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ABSTRACT

Constructing codes that are easy to encode and decode, can detect and correct many errors and have

a sufficiently large number of codewords is the primary aim of coding theory. Several metrics (e.g.

Hamming metric, Lee metric, RT metric, etc.) have been introduced to study error-detecting and

error-correcting properties of a code with respect to various communication channels. Among the

prevalent metrics in coding theory, the Hamming metric is the most studied metric and it is suitable for

orthogonal modulated channels. Singleton [74] derived the upper bound (called the Singleton bound)

on the size of an arbitrary block code with respect to the Hamming metric. Linear codes that attain the

Singleton bound are called maximum distance separable (MDS) Hamming codes. Later, motivated by

the problem to transmit messages over several parallel communication channels with some channels

not available for transmission, a non-Hamming metric, called the Rosenbloom-Tsfasman metric (or

RT metric), was introduced by Rosenbloom and Tsfasman [70]; they also derived Singleton bound

for codes with respect to the RT metric. Linear codes that attain the Singleton bound for the RT

metric are called maximum distance separable (MDS) RT codes. Recently, Cassuto and Blaum

[12, 13] established a new coding framework for channels whose outputs are overlapping pairs of

symbols. Such channels are called symbol-pair read channels and the corresponding metric is called

the symbol-pair metric. These channels are more suitable for high density data storage systems in

which the spatial resolution of the reader is insufficient to isolate adjacent symbols. Chee et al. [15]

derived a Singleton-type bound for codes with respect to the symbol-pair metric and constructed many

maximum distance separable (MDS) symbol-pair codes, i.e., the codes attaining the Singleton-type

bound with respect to the symbol-pair metric. Recently, Yaakobi et al. [82] extended the framework

of symbol-pair read channels to b-symbol read channels, whose outputs are consecutive sequences

of b ≥ 3 symbols. The corresponding metric is called the b-symbol metric. In a recent work, Ding

et al. [28] derived a Singleton-type bound for codes over finite fields with respect to the b-symbol

metric. The codes that attain the Singleton-type bound with respect to the b-symbol metric are called

MDS b-symbol codes. MDS codes have the highest possible error-detecting and error-correcting

capabilities for given code length, code size and alphabet size, hence they are considered optimal

codes in that sense. Thus it is of great interest to study and find MDS codes with respect to various

metrics.
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The derivative is a well-known operator of sequences and is useful in investigating the linear

complexity of sequences in game theory, communication theory and cryptography (see [6, 14, 33, 83]).

Etzion [32] first applied the derivative operator on codewords of linear codes over finite fields, and

defined the depth of a codeword in terms of the derivative operator. He showed that there are exactly

k distinct non-zero depths attained by non-zero codewords of a k-dimensional linear code, and that

any k non-zero codewords with distinct depths form a basis of the code. This shows that the depth

distribution is an interesting parameter of linear codes.

In this thesis, we study algebraic structures of repeated-root constacyclic codes over finite commu-

tative chain rings and their dual codes. We also explicitly determine Hamming distances, symbol-pair

distances, b-symbol distances, RT distances, and RT weight distributions of several classes of repeated-

root constacyclic codes over finite commutative chain rings. Using these results, we identify several

isodual, MDS Hamming, MDS RT, MDS symbol-pair and MDS b-symbol codes within the family of

repeated-root constacyclic codes over finite commutative chain rings. We also discuss a decoding

algorithm for repeated-root constacyclic codes of prime power lengths over finite commutative chain

rings with respect to Hamming, symbol-pair and RT metrics. We also study depths of codewords of

a class of repeated-root constacyclic codes over finite commutative chain rings. As a consequence,

we explicitly determine depth distributions of this particular class of constacyclic codes over finite

commutative chain rings. We also introduce two new turn-based roulette games and discuss their

winning strategies by applying our results on depths of codewords of repeated-root constacyclic

codes over finite commutative chain rings. These results are useful in encoding and decoding these

codes and in studying their error-detecting and error-correcting capabilities with respect to various

communication channels.
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Chapter 1

Introduction

The object of this thesis is

• to establish algebraic structures of repeated-root constacyclic codes over finite com-

mutative chain rings and to determine their dual codes.

• to determine Hamming distances, symbol-pair distances, b-symbol distances, Rosenbloom-

Tsfasman distances, and Rosenbloom-Tsfasman weight distributions of repeated-root

constacyclic codes over finite commutative chain rings.

• to identify optimal codes with respect to Hamming, symbol-pair, b-symbol and

Rosenbloom-Tsfasman metrics within the family of repeated-root constacyclic codes

over finite commutative chain rings.

• to discuss a decoding algorithm for repeated-root constacyclic codes of prime power

lengths over finite commutative chain rings with respect to Hamming, symbol-pair

and Rosenbloom-Tsfasman metrics.

• to determine depth distributions of a class of repeated-root constacyclic codes over

finite commutative chain rings.

• to introduce two new turn-based two player roulette games and to discuss their posi-

tional winning strategies by studying depths of codewords of repeated-root constacyclic

codes over finite commutative chain rings.

Now we proceed to describe the problems that we have explored in this thesis.

1



2 Chapter 1 Introduction

1.1 Structure and distances of constacyclic codes over fi-

nite commutative chain rings

One of the primary objectives of coding theory is to construct codes that are easy to

encode and decode, can detect and correct many errors, and contain a sufficiently large

number of codewords. In other words, the goal is to find codes with efficient encoding and

decoding procedures, and with the largest possible value of distance for given code length,

code size and cardinality of the code alphabet. To study error-detecting and error-correcting

properties of a code with respect to various communication channels, several metrics (e.g.

Hamming metric, Lee metric, symbol-pair metric, etc.) have been introduced and studied

in coding theory. The most studied metric in coding theory is the Hamming metric, which

is suitable for orthogonal modulated channels. Singleton [74] derived the following upper

bound (called the Singleton bound) on the size M of an arbitrary block code with respect to

the Hamming metric:

M ≤ qn−d+1, (1.1.1)

where q is the cardinality of the code alphabet, n is the block length and d is the Hamming

distance of the code. Linear codes that attain the Singleton bound (1.1.1) are called maxi-

mum distance separable (MDS) Hamming codes. Later, Rosenbloom and Tsfasman [70]

introduced a non-Hamming metric, called the Rosenbloom-Tsfasman metric (or RT metric),

which is motivated by a problem related to transmission over several parallel communication

channels with some channels not available for transmission. This metric is also useful in case

of interference between several consecutive communication channels. They also derived

Singleton bound for the RT metric. Linear codes attaining the Singleton bound for the

RT metric are called MDS RT codes. Recently, Cassuto and Blaum [12, 13] established a

new coding framework for channels whose outputs are overlapping pairs of symbols. Such

channels are called symbol-pair read channels and the corresponding metric is called the

symbol-pair metric. These channels are more suitable for high density data storage systems

in which the spatial resolution of the reader is insufficient to isolate adjacent symbols. They

proved that for a cyclic code with dimension greater than 1 and Hamming distance dH , the

corresponding symbol-pair distance is at least dH + 2. They showed that a code can correct
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up to t symbol-pair errors if and only if its symbol-pair distance is at least 2t + 1. They

further provided methods to construct symbol-pair codes from Hamming-metric codes, and

derived some bounds on the parameters of symbol-pair codes. They provided an algorithm to

decode symbol-pair codes obtained by interleaving the codewords of two Hamming-metric

codes. Apart from this, they showed asymptotically that there exist symbol-pair codes whose

rates are strictly higher than the best known Hamming-metric codes. Later, Chee et al. [15]

derived a Singleton-type bound for symbol-pair codes and constructed many maximum

distance separable (MDS) symbol-pair codes, i.e., the codes attaining the Singleton-type

bound with respect to the symbol-pair metric. Hiromoto et al. [37] provided a syndrome

decoding algorithm for symbol-pair codes within the symbol-pair error correcting capability

of the code. Yaakobi et al. [82] showed that for a cyclic code with dimension greater than 1

and minimum distance dH , the symbol-pair distance is at least dH + ddH
2
e, which improves

the lower bound on the symbol-pair distance obtained by Cassuto and Blaum [12, 13]. They

also provided a decoding algorithm that can correct symbol-pair errors up to the decoding

radius corresponding to this bound. They further extended the framework of symbol-pair

read channels to b-symbol read channels, whose outputs are consecutive sequences of b ≥ 3

symbols. The corresponding metric is called the b-symbol metric. They also extended some

of the results obtained in Cassuto and Blaum [12, 13] to b-symbol read channels. This new

paradigm is also very relevant to high density data storage systems with reading limitations.

It also relates the symbol-pair problem with the sequence reconstruction problem, which

was introduced and studied by Levenshtein [47]-[49]. To reconstruct sequences, the same

codeword is transmitted over multiple channels, which are almost independent. All channel

outputs are then received by the decoder, which provides an estimate of the transmitted

codeword. In a recent work, Ding et al. [28] derived a Singleton-type bound for codes

over finite fields with respect to the b-symbol metric. The codes attaining this bound are

called MDS b-symbol codes. They also provided methods to construct MDS b-symbol codes

using projective geometry. Besides this, they constructed an MDS b-symbol (simple-root)

constacyclic code of length qb+1−1
q−1 and b-symbol distance 2b + 1 over the finite field Fq

of order q, where b ≥ 4 and q is any prime power. Kai et al. [42] constructed some new

MDS symbol-pair codes over finite fields with symbol-pair distance either 5 or 6 based upon

simple-root constacyclic codes. Chen et al. [17] also obtained new MDS symbol-pair codes
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over finite fields with symbol-pair distance either 5 or 6 or 7 or 8 through repeated-root

cyclic codes of some special non prime power lengths and through a simple-root cyclic code

of length n over Fq such that n (≥ q + 4) is a divisor of q2 − 1. In a recent work, Kai et

al. [43] constructed three new MDS symbol-pair codes over finite fields with symbol-pair

distance either 6 or 7 through repeated-root constacyclic codes of some special non prime

power lengths. Dinh et al. [24] and Sun et al. [77] simultaneously determined symbol-pair

distances of all repeated-root constacyclic codes of prime power lengths over finite fields.

Dinh et al. [24] also determined all MDS symbol-pair codes within this class of codes.

Recently, Mostafanasab and Sevim [63] determined b-symbol distances of some cyclic codes

of prime power lengths over finite fields. MDS codes are optimal codes in the sense that

these codes have the highest possible error-detecting and error-correcting properties for

given code length, code size and alphabet size. Thus it is of great interest to study and find

MDS codes with respect to various metrics. In this thesis, we shall study and find MDS

codes with respect to Hamming, RT, symbol-pair and b-symbol metrics within the family of

repeated-root constacyclic codes over finite commutative chain rings.

Constacyclic codes over finite fields were introduced and studied by Berlekamp [5].

These codes have rich algebraic structures and are generalizations of cyclic and negacyclic

codes. These codes can be effectively encoded and decoded using linear shift registers. In

1990’s, Calderbank et al. [8], Hammons et al. [36] and Nechaev [64] related several binary

non-linear codes to linear codes over the ring Z4 of integers modulo 4 with the help of a

Gray map. This motivated many researchers to study linear codes over Z4 in particular and

to study linear codes over finite commutative chain rings in general. This particular line

of research further inspired many coding theorists to study constacyclic codes over finite

commutative chain rings, which form an important class of linear codes. Despite all the

efforts, the algebraic structure of constacyclic codes is known only for some special lengths

and over certain special classes of finite commutative chain rings. Below we summarize

some of the recent results known in this direction.

Abualrub and Oehmke [1] studied all cyclic codes of length 2s over Z4, where s is a

positive integer. Later, Dinh and López-Permouth [22] studied algebraic structures of simple-

root cyclic and negacyclic codes over finite commutative chain rings and their dual codes.
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In the same work, they also determined all negacyclic codes of length 2t over the ring Z2m

of integers modulo 2m and their dual codes, where t ≥ 1 and m ≥ 2 are integers. Dinh

[20] established algebraic structures of all negacyclic codes of length 2s over the Galois

ring GR(2e,m) and their dual codes, where s ≥ 1 and e ≥ 2 are integers. Later, Kiah et

al. [44] determined all cyclic codes of length ps over the Galois ring GR(pe,m), where p

is a prime and e, s,m are positive integers. They further considered the case e = 2, and

determined dual codes of all cyclic codes of length ps over GR(p2,m). They also listed all

self-dual cyclic codes of length ps over GR(p2,m) when p is odd. Sobhani and Esmaeili

[75] studied all repeated-root cyclic and negacyclic codes of arbitrary lengths over the Galois

ring GR(p2,m) and their dual codes.

In Chapter 3, we establish algebraic structures of all repeated-root constacyclic codes of

arbitrary lengths over the Galois ring GR(p2,m). As an application, we determine their dual

codes and list some isodual constacyclic codes over GR(p2,m).

In a related direction, many authors investigated algebraic structures of linear and cyclic

codes over the quasi-Galois ring F2[v]/〈v2〉 [2, 3, 7, 38, 78]. To describe some of the

recent results in this direction, let p be a prime, s,m be positive integers, and let Fpm be

the finite field of order pm. Dinh [21] determined all constacyclic codes of length ps over

Fpm [v]/〈v2〉 and their Hamming distances. Later, Chen et al. [16] and Liu et al. [56]

determined all constacyclic codes of length 2ps over the ring Fpm [v]/〈v2〉, where p is an

odd prime. Using a technique different from that employed in [16, 21, 56], Cao et al. [10]

determined all α-constacyclic codes of length nps over Fpm [v]/〈v2〉 and their dual codes

by writing a canonical form decomposition for each code, where α is a non-zero element

of Fpm and n is a positive integer with gcd(p, n) = 1. In a recent work, Zhao et al. [86]

determined all (α + βv)-constacyclic codes of length nps over Fpm [v]/〈v2〉 and their dual

codes, where n is a positive integer coprime to p, and α, β are non-zero elements of Fpm .

This completely solved the problem of determination of all constacyclic codes of length

nps over Fpm [v]/〈v2〉 and their dual codes, where n is a positive integer coprime to p. In

a related work, Sobhani [76] determined all (α + γu2)-constacyclic codes of length ps

over Fpm [u]/〈u3〉 and their dual codes, where α, γ are non-zero elements of Fpm . Recently,

Cao et al. [11] established algebraic structures of all (α + γu2)-constacyclic codes over
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F2m [u]/〈u3〉, where α, γ ∈ F2m \ {0}.

In Chapter 4, we determine all repeated-root constacyclic codes of arbitrary lengths over

the quasi-Galois ring Fpm [u]/〈u3〉. We also determine their dual codes and the number of

codewords in each repeated-root constacyclic code over Fpm [u]/〈u3〉. With the help of their

algebraic structures, we obtain Hamming distances, RT distances, RT weight distributions

and ranks (i.e., cardinalities of minimal generating sets) of some repeated-root constacyclic

codes over Fpm [u]/〈u3〉. Using these results, we identify several isodual and maximum

distance separable (MDS) constacyclic codes over Fpm [u]/〈u3〉 with respect to Hamming

and RT metrics.

In another related direction, Batoul et al. [4] proved that when λ is an nth power of a

unit in a finite commutative chain ring R, repeated-root λ-constacyclic codes of length n

over R are equivalent to cyclic codes of the same length n over R. Cao [9] established

algebraic structures of all (1 + aγ)-constacyclic codes of arbitrary lengths over a finite

commutative chain ring R with the maximal ideal as 〈γ〉, where a is a unit in R. Later,

Dinh et al. [25] studied repeated-root (α + aγ)-constacyclic codes of length ps over a finite

commutative chain ringR with the maximal ideal as 〈γ〉, where p is a prime number, s ≥ 1

is an integer, α is a non-zero element of the Teichmüller set ofR and a is a unit inR. The

results obtained in Dinh et al. [25] can also be obtained from the work of Cao [9] with the

help of the ring isomorphism from R[x]/〈xps − 1 − aα−1γ〉 onto R[x]/〈xps − α − aγ〉,

defined as A(x) 7→ A(α−10 x) for each A(x) ∈ R[x]/〈xps − 1 − aα−1γ〉, where α = αp
s

0

(such an element α0 always exists in the Teichmüller set of R). The constraint that a is a

unit in R restricts their study to only a few special classes of repeated-root constacyclic

codes over R. When a is a unit in R, the codes belonging to these special classes are

direct sums of (principal) ideals of certain finite commutative chain rings. However, when

a is a non-unit in R, there are repeated-root constacyclic codes over R, which are direct

sums of non-principal ideals. In a subsequent work, Dinh et al. [23] established algebraic

structures of all (4z − 1)-constacyclic codes of length 2s over GR(2e,m) by showing that

the quotient ring GR(2e,m)[x]/〈x2s − 4z + 1〉 is a chain ring, where z ∈ GR(2e,m).

They also determined their Hamming, Homogenous and Rosenbloom-Tsfasman distances,

and their Rosenbloom-Tsfasman weight distributions. However, we noticed an error in
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Proposition 6.5 of Dinh et al. [23] on Rosenbloom-Tsfasman weight distributions, which

we shall illustrate in Example 5.5.2 and rectify in Theorem 5.5.3. Extending the work of

Dinh et al. [23], Liu and Maouche [55] derived necessary and sufficient conditions for the

quotient ring GR(pe,m)[x]/〈xps − λ〉 to be a chain ring. They also determined Hamming

and Homogenous distances of all λ-constacyclic codes of length ps over GR(pe,m) when

GR(pe,m)[x]/〈xps − λ〉 is a chain ring.

In Chapter 5, we establish algebraic structures of all repeated-root constacyclic codes of

prime power lengths over finite commutative chain rings. Using their algebraic structures,

we explicitly determine their Hamming distances, symbol-pair distances, RT distances, and

RT weight distributions. As an application of these results, we identify all MDS Hamming,

MDS symbol-pair and MDS RT codes within this particular class of constacyclic codes. We

also present an algorithm to decode these codes with respect to Hamming, symbol-pair and

RT metrics.

In Chapter 6, we obtain b-symbol distances of all repeated-root constacyclic codes of

prime power lengths over finite fields. Using this result, we list all MDS b-symbol repeated-

root constacyclic codes of prime power lengths over finite fields. Furthermore, we determine

b-symbol distances of all repeated-root constacyclic codes of prime power lengths over

finite commutative chain rings. Applying these results, we identify all MDS b-symbol

repeated-root constacyclic codes of prime power lengths over finite commutative chain rings.

The results derived in Chapters 3-6 are useful in encoding and decoding these codes and

in studying their error-detecting and error-correcting capabilities with respect to various

communication channels.

1.2 Depth distributions of constacyclic codes over finite

commutative chain rings and roulette games

The derivative is a well-known operator of sequences and is useful in studying the linear

complexity of sequences in game theory, communication theory and cryptography (see
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[6, 14, 33, 83]). Etzion [32] first defined the depth of a codeword by placing the derivative

operator on codewords of linear codes over finite fields. He showed that non-zero codewords

of a k-dimensional linear code over a finite field attain k distinct depth values, and such a

code has a generator matrix whose rows are k non-zero codewords having distinct depths.

This shows that the depth distribution is an interesting parameter of linear codes. He also

proved that the depth of a binary sequence of an even prime power length as a non-cyclic

word is equal to its linear complexity as a cyclic word. Later, Mitchell [62] explicitly

determined depth spectra of all cyclic codes over arbitrary finite fields. Luo et al. [58]

showed that depth distributions of linear codes over arbitrary finite fields are completely

determined by their depth spectra. They also studied the enumeration problem of counting

linear subcodes with a prescribed depth spectrum of a given linear code over a finite field.

Using these results, they determined depth distributions of all rth order binary Reed-Muller

codes.

Next let Depth(C) denote the depth spectrum of a linear code C over a finite field. Etzion

[32] showed that if C is a binary linear code of length 2r, then the depth spectrum of its dual

code C⊥ is given by Depth(C⊥) = {1, 2, · · · , 2r} \ {2r + 1− i : i ∈ Depth(C)}. However,

this result does not hold when the length n of the code C is not a power of 2. Recently,

Deng [19] studied the intersection Depth(C) ∩ Depth(C⊥) for a binary linear code C of

length n (not necessarily an even prime power). In particular, he derived a necessary and

sufficient condition for the intersection Depth(C) ∩ Depth(C⊥) to be an empty set, and a

sufficient condition under which |Depth(C) ∩ Depth(C⊥)| = bn
2
c. Kong et al. [45] obtained

depth spectra of all simple-root constacyclic codes over finite commutative chain rings.

Later, Kai et al. [41] studied depth spectra of negacyclic codes of even lengths over Z4.

Recently, Sidana [73] and Yuan et al. [84] independently determined depth spectra of some

constacyclic codes over finite commutative chain rings.

In another related direction, Yehuda et al. [83] proposed and studied a turn-based two

player rotating-table game and provided a winning strategy for the rotating-table game by

defining the depth of a finite sequence in terms of the derivative operator on sequences.

Motivated by the work of Yehuda et al. [83], we will propose two new turn-based two player

roulette games and provide winning strategies for these games in terms of depths of words
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over a finite commutative ring with unity R. Below we summarize some of the results known

on turn-based two player mathematical games in this direction.

Martin Gardner published a monthly column titled “Mathematical Games” in Scientific

American between the 1950s and the 1980s, in which he introduced many brain teasers and

gave new twists to the old classical puzzles. In one of the columns, Gardner [34] presented

a turn-based game for two players in which one of the players is the Blind Bartender and

the other player is the adversary, and is nowadays called the Blind Bartender’s problem or

the rotating table problem. In this game, both the players are standing by a square table,

which can rotate about its center by an angle a multiple of 90◦. The game starts when the

adversary places 4 drinking glasses, either in the upright position or in the upside down

position, on each of the 4 corners of the table in such a way that not all glasses have the

same orientation (i.e., not all glasses on the table are either in the upright position or in

the upside down position). The Bartender, being blind, cannot see the glasses. Each round

of the game starts when the Bartender announces 2 positions of the glasses. Then the

adversary rotates the table by an angle a multiple of 90◦, which leads to a permutation of

the glasses occupying the 4 positions on the table. Now the Bartender touches two glasses

on the positions that he declared and decides to invert these glasses in any way (that is, the

Bartender may decide not to invert any of these two glasses or may decide to invert one glass

or both the glasses). Thereafter, if all four glasses on the table have the same orientation,

then a bell rings and the Bartender wins the game. Otherwise, the next round of the game

starts and the game continues in this manner, unless all the 4 glasses on the table have the

same orientation. In the same column, Gardner [34] asked if a 2-handed Blind Bartender

can get all 4 glasses on the table either in the upright position or in the upside down position

in a finite number of moves (or equivalently, if there exists a winning strategy for a 2-handed

Blind Bartender in this game). In the next column [35], Gardner showed that a 2-handed

Blind Bartender can win this game in at most 5 moves, and provided a positional winning

strategy for the Bartender. In the same column [35], Gardner presented a generalization of

this game suggested by Graham and Diaconis, where the Blind Bartender and the adversary

are standing by a polygonal table with N edges. The polygonal table can rotate by an angle

a multiple of 360◦

N
. The game starts when the adversary places N drinking glasses, either in

the upright position or in the upside down position, at each of the N corners of the table,
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such that not all glasses on the table have the same orientation. Each round of the game

starts when the Bartender announces K positions of the glasses on the table. Then the

adversary rotates the table by an angle a multiple of 360◦

N
, which leads to a permutation of

the glasses occupying the N positions on the table. Now the Bartender touches K glasses on

the positions that he declared and decides to invert the glasses that he wishes to invert among

these K glasses. Now if all N glasses on the table have the same orientation, then a bell

rings and the Bartender wins the game. Otherwise, the next round of the game starts and the

game continues in this manner, unless all the N glasses on the table are either in the upright

position or in the upside down position. He also discussed the following result proved by

Graham and Diaconis: An (N − 2)-handed Blind Bartender can win this game if and only if

N is a composite integer. One natural question is to determine the smallest value of K such

that there exists a winning strategy for the K-handed Blind Bartender in this game. Laaser

and Ramshaw [46] and Lewis and Williard [50] independently answered this question and

showed that there exists a winning strategy for the K-handed Blind Bartender in this game

if and only if the parameters K and N satisfy K ≥ (1− 1
p
)N, where p is the largest prime

divisor of N. In fact, they provided a positional winning strategy for the (1− 1
p
)N -handed

Blind Bartender in this game.

Later, Ehrenborg and Skinner [31] studied the following generalization of the Blind

Bartender’s problem: Let S be a set of positions, and let G be a group acting transitively

on the set S. A drinking glass either in the upright position or in the upside down position

is standing on each element of the set S. Each round of the game starts when the Blind

Bartender chooses a subset S ′ of S with |S ′| = K and the adversary applies an element

g ∈ G to the set S. The Bartender inverts some of the glasses standing on the image of the

set S ′ under the action of g ∈ G. Now if all the glasses standing on the elements of S are

either in the upright position or in the upside down position, then the Bartender wins the

game. Otherwise, the next round of the game starts and the game continues in this manner,

unless all the glasses standing on the elements of S are either in the upright position or in

the upside down position. In the same work, they considered two versions of this game

according as the Blind Bartender is wearing the boxing gloves or not, and they provided

positional winning strategies for the Blind Bartender in both the versions of the game. They

also determined the smallest K such that there exists a positional winning strategy for the
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K-handed Blind Bartender in both the versions of the game. That is, they determined the

minimum number of hands that the Blind Bartender needs to have a positional winning

strategy in both the versions of the game. Note that the K-handed Blind Bartender Problem,

studied by Graham and Diaconis [35], Laaser and Ramshaw [46] and Lewis and Williard

[50], follows as a special case of the game studied by Ehrenborg and Skinner [31] when

the Blind Bartender is not wearing the boxing gloves, |S| = N and G is a group of cyclic

permutations of the set S.

Yehuda et al. [83] presented a generalization of the rotating-table game in which roulettes

are placed on the rotating table instead of drinking glasses. They studied two versions of

the rotating-table game for two players, Player A (adversary) and Player B, according as

Player B is blind or not. The version of the rotating-table game in which Player B is blind is

a generalization of the Blind Bartender’s problem. They derived necessary and sufficient

conditions for Player B to have a positional winning strategy in both the versions of the

rotating-table game. They also provided positional winning strategies for Player B in both

the versions of the rotating-table game by defining the depth of a word in terms of the

derivative operator on words.

In Chapter 7, we study depths of codewords of all repeated-root (α + γβ)-constacyclic

codes of prime power lengths over a finite commutative chain ringR, where α is a non-zero

element of the Teichmüller set ofR, γ is a generator of the maximal ideal ofR and β is a

unit inR. As a consequence, we explicitly determine depth distributions of all repeated-root

(α + γβ)-constacyclic codes of prime power lengths overR. Apart from this, we propose

two new turn-based roulette games and provide winning strategies for these games in terms

of depths of words over finite commutative rings with unity. We also discuss the feasibility

of these winning strategies by applying our results on depths of codewords of repeated-root

(α + γβ)-constacyclic codes of prime power lengths overR.

1.3 Conclusion and future work

In Chapter 8, we mention a brief conclusion and discuss some interesting open problems.





Chapter 2

Some preliminaries

In this chapter, we shall state some basic definitions and results that are needed to derive

our main results. To begin with, let R be a finite commutative ring with unity, N be

a positive integer, and let RN be the R-module consisting of all N -tuples over R. Let

u = (u0, u1, · · · , uN−1) and v = (v0, v1, · · · , vN−1) be vectors in RN . Then the Hamming

metric dH : RN ×RN → N ∪ {0} is defined as

dH(u, v) = |{i : 0 ≤ i ≤ N − 1, ui 6= vi}|,

while the Rosenbloom-Tsfasman (RT) metric dRT : RN ×RN → N ∪ {0} is defined as

dRT (u, v) =

 1 + max{i : 0 ≤ i ≤ N − 1, ui 6= vi} if u 6= v;

0 if u = v.

Further, the symbol-pair read vector of u ∈ RN is defined as

πsp(u) = ((u0, u1), (u1, u2), · · · , (uN−1, u0)) ∈ (R2)N ,

and the symbol-pair metric dsp : RN ×RN → N ∪ {0} is defined as

dsp(u, v) = dH(πsp(u), πsp(v)) = |{i : 0 ≤ i ≤ N − 1, (ui, ui+1) 6= (vi, vi+1)}|,

where the subscript i + 1 is taken modulo N. Furthermore, for an integer b satisfying

2 ≤ b < N, the b-symbol read vector of u ∈ RN is defined as

πb(u) = ((u0, u1, · · · , ub−1), (u1, u2, · · · , ub), · · · , (uN−1, u0, · · · , ub−2)) ∈ (Rb)N ,

13
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and the b-symbol metric db : RN ×RN → N ∪ {0} is defined as

db(u, v) = dH(πb(u), πb(v))

= |{i : 0 ≤ i ≤ N − 1, (ui, ui+1, · · · , ui+b−1) 6= (vi, vi+1, · · · , vi+b−1)}|,

where the subscripts i + 1, i + 2, · · · , i + b − 1 are taken modulo N. In particular, when

b = 2, the b-symbol metric coincides with the symbol-pair metric on RN .

The Hamming weight wH(u) of the vector u ∈ RN is defined as the number of integers i

satisfying 0 ≤ i ≤ N − 1 and ui 6= 0.

The Rosenbloom-Tsfasman (RT) weight wRT (u) of u is defined as

wRT (u) =

 1 + max{i : 0 ≤ i ≤ N − 1, ui 6= 0} if u 6= 0;

0 if u = 0.

The symbol-pair weight wsp(u) of the vector u ∈ RN is defined as the Hamming weight

of the symbol-pair read vector πsp(u) over the alphabet R2, which equals the number of

integers i satisfying 0 ≤ i ≤ N − 1 and (ui, ui+1) 6= (0, 0), where the subscript i + 1 is

taken modulo N.

For an integer b satisfying 2 ≤ b < N, the b-symbol weight wb(u) of the vector u ∈ RN

is defined as the Hamming weight of the b-symbol read vector πb(u) over the alphabet Rb,

which equals the number of integers i satisfying 0 ≤ i ≤ N−1 and (ui, ui+1, · · · , ui+b−1) 6=

(0, 0, · · · , 0), where the subscripts i, i+ 1, · · · , i+ b− 1 are taken modulo N. In particular,

when b = 2, the b-symbol weight wb(u) of the vector u ∈ RN is the same as the symbol-pair

weight wsp(u) of the vector u ∈ RN .

Note that wH(u) = dH(u, 0), wRT (u) = dRT (u, 0), wsp(u) = dsp(u, 0) and wb(u) =

db(u, 0) for each u ∈ RN .

A linear code C of length N over R is defined as an R-submodule of RN . The cardinality

of the set C is called the size of the code C. The Hamming distance dH(C) of the code C

is defined as dH(C) = min{dH(u, v) : u, v ∈ C and u 6= v} = min{wH(c) : c(6= 0) ∈ C},
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while the Rosenbloom-Tsfasman (RT) distance dRT (C) of the code C is defined as dRT (C) =

min{dRT (u, v) : u, v ∈ C and u 6= v} = min{wRT (c) : c( 6= 0) ∈ C}. Further, the symbol-

pair distance of the code C is defined as dsp(C) = min{dsp(u, v) : u, v ∈ C and u 6= v} =

min{wsp(c) : c( 6= 0) ∈ C}. Furthermore, for an integer b satisfying 2 ≤ b < N, the

b-symbol distance of the code C is defined as db(C) = min{db(u, v) : u, v ∈ C and u 6=

v} = min{wb(c) : c( 6= 0) ∈ C}. In particular, when b = 2, the b-symbol distance db(C) of

the code C is the same as the symbol-pair distance dsp(C) of the code C.

One can easily see that an arbitrary R-submodule of RN need not be a free module. The

cardinality of a minimal generating set of the code C is called the rank of C and is denoted by

rank(C). The code C of length N and rank k over R is referred to as an [N, k, dH(C)]-code

with respect to the Hamming metric, while the code C is referred to as an [N, k, dRT (C)]-code

with respect to the RT metric. The Rosenbloom-Tsfasman (RT) weight distribution of the

code C is defined as the list A0,A1, · · · ,AN , where for 0 ≤ ρ ≤ N, Aρ equals the number

of codewords in C having the RT weight as ρ.

In the following theorem, we state Singleton bounds with respect to the Hamming, RT

and symbol-pair metrics.

Theorem 2.0.1. [15, 70, 74] Let C be a code of length N over R.

(a) The Singleton bound with respect to the Hamming metric is as stated below.

|C| ≤ |R|N−dH(C)+1.

(b) The Singleton bound with respect to the RT metric is as stated below.

|C| ≤ |R|N−dRT (C)+1.

(c) The Singleton bound with respect to the symbol-pair metric is as stated below.

|C| ≤ |R|N−dsp(C)+2.
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A code C of length N over R is called

(i) an MDS Hamming code if |C| = |R|N−dH(C)+1.

(ii) an MDS symbol-pair code if |C| = |R|N−dsp(C)+2.

(iii) an MDS RT code if |C| = |R|N−dRT (C)+1.

Note that an MDS code has to be non-zero.

The dual code of C, denoted by C⊥, is defined as

C⊥ = {u ∈ RN : u.c = 0 for all c ∈ C},

where

u.c = u0c0 + u1c1 + · · ·+ uN−1cN−1

for u = (u0, u1, · · · , uN−1) ∈ RN and c = (c0, c1, · · · , cN−1) ∈ C. Two linear codes over

R are said to be R-linearly equivalent if one code can be obtained from the other by a

combination of operations of the following two types:

• permutation of coordinate positions of the code;

• multiplication of the symbols appearing in a fixed coordinate position by a unit in R.

The code C is said to be isodual if it is R-linearly equivalent to its dual code C⊥.

For a unit λ ∈ R, the linear code C is called a λ-constacyclic code if it satisfies the

following: (a0, a1, a2, · · · , aN−1) ∈ C implies that (λaN−1, a0, a1, · · · , aN−2) ∈ C. It is

easy to observe that the dual code C⊥ is a λ−1-constacyclic code of length N over R.

Under the standard R-module isomorphism from RN onto R[x]/〈xN − λ〉, defined as

(a0, a1, · · · , aN−1) 7→ a0 +a1x+ · · ·+aN−1x
N−1 +〈xN−λ〉 for each (a0, a1, · · · , aN−1) ∈

RN , the code C can also be viewed as an ideal of the quotient ring R[x]/〈xN − λ〉. Thus

the study of λ-constacyclic codes of length N over R is equivalent to the study of ideals

of the quotient ring R[x]/〈xN − λ〉. From now on, all elements of the ring R[x]/〈xN − λ〉

shall be represented by their representatives in R[x] of degree less than N, and their addition
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and multiplication shall be performed modulo xN − λ. In view of this, the Hamming weight

wH(c(x)) of c(x) ∈ R[x]/〈xN − λ〉 is defined as the number of non-zero coefficients of

c(x), while the RT weight wRT (c(x)) of c(x) ∈ R[x]/〈xN − λ〉 is defined as

wRT (c(x)) =

 1 + deg c(x) if c(x) 6= 0;

0 if c(x) = 0.

On the other hand, the b-symbol weight wb(c(x)) of c(x) = c0 + c1x+ · · ·+ cN−1x
N−1 ∈

R[x]/〈xN − λ〉 is defined as the b-symbol weight of the vector c = (c0, c1, · · · , cN−1). The

dual code C⊥ of C is given by

C⊥ = {u(x) ∈ R[x]/〈xN − λ−1〉 : u(x)c∗(x) = 0 in R[x]/〈xN − λ−1〉 for all c(x) ∈ C},

where c∗(x) = xdeg c(x)c(x−1) for all c(x) ∈ C \ {0} and c∗(x) = 0 if c(x) = 0. The

annihilator of C is defined as

ann(C) = {f(x) ∈ R[x]/〈xN − λ〉 : f(x)c(x) = 0 in R[x]/〈xN − λ〉 for all c(x) ∈ C}.

One can easily observe that ann(C) is an ideal of R[x]/〈xN − λ〉. Furthermore, for any ideal

I of R[x]/〈xN − λ〉, we define I∗ = {f ∗(x) : f(x) ∈ I}, where f ∗(x) = xdeg f(x)f(x−1)

if f(x) 6= 0 and f ∗(x) = 0 if f(x) = 0. It is easy to see that I∗ is an ideal of the ring

R[x]/〈xN − λ−1〉. Now the following holds.

Theorem 2.0.2. [16] If C ⊆ R[x]/〈xN − λ〉 is a λ-constacyclic code of length N over R,

then we have

C⊥ = ann(C)∗.

A finite commutative ring with unity is called

(i) a local ring if it has a unique maximal ideal.

(ii) a Galois ring if all its zero-divisors including 0 (or equivalently, all its non-units) form

an ideal generated by some prime number p.

(iii) a chain ring if all its ideals form a chain with respect to the inclusion relation.
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One can easily observe that the ring Zpe of integers modulo pe is a Galois ring of

characteristic pe. Now let − be a canonical ring epimorphism from Zpe onto Zpe/〈p〉 ' Fp,

defined as r 7→ r = r + 〈p〉 for each r ∈ Zpe . The map − can be further extended to a ring

epimorphism from Zpe [x] onto Fp[x] as follows:

f(x) 7→ f(x) =
k∑
i=0

bix
i

for every f(x) =
k∑
i=0

bix
i ∈ Zpe [x]. A polynomial f(x) ∈ Zpe [x] is said to be basic

irreducible if the polynomial f(x) is irreducible over Fp. A monic polynomial f(x) ∈ Fp[x]

of degree k is called a primitive polynomial if f(x) has a primitive element of Fpk as one

of its roots. A monic polynomial f(x) ∈ Zpe [x] is said to be basic primitive if f(x) is a

primitive polynomial over Fp. Then the following result is well-known.

Theorem 2.0.3. [79] Let R be a Galois ring. Suppose that the set of all zero-divisors of R

including 0 form an ideal generated by a prime number p. Then the following hold.

(a) The characteristic of R is pe for some positive integer e.

(b) The ring R is a chain ring with the maximal ideal 〈p〉.

(c) The residue field of R is given by R/〈p〉 ' Fpm for some positive integer m. Fur-

thermore, we have |R| = pme, and the ring R is isomorphic to the quotient ring

Zpe [x]/〈h(x)〉, where h(x) is a monic basic irreducible polynomial of degree m over

Zpe .

(d) Any two Galois rings of the same characteristic and the same cardinality are isomor-

phic.

(e) There exists an element ζ ∈ GR(pe,m) having the multiplicative order as pm − 1.

Moreover, the cyclic subgroup generated by ζ is the only subgroup of the unit group

of GR(pe,m), which is isomorphic to Fpm \ {0}, (the set T = {0, 1, ζ, · · · , ζpm−2} is

called the Teichmüller set of GR(pe,m)). As a consequence, for each non-zero θ ∈ T ,

there exists θ0 ∈ T satisfying θp
s

0 = θ.
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(f) Each element r ∈ GR(pe,m) can be uniquely expressed as r = r0 + r1p + r2p
2 +

· · ·+ re−1p
e−1, where ri ∈ T for 0 ≤ i ≤ e− 1. Moreover, r is a unit in R if and only

if r0 6= 0.

Now two polynomials k1(x), k2(x) ∈ GR(pe,m)[x] are said to be coprime if 〈k1(x)〉 +

〈k2(x)〉 = GR(pe,m)[x], i.e., if there exist polynomials a1(x), a2(x) ∈ GR(pe,m)[x]

such that k1(x)a1(x) + k2(x)a2(x) = 1 in GR(pe,m)[x]. In general, the polynomials

k1(x), k2(x), · · · , kr(x) ∈ GR(pe,m)[x] are said to be pairwise coprime in GR(pe,m)[x] if

for 1 ≤ i, ` ≤ r with i 6= `, the polynomials ki(x) and k`(x) are coprime in GR(pe,m)[x].

In fact, we have the following:

Theorem 2.0.4. [67] The following hold.

(a) Let k1(x), k2(x) ∈ GR(pe,m)[x]. Then k1(x) and k2(x) are coprime in GR(pe,m)[x]

if and only if k1(x) and k2(x) are coprime in Fpm [x].

(b) Let f(x) ∈ GR(pe,m)[x] be a monic polynomial such that f(x) is square-free, i.e.,

f(x) is not divisible by the square of any irreducible polynomial over Fpm . Then the

polynomial f(x) factors uniquely as a product of monic basic irreducible pairwise

coprime polynomials in GR(pe,m)[x].

One can easily observe that Galois rings, finite fields and quasi-Galois rings Fq[u]/〈ue〉

are examples of finite commutative chain rings. Further, we have the following well-known

result.

Theorem 2.0.5. [22] For a finite commutative ring R with unity, the following statements are

equivalent:

(a) R is a local ring and the (unique) maximal idealM of R is principal, i.e.,M = 〈γ〉

for some γ ∈ R.

(b) R is a local principal ideal ring.

(c) R is a chain ring and all its ideals are given by {0}, R, 〈γ〉, 〈γ2〉, · · · , 〈γe−1〉, where e

is the nilpotency index of γ. Moreover, if R = R/〈γ〉, then R is a finite field (called

the residue field of R) and |〈γ`〉| = |R|e−` for 0 ≤ ` ≤ e.
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From now on, let R be a finite commutative chain ring with unity 1, and let γ be a

generator of the maximal ideal of R. Further, let e be the nilpotency index of γ, and let

R = R/〈γ〉 be the residue field of R. As R is a finite field, let us suppose that R ' Fpm

for some prime p and positive integer m, where Fpm is the finite field of order pm. Let
− : R → R be the natural epimorphism fromR ontoR, which is given by r 7→ r = r+ 〈γ〉

for each r ∈ R. Then we have the following:

Theorem 2.0.6. [61, 65] The following hold.

(a) The characteristic ofR is pa,where 1 ≤ a ≤ e.Moreover, we have |R| = |R|e = pme.

(b) There exists an element ζ ∈ R having the multiplicative order as pm − 1. Moreover,

the cyclic subgroup generated by ζ is the only subgroup of the unit group ofR, which

is isomorphic to Fpm \{0}, (the set T = {0, 1, ζ, · · · , ζpm−2} is called the Teichmüller

set ofR). As a consequence, for each non-zero θ ∈ T , there exists θ0 ∈ T satisfying

θp
s

0 = θ.

(c) Each element r ∈ R can be uniquely expressed as r = r0+r1γ+r2γ
2+· · ·+re−1γe−1,

where ri ∈ T for 0 ≤ i ≤ e− 1. Moreover, r is a unit inR if and only if r0 6= 0.

It is well-known thatR = {0, 1, ζ, · · · , ζp
m−2}, and hence the restriction of the map − to

the Teichmüller set T is a bijection from T ontoR. Furthermore, the map − can be extended

to a ring epimorphism fromR[x] ontoR[x] as follows: f(x) =
k∑
i=0

aix
i 7→ f(x) =

k∑
i=0

aix
i

for each f(x) ∈ R[x]. For a unit λ ∈ R, the map − can be further extended to a map µ from

Rλ = R[x]/〈xN − λ〉 intoRλ = R[x]/〈xN − λ〉 as follows:

N−1∑
i=0

aix
i 7→

N−1∑
i=0

aix
i for each

N−1∑
i=0

aix
i ∈ Rλ.

It is easy to observe that µ is a surjective ring homomorphism fromRλ ontoRλ.

Now let C be a linear code of length N overR. For 0 ≤ i ≤ e− 1, the ith torsion code of

C is defined as

Tori(C) = {(a0, a1, · · · , aN−1) ∈ R
N

: γi(a0, a1, · · · , aN−1) ∈ C}.
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Theorem 2.0.7. [66, 67] Let C be a linear code of length N over R. Then we have the

following:

(a) For 0 ≤ i ≤ e − 1, the ith torsion code Tori(C) of C is a linear code of length N

overR and |Tori(C)| = |R|dim(Tori(C)), where dim(Tori(C)) denotes the dimension of

Tori(C) overR.

(b) We have Tor0(C) ⊆ Tor1(C) ⊆ · · · ⊆ Tore−1(C).

(c) |C| =
e−1∏
i=0

|Tori(C)|.

(d) The Hamming distance of the code C is equal to the Hamming distance of its (e− 1)th

Torsion code Tore−1(C).

Now let C be a λ-constacyclic code of length N over R, (i.e., an ideal of the ring Rλ).

For 0 ≤ i ≤ e− 1, the ith torsion code of C is given by

Tori(C) = {µ(f(x)) ∈ Rλ : γif(x) ∈ C}.

One can easily observe that for 0 ≤ i ≤ e− 1, the Torsion code Tori(C) is a λ-constacyclic

code of length N overR.

Now the following theorem is useful in the determination of Hamming distances of some

repeated-root constacyclic codes overR and is an extension of Theorem 3.4 of Dinh [21].

Theorem 2.0.8. For η ∈ Fpm \ {0}, there exists η0 ∈ Fpm satisfying η = ηp
s

0 . Suppose

that the polynomial xn − η0 is irreducible over Fpm . Let C be an η-constacyclic code of

length nps over Fpm . Then we have C = 〈(xn − η0)υ〉, where 0 ≤ υ ≤ ps. Further, we have

|C| = pmn(p
s−ν), and the Hamming distance dH(C) of the code C is given by

dH(C) =



1 if υ = 0;

`+ 2 if `ps−1 + 1 ≤ υ ≤ (`+ 1)ps−1 with 0 ≤ ` ≤ p− 2;

(i+ 1)pk if ps − ps−k + (i− 1)ps−k−1 + 1 ≤ υ ≤ ps − ps−k + ips−k−1 with

1 ≤ i ≤ p− 1 and 1 ≤ k ≤ s− 1;

0 if υ = ps.
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Moreover, the code C is an MDS code if and only if exactly one of the following conditions

is satisfied:

• 0 ≤ υ ≤ p− 1 when n = s = 1;

• υ ∈ {0, 1, ps − 1} when n = 1 and s ≥ 2;

• υ = 0 when n ≥ 2.

Proof. Working in a similar manner as in Theorem 3.4 of Dinh [21], the desired result

follows.

The following three divisibility results involving binomial coefficients are quite useful in

determination of algebraic structures and distances of some repeated-root constacyclic codes

overR.

Theorem 2.0.9. (Kummer's Theorem) Let p be a prime number, and let u ≥ v ≥ 0 be

integers. If t is the number of carries when adding u− v and v in the base p, then pt||
(
u
v

)
.

Theorem 2.0.10. (Lucas' Theorem) Let p be a prime number, t be a positive integer, and

let u, v be integers satisfying 0 ≤ u ≤ v < pt. Let v = v0 + v1p + · · · + vt−1p
t−1 and

u = u0 + u1p + · · · + ut−1p
t−1 be the p-adic representations of integers v and u, where

0 ≤ vi, ui ≤ p− 1 for 0 ≤ i ≤ t− 1. Then we have

(
v

u

)
≡

t−1∏
i=1

(
vi
ui

)
(mod p).

Theorem 2.0.11. [25] Let p be a prime number, and let a ≥ 1, ` ≥ k ≥ 0 be integers. Then

the following hold.

(a) If p` > a and pk||a, then p`−k||
(
p`

a

)
.

(b) For each integer i satisfying 1 ≤ i ≤ p− 1, we have p||
(

p`

ip`−1

)
.

From now on, throughout this thesis, we shall follow the same notations as in Chapter 2.



Chapter 3

Repeated-root constacyclic codes over
the Galois ring GR(p2,m)

3.1 Introduction

In this chapter, we shall determine all repeated-root constacyclic codes of arbitrary lengths

over the Galois ring GR(p2,m), their sizes and their dual codes, where p is a prime and m

is a positive integer. As an application, we shall list some isodual constacyclic codes over

GR(p2,m). To illustrate the results, we obtain all cyclic and negacyclic codes of length 10

over GR(4, 3).

For this, throughout this chapter, let p be a prime, n, s be positive integers, and let λ be a

unit in GR(p2,m). This chapter is organized as follows: In Section 3.2, we determine all

λ-constacyclic codes of length nps over GR(p2,m), their sizes and their dual codes. Besides

this, we obtain some isodual constacyclic codes of arbitrary lengths over GR(p2,m). In

Section 3.3, we determine all cyclic and negacyclic codes of length 10 over GR(4, 3).

3.2 Algebraic structures of repeated-root constacyclic codes

over GR(p2,m) and their dual codes

In this section, we shall determine all repeated-root constacyclic codes of length nps over

GR(p2,m) and their dual codes. We shall also determine the number of codewords in each

code and list some isodual constacyclic codes of length nps over GR(p2,m).

23
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Towards this, we recall that for a unit λ ∈ GR(p2,m), a λ-constacyclic code of length

nps over GR(p2,m) is an ideal of the quotient ring GR(p2,m)[x]/〈xnps − λ〉. By Theorem

2.0.3(f), the unit λ ∈ GR(p2,m) can be uniquely written as λ = α + pβ, where α, β ∈ T

and α 6= 0. Further, by Theorem 2.0.3(e), we observe that there exists α0 ∈ T \ {0}

such that α0
ps = α. This implies that xnps − λ = xnp

s − α0
ps − pβ. Now by Theorem

2.0.4(b), we can write xn − α0 = f1(x)f2(x) · · · fr(x), where f1(x), f2(x), · · · , fr(x) are

monic basic irreducible pairwise coprime polynomials in GR(p2,m)[x]. Further, by apply-

ing Theorem 2.0.4(a), we observe that the polynomials f1(x)p
s
, f2(x)p

s
, · · · , fr(x)p

s are

pairwise coprime in GR(p2,m)[x] and that the polynomials fj(x) and Fj(x) = xn−α0

fj(x)
are

coprime in GR(p2,m)[x] for 1 ≤ j ≤ r. Moreover, for 1 ≤ u ≤ r − 1, by Theorem 2.0.4(a)

again, we see that the polynomials fu(x)p
s and fu+1(x)p

s
fu+2(x)p

s · · · fr(x)p
s are coprime in

GR(p2,m)[x], which implies that there exist polynomials vu(x), wu(x) ∈ GR(p2,m)[x] sat-

isfying deg wu(x) < deg fu(x)p
s and vu(x)fu(x)p

s
+wu(x)fu+1(x)p

s
fu+2(x)p

s · · · fr(x)p
s

=

1. Further, by Theorem 2.0.11, we see that p||
(

ps

kps−1

)
for 1 ≤ k ≤ p − 1 and that p2|

(
ps

i

)
for each integer i satisfying 1 ≤ i ≤ ps − 1 and ps−1 - i. So we can write

(
ps

kps−1

)
= pak

with p - ak for 1 ≤ k ≤ p− 1 and that
(
ps

i

)
= 0 in GR(p2,m) for each integer i satisfying

1 ≤ i ≤ ps − 1 and ps−1 - i. Using this, we factorize the polynomial xnps − λ into pairwise

coprime polynomials in GR(p2,m)[x] in the following lemma.

Lemma 3.2.1. We have

xnp
s − λ =

r∏
j=1

(
fj(x)p

s

+ pgj(x)
)
,

where the polynomials g1(x), g2(x), · · · , gr(x) ∈ GR(p2,m)[x] satisfy the following for

1 ≤ j ≤ r :

• fj(x) and gj(x) are coprime in GR(p2,m)[x] when β 6= 0.

• gj(x) = fj(x)p
s−1
Mj(x) when β = 0, where

Mj(x) = Fj(x)p
s−1
( p−1∑
k=1

ak(x
n − α0)

(k−1)ps−1

αp
s−kps−1

0

)
wj(x)

j−1∏
i=1

vi(x)

is coprime to fj(x) in GR(p2,m)[x].
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Moreover, the polynomials f1(x)p
s

+ pg1(x), f2(x)p
s

+ pg2(x), · · · , fr(x)p
s

+ pgr(x) are

pairwise coprime in GR(p2,m)[x].

Proof. To prove the result, we note that
(

ps

kps−1

)
= pak with p - ak for 1 ≤ k ≤ p− 1, and

that
(
ps

i

)
= 0 in GR(p2,m) for each integer i satisfying 1 ≤ i ≤ ps − 1 and ps−1 - i. Using

this, we see that

xnp
s − λ = (xn − α0)

ps +

p−1∑
k=1

(
ps

kps−1

)
(xn − α0)

kps−1

α0
ps−kps−1 − pβ

= f1(x)p
s

f2(x)p
s · · · fr(x)p

s − p
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1

α0
ps−kps−1)

.

As v1(x)f1(x)p
s

+ w1(x)f2(x)p
s
f3(x)p

s · · · fr(x)p
s

= 1, we can write

xnp
s − λ =

{
f1(x)p

s − p
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1

α0
ps−kps−1

)
w1(x)

}

×

{
f2(x)p

s

f3(x)p
s · · · fr(x)p

s − p
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1

α0
ps−kps−1

)
v1(x)

}
.

Further, since v2(x)f2(x)p
s

+ w2(x)f3(x)p
s
f4(x)p

s · · · fr(x)p
s

= 1, we see that

f2(x)p
s
f3(x)p

s · · · fr(x)p
s − p

(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1
α0

ps−kps−1)
v1(x)

=

{
f2(x)p

s − p
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1
α0

ps−kps−1)
v1(x)w2(x)

}

×
{
f3(x)p

s
f4(x)p

s · · · fr(x)p
s − p

(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1
α0

ps−kps−1)
v1(x)v2(x)

}
.

Proceeding like this, we see that

xnp
s − α− pβ =

r∏
j=1

(
fj(x)p

s

+ pgj(x)
)
,

where g1(x) = −
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1
α0

ps−kps−1
)

when r = 1; and

gj(x) = −
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1
α0

ps−kps−1
)
wj(x)

j−1∏
i=1

vi(x) for 1 ≤ j ≤ r − 1 and

gr(x) = −
(
β −

p−1∑
k=1

ak(x
n − α0)

kps−1
α0

ps−kps−1
) r−1∏
i=1

vi(x) when r ≥ 2.
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From this and by applying Theorem 2.0.4(a), the desired result follows immediately.

Next for 1 ≤ j ≤ r, let us define kj(x) = fj(x)p
s

+ pgj(x). Further, let deg fj(x) = dj

for each j. By Lemma 3.2.1, we see that

xnp
s − λ = xnp

s − α− pβ =
r∏
j=1

kj(x)

is a factorization of xnps − λ into monic pairwise coprime polynomials in GR(p2,m)[x].

Now by applying the Chinese Remainder Theorem, we get

Rα,β = GR(p2,m)[x]/〈xnps − α− pβ〉 '
r⊕
j=1

GR(p2,m)[x]/〈kj(x)〉.

From this point on, let Kj = GR(p2,m)[x]/〈kj(x)〉 for 1 ≤ j ≤ r. Then we have the

following:

Proposition 3.2.1. (a) If C is an (α+pβ)-constacyclic code of length nps over GR(p2,m)

(i.e., an ideal of the ringRα,β), then we have

C = C1 ⊕ C2 ⊕ · · · ⊕ Cr,

where Cj is an ideal of Kj for 1 ≤ j ≤ r.

(b) Let Ij be an ideal ofKj for 1 ≤ j ≤ r. Then I = I1⊕ I2⊕· · ·⊕ Ir is an ideal ofRα,β,

(i.e., I is an (α+ pβ)-constacyclic code of length nps over GR(p2,m)). Furthermore,

we have |I| = |I1||I2| · · · |Ir|.

Proof. Its proof is straightforward.

Now let C be an (α + pβ)-constacyclic code of length nps over GR(p2,m). Then its

dual code C⊥ is an (α + pβ)−1-constacyclic code of length nps over GR(p2,m). Further,

we see that (α + pβ)−1 = α−1 − pβα−2, which implies that C⊥ is an ideal of the ring

R̂α,β = GR(p2,m)[x]/〈xnps − (α+ pβ)−1〉 = Rα−1,−βα−2 . To determine the dual code C⊥,

we see that

xnp
s − (α + pβ)−1 = −(α + pβ)−1k∗1(x)k∗2(x) · · · k∗r(x).
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By applying the Chinese Remainder Theorem again, we obtain

R̂α,β '
r⊕
j=1

K̂j,

where K̂j = GR(p2,m)[x]/〈k∗j (x)〉 for 1 ≤ j ≤ r. Now we make the following observation.

Proposition 3.2.2. Let C be an (α + pβ)-constacyclic code of length nps over GR(p2,m),

i.e., an ideal of the ringRα,β. If C = C1 ⊕ C2 ⊕ · · · ⊕ Cr with Cj an ideal of the quotient ring

Kj for each j, then the dual code C⊥ of C is given by

C⊥ = C⊥1 ⊕ C⊥2 ⊕ · · · ⊕ C⊥r ,

where C⊥j = {aj(x) ∈ K̂j : aj(x)c∗j(x) = 0 in K̂j for all cj(x) ∈ Cj} is the orthogo-

nal complement of Cj for each j. Moreover, C⊥j is an ideal of the quotient ring K̂j =

GR(p2,m)[x]/〈k∗j (x)〉 for each j.

Proof. Proof is trivial.

In view of Propositions 3.2.1 and 3.2.2, we see that to determine all (α+pβ)-constacyclic

codes of length nps over GR(p2,m), their sizes and their dual codes, we need to determine

all ideals of the quotient ring Kj, their cardinalities and their orthogonal complements in

the quotient ring K̂j for 1 ≤ j ≤ r. For this, throughout this chapter, let 1 ≤ j ≤ r be

fixed. From now on, we shall represent elements of the quotient rings Kj and K̂j (resp.

Fpm [x]/〈fj(x)
ps

〉) by their representatives in GR(p2,m)[x] (resp. Fpm [x]) of degree less than

djp
s (resp. djps), and we shall perform their addition and multiplication modulo kj(x) and

k∗j (x) (resp. fj(x)
ps

), respectively. Now to determine all ideals of the quotient ring Kj, their

orthogonal complements and their sizes, we shall first prove the following lemma:

Lemma 3.2.2. Let 1 ≤ j ≤ r be fixed. In the ring Kj, we have the following:

(a) Any non-zero polynomial a(x) ∈ GR(p2,m)[x] that is coprime to fj(x) is a unit

in Kj. As a consequence, any non-zero polynomial b(x) ∈ GR(p2,m)[x] satisfying

deg b(x) < dj and b(x) 6= 0 is a unit in Kj.
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(b) fj(x) is nilpotent in Kj and 〈fj(x)p
s〉 =

 〈p〉 if β 6= 0;

〈pfj(x)p
s−1〉 if β = 0.

(c) The nilpotency index N of fj(x) is given by

N =

 2ps if β 6= 0;

2ps − ps−1 if β = 0.

Proof. (a) As a(x) ∈ GR(p2,m)[x] is coprime to fj(x) and fj(x) is a basic irreducible

polynomial in GR(p2,m)[x], by Theorem 2.0.4(a), we see that the polynomials fj(x)p
s

and a(x) are coprime in GR(p2,m)[x], which implies that there exist polynomials

q(x), r(x) ∈ GR(p2,m)[x] such that q(x)a(x) + r(x)fj(x)p
s

= 1 in GR(p2,m)[x].

This gives q(x)a(x) = 1 + pr(x)gj(x) in Kj. From this and using the fact that p2 = 0

in Kj, we see that a(x) is a unit in Kj.

On the other hand, if b(x) ∈ GR(p2,m)[x] satisfies deg b(x) < dj and b(x) 6= 0, then

by applying Theorem 2.0.4(a), we see that b(x) and fj(x) are coprime in GR(p2,m)[x],

from which the desired result follows.

(b) In Kj, we see that fj(x)p
s

= −pgj(x) ∈ 〈p〉, which implies that fj(x) is nilpotent in

Kj.

When β 6= 0, by Lemma 3.2.1, we see that fj(x) and gj(x) are coprime in GR(p2,m)[x].

Now by part (a), we note that gj(x) is a unit inKj, which implies that 〈fj(x)p
s〉 = 〈p〉.

Finally, when β = 0, by Lemma 3.2.1, we have gj(x) = fj(x)p
s−1
Mj(x),whereMj(x)

is coprime to fj(x) in GR(p2,m)[x]. This implies that fj(x)p
s

= −pfj(x)p
s−1
Mj(x).

By part (a), we see that Mj(x) is a unit in Kj. From this, we obtain 〈fj(x)p
s〉 =

〈pfj(x)p
s−1〉.

(c) When β 6= 0, by part (b), we have 〈fj(x)p
s〉 = 〈p〉, which implies that the nilpotency

index of fj(x) in Kj is 2ps. Next when β = 0, by part (b), we see that 〈fj(x)p
s〉 =

〈pfj(x)p
s−1〉. This implies that pfj(x)p

s
= 0. We further observe that pfj(x)p

s−1 6= 0

in Kj. From this, it follows that the nilpotency index of fj(x) in Kj is 2ps − ps−1.
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For a positive integer k and a subset S of GR(p2,m) with 0 ∈ S, let us recall that

Pk(S) = {g(x) ∈ S[x] : either g(x) = 0 or deg g(x) < k}. By repeatedly applying the

division algorithm in GR(p2,m)[x], every element A(x) ∈ Kj can be uniquely written as

A(x) =

ps−1∑
i=0

Ai(x)fj(x)i,

where Ai(x) ∈ Pdj(GR(p2,m)) for 0 ≤ i ≤ ps − 1. Further, each Ai(x) ∈ Pdj(GR(p2,m))

can be uniquely expressed as Ai(x) = Ai0(x) + pAi1(x), where Ai0(x), Ai1(x) ∈ Pdj(T ).

In view of this, we see that every element A(x) ∈ Kj can be uniquely expressed as

A(x) =

ps−1∑
i=0

Ai0(x)fj(x)i + p

ps−1∑
i=0

Ai1(x)fj(x)i,

where Ai0(x), Ai1(x) ∈ Pdj(T ) for each i.

The following lemma is useful in the determination of cardinalities of ideals of Kj.

Lemma 3.2.3. Let 1 ≤ j ≤ r be fixed, and let I be an ideal of Kj. Then

Tor0(I) =
{
a0(x) ∈ Fpm [x]/〈fj(x)

ps

〉 : a0(x) + pa1(x) ∈ I for some a0(x), a1(x)

∈ Pdjps(T )
}

and

Tor1(I) =
{
a1(x) ∈ Fpm [x]/〈fj(x)

ps

〉 : pa1(x) ∈ I for some a1(x) ∈ Pdjps(T )
}

are ideals of Fpm [x]/〈fj(x)
ps

〉. Moreover, we have

|I| = |Tor0(I)||Tor1(I)|.

Proof. One can easily show that Tor0(I) and Tor1(I) are ideals of Fpm [x]/〈fj(x)
ps

〉. To

prove the second part, we shall view GR(p2,m) as an Fpm−module with respect to the

addition in GR(p2,m) and the scalar product defined as ar = ar for each a ∈ T and

r ∈ GR(p2,m). Further, we note that Fpm [x]/〈fj(x)
ps

〉 can be viewed as an Fpm-module.

Thus the ideals Tor0(I) and Tor1(I) of Fpm [x]/〈fj(x)
ps

〉 can also be viewed as Fpm-modules.
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Now define a map φ : I → Tor0(I) as φ(a(x)) = a0(x) for each a(x) = a0(x)+pa1(x) ∈ I

with a0(x), a1(x) ∈ Pdjps(T ). We see that φ is a surjective Fpm-module homomorphism and

its kernel is given by

ker φ = {a0(x) + pa1(x) ∈ I : a0(x) = 0} = {pa1(x) ∈ I : a1(x) ∈ Pdjps(T )}.

This implies that |I| = |Tor0(I)||ker φ|. Further, one can easily see that |Tor1(I)| = |ker φ|.

From this, the desired result follows immediately.

The following lemma is useful in the determination of orthogonal complements of all

ideals of the ring Kj.

Lemma 3.2.4. Let 1 ≤ j ≤ r be a fixed integer. Let I be an ideal of the ring Kj, and let I⊥

be the orthogonal complement of I in K̂j. Then the following hold.

(a) I⊥ is an ideal of K̂j.

(b) I⊥ = {a∗(x) ∈ K̂j : a(x) ∈ ann(I)} = ann(I)∗.

(c) If I = 〈f(x), pg(x)〉, then I∗ = 〈f ∗(x), pg∗(x)〉.

(d) For f(x), g(x) ∈ Kj, let us define (fg)(x) = f(x)g(x) and (f+g)(x) = f(x)+g(x).

If f(x), g(x), (fg)(x) all are non-zero, then we have

f ∗(x)g∗(x) = xdeg f(x)+deg g(x)−deg (fg)(x)(fg)∗(x).

If f(x), g(x), (f + g)(x) all are non-zero, then we have

(f + g)∗(x) =

 f ∗(x) + xdeg f(x)−deg g(x)g∗(x) if deg f(x) > deg g(x);

xdeg (f+g)(x)−deg f(x)(f ∗(x) + g∗(x)) if deg f(x) = deg g(x).

Proof. Its proof is straightforward.

From now on, we shall distinguish the following two cases: β 6= 0 and β = 0.
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In the following theorem, we determine all ideals of the ring Kj, their sizes and their

orthogonal complements in K̂j when β is non-zero.

Theorem 3.2.1. When β 6= 0, the ring Kj is a finite commutative chain ring with unity whose

ideals are given by

{0} ⊂ 〈fj(x)2p
s−1〉 ⊂ 〈fj(x)2p

s−2〉 ⊂ · · · ⊂ 〈fj(x)2〉 ⊂ 〈fj(x)〉 ⊂ Kj.

Moreover, for 0 ≤ ν ≤ 2ps, the ideal 〈fj(x)ν〉 has pmdj(2ps−ν) elements and the orthogonal

complement of 〈fj(x)ν〉 is given by 〈f ∗j (x)2p
s−ν〉.

Proof. To prove the result, we see that each element A(x) ∈ Kj can be uniquely expressed

as

A(x) =

ps−1∑
i=0

Ai0(x)fj(x)i + p

ps−1∑
i=0

Ai1(x)fj(x)i,

where Ai0(x), Ai1(x) ∈ Pdj(T ) for each i. As fj(x) and p are nilpotent in Kj, we see that

A(x) is a unit in Kj if and only if A00(x) is a unit in Kj. Further, by Lemma 3.2.2(a), we

observe that A00(x) ∈ Pdj(T ) is a unit in Kj if and only if A00(x) 6= 0. In view of this and

by applying Lemma 3.2.2(b), we see that A(x) is a unit in Kj if and only if A(x) /∈ 〈fj(x)〉.

This shows that all the non-units of Kj are given by 〈fj(x)〉. Therefore Kj is a local ring

with the unique maximal ideal as 〈fj(x)〉. This, by Theorem 2.0.5 and Lemma 3.2.2(c),

implies that Kj is a chain ring and all its ideals are given by 〈fj(x)ν〉, where 0 ≤ ν ≤ 2ps.

Further, we observe that |Kj| = |Kj/〈fj(x)〉| = pmdj . Now by applying Theorem 2.0.5 and

Lemma 3.2.2(c) again, we see that |〈fj(x)ν〉| = pmdj(2p
s−ν) for 0 ≤ ν ≤ 2ps. In order to

determine their dual codes, let I = 〈fj(x)ν〉, where 0 ≤ ν ≤ 2ps. Here it is easy to observe

that ann(I) = 〈fj(x)2p
s−ν〉, which, by Lemma 3.2.4, gives I⊥ = ann(I)∗ = 〈f ∗j (x)2p

s−ν〉.

This completes the proof of the theorem.

As a consequence of the above theorem, we deduce the following:

Corollary 3.2.1. Let α = αp
s

0 ∈ T \ {0}, where α0 ∈ T is such that xn − α0 is basic

irreducible over GR(p2,m). When β( 6= 0) ∈ T , the ideal 〈(xn − α0)
ps〉 = 〈p〉 is the only

isodual (α + pβ)-constacyclic code of length nps over GR(p2,m).
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Proof. As xn − α0 is basic irreducible over GR(p2,m), by Theorem 3.2.1, we see that

all (α + pβ)-constacyclic codes of length nps over GR(p2,m) are given by 〈(xn − α0)
ν〉,

where 0 ≤ ν ≤ 2ps. If I = 〈(xn − α0)
ν〉, then by Theorem 3.2.1 again, we note that

|I| = pmn(2p
s−ν) and I⊥ = 〈(xn − α−10 )2p

s−ν〉 for each ν. Working as in Theorem 3.2.1,

we see that |I⊥| = pmnν for 0 ≤ ν ≤ 2ps. Now if the code I = 〈(xn − α0)
ν〉 is isodual,

then we must have |I| = |I⊥|, which implies that ν = ps. On the other hand, we see that

the codes 〈(xn − α0)
ps〉 = 〈p〉(⊆ Rα,β) and 〈(xn − α−10 )p

s〉 = 〈p〉(⊆ R̂α,β) are clearly

GR(p2,m)-linearly equivalent, which completes the proof.

From this point on, throughout this chapter, we assume that β = 0.

In the following theorem, we determine all ideals of the ring Kj when β = 0.

Theorem 3.2.2. When β = 0, all the distinct ideals of the ring Kj are as listed below:

• Type I: (Trivial ideals)

{0}, Kj.

• Type II: (Principal ideals with non-monic polynomial generators)

〈pfj(x)τ 〉, where 0 ≤ τ < ps.

• Type III: (Principal ideals with monic polynomial generators)

〈fj(x)ω + pfj(x)tG(x)〉,

where 0 < ω < ps, 0 ≤ t < κ if G(x) 6= 0 and G(x) is either 0 or a unit in Kj of

the form
κ−t−1∑
i=0

ai(x)fj(x)i with ai(x) ∈ Pdj(T ) for 0 ≤ i ≤ κ− t− 1, with κ as the

smallest integer satisfying 0 ≤ κ ≤ ω and pfj(x)κ ∈ 〈fj(x)ω + pfj(x)tG(x)〉.

• Type IV: (Non-principal ideals)

〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉,
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where 0 ≤ µ < κ ≤ ω < ps, 0 ≤ t < µ if G(x) 6= 0 and G(x) is either 0 or a unit in

Kj of the form
µ−t−1∑
i=0

ai(x)fj(x)i, ai(x) ∈ Pdj(T ) for 0 ≤ i ≤ µ − t − 1, with κ as

the smallest integer satisfying pfj(x)κ ∈ 〈fj(x)ω + pfj(x)tG(x)〉.

Proof. Let I be a non-trivial ideal of Kj. Now the following two cases arise: (i) I ⊆ 〈p〉

and (ii) I * 〈p〉.

(i) First suppose that I ⊆ 〈p〉. In this case, each element Q(x) ∈ I can be uniquely written

as

Q(x) = p

ps−1∑
i=0

A
(Q)
i (x)fj(x)i,

where A(Q)
i (x) ∈ Pdj(T ) for 0 ≤ i ≤ ps − 1. Further, for each Q(x)(6= 0) ∈ I,

we observe that there exists a smallest integer kQ satisfying 0 ≤ kQ ≤ ps − 1 and

A
(Q)
kQ

(x) 6= 0. Let

τ = min{kQ : Q(x) ∈ I \ {0}}.

We note that 0 ≤ τ ≤ ps − 1 and that there exists Q0(x)(6= 0) ∈ I such that kQ0 = τ,

i.e.,

Q0(x) = pfj(x)τ
ps−1∑
i=τ

A
(Q0)
i (x)fj(x)i−τ

with A
(Q0)
τ (x) 6= 0. By Lemma 3.2.2, we observe that

ps−1∑
i=τ

A
(Q0)
i (x)fj(x)i−τ is a

unit in Kj, which implies that 〈pfj(x)τ 〉 = 〈Q0(x)〉 ⊆ I. Moreover, each element

Q(x) ∈ I can be written as

Q(x) = pfj(x)τ
ps−1∑
i=kQ

A
(Q)
i (x)fj(x)i−τ ,

which implies that I ⊆ 〈pfj(x)τ 〉. This gives I = 〈pfj(x)τ 〉 with 0 ≤ τ ≤ ps − 1,

which is of Type II.

(ii) Next suppose that I 6⊆ 〈p〉. Here each element Q(x) ∈ I can be uniquely written as

Q(x) =

ps−1∑
i=0

A
(Q)
i (x)fj(x)i + p

ps−1∑
`=0

B
(Q)
` (x)fj(x)`,
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where A(Q)
i (x), B

(Q)
` (x) ∈ Pdj(T ) for each i and `. Now let us define

I1 = {Q(x) ∈ I : A
(Q)
i (x) 6= 0 for some i, 0 ≤ i ≤ ps − 1}

and

I2 = {Q(x) ∈ I : A
(Q)
i (x) = 0 for all i, 0 ≤ i ≤ ps − 1}.

Since I 6⊆ 〈p〉, we see that I1 is a non-empty set and 0 6∈ I1. We also observe that

pI1 ⊆ I2, which implies that I2 6= {0}. Further, we note that I2 is a non-zero ideal

of Kj and I2 ⊆ 〈p〉. This, by case (i), implies that I2 = 〈pfj(x)µ〉 for some integer

µ, 0 ≤ µ ≤ ps − 1. Next for each Q(x) ∈ I1, there exists a smallest integer ωQ

satisfying 0 ≤ ωQ ≤ ps − 1 and A(Q)
ωQ (x) 6= 0, i.e., each Q(x) ∈ I1 can be written as

Q(x) = fj(x)ωQWQ(x) + pMQ(x),

where WQ(x) =
ps−1∑
i=ωQ

A
(Q)
i (x)fj(x)i−ωQ and MQ(x) =

ps−1∑̀
=0

B
(Q)
` (x)fj(x)` in Kj. By

Lemma 3.2.2, we see that WQ(x) is a unit in Kj. Now let

ω = min{ωQ : Q(x) ∈ I1}.

As I 6= Kj, we see that 1 ≤ ω ≤ ps − 1. Also, there exists Q1(x) ∈ I1 such that

ωQ1 = ω, i.e., Q1(x) = fj(x)ωWQ1(x) + pMQ1(x), where WQ1(x),MQ1(x) ∈ Kj.

For each Q(x) ∈ I1, we observe that

Q(x) = fj(x)ωQWQ(x) + pMQ(x)

= p{MQ(x)−MQ1(x)WQ1(x)−1WQ(x)fj(x)ωQ−ω}+

fj(x)ωQ−ωWQ(x)Q1(x)WQ1(x)−1.

From this, we see that

p
(
MQ(x)−MQ1(x)WQ1(x)−1WQ(x)fj(x)ωQ−ω

)
∈ I2 = 〈pfj(x)µ〉
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for every Q(x) ∈ I1. This implies that each Q(x) ∈ I1 can be written as Q(x) =

Q1(x)UQ(x) + pfj(x)µKQ(x) for some UQ(x), KQ(x) ∈ Kj. From this, we get

I = 〈Q1(x), pfj(x)µ〉 = 〈fj(x)ωWQ1(x) + pMQ1(x), pfj(x)µ〉.

As WQ1(x) is a unit in Kj, we obtain

I = 〈fj(x)ω + pMQ1(x)WQ1(x)−1, pfj(x)µ〉.

Let us write

pMQ1(x)WQ1(x)−1 = p

ps−1∑
i=0

Gi(x)fj(x)i,

where Gi(x) ∈ Pdj(T ) for 0 ≤ i ≤ ps − 1. For all i ≥ µ, we note that pfj(x)i ∈

〈pfj(x)µ〉(⊆ I), which implies that

I = 〈fj(x)ω + p

µ−1∑
i=0

Gi(x)fj(x)i, pfj(x)µ〉.

Let us denote G1(x) =
µ−1∑
i=0

Gi(x)fj(x)i. When G1(x) 6= 0, there exists a smallest

integer t (0 ≤ t < µ) satisfying Gt(x) 6= 0 and we can write G1(x) = fj(x)tG(x),

where G(x) =
µ−1∑
i=t

Gi(x)fj(x)i−t is a unit in Kj. When G1(x) = 0, we choose

G(x) = 0. From this, we have

I = 〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉,

where G(x) is either 0 or a unit in Kj of the form
µ−t−1∑
i=0

ai(x)fj(x)i with ai(x) ∈

Pdj(T ) for 0 ≤ i ≤ µ− t− 1. Since κ is the smallest non-negative integer satisfying

pfj(x)κ ∈ 〈fj(x)ω + pfj(x)tG(x)〉 and pfj(x)ω ∈ 〈fj(x)ω + pfj(x)tG(x)〉, we get

κ ≤ ω. As pfj(x)κ ∈ I2, we must have µ ≤ κ. Moreover, when µ = κ, we note that

I = 〈fj(x)ω + pfj(x)tG(x)〉, i.e., I is of Type III. In the view of this, we see that for

I = 〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉 to be of Type IV, we must have µ < κ.

This completes the proof of the theorem.
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By the above theorem, we see that κ is the smallest non-negative integer satisfying

pfj(x)κ ∈ 〈fj(x)ω +pfj(x)tG(x)〉. As pfj(x)ω ∈ 〈fj(x)ω +pfj(x)tG(x)〉, we have κ ≤ ω.

Further, the element pfj(x)κ can be written as

pfj(x)κ =
(
fj(x)ω + pfj(x)tG(x)

)( ps−1∑
i=0

Ai(x)fj(x)i + p

ps−1∑
`=0

B`(x)fj(x)`

)
, (3.2.1)

where Ai(x), B`(x) ∈ Pdj(T ) for each i and `.

In the following proposition, we determine the integer κ when β = 0.

Proposition 3.2.3. Let β = 0, and let us write p(Mj(x) − G(x)) = pfj(x)ρAG(x), where

0 ≤ ρ < ps and AG(x) is either 0 or a unit in Kj. Then we have

κ =



min{ω, ps−1} if G(x) = 0;

min{ω, ps − ω + t, ps−1} if G(x) 6= 0 and ω 6= ps − ps−1 + t;

min{ω, ps−1 + ρ} if G(x) 6= 0, ω = ps − ps−1 + t, AG(x) 6= 0 and

ρ < ps − ps−1;

ω if G(x) 6= 0, ω = ps − ps−1 + t with either AG(x) = 0 or

AG(x) 6= 0 and ρ ≥ ps − ps−1.

Proof. Since fj(x)p
s

= −pfj(x)p
s−1
Mj(x), equation (3.2.1) can be rewritten as

pfj(x)κ =

ps−ω−1∑
i=0

Ai(x)fj(x)i+ω − p
ps−1∑
i=ps−ω

Ai(x)fj(x)i+ω−p
s+ps−1

Mj(x)

+p

ps−1∑
i=0

Ai(x)fj(x)i+tG(x) + p

ps−1∑
`=0

B`(x)fj(x)`+ω.

This gives
ps−ω−1∑
i=0

Ai(x) fj(x)
i+ω

= 0 in Fpm [x]/〈fj(x)
ps

〉. This implies that Ai(x) = 0,

which further implies that Ai(x) = 0 for 0 ≤ i ≤ ps − ω − 1. From this, we obtain

pfj(x)κ = −p
ps−1∑
i=ps−ω

Ai(x)fj(x)i+ω−p
s+ps−1

Mj(x) + p

ps−1∑
i=ps−ω

Ai(x)fj(x)i+tG(x)

+p

ps−1∑
`=0

B`(x)fj(x)`+ω.

(3.2.2)
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When G(x) = 0, by (3.2.2), we get κ ≥ min{ω, ps−1}. Further, as pfj(x)p
s−1

Mj(x)

= −fj(x)p
s and κ ≤ ω, we get κ = min{ω, ps−1}.

From now on, throughout the proof, we assume that G(x) is a unit in Kj. Here we shall

consider the following two cases separately: ps−ps−1+t−ω 6= 0 and ps−ps−1+t−ω = 0.

First let ps − ps−1 + t− ω 6= 0. In this case, we note that

p(−fj(x)p
s−1

Mj(x) + fj(x)p
s−ω+tG(x)) = fj(x)p

s

+ pfj(x)p
s−ω+tG(x)

= fj(x)p
s−ω{fj(x)ω + pfj(x)tG(x)}.

From this and using the fact that ps − ps−1 − ω + t 6= 0, we get

κ ≤ min{ps − ω + t, ps−1}.

Now by (3.2.2), we obtain κ = min{ω, ps − ω + t, ps−1}.

Next suppose that ω = ps − ps−1 + t. In this case, (3.2.2) can be rewritten as

pfj(x)κ = −p
ps−1∑
i=ps−ω

Ai(x)fj(x)i+ω−p
s+ps−1+ρAG(x) + p

ps−1∑
`=0

B`(x)fj(x)`+ω. (3.2.3)

By (3.2.3), we see that κ = ω when AG(x) = 0.

Further, let AG(x) be a unit in Kj. When ρ ≥ ps − ps−1, (3.2.3) becomes

pfj(x)κ = p

ps−1∑
`=0

B`(x)fj(x)`+ω,

which gives κ = ω. On the other hand, we see that

pfj(x)p
s−1+ρAG(x) = pfj(x)p

s−1

(Mj(x)−G(x)) = −fj(x)p
s−ω{fj(x)ω + pfj(x)tG(x)},

which gives κ ≤ ps−1 + ρ when ρ < ps − ps−1. From this and using (3.2.3), we get

κ = min{ω, ps−1 + ρ} when ρ < ps − ps−1.
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In the following theorem, we determine cardinalities of all ideals of Kj when β = 0.

Theorem 3.2.3. Suppose that β = 0. Let I be an ideal of Kj (as determined in Theorem

3.2.2).

(a) If I = {0}, then |I| = 1.

(b) If I = Kj, then |I| = p2mdjp
s
.

(c) If I = 〈pfj(x)τ 〉 is of Type II, then |I| = pmdj(p
s−τ).

(d) Let I = 〈fj(x)ω + pfj(x)tG(x)〉 be of Type III. Let us write p(Mj(x)− G(x))

= pfj(x)ρAG(x), where 0 ≤ ρ < ps and AG(x) is either 0 or a unit in Kj. Then

|I| =



p2mdj(p
s−ω) if either G(x) = 0, ω ≤ ps−1 or G(x) 6= 0, ps − 2ω

+t ≥ 0, ω ≤ ps−1, ω 6= ps − ps−1 + t or G(x) 6= 0, AG(x) = 0,

ω = ps − ps−1 + t or G(x) 6= 0, AG(x) 6= 0, ω = ps − ps−1 + t,

ρ ≥ ps − ps−1 or G(x) 6= 0, AG(x) 6= 0, ω = ps − ps−1 + t ≤

ps−1 + ρ;

pmdj(p
s−t) if G(x) 6= 0, ps − 2ω + t ≤ 0, ps − ps−1 − ω + t < 0;

pmdj(2p
s−ω−ps−1) if G(x) = 0, ω > ps−1 or G(x) 6= 0, ω ≥ ps−1,

ps − ps−1 − ω + t > 0;

pmdj(2p
s−ω−ps−1−ρ) if G(x) 6= 0, AG(x) 6= 0, ω = ps − ps−1 + t, ω > ps−1 + ρ.

(e) If I = 〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉 is of Type IV, then |I| = pmdj(2p
s−µ−ω).

Proof. To prove the result, we see, by Lemma 3.2.3, that

|I| = |Tor0(I)||Tor1(I)|.

So we need to determine cardinalities of Tor0(I) and Tor1(I), which are ideals of the

quotient ring Fpm [x]/〈fj(x)
ps

〉. To do this, we first note that the nilpotency index of fj(x)

in Fpm [x]/〈fj(x)
ps

〉 is ps. Further, by Theorem 2.0.5, we observe that Fpm [x]/〈fj(x)
ps

〉 is

a finite commutative chain ring with unity and all its ideals are given by 〈fj(x)
i
〉, where

0 ≤ i ≤ ps. We also observe that the residue field of Fpm [x]/〈fj(x)
ps

〉 is of order pmdj . This,
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by Theorem 2.0.5 again, implies that

|〈fj(x)
i
〉| = pmdj(p

s−i) for 0 ≤ i ≤ ps. (3.2.4)

(a) If I = {0}, then Tor0(I) = Tor1(I) = {0}, which gives |I| = 1.

(b) If I = Kj, then Tor0(I) = Tor1(I) = 〈1〉 = Fpm [x]/〈fj(x)
ps

〉. From this and using

(3.2.4), we get |I| = p2mdjp
s
.

(c) If I = 〈pfj(x)τ 〉 is of Type II, then Tor0(I) = {0} and Tor1(I) = 〈fj(x)
τ
〉. From

this and using (3.2.4), we obtain |I| = pmdj(p
s−τ).

(d) If I = 〈fj(x)ω + pfj(x)tG(x)〉 is of Type III, then it is easy to see that Tor0(I) =

〈fj(x)
ω
〉 and Tor1(I) = 〈fj(x)

κ
〉. Now by applying Proposition 3.2.3 and using

(3.2.4), part (d) follows.

(e) If I = 〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉 is of Type IV, then Tor0(I) = 〈fj(x)
ω
〉 and

Tor1(I) = 〈fj(x)
µ
〉. From this and using (3.2.4), we get |I| = pmdj(2p

s−µ−ω).

In the following theorem, we determine the orthogonal complement of each ideal of Kj
when β = 0.

Theorem 3.2.4. Suppose that β = 0. Let I be an ideal of Kj (as determined in Theorem

3.2.2).

(a) If I = {0}, then I⊥ = K̂j = GR(p2,m)[x]/〈k∗j (x)〉.

(b) If I = Kj, then I⊥ = {0}.

(c) If I = 〈pfj(x)τ 〉 is of Type II, then I⊥ = 〈f ∗j (x)p
s−τ , p〉.

(d) Let I = 〈fj(x)ω + pfj(x)tG(x)〉 be of Type III. Let us write p(Mj(x) − G(x)) =

pfj(x)ρAG(x), where 0 ≤ ρ < ps and AG(x) is either 0 or a unit in Kj. When

G(x) 6= 0, t = ω−ps+ps−1 with either AG(x) = 0 or AG(x) 6= 0 and ρ ≥ ps−ps−1,

we have I = 〈fj(x)ω + pfj(x)ω−p
s+ps−1

Mj(x)〉. Furthermore, we have
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I⊥ =



〈f ∗j (x)p
s−ω + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−ωM∗

j (x)〉 if G(x) = 0 and

ω ≤ ps−1;

〈f ∗j (x)p
s−ps−1

+ pxdjp
s−djps−1−deg Mj(x)M∗

j (x), pf ∗j (x)p
s−ω〉 if G(x) = 0

and ω > ps−1;

〈f ∗j (x)p
s−ps−1

+ pxdjp
s−djps−1−deg Mj(x)M∗

j (x)− pxdjω−djt−deg G(x)

f ∗j (x)p
s+t−ω−ps−1

G∗(x), pf ∗j (x)p
s−ω〉 if G(x) 6= 0, ps − ps−1 + t− ω > 0

and ω > ps−1;

〈f ∗j (x)p
s−ω + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−ωM∗

j (x)− pxdjω−djt−deg G(x)

f ∗j (x)p
s+t−2ωG∗(x)〉 if G(x) 6= 0, ps − ps−1 + t− ω > 0 and ω ≤ ps−1;

〈f ∗j (x)p
s−ω + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−ωM∗

j (x)− pxdjω−djt−deg G(x)

f ∗j (x)p
s+t−2ωG∗(x)〉 if G(x) 6= 0, ps − ps−1 + t− ω < 0 and ps − 2ω + t ≥ 0;

〈f ∗j (x)ω−t + pxdjp
s−djps−1−deg Mj(x)f ∗j (x)p

s−1+ω−t−psM∗
j (x)

−pxdjω−djt−deg G(x)G∗(x), pf ∗j (x)p
s−ω〉 if G(x) 6= 0, ps − ps−1 + t− ω < 0

and ps − 2ω + t < 0;

〈f ∗j (x)p
s−ω〉 if G(x) 6= 0, ω = ps − ps−1 + t with either AG(x) = 0 or AG(x)

6= 0, ρ ≥ ps − ps−1;

〈f ∗j (x)p
s−ω + pxdjp

s−djps−1−djρ−deg AG(x)f ∗j (x)p
s−1−ω+ρA∗G(x)〉 if G(x) 6= 0,

t = ω − ps + ps−1, AG(x) 6= 0 and ω − ps−1 ≤ ρ < ps − ps−1;

〈f ∗j (x)p
s−ps−1−ρ + pxdjp

s−djps−1−djρ−deg AG(x)A∗G(x), pf ∗j (x)p
s−ω〉 if G(x)

6= 0, t = ω − ps + ps−1, AG(x) 6= 0 and ρ < ω − ps−1.

(e) Let I = 〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉 be of Type IV. Let us write p(Mj(x) −

G(x)) = pfj(x)ρAG(x), where 0 ≤ ρ < ps and AG(x) is either 0 or a unit in

Kj. When G(x) 6= 0, t = ω − ps + ps−1 with either AG(x) = 0 or AG(x) 6= 0 and

ρ ≥ ps−ps−1, we have I = 〈fj(x)ω+pfj(x)ω−p
s+ps−1

Mj(x), pfj(x)µ〉. Furthermore,

we have
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I⊥ =



〈f ∗j (x)p
s−µ, pf ∗j (x)p

s−ω〉 if G(x) = 0 and ps − ps−1 − ω + µ ≤ 0;

〈f ∗j (x)p
s−µ + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−µM∗

j (x), pf ∗j (x)p
s−ω〉 if G(x)

= 0 and ps − ps−1 − ω + µ > 0;

〈f ∗j (x)p
s−µ + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−µM∗

j (x)− pxdjω−djt−deg G(x)

f ∗j (x)p
s−µ+t−ωG∗(x), pf ∗j (x)p

s−ω〉 if G(x) 6= 0 and ps − ps−1 + t− ω 6= 0;

〈f ∗j (x)p
s−µ, pf ∗j (x)p

s−ω〉 if G(x) 6= 0, t = ω − ps + ps−1 with either AG(x)

= 0 or AG(x) 6= 0, ρ ≥ ps − ps−1;

〈f ∗j (x)p
s−µ + pxdjp

s−djps−1−djρ−deg AG(x)f ∗j (x)p
s−1−µ+ρA∗G(x), pf ∗j (x)p

s−ω〉

if G(x) 6= 0, t = ω − ps + ps−1, AG(x) 6= 0 and ρ < ps − ps−1.

Proof. It is easy to see that I⊥ = Kj when I = {0} and that I⊥ = {0} when I = Kj.

As the proofs of parts (d) and (e) are almost similar, we will prove parts (c) and (e) only.

For this, we see, by Lemma 3.2.2(c), that the nilpotency index N of fj(x) in Kj is given

by N = 2ps − ps−1. We also note that fj(x)p
s

= −pfj(x)p
s−1
Mj(x), pfj(x)p

s
= 0 and

pfj(x)p
s−1 6= 0 in Kj.

To prove (c), suppose that I = 〈pfj(x)τ 〉 is of Type II. Here we see that ann(I) =

〈fj(x)p
s−τ , p〉. From this and by applying Lemma 3.2.4, we obtain I⊥ = 〈f ∗j (x)p

s−τ , p〉.

To prove (e), let I = 〈fj(x)ω + pfj(x)tG(x), pfj(x)µ〉 be of Type IV.

When G(x) = 0, we have I = 〈fj(x)ω, pfj(x)µ〉. As ann(I) is an ideal of Kj, by

Theorem 3.2.2, we can write ann(I) = 〈fj(x)a + pfj(x)bH(x), pfj(x)c〉, where H(x) is

either 0 or a unit in Kj. This implies that

pfj(x)a+µ = 0, pfj(x)c+ω = 0 and fj(x)a+ω + pfj(x)b+ωH(x) = 0. (3.2.5)

By Theorem 3.2.2 and Proposition 3.2.3, we see that µ < κ and κ = min{ω, ps−1},

which implies that µ < ω and µ < ps−1. Using this and by (3.2.5), we get a ≥ ps − µ,

c ≥ ps − ω and −pfj(x)a+ω−p
s+ps−1

Mj(x) + pfj(x)b+ωH(x) = 0, which holds only if

a ≥ max{ps − µ, ps − ps−1} = ps − µ, b = a − ps + ps−1 and pH(x) = pMj(x). This

implies that ann(I) = 〈fj(x)p
s−µ, pfj(x)p

s−ω〉 when ps−ps−1−ω+µ ≤ 0, while ann(I) =



42 Chapter 3 Repeated-root constacyclic codes over the Galois ring GR(p2,m)

〈fj(x)p
s−µ + pfj(x)p

s−1−µMj(x), pfj(x)p
s−ω〉 when ps − ps−1 − ω + µ > 0. From this and

by applying Lemma 3.2.4, we get I⊥ = 〈f ∗j (x)p
s−µ, pf ∗j (x)p

s−ω〉 when ps−ps−1−ω+µ ≤

0, while I⊥ = 〈f ∗j (x)p
s−µ + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−µM∗

j (x), pf ∗j (x)p
s−ω〉 when

ps − ps−1 − ω + µ > 0.

Next assume that G(x) is a unit in Kj. As ann(I) is an ideal of Kj, by Theorem 3.2.2, we

can write ann(I) = 〈fj(x)a + pfj(x)bH(x), pfj(x)c〉, where H(x) is either 0 or a unit in

Kj. This implies that

pfj(x)a+µ = 0, pfj(x)c+ω = 0 and fj(x)a+ω + p(fj(x)a+tG(x) + fj(x)b+ωH(x)) = 0.

(3.2.6)

By (3.2.6), we get a ≥ ps − µ, c ≥ ps − ω and

p(−fj(x)a+ω−p
s+ps−1

Mj(x) + fj(x)a+tG(x) + fj(x)b+ωH(x)) = 0. (3.2.7)

Here we consider the following two cases separately: ps− ps−1 + t−ω 6= 0 and ps− ps−1 +

t− ω = 0.

When ps − ps−1 + t − ω 6= 0, by Proposition 3.2.3, we note that ps − ω + t − µ ≥ 0

and µ ≤ ps−1. In this case, we see that (3.2.7) holds for a = ps − µ, which implies that

ann(I) = 〈fj(x)p
s−µ + pfj(x)p

s−1−µMj(x)− pfj(x)p
s−µ+t−ωG(x), pfj(x)p

s−ω〉. From this

and using Lemma 3.2.4, we get

I⊥ = 〈f ∗j (x)p
s−µ + pxdjp

s−djps−1−deg Mj(x)f ∗j (x)p
s−1−µM∗

j (x)

− pxdjω−djt−deg G(x)f ∗j (x)p
s−µ+t−ωG∗(x), pf ∗j (x)p

s−ω〉.

Next suppose that ps − ps−1 + t− ω = 0. In this case, (3.2.7) can be rewritten as

pfj(x)b+ωH(x) = pfj(x)a+ω−p
s+ps−1

(Mj(x)−G(x)) = pfj(x)a+ω−p
s+ps−1+ρAG(x).

(3.2.8)

When AG(x) = 0, we see that (3.2.8) holds for all b ≥ ps − ω, which implies that

ann(I) = 〈fj(x)p
s−µ, pfj(x)p

s−ω〉. From this and using Lemma 3.2.4, we obtain I⊥ =

〈f ∗j (x)p
s−µ, pf ∗j (x)p

s−ω〉.
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Next let AG(x) be a unit in Kj. Here by Proposition 3.2.3, we see that ps−1 + ρ ≥ µ.

When ρ ≥ ps − ps−1, we see that pfj(x)ω+ρ−p
s+ps−1 ∈ I, which implies that

I = 〈fj(x)ω + pfj(x)ω−p
s+ps−1

Mj(x)− pfj(x)ω+ρ−p
s+ps−1

AG(x), pfj(x)µ〉

= 〈fj(x)ω + pfj(x)ω−p
s+ps−1

Mj(x), pfj(x)µ〉.

Now when ρ ≥ ps − ps−1, we see that (3.2.8) holds for all b ≥ ps − ω, which implies

that ann(I) = 〈fj(x)p
s−µ, pfj(x)p

s−ω〉. From this and using Lemma 3.2.4, we get I⊥ =

〈f ∗j (x)p
s−µ, pf ∗j (x)p

s−ω〉. Moreover, when ρ < ps − ps−1, we observe that (3.2.8) holds for

all a ≥ ps − µ, b = a + ps−1 − ps + ρ and H(x) = AG(x). This implies that ann(I) =

〈fj(x)p
s−µ + pfj(x)p

s−1−µ+ρAG(x), pfj(x)p
s−ω〉, which, by Lemma 3.2.4, further implies

that

I⊥ = 〈f ∗j (x)p
s−µ + pxdjp

s−djps−1−djρ−deg AG(x)f ∗j (x)p
s−1−µ+ρA∗G(x), pf ∗j (x)p

s−ω〉.

This completes the proof of the theorem.

As a consequence of the above results, we obtain some isodual α-constacyclic codes of

length nps over GR(p2,m).

Corollary 3.2.2. Suppose that β = 0. Let α = αp
s

0 ∈ T \ {0}, where α0 ∈ T is such that

xn − α0 is basic irreducible over GR(p2,m). Following the same notations as in Theorem

3.2.2, we have the following:

(a) The code 〈p〉 is the only isodual α-constacyclic code of Type II over GR(p2,m).

(b) When p = 2, the codes 〈(xn − α0)
2s−1〉 and 〈(xn − α0)

2s−1
+ 2(xn − α0)

tG(x)〉 are

isodual α-constacyclic codes of Type III over GR(4,m) for each G(x) 6= 0 and for

each integer t ≥ 1.

(c) The α-constacyclic codes 〈(xn − α0)
ω, p(xn − α0)

ps−ω〉, 2ps−ps−1

2
≤ ω < ps, are

isodual codes of Type IV over GR(p2,m).
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Proof. Let C be an α-constacyclic code of length nps over GR(p2,m). For C to be isodual,

we must have |C| = |C⊥|.

(a) Let C be of Type II, i.e., C = 〈p(xn − α0)
τ 〉 for some τ, 0 ≤ τ < ps. By Theorems

3.2.3 and 3.2.4, we observe that C⊥ = 〈(xn − α−10 )p
s−τ , p〉, |C| = pmn(p

s−τ) and

|C⊥| = pmn(p
s+τ). Now if the code C = 〈p(xn − α0)

τ 〉 is isodual, then we must have

|C| = |C⊥|, which gives τ = 0. On the other hand, when τ = 0, we see that the codes

C = 〈p〉 and C⊥ = 〈p〉 are GR(p2,m)-linearly equivalent. From this, it follows that

〈p〉 is the only isodual α-constacyclic code of Type II over GR(p2,m).

(b) If C is of Type III, then C = 〈(xn − α0)
ω + p(xn − α0)

tG(x)〉, where 0 < ω < ps,

G(x) is either 0 or a unit inRα,0 and 0 ≤ t < ω if G(x) 6= 0.

When G(x) = 0 and ω ≤ ps−1, by Theorems 3.2.3 and 3.2.4, we have |C| =

p2mn(p
s−ω), C⊥ = 〈(−α0)

ps−ω(xn−α−10 )p
s−ω+pxnp

s−nps−1−deg Mj(x)(−α0)
ps−1−ω(xn−

α−10 )p
s−1−ωM∗

j (x)〉 and |C⊥| = p2mnω. Now for the code C to be isodual, we must have

|C| = |C⊥|, which gives p = 2 and ω = 2s−1. Further, when p = 2 and ω = 2s−1, we

note that Mj(x) = a1α
2s−1

0 ∈ GR(4,m), which implies that C⊥ = 〈(−α0)
2s−1

(xn −

α−10 )2
s−1

+ pxn2
s−1
za1α

2s−1

0 〉. It is easy to observe that C⊥ is GR(4,m)-linearly equiv-

alent to the α-constacyclic code D = 〈(xn − α0)
2s−1

+ 2a1α
2s−1

0 〉 of length n2s

over GR(4,m). In view of this, we see that the codes C and C⊥ are GR(4,m)-

linearly equivalent if and only if C and D are GR(4,m)-linearly equivalent. For

s = 1, we see that C = 〈xn − α0〉 and D = 〈xn − α0 + 2a1〉, which are triv-

ially GR(4,m)-linearly equivalent. For s ≥ 2, by Theorem 2.0.11, we note that

2||
(
2s−1

2s−2

)
and that

(
2s−1

i

)
= 0 for each i satisfying 1 ≤ i ≤ 2s−1 − 1 and i 6= 2s−2.

From this, we get C = 〈xn2s−1
+
(
2s−1

2s−2

)
xn2

s−2
(−α0)

2s−2
+ α2s−1

0 〉 and D = 〈xn2s−1
+(

2s−1

2s−2

)
xn2

s−2
(−α0)

2s−2
+α2s−1

0 (1+2a1)〉. It is easy to observe that the codes C(⊆ Rα,0)

and D(⊆ Rα,0) are GR(4,m)-linearly equivalent.
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Next when G(x) 6= 0, ps − ps−1 + t− ω > 0 and ω ≤ ps−1, by Theorems 3.2.3 and

3.2.4, we have |C| = p2mn(p
s−ω),

C⊥ = 〈(−α0)
ps−ω(xn − α−10 )p

s−ω + pxnp
s−nps−1−deg Mj(x)M∗

j (x)(−α0)
ps−1−ω

(xn − α−10 )p
s−1−ω − pxnω−nt−deg G(x)(−α0)

ps−2ω+t(xn − α−10 )p
s−2ω+tG∗(x)〉

and |C⊥| = p2mnω. Here for the code C to be isodual, we must have |C| = |C⊥|, which

gives p = 2 and ω = 2s−1. On the other hand, when p = 2 and ω = 2s−1, we see

that C⊥ = 〈(−α0)
2s−1

(xn−α−10 )2
s−1−2(−α0)

txn2
s−1−nt−deg G(x)(xn−α−10 )tG∗(x) +

2a1α
2s−1

0 xn2
s−1〉, which is GR(4,m)-linearly equivalent to the α-constacyclic code

D1 = 〈(xn−α0)
2s−1−2(xn−α0)

tG(x)+2a1α
2s−1

0 〉 of length n2s over GR(4,m). Fur-

ther, one can easily observe that the codes C(⊆ Rα,0) and D1(⊆ Rα,0) are GR(4,m)-

linearly equivalent, which implies that the codes C(⊆ Rα,0) and C⊥(⊆ R̂α,0) are

GR(4,m)-linearly equivalent.

When ps − ps−1 + t = ω and pMj(x) = pG(x), by Theorems 3.2.3 and 3.2.4, we

have |C| = p2mn(p
s−ω), C⊥ = 〈(xn − α−10 )p

s−ω〉 and |C⊥| = p2mnω. Now for the

code C to be isodual, we must have p = 2 and ω = 2s−1. On the other hand, when

p = 2 and ω = 2s−1, it is easy to see that the codes C(⊆ Rα,0) and C⊥(⊆ R̂α,0) are

GR(4,m)-linearly equivalent.

(c) If C is of Type IV, then C = 〈(xn − α0)
ω + p(xn − α0)

tG(x), p(xn − α0)
µ〉, where

0 < µ < ω < ps, G(x) is either 0 or a unit inRα,0 and 0 ≤ t < µ if G(x) 6= 0. Here

by Theorems 3.2.3 and 3.2.4, we have |C| = pmn(2p
s−ω−µ) and |C⊥| = pmn(ω+µ). Now

if the code C is isodual, then 2ps − ω − µ = ω + µ, which gives µ = ps − ω.

Now let µ = ps − ω. Then we have C = 〈(xn − α0)
ω + p(xn − α0)

tG(x), p(xn −

α0)
ps−ω〉. When G(x) = 0 and ω ≥ 2ps−ps−1

2
, by Theorem 3.2.4, we see that C⊥ =

〈(xn − α−10 )ω, p(xn − α−10 )p
s−ω〉, which is clearly GR(p2,m)-linearly equivalent to

the code C.

This completes the proof of the theorem.
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3.3 Some examples

To illustrate our results, we determine all cyclic and negacyclic codes of length 10 over

the Galois ring GR(4, 3) as follows:

Example 3.3.1. In order to write down all negacyclic codes of length 10 over GR(4, 3),

we observe that the factorization of x5 − 1 into monic pairwise coprime basic irreducible

polynomials over GR(4, 3) is given by x5−1 = (x+3)(x4+x3+x2+x+1). Further, working

as in the proof of Lemma 3.2.1, we see that x10 + 1 = {(x+ 3)2 + 2(x5 − 2)}{(x4 + x3 +

x2 + x+ 1)2 + 2(x5 − 2)(3x6 + 2x4 + x2 + 2x)} is a factorization of x10 + 1 into coprime

polynomials over GR(4, 3). Now by applying the Chinese Remainder Theorem, we get

R1,1 = GR(4, 3)[x]/〈x10 + 1〉 ' K1⊕K2, where K1 = GR(4, 3)[x]/〈(x+ 3)2 + 2(x5− 2)〉

and K2 = GR(4, 3)[x]/〈(x4 + x3 + x2 + x + 1)2 + 2(x5 − 2)(3x6 + 2x4 + x2 + 2x)〉. By

Theorem 3.2.1, we note that all the ideals of K1 are given by 〈(x + 3)i〉, 0 ≤ i ≤ 4 and

all the ideals of K2 are given by 〈(x4 + x3 + x2 + x + 1)`〉, 0 ≤ ` ≤ 4. From this and by

applying Proposition 3.2.1, we see that all negacyclic codes of length 10 over GR(4, 3) are

given by 〈(x + 3)i〉 ⊕ 〈(x4 + x3 + x2 + x + 1)`〉, where 0 ≤ i, ` ≤ 4. By Corollary 3.2.1,

we see that the code 〈2〉 is a self-dual negacyclic code of length 10 over GR(4, 3).

Example 3.3.2. Next we proceed to write down all cyclic codes of length 10 over GR(4, 3),

which are ideals of the ring R1,0 = GR(4, 3)[x]/〈x10 − 1〉. To do this, working as in the

proof of Lemma 3.2.1, we see that x10−1 = {(x+3)2+2(x5−1)}{(x4+x3+x2+x+1)2+

2(x5− 1)(3x6 + 2x4 +x2 + 2x)} is a factorization of x10− 1 into coprime polynomials over

GR(4, 3). Now by applying the Chinese Remainder Theorem, we obtainR1,0 ' K1 ⊕K2,

where K1 = GR(4, 3)[x]/〈(x + 3)2 + 2(x5 − 1)〉 and K2 = GR(4, 3)[x]/〈(x4 + x3 + x2 +

x+ 1)2 + 2(x5−1)(3x6 + 2x4 +x2 + 2x)〉. Further, by applying Proposition 3.2.1, all cyclic

codes of length 10 over GR(4, 3) are given by I1 ⊕ I2, where I1 is an ideal of K1 and I2 is

an ideal of K2.

Trivial ideals Principal ideals Non-principal ideals
{0}, K1 〈2〉, 〈x+ 3〉, 〈2x+ 2〉, 〈x+ 1〉, 〈x+ 3, 2〉

〈x+ 3 + 2δ〉, 〈x+ 3 + 2δ2〉

TA B L E 3 . 1 : Ideals of K1
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Trivial ideals Principal ideals Non-principal ideals
{0}, K2 〈2〉, 〈x4 + x3 + x2 + x+ 1〉, 〈x4 + x3 + x2 + x+ 1, 2〉

〈2x4 + 2x3 + 2x2 + 2x+ 2〉
〈x4 + x3 + x2 + x+ 1 + 2G(x)〉

TA B L E 3 . 2 : aIdeals of K2

〈2〉 〈2〉 ⊕ 〈x4 + x3 + x2 + x+ 1 + 2G(x)〉
〈x+ 3〉 ⊕ 〈2〉 〈x+ 3〉 ⊕ 〈x4 + x3 + x2 + x+ 1 + 2G(x)〉
〈x+ 1〉 ⊕ 〈2〉 〈x+ 1〉 ⊕ 〈x4 + x3 + x2 + x+ 1 + 2G(x)〉
〈x+ 3 + 2δ〉 ⊕ 〈2〉 〈x+ 3 + 2δ〉 ⊕ 〈x4 + x3 + x2 + x+ 1 + 2G(x)〉
〈x+ 3 + 2δ2〉 ⊕ 〈2〉 〈x+ 3 + 2δ2〉 ⊕ 〈x4 + x3 + x2 + x+ 1 + 2G(x)〉
〈2〉 ⊕ 〈x4 + x3 + x2 + x+ 1〉 〈x+ 3 + 2δ2〉 ⊕ 〈x4 + x3 + x2 + x+ 1〉
〈x+ 1〉 ⊕ 〈x4 + x3 + x2 + x+ 1〉 〈x+ 3 + 2δ〉 ⊕ 〈x4 + x3 + x2 + x+ 1〉
〈x+ 3〉 ⊕ 〈x4 + x3 + x2 + x+ 1〉

TA B L E 3 . 3 : aSome self-dual cyclic codes of length 10 over GR(4, 3)

aHere G(x) runs over P4(T ) \ {0}.

If T = {0, 1, δ, δ2} is the Teichmüller set of GR(4, 3), then by applying Theorem 3.2.2,

we list all the ideals of K1 and K2 in Tables 3.1 and 3.2, respectively. In Table 3.3, we list

some self-dual cyclic codes of length 10 over GR(4, 3) by applying Corollary 3.2.2.





Chapter 4

Repeated-root constacyclic codes over
the chain ring Fpm[u]/〈u3〉

4.1 Introduction

In this chapter, we shall determine all repeated-root constacyclic codes of arbitrary lengths

over the chain ring Fpm [u]/〈u3〉 and their dual codes. We shall also determine the number

of codewords in each code. Besides this, we shall list some isodual codes within the class

of constacyclic codes. We shall also determine ranks, Hamming distances, Rosenbloom-

Tsfasman (RT) distances and Rosenbloom-Tsfasman (RT) weight distributions of some

classes of repeated-root constacyclic codes over the chain ring Fpm [u]/〈u3〉 . Using these

results, we shall identify some MDS Hamming and MDS RT codes within this class of

codes.

For this, throughout this chapter, let p be a prime, n, s,m be positive integers with

gcd(n, p) = 1, Fpm be the finite field of order pm, and let R = Fpm [u]/〈u3〉 be the finite

commutative chain ring (i.e., quasi-Galois ring) with unity. Let λ be a unit in R. One can

easily observe that the unit λ ∈ R can be uniquely expressed as λ = α + uβ + u2δ, where

α, β, δ ∈ Fpm and α 6= 0. Further, as α(6= 0) ∈ Fpm , there exists α0 ∈ Fpm satisfying

α = αp
s

0 , so that we have λ = αp
s

0 + uβ + u2δ.

This chapter is organized as follows: In Section 4.2, we determine all λ-constacyclic codes

of length nps over R and their dual codes. We also list some isodual λ-constacyclic codes

of length nps over R when the binomial xn − α0 is irreducible over Fpm . In Section 4.3, we

obtain ranks, Hamming distances, Rosenbloom-Tsfasman (RT) distances and Rosenbloom-

Tsfasman (RT) weight distributions of all λ-constacyclic codes of length nps over R and

49
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identify all MDS λ-constacyclic codes of length nps over R with respect to the Hamming

and RT metrics when the binomial xn−α0 is irreducible over Fpm . In Section 4.4, we obtain

Hamming distances of all λ-constacyclic codes of length 2ps over R and identified all MDS

codes within this class of constacyclic codes with respect to the Hamming metric.

4.2 Algebraic structures of constacyclic codes of length nps

over R and their dual codes

In this section, we will provide a method to construct all λ-constacyclic codes of length

nps over R for the purpose of error-detection and error-correction. We will also determine

their dual codes and the number of codewords in each code. Besides this, we will list some

isodual constacyclic codes of length nps over R.

To do this, we recall that a λ-constacyclic code of length nps over R is an ideal of

the quotient ring Rλ = R[x]/〈xnps − λ〉. The unit λ can be uniquely expressed as λ =

α + uβ + u2δ, where α, β, δ ∈ Fpm and α is non-zero. Furthermore, as α(6= 0) ∈ Fpm ,

there exists α0 ∈ Fpm satisfying α = αp
s

0 , which implies that λ = αp
s

0 + uβ + u2δ. Now let

xn − α0 = f1(x)f2(x) · · · fr(x) be the irreducible factorization of xn − α0 over Fpm , where

f1(x), f2(x), · · · , fr(x) are monic pairwise coprime polynomials over Fpm . In the following

lemma, we factorize the polynomial xnps − λ into pairwise coprime polynomials in R[x].

Lemma 4.2.1. There exist polynomials g1(x), g2(x), · · · , gr(x), h1(x), h2(x), · · · , hr(x) ∈

Fpm [x] such that

xnp
s − λ =

r∏
j=1

(
fj(x)p

s

+ ugj(x) + u2hj(x)
)
,

where for 1 ≤ j ≤ r,

• gcd(fj(x), gj(x)) = 1 when β 6= 0.

• gj(x) = hj(x) = 0 when β = δ = 0.

• gj(x) = 0 and gcd(fj(x), hj(x)) = 1 in Fpm [x] when β = 0 and δ is non-zero.
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Moreover, the polynomials f1(x)p
s

+ ug1(x) + u2h1(x), f2(x)p
s

+ug2(x) + u2h2(x), · · · ,

fr(x)p
s

+ugr(x) + u2hr(x) are pairwise coprime in R[x].

Proof. To prove the result, we see that

xnp
s − λ = (xn − α0)

ps − uβ − u2δ = f1(x)p
s

f2(x)p
s · · · fr(x)p

s − uβ − u2δ. (4.2.1)

Next we observe that for 1 ≤ j ≤ r − 1, the polynomials fj(x)p
s and

r∏
i=j+1

fi(x)p
s are co-

prime in Fpm [x], which implies that there exist polynomials vj(x), wj(x) ∈ Fpm [x] satisfying

deg wj(x) < deg fj(x)p
s and

vj(x)fj(x)p
s

+ wj(x)
r∏

i=j+1

fi(x)p
s

= 1. (4.2.2)

Now by (4.2.1) and (4.2.2), we obtain

xnp
s − λ =

{
f1(x)p

s − uβw1(x)− u2w1(x)
(
δ + β2v1(x)w1(x)

)}{ r∏
i=2

fi(x)p
s − uβv1(x)

−u2v1(x)
(
δ + β2v1(x)w1(x)

)}
.

Furthermore, using (4.2.2) again, we get
r∏
i=2

fi(x)p
s − uβv1(x)− u2v1(x){δ + β2v1(x)w1(x)}

= {f2(x)p
s − uβv1(x)w2(x)− u2v1(x)w2(x)

(
δ + β2v1(x)w1(x) + β2v1(x)v2(x)w2(x)

)
}

×
{ r∏
i=3

fi(x)p
s − uβv1(x)v2(x)− u2v1(x)v2(x)

(
δ + β2v1(x)w1(x) + β2v1(x)v2(x)w2(x)

)}
.

Proceeding like this, we obtain xnps − λ =
r∏
j=1

(
fj(x)p

s
+ ugj(x) + u2hj(x)

)
with

• g1(x) = −β and h1(x) = −δ when r = 1; and

• gj(x) = −βwj(x)
j−1∏
i=1

vi(x), gr(x) = −β
r−1∏
i=1

vi(x),

hj(x) = −wj(x)
j−1∏
i=1

vi(x)
(
δ + β2

j∑̀
=1

v1(x)v2(x)v3(x) · · · v`(x)w`(x)
)

and
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hr(x) = −
r−1∏
i=1

vi(x)
(
δ + β2

r−1∑̀
=1

v1(x)v2(x)v3(x) · · · v`(x)w`(x)
)

for 1 ≤ j ≤ r − 1 when r ≥ 2.

From this, the desired result follows.

From now on, we define `j(x) = fj(x)p
s

+ ugj(x) + u2hj(x) for 1 ≤ j ≤ r. Then we

have xnps − λ =
r∏
j=1

`j(x). Further, let deg fj(x) = dj for each j. By Lemma 4.2.1, we

see that `1(x), `2(x), · · · , `r(x) are pairwise coprime in R[x]. This, by Chinese Remainder

Theorem, implies that

Rλ '
r⊕
j=1

Kj,

where Kj = R[x]/〈`j(x)〉 for 1 ≤ j ≤ r. Then we observe the following:

Proposition 4.2.1. (a) Let C be a λ-constacyclic code of length nps over R, i.e., an ideal

of the ring Rλ. Then we have

C = C1 ⊕ C2 ⊕ · · · ⊕ Cr,

where Cj is an ideal of Kj for 1 ≤ j ≤ r.

(b) If Ij is an ideal of Kj for 1 ≤ j ≤ r, then I = I1 ⊕ I2 ⊕ · · · ⊕ Ir is an ideal of Rλ

(i.e., I is a λ-constacyclic code of length nps over R). Moreover, we have

|I| = |I1||I2| · · · |Ir|.

Proof. Proof is trivial.

Next if C is a λ-constacyclic code of length nps over R, then its dual code C ⊥ is a

λ−1-constacyclic code of length nps over R. This implies that C ⊥ is an ideal of the quotient

ring Rλ−1 = R[x]/〈xnps − λ−1〉. In order to determine C ⊥ more explicitly, we observe

that xnps − λ−1 = −λ−1`∗1(x)`∗2(x) · · · `∗r(x). By applying the Chinese Remainder Theorem

again, we get

Rλ−1 '
r⊕
j=1

K̂j,
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where K̂j = R[x]/〈`∗j(x)〉 for 1 ≤ j ≤ r. Then we have the following:

Proposition 4.2.2. Let C be a λ-constacyclic code of length nps over R, i.e., an ideal of the

ring Rλ. If C = C1⊕C2⊕· · ·⊕Cr with Cj an ideal of Kj for each j, then the dual code C ⊥

of C is given by C ⊥ = C ⊥1 ⊕ C ⊥2 ⊕ · · · ⊕ C ⊥r , where C ⊥j = {aj(x) ∈ K̂j : aj(x)c∗j(x) =

0 in K̂j for all cj(x) ∈ Cj} is the orthogonal complement of Cj for each j. Furthermore,

C ⊥j is an ideal of K̂j = R[x]/〈`∗j(x)〉 for each j.

Proof. Its proof is straightforward.

In view of Propositions 4.2.1 and 4.2.2, we see that to determine all λ-constacyclic codes

of length nps over R, their sizes and their dual codes, we need to determine all ideals of

the ring Kj, their cardinalities and their orthogonal complements in K̂j for 1 ≤ j ≤ r. To

do so, throughout this chapter, let 1 ≤ j ≤ r be a fixed integer. From now on, we shall

represent elements of the rings Kj and K̂j (resp. Fpm [x]/〈fj(x)p
s〉) by their representatives

in R[x] (resp. Fpm [x]) of degree less than djps, and we shall perform their addition and

multiplication modulo `j(x) and `∗j(x) (resp. fj(x)p
s), respectively. To determine all ideals

of the ring Kj, we make the following observation.

Lemma 4.2.2. Let 1 ≤ j ≤ r be fixed. In the ring Kj, the following hold.

(a) Any non-zero polynomial g(x) ∈ Fpm [x] satisfying gcd(g(x), fj(x)) = 1 is a unit in

Kj. As a consequence, any non-zero polynomial in Fpm [x] of degree less than dj is a

unit in Kj.

(b) 〈fj(x)p
s〉 =


〈u〉 if β 6= 0;

〈u2〉 if β = 0 and δ 6= 0;

{0} if β = δ = 0.

As a consequence, fj(x) is a nilpotent element of Kj. The nilpotency index of fj(x)

is 3ps when β 6= 0, the nilpotency index of fj(x) is 2ps when β = 0 and δ 6= 0, while

the nilpotency index of fj(x) is ps when β = δ = 0.

Proof. (a) As fj(x) is irreducible over Fpm and gcd(g(x), fj(x)) = 1, we have gcd(g(x),

fj(x)p
s
) = 1 in Fpm [x]. By Euclidean algorithm, there exist polynomials a(x), b(x) ∈ Fpm [x]

such that a(x)g(x) + b(x)fj(x)p
s

= 1. This implies that a(x)g(x) + b(x)(fj(x)p
s
+ugj(x) +
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u2hj(x)) = 1 + ub(x)(gj(x) + uhj(x)). From this, we get a(x)g(x) = 1 + ub(x)(gj(x) +

uhj(x)) in Kj. As u3 = 0 in Kj, we see that 1 + ub(x)(gj(x) + uhj(x)) is a unit in Kj,

which implies that g(x) is a unit in Kj.

(b) It follows immediately from Lemma 4.2.1 and part (a).

Next for a positive integer k, let us recall that Pk(Fpm) = {g(x) ∈ Fpm [x] : either g(x) =

0 or deg g(x) < k}. Note that by repeatedly applying the division algorithm in R[x],

every element a(x) ∈ Kj can be uniquely expressed as a(x) =
ps−1∑
i=0

Ai(x)fj(x)i, where

Ai(x) ∈ Pdj(R) for 0 ≤ i ≤ ps − 1. Further, each Ai(x) ∈ Pdj(R) can be uniquely written

as Ai(x) = Ai,0(x) + uAi,1(x) + u2Ai,2(x),where Ai,0(x), Ai,1(x), Ai,2(x) ∈ Pdj(Fpm).

That is, each element a(x) ∈ Kj can be uniquely expressed as

a(x) =

ps−1∑
i=0

Ai,0(x)fj(x)i + u

ps−1∑
i=0

Ai,1(x)fj(x)i + u2
ps−1∑
i=0

Ai,2(x)fj(x)i,

where Ai,0(x), Ai,1(x), Ai,2(x) ∈ Pdj(Fpm) for each i.

Now to determine cardinalities of all ideals of Kj, we observe the following:

Lemma 4.2.3. Let 1 ≤ j ≤ r be a fixed integer. For an ideal I of Kj, let us define

Tor0(I ) = {a0(x) ∈ Fpm [x]/〈fj(x)p
s〉 : a0(x) + ua1(x) + u2a2(x) ∈ I for some a1(x),

a2(x) ∈ Fpm [x]/〈fj(x)p
s〉}, Tor1(I ) = {a1(x) ∈ Fpm [x]/〈fj(x)p

s〉 : ua1(x) + u2a2(x) ∈

I for some a2(x) ∈ Fpm [x]/〈fj(x)p
s〉} and Tor2(I ) = {a2(x) ∈ Fpm [x]/〈fj(x)p

s〉 :

u2a2(x) ∈ I }. Then Tor0(I ),Tor1(I ) and Tor2(I ) are ideals of Fpm [x]/〈fj(x)p
s〉.More-

over, we have

|I | = |Tor0(I )||Tor1(I )||Tor2(I )|.

Proof. One can easily observe that Tor0(I ), Tor1(I ) and Tor2(I ) are ideals of Fpm [x]/〈fj(x)p
s〉.

In order to prove the second part, we define a map

φ : I → Tor0(I )

as φ(a(x)) = a0(x) for each a(x) = a0(x)+ua1(x)+u2a2(x) ∈ I with a0(x), a1(x), a2(x) ∈
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Fpm [x]/〈fj(x)p
s〉. We observe that φ is a surjective Fpm [x]/〈fj(x)p

s〉-module homomor-

phism and its kernel is given by

KI = {ua1(x) + u2a2(x) ∈ I : a1(x), a2(x) ∈ Fpm [x]/〈fj(x)p
s〉}.

This implies that

|I | = |Tor0(I )||KI |. (4.2.3)

We further define a map

ψ : KI → Tor1(I )

as ψ(ua1(x) + u2a2(x)) = a1(x) for each ua1(x) + u2a2(x) ∈ KI , where a1(x), a2(x) ∈

Fpm [x]/〈fj(x)p
s〉. We see that ψ is also a surjective Fpm [x]/〈fj(x)p

s〉-module homomor-

phism with the kernel as ker ψ = {u2a2(x) ∈ KI : a2(x) ∈ Fpm [x]/〈fj(x)p
s〉}. From this,

it follows that

|KI | = |Tor1(I )||ker ψ| = |Tor1(I )||Tor2(I )|,

which, by (4.2.3), implies that

|I | = |Tor0(I )||Tor1(I )||Tor2(I )|.

To determine orthogonal complements of all ideals of Kj, we need the following lemma.

Lemma 4.2.4. Let 1 ≤ j ≤ r be a fixed integer. Let I be an ideal of the ring Kj with the

orthogonal complement as I ⊥. Then the following hold.

(a) I ⊥ is an ideal of K̂j.

(b) I ⊥ = {a∗(x) ∈ K̂j : a(x) ∈ ann(I )} = ann(I )∗.

(c) If I = 〈f(x), ug(x), u2h(x)〉, then we have I ∗ = 〈f ∗(x), ug∗(x), u2h∗(x)〉.
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(d) For non-zero polynomials f(x), g(x) ∈ Kj, let us define (fg)(x) = f(x)g(x) and

(f + g)(x) = f(x) + g(x). If (fg)(x) 6= 0, then we have

f ∗(x)g∗(x) = xdeg f(x)+deg g(x)−deg (fg)(x)(fg)∗(x).

If (f + g)(x) 6= 0, then we have

(f + g)∗(x) =

 f ∗(x) + xdeg f(x)−deg g(x)g∗(x) if deg f(x) > deg g(x);

xdeg (f+g)(x)−deg f(x)(f ∗(x) + g∗(x)) if deg f(x) = deg g(x).

Proof. Its proof is straightforward.

From the above lemma, we see that to determine I ⊥, it is enough to determine ann(I )

for each ideal I of Kj. Further, to write down all ideals of Kj, we see, by Lemma 4.2.3,

that if I is an ideal of Kj, then Tor0(I ), Tor1(I ) and Tor2(I ) all are ideals of the

ring Fpm [x]/〈fj(x)p
s〉, which is a finite commutative chain ring with the maximal ideal as

〈fj(x)〉. Next by Theorem 2.0.5, we see that all the ideals of Fpm [x]/〈fj(x)p
s〉 are given

by 〈fj(x)i〉 with 0 ≤ i ≤ ps and that |〈fj(x)i〉| = pmdj(p
s−i) for each i. This implies that

Tor0(I ) = 〈fj(x)a〉, Tor1(I ) = 〈fj(x)b〉 and Tor2(I ) = 〈fj(x)c〉 for some integers a, b, c

satisfying 0 ≤ c ≤ b ≤ a ≤ ps.

First of all, we shall consider the case β 6= 0. Here we see that when α0 = µn for some

µ ∈ Fpm , each λ-constacyclic code of length nps over R can be determined by using the

results derived in Cao [9] and by applying the ring isomorphism from R[x]/〈xnps − 1 −

uα−1β − u2α−1δ〉 onto R[x]/〈xnps − α− uβ − u2δ〉, defined as a(x) 7→ a(µ−1x) for each

a(x) ∈ R[x]/〈xnps − 1 − uα−1β − u2α−1δ〉. However, when α0 (and hence α) is not an

nth power of an element in Fpm , the same technique can not be employed to determine all

(α+uβ+u2δ)-constacyclic codes of length nps over R. In fact, the problem of determination

of all (α + uβ + u2δ)-constacyclic codes of length nps over R and their dual codes is not

yet completely solved. Propositions 4.2.1 and 4.2.2 and the following theorem completely

solves this problem when β is non-zero.

Theorem 4.2.1. When β 6= 0, the following hold.



4.2 Algebraic structures of constacyclic codes of length nps over R and their dual codes57

(a) All ideals of the ring Kj are given by 〈fj(x)`〉, where 0 ≤ ` ≤ 3ps. Furthermore, for

0 ≤ ` ≤ 3ps, we have |〈fj(x)`〉| = pmdj(3p
s−`) and ann(〈fj(x)`〉) = 〈fj(x)3p

s−`〉.

(b) When kps ≤ ` ≤ (k + 1)ps with k ∈ {0, 1, 2}, the set

{ukfj(x)`−kp
s

, ukxfj(x)`−kp
s

, · · · , ukxdj((k+1)ps−`)−1fj(x)`−kp
s}

∪{uk+1, uk+1x, · · · , uk+1xdj(`−kp
s)−1}

is a minimal generating set of the ideal 〈fj(x)`〉 when viewed as an R-module.

Proof. (a) To prove the result, we first observe that an element a(x) ∈ Kj can be

uniquely expressed as a(x) = a0(x) +ua1(x) +u2a2(x), where a0(x), a1(x), a2(x) ∈

Pdjps(Fpm).By division algorithm in Fpm [x], there exist unique polynomials q(x), r(x) ∈

Fpm [x] such that a0(x) = fj(x)q(x) + r(x), where either r(x) = 0 or deg r(x) < dj.

This implies that a(x) = fj(x)q(x) + r(x) + ua1(x) + u2a2(x). Now in view of

Lemma 4.2.2(b), we see that a(x) is a unit in Kj if and only if r(x) is a unit in Kj.

Further, by Lemma 4.2.2(a), we see that r(x) ∈ Fpm [x] is a unit in Kj if and only

if r(x) 6= 0. This shows that a(x) is a non-unit in Kj if and only if r(x) = 0 if and

only if a(x) ∈ 〈fj(x)〉. That is, all the non-units of Kj are given by 〈fj(x)〉. Now by

Theorem 2.0.5 and Lemma 4.2.2(b), we see that Kj is a chain ring and all its ideals

are given by 〈fj(x)`〉, where 0 ≤ ` ≤ 3ps. Furthermore, we observe that the residue

field of Kj is given by Kj = Kj/〈fj(x)〉, and that |Kj| = pmdj . Now by Theorem

2.0.5 and Lemma 4.2.2(b) again, we obtain |〈fj(x)`〉| = pmdj(3p
s−`) for 0 ≤ ` ≤ 3ps.

Further, it is easy to observe that ann(〈fj(x)`〉) = 〈fj(x)3p
s−`〉.

(b) When kps ≤ ` ≤ (k + 1)ps with k ∈ {0, 1, 2}, by Lemma 4.2.2(b), we see that

〈fj(x)`〉 = 〈ukfj(x)`−kp
s〉. Using this, it is easy to observe that the set

{ukfj(x)`−kp
s

, ukxfj(x)`−kp
s

, · · · , ukxdj((k+1)ps−`)−1fj(x)`−kp
s} ∪ {uk+1, uk+1x,

· · · , uk+1xdj(`−kp
s)−1}

is a minimal generating set of the ideal 〈fj(x)`〉 when viewed as an R-module.
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As a consequence of the above theorem, we deduce the following:

Corollary 4.2.1. Let n ≥ 1 be an integer, and let α0 ∈ Fpm be such that the binomial xn−α0

is irreducible over Fpm . Let α = αp
s

0 , and β(6= 0), δ ∈ Fpm . Then there exists an isodual

(α+uβ+u2δ)-constacyclic code of length nps over R if and only if p = 2. Moreover, when

p = 2, the ideal 〈(xn − α0)
3·2s−1〉 is the only isodual (α + uβ + u2δ)-constacyclic code of

length n2s over R.

Proof. On taking fj(x) = xn − α0 in Theorem 4.2.1, we see that all (α + uβ + u2δ)-

constacyclic codes of length nps over R are given by 〈(xn − α0)
`〉, where 0 ≤ ` ≤ 3ps.

Furthermore, for 0 ≤ ` ≤ 3ps, the code 〈(xn − α0)
`〉 has pmn(3ps−`) elements and the

annihilator of 〈(xn − α0)
`〉 is given by 〈(xn − α0)

3ps−`〉. Next we see that if the code

C = 〈(xn − α0)
`〉 is isodual, then we must have |C | = |C ⊥|. This gives pmn(3ps−`) = pmn`.

This implies that 3ps = 2`,which holds if and only if p = 2. So when p is an odd prime, there

does not exist any isodual (α + uβ + u2δ)-constacyclic code of length nps over R. When

p = 2, we get ` = 3 ·2s−1. On the other hand, when p = 2, we observe that 〈(xn−α0)
3·2s−1〉

is an isodual (α + uβ + u2δ)-constacyclic code of length n2s over R, which completes the

proof.

Remark 4.2.1. By Theorem 3.75 of [53], we see that the binomial xn − α0 is irreducible

over Fpm if and only if the following two conditions are satisfied: (i) each prime divisor of

n divides the multiplicative order e of α0, but not (pm − 1)/e and (ii) pm ≡ 1 (mod 4) if

n ≡ 0 (mod 4).

In the following theorem, we consider the case β = δ = 0, and we determine all non-

trivial ideals of the ring Kj, their cardinalities, their annihilators and their minimal generating

sets.

Theorem 4.2.2. Let β = δ = 0, and let I be a non-trivial ideal of the ring Kj with

Tor0(I ) = 〈fj(x)a〉, Tor1(I ) = 〈fj(x)b〉 and Tor2(I ) = 〈fj(x)c〉 for some integers a, b, c

satisfying 0 ≤ c ≤ b ≤ a ≤ ps. Suppose thatBi(x), Ck(x), Q`(x),Wz(x) run over Pdj(Fpm)

for each relevant i, k, ` and z. Then the following hold.
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• Type I: When a = b = ps, we have

I = 〈u2fj(x)c〉,

where c < ps. Moreover, we have

|I | = pmdj(p
s−c), ann(I ) = 〈fj(x)p

s−c, u〉,

and the set

{u2fj(x)c, u2xfj(x)c, · · · , u2xdjps−djc−1fj(x)c}

is a minimal generating set of the ideal I when viewed as an R-module.

• Type II: When a = ps and b < ps, we have

I = 〈ufj(x)b + u2fj(x)tG(x), u2fj(x)c〉,

where max{0, c + b− ps} ≤ t < c if G(x) 6= 0 and G(x) is either 0 or a unit in Kj

of the form
c−t−1∑
i=0

Bi(x)fj(x)i. Moreover, we have

|I | = pmdj(2p
s−b−c), ann(I ) = 〈fj(x)p

s−c − ufj(x)p
s−c+t−bG(x), ufj(x)p

s−b, u2〉

and the set

{ufj(x)b + u2fj(x)tG(x), x(ufj(x)b + u2fj(x)tG(x)), · · · , xdjps−djb−1(ufj(x)b+

u2fj(x)tG(x))} ∪ {u2fj(x)c, u2xfj(x)c, · · · , u2xdjb−djc−1fj(x)c}

is a minimal generating set of the ideal I when viewed as an R-module.

• Type III: When a < ps, we have

I = 〈fj(x)a + ufj(x)t1D1(x) + u2fj(x)t2D2(x), ufj(x)b + u2fj(x)θV (x), u2fj(x)c〉,

where max{0, a + b − ps} ≤ t1 < b if D1(x) 6= 0, 0 ≤ t2 < c if D2(x) 6= 0,

max{0, b+ c− ps} ≤ θ < c if V (x) 6= 0, D1(x) is either 0 or a unit in Kj of the form
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b−t1−1∑
k=0

Ck(x)fj(x)k, D2(x) is either 0 or a unit in Kj of the form
c−t2−1∑̀

=0

Q`(x)fj(x)`

and V (x) is either 0 or a unit in Kj of the form
c−θ−1∑
i=0

Wi(x)fj(x)i. Furthermore, we

have

u2
(
fj(x)p

s−a+t1−b+θV (x)D1(x)− fj(x)p
s−a+t2D2(x)

)
∈ 〈u2fj(x)c〉,

i.e., there exists A(x) ∈ Fpm [x]/〈fj(x)p
s〉 such that

u2
(
fj(x)p

s−a+t1−b+θV (x)D1(x)− fj(x)p
s−a+t2D2(x)

)
= u2fj(x)cA(x).

Moreover, we have

|I | = pmdj(3p
s−a−b−c),

the annihilator of I is given by

ann(I ) = 〈fj(x)p
s−c − ufj(x)p

s−c+θ−bV (x) + u2A(x), ufj(x)p
s−b

−u2fj(x)p
s−a+t1−bD1(x), u2fj(x)p

s−a〉,

and the set

{F1(x), xF1(x), · · · , xdjps−dja−1F1(x)} ∪ {F2(x), xF2(x), · · · , xdja−djb−1F2(x)}∪

{u2fj(x)c, u2xfj(x)c, · · · , u2xdjb−djc−1fj(x)c}

is a minimal generating set of the ideal I when viewed as an R-module, where

F1(x) = fj(x)a+ufj(x)t1D1(x)+u2fj(x)t2D2(x) andF2(x) = ufj(x)b+u2fj(x)θV (x).

Proof. As I is a non-trivial ideal of Kj, we note that neither a = 0 nor a = b = c = ps

hold. Further, by Lemma 4.2.3, we have |I | = pmdj(3p
s−a−b−c). Now to write down all

such non-trivial ideals of Kj and to determine their annihilators, we shall distinguish the

following three cases: (i) a = b = ps, (ii) a = ps and b < ps, and (iii) a < ps.

(i) When a = b = ps, we have I ⊆ 〈u2〉. In this case, we have 0 ≤ c < ps. Here we

observe that I = 〈u2fj(x)c〉. Now to find ann(I ), we consider the ideal B1 =
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〈fj(x)p
s−c, u, u2〉, and we see that B1 ⊆ ann(I ) and that |B1| = pmdj(2p

s+c). As

pmdj(p
s−c) = |I | = |Kj|

|ann(I )|
≤ p3mdjp

s

|B1|
= pmdj(p

s−c),

we get ann(I ) = B1 = 〈fj(x)p
s−c, u, u2〉.

(ii) When a = ps and b < ps, we have I ⊆ 〈u〉 and I 6⊆ 〈u2〉. Here we observe that

I = 〈ufj(x)b + u2r(x), u2fj(x)c〉

for some r(x) ∈ Kj. Let us write u2r(x) = u2
ps−1∑
i=0

Gi(x)fj(x)i, where Gi(x) ∈

Pdj(Fpm) for 0 ≤ i ≤ ps − 1. Note that for all i ≥ c, we have u2fj(x)i =

u2fj(x)cfj(x)i−c ∈ I , which implies that

I = 〈ufj(x)b + u2
c−1∑
i=0

Gi(x)fj(x)i, u2fj(x)c〉.

If u2
c−1∑
i=0

Gi(x)fj(x)i 6= 0 in Kj, then choose the smallest integer t (0 ≤ t < c)

satisfying Gt(x) 6= 0, which gives u2
c−1∑
i=0

Gi(x)fj(x)i = u2fj(x)tG(x), where G(x) =

c−1∑
i=t

Gi(x)fj(x)i−t is a unit in Kj. On the other hand, when u2
c−1∑
i=0

Gi(x)fj(x)i = 0 in

Kj, let us choose G(x) = 0. From this, it follows that

I = 〈ufj(x)b + u2fj(x)tG(x), u2fj(x)c〉,

where G(x) is either 0 or a unit in Kj of the form
c−t−1∑
i=0

ai(x)fj(x)i with ai(x) ∈

Pdj(Fpm) for 0 ≤ i ≤ c− t− 1.

Further, as fj(x)p
s−b{ufj(x)b + u2fj(x)tG(x)} = u2fj(x)p

s−b+tG(x) ∈ I , we

must have ps − b + t ≥ c when G(x) 6= 0. Moreover, let B2 = 〈fj(x)p
s−c −

ufj(x)p
s−c+t−bG(x), ufj(x)p

s−b, u2〉. We observe that B2 ⊆ ann(I ) and |B2| ≥

pmdj(p
s+b+c). Since

pmdj(2p
s−b−c) = |I | = |Kj|

|ann(I )|
≤ p3mdjp

s

|B2|
≤ pmdj(2p

s−b−c),
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we obtain |ann(I )| = |B2| = pmdj(p
s+b+c). This implies that

ann(I ) = B2 = 〈fj(x)p
s−c − ufj(x)p

s−c+t−bG(x), ufj(x)p
s−b, u2〉.

(iii) When a < ps, we have I 6⊆ 〈u〉. In this case, we see that a > 0. Here we observe that

I = 〈fj(x)a + ur1(x) + u2r2(x), ufj(x)b + u2q(x), u2fj(x)c〉

for some r1(x), r2(x), q(x) ∈ Kj. Further, working as in the previous case, one can

show that

I = 〈fj(x)a + ufj(x)t1D1(x) + u2fj(x)t2D2(x), ufj(x)b + u2fj(x)θV (x), u2fj(x)c〉,

where D1(x) is either 0 or a unit in Kj of the form
b−1∑
`=t1

A`(x)fj(x)`−t1 , D2(x) is either

0 or a unit in Kj of the form
c−1∑
k=t2

Bk(x)fj(x)k−t2 and V (x) is either 0 or a unit in Kj

of the form
c−1∑
i=θ

Wi(x)fj(x)i−θ with A`(x), Bk(x),Wi(x) ∈ Kj for each `, k and i.

In order to determine ann(I ), we first observe that

ufj(x)p
s−a+t1D1(x) + u2fj(x)p

s−a+t2D2(x) ∈ I ,

which implies that ps−a+t1 ≥ bwhenD1(x) 6= 0.Next we see that fj(x)p
s−b{ufj(x)b+

u2fj(x)θV (x)} ∈ I , which gives ps − b + θ ≥ c when V (x) 6= 0. Moreover, as

ufj(x)a + u2fj(x)t1D1(x) ∈ I and fj(x)a−b{ufj(x)b + u2fj(x)θV (x)} ∈ I , we

note that u2{fj(x)t1D1(x)− fj(x)a−b+θV (x)} ∈ I , which implies that

u2{fj(x)t1D1(x)− fj(x)a−b+θV (x)} ∈ 〈u2fj(x)c〉.

From this, we obtain u2fj(x)p
s−c{fj(x)t1D1(x)− fj(x)a−b+θV (x)} = 0. Further, we

see that

ufj(x)p
s−a+t1D1(x) + u2fj(x)p

s−a+t2D2(x) ∈ I
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can be rewritten as

fj(x)p
s−a+t1−bD1(x){ufj(x)b + u2fj(x)θV (x)} − u2fj(x)p

s−a+t1−b+θD1(x)V (x)

+u2fj(x)p
s−a+t2D2(x),

which implies that

u2{fj(x)p
s−a+t1−b+θD1(x)V (x)− fj(x)p

s−a+t2D2(x)} ∈ I .

This further implies that

u2{fj(x)p
s−a+t1−b+θD1(x)V (x)− fj(x)p

s−a+t2D2(x)} ∈ 〈u2fj(x)c〉.

Let us write u2{fj(x)p
s−a+t1−b+θD1(x)V (x)−fj(x)p

s−a+t2D2(x)} = u2fj(x)cA(x),

where A(x) ∈ Fpm [x]/〈fj(x)p
s〉.

Next consider the ideal

B3 = 〈fj(x)p
s−c − ufj(x)p

s−c+θ−bV (x) + u2A(x), ufj(x)p
s−b

−u2fj(x)p
s−a+t1−bD1(x), u2fj(x)p

s−a〉.

Here we note that |B3| ≥ pmdj(a+b+c) and B3 ⊆ ann(I ). Further, as

pmdj(3p
s−a−b−c) = |I | = |Kj|

|ann(I )|
≤ p3mdjp

s

|B3|
≤ pmdj(3p

s−a−b−c),

we get |ann(I )| = |B3| = pmdj(a+b+c) and ann(I ) = B3.

The determination of minimal generating sets of non-trivial ideals of Kj is a straightforward

exercise.

In the following corollary, we obtain some isodual α-constacyclic codes of length nps

over R when the binomial xn − α0 is irreducible over Fpm .

Corollary 4.2.2. Let n ≥ 1 be an integer and α0 ∈ Fpm \ {0} be such that the binomial

xn − α0 is irreducible over Fpm . Let α = αp
s

0 . Following the same notations as in Theorem
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4.2.2, we have the following:

(a) There does not exist any isodual α-constacyclic code of Type I over R.

(b) There exists an isodual α-constacyclic code of Type II over R if and only if p = 2.

In fact, when p = 2, the code 〈u(xn − α0)
2s−1

, u2〉 is the only isodual α-constacyclic

code of Type II over R.

(c) There exists an isodual α-constacyclic code of Type III over R if and only if p = 2.

Moreover, when p = 2, the codes C = 〈(xn − α0)
a + u2(xn − α0)

t2D2(x), u(xn −

α0)
2s−1

, u2(xn − α0)
2s−a〉, 2s−1 ≤ a < 2s, are isodual α-constacyclic codes of Type

III over R.

Proof. Let C be an α-constacyclic code of length nps over R. For the code C to be isodual,

we must have |C | = |C ⊥| = |ann(C )|.

(a) Let C be of Type I, i.e., C = 〈u2(xn−α0)
c〉 for some integer c satisfying 0 ≤ c < ps.

By Theorem 4.2.2, we see that |C | = pmn(p
s−c) and |ann(C )| = pmn(2p

s+c). Now if the

code C is isodual, then we must have |C | = |ann(C )|. This implies that ps + 2c = 0,

which is a contradiction. Hence there does not exist any isodual α-constacyclic code

of Type I over R.

(b) Suppose that the code C is of Type II, i.e., C = 〈u(xn−α0)
b+u2(xn−α0)

tG(x), u2(xn−

α0)
c〉, where 0 ≤ c ≤ b < ps and 0 ≤ t < c if G(x) 6= 0. By Theorem 4.2.2, we have

|C | = pmn(2p
s−b−c), ann(C ) = 〈(xn − α0)

ps−c − u(xn − α0)
ps−c+t−bG(x), u(xn −

α0)
ps−b, u2〉 and |ann(C )| = pmn(p

s+b+c). Now if the code C is isodual, then we must

have |C | = |ann(C )|, which gives p = 2 and c = 2s−1 − b. Further, if the code

C is R-linearly equivalent to ann(C ), then Tor0(C ) = {0} must be F2m-linearly

equivalent to Tor0(ann(C )) = 〈(xn − α0)
2s−c〉, which implies that c = 0. This gives

b = 2s−1 − c = 2s−1.

On the other hand, when p = 2, c = 0 and b = 2s−1, by Theorem 4.2.2 again, we see

that C = ann(C ) holds, which implies that the codes C (⊆ Rα) and C ⊥(⊆ R̂α) are

R-linearly equivalent.
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(c) Suppose that the code C is of Type III, i.e., C = 〈(xn − α0)
a + u(xn − α0)

t1D1(x) +

u2(xn − α0)
t2D2(x), u(xn − α0)

b + u2(xn − α0)
θV (x), u2(xn − α0)

c〉, where 0 ≤

c ≤ b ≤ a < ps, 0 ≤ t1 < b if D1(x) 6= 0, 0 ≤ t2 < c if D2(x) 6= 0 and 0 ≤ θ < c if

V (x) 6= 0.

Here by Theorem 4.2.2, we have |C | = pmn(3p
s−a−b−c) and |ann(C )| = pmn(a+b+c).

From this, we see that if the code C is isodual, then we must have 3ps = 2(a+ b+ c),

which implies that p = 2.

On the other hand, when p = 2, we see, by Theorem 4.2.2 again, that for 2s−1 ≤ a <

2s, the code C = 〈(xn−α0)
a+u2(xn−α0)

t2D2(x), u(xn−α0)
2s−1

, u2(xn−α0)
2s−a〉

satisfies C = ann(C ), from which part (c) follows.

In the following theorem, we consider the case β = 0 and δ 6= 0, and we determine all

non-trivial ideals of the ring Kj, their orthogonal complements, their cardinalities and their

minimal generating sets.

Theorem 4.2.3. Let β = 0 and δ be a non-zero element of Fpm . Let I be a non-trivial ideal

of the ring Kj with Tor0(I ) = 〈fj(x)a〉, Tor1(I ) = 〈fj(x)b〉 and Tor2(I ) = 〈fj(x)c〉 for

some integers a, b, c satisfying 0 ≤ c ≤ b ≤ a ≤ ps. Suppose thatBi(x), Ck(x), Q`(x),Wz(x)

run over Pdj(Fpm) for each relevant i, k, ` and z. Then the following hold.

• Type I: When a = b = ps, we have

I = 〈u2fj(x)c〉,

where 0 ≤ c < ps. Furthermore, we have

|I | = pmdj(p
s−c), ann(I ) = 〈fj(x)p

s−c, u〉

and the set {
u2fj(x)c, u2xfj(x)c, · · · , u2xdjps−djc−1fj(x)c

}
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is a minimal generating set of the ideal I when viewed as an R-module.

• Type II: When a = ps and b < ps, we have

I = 〈ufj(x)b + u2fj(x)tG(x), u2fj(x)c〉,

where max{0, c + b− ps} ≤ t < c if G(x) 6= 0 and G(x) is either 0 or a unit in Kj

of the form
c−t−1∑
i=0

Bi(x)fj(x)i. Furthermore, we have

|I | = pmdj(2p
s−b−c), ann(I ) = 〈fj(x)p

s−c − ufj(x)p
s−c+t−bG(x), ufj(x)p

s−b, u2〉.

and the set

{ufj(x)b + u2fj(x)tG(x), x(ufj(x)b + u2fj(x)tG(x)), · · · , xdjps−djb−1(ufj(x)b+

u2fj(x)tG(x))} ∪ {u2fj(x)c, u2xfj(x)c, · · · , u2xdjb−djc−1fj(x)c}

is a minimal generating set of the ideal I when viewed as an R-module.

• Type III: When a < ps, we have

I = 〈fj(x)a+ufj(x)t1D1(x)+u2fj(x)t2D2(x), ufj(x)b+u2fj(x)θV (x), u2fj(x)c〉,

where max{0, a + b − ps} ≤ t1 < b if D1(x) 6= 0, 0 ≤ t2 < c if D2(x) 6= 0,

max{0, b+ c− ps} ≤ θ < c if V (x) 6= 0, D1(x) is either 0 or a unit in Kj of the form
b−t1−1∑
k=0

Ck(x)fj(x)k, D2(x) is either 0 or a unit in Kj of the form
c−t2−1∑̀

=0

Q`(x)fj(x)`

and V (x) is either 0 or a unit in Kj of the form
c−θ−1∑
i=0

Wi(x)fj(x)i. Furthermore, we

have

u2
(
hj(x) + fj(x)p

s−a+t1−b+θV (x)D1(x)− fj(x)p
s−a+t2D2(x)

)
∈ 〈u2fj(x)c〉,
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i.e., there exists B(x) ∈ Fpm [x]/〈fj(x)p
s〉 such that u2

(
hj(x)+fj(x)p

s−a+t1−b+θV (x)

D1(x)− fj(x)p
s−a+t2D2(x)

)
= u2fj(x)cB(x). Moreover, we have

|I | = pmdj(3p
s−a−b−c),

the annihilator of I is given by

ann(I ) = 〈fj(x)p
s−c − ufj(x)p

s−c+θ−bV (x) + u2B(x), ufj(x)p
s−b

−u2fj(x)p
s−a+t1−bD1(x), u2fj(x)p

s−a〉

and the set

{F1(x), xF1(x), · · · , xdjps−dja−1F1(x)} ∪ {F2(x), xF2(x), · · · , xdja−djb−1F2(x)}

∪{u2fj(x)c, u2xfj(x)c, · · · , u2xdjb−djc−1fj(x)c}

is a minimal generating set of the ideal I when viewed as an R-module, where

F1(x) = fj(x)a+ufj(x)t1D1(x)+u2fj(x)t2D2(x) andF2(x) = ufj(x)b+u2fj(x)θV (x).

Proof. Working as in Theorem 4.2.2 and by applying Lemmas 4.2.2(c) and 4.2.3, the desired

result follows.

In the following corollary, we list some isodual (α + u2δ)-constacyclic codes of length

nps over R when δ 6= 0 and the binomial xn − α0 is irreducible over Fpm .

Corollary 4.2.3. Let n ≥ 1 be an integer and α0 ∈ Fpm \ {0} be such that the binomial

xn − α0 is irreducible over Fpm . Let α = αp
s

0 ∈ Fpm , and let δ be a non-zero element of

Fpm . Following the same notations as in Theorem 4.2.3, we have the following:

(a) There does not exist any isodual (α + u2δ)-constacyclic code of Type I over R.

(b) There exists an isodual (α + u2δ)-constacyclic code of Type II over R if and only if

p = 2. Furthermore, when p = 2, the code 〈u(xn − α0)
2s−1

, u2〉 is the only isodual

(α + u2δ)-constacyclic code of Type II over R.

(c) There exists an isodual (α + u2δ)-constacyclic code of Type III over R if and only if

p = 2. Furthermore, when p = 2, the codes C = 〈(xn−α0)
a+u(xn−α0)

a−2s−1
δ2

m−1
+
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u2(xn − α0)
t2D2(x), u(xn − α0)

2s−1
+ u2δ2

m−1
, u2(xn − α0)

2s−a〉, 2s−1 ≤ a < 2s,

are isodual (α + u2δ)-constacyclic codes of Type III over R.

Proof. Working in a similar manner as in Corollary 4.2.2 and by applying Theorem 4.2.3,

the desired result follows.

4.3 Ranks, Hamming distances, RT distances and RT weight

distributions of some constacyclic codes over R

Let α, β, δ ∈ Fpm be such that α is non-zero. Furthermore, as α ∈ Fpm \ {0}, there exists

α0 ∈ Fpm satisfying α = αp
s

0 . Throughout this section, we assume that n ≥ 1 is an integer

and α0 ∈ Fpm \ {0} is such that the binomial xn−α0 is irreducible over Fpm . In this section,

we shall determine ranks, Hamming distances, RT distances and RT weight distributions

of all (α + uβ + u2δ)-constacyclic codes of length nps over R. We shall also list all MDS

Hamming and MDS RT (α + uβ + u2δ)-constacyclic codes of length nps over R.

In the following theorem, ranks of all non-zero (α + uβ + u2δ)-constacyclic codes of

length nps over R are determined.

Theorem 4.3.1. The following hold.

(a) Let β ∈ Fpm \ {0}, and let C = 〈(xn−α0)
ν〉 be an (α+uβ+u2δ)-constacyclic code

of length nps over R, where 0 ≤ ν ≤ 3ps − 1. Then the rank of C is given by

rank(C ) =

 nps if 0 ≤ ν ≤ 2ps − 1;

n(3ps − ν) if 2ps ≤ ν ≤ 3ps − 1.

(b) Let C be an (α + u2δ)-constacyclic code of length nps over R with Tor2(C ) =

〈(xn − α0)
c〉, where 0 ≤ c ≤ ps − 1. Then we have rank(C ) = nps − nc.

Proof. It follows immediately from Theorems 4.2.1(b), 4.2.2 and 4.2.3.
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In the following theorem, Hamming distances of all non-zero (α+uβ+u2δ)-constacyclic

codes of length nps over R are determined when β is non-zero.

Theorem 4.3.2. Let β ∈ Fpm \ {0}, and let C = 〈(xn − α0)
ν〉 be an (α + uβ + u2δ)-

constacyclic code of length nps over R, where 0 ≤ ν ≤ 3ps − 1. Then with respect to the

Hamming metric, the following hold.

(a) When 0 ≤ ν ≤ 2ps, the code C is an [nps, nps, 1]-code over R.

(b) When 2ps + 1 ≤ ν ≤ 3ps − 1, the code C is an [nps, n(3ps − ν), dH(C )]-code over

R, where

dH(C ) =


`+ 2 if 2ps + `ps−1 + 1 ≤ ν ≤ 2ps + (`+ 1)ps−1 with 0 ≤ ` ≤ p− 2;

(i+ 1)pk if 3ps − ps−k + (i− 1)ps−k−1 + 1 ≤ ν ≤ 3ps − ps−k + ips−k−1

with 1 ≤ i ≤ p− 1 and 1 ≤ k ≤ s− 1.

Proof. The Hamming distance of the code C can be determined by applying Theorems 2.0.8

and 2.0.7(d), while Theorem 4.3.1(a) gives the rank of the code C .

In the following theorem, we show that there does not exist any non-trivial MDS Hamming

(α + uβ + u2δ)-constacyclic code of length nps over R when β 6= 0.

Theorem 4.3.3. Let β ∈ Fpm \ {0}. The code C = 〈1〉 is the only MDS Hamming (α+uβ+

u2δ)-constacyclic code of length nps over R.

Proof. Let C be a non-zero (α + uβ + u2δ)-constacyclic code of length nps over R. Then

by Theorem 4.2.1, we see that C = 〈(xn − α0)
ν〉, where 0 ≤ ν ≤ 3ps − 1. By Theorem

4.2.1 again, we see that |C | = pmn(3p
s−ν).

Now the code C is MDS Hamming code if and only if pmn(3ps−ν) = |C | = p3m(nps−dH(C )+1),

which holds if and only if

nν = 3{dH(C )− 1}. (4.3.1)

When 0 ≤ ν ≤ 2ps, we see, by Theorem 4.3.2, that dH(C ) = 1. This, by (4.3.1), implies

that the code C is MDS Hamming if and only if ν = 0.
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Next let 2ps + 1 ≤ ν ≤ 3ps− 1. Here working as in Theorem 4.3.2, we see that dH(C ) is

equal to the Hamming distance of the α-constacyclic code D = 〈(xn − α0)
ν−2ps〉 of length

nps over Fpm . By Theorem 2.0.5, we see that |D | = pmn(p
s−ν+2ps). By 2.0.1(a), we have

|D | ≤ pm(nps−dH(D)+1). This implies that nν− 2nps ≥ dH(D)− 1 = dH(C )− 1. From this

and using the fact that nps ≥ dH(C ) > dH(C )− 1, we get nν > 3{dH(C )− 1}. This, by

(4.3.1), implies that the code C is not MDS Hamming code when 2ps + 1 ≤ ν ≤ 3ps − 1.

This shows that C = 〈1〉 is the only MDS Hamming (α + uβ + u2δ)-constacyclic code

of length nps over R.

In the following theorem, we determine RT distances of all non-zero (α + uβ + u2δ)-

constacyclic codes of length nps over R when β is non-zero.

Theorem 4.3.4. Let β ∈ Fpm \ {0}, and let C = 〈(xn − α0)
ν〉 be an (α + uβ + u2δ)-

constacyclic code of length nps over R, where 0 ≤ ν ≤ 3ps − 1. With respect to the RT

metric, the following hold.

(a) When 0 ≤ ν ≤ 2ps, the code C is an [nps, nps, 1]-code over R.

(b) When 2ps + 1 ≤ ν ≤ 3ps− 1, the code C is an [nps, n(3ps− ν), nν− 2nps + 1]-code

over R.

Proof. By Lemma 4.2.2(b), we have 〈(xn − α0)
ps〉 = 〈u〉, which implies that u2 ∈ 〈(xn −

α0)
ν〉 for 1 ≤ ν ≤ 2ps. This implies that dRT (C ) = 1 for 1 ≤ ν ≤ 2ps.

Next for 2ps + 1 ≤ ν ≤ 3ps−1, we note that C = 〈(xn−α0)
ν〉 = 〈u2(xn−α0)

ν−2ps〉 =

{u2(xn − α0)
ν−2psf(x) : f(x) ∈ Fpm [x]}. From this, it follows that wRT (Q(x)) ≥

wRT (u2(xn − α0)
ν−2ps) = nν − 2nps + 1 for each Q(x) ∈ C \ {0}. Moreover, we

see that wRT ((xn − α0)
ν) = wRT (u2(xn − α0)

ν−2ps) = nν − 2nps + 1, which gives

dRT (C ) = nν − 2nps + 1.

From this and by Theorem 4.3.1(a), we get the desired result.

In the following theorem, we show that there does not exist any non-trivial MDS RT

(α + uβ + u2δ)-constacyclic code of length nps over R when β 6= 0.
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Theorem 4.3.5. Let β ∈ Fpm\{0}. Then the code C = 〈1〉 is the only MDS RT (α+uβ+u2δ)-

constacyclic code of length nps over R.

Proof. Let C be a non-zero (α + uβ + u2δ)-constacyclic code of length nps over R. Then

by Theorem 4.2.1, we have C = 〈(xn − α0)
ν〉, where 0 ≤ ν ≤ 3ps − 1. By Theorem 4.2.1

again, we see that |C | = pmn(3p
s−ν). Further, the code C is MDS RT Code if and only if

pmn(3p
s−ν) = |C | = p3m(nps−dRT (C )+1), which holds if and only if

nν = 3{dRT (C )− 1}. (4.3.2)

Now for 0 ≤ ν ≤ 2ps, by Theorem 4.3.4, we see that dRT (C ) = 1. By (4.3.2), we note that

the code C is MDS RT Code if and only if ν = 0.

On the other hand, when 2ps + 1 ≤ ν ≤ 3ps − 1, by Theorem 4.3.4, we see that

dRT (C ) = nν − 2nps + 1. One can easily verify that (4.3.2) does not hold in this case. This

shows that the code C is not MDS RT Code when 2ps + 1 ≤ ν ≤ 3ps − 1.

In the following theorem, we determine RT weight distributions of all (α + uβ + u2δ)-

constacyclic codes of length nps over R when β is non-zero.

Theorem 4.3.6. Let β ∈ Fpm \ {0}, and let C = 〈(xn − α0)
ν〉 be an (α + uβ + u2δ)-

constacyclic code of length nps over R, where 0 ≤ ν ≤ 3ps. For 0 ≤ ρ ≤ nps, let Aρ
denote the number of codewords in C having the RT weight as ρ.

(a) For ν = 3ps, we have

Aρ =

 1 if ρ = 0;

0 otherwise.

(b) For 2ps + 1 ≤ ν ≤ 3ps − 1, we have

Aρ =


1 if ρ = 0;

0 if 1 ≤ ρ ≤ nν − 2nps;

(pm − 1)pm(ρ−nν+2nps−1) if nν − 2nps + 1 ≤ ρ ≤ nps.
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(c) For ν = yps with y ∈ {0, 1, 2}, we have

Aρ =

 1 if ρ = 0;

(pm(3−y) − 1)pm(3−y)(ρ−1) if 1 ≤ ρ ≤ nps.

(d) For (k − 1)ps + 1 ≤ ν ≤ kps − 1 with k ∈ {1, 2}, we have

Aρ =


1 if ρ = 0;

(pm(3−k) − 1)pm(3−k)(ρ−1) if 1 ≤ ρ ≤ nν − (k − 1)nps;

pm((k−1)nps−nν−4+k)(pm(4−k) − 1)pm(4−k)ρ if nν − (k − 1)nps + 1 ≤ ρ ≤ nps.

Proof. It is easy to see thatA0 = 1. So from now onwards, throughout the proof, we assume

that 1 ≤ ρ ≤ nps.

(a) When ν = 3ps, we have C = {0}. This gives Aρ = 0 for 1 ≤ ρ ≤ nps.

(b) Let 2ps + 1 ≤ ν ≤ 3ps − 1. Here by Theorem 4.3.4, we see that dRT (C ) = nν −

2nps + 1, which gives Aρ = 0 for 1 ≤ ρ ≤ nν − 2nps. Next let nν − 2nps + 1 ≤

ρ ≤ nps. Here by Lemma 4.2.2(b), we see that 〈(xn − α0)
ps〉 = 〈u〉. This implies that

C = 〈u2(xn−α0)
ν−2ps〉 = {u2(xn−α0)

ν−2psF (x) : F (x) ∈ Fpm [x]}. From this, we

observe that the RT weight of the codeword u2(xn − α0)
ν−2psF (x) ∈ C is ρ if and

only if deg F (x) = ρ− nν + 2nps − 1. This gives Aρ = (pm − 1)pm(ρ−nν+2nps−1).

(c) Next let ν = yps, where y ∈ {0, 1, 2}. Here by Lemma 4.2.2(b), we see that C =

〈(xn − λ0)
yps〉 = 〈uy〉 = {uyF (x) : F (x) ∈ Pnps(R)}. From this, we see that

Aρ = (pm(3−y) − 1)pm(3−y)(ρ−1) for 1 ≤ ρ ≤ nps.

(d) Next let (k − 1)ps + 1 ≤ ν ≤ kps − 1, where k ∈ {1, 2}. Here also, by Lemma

4.2.2(b), we have 〈(xn − α0)
ps〉 = 〈u〉, which implies that uk ∈ C and C =

〈uk−1(xn − α0)
ν−(k−1)ps〉. Further, we observe that any codeword Q(x) ∈ C can be

uniquely written as Q(x) = uk−1(xn − α0)
ν−(k−1)psFQ(x) + ukHQ(x) with FQ(x) ∈

Pknps−nν(Fpm), HQ(x) ∈ Pnps(Fpm) when k = 2 and HQ(x) ∈ Pnps(Fpm + uFpm)

when k = 1.
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When 1 ≤ ρ ≤ nν − (k − 1)nps, we see that the RT weight of the codeword

Q(x) ∈ C is ρ if and only if FQ(x) = 0 and deg HQ(x) = ρ − 1. From this, we

obtain Aρ = (pm(3−k) − 1)pm(3−k)(ρ−1) for 1 ≤ ρ ≤ nν.

Next let nν − (k − 1)nps + 1 ≤ ρ ≤ nps. In this case, we see that the RT weight of

the codeword Q(x) ∈ C is ρ if and only if exactly one of the following two conditions

is satisfied: (i) deg FQ(x) = ρ − nν + (k − 1)nps − 1 and HQ(x) is either 0 or

deg HQ(x) ≤ ρ − 1, and (ii) FQ(x) ∈ Pρ−nν+(k−1)nps−1(Fpm) and deg HQ(x) =

ρ− 1. From this, we obtain

Aρ = (pm − 1)pm(ρ−nν+(k−1)nps−1)pm(3−k)ρ

+pm(ρ−nν+(k−1)nps−1)(pm(3−k) − 1)pm(3−k)(ρ−1)

= pm((k−1)nps−nν−4+k)(pm(4−k) − 1)pm(4−k)ρ.

This completes the proof of the theorem.

In the following theorem, Hamming distances of all non-trivial (α+ u2δ)-constacyclic

codes of length nps over R are determined.

Theorem 4.3.7. Let C be a non-trivial (α + u2δ)-constacyclic code of length nps over R

with Tor2(C ) = 〈(xn − α0)
c〉 for some integer c satisfying 0 ≤ c < ps (as determined in

Theorems 4.2.2 and 4.2.3). Then with respect to the Hamming metric, the code C is an

[nps, n(ps − c), dH(C )]-code over R, where

dH(C ) =



1 if c = 0;

`+ 2 if `ps−1 + 1 ≤ c ≤ (`+ 1)ps−1 with 0 ≤ ` ≤ p− 2;

(i+ 1)pk if ps − ps−k + (i− 1)ps−k−1 + 1 ≤ c ≤ ps − ps−k + ips−k−1 with

1 ≤ i ≤ p− 1 and 1 ≤ k ≤ s− 1.

Proof. By Theorem 4.3.1(b), we see that rank(C ) = nps − nc. Further, by applying Theo-

rems 2.0.8 and 2.0.7(d), one can determine the Hamming distance of the code C .

One can easily observe that the (α+ u2δ)-constacyclic code C = 〈1〉 of length nps over

R is MDS Hamming and MDS RT Code. In the following theorem, we list all non-trivial
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MDS Hamming (α + u2δ)-constacyclic codes of length nps over R.

Theorem 4.3.8. The following hold.

(a) When δ 6= 0, there exists a non-trivial MDS Hamming (α+ u2δ)-constacyclic code of

length nps over R if and only if p = 2 and n = s = 1. Furthermore, when p = 2 and

n = s = 1, all the distinct non-trivial MDS Hamming (α+ u2δ)-constacyclic codes

of length 2 over R are given by 〈x− α0 + uδ2
m−1

+ u2D2〉, where D2 ∈ F2m .

(b) When δ = 0, there exists a non-trivial MDS Hamming α-constacyclic code of length

nps over R if and only if n = 1. Furthermore, when n = 1, all the distinct non-trivial

α-constacyclic codes of length ps over R are given by

〈(x− α0)
a + u(x− α0)

t1D1(x) + u2(x− α0)
t2D2(x)〉,

where 1 ≤ a ≤ p−1 if s = 1 while a ∈ {1, ps−1} if s ≥ 2,max{0, 2a−ps} ≤ t1 < a

if D1(x) 6= 0, 0 ≤ t2 < a if D2(x) 6= 0, D1(x) is either 0 or a unit in Rα of the form
a−t1−1∑
k=0

Ck(x−α0)
k andD2(x) is either 0 or a unit in Rα of the form

a−t2−1∑̀
=0

Q`(x−α0)
`

with Ck, Q` ∈ Fpm for each relevant k and `, satisfying the following:

u2(x− α0)
ps−a+t2D2(x)− u2(x− α0)

ps−2a+2t1D1(x)2 ∈ 〈u2(x− α0)
a〉.

Proof. Let C be a non-trivial (α + u2δ)-constacyclic code of length nps over R with

Tor2(C ) = 〈(xn − α0)
c〉, where 0 ≤ c < ps (as determined in Theorems 4.2.2 and 4.2.3).

Here by Theorem 4.3.7, we note that dH(C ) = dH(Tor2(C )). By applying Theorem 2.0.1(a),

we have pmn(ps−c) = |Tor2(C )| ≤ pmn(p
s−dH(Tor2(C ))+1). This gives

nc ≥ dH(Tor2(C ))− 1 = dH(C )− 1. (4.3.3)

(i) First let C be of Type I. Here by Theorems 4.2.2 and 4.2.3, we have C = 〈u2(xn −

α0)
c〉. By Theorems 4.2.2 and 4.2.3 again, we see that |C | = pmn(p

s−c). Now by

Theorem 2.0.1(a), the code C is MDS Hamming code if and only if pmn(ps−c) =
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|C | = p3m(nps−dH(C )+1), which holds if and only if

2nps + nc = 3{dH(C )− 1}. (4.3.4)

By (4.3.3) and using the fact that ps > c, we get 2nps + nc > 3{dH(C )− 1}. This,

by (4.3.4), implies that the code C is not MDS Hamming code in this case.

(ii) Now let C be of Type II. Here by Theorems 4.2.2 and 4.2.3, we have C = 〈u(xn −

α0)
b + u2(xn − α0)

tG(x), u2(xn − α0)
c〉, where 0 ≤ c ≤ b < ps, max{0, c + b −

ps} ≤ t < c if G(x) 6= 0 and G(x) is either 0 or a unit in Rα+u2δ of the form
c−t−1∑
i=0

Bi(x)(xn−α0)
i with Bi(x) ∈ Pn(Fpm) for each i. By Theorems 4.2.2 and 4.2.3

again, we have |C | = pmn(2p
s−b−c). Now the code C is MDS code if and only if

pmn(2p
s−b−c) = |C | = p3m(nps−dH(C )+1), which holds if and only if

nps + nb+ nc = 3{dH(C )− 1}. (4.3.5)

Now by (4.3.3) and using the fact that ps > b ≥ c, we get nps+nb+nc > 3{dH(C )−

1}. This, by (4.3.5), shows that the code C is not MDS Hamming code in this case.

(iii) Next let C be of Type III. Here by Theorems 4.2.2 and 4.2.3, we have C = 〈(xn −

α0)
a+u(xn−α0)

t1D1(x)+u2(xn−α0)
t2D2(x), u(xn−α0)

b+u2(xn−α0)
θV (x), u2(xn−

α0)
c〉, where a > 0, 0 ≤ c ≤ b ≤ a < ps, max{0, a+ b− ps} ≤ t1 < b if D1(x) 6= 0,

0 ≤ t2 < c if D2(x) 6= 0, max{0, b+ c− ps} ≤ θ < c if V (x) 6= 0, D1(x) is either 0

or a unit in Rα+u2δ of the form
b−t1−1∑
k=0

Ck(x)(xn − α0)
k, D2(x) is either 0 or a unit in

Rα+u2δ of the form
c−t2−1∑̀

=0

Q`(x)(xn − α0)
` and V (x) is either 0 or a unit in Rα+u2δ

of the form
c−θ−1∑
i=0

Wi(x)(xn − α0)
i with Ck(x), Q`(x),Wi(x) ∈ Pn(Fpm) for each

relevant k, ` and i. Furthermore, by Theorems 4.2.2 and 4.2.3 again, we see that

u2{(xn − α0)
ps−a+t1−b+θV (x)D1(x)− (xn − α0)

ps−a+t2D2(x)− δ} ∈ 〈u2(xn − α0)
c〉,

(4.3.6)
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and that |C | = pmn(3p
s−a−b−c). Now the code C is MDS Hamming code if and only if

pmn(3p
s−a−b−c) = |C | = p3m(nps−dH(C )+1), which holds if and only if

na+ nb+ nc = 3{dH(C )− 1}. (4.3.7)

By (4.3.3) and using the fact that a ≥ b ≥ c, we have na+ nb+ nc ≥ 3{dH(C )− 1}

and equality holds if and only if na = nb = nc = dH(C )− 1 = dH(Tor2(C ))− 1.

Now when a = b = c, we see that u2
{

(xn − α0)
t1D1(x)− (xn − α0)

θV (x)
}
∈

〈u2(xn − α0)
a〉, which implies that t1 = θ and D1(x) = V (x). From this and using

(4.3.6), we see that

u2{(xn − α0)
ps−2a+2t1D1(x)2 − (xn − α0)

ps−a+t2D2(x)− δ} ∈ 〈u2(xn − α0)
a〉.

This holds if and only if t1 = 0, p = 2, a = 2s−1 and D1(x) 6= 0 in the case when

δ 6= 0.

Further, we see, by Theorem 2.0.8, that the code 〈(xn − α0)
a〉, 0 ≤ a < ps, of length

nps over Fpm is MDS Hamming code if and only if

• 0 ≤ a ≤ p− 1 when n = s = 1;

• a ∈ {0, 1, ps − 1} when n = 1 and s ≥ 2;

• a = 0 when n ≥ 2.

Using this, the desired result follows immediately.

In the following theorem, we determine RT distances of all non-trivial (α + u2δ)-

constacyclic codes of length nps over R.

Theorem 4.3.9. Let C be a non-trivial (α + u2δ)-constacyclic code of length nps over R

with Tor2(C ) = 〈(xn − α0)
c〉 for some integer c satisfying 0 ≤ c < ps (as determined in
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Theorems 4.2.2 and 4.2.3). Then the code C is an [nps, n(ps − c), nc+ 1]-code with respect

to the RT metric.

Proof. To prove the result, we first observe that

wRT (Q(x)) ≥ wRT (uQ(x)) for each Q(x) ∈ Rα+u2δ. (4.3.8)

(i) When C is of Type I, we have C = 〈u2(xn − α0)
c〉. Here we note that C = 〈u2(xn −

α0)
c〉 = {u2(xn − α0)

cf(x) : f(x) ∈ Fpm [x]}. Now for each non-zero Q(x) ∈ C , by

(4.3.8), we see that wRT (Q(x)) ≥ wRT (u2(xn − α0)
c) = nc+ 1, which implies that

dRT (C ) ≥ nc+ 1. Since u2(xn − α0)
c ∈ C , we obtain dRT (C ) = nc+ 1.

(ii) When C is of Type II, we have C = 〈u(xn− α0)
b + u2(xn− α0)

tG(x), u2(xn− α0)
c〉,

where c ≤ b < ps, max{0, c + b − ps} ≤ t < c if G(x) 6= 0 and G(x) is either 0 or

a unit in Fpm [x]/〈fj(x)p
s〉. Here by (4.3.8), we note that wRT (Q(x)) ≥ wRT (uQ(x))

for each Q(x) ∈ C \ 〈u2〉, which implies that wRT (Q(x)) ≥ dRT (〈u2(xn − α0)
c〉)

for each Q(x) ∈ C \ 〈u2〉. From this, we get dRT (C ) ≥ dRT (〈u2(xn − α0)
c〉). Since

〈u2(xn − α0)
c〉 ⊆ C , we have dRT (〈u2(xn − α0)

c〉) ≥ dRT (C ). This implies that

dRT (C ) = dRT (〈u2(xn−α0)
c〉). From this and by case (i), we get dRT (C ) = nc+ 1.

(iii) When C is of Type III, we have C = 〈(xn − α0)
a + u(xn − α0)

t1D1(x) + u2(xn −

α0)
t2D2(x), u(xn − α0)

b + u2(xn − α0)
θV (x), u2(xn − α0)

c〉, where c ≤ b ≤ a <

ps, max{0, a + b − ps} ≤ t1 < b if D1(x) 6= 0, 0 ≤ t2 < c if D2(x) 6= 0,

max{0, b+c−ps} ≤ θ < c if V (x) 6= 0 andD1(x), D2(x), V (x) are either 0 or a units

in Fpm [x]/〈fj(x)p
s〉. For each Q(x) ∈ C \ 〈u〉, by (4.3.8), we see that wRT (Q(x)) ≥

wRT (u2Q(x)). From this, we get wRT (Q(x)) ≥ dRT (〈u2(xn−α0)
c〉) for eachQ(x) ∈

C \〈u〉. Further, for a codewordQ(x) ∈ C \〈u2(xn−α0)
c〉withQ(x) ∈ 〈u〉, by (4.3.8)

again, we see that wRT (Q(x)) ≥ wRT (uQ(x)) ≥ dRT (〈u2(xn − α0)
c〉). This implies

that dRT (C ) ≥ dRT (〈u2(xn − α0)
c〉). On the other hand, as 〈u2(xn − α0)

c〉 ⊆ C , we

have dRT (u2(xn − α0)
c〉) ≥ dRT (C ), which implies that dRT (C ) = dRT (〈u2(xn −

α0)
c〉). From this and by case (i), we get dRT (C ) = nc+ 1.

From this and by Theorem 4.3.1(b), the desired result follows.
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In the following theorem, we determine all non-trivial MDS RT (α + u2δ)-constacyclic

codes of length nps over R.

Theorem 4.3.10. The following hold.

(a) When δ 6= 0, there exists a non-trivial MDS RT (α + u2δ)-constacyclic code of

length nps over R if and only if p = 2. Furthermore, when p = 2, all the distinct

(α + u2δ)-constacyclic codes of length 2sn over R are given by

〈(xn − α0)
2s−1

+ uD1(x) + u2(xn − α0)
t2D2(x)〉,

where 0 ≤ t2 < 2s−1 ifD2(x) 6= 0, D1(x) is a unit in Rα+u2δ of the form
2s−1−1∑
k=0

Bk(x)(xn−

α0)
k and D2(x) is either 0 or a unit in Rα+u2δ of the form

2s−1−t2−1∑̀
=0

C`(x)(xn − α0)
`

with Bk(x), C`(x) ∈ Pn(F2m) for each relevant k and `, satisfying the following:

u2{δ −D1(x)2} ∈ 〈u2(xn − α0)
2s−1〉.

(b) When δ = 0, all the distinct non-trivial MDS RT α-constacyclic codes of length nps

over R are given by

〈(xn − α0)
a + u(xn − α0)

t1D1(x) + u2(xn − α0)
t2D2(x)〉,

where 1 ≤ a ≤ ps − 1, max{0, 2a − ps} ≤ t1 < a if D1(x) 6= 0, 0 ≤ t2 < a

if D2(x) 6= 0, D1(x) is either 0 or a unit in Rα of the form
a−t1−1∑
k=0

Qk(x)(xn −

α0)
k and D2(x) is either 0 or a unit in Rα of the form

a−t2−1∑̀
=0

W`(x)(xn − α0)
` with

Qk(x),W`(x) ∈ Pn(Fpm) for each relevant k and `, satisfying the following:

u2{(xn − α0)
ps−a+t2D2(x)− (xn − α0)

ps−2a+2t1D1(x)2} ∈ 〈u2(xn − α0)
a〉.

Proof. To prove the result, let C be a non-trivial (α + u2δ)-constacyclic code of length nps

over R with Tor2(C ) = 〈(xn − α0)
c〉, where 0 ≤ c < ps (as determined in Theorems 4.2.2

and 4.2.3). Then by Theorem 4.3.9, we see that dRT (C ) = nc+ 1.
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(i) First let C be of Type I. Here by Theorems 4.2.2 and 4.2.3, we have C = 〈u2(xn −

α0)
c〉. By Theorems 4.2.2 and 4.2.3 again, we see that |C | = pmn(p

s−c). Now the code

C is MDS RT code if and only if pmn(ps−c) = |C | = p3m(nps−dRT (C )+1), which holds

if and only if

2nps + nc = 3{dRT (C )− 1} = 3nc. (4.3.9)

As ps > c, we get 2nps + nc > 3nc. From this and by (4.3.9), we see that the code C

is not MDS RT code in this case.

(ii) Let C be of Type II. Here by Theorems 4.2.2 and 4.2.3, we have C = 〈u(xn − α0)
b +

u2(xn − α0)
tG(x), u2(xn − α0)

c〉, where 0 ≤ b < ps, max{0, c+ b− ps} ≤ t < c if

G(x) 6= 0 and G(x) is either 0 or a unit in Rα+u2δ of the form
c−t−1∑
i=0

Bi(x)(xn − α0)
i

with Bi(x) ∈ Pn(Fpm) for each i. By Theorems 4.2.2 and 4.2.3 again, we have

|C | = pmn(2p
s−b−c). Now the code C is MDS RT code if and only if pmn(2ps−b−c) =

|C | = p3m(nps−dH(C )+1), which holds if and only if

nps + nb+ nc = 3{dRT (C )− 1} = 3nc. (4.3.10)

Now as ps > b ≥ c, we have nps + nb+ nc > 3nc. From this and by (4.3.10), we see

that the code C is not MDS RT code in this case.

(iii) Let C be of Type III. Here by Theorems 4.2.2 and 4.2.3, we have C = 〈(xn − α0)
a +

u(xn−α0)
t1D1(x)+u2(xn−α0)

t2D2(x), u(xn−α0)
b+u2(xn−α0)

θV (x), u2(xn−

α0)
c〉, where 0 ≤ b ≤ a < ps, max{0, a+ b− ps} ≤ t1 < b if D1(x) 6= 0, 0 ≤ t2 < c

if D2(x) 6= 0, max{0, b + c − ps} ≤ θ < c if V (x) 6= 0, D1(x) is either 0 or a unit

in Rα+u2δ of the form
b−t1−1∑
k=0

Ck(x)(xn − α0)
k, D2(x) is either 0 or a unit in Rα+u2δ

of the form
c−t2−1∑̀

=0

Q`(x)(xn − α0)
` and V (x) is either 0 or a unit in Rα+u2δ of the

form
c−θ−1∑
i=0

Wi(x)(xn − α0)
i with Ck(x), Q`(x),Wi(x) ∈ Pn(Fpm) for each relevant

k, ` and i. By Theorems 4.2.2 and 4.2.3 again, we see that

u2{(xn − α0)
ps−a+t1−b+θV (x)D1(x)− (xn − α0)

ps−a+t2D2(x)− δ}

∈ 〈u2(xn − α0)
c〉,

(4.3.11)
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and that |C | = pmn(3p
s−a−b−c). Now the code C is MDS RT code if and only if

pmn(3p
s−a−b−c) = |C | = p3m(nps−dRT (C )+1), which holds if and only if

na+ nb+ nc = 3{dRT (C )− 1} = 3nc. (4.3.12)

Using the fact that a ≥ b ≥ c, we obtain na+ nb+ nc ≥ 3nc, and the equality holds

if and only if a = b = c.

Now when a = b = c, we see that u2{(xn − α0)
t1D1(x) −(xn − α0)

θV (x)} ∈

〈 u2(xn − α0)
a〉, which implies that t1 = θ and D1(x) = V (x). From this and

using (4.3.11), we get u2{(xn−α0)
ps−2a+2t1D1(x)2− (xn−α0)

ps−a+t2D2(x)−δ} ∈

〈u2(xn − α0)
a〉. This holds if and only if t1 = 0, p = 2, a = 2s−1 and D1(x) 6= 0 in

the case when δ 6= 0.

From this, the desired result follows.

In the following theorem, we determine RT weight distributions of all (α + u2δ)-

constacyclic codes of length nps over R.

Theorem 4.3.11. Let C be an (α + u2δ)-constacyclic code of length nps over R with

Tor0(C ) = 〈(xn − α0)
a〉, Tor1(C ) = 〈(xn − α0)

b〉 and Tor2(C ) = 〈(xn − α0)
c〉 for some

integers a, b, c satisfying 0 ≤ c ≤ b ≤ a ≤ ps (as determined in Theorems 4.2.2 and 4.2.3).

For 0 ≤ ρ ≤ nps, let Aρ denote the number of codewords in C having the RT weight as ρ.

(a) If C = {0}, then we have A0 = 1 and Aρ = 0 for 1 ≤ ρ ≤ nps.

(b) If C = 〈1〉, then we have A0 = 1 and Aρ = (p3m − 1)p3m(ρ−1) for 1 ≤ ρ ≤ nps.

(c) If C = 〈u2(xn − α0)
c〉 is of Type I, then we have

Aρ =


1 if ρ = 0;

0 if 1 ≤ ρ ≤ nc;

(pm − 1)pm(ρ−nc−1) if nc+ 1 ≤ ρ ≤ nps.
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(d) If C = 〈u(xn − α0)
b + u2(xn − α0)

tG(x), u2(xn − α0)
c〉 is of Type II, then we have

Aρ =



1 if ρ = 0;

0 if 1 ≤ ρ ≤ nc;

(pm − 1)pm(ρ−nc−1) if nc+ 1 ≤ ρ ≤ nb;

(p2m − 1)pm(2ρ−nb−nc−2) if nb+ 1 ≤ ρ ≤ nps.

(e) If C = 〈(xn − α0)
a + u(xn − α0)

t1D1(x) + u2(xn − α0)
t2D2(x), u(xn − α0)

b +

u2(xn − α0)
θV (x), u2(xn − α0)

c〉 is of Type III, then we have

Aρ =



1 if ρ = 0;

0 if 1 ≤ ρ ≤ nc;

(pm − 1)pm(ρ−nc−1) if nc+ 1 ≤ ρ ≤ nb;

(p2m − 1)pm(2ρ−nb−nc−2) if nb+ 1 ≤ ρ ≤ na;

(p3m − 1)pm(3ρ−na−nb−nc−3) if na+ 1 ≤ ρ ≤ nps.

Proof. Proofs of parts (a) and (b) are trivial. To prove parts (c)-(e), by Theorem 4.3.9(c), we

see that dRT (C ) = nc+ 1, which implies that Aρ = 0 for 1 ≤ ρ ≤ nc. So from now on, we

assume that nc+ 1 ≤ ρ ≤ nps.

(c) Let C = 〈u2(xn−α0)
c〉.Here we see that C = 〈u2(xn−α0)

c〉 = {u2(xn−α0)
cF (x) :

F (x) ∈ Fpm [x]}. This implies that the codeword u2(xn−α0)
cF (x) ∈ C has RT weight

ρ if and only if deg F (x) = ρ−nc−1. From this, we obtainAρ = (pm−1)pm(ρ−nc−1).

(d) Let C = 〈u(xn − α0)
b + u2(xn − α0)

tG(x), u2(xn − α0)
c〉. Here we observe that

each codeword Q(x) ∈ C can be uniquely expressed as Q(x) = (u(xn − α0)
b +

u2(xn − α0)
tG(x))AQ(x) + u2(xn − α0)

cBQ(x), where AQ(x), BQ(x) ∈ Fpm [x]

satisfy deg AQ(x) ≤ n(ps − b) − 1 if AQ(x) 6= 0 and deg BQ(x) ≤ n(ps − c) − 1

if BQ(x) 6= 0. From this, we see that if nc+ 1 ≤ ρ ≤ nb, then the RT weight of the

codeword Q(x) ∈ C is ρ if and only if AQ(x) = 0 and deg BQ(x) = ρ − nc − 1.

This implies that Aρ = (pm − 1)pm(ρ−nc−1) for nc + 1 ≤ ρ ≤ nb. Further, if

nb+1 ≤ ρ ≤ nps, then the RT weight of the codewordQ(x) ∈ C is ρ if and only if one

of the following two conditions are satisfied: (i) deg AQ(x) = ρ−nb−1 andBQ(x) is
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either 0 or deg BQ(x) ≤ ρ−nc−1 and (ii)AQ(x) is either 0 or deg AQ(x) ≤ ρ−nb−2

and deg BQ(x) = ρ − nc − 1. From this, we get Aρ = (p2m − 1)pm(2ρ−nb−nc−2) for

nb+ 1 ≤ ρ ≤ nps.

(e) Let C = 〈(xn − α0)
a + u(xn − α0)

t1D1(x) + u2(xn − α0)
t2D2(x), u(xn − α0)

b +

u2(xn − α0)
θV (x), u2(xn − α0)

c〉. Here we see that each codeword Q(x) ∈ C can

be uniquely expressed as Q(x) = ((xn − α0)
a + u(xn − α0)

t1D1(x) + u2(xn −

α0)
t2D2(x))MQ(x)+(u(xn−α0)

b+u2(xn−α0)
θV (x))NQ(x)+u2(xn−α0)

cWQ(x),

where MQ(x), NQ(x),WQ(x) ∈ Fpm [x] satisfy deg MQ(x) ≤ n(ps − a) − 1 if

MQ(x) 6= 0, deg NQ(x) ≤ n(ps − b)− 1 if NQ(x) 6= 0, and deg WQ(x) ≤ n(ps −

c)− 1 if WQ(x) 6= 0.

If nc + 1 ≤ ρ ≤ nb, then the codeword Q(x) ∈ C has RT weight ρ if and only

if MQ(x) = NQ(x) = 0 and deg WQ(x) = ρ − nc − 1. This implies that Aρ =

(pm − 1)pm(ρ−nc−1).

Further, if nb + 1 ≤ ρ ≤ na, then the RT weight of the codeword Q(x) ∈ C is ρ

if and only if MQ(x) = 0 and one of the following two conditions are satisfied: (i)

deg NQ(x) = ρ− nb− 1 and WQ(x) is either 0 or deg WQ(x) ≤ ρ− 1− nc; and (ii)

NQ(x) is either 0 or deg NQ(x) ≤ ρ − nb − 2 and deg WQ(x) = ρ − nc − 1. This

implies that Aρ = (p2m − 1)pm(2ρ−nb−nc−2).

Next let na + 1 ≤ ρ ≤ nps. Here the RT weight of the codeword Q(x) ∈ C

is ρ if and only if exactly one of the following three conditions is satisfied: (i)

deg MQ(x) = ρ− na− 1, NQ(x) is either 0 or deg NQ(x) ≤ ρ− nb− 1 and WQ(x)

is either 0 or deg WQ(x) ≤ ρ − nc − 1; (ii) MQ(x) is either 0 or deg MQ(x) ≤

ρ − na − 2, deg NQ(x) = ρ − nb − 1 and WQ(x) is either 0 or deg WQ(x) ≤

ρ− nc− 1; and (iii) MQ(x) is either 0 or deg MQ(x) ≤ ρ− na− 2, NQ(x) is either

0 or deg NQ(x) ≤ ρ − nb − 2 and deg WQ(x) = ρ − nc − 1. This implies that

Aρ = (p3m − 1)pm(3ρ−na−nb−nc−3) for na+ 1 ≤ ρ ≤ nps.

This completes the proof of the theorem.
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4.4 Hamming distances of constacyclic codes of length 2ps

over R and determination of MDS Hamming codes

Throughout this section, let p be an odd prime. Here we will determine Hamming distances

of all constacyclic codes of length 2ps over R, and we will also identify all MDS Hamming

constacyclic codes of length 2ps over R. For this, we recall that λ = α + uβ + u2δ, where

α, β, δ are elements of Fpm and α is non-zero. As α ∈ Fpm \ {0}, there exists α0 ∈ Fpm

satisfying α = αp
s

0 . Here we have Rλ = R[x]/〈x2ps − λ〉.

When α0 ∈ Fpm is not a square in Fpm , the binomial x2 − α0 is irreducible over Fpm , and

one can determine Hamming distances of all (α + uβ + u2δ)-constacyclic codes of length

2ps over R and identify all MDS Hamming codes within this class of codes on taking n = 2

in Theorems 4.3.2, 4.3.3, 4.3.7 and 4.3.8.

So from now on, throughout this section, we assume that α0(6= 0) ∈ Fpm is a square

in Fpm , i.e., there exists ξ(6= 0) ∈ Fpm such that α0 = ξ2. This implies that x2 − α0 =

(x + ξ)(x − ξ). From this and working as in Section 4.2, we get Rλ ' K1 ⊕K2, where

K1 = R[x]/〈(x+ξ)p
s
+ug1(x)+u2h1(x)〉 and K2 = R[x]/〈(x−ξ)ps+ug2(x)+u2h2(x)〉,

where for j ∈ {1, 2}, the polynomials gj(x), hj(x) ∈ Fpm [x] satisfy gcd(x + ξ, g1(x)) =

gcd(x− ξ, g2(x)) = 1 when β 6= 0, gj(x) = hj(x) = 0 when β = δ = 0, while gj(x) = 0

and gcd(x+ ξ, h1(x)) = gcd(x− ξ, h2(x)) = 1 when β = 0 and δ 6= 0.

Now let C be an (α+ uβ + u2δ)-constacyclic code of length 2ps over R, i.e., an ideal of

the ring Rλ. Then by Proposition 4.2.1, we have

C = C1 ⊕ C2, (4.4.1)

where Cj is an ideal of Kj for j ∈ {1, 2}. Further, we note that an element a(x) ∈ Rλ can

be written as a(x) = a0(x)+ua1(x)+u2a2(x), where a0(x), a1(x), a2(x) ∈ Fpm [x]/〈(x2−

α0)
ps〉. Let us define Tor0(C ) = {c0(x) ∈ Fpm [x]/〈(x2−α0)

ps〉 : c0(x) + uc1(x) + u2c2(x)

∈ C for some c1(x), c2(x) ∈ Fpm [x]/〈(x2 − α0)
ps〉}, Tor1(C ) = {c1(x) ∈ Fpm [x]/〈(x2 −

α0)
ps〉 : uc1(x) + u2c2(x) ∈ C for some c2(x) ∈ Fpm [x]/〈(x2 − α0)

ps〉} and Tor2(C ) =
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{c2(x) ∈ Fpm [x]/〈(x2 − α0)
ps〉 : u2c2(x) ∈ C }. Then we make the following observation.

Proposition 4.4.1. Let C = C1 ⊕ C2 be an (α + uβ + u2δ)-constacyclic code of length

2ps over R (i.e., an ideal of the ring Rλ), where Cj is an ideal of Kj for j ∈ {1, 2}.

Then Tor0(C ), Tor1(C ) and Tor2(C ) are ideals of Fpm [x]/〈(x2 − α0)
ps〉. Moreover, we

have Tori(C ) = Tori(C1) ⊕ Tori(C2) for 0 ≤ i ≤ 2, where for i ∈ {0, 1, 2}, Tori(C1) and

Tori(C2) are ideals of Fpm [x]/〈(x+ ξ)p
s〉 and Fpm [x]/〈(x− ξ)ps〉, respectively.

Proof. Proof is trivial.

Remark 4.4.1. Each (α + uβ + u2δ)-constacyclic code C of length 2ps over R can be

expressed as C = C1 ⊕ C2, where Cj is an ideal of Kj for j ∈ {1, 2}. By Proposition

4.4.1, we see that Tor0(C ), Tor1(C ) and Tor2(C ) are ideals of Fpm [x]/〈(x2 − α0)
ps〉, and

that Tori(C ) = Tori(C1) ⊕ Tori(C2) for 0 ≤ i ≤ 2, where for i ∈ {0, 1, 2}, Tori(C1) and

Tori(C2) are ideals of Fpm [x]/〈(x + ξ)p
s〉 and Fpm [x]/〈(x − ξ)p

s〉, respectively. Further,

as Fpm [x]/〈(x + ξ)p
s〉 and Fpm [x]/〈(x − ξ)p

s〉 are finite commutative chain rings with

the respective maximal ideals as 〈x + ξ〉 and 〈x − ξ〉, we have Tor0(C1) = 〈(x + ξ)a1〉,

Tor0(C2) = 〈(x − ξ)a2〉, Tor1(C1) = 〈(x + ξ)b1〉, Tor1(C2) = 〈(x − ξ)b2〉, Tor2(C1) =

〈(x + ξ)c1〉 and Tor2(C2) = 〈(x − ξ)c2〉 for some integers a1, b1, c1, a2, b2, c2 satisfying

0 ≤ c1 ≤ b1 ≤ a1 ≤ ps and 0 ≤ c2 ≤ b2 ≤ a2 ≤ ps. Now by applying the Chinese

Remainder Theorem, we get Tor0(C ) = 〈(x+ξ)a1(x−ξ)a2〉, Tor1(C ) = 〈(x+ξ)b1(x−ξ)b2〉

and Tor2(C ) = 〈(x+ ξ)c1(x− ξ)c2〉.

Now we proceed to determine Hamming distances of all non-zero (α + uβ + u2δ)-

constacyclic codes of length 2ps over R. For this, we need the following theorem.

Theorem 4.4.1. [57] Let p be an odd prime, and let ω be a non-zero square in Fpm . Then

there exists ω0 ∈ Fpm satisfying ω = ωp
s

0 . Further, ω0 is a square in Fpm , i.e., there exists

ξ ∈ Fpm such that ω0 = ξ2. Now let C be a non-zero ω-constacyclic code of length 2ps over

Fpm . Then we have C = 〈(x+ ξ)υ1(x− ξ)υ2〉, where 0 ≤ υ1, υ2 ≤ ps.
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When υ1 ≥ υ2, the Hamming distance dH(C ) of the code C over Fpm is given by

dH(C ) =



1 if υ1 = υ2 = 0;

2 if υ2 = 0 and 0 < υ1 ≤ ps;

min{(`+ 2)pk, 2(`1 + 2)pk
′} if ps − ps−k + `ps−k−1 + 1 ≤ υ1 ≤ ps−

ps−k + (`+ 1)ps−k−1 and ps − ps−k′ + `1p
s−k′−1 + 1 ≤ υ2 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `, `1 ≤ p− 2, and 0 ≤ k′ ≤ k ≤ s− 1;

2(`1 + 2)pk
′ if υ1 = ps and ps − ps−k′ + `1p

s−k′−1 + 1 ≤ υ2 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `1 ≤ p− 2 and 0 ≤ k′ ≤ s− 1.

When υ2 ≥ υ1, the Hamming distance dH(C ) of the code C over Fpm is given by

dH(C ) =



1 if υ1 = υ2 = 0;

2 if υ1 = 0 and 0 < υ2 ≤ ps;

min{(`+ 2)pk, 2(`1 + 2)pk
′} if ps − ps−k + `ps−k−1 + 1 ≤ υ2 ≤ ps

− ps−k + (`+ 1)ps−k−1 and ps − ps−k′ + `1p
s−k′−1 + 1 ≤ υ1 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `, `1 ≤ p− 2, and 0 ≤ k′ ≤ k ≤ s− 1;

2(`1 + 2)pk
′ if υ2 = ps and ps − ps−k′ + `1p

s−k′−1 + 1 ≤ υ1 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `1 ≤ p− 2 and 0 ≤ k′ ≤ s− 1.

Moreover, the code C is an MDS Hamming code if and only if exactly one of the following

conditions is satisfied:

• υ1 = υ2 = 0;

• υ1 = 1 and υ2 = 0;

• υ1 = 0 and υ2 = 0;

• υ1 = ps and υ2 = ps − 1;

• υ1 = ps − 1 and υ2 = ps.

In the following theorem, Hamming distances of all non-zero (α+uβ+u2δ)-constacyclic

codes of length 2ps over R are determined.
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Theorem 4.4.2. Let C be a non-zero (α+ uβ + u2δ)-constacyclic code of length 2ps over

R with Tor2(C ) = 〈(x+ ξ)c1(x− ξ)c2〉 for some integers c1, c2 satisfying 0 ≤ c1, c2 ≤ ps.

(a) When c1 ≥ c2, the Hamming distance dH(C ) of the code C is given by

dH(C ) =



1 if c1 = c2 = 0;

2 if c2 = 0 and 0 < c1 ≤ ps;

min{(`+ 2)pk, 2(`1 + 2)pk
′} if ps − ps−k + `ps−k−1 + 1 ≤ c1 ≤ ps

− ps−k + (`+ 1)ps−k−1 and ps − ps−k′ + `1p
s−k′−1 + 1 ≤ c2 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `, `1 ≤ p− 2, and 0 ≤ k′ ≤ k ≤ s− 1;

2(`1 + 2)pk
′ if c1 = ps and ps − ps−k′ + `1p

s−k′−1 + 1 ≤ c2 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `1 ≤ p− 2 and 0 ≤ k′ ≤ s− 1.

(b) When c2 ≥ c1, the Hamming distance dH(C ) of the code C is given by

dH(C ) =



1 if c1 = c2 = 0;

2 if c1 = 0 and 0 < c2 ≤ ps;

min{(`+ 2)pk, 2(`1 + 2)pk
′} if ps − ps−k + `ps−k−1 + 1 ≤ c2 ≤ ps

− ps−k + (`+ 1)ps−k−1 and ps − ps−k′ + `1p
s−k′−1 + 1 ≤ c1 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `, `1 ≤ p− 2, and 0 ≤ k′ ≤ k ≤ s− 1;

2(`1 + 2)pk
′ if c2 = ps and ps − ps−k′ + `1p

s−k′−1 + 1 ≤ c1 ≤ ps−

ps−k
′
+ (`1 + 1)ps−k

′−1 with 0 ≤ `1 ≤ p− 2 and 0 ≤ k′ ≤ s− 1.

Proof. It follows immediately by applying Theorems 4.4.1 and 2.0.7(d).

In the following theorem, we derive a necessary and sufficient conditions for an (α+uβ+

u2δ)-constacyclic code of length 2ps over R to be an MDS Hamming code.

Theorem 4.4.3. Let C be an (α + uβ + u2δ)-constacyclic code of length 2ps over R

with Tor0(C ) = 〈(x + ξ)a1(x − ξ)a2〉, Tor1(C ) = 〈(x + ξ)b1(x − ξ)b2〉 and Tor2(C ) =

〈(x+ ξ)c1(x− ξ)c2〉 for some integers a1, b1, c1, a2, b2, c2 satisfying 0 ≤ c1 ≤ b1 ≤ a1 ≤ ps

and 0 ≤ c2 ≤ b2 ≤ a2 ≤ ps. Then the code C is an MDS Hamming code if and only if

a1 = b1 = c1, a2 = b2 = c2 and Tor2(C ) is an MDS Hamming α-constacyclic code of

length 2ps over Fpm .
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Proof. To prove the result, we see, by (4.4.1), that C = C1 ⊕ C2, where Cj is an ideal

of Kj for j ∈ {1, 2}. Further, by applying Proposition 4.4.1 and the Chinese Remainder

Theorem, we get Tor0(C1) = 〈(x+ ξ)a1〉, Tor0(C2) = 〈(x− ξ)a2〉, Tor1(C1) = 〈(x+ ξ)b1〉,

Tor1(C2) = 〈(x− ξ)b2〉, Tor2(C1) = 〈(x+ ξ)c1〉 and Tor2(C2) = 〈(x− ξ)c2〉.

Now since C = C1 ⊕ C2, by Lemma 4.2.3, we have

|C | = |C1||C2| = |Tor0(C1)||Tor1(C1)||Tor2(C1)||Tor0(C2)||Tor1(C2)||Tor2(C2)|

= pm(6ps−a1−a2−b1−b2−c1−c2).

From this, we observe that the code C is MDS Hamming code if and only if

pm(6ps−a1−a2−b1−b2−c1−c2) = |C | = p3m(2ps−dH(C )+1),

which holds if and only if

a1 + a2 + b1 + b2 + c1 + c2 + 3 = 3dH(C ).

Next by Theorem 2.0.7(d), we see that the Hamming distance dH(C ) of the code C is

equal to the Hamming distance dH(Tor2(C )) of the α-constacyclic code Tor2(C ) = 〈(x+

ξ)c1(x− ξ)c2〉 of length 2ps over Fpm . Now by Theorem 2.0.1(a), we have pm(2ps−c1−c2) ≤

pm(2ps−dH(Tor2(C ))+1), which implies that c1 + c2 + 1 ≥ dH(Tor2(C )) = dH(C ). From this

and using the fact that ps ≥ a1 ≥ b1 ≥ c1 ≥ 0 and ps ≥ a2 ≥ b2 ≥ c2 ≥ 0, we obtain

a1+a2+b1+b2+c1+c2+3 ≥ 3dH(C ), with the equality holds if and only if a1 = b1 = c1,

a2 = b2 = c2 and Tor2(C ) is an MDS Hamming code of length 2ps over Fpm . This completes

the proof of the theorem.

In the following theorem, we list all non-trivial MDS Hamming (α + uβ + u2δ)-

constacyclic codes of length 2ps over R.

Theorem 4.4.4. The following hold.

(a) When either β is non-zero or δ is non-zero, there does not exist any non-trivial MDS

Hamming (α + uβ + u2δ)-constacyclic code of length 2ps over R.
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(b) When β = δ = 0, all the distinct non-trivial MDS Hamming α-constacyclic codes of

length 2ps over R are as listed below:

• 〈(x+ξ)a1 +u(x+ξ)t1D1(x)+u2(x+ξ)t2D2(x)〉⊕C2, where either a1 = ps−1

and C2 = {0} or a1 = 1 and C2 = 〈1〉 = K2 with max{0, 2a1 − ps} ≤ t1 < a1

if D1(x) 6= 0, 0 ≤ t2 < a1 if D2(x) 6= 0, D1(x) is either 0 or a unit in K1 of

the form
a1−t1−1∑
k=0

Ck(x + ξ)k and D2(x) is either 0 or a unit in K1 of the form

a1−t2−1∑̀
=0

Q`(x + ξ)` with Ck, Q` ∈ Fpm for each relevant k and `, satisfying the

following:

u2(x+ ξ)p
s−a1+t2D2(x)− u2(x+ ξ)p

s−2a1+2t1D1(x)2 ∈ 〈u2(x+ ξ)a1〉.

• C1⊕〈(x−ξ)a2 +u(x−ξ)k1V1(x)+u2(x−ξ)k2V2(x)〉, where either a2 = ps−1

and C1 = {0} or a2 = 1 and C1 = 〈1〉 = K1 with max{0, 2a2 − ps} ≤ k1 < a2

if V1(x) 6= 0, 0 ≤ k2 < a2 if V2(x) 6= 0, V1(x) is either 0 or a unit in K2 of

the form
a1−t1−1∑
k=0

Ck(x − ξ)k and V2(x) is either 0 or a unit in K2 of the form

a2−k2−1∑̀
=0

Q`(x− ξ)` with Ck, Q` ∈ Fpm for each relevant k and `, satisfying the

following:

u2(x− ξ)ps−a2+k2V2(x)− u2(x− ξ)ps−2a2+2k1V1(x)2 ∈ 〈u2(x− ξ)a2〉.

Proof. To prove the result, let C be a non-zero (α+uβ+u2δ)-constacyclic code of length 2ps

over R with Tor0(C ) = 〈(x+ξ)a1(x−ξ)a2〉, Tor1(C ) = 〈(x+ξ)b1(x−ξ)b2〉 and Tor2(C ) =

〈(x+ ξ)c1(x− ξ)c2〉 for some integers a1, b1, c1, a2, b2, c2 satisfying 0 ≤ c1 ≤ b1 ≤ a1 ≤ ps

and 0 ≤ c2 ≤ b2 ≤ a2 ≤ ps. Then by (4.4.1), we have C = C1 ⊕ C2, where Cj is an ideal

of Kj for j ∈ {1, 2}. Further, by applying Proposition 4.4.1 and the Chinese Remainder

Theorem, we have Tor0(C1) = 〈(x+ξ)a1〉, Tor0(C2) = 〈(x−ξ)a2〉, Tor1(C1) = 〈(x+ξ)b1〉,

Tor1(C2) = 〈(x− ξ)b2〉, Tor2(C1) = 〈(x+ ξ)c1〉 and Tor2(C2) = 〈(x− ξ)c2〉.

By Theorem 4.4.3, we see that the code C is MDS Hamming code if and only if a1 =

b1 = c1, a2 = b2 = c2 and Tor2(C ) is an MDS Hamming α-constacyclic code of length 2ps
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over Fpm . Now we shall distinguish the following two cases: (i) β 6= 0 and (ii) β = 0.

(i) First let β 6= 0. Here by Lemma 4.2.2(b), we note that 〈(x + ξ)p
s〉 = 〈u〉 in K1 and

〈(x− ξ)ps〉 = 〈u〉 in K2. This implies that when 1 ≤ a1, a2 ≤ ps− 1, we have u ∈ C1

and u ∈ C2, which implies that b1 = c1 = 0 and b2 = c2 = 0. In view of this and by

applying Theorems 4.4.3 and 4.4.1, we observe that the code C is MDS Hamming

code if and only if a1 = b1 = c1 = 0 and a2 = b2 = c2 = 0. So the code C = 〈1〉 is

the only MDS Hamming (α + uβ + u2δ)-constacyclic code of length 2ps over R.

(ii) Next let β = 0. Here we see that (x+ ξ)p
s
(2ξp

s
)−1 − (x− ξ)ps(2ξps)−1 = 1, which

gives

x2p
s − α− u2δ =

(
(x+ ξ)p

s

+ u2δ(2ξp
s

)−1
)
×
(

(x− ξ)ps − u2δ(2ξps)−1
)
.

From this, we have g1(x) = g2(x) = 0, h1(x) = δ(2ξp
s
)−1 and h2(x) = −δ(2ξps)−1.

Now we proceed to determine all MDS Hamming codes in this case.

To do this, by Theorems 4.4.3 and 4.4.1, we observe that the code C is an MDS

Hamming code if and only if exactly one of the following conditions is satisfied:

• a1 = b1 = c1 = ps − 1 and a2 = b2 = c2 = ps.

• a1 = b1 = c1 = ps and a2 = b2 = c2 = ps − 1;

• a1 = b1 = c1 = 1 and a2 = b2 = c2 = 0;

• a1 = b1 = c1 = 0 and a2 = b2 = c2 = 1; and

• a1 = b1 = c1 = a2 = b2 = c2 = 0.

Let us first consider the case a1 = b1 = c1 = ps − 1 and a2 = b2 = c2 = ps. In

this case, we must have C2 = {0}. As a1 = b1 = c1, by Theorems 4.2.2 and 4.2.3,

we observe that the code C1 must be of Type III. So we have C = 〈(x + ξ)a1 +

u(x + ξ)t1D1(x) + u2(x + ξ)t2D2(x), u(x + ξ)a1 + u2(x + ξ)θV (x), u2(x + ξ)a1〉,

where max{0, 2a1 − ps} ≤ t1 < a1 if D1(x) 6= 0, 0 ≤ t2 < a1 if D2(x) 6= 0,
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max{0, 2a1− ps} ≤ θ < a1 if V (x) 6= 0, D1(x) is either 0 or a unit in K1 of the form
a1−t1−1∑
k=0

Ck(x+ξ)k, D2(x) is either 0 or a unit in K1 of the form
a1−t2−1∑̀

=0

Q`(x+ξ)` and

V (x) is either 0 or a unit in K1 of the form
a1−θ−1∑
i=0

Wi(x+ ξ)i with Ck, Q`,Wi ∈ Fpm

for each relevant k, ` and i. Furthermore, by Theorems 4.2.2 and 4.2.3 again, we see

that

u2{δ(2ξps)−1 + (x+ ξ)p
s−2a1+t1+θV (x)D1(x)− (x+ ξ)p

s−a1+t2D2(x)}

∈ 〈u2(x+ ξ)a1〉.
(4.4.2)

We also note that u2{(x+ ξ)t1D1(x)−(x+ ξ)θV (x)} ∈ 〈u2(x+ ξ)a1〉, which implies

that t1 = θ and D1(x) = V (x). From this and by (4.4.2), we get

u2{δ(2ξps)−1 + (x+ ξ)p
s−2a+2t1D1(x)2 − (x+ ξ)p

s−a+t2D2(x)} ∈ 〈u2(x+ ξ)a1〉.

This holds if and only if t1 = 0, p = 2, a = 2s−1 and D1(x) 6= 0 in the case when

δ 6= 0. Hence we get a contradiction in this case when δ is non-zero.

Working in a similar manner as above in the remaining four cases, the desired result

follows immediately.



Chapter 5

Repeated-root constacyclic codes of
prime power lengths over finite
commutative chain rings

5.1 Introduction

In this chapter, we shall determine all repeated-root constacyclic codes of prime power

lengths over finite commutative chain rings. We shall also determine their symbol-pair

distances, Rosenbloom-Tsfasman (RT) distances, and Rosenbloom-Tsfasman (RT) weight

distributions. Using these results, we shall identify all MDS Hamming, MDS symbol-pair

and MDS RT codes within this class of codes. Besides this, we shall provide an algorithm to

decode these codes with respect to Hamming, symbol-pair and RT metrics.

For this, throughout this chapter, let s be a positive integer, and letR be a finite commuta-

tive chain ring with unity 1. Let γ be a generator of the maximal ideal ofR. Further, let e

be the nilpotency index of γ, and letR = R/〈γ〉 be the residue field ofR. AsR is a finite

field, let us suppose thatR ' Fpm for some prime p and for some positive integer m, where

Fpm is the finite field of order pm.

This chapter is structured as follows: In Section 5.2, we derive necessary and sufficient

conditions under which the quotient ringR[x]/〈xps−λ〉 is a chain ring. WhenR[x]/〈xps−λ〉

is a chain ring, all λ-constacyclic codes of length ps overR are known. Here we establish

algebraic structures of all λ-constacyclic codes of length ps over R when R[x]/〈xps − λ〉

is a non-chain ring. We also determine the number of codewords in each of these codes.

In Section 5.3, we derive a necessary and sufficient condition for a constacyclic code of

length ps over R to be an MDS Hamming code. Using this result, we also list all MDS

91
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Hamming constacyclic codes of length ps over R. In Section 5.4, we obtain symbol-pair

distances of all constacyclic codes of length ps over R. We also derive a necessary and

sufficient condition for a constacyclic code of length ps overR to be an MDS symbol-pair

code, and identify all MDS symbol-pair codes within this class of constacyclic codes. In

Section 5.5, we determine Rosenbloom-Tsfasman (RT) distances and Rosenbloom-Tsfasman

(RT) weight distributions of all constacyclic codes of length ps over R. We also derive a

necessary and sufficient condition for a constacyclic code of length ps overR to be an MDS

RT code, and identify all MDS RT codes within this class of constacyclic codes. In Section

5.6, we provide an algorithm to decode constacyclic codes of length ps overR with respect

to Hamming, symbol-pair and RT metrics.

5.2 Algebraic structures of constacyclic codes of length ps

overR

Throughout this chapter, let λ be a unit in R. We recall that a λ-constacyclic code of

length ps overR is an ideal of the quotient ringRλ = R[x]/〈xps −λ〉. By Theorem 2.0.6(c),

the unit λ ∈ R can be uniquely expressed as λ = θ + γβ1 + γ2β2 + · · ·+ γe−1βe−1, where

θ, β1, β2, · · · , βe−1 ∈ T and θ 6= 0. When β1 is non-zero, Dinh et al. [25] determined all λ-

constacyclic codes of length ps overR and their sizes, by showing thatRλ is a chain ring and

by applying Theorem 2.0.5. In this section, we will show that the quotient ringRλ is a chain

ring if and only if β1 is non-zero. We will also determine all λ-constacyclic codes of length ps

overR and their sizes when β1 = 0. We will also obtain symbol-pair distances, RT distances

and RT weight distributions of all constacyclic codes of length ps overR. Besides this, we

will derive necessary and sufficient conditions under which a constacyclic code of length

ps overR is MDS with respect to the (i) Hamming metric, (ii) symbol-pair metric and (iii)

RT metric. To do this, we first observe, by Theorem 2.0.6(b), that there exists λ0 ∈ T \ {0}

such that θ = λp
s

0 . This implies that xps − λ = xp
s − λp

s

0 − γβ1 − γ2β2 − · · · − γe−1βe−1.

From this, it is easy to see that

(x− λ0)p
s ∈ 〈γ〉 in Rλ.
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Now we make the following observation.

Remark 5.2.1. Let k be a positive integer, and let S be a subset of either R or R such

that 0 ∈ S. Let us recall that Pk(S) = {g(x) ∈ S[x] : either g(x) = 0 or deg g(x) < k}.

By repeatedly applying the division algorithm in R[x], every element A(x) ∈ Rλ can be

uniquely expressed as A(x) =
ps−1∑
i=0

Ai(x− λ0)i, where Ai ∈ R for 0 ≤ i ≤ ps − 1. Further,

by Theorem 2.0.6(c), each element Ai ∈ R can be uniquely written as Ai =
e−1∑
j=0

γjAij,

where Aij ∈ T for each i and j. From this, it follows that each element A(x) ∈ Rλ can be

uniquely expressed as

A(x) =
e−1∑
j=0

γj

(
ps−1∑
i=0

Aij(x− λ0)i
)
,

where Aij ∈ T for each i and j. From now on, we shall view the set Pk(T ) as a subset of

Rλ for each integer k ≥ 1. It is easy to see that the restriction map of µ to Pps(T ) (viewed

as a subset ofRλ) is a bijection from Pps(T ) ontoRλ.

When β1 6= 0, Dinh et al. [25] determined all λ-constacyclic codes of length ps overR,

which are listed in the following theorem.

Theorem 5.2.1. [25, Th. 3.18] Let λ = λp
s

0 + γβ1 + γ2β2 + · · · + γe−1βe−1 ∈ R, where

λ0, β1, β2, · · · , βe−1 ∈ T and both λ0, β1 are non-zero. Then we have the following:

(a) The ring Rλ = R[x]/〈xps − λ〉 is a finite commutative chain ring with the unique

maximal ideal as 〈x− λ0〉.

(b) In the ringRλ, we have 〈(x−λ0)p
s〉 = 〈γ〉, and the nilpotency index of x−λ0 is eps.

(c) All the distinct λ-constacyclic codes of length ps over R are given by 〈(x − λ0)ν〉,

where 0 ≤ ν ≤ eps. Moreover, for 0 ≤ ν ≤ eps, the code 〈(x− λ0)ν〉 has pm(eps−ν)

codewords.

In the following theorem, we derive necessary and sufficient conditions for the quotient

ringRλ to be a chain ring.

Theorem 5.2.2. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Then the quotient ring Rλ = R[x]/〈xps − λ〉 is a chain ring if and only if
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β1 6= 0.

Proof. By Lemma 3.1 and Proposition 3.3 of Dinh et al. [25], we see thatRλ is a local ring

with the maximal ideal asM = 〈x− λ0, γ〉. Here we assert that the idealM is principal if

and only if β1 6= 0.

When β1 6= 0, by Theorem 5.2.1(b), we see that γ ∈ 〈x−λ0〉, which givesM = 〈x−λ0〉.

Next let β1 = 0. Here we will show that the idealM is not principal, for which it is

enough to show that γ 6∈ 〈x− λ0〉 and (x− λ0) 6∈ 〈γ〉. For, if γ ∈ 〈x− λ0〉, then there exist

polynomials h1(x), h2(x) ∈ R[x] such that γ = (x− λ0)h1(x) + (xp
s − λ)h2(x) inR[x],

which implies that γ = −(γ2β2 + · · · + γe−1βe−1)h2(λ0). This gives γ ∈ 〈γ2〉, which

is a contradiction. On the other hand, if x − λ0 ∈ 〈γ〉, then there exist polynomials

g1(x), g2(x) ∈ R[x] such that x− λ0 = γg1(x) + (xp
s − λ)g2(x) inR[x]. This implies that

x− λ0 = (x− λ0)p
s
g2(x) inR[x], which is a contradiction.

Now by the above assertion and by applying Theorem 2.0.5, the desired result follows.

The following theorem presents some results on torsion codes of a λ-constacyclic code of

length ps overR.

Theorem 5.2.3. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. If C is a λ-constacyclic code of length ps overR, then we have the following:

(a) For 0 ≤ i ≤ e−1, Tori(C) is a λ
ps

0 -constacyclic code of length ps overR. Furthermore,

we have Tori(C) = 〈(x − λ0)Ti〉, where Ti is an integer satisfying 0 ≤ Ti ≤ ps for

each i.

(b) |Tori(C)| = pm(ps−Ti) for 0 ≤ i ≤ e− 1.

(c) ps ≥ T0 ≥ T1 ≥ · · · ≥ Te−1 ≥ 0.

(d) |C| = pm(eps−(T0+T1+···+Te−1)).

(For 0 ≤ i ≤ e− 1, the integer Ti = Ti(C) is called the ith-torsional degree of the code C.)
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Proof. It is easy to see that Tori(C) is an ideal of the ring Rλ, i.e., Tori(C) is a λ
ps

0 -

constacyclic code of length ps overR. Next we observe that the ringRλ is a finite commuta-

tive chain ring with the maximal ideal as 〈x− λ0〉. Now by applying Theorems 2.0.5(c) and

2.0.7(b)-(c), the desired result follows immediately.

In the following theorem, we consider the case β1 = 0, and we determine all λ-

constacyclic codes of length ps overR by obtaining unique generating sets for these codes.

Theorem 5.2.4. Let λ = λp
s

0 + γ2β2 + · · · + γe−1βe−1, where λ0, β2, · · · , βe−1 ∈ T and

λ0 6= 0. Let C be a λ-constacyclic code of length ps overR, and let Tori(C) = 〈(x− λ0)Ti〉

be the ith torsion code of C, where 0 ≤ Ti ≤ ps for 0 ≤ i ≤ e− 1. Then the code C can be

uniquely generated by the codewords f0(x), f1(x), · · · , fe−1(x), where for 0 ≤ i ≤ e− 1,

fi(x) = γi(x− λ0)Ti + γi+1(x− λ0)t1,ig1,i(x) + γi+2(x− λ0)t2,ig2,i(x) + · · ·

+γe−1(x− λ0)te−1−i,ige−1−i,i(x)

with 0 ≤ tj,i < Tj+i if gj,i(x) 6= 0, and gj,i(x) ∈ PTj+i−tj,i(T ) as either 0 or a unit inRλ for

each j when 1 ≤ Ti < ps; fi(x) = 0 when Ti = ps; and fi(x) = γi when Ti = 0.

Proof. To prove the result, let C be a non-zero λ-constacyclic code of length ps over R.

Then there exists an integer k satisfying 0 ≤ k ≤ e− 1 and Tk < ps. Here we observe that

C = 〈γk(x− λ0)Tk + γk+1hk(x), γk+1(x− λ0)Tk+1 + γk+2hk+1(x), · · · ,

γe−2(x− λ0)Te−2 + γe−1he−2(x), γe−1(x− λ0)Te−1〉

for some hk(x), hk+1(x), · · · , he−2(x) ∈ Rλ. By Remark 5.2.1, we can write γe−1he−2(x) =

γe−1
ps−1∑
j=0

Aj(x− λ0)j, where Aj ∈ T for each j. Now for all integers j satisfying j ≥ Te−1,

we see that γe−1(x− λ0)j ∈ 〈γe−1(x− λ0)Te−1〉. This implies that

C = 〈γk(x− λ0)Tk + γk+1hk(x), γk+1(x− λ0)Tk+1 + γk+2hk+1(x), · · · ,

γe−2(x− λ0)Te−2 + γe−1
Te−1−1∑
j=0

Aj(x− λ0)j, γe−1(x− λ0)Te−1〉.
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If γe−1
Te−1−1∑
j=0

Aj(x − λ0)j 6= 0, then there exists a smallest integer t1,e−2 satisfying 0 ≤

t1,e−2 ≤ Te−1 − 1 and At1,e−2 6= 0, and we can write

γe−1
Te−1−1∑
j=0

Aj(x− λ0)j = γe−1(x− λ0)t1,e−2g1,e−2(x),

where g1,e−2(x) =
Te−1−1∑
j=t1,e−2

Aj(x− λ0)j−t1,e−2 is a unit inRλ. This gives

C = 〈γk(x− λ0)Tk + γk+1hk(x), γk+1(x− λ0)Tk+1 + γk+2hk+1(x), · · · ,

γe−2(x− λ0)Te−2 + γe−1(x− λ0)t1,e−2g1,e−2(x), γe−1(x− λ0)Te−1〉.

Working in a similar manner with the rest of the generators of the code C, one can show that

C = 〈fk(x), fk+1(x), · · · , fe−1(x)〉,

where for k ≤ i ≤ e− 1,

fi(x) = γi(x− λ0)Ti + γi+1(x− λ0)t1,ig1,i(x) + γi+2(x− λ0)t2,ig2,i(x)

+ · · ·+ γe−1(x− λ0)te−1−i,ige−1−i,i(x)

with 0 ≤ tj,i < Tj+i if gj,i(x) 6= 0, and gj,i(x) ∈ PTj+i−tj,i(T ) as either 0 or a unit inRλ for

each j when 1 ≤ Ti < ps; fi(x) = 0 when Ti = ps; and fi(x) = γi when Ti = 0.

Now to prove the uniqueness part, let us suppose that

C = 〈ak(x), ak+1(x), · · · , ae−1(x)〉,

where for k ≤ i ≤ e− 1,

ai(x) = γi(x− λ0)Ti + γi+1(x− λ0)u1,ib1,i(x) + γi+2(x− λ0)u2,ib2,i(x)

+ · · ·+ γe−1(x− λ0)ue−1−i,ibe−1−i,i(x)

with 0 ≤ uj,i < Tj+i if bj,i(x) 6= 0, and bj,i(x) ∈ PTj+i−uj,i(T ) as either 0 or a unit in Rλ

for each j when 1 ≤ Ti < ps; ai(x) = 0 when Ti = ps; and ai(x) = γi when Ti = 0.
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Here we assert that fi(x) = ai(x) for k ≤ i ≤ e− 1.

To prove this assertion, we first note that fe−1(x) = ae−1(x). Further, since

fe−2(x)− ae−2(x) = γe−1{(x− λ0)t1,e−1g1,e−1(x)− (x− λ0)u1,e−1b1,e−1(x)} ∈ C,

we see that fe−2(x) − ae−2(x) is either the zero polynomial or a non-zero polynomial of

degree strictly less than Te−1 and fe−2(x)− ae−2(x) ∈ 〈γe−1(x−λ0)Te−1〉. So we must have

fe−2(x) = ae−2(x).

Proceeding in a similar manner as above, one can show that fi(x) = ai(x) for k ≤ i ≤

e− 3.

This completes the proof of the theorem.

Remark 5.2.2. When β1 6= 0, by Theorem 5.2.1(b) and (c), one can easily observe that all the

distinct non-zero λ-constacyclic codes of length ps overR are given by Ck,u = 〈γk(x−λ0)u〉,

where 0 ≤ k ≤ e− 1 and 0 ≤ u < ps. Further, we see that

Tori(Ck,u) =


{0} if 0 ≤ i < k;

〈(x− λ0)u〉 if i = k;

Rλ if k < i ≤ e− 1.

This implies that the torsional degrees of Ck,u are given by T0 = T1 = · · · = Tk−1 =

ps, Tk = u and Tk+1 = Tk+2 = · · · = Te−1 = 0. In view of this and by applying

Theorem 5.2.3(c), we observe that the code Ck,u can be uniquely generated by the codewords

f0(x), f1(x), · · · , fe−1(x), where fi(x) = 0 for 0 ≤ i ≤ k − 1, fk(x) = γk(x− λ0)Tk , and

fj(x) = γj for k + 1 ≤ j ≤ e− 1.

To illustrate Theorem 5.2.4 and Remark 5.2.2, we determine all constacyclic codes of

length ps over the finite commutative chain ring Fpm [γ]/〈γ2〉 as follows:

Example 5.2.1. Let R = Fpm [γ]/〈γ2〉. Here we see that T = Fpm . Further, by Theorem

2.0.6(b) and (c), we see that a unit λ in R can be uniquely expressed as λ = λp
s

0 + γβ1,
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where λ0, β1 ∈ Fpm and λ0 6= 0.

When β1 6= 0, by Remark 5.2.2, all the distinct non-zero λ-constacyclic codes of length ps

overR are given by 〈(x− λ0)a, γ〉 with T0 = a, T1 = 0, and by 〈γ(x− λ0)a〉 with T0 = ps,

T1 = a, where 0 ≤ a ≤ ps − 1.

When β1 = 0, by Theorem 5.2.4, all the distinct non-zero λ-constacyclic codes of length

ps overR are given by 〈(x− λ0)a + γ(x− λ0)tg(x), γ(x− λ0)b〉 with T0 = a, T1 = b, and

by 〈γ(x− λ0)b〉 with T0 = ps, T1 = b, where 0 ≤ b ≤ a ≤ ps − 1, 0 ≤ t < b if g(x) 6= 0,

and g(x) ∈ Pb−t(Fpm) is either 0 or a unit inRλ.

5.3 Determination of MDS Hamming codes

In this section, we shall determine all MDS Hamming constacyclic codes of length ps

over R. For this, let C be a λ-constacyclic code of length ps over R. It is easy to see that

dH(C) = 0 when C = {0}, while dH(C) = 1 when C = 〈1〉. In the following theorem, we

determine Hamming distances of all non-trivial λ-constacyclic codes of length ps overR.

Theorem 5.3.1. Let λ = λp
s

0 + γβ1 + γ2β2 + · · ·+ γe−1βe−1, where λ0, β1β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-trivial λ-constacyclic code of length ps overR with Tore−1(C) =

〈(x− λ0)Te−1〉, where 0 ≤ Te−1 < ps. Then the Hamming distance dH(C) of the code C is

given by

dH(C) =



1 if Te−1 = 0;

`+ 2 if `ps−1 + 1 ≤ Te−1 ≤ (`+ 1)ps−1 with 0 ≤ ` ≤ p− 2;

(i+ 1)pk if ps − ps−k + (i− 1)ps−k−1 + 1 ≤ Te−1 ≤ ps − ps−k + ips−k−1

with 1 ≤ i ≤ p− 1 and 1 ≤ k ≤ s− 1.

Proof. It follows immediately from Theorems 2.0.7(d), 2.0.8 and 5.2.3(a).

In the following theorem, we derive necessary and sufficient conditions for a λ-constacyclic

code of length ps overR to be an MDS Hamming code.
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Theorem 5.3.2. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-zero λ-constacyclic code of length ps over R. Then the code

C is an MDS Hamming code if and only if Tor0(C) = Tore−1(C) and Tor0(C) is an MDS

Hamming λ
ps

0 -constacyclic code of length ps overR.

Proof. To prove the result, let Tori(C) = 〈(x−λ0)Ti〉, where 0 ≤ Ti < ps for 0 ≤ i ≤ e−1.

Then by Theorem 5.2.3(d), we see that |C| = pm(eps−(T0+T1+···+Te−1)). Now the code C is an

MDS Hamming code if and only if pm(eps−(T0+T1+···+Te−1)) = |C| = pme(p
s−dH(C)+1), which

holds if and only if

T0 + T1 + · · ·+ Te−1 = e{dH(C)− 1}.

By Theorem 2.0.7(d), we see that the Hamming distance dH(C) of the code C is equal

to the Hamming distance of the λ
ps

0 -constacyclic code Tore−1(C) = 〈(x − λ0)
Te−1〉 of

length ps over R. By Theorem 5.2.3(b), we have |Tore−1(C)| = pm(ps−Te−1). Now by the

Singleton bound for Tore−1(C) with respect to the Hamming metric, we have pm(ps−Te−1) ≤

pm(ps−dH(Tore−1(C))+1). This implies that Te−1 ≥ dH(Tore−1(C)) − 1 = dH(C) − 1. Further,

by applying Theorem 5.2.3(c), we get Ti ≥ dH(C)− 1 for each i. This implies that T0 +T1 +

· · ·+ Te−1 ≥ e{dH(C)− 1} and the equality holds if and only if T0 = T1 = · · · = Te−1 =

dH(C)− 1. From this, the desired result follows immediately.

In the following corollary, we determine all MDS Hamming λ-constacyclic codes of

length ps overR.

Corollary 5.3.1. Let λ = λp
s

0 +γβ1+γ2β2+· · ·+γe−1βe−1,where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. The following hold.

(a) When β1 6= 0, the code C = 〈1〉 is the only MDS Hamming λ-constacyclic code of

length ps overR.

(b) When β1 = 0, all the distinct MDS Hamming λ-constacyclic codes of length p over

R are given by the principal ideals

〈(x− λ0)T0 + γ(x− λ0)t1,0g1,0(x) + γ2(x− λ0)t2,0g2,0(x)

+ · · ·+ γe−1(x− λ0)te−1−i,0ge−1,0(x)〉
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with the ith-torsional degree as T0 for 0 ≤ i ≤ e − 1, where 0 ≤ T0 ≤ p − 1,

0 ≤ tj,0 < T0 if gj,0(x) 6= 0, and gj,0(x) ∈ PT0−tj,0(T ) is either 0 or a unit in Rλ for

1 ≤ j ≤ e− 1.

(c) When β1 = 0 and s ≥ 2, all the distinct MDS Hamming λ-constacyclic codes of

length ps overR are given by the principal ideals

〈(x− λ0)T0 + γ(x− λ0)t1,0g1,0(x) + γ2(x− λ0)t2,0g2,0(x)

+ · · ·+ γe−1(x− λ0)te−1,0ge−1,0(x)〉

with the ith-torsional degree as T0 for 0 ≤ i ≤ e − 1, where T0 ∈ {0, 1, ps − 1},

0 ≤ tj,0 < T0 if gj,0(x) 6= 0, and gj,0(x) ∈ PT0−tj,0(T ) is either 0 or a unit in Rλ for

1 ≤ j ≤ e− 1.

Proof. Let C be a λ-constacyclic code of length ps over R with Tori(C) = 〈(x − λ0)Ti〉,

where 0 ≤ Ti ≤ ps for each i. By applying Theorem 5.3.2, we see that the code C is an

MDS Hamming code if and only if Tor0(C) = Tore−1(C) and Tor0(C) is an MDS Hamming

λ
ps

0 -constacyclic code of length ps overR. This implies that for the code C to be an MDS

Hamming code, we must have T0 = Te−1 < ps.

Now we shall distinguish the following two cases: (i) β1 6= 0 and (ii) β1 = 0.

(i) First let β1 6= 0. When T0 < ps, we see, by Remark 5.2.2, that C = 〈(x − λ0)T0〉 =

〈(x − λ0)T0 , γ, γ2, · · · , γe−1〉, and that T1 = T2 = · · · = Te−1 = 0. From this, we

observe that the code C is an MDS Hamming code if and only if T0 = Te−1 = 0,

which holds if and only if C = 〈1〉.

(ii) Next let β1 = 0. Here we see that Tor0(C) = Tore−1(C) if and only if T0 = Te−1. This,

by Theorems 5.2.3(c) and 5.2.4, implies that T0 = T1 = · · · = Te−1 and that C is a

principal ideal of the ringRλ. Further, by Theorem 5.2.3(a), we note that Tor0(C) is a

λ
ps

0 -constacyclic code of length ps overR. Now by applying Theorem 2.0.8, we see

that the code Tor0(C) is an MDS Hamming code if and only if

• 0 ≤ T0 ≤ p− 1 when s = 1;
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• T0 ∈ {0, 1, ps − 1} when s ≥ 2.

From this and by applying Theorem 5.2.4 again, we get the desired result.

To illustrate the above results, we determine all non-trivial MDS Hamming constacyclic

codes of length ps over the finite commutative chain ring Fpm [γ]/〈γ2〉 as follows:

Example 5.3.1. LetR = Fpm [γ]/〈γ2〉. Recall that a unit λ ∈ R can be uniquely expressed

as λ = λp
s

0 + γβ1, where λ0(6= 0), β1 ∈ Fpm .

When β1 6= 0, by Corollary 5.3.1(a), we see that there does not exist any non-trivial MDS

Hamming λ-constacyclic code of length ps overR.

Now let β1 = 0. Here by Example 5.2.1, we see that a λ-constacyclic code C of length

ps over R is either of the type 〈(x− λ0)a + γ(x− λ0)tg(x), γ(x− λ0)b〉 with T0 = a and

T1 = b, or of the type 〈γ(x− λ0)b〉 with T0 = ps and T1 = b, where 0 ≤ b ≤ a ≤ ps − 1,

0 ≤ t < b if g(x) 6= 0, and g(x) ∈ Pb−t(Fpm) is either 0 or a unit inRλ.When C is of the type

〈(x−λ0)a+γ(x−λ0)tg(x), γ(x−λ0)b〉with g(x) 6= 0,we see that γ(x−λ0)p
s−a+tg(x) ∈ C,

which implies that (x−λ0)p
s−a+t ∈ Tor1(C) = 〈(x−λ0)b〉. This implies that ps−a+ t ≥ b

if g(x) 6= 0. From this and by Corollary 5.3.1(b), we see that when s = 1, all the distinct

non-trivial MDS Hamming λ-constacyclic codes of length p overR are given by

〈(x− λ0)a + γ(x− λ0)tg(x)〉,

where 1 ≤ a ≤ p − 1, max{0, 2a − p} ≤ t < a if g(x) 6= 0, and either g(x) = 0 or

g(x) =
a−t−1∑̀

=0

A`(x− λ0)` with each A` ∈ Fpm and A0 6= 0. Further, by Corollary 5.3.1(c),

we see that when s ≥ 2, all the distinct non-trivial MDS Hamming λ-constacyclic codes of

length ps overR are given by

〈x− λ0 + γg〉 and 〈(x− λ0)p
s−1 + γ(x− λ0)p

s−2g〉, where g ∈ Fpm .
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5.4 Determination of symbol-pair distances and MDS symbol-

pair codes

In this section, we shall first determine symbol-pair distances of all λ-constacyclic codes

of length ps overR. To do this, we need the following theorem.

Theorem 5.4.1. [24, Th. 4.13] Let η be a non-zero element of the finite field Fpm . Let C

be an η-constacyclic code of length ps over Fpm . Then there exists η0 ∈ Fpm satisfying

η = ηp
s

0 and C = 〈(x− η0)υ〉, where υ is an integer satisfying 0 ≤ υ ≤ ps. Furthermore, the

symbol-pair distance of the code C is given by

dsp(C) =



2 if υ = 0;

3pk if υ = ps − ps−k + 1, where 0 ≤ k ≤ s− 2;

4pk if ps − ps−k + 2 ≤ υ ≤ ps − ps−k + ps−k+1, where 0 ≤ k

≤ s− 2;

2(τ + 2)pk if ps − ps−k + τps−k−1 + 1 ≤ υ ≤ ps − ps−k + (τ + 1)ps−k−1,

where 0 ≤ k ≤ s− 2 and 1 ≤ τ ≤ p− 2;

(τ + 2)ps−1 if υ = ps − p+ τ, where 1 ≤ τ ≤ p− 2;

ps if υ = ps − 1;

0 if υ = ps.

Now let C be a λ-constacyclic code of length ps overR. It is easy to see that dsp(C) = 0

when C = {0}, while dsp(C) = 2 when C = 〈1〉. In the following theorem, we determine

symbol-pair distances of all non-trivial λ-constacyclic codes of length ps overR.

Theorem 5.4.2. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-trivial λ-constacyclic code of length ps overR with Tore−1(C) =

〈(x− λ0)Te−1〉, where 0 ≤ Te−1 < ps. Then the symbol-pair distance dsp(C) of the code C is
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given by

dsp(C) =



2 if Te−1 = 0;

3pk if Te−1 = ps − ps−k + 1 with 0 ≤ k ≤ s− 2;

4pk if ps − ps−k + 2 ≤ Te−1 ≤ ps − ps−k + ps−k+1 with 0 ≤ k

≤ s− 2;

2(τ + 2)pk if ps − ps−k + τps−k−1 + 1 ≤ Te−1 ≤ ps − ps−k + (τ + 1)ps−k−1

with 0 ≤ k ≤ s− 2 and 1 ≤ τ ≤ p− 2;

(τ + 2)ps−1 if Te−1 = ps − p+ τ with 1 ≤ τ ≤ p− 2;

ps if Te−1 = ps − 1.

Proof. To prove the result, we assert that

dsp(C) = dsp(Tore−1(C)). (5.4.1)

Towards this, we first note that Tore−1(C) = 〈(x − λ0)Te−1〉. This implies that 〈γe−1(x −

λ0)
Te−1〉 ⊆ C, from which it follows that

dsp(〈γe−1(x− λ0)Te−1〉) ≥ dsp(C). (5.4.2)

Next we observe that

wsp(Q(x)) ≥ wsp(γQ(x)) for each Q(x) ∈ Rλ. (5.4.3)

Further, for any non-zero codeword Q(x) ∈ C, there exists an integer i, 0 ≤ i ≤ e− 1, such

that Q(x) ∈ 〈γi〉 \ 〈γi+1〉. Now using (5.4.3), we get

wsp(Q(x)) ≥ wsp(γQ(x)) ≥ wsp(γ
2Q(x)) ≥ · · · ≥ wsp(γ

e−1−iQ(x)). (5.4.4)

It is easy to observe that γe−1−iQ(x)(6= 0) ∈ 〈γe−1(x − λ0)
Te−1〉, which implies that

wsp(γ
e−1−iQ(x)) ≥ dsp(〈γe−1(x− λ0)Te−1〉). From this and by (5.4.4), we obtain

wsp(Q(x)) ≥ dsp(〈γe−1(x− λ0)Te−1〉) for each Q(x) ∈ C \ {0},
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which implies that

dsp(C) ≥ dsp(〈γe−1(x− λ0)Te−1〉). (5.4.5)

Now by (5.4.2) and (5.4.5), we get

dsp(C) = dsp(〈γe−1(x− λ0)Te−1〉). (5.4.6)

Further, we observe that dsp(〈γe−1(x − λ0)Te−1〉) is equal to the symbol-pair distance of

the λ
ps

0 -constacyclic code Tore−1(C) = 〈(x− λ0)Te−1〉 of length ps over R. From this, the

desired assertion follows immediately.

Finally, by the above assertion and by applying Theorem 5.4.1, we get the desired

result.

In the following theorem, we derive necessary and sufficient conditions for a λ-constacyclic

code of length ps overR to be an MDS symbol-pair code.

Theorem 5.4.3. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-zero λ-constacyclic code of length ps over R. Then the code

C is an MDS symbol-pair code if and only if Tor0(C) = Tore−1(C) and Tor0(C) is an MDS

symbol-pair λ
ps

0 -constacyclic code of length ps overR.

Proof. To prove the result, let Tori(C) = 〈(x−λ0)Ti〉, where 0 ≤ Ti ≤ ps for 0 ≤ i ≤ e−1.

Further, by Theorem 5.2.3(a), we see that Tore−1(C) is a λ
ps

0 -constacyclic code of length ps

overR. By the Singleton bound for Tore−1(C) with respect to the symbol-pair metric and by

applying Theorem 5.2.3(b) and using (5.4.1), we get

pm(ps−Te−1) = |Tore−1(C)| ≤ pm(ps−dsp(Tore−1(C))+2) = pm(ps−dsp(C)+2),

which gives Te−1 ≥ dsp(C)− 2. This, by Theorem 5.2.3(c), implies that

Ti ≥ dsp(C)− 2 for 0 ≤ i ≤ e− 1. (5.4.7)

Further, by Theorem 5.2.3(d), we see that the code C is an MDS symbol-pair code if

and only if pm(eps−(T0+T1+···+Te−1)) = |C| = pme(p
s−dsp(C)+2), which holds if and only if



5.4 Determination of symbol-pair distances and MDS symbol-pair codes 105

T0 + T1 + · · · + Te−1 = e{dsp(C) − 2} and by (5.4.7), the equality holds if and only if

T0 = T1 = · · · = Te−1 = dsp(C)− 2. From this, the desired result follows immediately.

In the following corollary, we determine all MDS symbol-pair λ-constacyclic codes of

length ps overR.

Corollary 5.4.1. Let λ = λp
s

0 +γβ1+γ2β2+· · ·+γe−1βe−1,where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. The following hold.

(a) When β1 6= 0, the code C = 〈1〉 is the only MDS symbol-pair λ-constacyclic code of

length ps overR.

(b) When β1 = 0, all the distinct MDS symbol-pair λ-constacyclic codes of length p over

R are given by the principal ideals

〈(x− λ0)T0 + γ(x− λ0)t1,0g1,0(x) + γ2(x− λ0)t2,0g2,0(x)

+ · · ·+ γe−1(x− λ0)te−1,0ge−1,0(x)〉

with the ith-torsional degree as T0 for 0 ≤ i ≤ e − 1, where 0 ≤ T0 ≤ p − 2,

0 ≤ tj,0 < T0 if gj,0(x) 6= 0, and gj,0(x) ∈ PT0−tj,0(T ) is either 0 or a unit in Rλ for

1 ≤ j ≤ e− 1.

(c) When β1 = 0 and s ≥ 2, all the distinct MDS symbol-pair λ-constacyclic codes of

length ps overR are given by the principal ideals

〈(x− λ0)T0 + γ(x− λ0)t1,0g1,0(x) + γ2(x− λ0)t2,0g2,0(x)

+ · · ·+ γe−1(x− λ0)te−1,0ge−1,0(x)〉

with the ith-torsional degree as T0 for 0 ≤ i ≤ e − 1, where T0 ∈ {0, 1, 2, 4, 7} if

ps = 9, while T0 ∈ {0, 1, 2, ps − 2} if ps 6= 9, 0 ≤ tj,0 < T0 if gj,0(x) 6= 0, and

gj,0(x) ∈ PT0−tj,0(T ) is either 0 or a unit inRλ for 1 ≤ j ≤ e− 1.

Proof. Let C be a λ-constacyclic code of length ps over R with Tori(C) = 〈(x − λ0)Ti〉,

where 0 ≤ Ti < ps for each i. By applying Theorem 5.4.3, we see that the code C is an MDS

symbol-pair code if and only if Tor0(C) = Tore−1(C) and Tor0(C) is an MDS symbol-pair
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λ
ps

0 -constacyclic code of length ps overR. This implies that for the code C to be an MDS

symbol-pair code, we must have T0 < ps.

Now we shall distinguish the following two cases: (i) β1 6= 0 and (ii) β1 = 0.

(i) First let β1 6= 0. When T0 < ps, we see, by Remark 5.2.2, that C = 〈(x − λ0)T0〉 =

〈(x − λ0)T0 , γ, γ2, · · · , γe−1〉, and that T1 = T2 = · · · = Te−1 = 0. From this, we

observe that the code C is an MDS symbol-pair code if and only if T0 = Te−1 = 0,

which holds if and only if C = 〈1〉.

(ii) Next let β1 = 0. In this case, we see that Tor0(C) = Tore−1(C) if and only if T0 = Te−1.

This, by Theorems 5.2.3(c) and 5.2.4, implies that T0 = T1 = · · · = Te−1 and that C is

a principal ideal of the ringRλ. Further, by Theorem 5.2.3(a), we note that Tor0(C) is

a λ
ps

0 -constacyclic code of length ps overR. Now by Theorem 5.2 of Dinh et al. [24],

we see that the code Tor0(C) is an MDS symbol-pair code if and only if

• 0 ≤ T0 ≤ p− 2 when s = 1;

• T0 ∈ {0, 1, 2, 4, 7} when p = 3 and s = 2;

• T0 ∈ {0, 1, 2, ps − 2} when s ≥ 2 and ps 6= 9.

From this and by applying Theorem 5.2.4 again, the desired result follows.

To illustrate the above results, we determine all non-trivial MDS symbol-pair constacyclic

codes of length ps over the finite commutative chain ring Fpm [γ]/〈γ2〉 as follows:

Example 5.4.1. LetR = Fpm [γ]/〈γ2〉. Recall that a unit λ ∈ R can be uniquely expressed

as λ = λp
s

0 + γβ1, where λ0(6= 0), β1 ∈ Fpm .

When β1 6= 0, by Corollary 5.4.1(a), we see that there does not exist any non-trivial MDS

symbol-pair λ-constacyclic code of length ps overR.

Now let β1 = 0. Here by Example 5.2.1, we see that a λ-constacyclic code C of length

ps over R is either of the type 〈(x − λ0)
a + γ(x − λ0)

tg(x), γ(x − λ0)
b〉 with T0 = a,
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T1 = b, or of the type 〈γ(x − λ0)b〉 with T0 = ps, T1 = b, where 0 ≤ b ≤ a ≤ ps − 1,

0 ≤ t < b if g(x) 6= 0, and g(x) ∈ Pb−t(Fpm) is either 0 or a unit inRλ.When C is of the type

〈(x−λ0)a+γ(x−λ0)tg(x), γ(x−λ0)b〉with g(x) 6= 0,we see that γ(x−λ0)p
s−a+tg(x) ∈ C,

which implies that (x−λ0)p
s−a+t ∈ Tor1(C) = 〈(x−λ0)b〉. This implies that ps−a+ t ≥ b

in the case when g(x) 6= 0. From this and by Corollary 5.4.1(b), we see that when s = 1, all

the distinct non-trivial MDS symbol-pair λ-constacyclic codes of length p overR are given

by

〈(x− λ0)a + γ(x− λ0)tg(x)〉,

where 1 ≤ a ≤ p − 2, max{0, 2a − p} ≤ t < a if g(x) 6= 0, and either g(x) = 0

or g(x) =
a−t−1∑̀

=0

A`(x − λ0)
` with each A` ∈ Fpm and A0 6= 0. Further, by Corollary

5.4.1(c), we see that when s ≥ 2 and ps 6= 9, all the distinct non-trivial MDS symbol-pair

λ-constacyclic codes of length ps overR are given by

〈x−λ0 +γg1〉, 〈(x−λ0)p
s−2 +γ(x−λ0)p

s−3g1〉 and 〈(x−λ0)p
s−2 +γ(x−λ0)p

s−4g(x)〉,

where g1 ∈ Fpm and g(x) = A0 + A1(x − λ0) with A0(6= 0), A1 ∈ Fpm . Furthermore, by

Corollary 5.4.1(c), we see that all the distinct non-trivial MDS symbol-pair λ-constacyclic

codes of length 9 overR are given by

〈(x− λ0)4〉, 〈(x− λ0)7〉, 〈x− λ0 + γg1〉 and 〈(x− λ0)4 + γ(x− λ0)tg(x)〉,

where g1 ∈ Fpm , 0 ≤ t ≤ 3 and g(x) =
4−t−1∑̀

=0

A`(x− λ0)` with each A` ∈ Fpm and A0 6= 0.

5.5 Determination of RT distances, RT weight distributions

and MDS RT codes

In this section, we shall first determine RT distances of all λ-constacyclic codes of length

ps overR. For this, let C be a λ-constacyclic code of length ps overR. It is easy to see that

dRT (C) = 0 when C = {0}, while dRT (C) = 1 when C = 〈1〉. In the following theorem, we

determine RT distances of all non-trivial λ-constacyclic codes of length ps overR.
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Theorem 5.5.1. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-trivial λ-constacyclic code of length ps overR with Tore−1(C) =

〈(x− λ0)Te−1〉, where 0 ≤ Te−1 < ps. Then the RT distance dRT (C) of the code C is given

by

dRT (C) = Te−1 + 1.

Proof. To prove the result, we first observe that wRT (Q(x)) ≥ wRT (γQ(x)) for each

Q(x)(6= 0) ∈ Rλ. Now working in a similar manner as in the proof of (5.4.6), we get

dRT (C) = dRT (〈γe−1(x− λ0)Te−1〉). Further, we note that

〈γe−1(x− λ0)Te−1〉 = {γe−1(x− λ0)Te−1A(x) : A(x) ∈ Pps−Te−1(T )},

from which it follows that dRT (〈γe−1(x − λ0)
Te−1〉) = Te−1 + 1. This gives dRT (C) =

Te−1 + 1.

In the following theorem, we derive necessary and sufficient conditions for a λ-constacyclic

code of length ps overR to be an MDS RT code.

Theorem 5.5.2. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-zero λ-constacyclic code of length ps overR. Then the code C

is an MDS RT code if and only if Tor0(C) = Tore−1(C).

Proof. To prove the result, let Tori(C) = 〈(x−λ0)Ti〉, where 0 ≤ Ti ≤ ps for 0 ≤ i ≤ e−1.

Then by Theorem 5.2.3(d), we see that |C| = pm(eps−(T0+T1+···+Te−1)). Now the code C is an

MDS RT code if and only if pm(eps−(T0+T1+···+Te−1)) = |C| = pme(p
s−dRT (C)+1), which holds

if and only if

T0 + T1 + · · ·+ Te−1 = e{dRT (C)− 1}. (5.5.1)

By Theorem 5.5.1, we note that dRT (C) = Te−1 + 1. Further, by Theorem 5.2.3(c), we see

that ps ≥ T0 ≥ T1 ≥ · · · ≥ Te−1 ≥ 0. From this and by (5.5.1), we see that the code C is

an MDS RT code if and only if T0 + T1 + · · · + Te−1 = eTe−1, which holds if and only if

T0 = T1 = · · · = Te−1. From this, we get the desired result.
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In the following corollary, we determine all MDS RT λ-constacyclic codes of length ps

overR.

Corollary 5.5.1. Let λ = λp
s

0 +γβ1+γ2β2+· · ·+γe−1βe−1,where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. The following hold.

(a) When β1 6= 0, the code C = 〈1〉 is the only MDS RTλ-constacyclic code of length ps

overR.

(b) When β1 = 0, all the distinct MDS RT λ-constacyclic codes of length ps overR are

given by the principal ideals

〈(x− λ0)T0 + γ(x− λ0)t1,0g1,0(x) + γ2(x− λ0)t2,0g2,0(x)

+ · · ·+ γe−1(x− λ0)te−1,0ge−1,0(x)〉

with the ith-torsional degree as T0 for 0 ≤ i ≤ e − 1, where 0 ≤ T0 ≤ ps − 1,

0 ≤ tj,0 < T0 if gj,0(x) 6= 0, and gj,0(x) ∈ PT0−tj,0(T ) is either 0 or a unit in Rλ for

1 ≤ j ≤ e− 1.

Proof. By Theorem 5.5.2, we see that a λ-constacyclic code C of length ps over R is an

MDS RT code if and only if Tor0(C) = Tore−1(C), which, by Theorem 5.2.3(c), holds if and

only if all the torsional degrees of the code C are equal. From this and by applying Theorem

5.2.4 and Remark 5.2.2, we get the desired result.

To illustrate the above results, we determine all non-trivial MDS RT constacyclic codes

of length ps over the finite commutative chain ring Fpm [γ]/〈γ2〉 as follows:

Example 5.5.1. LetR = Fpm [γ]/〈γ2〉. Recall that a unit λ ∈ R can be uniquely expressed

as λ = λp
s

0 + γβ1, where λ0(6= 0), β1 ∈ Fpm .

When β1 6= 0, by Corollary 5.5.1(a), we see that there does not exist any non-trivial MDS

RT λ-constacyclic code of length ps overR.

Now let β1 = 0. Here by Example 5.2.1, we see that a λ-constacyclic code C of length

ps over R is either of the type 〈(x − λ0)
a + γ(x − λ0)

tg(x), γ(x − λ0)
b〉 with T0 = a,

T1 = b, or of the type 〈γ(x − λ0)b〉 with T0 = ps, T1 = b, where 0 ≤ b ≤ a ≤ ps − 1,
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0 ≤ t < b if g(x) 6= 0, and g(x) ∈ Pb−t(Fpm) is either 0 or a unit inRλ.When C is of the type

〈(x−λ0)a+γ(x−λ0)tg(x), γ(x−λ0)b〉with g(x) 6= 0,we see that γ(x−λ0)p
s−a+tg(x) ∈ C,

which implies that (x− λ0)p
s−a+t ∈ Tor1(C) = 〈(x− λ0)b〉. This shows that ps − a+ t ≥ b

in the case when g(x) 6= 0. From this and by Corollary 5.5.1(b), we see that all the distinct

non-trivial MDS RT λ-constacyclic codes of length ps overR are given by

〈(x− λ0)a + γ(x− λ0)tg(x)〉,

where 1 ≤ a ≤ ps − 1, max{0, 2a − ps} ≤ t < a if g(x) 6= 0, and either g(x) = 0 or

g(x) =
a−t−1∑̀

=0

A`(x− λ0)` with each A` ∈ Fpm and A0 6= 0.

In a recent work, Dinh et al. [23] determined all (4z − 1)-constacyclic codes of length

2s over the Galois ring GR(2e,m), where z ∈ GR(2e,m). As GR(2e,m) is a chain ring

with the maximal ideal as 〈2〉, the unit 4z − 1 ∈ GR(2e,m) can be rewritten as 4z − 1 =

1 + 2 + 4(z− 1), i.e., β1 = 1 for a unit λ of the form 4z− 1 for each z ∈ GR(2e,m). In the

same work, Dinh et al. [23] determined RT weight distributions of all (4z − 1)-constacyclic

codes of length 2s over the Galois ring GR(2e,m) (see [23, Prop. 6.3-6.5]). However, we

noticed an error in Proposition 6.5 of Dinh et al. [23], which we illustrate in the following

example.

Example 5.5.2. Let GR(4, 1) = Z4 be the Galois ring of characteristic 4 and cardinality 4,

and let λ = 3. By Theorem 3.3 of Dinh et al. [23], we see that all the distinct 3-constacyclic

codes of length 4 over GR(4, 1) are ideals of quotient ring GR(4, 1)[x]/〈x4 − 3〉 and are

given by 〈(x+ 1)i〉, where 0 ≤ i ≤ 8.

For the code C1 = 〈x + 1〉, by Proposition 6.5 of Dinh et al. [23], we obtain A0 = 1,

A1 = 1, A2 = 18, A3 = 36 and A4 = 72. However, by carrying out computations in

Magma, we see that the actual values of A2, A3 and A4 are given by A2 = 6, A3 = 24 and

A4 = 96, which do not agree with Proposition 6.5 of Dinh et al. [23].

Moreover, for the code C2 = 〈(x+ 1)2〉, by Proposition 6.5 of Dinh et al. [23], we obtain

A0 = 1, A1 = 1, A2 = 2, A3 = 20 and A4 = 40. However, by carrying out computations

in Magma, we see that the actual values of A3 and A4 are given by A3 = 12 and A4 = 48.

This shows that there is an error in Proposition 6.5 of Dinh et al. [23].
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Now we proceed to determine RT weight distributions of all λ-constacyclic codes of

length ps overR. To do so, we first prove the following lemma.

Lemma 5.5.1. Let λ = λp
s

0 + γβ1 + γ2β2 + · · ·+ γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-trivial λ-constacyclic code of length ps overR with Tori(C) =

〈(x − λ0)Ti〉, where 0 ≤ Ti ≤ ps. Further, let {f0(x), f1(x), · · · , fe−1(x)} be the unique

generating set of the code C (as determined in Theorem 5.2.4 when β1 = 0 and Remark 5.2.2

when β1 6= 0). Then each codeword C(x) ∈ C can be uniquely written as

C(x) = C0(x)f0(x) + C1(x)f1(x) + · · ·+ Ce−1(x)fe−1(x),

where Cj(x) ∈ Pps−Tj(T ) for 0 ≤ j ≤ e− 1.

Proof. To prove the result, we consider the set

S = {A0(x)f0(x) + A1(x)f1(x) + · · ·+ Ae−1(x)fe−1(x) : Aj(x) ∈ Pps−Tj(T )

for 0 ≤ j ≤ e− 1},

and we assert that S = C.

To prove the assertion, we first note that S ⊆ C, and hence it is sufficient to show that

|S| = |C|. Towards this, suppose that there exist Aj(x), Bj(x) ∈ Pps−Tj(T ), 0 ≤ j ≤ e− 1,

satisfying

A0(x)f0(x) + A1(x)f1(x) + · · ·+ Ae−1(x)fe−1(x)

= B0(x)f0(x) +B1(x)f1(x) + · · ·+Be−1(x)fe−1(x) ∈ S.

This implies that

γe−1A0(x)f0(x) = γe−1B0(x)f0(x),

which further implies that

γe−1(x− λ0)T0{A0(x)−B0(x)} = γe−1f0(x){A0(x)−B0(x)} = 0 inRλ.

This holds if and only if (x − λ0)
T0µ(A0(x) − B0(x)) = 0 in Rλ, which holds if and
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only if µ(A0(x)) = µ(B0(x)), as A0(x), B0(x) ∈ Pps−T0(T ). Further, as µ is a bijection

from Pps(T )(⊆ Rλ) onto Rλ, we get A0(x) = B0(x). Proceeding like this, we see that

Aj(x) = Bj(x) for 2 ≤ j ≤ e− 1. This shows that all the elements in the set S are distinct,

which implies that

|S| = pm(eps−(T0+T1+···+Te−1)) = |C|,

by Theorem 5.2.3(c). From this, the desired result follows.

In the following theorem, we rectify errors in Proposition 6.5 of Dinh et al. [23], and we

obtain RT weight distributions of all λ-constacyclic codes of length ps overR.

Theorem 5.5.3. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-trivial λ-constacyclic code of length ps overR with Tori(C) =

〈(x − λ0)Ti〉, where 0 ≤ Ti ≤ ps for 0 ≤ i ≤ e − 1. Let us define T−1 = ps. Then there

exists a unique integer k satisfying 0 ≤ k ≤ e− 1, Tk−1 = ps and Tk < ps. If Aρ denotes

the number of codewords in C having the RT weight as ρ for 0 ≤ ρ ≤ ps, then

Aρ =



1 if ρ = 0;

0 if 1 ≤ ρ ≤ Te−1;

(pm(e−`) − 1)pm{(e−`)(ρ−1)−(T`+T`+1+···+Te−1)} if T` + 1 ≤ ρ ≤ T`−1 with

k ≤ ` ≤ e− 1.

Proof. Note thatA0 = 1. Further, by Theorem 5.5.1, we see that dRT (C) = Te−1 + 1, which

implies that Aρ = 0 for 1 ≤ ρ ≤ Te−1. So from now on, we assume that Te−1 + 1 ≤ ρ ≤ ps.

As Tk−1 = ps and ps ≥ T0 ≥ T1 ≥ · · · ≥ Te−1 ≥ 0, we get T0 = T1 = · · · = Tk−1 = ps.

Then by Remark 5.2.2 and Theorem 5.2.4, we have

C = 〈fk(x), fk+1(x), · · · , fe−1(x)〉,

where fk(x) = γk(x− λ0)Tk and fj(x) = γj for k + 1 ≤ j ≤ e− 1 when β1 6= 0; while for

k ≤ i ≤ e − 1, fi(x) = γi if Ti = 0 and fi(x) = γi(x − λ0)Ti + γi+1(x − λ0)t1,ig1,i(x) +

γi+2(x−λ0)t2,ig2,i(x)+· · ·+γe−1(x−λ0)te−1−i,ige−1−i,i(x) with each gj,i(x) ∈ PTj+i−tj,i(T )

as either 0 or a unit in Rλ if 1 ≤ Ti < ps when β1 = 0. Further, by Lemma 5.5.1, we see
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that each codeword Q(x) ∈ C can be uniquely expressed as

Q(x) = Ck(x)fk(x) + Ck+1(x)fk+1(x) + · · ·+ Ce−1(x)fe−1(x), (5.5.2)

where Cj(x) ∈ Pps−Tj(T ) for k ≤ j ≤ e− 1. Moreover, we note that

wRT (Cj(x)fj(x)) = Tj + 1 + deg Cj(x) if Cj(x) 6= 0. (5.5.3)

By (5.5.2) and (5.5.3), we see that if Te−1 + 1 ≤ ρ ≤ Te−2, then the RT weight of the

codeword Q(x) ∈ C is ρ if and only if deg Ce−1(x) = ρ − Te−1 − 1 and Cj(x) = 0 for

k ≤ j ≤ e− 2. This implies that Aρ = (pm − 1)pm(ρ−Te−1−1) for Te−1 + 1 ≤ ρ ≤ Te−2.

Next let T` + 1 ≤ ρ ≤ T`−1, where k ≤ ` ≤ e − 2. Here by (5.5.2) and (5.5.3), we see

that the RT weight of the codeword Q(x) ∈ C is ρ if and only if Cj(x) = 0 for k ≤ j ≤ `−1

and exactly one of the following (e− `) conditions is satisfied:

deg C`(x) = ρ− T` − 1 and Cj(x) ∈ Pρ−Tj(T ) for `+ 1 ≤ j ≤ e− 1; (1)

deg C`+1(x) = ρ− T`+1 − 1, C`(x) ∈ Pρ−T`−1(T ) and Cj(x) ∈ Pρ−Tj(T )

for `+ 2 ≤ j ≤ e− 1; (2)

deg C`+2(x) = ρ− T`+2 − 1, C`(x) ∈ Pρ−T`−1(T ), C`+1(x) ∈ Pρ−T`+1−1(T )

and Cj(x) ∈ Pρ−Tj(T ) for `+ 3 ≤ j ≤ e− 1; (3)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

deg Ce−2(x) = ρ− Te−2 − 1, Cj(x) ∈ Pρ−Tj−1(T )for ` ≤ j ≤ e− 3 and

Ce−1(x) ∈ Pρ−Te−1(T ); (e − ` − 1)

deg Ce−1(x) = ρ− Te−1 − 1 and Cj(x) ∈ Pρ−Tj−1(T ) for ` ≤ j ≤ e− 2. (e − `)

From this, we obtain

Aρ = (pm(e−`) − 1)pm{(e−`)(ρ−1)−(T`+T`+1+···+Te−1)}
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for T` + 1 ≤ ρ ≤ T`−1, where k ≤ ` ≤ e− 2.

This completes the proof of the theorem.

5.6 A decoding algorithm for constacyclic codes of length

ps over finite commutative chain rings

Several decoding algorithms are known for linear codes over finite fields with respect

to Hamming, symbol-pair and RT metrics (see [13, 37, 39, 54, 68, 81]). In this section,

we shall provide an algorithm to decode constacyclic codes of length ps overR using the

already known decoding algorithms of linear codes of length ps over the finite fieldR with

respect to these three metrics.

Throughout this section, by a metric, we mean either the Hamming metric or the symbol-

pair metric or the RT metric. Likewise, by the weight of a vector, we mean either the

Hamming weight or the symbol-pair weight or the RT weight.

Now let C be a non-trivial λ-constacyclic code of length ps over R with Tori(C) =

〈(x− λ0)Ti〉, where 0 ≤ Ti ≤ ps for each i. Let {f0(x), f1(x), · · · , fe−1(x)} be the unique

generating set of the code C as determined in Theorem 5.2.4 and Remark 5.2.2. LetC(x) ∈ C

be the transmitted codeword and let W (x) ∈ Rλ be the received vector with the error pattern

as E(x) ∈ Rλ. Then we have

W (x) = C(x) + E(x).

Further, both W (x), E(x) ∈ Rλ can be uniquely written as

W (x) = W0(x) + γW1(x) + γ2W2(x) + · · ·+ γe−1We−1(x)

and

E(x) = E0(x) + γE1(x) + γ2E2(x) + · · ·+ γe−1Ee−1(x),
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where Wi(x), Ei(x) ∈ Pps(T ) for each i. We say that the error pattern E(x) = E0(x) +

γE1(x) + γ2E2(x) + · · ·+ γe−1Ee−1(x) ∈ Rλ is of the type (δ0, δ1, · · · , δe−1) if the weight

of Ej(x) is at most δj for 0 ≤ j ≤ e− 1.

Then the following theorem provides a decoding algorithm for non-trivial constacyclic

codes of length ps overR.

Theorem 5.6.1. Let λ = λp
s

0 +γβ1 +γ2β2 + · · ·+γe−1βe−1, where λ0, β1, β2, · · · , βe−1 ∈ T

and λ0 6= 0. Let C be a non-trivial λ-constacyclic code of length ps overR with Tori(C) =

〈(x− λ0)Ti〉, where 0 ≤ Ti ≤ ps for each i. If Tori(C) can correct errors with weight less

than or equal to ηi for each i, then the code C can correct all error patterns of the type

(η0, η1, · · · , ηe−1).

Proof. Let C(x) ∈ C be the transmitted codeword and let W (x) ∈ Rλ be the received

vector with the error pattern as E(x) ∈ Rλ. Note that W (x) = C(x) + E(x). Further,

suppose that the error pattern E(x) is of the type (η0, η1, · · · , ηe−1). Then both W (x), E(x)

can be uniquely written as W (x) = W0(x) + γW1(x) + γ2W2(x) + · · ·+ γe−1We−1(x) and

E(x) = E0(x) + γE1(x) + γ2E2(x) + · · ·+ γe−1Ee−1(x), where Wj(x), Ej(x) ∈ Pps(T )

for 0 ≤ j ≤ e− 1. Further, by Lemma 5.5.1, we see that C(x) ∈ C can be uniquely written

as

C(x) = C0(x)f0(x) + C1(x)f1(x) + · · ·+ Ce−1(x)fe−1(x),

where Cj(x) ∈ Pps−Tj(T ) for 0 ≤ j ≤ e− 1.

Given the polynomials W0(x),W1(x), · · · ,We−1(x) ∈ Pps(T ), our aim is to determine

C0(x), C1(x), · · · , Ce−1(x) satisfying Cj(x) ∈ Pps−Tj(T ) for 0 ≤ j ≤ e− 1.

Towards this, we shall first determine C0(x) ∈ Pps−T0(T ) and E0(x) ∈ Pps(T ). Since

W (x) = C(x) + E(x), we have γe−1W (x) = γe−1C(x) + γe−1E(x). From this, we get

γe−1{W0(x)−E0(x)} = γe−1C0(x)(x−λ0)T0 , which implies that µ(W0(x))−µ(E0(x)) =

µ(C0(x))(x−λ0)T0 ∈ Tore−1(C)∩Tor0(C) = Tor0(C). Now as Tor0(C) can correct all errors

with weight at most η0 and the weight of µ(E0(x)) is less than or equal to η0, µ(W0(x))

can be uniquely decoded to µ(C0(x))(x − λ0)T0 in Tor0(C). From this and using the fact
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that µ is a bijection from Pps(T )(⊆ Rλ) ontoRλ, the polynomials C0(x) ∈ Pps−T0(T ) and

E0(x) ∈ Pps(T ) can be uniquely determined.

Next let i be a fixed integer satisfying 1 ≤ i ≤ e− 1. Suppose that Cj(x) ∈ Pps−Tj(T )

and Ej(x) ∈ Pps(T ) are known for 0 ≤ j ≤ i− 1.

Now we shall determine Ci(x) ∈ Pps−Ti(T ) and Ei(x) ∈ Pps(T ). For this, we see that

γe−i−1W (x) = γe−i−1C(x) + γe−i−1E(x), which gives

γe−i−1W (x) = γe−i−1C0(x)f0(x) + γe−i−1C1(x)f1(x) + · · ·+ γe−i−1Ci−1(x)fi−1(x)

+γe−i−1Ci(x)fi(x) + γe−i−1E0(x) + γe−iE1(x) + · · ·+ γe−2Ei−1(x) + γe−1Ei(x).

(5.6.1)

Let us define

Ŵi(x) = γe−i−1W (x)− γe−i−1C0(x)f0(x)− γe−i−1C1(x)f1(x)− · · ·

−γe−i−1Ci−1(x)fi−1(x)− γe−i−1E0(x)− γe−iE1(x)− · · · − γe−2Ei−1(x).

By (5.6.1), we see that Ŵi(x) = γe−i−1Ci(x)fi(x) + γe−1Ei(x) ∈ 〈γe−1〉, and hence Ŵi(x)

can be uniquely written as Ŵi(x) = γe−1W ∗
i (x) for some W ∗

i (x) ∈ Pps(T ). From this, we

get Ŵi(x)− γe−1Ei(x) = γe−1W ∗
i (x)− γe−1Ei(x) = γe−i−1Ci(x)fi(x) = γe−1Ci(x)(x−

λ0)
Ti ∈ C, which implies that µ(W ∗

i (x))− µ(Ei(x)) = µ(Ci(x))(x− λ0)Ti ∈ Tore−1(C) ∩

Tori(C) = Tori(C). Now as Tori(C) can correct all errors with weight at most ηi and the

weight of µ(Ei(x)) is less than or equal to ηi, µ(W ∗
i (x)) can be uniquely decoded to

µ(Ci(x))(x − λ0)
Ti in Tori(C). From this and using the fact that µ is a bijection from

Pps(T )(⊆ Rλ) onto Rλ, the polynomials Ci(x) ∈ Pps−Ti(T ) and Ei(x) ∈ Pps(T ) can be

uniquely determined.

This completes the proof of the theorem.

The above theorem gives rise to the following decoding algorithm for non-trivial consta-

cyclic codes of length ps overR.
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A decoding algorithm for constacyclic codes of length ps overR

Suppose that for 0 ≤ i ≤ e − 1, there exists a decoding algorithm Di for Tori(C) that

can correct errors with weight at most ηi. Now suppose that the codeword C(x) ∈ C is

transmitted, the vector W (x) ∈ Rλ is received, and that the error pattern E(x) in the

transmission is of the type (η0, η1, · · · , ηe−1).

I. Apply the decoding algorithm D0 for the code Tor0(C) over the finite field R to

determine the codeword D0(x) ∈ Tor0(C) and the error pattern F0(x) from µ(W (x))

inRλ.

II. Using the bijection µ from Pps(T )(⊆ Rλ) onto Rλ, determine C0(x) ∈ Pps−T0(T )

and E0(x) ∈ Pps(T ) satisfying (x−λ0)T0µ(C0(x)) = D0(x) and µ(E0(x)) = F0(x).

III. Now for i = 1, 2, · · · , e− 1, do the following steps:

a. Given W (x) ∈ Rλ, Ej(x) ∈ Pps(T ) and Cj(x) ∈ Pps−Tj(T ) for 0 ≤ j ≤ i−1,

determine W ∗
i (x) ∈ Pps(T ) satisfying

γe−1W ∗
i (x) = γe−i−1W (x)− γe−i−1C0(x)f0(x)− γe−i−1C1(x)f1(x)− · · ·

−γe−i−1Ci−1(x)fi−1(x)− γe−i−1E0(x)− γe−iE1(x)− · · · − γe−2Ei−1(x).

b. Apply the decoding algorithm Di for the code Tori(C) overR to determine the

codeword Di(x) ∈ Tori(C) and the error pattern Fi(x) from µ(W ∗
i (x)) inRλ.

c. Using the bijection µ fromPps(T )(⊆ Rλ) ontoRλ, determineCi(x) ∈ Pps−Ti(T )

and Ei(x) ∈ Pps(T ) satisfying (x − λ0)Tiµ(Ci(x)) = Di(x) and µ(Ei(x)) =

Fi(x).

IV. Decode the received vector W (x) ∈ Rλ to the codeword C(x) = C0(x)f0(x) +

C1(x)f1(x) + · · ·+ Ce−1(x)fe−1(x) in C.

In the following example, we illustrate the above decoding algorithm with respect to the

Hamming metric.
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Example 5.6.1. Let R = F3[γ]/〈γ2〉. Here we note that T = F3 and that µ(f(x)) = f(x)

for each f(x) ∈ F3[x]/〈x9 − 2〉. In view of Example 5.2.1, let C = 〈(x − 2)8, γ(x − 2)7〉

be a 2-constacyclic code of length 9 over R. Here we observe that Tor0(C) = 〈(x − 2)8〉

and Tor1(C) = 〈(x − 2)7〉. By Theorems 2.0.8 and 5.2.3(a), we get dH(Tor0(C)) = 9 and

dH(Tor1(C)) = 6 = dH(C). Using the syndrome decoding algorithm, the code Tor0(C)

can correct all errors with Hamming weight at most 4, while the code Tor1(C) can correct

all errors with Hamming weight at most 2 (see Section 4.8.3 of [54]). Further, we see,

by Lemma 5.5.1, that each codeword C(x) ∈ C can be uniquely expressed as C(x) =

C0(x− 2)8 + γC1(x)(x− 2)7, where C0 ∈ F3 and C1(x) ∈ P2(F3).

Now suppose that a codewordC(x) = C0(x−2)8+γC1(x)(x−2)7 ∈ C,withC0 ∈ F3 and

C1(x) ∈ P2(F3), is transmitted. Suppose that the vector W (x) = (2 + 2γ)x8 + (1 + 2γ)x7 +

(2+2γ)x6+(1+2γ)x5+2x4+(2+γ)x3+(1+γ)x2+2x+(1+2γ) ∈ R2 = R[x]/〈x9−2〉

is received, and that the error pattern E(x) in the transmission is of the type (4, 2). Our aim

is to decode the vector W (x) to the codeword C(x) ∈ C, i.e., to determine C0 ∈ F3 and

C1(x) ∈ P2(F3).

I. By applying the syndrome decoding algorithm for Tor0(C) to the vector µ(W (x)) =

2x8 + x7 + 2x6 + x5 + 2x4 + 2x3 + x2 + 2x + 1 ∈ F3[x]/〈x9 − 2〉 using Magma,

we get D0(x) = 2x8 + x7 + 2x6 + x5 + 2x4 + x3 + 2x2 + x + 2 ∈ Tor0(C) and

F0(x) = x3 + 2x2 + x+ 2.

II. The element C0 ∈ F3 satisfying C0(x − 2)8 = 2x8 + x7 + 2x6 + x5 + 2x4 + x3 +

2x2 + x+ 2 = 2(x− 1)8 is given by C0 = 2. Further, we have E0(x) = µ(E0(x)) =

F0(x) = x3 + 2x2 + x+ 2.

III. a. The vectorW ∗
1 (x) ∈ F3[x]/〈x9−2〉 satisfying γW ∗

1 (x) = W (x)−C0(x)f0(x)−

E0(x) = γ(2x8 + 2x7 + 2x6 + 2x5 + x3 + x2 + 2) is given by W ∗
1 (x) =

2x8 + 2x7 + 2x6 + 2x5 + x3 + x2 + 2.

b. Now by applying the syndrome decoding algorithm for Tor1(C) to the vector

W ∗
1 (x) using Magma, we get D1(x) = x8 + 2x6 + 2x5 + x3 + x2 + 2 and

F1(x) = x8 + 2x7.
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c. The vector C1(x) ∈ P2(F3) satisfying (x − 2)7C1(x) = D1(x) is given by

C1(x) = 2 + x.

IV. Decode W (x) to the codeword C(x) = 2(x− 2)8 + γ(2 + x)(x− 2)7 = (2 + γ)x8 +

x7 + (2 + 2γ)x6 + (1 + 2γ)x5 + 2x4 + (1 + γ)x3 + (2 + γ)x2 + x+ (2 + 2γ) ∈ C.

Remark 5.6.1. (a) The decoding algorithm proposed in this chapter works for all those

metrics with respect to which decoding algorithms for linear codes over finite fields

are known.

(b) All the results obtained in this chapter can be extended for λ-constacyclic codes of

length nps over R, where n is a positive integer such that the binomial xn − λ0 is

irreducible overR.





Chapter 6

On b-symbol distances of repeated-root
constacyclic codes

6.1 Introduction

In this chapter, we obtain b-symbol distances of all repeated-root constacyclic codes of

prime power lengths over finite fields. Using this result, we determine b-symbol distances of

all repeated-root constacyclic codes of prime power lengths over finite commutative chain

rings. We also identify all MDS b-symbol repeated-root constacyclic codes of prime power

lengths over finite fields, and all MDS b-symbol repeated-root constacyclic codes of prime

power lengths over finite commutative chain rings in general.

For this, throughout this chapter, let p be a prime, s be a positive integer, and let b be an

integer satisfying 2 ≤ b < ps. This chapter is organized as follows: In Section 6.2, we state

some basic definitions and results that are needed to derive our main results. In Section 6.3,

we obtain b-symbol distances of all repeated-root constacyclic codes of length ps over finite

fields. Using this result, in Section 6.4, we list all MDS b-symbol repeated-root constacyclic

codes of length ps over finite fields. In Section 6.5, we determine b-symbol distances of all

repeated-root constacyclic codes of length ps over finite commutative chain rings. We also

list all MDS b-symbol repeated-root constacyclic codes of length ps over finite commutative

chain rings.

121
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6.2 Some preliminaries

Let R be a finite commutative ring with unity, N be a positive integer, and let RN be the

R-module consisting of allN -tuples overR. Let b be an integer satisfying 2 ≤ b < N. Recall

that for each vector a = (a0, a1, · · · , aN−1) ∈ RN , the b-symbol read vector of a ∈ RN is

defined as

πb(a) = ((a0, a1, · · · , ab−1), (a1, a2, · · · , ab), · · · , (aN−1, a0, · · · , ab−2)) ∈ (Rb)N .

The b-symbol weight wb(a) of the vector a ∈ RN is defined as the number of integers i

satisfying 0 ≤ i ≤ N − 1 and (ai, ai+1, · · · , ai+b−1) 6= (0, 0, · · · , 0), where the subscripts

i, i+ 1, · · · , i+ b− 1 are taken modulo N. Note that wb(a) equals the Hamming weight of

the b-symbol read vector πb(a) over the alphabet Rb. In particular, when b = 2, the b-symbol

weight wb(a) of the vector a ∈ RN is same as the symbol-pair weight wsp(a) of the vector a.

Now the natural question arises: Is there any relation between the b-symbol weight of a

vector and its Hamming weight? Towards this, Cassuto and Blaum [12, Th. 2] derived such

a relation when b = 2. Recently, Mostafanasab and Sevim [63, Th. 2.1] considered the case

b ≥ 3 and derived a relation between the b-symbol weight and the Hamming weight of a

non-zero vector in RN . However, we noticed that Theorem 2.1 of Mostafanasab and Sevim

[63] holds only for those non-zero vectors in RN , which have a cyclic run of 0 of length at

least b− 1. We illustrate this in the following example.

Example 6.2.1. Let R = Z5 be the ring of integers modulo 5, and let N = 17 and b = 5. Let

us take c = (2, 1, 2, 0, 0, 0, 2, 4, 0, 0, 0, 3, 1, 0, 0, 0, 2) ∈ Z17
5 . Note that the vector c does not

have a cyclic run of 0 of lengths at least 4. By Theorem 2.1 of Mostafanasab and Sevim [63],

we obtain w5(c) = 8 + 9 + 5− 1 = 21 > 17 = N. However, one can easily observe that the

actual value of w5(c) is 17. �

We now take into account both the aforementioned cases and restate Theorem 2.1 of

Mostafanasab and Sevim [63] as follows:

Theorem 6.2.1. [63] Let 2 ≤ b < N be a fixed integer, and let a = (a0, a1, · · · , aN−1) ∈ RN .
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(a) If the vector a ∈ RN does not have a cyclic run of 0 of length at least b − 1, then

wb(a) = N.

(b) Suppose that the vector a ∈ RN has a cyclic run of 0 of length at least b − 1. Let

I = {0, 1, 2, · · · , N − 1}, and let Ja be the union of all sets of the form {u ∈ I :

i ≤ u ≤ j, j − i ≥ b − 2 and au = 0 for i ≤ u ≤ j} modulo N. Let Ka = I \ Ja.

Let Ba = {B1, B2, · · · , BLa} be a minimal partition of the set Ka into subsets of

consecutive indices modulo N. If ea is the number of integers k ∈ Ka satisfying

ak = 0, then we have

wb(a) =
La∑
`=1

|B`|+ La(b− 1) = wH(a) + ea + La(b− 1).

We now illustrate the above theorem in the following example.

Example 6.2.2. Let R = Z5, N = 17 and b = 5. Let us take c = (3, 1, 0, 0, 0, 0, 2, 3, 0, 0,

0, 0, 0, 0, 1, 0, 2) ∈ Z17
5 . Note that the vector c has two cyclic runs of 0 of lengths at least

4. Here we see that Jc = {2, 3, 4, 5, 8, 9, 10, 11, 12, 13} and Kc = {0, 1, 6, 7, 14, 15, 16}.

This implies that Bc = {B1, B2}, where B1 = {6, 7} and B2 = {14, 15, 16, 0, 1}. Now by

applying Theorem 6.2.1(b), we obtain w5(c) = |B1|+ |B2|+ 2(5− 1) = 15.

We also make the following observation, which is quite useful in approximating b-symbol

weights of non-zero vectors in RN .

Lemma 6.2.1. Let a ∈ RN be such that a = a1 + a2 + · · ·+ ar, where a1, a2, · · · , ar ∈ RN

satisfy wH(a) = wH(a1) + wH(a2) + · · ·+ wH(ar). Then we have

wb(a) ≥ max{wb(a1), wb(a2), · · · , wb(ar)}.

Proof. Proof is trivial.

Ding et al. [28, Th. 2.4] derived a Singleton-type bound for codes over finite fields with

respect to the b-symbol metric. In the following theorem, we extend this result to codes over

finite commutative rings. Although the proof of the following theorem is similar to that of
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Theorem 2.4 of Ding et al. [28], we reproduce the proof for the sake of completeness of this

thesis.

Theorem 6.2.2. (Singleton-type bound) Let |R| ≥ 2, N ≥ 3 be an integer, and let b be an

integer satisfying 2 ≤ b < N. If C is a b-symbol code of length N and b-symbol distance

db(C) over R, then we have

|C| ≤ |R|N−db(C)+b.

Proof. Let us take t = db(C), and let us consider the set

πb(C) = {πb(c) : c ∈ C},

whose elements are viewed as N -tuples over the alphabet Rb. Now on deleting the last t− 1

coordinates from all the elements of πb(C), we obtain the set

π̂b(C) = {
(
(a0, a1, · · · , ab−1), (a1, a2, · · · , ab), · · · , (aN−t, aN−t+1, · · · , aN−t+b−1)

)
:

(a0, a1, · · · , aN−1) ∈ C},

whose elements are (N − t+ 1)-tuples over Rb, where the subscripts are taken modulo N.

Since the b-symbol distance of the code C is t, we see that all the elements in the set π̂b(C)

must be distinct, and hence all the elements in the set

Φb(C) = {(a0, a1, · · · , aN−t+b−1) : (a0, a1, · · · , aN−1) ∈ C} (6.2.1)

must be the distinct vectors of RN−t+b. From this, it follows that |C| ≤ |R|N−t+b, which

proves the theorem.

A code C of length N over R is called an MDS b-symbol code if it satisfies

|C| = |R|N−db(C)+b. (6.2.2)

Note that an MDS b-symbol code has to be non-zero.
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From now on, throughout this chapter, let p be a prime, s,m be positive integers, and let

b be an integer satisfying 2 ≤ b < ps. Let Fpm be the finite field of order pm, and let R be

a finite commutative chain ring with the characteristic as a power of p. Further, let γ be a

generator of the maximal ideal ofR, and let e be the nilpotency index of γ.

6.3 b-Symbol distances of constacyclic codes of length ps

over Fpm

In this section, we shall determine b-symbol distances of all constacyclic codes of length

ps over Fpm . For this, we first note that 2 ≤ b ≤ ps − 1. Throughout this section, let λ

be a non-zero element of Fpm . Recall that a λ-constacyclic code of length ps over Fpm is

an ideal of the quotient ring Fpm [x]/〈xps − λ〉. By Theorem 2.0.8, we see that there exists

λ0 ∈ Fpm\{0} satisfying λ = λp
s

0 , and that all λ-constacyclic codes of length ps over Fpm are

given by Cλ0(s, ν) = 〈(x− λ0)ν〉, where 0 ≤ ν ≤ ps. It is easy to see that db(Cλ0(s, 0)) = b

and db(Cλ0(s, p
s)) = 0. So from now onwards, we assume that 1 ≤ ν ≤ ps − 1.

In a recent work, Mostafanasab and Sevim [63] considered the case λ0 = 1 and b ≥ 3,

and determined b-symbol distances of the cyclic code C1(1, ν) when 1 ≤ ν ≤ p − b and

the cyclic code C1(s, ν) when s ≥ 2 and ν = ps − ps−` + i, where 0 ≤ ` ≤ s − 1 and

0 ≤ i ≤ min{ps−`−1, ps−` − b, b}. In this section, we shall determine b-symbol distances

of all non-trivial λ-constacyclic codes Cλ0(s, ν), 1 ≤ ν ≤ ps − 1, of length ps over Fpm ,

thereby extending the work of Mostafanasab and Sevim [63]. For this, we shall consider the

following two cases separately: (i) s = 1 and (ii) s ≥ 2.

In the following theorem, we consider the case s = 1, and we determine b-symbol

distances of all non-trivial λ-constacyclic codes Cλ0(1, ν), 1 ≤ ν ≤ p− 1, of length p over

Fpm by applying Theorem 6.2.1. When 1 ≤ ν ≤ p − b − 1, the b-symbol distance of the

code Cλ0(1, ν) can also be determined by using Theorem 2.0.8 and by repeatedly applying

Theorem 2.5 of Ding et al. [28].
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Theorem 6.3.1. For 1 ≤ ν ≤ p− 1, we have

db(Cλ0(1, ν)) = min{ν + b, p}.

Proof. To prove the result, we see, by Theorem 2.0.8, that dH(Cλ0(1, ν)) = ν + 1. Fur-

ther, the codeword (x − λ0)ν ∈ Cλ0(1, ν) can be written as (x − λ0)ν =
ν∑
t=0

atx
t, where

at =
(
ν
t

)
(−λ0)ν−t 6= 0 for 0 ≤ t ≤ ν. That is, the codeword (x − λ0)

ν is of the form

(a0, a1, · · · , aν , 0, 0, · · · , 0︸ ︷︷ ︸
p−ν−1

) and wH((x− λ0)ν) = ν + 1. Now by applying Theorem 6.2.1,

we get

wb((x− λ0)ν) = min{ν + b, p} =

 ν + 1 + (b− 1) if 1 ≤ ν ≤ p− b;

p otherwise,

which implies that

db(Cλ0(1, ν)) ≤ min{ν + b, p}. (6.3.1)

Next we assert that

db(Cλ0(1, ν)) ≥ min{ν + b, p}. (6.3.2)

To prove the above assertion, suppose, on the contrary, that there exists a non-zero

codeword c(x) ∈ Cλ0(1, ν) satisfying wb(c(x)) ≤ min{ν + b, p} − 1. By Theorem 6.2.1(b)

and using the fact that wH(c(x)) ≥ ν + 1, ec ≥ 0 and Lc ≥ 1, we get

ν + b− 1 ≥ min{ν + b, p} − 1 ≥ wb(c(x)) = wH(c(x)) + ec + Lc(b− 1)

≥ wH(c(x)) + Lc(b− 1) ≥ ν + b,

which is a contradiction.

Now by (6.3.1) and (6.3.2), we get the desired result.

From this point on, throughout this section, we assume that s ≥ 2. In order to determine

b-symbol distances of all non-trivial λ-constacyclic codes Cλ0(s, ν), 1 ≤ ν ≤ ps − 1, of

length ps over Fpm , we first partition the set {1, 2, · · · , ps − 1} as follows:
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Remark 6.3.1. [21, Th. 3.4] For 0 ≤ k ≤ s−1, let us defineFk = {ps−ps−k+ωps−k−1+τ :

0 ≤ ω ≤ p − 2, 1 ≤ τ ≤ ps−k−1}. Then {F0,F1,F2, · · · ,Fs−1} is a partition of the set

{1, 2, · · · , ps − 1}. �

Now in the following theorem, we determine b-symbol distances of all non-trivial λ-

constacyclic codes of length ps over Fpm when s ≥ 2.

Theorem 6.3.2. Let s ≥ 2 be a fixed integer. For 0 ≤ k ≤ s − 1, 0 ≤ ω ≤ p − 2 and

1 ≤ τ ≤ ps−k−1, we have

db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

=

 pk min{ωps−k−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)} if 2 ≤ b ≤ ps−k−1;

pk min{ωps−k−1 + b+ τ, ps−k} if ps−k−1 < b < ps.

To prove the above theorem, we shall first prove Proposition 6.3.1, which reduces our

problem to the problem of determination of b-symbol distances of the codes Cλ0(s, ν),

where s ≥ 1 and ν ∈ F0 = {ωps−1 + τ : 1 ≤ τ ≤ ps−1 and 0 ≤ ω ≤ p − 2}. When

s = 1, Theorem 6.3.1 provides b-symbol distances of the codes Cλ0(s, ν) for each ν ∈

F0 = {1, 2, · · · , p− 1}. When s ≥ 2, we shall further distinguish the following two cases:

b ≤ ps−1 and b ≥ ps−1+1, and we shall determine b-symbol distances of the codes Cλ0(s, ν),

ν ∈ F0, in Proposition 6.3.2 when b ≤ ps−1 and in Proposition 6.3.3 when b ≥ ps−1 + 1.

In order to prove Proposition 6.3.1, we first prove the following two lemmas:

Lemma 6.3.1. Let g(x) = xi1g1(x
ps−1

) +xi2g2(x
ps−1

) + · · ·+xirgr(x
ps−1

) ∈ Fpm [x], where

i1, i2, · · · , ir are integers satisfying 0 ≤ i1 < i2 < · · · < ir < ps−1 and g1(xp
s−1

), g2(x
ps−1

),

· · · , gr(xp
s−1

) are non-zero polynomials in xps−1 over Fpm . Suppose that (x− λ0)τ divides

g(x) in Fpm [x], where 1 ≤ τ ≤ ps−1 − 1. Then the following hold.

(a) If gr(λ
ps−1

0 ) 6= 0, then ir ≥ τ.

(b) Let ρ be an integer satisfying 1 ≤ ρ ≤ r − 1. If gρ(λ
ps−1

0 ) 6= 0, then we have

ps−1 − iρ+1 + iρ ≥ τ.
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Proof. (a) First of all, suppose that gr(λ
ps−1

0 ) 6= 0. Let us rewrite the polynomial g(x) as

g(x) =
r∑
j=1

xij
(
gj(x

ps−1

)− gj(λp
s−1

0 )
)

+
r∑
j=1

gj(λ
ps−1

0 )xij . (6.3.3)

Now for 1 ≤ j ≤ r, we note that gj(xp
s−1

) − gj(λ
ps−1

0 ) is a polynomial in xp
s−1

and the polynomial x− λ0 divides gj(xp
s−1

)− gj(λp
s−1

0 ) in Fpm [x]. This implies that

(x− λ0)p
s−1 divides gj(xp

s−1
)− gj(λp

s−1

0 ) in Fpm [x] for each j. From this, by (6.3.3)

and using the fact that (x− λ0)τ divides g(x) in Fpm [x], we see that (x− λ0)τ divides

g1(λ
ps−1

0 )xi1 +g2(λ
ps−1

0 )xi2 + · · ·+gr−1(λ
ps−1

0 )xir−1 +gr(λ
ps−1

0 )xir in Fpm [x]. Further,

since 0 ≤ i1 < i2 < · · · < ir and gr(λ
ps−1

0 ) 6= 0, we get ir ≥ τ.

(b) Here we have gρ(λ
ps−1

0 ) 6= 0. Let us consider

xp
s−1−iρ+1g(x) =

r∑
j=1

xp
s−1−iρ+1+ij

(
gj(x

ps−1

)− gj(λp
s−1

0 )
)

+
r∑
j=1

gj(λ
ps−1

0 )xp
s−1−iρ+1+ij

=

ρ∑
t=1

gt(λ
ps−1

0 )xp
s−1−iρ+1+it + λp

s−1

0

r∑
u=ρ+1

gu(λ
ps−1

0 )xiu−iρ+1

+
r∑
j=1

xp
s−1−iρ+1+ij

(
gj(x

ps−1

)− gj(λp
s−1

0 )
)

+
r∑

u=ρ+1

gu(λ
ps−1

0 )
(
xp

s−1 − λp
s−1

0

)
xiu−iρ+1 . (6.3.4)

Now for 1 ≤ j ≤ r, we note that gj(xp
s−1

) − gj(λ
ps−1

0 ) is a polynomial in xp
s−1

and x − λ0 divides gj(xp
s−1

) − gj(λp
s−1

0 ) in Fpm [x]. This implies that (x − λ0)p
s−1

divides gj(xp
s−1

) − gj(λ
ps−1

0 ) in Fpm [x] for each j. From this, by (6.3.4) and us-

ing the fact that (x − λ0)
τ divides g(x) in Fpm [x], we see that (x − λ0)

τ divides
ρ∑
t=1

gt(λ
ps−1

0 )xp
s−1−iρ+1+it + λp

s−1

0

r∑
u=ρ+1

gu(λ
ps−1

0 )xiu−iρ+1 in Fpm [x]. Further, using

the fact that 0 ≤ i1 < i2 < · · · < ir < ps−1 and gρ(λ
ps−1

0 ) 6= 0, we obtain

ps−1 − iρ+1 + iρ ≥ τ.

This proves the lemma.
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The following lemma is quite useful in the determination of the b-symbol weight of a

non-zero codeword in Cλ0(s, ν) for each ν ∈ Fk, where 1 ≤ k ≤ s− 1.

Lemma 6.3.2. Let k be an integer satisfying 1 ≤ k ≤ s−1. Let c(x) = (x−λ0)p
s−ps−kg(x) ∈

Fpm [x]/〈xps − λ〉, where g(x) =
r∑
j=0

gjx
j ∈ Fpm [x] with 0 ≤ r < ps−k and gr 6= 0. Let us

define g̃ = (g0, g1, · · · , gr, 0, · · · , 0︸ ︷︷ ︸
ps−k

). Then we have

wb(c(x)) =

 pkwb(g̃) if 2 ≤ b ≤ ps−k − 1;

ps if ps−k ≤ b ≤ ps − 1.

Proof. To prove the result, we first observe that the polynomial (x−λ0)p
s−ps−k can be written

as (x−λ0)p
s−ps−k =

pk−1∑
i=0

Aix
ips−k , whereAi =

(
pk−1
i

)
(−λ0)p

s−k(pk−1−i) for 0 ≤ i ≤ pk−1.

Further, for 0 ≤ i ≤ pk−1, by applying Theorem 2.0.10, we get
(
pk−1
i

)
≡

k−1∏
j=0

(
p−1
ij

)
(mod p),

where i = i0 + i1p + i2p
2 + · · · + ik−1p

k−1 is the p-adic representation of i. From this, it

follows that Ai 6= 0 for 0 ≤ i ≤ pk − 1. Further, we see that

c(x) = (x− λ0)p
s−ps−kg(x) =

pk−1∑
i=0

r∑
j=0

Aigjx
ips−k+j,

which implies that c(x) ∈ Fpm [x]/〈xps − λ〉 is of the form

c =
(
A0g0, A0g1, · · · , A0gr, 0, · · · , 0︸ ︷︷ ︸

ps−k

, A1g0, A1g1, · · · , A1gr, 0, · · · , 0︸ ︷︷ ︸
ps−k

, · · · ,

Apk−1g0, Apk−1g1, · · · , Apk−1gr, 0, · · · , 0︸ ︷︷ ︸
ps−k

)
.

From this, one can easily observe that wb(c(x)) = ps if ps−k ≤ b ≤ ps − 1. On the other

hand, when 2 ≤ b ≤ ps−k − 1, we observe that wb(c(x)) = pkwb(g̃).

This proves the lemma.

In order to obtain symbol-pair distances of cyclic codes of length ps over Fpm , Sun

et al. [77] defined a bijection from the cyclic code 〈(x − 1)p
s−ps−k+ϑ〉 of length ps over

Fpm onto the cyclic code 〈(x − 1)ϑ〉 of length ps−k over Fpm , where 1 ≤ k ≤ s − 1 and
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0 ≤ ϑ ≤ ps−k − 1. We observe that the same map can be extended to λ-constacyclic codes

of length ps over Fpm as follows:

For 1 ≤ k ≤ s−1 and 0 ≤ ϑ ≤ ps−k−1, define φk : Cλ0(s, p
s−ps−k+ϑ)→ Cλ0(s−k, ϑ)

as

φk((x− λ0)p
s−ps−k+ϑf(x)) = (x− λ0)ϑf(x)

for each (x−λ0)p
s−ps−k+ϑf(x) ∈ Cλ0(s, p

s− ps−k +ϑ), (note that each non-zero codeword

c(x) ∈ Cλ0(s, p
s − ps−k + ϑ) can be uniquely expressed as c(x) = (x− λ0)p

s−ps−k+ϑf(x),

where f(x)(6= 0) ∈ Fpm [x] and deg f(x) < ps−k − ϑ). One can easily observe that the map

φk is a bijection from Cλ0(s, p
s − ps−k + ϑ) onto Cλ0(s− k, ϑ).

The following proposition plays an important role in the determination of the b-symbol

distance of the code Cλ0(s, ν) for each ν ∈ Fk, where 1 ≤ k ≤ s− 1.

Proposition 6.3.1. For 1 ≤ k ≤ s− 1, 0 ≤ ω ≤ p− 2 and 1 ≤ τ ≤ ps−k−1, we have

db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

=

 pkdb(Cλ0(s− k, ωps−k−1 + τ)) if 2 ≤ b ≤ ps−k − 1;

ps if ps−k ≤ b ≤ ps − 1.

Proof. To prove the result, we first observe that any non-zero codeword c(x) ∈ Cλ0(s, p
s −

ps−k + ωps−k−1 + τ) can be uniquely expressed as c(x) = (x− λ0)p
s−ps−k+ωps−k−1+τf(x),

where f(x)(6= 0) ∈ Fpm [x] and deg f(x) < ps−k − ωps−k−1 − τ. Using the fact that

φk(c(x)) = (x− λ0)ωp
s−k−1+τf(x) and by applying Lemma 6.3.2, we see that

wb(c(x)) =

 pkwb(φk(c(x))) if 2 ≤ b ≤ ps−k − 1;

ps if ps−k ≤ b ≤ ps − 1.
(6.3.5)

Further, since the map φk : Cλ0(s, p
s − ps−k + ωps−k−1 + τ)→ Cλ0(s− k, ωps−k−1 + τ) is

a bijection, we obtain

db(Cλ0(s, p
s−ps−k+ωps−k−1+τ)) = pkdb(Cλ0(s−k, ωps−k−1+τ)) when 2 ≤ b ≤ ps−k−1.

On the other hand, when ps−k ≤ b ≤ ps − 1, by (6.3.5), we see that wb(c(x)) = ps for each
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c(x)(6= 0) ∈ Cλ0(s, p
s − ps−k + ωps−k−1 + τ), which implies that db(Cλ0(s, p

s − ps−k +

ωps−k−1 + τ)) = ps.

Now in view of Remark 6.3.1, Proposition 6.3.1 and Theorem 6.3.1, we see that to

determine b-symbol distances of all non-trivial λ-constacyclic codes of length ps over Fpm ,

it is enough to determine b-symbol distances of the codes Cλ0(s, ωp
s−1 + τ), where s ≥ 2,

1 ≤ τ ≤ ps−1 and 0 ≤ ω ≤ p− 2. To do this, we shall distinguish the following two cases:

b ≤ ps−1 and b ≥ ps−1 + 1.

6.3.1 The case b ≤ ps−1

Throughout this section, we assume that b ≤ ps−1. In the following proposition, we

determine the b-symbol distance of the code Cλ0(s, ωp
s−1 + τ), where 0 ≤ ω ≤ p− 2 and

1 ≤ τ ≤ ps−1.

Proposition 6.3.2. Let 2 ≤ b ≤ ps−1 be fixed. For 0 ≤ ω ≤ p − 2 and 1 ≤ τ ≤ ps−1, we

have

db(Cλ0(s, ωp
s−1 + τ)) = min{ωps−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}.

To prove the above proposition, we shall consider the following three cases separately: (i)

ω = 0 and 1 ≤ τ ≤ ps−1, (ii) 1 ≤ ω ≤ p − 2 and τ = ps−1, and (iii) 1 ≤ ω ≤ p − 2 and

1 ≤ τ ≤ ps−1 − 1.

In the following lemma, we consider the case ω = 0, and we determine the b-symbol

distance of the code Cλ0(s, τ), where 1 ≤ τ ≤ ps−1.

Lemma 6.3.3. For 1 ≤ τ ≤ ps−1, we have

db(Cλ0(s, τ)) = min{b+ τ, 2b}.

Proof. To prove the result, we shall distinguish the following two cases: (i) 1 ≤ τ ≤ b and

(ii) b+ 1 ≤ τ ≤ ps−1.
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(i) First let 1 ≤ τ ≤ b. In this case, we see that (x− λ0)τ ∈ Cλ0(s, τ) can be expressed

as (x− λ0)τ =
τ∑
t=0

Wtx
t, where Wt =

(
τ
t

)
(−λ0)τ−t for 0 ≤ t ≤ τ. From this, we see

that the codeword (x− λ0)τ is of the form

(
W0,W1,W2, · · · · · · · · · ,Wτ−1,Wτ , 0, 0, · · · , 0︸ ︷︷ ︸

ps−τ−1

)
.

Now by applying Theorem 6.2.1(b) and using the fact that ps − τ − 1 ≥ b − 1, we

observe that the codeword (x− λ0)τ ∈ Cλ0(s, τ) has b-symbol weight

wb((x− λ0)τ ) =

 2 + 2(b− 1) if τ = b and W1 = W2 = · · · = Wτ−1 = 0;

τ + 1 + b− 1 otherwise,

which implies that

db(Cλ0(s, τ)) ≤ τ + b. (6.3.6)

We further assert that

wb(c(x)) ≥ τ + b for each non-zero codeword c(x) ∈ Cλ0(s, τ). (6.3.7)

To prove the above assertion, suppose, on the contrary, that there exists a non-zero

codeword d(x) ∈ Cλ0(s, τ) satisfying wb(d(x)) ≤ τ + b−1. By Theorem 6.2.1(b), we

have τ+b−1 ≥ wb(d(x)) = wH(d(x))+ed+Ld(b−1). Since wH(d(x)) ≥ 2, ed ≥ 0

and τ ≤ b, we get 2b − 1 ≥ τ + b − 1 ≥ 2 + Ld(b − 1), which gives Ld = 1. This

implies that τ + b− 1 ≥ wb(d(x)) = wH(d(x)) + ed + (b− 1), which further implies

that wH(d(x))+ed ≤ τ. In view of this, by applying Theorem 6.2.1(b) again and using

the fact that Ld = 1, we see that there exists an integer j such that 0 ≤ j ≤ ps − 1

and xjd(x) ∈ Cλ0(s, τ) is of the form xjd(x) = d0 + d1x + d2x
2 + · · · + dux

u,

where u = wH(d(x)) + ed − 1, di ∈ Fpm for 0 ≤ i ≤ u and both d0, du are non-

zero. As wH(d(x)) ≥ 2, ed ≥ 0 and wH(d(x)) + ed ≤ τ, we note that 1 ≤ u ≤

τ − 1. Therefore there exists a non-zero codeword xjd(x) ∈ Cλ0(s, τ) = 〈(x− λ0)τ 〉

satisfying deg xjd(x) = u ≤ τ − 1, which is a contradiction.



6.3 b-Symbol distances of constacyclic codes of length ps over Fpm 133

Now by (6.3.6) and (6.3.7), we obtain

db(Cλ0(s, τ)) = τ + b for 1 ≤ τ ≤ b.

(ii) Next let b+ 1 ≤ τ ≤ ps−1. Here by Theorem 6.2.1(b) again, we see that the codeword

(x − λ0)p
s−1 ∈ Cλ0(s, p

s−1) has b-symbol weight wb((x − λ0)p
s−1

) = 2 + 2(b − 1),

which implies that

db(Cλ0(s, p
s−1)) ≤ 2b. (6.3.8)

By case (i), we note that db(Cλ0(s, b)) = 2b. From this, by (6.3.8) and using the fact

that

Cλ0(s, b) ⊇ Cλ0(s, b+ 1) ⊇ · · · ⊇ Cλ0(s, p
s−1),

we get

2b = db(Cλ0(s, b)) ≤ db(Cλ0(s, b+ 1)) ≤ · · · ≤ db(Cλ0(s, p
s−1)) ≤ 2b.

This gives

db(Cλ0(s, b+ 1)) = db(Cλ0(s, b+ 2)) = · · · = db(Cλ0(s, p
s−1)) = 2b.

This completes the proof of the lemma.

In the following lemma, we determine the b-symbol distance of the code Cλ0(s, (ω +

1)ps−1), where 1 ≤ ω ≤ p− 2.

Lemma 6.3.4. For 1 ≤ ω ≤ p− 2, we have

db(Cλ0(s, (ω + 1)ps−1)) = (ω + 2)b.

Proof. To prove the result, we see that the codeword (x−λ0)(ω+1)ps−1 ∈ Cλ0(s, (ω+1)ps−1)

can be expressed as (x−λ0)(ω+1)ps−1
=

ω+1∑
t=0

Wtx
tps−1

,whereWt =
(
ω+1
t

)
(−λ0)(ω+1−t)ps−1 6=
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0 for 0 ≤ t ≤ ω + 1. This implies that the codeword (x− λ0)(ω+1)ps−1 is of the form

(
W0, 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−1

,W1, 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−1

,W2, · · · · · · · · · ,Wω, 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−1

,Wω+1, 0, 0, 0, · · · , 0, 0︸ ︷︷ ︸
ps−(ω+1)ps−1−1

)
.

Now by applying Theorem 6.2.1(b) and using the fact that ps−1 − 1 ≥ b − 1, we see that

wb((x− λ0)(ω+1)ps−1
) = (ω + 2) + (ω + 2)(b− 1) = (ω + 2)b, which implies that

db(Cλ0(s, (ω + 1)ps−1)) ≤ (ω + 2)b. (6.3.9)

Next we assert that

wb(c(x)) ≥ (ω+ 2)b for each non-zero codeword c(x) ∈ Cλ0(s, (ω+ 1)ps−1). (6.3.10)

To prove the assertion, we first note that each non-zero codeword c(x) ∈ Cλ0(s, (ω+ 1)ps−1)

can be uniquely written as c(x) = (x − λ0)(ω+1)ps−1
f(x), where f(x)(6= 0) ∈ Fpm [x] and

deg f(x) < ps − (ω + 1)ps−1. Further, we observe that the polynomial f(x) ∈ Fpm [x] can

be uniquely expressed as f(x) = xi1f1(x
ps−1

) + xi2f2(x
ps−1

) + · · · + xirfr(x
ps−1

), where

0 ≤ i1 < i2 < · · · < ir < ps−1 and fu(xp
s−1

) is a non-zero polynomial in xps−1 over Fpm

for 1 ≤ u ≤ r. This implies that

wH(c(x)) =
r∑

u=1

wH
(
xiu(x− λ0)(ω+1)ps−1

fu(x
ps−1

)
)
. (6.3.11)

By Theorem 2.0.8, we note that

wH((x− λ0)(ω+1)ps−1

fu(x
ps−1

)) ≥ ω + 2 for 1 ≤ u ≤ r. (6.3.12)

We further note thatwb(xi1(x−λ0)(ω+1)ps−1
f1(x

ps−1
)) = wb((x−λ0)(ω+1)ps−1

f1(x
ps−1

)) and

that (x− λ0)(ω+1)ps−1
f1(x

ps−1
) is a polynomial in xps−1 over Fpm . So by applying Theorem

6.2.1(b) and by (6.3.12), we see that

wb
(
xi1(x− λ0)(ω+1)ps−1

f1(x
ps−1

)
)

= b× wH
(
(x− λ0)(ω+1)ps−1

f1(x
ps−1

)
)
≥ (ω + 2)b.
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From this, by (6.3.11) and by applying Lemma 6.2.1, we get

wb(c(x)) ≥ wb(x
i1(x− λ0)(ω+1)ps−1

f1(x
ps−1

)) ≥ (ω + 2)b,

which proves the assertion (6.3.10).

Now by (6.3.9) and (6.3.10), we get the desired result.

In the following lemma, we determine the b-symbol distance of the code

Cλ0(s, ωp
s−1 + τ), where 1 ≤ ω ≤ p− 2 and 1 ≤ τ ≤ ps−1 − 1.

Lemma 6.3.5. For 1 ≤ ω ≤ p− 2 and 1 ≤ τ ≤ ps−1 − 1, we have

db(Cλ0(s, ωp
s−1 + τ)) = min{ωps−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}.

Proof. To prove the result, we shall distinguish the following two cases: I. 1 ≤ τ ≤ b− 1

and II. b ≤ τ ≤ ps−1 − 1.

I. First let 1 ≤ τ ≤ b − 1. In this case, we see that Cλ0(s, ωp
s−1 + τ) ⊇ Cλ0(s, (ω +

1)ps−1), which, by Lemma 6.3.4, implies that

db(Cλ0(s, ωp
s−1 + τ)) ≤ db(Cλ0(s, (ω + 1)ps−1)) = (ω + 2)b. (6.3.13)

Further, we see that the codeword (x − λ0)
ωps−1+τ ∈ Cλ0(s, ωp

s−1 + τ) can be

expressed as

(x− λ0)ωp
s−1+τ =

ω∑
t=0

τ∑
u=0

W (t)
u xu+tp

s−1

,

where W (t)
u =

(
ω
t

)(
τ
u

)
(−λ0)(ω−t)p

s−1+τ−u for 0 ≤ u ≤ τ and 0 ≤ t ≤ ω. This implies

that the codeword (x− λ0)ωp
s−1+τ is of the form

(
W

(0)
0 ,W

(0)
1 , · · · ,W (0)

τ , 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−τ−1

,W
(1)
0 ,W

(1)
1 , · · · ,W (1)

τ , 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−τ−1

, · · · ,W (ω−1)
0 ,

W
(ω−1)
1 , · · · ,W (ω−1)

τ , 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−τ−1

,W
(ω)
0 ,W

(ω)
1 , · · · ,W (ω)

τ , 0, 0, 0, · · · , 0, 0︸ ︷︷ ︸
ps−ωps−1−τ−1

)
.
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Now by applying Theorem 6.2.1(b) and using the fact that ps − ωps−1 − τ ≥ b, we

see that

wb((x− λ0)ωp
s−1+τ ) =

 (ω + 1)(τ + 1) + (ω + 1)(b− 1) if 1 ≤ τ ≤ ps−1 − b;

ωps−1 + τ + 1 + b− 1 if τ ≥ ps−1 − b+ 1

= min{ωps−1 + b+ τ, (ω + 1)(b+ τ)}.

From this and by (6.3.13), we obtain

db(Cλ0(s, ωp
s−1 + τ)) ≤ min{ωps−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}. (6.3.14)

Next we assert that

wb(c(x)) ≥ min{ωps−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)} for each

c(x)(6= 0) ∈ Cλ0(s, ωp
s−1 + τ).

(6.3.15)

To prove the above assertion, let c(x)(6= 0) ∈ Cλ0(s, ωp
s−1 + τ) be such that

wb(c(x)) < ps. Further, the codeword c(x) can be uniquely written as c(x) =

(x− λ0)ωp
s−1+τf(x), where f(x)(6= 0) ∈ Fpm [x] and deg f(x) < ps − ωps−1 − τ. If

we take g(x) = (x−λ0)τf(x), then the codeword c(x) can be rewritten as c(x) = (x−

λ0)
ωps−1

g(x), where g(x)(6= 0) ∈ Fpm [x], τ ≤ deg g(x) < ps − ωps−1 and (x− λ0)τ

divides g(x) in Fpm [x]. Next we observe that the polynomial g(x) = (x − λ0)τf(x)

can be uniquely expressed as g(x) = xi1g1(x
ps−1

)+xi2g2(x
ps−1

)+ · · ·+xirgr(x
ps−1

),

where 0 ≤ i1 < i2 < · · · < ir < ps−1 and gj(xp
s−1

) is a non-zero polynomial in xps−1

over Fpm for 1 ≤ j ≤ r. This implies that

wH(c(x)) =
r∑
j=1

wH
(
xij(x− λ0)ωp

s−1

gj(x
ps−1

)
)
. (6.3.16)
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Further, as wb(xec(x)) = wb(c(x)) for each integer e ≥ 0, without any loss of

generality, we can assume that i1 = 0. By Theorem 2.0.8, we note that

wH(xij(x− λ0)ωp
s−1

gj(x
ps−1

)) ≥ ω + 1 for 1 ≤ j ≤ r. (6.3.17)

Now the following two cases arise:

A. There exists an integer h satisfying 1 ≤ h ≤ r andwH(xih(x−λ0)ωp
s−1
gh(x

ps−1
)) ≥

ω + 2.

B. wH
(
xij(x− λ0)ωp

s−1
gj(x

ps−1
)
)

= ω + 1 for 1 ≤ j ≤ r.

A. Suppose that there exists an integer h satisfying 1 ≤ h ≤ r and wH(xih(x −

λ0)
ωps−1

gh(x
ps−1

)) ≥ ω + 2. Now as wb(xih(x− λ0)ωp
s−1
gh(x

ps−1
)) = wb((x−

λ0)
ωps−1

gh(x
ps−1

)) and (x−λ0)ωp
s−1
gh(x

ps−1
) is a polynomial in xps−1 over Fpm ,

by applying Theorem 6.2.1(b), we see that

wb(x
ih(x− λ0)ωp

s−1

gh(x
ps−1

)) = wb((x− λ0)ωp
s−1

gh(x
ps−1

))

= b× wH((x− λ0)ωp
s−1

gh(x
ps−1

))

≥ (ω + 2)b.

From this, by (6.3.16) and by applying Lemma 6.2.1, we get wb(c(x)) ≥

wb
(
xih(x− λ0)ωp

s−1
gh(x

ps−1
)
)
≥ (ω + 2)b, which proves the assertion (6.3.15)

in this case.

B. Now suppose that wH
(
xij(x − λ0)

ωps−1
gj(x

ps−1
)
)

= ω + 1 for 1 ≤ j ≤ r.

Further, for 1 ≤ j ≤ r, we can write

xij(x− λ0)ωp
s−1

gj(x
ps−1

) = xij
{
A

(j)
0 + A

(j)
1 xp

s−1

+ · · ·+ A
(j)
p−1x

ps−1(p−1)},
where A(j)

t ∈ Fpm for 0 ≤ t ≤ p − 1 and the Hamming weight of the vector(
A

(j)
0 , A

(j)
1 , A

(j)
2 , · · · , A(j)

p−1
)

is ω + 1. In view of this, by (6.3.16) and using the

fact that i1 = 0, we see that the codeword c(x) ∈ Cλ0(s, ωp
s−1 + τ) is of the
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form

c =
(
A

(1)
0 , 0, 0, · · · , 0, 0︸ ︷︷ ︸

i2−1

, A
(2)
0 , · · · · · · , A(r−1)

0 , 0, 0, · · · , 0︸ ︷︷ ︸
ir−ir−1−1

, A
(r)
0 , 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

,

A
(1)
1 , 0, 0, · · · , 0, 0︸ ︷︷ ︸

i2−1

, A
(2)
1 , · · · · · · , A(r−1)

1 , 0, 0, · · · , 0︸ ︷︷ ︸
ir−ir−1−1

, A
(r)
1 , 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

A
(1)
p−2, 0, 0, · · · , 0︸ ︷︷ ︸

i2−1

, A
(2)
p−2, · · · · · · , A

(r−1)
p−2 , 0, 0, · · · , 0︸ ︷︷ ︸

ir−ir−1−1

, A
(r)
p−2, 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

,

A
(1)
p−1, 0, 0, · · · , 0︸ ︷︷ ︸

i2−1

, A
(2)
p−1, · · · · · · , A

(r−1)
p−1 , 0, 0, · · · , 0︸ ︷︷ ︸

ir−ir−1−1

, A
(r)
p−1, 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

)
.

As wb(c(x)) < ps, the codeword c(x) has a cyclic run of 0 of length at least b. So

we will apply Theorem 6.2.1(b) to prove the assertion (6.3.15) in this case. For

this, let Bc be a minimal partition of the set Kc (as defined in Theorem 6.2.1(b))

into subsets of consecutive indices modulo ps, and let B1, B2, · · · , BLc be all the

distinct parts of the partition Bc. Now by Theorem 6.2.1(b), we see that

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`|. (6.3.18)

When Lc ≥ ω + 2, by (6.3.18), we have

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`| ≥ Lc(b− 1) + Lc ≥ (ω + 2)b.

So from now on, we assume that Lc ≤ ω + 1. Next let us define

d` = |{j ∈ Z : 0 ≤ j ≤ p− 1, jps−1 ∈ B`}|

for 1 ≤ ` ≤ Lc, and let

Fc = {u ∈ Z : 1 ≤ u ≤ Lc, du > 0}.
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One can easily observe that

1 ≤ |Fc| ≤ Lc and |Bu| ≥ 1 + (du − 1)ps−1 for each u ∈ Fc. (6.3.19)

Further, since the Hamming weight of the vector
(
A

(1)
0 , A

(1)
1 , A

(1)
2 , · · · , A(1)

p−1
)

is

ω + 1, we must have ∑
u∈Fc

du ≥ ω + 1. (6.3.20)

When Lc > |Fc|, by (6.3.18)-(6.3.20) and using the fact that Lc ≤ ω + 1, we see

that

wb(c(x)) = Lc(b− 1) +
∑
u∈Fc

|Bu|+
Lc∑
`=1
`6∈Fc

|B`|

≥ Lc(b− 1) +
(∑
u∈Fc

du − |Fc|
)
ps−1 + |Fc|+ Lc − |Fc|

≥ bLc + (ω + 1− |Fc|)ps−1 ≥ bLc + (ω + 2− Lc)ps−1

≥ bLc + (ω + 2− Lc)b = (ω + 2)b,

which proves the assertion (6.3.15) in this case.

From this point on, we assume that |Fc| = Lc. Here we have

d` ≥ 1, d1 + d2 + · · ·+ dLc ≥ ω + 1 and |B`| ≥ 1 + (d` − 1)ps−1

for 1 ≤ ` ≤ Lc.

(6.3.21)

Now we shall distinguish the following two cases: (i) d1 +d2 + · · ·+dLc ≥ ω+2

and (ii) d1 + d2 + · · ·+ dLc = ω + 1.

(i) When d1 + d2 + · · ·+ dLc ≥ ω + 2, by (6.3.18), (6.3.21) and using the fact

that Lc ≤ ω + 1, we get

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`|

≥ (d1 + d2 + · · ·+ dLc − Lc)ps−1 + Lcb ≥ (ω + 2)b.
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(ii) Next let d1 + d2 + · · ·+ dLc = ω + 1. In this case, we assert that

Lc∑
`=1

|B`| ≥ (τ + 1)Lc + (ω + 1− Lc)ps−1. (6.3.22)

To prove the assertion (6.3.22), we first recall that d` = |{j : 0 ≤ j ≤

p − 1, jps−1 ∈ B`}|. Now we observe that for each `, the part B` of the

partition Bc can be expressed as

B` = {υ`ps−1, υ`ps−1 + 1, · · · , (υ` + d` − 1)ps−1} ∪ T` ∪ S`,

where υ` is an integer satisfying 0 ≤ υ` ≤ p− 1, the set T` is either empty

or of the form {(υ`− 1)ps−1 + ia` , (υ`− 1)ps−1 + ia` + 1, · · · , υ`ps−1− 1}

with a` as an integer satisfying a` ∈ {2, 3, · · · , r} and A(a`)
υ`−1 as non-zero,

and the set S` is either empty or of the form {(υ` + d` − 1)ps−1 + 1, (υ` +

d`−1)ps−1 + 2, · · · , (υ`+d`−1)ps−1 + ib`} with b` as an integer satisfying

b` ∈ {2, 3, · · · , r} and A(b`)
υ`+d`−1 as non-zero. Further, since the Hamming

weight of the vector
(
A

(1)
0 , A

(1)
1 , A

(1)
2 , · · · , A(1)

p−1

)
is ω + 1 and d1 + d2 +

· · · + dLc = ω + 1, we see that if eps−1 ∈ B` for some integers e and `

satisfying 0 ≤ e ≤ p − 1 and 1 ≤ ` ≤ Lc, then we must have A(1)
e 6= 0.

Now as υ`ps−1, (υ` + 1)ps−1, · · · , (υ` + d` − 1)ps−1 ∈ B`, we note that

A
(1)
υ` , A

(1)
υ`+1, · · · , A

(1)
υ`+d`−1 all are non-zero.

Next for 2 ≤ t ≤ r, let us define Lt = |{y ∈ Z : 0 ≤ y ≤ p−1, yps−1+it ∈
Lc⋃
`=1

(T` ∪ S`)}|. Further, for 2 ≤ t ≤ r, we note that

{i ∈ Z : 0 ≤ i ≤ p− 1, ips−1 + it ∈
Lc⋃
`=1

(
B` \ (T` ∪ S`)

)
}

=
Lc⋃
`=1

{υ`ps−1 + it, (υ` + 1)ps−1 + it, · · · , (υ` + d` − 2)ps−1 + it}.
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Now for 2 ≤ t ≤ r, as the Hamming weight of the vector
(
A

(t)
0 , A

(t)
1 , A

(t)
2 ,

· · · , A(t)
p−1

)
is ω + 1, we get

ω + 1 ≤ |{i ∈ Z : 0 ≤ i ≤ p− 1, ips−1 + it ∈
Lc⋃
`=1

B`}|

= |{i ∈ Z : 0 ≤ i ≤ p− 1, ips−1 + it ∈
Lc⋃
`=1

(
B` \ (T` ∪ S`)

)
}|

+Lt

=
Lc∑
`=1

(d` − 1) + Lt = ω + 1− Lc + Lt.

From this, we obtain Lt ≥ Lc for 2 ≤ t ≤ r. Now for each `, we note that

|B`| = (d` − 1)ps−1 + 1 + |T`|+ |S`|. This gives

Lc∑
`=1

|B`| =
Lc∑
`=1

(
(d` − 1)ps−1 + 1

)
+

Lc∑
`=1

(
|T`|+ |S`|

)
= (ω + 1− Lc)ps−1 + Lc +

Lc∑
`=1

(
|T`|+ |S`|

)
.(6.3.23)

In view of this, we see that to prove the assertion (6.3.22), it is enough to

show that
Lc∑
`=1

(
|T`|+ |S`|

)
≥ τLc.

Towards this, for 2 ≤ t ≤ r, let kt be the number of non-empty sets S`

satisfying b` = t. Note that |S`| = it for each non-empty set S` satisfying

b` = t. From this, we see that

Lc∑
`=1

|S`| =
r∑
t=2

ktit. (6.3.24)

Now we proceed to count non-empty sets T` satisfying a` = t, where

2 ≤ t ≤ r. For this, let mt be the number of non-empty sets T` satisfying

a` = t for 2 ≤ t ≤ r. Note that |T`| = ps−1 − it for each non-empty set T`

satisfying a` = t. Further, we observe that m2 = L2−k2−k3−· · ·−kr and

mu = Lu −m2 −m3 − · · · −mu−1 − ku − ku+1 − · · · − kr for 3 ≤ u ≤ r.
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This implies that mu = Lu − Lu−1 + ku−1 for 3 ≤ u ≤ r. From this, it

follows that

Lc∑
`=1

|T`| =
r∑
t=2

mt

(
ps−1 − it

)
=
(
L2 − k2 − k3 − · · · − kr

)(
ps−1 − i2

)
+

r∑
u=3

(
Lu − Lu−1 + ku−1

)(
ps−1 − iu

)
.

(6.3.25)

By (6.3.24) and (6.3.25) and using the facts that Lr ≥ Lc and that 0 = i1 <

i2 < i3 < · · · < ir < ps−1, we obtain

Lc∑
`=1

(
|T`|+ |S`|

)
=

r∑
t=2

ktit +
(
L2 − k2 − k3 − · · · − kr

)(
ps−1 − i2

)
+

r∑
u=3

(
Lu − Lu−1 + ku−1

)(
ps−1 − iu

)
=

(
Lc − k2 − k3 − · · · − kr

)(
ps−1 − i2

)
+

r−1∑
t=2

((
Lt+1 − Lt

)(
ps−1 − it+1

))
+
(
L2 − Lc

)(
ps−1 − i2

)
+ krir

+
r−1∑
t=2

kt
(
ps−1 − it+1 + it

)
≥

r−1∑
t=2

kt
(
ps−1 − it+1 + it

)
+
(
Lr − Lc

)(
ps−1 − ir

)
+krir +

(
Lc − k2 − k3 − · · · − kr

)(
ps−1 − i2

)
≥

(
Lc − k2 − k3 − · · · − kr

)(
ps−1 − i2

)
+

r−1∑
t=2

kt
(
ps−1 − it+1 + it

)
+ krir. (6.3.26)

Now we claim that gj(λ
ps−1

0 ) 6= 0 for 1 ≤ j ≤ r. For, if gk(λ
ps−1

0 ) = 0

for some integer k satisfying 1 ≤ k ≤ r, then x − λ0 divides gk(xp
s−1

) in

Fpm [x]. This implies that xik(x−λ0)ωp
s−1
gk(x

ps−1
) ∈ Cλ0(s, ωp

s−1+1). By

Theorem 2.0.8, we note that dH(Cλ0(s, ωp
s−1 + 1)) = ω + 2. This implies

that ω+ 2 ≤ wH
(
xiw(x−λ0)ωp

s−1
gk(x

ps−1
)
)
. This is a contradiction, as we
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have assumed that wH
(
xij(x− λ0)ωp

s−1
gj(x

ps−1
)
)

= ω + 1 for 1 ≤ j ≤ r.

Therefore gj(λ
ps−1

0 ) 6= 0 for 1 ≤ j ≤ r. This, by Lemma 6.3.1, implies that

ir ≥ τ, ps−1 − i2 ≥ τ and ps−1 − it+1 + it ≥ τ for 2 ≤ t ≤ r − 1. This

further implies, by (6.3.26), that
Lc∑̀
=1

(
|T`| + |S`|

)
≥ τLc. From this and

by (6.3.23), the assertion (6.3.22) follows immediately. Finally, by (6.3.18)

and (6.3.22), we get

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`|

≥ Lc(b+ τ) + (ω + 1− Lc)ps−1

≥ min{ωps−1 + b+ τ, (ω + 1)(b+ τ)},

which proves the assertion (6.3.15).

By (6.3.14) and (6.3.15), we get the desired result in this case.

II. Next let b ≤ τ ≤ ps−1 − 1. Here by Lemma 6.3.4, we see that db(Cλ0(s, (ω +

1)ps−1)) = (ω + 2)b. Further, by case I, we see that

db(Cλ0(s, ωp
s−1+b−1)) = min{ωps−1+b+b−1, (ω+2)b, (ω+1)(b+b−1)} = (ω+2)b.

From this and using the fact that

Cλ0(s, ωp
s−1 + b− 1) ⊇ Cλ0(s, ωp

s−1 + b) ⊇ · · · ⊇ Cλ0(s, ωp
s−1 + ps−1 − 1)

⊇ Cλ0(s, (ω + 1)ps−1),

we get

(ω + 2)b = db(Cλ0(s, ωp
s−1 + b− 1)) ≤ db(Cλ0(s, ωp

s−1 + b)) ≤ · · · · · ·

≤ db(Cλ0(s, ωp
s−1 + ps−1 − 1)) ≤ db(Cλ0(s, (ω + 1)ps−1)) = (ω + 2)b.
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This gives

db(Cλ0(s, ωp
s−1 + τ)) = (ω + 2)b = min{ωps−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}

for b ≤ τ ≤ ps−1 − 1.

This completes the proof of the lemma.

Proof of Proposition 6.3.2. It follows immediately from Lemmas 6.3.3-6.3.5. �

6.3.2 The case b ≥ ps−1 + 1

Throughout this section, we assume that ps−1 + 1 ≤ b ≤ ps − 1. In the following

proposition, we determine the b-symbol distance of the code Cλ0(s, ωp
s−1 + τ), where

0 ≤ ω ≤ p− 2 and 1 ≤ τ ≤ ps−1.

Proposition 6.3.3. Let ps−1 + 1 ≤ b ≤ ps − 1 be a fixed integer. For 0 ≤ ω ≤ p − 2 and

1 ≤ τ ≤ ps−1, we have

db(Cλ0(s, ωp
s−1 + τ)) = min{ωps−1 + b+ τ, ps}.

To prove the above proposition, we shall consider the following three cases separately: (i)

ω = 0 and 1 ≤ τ ≤ ps−1, (ii) 1 ≤ ω ≤ p − 2 and τ = ps−1, and (iii) 1 ≤ ω ≤ p − 2 and

1 ≤ τ ≤ ps−1 − 1.

In the following lemma, we consider the case ω = 0, and we determine the b-symbol

distance of the code Cλ0(s, τ), where 1 ≤ τ ≤ ps−1.

Lemma 6.3.6. For 1 ≤ τ ≤ ps−1, we have

db(Cλ0(s, τ)) = min{b+ τ, ps}.

Proof. To prove the result, we see that the codeword (x−λ0)τ ∈ Cλ0(s, τ) can be expressed

as (x− λ0)τ =
τ∑
t=0

Etx
t, where Et =

(
τ
t

)
(−λ0)τ−t for 0 ≤ t ≤ τ. From this, we see that the
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codeword (x− λ0)τ is of the form

(
E0, E1, E2, · · · · · · · · · , Eτ−1, Eτ , 0, 0, · · · , 0︸ ︷︷ ︸

ps−τ−1

)
.

Now by applying Theorem 6.2.1, we get

wb((x− λ0)τ ) = min{b+ τ, ps} =

 ps if τ > ps − b;

b+ τ otherwise,

which implies that

db(Cλ0(s, τ)) ≤ min{b+ τ, ps}. (6.3.27)

Next we assert that

wb(c(x)) ≥ min{b+ τ, ps} for each non-zero codeword c(x) ∈ Cλ0(s, τ). (6.3.28)

To prove this assertion, suppose, on the contrary, that there exists a non-zero codeword

d(x) ∈ Cλ0(s, τ) satisfying wb(d(x)) ≤ min{b + τ, ps} − 1. By Theorem 6.2.1(b), we

have τ + b − 1 ≥ min{τ + b, ps} − 1 ≥ wb(d(x)) = wH(d(x)) + ed + Ld(b − 1). Since

wH(d(x)) ≥ 2, ed ≥ 0 and τ < b, we see that 2b− 1 > τ + b− 1 ≥ 2 + Ld(b− 1), which

gives Ld = 1. From this, we get τ + b− 1 ≥ wb(d(x)) = wH(d(x)) + ed + (b− 1), which

implies that wH(d(x)) + ed ≤ τ. In view of this, by applying Theorem 6.2.1(b) again and

using the fact that Ld = 1, we see that there exists an integer j such that 0 ≤ j ≤ ps − 1

and xjd(x) ∈ Cλ0(s, τ) is of the form xjd(x) = d0 + d1x + d2x
2 + · · · + dux

u, where

u = wH(d(x)) + ed − 1, di ∈ Fpm for 0 ≤ i ≤ u and both d0, du are non-zero. Now as

wH(d(x)) ≥ 2, ed ≥ 0 and wH(d(x))+ed ≤ τ, we note that 1 ≤ u ≤ τ −1. Therefore there

exists a non-zero codeword xjd(x) = d0+d1x+d2x
2+· · ·+duxu ∈ Cλ0(s, τ) = 〈(x−λ0)τ 〉

satisfying deg xjd(x) = u ≤ τ − 1, which is a contradiction.

Now by (6.3.27) and (6.3.28), the desired result follows immediately.

In the following lemma, we determine the b-symbol distance of the code Cλ0(s, (ω +

1)ps−1), where 1 ≤ ω ≤ p− 2.
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Lemma 6.3.7. For 1 ≤ ω ≤ p− 2, we have

db(Cλ0(s, (ω + 1)ps−1)) = min{(ω + 1)ps−1 + b, ps}.

Proof. To prove the result, we see that the codeword (x−λ0)(ω+1)ps−1 ∈ Cλ0(s, (ω+1)ps−1)

can be expressed as (x−λ0)(ω+1)ps−1
=

ω+1∑
t=0

Wtx
tps−1

,whereWt =
(
ω+1
t

)
(−λ0)(ω+1−t)ps−1 6=

0 for 0 ≤ t ≤ ω + 1. This implies that the codeword (x− λ0)(ω+1)ps−1 is of the form

(
W0, 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−1

,W1, 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−1

,W2, · · · · · · · · · ,Wω, 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−1

,Wω+1, 0, 0, 0, · · · , 0, 0︸ ︷︷ ︸
ps−(ω+1)ps−1−1

)
.

Now by applying Theorem 6.2.1, we see that

wb((x− λ0)(ω+1)ps−1

) =

 ps if b > ps − (ω + 1)ps−1;

(ω + 1)ps−1 + 1 + b− 1 otherwise

= min{(ω + 1)ps−1 + b, ps},

which implies that

db(Cλ0(s, (ω + 1)ps−1)) ≤ min{(ω + 1)ps−1 + b, ps}. (6.3.29)

Next we assert that

wb(c(x)) ≥ min{(ω + 1)ps−1 + b, ps} for each non-zero codeword

c(x) ∈ Cλ0(s, (ω + 1)ps−1).
(6.3.30)

To prove the above assertion, suppose, on the contrary, that there exists a non-zero codeword

e(x)(6= 0) ∈ Cλ0(s, (ω + 1)ps−1) satisfying wb(e(x)) ≤ min{(ω + 1)ps−1 + b, ps} − 1.

Then the codeword e(x) ∈ Cλ0(s, (ω + 1)ps−1) can be uniquely written as e(x) = (x −

λ0)
(ω+1)ps−1

f(x), where f(x)(6= 0) ∈ Fpm [x] and deg f(x) < ps − (ω + 1)ps−1. Further,

we observe that the polynomial f(x) ∈ Fpm [x] can be uniquely expressed as f(x) =

xi1f1(x
ps−1

) + xi2f2(x
ps−1

) + · · ·+ xirfr(x
ps−1

), where 0 ≤ i1 < i2 < · · · < ir < ps−1 and
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fj(x
ps−1

) is a non-zero polynomial in xps−1 over Fpm for 1 ≤ j ≤ r. This implies that

wH(e(x)) =
r∑
j=1

wH
(
xij(x− λ0)(ω+1)ps−1

fj(x
ps−1

)
)
.

Using this and by applying Lemma 6.2.1, we see that

wb(e(x)) ≥ wb(x
i1(x− λ0)(ω+1)ps−1

f1(x
ps−1

)). (6.3.31)

Further, as wb(xje(x)) = wb(e(x)) for each integer j ≥ 0, without any loss of generality, we

can assume that i1 = 0.By Theorem 2.0.8, we note thatwH((x−λ0)(ω+1)ps−1
f1(x

ps−1
)) ≥ ω+

2. Now let us take d(x) = (x− λ0)(ω+1)ps−1
f1(x

ps−1
), and let us write

d(x) = (x− λ0)(ω+1)ps−1

f1(x
ps−1

) = A
(1)
0 + A

(1)
1 xp

s−1

+ · · ·+ A
(1)
p−1x

ps−1(p−1),

whereA(1)
t ∈ Fpm for 0 ≤ t ≤ p−1 and the Hamming weight of the vector

(
A

(1)
0 , A

(1)
1 , A

(1)
2 ,

· · · , A(1)
p−1

)
is at least ω + 2.

By (6.3.31) and using the fact that i1 = 0, we see that wb(d(x)) ≤ wb(e(x)) < ps, so we

can apply Theorem 6.2.1(b) to determine the b-symbol weight of d(x). For this, let Bd be a

minimal partition of the set Kd (as defined in Theorem 6.2.1(b)) into subsets of consecutive

indices modulo ps, and let B1, B2, · · · , BLd be all the distinct parts of the partition Bd. For

1 ≤ i ≤ Ld, let us define

si = |{j : 0 ≤ j ≤ p− 1, jps−1 ∈ Bi}|, and let Fd = {u : 1 ≤ u ≤ Ld, su > 0}.

One can easily observe that |Bu| ≥ 1 + (su − 1)ps−1 for each u ∈ Fd. Further, since

the Hamming weight of the vector
(
A

(1)
0 , A

(1)
1 , A

(1)
2 , · · · , A(1)

p−1
)

is at least ω + 2, we have∑
u∈Fd

su ≥ ω + 2. In view of this and by applying Theorem 6.2.1(b), we get

wb(d(x)) = Ld(b− 1) +

Ld∑
`=1

|B`| = Ld(b− 1) +
∑
u∈Fd

|Bu|+
Ld∑
`=1
`6∈Fd

|B`|

≥ Ld(b− 1) +
(∑
u∈Fd

su − |Fd|
)
ps−1 + |Fd|+ Ld − |Fd|
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≥ bLd + (ω + 2− |Fd|)ps−1 = (ω + 1)ps−1 + b+ b(Ld − 1) + (1− |Fd|)ps−1

≥ (ω + 1)ps−1 + b+ (Ld − |Fd|)ps−1 ≥ (ω + 1)ps−1 + b.

This, by (6.3.31), implies that

(ω+1)ps−1+b−1 ≥ min{(ω+1)ps−1+b, ps}−1 ≥ wb(e(x)) ≥ wb(d(x)) ≥ (ω+1)ps−1+b,

which is a contradiction. This proves the assertion (6.3.30).

Now the desired result follows immediately from (6.3.29) and (6.3.30).

In the following lemma, we determine the b-symbol distance of the code Cλ0(s, ωp
s−1+τ),

where 1 ≤ τ ≤ ps−1 − 1 and 1 ≤ ω ≤ p− 2.

Lemma 6.3.8. For 1 ≤ ω ≤ p− 2 and 1 ≤ τ ≤ ps−1 − 1, we have

db(Cλ0(s, ωp
s−1 + τ)) = min{ωps−1 + b+ τ, ps}.

Proof. To prove this, we see that the codeword (x−λ0)ωp
s−1+τ ∈ Cλ0(s, ωp

s−1+τ) can be ex-

pressed as (x−λ0)ωp
s−1+τ =

ω∑
t=0

τ∑
u=0

W
(t)
u xu+tp

s−1
,whereW (t)

u =
(
ω
t

)(
τ
u

)
(−λ0)(ω−t)p

s−1+τ−u

for 0 ≤ u ≤ τ and 0 ≤ t ≤ ω. This implies that the codeword (x−λ0)ωp
s−1+τ is of the form

(
W

(0)
0 ,W

(0)
1 , · · · ,W (0)

τ , 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−τ−1

,W
(1)
0 ,W

(1)
1 , · · · ,W (1)

τ , 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−τ−1

, · · · · · · ,W (ω−1)
0 ,

W
(ω−1)
1 , · · · ,W (ω−1)

τ , 0, 0, · · · , 0︸ ︷︷ ︸
ps−1−τ−1

,W
(ω)
0 ,W

(ω)
1 , · · · ,W (ω)

τ , 0, 0, 0, · · · , 0, 0︸ ︷︷ ︸
ps−ωps−1−τ−1

)
.

Now by applying Theorem 6.2.1, we see that

wb((x− λ0)ωp
s−1+τ ) = min{ωps−1 + b+ τ, ps}

=

 ωps−1 + τ + 1 + b− 1 if τ ≤ ps − ωps−1 − b;

ps otherwise,
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which implies that

db(Cλ0(s, ωp
s−1 + τ)) ≤ min{ωps−1 + b+ τ, ps}. (6.3.32)

Next we assert that

wb(c(x)) ≥ min{ωps−1+b+τ, ps} for each non-zero codeword c(x) ∈ Cλ0(s, ωp
s−1+τ).

(6.3.33)

To prove the above assertion, let c(x) ∈ Cλ0(s, ωp
s−1+τ) be a non-zero codeword satisfying

wb(c(x)) < ps. Then the codeword c(x) ∈ Cλ0(s, ωp
s−1 + τ) can be uniquely written as

c(x) = (x− λ0)ωp
s−1+τf(x), where f(x)(6= 0) ∈ Fpm [x] and deg f(x) < ps − ωps−1 − τ.

If we take g(x) = (x − λ0)
τf(x), then the codeword c(x) can be rewritten as c(x) =

(x− λ0)ωp
s−1
g(x), where g(x)(6= 0) ∈ Fpm [x], τ ≤ deg g(x) < ps − ωps−1 and (x− λ0)τ

divides g(x) in Fpm [x]. We further observe that the polynomial g(x) = (x− λ0)τf(x) can

be uniquely expressed as g(x) = xi1g1(x
ps−1

) + xi2g2(x
ps−1

) + · · · + xirgr(x
ps−1

), where

0 ≤ i1 < i2 < · · · < ir < ps−1 and g`(xp
s−1

) is a non-zero polynomial in xps−1 over Fpm for

1 ≤ ` ≤ r. This implies that

wH(c(x)) =
r∑
j=1

wH
(
xij(x− λ0)ωp

s−1

gj(x
ps−1

)
)
. (6.3.34)

Further, as wb(xec(x)) = wb(c(x)) for each integer e ≥ 0, without any loss of generality, we

can assume that i1 = 0. By Theorem 2.0.8, we note that

wH(xi`(x− λ0)ωp
s−1

g`(x
ps−1

)) ≥ ω + 1 for 1 ≤ ` ≤ r.

For 1 ≤ ` ≤ r, we can write xi`(x − λ0)
ωps−1

g`(x
ps−1

) = xi`
{
A

(`)
0 + A

(`)
1 xp

s−1
+ · · · +

A
(`)
p−1x

ps−1(p−1)}, where A(`)
t ∈ Fpm for 0 ≤ t ≤ p − 1 and the Hamming weight of the

vector A` =
(
A

(`)
0 , A

(`)
1 , A

(`)
2 , · · · , A(`)

p−1
)

is at least ω + 1. In view of this, by (6.3.34) and

using the fact that i1 = 0, we see that the codeword c(x) ∈ Cλ0(s, ωp
s−1 + τ) is of the form

c =
(
A

(1)
0 , 0, 0, · · · , 0, 0︸ ︷︷ ︸

i2−1

, A
(2)
0 , 0, 0, · · · , 0, 0︸ ︷︷ ︸

i3−i2−1

, A
(3)
0 , · · · , A(r−1)

0 , 0, 0, · · · , 0︸ ︷︷ ︸
ir−ir−1−1

, A
(r)
0 , 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

,
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A
(1)
1 , 0, 0, · · · , 0, 0︸ ︷︷ ︸

i2−1

, A
(2)
1 , 0, 0, · · · , 0, 0︸ ︷︷ ︸

i3−i2−1

, A
(3)
1 , · · · , A(r−1)

1 , 0, 0, · · · , 0︸ ︷︷ ︸
ir−ir−1−1

, A
(r)
1 , 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

A
(1)
p−2, 0, 0, · · · , 0︸ ︷︷ ︸

i2−1

, A
(2)
p−2, 0, 0, · · · , 0︸ ︷︷ ︸

i3−i2−1

, A
(3)
p−2, · · · , A

(r−1)
p−2 , 0, 0, · · · , 0︸ ︷︷ ︸

ir−ir−1−1

, A
(r)
p−2, 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

,

A
(1)
p−1, 0, 0, · · · , 0︸ ︷︷ ︸

i2−1

, A
(2)
p−1, 0, 0, · · · , 0︸ ︷︷ ︸

i3−i2−1

, A
(3)
p−1, · · · , A

(r−1)
p−1 , 0, 0, · · · , 0︸ ︷︷ ︸

ir−ir−1−1

, A
(r)
p−1, 0, 0, · · · , 0︸ ︷︷ ︸

ps−1−ir−1

)
.

Since wb(c(x)) < ps, we will apply Theorem 6.2.1(b) to prove the assertion (6.3.33). For

this, let Bc be a minimal partition of the set Kc (as defined in Theorem 6.2.1(b)) into subsets

of consecutive indices modulo ps, and let B1, B2, · · · , BLc be all the distinct parts of the

partition Bc. Now by Theorem 6.2.1(b), we see that

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`|. (6.3.35)

Next let us define

d` = |{j : 0 ≤ j ≤ p− 1, jps−1 ∈ B`}| for 1 ≤ ` ≤ Lc,

and let

Fc = {u : 1 ≤ u ≤ Lc, du > 0}.

One can easily observe that

1 ≤ |Fc| ≤ Lc and |Bu| ≥ 1 + (du − 1)ps−1 for each u ∈ Fc. (6.3.36)

Further, since the Hamming weight of the vector A1 =
(
A

(1)
0 , A

(1)
1 , A

(1)
2 , · · · , A(1)

p−1
)

is at

least ω + 1, we have ∑
u∈Fc

du ≥ ω + 1. (6.3.37)



6.3 b-Symbol distances of constacyclic codes of length ps over Fpm 151

Now when Lc > |Fc|, by (6.3.35)-(6.3.37) and using the fact that τ ≤ ps−1 − 1, we get

wb(c(x)) = Lc(b− 1) +
∑
u∈Fc

|Bu|+
Lc∑
`=1
`6∈Fc

|B`|

≥ Lc(b− 1) + (
∑
u∈Fc

du − |Fc|)ps−1 + |Fc|+ Lc − |Fc|

≥ bLc + (ω + 1− |Fc|)ps−1

≥ (ω + 1)ps−1 + b+ (Lc − 1− |Fc|)ps−1

≥ ωps−1 + b+ τ,

which proves the assertion (6.3.33) in this case.

From this point on, we assume that |Fc| = Lc. Here we have

d1 + d2 + · · ·+ dLc ≥ ω + 1, d` ≥ 1 and |B`| ≥ 1 + (d` − 1)ps−1 for 1 ≤ ` ≤ Lc.

(6.3.38)

Now we shall distinguish the following two cases: I. d1 + d2 + · · · + dLc ≥ ω + 2 and II.

d1 + d2 + · · ·+ dLc = ω + 1.

I. When d1 + d2 + · · · + dLc ≥ ω + 2, by (6.3.35), (6.3.38) and using the fact that

τ ≤ ps−1 − 1, we see that

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`|

≥ Lc(b− 1) + (d1 + d2 + · · ·+ dLc − Lc)ps−1 + Lc

≥ (ω + 1)ps−1 + b+ (Lc − 1)(b− ps−1)

≥ ωps−1 + b+ τ,

which proves the assertion (6.3.33) in this case.

II. Next let d1 +d2 + · · ·+dLc = ω+ 1. This implies that wH((x−λ0)ωp
s−1
g1(x

ps−1
)) =

ω + 1. Here we assert that

Lc∑
`=1

|B`| ≥ τ + Lc + (ω + 1− Lc)ps−1. (6.3.39)
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To prove the assertion (6.3.39), we first recall that d` = |{j : 0 ≤ j ≤ p− 1, jps−1 ∈

B`}|. Now we observe that for 1 ≤ ` ≤ Lc, the part B` of the partition Bc is of the

form

B` = {υ`ps−1, υ`ps−1 + 1, · · · , (υ` + d` − 1)ps−1} ∪ T` ∪ S`,

where υ` is an integer satisfying 0 ≤ υ` ≤ p− 1, the set T` is either empty or of the

form {(υ`−1)ps−1 + ia` , (υ`−1)ps−1 + ia` + 1, · · · , υ`ps−1−1} with a` as an integer

satisfying a` ∈ {2, 3, · · · , r} and A(a`)
υ`−1 as non-zero, and the set S` is either empty or

of the form {(υ`+d`−1)ps−1 +1, (υ`+d`−1)ps−1 +2, · · · , (υ`+d`−1)ps−1 + ib`}

with b` as an integer satisfying b` ∈ {2, 3, · · · , r} and A(b`)
υ`+d`−1 as non-zero. For

1 ≤ ` ≤ Lc, it is easy to see that

|T`| = ps−1 − ia` if T` 6= ∅ and |S`| = ib` if S` 6= ∅. (6.3.40)

Further, for each `, we note that |B`| = (d` − 1)ps−1 + 1 + |T`|+ |S`|. This implies

that

Lc∑
`=1

|B`| =
Lc∑
`=1

(
(d` − 1)ps−1 + 1

)
+

Lc∑
`=1

(
|T`|+ |S`|

)
= Lc + (ω + 1− Lc)ps−1 +

Lc∑
`=1

(
|T`|+ |S`|

)
.

(6.3.41)

In view of this, we see that to prove the assertion (6.3.39), it is enough to show that

Lc∑
`=1

(
|T`|+ |S`|

)
≥ τ. (6.3.42)

To prove this, for 2 ≤ t ≤ r, let us define

Mt = |{y ∈ Z : 0 ≤ y ≤ p− 1, yps−1 + it ∈
Lc⋃
`=1

T`}|

and

Nt = |{y ∈ Z : 0 ≤ y ≤ p− 1, yps−1 + it ∈
Lc⋃
`=1

S`}|.
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Further, for 2 ≤ t ≤ r, we note that

{i ∈ Z : 0 ≤ i ≤ p− 1, ips−1 + it ∈
Lc⋃
`=1

(
B` \ (T` ∪ S`)

)
}

=
Lc⋃
`=1

{υ`ps−1 + it, (υ` + 1)ps−1 + it, · · · , (υ` + d` − 2)ps−1 + it}.

Now for 2 ≤ t ≤ r, we observe that

wH(At) = wH(
(
A

(t)
0 , A

(t)
1 , A

(t)
2 , · · · , A

(t)
p−1
)
)

≤ |{i ∈ Z : 0 ≤ i ≤ p− 1, ips−1 + it ∈
Lc⋃
`=1

B`}|

= |{i ∈ Z : 0 ≤ i ≤ p− 1, ips−1 + it ∈
Lc⋃
`=1

(
B` \ (T` ∪ S`)

)
}|

+Mt +Nt

=
Lc∑
`=1

(d` − 1) +Mt +Nt = ω + 1− Lc +Mt +Nt. (6.3.43)

Since wH(At) ≥ ω + 1, we getMt +Nt ≥ Lc for 2 ≤ t ≤ r. Further, for 2 ≤ t ≤ r,

we note that

Mt = |{` ∈ Z : 1 ≤ ` ≤ Lc, T` 6= ∅ and a` ≤ t}| and

Nt = |{` ∈ Z : 1 ≤ ` ≤ Lc, S` 6= ∅ and b` ≥ t}|.
(6.3.44)

This implies thatMt ≤ Lc and Nt ≤ Lc for 2 ≤ t ≤ r. Now we shall consider the

following two cases separately:

A. There exists an integer h satisfying 2 ≤ h ≤ r and wH(Ah) ≥ ω + 2.

B. wH(Aj) = ω + 1 for 2 ≤ j ≤ r.

A. Suppose that there exists an integer h satisfying 2 ≤ h ≤ r and wH(Ah) ≥ ω+2.

In this case, by (6.3.43), we observe thatMh +Nh ≥ Lc + 1. SinceMh ≤ Lc

and Nh ≤ Lc, we must haveMh ≥ 1 and Nh ≥ 1. From this and by (6.3.44),

we observe that there exist integers u, v satisfying 1 ≤ u, v ≤ Lc, au ≤ h and

bv ≥ h. This, by (6.3.40), gives |Tu|+|Sv| = ps−1−iau+ibv ≥ ps−1−ih+ih ≥ τ,
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which implies that
Lc∑̀
=1

(
|T`|+ |S`|

)
≥ τ.

B. Now suppose that wH(Aj) = ω + 1 for 2 ≤ j ≤ r. In this case, we have

wH
(
xij(x − λ0)

ωps−1
gj(x

ps−1
)
)

= ω + 1 for 1 ≤ j ≤ r. Now we claim that

gj(λ
ps−1

0 ) 6= 0 for 1 ≤ j ≤ r. For, if gw(λp
s−1

0 ) = 0 for some integer w satis-

fying 1 ≤ w ≤ r, then x − λ0 divides gw(xp
s−1

) in Fpm [x]. This implies that

xiw(x − λ0)
ωps−1

gw(xp
s−1

) ∈ Cλ0(s, ωp
s−1 + 1). By Theorem 2.0.8, we note

that dH(Cλ0(s, ωp
s−1 + 1)) = ω + 2. This implies that ω + 2 ≤ wH

(
xiw(x −

λ0)
ωps−1

gw(xp
s−1

)
)
. This is a contradiction, as wH

(
xij(x−λ0)ωp

s−1
gj(x

ps−1
)
)

=

ω + 1 for 1 ≤ j ≤ r.

This shows that gj(λ
ps−1

0 ) 6= 0 for 1 ≤ j ≤ r. This, by Lemma 6.3.1, implies that

ir ≥ τ, ps−1 − i2 ≥ τ and ps−1 − it+1 + it ≥ τ for 2 ≤ t ≤ r − 1. Now let us

consider the following two cases separately: (i) T1 = ∅ and (ii) T1 6= ∅.

(i) Let us first assume that T1 = ∅. In this case, if either S1 = ∅ or S1 6= ∅ and

b1 < r, then by (6.3.44), we haveMr ≤ Lc − 1 and Nr ≤ Lc − 1. This

implies thatMr ≥ 1 and Nr ≥ 1, as Nr +Mr ≥ Lc. From this and by

(6.3.44), we observe that there exists an integer v satisfying 1 ≤ v ≤ Lc

and bv ≥ r. As bv ≤ r, by (6.3.40), we get |Sv| = ibv = ir ≥ τ. This gives
Lc∑̀
=1

(
|T`|+ |S`|

)
≥ |Sv| ≥ τ.

On the other hand, when S1 6= ∅ and b1 = r, by (6.3.40), we get
Lc∑̀
=1

(
|T`|+

|S`|
)
≥ |S1| = ir ≥ τ.

(ii) Now let us assume that T1 6= ∅. In this case, if a1 = 2, then by (6.3.40), we

have
Lc∑̀
=1

(
|T`| + |S`|

)
≥ |T1| = ps−1 − i2 ≥ τ. Next assume that a1 > 2.

Here if S1 6= ∅ and b1 ≥ a1 − 1, then by (6.3.40) again, we get

Lc∑
`=1

(
|T`|+ |S`|

)
≥ |T1|+ |S1| = ps−1− ia1 + ib1 ≥ ps−1− ia1 + ia1−1 ≥ τ.

On the other hand, when either S1 = ∅ or S1 6= ∅ and b1 < a1 − 1,

then by (6.3.44), we get Ma1−1 ≤ Lc − 1 and Na1−1 ≤ Lc − 1. This
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implies thatMa1−1 ≥ 1 and Na1−1 ≥ 1, asMa1−1 +Na1−1 ≥ Lc. From

this and by (6.3.44), we observe that there exist integers u, v satisfying

1 ≤ u, v ≤ Lc, au ≤ a1 − 1 and bv ≥ a1 − 1. This, by (6.3.40) again, gives

|Tu|+ |Sv| = ps−1 − iau + ibv ≥ ps−1 − ia1−1 + ia1−1 ≥ τ, which implies

that
Lc∑̀
=1

(
|T`|+ |S`|

)
≥ τ.

This completes the proof of the assertion (6.3.42).

Now by (6.3.41) and (6.3.42), the asssertion (6.3.39) follows immediately. Further-

more, by (6.3.35) and (6.3.39), we see that

wb(c(x)) = Lc(b− 1) +
Lc∑
`=1

|B`| ≥ bLc + τ + (ω+ 1−Lc)ps−1 ≥ ωps−1 + b+ τ,

which proves the assertion (6.3.33) in this case.

Now by (6.3.32) and (6.3.33), the desired result follows immediately.

Proof of Proposition 6.3.3. It follows immediately from Lemmas 6.3.6-6.3.8. �

Proof of Theorem 6.3.2. For 0 ≤ ω ≤ p− 2 and 1 ≤ τ ≤ ps−1, by applying Propositions

6.3.2 and 6.3.3, we get

db(Cλ0(s, ωp
s−1 + τ)) =


min{ωps−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}

if 2 ≤ b ≤ ps−1;

min{ωps−1 + b+ τ, ps} if ps−1 < b < ps.

(6.3.45)

Further, for 1 ≤ k ≤ s − 1, 0 ≤ ω ≤ p − 2 and 1 ≤ τ ≤ ps−k−1, by Proposition 6.3.1,

we see that

db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ)) =


pkdb(Cλ0(s− k, ωps−k−1 + τ))

if 2 ≤ b ≤ ps−k − 1;

ps if ps−k ≤ b < ps.

(6.3.46)
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Now on taking k = s− 1 in (6.3.46) and by applying Theorem 6.3.1, we get

db(Cλ0(s, p
s − p+ ω + 1)) =

 ps−1 min{ω + b+ 1, p} if 2 ≤ b ≤ p− 1;

ps if p ≤ b < ps.

Finally, for 1 ≤ k ≤ s − 2, 0 ≤ ω ≤ p − 2 and 1 ≤ τ ≤ ps−k−1, by (6.3.45) and (6.3.46),

we obtain

db(Cλ0(s, p
s−ps−k+ωps−k−1+τ)) =



pk min{ωps−k−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}

if 2 ≤ b ≤ ps−k−1;

pk min{ωps−k−1 + b+ τ, ps−k}

if ps−k−1 < b < ps−k;

ps if ps−k ≤ b < ps.

This completes the proof of the theorem. �

Remark 6.3.2. By Theorems 6.3.1 and 6.3.2, we see that b-symbol distances of λ-constacyclic

codes of length ps over Fpm depend only on b, p and s, and are independent of the choice of

λ and m. In fact, one can show that each non-trivial λ-constacyclic code of length ps over

Fpm is equivalent to a non-trivial cyclic code of length ps over Fpm as follows:

For 1 ≤ ν ≤ ps − 1, let us define a map ψλ0 : Cλ0(s, ν)→ C1(s, ν) as

ψλ0
(
(x− λ0)νf(x)

)
= (λ0x− λ0)νf(λ0x) = (x− 1)νλν0f(λ0x) ∈ C1(s, ν)

for each codeword (x− λ0)νf(x) ∈ Cλ0(s, ν), (note that each non-zero codeword c(x) ∈

Cλ0(s, ν) can be uniquely expressed as c(x) = (x− λ0)νf(x), where f(x)(6= 0) ∈ Fpm [x]

and deg f(x) < ps − ν). One can easily observe that the map ψλ0 is a ring isomorphism

and that wb(c(x)) = wb(ψλ0(c(x))) for each c(x) ∈ Cλ0(s, ν). From this, it follows that the

codes Cλ0(s, ν) and C1(s, ν) are equivalent, and that db(Cλ0(s, ν)) = db(C1(s, ν)) for 1 ≤

ν ≤ ps − 1. �

Remark 6.3.3. Theorem 3.11 of Sun et al. [77] and Theorem 24 of Dinh et al. [24] follow

from Theorems 6.3.1 and 6.3.2 as special cases when b = 2. �
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6.4 Determination of MDS b-symbol constacyclic codes of

length ps over Fpm

Ding et al. [28, Th. 2.5] showed that an MDS b-symbol code C of length N over Fpm

satisfying db(C) < N is also an MDS (b+ 1)-symbol code for each integer b ≥ 2. However,

the converse is not true in general, which we illustrate in the following example.

Example 6.4.1. Let p = 5, s = 2, m = 1 and λ = 1. Consider the cyclic code C1(2, 3) =

〈(x− 1)3〉 of length 25 over F5. By Theorems 2.0.8 and 6.3.2, we see that |C1(2, 3)| = 522,

d2(C1(2, 3)) = 4 and d3(C1(2, 3)) = 6. Now by (6.2.2), we see that the code C1(2, 3) is an

MDS 3-symbol code, but not an MDS 2-symbol (symbol-pair) code. �

In this section, we shall apply Theorems 2.0.8, 6.3.1 and 6.3.2 to determine all MDS

b-symbol constacyclic codes of length ps over Fpm , where b is an integer satisfying 2 ≤ b ≤

ps − 1. For this, we recall, by Theorem 2.0.8, that for each non-zero λ ∈ Fpm , there exists

λ0 ∈ Fpm satisfying λ = λp
s

0 , and that all the distinct λ-constacyclic codes of length ps over

Fpm are given by Cλ0(s, ν) = 〈(x− λ0)ν〉, where 0 ≤ ν ≤ ps. We also recall that an MDS

b-symbol code has to be non-zero. Further, one can easily see that the code Cλ0(s, 0) = 〈1〉

is an MDS b-symbol code. In the following theorem, we determine all non-trivial MDS

b-symbol constacyclic codes of length ps over Fpm , where s ≥ 1 and 2 ≤ b ≤ ps − 1.

Theorem 6.4.1. Let λ = λp
s

0 , where λ0 is a non-zero element of Fpm . All the distinct

non-trivial MDS b-symbol λ-constacyclic codes of length ps over Fpm are given by

Cλ0(s, ν) = 〈(x− λ0)ν〉,

where

• 1 ≤ ν ≤ ps − b when s ≥ 1 and ps−1 + 1 ≤ b ≤ ps − 1.

• ν ∈ {ps − b, 1, 2, · · · , b}
⋃(⋃

ω

{(ω + 1)ps−1 − b, (ω + 1)ps−1 − b + 1, (ω + 1)ps−1

−b+ 2, · · · , (ω + 1)b}
)

when s ≥ 2 and 2 ≤ b ≤ ps−1 − 1. Here the union
⋃
ω

runs

over all integers ω satisfying 1 ≤ ω ≤ p− 2 and (ω + 2)b− (ω + 1)ps−1 ≥ 0.
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• 1 ≤ ν ≤ (p− 1)ps−1 when s ≥ 2 and b = ps−1.

Proof. To prove the result, we note, by Theorem 2.0.8, that |Cλ0(s, ν)| = pm(ps−ν). From

this and by (6.2.2), we see that the code Cλ0(s, ν) is an MDS b-symbol code if and only if

pm(ps−ν) = |Cλ0(s, ν)| = pm(ps−db(Cλ0 (s,ν))+b), which holds if and only if

ν = db(Cλ0(s, ν))− b. (6.4.1)

When s = 1, we have 2 ≤ b ≤ p − 1. Further, by Theorem 6.3.1, we note that

db(Cλ0(1, ν)) = min{ν + b, p} for 1 ≤ ν ≤ p− 1. From this and by (6.4.1), we see that the

code Cλ0(1, ν) is an MDS b-symbol code if and only if db(Cλ0(1, ν)) = ν + b, which holds

if and only if ν ≤ p− b. Therefore all the distinct non-trivial MDS b-symbol λ-constacyclic

codes of length p over Fpm are given by 〈(x− λ0)ν〉, where ν ∈ {1, 2, · · · , p− b}.

From now on, throughout the proof, we assume that s ≥ 2. By Remark 6.3.1, we see that

each integer ν ∈ {1, 2, · · · , ps−1} can be uniquely written as ν = ps−ps−k +ωps−k−1 + τ,

where 0 ≤ k ≤ s− 1, 1 ≤ τ ≤ ps−k−1 and 0 ≤ ω ≤ p− 2. Now we shall distinguish the

following three cases: A. ps−1 + 1 ≤ b ≤ ps − 1, B. 2 ≤ b ≤ ps−1 − 1, and C. b = ps−1.

A. First of all, let ps−1 + 1 ≤ b ≤ ps − 1. Here by Theorem 6.3.2, we see that

db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ)) = pk min{ωps−k−1 + b+ τ, ps−k}, (6.4.2)

where 0 ≤ k ≤ s − 1, 1 ≤ τ ≤ ps−k−1 and 0 ≤ ω ≤ p − 2. Now we shall consider

the following two cases separately: (i) k ≥ 1 and (ii) k = 0.

(i) First let k ≥ 1. Here we note that ωps−k−1 + b+ τ ≥ ps−1 + 2 > ps−k. Now by

(6.4.2), we see that db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ)) = ps, which implies

that

ν − db(Cλ0(s, ν)) + b = ps − db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

−ps−k + ωps−k−1 + τ + b

= ωps−k−1 + τ + b− ps−k > 0.
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From this and by (6.4.1), we see that the code Cλ0(s, p
s − ps−k + ωps−k−1 + τ)

is not an MDS b-symbol code.

(ii) Next let k = 0. Here we have ν = ωps−1 + τ, where 1 ≤ τ ≤ ps−1 and

0 ≤ ω ≤ p− 2. Further, by (6.4.2), we see that

ν − db(Cλ0(s, ν)) + b = ωps−1 + τ − db(Cλ0(s, ωp
s−1 + τ)) + b

= ωps−1 + b+ τ −min{ωps−1 + b+ τ, ps}.

From this, we note that ωps−1 + τ − db(Cλ0(s, ωp
s−1 + τ)) + b = 0 if and only

if τ ≤ ps − ωps−1 − b and 0 ≤ ω ≤ p− 2.

On combining the above cases (i) and (ii), we see that when s ≥ 2 and ps−1 + 1 ≤

b ≤ ps − 1, all the distinct non-trivial MDS b-symbol λ-constacyclic codes of length

ps over Fpm are given by 〈(x− λ0)ν〉, where 1 ≤ ν ≤ ps − b.

B. Next let 2 ≤ b ≤ ps−1 − 1. Let k be an integer satisfying 0 ≤ k ≤ s − 1. Now

according to whether the integer k satisfies b ≤ ps−k−1 or b ≥ ps−k−1 + 1, we shall

consider the following two cases separately.

(i) Let k be an integer satisfying 0 ≤ k ≤ s − 1 and b ≤ ps−k−1. As b ≤ ps−k−1,

we have k ≤ s− 2. Next we note, by Theorem 6.3.2, that

db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

= pk min{ωps−k−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)},

where 1 ≤ τ ≤ ps−k−1 and 0 ≤ ω ≤ p− 2. We also observe that ωps−k−1 + b+

τ ≤ ps−k and the equality holds if and only if ω = p− 2 and τ = b = ps−k−1.

Further, we see that

ν − db(Cλ0(s, ν)) + b = b− db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

+ps − ps−k + ωps−k−1 + τ

= (pk − 1)(ps−k − ωps−k−1 − τ − b) + ωps−1
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−pk min{ωps−k−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)}

+τpk + bpk.

Now first let 1 ≤ k ≤ s− 2. Here we observe that ps − ps−k + ωps−k−1 + τ −

db(Cλ0(s, p
s−ps−k+ωps−k−1+τ)+b = 0 if and only if ps−k = ωps−k−1+τ+b

and ωps−k−1 + τ + b = min{ωps−k−1 + b+ τ, (ω+ 2)b, (ω+ 1)(b+ τ)}, which

holds if and only if ω = p− 2 and τ = b = ps−k−1. From this and by (6.4.1), we

see that the code Cλ0(s, p
s − b) is an MDS b-symbol code when 1 ≤ k ≤ s− 2

and b = ps−k−1.

Next let k = 0. Here we see that ωps−1 + τ − db(Cλ0(s, ωp
s−1 + τ) + b = 0 if

and only if ωps−1 +τ +b = min{ωps−1 +b+τ, (ω+2)b, (ω+1)(b+τ)}, which

holds if and only if τ ≤ b when ω = 0, while ps−1 − b ≤ τ ≤ ωb + b− ωps−1

when 1 ≤ ω ≤ p− 2 satisfies (ω + 2)b− (ω + 1)ps−1 ≥ 0.

(ii) Let k be an integer satisfying 0 ≤ k ≤ s−1 and b ≥ ps−k−1+1.As b ≤ ps−1−1,

we must have k ≥ 1. Further, by Theorem 6.3.2, we have db(Cλ0(s, p
s − ps−k +

ωps−k−1 + τ)) = pk min{ωps−k−1 + b+ τ, ps−k}. This gives

ν − db(Cλ0(s, ν)) + b = b− db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

+ps − ps−k + ωps−k−1 + τ

= pk
(
ωps−k−1 + τ + b−min{ωps−k−1 + b+ τ, ps−k}

)
+(pk − 1)(ps−k − ωps−k−1 − τ − b).

We further observe that ps−ps−k+ωps−k−1+τ−db(Cλ0(s, p
s−ps−k+ωps−k−1+

τ)+b = 0 if and only if ps−k = ωps−k−1 +τ +b = min{ωps−k−1 +b+τ, ps−k}.

This, by (6.4.1), shows that the code Cλ0(s, ν) is an MDS b-symbol code if and

only if ν = ps − b when 1 ≤ k ≤ s− 1 and b ≥ ps−k−1 + 1.

Now by (6.4.1) and on combining the above two cases, part B follows immediately.
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C. Next let b = ps−1. Here also, we shall distinguish the following two cases: (i) k ≥ 1

and (ii) k = 0.

(i) First let k ≥ 1. In this case, by Theorem 6.3.2, we note that db(Cλ0(s, p
s−ps−k +

ωps−k−1 + τ)) = pk min{ωps−k−1 + b + τ, ps−k}, where 1 ≤ τ ≤ ps−k−1 and

0 ≤ ω ≤ p− 2. Further, we observe that ωps−k−1 + b + τ ≥ ps−1 + 1 > ps−k.

This implies that db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ)) = ps. From this, we see

that

ν − db(Cλ0(s, ν)) + b = b− db(Cλ0(s, p
s − ps−k + ωps−k−1 + τ))

+ps − ps−k + ωps−k−1 + τ

= ωps−k−1 + τ + b− ps−k > 0.

This, by (6.4.1), implies that the code Cλ0(s, p
s − ps−k + ωps−k−1 + τ) is not an

MDS b-symbol code.

(ii) Next let k = 0. Here we have ν = ωps−1 + τ, where 1 ≤ τ ≤ ps−1 and

0 ≤ ω ≤ p−2. Further, by Theorem 6.3.2, we note that db(Cλ0(s, ωp
s−1 +τ)) =

min{ωps−1 + b+ τ, (ω+ 2)b, (ω+ 1)(b+ τ)} = ωps−1 + τ + b. This, by (6.4.1),

implies that the code 〈(x− λ0)ωp
s−1+τ 〉 is an MDS b-symbol code if and only if

1 ≤ τ ≤ ps−1 and 0 ≤ ω ≤ p− 2.

This shows that when b = ps−1, the code Cλ0(s, ν) is an MDS b-symbol code if and

only if 1 ≤ ν ≤ (p− 1)ps−1.

This completes the proof of the theorem.

To illustrate the above result, we determine all non-trivial MDS b-symbol cyclic codes of

length 25 over F5 as follows:

Example 6.4.2. Let p = 5, s = 2, m = 1 and λ = 1. Here we note that 2 ≤ b ≤ 24. By

applying Theorem 6.4.1, we see that all the distinct non-trivial MDS b-symbol cyclic codes

of length 25 over F5 are given by 〈(x− 1)ν〉, where

• 1 ≤ ν ≤ 25− b when 6 ≤ b ≤ 24.
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• ν ∈ {1, 2, 23} when b = 2.

• ν ∈ {1, 2, 3, 22} when b = 3.

• ν ∈ {1, 2, 3, 4, 6, 7, 8, 11, 12, 16, 21} when b = 4.

• 1 ≤ ν ≤ 20 when b = 5. �

Remark 6.4.1. Theorem 26 of Dinh et al. [24] follows from Theorem 6.4.1 as a special case

when b = 2. �

6.5 b-Symbol distances of constacyclic codes of length ps

over finite commutative chain rings

In this section, we shall determine b-symbol distances of all constacyclic codes of length

ps over the finite commutative chain ringR, and identify all MDS b-symbol codes within

this class of codes. To do this, we first relate the b-symbol distance of a non-zero linear

code C of an arbitrary length over R with that of Tore−1(C) in the following theorem. We

also derive a necessary and sufficient condition under which the linear code C is an MDS

b-symbol code.

Theorem 6.5.1. Let C be a linear code of an arbitrary length N overR. Then the following

hold.

(a) We have db(C) = db(Tore−1(C)).

(b) The code C is an MDS b-symbol code if and only if Tor0(C) = Tore−1(C) and

Tore−1(C) is an MDS b-symbol code of length N overR.

Proof. (a) To prove the result, let us consider the subcode Ce−1 = {γe−1c : γe−1c ∈

C} of C. It is easy to see that Tore−1(C) = {c : γe−1c ∈ Ce−1} and db(Ce−1) =

db(Tore−1(C)). This implies that

db(Tore−1(C)) = db(Ce−1) ≥ db(C). (6.5.1)
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Next we observe that

wb(Q) ≥ wb(γQ) for each Q ∈ C. (6.5.2)

Further, for any non-zero codeword Q ∈ C, there exists an integer i satisfying 0 ≤ i ≤

e− 1 and Q ∈ 〈γi〉N \ 〈γi+1〉N . Now by (6.5.2), we get

wb(Q) ≥ wb(γQ) ≥ wb(γ
2Q) ≥ · · · ≥ wb(γ

e−1−iQ). (6.5.3)

SinceQ ∈ 〈γi〉N \〈γi+1〉N , we note that γe−1−iQ is a non-zero codeword of C and that

γe−1−iQ ∈ 〈γe−1〉N , which implies that γe−1−iQ(6= 0) ∈ Ce−1. This further implies

that wb(γe−1−iQ) ≥ db(Ce−1) = db(Tore−1(C)). From this and by (6.5.3), we obtain

wb(Q) ≥ db(Tore−1(C)) for each Q ∈ C \ {0},

which implies that

db(C) ≥ db(Tore−1(C)).

Using this and by (6.5.1), the desired result follows.

(b) To prove this, by Theorem 2.0.7, we see that for 0 ≤ i ≤ e − 1, the ith torsion

code Tori(C) of C is a linear code of length N overR, |Tori(C)| = pm×dim(Tori(C)) and

|C| =
e−1∏
i=0

|Tori(C)|. Further, by part (a), we note that db(C) = db(Tore−1(C)). From

this and by (6.2.2), we see that the code C is an MDS b-symbol code if and only if
e−1∏
i=0

|Tori(C)| = |C| = pme(p
s−db(C)+b), which holds if and only if

dim(Tor0(C))+ dim(Tor1(C))+ · · ·+ dim(Tore−1(C)) = e (ps − db(Tore−1(C)) + b) .

(6.5.4)

Further, by Theorem 2.0.7(b), we note that

Tor0(C) ⊆ Tor1(C) ⊆ · · · ⊆ Tore−1(C). (6.5.5)
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Now by applying Theorem 6.2.2 (the Singleton-type bound) for the code Tore−1(C)

overR, we get

pm×dim(Tore−1(C)) = |Tore−1(C)| ≤ pm(ps−db(Tore−1(C))+b),

which implies that dim(Tore−1(C)) ≤ ps−db(Tore−1(C))+b. From this and by (6.5.5),

we see that

dim(Tor0(C)) ≤ dim(Tor1(C)) ≤ · · · ≤ dim(Tore−1(C)) ≤ ps − db(Tore−1(C)) + b.

(6.5.6)

This further implies that dim(Tor0(C)) + dim(Tor1(C)) + · · · + dim(Tore−1(C)) ≤

e (ps − db(Tore−1(C)) + b) and that the equality holds if and only if

dim(Tor0(C)) = dim(Tor1(C)) = · · · = dim(Tore−1(C)) = ps − db(Tore−1(C)) + b.

From this, the desired result follows immediately.

It is worth mentioning that Norton and Sălăgean [66, Th. 4.2(ii)] proved the corresponding

equality “dH(C) = dH(Tore−1(C))” for the Hamming metric by using the concept of support

of a linear code. The same idea could be extended to provide an alternate proof for Theorem

6.5.1(a).

Now we will apply Theorem 6.5.1 to determine b-symbol distances of all constacyclic

codes of length ps over the finite commutative chain ring R. For this, from now on, let

η be a unit in R. By Theorem 2.0.6(c), the unit η ∈ R can be uniquely written as η =

θ + γδ1 + γ2δ2 + · · · + γe−1δe−1, where θ, δ1, δ2, · · · , δe−1 ∈ T and θ 6= 0. Further, by

Theorem 2.0.6(b), we see that there exists η0 ∈ T \ {0} satisfying θ = ηp
s

0 . Recall that an η-

constacyclic code C of length ps overR is an ideal of the quotient ringRη = R[x]/〈xps−η〉.

Moreover, by Theorem 5.2.3(a), we see that the ith torsion code Tori(C) of C is an ideal of

the ringR[x]/〈xps − ηp
s

0 〉 and is given by Tori(C) = 〈(x− η0)Ti〉 for 0 ≤ i ≤ e− 1, where
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Ti is an integer satisfying 0 ≤ Ti ≤ ps for each i. Recall that C = {0} when Te−1 = ps,

while C = 〈1〉 = Rη when T0 = 0. Here also, when C = {0}, we have db(C) = 0.

In the following theorem, we determine b-symbol distances of all non-zero η-constacyclic

codes of length ps overR.

Theorem 6.5.2. Let η = ηp
s

0 +γδ1 + · · ·+γe−1δe−1, where η0, δ1, · · · , δe−1 ∈ T and η0 6= 0.

Let C be a non-zero η-constacyclic code of length ps overRwith Tore−1(C) = 〈(x−η0)Te−1〉,

where 0 ≤ Te−1 < ps.

(a) When Te−1 = 0, we have db(C) = b.

(b) Let 1 ≤ Te−1 ≤ ps − 1.

(i) When s = 1, we have db(C) = min{Te−1 + b, p}.

(ii) When s ≥ 2, the integer Te−1 can be uniquely expressed as Te−1 = ps − ps−k +

ωps−k−1 + τ, where 0 ≤ k ≤ s − 1, 0 ≤ ω ≤ p − 2 and 1 ≤ τ ≤ ps−k−1.

Furthermore, the b-symbol distance of the code C is given by

db(C) =


pk min{ωps−k−1 + b+ τ, (ω + 2)b, (ω + 1)(b+ τ)} if 2 ≤

b ≤ ps−k−1;

pk min{ωps−k−1 + b+ τ, ps−k} if ps−k−1 + 1 ≤ b ≤ ps − 1.

Proof. It follows immediately from Theorems 6.3.1, 6.3.2 and 6.5.1(a) and Remark 6.3.1.

Remark 6.5.1. One can show that for a unit η = ηp
s

0 + γδ1 + · · · + γe−1δe−1 ∈ R, an

η-constacyclic code of length ps overR is equivalent to some (η−p
s

0 η)-constacyclic code of

length ps overR as follows: Define a map Θη0 : R[x]/〈xps − η〉 → R[x]/〈xps − η−p
s

0 η〉 as

Θη0(c(x)) = c(η0x) for each c(x) ∈ R[x]/〈xps−η〉.One can easily observe that the map Θη0

is a ring isomorphism and that wb(c(x)) = wb(Θη0(c(x))) for each c(x) ∈ R[x]/〈xps − η〉.

From this, it follows that an η-constacyclic code C of length ps over C is equivalent to the

(η−p
s

0 η)-constacyclic code Θη0(C) of length ps overR and that db(C) = db(Θη0(C)). �

Now we will apply Theorems 6.5.1 and 6.5.2 to determine all MDS b-symbol constacyclic
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codes of length ps over R. Towards this, we first observe that Theorem 2.5 of Ding et al.

[28] can be similarly extended to codes over finite commutative rings, which is stated as

follows:

Theorem 6.5.3. Let 2 ≤ b < N be fixed. Let C be an MDS b-symbol code of length N over

a finite commutative ring R. If db(C) < N, then C is also an MDS (b+ 1)-symbol code with

db+1(C) = db(C) + 1.

However, the converse of the above theorem is not true in general, which is illustrated in

the following example.

Example 6.5.1. LetR = F5 +γF5, where γ2 = 0. Consider the cyclic code D1 = 〈(x−1)3〉

of length 25 overR. By Theorems 5.2.3 and 6.5.2, we see that |D1| = 544, d2(D1) = 4 and

d3(D1) = 6. Now by (6.2.2), we observe that the code D1 is an MDS 3-symbol code, but

not an MDS 2-symbol (symbol-pair) code. �

Now we proceed to determine all MDS b-symbol constacyclic codes of length ps over

R. For this, we first note that an MDS b-symbol code has to be non-zero and that the code

〈1〉 = Rη is an MDS b-symbol code. In the following theorem, we list all non-trivial MDS

b-symbol constacyclic codes of length ps overR.

Theorem 6.5.4. Let η = ηp
s

0 + γδ1 + γ2δ2 + · · ·+ γe−1δe−1, where η0, δ1, δ2, · · · , δe−1 ∈ T

and η0 6= 0.

(a) When δ1 6= 0 and 2 ≤ b ≤ ps − 1, there does not exist any non-trivial MDS b-symbol

η-constacyclic code of length ps overR.

(b) When δ1 = 0, all the distinct non-trivial MDS b-symbol η-constacyclic codes of length

ps overR are given by

〈(x− η0)T0 + γ(x− η0)t1,0g1,0(x) + γ2(x− η0)t2,0g2,0(x) + · · · · · ·

+γe−1(x− η0)te−1,0ge−1,0(x)〉

with the ith-torsional degree as T0 for 0 ≤ i ≤ e − 1, 0 ≤ tj,0 < T0 if gj,0(x) 6= 0,

and gj,0(x) ∈ T [x] is either 0 or a unit in Rη satisfying deg gj,0(x) < T0 − tj,0 for

1 ≤ j ≤ e− 1, where
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• 1 ≤ T0 ≤ ps − b when s ≥ 1 and ps−1 + 1 ≤ b ≤ ps − 1.

• T0 ∈ {ps − b, 1, 2, · · · , b}
⋃(⋃

ω

{(ω + 1)ps−1 − b, (ω + 1)ps−1 − b + 1, (ω +

1)ps−1−b+2, · · · , (ω+1)b}
)

when s ≥ 2 and 2 ≤ b ≤ ps−1−1.Here the union⋃
ω

runs over all integers ω satisfying 1 ≤ ω ≤ p−2 and (ω+2)b−(ω+1)ps−1 ≥

0.

• 1 ≤ T0 ≤ (p− 1)ps−1 when s ≥ 2 and b = ps−1.

Proof. Let C be a non-trivial η-constacyclic code of length ps over R with Tori(C) =

〈(x − η0)
Ti〉, where 0 ≤ Ti ≤ ps for 0 ≤ i ≤ e − 1. Here we must have T0 ≥ 1 and

Te−1 < ps. Now by applying Theorems 5.2.3(a) and 6.5.1(b), we see that the code C is an

MDS b-symbol code if and only if Tor0(C) = Tore−1(C) and Tore−1(C) is an MDS b-symbol

ηp
s

0 -constacyclic code of length ps overR, which, by Theorem 5.2.3(c) and by (6.2.2), holds

if and only if

1 ≤ T0 = T1 = · · · = Te−1 < ps (6.5.7)

and Tore−1(C) is an MDS b-symbol code. Now we shall distinguish the following two cases:

(i) δ1 6= 0 and (ii) δ1 = 0.

(i) First let δ1 6= 0. Here we see, by Remark 5.2.2, that C = 〈(x − λ0)
Tk〉 = 〈(x −

λ0)
Tk , γk+1, · · · , γe−1〉 for some 0 ≤ k ≤ e − 1, and that Tk+1 = Tk+2 = · · · =

Te−1 = 0. From this and by (6.5.7), part (a) follows.

(ii) When δ1 = 0, by (6.5.7) and by applying Theorems 5.2.4 and 6.4.1, the desired result

follows immediately.

To illustrate the above result, we determine all non-trivial MDS b-symbol constacyclic

codes of length ps over the finite commutative chain ring Fpm + γFpm with γ2 = 0, as

follows:

Example 6.5.2. LetR = Fpm + γFpm , where γ2 = 0. Here we note that T = Fpm . Further,

by Theorem 2.0.6, each unit η in R can be uniquely expressed as η = ηp
s

0 + γδ1, where
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η0, δ1 ∈ Fpm and η0 6= 0. When δ1 6= 0, by Theorem 6.5.4(a), there does not exist any

non-trivial MDS b-symbol η-constacyclic code of length ps overR.

When δ1 = 0, by Theorem 5.2.4, all the distinct non-zero η-constacyclic codes of length

ps over R are given by 〈f0(x), f1(x)〉, where f0(x) = (x − η0)T0 + γ(x − η0)t1,0g1,0(x) if

1 ≤ T0 < ps, f0(x) = 0 if T0 = ps, f0(x) = 1 if T0 = 0 and f1(x) = γ(x − η0)T1 , where

0 ≤ T1 ≤ T0 ≤ ps, 0 ≤ t1,0 < T1 provided g1,0(x) 6= 0, and g1,0(x) ∈ Fpm [x] is either 0 or

a unit inRη satisfying deg g1,0(x) < T1 − t1,0. Further, when 1 ≤ T0 < ps and g1,0(x) 6= 0,

one can easily show that ps − T0 + t1,0 ≥ T1. From this and by applying Theorem 6.5.4(b),

all the distinct non-trivial MDS b-symbol η-constacyclic codes of length ps overR are given

by

〈(x− η0)T0 + γ(x− η0)t1,0g1,0(x)〉

with max{0, 2T0 − ps} ≤ t1,0 < T0 if g1,0(x) 6= 0, and g1,0(x) as either 0 or of the form
T0−t1,0−1∑

j=0

Aj(x− η0)j, Aj ∈ Fpm for 0 ≤ j ≤ T0 − t1,0 − 1 and A0 6= 0, where

• 1 ≤ T0 ≤ ps − b when s ≥ 1 and ps−1 + 1 ≤ b ≤ ps − 1.

• T0 ∈ {ps − b, 1, 2, · · · , b}
⋃(⋃

ω

{(ω + 1)ps−1 − b, (ω + 1)ps−1 − b+ 1, (ω + 1)ps−1

−b+ 2, · · · , (ω + 1)b}
)

when s ≥ 2 and 2 ≤ b ≤ ps−1 − 1. Here the union
⋃
ω

runs

over all integers ω satisfying 1 ≤ ω ≤ p− 2 and (ω + 2)b− (ω + 1)ps−1 ≥ 0.

• 1 ≤ T0 ≤ (p− 1)ps−1 when s ≥ 2 and b = ps−1. �



Chapter 7

Depth distributions of constacyclic codes
over finite commutative chain rings and
roulette games

7.1 Introduction

The purpose of this chapter is two-fold. First of all, we shall study depths of codewords

of all repeated-root (α + γβ)-constacyclic codes of prime power lengths over a finite

commutative chain ring R, where α is a non-zero element of the Teichmüller set of R, γ

is a generator of the maximal ideal of R and β is a unit in R. As an application, we shall

explicitly determine depth distributions of all repeated-root (α+ γβ)-constacyclic codes of

prime power lengths over R. Secondly, we shall propose two new turn-based two player

roulette games and provide positional winning strategies for these games in terms of depths

of words over a finite commutative ring with unity R. We shall also discuss the feasibility of

these winning strategies by applying our results on depths of codewords of repeated-root

(α + γβ)-constacyclic codes of prime power lengths overR.

This chapter is organized as follows: In Section 7.2, we state some preliminaries that

are needed to prove our main results. In Section 7.3, we study depths of codewords of

all repeated-root (α + γβ)-constacyclic codes of prime power lengths overR, where α is

a non-zero element of the Teichmüller set of R and β is a unit in R. We also explicitly

determine depth distributions of all repeated-root (α + γβ)-constacyclic codes of prime

power lengths overR. In Section 7.4, we propose two new turn-based two player roulette

games and provide positional winning strategies for these games in terms of depths of words

over a finite commutative ring with unity R.

169
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7.2 Some preliminaries

Let R be a finite commutative ring with unity, N be a positive integer, and let RN be the

R-module consisting of all N -tuples over R. Elements of RN are called words of length N

over R. A word in RN is said to be a repeated word if all its components are equal, otherwise

it is called a non-repeated word. The derivative D : RN → RN−1 is defined as

D(a0, a1, · · · , aN−1) = (a1 − a0, a2 − a1, · · · , aN−1 − aN−2)

for each (a0, a1, · · · , aN−1) ∈ RN . The depth of a vector a ∈ RN , denoted by depth(a),

is defined as the smallest integer i (if it exists) satisfying 0 ≤ i ≤ N − 1 and Di(a) =

(0, 0, · · · , 0) ∈ RN−i. If no such integer i exists (i.e., DN−1(a) 6= 0), then the depth of the

vector a is defined to be N. It is easy to see that depth(a) = i if and only if Di−1(a) =

(r, r, · · · , r) ∈ RN−i+1 for some r( 6= 0) ∈ R. Further, note that depth(a) = 0 if and only if

a = (0, 0, · · · , 0) ∈ RN .

Definition 7.2.1. [32] Let C be a code of length N over R (i.e., a subset of RN ). For

0 ≤ ρ ≤ N, let Dρ(C) denote the number of codewords in C having the depth as ρ. Then the

depth distribution and the depth spectrum of the code C are defined as follows:

• The depth distribution of the code C is defined as the list

D0(C) = 1,D1(C),D2(C), · · · ,DN(C).

• The depth spectrum of the code C is defined as the set

Depth(C) = {i : 1 ≤ i ≤ N and Di(C) 6= 0}.

Recall that for a unit λ ∈ R, the study of λ-constacyclic codes of length N over R is

equivalent to the study of ideals of the quotient ring R[x]/〈xN − λ〉. Now the derivative

of c(x) = c0 + c1x + · · · + cN−1x
N−1 ∈ R[x]/〈xN − λ〉 is defined as the derivative

of the vector c = (c0, c1, · · · , cN−1) ∈ RN . In view of this, the depth of an element
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c(x) = c0 + c1x + · · · + cN−1x
N−1 ∈ R[x]/〈xN − λ〉, denoted by depth(c(x)), is defined

as the depth of the vector c = (c0, c1, · · · , cN−1) ∈ RN . Now the following proposition is

useful in the determination of derivatives of non-zero codewords of λ-constacyclic codes.

Proposition 7.2.1. [62] Let 0 ≤ i ≤ N − 1 be fixed. For c(x) ∈ R[x]/〈xN − λ〉, let us write

(1− x)ic(x) = c0 + c1x+ c2x
2 + · · ·+ cN−1x

N−1 modulo xN − λ. Then the ith derivative

Di(c(x)) of the element c(x) is given by

Di(c(x)) = (ci, ci+1, · · · , cN−1),

i.e., Di(c(x)) appears as the last N − i coefficients of the polynomial (1− x)ic(x) modulo

xN − λ.

From now on, throughout this chapter, letR be a finite commutative chain ring with unity,

and let γ be a generator of the maximal ideal ofR. LetR = R/〈γ〉 be the residue field of

R. Let e be the nilpotency index of γ, and let T be the Teichmüller set ofR. AsR is a finite

field, we assume thatR ' Fpm for some prime p and positive integer m, where Fpm is the

finite field of order pm. Now by Theorem 2.0.6(c), we see that a unit λ ∈ R can be written

as λ = α + γβ, where α( 6= 0) ∈ T is uniquely fixed and β ∈ {0} ∪ (R \ 〈γe−1〉) . Further,

for each positive integer s, by Theorem 2.0.6(b), we see that there exists α0(6= 0) ∈ T

satisfying α = αp
s

0 , which implies that λ = αp
s

0 + γβ.

From this point on, we assume that λ = αp
s

0 + γβ, where α0(6= 0) ∈ T and β is a unit in

R.

From now on, we shall follow the same notations as in Section 7.2. In the following

section, we shall study depths of codewords of λ-constacyclic codes of length ps over R,

where p is a prime number, s is a positive integer, and λ = αp
s

0 + γβ with α0(6= 0) ∈ T and

β a unit inR. As a consequence, we shall determine depth distributions of all λ-constacyclic

codes of length ps overR.
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7.3 Depths of codewords of λ-constacyclic codes of length

ps overR

Etzion [32, Th. 1] showed that non-zero codewords of a k-dimensional linear code C over

a finite field attain k distinct non-zero depth values and that any k non-zero codewords of

C with distinct depths form a basis of the code. Using this result, Luo et al. [58, Prop. 8]

showed that depth distributions of linear codes over arbitrary finite fields are completely

determined by their depth spectra. As linear codes over finite commutative chain rings

are not free modules in general, we note that Theorem 1 of Etzion [32] and the technique

employed to prove Proposition 8 of Luo et al. [58] can not be extended to study depths

of codewords of linear codes over finite commutative chain rings and to determine their

depth distributions. So we need to follow a new and different approach to study depths of

non-zero codewords of λ-constacyclic codes of length ps over R, and to determine their

depth distributions.

In order to study depths of codewords of all λ-constacyclic codes of length ps overR, we

first recall, by Theorem 5.2.1(c), that all the distinct non-zero λ-constacyclic codes of length

ps over R are given by C`,u = 〈γ`(x − α0)
u〉, where 0 ≤ ` ≤ e − 1 and 0 ≤ u < ps. The

following lemma plays a key role in studying depths of codewords of λ-constacyclic codes

of length ps overR.

Lemma 7.3.1. Let λ = αp
s

0 + γβ, where α0(6= 0) ∈ T and β is a unit in R. Let C`,u =

〈γ`(x−α0)
u〉 be a non-trivial λ-constacyclic code of length ps overR, where 0 ≤ ` ≤ e− 1

and 0 ≤ u < ps. Then each codeword C(x) ∈ C`,u can be uniquely expressed as

C(x) = c0 + c1(x− α0) + · · ·+ cu−1(x− α0)
u−1 + cu(x− α0)

u + cu+1(x− α0)
u+1

+ · · ·+ cps−1(x− α0)
ps−1,

where c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1, · · · , cps−1 ∈ 〈γ`〉.

Proof. It follows immediately from Lemma 5.5.1.
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Now we shall distinguish the following two cases: (i) α0 = 1 and (ii) α0 6= 1.

7.3.1 The case α0 = 1

Throughout this section, we assume that α0 = 1. Here we have λ = 1 + γβ, where β

is a unit in R. Further, for 1 ≤ k ≤ ps − 1, 0 ≤ i ≤ ps − 1 and 0 ≤ t ≤ ps − 1, let Q(t)
i,k

denote the coefficient of xt in (x− 1)p
s−k+i modulo xps − λ. We first make the following

observation.

Lemma 7.3.2. Let 1 ≤ k ≤ ps − 1 be fixed.

(a) For k ≤ i ≤ ps − 1 and ps − k ≤ t ≤ ps − 1, we have Q(t)
i,k ≡ 0 (mod p).

(b) For 0 ≤ t ≤ ps − 1, we have Q(t)
k−1,k ≡ 1 (mod p).

Proof. (a) To prove the result, we will apply induction on k ≥ 1.

To begin with, we note that Q(ps−1)
i,1 =

(
ps−1+i
ps−1

)
(−1)i for 1 ≤ i ≤ ps − 1. Further, the

p-adic representation of ps−1 is given by ps−1 = (p−1)+p(p−1)+· · ·+ps−1(p−1).

Since there is at least one carry when ps − 1 is added to i in the base p, by applying

Theorem 2.0.9, we see that

Q(ps−1)
i,1 ≡

(
ps − 1 + i

i

)
(−1)i ≡ 0 (mod p) for 1 ≤ i ≤ ps − 1.

Thus the result holds when k = 1.

Next we assume that 2 ≤ j ≤ ps − 1 is a fixed integer and that the result holds

for k = j − 1. That is, we have Q(t)
i,j−1 ≡ 0 (mod p) for j − 1 ≤ i ≤ ps − 1 and

ps − j + 1 ≤ t ≤ ps − 1. Here we have to show that

Q(t)
i,j ≡ 0 (mod p) for j ≤ i ≤ ps − 1 and ps − j ≤ t ≤ ps − 1. (7.3.1)
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For this, we observe that

Q(0)
i,j−1 +Q(1)

i,j−1x+ · · ·+Q(ps−1)
i,j−1 x

ps−1 = (x− 1)p
s−j+1+i

= (x− 1)(x− 1)p
s−j+i = (x− 1)

(
Q(0)
i,j +Q(1)

i,j x+ · · ·+Q(ps−1)
i,j xp

s−1
)
.

This implies that

Q(ps−j+1)
i,j−1 = Q(ps−j)

i,j −Q(ps−j+1)
i,j ,

Q(ps−j+2)
i,j−1 = Q(ps−j+1)

i,j −Q(ps−j+2)
i,j ,

· · · · · · · · · · · · · · · · · · · · ·

Q(ps−2)
i,j−1 = Q(ps−3)

i,j −Q(ps−2)
i,j ,

Q(ps−1)
i,j−1 = Q(ps−2)

i,j −Q(ps−1)
i,j .

In view of this and by the induction hypothesis, we see that to prove (7.3.1), it is

enough to prove that

Q(ps−1)
i,j =

(
ps − j + i

ps − 1

)
(−1)i−j+1 ≡ 0 (mod p) for j ≤ i ≤ ps − 1.

Since the p-adic representation of ps−1 is ps−1 = (p−1)+p(p−1)+· · ·+ps−1(p−1),

there is at least one carry when ps − 1 is added to i − j + 1 in the base p. This, by

applying Theorem 2.0.9 again, implies that

Q(ps−1)
i,j =

(
ps − j + i

ps − 1

)
(−1)i−j+1 ≡ 0 (mod p).

This competes the proof of part (a).

(b) To prove this, let 0 ≤ t ≤ ps − 1 be fixed. We note that Q(t)
k−1,k =

(
ps−1
t

)
(−1)p

s−1−t.

Let us write t = t0 + pt1 + · · ·+ ps−1ts−1, where 0 ≤ ti ≤ p− 1 for 0 ≤ i ≤ s− 1.

As the p-adic representation of ps − 1 is given by

ps − 1 = (p− 1) + p(p− 1) + · · ·+ ps−1(p− 1),
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by applying Theorem 2.0.10, we get

(
ps − 1

t

)
≡
(
p− 1

t0

)(
p− 1

t1

)
· · ·
(
p− 1

ts−1

)
(mod p). (7.3.2)

Further, one can easily observe that
(
p−1
j

)
≡ (−1)j (mod p) for each integer j satisfy-

ing 0 ≤ j ≤ p− 1. Using this and by (7.3.2), we obtain

Q(t)
k−1,k =

(
ps − 1

t

)
(−1)p

s−1−t ≡ (−1)p
s−1−t1(p−1)−t2(p2−1)−···−ts−1(ps−1−1)

≡ 1 (mod p),

which proves (b).

In the following theorem, we provide a method to determine codewords with a prescribed

depth in a λ-constacyclic code of length ps overR, where λ = 1 + γβ with β a unit inR.

Theorem 7.3.1. Let λ = 1 + γβ, where β is a unit in R. Let C`,u = 〈γ`(x − 1)u〉 be a

λ-constacyclic code of length ps overR, where 0 ≤ ` ≤ e− 1 and 0 ≤ u < ps. Further, let

C(x) ∈ C`,u be a non-zero codeword with the unique representation as

C(x) = c0 + c1(x− 1) + · · ·+ cu−1(x− 1)u−1 + cu(x− 1)u + · · ·+ cps−1(x− 1)p
s−1,

where c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1, · · · , cps−1 ∈ 〈γ`〉. Then the following hold.

(a) For 1 ≤ k ≤ ps− 1, the depth of the codeword C(x) ∈ C`,u is ps− k+ 1 if and only if

c0, c1, · · · , cps−1 satisfy the following matrix equation for some non-zero τ ∈ 〈γ`+1〉

when k ≤ u and for some non-zero τ ∈ 〈γ`〉 when k > u:
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

1 Q(ps−k)
1,k Q(ps−k)

2,k · · · Q(ps−k)
k−2,k Q(ps−k)

k−1,k

0 1 Q(ps−k+1)
2,k · · · Q(ps−k+1)

k−2,k Q(ps−k+1)
k−1,k

0 0 1 · · · Q(ps−k+2)
k−2,k Q(ps−k+2)

k−1,k

...
...

...
. . .

...
...

0 0 0 · · · 1 Q(ps−2)
k−1,k

0 0 0 · · · 0 1





−c0

−c1

−c2

...

−ck−2

τ − ck−1



=



τ(Q(ps−k)
k−1,k − 1) +

ps−1∑
j=k

cjQ(ps−k)
j,k

τ(Q(ps−k+1)
k−1,k − 1) +

ps−1∑
j=k

cjQ(ps−k+1)
j,k

τ(Q(ps−k+2)
k−1,k − 1) +

ps−1∑
j=k

cjQ(ps−k+2)
j,k

...

τ(Q(ps−2)
k−1,k − 1) +

ps−1∑
j=k

cjQ(ps−2)
j,k

ps−1∑
j=k

cjQ(ps−1)
j,k



.

(7.3.3)

(b) The depth of the codeword C(x) ∈ C`,u is 1 if and only if c0, c1, · · · , cps−1 satisfy the

following matrix equation:
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

1 Q(1)
1,ps−1 Q(1)

2,ps−1 · · · Q(1)
ps−4,ps−1 Q(1)

ps−3,ps−1 Q(1)
ps−2,ps−1

0 1 Q(2)
2,ps−1 · · · Q(2)

ps−4,ps−1 Q(2)
ps−3,ps−1 Q(2)

ps−2,ps−1

0 0 1 · · · Q(3)
ps−4,ps−1 Q(3)

ps−3,ps−1 Q(3)
ps−2,ps−1

...
...

...
. . .

...
...

...

0 0 0 · · · 1 Q(ps−3)
ps−3,ps−1 Q(ps−3)

ps−2,ps−1

0 0 0 · · · 0 1 Q(ps−2)
ps−2,ps−1

0 0 0 · · · 0 0 1





−c0

−c1

−c2

...

−cps−4

−cps−3

−cps−2



=



cps−1Q(1)
ps−1,ps−1

cps−1Q(2)
ps−1,ps−1

cps−1Q(3)
ps−1,ps−1

...

cps−1Q(ps−3)
ps−1,ps−1

cps−1Q(ps−2)
ps−1,ps−1

cps−1Q(ps−1)
ps−1,ps−1



.

(7.3.4)

Proof. (a) To prove the result, we recall that depth(C(x)) = ps − k + 1 if and only

if Dps−k(C(x)) = (d, d, · · · , d) ∈ Rk for some d(6= 0) ∈ R. From this and by

Proposition 7.2.1, we see that depth(C(x)) = ps− k+ 1 if and only if the coefficients

of xps−k, xps−k+1, · · · , xps−1 in the codeword (1− x)p
s−kC(x) are equal to d modulo

xp
s − λ, where d is a non-zero element ofR.

First of all, we assume that the depth of C(x) ∈ C`,u is ps − k + 1. This implies that

the coefficients of xps−k, xps−k+1, · · · , xps−1 in the codeword (1− x)p
s−kC(x) ∈ C`,u

are equal to d(6= 0) ∈ R. From this, it follows that c0, c1, · · · , cps−1 satisfy (7.3.3)

with τ = (−1)p
s−kd. Further, by Lemma 7.3.2, we see that Q(t)

k−1,k ≡ 1 (mod p) and
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Q(t)
i,k ≡ 0 (mod p) for k ≤ i ≤ ps − 1 and ps − k ≤ t ≤ ps − 1. This implies that

Q(t)
k−1,k− 1 ∈ 〈γ〉 and Q(t)

i,k ∈ 〈γ〉 for ps−k ≤ t ≤ ps− 1 and k ≤ i ≤ ps− 1.

Now using the fact that (−1)p
s−kd − ck−1 = ckQ(ps−1)

k,k + · · · + cps−1Q(ps−1)
ps−1,k and

ck, ck+1, · · · , cps−1 ∈ 〈γ`〉, we see that (−1)p
s−kd − ck−1 ∈ 〈γ`+1〉. From this, it

follows that d ∈ 〈γ`+1〉 when k ≤ u and that d ∈ 〈γ`〉 when k > u.

Next to prove the converse part, suppose that c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1,

· · · , cps−1 ∈ 〈γ`〉 satisfy the matrix equation (7.3.3) with τ ∈ 〈γ`+1〉\{0}when k ≤ u

and with τ ∈ 〈γ`〉 \ {0} when k > u. Then we observe that C(x) = c0 + c1(x− 1) +

· · ·+cu−1(x−1)u−1+cu(x−1)u+· · ·+cps−1(x−1)p
s−1 ∈ C`,u and that the coefficients

of xps−k, xps−k+1, · · · , xps−1 in the codeword (1 − x)p
s−kC(x) ∈ C`,u are equal to

(−1)p
s−kτ modulo xps − λ. From this, it follows that depth(C(x)) = ps− k+ 1. This

proves (a).

(b) Working in a similar manner as in part (a) and by applying Lemma 7.3.2(a), we observe

that the depth of the non-zero codeword C(x) = c0 + c1(x − 1) + · · · + cu−1(x −

1)u−1 + cu(x− 1)u + · · ·+ cps−1(x− 1)p
s−1 ∈ C`,u is 1 if and only if the coefficients

of x, x2, · · · , xps−1 in the codeword (1 − x)C(x) ∈ C`,u are zero modulo xps − λ,

which holds if and only if c0, c1, · · · , cps−1 satisfy the matrix equation (7.3.4).

In the following theorem, we determine depth distributions of all λ-constacyclic codes of

length ps overR when α0 = 1.

Theorem 7.3.2. Let λ = 1 + γβ, where β is a unit in R. Let C`,u = 〈γ`(x − 1)u〉 be a

non-trivial λ-constacyclic code of length ps overR, where 0 ≤ ` ≤ e− 1 and 0 ≤ u < ps. If

Dρ(C`,u) denotes the number of codewords in C having the depth as ρ for 1 ≤ ρ ≤ ps, then

Dρ(C`,u) =


pm(e−`) − 1 if ρ = 1;

(pm(e−`) − 1)pm(e−`)(ρ−1) if 2 ≤ ρ ≤ ps − u;

(pm(e−`−1) − 1)pm{(e−`−1)(ρ−1)+p
s−u} if ps − u+ 1 ≤ ρ ≤ ps.
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Proof. Here we need to determine the numbers Dps−k+1(C`,u) for 1 ≤ k ≤ ps. To do this,

by Lemma 7.3.1, we observe that each non-zero codeword C(x) ∈ C`,u can be uniquely

expressed as

C(x) = c0 + c1(x− 1) + · · ·+ cu−1(x− 1)u−1 + cu(x− 1)u + cu+1(x− 1)u+1

+ · · ·+ cps−1(x− 1)p
s−1,

where c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1, · · · , cps−1 ∈ 〈γ`〉. Now we shall consider the

following two cases separately: (i) 1 ≤ k ≤ ps − 1 and (ii) k = ps.

(i) First let 1 ≤ k ≤ ps − 1 so that 2 ≤ ps − k + 1 ≤ ps. Now by applying Theorem

7.2.1(a), we see that depth(C(x)) = ps − k + 1 if and only if c0, c1, · · · , cps−1 satisfy

the matrix equation (7.3.3) for some non-zero τ ∈ 〈γ`+1〉 when k ≤ u and for some

non-zero τ ∈ 〈γ`〉 when k > u. From this, one can easily observe that

Dps−k+1(C`,u) =

 (pm(e−`−1) − 1)pm{(e−`−1)(p
s−k)+ps−u} if 1 ≤ k ≤ u;

(pm(e−`) − 1)pm(e−`)(ps−k) if u+ 1 ≤ k ≤ ps − 1.

(ii) Next let k = ps so that ps − k + 1 = 1. Here by applying Theorem 7.2.1(b), we see that

depth(C(x)) = 1 if and only if c0, c1, · · · , cps−1 satisfy the matrix equation (7.3.4).

Now using the fact that C(x) 6= 0 and cps−1 ∈ 〈γ`〉, we observe that D1(C`,u) =

pm(e−`) − 1.

This completes the proof of the theorem.

In the following corollary, we determine depth spectra of all λ-constacyclic codes of

length ps overR when α0 = 1.

Corollary 7.3.1. Let λ = 1 + γβ, where β is a unit in R. Let C`,u = 〈γ`(x − 1)u〉 be a

non-trivial λ-constacyclic code of length ps overR, where 0 ≤ ` ≤ e− 1 and 0 ≤ u < ps.

Then the depth spectrum of the code C`,u is given by

Depth(C`,u) =

 {1, 2, · · · , ps} if 0 ≤ ` ≤ e− 2;

{1, 2, · · · , ps − u} if ` = e− 1.
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Proof. It follows immediately from Theorem 7.3.2.

7.3.2 The case α0 6= 1

In this section, we will consider the case α0 6= 1, and we will study depths of codewords

and determine depth distributions of all λ-constacyclic codes of length ps overR. Here we

assume, throughout this section, that λ = αp
s

0 + γβ, where α0 ∈ T \ {0, 1} and β is a unit

inR. We will first fix some notations.

For 1 ≤ k ≤ ps − 1, 0 ≤ w ≤ ps − 1 and 0 ≤ ` ≤ ps − 1, let J (`)
w,k ∈ R denote the

coefficient of x` in (x − 1)p
s−k(x − α0)

w modulo xps − λ. Further, for 1 ≤ k ≤ ps − 1,

let Ak denote the (ps − k) × ps matrix over R whose (i, j)th entry is J (k+i−1)
j−1,ps−k (i.e., the

coefficient of xk+i−1 in (x − 1)k(x − α0)
j−1 ∈ Rλ), and let Ak denote the (ps − k) × ps

matrix over R whose (i, j)th entry is J (k+i−1)
j−1,ps−k for 1 ≤ i ≤ ps − k and 1 ≤ j ≤ ps. For an

integer b ≥ 1 and a1, a2, · · · , ab ∈ R, let V(a1, a2, · · · , ab) denote the b× b Vandermonde

matrix over R whose (i, j)th entry is given by ai−1j for 1 ≤ i, j ≤ b. Further, for a monic

polynomial f(x) ∈ R[x] of degree less than or equal to b−2, let Uf (a1, a2, · · · , ab−1) denote

the (b− 1)× (b− 1) matrix overR, defined as follows:



1 1 1 · · · 1

a1 a2 a3 · · · ab−1

a21 a22 a23 · · · a2b−1

...
...

... . . . ...

ab−31 ab−32 ab−33 · · · ab−3b−1

f(a1) f(a2) f(a3) · · · f(ab−1)



.

To determine depth distributions of all λ-constacyclic codes of length ps overR, we shall

first prove the following three lemmas:
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Lemma 7.3.3. For an integer b ≥ 2, let a1, a2, · · · , ab−1 ∈ R, and let f(x) ∈ R[x] be a

monic polynomial of degree less than or equal to b− 2. We have

det Uf (a1, a2, · · · , ab−1) =

 0 if deg f(x) ≤ b− 3;

det V(a1, a2, · · · , ab−1) if deg f(x) = b− 2.

Proof. Proof is trivial.

Lemma 7.3.4. Let 1 ≤ k ≤ ps − 1, 0 ≤ ` ≤ ps − k, and let a1, a2, · · · , ak−1 be integers

satisfying 1 ≤ a1 < a2 < · · · < ak−1 < ps − `. Further, let B(`, a1, a2, · · · , ak−1) be the

k× k matrix overR, whose first column is the (`+ 1)th column of the matrix Aps−k and the

j th column is the (`+ aj−1 + 1)th column of the matrix Aps−k for 2 ≤ j ≤ k. Then we have

det B(`, a1, a2, · · · , ak−1)

=
a1a2 · · · ak−1 det V(a1, a2, · · · , ak−1)

(k − 1)!(k − 2)! · · · 3!2!1!
(1− α0)

{k`+a1+a2+···+ak−1−(k2)}.

Proof. To prove the result, we will apply induction on k ≥ 1.

When k = 1, we note that det B(`) = J (ps−1)
`,1 , where J (ps−1)

`,1 is the coefficient of xps−1

in the element (x− α0)
`(x− 1)p

s−1 ∈ Rλ. Further, it is easy to see that

J (ps−1)
`,1 =

∑̀
µ=0

(−1)µ
(
ps + µ− 1

ps − 1

)(
`

`− µ

)
(1− α0)

`−µ.

By Theorem 2.0.9, we observe that
(
ps+t−1
ps−1

)
≡ 0 (mod p) for 1 ≤ t ≤ `, which implies

that det B(`) = J (ps−1)
`,1 = (1− α0)

` inR. Thus the result holds when k = 1.

Now we assume that 2 ≤ k ≤ ps − 1 and that the result holds for k − 1, i.e., we have

det B(`, t1, t2, · · · , tk−2)

=
t1t2 · · · tk−2 det V(t1, t2, · · · , tk−2)

(k − 2)!(k − 3)! · · · 3!2!1!
(1− α0)

{(k−1)`+t1+t2+···+tk−2−(k−1
2 )}, (7.3.5)

where 0 ≤ ` ≤ ps − k + 1 and 1 ≤ t1 < t2 < · · · < tk−2 < ps − ` are integers.
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We assert that

det B(`, a1, a2, · · · , ak−1)

=
a1a2 · · · ak−1det V(a1, a2, · · · , ak−1)

(k − 1)!(k − 2)! · · · 3!2!1!
(1− α0)

{k`+a1+a2+···+ak−1−(k2)},

where 0 ≤ ` ≤ ps − k and 1 ≤ a1 < a2 < · · · < ak−1 < ps − ` are integers.

To prove this assertion, we first note that

B(`, a1, a2, · · · , ak−1) =



J (ps−k)
`,k J (ps−k)

`+a1,k
J (ps−k)
`+a2,k

· · · J (ps−k)
`+ak−1,k

J (ps−k+1)
`,k J (ps−k+1)

`+a1,k
J (ps−k+1)
`+a2,k

· · · J (ps−k+1)
`+ak−1,k

J (ps−k+2)
`,k J (ps−k+2)

`+a1,k
J (ps−k+2)
`+a2,k

· · · J (ps−k+2)
`+ak−1,k

...
...

... . . . ...

J (ps−1)
`,k J (ps−1)

`+a1,k
J (ps−1)
`+a2,k

· · · J (ps−1)
`+ak−1,k


.

Now for 0 ≤ i ≤ ps − 1, we see that

J (0)
i,k−1 + J (1)

i,k−1x+ · · ·+ J (ps−1)
i,k−1 xp

s−1 = (x− 1)p
s−k+1(x− α0)

i

= (x− 1)(x− 1)p
s−k(x− α0)

i

= (x− 1){J (0)
i,k + J (1)

i,k x+ · · ·+ J (ps−1)
i,k xp

s−1}.

This implies that

J (ps−k+1)
i,k−1 = J (ps−k)

i,k − J (ps−k+1)
i,k ,

J (ps−k+2)
i,k−1 = J (ps−k+1)

i,k − J (ps−k+2)
i,k ,

· · · · · · · · · · · · · · · · · · · · ·

J (ps−2)
i,k−1 = J (ps−3)

i,k − J (ps−2)
i,k ,

J (ps−1)
i,k−1 = J (ps−2)

i,k − J (ps−1)
i,k .
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In view of this and by applying suitable row operations on B(`, a1, a2, · · · , ak−1), we obtain

det B(`, a1, a2, · · · , ak−1) = det



J (ps−k+1)
`,k−1 J (ps−k+1)

`+a1,k−1 J (ps−k+1)
`+a2,k−1 · · · J (ps−k+1)

`+ak−1,k−1

J (ps−k+2)
`,k−1 J (ps−k+2)

`+a1,k−1 J (ps−k+2)
`+a2,k−1 · · · J (ps−k+2)

`+ak−1,k−1

J (ps−k+3)
`,k−1 J (ps−k+3)

`+a1,k−1 J (ps−k+2)
`+a2,k−1 · · · J (ps−k+3)

`+ak−1,k−1

...
...

... . . . ...

J (ps−1)
`,k−1 J (ps−1)

`+a1,k−1 J (ps−1)
`+a2,k−1 · · · J (ps−1)

`+ak−1,k−1

J (ps−1)
`,k J (ps−1)

`+a1,k
J (ps−1)
`+a2,k

· · · J (ps−1)
`+ak−1,k



.

From this, it follows that

det B(`, a1, a2, · · · , ak−1)

= (−1)k+1J (ps−1)
`,k det B(`+ a1, a2 − a1, a3 − a1, · · · , ak−1 − a1)

+(−1)k+2J (ps−1)
`+a1,k

det B(`, a2, a3, · · · , ak−1)

+(−1)k+3J (ps−1)
`+a2,k

det B(`, a1, a3, a4, · · · , ak−1)

+ · · · · · · · · · · · · · · · · · · · · ·

+(−1)k+k−1J (ps−1)
`+ak−2,k

det B(`, a1, a2, · · · , ak−3, ak−1)

+(−1)k+kJ (ps−1)
`+ak−1,k

det B(`, a1, a2, · · · , ak−2). (7.3.6)

Further, for t ∈ {0, a1, a2, · · · , ak−1}, we recall that J (ps−1)
`+t,k is the coefficient of xps−1 in

the element (x− 1)p
s−k(x− α0)

`+t ∈ Rλ, so we have

J (ps−1)
`+t,k =

`+t−k+1∑
µ=0

(−1)µ
(
ps + µ− 1

ps − 1

)(
`+ t

k + µ− 1

)
(1− α0)

`+t−k+1−µ.

Now using the fact that `+ t−k+1 ≤ ps−1 and by applying Theorem 2.0.9, we observe

that
(
ps+i
ps−1

)
≡ 0 (mod p) for 0 ≤ i ≤ ` + t− k and t ∈ {0, a1, a2, · · · , ak−1}. This implies
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that

J (ps−1)
`+t,k =

(
`+ t

k − 1

)
(1− α0)

`+t−k+1 ∈ R for t ∈ {0, a1, a2, · · · , ak−1}. (7.3.7)

On substituting the values of J (ps−1)
`+t,k ’s from (7.3.7) and values of the determinants from the

induction hypothesis (7.3.5) in equation (7.3.6), we get

det B(`, a1, a2, · · · , ak−1)

=
(1− α0)

{k`+a1+a2+···+ak−1−(k2)}

(k − 2)!(k − 3)! · · · 3!2!1!

×

{
(−1)k+1

(
`

k − 1

) k−1∏
j=2

(aj − a1)det V(a2 − a1, a3 − a1, · · · , ak−1 − a1)

+ (−1)k+2

(
`+ a1
k − 1

)
a2a3a4 · · · ak−1det V(a2, a3, a4, · · · , ak−1)

+ (−1)k+3

(
`+ a2
k − 1

)
a1a3a4 · · · ak−1det V(a1, a3, a4, · · · , ak−1)

+ · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+ (−1)k+k−1
(
`+ ak−2
k − 1

)
a1a2 · · · ak−3ak−1det V(a1, a2, · · · , ak−3, ak−1)

+ (−1)k+k
(
`+ ak−1
k − 1

)
a1a2a3 · · · ak−2det V(a1, a2, a3 · · · , ak−2)

}
. (7.3.8)

Further, for `+ t ≥ 0, we note that

(
`+ t

k − 1

)
=

k−1∑
µ=0

(
`

k − 1− µ

)(
t

µ

)
.

Using this and by (7.3.8), we see that
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det B(`, a1, a2, · · · , ak−1)

= (−1)k+2 (1−α0)
{k`+a1+a2+···+ak−1−(k2)}

(k−2)!(k−3)!···3!2!1! ×{
k−1∑
µ=1

(
`

k−µ−1

){ k−1∑
w=1

(−1)w−1
(
aw
µ

)
a1a2 · · · aw−1aw+1aw+2 · · · ak−1×

det V(a1, a2, · · · , aw−1, aw+1, aw+2, · · · , ak−1)
}

−
(

`
k−1

){ k−1∑
ν=1

(−1)νa1a2 · · · aν−1aν+1aν+2 · · · ak−1×

det V(a1, a2, · · · , aν−1, aν+1, aν+2, · · · , ak−1)

+
k−1∏
j=2

(aj − a1)det V(a2 − a1, a3 − a1, · · · , ak−1 − a1)
}}

.

This gives

det B(`, a1, a2, · · · , ak−1)

= (−1)2k+2 (1− α0)
{k`+a1+a2+···+ak−1−(k2)}

(k − 2)!(k − 3)! · · · 3!2!1!

×

{
k−1∑
µ=2

(
`

k − 1− µ

)
a1a2 · · · ak−1

µ!
det Ufµ−1(a1, a2, · · · , ak−1)

+

(
`

k − 2

)
a1a2 · · · ak−1det U1(a1, a2, · · · , ak−1)

}
,

where fw(x) = (x− 1)(x− 2) · · · (x− w) for 1 ≤ w ≤ k − 2. Now by applying Lemma

7.3.3, the desired assertion follows immediately.

Lemma 7.3.5. For 1 ≤ k ≤ ps − 1, a k × k matrix formed by any k consecutive columns of

Aps−k is invertible overR.

Proof. By Lemma 7.3.4, we see that

det B(`, 1, · · · , k − 1) =
(k − 1)!det V(1, 2, · · · , k − 1)

(k − 1)!(k − 2)! · · · 3!2!1!
(1− α0)

{k`+1+2+···+(k−1)−(k2)}

=
(k − 1)!(k − 2)! · · · 3!2!1!

(k − 1)!(k − 2)! · · · 3!2!1!
(1− α0)

k` = (1− α0)
k` 6= 0.
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This implies that a k× k matrix formed by any k consecutive columns of Aps−k is invertible.

From this, the desired result follows immediately.

In the following theorem, we provide a method to determine codewords with a prescribed

depth in a λ-constacyclic code of length ps overR, where λ = αp
s

0 +γβ with α0 ∈ T \{0, 1}

and β a unit inR.

Theorem 7.3.3. Let λ = αp
s

0 + γβ, where α0 ∈ T \ {0, 1} and β is a unit inR. Let C`,u be a

λ-constacyclic code of length ps overR, where 0 ≤ ` ≤ e− 1 and 0 ≤ u < ps. Further, let

C(x) ∈ C`,u be a non-zero codeword with the unique representation as

C(x) = c0 + c1(x− α0) + · · ·+ cu−1(x− α0)
u−1 + cu(x− α0)

u + cu+1(x− α0)
u+1

+ · · ·+ cps−1(x− α0)
ps−1,

where c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1, · · · , cps−1 ∈ 〈γ`〉. Then the following hold.

(a) For any integer k satisfying 1 ≤ k ≤ ps−u and k ≤ ps−1, the depth of the codeword

C(x) ∈ C`,u is ps − k + 1 if and only if c0, c1, · · · , cps−1 satisfy the following matrix

equation for some non-zero τ ∈ 〈γ`〉:



J (ps−k)
u,k J (ps−k)

u+1,k · · · J (ps−k)
u+k−2,k J (ps−k)

u+k−1,k

J (ps−k+1)
u,k J (ps−k+1)

u+1,k · · · J (ps−k+1)
u+k−2,k J (ps−k+1)

u+k−1,k

...
...

. . .
...

...

J (ps−2)
u,k J (ps−2)

u+1,k · · · J (ps−2)
u+k−2,k J (ps−2)

u+k−1,k

J (ps−1)
u,k J (ps−1)

u+1,k · · · J (ps−1)
u+k−2,k J (ps−1)

u+k−1,k





−cu

−cu+1

...

−cu+k−2

−cu+k−1



=



τ +
u−1∑
i=0

ciJ (ps−k)
i,k +

ps−1∑
j=u+k

cjJ (ps−k)
j,k

τ +
u−1∑
i=0

ciJ (ps−k+1)
i,k +

ps−1∑
j=u+k

cjJ (ps−k+1)
j,k

...

τ +
u−1∑
i=0

ciJ (ps−2)
i,k +

ps−1∑
j=u+k

cjJ (ps−2)
j,k

τ +
u−1∑
i=0

ciJ (ps−1)
i,k +

ps−1∑
j=u+k

cjJ (ps−1)
j,k


.

(7.3.9)
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(b) For ps − u+ 1 ≤ k ≤ ps − 1, the depth of the codeword C(x) ∈ C`,u is ps − k + 1 if

and only if c0, c1, · · · , cps−1 ∈ 〈γ`+1〉 and they satisfy the following matrix equation

for some non-zero τ ∈ 〈γ`+1〉:



1 J (ps−k)
1,k J (ps−k)

2,k · · · J (ps−k)
k−2,k J (ps−k)

k−1,k

0 1 J (ps−k+1)
2,k · · · J (ps−k+1)

k−2,k J (ps−k+1)
k−1,k

0 0 1 · · · J (ps−k+2)
k−2,k J (ps−k+2)

k−1,k

...
...

...
. . .

...
...

0 0 0 · · · 1 J (ps−2)
k−1,k

0 0 0 · · · 0 1





−c0

−c1

−c2

...

−ck−2

−ck−1



=



τ +
ps−1∑
j=k

cjJ (ps−k)
j,k

τ +
ps−1∑
j=k

cjJ (ps−k+1)
j,k

τ +
ps−1∑
j=k

cjJ (ps−k+2)
j,k

...

τ +
ps−1∑
j=k

cjJ (ps−2)
j,k

τ +
ps−1∑
j=k

cjJ (ps−1)
j,k



.

(7.3.10)

(c) The depth of the codeword C(x) ∈ C`,u is 1 if and only if c0, c1, · · · , cps−1 satisfy the

following matrix equation with c0, c1, · · · , cps−1 ∈ 〈γ`+1〉 when u ≥ 1 :
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

1 J (1)
1,ps−1 J (1)

2,ps−1 · · · J (1)
ps−4,ps−1 J (1)

ps−3,ps−1 J (1)
ps−2,ps−1

0 1 J (2)
2,ps−1 · · · J (2)

ps−4,ps−1 J (2)
ps−3,ps−1 J (2)

ps−2,ps−1

0 0 1 · · · J (3)
ps−4,ps−1 J (3)

ps−3,ps−1 J (3)
ps−2,ps−1

...
...

...
. . .

...
...

...

0 0 0 · · · 1 J (ps−3)
ps−3,ps−1 J (ps−3)

ps−2,ps−1

0 0 0 · · · 0 1 J (ps−2)
ps−2,ps−1

0 0 0 · · · 0 0 1





−c0

−c1

−c2

...

−cps−4

−cps−3

−cps−2



=



cps−1J (1)
ps−1,ps−1

cps−1J (2)
ps−1,ps−1

cps−1J (3)
ps−1,ps−1

...

cps−1J (ps−3)
ps−1,ps−1

cps−1J (ps−2)
ps−1,ps−1

cps−1J (ps−1)
ps−1,ps−1



.

(7.3.11)

Proof. To prove the result, we first recall, for 1 ≤ k ≤ ps−1, that depth(C(x)) = ps−k+1 if

and only if Dps−k(C(x)) = (d, d, · · · , d) ∈ Rk for some d( 6= 0) ∈ R. This, by Proposition

7.2.1, holds if and only if the coefficients of xps−k, xps−k+1, · · · , xps−1 in the codeword

(1− x)p
s−kC(x) ∈ C`,u are equal to d modulo xps − λ, where d is a non-zero element ofR.

(a) Let 1 ≤ k ≤ ps − u and k ≤ ps − 1. To prove the result, we first assume that the

depth of the codeword C(x) ∈ C`,u is ps − k + 1. This implies that the coefficients

of xps−k, xps−k+1, · · · , xps−1 in the codeword (1 − x)p
s−kC(x) ∈ C`,u are equal to

d for some non-zero d ∈ R. From this, it follows that c0, c1, · · · , cps−1 satisfy the

matrix equation (7.3.9) with τ = (−1)p
s−k+1d. Now using the fact that (−1)p

s−kd =
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c0J (ps−1)
0,k + c1J (ps−1)

1,k + · · ·+ cps−1J (ps−1)
ps−1,k and c0, c1, · · · , cps−1 ∈ 〈γ`〉, we see that

d ∈ 〈γ`〉 \ {0}.

Now to prove the converse part, suppose that c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1,

· · · , cps−1 ∈ 〈γ`〉 satisfy the matrix equation (7.3.9) with τ ∈ 〈γ`〉 \ {0}. Here we

observe that C(x) = c0 + c1(x− α0) + · · ·+ cu−1(x− α0)
u−1 + cu(x− α0)

u + · · ·+

cps−1(x− α0)
ps−1 ∈ C`,u and that the coefficients of xps−k, xps−k+1, · · · , xps−1 in the

codeword (1 − x)p
s−kC(x) ∈ C`,u are equal to (−1)p

s−k+1τ modulo xps − λ. From

this, it follows that depth(C(x)) = ps − k + 1. This completes the proof of the part

(a).

(b) Next let ps − u+ 1 ≤ k ≤ ps − 1. Here we first assume that the depth of the codeword

C(x) ∈ C`,u is ps−k+1. This implies that the coefficients of xps−k, xps−k+1, · · · , xps−1

in the codeword (1 − x)p
s−kC(x) ∈ C`,u are equal to d for some non-zero d ∈ R.

From this, it follows that c0, c1, · · · , cps−1 satisfy (7.3.9) with τ = (−1)p
s−k+1d. As

c0, c1, · · · , cps−1 ∈ 〈γ`〉, we have ci = γ`di, where di ∈ R for 0 ≤ i ≤ ps − 1. Since

c0, c1, · · · , cu−1 ∈ 〈γ`+1〉, we have d0, d1, · · · , du−1 ∈ 〈γ〉. Now using the fact that

(−1)p
s−kd = ck−1 + ck+1J (ps−1)

k,k + · · ·+ cps−1J (ps−1)
ps−1,k and ck−1, ck, · · · , cps−1 ∈ 〈γ`〉,

we see that d ∈ 〈γ`〉. So we can write (−1)p
s−k+1d = γ`g for some g ∈ R. Now as

c0, c1, · · · , cps−1 satisfy (7.3.9) with τ = (−1)p
s−k+1d, we get
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

1 J (ps−k)
1,k J (ps−k)

2,k · · · J (ps−k)
k−2,k J (ps−k)

k−1,k

0 1 J (ps−k+1)
2,k · · · J (ps−k+1)

k−2,k J (ps−k+1)
k−1,k

0 0 1 · · · J (ps−k+2)
k−2,k J (ps−k+2)

k−1,k

...
...

...
. . .

...
...

0 0 0 · · · 1 J (ps−2)
k−1,k

0 0 0 · · · 0 1





−γ`d0

−γ`d1

−γ`d2

...

−γ`dk−2

−γ`dk−1



=



γ`
(
g +

ps−1∑
j=k

djJ (ps−k)
j,k

)
γ`
(
g +

ps−1∑
j=k

djJ (ps−k+1)
j,k

)
γ`
(
g +

ps−1∑
j=k

djJ (ps−k+2)
j,k

)
...

γ`
(
g +

ps−1∑
j=k

djJ (ps−2)
j,k

)
γ`
(
g +

ps−1∑
j=k

djJ (ps−1)
j,k

)



.

From this and using the fact that 0 ≤ ` ≤ e− 1 and d0, d1, · · · , du−1 ∈ 〈γ〉, we obtain

−g = du J (ps−k)
u,k + du+1 J (ps−k)

u+1,k + · · ·+ dps−1 J (ps−k)
ps−1,k , (1)

−g = du J (ps−k+1)
u,k + du+1 J (ps−k+1)

u+1,k + · · ·+ dps−1 J (ps−k+1)
ps−1,k , (2)

−g = du J (ps−k+2)
u,k + du+1 J (ps−k+2)

u+1,k + · · ·+ dps−1 J (ps−k+2)
ps−1,k , (3)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

−g = du J (ps−3)
u,k + du+1 J (ps−3)

u+1,k + · · ·+ dps−1 J (ps−3)
ps−1,k , (k − 2)

−g = du J (ps−2)
u,k + du+1 J (ps−2)

u+1,k + · · ·+ dps−1 J (ps−2)
ps−1,k , (k − 1)

−g = du J (ps−1)
u,k + du+1 J (ps−1)

u+1,k + · · ·+ dps−1 J (ps−1)
ps−1,k . (k)
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Next for u ≤ i ≤ ps − 1, we observe that

J (0)
i,k−1 + J (1)

i,k−1x+ · · ·+ J (ps−1)
i,k−1 xp

s−1

= (x− 1)p
s−k+1(x− α0)

i

= (x− 1)(x− 1)p
s−k(x− α0)

i

= (x− 1){J (0)
i,k + J (1)

i,k x+ · · ·+ J (ps−1)
i,k xp

s−1},

which implies that

J (ps−k+1)
i,k−1 = J (ps−k)

i,k − J (ps−k+1)
i,k ,

J (ps−k+2)
i,k−1 = J (ps−k+1)

i,k − J (ps−k+2)
i,k ,

· · · · · · · · · · · · · · · · · · · · ·

J (ps−2)
i,k−1 = J (ps−3)

i,k − J (ps−2)
i,k ,

J (ps−1)
i,k−1 = J (ps−2)

i,k − J (ps−1)
i,k .

In view of this and by subtracting the equation (t+ 1) from the equation (t) for

1 ≤ t ≤ k − 1, we get

du J (ps−k+1)
u,k−1 + du+1 J (ps−k+1)

u+1,k−1 + · · ·+ dps−1 J (ps−k+1)
ps−1,k−1 = 0,

du J (ps−k+2)
u,k−1 + du+1 J (ps−k+2)

u+1,k−1 + · · ·+ dps−1 J (ps−k+2)
ps−1,k−1 = 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

du J (ps−2)
u,k−1 + du+1 J (ps−2)

u+1,k−1 + · · ·+ dps−1 J (ps−2)
ps−1,k−1 = 0,

du J (ps−1)
u,k−1 + du+1 J (ps−1)

u+1,k−1 + · · ·+ dps−1 J (ps−1)
ps−1,k−1 = 0.


(7.3.12)

Further, by Lemma 7.3.5, we see that a k − 1 × k − 1 matrix formed by any k − 1

consecutive columns of Aps−k+1 is invertible overR, which implies a matrix formed

by the last k − 1 columns of Aps−k+1 is invertible over R. This further implies that

the last ps − u columns of Aps−k+1 are linear independent overR, as ps − u ≤ k− 1.



192
Chapter 7 Depth distributions of constacyclic codes over finite commutative chain rings and

roulette games

From this and by (7.3.12), we get

du = du+1 = · · · = dps−1 = 0 in R,

which implies that du, du+1, · · · , dps−1 ∈ 〈γ〉. As ci = γ`di for u ≤ i ≤ ps − 1,

we see that cu, cu+1, · · · , cps−1 ∈ 〈γ`+1〉. This shows that c0, c1, · · · , cps−1 ∈ 〈γ`+1〉.

Now using the fact that (−1)p
s−k+1d = ck−1 + ck+1J (ps−1)

k,k + · · ·+ cps−1J (ps−1)
ps−1,k and

ck−1, ck, · · · , cps−1 ∈ 〈γ`+1〉, we get d ∈ 〈γ`+1〉.

Now to prove the converse part, suppose that c0, c1, · · · , cps−1 ∈ 〈γ`+1〉 satisfy the

matrix equation (7.3.10) with τ ∈ 〈γ`+1〉\{0}. From this, we observe thatC(x) = c0+

c1(x−α0)+· · ·+cu−1(x−α0)
u−1+cu(x−α0)

u+· · ·+cps−1(x−α0)
ps−1 ∈ C`,u and that

the coefficients of xps−k, xps−k+1, · · · , xps−1 in the codeword (1− x)p
s−kC(x) ∈ C`,u

are equal to (−1)p
s−k+1τ modulo xps−λ. This implies that depth(C(x)) = ps−k+1.

This proves (b).

(c) Here working in a similar manner as in part (b), we observe that depth(C(x)) = 1 if

and only if the coefficients of x, x2, · · · , xps−1 in the codeword (1− x)C(x) are zero

modulo xps−λ, which holds if and only if c0, c1, · · · , cps−1 satisfy the matrix equation

(7.3.11) with c0, c1, · · · , cps−1 ∈ 〈γ`+1〉 when u ≥ 1.

This completes the proof of the theorem.

In the following theorem, we determine depth distributions of all λ-constacyclic codes of

length ps overR when α0 6= 1.

Theorem 7.3.4. Let λ = αp
s

0 + γβ, where α0 ∈ T \ {0, 1} and β is a unit in R. Let

C`,u = 〈γ`(x − α0)
u〉 be a non-trivial λ-constacyclic code of length ps over R, where

0 ≤ ` ≤ e− 1 and 0 ≤ u < ps. If Dρ(C`,u) denotes the number of codewords in C having

the depth as ρ for 1 ≤ ρ ≤ ps, then we have

Dρ(C`,u) =


pm(e−`−1) − 1 if ρ = 1 and u ≥ 1;

(pm(e−`−1) − 1)pm(e−`−1)(ρ−1) if 2 ≤ ρ ≤ u;

(pm(e−`) − 1)pm{(e−`)(ρ−1)−u} if u+ 1 ≤ ρ ≤ ps.
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Proof. Here we need to determine the numbers Dps−k+1(C`,u) for 1 ≤ k ≤ ps. For this, we

see, by Lemma 7.3.1, that each non-zero codeword C(x) ∈ C`,u can be uniquely expressed

as

C(x) = c0 + c1(x− α0) + · · ·+ cu−1(x− α0)
u−1 + cu(x− α0)

u + cu+1(x− α0)
u+1+

· · ·+ cps−1(x− α0)
ps−1,

where c0, c1, · · · , cu−1 ∈ 〈γ`+1〉 and cu, cu+1, · · · , cps−1 ∈ 〈γ`〉. Now we shall distinguish

the following three cases: (i) 1 ≤ k ≤ ps − u and k ≤ ps − 1 (ii) ps − u+ 1 ≤ k ≤ ps − 1

and (iii) k = ps.

(i) Let 1 ≤ k ≤ ps − u and k ≤ ps − 1. Here by Theorem 7.3.3(a), we see that

depth(C(x)) = ps − k + 1 if and only if c0, c1, · · · , cps−1 satisfy the matrix equation

(7.3.9) for some non-zero τ ∈ 〈γ`〉. Using this and by applying Lemma 7.3.5, we

obtain

Dps−k+1(C`,u) = (pm(e−`) − 1)pm{(e−`−1)u+(e−`)(ps−u−k)}.

(ii) Next let ps − u + 1 ≤ k ≤ ps − 1. Here by applying Theorem 7.3.3(b), we see that

depth(C(x)) = ps − k + 1 if and only if c0, c1, · · · , cps−1 ∈ 〈γ`+1〉 satisfy the matrix

equation (7.3.10) for some non-zero τ ∈ 〈γ`+1〉. From this, we observe that

Dps−k+1(C`,u) = (pm(e−`−1) − 1)pm(e−`−1)(ps−k).

(iii) Let k = ps, so that we have ps − k + 1 = 1. Here by applying Theorem 7.3.3(c), we

see that depth(C(x)) = 1 if and only if c0, c1, · · · , cps−1 satisfy the matrix equation

(7.3.11) with c0, c1, · · · , cps−1 ∈ 〈γ`+1〉 when u ≥ 1. Now using the fact that C(x) 6=

0, cps−1 ∈ 〈γ`+1〉 when u ≥ 1 and cps−1 ∈ 〈γ`〉 when u = 0, one can observe that

D1(C`,u) =

 pm(e−`−1) − 1 when u ≥ 1;

pm(e−`) − 1 when u = 0.

This completes the proof of the theorem.
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In the following corollary, we determine depth spectra of all λ-constacyclic codes of

length ps overR when α0 6= 1.

Corollary 7.3.2. Let λ = αp
s

0 + γβ, where α0 ∈ T \ {0, 1} and β is a unit in R. Let

C`,u = 〈γ`(x − α0)
u〉 be a non-trivial λ-constacyclic code of length ps over R, where

0 ≤ ` ≤ e− 1 and 0 ≤ u < ps. Then the depth spectrum of the code C`,u is given by

Depth(C`,u) =

 {1, 2, · · · , ps} if 0 ≤ ` ≤ e− 2;

{u+ 1, u+ 2, · · · , ps} if ` = e− 1.

Proof. It follows immediately from Theorem 7.3.4.

In the next section, we will propose two new turn-based two player roulette games and

provide positional winning strategies for these games in terms of depths of words over a

finite commutative ring with unity R.

7.4 Roulette games

A turn-based two player game is defined as a game played between two players in which

the moves of the players are interleaved. The board games such as chess and tic-tac-toe

are classical examples of turn-based two player games. A two player game is solved by

providing a winning strategy for one of the players. In general, a winning strategy for a

player is defined as a finite sequence of moves (i.e., a strategy) that enables the player to

achieve the game target, irrespective of the moves of the opponent. Further, a winning

strategy is said to be optimal if there is no other winning strategy that ensures the win for the

player in a fewer number of moves. For more details, please refer to [59, 60, 85]. A winning

strategy is said to be positional if it depends only on the current position of the play and not

on the history of the play [18].

To define the roulette games, throughout this section, let R be a finite commutative ring

with unity 1, and let r0 = 0, r1, r2, · · · , rσ−1 be all the distinct elements of the ring R,

where r0 = 0 is the zero element of R. Here when σ ≥ 3, we shall identify a roulette by a

regular polygon having σ sides, which are labelled as r0, r1, r2, · · · , rσ−1 cyclically in the
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F I G U R E 7 . 1 : Roulette when σ ≥ 3

anticlockwise direction (see Figure 7.1). Since a regular polygon with σ number of sides has

a rotational symmetry of order σ, we assume that each roulette is free to rotate by an angle

of 360◦

σ
× u in the anticlockwise direction, where 0 ≤ u ≤ σ − 1 is an integer.

On the other hand, when σ = 2, we have R = Z2 = {0, 1}. Here we shall identify a

roulette by a drinking glass. The drinking glass in the upright position corresponds to the

element 0 ∈ Z2, while the drinking glass in the upside down position corresponds to the

element 1 ∈ Z2.

7.4.1 Game 1

Consider the following game for two players, Player A and Player B, who are standing by

a table. We assume that Player A is the adversary and Player B is blind. The game starts

when Player B (blind) instructs Player A (the adversary) to place N drinking glasses on the

table in a row, either in the upright position or in the upside down position, in such a way

that not all glasses have the same orientation, where N ≥ 2 is an integer. Player A labels

these glasses as 0, 1, 2, · · · , N − 1 from left to right. During the course of the game, Player

A will keep on removing either the leftmost glass or the rightmost glass (but not both) from

the row of glasses on the table before following instructions of Player B, unless all glasses

on the table are in the upright position. At the same time, Player B attempts to force Player

A to put all glasses on the table in the upright position by providing suitable instructions.

For ` = 1, 2, 3, · · · , N − 1, the `-th round of the game goes in the following manner.

I. Player B provides the key K`−1 =
(
k
(`−1)
0 , k

(`−1)
1 , · · · , k(`−1)N−`−1

)
∈ ZN−`2 to Player A.
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F I G U R E 7 . 2 : Example I

II. Now Player A removes either the leftmost glass or the rightmost glass (but not

both) from the row of glasses on the table, relabels the remaining N − ` glasses

as 0, 1, 2, · · · , N − ` − 1 from left to right, and inverts these glasses as per the key

K`−1, i.e., Player A inverts the i-glass on the table if and only if k(`−1)i = 1 for

0 ≤ i ≤ N − `− 1. This completes the `-th round.

III. Player B wins the game after the `-th round if all the N − ` glasses on the table are in

the upright position. Otherwise, the game continues with the (`+ 1)-th round.

We say that Player B wins the game if there exists an integer ` satisfying 1 ≤ ` ≤ N − 1

such that all glasses on the table are in the upright position after the `-th round. Otherwise,

Player B loses the game.

We illustrate this game in Figures 7.2 and 7.3. We further generalize this game for larger

alphabet sizes as follows:
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F I G U R E 7 . 3 : Example II

A generalization of Game 1 for larger alphabet sizes

Consider the following game for two players, Player A (the adversary) and Player B

(blind), who are standing by a table. The game starts when Player B (blind) instructs Player A

(the adversary) to place N identical roulettes on the table and to fix the orientations of these

roulettes in such a way that each roulette has a side parallel to the row of roulettes and visible

to both the players and that this particular side is not labelled by the same element of the ring

R (i.e., these N roulettes do not have the same orientation). Further, Player A labels these

N roulettes as 0, 1, 2, · · · , N − 1 as we move from left to right. In other words, the game

starts when Player B chooses a non-repeated word W0 = (W
(0)
0 ,W

(0)
1 , · · · ,W (0)

N−1) ∈ RN

(called the initial word), and instructs Player A to fix the orientations of all the N roulettes

on the table in such a way that the side of the j-th roulette parallel to the row of roulettes

and visible to both the players is labelled by the ring element W (0)
j ∈ R for 0 ≤ j ≤ N − 1.

During the course of the game, Player A has the freedom to remove either the leftmost

roulette or the rightmost roulette (but not both) from the row of roulettes on the table before

following the instructions of Player B, unless the side of each roulette parallel to the row

of roulettes and visible to both the players is labelled by the zero element r0 = 0 of the

ring R. At the same time, Player B attempts to force Player A to fix positions of all the

roulettes on the table in this special orientation by providing suitable instructions. Further,

for 1 ≤ ` ≤ N − 1, during the `-th round, when Player A removes either the leftmost or the
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F I G U R E 7 . 4 : The `-th round of Game 1

rightmost roulette from the row of roulettes on the table and relabels the remaining N − `

roulettes on the table as 0, 1, 2, · · · , N − `− 1 from left to right, suppose that the side of the

j-th roulette parallel to the row of roulettes and visible to both the players is labelled by the

ring element L`,j ∈ R for 0 ≤ j ≤ N − `− 1 as shown in Figure 7.4.

Now for ` = 1, 2, · · · , N − 1, the `-th round of the game goes in the following manner.

I. The `-th round of the game starts when Player B provides the key K`−1 =
(
k
(`−1)
0 ,

k
(`−1)
1 , · · · , k(`−1)N−`−1

)
∈ RN−` to Player A. Thereafter, Player A removes either the

rightmost or the leftmost roulette (but not both) from the row of roulettes on the table,

relabels the remaining N − ` roulettes as 0, 1, 2, · · · , N − `− 1 from left to right, and

then rotates these roulettes in such a way that either L`,j = W
(`−1)
j + k

(`−1)
j = W

(`)
j

for 0 ≤ j ≤ N − ` − 1 or L`,j = W
(`−1)
j+1 + k

(`−1)
j = W

(`)
j for 0 ≤ j ≤ N − ` − 1

according as the Player A removes the rightmost or the leftmost roulette from the

row of roulettes on the table. That is, Player A chooses the integer s`−1 as 0 or 1

according as the Player A removes the rightmost or the leftmost roulette from the row of

roulettes on the table, relabels the remaining N − ` roulettes as 0, 1, 2, · · · , N − `− 1

from left to right, and then rotates these roulettes on the table in such a way that

L`,j = W
(`−1)
j+s`−1

+ k
(`−1)
j = W

(`)
j for 0 ≤ j ≤ N − ` − 1. This completes the `-th

round.

II. Player B wins the game after the `-th round if L`,j = 0 for 0 ≤ j ≤ N − ` − 1.

Otherwise, the game continues with the (`+ 1)-th round.

We say that Player B wins the game if there exists an integer ` satisfying 1 ≤ ` ≤ N − 1

such that all the roulettes on the table are positioned in such a way that L`,j = 0 for

0 ≤ j ≤ N − `− 1 after the `-th round. Otherwise, Player B loses the game.
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Next for a word V = (v0, v1, · · · , vN−1) ∈ RN and 1 ≤ i ≤ N, let us define [V ]i =

(v0, v1, v2, · · · , vi−1) ∈ Ri and 〈V 〉i = (vN−i, vN−i+1, vN−i+2, · · · , vN−1) ∈ Ri. Further-

more, define a map E : RN → RN as E(V ) = (v1, v2, · · · , vN−1, v0) for each V =

(v0, v1, v2, · · · , vN−1) ∈ RN . Note that D(V ) = [E(V )− V ]N−1 for each V ∈ RN . We are

now ready to provide a mathematical version of Game 1.

Mathematical version of Game 1

The game starts when Player B chooses a non-repeated wordW0 = (W
(0)
0 ,W

(0)
1 , · · · ,W (0)

N−1)

∈ RN (called the initial word) and instructs Player A to rotate the roulettes placed on the

table in such a way that the side of the j-th roulette parallel to the row of roulettes and visible

to both the players is labelled by the ring element W (0)
j ∈ R for 0 ≤ j ≤ N − 1. Now for

` = 1, 2, · · · , N − 1, the `-th round of the game goes in the following manner.

I. The `-th round of the game starts when Player B provides the key K`−1 =
(
k
(`−1)
0 ,

k
(`−1)
1 , · · · , k(`−1)N−`−1

)
∈ RN−` to Player A. Thereafter, Player A chooses the integer

s`−1 as 0 or 1 according as the Player A removes the rightmost or the leftmost roulette

from the row of roulettes on the table, relabels the remaining N − ` roulettes as

0, 1, 2, · · · , N − `− 1 from left to right, and creates the word W` ∈ RN−` as

W` = [Es`−1 (W`−1)]N−` + K`−1 =
(
W

(`)
0 ,W

(`)
1 , · · · ,W (`)

N−`−1
)
.

Player A further rotates the remaining N − ` roulettes on the table in such a way that

L`,j = W
(`)
j for 0 ≤ j ≤ N − `− 1. This completes the `-th round.

II. Player B wins the game after the `-th round if W` =
(
W

(`)
0 ,W

(`)
1 , · · · ,W (`)

N−`−1
)

=

(0, 0, · · · , 0) ∈ RN−`. Otherwise, the game continues with the (`+ 1)-th round.

We say that Player B wins the game if there exists an integer ` satisfying 1 ≤ ` ≤ N − 1 and

W` = (0, 0, · · · , 0) ∈ RN−` (or equivalently, if all the roulettes on the table are positioned

in such a way that L`,j = 0 for 0 ≤ j ≤ N − `− 1) after the `-th round. Otherwise, Player

B loses the game.

In the following theorem, we show that Player B has no positional winning strategy in

Game 1 if Player B chooses an initial word W0 ∈ RN of depth N.
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Theorem 7.4.1. In Game 1, Player B has no positional winning strategy if Player B chooses

an initial word W0 ∈ RN of depth N.

Proof. Let us suppose that Player B chooses an initial word W0 ∈ RN of depth N. Here we

will prove that there is no positional winning strategy for Player B. For this, we will show

that given any set of keys suggested by Player B, there is a strategy for Player A, which does

not allow Player B to win the game.

Suppose that K0,K1, · · · ,KN−2 are the keys provided by Player B during 1st, 2nd, · · · ,

(N−1)-th rounds, respectively. Now for 1 ≤ ` ≤ N−2,we assert that there exists an integer

s`−1 ∈ {0, 1} such that the depth of the word W` = [Es`−1 (W`−1)]N−` + K`−1 ∈ RN−` is

N − `.

To prove this assertion, for 1 ≤ ` ≤ N−2, let us writeDN−`−1(W`−1) = (e
(`−1)
0 , e

(`−1)
1 ) ∈

R2, and let us define U` = [W`−1]N−` + K`−1 ∈ RN−` and V` = [E (W`−1)]N−` + K`−1 ∈

RN−` for 1 ≤ ` ≤ N − 2. Now we will apply induction on ` ≥ 1.

To prove the assertion for ` = 1, we note that DN−2(W0) =
(
e
(0)
0 , e

(0)
1

)
and depth(W0) =

N. So we must have e(0)0 6= e
(0)
1 . Next we observe that

DN−2(U1) = [DN−2(W0)]1 +DN−2(K0) and DN−2(V1) = 〈DN−2(W0)〉1 +DN−2(K0).

This implies that

DN−2(U1) = e
(0)
0 +DN−2(K0) and DN−2(V1) = e

(0)
1 +DN−2(K0).

Further, since e(0)0 6= e
(0)
1 , both DN−2(U1) and DN−2(V1) can not be zero. This shows that

either depth(U1) = N−1 or depth(V1) = N−1. Now let us choose the wordW1 as U1 or V1

according as depth(U1) = N − 1 or depth(V1) = N − 1. Thus the above assertion holds

when ` = 1.

Now let `0 be a fixed integer satisfying 2 ≤ `0 ≤ N − 2. Suppose that the above assertion

holds for ` = `0 − 1. That is, there exists an integer s`0−2 ∈ {0, 1} such that the depth of the

word W`0−1 = [Es`0−2 (W`0−2)]N−`0+1 + K`0−2 ∈ RN−`0+1 is N − `0 + 1.
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Now to prove the assertion for ` = `0, we see that DN−`0−1(W`0−1) =
(
e
(`0−1)
0 , e

(`0−1)
1

)
and depth(W`0−1) = N − `0 + 1, which implies that e(`0−1)0 6= e

(`0−1)
1 . Further, as

DN−`0−1(U`0) = [DN−`0−1(W`0−1)]1 +DN−`0−1(K`0−1)

and

DN−`0−1(V`0) = 〈DN−`0−1(W`0−1)〉1 +DN−`0−1(K`0−1),

we get

DN−`0−1(U`0) = e
(`0−1)
0 +DN−`0−1(K`0−1)

and

DN−`0−1(v`0) = e
(`0−1)
1 +DN−`0−1(K`0−1).

As e(`0−1)0 6= e
(`0−1)
1 , both DN−`0−1(U`0) and DN−`0−1(V`0) can not be zero. Now let us

choose the wordW`0 asU`0 or V`0 according as depth(U`0) = N−`0 or depth(V`0) = N−`0.

This completes the proof of the assertion.

Now let us consider the scenario, in which Player A, being the adversary, chooses an

integer s`−1 ∈ {0, 1} such that the depth of the word W` = [Es`−1 (W`−1)]N−` + K`−1 ∈

RN−` is N − ` for 1 ≤ ` ≤ N − 2. By the above assertion, we see that such an integer

s`−1 always exists for 1 ≤ ` ≤ N − 2, WN−2 ∈ R2 and depth(WN−2) = 2. Now as

WN−2 = (W
(N−2)
0 ,W

(N−2)
1 ), we must have W (N−2)

0 6= W
(N−2)
1 . From this, we see that

either [WN−2]1 + KN−2 = W
(N−2)
0 + KN−2 6= 0 or [E (WN−2)]1 + KN−2 = W

(N−2)
1 +

KN−2 6= 0. Now Player A, being the adversary, will choose sN−2 ∈ {0, 1} such that

WN−1 = [EsN−2 (WN−2)]1 + KN−2 6= 0. Hence Player B loses the game.

This completes the proof of the theorem.

In the following theorem, we show that Player B has a positional winning strategy in

Game 1 if Player B chooses an initial word W0 ∈ RN of depth at most N − 1.

Theorem 7.4.2. In Game 1, Player B has a positional winning strategy if Player B chooses

an initial word W0 ∈ RN satisfying depth(W0) ≤ N − 1.
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Proof. Suppose that Player B chooses an initial word W0 ∈ RN satisfying depth(W0) =

t ≤ N − 1. Note that W0 is a non-repeated word. Now the following sequence of moves is a

winning strategy (?) for Player B:

I. Player B provides the key K0 = −[W0]N−1 ∈ RN−1 to Player A. Now Player A, being

the adversary, chooses the integer s0 = 1 (i.e., removes the leftmost roulette from the

row of roulettes on the table), creates the word W1 ∈ RN−1 as

W1 = [E(W0)]N−1 + K0 = [E(W0)]N−1 − [W0]N−1 = D(W0),

relabels the remaining N − 1 roulettes on the table as 0, 1, 2, · · · , N − 2 from left to

right, and rotates these roulettes in such a way that

(
L1,0,L1,1, · · · ,L1,N−2

)
= W1 = D(W0).

That is, Player A holds the word W1 = D(W0) after the first round.

II. Next for ` = 2, 3, · · · , N − 1 respectively, do the following steps: Assume that after

the (`− 1)-th round, Player A (the adversary) holds the word W`−1 = D`−1(W0) ∈

RN−`+1. Thereafter, Player B provides the key K`−1 = −[D`−1(W0)]N−` ∈ RN−`

to Player A. Now Player A, being the adversary, chooses the integer s`−1 = 1 (i.e.,

removes the leftmost roulette from the row of roulettes on the table), creates the word

W` ∈ RN−` as

W` = [E(W`−1)]N−` + K`−1 = [E(D`−1(W0))]N−` − [D`−1(W0)]N−` = D`(W0),

relabels the remaining N − ` roulettes on the table as 0, 1, 2, · · · , N − `− 1 from left

to right, and rotates these roulettes in such a way that

(
L`,0,L`,1, · · · ,L`,N−`−1

)
= W` = D`(W0).

That is, Player A holds the word W` = D`(W0) after the `-th round.

Now as depth(W0) = t ≤ N − 1, we have Wt = Dt(W0) = (0, 0, · · · , 0) ∈ RN−t. This
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implies that after t rounds, all the remaining N − t roulettes on the table are positioned in

such a way that Lt,j = 0 for 0 ≤ j ≤ N − t− 1. Hence Player B will win the game in at

most t rounds.

Remark 7.4.1. By Theorem 7.4.1, we note that Player B will always lose Game 1 if Player

B chooses an initial word W0 ∈ RN of depth N. On the other hand, if Player B chooses an

initial word W0 ∈ RN of depth t ≤ N − 1, then by Theorem 7.4.2, we see that Player B will

win this game in at most t rounds by following the strategy (?).

In the following theorem, we show that the winning strategy (?), provided in the proof of

Theorem 7.4.2, is an optimal winning strategy for Player B in Game 1.

Theorem 7.4.3. In Game 1, suppose that Player B chooses an initial word W0 ∈ RN such

that depth(W0) = t ≤ N − 1. Then there is no strategy that forces a win for Player B in less

than t rounds. As a consequence, the winning strategy (?), provided in the proof of Theorem

7.4.2, is an optimal winning strategy for Player B.

Proof. As depth(W0) = t ≤ N − 1, by following the winning strategy (?) provided in the

proof of Theorem 7.4.2, we see that Player B will win the game in at most t rounds.

Now to prove the result, we will show that given any set of keys provided by Player B,

there is a strategy for Player A, which does not allow Player B to win the game in less than t

rounds.

To do this, suppose that Player B provides the keys K0,K1, · · · ,KN−2 during 1st, 2nd,

· · · , (N−1)-th rounds, respectively. For 1 ≤ ` ≤ t−1, we assert that there exists an integer

s`−1 ∈ {0, 1} such that the depth of the word W` = [Es`−1 (W`−1)]N−` + K`−1 ∈ RN−` is

at least t− `.

To prove the assertion, let us define U` = [W`−1]N−` + K`−1 ∈ RN−` and V` =

[E (W`−1)]N−` + K`−1 ∈ RN−` for 1 ≤ ` ≤ t − 1. Now we will apply induction on

` ≥ 1.

To prove the above assertion for ` = 1, we note that depth(W0) = t. This implies that

Dt−2(W0) = (d, d+ f, d+ 2f, · · · , d+ (N − t+ 1)f),
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where d, f ∈ R and f 6= 0. Further, let us write Dt−2(K0) = (`0, `1, · · · , `N−t) ∈ RN−t+1.

From this, we observe that

Dt−2(U1) = [Dt−2(W0)]N−t+1 +Dt−2(K0)

= (d+ `0, d+ f + `1, d+ 2f + `2, · · · , d+ (N − t)f + `N−t)

and

Dt−2(V1) = 〈Dt−2(W0)〉N−t+1 +Dt−2(K0)

= (d+ f + `0, d+ 2f + `1, d+ 3f + `2, · · · , d+ (N − t+ 1)f + `N−t).

Now as f is non-zero, we see that both Dt−2(U1) and Dt−2(V1) can not be zero. This implies

that either depth(U1) ≥ t − 1 or depth(V1) ≥ t − 1. Let us choose W1 as either U1 or V1,

according as depth(U1) ≥ t− 1 or depth(V1) ≥ t− 1. Thus the result holds when ` = 1.

Now we assume that 1 ≤ h ≤ t − 2 is a fixed integer. Suppose that the result holds

for ` = h. That is, there exists an integer sh−1 ∈ {0, 1} such that the depth of the word

Wh = [Esh−1 (Wh−1)]N−h + Kh−1 ∈ RN−h is at least t− h. Let depth(Wh) = dh ≥ t− h.

This implies that

Ddh−2(Wh) = (v, v + w, v + 2w, · · · , v + (N − dh − h+ 1)w),

where v, w ∈ R and w 6= 0. Further, let us write Ddh−2(Kh) = (b0, b1, · · · , bN−dh−h) ∈

RN−dh−h+1. From this, we observe that

Ddh−2(Uh+1) = [Ddh−2(Wh)]N−dh−h+1 +Ddh−2(Kh)

= (v + b0, v + w + b1, · · · , v + (N − dh − h)w + bN−dh−h)

and

Ddh−2(Vh+1) = 〈Ddh−2(Wh)〉N−dh−h+1 +Ddh−2(Kh)

= (v + w + b0, v + 2w + b1, · · · , v + (N − dh − h+ 1)w + bN−dh−h).
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Since w is non-zero, both Ddh−2(Uh+1) and Ddh−2(Vh+1) can not be zero. This shows that

either depth(Uh+1) ≥ dh− 1 or depth(Vh+1) ≥ dh− 1. Let us choose Wh+1 as Uh+1 or Vh+1

according as depth(Uh+1) ≥ dh − 1 or depth(Vh+1) ≥ dh − 1. As dh ≥ t− h, we see that

depth(Wh+1) ≥ dh − 1 ≥ t− h− 1, which completes the proof of the assertion.

Now for 1 ≤ ` ≤ t − 1, during the `-th round, Player A, being the adversary, chooses

an integer s`−1 ∈ {0, 1} such that the depth of the word W` = [Es`−1 (W`−1)]N−` + K`−1

is at least t − `. In particular, we have depth(Wt−1) ≥ 1, which implies that Wt−1 6=

(0, 0, · · · , 0) ∈ RN−t+1. This shows that given any set of keys provided by Player B, there is

a strategy for Player A that does not allow Player B to win the game in less than t rounds.

This completes the proof of the theorem.

Remark 7.4.2. In Game 1, we impose the constraint that Player B has to choose the initial

word W0 as a non-repeated word of RN . This is because, if Player B in Game 1 chooses

the initial word W0 as a non-zero repeated-word in RN , then by providing the key K0 =

−[W0]N−1 in Game 1, Player B will win the game immediately after the first round. Hence

Game 1 would be trivial when Player B is allowed to choose the initial wordW0 as a non-zero

repeated word of RN .

7.4.2 Game 2

Consider the following game for two players, Player A (the adversary) and Player B,

who are standing by a round table. Suppose that the top of the round table is made up of

N concentric rings, which are labelled as R1, R2, · · · , RN , as we move from the centre
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of the round table towards the outermost ring. Further, suppose that the ring RN (i.e., the

outermost ring) can rotate freely by an angle of 360◦

N
×u in the anticlockwise direction, where

0 ≤ u ≤ N − 1 is an integer. For 1 ≤ i ≤ N, let us mark i equidistant positions on ring Ri

and label these positions as 0, 1, 2, · · · , i− 1 in the anticlockwise direction. The game starts

when Player B places N drinking glasses at each of the N equispaced positions marked on

ringRN , either in the upright position or in the upside down position, such that not all glasses

have the same orientation. Thereafter, for i = N − 1, N − 2, · · · , 1 respectively, Player A

has to place i drinking glasses at each of the i equispaced positions, viz. 0, 1, 2, · · · , i− 1,

marked on ring Ri with a certain manipulation and by applying the following recursive rule:

For 0 ≤ j ≤ i− 1, a glass has to be placed at position j on ring Ri in

• the upright position if both the glasses placed at positions j and j + 1 on ring Ri+1 are

either in the upright position or in the upside down position, (i.e., if the glasses placed

at positions j and j + 1 on ring Ri+1 have the same orientation).

• the upside down position if one of the glasses placed at positions j and j + 1 on ring

Ri+1 is in the upside down position and the other glass is in the upright position (i.e., if

the glasses placed at positions j and j + 1 on ring Ri+1 have the opposite orientation).

Now Player A rotates the outermost ring (i.e. ring RN ) by an angle a multiple of 360◦

N
in

the anticlockwise direction, which leads to a cyclic permutation of the glasses placed on

ring RN . Now Player A places N − 1 glasses on ring RN−1, N − 2 glasses on ring RN−2,

· · · , 2 glasses on ring R2 and 1 glass on ring R1 (the innermost ring) by applying the above

recursive rule. We say that Player B wins the game if all glasses are placed in the upright
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position on some ring of the tabletop. Otherwise, Player B loses the game.

We illustrate this game in Figures 7.5 and 7.6. We further generalize this game for larger

alphabet sizes as follows:

A generalization of Game 2 for larger alphabet sizes

In order to generalize this game for larger alphabet sizes, we suppose, throughout this

section, that λ is a unit in R. Further, let us define the map Eλ : RN → RN as Eλ(V ) =

(λvN−1, v0, v1, · · · , vN−2) for each V = (v0, v1, v2, · · · , vN−1) ∈ RN . The map Eλ is called

the λ-constacyclic shift operator on RN .

Now consider the following game for two players, Player A (the adversary) and Player B,

who are standing by a round table, whose top is made up of N concentric rings as shown

in Figure 7.7. Suppose that these N concentric rings on the round table are labelled as

R1, R2, · · · , RN , as we move from the centre of the round table towards the outer ring.

Further, suppose that ring RN (i.e., the outermost ring) can rotate freely by an angle of
360◦

N
× u in the anticlockwise direction, where 0 ≤ u ≤ N − 1 is an integer. For 1 ≤ i ≤ N,

let us mark i equidistant points on ring Ri, place i identical roulettes on each of these points
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in such a way that each roulette has a side nearest to the centre and parallel to a diameter

(i.e., a chord passing through the centre) of the round table and label these roulettes as

Ri,0,Ri,1, · · · ,Ri,i−1 in the anticlockwise direction. For 1 ≤ i ≤ N and 0 ≤ j ≤ i − 1,

suppose that the side of the roulette Ri,j nearest to the centre and parallel to a diameter of

the round table is labelled by the ring element Li,j ∈ R. We also assume that if the side of

the roulette RN,j nearest to the centre and parallel to a diameter of the round table is labelled

by the element aj ∈ R for 0 ≤ j ≤ N − 1, then the rotation of the ring RN by an angle of
360◦

N
× u gives rise to rotation of the roulettes placed on the ring RN in such a way that

(
LN,0,LN,1, · · · ,LN,N−1

)
= Eu

λ

(
a0, a1, · · · , aN−1

)
= (λaN−u, λaN−u+1, · · · , λaN−1, a0, a1, · · · , aN−u−1),

where u is an integer satisfying 0 ≤ u ≤ N − 1. Now we describe the game as follows:

I. The game starts when Player B chooses a non-zero word W0 = (a0, a1, · · · , aN−1)

∈ RN when λ 6= 1, while Player B chooses a non-repeated word W0 = (a0, a1, · · · ,

aN−1) ∈ RN when λ = 1. The word W0 is called the initial word. Further, Player B

fixes the orientation of the roulettes on ring RN in such a way that LN,j = aj ∈ R for

0 ≤ j ≤ N − 1. Now Player A chooses an integer u satisfying 0 ≤ u ≤ N − 1 and

rotates ring RN by an angle of u× 360◦

N
, which gives rise to

LN,j =

 λaN−u+j if 0 ≤ j ≤ u− 1;

aN−u+j if u ≤ j ≤ N − 1,

where the subscript N − u+ j is taken modulo N. Further, positions of the roulettes

placed on ringsRN−1, RN−2, RN−3, · · · , R2, R1 are fixed recursively by the following

relation for 1 ≤ j ≤ N − 1:

LN−j,i = LN−j+1,i+1 − LN−j+1,i for 0 ≤ i ≤ N − j − 1.

II. Player B wins the game if there exists an integer i satisfying 1 ≤ i ≤ N − 1 and

Li,j = 0 for 0 ≤ j ≤ i− 1. Otherwise, Player B loses the game.
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In order to further study this game, we now describe a mathematical version of Game 2.

Mathematical version of Game 2

I. The game starts when Player B chooses a non-zero word W0 = (a0, a1, · · · , aN−1) ∈

RN when λ 6= 1, while Player B chooses a non-repeated word W0 = (a0, a1, · · · ,

aN−1) ∈ RN when λ = 1. The word W0 ∈ RN is called the initial word. Further,

Player B fixes the orientation of the roulettes placed on ring RN in such a way that

LN,j = aj for 0 ≤ j ≤ N − 1. Now Player A (the adversary) chooses an integer u

satisfying 0 ≤ u ≤ N − 1 and rotates the ring RN by an angle of 360◦

N
× u, which

gives rise to rotation of the roulettes placed on ring RN in such a way that

LN,j =

 λaN−u+j if 0 ≤ j ≤ u− 1;

aN−u+j if u ≤ j ≤ N − 1,

where the subscript N − u+ j is taken modulo N. That is, Player A creates the word

U0 = Eu
λ(W0) and rotates the ring RN by an angle of 360◦

N
× u, which gives rise to

rotation of the N roulettes on this outermost ring (i.e., ring RN ) in such a way that

(
LN,0,LN,1, · · · ,LN,N−1

)
= U0 = Eu

λ(W0).

Further, Player A creates the words U1 ∈ RN−1, U2 ∈ RN−2, · · · , UN−1 ∈ R by

recursively applying the following relation for ` = 1, 2, · · · , N − 1 respectively:

U` = [E(U`−1)− U`−1]N−` = D(U`−1) = D`(U0),

and rotates the roulettes placed on ring RN−` in such a way that

(
LN−`,0,LN−`,1, · · · ,LN−`,N−`−1

)
= U` = D`(U0)

for 1 ≤ ` ≤ N − 1.

II. Player B wins the game if there exists an integer ` satisfying 1 ≤ ` ≤ N − 1 and

U` = (0, 0, · · · , 0) ∈ RN−` (or equivalently, if there exists an integer ` such that

1 ≤ ` ≤ N − 1 and all the roulettes placed on ring RN−` are positioned in such a way
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that LN−`,j = 0 for 0 ≤ j ≤ N − `− 1). Otherwise, Player B loses the game.

In the following theorem, we derive a necessary and sufficient condition for Player B to

have a winning strategy in Game 2.

Theorem 7.4.4. In Game 2, Player B has a winning strategy if and only if Player B chooses

an initial word W0 ∈ RN satisfying depth(Eu
λ(W0)) ≤ N − 1 for 0 ≤ u ≤ N − 1.

Proof. One can easily observe that Player B wins the game if and only if Player B chooses

the initial word W0 ∈ RN such that W0 and all its λ-constacyclic shifts have depths at most

N − 1. From this, the desired result follows immediately.

Remark 7.4.3. When λ = 1, we impose the constraint that Player B has to choose the initial

word W0 as a non-repeated word of RN . For, if Player B chooses the initial word W0 as

a non-zero repeated word of RN , then the word W0 and all its λ-constacyclic (i.e., cyclic)

shifts have depth 1, and hence all the roulettes placed on rings RN−1, RN−2, · · · , R2, R1

will have the desired orientation. Therefore, when λ = 1, Game 2 would be trivial and

non-interesting if we allow Player B to choose the initial word W0 as a non-zero repeated

word of RN .

Remark 7.4.4. (a) One may slightly modify Games 1 and 2, and associate some monetary

gain with the winning of Player B. For instance, if Player B wins after the i-th round

(resp. ring Ri) in Game 1 (resp. Game 2) for some integer 1 ≤ i ≤ N − 1, then one

may say that Player B wins the game with 1+2+ · · ·+(N − i) = (N−i)(N−i+1)
2

points

(resp. 1 + 2 + · · ·+ i = i(i+1)
2

points), and a monetary gain may be associated with

the win accordingly. In such a scenario, Player B intends to win the game as early as

possible for a high monetary gain.

(b) In Game 1, Player B has a positional winning strategy if and only if Player B chooses

the initial wordW0 as a non-repeated word ofRN with depth at mostN−1 (Theorems

7.4.1 and 7.4.2). Further, the positional winning strategy (?), provided in the proof of

Theorem 7.4.2, is an optimal winning strategy for Player B in the sense that if Player

B chooses a non-repeated initial word W0 ∈ RN of depth t < N, then Player B will

win the game in at most t rounds and there is no other winning strategy for Player

B that ensures the win in less than t rounds (Theorem 7.4.3). So Player B intends
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to choose the initial word W0 as a non-repeated word of RN with a smaller depth to

win the game as early as possible. By applying Theorems 7.3.1 and 7.3.3, one can

determine several choices for the word W0 ∈ Rps of a given depth t ≤ ps. These two

theorems also establish the feasibility of the winning strategy proposed for Player B in

Game 1, and also provide methods to determine several choices for the initial word

W0 ∈ Rps that ensures the win for Player B in Game 1 after a certain round.

(c) In Game 2, Player B has a winning strategy if and only if Player B chooses the initial

word W0 ∈ RN such that the word W0 and all its λ-constacyclic shifts have depths at

most N − 1 (Theorem 7.4.4). Note that a word and its constacyclic shift may not have

the same depth. By Corollary 7.3.1, we see that for 1 ≤ u ≤ ps − 1, each codeword

C(x) of the (1 + γβ)-constacyclic code Ce−1,u = 〈γe−1(x − 1)u〉 of length ps over

R satisfies the property that the codeword C(x) and all its (1 + γβ)-constacyclic

shifts have depths at most ps − 1. This establishes the feasibility of Game 2 when

N = ps, R = R and λ = 1 + γβ, and also provides several non-trivial choices for the

initial word W0 ∈ Rps satisfying the property that the word W0 and all its (1 + γβ)-

constacyclic shifts have depths at most ps − 1. That is, Player B will win Game 2 by

choosing any codeword of (1 + γβ)-constacyclic codes Ce−1,1, Ce−1,2, · · · , Ce−1,ps−1
of length ps over R as the initial word W0 ∈ Rps . This shows that there are several

choices for the initial word W0 ∈ Rps that ensures the win for Player B in Game 2

when N = ps, R = R and λ = 1 + γβ with β a unit inR.





Chapter 8

Conclusion and future work

Constructing codes that are easy to encode and decode, can detect and correct many errors

and have a sufficiently large number of codewords is the primary aim of coding theory.

Several metrics (e.g. Hamming metric, Lee metric, RT metric, etc.) have been introduced

to study error-detecting and error-correcting properties of a code with respect to various

communication channels. The Singleton bound is an upper bound on the size of the code in

terms of the cardinality of the code alphabet, length of the code, and distance of the code.

The codes that attain the Singleton bound have the highest possible value of distance for

given code length, code size and alphabet size, and hence are called maximum distance

separable (MDS) codes. MDS codes are optimal codes in the sense that these codes have

the highest possible error-detecting and error-correcting capabilities for given code length,

code size and alphabet size. Thus it is of great interest to study and find MDS codes with

respect to various metrics. In this thesis, several MDS codes are obtained within the family

of constacyclic codes over finite commutative chain rings with respect to Hamming, RT,

symbol-pair and b-symbol metrics.

8.1 Conclusion

Below we summarize some of the main results derived in the thesis.

• All repeated-root constacyclic codes of arbitrary lengths over the Galois ring GR(p2,m)

are determined, where p is a prime and m is a positive integer. Their sizes and their

dual codes are also explicitly determined. As an application, some isodual constacyclic

codes over GR(p2,m) are identified.

213
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• All repeated-root constacyclic codes of arbitrary lengths over the chain ring Fpm [u]/〈u3〉

are explicitly determined, where p is a prime, m is a positive integer and Fpm is the

finite field of order pm. Their sizes and their dual codes are determined. Some isodual

codes are also identified within this class of constacyclic codes. Besides this, Hamming

distances, RT distances and RT weight distributions are obtained for several consta-

cyclic codes over Fpm [u]/〈u3〉. By applying these results, several MDS Hamming and

MDS RT codes are identified within this class of codes.

• Algebraic structures of all repeated-root constacyclic codes of prime power lengths

over an arbitrary finite commutative chain ringR are established. Their sizes, symbol-

pair distances, RT distances, and RT weight distributions are explicitly determined.

Necessary and sufficient conditions are derived for a repeated-root constacyclic code of

prime power length overR to be (i) an MDS Hamming code (ii) an MDS symbol-pair

code and (iii) an MDS RT code. All MDS Hamming, MDS symbol-pair and MDS RT

codes belonging to this special class of constacyclic codes are listed. An algorithm

to decode repeated-root constacyclic codes of prime power lengths over R is also

presented with respect to Hamming, symbol-pair and RT metrics.

• b-Symbol distances of all repeated-root constacyclic codes of prime power lengths

over finite fields are explicitly determined. Using this result, all MDS b-symbol codes

belonging to this class of constacyclic codes are identified. It is also shown that

the b-symbol distance of a linear code of an arbitrary length over R is equal to the

b-symbol distance of its (e− 1)th Torsion code. A necessary and sufficient condition

for a linear code of an arbitrary length over R to be an MDS b-symbol code is also

derived. Applying these results, b-symbol distances of all repeated-root constacyclic

codes of prime power lengths overR are explicitly determined, and all MDS b-symbol

codes belonging to this particular class of constacyclic codes overR are listed.

• Depths of codewords of all repeated-root (α+ γβ)-constacyclic codes of prime power

lengths over a finite commutative chain ring R are studied, where α is a non-zero

element of the Teichmüller set ofR, γ is a generator of the maximal ideal ofR and β

is a unit in R. As a consequence, depth distributions of all repeated-root (α + γβ)-

constacyclic codes of prime power lengths overR are explicitly determined.
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• Two new turn-based two player roulette games are proposed and positional winning

strategies for these games are discussed in terms of depths of words over a finite

commutative ring with unity R. It is also shown that the winning strategy provided

for Game 1 is optimal. The feasibility of these winning strategies is also discussed by

applying our results on depths of codewords of repeated-root (α + γβ)-constacyclic

codes of prime power lengths overR.

8.2 Future work

Some of the interesting open problems in this research direction are listed below:

• It would be interesting to determine b-symbol distances of constacyclic codes of non

prime power lengths overR, and to identify MDS b-symbol codes within this class of

constacyclic codes. It would also be interesting to obtain homogeneous distances of

constacyclic codes over finite commutative chain rings. Another interesting problem

is to provide algorithms to decode constacyclic codes over finite commutative chain

rings with respect to b-symbol and homogeneous metrics.

• It would also be an interesting problem to determine dual codes of constacyclic codes

overR and to study their duality properties.

• It would be interesting to determine depth distributions of (α+γβ)-constacyclic codes

of prime power lengths over R when β is a non-unit in R, and to further determine

depth distributions of constacyclic codes of non-prime power lengths overR.

• It would be interesting to study the feasibility of winning strategies proposed for Player

B in Games 1 and 2 when R is a finite commutative ring with unity (not necessarily a

chain ring) and N ≥ 2 is an arbitrary integer (not necessarily a prime power).

• Another interesting problem would be to study natural generalizations of Game 1 in

which Player A (the adversary) removes any roulette among the N − `+ 1 roulettes on

the table (i.e., when Player A chooses the integer s`−1 ∈ {0, 1, 2, · · · , N − `}) during

the `-th round for 1 ≤ ` ≤ N − 1.
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