To prove the result, we see, by Theorem 2.0.8, that dy(%),(1,v)) = v + 1. Fur-

ther, the codeword (z — \g)” € @), (1,r) can be written as (z — \g)” = >_ a;x*, where
=0

ar = (V)(=Xo)"™" # 0 for 0 < t < v. That is, the codeword (z — Xg)” is of the form

(ag,ay,--+ ,a,,0,0,--- 0)and wy((z — A\g)”) = v + 1. Now by applying Theorem 6.2.1,
——

p—rv—1
“m:get

v+1+(b-1 if 1<v<p-1
wp((x — A)") = min{v +b,p} = o=

P otherwise,
which implies that
dp(6\,(1,v)) < min{v + b, p}. (6.3.1)
Next we assert that
dp(6\,(1,v)) > min{v + b, p}. (6.3.2)

To prove the above assertion, suppose, on the contrary, that there exists a non-zero
codeword c(z) € 6\, (1, v) satisfying wy(c(x)) < min{v + b,p} — 1. By Theorem 6.2.1(b)

and using the fact that wy (c(z)) > v+ 1,e. > 0and L. > 1, we get

v+b—1>min{v+0b,p} — 1> wy(c(x)) = wy(c(z)) + e. + Lo(b— 1)
>wy(e(x))+ L(b—1) >v+0b,

which is a contradiction.

Now by (6.3.1) and (6.3.2), we get the desired result. ]

From this point on, throughout this section, we assume that s > 2. In order to determine
b-symbol distances of all non-trivial A-constacyclic codes €),(s,v), 1 < v < p* — 1, of

length p® over F,m, we first partition the set {1,2,--- ,p® — 1} as follows:
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Remark 6.3.1. [21, Th. 3.4] For0 < k < s—1, letus define F}, = {p*—p* F+wp** 147
0<w<p—21<7<p* 1} Then {Fy, Fi, Fo, -+, Fs_1} is a partition of the set
{1,2,---,p* — 1}. O

Now in the following theorem, we determine b-symbol distances of all non-trivial A-
constacyclic codes of length p* over F,» when s > 2.
Theorem 6.3.2. Let s > 2 be a fixed integer. For 0 < £k < s—1,0 < w < p—2and

1 <7 <p™ %1 wehave
dy(Cro(5,p° — p** +wp*™F 1 4 7))

prmin{wp* T+ b+ 7, (W+2)b, (wH+1)(b+7)} if2<b<phl
P min{wp** "t + b+ 7, p*"*} if p>~F=1 < b < p°.

To prove the above theorem, we shall first prove Proposition 6.3.1, which reduces our
problem to the problem of determination of b-symbol distances of the codes %), (s, ),
where s > land v € Fy = {wp5_1+7' 1 <7 <pland0 < w < p —2}. When
s = 1, Theorem 6.3.1 provides b-symbol distances of the codes %), (s, v) for each v €
Fo={1,2,--- ,p—1}. When s > 2, we shall further distinguish the following two cases:
b<p*landb > p*~'+1, and we shall determine b-symbol distances of the codes ), (s, /),

v € Fy, in Proposition 6.3.2 when b < p*~! and in Proposition 6.3.3 when b > p*~! + 1.

In order to prove Proposition 6.3.1, we first prove the following two lemmas:
Lemma 6.3.1. Let g(z) = x gy (27" ") + 22 g (a?” ) 4 - - - + 2% g (2P ") € Fym[z], where
i1,da, - i, are integers satisfying 0 < iy < iy < --- < i, < p* L and g (2?""), ga(a® ),
.-+, g,(x”"") are non-zero polynomials in 27" over IF,m. Suppose that (z — \o)” divides

g(z) in Fym[z], where 1 < 7 < p*~! — 1. Then the following hold.
(@) If g, (X2 ) #£0, then i, > T.

(b) Let p be an integer satisfying 1 < p < r — 1. If gp()\gH) # 0, then we have

ps—l - Z.erl + Z.p 2 T.
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(a) First of all, suppose that gT()\gS_l) # 0. Let us rewrite the polynomial g(x) as

g@) = Do () g8 ) + gy ). (633)
j=1 J=1

Now for 1 < j < 7, we note that g;(z*" ') — gj(/\gs_l) is a polynomial in z?""

and the polynomial 2 — )\, divides g;(z”" ") — gj()\gkl) in Fm [z]. This implies that
(z — Ao)P" " divides g;(a?" ") — g; (AL ') in F,m[2] for each j. From this, by (6.3.3)
and using the fact that (z — \g)" divides g(x) in Fm[z], we see that (x — \)" divides
GO )z 4 go (A a2 4 g (A )i 4 g, (AR )2 in [F,m [z]. Further,

. . . . 571 .
since 0 < iy <ip < -+ <i.andg.(N§ )#0,wegeti, >T.

(b) Here we have gp(/\gkl) # 0. Let us consider

2 () = 3w e (g a7 — g ()
j=1

,,
+ D g e et
j=1
T
D g et

u=p+1

s—1

P
= th()\gs_l)xps_l_ip‘Fl“'it_i_)\g‘
t=1
- S—I,i i s—1 s—1
2o gy (@) — ()
j=1

+ 3 g (@ = gt (6.3.4)

u=p+1

Now for 1 < j < r, we note that g;(z?" ') — g;(\l" ) is a polynomial in 27"~
and z — X divides g;(z7" ") — g;(AL" ') in F,m[z]. This implies that (z — Ao)?""
divides g;(z”"") — gj()\gkl) in F,m[z] for each j. From this, by (6.3.4) and us-
ing the fact that (z — X\)" divides g(z) in F,m[z], we see that (z — X¢)” divides

1

p o1 o r N .
Zl gt (NG 1)azp ' > 1 Gu( NG 1)90’“*“3+1 in Fym[z]. Further, using
t= u=p+

the fact that 0 < i < iy < -+ < 4, < p* ! and gp()\zo’kl) # 0, we obtain

—ip1tic | /\gs,

ps—l - Z.erl + 7:p 2 T.

This proves the lemma. ]
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The following lemma is quite useful in the determination of the b-symbol weight of a

non-zero codeword in 6, (s, v) for each v € Fy, where 1 < k < s — 1.

s—k

Lemma 6.3.2. Let k be an integer satisfying 1 < k < s—1.Letc(z) = (x—X)P 7 "g(z) €
Fpm[z]/(2F" — \), where g(z) = 3 g;a7 € Fym[x] with 0 < r < p** and g, # 0. Let us
=0

define g = (90,91, ** ,9r,0,- -+ ,0). Then we have

ps—k

Prwy(§) if2<b<ph -1,

p° ifp=F <b<p*—1.

Proof. To prove the result, we first observe that the polynomial (z—\g)P" —7*"" can be written

as (z—X)?" 7" = 3 A" where A; = (pki_l)(—)\o)psfk(pk_l_i) for0 <i <pr—1.
i=0

k-1
Further, for 0 < ¢ < p*—1, by applying Theorem 2.0.10, we get (pki’l) = I (*,') (mod p),
j=0 "
where i = ig + i1p + i9p? + - - - + ix_1p" ' is the p-adic representation of i. From this, it

follows that A; # 0 for 0 < ¢ < p* — 1. Further, we see that

@) = (=X " gle) = YD Aga? T,

which implies that c¢(x) € Fym[x]/(z?" — )) is of the form

c = (iq[)gO)AOgl;"' 7A[)g7"70a"' 70175119(%/4191’”' 7Alg’r‘a07"' aQ?"' )

~~ ~~
psfk psfk

Apk—1907 Apk—lgh T 7Apk—1gr7 07 T 70)
ok

p

From this, one can easily observe that w,(c(z)) = p® if p** < b < p* — 1. On the other

hand, when 2 < b < p*~* — 1, we observe that wy(c()) = p*w,(g).
This proves the lemma. 0
In order to obtain symbol-pair distances of cyclic codes of length p* over F,», Sun

et al. [77] defined a bijection from the cyclic code ((x — 1)?" 7" "+7) of length p* over

[F,= onto the cyclic code ((z — 1)”) of length p*=* over Fm, where 1 < k < s — 1 and
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0 <19 < p** — 1. We observe that the same map can be extended to \-constacyclic codes

of length p* over F,» as follows:

Forl <k <s—land0 <9 < p*"—1,define ¢, : G\, (s, p°—p* *+09) = G\, (s—k, )
as

Gr((z = Xo)” P () = (x = Xo) f(2)

for each (z — \o)?" 7" "t f (1) € G\, (s, p* — p** + 1), (note that each non-zero codeword
c(z) € €r(s,p° — p* % + ) can be uniquely expressed as c(z) = (z — \o)?" 2" "7 (),
where f(z)(# 0) € Fym[z] and deg f(z) < p** — 9J). One can easily observe that the map
oy, is a bijection from ), (s, p* — p*~* + ) onto ), (s — k, V).

The following proposition plays an important role in the determination of the b-symbol
distance of the code %), (s, ) for each v € Fi, where 1 < k < s — 1.

Proposition 6.3.1. For 1 <k <s—1,0<w<p—2and1 <7< p*~F=1 we have
dp(Gry (5, 0° — P F +wp*™F 1+ 7))

Prdy(Grg (s — k,wp P14 7)) if2<b<ph - 1;
4 ifpt <b<p—1.

Proof. To prove the result, we first observe that any non-zero codeword c(z) € 65, (s, p® —
p*F 4+ wp* 1 4 7) can be uniquely expressed as () = (z — \g)?" 7P TP T T ()
where f(z)(# 0) € Fym[z] and deg f(z) < p** — wp**! — 7. Using the fact that
dr(c(x)) = (x — Ao)“P" "'+ f(x) and by applying Lemma 6.3.2, we see that
k : s—k
prwy(dp(c(x))) if2<b<p™"—1,;
wy(c(z)) = (6.3.5)
P’ ifp* <b<p*—1.
Further, since the map ¢y, : ), (s,p° — p* F +wp* * 1 +7) = G\, (s — k,wp* 1 +7)is

a bijection, we obtain
dp(Gr (5,0 Hwp* ™ TH47)) = PPy (G, (s—k,wp* " 147)) when 2 < b < p*TF-1.

On the other hand, when p*~* < b < p* — 1, by (6.3.5), we see that w;(c(z)) = p* for each
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c(z)(#£ 0) € G\ (s,p° — p*F +wp**~1 + 1), which implies that d,(6),(s,p* — p** +
wp'™t T+ 7)) = . O

Now in view of Remark 6.3.1, Proposition 6.3.1 and Theorem 6.3.1, we see that to
determine b-symbol distances of all non-trivial A-constacyclic codes of length p* over Fym,
it is enough to determine b-symbol distances of the codes ), (s, wp® ™ + 7), where s > 2,
1<7<p*land0 < w < p— 2. To do this, we shall distinguish the following two cases:
b<pltandb>p*!+1.

6.3.1 Thecaseb < p*!

Throughout this section, we assume that b < p*~!. In the following proposition, we
determine the b-symbol distance of the code 6, (s, wp*™! + 7), where 0 < w < p — 2 and
1< 7 <pL.

Proposition 6.3.2. Let2 < b < p* ! befixed. For0 <w <p—2and1 <7 < p* ! we

have

dp(Gr (5, wp® ' 4+ 7)) = min{wp® "t + b+ 7, (w+2)b, (w+1)(b+17)}.

To prove the above proposition, we shall consider the following three cases separately: (1)
w=0andl1 <7<pl(l<w<p—2and7T=p ! and (i) 1 <w < p—2and

I1<7<pt—1

In the following lemma, we consider the case w = 0, and we determine the b-symbol
distance of the code %), (s, 7), where 1 < 7 < p*~L.

Lemma 6.3.3. For1 < 7 < p*~! we have
dy(6)(s,7)) = min{b + 7, 2b}.

Proof. To prove the result, we shall distinguish the following two cases: (i) 1 < 7 < b and

(i)b+1<7<p
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(i) Firstlet 1 < 7 < b. In this case, we see that (x — A\g)” € %), (s, T) can be expressed

as (z — Xo)” = Y Wia!, where W, = (7)(—Xo)" " for 0 < ¢ < 7. From this, we see
=0

that the codeword (x — Xo)" is of the form

(W07W17W27 """"" 7W7'717W7'70707”' 70)
———

pS—1—1

Now by applying Theorem 6.2.1(b) and using the fact that p® — 7 —1 > b — 1, we

observe that the codeword (z — X\g)” € 65, (s, 7) has b-symbol weight

- 2—|—2<b—1) if 7=0 and W1:W2:~~~:WT71:0;
wy((x = Xo)7) =
T+1+b—1 otherwise,

which implies that
db<(g)\0(8, T)) <7+ b. (636)

We further assert that
wy(c(x)) > 7 + b for each non-zero codeword c(z) € 6),(s, 7). (6.3.7)

To prove the above assertion, suppose, on the contrary, that there exists a non-zero
codeword d(x) € 6\, (s, ) satisfying wy(d(z)) < 7+b— 1. By Theorem 6.2.1(b), we
have 7+b—1 > wy(d(x)) = wy(d(z))+eq+ La(b—1). Since wy (d(x)) > 2,e4 > 0
and 7 < b,weget2b —1>7+b—12>2+ Ly(b— 1), which gives L; = 1. This
implies that 7 + b — 1 > wy(d(z)) = wy(d(x)) + eq + (b — 1), which further implies
that wy (d(z)) +eq < 7. In view of this, by applying Theorem 6.2.1(b) again and using
the fact that L; = 1, we see that there exists an integer j such that 0 < 57 < p°® —1
and 27d(z) € 6\, (s,7) is of the form z’d(z) = dy + dyx + dox® + - -+ + d, 2%,
where u = wy(d(z)) + eq — 1, d; € Fym for 0 < i < w and both dy, d,, are non-
zero. As wy(d(x)) > 2,e4 > 0 and wy(d(x)) + eq < 7, we note that 1 < u <
7 — 1. Therefore there exists a non-zero codeword z7d(z) € €\, (s,7) = ((x — o))

satisfying deg 27d(z) = u < 7 — 1, which is a contradiction.
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Now by (6.3.6) and (6.3.7), we obtain

dy(Cr,(s,7)) =7+b for 1 <71 <.

(ii) Nextletb+ 1 < 7 < p*~!. Here by Theorem 6.2.1(b) again, we see that the codeword
(z — X)?" " € G (s, p° ") has b-symbol weight wy((z — X)) = 2+ 2(b — 1),
which implies that

dy(Gry (s, 9" 1)) < 20. (6.3.8)

By case (i), we note that d,(%),(s, b)) = 2b. From this, by (6.3.8) and using the fact

that
Gro(5,0) D Cr(5,0+1) D - DG (5,p° 1),
we get
2b = dp(B)(5,0)) < dp(Br(s,0+1)) < -+ < db<(g)\0(3,psil)) < 9%,
This gives

db<(g)\0(8, b + 1)) = db(%)\o(s, b + 2)) == db<(g)\0(8,psil)) = 2b.

This completes the proof of the lemma.

O

In the following lemma, we determine the b-symbol distance of the code %), (s, (w +
p*!), where 1 <w < p-—2.

Lemma 6.3.4. For 1 < w < p — 2, we have
dy(Gro (8, (w+ 1)p5*1)) = (w+ 2)b.

Proof. To prove the result, we see that the codeword (z — \o)“TP" ™" € &, (s, (w+1)p* 1)

w+1
can be expressed as (x—)\o)(“’“)Psfl = W,zt?™" where W, = (er)(_)\o)(w+1—t)p5*1 ”;
=0
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0 for 0 < t < w + 1. This implies that the codeword (z — X)“*+VP"™" is of the form

(W5,0,0,-++,0,W71,0,0, -+, 0, Wa, oo ,We,0,0,-++,0,W,11,0,0,0,--+,0,0).
~~ ~~ d \H/—'/ %f—"
p5*1—1 p5*1—1 p571—1 ps_(w_;’_l)psfl_l

Now by applying Theorem 6.2.1(b) and using the fact that p*~! — 1 > b — 1, we see that
wy((z — M) TP ™) = (w4 2) + (w+2)(b— 1) = (w + 2)b, which implies that

dy(Gr (5, (w + 1)p*1)) < (w + 2)b. (6.3.9)
Next we assert that
wy(c(z)) > (w+2)b for each non-zero codeword c(z) € G, (s, (w+1)p ). (6.3.10)

To prove the assertion, we first note that each non-zero codeword ¢(z) € 6, (s, (w +1)p*1)
can be uniquely written as c¢(z) = (z — Xo) @tV f(x), where f(z)(# 0) € Fpm[z] and
deg f(z) < p* — (w+ 1)p*~'. Further, we observe that the polynomial f(z) € F =[] can
be uniquely expressed as f(z) = ™ fy (27" ") + 2 fo(aP" ) + - + &' f, ("), where
0<i <iy<--<i, <p'and f,(#* ) is a non-zero polynomial in 27" over Fm

for 1 < u < r. This implies that
7)) = wy(a™(@— )@ £ (7). (6.3.11)
u=1

By Theorem 2.0.8, we note that

s—1

wir((z =X)L, )) > w2 for 1<u<r (6.3.12)

We further note that w, (2% (2 —Xo) VP f1 (")) = wy((2—Xo)@tVP" " f1(2" ")) and
that (z — \o) 7" £, (") is a polynomial in z*° " over F,m. So by applying Theorem
6.2.1(b) and by (6.3.12), we see that

s—1

wy (2 (= X)) @I F (2P )) = b x wy (¢ — )\o)(wﬂ)p#lﬁ(xpkl)) > (w+ 2)b.
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From this, by (6.3.11) and by applying Lemma 6.2.1, we get

wy(e(x)) = wy(z” (x = Xo) T f1(a7)) > (w+ 2)b,
which proves the assertion (6.3.10).
Now by (6.3.9) and (6.3.10), we get the desired result. ]

In the following lemma, we determine the b-symbol distance of the code
Gro(s,wp L+ 7), wherel <w<p—2and1 <7 <pt—1.

Lemma 63.5. Forl <w <p—2and1 <7 <p*!—1, wehave
dp(Cr, (5, wp* ' 4+ 7)) = min{wp* P+ b+ 7, (W +2)b, (w+ 1)(b+7)}.

Proof. To prove the result, we shall distinguish the following two cases: I. 1 <7 <b—1

andILb <7 <p*!—1.

L. Firstlet 1 < 7 < b — 1. In this case, we see that €),(s,wp® ™' + 7) D G\, (s, (w +

1)p*~1), which, by Lemma 6.3.4, implies that

dp(Gro (5, wp™ ' 4+ 7)) < dp(Gr (5, (w+ 1)p* 1)) = (w + 2)b. (6.3.13)

Further, we see that the codeword (z — \)“?" '+7 € %, (s,wp® ! + 7) can be

expressed as

e do = S e
t=0 u=0
where Wét) = (“;) (T) (—)\0)(“_”7’571”_“ for0 < u < 7and 0 <t < w. This implies

u

that the codeword (x — A\g)*?" 17 is of the form

(W(](0)7W1(0)7”' 7W7§0)70707'” 707 Wél)awl(l)7"' 7W7§1)70707"' 707'” 7W[EW71)7
—— ——

ps—l—7-1 ps—l—7-1

Wl(w_l)v"' 7W7Ew_1)70a07"' 7Oa W(gUJ)vwl(w)y"' 7W7EW)707()’O7"' 7Oa0>'
—_——— —_— ———

ps—l—7r—1 ps—wps—l—7—1
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Now by applying Theorem 6.2.1(b) and using the fact that p* — wp*~! — 7 > b, we

see that

W+ DT+ D)+ (w+ Db -1)ifl <7 <pt —b;
wpr Tt T+ 1+b—1ifr > pt—b+1
= min{wp*™' +b+ 7, (w+1)(b+ 1)}

wy((@ = X)) =

From this and by (6.3.13), we obtain

dp(Gro (5, wp® '+ 7)) < min{wp®™ ' +b+ 7, (w+2)b, (w+1)(b+7)}. (6.3.14)

Next we assert that

wy(c(r)) > min{wp* '+ b+ 7, (w+2)b, (w+1)(b+7)} for each 63.15)

c(x)(#£ 0) € G, (s, wp* ! + 7).

To prove the above assertion, let c(z)(# 0) € %), (s,wp*™' + 7) be such that
wy(c(z)) < p°. Further, the codeword c¢(x) can be uniquely written as c(z) =
(2 — Xo)“P" 7 f(x), where f(z)(# 0) € Fpn[z] and deg f(z) < p* —wp*™' — 7. If
we take g(x) = (x—X\o)7 f(z), then the codeword ¢(x) can be rewritten as ¢(z) = (x—

Ao)“P

s—1

g(z), where g(z)(# 0) € Fym[z], 7 < deg g(x) < p* —wp* ' and (z — \g)7
divides g(z) in F,m[z]. Next we observe that the polynomial g(z) = (z — A\o)” f(2)
can be uniquely expressed as g(z) = z1 gy (2" )+ 22gy (x4 - -+ 27 gp (zP"),
where 0 <4, < iy < --- <4, < p*and g;(«*" ) is a non-zero polynomial in 27"

over [F,m for 1 < j < r. This implies that

wy(c(r)) = ZwH(x“(x - /\O)wpklgj(xpkl)). (6.3.16)
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Further, as w,(x°c(x)) = wy(c(x)) for each integer e > 0, without any loss of

generality, we can assume that 7, = 0. By Theorem 2.0.8, we note that

s—1 s—1

wr (29 (x — X)) g;(a” ) > w+1for 1<j<r (6.3.17)

Now the following two cases arise:

A. There exists an integer A satisfying 1 < i < r and wy (2% (gg_/\o)wzvs‘lgh (xps—l ) >
w+ 2.

B. wy (2 (x — Xo)*" g;(a?” ) =w+ 1forl1 < j <.

A. Suppose that there exists an integer h satisfying 1 < h < r and wy (2" (z —
Xo)P" " gn(@P 1)) > w + 2. Now as wy (2 (z — Xo)*?" gn(a?" ")) = wy((z —
Xo)<P" gn(z?" ")) and (z—Xo)“P" gn(2P" ) is a polynomial in 2" over Fpm,

by applying Theorem 6.2.1(b), we see that

s—1

) = wpl((x = Xo)*" gala?

= bx wH((x — /\0)pr*1

)
gn(a? )

> (w+2)b.

From this, by (6.3.16) and by applying Lemma 6.2.1, we get wy(c(x)) >
wy (2 (2 — Xo)*?" gn(a?” ")) > (w + 2)b, which proves the assertion (6.3.15)

in this case.

B. Now suppose that wy (2 (z — )\O)Wpsflgj(xpsfl)) —w+1lforl <j <o

Further, for 1 < 5 < r, we can write

:L,ij(x _ )\O)wps’lgj(xps’l) _ xz‘j{A(()j) —I—Agj)xpkl 4o +Al(7j_)1$p57l(p_1)}7

where Agj ) e F,m for 0 < ¢ < p — 1 and the Hamming weight of the vector
(A(()j), Agj), Aéj), e ,AI(Jj_)l) is w + 1. In view of this, by (6.3.16) and using the
fact that i; = 0, we see that the codeword c(x) € ), (s,wp*™' + 7) is of the
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form

c = (Ag)l)voaoa e aOaOaA(()2)> """ >A§)T_1)»0»0a e >O>AE)T)’0’0’ o 707
N———— —— ——

ig—1 ip—ip—1—1 ps—l—i—1

Agl)vovov 707071452)7 """ 7Agr 1)70707"' 707Agr)70707"' 707

ig—1 Ip—ip_1—1 ps—1—i—1

AD 0.0.... 0.49 ... A D 00.... 049 00.-...0

D 29 Yy Yy » Yy p_27 9 p_2 y Yy Yy » Yy p_21 » Yy » Yy
N—_—— N——

io—1 Gp—tp—1—1 ps—l—i.—1
Aél)l’o,o,... 707A§)221’ ...... vAg(;Zl)aovO"" ,O,AI(,T,)l,U,U,"' 70)_

12— lpr—lp—1— pS—l—g,—

As wy(c(z)) < p®, the codeword c(z) has a cyclic run of 0 of length at least b. So
we will apply Theorem 6.2.1(b) to prove the assertion (6.3.15) in this case. For
this, let 8. be a minimal partition of the set KC.. (as defined in Theorem 6.2.1(b))
into subsets of consecutive indices modulo p°, and let By, Bs, - - - , By be all the

distinct parts of the partition B.. Now by Theorem 6.2.1(b), we see that

L.
wy(c(z)) = L(b—1)+ Y _|Bl. (6.3.18)
/=1
When L. > w + 2, by (6.3.18), we have

wy(c(x)) = Lc(b—1)+zc:]Bg| > Lo(b—1)+ Lo > (w+2)b.
/=1

So from now on, we assume that L, < w + 1. Next let us define
dp = Hj€eZ:0<j<p—1,jp° " € B}
for1 < /¢ < L., and let

S ={ueZ:1<u<lL,d, >0}



6.3 b-Symbol distances of constacyclic codes of length p® over Fm 139

One can easily observe that

1<|§.|<L.and |B,] > 1+ (d,—1)p* " foreach u € F.. (6.3.19)

Further, since the Hamming weight of the vector (A(()l), Agl), Aél), ceey A;,l_)l) is
w + 1, we must have
d dy > w+l. (6.3.20)
UEF e

When L. > |F.|, by (6.3.18)-(6.3.20) and using the fact that L. < w + 1, we see
that

wle(@) = Lb-1)+3 1B+ |

u€EF, =1
(¢3.
> Leb= 1)+ (X du— [8el)p " + 18] + Lo — I3
u€Fe
> bLe+ (WA 1—|F )™t > bLe+ (w+2— L)p*!
> bL.+ (w+2—L)b = (w+2)b,

which proves the assertion (6.3.15) in this case.
From this point on, we assume that |§.| = L.. Here we have
dp > 1,d+dy+---+dp, > w-+1and |By| > 1+ (dy—1)p*!

for 1 </¢<L..

(6.3.21)

Now we shall distinguish the following two cases: (i) dy +dy+---+dp, > w+2
and(n)dl—l—dg—f——dec =w+ 1.

(1) Whendy +ds + - +dp, > w+ 2, by (6.3.18), (6.3.21) and using the fact

that L. < w + 1, we get

wy(c(z)) = Lc(b—1)+ZC|Bg|

> (dy+dy+---+dp, — L)p™™ +Lb > (w+2)b.
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(i1) Nextletd; +dy + -+ -+ dp, = w + 1. In this case, we assert that

Le
S IBd = (r4+ DLe+ (w+1— Lop™. (6.3.22)
=1
To prove the assertion (6.3.22), we first recall that dy = [{j : 0 < j <
p—1, jp*~! € By}|. Now we observe that for each ¢, the part By of the

partition *B. can be expressed as
By = {vp” Lo 1,0 (v +dp = )T IUTLUS,

where vy 1s an integer satisfying 0 < vy < p — 1, the set 7} is either empty
or of the form {(v, — 1)p* ' +ia,, (Ve — V)Pt +ig, +1,- -+ ,0p* ™t — 1}
with a, as an integer satisfying a, € {2,3,--- ,r} and A(Uje_) | as non-zero,
and the set S is either empty or of the form {(v, +d, — 1)p*~ ' + 1, (v, +
de—1D)p*t+2,--+  (vg+dy—1)p*~' +1p,} with by as an integer satisfying

be € {2,3,---,r} and Afjiﬂ)r 4,1 s non-zero. Further, since the Hamming
weight of the vector (A(()l), Agl), Aél), e ,ASL) isw+ 1and dy + ds +

- +dp, = w+ 1, we see that if ep*”! € B, for some integers e and ¢

satisfying ) < e < p—1land1 < ¢ < L., then we must have Agl) # 0.

Now as vp*~ L, (v + 1)p*~L, -+ (vg + dy — 1)p*~! € By, we note that
AL, Agll, e ,AS[)M ,_1 all are non-zero.

Nextfor2 <t < r letusdefine & = [{y € Z: 0 <y <p-—1, yp* ' +i; €
Le
U (Ty U S¢) }|. Further, for 2 < ¢t < r, we note that

(=1
L.
ieZ:0<i<p—1,ip" '+, eU(Bg\(T,gusg))}
/=1

Le

= U{Ueps_l i, (e + D" Ay (v de = 2)p" )
=1
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Now for 2 <t < r, as the Hamming weight of the vector (A((f), Agt), Agt),

- Afﬁl) isw+ 1, we get

L.
wtl < [iez:0<i<p-1,ip" ' +i, €| B}
/=1

Lc
= {i€eZ:0<i<p-—1,ip " +1i EU(BZ\(TZUSE))}\
=1
+£
Lc
/=1

From this, we obtain £; > L. for 2 < ¢t < r. Now for each ¢, we note that
|By| = (dy — 1)p*~* + 1+ |Ty| + | S|. This gives

L. L L¢
Z |By| = Z ((de—1Dp* ' +1) + Z (\Te\ + \S£|>
/=1 /=1 /=1
L
= WHI-LJ)p" "+ L+ Y (m\ + \SA) (6.3.23)
=1

In view of this, we see that to prove the assertion (6.3.22), it is enough to

show that
Le

Z <]Td + |Sf’> > TL,.

=1
Towards this, for 2 < ¢t < r, let k; be the number of non-empty sets .Sy
satisfying b, = ¢. Note that |.Sy| = i, for each non-empty set S, satisfying

b, = t. From this, we see that

Le r
SIS = > ke (6.3.24)
/=1 t=2

Now we proceed to count non-empty sets 7 satisfying a, = ¢, where
2 <t < r. For this, let m; be the number of non-empty sets 7y satisfying
ag = t for 2 < ¢t < r. Note that |T;| = p*~! — 4, for each non-empty set T}
satisfying a, = t. Further, we observe that mo = £9 —ky — ks —---—k, and

My =Ly —Mmo—mg—---—My_1—ky —kyy1—--—k.for3<u<r.
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This implies that m, = £, — £,.1 + k,1 for 3 < u < r. From this, it

follows that

L. T
Z Ty = th@s_l —it) = (Lo—hko—hs—- — k) (p" ' —i2)
=1 t=2

+ Z (’Su — L1+ kufl) (p871 - Zu)
u=3

(6.3.25)

By (6.3.24) and (6.3.25) and using the facts that £, > L.and that 0 = 7; <

iy < i3 < --- <1, <p°"! we obtain

L¢ r
Z (|TA + |Sg|> = Zlmt F (Lo —ky—ky— - — k) (" —in)
/=1 t=2
+ Z (fgu - Su—l + ku—l) (ps_l - Zu)
u=3
R T R S

+§ ((£t+1 - &) (p " - it+1)>

+(L2 = Le) (p°7" —d2) + iy

r—1
+ Z ke(p° ™" — i1 +iy)
=2

v

r—1

Z ky <p8—1 — g1 Zt) + (27‘ — Lc) <p5—1 - Zr)
t=2

+kr7;7' + (Lc - k2 - kg e e — kr) (ps—l . 22)
(L by ks = k) (7 )

r—1

3 ki(ptT =i i) + Ky (6.3.26)

t=2

v

Now we claim that g;(A\2" ') % 0 for 1 < j < r. For, if g5(A\2" ') = 0
for some integer k satisfying 1 < k < r, then & — \o divides g («*" ') in

g(7") € Gy (s,wp* +1). By

s—1

[F,m [x]. This implies that 2% (x — \g)“P
Theorem 2.0.8, we note that d (6, (s, wp* ™ + 1)) = w + 2. This implies

that w +2 < wy (2% (z — Xo)*”" ' gi(x?"")). This is a contradiction, as we
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II.

have assumed that wy (2% (z — Xo)" g (xpsfl)) —w+1lforl <j<r.

Therefore gj()\gs_l) # 0 for 1 < j < r. This, by Lemma 6.3.1, implies that
i, > 7, pt—iy >7and p* ! — i+, > 7for2 <t < r — 1. This
further implies, by (6.3.26), thati <]Tg! + \Sg]) > 71L.. From this and
by (6.3.23), the assertion (6.3.22)€?éllows immediately. Finally, by (6.3.18)
and (6.3.22), we get

wy(e(x))

LC
Le(b—1)+ > |B]
/=1

Leb+7)+(w+1—L)p*t

v

> min{wp* P+ b+7, (w+1)(b+T7)},

which proves the assertion (6.3.15).
By (6.3.14) and (6.3.15), we get the desired result in this case.

Next let b < 7 < p*! — 1. Here by Lemma 6.3.4, we see that d,(%),(s, (w +
1)p*~1)) = (w + 2)b. Further, by case I, we see that

dy(Cr, (5, wp* 14b—1)) = min{wp®  +b+b—1, (w+2)b, (w+1)(b+b—1)} = (w+2)b.
From this and using the fact that

%AO(S,Wps_l—{—b—l) ) %}\O(S’WPS—l_I_b) D ... D Cg)\()(S,pr_l _|_ps—1_1)

2 G5, (w+1)p* ),

we get

(@ 2)b = dy(Gyls,wp™ +b—1)) < do(@(s.0p" +D)) < oo

< dy( G (s,0p™ " +pT = 1)) S dy(Grg(s (w+ 1p)) = (w+2)b.
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This gives

dy(Grg (5, wp* 1 4+ 7)) = (w4 2)b = min{wp* t + b+ 7, (w+2)b, (w+ 1)(b+17)}

for b< 71 <pl—1.

This completes the proof of the lemma. 0

Proof of Proposition 6.3.2. It follows immediately from Lemmas 6.3.3-6.3.5. U

6.3.2 Thecaseb>p* ' +1

Throughout this section, we assume that p ' 4+1 < b < p®—1.1In the following
proposition, we determine the b-symbol distance of the code ), (s, wp*™ ! + 7), where
0<w<p-—2andl <7 <ph
Proposition 6.3.3. Let p> 1 +1 < b < p* — 1 be a fixed integer. For 0 < w < p — 2 and

1 <7 <p* ! wehave

dy(ro(s,wp® ' + 7)) = min{wp”™ ' +b+ 7, p°}.

To prove the above proposition, we shall consider the following three cases separately: (i)
w=0and1 <7 <p (i)l <w<p—2and7T=p° ! and(iii) 1 < w < p—2and
1<7<p~t—-1.

In the following lemma, we consider the case w = 0, and we determine the b-symbol
distance of the code %), (s, 7), where 1 < 7 < p¥~ 1.

Lemma 6.3.6. For1 <7 < p*~!, we have
dy(6),(s,7)) = min{b+ 7,p"}.

Proof. To prove the result, we see that the codeword (z — \g)”™ € @), (s, T) can be expressed

as (z — \o)” = Y Ewa’, where By = (7)(—Xo)™ " for 0 < t < 7. From this, we see that the
t=0
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codeword (z — \g)" is of the form

(EO7E1aE27 """"" aET—laE’HO)O:"' 70)
—_———

pS—1—1

Now by applying Theorem 6.2.1, we get

) p° if 7> p°®—0;
wy((z — Xo)7) = min{b+7,p°} =
b+ 7 otherwise,

which implies that
dy(Gr,(s,7)) < min{b+ 7,p°}. (6.3.27)

Next we assert that
wp(c(z)) > min{b+ 7,p°} for each non-zero codeword c(x) € 6),(s,7). (6.3.28)

To prove this assertion, suppose, on the contrary, that there exists a non-zero codeword
d(x) € 6\, (s, ) satisfying wy(d(z)) < min{b + 7,p*} — 1. By Theorem 6.2.1(b), we
have 7 +b— 1 > min{7 + b,p°} — 1 > wy(d(z)) = wy(d(z)) + eq + Lqa(b — 1). Since
wy(d(z)) >2,e4>0and 7 < b, weseethat2b — 1 >7+b—1> 2+ Ly(b— 1), which
gives Ly = 1. From this, we get 7 + b — 1 > wy(d(x)) = wy(d(z)) + eq + (b — 1), which
implies that wy (d(x)) 4+ eq < 7. In view of this, by applying Theorem 6.2.1(b) again and
using the fact that L; = 1, we see that there exists an integer j such that 0 < 5 < p® —1
and 27d(x) € 6\, (s,7) is of the form x/d(x) = dy + dyx + dox® + - - - + d,x", where
u = wy(d(z)) +es—1,d; € Fym for 0 < ¢ < u and both dy, d,, are non-zero. Now as
wy(d(z)) > 2,eq4 > 0and wy (d(z)) +eq < 7, we note that 1 < u < 7— 1. Therefore there
exists a non-zero codeword 2/ d(z) = do+dyx+dox®+- - - +d,x" € € (5,7) = ((x—X)")

satisfying deg 27d(z) = u < 7 — 1, which is a contradiction.

Now by (6.3.27) and (6.3.28), the desired result follows immediately. OJ

In the following lemma, we determine the b-symbol distance of the code %), (s, (w +

p*!), where 1 <w < p-—2.
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Lemma 6.3.7. For1 < w < p — 2, we have
dy(Gro (s, (w+1)p* 1)) = min{(w+1)p"" +b, p°}.

Proof. To prove the result, we see that the codeword (z — o) “TP" ™" € &), (s, (w+1)p* 1)
w+1 )
can be expressed as (z—\o) @ HP = Z W,z where W, = (w;fl) (=g ltl=tp ™

0 for 0 <t < w + 1. This implies that the codeword (z — \)@tVP"" is of the form

(W0,0,0,-++,0,W1,0,0, -0, Wa, - -oonones W, 0,0, ,0,W,41,0,0,0,---,0,0).
~ ~~ ~~ a/—/ _/—/
ps_lfl ps_lfl ps_lfl pS*(U.H*l)pS_l*l

Now by applying Theorem 6.2.1, we see that

. i if b>p°— (w+1)p*t
wy(( = Ao) @) ! sl

(wW+1)p"t+1+b—1 otherwise
= min{(w+ 1)p* ' +0b, p°},

which implies that
dp(Cro (s, (w+ 1)p* 1)) < min{(w+ 1)p* ' +b, p°}. (6.3.29)

Next we assert that

wy(c(x)) > min{(w+ 1)p* ' +b, p°} for each non-zero codeword

C($) € Cg)\()('sv (w + 1)p8_1)'

(6.3.30)

To prove the above assertion, suppose, on the contrary, that there exists a non-zero codeword
e(z)(# 0) € B (s, (w + 1)p*~1) satisfying wy(e(z)) < min{(w + )p*~t + b, p°} — 1.
Then the codeword e(z) € %), (s, (w + 1)p*~!) can be uniquely written as e(z) = (z —
Xo) @7 (), where f(z)(# 0) € Fym[z] and deg f(z) < p* — (w + 1)p*~". Further,
we observe that the polynomial f(x) € F,m[x] can be uniquely expressed as f(x) =

2 f (a2 fy(a? ) a2t (@), where 0 < iy < dp < - < ip < p* ! and
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fj(xpsfl) is a non-zero polynomial in 27"~ over F,m for 1 < j < r. This implies that
r)) = ZwH(xij(x—)\)w“ i ))
j=1

Using this and by applying Lemma 6.2.1, we see that

s—1

wyle(z)) > wy(a™ (x — X)) TP (). (6.3.31)

Further, as wy(27¢(x)) = wy(e(x)) for each integer j > 0, without any loss of generality, we
can assume that i; = 0. By Theorem 2.0.8, we note that wy ((z—Xo) @7 " fi(a?"")) > w+

2. Now let us take d(x) = (z — A\o)@tDP" " fi(2*" "), and let us write

d(z) = (z =) ) = AP+ APa T o A ),
where Agl) € Fpm for 0 <t < p—1 and the Hamming weight of the vector (Aél), Agl), Agl),

14@)

p_1> is at least w + 2.

By (6.3.31) and using the fact that i; = 0, we see that w;,(d(z)) < wy(e(z)) < p°, so we
can apply Theorem 6.2.1(b) to determine the b-symbol weight of d(x). For this, let B, be a
minimal partition of the set /C; (as defined in Theorem 6.2.1(b)) into subsets of consecutive
indices modulo p®, and let By, By, - - - , By, be all the distinct parts of the partition ‘B 4. For

1 <12 < Ly, let us define
= {j:0<j<p—1,4p" ' €B}, andletFy = {u:1<u< Ly s, >0}

One can easily observe that |B,| > 1+ (s, — 1)p* ! foreach u € ;. Further, since
the Hamming weight of the vector (A(()l), Agl), Agl), e ,A;l_)l) is at least w + 2, we have

> 8y > w+ 2. In view of this and by applying Theorem 6.2.1(b), we get
UEFq

wy(d(z)) = La(b—1) +Z\Bg]_Ldb—1 +Z\B[+Z\Bg

(S
UuEFq f%?d

a(b—1) (Zsu ISd) T [Fal + La — |34

UEFq

v
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v

bLa+ (w+2—|Fa)p" = (w+ )p" "+ b+ b(Lg— 1)+ (1 — [Fal)p""

> (wH+D)p b+ (La— |Fa)p”™ " > (w+1)p° ' +0b.
This, by (6.3.31), implies that
(@ Dp' b1 2 min{(w+ D 4D, 5} 1 2 wyle(2) 2 wy(d(@)) = (w+1)p"" 4

which is a contradiction. This proves the assertion (6.3.30).

Now the desired result follows immediately from (6.3.29) and (6.3.30). ]

In the following lemma, we determine the b-symbol distance of the code €, (s, wp* ™' +7),
where 1 <7<p*!'—landl <w<p-—2.

Lemma 6.3.8. Forl1 <w <p—2and1 <7 <p* ! —1, wehave
dy(Gro(s,wp " + 7)) = minfwp’™ +b+ 7, p°}.

Proof. To prove this, we see that the codeword (z—Xo)“?" ' +7 € &), (s, wp® ' +7) can be ex-

pressed as (z—Ao)“?" 7 = 30 S Wi zu " where WY = () (D) (=Ao) et Hr—u
t=0u=0
for0 <wu < 7and 0 <t < w. This implies that the codeword (x — )\0)“’”3_1” is of the form

(Wé0)7W1(0)7... WO 0,0, ,O,Wél),Wl(l),~ WD 0,0, 0,0 ’Wéw—1)7
ps—l_7—1 ps—l—r—-1
Wl(wil)a T 7W;w—1)’ 07 07 e 707 WO(W)> Wl(w)a T 7Wf£w>7 Oa 07 07 e a07 0)
———— —_——
pS—l—7-1 pf—wps~l—7-1

Now by applying Theorem 6.2.1, we see that

wy((z — )\0)“”3_1”) = min{wp®* ' +b+ 7, p°}
wpt T+ 14+b—1 ifT <pf—wptl —b;

S

P otherwise,
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which implies that

dy(Gr (5, wp* ' 4+ 7)) < min{wp* ' +b+ 7, p°l. (6.3.32)

Next we assert that

wy(c(x)) > min{wp® '4+b+7, p°} for each non-zero codeword c(z) € €\, (s, wp™ ' +7).

(6.3.33)
To prove the above assertion, let c(z) € 6\, (s, wp® ! +7) be a non-zero codeword satisfying
wy(c(z)) < p*. Then the codeword c¢(x) € ), (s,wp*™' + 7) can be uniquely written as
o(z) = (& — N)*”" "7 f(z), where f(z)(# 0) € Fym[z] and deg f(z) < p* —wp®™' — 7.
If we take g(x) = (x — X\g)"f(z), then the codeword c(x) can be rewritten as ¢(z) =
(2 — M) ' g(x), where g(x)(# 0) € Fym[z], 7 < deg g(z) < p* —wp® ' and (z — \g)"
divides g(x) in F,m[z]. We further observe that the polynomial g(z) = (z — \o)” f(z) can
be uniquely expressed as g(z) = 21 gy (27" ) + 22gy(a?” ) + -+ + ¥ g, (27" ), where
0 <4 <ig<---<i,<p'and g(z” ") is a non-zero polynomial in z*° " over I, for

1 < ¢ < r. This implies that
wy(c(z)) = ZwH(:cij(:c — Ao)”ps_lgj(xps_l)). (6.3.34)
j=1

Further, as w;,(z¢c(x)) = wy(c(z)) for each integer e > 0, without any loss of generality, we

can assume that 7; = 0. By Theorem 2.0.8, we note that

s—1 s—1

wy (2" (x — X)? go(z? ) > wH1 for 1 <<

For 1 < ¢ < r, we can write z%(z — X\o)“?" gy(a?") = x"‘{Aéﬁ) + AV g
A;lepsfl(p‘l)}, where A € F,m for 0 < ¢ < p — 1 and the Hamming weight of the
vector 2, = (A[(f), Aﬁ‘), Ag), e ,A;ézl) is at least w + 1. In view of this, by (6.3.34) and

using the fact that i; = 0, we see that the codeword c(z) € %), (s,wp®! + 7) is of the form

c = <A61)70707"'7070aA(()2)7070a"'707()"’483)7"'aA((]r_l)aO707"'aoaA(()T)70707"'707
N - S - 7 \—— e’ N— —
12—1 i3—ig—1 Gp—tp—1—1 psfl—ir—l
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A§1)70707"'70707"452)70707'”70707A§3)7"'7A5T71)70707“'707A§T)70O"' 07
— — — —_—
i2—1 i3—i2—1 ir—’L’T,1—1 ps 1—7,,,—1
AN, 00,0,---,0,4%,.0,0,---,0,4%, ... A" 0.0,--- 0,47, 0,0, 0,
H—/ — A/—/ —
i9—1 i3—ig—1 bp—tp—1—1 ps_lfirfl
AW 0,0,-++,0,A%, 0,0, ,0,A% ... AT 0.0,--- 0,47, 0 0)
i9—1 13—ig—1 Ir—tp—1—1 ps— 1—'Lr—1

Since wy(c(z)) < p*, we will apply Theorem 6.2.1(b) to prove the assertion (6.3.33). For
this, let *B. be a minimal partition of the set k.. (as defined in Theorem 6.2.1(b)) into subsets
of consecutive indices modulo p®, and let By, By, --- , By be all the distinct parts of the

partition °B.. Now by Theorem 6.2.1(b), we see that
Le
wy(c(x)) = Le(b—1)+ Y _|Bil. (6.3.35)
=1
Next let us define
de={j:0<j<p—1,4p " € By} for 1 <l <L,

and let
={u:1<u<L, d, >0}

One can easily observe that
1<|F] <L and |B,| > 1+ (d, —1)p*" foreach u € F.. (6.3.36)

Further, since the Hamming weight of the vector 2, = (A(()l), Agl), Agl), e A( )

o 1) is at

least w + 1, we have

Z d, > w+1. (6.3.37)
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Now when L. > |F.|, by (6.3.35)-(6.3.37) and using the fact that 7 < p*~! — 1, we get

wnle(®) = Lb—1)+ S IB+ > [Bd

Uegc =1
LT
s—1
uEFe

v

bLe + (w41 —|F)p*t

(wW+1p" '+ b+ (Le— 1 — 3"

v

v

wps_l +b+ T,

which proves the assertion (6.3.33) in this case.

From this point on, we assume that |§.| = L.. Here we have

dy+dy+---+dy, > w+1,d, > 1and |By] > 1+ (dy—1)p* " for 1 <l < L.

(6.3.38)
Now we shall distinguish the following two cases: L. d; +dy + -+ +dp, > w + 2 and IL.
di+dy+ - +dp, =w+ 1.

I. Whend; +ds + --- 4+ dp, > w+ 2, by (6.3.35), (6.3.38) and using the fact that

s—1

T < p*~" — 1, we see that

LC
wy(c(x)) = Lb—1)+ Y |B|
/=1
L(b—1)+ (dy +dp + -+ +dy, — L)p*" + L,

(w+Dp* P+ b+ (L. —1)(b—p5)

v

v

> wpt b+,

which proves the assertion (6.3.33) in this case.

IL. Nextletd; +dy+---+dy, = w+ 1. This implies that wy ((z — X\o)*?" gy (2" )) =

w + 1. Here we assert that

L.
> IB = m4 Lt (w+1—L)p* (6.3.39)
(=1
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To prove the assertion (6.3.39), we firstrecall thatd, = [{j : 0 < j <p—1, jp* ' €
By}|. Now we observe that for 1 < ¢ < L., the part B, of the partition B, is of the
form

By = {up Lup T 1 (e de — DpTUT,US,,

where vy is an integer satisfying 0 < vy, < p — 1, the set 7T} is either empty or of the
form {(v,— 1)p* ' +14,, (Ve —1)p* 444, +1,- -+ ,up*~ ! — 1} with ay as an integer
satisfying a, € {2,3,--- ,r} and A,(}‘ZZ_) , as non-zero, and the set S is either empty or
of the form { (v +dy— D)p* '+ 1, (ve+dp — 1)p* 1 +2, -+, (ve+dp — 1)p* 4, }
with b, as an integer satisfying b, € {2,3,---,r} and Aq(;lﬁdgq as non-zero. For

1 <0< L, itis easy to see that

T, = p* ' =iy, if Tu#0 and |S,| = iy, if S, #0. (6.3.40)

Further, for each ¢, we note that | By| = (dy — 1)p*~' + 1 + |T;| + |S,|. This implies

that
L. L. L.
Z |By| = Z ((de—1)p ' +1) + Z <|Tz| + |S£|>
=1 =t =t (6.3.41)

L.
= Lot (wrl-Lop '+ (my + ys@\).
/=1

In view of this, we see that to prove the assertion (6.3.39), it is enough to show that

L

Z<|Te|+|51z\) > T (6.3.42)

(=1

To prove this, for 2 < t < r, let us define

Le
My ={yezZ:0<y<p—1,yp" " +i €| T}
/=1

and
Lc

Ne=Hyez:0<y<p—1, 9" +i e S}
(=1
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Further, for 2 < ¢ < r, we note that

LC
{iczZ:0<i<p-1,ip" +i,e|J(B\(TLUSy))}

(=1

L
= U{Wps_l i, (0 + D)p* ™ Ay (v de = 2)p"T 4}
=1

Now for 2 <t < r, we observe that

WH (Q(t)

wi (AP, AP, AP - AD )

L.
{icZ:0<i<p—1, ip"" +i, €| B}

(=1

L.
{ieZ:0<i<p—1,ip" " +ire | J(B\(T;US))}

/=1
+M; + M
Lc
(=1 + M+ Ny = wt1— Lo+ M+ N, (6343)
/=1

Since wy (A;) > w + 1, we get My + N; > L. for 2 < t < r. Further, for 2 <t < r,

we note that

My = {{eZ:1<(<L,T,#0and a, < t}| and

Ny = |{teZ:1<0<L.,S;#0and b, > t}].

(6.3.44)

This implies that M; < L. and N; < L, for 2 < ¢t < r. Now we shall consider the

following two cases separately:

A. There exists an integer h satisfying 2 < h < r and wy (24,) > w + 2.

B.wy(Aj) =w+1for2 <j<r.

A. Suppose that there exists an integer h satisfying 2 < h < rand wy (24,) > w+2.

In this case, by (6.3.43), we observe that M, + N}, > L.+ 1. Since M), < L.
and V,, < L., we must have M,;, > 1 and NV}, > 1. From this and by (6.3.44),

we observe that there exist integers u, v satisfying 1 < u,v < L, a, < h and

b, > h. This, by (6.3.40), gives | T, |+|S,| = p* 1 —iq, +ip, > p* L —in+in > T,
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L.
which implies that 3 (|Tg| + |Sg|) > 7.
/=1

. Now suppose that wy(2(;) = w+ 1 for 2 < j < r. In this case, we have

s—1

wy (g;ij (2 — No)“P gj(;pps_l)) =w+ 1forl < j < r. Now we claim that

s—1

gj()\gkl) # 0 for 1 < j < r. For, if g, (A ) = 0 for some integer w satis-
fying 1 < w < r, then & — X divides g, (#”" ) in Fm [2]. This implies that

zw(x — \g)*P

s—1

gu(z?") € 6y, (s,wp® ' + 1). By Theorem 2.0.8, we note
that d (), (s,wp*™ + 1)) = w + 2. This implies that w + 2 < wy (2™ (z —
X0)*?" " gy, (x?"")). This is a contradiction, as wy (2% (v — \o)*P" g;(a?" ")) =

w+1lforl <j<r.

This shows that gj(/\gs_l) # 0 for 1 < 7 < r. This, by Lemma 6.3.1, implies that
i, > 7, p ' —iy >7and p* ! — iy +i; > 7for2 <t <r—1. Now letus

consider the following two cases separately: (i) 77 = () and (ii) T} # 0.

(i) Let us first assume that 7} = (). In this case, if either S; = () or S; # () and
b, < r, then by (6.3.44), we have M, < L. — 1 and N, < L. — 1. This
implies that M, > 1 and NV, > 1, as N, + M, > L.. From this and by
(6.3.44), we observe that there exists an integer v satisfying 1 < v < L,
aLnd b, > r. As b, < r, by (6.3.40), we get |S,| = i, = i, > 7. This gives

> (1T +154l) = [50] = =

(=1

Le
On the other hand, when S; # () and b; = r, by (6.3.40), we get > <|Te] +
=1

|Sg|> > (S| =i, > 7.

(ii) Now let us assume that 77 # (). In this case, if a; = 2, then by (6.3.40), we

L

have <|Tz| + |Sz|> > |Ty| = p*~! — i3 > 7. Next assume that a; > 2.
=1

Here if S} # () and b; > a; — 1, then by (6.3.40) again, we get

L.

S (1T +180) = [T+ 181 = " =y iy = 9" =y +iay 1 2 7.

=1

On the other hand, when either S; = § or S; # 0 and b; < a; — 1,

then by (6.3.44), we get M,y < L. —1and N, < L. — 1. This
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implies that M,, ; > land N, 1 > 1,as M,, 1 + N, _1 > L.. From
this and by (6.3.44), we observe that there exist integers u, v satisfying
1 <wu,v< L, ay <ap —1andb, > ay; — 1. This, by (6.3.40) again, gives
T + |Sy| = Y — i, +ip, > p* 1 —ig,_1 + iq,1 > 7, which implies
thatjzc (|Tg| + |Sg|> > 7.

=1

This completes the proof of the assertion (6.3.42).

Now by (6.3.41) and (6.3.42), the asssertion (6.3.39) follows immediately. Further-
more, by (6.3.35) and (6.3.39), we see that

Lc
wy(e(x)) = L(b—1)+ > Bl = bLot7+(w+1—Lp*™ = wp b+,

(=1

which proves the assertion (6.3.33) in this case.

Now by (6.3.32) and (6.3.33), the desired result follows immediately. L]

Proof of Proposition 6.3.3. It follows immediately from Lemmas 6.3.6-6.3.8. U

Proof of Theorem 6.3.2. For 0 < w < p—2and 1 < 7 < p*!, by applying Propositions
6.3.2 and 6.3.3, we get

min{wp* ' + b+ 7, (w+ 2)b, (w+ 1)(b+ 7)}
b Gr(sswp” ™ +7) =4 if 2<b<pT, (6.3.45)

min{wp* ' + b+ 71,p°} if pl<b<pt

Further, for 1 <k <s—1,0<w<p-—-2and1 <7< ps_k_l, by Proposition 6.3.1,

we see that

Prdy(Gry(s — k,wp*™ 1 + 7))
dp(Gro(s,0° =P F +wp™™ 1)) =0 if 2<b<pR -1, (6.3.46)

p* if ptF < b < ps
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Now on taking £ = s — 1 in (6.3.46) and by applying Theorem 6.3.1, we get

s—1 : :
) ptmin{w+ b+ 1,p} if 2<b<p-—1;
db<(g)\o(37p _p+w+1)) =
p® if p <b<p.

Finally, for 1 <k <s5s—-2,0<w<p-—2and1 <7 < p* %1 by (6.3.45) and (6.3.46),

we obtain
(
pFmin{wp** 1t + b+ 7, (w+2)b, (w+1)(b+7)}
if 2<b<p Y
dy(Cro (5, 0°—p* F+wp* 1 47)) =< pEminfwpt 1+ b+ 7, ptk)
if phl<b<pih
\ p* if ptTF < b < ps
This completes the proof of the theorem. U

Remark 6.3.2. By Theorems 6.3.1 and 6.3.2, we see that b-symbol distances of A-constacyclic
codes of length p® over F,,» depend only on b, p and s, and are independent of the choice of
A and m. In fact, one can show that each non-trivial A-constacyclic code of length p® over

F,= is equivalent to a non-trivial cyclic code of length p® over [F,» as follows:

For 1 < v < p®— 1, let us define a map v, : G\,(s,v) = € i(s,v) as

@D)\O(([E — )\O)Vf(x)) = (Ao — )" f(Noz) = (z—1)"Nf(Nox) € € 1(s,v)

for each codeword (z — A\g)" f(z) € 6\, (s, V), (note that each non-zero codeword ¢(z) €
%) (s, ) can be uniquely expressed as c(x) = (z — A\g)” f(z), where f(x)(# 0) € Fym|[z]
and deg f(x) < p® — v). One can easily observe that the map v,, is a ring isomorphism
and that wy(c(x)) = wy(¢y, (c(x))) for each ¢(x) € 6),(s, ). From this, it follows that the
codes 6y, (s, ) and € (s, v) are equivalent, and that d,(%6),(s,v)) = dp(€1(s,v)) for 1 <
v<p®—1. O
Remark 6.3.3. Theorem 3.11 of Sun et al. [77] and Theorem 24 of Dinh et al. [24] follow

from Theorems 6.3.1 and 6.3.2 as special cases when b = 2. U
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6.4 Determination of MDS b-symbol constacyclic codes of

length p° over [m

Ding et al. [28, Th. 2.5] showed that an MDS b-symbol code C of length NV over F,n
satisfying d,(C) < N is also an MDS (b + 1)-symbol code for each integer b > 2. However,
the converse is not true in general, which we illustrate in the following example.

Example 6.4.1. Letp =5,s =2, m = 1 and A\ = 1. Consider the cyclic code %7(2,3) =
{(z — 1)3) of length 25 over F5. By Theorems 2.0.8 and 6.3.2, we see that |4 (2, 3)| = 522,
dy(%1(2,3)) = 4 and d3(%1(2,3)) = 6. Now by (6.2.2), we see that the code % (2, 3) is an
MDS 3-symbol code, but not an MDS 2-symbol (symbol-pair) code. U

In this section, we shall apply Theorems 2.0.8, 6.3.1 and 6.3.2 to determine all MDS
b-symbol constacyclic codes of length p® over F,,m, where b is an integer satisfying 2 < b <
p° — 1. For this, we recall, by Theorem 2.0.8, that for each non-zero A € IF,=, there exists
Ao € Fpm satisfying A\ = ng, and that all the distinct A-constacyclic codes of length p* over
F,m are given by €\, (s,v) = ((x — A\o)"), where 0 < v < p°. We also recall that an MDS
b-symbol code has to be non-zero. Further, one can easily see that the code %), (s,0) = (1)
is an MDS b-symbol code. In the following theorem, we determine all non-trivial MDS
b-symbol constacyclic codes of length p* over F,m, where s > 1and 2 < b < p* — 1.
Theorem 6.4.1. Let A\ = A/, where ), is a non-zero element of F,». All the distinct

non-trivial MDS b-symbol A-constacyclic codes of length p® over F,» are given by
Cgko(& V) = <($ - )‘0)V>a

where
el1<v<p*—bwhens>landp*'+1<b<p’—1.

S {ps_b71727'” 7b}U (U{(w+1>ps—1 _b><w+1>ps_1_b+17<w+1>p8_1

—b+2,---, (w+ 1)b}) when s > 2 and 2 < b < p*~! — 1. Here the union | runs

over all integers w satisfying 1 < w < p—2and (w+ 2)b — (w+ 1)p*~! > 0.
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e 1<v<(p—1)p*!whens>2andb=ps !

Proof. To prove the result, we note, by Theorem 2.0.8, that |%), (s, V)| = p™® =), From
this and by (6.2.2), we see that the code %), (s, v) is an MDS b-symbol code if and only if
PPV = |6y, (5, V)| = pmP° 9 (0 (50)+) which holds if and only if

v = dp(€),(s,v)) — 0. (6.4.1)

When s = 1, we have 2 < b < p — 1. Further, by Theorem 6.3.1, we note that
dp(6\,(1,v)) = min{v + b, p} for 1 < v < p— 1. From this and by (6.4.1), we see that the
code 6\, (1, v) is an MDS b-symbol code if and only if d,(%),(1,v)) = v + b, which holds
if and only if v < p — b. Therefore all the distinct non-trivial MDS b-symbol A-constacyclic

codes of length p over F,m are given by ((x — \g)"), where v € {1,2,--- ,p — b}.

From now on, throughout the proof, we assume that s > 2. By Remark 6.3.1, we see that
each integer v € {1,2,--- ,p° — 1} can be uniquely written as v = p* —p** +wp**~1 4 7,
where 0 <k <s—1,1<7<p % land 0 < w < p — 2. Now we shall distinguish the

following three cases: A. p* 1 +1<b<p°—1,B.2<b<p* ! —1 andC.b = p* L.

A. Firstof all, let p* ! +1 < b < p* — 1. Here by Theorem 6.3.2, we see that
dy(Gro(5,0° — p* F +wp™™ 1+ 7)) = pPminfwp" T+ b+ 7, p Y, (6.4.2)

where 0 <k <s—1,1<7<p % land0 < w < p— 2. Now we shall consider

the following two cases separately: (i) £ > 1 and (ii) £ = 0.

(i) Firstlet k > 1. Here we note that wp* *~!1 + b+ 7 > p*~! +2 > p*~*. Now by
(6.4.2), we see that dy(6), (s, p° — p* % +wp**~1 + 7)) = p*, which implies
that

v—dy(Gr(s,0) +b = p°—dy(Gr(s,0° — p* F +wp "+ 7))
—p* Pt wp T4+

= wp F 4 r+b—pF >0
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From this and by (6.4.1), we see that the code %), (s, p® — p*F wptFl 4 T)
is not an MDS b-symbol code.

1

(ii) Next let k& = 0. Here we have v = wp*™ ! + 7, where 1 < 7 < p*~! and

0 < w < p — 2. Further, by (6.4.2), we see that

v—dy(6r,(5,0))+b = wp't+ T —dy(Gr(s,wp+ 7))+ b

= wp tHb+T— min{wps_1 +b+7,p°}.

From this, we note that wp® ™! + 7 — dy(€), (s, wp* ™' + 7)) + b = 0 if and only

ifr<p*—wp*™l—band0<w<p-—2.

On combining the above cases (i) and (ii), we see that when s > 2 and p*~' + 1 <
b < p® — 1, all the distinct non-trivial MDS b-symbol A-constacyclic codes of length

p® over F,m are given by ((z — \¢)"), where 1 < v < p® —b.

B. Nextlet 2 < b < p*~! — 1. Let k be an integer satisfying 0 < k < s — 1. Now
according to whether the integer k satisfies b < p* %1 or b > p**~! 4 1, we shall

consider the following two cases separately.

(i) Let k be an integer satisfying 0 < k < s —land b < p**"1 As b < ps=F1,
we have k£ < s — 2. Next we note, by Theorem 6.3.2, that

do(Cr,(s,p° = p*F +wp*F 1+ 7))
= p"min{wp* M+ b+ 7, (W + 2)b, (w+ 1)(b+ 1)},

where 1 < 7 < p**1and 0 < w < p — 2. We also observe that wp**~1 + b +

7 < p*~* and the equality holds if and only if w = p —2and 7 = b = p*~+~ 1,

Further, we see that

v d(Gr(5,0)) +b = b—do( (5.0 — pF +wp 4 7))

s—k—1

+p° —p*F + wp +7

— (pk o 1)(ps—k: o wps—k—l —r— b) + wps—l
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(i)

—pFmin{wp*™ 1+ b+ 7, (w+2)b, (wH+ 1) (b+7)}

+Tpk + bpk )

Now firstlet 1 < k < s — 2. Here we observe that p* — p* % + wp* 1 4+ 7 —
dy (6, (8, p° —p* F+wp** 14 7)+b = 0if and only if p*=* = wp** 14 7+0
and wp* "1+ 74+ b = min{wp* 1+ b+ 7, (w+2)b, (w+1)(b+7)}, which
holds if and only if w = p — 2 and 7 = b = p**~1. From this and by (6.4.1), we
see that the code €, (s, p° — b) is an MDS b-symbol code when 1 < k < s — 2
and b = p*~F 1,

Next let & = 0. Here we see that wp®* ™' + 7 — dy(€), (s, wp* ' +7) + b =0 if
and only if wp* ' +7+b = min{wp* ' + b+, (wW+2)b, (w+1)(b+7)}, which
holds if and only if 7 < b when w = 0, while p* ! —b < 7 < wb+b— wp*!

when 1 < w < p — 2 satisfies (w + 2)b — (w + 1)p*~* > 0.

Let k be an integer satisfying 0 < k < s—landb > p** 1 +1. Asbh < p*~1 -1,
we must have k& > 1. Further, by Theorem 6.3.2, we have dy, (%), (s, p* — p*~* +
wp*™* 7+ 7)) = pF min{wp* ' + b+ 7,p**}. This gives

v —dy(Cr(5,0) 0 = b= dy(Cr(s,p" = pF +wp T 4 7))

s—k—1 4T

+ps . ps—k: + wp
— <wpsfk71 474 b—min{wptlr b4, psfk}>

+" =) —wp =7 —b).

We further observe that p* — p**+wp** L+ 7 —d}(6), (5, p° —p* F+wp* 1+
7)+b=0ifand only if p** = wp** L+ 74+b = min{wp* 1 +b+7,p*F}.
This, by (6.4.1), shows that the code %), (s, /) is an MDS b-symbol code if and
onlyifv =p* —bwhenl <k <s—1landb>p "' +1.

Now by (6.4.1) and on combining the above two cases, part B follows immediately.
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C. Next let b = p*~!. Here also, we shall distinguish the following two cases: (i) k > 1
and (ii) £ = 0.

(i) Firstlet k > 1. In this case, by Theorem 6.3.2, we note that dy, (%), (s, p* —p** +

(ii)

wpt 1+ 7)) = pFmin{wp** "t + b+ 7,p°*}, where 1 < 7 < p**! and
0 < w < p — 2. Further, we observe that wp* * 1 +b+7 > p>~' +1 > p**.
This implies that d;,(€), (s, p* — p* % + wp* "' + 7)) = p*. From this, we see
that

v —dy(Gr,(5,0)) +b = b—dy(Er(s,0" =" +wp 4 7))
A i S e
= wp b+ b—pF > 0,
This, by (6.4.1), implies that the code 6, (s, p* — p** + wp*~*~! 4 7) is not an
MDS b-symbol code.

Next let & = 0. Here we have v = wp* ! + 7, where 1 < 7 < p*~! and
0 < w < p—2. Further, by Theorem 6.3.2, we note that d,(6), (s, wp* ' +7)) =
min{wp* ' +b+ 7, (w+2)b, (w+1)(b+7)} = wp*~! +7 +b. This, by (6.4.1),
implies that the code ((z — Ao)*?" ' +7) is an MDS b-symbol code if and only if
1<7<pland0<w<p-—2.

This shows that when b = p*~!, the code %), (s, ) is an MDS b-symbol code if and

onlyifl <v < (p—1)p* L

This completes the proof of the theorem. 0

To illustrate the above result, we determine all non-trivial MDS b-symbol cyclic codes of

length 25 over [F5 as follows:

Example 6.42. Letp =5,s =2, m = 1 and A = 1. Here we note that 2 < b < 24. By

applying Theorem 6.4.1, we see that all the distinct non-trivial MDS b-symbol cyclic codes

of length 25 over [F5 are given by ((x — 1)”), where

e 1 <v<25—-bwhen6 < b < 24
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v € {1,2,23} when b = 2.

v e {1,2,3,22} when b = 3.

ve{1,2,3,4,6,7,811,12,16,21} when b = 4.

1 < v <20 whenb=>5. ]
Remark 6.4.1. Theorem 26 of Dinh et al. [24] follows from Theorem 6.4.1 as a special case
when b = 2. ]

6.5 0-Symbol distances of constacyclic codes of length p°

over finite commutative chain rings

In this section, we shall determine b-symbol distances of all constacyclic codes of length
p® over the finite commutative chain ring R, and identify all MDS b-symbol codes within
this class of codes. To do this, we first relate the b-symbol distance of a non-zero linear
code C of an arbitrary length over R with that of Tor._;(C) in the following theorem. We
also derive a necessary and sufficient condition under which the linear code C is an MDS
b-symbol code.

Theorem 6.5.1. Let C be a linear code of an arbitrary length NV over R. Then the following
hold.

(a) We have dy,(C) = d(Tor._1(C)).

(b) The code C is an MDS b-symbol code if and only if Tory(C) = Tor._;(C) and
Tor,_1(C) is an MDS b-symbol code of length N over R.

Proof.  (a) To prove the result, let us consider the subcode C._; = {7 'c: v lc €

C} of C. It is easy to see that Tor, 1(C) = {¢ : v 'c € C.1} and d;(C.q) =
dp(Tor._1(C)). This implies that

dy(Tor,_1(C)) = dy(Co_r) > dy(C). 6.5.1)
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Next we observe that
wy(Q) > wy(vQ) foreach Q € C. (6.5.2)

Further, for any non-zero codeword () € C, there exists an integer ¢ satisfying 0 < ¢ <

e—1land Q € ()N \ (1) Now by (6.5.2), we get

wp(Q) > wy(7Q) > wp(V?Q) > - -+ > wp(v* Q). (6.5.3)

Since Q € (v))M\ (1) we note that v*~1~() is a non-zero codeword of C and that
e~ 11Q € (v¢~ 1N which implies that v*~17¢Q(# 0) € C._;. This further implies
that wy(7¢717'Q) > dy(Ce—1) = dp(Tor._1(C)). From this and by (6.5.3), we obtain

wy(Q) > dp(Tor,_1(C)) foreach @ € C\ {0},

which implies that
db(C) Z db(TOI‘e_l(C)).

Using this and by (6.5.1), the desired result follows.

To prove this, by Theorem 2.0.7, we see that for 0 < ¢ < e — 1, the ith torsion
code Tor;(C) of C is a linear code of length N over R, |Tor;(C)| = p™*dim(Teri(©)) and
IC| = 61:[1 |Tor;(C)|. Further, by part (a), we note that d,(C) = d,(Tor._1(C)). From
this ang%y (6.2.2), we see that the code C is an MDS b-symbol code if and only if

e—1

[T |Tor;(C)| = |C| = p™e®* =%+ which holds if and only if

=0

dim(Tory(C)) 4 dim(Tory(C)) + - - - +dim(Tor._1(C)) = e (p® — dp(Tor._1(C)) + b).
(6.5.4)
Further, by Theorem 2.0.7(b), we note that

Tory(C) C Tory(C) C - - C Tor._1(C). (6.5.5)
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Now by applying Theorem 6.2.2 (the Singleton-type bound) for the code Tor,_;(C)

over R, we get

pmxdim(Tore_l(C)) _ ‘TOI‘e_l(C)’ < pm(ps_db(Tore_1(C))+b)’

which implies that dim(Tor._;(C)) < p® —dy(Tor._1(C))+b. From this and by (6.5.5),

we see that

dim(Tory(C)) < dim(Tor;(C)) < --- < dim(Tor._1(C)) < p® — dp(Tor._1(C)) + b.

(6.5.6)
This further implies that dim(Tory(C)) + dim(Tor;(C)) + - - - + dim(Tor._,(C)) <
e (p* — dy(Tor._1(C)) + b) and that the equality holds if and only if

dim(Tor,(C)) = dim(Tor;(C)) = - - - = dim(Tor._1(C)) = p® — dp(Tor._1(C)) + b.

From this, the desired result follows immediately.

]

It is worth mentioning that Norton and Salagean [66, Th. 4.2(ii)] proved the corresponding
equality “dy(C) = dy(Tor._1(C))” for the Hamming metric by using the concept of support
of a linear code. The same idea could be extended to provide an alternate proof for Theorem

6.5.1(a).

Now we will apply Theorem 6.5.1 to determine b-symbol distances of all constacyclic
codes of length p® over the finite commutative chain ring R. For this, from now on, let
7 be a unit in R. By Theorem 2.0.6(c), the unit 7 € R can be uniquely written as 1 =
0 4 76, 4+ 209 + - -+ + ¥ 0.1, where 0,8,,05,--- ,6._1 € T and @ # 0. Further, by
Theorem 2.0.6(b), we see that there exists 7, € 7\ {0} satisfying § = 7%". Recall that an 7)-
constacyclic code C of length p® over R is an ideal of the quotient ring R,, = R[z]/{zF" —n).
Moreover, by Theorem 5.2.3(a), we see that the ith torsion code Tor;(C) of C is an ideal of

the ring R[z]/(z?" — 7% ) and is given by Tor;(C) = ((x —7j,)") for 0 < i < e — 1, where
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T; is an integer satisfying 0 < T; < p® for each i. Recall that C = {0} when T, ; = p°,
while C = (1) = R,, when Tj, = 0. Here also, when C = {0}, we have d;,(C) = 0.

In the following theorem, we determine b-symbol distances of all non-zero 7-constacyclic
codes of length p°® over R.
Theorem 6.5.2. Letn = 1t +~40; 4 - - - +~°"18._y, where 1, 6y, - - - , .1 € T and 19 # 0.
Let C be a non-zero n-constacyclic code of length p* over R with Tor,_;(C) = ((z—7,)"=1),

where 0 < T, 1 < p°.
(a) When T, ; = 0, we have d,,(C) = b.
) Let1 < T, , <p°—1.
(i) When s = 1, we have d,(C) = min{7._; + b, p}.

(ii)) When s > 2, the integer 7,_; can be uniquely expressed as T,_; = p* — p* % +
wp Pt 7 where0 <k <s—1,0<w<p—-—2andl < 7 < p* k1L

Furthermore, the b-symbol distance of the code C is given by

pPmin{wp* 1t + b+ 7 (w+2)b, (w+ 1)(b+7)} if 2<
d(C) = b<phh

prmin{wp’ b+ 7 pTR)Af pRl 41 < b < pf - 1.

Proof. It follows immediately from Theorems 6.3.1, 6.3.2 and 6.5.1(a) and Remark 6.3.1.
O

Remark 6.5.1. One can show that for a unit = 7}85 + 7901+ -+ 7.1 € R, an
n-constacyclic code of length p® over R is equivalent to some (7, " Sn)—constacyclic code of
length p° over R as follows: Define a map O, : R[z]/(z"" — 1) — Rlz]/(x?" —ny” n) as
O, (c(x)) = e(nox) foreach ¢(x) € Rlx]/(xP” —n). One can easily observe that the map ©,,
is a ring isomorphism and that wy(c(z)) = wy(O,, (c(z))) for each ¢(x) € Rlx]/(x?" — n).
From this, it follows that an n-constacyclic code C of length p® over C is equivalent to the

(157 n)-constacyclic code ©,,(C) of length p* over R and that dy(C) = dy(0,,(C)). O

Now we will apply Theorems 6.5.1 and 6.5.2 to determine all MDS b-symbol constacyclic
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codes of length p® over R. Towards this, we first observe that Theorem 2.5 of Ding et al.
[28] can be similarly extended to codes over finite commutative rings, which is stated as
follows:

Theorem 6.5.3. Let 2 < b < N be fixed. Let C be an MDS b-symbol code of length N over
a finite commutative ring R. If d;(C) < N, then C is also an MDS (b + 1)-symbol code with
dp+1(C) = dp(C) + 1.

However, the converse of the above theorem is not true in general, which is illustrated in
the following example.
Example 6.5.1. Let R = F5 +~F5, where 42 = 0. Consider the cyclic code 2; = ((z —1)3)
of length 25 over R. By Theorems 5.2.3 and 6.5.2, we see that |2;| = 5%, dy(2,) = 4 and
ds3(2,) = 6. Now by (6.2.2), we observe that the code 2, is an MDS 3-symbol code, but
not an MDS 2-symbol (symbol-pair) code. 0

Now we proceed to determine all MDS b-symbol constacyclic codes of length p® over
‘R. For this, we first note that an MDS b-symbol code has to be non-zero and that the code
(1) =R, is an MDS b-symbol code. In the following theorem, we list all non-trivial MDS
b-symbol constacyclic codes of length p*® over R.

Theorem 6.5.4. Letn = 0 + 701 + 7205 + - - - +7°10._1, where 1o, 61,09, -+ , 001 € T
and 1y # 0.

(a) When ¢; # 0 and 2 < b < p® — 1, there does not exist any non-trivial MDS b-symbol

n-constacyclic code of length p® over R.

(b) When 9, = 0, all the distinct non-trivial MDS b-symbol 7-constacyclic codes of length

p® over ‘R are given by

(@ =m0)" + (2 = o) g10(x) +7*(x = 10)*" goo() + -+ -+

+7 @ = mo) ' 0 g1 0(x))

with the ith-torsional degree as T for 0 < i < e —1,0 < t;o < Tp if gjo(z) # 0,
and g;o(z) € Tlx] is either O or a unit in R, satisfying deg ¢;o(z) < Ty — t;, for

1 <j5<e—1, where
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e 1<Ty<p*—bwhens>1landp* ' +1<b<p*—1.

*Toe{p"—b12 - ,b}U(U{(w+1)ps‘1—b,(w+1)p5‘1—b+17 (w+

Lp*t—b+2,--- ,(w—l—l)b}) when s > 2and 2 < b < p*~! —1. Here the union
| runs over all integers w satisfying 1 < w < p—2and (w+2)b— (w+1)p*~! >
0.

e 1<Ty<(p—1)p**whens>2and b= p* "

Proof. Let C be a non-trivial n-constacyclic code of length p® over R with Tor;(C) =
((x —7)T), where 0 < T; < p®for 0 < i < e — 1. Here we must have Ty > 1 and
T._1 < p°. Now by applying Theorems 5.2.3(a) and 6.5.1(b), we see that the code C is an
MDS b-symbol code if and only if Tor(C) = Tor,._;(C) and Tor._;(C) is an MDS b-symbol
ﬁgs-constacyclic code of length p® over R, which, by Theorem 5.2.3(c) and by (6.2.2), holds
if and only if

1<Ty=T=---=T.1<p’ (6.5.7)

and Tor._1(C) is an MDS b-symbol code. Now we shall distinguish the following two cases:

(i) First let §; # 0. Here we see, by Remark 5.2.2, that C = {(z — \o)™*) = ((x —
Ao) T AR el for some 0 < k < e — 1, and that Ty = Thyp = -+ =

T._1 = 0. From this and by (6.5.7), part (a) follows.

(ii) When 9, = 0, by (6.5.7) and by applying Theorems 5.2.4 and 6.4.1, the desired result

follows immediately.

]

To illustrate the above result, we determine all non-trivial MDS b-symbol constacyclic
codes of length p* over the finite commutative chain ring F,m + vF,m with 4% = 0, as
follows:

Example 6.5.2. Let R = Fym + vF,m, where v* = 0. Here we note that 7 = F . Further,

by Theorem 2.0.6, each unit 77 in ‘R can be uniquely expressed as 7 = ngs + 701, where
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no,01 € Fym and 1y # 0. When 9; # 0, by Theorem 6.5.4(a), there does not exist any

non-trivial MDS b-symbol 7-constacyclic code of length p® over R.

When §; = 0, by Theorem 5.2.4, all the distinct non-zero n-constacyclic codes of length
p* over R are given by (fo(x), fi(x)), where fo(z) = (& — no)T +7(x — 10) 1091 0(x) if
1< Ty <p’, folx) =0if Ty = p*, fo(z) = 1if Ty = 0 and fi(z) = y(x — 1), where
0<Ty <Ty<p*0<to<T provided g;o(z) # 0, and g1 o(x) € Fpm[z] is either O or
a unit in R, satisfying deg g1 0(x) < T} — t1 0. Further, when 1 < T < p® and g1 o(x) # 0,
one can easily show that p® — T + t; o > 7). From this and by applying Theorem 6.5.4(b),
all the distinct non-trivial MDS b-symbol n-constacyclic codes of length p® over R are given
by

(@ = n0)™ +y(x —n0)"g10(2))

with max{0, 27y — p°} < t10 < Tp if g10(x) # 0, and g1 o(x) as either O or of the form
To—t1,0—1 ]

Aj(l’ — 7’]0)J, Aj S Fpm for 0 < 7 < To — t170 —1land A() 7& 0, where
-0

J

e 1<Ty<p*—bwhens>landp* ' +1<b<p*—1.

® TO € {ps - ba 1727 e ’b}U (U{(W-{— 1>p871 - b7 (w + 1)p871 - b+ 17 <w+ 1)p871

—b+2,-- ,(w+ 1)b}) when s > 2 and 2 < b < p*~! — 1. Here the union | runs

over all integers w satisfying 1 < w < p—2and (w+2)b — (w+ 1)p*~t > 0.

e 1<Ty<(p—1)p* ' whens>2andb=p* ' O



Chapter 7

Depth distributions of constacyclic codes
over finite commutative chain rings and
roulette games

7.1 Introduction

The purpose of this chapter is two-fold. First of all, we shall study depths of codewords
of all repeated-root (o + v[3)-constacyclic codes of prime power lengths over a finite
commutative chain ring R, where « is a non-zero element of the Teichmiiller set of R, ~y
is a generator of the maximal ideal of R and 3 is a unit in R. As an application, we shall
explicitly determine depth distributions of all repeated-root (« 4+ v3)-constacyclic codes of
prime power lengths over R. Secondly, we shall propose two new turn-based two player
roulette games and provide positional winning strategies for these games in terms of depths
of words over a finite commutative ring with unity R. We shall also discuss the feasibility of
these winning strategies by applying our results on depths of codewords of repeated-root

(v + y3)-constacyclic codes of prime power lengths over R.

This chapter is organized as follows: In Section 7.2, we state some preliminaries that
are needed to prove our main results. In Section 7.3, we study depths of codewords of
all repeated-root (o + 7yf3)-constacyclic codes of prime power lengths over R, where « is
a non-zero element of the Teichmiiller set of R and [ is a unit in R. We also explicitly
determine depth distributions of all repeated-root (« + «y/3)-constacyclic codes of prime
power lengths over R. In Section 7.4, we propose two new turn-based two player roulette
games and provide positional winning strategies for these games in terms of depths of words

over a finite commutative ring with unity R.

169
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7.2 Some preliminaries

Let R be a finite commutative ring with unity, N be a positive integer, and let R be the
R-module consisting of all N-tuples over R. Elements of R are called words of length NV
over R. A word in R" is said to be a repeated word if all its components are equal, otherwise

it is called a non-repeated word. The derivative D : R — RM~! is defined as
D(ag, a1, ,an—1) = (a1 — ag,ag — ay, -+ ,ay_1 — ay_2)

for each (ag,ay,--- ,ay_1) € RY. The depth of a vector a € R”, denoted by depth(a),
is defined as the smallest integer i (if it exists) satisfying 0 < i < N — 1 and D%(a) =
(0,0,---,0) € RN~ If no such integer i exists (i.e., D" ~!(a) # 0), then the depth of the
vector a is defined to be N. It is easy to see that depth(a) = i if and only if D""!(a) =
(r,r, - ,r) € RN="1 for some r(# 0) € R. Further, note that depth(a) = 0 if and only if
a=(0,0,---,0) € RN,

Definition 7.2.1. [32] Let C be a code of length N over R (i.e., a subset of RY). For
0 < p < N,let D,(C) denote the number of codewords in C having the depth as p. Then the

depth distribution and the depth spectrum of the code C are defined as follows:

* The depth distribution of the code C is defined as the list

Do(C) = 1,D:(C), D2(C), - - - ., Dn(C).

 The depth spectrum of the code C is defined as the set

Depth(C) = {i : 1 <i < N and D;(C) # 0}.

Recall that for a unit A € R, the study of A-constacyclic codes of length N over R is
equivalent to the study of ideals of the quotient ring R[x]/{z" — )\). Now the derivative
of c(z) = cog + 1z + -+ ey_12V 1 € R[z]/(aN — \) is defined as the derivative

of the vector ¢ = (cg,cp,+-+ ,cn_1) € RY. In view of this, the depth of an element
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c(z) =co+crxz+ -+ eyg2¥t € Rlx]/(z™ — ), denoted by depth(c(z)), is defined
as the depth of the vector ¢ = (¢g, ¢y, -+ ,cy—1) € RY. Now the following proposition is
useful in the determination of derivatives of non-zero codewords of A-constacyclic codes.

Proposition 7.2.1. [62] Let 0 < i < N — 1 be fixed. For ¢(z) € R[z]/{z" — \), let us write
(1 —2)ic(r) = cp+ 17 + cew® + -+ + cy_12V " modulo 2V — \. Then the ith derivative

D'(c(z)) of the element c(x) is given by
DZ(C(JU)) = (¢, Civ1,7 7+, CN=1),

i.e., D'(c(z)) appears as the last N — i coefficients of the polynomial (1 — z)c(x) modulo

N — )\

From now on, throughout this chapter, let R be a finite commutative chain ring with unity,
and let v be a generator of the maximal ideal of R. Let R = R/(7) be the residue field of
R. Let e be the nilpotency index of 7, and let 7~ be the Teichmiiller set of R. As R is a finite
field, we assume that R ~ I, for some prime p and positive integer m, where F,» is the
finite field of order p”. Now by Theorem 2.0.6(c), we see that a unit A € R can be written
as A = a + 73, where a(# 0) € T is uniquely fixed and 5 € {0} U (R \ (v*7')) . Further,
for each positive integer s, by Theorem 2.0.6(b), we see that there exists ag(# 0) € T

satisfying a = of, which implies that A = o/ + ~/3.

From this point on, we assume that A = of + /3, where ag( 0) € 7 and 3 is a unit in

R.

From now on, we shall follow the same notations as in Section 7.2. In the following
section, we shall study depths of codewords of A-constacyclic codes of length p°* over R,
where p is a prime number, s is a positive integer, and A = ozgs + v with ap(# 0) € T and
f aunitin R. As a consequence, we shall determine depth distributions of all A\-constacyclic

codes of length p° over R.
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7.3 Depths of codewords of \-constacyclic codes of length

p° over R

Etzion [32, Th. 1] showed that non-zero codewords of a k-dimensional linear code C over
a finite field attain £ distinct non-zero depth values and that any k£ non-zero codewords of
C with distinct depths form a basis of the code. Using this result, Luo et al. [58, Prop. 8]
showed that depth distributions of linear codes over arbitrary finite fields are completely
determined by their depth spectra. As linear codes over finite commutative chain rings
are not free modules in general, we note that Theorem 1 of Etzion [32] and the technique
employed to prove Proposition 8 of Luo et al. [58] can not be extended to study depths
of codewords of linear codes over finite commutative chain rings and to determine their
depth distributions. So we need to follow a new and different approach to study depths of
non-zero codewords of A-constacyclic codes of length p® over ‘R, and to determine their

depth distributions.

In order to study depths of codewords of all A-constacyclic codes of length p° over R, we
first recall, by Theorem 5.2.1(c), that all the distinct non-zero A-constacyclic codes of length
p® over R are given by C;,, = (v*(z — ap)"), where 0 < ¢ < e—1and 0 < u < p°. The
following lemma plays a key role in studying depths of codewords of A-constacyclic codes
of length p® over 'R.

Lemma 7.3.1. Let A = 04{)’5 + 3, where ay(# 0) € T and 3 is a unit in R. Let Cp,, =
(v(x — ap)*) be a non-trivial A\-constacyclic code of length p* over R, where 0 < ¢ < e —1

and 0 < u < p®. Then each codeword C'(z) € Cy,, can be uniquely expressed as
Clx) = co+ (e —ag) +- -+ cur(r — o) + culr — ag)" + cugr(x — ag)"™
R Cps,1(1’ . Cm)ps—lj

l+1

¢
where ¢g, ¢1, -+, cu—1 € (Y1) and ¢y, cypr, - L G € (7).

Proof. Tt follows immediately from Lemma 5.5.1. [
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Now we shall distinguish the following two cases: (i) oy = 1 and (ii) o # 1.

7.3.1 Thecase oy =1

Throughout this section, we assume that «vg = 1. Here we have A = 1 + v/, where (8
isaunitin R. Further, for 1 <k <p°—-1,0<i<p°—1land0 <t <p°—1,let Q§2
denote the coefficient of 2! in (z — 1)?" ¥+ modulo x*" — X. We first make the following
observation.

Lemma 7.3.2. Let1 < k < p* — 1 be fixed.
(a) Fork<i:<p°*—1landp®—k <t <p*—1, wehave thli = 0 (mod p).

(b) For 0 <t < p*— 1, we have Q,@Lk = 1 (mod p).

Proof. (a) To prove the result, we will apply induction on k£ > 1.

To begin with, we note that Ql(.f’f_l) = (p;if;) (—1)% for 1 < i < p* — 1. Further, the
p-adic representation of p* —1is givenby p*—1 = (p—1)+p(p—1)+---+p* 1 (p—1).
Since there is at least one carry when p® — 1 is added to 7 in the base p, by applying

Theorem 2.0.9, we see that

s_ S— 141 .
ol 1>E(p _+Z)(—1)’50(modp)for1§@'§p5—1.
’ 1

Thus the result holds when k£ = 1.

Next we assume that 2 < 5 < p* — 1 is a fixed integer and that the result holds
for K = j — 1. That is, we have oY =0 (mod p) forj —1 < i < p*—1and

2,7—1

p® —j+1<t<p*— 1. Here we have to show that

QE? = 0(modp) for j<i<p’—1 and p°—j<t<p’—1. (7.3.1)
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For this, we observe that

Qz('f)j)*l + ng)fll‘ + -+ Qggs:ll)xps_l = ({[‘ - 1)p5—j+1+i

= (z—1)(z—1)P" T = (2 — 1) (QEOJ) + lej)x I Qggs—l)xps—l) ‘

This implies that

S __ +1) S __ S __ +1
QEZJ _ QEZ’ 3 _ QEZ’ J )7
42 S —j+1 S —j+2
fo}_f ) QZ(Z J )_QZ(Z J )7
Q(psff) _ Q(p'sfd) Q(p‘sz)
) — 1,] ] ’
5_1) 5_2) ( s_1
o) = o —girh.

In view of this and by the induction hypothesis, we see that to prove (7.3.1), it is

enough to prove that

o = ("I = o moap) for iyt
P pS_

Since the p-adic representation of p*—1is p*—1 = (p—1)+p(p—1)+- - -+p*~L(p—1),
there is at least one carry when p® — 1 is added to 2 — j + 1 in the base p. This, by
applying Theorem 2.0.9 again, implies that

QEZS*U — (p —J TZ) (—=1)"7* =0 (mod p).
). ps _

This competes the proof of part (a).

(b) To prove this, let 0 < t < p® — 1 be fixed. We note that Q,(le’k = (psgl)(—l)ptl*t.
Letus write t =ty + pt1 + -+ p* 'ts_1, where 0 < t;, <p—1for0 <i <s—1.

As the p-adic representation of p® — 1 is given by

pP=1=@p-1+pp—1)+-+p"(p-1),
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by applying Theorem 2.0.10, we get

p*—1 p—1\(p—1 p—1
= e dp). 7.3.2
( t ) (to )(tl) (ts—l R (732
Further, one can easily observe that (p ;1) = (—1)’ (mod p) for each integer j satisfy-

ing 0 < j < p — 1. Using this and by (7.3.2), we obtain

= 1 (mod p),
which proves ().

O]

In the following theorem, we provide a method to determine codewords with a prescribed
depth in a A-constacyclic code of length p*® over R, where A = 1 4+ (3 with 8 a unit in R.
Theorem 7.3.1. Let A = 1 + 3, where 3 is a unit in R. Let C;,, = (¥*(z — 1)") be a
A-constacyclic code of length p® over R, where 0 < ¢/ < e — 1 and 0 < u < p®. Further, let

C(z) € Cy, be a non-zero codeword with the unique representation as
Clx) = cotealr—1)+ +ci(z—1)"+eclz—1)"+ - +cp_1(z — 1P 1,

where ¢, 1, 1 € (Y1) and ¢y, Cuy1, o+, Cps1 € (7F). Then the following hold.

(a) For1 < k < p®—1, the depth of the codeword C(x) € Cy,, is p* — k + 1 if and only if
Co,C1,++ , Cps—1 satisfy the following matrix equation for some non-zero 7 € (1)

when k£ < u and for some non-zero 7 € (v%) when k > u:
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A O o B o A
0 1 Q;k k+1) ng k+1) ng k+1) e
0 0 1 ka k+2) Qk* k+2) e
0 0 0 1 ol || ez
0 0 0 0 1 T — Ch_1

- 1 - (7.3.3)
—k L —k
U EVER DT i
]:
k41 r! —k
7'(Q1(cp—1,kJr ) 1)+ Zk Cj ng)k )
]:
k42 rl k42
(Ql(cp—l v R : CJQgpk; 2
= i=k
) p 1 )
QR -1+ 2 nggpk :
]:
s—1
s—1
ORCTe A
L j= i

(b) The depth of the codeword C'(z) € Cy,, is 1 if and only if co, ¢y, - - - , ¢ps—1 satisfy the

following matrix equation:
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oo ol oW o o, ]|
0o 1 oP - QP QW o, ] —a
0 0 0 N P o) AT L IS )
0 0 0 .- 1 QP QP ] e
0 0 0 0 1 QW ] | —eps
0 0 0 - 0 0 UR )

- (71.34)

1)

Cps—1 st—l,ps—l
(2)

Cps—1 st—l,pS—l

()
Cps—1 stfl,ps -1

-3)
Cps— IQ(S 1ps 1

(p°—2)
Cps—1 QpS—l,pS—l

| Cps— 1Q( : 11105 1
Proof. (a) To prove the result, we recall that depth(C(x)) = p°* — k + 1 if and only
if DP"~*(C(z)) = (d,d,---,d) € R" for some d(# 0) € R. From this and by
Proposition 7.2.1, we see that depth(C(z)) = p* — k + 1 if and only if the coefficients

k .p°—k+1 .
)

of P" 7% x , 27"~ 1 in the codeword (1 — x)?"~*C(z) are equal to d modulo

2P" — )\, where d is a non-zero element of R.

First of all, we assume that the depth of C'(z) € Cy,, is p* — k + 1. This implies that
the coefficients of 27" % " ~k+1 ... 27"~ in the codeword (1 — x)P"*C(z) € Cy.
are equal to d(# 0) € R. From this, it follows that ¢, ¢y, - - - , ¢ps—1 satisfy (7.3.3)
with 7 = (—1)P"~*d. Further, by Lemma 7.3.2, we see that Qk 1, = 1 (mod p) and



Chapter 7 Depth distributions of constacyclic codes over finite commutative chain rings and
178 roulette games

Qz(tll = 0 (mod p) fork <i <p*—1landp®—k <t < p*— 1. This implies that
O, ,—1€(y) and Q) €(y) for pP~k<t<p'—1 and k<i<p' —1.

Now using the fact that (—1)”"*d — ¢,_1 = Qx(f,);il) + ot eps Q;ﬂs_f,)c and
Chy Cht1, 5 Cps—1 € (7F), we see that (—1)P""*d — ¢, € (y**!). From this, it

follows that d € (y**') when k < w and that d € () when k > u.

Next to prove the converse part, suppose that cg, ¢y, -+ ,cy—1 € (7€+1> and ¢, Cyi1,

-, cps_1 € (7*) satisfy the matrix equation (7.3.3) with 7 € (y*"1)\{0} when k < u
and with 7 € (v%) \ {0} when k > u. Then we observe that C(x) = ¢ + ¢;(x — 1) +
sty (=1 ey (—1)"+- - +cps 1 (x—1)P" 1 € Cy, and that the coefficients
of xP" =k ap*=k+1 ... 2P"~1in the codeword (1 — z)?"~*C(zx) € C,, are equal to
(—1)P"~*7 modulo 27" — \. From this, it follows that depth(C(x)) = p® — k + 1. This

proves (a).

(b) Working in a similar manner as in part (@) and by applying Lemma 7.3.2(a), we observe
that the depth of the non-zero codeword C(x) = ¢y + ¢1(x — 1) + -+ + ¢y1(x —
Dt e, (z—1)"+ -+ cpsq(x— 1)P""! € Cyy is 1 if and only if the coefficients
of z, 22, --- | x’"~! in the codeword (1 — z)C(x) € Cy,, are zero modulo 27" — ),

which holds if and only if ¢y, c1, - - - , ¢ps—; satisfy the matrix equation (7.3.4).

]

In the following theorem, we determine depth distributions of all A-constacyclic codes of
length p® over R when o = 1.
Theorem 7.3.2. Let A\ = 1 + 3, where 3 is a unit in R. Let C;,, = (¥*(z — 1)") be a
non-trivial A\-constacyclic code of length p® over R, where 0 </ <e—1and 0 < u < p®. If

D,(Cy.,) denotes the number of codewords in C having the depth as p for 1 < p < p®, then

preh —1 if p=1;
IDP(C&u) = <pm(e—£) _ 1)pm(e—€)(p—1) if 2 < p < ps —u;
(pm(e—f—l) _ 1)pm{(e—£—1)(ﬂ—1)+p5—u} ifp"—u+1<p<p.
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Proof. Here we need to determine the numbers D,s_j1(Cy,,) for 1 < k < p®. To do this,
by Lemma 7.3.1, we observe that each non-zero codeword C(x) € C;, can be uniquely

expressed as

Cx) = co+ei(x—1) 4 +eu1(x—1)""+elr— D"+ cypr(z — 1)

R ORRTI SR (T § L

where cg, ¢1, -+, cu_1 € (Y1) and ¢y, cupr, oo, cpso1 € (7). Now we shall consider the

following two cases separately: (i) 1 < k£ < p® — 1 and (ii) k£ = p°.

() Firstlet 1 < k < p°*—1sothat2 < p° —k+ 1 < p°. Now by applying Theorem
7.2.1(a), we see that depth(C'(z)) = p® — k + 1 if and only if ¢g, ¢, - - - , ¢ps—y satisfy
the matrix equation (7.3.3) for some non-zero 7 € (y**1) when k < u and for some

non-zero 7 € (") when k > u. From this, one can easily observe that

(pr(e—t=D — [)pmlle—t-DE=P+r'—u}  if] < | < y;
Dys_k+1(Co) = s
(pme=0) — 1)pmle=0®" k) fu+1<k<p'—1

(ii) Nextlet k = p® so that p* — k + 1 = 1. Here by applying Theorem 7.2.1(b), we see that
depth(C(x)) = 1 if and only if g, c1, - - - , ¢ps_1 satisfy the matrix equation (7.3.4).
Now using the fact that C(x) # 0 and ¢,s_1 € (7*), we observe that D;(Cp.,) =
pm(e_f) — 1.

This completes the proof of the theorem. [

In the following corollary, we determine depth spectra of all A-constacyclic codes of
length p® over R when oy = 1.
Corollary 7.3.1. Let A = 1 + 3, where 3 is a unit in R. Let Cp,, = (v(z — 1)") be a
non-trivial A-constacyclic code of length p® over R, where 0 < ¢ <e—1and 0 < u < p°.

Then the depth spectrum of the code C,,, is given by

{1,2,---,p°} if0</l<e—2;

Depth(cé,u) =
{1,2,---,p° —u} ifl=e—1.
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Proof. It follows immediately from Theorem 7.3.2. [l

7.3.2 The case oy # 1

In this section, we will consider the case o # 1, and we will study depths of codewords
and determine depth distributions of all A-constacyclic codes of length p® over R. Here we
assume, throughout this section, that A = o + (3, where ap € 7'\ {0,1} and 3 is a unit

in R. We will first fix some notations.

Forl1 <k<p’—1,0<w<p’—1land0 < Egps—l,letju(f,)€ € R denote the
coefficient of ¢ in (z — 1)?"*(z — ag)®” modulo 2?° — \. Further, for 1 < k < p* — 1,
let A, denote the (p* — k) x p* matrix over R whose (7, 7)™ entry is jfﬁ;i (i.e., the
coefficient of ¥+ ~!in (z — 1)*(x — ag)’~* € R,), and let A, denote the (p* — k) x p°
matrix over R whose (i, j)™ entry is %(fi;i)k for1 <i<p°—kand1 < j < p° Foran
integer b > 1 and ay,ay, - -- ,a; € R, let V(ay,as, - - - ,a;) denote the b x b Vandermonde
matrix over R whose (i, j) entry is given by ajfl for 1 < i,j < b. Further, for a monic

polynomial f(x) € R[] of degree less than or equal to b—2, let Uy (a1, as, - - - ,a,_,) denote

the (b — 1) x (b — 1) matrix over R, defined as follows:

1 1 1 1
a1 a2 a3 ap—1
a% a% a% ay_q
a7 ay? ag ay_y
_f(a1) flaz)  flas) - f(ab—l)_

To determine depth distributions of all A-constacyclic codes of length p® over R, we shall

first prove the following three lemmas:
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Lemma 7.3.3. For an integer b > 2, let a1, as,--- ,a,—1 € R, and let f(z) € R[z] be a

monic polynomial of degree less than or equal to b — 2. We have

0 ifdeg f(x) <b-—3;
deth(al,a2,~~ ,ab,l) = gf( ) o
det V(ay,ag, -+ ,ap—1) ifdeg f(z) =b—2.
Proof. Proof is trivial. ]
Lemma 73.4. Let1 <k <p*—1,0</¢ <p°—k,andletay,as, - ,ar_1 be integers
satisfying 1 < a; < ag < -+ < agp_1 < p® — L. Further, let B(¢,ay,as,- - ,a,_1) be the

k x k matrix over R, whose first column is the (¢ + 1)™ column of the matrix A, and the

J" column is the (¢ 4+ aj_1 + 1)™ column of the matrix A, for 2 < j < k. Then we have

det B(f, ap, a9, -+ ,(Zk_l)

_ aiag - - - ag— det V(alv ag, - 7a’k*1> (1 o ao){k€+a1+a2+~-~+ak71—(§)}‘
(k= Dk —2)l--- 321!

Proof. To prove the result, we will apply induction on £ > 1.

When k = 1, we note that det B({) = %%S_l), where je(ﬁs_l) is the coefficient of 27" !

in the element (z — a)‘(x — 1)P"~! € R. Further, it is easy to see that

g = e (T () e

pu=0

By Theorem 2.0.9, we observe that (p+f_11) = 0 (mod p) for 1 < t < ¢, which implies
o p
that det B(¢) = je(ﬁ’s_l) = (1 — @) in R. Thus the result holds when k = 1.
Now we assume that 2 < k£ < p® — 1 and that the result holds for £ — 1, i.e., we have

det B(ﬁ, tl, tg, s 7tk_2)

o tth e tk—Q det V(t17 t2’ e 7tk‘72) — {(k_1)€+t lottty _g— kgl }
B (k—2)!(k —3)!--- 321! (1 — @) vttt (7.3.5)

where 0 </ <p’—k+land1 <t} <ty <--- <tp_o < p®— {areintegers.
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We assert that

det B(ﬁ, a1,0a9,* " 7ak—1)

Y

aray - - - ap_det V(ay, ag, -+, ag1) (1— ao){k£+a1+a2+~~+ak71—(g)}
(k= DIk —2)l--- 321!

where 0 </ <p’*—kand1l <a; <as <---<ap_1 <p®—{areintegers.

To prove this assertion, we first note that

(p*—k) (p*—k) (p*—k) (p*—k)

‘7 j'é-l—al,k ‘7€+a27k e ‘7Z+ak_1,k

P —k+1) p*—k+1) (ps—k+1) (ps—k+1)

‘7€ k ‘7€+a1, ‘7Z+a2,k e ‘7Z+ak,1,k

- — (p*—k+2) (p°—k+2) (p*—k+2) (p*—k+2)

8(67 al’ a27 ’ ak‘il) - ‘7€ ‘72+a1,k ‘7€+a2,k e ‘7€+ak,1,k
(p*—1) (p*-1) (p*—1) (p*—-1)

j ‘7Z+a1 k ‘~7€+a2,k e ‘-7€+ak_1,k_

Now for 0 < i < p* — 1, we see that

j(o) j ) a+ +Z 1) e (x_l)ps—k—i-l(x_aO)i
= (z—1)(x— 1)ps_k(x — Ozo)i

= (z— 1){ + jz P jifzs_l)xps’l}.

This implies that

(p*—k+1) o (p*—k) (p*—k+1)
Tw— = T —Tg

(p*—k+2 S —k+1 S —k+2
T = T = gg,

j(is—f) — j(P -3) j(z -2)

VAR N A G
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In view of this and by applying suitable row operations on 5(¢, ay, as, - -+ ,ax_1), we obtain
(p°—k+1) P —k+1) (p°—k+1) P —kt1) |
~7e k-1 -7é+a1 k-1 ‘-7€+a2,k—1 e ‘7€+ak 1,k—1
(p°—k—+2) ps—k—+2) (p*—k+2) (p*—k+2)
je,kq ~7z+a1,k 1 ‘7€+a2,k71 e ‘7Z+ak,1,k71
(p5—k+3) (p*—k+3) (p°—k+2) (p®—k+3)
‘7£,k71 ~7e+a1,k 1 \7Z+a2,k 1 \7Z+ak,1,kz71
det B(ﬁ, ay,ag, - ,ak_l) = det
(ps—-1) (ps-1) (ps-1) (ps-1)
je, -1 ‘7Z+a1,k—1 ‘7£+a2,k—1 e ~7z+ak,1,k—1
(ps—1) (ps—1) (rs—-1) (p*—1)
| jeze ~7e+a1,k ‘7Z+a2,k t7e+ak,1,k |
From this, it follows that
det B(ﬁ, a1,0a9,* - 7ak—1)
k41l ~(p°—1)
= (-1) +1L7£(;; ) det B(E + a1,09 —aA1,a3 — A1, , Q1 — CL1>

+(—1)k+2._7€(j_);;? det B(g, as,asg, - - ,ak,l)

+(—1)k+3\74(f;;? det B({,a1,a3, a4, - ,ar_1)

+(—1)FE 1~7Z+a p det B(L, aq,az,- -+, ag_3, ax_1)

T et 5 ). (1.3.6)
Further, for ¢ € {0, a1, az,- -+, ax-1}, we recall that J; ft; Y is the coefficient of 7"~ in

the element (z — 1)?"~*(z — ay)*** € Ry, so we have

O+t—k+1 s
%(5::;1) _ Z (—1)» <p O 1> ( C+t >(1 — ag)tHtR L,

o ps—1 k+p—1

Now using the fact that / +¢ — k+ 1 < p® — 1 and by applying Theorem 2.0.9, we observe
that (p ") =0(modp)for0<i<(¢+t—kandt€ {0,ar,as, -, a1} This implies
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that

5 0+t _
jﬁml::(ktl)ﬂ—a@““mleR,mrte{Qah@,~,%4} (7.3.7)

On substituting the values of «713 it k )°s from (7.3.7) and values of the determinants from the

induction hypothesis (7.3.5) in equation (7.3.6), we get
det B(ﬁ, ay, a9, - ,(lkfl)

(1— ao){k£+a1+a2+---+ak71*(§)}

(k— 2)1(k — 3)!-- - 312111

k—1

14
X {(—1)’“rl (k B 1) H(aj —ay)det V(ag — ay, a3 — ay, -+ ,ax_1 — ay)

=2

(+a
+ (1) (k 3 f)a2a3a4 - ag-1det V(ag, az, ag, - -+, ap-1)

(l+a
+ (—1)k+3( 2) aragay - - - ag—det V(a1 ag, as, -+, ap_1)

kE—1
+ ...........................
ol +a_
+ (—1)FE 1( 1 _kl 2) aiay - - - ag_sag—1det V(aq, az, - -+, ag_3, ax_1)

14 _
+ (—1>k+k( + 1) ajasag -+ -+ ak_gdet V(al, as,asg - - - 7ak_2)}. (738)

Further, for / + t > 0, we note that

() - 261)0)

Using this and by (7.3.8), we see that

tM
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det B(g, ay,ag, - ,ak_l)

{k€+a1+a2+"'+ak71—(§)}

( 1k:+2(1 alo) >
k_

(k—2)1(k—3)1--312111
1 k: 1

{ Z Z (=1t (“;f)alag S Q11O 42 * Q-1 X
=1 w=1

det V(ala A2,y Qyy—1y Qo415 Aw+2, ° * 7ak—1)}

k—1
- (kfl) { Y (1) aras - ay_10,410040 - - - Qg1 X
v=1

det V(@l, as, -+ ,0y_1, al/+17 al/+27 e 7a/k71)

k—1
+ H (CL]' — CL1>det V(CLQ — Q1,43 — A1, ,Ap—1 — al)}}.
j=2

This gives
det B(E, a1, ag, - ,ak_l)

1—a ){kf+a1+a2+ tag_1— (k)}

(k — 2)I(k — 3)!--- 31211

k-1
£ a1a2 N ak—l
X Z <k — 1= M> /~b! detufufl(alaa% T ,ak_1)
p=2

14
+ (kz B 2)a1a2 - ag_rdet Uy (ay, ag, - - - ,ak—l)},

— ( 1)2k+2 (

where f,(z) = (x — 1)(x = 2) -+ (x — w) for 1 < w < k — 2. Now by applying Lemma

7.3.3, the desired assertion follows immediately. O

Lemma 7.3.5. For1 < k < p® — 1, ak x k matrix formed by any k consecutive columns of

A« is invertible over R.

Proof. By Lemma 7.3.4, we see that

(k= DMdetV(1,2,--- k1) —\ (k124 (k=) (5))
det B(6,1,--- k=1) = (k— DIk —2)!--- 31211 (1 —ao) ®

E— Dk —2)---31210 "
- &—1%k—5bummﬂu_@@ = (1-m)T#£0
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This implies that a £ x k matrix formed by any k consecutive columns of A,s_ is invertible.

From this, the desired result follows immediately. [

In the following theorem, we provide a method to determine codewords with a prescribed
depth in a A-constacyclic code of length p® over R, where A = of 4~/ with oy € 7\ {0, 1}
and $ a unitin K.

Theorem 7.3.3. Let A = ¥ + ~3, where ap € T\ {0, 1} and 3 is a unit in R. Let C;,, be a
A-constacyclic code of length p® over R, where 0 < ¢/ < e — 1 and 0 < u < p®. Further, let

C(z) € Cy, be a non-zero codeword with the unique representation as

C(z) = co+er(x—ap)+ -+ cur(r— )" '+ cu(z — ap)” + cupr(z — o)t

+ot e — o)’

where cg, c1, -+, 1 € (Y1) and ¢y, curr, 0, Cps—1 € (7). Then the following hold.

(a) For any integer k satisfying 1 < k < p°* —w and k£ < p® — 1, the depth of the codeword
C(x) € Cpyis p® — k+ 1if and only if cg, ¢y, - - - , ¢ps—; satisfy the following matrix

equation for some non-zero 7 € (v*):

(p*—k) (p°—k) (p°—k) (p°—k) ]
ju,k: ju+1,k T ju+k—2,k ju—i—k—Lk —Cy
(p°—k+1) (p°—k+1) (p*—k+1) (p*—k+1)
ju,k ju—i—l k e ju-l—k—?,k ju+k—1,k —Cu+1
(p°—2) (r°-2) (»°-2) (p°-2) _
jupk juﬁl,k o juﬁk 2,k juikfl,k Cutk—2
(p*—1) (p°—1) (p°—1) (p*—1) _
L juk jqul,k ju+k72k jquk 1k | |7 Cuth—1]
- - (7.3.9)
™+ Zcz FEN 4T g H
j=u+k
p—1 s
T4+ Z CZ\JL p k+1) + E Cj\7j(71’:: k+1)
Jj=u+k

7'+ch k72)+ Z (p72)
_] u+k

T+ZC¢% LY g e

L =0 Jj=u+k |
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(b) Forp® —u+1 <k < p* — 1, the depth of the codeword C(z) € Cy,, is p* — k + 1if

and only if ¢y, ¢y, - - -

for some non-zero 7 € (y*1):

,Cps—1 € (v*1) and they satisfy the following matrix equation

VA T || e
S_L S_ L S_k
(P*—k+2) A (p"—k+2)

0 0 1 ~7in2,1¢ jkz—)l,k —c
0 0 0 1 g2

’ —Ck—2
0 0 0 0 1
L | [Ck—1

(7.3.10)

p—1
$—k+2
UEEDIRON A

Jj=k

p°—1 s _
T+ Z Cj*7j(5; 2)

j=k

p°—1 s
U IRON v

j=k

(c) The depth of the codeword C(x) € Cy,, is 1 if and only if ¢g, ¢1, - - - , ¢ps_1 satisfy the

following matrix equation with g, ¢1, -+« ,¢ps 1 € (1) whenu > 1:
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i 1 1 1 1 1 1T _ i
1 jl(,p)s—l j2(7p)s_1 e \.7])(5147135_1 ‘717(5)—37175—1 ‘7]3(5)—2,])3—1 €0
2 2 2 2
0 1 j2(7p)s_1 ce ‘711(51471,5_1 ‘7])(5)—3,]35—1 jp(s)—Q,pS—l !
0 0 1 ce ‘7}7(814@5—1 jp(slg’ps_l jp(s)—Q,pS—l —C2
s_3 s_3
0 0 0 .- 1 g g e
0 0 0 0 1 T ] —epes
0 0 0 0 0 (N N P
R (7311

[ (1)
cps_ljps—l,ps—l
2)
Cpsfljps—l,ps—l
®3)
Cps—ljpsfl,psfl

(p*=3)
6175—1‘7173—1,;0S -1

(p°—2)
Cpsfljps—l,pS—l

(p°-1)
=1 Tps—1 o1 ]

Proof. To prove the result, we first recall, for 1 < k < p*—1, thatdepth(C(z)) = p*—k+1if
and only if DP"~*(C(x)) = (d,d, - -- ,d) € R* for some d(# 0) € R. This, by Proposition
7.2.1, holds if and only if the coefficients of 2P =% zP*~*+1 ... 2Pl in the codeword

(1 — )P *C(z) € Cy,, are equal to d modulo x7° — )\, where d is a non-zero element of R.

(a) Let 1 < k < p* —wand k < p* — 1. To prove the result, we first assume that the
depth of the codeword C(z) € Cy,, is p* — k + 1. This implies that the coefficients
of pP" =k ap*=k+1 .. 2P"~1in the codeword (1 — z)?"~*C(x) € C,, are equal to
d for some non-zero d € R. From this, it follows that ¢y, ¢, - - - , ¢,s_1 satisfy the

matrix equation (7.3.9) with 7 = (—1)?"~**14. Now using the fact that (—1)?"*d =
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s_1 S_1 S—1
cojo(f; ) 4+ 01.71(2 RS cps,ljp(f_Lk) and co, ¢, -+, cps_1 € (7°), we see that

d € (v)\ {0}.

Now to prove the converse part, suppose that ¢y, ¢1, -+ , ¢, € {(y*1)

and ¢y, Cyy1,

-, ¢ps_1 € {7*) satisfy the matrix equation (7.3.9) with 7 € (7*) \ {0}. Here we
observe that C(x) = cg + ¢1(x —ap) + -+ cu1(x — @) P+ cu(x —ag)* + - +
cps—1(x — )P 71 € Cy,, and that the coefficients of zP" % xP"~k+1 ... 27"~ in the
codeword (1 — z)?"~*C(x) € Cy,, are equal to (—1)?"~**17 modulo z7° — \. From

this, it follows that depth(C'(x)) = p® — k + 1. This completes the proof of the part
().

(b) Nextletp® —u+ 1 <k < p®— 1. Here we first assume that the depth of the codeword
C(z) € Cy,is p°—k+1. This implies that the coefficients of xP" % P =F+1 ... gp"=1
in the codeword (1 — x)?"~*C(z) € C;,, are equal to d for some non-zero d € R.
From this, it follows that cg, ¢y, - - - , ¢ps_q satisfy (7.3.9) with 7 = (—1)P"""1d. As
o, C1y e+ Cps_1 € (7'), we have ¢; = v'd;, where d; € R for 0 < i < p® — 1. Since
Co,C1y Cum1 € (YY), we have dy, dy, -+ ,d,_1 € {7). Now using the fact that
(—=1)P"~*d = ¢y +ck+1j,§f,’;_1) +-- -+cps_1jp(f:;) and cx_1, Cr, -, Cps_1 € (7)),
we see that d € (7*). So we can write (—1)?""¥+1d = 4¢g for some g € R. Now as

0, C1y v+ Cps—y satisfy (7.3.9) with 7 = (—1)P""*1d we get
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(A A I A S Ay R
0 1 j2(7ks k+1) jk(p;kkﬂ) jkp —k+1) Aty
k+2) S —k+2

0 0 1 e jk(p2 k jk(]il,k ) —~tdy

(r°-2)
0 0 0 1 T

k—1,k _')’Edk—Q
0 0 0 0 1 '
| 1 =7 dk—l_

=k

p’—1
Yo+ X 4T5 )
j=k

P r-2)
’Y€<9‘|‘ > 4Tk )

i=h

p°—1 (psfl)
o+ S 475

J:

From this and using the fact that 0 < ¢ < e— 1 and dy, dy,- - ,d,_1 € (7y), we obtain
—g = j(ps k+du+1 u+1kk) +ds 1j5 1k;? (1)
_g _ j k+1 + du+1 ju+1 kkJrl) 4 d . jf 1];:*1)’ (2)
G = LITTV LG YT B TR, (3)
_g - d_uju(ﬁ; 3)+du+1 ju+1k +ds 1«.7(sp 122)7 (k_2)
G = GIG D 4T T A+ A T, (k—1)

-5 = 4, I% JED g Jum e 1J<f - (k)
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Next for u < 7 < p® — 1, we observe that

j j(l) LA +\7Z(P —1 ps—1

= (z— 1) (2 — ap)’

= (z—1)(z - 1" (2 - a)’

= @I+ T D+ gy,

N A
«Z(i 1k+2 — j(p —k+1) jlfi k2
T = TR =T
VAN A

In view of this and by subtracting the equation (¢ + 1) from the equation (¢) for

1<t<k—1,weget

jj’; T A T v d s TV ) =0,
jﬁc 7116+2 + du+1 ju+17kk+12 +-o+ d s —1 jsp 12+21) =0,
juk 1 "‘ du+1 ju+1 po Tt dps—l jp(szic)fl =0,

. j,j’; D den TE o e TP =0

(7.3.12)

Further, by Lemma 7.3.5, we see thata k — 1 x & — 1 matrix formed by any k& — 1

consecutive columns of A,:_; is invertible over R, which implies a matrix formed

by the last £ — 1 columns of A,s_;; is invertible over R. This further implies that

the last p° — u columns of A,s_;; are linear independent over R,asp* —u<k—1.
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From this and by (7.3.12), we get

which implies that d,,, dy11,- - ,dps_1 € (7). As ¢; = Ad; for u < i < p* — 1,
we see that ¢,, Cyp 1, -, Cps—1 € (y*T). This shows that cp, ¢y, -+, cps—1 € (Y1),
Now using the fact that (—1)?"**1d = ¢;,_; + Ck;+1jkff];:71) +- 4 cps,l%(f:’? and

Ck—1,Cky " ,Cps—1 € <’7£+1>7 we get d e <’YE+1>_

Now to prove the converse part, suppose that cg, ¢y, -+, cps—1 € (Y1) satisfy the
matrix equation (7.3.10) with 7 € (v*+1)\ {0}. From this, we observe that C(x) = ¢+
cr(r—ap)+- - Feu1(T—ag) e, (T—ag) + - +eps_1(z—ag)?” ! € Cp,, and that
the coefficients of zP" % xP"~*k+1 ... 27"~ in the codeword (1 — x)P"*C(z) € Cy.
are equal to (—1)?"~**+17 modulo " — \. This implies that depth(C(x)) = p* —k+1.
This proves (b).

(c¢) Here working in a similar manner as in part (b), we observe that depth(C'(z)) = 1 if

and only if the coefficients of z, 22, - -+ | 27"~ in the codeword (1 — x)C(x) are zero
modulo z7° — )\, which holds if and only if g, ¢y, - - -, ¢,s_; satisfy the matrix equation
(7.3.11) with cg, c1, - -+ ,¢ps 1 € (1) whenu > 1.

This completes the proof of the theorem. [

In the following theorem, we determine depth distributions of all A-constacyclic codes of
length p® over R when o # 1.
Theorem 7.34. Let A\ = o + ~3, where ap € T \ {0,1} and 3 is a unit in R. Let
Cow = (7*(x — ap)") be a non-trivial A-constacyclic code of length p* over R, where
0</¢<e—1land0 < u < p° If D,(C,) denotes the number of codewords in C having

the depth as p for 1 < p < p®, then we have

prle—t=1) _ 1 ifp=1andu > 1,

Dp(cf,u) — pm(e—é—l) _ 1)pm(e—£—1)(p—1) if2 < p < u;

(
(

pmle=d) _ 1)pm{(€—€)(ﬂ—1)—u} ifu+1<p<p
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Proof. Here we need to determine the numbers Dj:_;1(Ce,,) for 1 < k < p°. For this, we
see, by Lemma 7.3.1, that each non-zero codeword C'(x) € Cy, can be uniquely expressed

as

C(z) = co+eci(x—ap)+ -+ cumr( — )"+ cul® — )™ + cupr(z — )"+

coot e (T — )T

where cg, c1, -+ ,cu—1 € (Y1) and ¢y, cuy1, o+, 1 € (7F). Now we shall distinguish
the following three cases: (i) 1 <k <p’—wandk <p°—1(Gi)p°’ —u+1<k<p°—1
and (iii) £ = p°.

(i Let1 < k < p* —wand k < p* — 1. Here by Theorem 7.3.3(a), we see that
depth(C'(x)) = p* — k + 1 if and only if ¢o, ¢1, - - - , ¢ps—1 satisfy the matrix equation
(7.3.9) for some non-zero 7 € (7*). Using this and by applying Lemma 7.3.5, we

obtain

Dy p41(Cou) = (p™9 — 1)prilemtDutlemOr i},

(ii) Nextlet p* —u+ 1 < k < p® — 1. Here by applying Theorem 7.3.3(b), we see that
depth(C(z)) = p* — k + 1 if and only if ¢y, 1, - , cps_1 € (y*F1) satisfy the matrix

equation (7.3.10) for some non-zero 7 € (**!). From this, we observe that

Dps—k—i-l(cf,u) _ (pm(e—é—l) o 1)pm(e—€—1)(ps—k)'

(iii) Let k£ = p®, so that we have p* — k + 1 = 1. Here by applying Theorem 7.3.3(c), we
see that depth(C'(z)) = 1 if and only if ¢y, ¢y, - - - , ¢ps—1 satisfy the matrix equation
(7.3.11) with cg, ¢1, - -+, ¢ps—1 € (y*T') when u > 1. Now using the fact that C'(z) #

0, cps_1 € (¥*F1) whenu > 1 and ¢,s_; € (v*) when u = 0, one can observe that

pe=t=1 1 when u > 1;
Dl(cﬁ,u) =

prle=t 1 when u = 0.

This completes the proof of the theorem. [
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In the following corollary, we determine depth spectra of all A-constacyclic codes of
length p® over R when o # 1.
Corollary 7.3.2. Let A = alf +~3, where ap € 7 \ {0,1} and 3 is a unit in R. Let
Crw = (¥*(x — ap)") be a non-trivial A-constacyclic code of length p* over R, where

0<{¢{<e—1and0 < u < p°. Then the depth spectrum of the code C,,, is given by

{1,2,---,p°} if0</<e-—2;
Depth(Cr.) =
{u+1u+2,--- p°} ifl=e—1.
Proof. It follows immediately from Theorem 7.3.4. [

In the next section, we will propose two new turn-based two player roulette games and
provide positional winning strategies for these games in terms of depths of words over a

finite commutative ring with unity R.

7.4 Roulette games

A turn-based two player game is defined as a game played between two players in which
the moves of the players are interleaved. The board games such as chess and tic-tac-toe
are classical examples of turn-based two player games. A two player game is solved by
providing a winning strategy for one of the players. In general, a winning strategy for a
player is defined as a finite sequence of moves (i.e., a strategy) that enables the player to
achieve the game target, irrespective of the moves of the opponent. Further, a winning
strategy is said to be optimal if there is no other winning strategy that ensures the win for the
player in a fewer number of moves. For more details, please refer to [59, 60, 85]. A winning
strategy is said to be positional if it depends only on the current position of the play and not

on the history of the play [18].

To define the roulette games, throughout this section, let R be a finite commutative ring
with unity 1, and let 7y = 0, 71,75, ,7,_1 be all the distinct elements of the ring R,
where 7y = 0 is the zero element of R. Here when o > 3, we shall identify a roulette by a

regular polygon having o sides, which are labelled as rg, 1,72, -+ , 7,1 cyclically in the
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FIGURE 7.1: Roulette when ¢ > 3

anticlockwise direction (see Figure 7.1). Since a regular polygon with o number of sides has
a rotational symmetry of order o, we assume that each roulette is free to rotate by an angle

of @ X u in the anticlockwise direction, where 0 < v < o — 1 is an integer.

On the other hand, when o = 2, we have R = Z, = {0, 1}. Here we shall identify a
roulette by a drinking glass. The drinking glass in the upright position corresponds to the
element 0 € Z,, while the drinking glass in the upside down position corresponds to the

element 1 € Z,.

7.4.1 Gamel

Consider the following game for two players, Player A and Player B, who are standing by
a table. We assume that Player A is the adversary and Player B is blind. The game starts
when Player B (blind) instructs Player A (the adversary) to place /N drinking glasses on the
table in a row, either in the upright position or in the upside down position, in such a way
that not all glasses have the same orientation, where N > 2 is an integer. Player A labels
these glasses as 0,1,2,--- | N — 1 from left to right. During the course of the game, Player
A will keep on removing either the leftmost glass or the rightmost glass (but not both) from
the row of glasses on the table before following instructions of Player B, unless all glasses
on the table are in the upright position. At the same time, Player B attempts to force Player
A to put all glasses on the table in the upright position by providing suitable instructions.

For/ =1,2,3,--- , N — 1, the ¢-th round of the game goes in the following manner.

I. Player B provides the key K, | = (k;[()f_l), kgé_l), R k%:?_l) € ZY " to Player A.
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~
I have placed 4 glasses on the
table as per your instructions

Please apply the ‘
key Ko=(0,1,1). ‘

Let us start the game. Please place 4
drinking glasses on the table in a row
such that the first glass from the left and labelled these glasses as
p is in the upright position and the other 0, 1, 2, 3 from left to right.

3 glasses are in the upside down position|

= %X’GD(

Please apply the key ] To stop Player B from winning the game,
I will first remove the leftmost glass from
the row of glasses on the table, relabel
the left glass on the table as O and the
right glass on the table as 1, and then
invert the O-th glass as per the key K;.

§ To stop Player B from winning the game,
I will first remove the leftmost glass from
the row of glasses on the table, relabel
the remaining 3 glasses as 0, 1, 2 from
left to right, and then invert the glasses
labelled as 1 and 2 as per the key K.

1 2 ~

J‘
I Round1 g PiRound 2 h! ‘2| Round 277

Hmm...please apply |To stop Player B from winning the game, I will first
the key K,=(1) now.|remove the left glass on the table, relabel the remaining Player B loses
glass as O, and then invert this glass as per the key K-

2 ] V78 ¢
. =

209 Round 3 l

FIGURE 7.2: Example I

AN
ke sk = o = 4

II. Now Player A removes either the leftmost glass or the rightmost glass (but not
both) from the row of glasses on the table, relabels the remaining N — ¢ glasses
as 0,1,2,--- | N — ¢ — 1 from left to right, and inverts these glasses as per the key
K,_1, i.e., Player A inverts the i-glass on the table if and only if k;l(z_l) = 1 for

0 <¢ < N — ¢ — 1. This completes the ¢-th round.

III. Player B wins the game after the /-th round if all the N — ¢ glasses on the table are in

the upright position. Otherwise, the game continues with the (¢ + 1)-th round.

We say that Player B wins the game if there exists an integer ¢ satisfying 1 </ < N — 1
such that all glasses on the table are in the upright position after the /-th round. Otherwise,

Player B loses the game. [

We illustrate this game in Figures 7.2 and 7.3. We further generalize this game for larger

alphabet sizes as follows:
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—~— ~
1§ I have placed 4 glasses on the

Please apply the

Let us start the game. Please Plaoe 4 table as per your instructions key Ko=(0,1,0).
drinking glasses on the table in a row such and labelled these glasses as 2~
that 1st and 3rd glasses from the left are > 0, 1, 2, 3 from left to right o7

in the upright position and the other two

~ N\
glasses are in the upside down position. jre

—
— -

/]

Please apply the key ) Hmm.....Player B is going to win this game
whether I remove the leftmost or the rightmost
K;=(1,1) now.

1 glass before applying the key K;. I will remove the
glasses as 0, 1, 2 from left to right, and invert rightmost glass, relabel the left glass on the table

Player B wins the
the glass labelled as 1 as per the key Ko. as 0 and the right glass on the table as 1, and game in 2 rounds.

5 R then invert these two glasses as per the key K;.
< ® ‘ v v
& 2 AAN oo |
% W Y e “‘? y e 0
/7 B , ]
‘M Round 1 ' Round 2" |/ /= | Round 2 |

LUl

KTO stop Player B from winning the game, I will
first remove the leftmost glass from the row of
glasses on the table, relabel the remaining 3

FIGURE 7.3: Example II

A generalization of Game 1 for larger alphabet sizes

Consider the following game for two players, Player A (the adversary) and Player B
(blind), who are standing by a table. The game starts when Player B (blind) instructs Player A
(the adversary) to place NV identical roulettes on the table and to fix the orientations of these
roulettes in such a way that each roulette has a side parallel to the row of roulettes and visible
to both the players and that this particular side is not labelled by the same element of the ring

R (i.e., these N roulettes do not have the same orientation). Further, Player A labels these

N roulettes as 0,1,2,--- , N — 1 as we move from left to right. In other words, the game
starts when Player B chooses a non-repeated word Wy, = (WO(O), Wl(o), e, W](\? ) ) € RN

(called the initial word), and instructs Player A to fix the orientations of all the N roulettes
on the table in such a way that the side of the j-th roulette parallel to the row of roulettes

and visible to both the players is labelled by the ring element WJ-(O) cRfor0<j<N-—1.

During the course of the game, Player A has the freedom to remove either the leftmost
roulette or the rightmost roulette (but not both) from the row of roulettes on the table before
following the instructions of Player B, unless the side of each roulette parallel to the row
of roulettes and visible to both the players is labelled by the zero element ry = 0 of the
ring [2. At the same time, Player B attempts to force Player A to fix positions of all the
roulettes on the table in this special orientation by providing suitable instructions. Further,

for 1 < /¢ < N — 1, during the /-th round, when Player A removes either the leftmost or the
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e T1 l

FIGURE 7.4: The ¢-th round of Game 1

rightmost roulette from the row of roulettes on the table and relabels the remaining N — /¢
roulettes on the table as 0,1,2,--- | N — ¢ — 1 from left to right, suppose that the side of the
j-th roulette parallel to the row of roulettes and visible to both the players is labelled by the

ring element £,; € Rfor0 < j < N — ¢ — 1 as shown in Figure 7.4.

Now for ¢ =1,2,--- , N — 1, the /-th round of the game goes in the following manner.
I. The ¢-th round of the game starts when Player B provides the key K,_; = (k((f*l),
kg—l), R k%:?_l) € RM~!to Player A. Thereafter, Player A removes either the

rightmost or the leftmost roulette (but not both) from the row of roulettes on the table,
relabels the remaining N — ¢ roulettes as 0, 1,2, --- , N — ¢ — 1 from left to right, and
then rotates these roulettes in such a way that either QM = Wj(ffl) + kj(-gfl) = Wj([)
forOSjS]\f—é—lor,ﬁg,jzl/Vj(+1 —i—k Wj(é)forogjgN—E—l
according as the Player A removes the rightmost or the leftmost roulette from the
row of roulettes on the table. That is, Player A chooses the integer s,_; as 0 or 1
according as the Player A removes the rightmost or the leftmost roulette from the row of
roulettes on the table, relabels the remaining N — ¢ roulettes as 0,1,2,--- N —¢ — 1
from left to right, and then rotates these roulettes on the table in such a way that
Loj = Wj(i;jzl + k](-éfl) = Wj(e) for 0 < 7 < N — ¢ — 1. This completes the ¢-th

round.

II. Player B wins the game after the ¢-th round if £,; = Ofor0 < j < N —/ — 1.

Otherwise, the game continues with the (¢ + 1)-th round.

We say that Player B wins the game if there exists an integer ¢ satisfying 1 </ < N — 1
such that all the roulettes on the table are positioned in such a way that £,; = 0 for

0 <j < N —{— 1 after the /-th round. Otherwise, Player B loses the game. ]
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Next for a word V' = (vg,v1,--+ ,oy_1) € R¥ and 1 < i < N, let us define [V]; =
(vo, v1, V9, -+ ,v;-1) € R" and (V)i = (UN—i, UN—i41, UN—it2," "+ ,UN-1) € R'. Further-
more, define a map £ : RN — RY as E(V) = (vy,v9,++ ,uy_1,09) for each V =

(vo,v1, 09, -+ ,un_1) € RN. Note that D(V) = [E(V) — V]y_, foreach V € RY. We are

now ready to provide a mathematical version of Game 1.
Mathematical version of Game 1

The game starts when Player B chooses a non-repeated word W = (Wéo), Wl(o), cee W](\?zl)
€ RY (called the initial word) and instructs Player A to rotate the roulettes placed on the
table in such a way that the side of the j-th roulette parallel to the row of roulettes and visible
to both the players is labelled by the ring element Wj(o) € Rfor0 < j3 < N — 1. Now for

¢{=1,2,--- N — 1, the ¢-th round of the game goes in the following manner.

I. The /-th round of the game starts when Player B provides the key K, ; = (k((f_l),
I#_l), s k%:?fl) € RM~‘ to Player A. Thereafter, Player A chooses the integer
s¢—1 as 0 or 1 according as the Player A removes the rightmost or the leftmost roulette
from the row of roulettes on the table, relabels the remaining N — ¢ roulettes as

0,1,2,--- , N — { — 1 from left to right, and creates the word W, € RN~* as
W = [E* (Wo )y + Koy = (W0, w9 o owl, ).

Player A further rotates the remaining N — ¢ roulettes on the table in such a way that

Lo = W]@ for0 < j < N — ¢ — 1. This completes the ¢-th round.

II. Player B wins the game after the /-th round if W, = (Wég), Wl(e), ceey W](\f)fzfl) =

(0,0,---,0) € RN=‘. Otherwise, the game continues with the (¢ + 1)-th round.

We say that Player B wins the game if there exists an integer ¢ satisfying 1 < ¢ < N — 1 and
W, = (0,0,---,0) € RN~* (or equivalently, if all the roulettes on the table are positioned
in such a way that £,; = 0 for 0 < j < N — ¢ — 1) after the /-th round. Otherwise, Player

B loses the game. 0

In the following theorem, we show that Player B has no positional winning strategy in

Game 1 if Player B chooses an initial word W, € RY of depth N.
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Theorem 7.4.1. In Game 1, Player B has no positional winning strategy if Player B chooses

an initial word Wy € RY of depth N.

Proof. Let us suppose that Player B chooses an initial word W, € R” of depth N. Here we
will prove that there is no positional winning strategy for Player B. For this, we will show
that given any set of keys suggested by Player B, there is a strategy for Player A, which does

not allow Player B to win the game.

Suppose that Ky, Ky, - - - , Ky _5 are the keys provided by Player B during 1st, 2nd, - - - |
(N —1)-th rounds, respectively. Now for 1 < ¢ < N —2, we assert that there exists an integer
se_1 € {0, 1} such that the depth of the word W, = [E*~* (W,_1)]ny_¢ + K,y € RN s
N — (.

To prove this assertion, for 1 < £ < N—2, letus write DN ~“~1(W,_) = (el V. el ™) €

R? and let us define Uy = Wy 1]y ¢+ Koy € RN “and V; = [E(W,_1)|n_e + Koy €
RN=!for1 < ¢ < N — 2. Now we will apply induction on ¢ > 1.

To prove the assertion for £ = 1, we note that DV ~2(W,) = (e, ¢\”) and depth(1W;) =

N. So we must have eéo) # 650). Next we observe that
DN72(Uy) = [DV2(Wo)]1 + DV 7(Ko) and DV7*(Vi) = (DN 72(Wp))1 + DY (Ky).
This implies that

DN2() = e + DN%(Ky) and DV72(1;) =€l + DV2(K,).

Further, since e # ¢”, both DN=2(U;) and D¥~2(V4) can not be zero. This shows that
either depth(U;) = N — 1 ordepth(V;) = N — 1. Now let us choose the word W, as U; or V;
according as depth(U;) = N — 1 or depth(V;) = N — 1. Thus the above assertion holds
when ¢ = 1.

Now let ¢, be a fixed integer satisfying 2 < ¢, < N — 2. Suppose that the above assertion
holds for ¢ = ¢y — 1. That is, there exists an integer sy,_o € {0, 1} such that the depth of the
word Wy, 1 = [E%0=2 (Wyy—2)|N—tg+1 + Kig—2 € RN 0T is N — (5 + 1.
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Now to prove the assertion for £ = £, we see that DN 0~ (W, ;) = (e elo™V)

and depth(Wy,_1) = N — {y + 1, which implies that effO‘” + e~V Further, as

DN—ZO—I(UZO) — [DN_eo_l(Wéo—lﬂl + DN—éo—l(KZO_I)

and
DN_ZO_l(Vfo) = <DN_£O_1(W50—1)>1 + DN_EO_I(Kfo—l)v
we get
DN_ZO_l(UZO) _ 6(()60—1) + DN_EO_l(KKO—l)
and

DN—fo—l(véo) — eg@o—l) + DN_KO_l(KZO—l)-

As el £ 0D poth DN~%-1(U,,) and DN~%1(V},) can not be zero. Now let us
choose the word W, as Uy, or V, according as depth(U,,) = N —{, or depth(Vj,) = N —/j.

This completes the proof of the assertion.

Now let us consider the scenario, in which Player A, being the adversary, chooses an
integer s, € {0, 1} such that the depth of the word W, = [E**-* (W,_1)|n_¢ + Ks_1 €
RN-tis N —/lforl <{¢{< N —2. By the above assertion, we see that such an integer
se_1 always exists for 1 < ¢ < N — 2, Wy_o € R? and depth(IWWy_5) = 2. Now as
Wy_o = (W()(Nfz), Wl(Nfz)), we must have WO(N”) # WfoQ). From this, we see that
either Wy _s]1 + Ky o = WO(N_2) + Ky 2 #0or [E(Wy_2)]i + Ky = Wl(N_2) +
Ky_ 2 # 0. Now Player A, being the adversary, will choose sy o € {0,1} such that
Wy_y1 = [E*¥-2 (Wy_2)]1 + Kn_2 # 0. Hence Player B loses the game.

This completes the proof of the theorem. 0

In the following theorem, we show that Player B has a positional winning strategy in
Game 1 if Player B chooses an initial word W, € RY of depth at most N — 1.
Theorem 7.4.2. In Game 1, Player B has a positional winning strategy if Player B chooses

an initial word Wy € R satisfying depth(W,) < N — 1.
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Proof. Suppose that Player B chooses an initial word W, € RY satisfying depth(W,) =

t < N — 1. Note that IV is a non-repeated word. Now the following sequence of moves is a

winning strategy (x) for Player B:

L.

II.

Player B provides the key Ko = —[Wy]y_1 € RV~ to Player A. Now Player A, being
the adversary, chooses the integer so = 1 (i.e., removes the leftmost roulette from the

row of roulettes on the table), creates the word W, € RN ~! as
Wi = [E(Wy)]n-1 + Ko = [E(Wo)|n-1 — [Wo]n-1 = D(Wy),

relabels the remaining N — 1 roulettes on the table as 0,1,2,--- , N — 2 from left to

right, and rotates these roulettes in such a way that
(31,07 21,17 e ,£17N72) == Wl = D(Wo)

That is, Player A holds the word W; = D(W}) after the first round.

Next for ¢ = 2,3, --- , N — 1 respectively, do the following steps: Assume that after
the (¢ — 1)-th round, Player A (the adversary) holds the word W,_; = D*"1(W,) €
RN=1 Thereafter, Player B provides the key K,_; = —[D*"}(Wj)|ny_r € RN~
to Player A. Now Player A, being the adversary, chooses the integer s,—; = 1 (i.e.,
removes the leftmost roulette from the row of roulettes on the table), creates the word

W, € RN~ as
Wy = [E(We_1)n—e + Kooy = [E(D ™ (W) In—e — [D (W)l v—r = D" (Wy),

relabels the remaining N — /¢ roulettes on the table as 0,1,2,--- , N — ¢ — 1 from left

to right, and rotates these roulettes in such a way that
(26,07 26,17 te ,257]\1_(_1) = Wg = DE(WO).

That is, Player A holds the word W, = D*(W}) after the /-th round.

Now as depth(Wy) =t < N — 1, we have W, = DY (W) = (0,0,--- ,0) € RN, This
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implies that after ¢ rounds, all the remaining N — ¢ roulettes on the table are positioned in
such a way that £, ; = 0 for 0 < 7 < N —t — 1. Hence Player B will win the game in at

most ¢ rounds. O]

Remark 7.4.1. By Theorem 7.4.1, we note that Player B will always lose Game 1 if Player
B chooses an initial word 1, € R" of depth N. On the other hand, if Player B chooses an
initial word W, € RY of depth ¢t < N — 1, then by Theorem 7.4.2, we see that Player B will

win this game in at most ¢ rounds by following the strategy (x).

In the following theorem, we show that the winning strategy (), provided in the proof of
Theorem 7.4.2, is an optimal winning strategy for Player B in Game 1.
Theorem 7.4.3. In Game 1, suppose that Player B chooses an initial word W, € R" such
that depth(1Wy) = ¢t < N — 1. Then there is no strategy that forces a win for Player B in less
than ¢ rounds. As a consequence, the winning strategy (%), provided in the proof of Theorem

7.4.2, 1s an optimal winning strategy for Player B.

Proof. As depth(W,) =t < N — 1, by following the winning strategy (x) provided in the

proof of Theorem 7.4.2, we see that Player B will win the game in at most ¢ rounds.

Now to prove the result, we will show that given any set of keys provided by Player B,
there is a strategy for Player A, which does not allow Player B to win the game in less than ¢

rounds.

To do this, suppose that Player B provides the keys Kq, K1, - - - , Ky_5 during 1st, 2nd,
-, (N —1)-th rounds, respectively. For 1 < ¢ < ¢— 1, we assert that there exists an integer
se_1 € {0,1} such that the depth of the word W, = [E%1 (W,_1)|n_¢ + K,y € RNt is

at least ¢t — /.

To prove the assertion, let us define U, = [Wy 4]y + Koy € RN Y and V, =
[E(We_1)n—e + Kio1 € RV=ffor1 < ¢ <t — 1. Now we will apply induction on
?>1.

To prove the above assertion for ¢ = 1, we note that depth(WW;) = ¢. This implies that

D'2(Wy) = (d,d + f,d+2f,--- ,d+ (N —t+1)f),
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where d, f € R and f # 0. Further, let us write D'"2(Ky) = (o, {1, ,{n_) € RN 7L,

From this, we observe that

D' (Uy) = [D"2(Wo)ln-er1 + D" *(Ky)

= (d+ by, d+ f+l,d+2f +Llo,-- ,d+ (N —1t)f +ln_y)
and

D2 (Vi) = (D'7H(Wo)) -1 + D2 (Ko)
= (d+f+l,d+2f +l1,d+3f+ Ly, ,d+ (N —t+1)f +ln_y).

Now as f is non-zero, we see that both D'~2(U;) and D'~2(V}) can not be zero. This implies
that either depth(U;) > t — 1 or depth(V;) > t — 1. Let us choose W as either U; or V7,
according as depth(U;) >t — 1 or depth(V}) > ¢t — 1. Thus the result holds when ¢ = 1.

Now we assume that 1 < h < ¢ — 2 is a fixed integer. Suppose that the result holds
for { = h. That is, there exists an integer s,_; € {0, 1} such that the depth of the word
Wy, = [E= (Wy,_1)]nv_n + Ky_1 € RN""isatleastt — h. Let depth(W},) = dj, >t — h.

This implies that
D 2(Wy,) = (v, v +w,v + 2w, v+ (N —dy, —h+ 1w),

where v,w € R and w # 0. Further, let us write D%2(K},) = (bo, b1, ,bx_a, 1) €

RN—dn=h+1 From this, we observe that

D" 2(Upr) = [D"*(Wh)|n—dp—nt1 + D" 2(Kp)

= (v+by,v+w+by, -, v+ (N—d,—h)w+by_g,-n)
and

D" (Viy) = (D" (Wi))n—dy—hs1 + D" >(Kp)

= (w+w+by,v+2w+by,--- v+ (N—dp—h+1)w+by_g,—n)-
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I have placed 4
drinking glasses on
ring Rs at positions 0,

N |

FIGURE 7.5: Example III

Since w is non-zero, both D% ~2(U,,, ;) and D%~2(V} ;1) can not be zero. This shows that
either depth(Uj41) > d, — 1 or depth(V},41) > dj, — 1. Let us choose W, 1 as Uy or Vi1
according as depth(Uy41) > dj, — 1 or depth(Vj, 1) > dp, — 1. As dj, > t — h, we see that

depth(W),41) > dj, — 1 > t — h — 1, which completes the proof of the assertion.

Now for 1 < ¢ <t — 1, during the /-th round, Player A, being the adversary, chooses
an integer s,_; € {0, 1} such that the depth of the word W, = [E*-1 (W,_1)|n—¢ + K1
is at least t — {. In particular, we have depth(W;_;) > 1, which implies that W, ; #
(0,0,---,0) € RN~ This shows that given any set of keys provided by Player B, there is

a strategy for Player A that does not allow Player B to win the game in less than ¢ rounds.

This completes the proof of the theorem. U

Remark 7.4.2. In Game 1, we impose the constraint that Player B has to choose the initial
word W) as a non-repeated word of R". This is because, if Player B in Game 1 chooses
the initial word T, as a non-zero repeated-word in R, then by providing the key K, =
—[Wo]n—1 in Game 1, Player B will win the game immediately after the first round. Hence
Game 1 would be trivial when Player B is allowed to choose the initial word W, as a non-zero

repeated word of RY.

7.4.2 Game 2

Consider the following game for two players, Player A (the adversary) and Player B,
who are standing by a round table. Suppose that the top of the round table is made up of

N concentric rings, which are labelled as Ry, Rs,--- , Ry, as we move from the centre
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Let us start the game,
I have placed 4 Player B wins
drinking glasses on the game.
L ring R4 at positions 0, S 'Y ‘Y
1,2and3. I have rotated ring R4
By by 180 degrees in the ) Ry
anticlockwise direction.

By 5 0 R, 2 4

FIGURE 7.6: Example IV

of the round table towards the outermost ring. Further, suppose that the ring Ry (i.e., the
outermost ring) can rotate freely by an angle of % x u in the anticlockwise direction, where
0 <u< N —1lisaninteger. For 1 < i < N, let us mark ¢ equidistant positions on ring R;
and label these positions as 0, 1,2, - - - ,7 — 1 in the anticlockwise direction. The game starts
when Player B places N drinking glasses at each of the NV equispaced positions marked on
ring Ry, either in the upright position or in the upside down position, such that not all glasses
have the same orientation. Thereafter, for: = N — 1, N — 2,--- | 1 respectively, Player A
has to place ¢ drinking glasses at each of the : equispaced positions, viz. 0,1,2,--- ;i — 1,

marked on ring R; with a certain manipulation and by applying the following recursive rule:

For 0 < j <7 — 1, a glass has to be placed at position j on ring R; in

* the upright position if both the glasses placed at positions 7 and j + 1 on ring R, are
either in the upright position or in the upside down position, (i.e., if the glasses placed

at positions j and j + 1 on ring R, have the same orientation).

* the upside down position if one of the glasses placed at positions j and 5 + 1 on ring
R; .4 is in the upside down position and the other glass is in the upright position (i.e., if

the glasses placed at positions j and 7 + 1 on ring R, have the opposite orientation).

Now Player A rotates the outermost ring (i.e. ring Ry) by an angle a multiple of % in
the anticlockwise direction, which leads to a cyclic permutation of the glasses placed on
ring Ry. Now Player A places N — 1 glasses on ring Ry_1, N — 2 glasses on ring Ry_o,
-+, 2 glasses on ring 75 and 1 glass on ring R, (the innermost ring) by applying the above

recursive rule. We say that Player B wins the game if all glasses are placed in the upright
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FIGURE 7.7: Illustration of Game 2

position on some ring of the tabletop. Otherwise, Player B loses the game. U

We illustrate this game in Figures 7.5 and 7.6. We further generalize this game for larger

alphabet sizes as follows:

A generalization of Game 2 for larger alphabet sizes

In order to generalize this game for larger alphabet sizes, we suppose, throughout this
section, that ) is a unit in R. Further, let us define the map E) : RY — RY as E\(V) =
()\UN_l, Vo, V1, ,’UN_Q) foreach V = (Uo, V1,0V, " ,UN_1) € RN. The map E/\ is called

the \-constacyclic shift operator on R” .

Now consider the following game for two players, Player A (the adversary) and Player B,
who are standing by a round table, whose top is made up of N concentric rings as shown
in Figure 7.7. Suppose that these N concentric rings on the round table are labelled as
Ry, Ry, -+, Ry, as we move from the centre of the round table towards the outer ring.
Further, suppose that ring Ry (i.e., the outermost ring) can rotate freely by an angle of
360°

=5~ X uw in the anticlockwise direction, where 0 < v < N — 11is an integer. For 1 <7 < N,

let us mark 7 equidistant points on ring R;, place 7 identical roulettes on each of these points
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in such a way that each roulette has a side nearest to the centre and parallel to a diameter
(i.e., a chord passing through the centre) of the round table and label these roulettes as
Rio, Rix, -+, N1 in the anticlockwise direction. For 1 <7 < Nand 0 < j <14 —1,
suppose that the side of the roulette fR; ; nearest to the centre and parallel to a diameter of
the round table is labelled by the ring element £, ; € R. We also assume that if the side of
the roulette R v ; nearest to the centre and parallel to a diameter of the round table is labelled

by the element a; € R for 0 < j < N — 1, then the rotation of the ring R by an angle of

360°

SN~ X u gives rise to rotation of the roulettes placed on the ring Ry in such a way that

(gN,OwSN,h e aSN,N—l) = E;f(amala e 7CLN—1)

= ()\aN—m AaN—u—l—la co L AaN—1, G0, A1, 7aN—u—1)7

where w is an integer satisfying 0 < u < N — 1. Now we describe the game as follows:

I. The game starts when Player B chooses a non-zero word Wy = (ag, a1, -+, an_1)
€ RN when )\ # 1, while Player B chooses a non-repeated word Wy = (ag, ay, - - - ,
an_1) € RN when \ = 1. The word W, is called the initial word. Further, Player B
fixes the orientation of the roulettes on ring Ry in such a way that £y ; = a; € R for
0 <j < N — 1. Now Player A chooses an integer u satisfying 0 <« < N — 1 and

rotates ring R by an angle of u x %, which gives rise to

Aan_yy; f0<j<u—1,;
LN =
an—uy; fu<j<N-—1,
where the subscript N — u + j is taken modulo V. Further, positions of the roulettes

placed onrings Ry_1, Rn_o, Ry—_3, -, Ro, Ry are fixed recursively by the following

relation for1 < 7 < N — 1:

En-ji=Lnjiritt — Ln—jyr,; for 0<i<N—j-1

II. Player B wins the game if there exists an integer ¢ satisfying 1 < ¢ < N — 1 and

£Li; = 0for 0 < j <i— 1. Otherwise, Player B loses the game. [
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In order to further study this game, we now describe a mathematical version of Game 2.

Mathematical version of Game 2

I. The game starts when Player B chooses a non-zero word Wy = (ag, a1, - ,ay_1) €

II.

RY when X\ # 1, while Player B chooses a non-repeated word Wy = (ag,ay, - ,
an_1) € RN when A\ = 1. The word W, € R" is called the initial word. Further,
Player B fixes the orientation of the roulettes placed on ring Ry in such a way that
Ly; = a; for 0 < j < N — 1. Now Player A (the adversary) chooses an integer u
satisfying 0 < v < N — 1 and rotates the ring Ry by an angle of % X u, which
gives rise to rotation of the roulettes placed on ring Ry in such a way that

Aan_yy; f0<j<u—1,;

LN =

aN—yt; fu<j<N-—1,
where the subscript N — u + 7 is taken modulo . That is, Player A creates the word
Uy = E}(W,) and rotates the ring Ry by an angle of % X u, which gives rise to

rotation of the NV roulettes on this outermost ring (i.e., ring [2) in such a way that
(Lnvo, &Ny, Env—1) = Uy = EY(Wy).

Further, Player A creates the words U; € RY"1 Uy, € RN"2,... \Uy_; € Rby

recursively applying the following relation for / = 1,2, --- | N — 1 respectively:
Uy = [E(Us-1) = Ura]ln—¢ = D(Up—1) = D*(Up),
and rotates the roulettes placed on ring Ry _, in such a way that

(Ln_r0: EN—t1s  Enogn—e-1) =Up = D (Uy)

forl </{< N -—-1.

Player B wins the game if there exists an integer ¢ satisfying 1 < ¢/ < N — 1 and
Uy = (0,0,---,0) € RN=¢ (or equivalently, if there exists an integer ¢ such that

1 < ¢ < N — 1 and all the roulettes placed on ring Ry _, are positioned in such a way
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that £nx_; = 0 for 0 < j < N — £ — 1). Otherwise, Player B loses the game. O

In the following theorem, we derive a necessary and sufficient condition for Player B to
have a winning strategy in Game 2.
Theorem 7.4.4. In Game 2, Player B has a winning strategy if and only if Player B chooses
an initial word Wy € R” satisfying depth(EY(W,)) < N —1for0 <u < N — 1.

Proof. One can easily observe that Player B wins the game if and only if Player B chooses
the initial word W, € R such that W and all its \-constacyclic shifts have depths at most
N — 1. From this, the desired result follows immediately. L]
Remark 7.4.3. When A\ = 1, we impose the constraint that Player B has to choose the initial
word W, as a non-repeated word of R”. For, if Player B chooses the initial word W}, as
a non-zero repeated word of R, then the word W}, and all its A-constacyclic (i.e., cyclic)
shifts have depth 1, and hence all the roulettes placed on rings Ry_1, Ry_2, -+, Ro, Ry
will have the desired orientation. Therefore, when A\ = 1, Game 2 would be trivial and
non-interesting if we allow Player B to choose the initial word ¥, as a non-zero repeated
word of RY.
Remark 7.4.4. (a) One may slightly modify Games 1 and 2, and associate some monetary
gain with the winning of Player B. For instance, if Player B wins after the i-th round

(resp. ring R;) in Game 1 (resp. Game 2) for some integer 1 <7 < N — 1, then one

may say that Player B wins the game with 14+24--- 4+ (N —i) = w points
(resp. 1 +2+---+1= @ points), and a monetary gain may be associated with

the win accordingly. In such a scenario, Player B intends to win the game as early as

possible for a high monetary gain.

(b) In Game 1, Player B has a positional winning strategy if and only if Player B chooses
the initial word W) as a non-repeated word of R with depth at most N — 1 (Theorems
7.4.1 and 7.4.2). Further, the positional winning strategy (%), provided in the proof of
Theorem 7.4.2, is an optimal winning strategy for Player B in the sense that if Player
B chooses a non-repeated initial word W, € RY of depth t < N, then Player B will
win the game in at most ¢ rounds and there is no other winning strategy for Player

B that ensures the win in less than ¢ rounds (Theorem 7.4.3). So Player B intends
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(©)

to choose the initial word W) as a non-repeated word of R with a smaller depth to
win the game as early as possible. By applying Theorems 7.3.1 and 7.3.3, one can
determine several choices for the word W, € R?" of a given depth ¢ < p®. These two
theorems also establish the feasibility of the winning strategy proposed for Player B in
Game 1, and also provide methods to determine several choices for the initial word

W, € RP’ that ensures the win for Player B in Game 1 after a certain round.

In Game 2, Player B has a winning strategy if and only if Player B chooses the initial
word Wy, € RY such that the word W), and all its A-constacyclic shifts have depths at
most N — 1 (Theorem 7.4.4). Note that a word and its constacyclic shift may not have
the same depth. By Corollary 7.3.1, we see that for 1 < u < p* — 1, each codeword
C(z) of the (1 + /3)-constacyclic code C._1,, = (¢~ *(z — 1)*) of length p* over
R satisfies the property that the codeword C'(x) and all its (1 + ~/3)-constacyclic
shifts have depths at most p® — 1. This establishes the feasibility of Game 2 when
N =p°, R="TRand A = 1+ /3, and also provides several non-trivial choices for the
initial word W, € R?" satisfying the property that the word W and all its (1 + v/3)-
constacyclic shifts have depths at most p® — 1. That is, Player B will win Game 2 by
choosing any codeword of (1 + f3)-constacyclic codes C._11,Ce—12, - ,Ce—1ps—1
of length p* over R as the initial word W, € R?". This shows that there are several
choices for the initial word W, € RP that ensures the win for Player B in Game 2

when N = p°, R=TRand A = 1 + (3 with § a unitin R.






Chapter 8

Conclusion and future work

Constructing codes that are easy to encode and decode, can detect and correct many errors
and have a sufficiently large number of codewords is the primary aim of coding theory.
Several metrics (e.g. Hamming metric, Lee metric, RT metric, etc.) have been introduced
to study error-detecting and error-correcting properties of a code with respect to various
communication channels. The Singleton bound is an upper bound on the size of the code in
terms of the cardinality of the code alphabet, length of the code, and distance of the code.
The codes that attain the Singleton bound have the highest possible value of distance for
given code length, code size and alphabet size, and hence are called maximum distance
separable (MDS) codes. MDS codes are optimal codes in the sense that these codes have
the highest possible error-detecting and error-correcting capabilities for given code length,
code size and alphabet size. Thus it is of great interest to study and find MDS codes with
respect to various metrics. In this thesis, several MDS codes are obtained within the family
of constacyclic codes over finite commutative chain rings with respect to Hamming, RT,

symbol-pair and b-symbol metrics.

8.1 Conclusion

Below we summarize some of the main results derived in the thesis.

* All repeated-root constacyclic codes of arbitrary lengths over the Galois ring GR(p?, m)
are determined, where p is a prime and m is a positive integer. Their sizes and their
dual codes are also explicitly determined. As an application, some isodual constacyclic

codes over GR(p?, m) are identified.

213
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Chapter 8 Conclusion and future work

« All repeated-root constacyclic codes of arbitrary lengths over the chain ring Fm [u] / (u?)

are explicitly determined, where p is a prime, m is a positive integer and [F,» is the
finite field of order p™. Their sizes and their dual codes are determined. Some isodual
codes are also identified within this class of constacyclic codes. Besides this, Hamming
distances, RT distances and RT weight distributions are obtained for several consta-
cyclic codes over Fym[u]/(u?). By applying these results, several MDS Hamming and

MDS RT codes are identified within this class of codes.

Algebraic structures of all repeated-root constacyclic codes of prime power lengths
over an arbitrary finite commutative chain ring R are established. Their sizes, symbol-
pair distances, RT distances, and RT weight distributions are explicitly determined.
Necessary and sufficient conditions are derived for a repeated-root constacyclic code of
prime power length over R to be (i) an MDS Hamming code (ii) an MDS symbol-pair
code and (ii1) an MDS RT code. All MDS Hamming, MDS symbol-pair and MDS RT
codes belonging to this special class of constacyclic codes are listed. An algorithm
to decode repeated-root constacyclic codes of prime power lengths over R is also

presented with respect to Hamming, symbol-pair and RT metrics.

b-Symbol distances of all repeated-root constacyclic codes of prime power lengths
over finite fields are explicitly determined. Using this result, all MDS b-symbol codes
belonging to this class of constacyclic codes are identified. It is also shown that
the b-symbol distance of a linear code of an arbitrary length over R is equal to the
b-symbol distance of its (¢ — 1)th Torsion code. A necessary and sufficient condition
for a linear code of an arbitrary length over R to be an MDS b-symbol code is also
derived. Applying these results, b-symbol distances of all repeated-root constacyclic
codes of prime power lengths over R are explicitly determined, and all MDS b-symbol

codes belonging to this particular class of constacyclic codes over R are listed.

Depths of codewords of all repeated-root (« + 7/3)-constacyclic codes of prime power
lengths over a finite commutative chain ring R are studied, where « is a non-zero
element of the Teichmiiller set of R, ~y is a generator of the maximal ideal of R and 3
is a unit in R. As a consequence, depth distributions of all repeated-root (a + v[3)-

constacyclic codes of prime power lengths over R are explicitly determined.
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* Two new turn-based two player roulette games are proposed and positional winning
strategies for these games are discussed in terms of depths of words over a finite
commutative ring with unity R. It is also shown that the winning strategy provided
for Game 1 is optimal. The feasibility of these winning strategies is also discussed by
applying our results on depths of codewords of repeated-root (« + 7/3)-constacyclic

codes of prime power lengths over k.

8.2 Future work

Some of the interesting open problems in this research direction are listed below:

* It would be interesting to determine b-symbol distances of constacyclic codes of non
prime power lengths over R, and to identify MDS b-symbol codes within this class of
constacyclic codes. It would also be interesting to obtain homogeneous distances of
constacyclic codes over finite commutative chain rings. Another interesting problem
is to provide algorithms to decode constacyclic codes over finite commutative chain

rings with respect to b-symbol and homogeneous metrics.

* It would also be an interesting problem to determine dual codes of constacyclic codes

over R and to study their duality properties.

* It would be interesting to determine depth distributions of (« + /3)-constacyclic codes
of prime power lengths over R when /3 is a non-unit in R, and to further determine

depth distributions of constacyclic codes of non-prime power lengths over k.

* It would be interesting to study the feasibility of winning strategies proposed for Player
B in Games 1 and 2 when R is a finite commutative ring with unity (not necessarily a

chain ring) and NV > 2 is an arbitrary integer (not necessarily a prime power).

* Another interesting problem would be to study natural generalizations of Game 1 in
which Player A (the adversary) removes any roulette among the N — ¢+ 1 roulettes on
the table (i.e., when Player A chooses the integer s,_; € {0,1,2,--- , N — ¢}) during
the /-thround for1 </ < N — 1.
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