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Abstract

In this thesis, we study the distribution of Farey sequences. Let Q be a posi-

tive integer. The Farey sequence FQ of order Q is the set of irreducible fractions

in [0, 1] whose denominators do not exceed Q. The first study characterizing the

behavior of sequences via equidistribution was carried out in the seminal paper of

Weyl. Equidistribution refers to being evenly spaced in a measure space. Equidis-

tributed sequences are particularly useful for performing numerical integration. The

notion of equidistribution does not provide information about finer statistics, such

as randomness, local clustering, and periodic structure of sequences. To study the

fine-scale statistics of a sequence, one can study the nearest neighbor gap distri-

bution, as well as ν-level correlation measure. We study the equidistribution and

correlation measure for Farey sequences.

The study of the Farey sequence is of independent interest because of its role in

the Diophantine approximation, the circle method, and its connection to the Rie-

mann Hypothesis as established by the classical work of Franel and Landau. The

Farey fractions of order Q have a one-to-one correspondence with visible lattice

points in the triangle with vertices (0, 0), (0, Q), and (Q,Q) through straight lines

passing through the origin. The visible lattice points along polynomials have been

introduced and studied by Chaubey et al. Motivated by this, we introduce polyno-

mial Farey fractions as a subset of fractions a/q ∈ [0, 1] such that the point (a, q) is

visible through polynomial curves and examine their distribution. In particular, we

study and prove that the lim sup of the pair correlation measure of the polynomial

Farey sequence is bounded. For the specific polynomial P (x) = x(x + 1), we show

vii



viii Abstract

that the pair correlation measure exists and establish an explicit formula for the pair

correlation function which is non-Poissonian. Further, when restricting to prime de-

nominators, the pair correlation measure is shown to be Poissonian. A sequence is

said to be Poissonian if it behaves like a random uniformly distributed sequence.

It is interesting to study the distribution of Farey fractions with denominators in

arithmetic progression, as it is closely related to the Generalized Riemann Hypoth-

esis. Moreover, we study an analog of Chebyshev’s bias question for polynomial

Farey fractions with denominators in an arithmetic progression. Chebyshev’s bias

question deals with the prime number races and states that there are more primes

of the form 4n+ 3 than the primes of the form 4n+ 1.

Furthermore, we study the distribution of the sequence of Farey fractions with

k-free denominators lying in an arithmetic progression, denoted by F (m)
Q,k . We prove

that the sequence
(
F (m)

Q,k

)
Q
is equidistributed by establishing an estimate for a Weyl

sum. Additionally, we establish an equivalent criterion for the Generalized Riemann

Hypothesis in terms of the distribution of fractions in F (m)
Q,k analogous to the classical

results of Franel and Landau. We also investigate the correlation measure of the

sequence
(
F (m)

Q,k

)
Q
and provide an explicit form for the pair correlation measure.

Another effective approach to understanding the distribution of the Farey frac-

tions is to examine their indices. We study the distribution of Farey indices by

deriving asymptotic formulas for the moments of the index function of Farey frac-

tions with B-free denominators which lie in a given arithmetic progression.
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1
Introduction

1.1 Farey sequence

The Farey sequence FQ of order Q is an ascending sequence of fractions a/q in

the unit interval (0, 1] such that (a, q) = 1 and 0 < a ≤ q ≤ Q. The cardinality of

FQ is given by

N(Q) =

Q∑
q=1

ϕ(q) =
3Q2

π2
+O(Q logQ) ,

where we have used the following estimate for the average order of ϕ(n).

Lemma 1.1.1 ([6], Theorem 3.7). For x > 1, we have

∑
n≤x

ϕ(n) =
3

π2
x2 +O(x log x) .

1



2 Introduction

In 1816, Farey, a geologist, published a note [37] stating the “mediant property”

of fractions: if a1/q1 < a2/q2 < a3/q3 are consecutive fractions in FQ, then

a2
q2

=
a1 + a3
q1 + q3

. (1.1)

Cauchy [18] proved this property in 1816 and attributed it to Farey. However, Haros

had already [52] constructed F99 using this property in 1802. Due to this, some

mathematicians believe that the Farey sequence should be named the Haros-Farey

sequence. Farey himself acknowledged his unfamiliarity with Haros’s work, remark-

ing that “he is not acquainted, whether this curious property of fractions has been

before pointed out; or whether it may admit of any easy or general demonstration”.

If a1/q1 < a2/q2 are consecutive Farey fractions in FQ, then an equivalent prop-

erty to (1.1) holds:

a2q1 − a1q2 = 1. (1.2)

Using (1.1) and (1.2), one can recursively construct all the elements of FQ. Vari-

ous geometric interpretations of the Farey sequence demonstrate their application in

several contexts. Ford circles [39] represent an example of this. One of the important

interpretations is via visibility. The Farey fractions are in a one-to-one correspon-

dence with visible lattice points in the triangle with vertices (0, 0), (0, Q), and (Q,Q)

along straight lines passing through the origin. A point (a, b) ∈ Z2 is called visi-

ble from the origin if there is no other point of Z2 on the straight line joining the

origin and point (a, b). In various approximation problems, the Farey fractions are

often better suited than continued fractions. Hurwitz [55] used the Farey fractions

in the Diophantine approximation of real numbers by rationals. In the early 1920s,

Hardy, Ramanujan, and Littlewood initiated the circle method, making use of Farey

fractions.

It is widely known that the Farey fractions are equidistributed modulo one.

In equidistribution modulo one, we examine how the values of a sequence (xn)n∈N

spread out over the entire interval [0, 1]. Equidistribution tests the distribution on

fixed scales, like intervals of some fixed size.
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1.1.1 Equidistribution modulo one

The classical theory of equidistribution modulo one dates back to the early twen-

tieth century, when Weyl [98] laid its foundations in his seminal paper. The study

of equidistribution modulo one is concerned with the distribution of fractional parts

of real numbers in [0, 1].

Definition 1.1.1 (Equidistribution mod 1). A sequence (xn)n∈N of real numbers is

said to be equidistributed modulo 1 if, for every interval I ⊆ [0, 1), we have

lim
N→∞

1

N
#{1 ≤ n ≤ N | {xn} ∈ I} = |I|, (1.3)

where {xn} denotes the fractional part of xn.

An equivalent form of equidistribution modulo one in (1.3) can also be seen

in terms of characteristic function χI of I. Therefore, a sequence (xn)n∈N of real

numbers is equidistributed modulo one if

lim
N→∞

1

N

N∑
n=1

χI(xn) =

∫ 1

0

χI(x)dx.

The preceding statement, combined with the approximation technique, yields a char-

acterization of equidistribution in terms of averages of continuous test functions.

Theorem 1.1.1 ([69], Theorem 1.1). The sequence (xn)n∈N of real numbers is

equidistributed mod 1 if and only if for every real-valued continuous function f de-

fined on closed interval I = [0, 1], we have

lim
N→∞

1

N

N∑
n=1

f({xn}) =
∫ 1

0

f(x)dx.

Corollary 1.1.1 ([69], Corollary 1.2). The sequence (xn)n∈N of real numbers is

equidistributed mod 1 if and only if for every complex-valued continuous function f

on R with period 1, we have

lim
N→∞

1

N

N∑
n=1

f(xn) =

∫ 1

0

f(x)dx.
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In view of the preceding criteria, determining whether a sequence is equidis-

tributed modulo one amounts to verifying the above condition for all complex-valued

continuous functions. Weyl provided the most effective and widely accepted crite-

rion by proving that it suffices to verify Corollary 1.1.1 only for the exponential

functions.

Theorem 1.1.2 (Weyl criterion). The sequence (xn)n∈N is equidistributed mod 1 if

and only if

lim
N→∞

1

N

N∑
n=1

e2πihxn = 0 for all integers h ̸= 0.

Proof. See [69, Theorem 2.1, p.7].

We next present some examples of sequences to illustrate equidistribution modulo

one.

Example 1.1.1. Let α be an irrational number. The sequence (nα)n∈N is equidis-

tributed mod 1. Indeed∣∣∣∣∣ 1N
N∑

n=1

e2πihnα

∣∣∣∣∣ = |e2πihNα − 1|
N |e2πihα − 1|

≤ 1

N | sin πhα|
→ 0 as N → ∞ for all integers h ̸= 0.

In the last step, we used the fact that if α /∈ Q then hα /∈ Z for any integer h ̸= 0.

Hence, by Weyl criterion, the sequence (nα)n∈N is equidistributed mod 1 whenever

α ∈ R \Q. On the other hand, if α ∈ Q, then the sequence (nα)n∈N is not equidis-

tributed mod 1. In this case

1

N

N∑
n=1

e2πihnα ̸= 0 for some integers h ̸= 0;

for example, if α = a
h
then

1

N

N∑
n=1

e2πihnα = 1

and Weyl’s criterion is not fulfilled.

While equidistribution modulo one is a qualitative asymptotic property, it does

not provide the speed of convergence in (1.3). It is natural to have a corresponding
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quantitative concept which applies to finite sequences (or finite truncations of infinite

sequences). To quantify the convergence in (1.3), one defines the discrepancy of a

sequence as a measure of its deviation from equidistribution, as follows:

Definition 1.1.2 (Discrepancy, star Discrepancy). For any [a, b) ∈ [0, 1], let

A([a, b);N) = #{1 ≤ n ≤ N | a ≤ {xn} < b}.

Then the discrepancy of the sequence (xn)n∈N is given by

DN((xn)n∈N) = sup
0≤a<b≤1

RN([a, b)), (1.4)

where

RN([a, b)) =

∣∣∣∣A([a, b);N)

N
− (b− a)

∣∣∣∣ . (1.5)

For any α ∈ [0, 1], let

A([0, α);N) := A(α;N) = #{1 ≤ n ≤ N | {xn} ≤ α}.

Then the star discrepancy of the sequence (xn)n∈N is given by

D∗
N((xn)n∈N) = sup

0≤α≤1
RN([0, α)), (1.6)

where

RN([0, α)) := RN(α) =

∣∣∣∣A(α;N)

N
− α

∣∣∣∣ . (1.7)

The following result shows that the above two discrepancies are closely related.

Theorem 1.1.3 ([69], Theorem 1.3, p. 91). For every sequence (xn)n∈N in [0, 1),

we have

D∗
N((xn)n∈N) ≤ DN((xn)n∈N) ≤ 2D∗

N((xn)n∈N).

To establish the connection between equidistribution and discrepancy, we have

the following result.
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Theorem 1.1.4 ([69], Theorem 1.1, p. 89). The sequence (xn)n∈N is equidistributed

mod 1 if and only if limN→∞D∗
N((xn)n∈N) = 0, or equivalently limN→∞ DN((xn)n∈N) =

0.

Proof. Suppose that limN→∞DN((xn)n∈N) = 0. This implies that

A(α;N)

N
→ α as N → ∞.

Hence the sequence (xn)n∈N is equidistributed mod 1. Conversely, suppose that

(xn)n∈N is equidistributed mod 1. We choose an integer m ≥ 2. For 0 ≤ k < m− 1,

set Ik =
[
k
m
, k+1

m

)
. Since (xn)n∈N is equidistributed mod 1, there exists a positive

integer N0 = N0(m) such that for all N ≥ N0 and for every 0 ≤ k ≤ m− 1, we have

1

m

(
1− 1

m

)
≤ A(Ik;N)

N
≤ 1

m

(
1 +

1

m

)
. (1.8)

We now consider an arbitrary subinterval J = [β1, β2) of I. Clearly, there exist

intervals J1 and J2, each being a finite union of intervals Ik, such that J1 ⊂ J ⊂ J2

and l(J)− l(J1) <
2
m

and l(J2)− l(J) < 2
m
. From (1.8), we obtain for all N ≥ N0

l(J1)

(
1− 1

m

)
≤ A(J1;N)

N
≤ A(J ;N)

N
≤ A(J2;N)

N
≤ l(J2)

(
1 +

1

m

)
.

Consequently, we have(
l(J)− 2

m

)(
1− 2

m

)
<

A(J ;N)

N
<

(
l(J) +

2

m

)(
1 +

1

m

)
.

Since l(J) ≤ 1, we obtain

− 3

m
+

2

m2
<

A(J ;N)

N
− l(J) <

3

m
+

2

m2
for all N ≥ N0.

Since the bounds in the above inequality are independent of J , it follows that

DN((xn)n∈N) ≤ 3
m

+ 2
m2 for all N ≥ N0. Moreover, the quantity 3

m
+ 2

m2 can be

made arbitrarily small, which completes the proof.
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1.1.2 Farey sequence and Riemann Hypothesis

The primary interest in the distribution of Farey fractions is due to the classical

work of Franel [40] and Landau [72], who showed that the Riemann Hypothesis and

quantitative statements about the equidistribution of Farey fractions are equivalent.

In particular, Franel proved that the supremum of the real parts of the zeros of the

Riemann zeta function is the infimum of θ for which the following estimate holds

N(Q)∑
i=1

R2
N(Q)(γi) = O

(
Q−2+2θ

)
,

where γi ∈ FQ, 1 ≤ i ≤ N(Q). Specifically, the Riemann Hypothesis is equivalent

to the asymptotic formula

N(Q)∑
i=1

R2
N(Q)(γi) = O

(
Q−1+ϵ

)
, for all ϵ > 0. (1.9)

Landau [72] gave a similar version by proving that the Riemann Hypothesis is true

if and only if, for all ϵ > 0,

N(Q)∑
i=1

RN(Q)(γi) = O
(
Q

1
2
+ϵ
)
. (1.10)

Much effort has been made to prove the above estimates in terms of discrepancy.

The foundational result on the equidistribution of irreducible fractions between 0 and

1, interpreted in terms of frequencies of certain almost periodic functions was given

by Erdős et al. [36]. Neville [83] investigated the discrepancy of Farey fractions,

proving that DN(Q)(FQ) ≍ logQ/Q. Thereafter, it was improved by Niederreiter

[84] to DN(Q)(FQ) ≍ 1/Q for all Q ≥ 1. A closed-form formula for the discrep-

ancy was later established by Dress [32] who showed that DN(Q)(FQ) = 1/Q holds

for every Q. Motivated by a question of Davenport, Huxley [56] studied a gener-

alization of the result of Franel and Landau concerning the zeros of the Dirichlet

L-function. He established a connection between Farey fractions with denominators

in an arithmetic progression and the Generalized Riemann Hypothesis. In the same
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direction, the discrepancy of the Farey sequence when denominators are B-free and

lie in an arithmetic progression, as well as when the denominators are in a union of

arithmetic progressions, was studied by Alkan et al. [1, 2]. Ledoan [73] studied the

discrepancy of the Farey sequence with denominators in an arbitrary subinterval of

the unit interval [0, 1]. He proved upper and lower bound for the discrepancy that

demonstrate the sequence is uniformly distributed in all subintervals of [0, 1]. In this

thesis, we study the discrepancy of Farey sequences by imposing various restrictions

on denominators and numerators.

1.1.3 Local statistics

To understand the finer (or local) distribution of a sequence, such as its random-

ness, local clustering, and periodic patterns, quantities such as nearest-neighbor

gap distribution, ν-level correlation measure can be studied. For a sequence of N

numbers x1, . . . , xN in [0, 1), these statistics measure the distribution of spacings

between xi at distance of order of the mean spacing 1/N . As the average distance

between neighboring points is 1/N . The trigonometric functions that determine the

spacing statistics of sequences have frequencies of order N , whereas equidistribution

is determined by trigonometric functions with constant frequencies. The sequences

({ne})n≥1 and ({nπ})n≥1 are equidistributed modulo one, but their local spacing

statistics exhibit irregularities (see [90]). In this thesis, we study the correlation

measure of various sequences.

The motivation to study the correlations of sequences comes from applications

in physics, where physicists study the spectra of high energies. For instance, the

Berry-Tabor conjecture states that discrete energy spectrum of a quantum system

has Poissonian pair correlation except for certain degenerate cases [75]. For some

special quantum systems it can be shown that there exists α ∈ R, and a sequence

of positive integers (an)n∈N, such that the local distribution properties of the dis-

crete energy spectrum of the system agree with those of the sequence ({anα})n∈N.
Lately, there has been a lot of interest in these notions in applications in number

theory, mathematical physics, and probability theory. It has particularly attracted

significant interest in number theory following Montgomery [80] and Hejhal’s [54]



1.1 Farey sequence 9

work on the correlations of the zeros of the Riemann zeta function, and Rudnick

and Sarnak’s [89] work on the correlations of zeros of L-functions.

Correlations measure the distribution between all pairs of elements of the se-

quence and do not depend on their ordering. Let ν ≥ 2 be an integer and let F be

a finite set of N elements in the unit interval [0, 1]. The ν-level correlation measure

S(ν)
F (B) of a box B ⊂ Rν−1 is defined as follows:

1

N
#

{
(x1, . . . , xν) ∈ Fν : xi distinct, (x1 − x2, . . . , xν−1 − xν) ∈

1

N
B+ Zν−1

}
.

(1.11)

The ν-level correlation measure of a sequence (Fn)n, for every box B ⊂ Rν−1, is

given (if it exists) by

S(ν)(B) = lim
n→∞

S(ν)
Fn

(B).

The measure S(2) is called the pair correlation measure. If

S(ν)(B) =

∫
B

gν(x1, . . . , xν−1)dx1 · · · dxν−1, (1.12)

then gν is called the ν-level correlation function of the sequence (Fn)n, and for

ν = 2, it is called the pair correlation function. The ν-level correlation is said to

be Poissonian if gν ≡ 1. A sequence with a Poissonian distribution behaves like

a sequence of randomly chosen numbers in [0, 1). We have come up with several

examples of explicit sequences which have Poissonian pair correlation.

To study the fine-scale statistics of the Farey sequence, Hall [44] studied the first-

level spacing distribution of Farey fractions by estimating the moments of spacings

of consecutive Farey fractions. Augustin et al. [7] studied the h-th level spacing

distribution of Farey fractions for h ≥ 2 by showing the convergence of the sequence

of probability measures.

Boca and Zaharescu [16] studied the correlations of Farey fractions and proved

that the ν-level correlation exists for all ν ≥ 2. They also derived an explicit
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expression for the limiting pair correlation function of FQ, which is given by

g(λ) =
6

π2λ2

∑
1≤k<π2λ

3

ϕ(k) log
π2λ

3k
, (1.13)

and it shows strong repulsion between the elements of the sequence. The formula

in 1.13 appeared in the main term of the second moment of a large sieve matrix

[14]. The pair correlation of Farey fractions with prime denominators was studied

by Xiong and Zaharescu [100], who showed that it is Poissonian. A more general

result on the pair correlation of fractions with prime denominators is contained in

[99]. Also, Xiong and Zaharescu [101] studied the pair correlation of Farey fractions

with denominators coprime with BQ, the monotonic increasing sequence of square-

free numbers with the condition that BQ1|BQ2 if Q1 < Q2. They proved that the

pair correlation of the sequence is Poissonian if limQ→∞
ϕ(BQ)

BQ
= 0 and showed a

strong repulsion if limQ→∞
ϕ(BQ)

BQ
̸= 0. Boca and Siskaki [15] reproved (1.13) by

studying the pair correlation of Farey fractions with a coprimality condition on

denominators, using some different counting arguments. Alkan et al. [5] computed

the pair correlation measure of the sum FQ + FQ modulo one, as Q → ∞.

In this thesis, we study the distribution of polynomial Farey sequence and Farey

sequence with k-free denominators lying in an arithmetic progression by establishing

estimates for the discrepancy and correlation measure. The Chapter 2 of this thesis

consists of several preliminary results that we will be using in proving our main

results. In Chapter 3, we analyze the equidistribution and correlation measure of

polynomial Farey sequence. We investigate the distribution of the Farey sequence

with k-free denominators lying in an arithmetic progression in Chapter 4.

1.1.4 Polynomial Farey sequence

The sequences studied in all the above cases involve restrictions on Farey de-

nominators. It is also natural to consider restrictions on Farey numerators. Such

restrictions make the study of the distribution of Farey sequences more challenging,

as exponential sums over Farey fractions with restrictions on the numerators become



1.1 Farey sequence 11

more delicate.

Let κ ≥ 1 be an integer and let c = (cκ, cκ−1, . . . , c1) ∈ Zκ be a fixed non-zero

vector. Let P (x) = cκx
κ+cκ−1x

κ−1+ · · ·+c1x be the associated polynomial. Denote

FQ,P :=

{
a

q
: 1 ≤ a ≤ q ≤ Q, (P (a), q) = 1

}
. (1.14)

If P (x) = x(x+ 1) then for instance,

F5,P =

{
1

5
,
1

3
,
2

5
,
3

5
, 1

}
.

Specifically, FQ,P reduces to the classical Farey sequence when P (x) = x. One may

also consider a more general function F : Z → Z instead of a polynomial P (x) in

(1.14).

The motivation to define the sequence (FQ,P )Q comes from a geometric point

of view via visibility. Recall that the classical Farey fractions are in a one-to-one

correspondence with visible lattice points. Hence, the sequence FQ can be viewed

in terms of visible lattice points:

FQ = {a/q | 1 ≤ a ≤ q ≤ Q; (a, q) is visible from origin}.

The study of visible lattice points in planar and convex domains, along with their

generalizations, has attracted considerable attention [8, 12, 58]. Extending this line

of investigation, Chaubey et al. [23] recently introduced the concept of polynomial

visible lattice points. It is defined as:

Definition 1.1.3. Let c = (cn, cn−1, . . . , c1) ∈ Zn be a fixed vector with cn ̸= 0, ci ≥
0 for all 1 ≤ i ≤ n, and gcd(cn, cn−1, . . . , c1) = 1, let F (c) = {y = rPc(x) | r ∈ Q+},
where Pc(x) = cnx

n+ cn−1x
n−1+ · · ·+ c1x. A point (a, b) ∈ N2 is called F (c)-visible

if there is no other lattice point on the curve y = rPc(x) joining the origin and the

point (a, b).

The above definition describes the visibility of lattice points through polynomial

curves. Let us denote the set of all F (c)-visible points in N2 by V (c). The natural
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density of visible lattice points through polynomial curves is known to be one [23].

It is also well known that the natural density of the polynomial visible lattice points

for the curve y = mxb, with b ≥ 1 is equal to
1

ζ(b+ 1)
[43]. Denote

FQ,V :=

{
a

q
| 1 ≤ a ≤ q ≤ Q, (a, q) = 1, and (a, q) ∈ V (c)

}
. (1.15)

This gives a relation between FQ,V and the visible lattice points through poly-

nomial curves in the triangle with vertices (0, 0), (0, Q), and (Q,Q). It is natural

to study the distributional properties of the above sequence but it turns out to be

a difficult problem with no arithmetic description of the visibility property in this

setting. Instead, we focus on a subset of FQ,V defined in (1.14). In particular, FQ,P

is a subset of fractions that are in one-to-one correspondence with lattice points

visible through polynomial curves. We prove that the lim sup of the pair correla-

tion measure of the sequence (FQ,P )Q is bounded and provide an explicit formula

for the pair correlation function in the case of P (x) = x(x + 1). We compare the

pair correlation function of (FQ,P )Q with the Poissonian and GUE distributions by

plotting their respective graphs.

We state our main results for correlation measure. Recall that

SFQ,P
(Λ) =

1

NQ,P

#

{
(γ1, γ2) ∈ F2

Q,P : γ1 ̸= γ2, γ1 − γ2 ∈
1

NQ,P

(0,Λ) + Z
}
,

where NQ,P = #FQ,P .

Theorem 1.1.5. Let κ ≥ 2 be an integer and let P (x) = cκx
κ+cκ−1x

κ−1+· · ·+c1x ∈
Z[x] be a polynomial with non-zero discriminant. Then lim supQ→∞ SFQ,P

(Λ) is

finite. Moreover, the lim supQ→∞ SFQ,P
(Λ) is bounded by

lim sup
Q→∞

SFQ,P
(Λ) ≪

∫ Λ

0

1

λ2

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
dλ (1.16)

for any Λ > 0, where βP =
∏

p

(
1− fP (p)

p2

)
, h(m) =

∑
n,δ,d1,d2≥1
nδd1d2=m

nfP (d1)fP (d2) and

fP (p) := #{1 ≤ d ≤ p : P (d) ≡ 0 (mod p)}. (1.17)
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We obtain an explicit upper bound on the pair correlation measure. The key

point of the above theorem is that, upon imposing the arithmetic restriction (P (a), q) =

1, the sequence (FQ,P )Q does not exhibit extreme clustering at small scales.

For the specific polynomial P (x) = x(x + 1), we prove that the limiting pair

correlation measure of the sequence (FQ,P )Q≥1 exists and is non-Poissonian. We

also derive an explicit formula for the pair correlation function in this case.

Theorem 1.1.6. Let P (x) = x(x+1) be a fixed polynomial. Then the limiting pair

correlation function of the sequence (FQ,P )Q≥1 exists and is given by

g2(λ) =
1

ζ(2)λ2

∞∑
d2,d4=1

µ(d2)µ(d4)

d2d4ϕ(d2)ϕ(d4)

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
,

where

h(m) =
∑

n,δ,d1,d3≥1
nδd1d3=m(
d2
dG1

,
d4

DG2

)
=1

nµ(d1)µ(d3)dDG1G2

∏
p| d2d4

dDG1G2

(
1 +

1

p

)−1

, (1.18)

and d = gcd(d1, d2), D = gcd(d3, d4), G1 = gcd
(
δ, d2

d

)
, G2 = gcd

(
δ, d4

D

)
.

Pair correlation for Farey fractions is robust under polynomial sieving, but the

arithmetic weight in the pair correlation function becomes significantly more com-

plicated. The pair correlation function shows that the sequence (FQ,P )Q≥1 with

P (x) = x(x + 1) does not behave as a randomly distributed sequence, as the pair

correlation is non-Poissonian. In particular, the deviation of the pair correlation

function from the constant function 1 shows that the sequence has strong arith-

metic structure. Consequently, the spacings between fractions are correlated, not

independent.

Remark 1.1.1. The key ideas used to prove the above results on the pair correlation

measure involve establishing a closed-form formula for the Weyl sum over FQ,P .

We also formulate a version of Poisson’s summation formula that accounts for the

additional weight in the sum of Fourier coefficients.
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Another question of significant interest is determining the values τ > 0 for

which there are infinitely many primes p satisfying the Diophantine inequality

||αp|| < p−τ+ϵ for all ϵ > 0, where ||t|| denotes the distance from the nearest integer

to a real number t. All known results regarding such values of τ are equivalent to

quantitative statements about the gaps between the Farey fractions with prime de-

nominators. Motivated by this connection, we study the pair correlation statistics of

polynomial Farey sequence whose denominators lie in certain subsets of primes. As a

consequence, by taking denominators to be Piatetski-Shapiro primes, Chen primes,

prime k-tuples, and primes with restricted digits, we establish explicit sequences

that behave like a randomly chosen sequence in (0, 1].

For each integer Q, let BQ be a fixed subset of prime numbers that are less than

or equal to Q. The polynomial Farey sequence of order Q with prime denominators

is given by

MBQ,P :=

{
a

p
: 1 ≤ a ≤ p ≤ Q, (P (a), p) = 1, p ∈ BQ

}
.

Theorem 1.1.7. The limiting pair correlation of the sequence (MBQ,P )Q≥1 exists

as Q → ∞ and is Poissonian if and only if
∑

p∈BQ
p2 = o

(
(#MBQ,P )

2
)
.

This shows that the spacings between any two points of the sequence (MBQ,P )Q≥1

behave like in a randomly distributed sequence in (0, 1) when the second moment

of the denominators in BQ is controlled by the square of number of the fractions in

MBQ,P .

In 1853, Chebyshev [24] remarked that, for a given modulus, the number of

prime quadratic non-residues exceeds that of prime quadratic residues. This is

called the Chebyshev’s bias phenomenon. We study the Chebyshev’s bias question

for polynomial Farey sequence with denominators in an arithmetic progression. Let

q and l be positive integers; we denote the number of polynomial Farey fractions

with denominators in an arithmetic progression as

S(Q; q, l) := #
{a
n
∈ FQ,P | n ≡ l (mod q)

}
.

We ask the following questions for Farey fractions analogous to prime number races.
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• Does there exist positive integers Q0, l1, and l2 with l1 ̸≡ l2 (mod q) such that

S(Q; q, l1) > S(Q; q, l2) for all Q > Q0?

• Are there arbitrarily large values of Q for which S(Q; q, l1) < S(Q; q, l2), and

arbitrarily large values of Q for which S(Q; q, l1) > S(Q; q, l2)? In other words,

does the function S(Q; q, l1)− S(Q; q, l2) change sign infinitely often?

In here, we address the questions listed above. Let κ, J ≥ 1 be integers and let

P (x) = cκx
κ+cκ−1x

κ−1+· · ·+c1x ∈ Z[x] be a polynomial with non-zero discriminant

and factorization

P (x) =
J∏

i=1

mi(x)
ei , (1.19)

where mi(x) ∈ Z[x] are irreducible polynomials. To state our result, we need the

following condition.

Haselgrove’s condition for Hecke L-function mod q: For all Hecke characters

χ′ (mod q), L(s, χ′) ̸= 0 for all s ∈ (0, 1).

Theorem 1.1.8. Let q ≥ 2, l1, l2 be positive integers such that l1 ̸≡ l2 (mod q) and

(q, l1l2) = 1. Let P (x) ∈ Z[x] be as in (1.19). Assuming Haselgrove’s condition for

Hecke L-function Li(s, χ
′) modulo qi, the set of values of Q for which the difference

S(Q; q, l1) − S(Q; q, l2) is strictly positive and the set of values of Q for which the

difference S(Q; q, l1)− S(Q; q, l2) is strictly negative are unbounded.

This chapter appeared in [20].

1.1.5 Farey sequence with k-free denominators

Let k ≥ 2 be an integer. A number n is said to be k-free if for every prime p|n,
we have pk ∤ n. It is well known that the density of k-free numbers is 1/ζ(k). Denote

F (m)
Q,k :=

{
a

q
| 1 ≤ a ≤ q ≤ Q, (a, q) = 1, q is k-free & q ≡ b (mod m)

}
, (1.20)

where m ∈ N, b ∈ Z and (b,m) = 1.
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In Chapter 4, we investigate the distribution of the sequence of Farey fractions

with k-free denominators lying in an arithmetic progression, denoted by F (m)
Q,k . We

prove that the sequence
(
F (m)

Q,k

)
Q
is equidistributed by establishing an estimate for

Weyl sum.

Theorem 1.1.9. The Farey sequence
(
F (m)

Q,k

)
Q≥1

is uniformly distributed modulo

one.

It is natural to establish the quantitative aspect of equidistribution. In order to

achieve this, we study discrepancy of the sequence
(
F (m)

Q,k

)
Q≥1

.

Theorem 1.1.10. For all Q ≥ 1, we have

DN (Q,k,m)

(
F (m)

Q,k

)
≍ 1

Q
,

where implied constants depend on m.

The coprimality condition (a, q) = 1 on fractions in the Farey sequence introduces

arithmetic constraints through the Möbius function. By detecting this condition

using the following identity

∑
d|n

µ(d) =

{
1 if n = 1,

0 if n > 1,

the counting of Farey fractions turns into sums of µ(n), which are associated to the

zeros of the Riemann zeta function. Imposing congruence constraints on Farey de-

nominators invokes Dirichlet characters, leading to twisted sums of µ(n). Therefore,

the distribution of Farey fractions with congruence constraints on denominators is

connected to the distribution of the zeros of Dirichlet L-functions.

Motivated by this, we explore a new perspective on the Generalized Riemann

Hypothesis. We establish an equivalent criterion for the Generalized Riemann Hy-

pothesis in terms of the distribution of Farey fractions in F (m)
Q,k analogous to the

classical results of Franel and Landau. Denote F (m)
Q,k = {γ1 < γ2 < · · · < γN (Q,k,m)}

and N (Q, k,m) = #F (m)
Q,k .
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Theorem 1.1.11. Let RN (Q,k,m)(γj) =
∣∣∣γj − j

N (Q,k,m)

∣∣∣. The generalized Riemann

hypothesis (GRH) holds true if and only if, for all ϵ > 0,

N (Q,k,m)∑
j=1

RN (Q,k,m)(γj) = Om

(
Q

1
2
+ϵ
)
.

We next prove a closed-form formula for the second moment of the displacement

of Farey fractions in F (m)
Q,k .

Theorem 1.1.12. Let Mq (x) =
∑

n≤x
nq≡b (mod m)

µ(n)µk(nq)
2 and RN (Q,k,m)(γj) =∣∣∣γj − j

N (Q,k,m)

∣∣∣ for integers b,m as in (4.1). Then, we have

N (Q,k,m)∑
j=1

R2
N (Q,k,m)(γj) =

1

12N (Q, k,m)

( ∑
q1,q2≤Q

Mq1

(
Q

q1

)
Mq2

(
Q

q2

)
× (gcd(q1, q2))

2

q1q2
− 1

)
.

Moreover, the right-hand side above is bounded by

≪m

 exp
(
−c (logQ)3/5

(log logQ)1/5

)
, unconditionally,

Q−1+ϵ, on the GRH.

We also investigate the ν-level correlations of the sequence
(
F (m)

Q,k

)
Q
. In order to

investigate correlations measure, we establish a closed-form formula for the exponen-

tial sum over Farey fractions whose denominators are k-free and are in an arithmetic

progression. We then derive estimates for counting weighted lattice points. As a

result, the principal Dirichlet character yields the correlation measure. For the

non-principal characters, we provide an estimate for the character sum twisted by

a continuously differentiable function and the characteristic function for the k-free

numbers. By applying this result, the sum over non-principal characters approaches

zero as Q → ∞.

Our next result analyze the pair correlation measure of the sequence
(
F (m)

Q,k

)
Q≥1

.
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Theorem 1.1.13. The pair correlation function of the sequence
(
F (m)

Q,k

)
Q≥1

exists

and is given by

gm,k(λ) =
6

λ2π2ϕ2(m)

∑
1≤n< λ

C(k,m)

Fk(n) log

(
λ

nC (k,m)

)
(1.21)

for any λ ≥ 0, where C (k,m) is as in (4.2), and

Fk(n) =
∑

δd1d2r=n
(d1d2δ,m)=1

rµk(δ)
2µ(d1)µ(d2)

∏
p

(p,m)=1

(
1− gcd(pk, d2δ)

pk−1(p+ 1)

)

×
∏
p

(p,m)=1

(
1− gcd(pk, d1δ)

pk + pk−1 − gcd(pk, d2δ)

)
. (1.22)

The fact that the pair correlation function in (1.21) is non-Poissonian shows that

the sequence
(
F (m)

Q,k

)
Q≥1

does not behave like a randomly distributed sequence but

instead exhibits strong arithmetic correlations.

For the particular case k = 2, plotting the graph reveals a strong repulsion

near zero. Square-free numbers are closely related to prime numbers but have a

positive asymptotic density with a more even distribution. This means one can

expect a somewhat less random behavior with the pair correlation function being

non-Poissonian, whereas, for prime denominators, it is Poissonian. The results of

Chapter 4 appeared in [19] and [21].

1.2 Index of Farey fractions

Another way to investigate the distribution of the Farey sequences is by studying

the index of Farey fractions. Let γ′ = a′

q′
< γ = a

q
< γ′′ = a′′

q′′
be three consecutive

Farey fractions in FQ. Then, the ratio

νQ(γ) :=
q′ + q′′

q
=

a′ + a′′

a
(1.23)
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is an integer and is called the index of the Farey fraction γ in FQ. In particular, we

take νQ(γ1) = 1, and νQ(γNQ
) = 2Q. The index admits a geometric interpretation

in the context of visible lattice points. The index of a visible point (q, a) lying inside

or on the boundary of the triangle with vertices (0, 0), (Q, 0), (Q,Q) is defined as

the index of the corresponding Farey fraction a/q. In this setting, the index of

a visible point (q, a) lying inside or on the boundary of the triangle with vertices

(0, 0), (Q, 0), (Q,Q) is defined as the index of the corresponding Farey fraction a/q.

When the visible lattice points in the triangle are ordered by increasing slope of

the rays emanating from the origin, the index admits a simple area interpretation:

for any three consecutive points (q′, a′), (q, a), (q′′, a′′), the index of (q, a) is equal

to twice the area of the triangle with vertices (0, 0), (q′, a′), and (q′′, a′′) (see [30,

p. 208–209] and [49, p. 23–37]).

The index satisfies the following property:⌊
2Q+ 1

q

⌋
− 1 ≤ νQ(γ) ≤

⌊
2Q

q

⌋
which implies that for a given Farey fraction, the corresponding index function can

only take one of the two values

⌊
2Q

q

⌋
or

⌊
2Q

q

⌋
− 1. Using this property, Hall and

Shiu [46] proved closed form formulas and asymptotic formulas for the first and

second moments of the index function given by

∑
γ∈FQ

νQ(γ) = 3N(Q)− 1,

and ∑
γ∈FQ

νQ(γ)
2 =

24

π2
Q2

(
log 2Q− ζ ′(2)

ζ(2)
− 17

8
+ 2η

)
+O

(
Q log2Q

)
,

where η and ζ are the Euler’s constant and the Riemann zeta function, respectively.

Definition 1.2.1 (Deficiency). The deficiency δ(q) is the number of fractions γ ∈
FQ with denominator q such that νQ(γ) takes its lower value.
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A formula for the average of δ(γ) is proved in [46] as

Q∑
q=1

δ(q) = Q(2Q+ 1)−N(2Q)− 2N(Q) + 1.

There has been considerable interest in the study of the index function mainly upon

imposing extra divisibility constraints on Farey denominators. Partial sums of the

Farey indices weighted according to the parity of the denominators were studied by

Hall in [45]. Alkan et al. [4] studied the moments of the index of Farey fractions with

denominators in a fixed residue class. The index of Farey fractions with square-free

denominators lying in an arithmetic progression was investigated by the authors of

[3].

In Chapter 5, we extend this line of investigation and study the distribution of

the index function. In particular, we establish asymptotic formulas for the moments

of Farey indices with B-free Farey denominators twisted by Dirichlet characters.

1.2.1 Statement of the main results

The l-th moment of the Farey indices with B-free Farey denominator in an arith-

metic progression is given by

Ml,B(u,m,Q) :=
∑

γ=a
q
∈FQ

q≡u (mod m)
q is B-free

νQ(γ)
l. (1.24)

We establish asymptotic formulas for the first, second, and higher moments of the

Farey indices with B-free denominators for the following set. Let B be a set of

primes such that

∑
p

1

pσ
< ∞ for some σ < θ, where 1/2 < θ < 1.
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In particular

B =

{
p :
∑
p

1

pσ
< ∞ for some σ < θ, where 1/2 < θ < 1

}
(1.25)

Theorem 1.2.1. Let m and u be fixed positive integers with (m,u) = 1, and let B
be the set defined in (1.25). Then, for all large positive integers Q, we have

M1,B(u,m,Q) =
3Q2

2ϕ(m)ζ(2)

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B
(
Q1+θ(logQ)3/2

)
.

Our next objective is to derive an asymptotic formula for the second moment of

the Farey indices.

Theorem 1.2.2. For fixed positive integers m,u such that (m,u) = 1, and B is a

set of primes defined in (1.25), we have

M2,B(u,m,Q) =
4Q2

ϕ(m)ζ(2)

2η − ζ ′(2)

ζ(2)
− 17

8
+
∑
p∈B
p∤m

p log p

p2 − 1
+
∑
p|m

p log p

p2 − 1

∏
p∈B
p∤m

×
(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+
4Q2 log 2Q

ϕ(m)ζ(2)
+

4Q2

ϕ(m)

∑
χ (mod m)

χ̸=χ0

χ(ū)

L(2, χ)

× L(1, χ)
∏
p∈B

(
1− χ(p)

p

)(
1− χ(p)

p2

)−1

+Om,B
(
Q1+θ(logQ)2

)
.

An asymptotic formula for the higher moments of the Farey indices is presented

in the following result.

Theorem 1.2.3. For fixed positive integers m,u such that (m,u) = 1, and set B
defined in (5.3), then for l ≥ 3, we have

Ml,B(χ,Q) = A(Q, l) + E(Q, l),
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where

A(Q, l) =
2lQl

ϕ(m)

∑
χ (mod m)

χ(ū)L(l − 1, χ)

L(l, χ)

∏
p∈B

(
∞∑
n=0

χ(p)n

(pl−1)n

)−1( ∞∑
n=0

χ(p)nµ(n)

(pl)n

)−1

,

and

E(Q, l) =

{
Om,B (Q

2 logQ) , if l = 3,

Om,B
(
Ql−1

)
, if l ≥ 4.

The content of this chapter appeared in [22].

1.3 Conclusion and Future Directions

In the final chapter, we conclude this thesis by discussing some ongoing work and

outlining future research directions related to the distribution of Farey sequences.



2
Preliminaries

In this chapter, we will recall and prove some important results that we will be

using throughout the thesis. We begin by recalling a result proved in [23] on an

estimate of the average of the counting function for integer solutions 1 ≤ d ≤ m of

the polynomial congruence P (d) ≡ 0 (mod m).

Proposition 2.0.1 ([23], Lemma 2.1). For a fixed non-zero vector c = (cn, . . . , c1) ∈
Zn, let P (x) = cnx

n+cn−1x
n−1+· · ·+c1x be a polynomial with non-zero discriminant.

If fP (m) = #{1 ≤ d ≤ m : P (d) ≡ 0 (mod m)}, then as x → ∞, we have

∑
m≤x

fP (m) ∼ Cx(log x)J−1,

where J ≥ 2 is the number of distinct irreducible factors of the polynomial P (x) ∈
Z[x].

The above proposition can be derived by proving the absolute convergence of the

23
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Dirichlet series associated with fP (m) in the half plane ℜ(s) > 1, together with the

existence of a pole at ℜ(s) = 1. A Tauberian theorem [11, Lemma 4.1] then yields

the desired conclusion.

We next state a classical result of Landau on the singularities of the Mellin

transform of a non-negative function.

Proposition 2.0.2 ([71]). Let A(x) be a real-valued function in one variable, and

A(x) does not change its sign for x > x0, where x0 is a sufficiently large real num-

ber. Suppose also for some real number β < γ, that Mellin transform g(s) :=∫∞
1

A(x)x−s−1dx is analytic for R(s) > γ, can be analytically continued to the real

segment (β, γ]. Then g(s) represents an analytic function in the half plane R(s) > β.

We also state the following result, which is an analogue of Landau’s theorem [81,

Theorem 1.7], concerning Dirichlet series with non-negative coefficients.

Proposition 2.0.3 ([81], Lemma 15.1). Suppose that A(x) is a bounded Riemann

integrable function in any finite interval 1 ≤ x ≤ X, and that A(x) ≥ 0 for all

x > X0. Let σc denote the infimum of those σ for which
∫∞
X0

A(x)x−σdx < ∞. Then

the function

F (s) =

∫ ∞

1

A(x)x−sdx

is analytic in the half plane σ > σc, but not at the point s = σc.

We also state one of the fundamental property of Möbius function that we will

use throughout this thesis.

Theorem 2.0.1 ([6], Theorem 2.1). If n ≥ 1, we have

∑
d|n

µ(d) =

{
1 if n = 1,

0 if n > 1.

We make frequent use of the preceding theorem to handle the coprimality con-

dition (a, q) = 1 between the integers a and q.
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2.1 Summation formulae

We now state Perron’s formula, which represents the partial sums of a Dirichlet

series as an integral of its summatory function.

Proposition 2.1.1 ([92], Theorem 2.3, p. 219). Let F (s) :=
∑∞

n=1 f(n)n
−s be the

Dirichlet series for the arithmetic function f(n), with abscissa of convergence σa. If

α > max(0, σa), T ≥ 1 and x ≥ 1, then

∑
n≤x

f(n) =
1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds+R(T ),

where

R(T ) ≪ xα

∞∑
n=1

|f(n)|
nα|1 + T log(x/n)|

.

We also recall the well known Abel’s summation formula.

Proposition 2.1.2 ([6], Theorem 4.2). For any arithmetical function a(n) let A(x) =∑
n≤x a(n), where A(x) = 0 if x < 1. Assume f has a continuous derivative on the

interval [y, x], where 0 < y < x. Then we have

∑
y<n≤x

a(n)f(n) = A(x)f(x)− A(y)f(y)−
∫ x

y

A(t)f ′(t)dt.

Lemma 2.1.1 ([100], Lemma 3). Let H : R → R be a continuously differentiable

function with SuppH ⊂ (a, b) for some real numbers a and b. Then for any L > 0

one has ∑
l∈Z

H

(
l

L

)
= L

∫
R
H(x)dx+O

(
∥DH∥∞

(
b− a+

2

L

))
,

where

∥DH∥∞ = sup
x∈R

|H ′(x)|.

Let f ∈ L1(R) be a real-valued function. The Fourier transform of f is defined

by

f̂(x) =

∫
R
f(y)e(−xy)dy, x ∈ R.
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The Poisson summation formula [81, p. 538] is crucial in proving the correlation

measure results.

Proposition 2.1.3 (Poisson’s summation formula). Let f ∈ L1(R) and f̂ be the

Fourier transform of f , then we have

∞∑
n=−∞

f(n) =
∞∑

m=−∞

f̂(m).

2.1.1 Poisson summation formula with smooth weight

We also use a version of the Poisson summation formula as below.

Proposition 2.1.4. Let α, β ∈ R, and let f be a smooth function on R such that

Supp(f) ⊂ (0,Λ). Then we have

∑
n∈Z

f(n+ α)e(βn) =
∑
n∈Z

f̂(n− β)e((n− β)α),

where f̂ is the Fourier transform of f .

Proof. Note that f ∈ L1(R). We define g(x) = f(x + α)e(βx). Clearly, g is a

smooth function and g ∈ L1(R), since
∫
R |g(x)|dx =

∫
R |f(x)|dx < ∞. The Fourier

transform of g is given by

ĝ(x) =

∫
R
g(y)e(−xy)dy =

∫
R
f(y + α)e(−(x− β)y)dy

=

∫
R
f(z)e(−(x− β)(z − α))dz = f̂(x− β)e((x− β)α).

We apply Proposition 2.1.3 to g(x) = f(x+ α)e(βx). Therefore

∑
n∈Z

f(n+ α)e(βn) =
∑
n∈Z

f̂(n− β)e((n− β)α).

This completes the proof of Proposition 2.1.4.
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2.2 Multiplicative functions

Definition 2.2.1. An arithmetic function f : N → C is said to be multiplicative

function if

f(n1n2) = f(n1)f(n2) whenever (n1, n2) = 1.

Multiplicative functions play crucial role in forming the Euler product of Dirichlet

series.

2.3 Dirichlet characters

Definition 2.3.1. Let m be a positive integer. A function χ : Z → C is said to be

a Dirichlet character modulo m if

1. χ is m-periodic, that is, χ(n+m) = χ(n) for all n ∈ Z;

2. χ is completely multiplicative, that is, χ(n1n2) = χ(n1)χ(n2) for all n1, n2 ∈ Z;

3. χ(n) = 0 if and only if gcd(n,m) > 1.

We next state the orthogonality relation of Dirichlet characters modulo m.

Proposition 2.3.1 (Orthogonality relation). Let m ≥ 1 and a be integers such that

(a,m) = 1. Then we have

1

ϕ(m)

∑
χ (mod m)

χ(nā) =

{
1 if n ≡ a (mod m),

0 otherwise,

where ā is such that aā ≡ 1 (mod m).

Proof. See [6, Theorem 6.16].

The orthogonality relation plays an important role in the study of numbers

in arithmetic progressions. For the arithmetic progression n ≡ a (mod m) with

(a,m) = 1, we make frequent use of the above proposition throughout this thesis.
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2.3.1 Weighted character sums

We will also need the following estimate on weighted character sums to deal

with the contribution coming from the arithmetic progression n ≡ a (mod m) with

(a,m) = 1 in the computations for correlations measure.

Lemma 2.3.1. Let R > 1, M and Λ be positive real numbers and let δ be a positive

integer. Suppose χ is a non-principal Dirichlet character modulo m and f is a

continuously differentiable function with Supp(f) ⊂ (0,Λ). Then for any integer

r ≥ 1, we have

∑
a≤R

(a,r)=1

µk(aδ)
2χ(a)f

(
M

a

)
= Om,Λ

(
τ(r)R

1
k logR

)
.

Proof. We have

∑
a≤R

(a,r)=1

µk(aδ)
2χ(a)f

(
M

a

)
=
∑
a≤R

(a,r)=1

χ(a)f

(
M

a

)∑
dk|aδ

µ(d) =
∑

dk≤Rδ(
dk

gcd(dk,δ)
,r
)
=1

µ(d)

× χ

(
dk

gcd(dk, δ)

) ∑
a≤R gcd(dk,δ)

dk

(a,r)=1

χ(a)f

(
M gcd(dk, δ)

dka

)
.

In the last step, we used the fact that a|bc if and only if a
gcd(a,c)

|b. Since δ is k-free −

otherwise the result would follow trivially − it follows that
(

dk

gcd(dk,δ)
, r
)
= 1 if and

only if (d, r) = 1. Therefore

∑
a≤R

(a,r)=1

µk(aδ)
2χ(a)f

(
M

a

)

=
∑

dk≤Rδ
(d,r)=1

µ(d)χ

(
dk

gcd(dk, δ)

) ∑
a≤R gcd(dk,δ)

dk

(a,r)=1

χ(a)f

(
M gcd(dk, δ)

dka

)
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=
∑
s|r

µ(s)χ(s)
∑

dk≤Rδ
(d,r)=1

µ(d)χ

(
dk

gcd(dk, δ)

) ∑
a≤R gcd(dk,δ)

sdk

χ(a)f

(
M gcd(dk, δ)

sdka

)
. (2.1)

To estimate the inner-most sum, we apply Proposition 2.1.2

∑
a≤R gcd(dk,δ)

sdk

χ(a)f

(
M gcd(dk, δ)

dksa

)
=f

(
M

R

) ∑
a≤R gcd(dk,δ)

sdk

χ(a) +

∫ R gcd(dk,δ)

sdk

1

∑
a≤x

χ(a)

× f ′
(
gcd(dk, δ)

M−1dksx

)
M gcd(dk, δ)dx

dksx2
≪m,Λ logR.

The above estimate in conjunction with (2.1) gives the required result.

2.4 Bounds for Riemann zeta function and Dirich-

let L-function

In our applications of Perron’s formula, we shall use the following estimates for

the Riemann zeta function [93].

ζ(σ + it) ≪


t
1−σ
2 log t, 0 ≤ σ ≤ 1,

log t, 1 ≤ σ ≤ 2,

1, σ ≥ 2.

(2.2)

and
1

ζ(σ + it)
≪

{
log t, 1 ≤ σ ≤ 2,

1, σ ≥ 2.
(2.3)

We also use Vinogradov-Korobov zero free region (see [95] and [68]). For some fixed

constant c > 0, we have

ζ(σ + it) ̸= 0 for σ ≥ 1− c(log t)−2/3(log log t)−1/3
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and

1

ζ(σ + it)
≪ (log t)2/3(log log t)1/3, 1− c(log t)−2/3(log log t)−1/3 ≤ σ ≤ 1. (2.4)

For non-principal Dirichlet characters χ (mod m), we use the following bounds of

Dirichlet L-function L(s, χ) (see [67] and [81])

L(σ + it, χ) ≪m


t
35(1−σ)

108 log3 t, 1/2 ≤ σ ≤ 1,

log t, 1 ≤ σ ≤ 2,

1, σ ≥ 2.

(2.5)

and
1

L(σ + it, χ)
≪m

{
log t, 1 ≤ σ ≤ 2,

1, σ ≥ 2.
(2.6)

We have the following bound for 1
L(σ+it,χ)

in the Vinogradov-Korobov zero free region

[65]. For some fixed constant c > 0, we have

L(σ + it) ̸= 0 for σ ≥ 1− c

logm+ (log t)2/3(log log t)1/3

and

1

L(σ + it, χ)
≪ (log t)2/3(log log t)1/3, 1− c

logm+ (log t)2/3(log log t)1/3
≤ σ ≤ 1.

(2.7)

In our investigation, we shall also make use of results on the mean value estimates

for ζ(s)/s and L(s, χ)/s. To prove these mean value estimates, we will employ the

following mean value theorem for Dirichlet series.

Theorem 2.4.1 ([79], Theorem 6.1). For any real T0 and T , we have

∫ T0+T

T0

|S(it)|2dt =
(
T + θ

4π√
3
N

) N∑
n=1

|an|2,

where S(s) =
∑N

n=1 ann
−s and −1 ≤ θ ≤ 1.

Now we state the mean value theorem for the Riemann zeta function which can
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be derived from the above theorem.

Theorem 2.4.2 ([59], Theorem 1.11, p. 28). For 1
2
< σ < 1 fixed

∫ T

1

|ζ(σ + it)|2dt = ζ(2σ)T +O
(
T 2−2σ log T

)
.

Mean value estimates of ζ(s)/s

Proposition 2.4.1. For a complex number s = σ + it, with 1/2 < σ < 1, we have∫ T

0

|ζ(σ + it)|
|σ + it|

dt ≪ log T.

Proof. We write

∫ T

0

|ζ(σ + it)|
|σ + it|

dt ≤

(∫ 1

0

+

log T∑
n=0

∫ 2n+1

2n

)
|ζ(σ + it)|
|σ + it|

dt

≪ 1 + log T max
0≤n≤⌊log T ⌋

∫ 2n+1

2n

|ζ(σ + it)|
|σ + it|

dt

≪ 1 + log T max
0≤n≤⌊log T ⌋

1

2n

∫ 2n+1

0

|ζ (σ + it)| dt. (2.8)

Applying the Cauchy-Schwarz inequality, we have

∫ 2n+1

0

|ζ (σ + it) |dt ≤

(∫ 2n+1

0

12dt

) 1
2
(∫ 2n+1

0

|ζ (σ + it)|2 dt

) 1
2

.

Using Theorem 2.4.2, we have

∫ 2n+1

0

|ζ (σ + it) |dt ≪ 2n+1, (2.9)

Substituting (2.9) in (2.8), gives the required result.

Proposition 2.4.2. If 0 < σ < 1/2 is a real number, then∫ T

0

|ζ(σ + it)|
|σ + it|

dt ≪ T
1
2
−σ log T.
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Proof. We begin with the asymptotic formula (2.8):∫ T

0

|ζ(σ + it)|
|σ + it|

dt ≪ 1 + log T max
0≤n≤⌊log T ⌋

1

2n

∫ 2n

0

|ζ(σ + it)|dt. (2.10)

The functional equation for Riemann zeta function is given by (see [31], p. 59)

ζ(s) = Y (s)ζ(1− s),

where Y (s) = πs−1/2Γ((1− s)/2)/Γ(s/2). By Stirling’s formula

n! =
√
2πn

(n
e

)n(
1 + O

(
1

n

))
,

we have Y (σ + it) ≍ t
1
2
−σ. Thus, the above identity gives

ζ(σ + it) = O
(
t
1
2
−σζ(1− σ + it)

)
. (2.11)

Employing Cauchy-Schwarz inequality and using Theorem 2.4.2 with (2.11), we

obtain ∫ 2n

0

|ζ(σ + it)|dt ≪ 2
n
2
+n(1−σ).

Inserting the above estimate into (2.10) gives the required result.

Mean value estimate of L(s, χ)/s

Proposition 2.4.3. If 0 < σ < 1/2 is a real number, then∫ T

0

|L(σ + it, χ)|
|σ + it|

dt ≪m T
1
2
−σ log T.

Proof. The proof follows along the same lines as Proposition 2.4.2, using the func-

tional equation for the Dirichlet L-function modulo m

ξ(1− s, χ̄) =
iam

1
2

τ(χ)
ξ(s, χ),
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where

ξ(s, χ) =
( π

m

)−1
2
(s+a)

Γ

(
1

2
(s+ a)

)
L(s, χ),

and where a = 0 if χ(−1) = 1 and a = 1 if χ(−1) = −1, together with Theorem

2.4.1.

2.5 Smooth correlation measure

In this section, we discuss a smooth version of the correlation measure, which

is a key point in establishing results on the correlation measure. Let ν ≥ 2 be an

integer and let F be a finite set of N elements in the unit interval [0, 1]. Recall that

the ν-level correlation measure S(ν)
F (B) of a box B ⊂ Rν−1 is defined as follows:

1

N
#

{
(x1, . . . , xν) ∈ Fν : xi distinct, (x1 − x2, . . . , xν−1 − xν) ∈

1

N
B+ Zν−1

}
.

(2.12)

Let H be a smooth real-valued function on Rν−1 such that SuppH ⊂ (0,Λ1)× · · · ×
(0,Λν−1). Define

f(y) =
∑

r∈Zν−1

H(N(y + r)), y ∈ Rν−1.

Then the smooth ν-level correlation sum is defined as

Sν =
S

N
, (2.13)

where

S =
∑

γ1,...,γν∈F distinct

f(γ1 − γ2, . . . , γν−1 − γν).

By approximating the characteristic function of (0,Λ1)× · · · × (0,Λν−1) with H, Sν

becomes the ν-level correlation measure S(ν)
F (B).

It is easy to observe that f is Zν−1-periodic function, so we write its Fourier

series expansion

f(y) =
∑

r∈Zν−1

cre(r · y).



34 Preliminaries

The Fourier coefficients of f is given by

cr =

∫
[0,1)ν−1

f(x)e(−r · x)dx =
∑

m∈Zν−1

∫
[0,1)ν−1

H(N(x+m))e(−n · x)dx

=

∫
Rν−1

H(Nv)e(−n · v)dv =
1

N ν−1

∫
Rν−1

e
(
−r · x

N

)
H(x)dx =

1

N ν−1
Ĥ
( r

N

)
,

(2.14)

where Ĥ is the Fourier transform of H. Using the fact that SuppH ⊂ (0,Λ1)×· · ·×
(0,Λν−1), the condition that γi are distinct can be removed. Thus, by (2.13), we

have

S =
∑

γ1,...,γν∈F

f(γ1 − γ2, . . . , γν−1 − γν)

=
∑

γ1,...,γν∈F
r1,...,rν−1∈Z

cre(r · (γ1 − γ2, . . . , γν−1 − γν))

=
∑

γ1,...,γν∈F
r1,...,rν−1∈Z

cre(r1γ1)e((r2 − r1)γ2) . . . e((rν−1 − rν−2)γν−1)e(rν−1γν). (2.15)

2.6 Lattice points

A Point is called a lattice point if its coordinates are integers. We state a result

for counting the lattice points in a bounded domain.

Proposition 2.6.1 ([13], Lemma 1). Let R > 1 be a real number. Let Ω ⊂ [1, R]2

be a bounded region, and f is a continuously differentiable function on Ω. Then

∑
(a,b)∈Ω∩Z2

f(a, b) =
6

π2

∫∫
Ω

f(x, y)dxdy +O

((∥∥∥∥∂f∂x
∥∥∥∥
∞
+

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)

)
+O(∥f∥∞(R + length(∂Ω))) .

We also state a result for counting the lattice points in a bounded domain with

some coprimality restriction.
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Proposition 2.6.2 ([13], Lemma 2). Let R > 1 be a real number. Let Ω ⊂ [1, R]2

be a bounded region, and f is a continuously differentiable function on Ω. Then

∑
(a,b)∈Ω∩Z2

(a,b)=1

f(a, b) =
6

π2

∫∫
Ω

f(x, y)dxdy +O

((∥∥∥∥∂f∂x
∥∥∥∥
∞
+

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω) logR

)

+O(∥f∥∞(R + length(∂Ω) logR)) .

2.6.1 Weighted lattice points with additional constraints

The results in this section are essential in the derivation of the ν-level correlation

function and the explicit expression for the pair correlation function. We first prove

the following result on the lattice point counting, involving weight and coprimality

conditions.

Lemma 2.6.1. Let Ω ⊂ [1, R]2 be a bounded region, and f be a continuously differ-

entiable function on Ω. For any positive integers r1 and r2, we have

∑
(a,b)∈Ω∩Z2

(a,r1)=1=(b,r2)
(a,b)=1

f(a, b) =
M(r1, r2)

ζ(2)

∫∫
Ω

f(x, y)dxdy + E, (2.16)

where

M(r1, r2) =
∏
p|r1r2

(
1− 1

p2

)−1∏
p|r1

(
1− 1

p

)∏
p|r2

(
1− 1

p

)
and

E ≪
(
τ(r1)

∥∥∥∥∂f∂x
∥∥∥∥
∞
+ τ(r2)

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω) log2R+∥f∥∞(τ(r1)+τ(r2))R log2R.

Proof. We begin by removing the coprimality conditions on the left-hand side of

(2.16) using Möbius summation (Theorem 2.0.1). Therefore, we obtain

L : =
∑

(a,b)∈Ω∩Z2

(a,r1)=1=(b,r2)
(a,b)=1

f(a, b) =
∑

(a,b)∈Ω∩Z2

(a,r1)=1=(b,r2)

f(a, b)
∑
d|a
d|b

µ(d)
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=
∑
d≤R

µ(d)
∑

(a,b)∈Ω∩Z2

(a,r1)=1=(b,r2)
d|a,d|b

f(a, b)

=
∑
d≤R

(d,r1r2)=1

µ(d)
∑

(a1,b1)∈ 1
d
Ω∩Z2

(a1,r1)=1=(b1,r2)

f(da1, db1)

=
∑
d≤R

(d,r1r2)=1

µ(d)
∑

(a1,b1)∈ 1
d
Ω∩Z2

f(da1, db1)
∑
d1|a1
d1|r1

µ(d1)
∑
d2|b1
d2|r2

µ(d2)

=
∑
d≤R

(d,r1r2)=1

µ(d)
∑
d1|r1

µ(d1)
∑
d2|r2

µ(d2)
∑

(a′,b′)∈∆∩Z2

f(a′, b′), (2.17)

where f(a′, b′) = f(dd1a
′, dd2b

′) and ∆ =
{
(x, y) : x ∈ 1

dd1
[1, R], y ∈ 1

dd2
[1, R]

}
. We

use proposition 2.6.1 to estimate the inner-most sum in the above identity and obtain

∑
(a′,b′)∈∆∩Z2

f(a′, b′) =

∫∫
∆

f(x, y)dxdy

+O

((∥∥∥∥ ∂f∂x
∥∥∥∥
∞
+

∥∥∥∥ ∂f∂y
∥∥∥∥
∞

)
Area(∆) + ∥f∥∞(1 + length(∂∆))

)
=

1

d2d1d2

∫∫
Ω

f(x, y)dxdy +O

(
∥f∥∞

R

d

(
1

d1
+

1

d2

))
+O

((
1

dd2

∥∥∥∥∂f∂x
∥∥∥∥
∞
+

1

dd1

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)

)
.

Inserting the above estimate into (2.17), we obtain

L =
∑
d≤R

(d,r1r2)=1

µ(d)

d2

∑
d1|r1

µ(d1)

d1

∑
d2|r2

µ(d2)

d2

∫∫
Ω

f(x, y)dxdy

+O

((
τ(r1)

∥∥∥∥∂f∂x
∥∥∥∥
∞
+ τ(r2))

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω) log2R

)
+O

(
∥f∥∞(τ(r1) + τ(r2))R log2R

)
=

1

ζ(2)

∏
p|r1r2

(
1− 1

p2

)−1∏
p|r1

(
1− 1

p

)∏
p|r2

(
1− 1

p

)∫∫
Ω

f(x, y)dxdy

+O

((
τ(r1)

∥∥∥∥∂f∂x
∥∥∥∥
∞
+ τ(r2)

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω) log2R

)
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+ O
(
∥f∥∞(τ(r1) + τ(r2))R log2R

)
.

This completes the proof of Lemma 2.6.1.

We next prove weighted versions of the Proposition 2.6.2 consisting of copri-

mality constraints and twisted by characteristic functions of k-free numbers. This

involves several significant modifications. In particular, we need to deal with the

extra Möbius twists in the sums and handle the extra coprimality conditions by

carefully reducing the regions using several change of variables.

Lemma 2.6.2. Let R > 1 be a real number and let δ1 and δ2 be k-free numbers. Let

Ω ⊂ [1, R]2 be a bounded region and assume that f is a continuously differentiable

function on Ω. For any positive integers r1 and r2, we have

∑
(a,b)∈Ω∩Z2

(a,r1)=(b,r2)=(a,b)=1

µk(aδ1)
2µk(bδ2)

2f(a, b) =
6P k

r1,r2
(δ1, δ2)

π2

∫∫
Ω

f(x, y)dxdy+E(r1, r2),

(2.18)

where

P k
r1,r2

(δ1, δ2) =
ϕ(r1)ϕ(r2)

r1r2

∏
p|r1r2

(
1− 1

p2

)−1 ∏
p|r1

(p,r2)=1

(
1− gcd(pk, δ2)

pk

)

×
∏
p|r2

(p,r1)=1

(
1− gcd(pk, δ1)

pk

) ∏
p

(p,r1r2)=1

(
1− gcd(pk, δ2)

pk−1(p+ 1)

)

×

(
1− gcd(pk, δ1)

pk−1(p+ 1)

(
1− gcd(pk, δ2)

pk−1(p+ 1)

)−1
)

and

E(r1, r2) ≪k

(
τ (r1)

∥∥∥∥∂f∂x
∥∥∥∥
∞
+ τ (r2)

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)R

1
k log2R

+R1+ 1
k log2R ∥f∥∞ (τ(r1) + τ(r2)) .
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Proof. We have

M :=
∑

(a,b)∈Ω∩Z2

(a,r1)=(b,r2)=(a,b)=1

µk(aδ1)
2µk(bδ2)

2f(a, b).

In view of the identity

µk(n)
2 =

∑
dk|n

µ(d), (2.19)

the above sum can be expressed as

M =
∑

(a,b)∈Ω∩Z2

(a,r1)=(b,r2)=(a,b)=1

f(a, b)
∑
dk1 |aδ1

µ(d1)
∑
dk2 |bδ2

µ(d2)

=
∑

dk1≤Rδ1
dk2≤Rδ2

µ(d1)µ(d2)
∑

(a,b)∈Ω∩Z2

(a,r1)=(b,r2)=(a,b)=1

dk1 |aδ1,dk2 |bδ2

f(a, b).

Using the fact that a|bc if and only if a
gcd(a,c)

|b, the above identity can be expressed

as

M =
∑

dk1≤Rδ1
dk2≤Rδ2

µ(d1)µ(d2)
∑

(a,b)∈Ω∩Z2

(a,r1)=(b,r2)=(a,b)=1
dk1

gcd(dk1 ,δ1)
|a, dk2

gcd(dk2 ,δ2)
|b

f(a, b)

=
∑

dk1≤Rδ1
dk2≤Rδ2

µ(d1)µ(d2)
∑

(a,b)∈Ω(d1,d2)
∩Z2(

dk1a1

gcd(dk1 ,δ1)
,r1

)
=

(
dk2b1

gcd(dk2 ,δ2)
,r2

)
=1(

dk1a1

gcd(dk1 ,δ1)
,

dk2b1

gcd(dk2 ,δ2)

)
=1

g(a1, b1)

=
∑

dk1≤Rδ1,dk2≤Rδ2(
dk1
G1

,r1

)
=

(
dk2
G2

,r2

)
=1(

dk1
G1

,
dk2
G2

)
=1

µ(d1)µ(d2)
∑

(a1,b1)∈Ω(d1,d2)
∩Z2(

a1,
r1d

k
2

G2

)
=1=

(
b1,

r2d
k
1

G1

)
(a1,b1)=1

g(a1, b1), (2.20)
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where G1 = gcd(dk1, δ1), G2 = gcd(dk2, δ2), g(a1, b1) = f
(

dk1a1
G1

,
dk2b1
G2

)
and

Ω(d1,d2) =

{
(x, y) : x ∈ G1

dk1
[1, R], y ∈ G2

dk2
[1, R]

}
.

We first estimate the inner sum in the above identity. In doing so, we use Theorem

2.0.1. Therefore

M (1) : =
∑

(a1,b1)∈Ω(d1,d2)
∩Z2(

a1,
r1d

k
2

G2

)
=1=

(
b1,

r2d
k
1

G1

)
(a1,b1)=1

g(a1, b1) =
∑

(a1,b1)∈Ω(d1,d2)
∩Z2(

a1,
r1d

k
2

G2

)
=1=

(
b1,

r2d
k
1

G1

)
g(a1, b1)

∑
d| gcd(a1,b1)

µ(d)

=
∑

d≤Rmin

(
G1
dk1

,
G2
dk2

)
(
d,

r1r2d
k
1dk2

G1G2

)
=1

µ(d)
∑

(a2,b2)∈ 1
d
Ω(d1,d2)

∩Z2(
a2,

r1d
k
2

G2

)
=1=

(
b2,

r2d
k
1

G1

)
g(da2, db2)

=
∑

d≤Rmin

(
G1
dk1

,
G2
dk2

)
(
d,

r1r2d
k
1dk2

G1G2

)
=1

µ(d)
∑

(a2,b2)∈ 1
d
Ω(d1,d2)

∩Z2

g(da2, db2)
∑
s|a2

s| r1d
k
2

G2

µ(s)
∑
t|b2

t| r2d
k
1

G1

µ(t)

=
∑

d≤Rmin

(
G1
dk1

,
G2
dk2

)
(
d,

r1r2d
k
1dk2

G1G2

)
=1

µ(d)
∑
s| r1d

k
2

G2

µ(s)
∑
t| r2d

k
1

G1

µ(t)
∑

(a3,b3)∈Γ∩Z2

h(a3, b3), (2.21)

where h(a3, b3) = f
(

dsdk1a3
G1

,
dtdk2b3
G2

)
and

Γ =

{
(x, y) : x ∈ G1

dsdk1
[1, R], y ∈ G2

dtdk2
[1, R]

}
.

We use Proposition 2.6.1 to estimate the innermost sum in (2.21)

∑
(a3,b3)∈Γ∩Z2

h(a3, b3) =

∫∫
Γ

h(x, y)dxdy +O

((∥∥∥∥∂h∂x
∥∥∥∥
∞
+

∥∥∥∥∂h∂y
∥∥∥∥
∞

)
Area(Γ)

)
+O(∥h∥∞ (1 + length(∂Γ)))

=
G1G2

std2dk1d
k
2

∫∫
Ω

f(x, y)dxdy +O

(
∥f∥∞

R

d

(
G1

sdk1
+

G2

tdk2

))
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+O

((
G2

dtdk2

∥∥∥∥∂f∂x
∥∥∥∥
∞
+

G1

dsdk1

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)

)
.

By invoking the above estimate into (2.21), we obtain

M (1) =
G1G2

dk1d
k
2

∑
d≤Rmin

(
G1
dk1

,
G2
dk2

)
(
d,

r1r2d
k
1dk2

G1G2

)
=1

µ(d)

d2

∑
s| r1d

k
2

G2
,t| r2d

k
1

G1

µ(s)µ(t)

st

∫∫
Ω

f(x, y)dxdy

+O

((
τ

(
r1d

k
2

G2

)
G2

dk2

∥∥∥∥∂f∂x
∥∥∥∥
∞
+ τ

(
r2d

k
1

G1

)
G1

dk1

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω) log2R

)
+O

(
R log2R ∥f∥∞

(
τ

(
r2d

k
1

G1

)
G1

dk1
+ τ

(
r1d

k
2

G2

)
G2

dk2

))
. (2.22)

We next estimate the summation in (2.22)

M (11) : =
∑

d≤Rmin

(
G1
dk1

,
G2
dk2

)
(
d,

r1r2d
k
1dk2

G1G2

)
=1

µ(d)

d2

∑
s| r1d

k
2

G2
,t| r2d

k
1

G1

µ(s)µ(t)

st

=
∞∑
d=1(

d,
r1r2d

k
1dk2

G1G2

)
=1

µ(d)

d2

∏
p|

r1d
k
2

G2

(
1− 1

p

) ∏
p|

r2d
k
1

G1

(
1− 1

p

)
+O

(
max(dk1, d

k
2)

R

)

=
∏

p|
r1d

k
2

G2

(
1− 1

p

) ∏
p|

r2d
k
1

G1

(
1− 1

p

) ∏
p(

p,
r1r2d

k
1dk2

G1G2

)
=1

(
1− 1

p2

)
+O

(
max(dk1, d

k
2)

R

)
.

(2.23)

The above estimate in conjunction with (2.20) and (2.22) gives

M =
1

ζ(2)

∫∫
Ω

f(x, y)dxdy
∑

dk1≤Rδ1,dk2≤Rδ2(
dk1
G1

,r1

)
=

(
dk2
G2

,r2

)
=1(

dk1
G1

,
dk2
G2

)
=1

µ(d1)µ(d2)G1G2

dk1d
k
2

∏
p|

r1r2d
k
1dk2

G1G2

(
1− 1

p2

)−1
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×
∏

p|
r1d

k
2

G2

(
1− 1

p

) ∏
p|

r2d
k
1

G1

(
1− 1

p

)
+O

(
R1+ 1

k log2R ∥f∥∞ (τ(r1) + τ(r2))
)

+O

((
τ (r1)

∥∥∥∥∂f∂x
∥∥∥∥
∞
+ τ (r2)

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)R

1
k log2R

)
=

1

ζ(2)

∏
p|r1r2

(
1− 1

p2

)−1∏
p|r1

(
1− 1

p

)∏
p|r2

(
1− 1

p

)∫∫
Ω

f(x, y)dxdy

×
∞∑

d1,d2=1(
dk1
G1

,r1

)
=

(
dk2
G2

,r2

)
=1(

dk1
G1

,
dk2
G2

)
=1

µ(d1)µ(d2)G1G2

dk1d
k
2

∏
p| d

k
1

G1
(p,r2)=1

(
1− 1

p

) ∏
p| d

k
2

G2
(p,r1)=1

(
1− 1

p

)

×
∏

p| dk1dk2
G1G2

(p,r1r2)=1

(
1− 1

p2

)−1

+ E(r1, r2). (2.24)

We next estimate the summation in (2.24); let us denote it by Mr1,r2 . Since δ1 and

δ2 are k-free, it follows that
(

dk1
G1
,
dk2
G2

)
= 1 if and only if (d1, d2) = 1; that p| d

k
1

G1
if and

only if p|d1; and that p| d
k
2

G2
if and only if p|d2. Therefore the sum in (2.24) becomes

Mr1,r2 :=
∞∑

d1,d2=1(
dk1
G1

,r1

)
=

(
dk2
G2

,r2

)
=1(

dk1
G1

,
dk2
G2

)
=1

µ(d1)µ(d2)G1G2

dk1d
k
2

∏
p| d

k
1

G1
(p,r2)=1

(
1− 1

p

)

×
∏
p| d

k
2

G2
(p,r1)=1

(
1− 1

p

) ∏
p| dk1dk2

G1G2
(p,r1r2)=1

(
1− 1

p2

)−1

=
∞∑

d1=1
(d1,r1)=1

µ(d1)G1

dk1

∏
p|d1

(p,r2)=1

(
1− 1

p

) ∏
p|d1

(p,r1r2)=1

(
1− 1

p2

)−1 ∞∑
d2=1

(d2,r2d1)=1

µ(d2)G2

dk2

×
∏
p|d2

(p,r1)=1

(
1− 1

p

) ∏
p|d2

(p,r1r2d1)=1

(
1− 1

p2

)−1

+O

(
1

R1− 1
k

)
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=
∞∑

d1=1
(d1,r1)=1

µ(d1)G1

dk1

∏
p|d1

(p,r2)=1

(
1− 1

p

) ∏
p|d1

(p,r1r2)=1

(
1− 1

p2

)−1

×
∏
p

(p,r1r2d1)=1

(
1− gcd(pk, δ2)

pk−1(p+ 1)

) ∏
p|r1

(p,r2d1)=1

(
1− gcd(pk, δ2)

pk

)
+O

(
1

R1− 1
k

)

=
∏
p

(p,r1r2)=1

(
1− gcd(pk, δ2)

pk−1(p+ 1)

) ∏
p|r1

(p,r2)=1

(
1− gcd(pk, δ2)

pk

) ∞∑
d1=1

(d1,r1)=1

µ(d1)G1

dk1

×
∏
p|d1

(p,r2)=1

(
1− 1

p

) ∏
p|d1

(p,r1r2)=1

(
1− 1

p2

)−1 ∏
p|d1

(p,r2)=1

(
1− gcd(pk, δ2)

pk−1(p+ 1)

)−1

×
∏

p|r1,p|d1
(p,r2)=1

(
1− gcd(pk, δ2)

pk

)−1

+O

(
1

R1− 1
k

)

=
∏
p

(p,r1r2)=1

(
1− gcd(pk, δ2)

pk−1(p+ 1)

)(
1− gcd(pk, δ1)

pk−1(p+ 1)

(
1− gcd(pk, δ2)

pk−1(p+ 1)

)−1
)

×
∏
p|r2

(p,r1)=1

(
1− gcd(pk, δ1)

pk

) ∏
p|r1

(p,r2)=1

(
1− gcd(pk, δ2)

pk

)
+O

(
1

R1− 1
k

)
.

Inserting the above estimate into (2.24) completes the proof of Lemma 2.6.2.

Lemma 2.6.3. Let Ω ⊂ [1, R]2 be a bounded region and let f be a continuously

differentiable function on Ω. Then, we have

∑
(a,b)∈Ω∩Z2

(am,b)=1

µk(b)
2f(a, b) =

6ϕ(m)Pk(m)

π2

∫∫
Ω

f(x, y)dxdy + E, (2.25)

where

Pk(m) =
1

m

∏
p|m

(
1− 1

p2

)−1 ∏
p

(p,m)=1

(
1− 1

pk−1(p+ 1)

)
,
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and

E ≪k,m

(∥∥∥∥∂f∂x
∥∥∥∥
∞
+

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)R

1
k log2R + ∥f∥∞R1+ 1

k log2R.

Proof. We begin by considering the left-hand side of (2.25) and use (2.19). We have

∑
(a,b)∈Ω∩Z2

(am,b)=1

µk(b)
2f(a, b) =

∑
(a,b)∈Ω∩Z2

(am,b)=1

f(a, b)
∑
dk|b

µ(d)

=
∑
dk≤R

µ(d)
∑

(a,dkb1)∈Ω∩Z2

(am,dkb1)=1

f(a, dkb1)

=
∑
dk≤R

(d,m)=1

µ(d)
∑

(a,b1)∈Ω1∩Z2

(a,db1)=1=(b1,m)

f(a, dkb1), (2.26)

where Ω1 = {(x, y) | x ∈ [1, R], y ∈ 1
dk
[1, R]}. We now use Theorem 2.0.1 and

obtain

∑
(a,b1)∈Ω1∩Z2

(a,db1)=1=(b1,m)

f(a, dkb1) =
∑

(a,b1)∈Ω1∩Z2

(a,d)=1=(b1,m)

f(a, dkb1)
∑
d′|a
d′|b1

µ(d′)

=
∑
d′≤ R

dk

µ(d′)
∑

(a2,b2)∈ 1
d′Ω1∩Z2

(d′a2,d)=1=(d′b2,m)

f(d′a2, d
′dkb2)

=
∑
d′≤ R

dk

(d′,dm)=1

µ(d′)
∑

(a2,b2)∈ 1
d′Ω1∩Z2

(a2,d)=1=(b2,m)

f(d′a2, d
′dkb2)

=
∑
d′≤ R

dk

(d′,dm)=1

µ(d′)
∑

(a2,b2)∈ 1
d′Ω1∩Z2

f(d′a2, d
′dkb2)

∑
s|a2
s|d

µ(s)
∑
t|b2
t|m

µ(t)

=
∑
d′≤ R

dk

(d′,dm)=1

µ(d′)
∑
s|d

µ(s)
∑
t|m

µ(t)
∑

(a3,b3)∈Ω2∩Z2

g(a3, b3),

(2.27)
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where g(a3, b3) = f(d′sa3, d
′dktb3) and

Ω2 =

{
(x, y) | x ∈ 1

d′s
[1, R], y ∈ 1

d′dkt
[1, R]

}
.

To estimate the inner-most sum in (2.27), we use Proposition 2.6.1.

∑
(a3,b3)∈Ω2∩Z2

g(a3, b3) =

∫∫
Ω2

g(x, y)dxdy +O

((∥∥∥∥∂g∂x
∥∥∥∥
∞
+

∥∥∥∥∂g∂y
∥∥∥∥
∞

)
Area(Ω2)

)
+O(∥g∥∞ (1 + length(∂Ω)))

=
1

(d′)2dkst

∫∫
Ω

f(x, y)dxdy +O

(
∥f∥∞

R

d′

(
1

s
+

1

tdk

))
+O

((
1

d′dkt

∥∥∥∥∂f∂x
∥∥∥∥
∞
+

1

d′s

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω2)

)
.

Invoking the above estimate into (2.27) and then into (2.26), we obtain

∑
(a,b)∈Ω∩Z2

(am,b)=1

µk(b)
2f(a, b) =

∫∫
Ω

dxdy
∑
dk≤R

(d,m)=1

µ(d)

dk

∑
d′≤ R

dk

(d′,dm)=1

µ(d′)

(d′)2

∑
s|d

µ(s)

s

∑
t|m

µ(t)

t

×
∫∫

Ω

f(x, y)dxdy +O
(
R1+ 1

k log2R∥f∥∞
)

+O

((∥∥∥∥∂f∂x
∥∥∥∥
∞
+

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
R1/k logR Area(Ω)

)
=
6ϕ(m)Pk(m)

π2

∫∫
Ω

f(x, y)dxdy +O
(
R1+ 1

k log2R∥f∥∞
)

+O

((∥∥∥∥∂f∂x
∥∥∥∥
∞
+

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
R1/k logR Area(Ω)

)
.

Our next result is proved along the same lines as the proof of Proposition 2.6.1.

Lemma 2.6.4. Let Ω ⊂ [1, R]2 be a bounded region and let f be a continuously

differentiable function on Ω. For any positive integers nj, ej,∆j, 1 ≤ j ≤ ν − 1, we
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have

∑
(a,b)∈Ω∩Z2

(a,b)=1
µk(nj(bej−a∆j))

2=1
1≤j≤ν−1

µk(b)
2f(a, b) = Ξ(k, nj, ej,∆j)

∫∫
Ω

f(x, y)dxdy + E,

where Ξ(k, nj, ej,∆j) > 0 is a constant depending on k, nj, ej,∆j and

E ≪k

(∥∥∥∥∂f∂x
∥∥∥∥
∞
+

∥∥∥∥∂f∂y
∥∥∥∥
∞

)
Area(Ω)R

1
k
+ϵ log2R + ∥f∥∞R1+ 1

k
+ϵ log2R.

Proof. The proof is similar to Lemma 2.6.2. We use

µk(n)
2 =

∑
dk|n

µ(d)

to detect the k-free numbers.

Remark 2.6.1. The constant Ξ(k, nj, ej,∆j) can be viewed as natural density of the

set {(a, b) ∈ Ω∩Z2 : (a, b) = 1, µk(b)
2 = 1, µk(nj(bej − a∆j))

2 = 1; 1 ≤ j ≤ ν− 1}.
We assume it to be positive.
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3
Distribution of polynomial Farey

fractions

3.1 Introduction

Let κ ≥ 1 be an integer and let c = (cκ, cκ−1, . . . , c1) ∈ Zκ be a fixed non-zero

vector and P (x) = cκx
κ + cκ−1x

κ−1 + · · ·+ c1x be a polynomial. Denote

FQ,P :=

{
a

q
: 1 ≤ a ≤ q ≤ Q, (P (a), q) = 1

}
. (3.1)

Recall that

FQ,V :=

{
a

q
| 1 ≤ a ≤ q ≤ Q, (a, q) = 1, and (a, q) ∈ V (c)

}
.

47
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To see FQ,P ⊂ FQ,V , we prove the following lemma.

Lemma 3.1.1. Let FQ,P be as in (3.1), and let FQ,V be as in (1.15). We have

FQ,P ⊂ FQ,V

Proof. We take a
q
∈ FQ,P and choose r = q

P (a)
∈ Q+, so that q = rP (a). This

implies that the point (a, q) lies on the curve y = rP (x). Let (a′, q′) ∈ N2 be such

that q′ = rP (a′) and a′ < a. This in turn implies that P (a)|qP (a′), but since

(P (a), q) = 1, it follows that P (a)|P (a′) which is not true since a′ < a. Therefore,

(a, q) ∈ V (c), which implies that a
q
∈ FQ,V . The inclusion is strict because for

example, if P (x) = x(x + 1), then clearly 1
2
∈ FQ,V as (1, 2) ∈ V ((1, 1)) since

2 = 1 · P (1). However, 1
2
/∈ FQ,P since gcd(P (1), 2) ̸= 1.

For certain specific polynomials and fixed Q, we explicitly write the set of poly-

nomial Farey fractions. For instance, if P (x) = x(x2 + 1), then

F5,P =

{
1

5
,
1

3
,
2

3
,
4

5
, 1

}
.

For P (x) = x(x+ 1)(x+ 2), we have

F5,P =

{
1

5
,
2

5
, 1

}
.

The cardinality of the set FQ,P is given by

NQ,P = #FQ,P =
Q2

2

∏
p

(
1− fP (p)

p2

)
+O

(
Q

3
2
+ϵ
)
,

where

fP (p) := #{1 ≤ d ≤ p : P (d) ≡ 0 (mod p)}.

Further, the density of FQ,P is given by

dens(FQ,P ) = lim
Q→∞

#FQ,P

#{a/b | 1 ≤ a ≤ b ≤ Q}
=
∏
p

(
1− fP (p)

p2

)
.
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Hence, the set FQ,P is dense in [0, 1]. We now explore the quantitative equidistribu-

tion and correlation measures of the sequence (FQ,P )Q≥1. Furthermore, we construct

sequences that behave like a sequence of randomly chosen numbers from [0, 1] by

restricting the denominators to a subset of prime. To do so, we require a result on

the cardinality of FQ,P . Therefore, we begin by counting polynomial Farey fractions.

3.2 Counting polynomial Farey fractions

In this section, we prove an asymptotic formula for the number of polynomial

Farey fractions with denominators in an arithmetic progression. Let q and l be posi-

tive integers; we denote the number of polynomial Farey fractions with denominators

in an arithmetic progression as

S(Q; q, l) := #
{a
n
∈ FQ,P | n ≡ l (mod q)

}
. (3.2)

Proposition 3.2.1. Let κ ≥ 1 be an integer and let P (x) = cκx
κ + cκ−1x

κ−1 +

· · ·+ c1x ∈ Z[x] be a polynomial with non-zero discriminant. Let q and l be positive

integers with (q, l) = 1. If S(Q; q, l) is as in (3.2), then

S(Q; q, l) =
Q2

2q

∏
p∤q

(
1− fP (p)

p2

)
+Oq,P

(
Q

3
2
+ϵ
)
,

where

fP (p) := #{1 ≤ d ≤ p : P (d) ≡ 0 (mod p)}.

Proof. We begin with the sum

S(Q; q, l) =
∑
n≤Q

n≡l (mod q)

∑
a≤n

(P (a),n)=1

1. (3.3)

For fixed positive integers q, l with (q, l) = 1 using Proposition 2.3.1, the sum in
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(3.3) can be written as

S(Q; q, l) =
1

ϕ(q)

∑
χ (mod q)

χ̄(l)
∑
n≤Q

χ(n)
∑
a≤n

(P (a),n)=1

1.

For (P (a), n) = 1, we apply Theorem 2.0.1 and obtain

S(Q; q, l) =
1

ϕ(q)

∑
χ (mod q)

χ̄(l)
∑
n≤Q

χ(n)
∑
a≤n

∑
d|P (a)
d|n

µ(d)

=
1

ϕ(q)

∑
χ (mod q)

χ̄(l)
∑
n≤Q

χ(n)
∑
d|n

µ(d)
∑
a≤n

P (a)≡0 (mod d)

1

=
1

ϕ(q)

∑
χ (mod q)

χ̄(l)
∑
n≤Q

nχ(n)
∑
d|n

µ(d)fP (d)

d

=
1

ϕ(q)

∑
χ (mod q)

χ̄(l)
∑
n≤Q

nχ(n)K(n), (3.4)

where K(n) =
∑

d|n
µ(d)fP (d)

d
. Note that the arithmetic function nχ(n)K(n) is mul-

tiplicative. The Dirichlet series of nχ(n)K(n) is given by

F (s) =
∞∑
n=1

χ(n)K(n)

ns−1
=
∏
p

(
1 +

(
1− fP (p)

p

)(
χ(p)

ps−1
+

χ(p2)

p2s−2
+ · · ·

))

=
∏
p

1 +

(
1− fP (p)

p

)
χ(p)p−(s−1)(
1− χ(p)

ps−1

)
 = L(s− 1, χ)

∏
p

(
1− χ(p)fP (p)

ps

)
,

(3.5)

which is absolutely convergent for ℜ(s) > 2. Moreover, the product term on the

far right side is absolutely convergent for ℜ(s) > 1. Thus, the Dirichlet series F (s)

has an analytic continuation to the half plane ℜ(s) > 1 except for a simple pole at

s = 2 in the case of principal Dirichlet character χ0. We use Proposition 2.1.1 for

the Dirichlet series F (s) and x = Q+ 1
2
with some fixed α = 2 + 1/ logQ to obtain

∑
n≤Q

nχ(n)K(n) =
1

2πi

∫ α+iT

α−iT

F (s)(Q+ 1
2
)s

s
ds+R(T ), (3.6)
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where

R(T ) ≪ Qα

T

∞∑
n=1

K(n)

nα| log Q+ 1
2

n
|
.

We use the fact that K(n) ≪ nϵ and first estimate the error term R(T ). We divide

the sum into three subsums over the following ranges of n: n ≤ Q
2
, Q

2
< n < 3Q

2
,

and n ≥ 3Q
2
. For n ≤ Q

2
and n ≥ 3Q

2
, it is clear that

∣∣∣log Q+ 1
2

n

∣∣∣ ≥ log 3
2
. Hence the

first and last subsums are O (Qϵ/(α− 2)). For values of n satisfying Q
2
< n < 3Q

2

the middle subsum is

≪ Q−α+ϵ
∑

−Q
2

<n≤Q
2

1∣∣∣log Q+ 1
2

Q+n

∣∣∣ ≪ Q1−α+ϵ
∑

−Q
2

<n≤Q
2

1

|n− 1
2
|
≪ Q1−α+ϵ logQ.

Therefore,

R(T ) ≪ Q2+ϵ logQ

T
.

To estimate the integral in (3.6), we shift the path of integration into a rectangular

contour with line segments connecting the points α − iT, α + iT, 3/2 + ϵ + iT , and

3/2+ϵ−iT . We first consider the principal character χ0 (mod q). Applying Cauchy’s

residue theorem, we have

1

2πi

∫ α+iT

α−iT

F (s)(Q+ 1
2
)s

s
ds =

(Q+ 1
2
)2

2

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
+

3∑
j=1

Ij,

(3.7)

where I1 and I3 are the integrals along the horizontal line segments connecting the

points 3/2 + ϵ+ iT, α+ iT and 3/2 + ϵ− iT, α− iT , respectively, and I2 is integral

along vertical line [3/2 + ϵ− iT, 3/2 + ϵ+ iT ]. The first term in the above identity

is due to the simple pole of the integrand at s = 2. To estimate the integrals I1 and

I3, we use the standard bounds for ζ(s) (see 2.2). Thus,

I1, I3 ≪q
log T

T 3/4

∫ 2

3/2+ϵ

Qσdσ +
log T

T

∫ α

2

Qσdσ ≪q
Q2 log T

T 3/4 logQ
+

Qα log T

T logQ
.

We use Proposition 2.4.1 to estimate the integral I2 and obtain

I2 ≪q Q
3/2+ϵ

∫ T

0

|ζ(1
2
+ ϵ+ it)|

|1
2
+ ϵ+ it|

dt ≪q Q
3/2+ϵ log T.
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We next consider the case for the non-principal character χ ̸= χ0. We continue with

the same contour defined above and use the bounds in 2.5 for L(s−1, χ). Therefore

I1, I3 ≪q
log T

T 181/216

∫ 2

3/2+ϵ

Qσdσ +
log T

T

∫ α

2

Qσdσ ≪q
Q2 log T

T 181/216 logQ
+

Qα log T

T logQ
,

and

I2 ≪q Q
3/2+ϵ

∫ T

0

|L(1
2
+ ϵ+ it)|

|1
2
+ ϵ+ it|

dt ≪q Q
3/2+ϵ log T.

Collecting all the above estimates in (3.6) and choosing T = Q, for χ = χ0, we have

∑
n≤Q

nχ0(n)K(n) =
Q2

2

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
+Oq,P

(
Q

3
2
+ϵ
)
, (3.8)

and for χ ̸= χ0, we have

∑
n≤Q

nχ(n)K(n) = Oq,P

(
Q

3
2
+ϵ
)
. (3.9)

Inserting (3.8) and (3.9) into (3.4) gives the required result.

An immediate consequence of Proposition 3.2.1 is the following corollary which

is obtained upon taking q = 1.

Corollary 3.2.1. Let κ ≥ 1 be an integer and let P (x) = cκx
κ+cκ−1x

κ−1+· · ·+c1x ∈
Z[x] be a polynomial with non-zero discriminant. If FQ,P is as in (3.1), then

NQ,P = #FQ,P =
Q2

2

∏
p

(
1− fP (p)

p2

)
+O

(
Q

3
2
+ϵ
)
, (3.10)

3.3 Equidistribution

Our first main result concerns the quantitative equidistribution of the polynomial

Farey sequence (FQ,P )Q≥1, for which we establish bounds on its discrepancy. We

denote by DNQ,P
(FQ,P ) the discrepancy of this sequence.

Theorem 3.3.1. Let κ ≥ 2 be an integer and let c = (cκ, cκ−1, . . . , c1) ∈ Zκ be a

fixed non-zero vector and P (x) = cκx
κ + cκ−1x

κ−1 + · · · + c1x be a polynomial with
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non-zero discriminant. For all Q ≥ 1, we have

1

Q
≪ DNQ,P

(FQ,P ) ≪
(logQ)J

Q
,

where J is the number of distinct irreducible factors of the polynomial P (x) ∈ Z[x]
and the implied constants depend on the polynomial P (x).

From Theorem 3.3.1, it follows thatDNQ,P
(FQ,P ) → 0 asQ → ∞ for all α ∈ [0, 1].

By Theorem 1.1.4, we obtain the following corollary.

Corollary 3.3.1. Let κ ≥ 2 be an integer and let c = (cκ, cκ−1, . . . , c1) ∈ Zκ be a

fixed non-zero vector and P (x) = cκx
κ + cκ−1x

κ−1 + · · · + c1x be a polynomial with

non-zero discriminant. Then the Farey sequence (FQ,P )Q≥1 is uniformly distributed

modulo one.

3.3.1 Proof of Theorem 3.3.1

Let α ∈ [0, 1] be a real number. Recall that

D∗
NQ,P

(FQ,P ) = sup
0≤α≤1

RNQ,P
([0, α)), (3.11)

where

RNQ,P
([0, α)) := RNQ,P

(α) =

∣∣∣∣A(α;NQ,P )

NQ,P

− α

∣∣∣∣ = 1

NQ,P

|A(α;NQ,P )− αNQ,P |,

(3.12)

and

A(α;NQ,P ) =
∑

γ∈FQ,P∩[0,α]

1.

We next consider the far-right side of (3.12) to obtain

A(α;NQ,P )− αNQ,P =
∑
q≤Q

 ∑
a≤αq

(P (a),q)=1

1− α
∑
a≤q

(P (a),q)=1

1


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=
∑
q≤Q

∑
a≤αq

∑
d|P (a)
d|q

µ(d)− α
∑
a≤q

∑
d|P (a)
d|q

µ(d)



=
∑
q≤Q

∑
d|q

µ(d)
∑
a≤αq
d|P (a)

1−
∑
d|q

µ(d)
∑
a≤q

d|P (a)

1



=
∑
q≤Q

∑
d|q

µ(d)

∑
a≤αq
d|P (a)

1− α
∑
a≤q

d|P (a)

1

 .

Since fP (d) counts the number of solutions of the polynomial congruence P (a) ≡ 0

(mod d), so using this fact in the above estimate, we have

∑
a≤αq
d|P (a)

1 =
⌊αq
d

⌋
fP (d) + O (fP (d)) and

∑
a≤q

d|P (a)

1 =
q

d
fP (d).

Therefore, we have

|A(α;NQ,P )− αNQ,P | =

∣∣∣∣∣∣
∑
q≤Q

∑
d|q

µ(d)
(⌊αq

d

⌋
fP (d) + O (fP (d))−

αq

d
fP (d)

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
q≤Q

∑
d|q

µ(d)
((αq

d
+O(1)

)
fP (d)−

αq

d
fP (d)

)∣∣∣∣∣∣
≪
∑
q≤Q

∑
d|q

fP (d) ≪
∑
q≤Q

∑
d≤Q

q

fP (d). (3.13)

By Proposition 2.0.1, we have, as Q → ∞

∑
d≤Q

q

fP (d) ∼
Q

q

(
log

Q

q

)J−1

,
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where J is the number of distinct irreducible factors of P (x). Thus, the above

estimate with (3.13) yields

|A(α;NQ,P )− αNQ,P | ≪
∑
q≤Q

Q

q

(
log

Q

q

)J−1

≪ Q (logQ)J−1
∑
q≤Q

1

q
≪ Q (logQ)J .

Therefore

RNQ,P
(α) =

1

NQ,P

|A(α;NQ,P )− αNQ,P | ≪
(logQ)J

Q
(3.14)

uniformly in α ∈ [0, 1]. Hence,

D∗
NQ,P

(FQ,P ) ≪
(logQ)J

Q
. (3.15)

Next, let ϵ > 0 be arbitrarily small and we take α = 1/Q − ϵ to obtain a lower

bound for D∗
NQ,P

(FQ,P ). Since γ ≥ 1
Q
for all γ ∈ FQ,P , it follows from the definition

of A(α;NQ,P ) that A(1/Q − ϵ;NQ,P ) = 0. Therefore, using (3.11) and (3.12), we

obtain

D∗
NQ,P

(FQ,P ) ≥ RNQ,P
(α) = RNQ,P

(
1

Q
− ϵ

)
=

1

Q
− ϵ

for all ϵ > 0. Since ϵ > 0 is arbitrary, we have

D∗
NQ,P

(FQ,P ) ≥
1

Q
. (3.16)

Therefore, using (3.15), (3.16), and Theorem 1.1.3, we obtain

1

Q
≪ DNQ,P

(FQ,P ) ≪
(logQ)J

Q
.

This completes the proof of Theorem 3.3.1.
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3.4 Pair correlation measure

In this section, we study the finer distribution of the sequence (FQ,P )Q≥1 by

analyzing their pair correlation. In particular, we will prove Theorems 1.1.5 and

1.1.6.

Recall that the pair correlation function of the sequence (FQ,P )Q≥1 is given by

g2(λ) =
1

ζ(2)λ2

∞∑
d2,d4=1

µ(d2)µ(d4)

d2d4ϕ(d2)ϕ(d4)

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
,

where h(m) is as in (1.18).

Using Huxley’s [57] bound for fP (n), which states that if degP (x) = κ ≥ 2 and

P (x) has no multiple roots, then fP (l) ≪ κω(l), where ω(l) counts the number of

distinct prime divisors of l, we obtain fP (n) ≪ nϵ. Thus by (1.16), we have

gP (λ) :=
1

22λ2

∑
1≤m< 2λ

βP

 ∑
n,δ,d1,d2≥1
nδd1d2=m

n(d1d2)
0.01

 log

(
2λ

mβP

)
. (3.17)

In Figure 1, we compare the plots of the pair correlation function g2(λ), the above

bound of the pair correlation function for the polynomial P (x) = x(x2 + 1), and

the pair correlation function g(λ) of the classical Farey sequence, against various

distributions: Poissonian distribution (gPo = 1), and GUE distribution (gGUE). Note

that for P (x) = x(x2 + 1), fP (2) = 2; for other values, fP (p) = 3 if p ≡ 1 (mod 4),

and fP (p) = 1 if p ≡ 3 (mod 4).

Outline of proof: To establish the pair correlation measure of the sequence

(FQ,P )Q≥1, we need to count tuples, for any positive real number Λ, in the following

set: {
(γ1, γ2) ∈ F2

Q,P : γ1 ̸= γ2, γ1 − γ2 ∈
1

NQ,P

(0,Λ) + Z
}
.

Using Fourier series techniques for a smooth real-valued function H with support

contained in (0,Λ), we reduce the problem of counting tuples in the above set to

estimating an exponential sum over FQ,P . We derive a closed-form formula for this
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Figure 3.1: The graphs of pair correlation functions g2(λ), gP (λ), g(λ), gPo(λ) ≡ 1

and gGUE(λ) = 1−
(
sinπλ
πλ

)2
.

exponential sum. For the specific polynomial P (x) = x(x+1), we expand the Weyl

sum using Dirichlet characters, which provides a crucial estimate for obtaining an

explicit pair correlation formula for this polynomial. Further, we use a weighted

Poisson summation formula to handle the Fourier coefficients. This weight arises

because we have a less explicit closed-form formula for exponential sums for a general

polynomial. This analysis leads us to establish a result for a lattice point counting

problem involving weight and coprimality conditions. All this, together with some

further simplifications and standard approximation arguments gives the required

result.

We first establish results that will be essential in the proofs of pair correlation

measure.

3.4.1 Exponential sum over polynomial Farey fractions

We begin by establishing results for the exponential sum over the Farey fractions

in FQ,P .

Lemma 3.4.1. Let r and κ ≥ 2 be integers and let P (x) = cκx
κ + cκ−1x

κ−1 + · · ·+
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c1x ∈ Z[x] be a polynomial with non-zero discriminant. Then for any ϵ > 0, we have

∑
γ∈FQ,P

e(rγ) =
∑
q≤Q
q|r

q
∑
d≤Q

q

µ(d)
∑

1≤a≤d
P (a)≡0 (mod d)

e

(
ra

qd

)
,

where e(x) = exp (2πix).

Proof. We have ∑
γ∈FQ,P

e(rγ) =
∑
q≤Q

∑
1≤a≤q

(P (a),q)=1

e

(
ar

q

)
.

We apply Theorem 2.0.1 to obtain

∑
γ∈FQ,P

e(rγ) =
∑
q≤Q

∑
1≤a≤q

e

(
ar

q

) ∑
d|P (a)
d|q

µ(d)

=
∑
d≤Q

µ(d)
∑
q≤Q
d|q

∑
1≤a≤q
d|P (a)

e

(
ar

q

)
=
∑
d≤Q

µ(d)
∑
q≤Q

d

∑
1≤a≤qd

P (a)≡0 (mod d)

e

(
ar

qd

)
.

(3.18)

We first consider the innermost sum in the above equation

∑
1≤a≤qd

P (a)≡0 (mod d)

e

(
ar

qd

)

=

 ∑
1≤a≤d

P (a)≡0 (mod d)

+
∑

d<a≤2d
P (a)≡0 (mod d)

+ · · ·+
∑

(q−1)d<a≤qd
P (a)≡0 (mod d)

 e

(
ar

qd

)

=

q−1∑
j=0

∑
1≤a≤d

P (a)≡0 (mod d)

e

(
r(jd+ a)

qd

)
=

q−1∑
j=0

e

(
rj

q

) ∑
1≤a≤d

P (a)≡0 (mod d)

e

(
ra

qd

)
. (3.19)

In view of the identity

m∑
n=1

e(nl/m) =

{
m, if m|l,
0, otherwise,

(3.20)



3.4 Pair correlation measure 59

the first sum on the right-hand side of (3.19) is q if q|r and 0 otherwise. So (3.19)

in conjunction with (3.18) gives

∑
γ∈FQ,P

e(rγ) =
∑
d≤Q

µ(d)
∑
q≤Q

d
q|r

q
∑

1≤a≤d
P (a)≡0 (mod d)

e

(
ra

qd

)

=
∑
q≤Q
q|r

q
∑
d≤Q

q

µ(d)
∑

1≤a≤d
P (a)≡0 (mod d)

e

(
ra

qd

)
.

This gives the required result.

For the specific polynomial P (x) = x(x+1), we can expand the Weyl sum using

Dirichlet characters.

Lemma 3.4.2. For the polynomial P (x) = x(x+ 1), and r ∈ Z, we have

∑
γ∈FQ,P

e(rγ) =
∑
d1≤Q

µ(d1)
∑
d2≤Q

µ(d2)d2
ϕ(d2) gcd(d1, d2)

∑
q≤Q gcd(d1,d2)

d1d2
qd2

gcd(d1,d2)
|r

q

+
∑
q≤Q

∑
d|q

µ(d)

ϕ(d)

∑
χ (mod d)

χ̸=χ0

χ̄(−1)
∑
a≤q

(a,q)=1

χ(a)e

(
ar

q

)
,

where e(x) = exp (2πix).

Proof. We have ∑
γ∈FQ,P

e(rγ) =
∑
q≤Q

∑
a≤q

(a(a+1),q)=1

e

(
ar

q

)
.

To deal with the condition (a+ 1, q) = 1, we apply Theorem 2.0.1 and obtain

∑
γ∈FQ,P

e(rγ) =
∑
q≤Q

∑
a≤q

(a(a+1),q)=1

e

(
ar

q

)
=
∑
q≤Q

∑
a≤q

(a,q)=1

e

(
ar

q

) ∑
d2|a+1
d2|q

µ(d2)

=
∑
q≤Q

∑
d2|q

µ(d2)
∑
a≤q

(a,q)=1
a≡−1 (mod d2)

e

(
ar

q

)
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=
∑
q≤Q

∑
d2|q

µ(d2)

ϕ(d2)

∑
χ (mod d2)

χ̄(−1)
∑
a≤q

(a,q)=1

χ(a)e

(
ar

q

)
= S(χ0) + S(χ).

For χ = χ0, we have

S(χ0) =
∑
q≤Q

∑
d2|q

µ(d2)

ϕ(d2)

∑
a≤q

(a,q)=1

χ0(a)e

(
ar

q

)

=
∑
q≤Q

∑
d2|q

µ(d2)

ϕ(d2)

∑
a≤q

(a,q)=1

e

(
ar

q

)
=
∑
q≤Q

∑
d2|q

µ(d2)

ϕ(d2)

∑
a≤q

e

(
ar

q

)∑
d1|a
d1|q

µ(d1)

=
∑
q≤Q

∑
d2|q

µ(d2)

ϕ(d2)

∑
d1|q

µ(d1)
∑
a≤q
d1|a

e

(
ar

q

)

=
∑
d1≤Q

µ(d1)
∑
q≤ Q

d1

∑
d2|qd1

µ(d2)

ϕ(d2)

∑
a≤q

e

(
ar

q

)
.

We use (3.20) to estimate the inner-most sum in the above identity. Therefore

S(χ0) =
∑
d1≤Q

µ(d1)
∑
q≤ Q

d1
q|r

q
∑
d2|qd1

µ(d2)

ϕ(d2)
=
∑
d1≤Q

µ(d1)
∑
d2≤Q

µ(d2)

ϕ(d2)

∑
q≤ Q

d1
q|r, d2|qd1

q

=
∑
d1≤Q

µ(d1)
∑
d2≤Q

µ(d2)

ϕ(d2)

∑
q≤ Q

d1

q|r, d2
gcd(d1,d2)

|q

q

=
∑
d1≤Q

µ(d1)
∑
d2≤Q

µ(d2)d2
ϕ(d2) gcd(d1, d2)

∑
q≤Q gcd(d1,d2)

d1d2
qd2

gcd(d1,d2)
|r

q.

In the second last step, we used the fact that n1|n2n3 if and only if n1

gcd(n1,n2)
|n3.

For χ ̸= χ0, we have

S(χ) =
∑
q≤Q

∑
d|q

µ(d)

ϕ(d)

∑
χ (mod d)

χ̸=χ0

χ̄(−1)
∑
a≤q

(a,q)=1

χ(a)e

(
ar

q

)
.
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This completes the proof of Lemma 3.4.2.

We now turn to the proofs of Theorems 1.1.5 and 1.1.6.

3.4.2 Proof of Theorem 1.1.5

To prove Theorem 1.1.5, we need to estimate, for any positive real number Λ,

the quantity

SFQ,P
(Λ) =

1

NQ,P

#

{
(γ1, γ2) ∈ F2

Q,P : γ1 ̸= γ2, γ1 − γ2 ∈
1

NQ,P

(0,Λ) + Z
}
, (3.21)

as Q → ∞. Let H be any continuously differentiable function with Supp H ⊂ (0,Λ).

For ν = 2 and F = FQ,P , we use smooth analogue of correlation measure defined in

(2.15). Recall that

f(y) =
∑
n∈Z

H(NQ,P (y + n)), y ∈ R,

and

SQ,P =
∑

γ1,γ2∈FQ,P

γ1 ̸=γ2

f(γ1 − γ2)

=
∑

γ1,γ2∈FQ,P

r∈Z

cre(r(γ1 − γ2)) =
∑
r∈Z

cr

∣∣∣∣∣∣
∑

γ∈FQ,P

e(rγ)

∣∣∣∣∣∣
2

, (3.22)

where

f(y) =
∑
r∈Z

cre(ry) (3.23)

is the Fourier series expansion of f with the Fourier coefficients

cr =

∫
[0,1)

f(x)e(−rx)dx =
∑
m∈Z

∫
[0,1)

H(NQ,P (x+m))e(−nx)dx

=

∫
R
H(NQ,Pv)e(−n · v)dv =

1

NQ,P

∫
R
e

(
− rx

NQ,P

)
H(x)dx =

1

NQ,P

Ĥ

(
r

NQ,P

)
,
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where Ĥ is the Fourier transform ofH. By approximating the characteristic function

of (0,Λ) with H, 1
NQ,P

SQ,P becomes SFQ,P
(Λ). We employ Lemma 3.4.1 in (3.22) to

obtain

SQ,P =
∑
r∈Z

cr
∑
q1≤Q
q1|r

q1
∑
d1≤ Q

q1

µ(d1)
∑

1≤a1≤d1
P (a1)≡0 (mod d1)

e

(
ra1
q1d1

)

×
∑
q2≤Q
q2|r

q2
∑
d2≤ Q

q2

µ(d2)
∑

1≤a2≤d2
P (a2)≡0 (mod d2)

e

(
− ra2
q2d2

)

=
∑

d1,d2≤Q

µ(d1)µ(d2)
∑
q1≤ Q

d1

q2≤ Q
d2

q1q2
∑

1≤a1≤d1
1≤a2≤d2

P (a1)≡0 (mod d1)
P (a2)≡0 (mod d2)

×
∑
n∈Z

cn[q1,q2]e

(
n[q1, q2]

(
a1
q1d1

− a2
q2d2

))
, (3.24)

where [q1, q2] is the least common multiple of q1 and q2. In order to estimate the

inner-most sum, for each y > 0, we consider the function

Hy(x) =
1

y
H

(
xNQ,P

y

)
, x ∈ R. (3.25)

Then

Ĥy(z) =
1

NQ,P

Ĥ

(
yz

NQ,P

)
. (3.26)

Since cr =
1

NQ,P
Ĥ
(

r
NQ,P

)
, using (3.26) the inner-most sum in (3.24) can be expressed

as

∑
n∈Z

cn[q1,q2]e

(
n[q1, q2]

(
a1
q1d1

− a2
q2d2

))
=
∑
n∈Z

1

NQ,P

Ĥ

(
n[q1, q2]

NQ,P

)
e

(
n[q1, q2]

(
a1
q1d1

− a2
q2d2

))
=
∑
n∈Z

Ĥ[q1,q2](n)e

(
n[q1, q2]

(
a1
q1d1

− a2
q2d2

))
. (3.27)
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Next, we apply Proposition 2.1.4 to the right-hand side of the above identity. We

obtain

∑
n∈Z

Ĥ[q1,q2](n)e

(
n[q1, q2]

(
a1
q1d1

− a2
q2d2

))
=
∑
n∈Z

H[q1,q2]

(
n+

a1[q1, q2]

q1d1
− a2[q1, q2]

q2d2

)
=
∑
n∈Z

1

[q1, q2]
H

(
NQ,P

[q1, q2]

(
n+

a1[q1, q2]

q1d1
− a2[q1, q2]

q2d2

))
. (3.28)

The above identity, in conjunction with (3.27) and (3.24), yields

SQ,P =
∑

d1,d2≤Q

µ(d1)µ(d2)
∑
q1≤ Q

d1

q2≤ Q
d2

q1q2
∑

1≤a1≤d1
1≤a2≤d2

P (a1)≡0 (mod d1)
P (a2)≡0 (mod d2)

×
∑
n∈Z

1

[q1, q2]
H

(
NQ,P

[q1, q2]

(
n+

a1[q1, q2]

q1d1
− a2[q1, q2]

q2d2

))
=
∑

d1,d2≤Q

µ(d1)µ(d2)
∑

1≤a1≤d1
1≤a2≤d2

P (a1)≡0 (mod d1)
P (a2)≡0 (mod d2)

∑
q1≤ Q

d1

q2≤ Q
d2

gcd(q1, q2)

×
∑
n∈Z

H

(
NQ,P

[q1, q2]

(
n+

a1[q1, q2]

q1d1
− a2[q1, q2]

q2d2

))
.

Take gcd(q1, q2) = δ, so that q1 = q′1δ and q2 = q′2δ with (q′1, q
′
2) = 1. Substituting

this into above equation, we arrive at the following expression

SQ,P =
∑

d1,d2≤Q

µ(d1)µ(d2)
∑

1≤a1≤d1
1≤a2≤d2

P (a1)≡0 (mod d1)
P (a2)≡0 (mod d2)

∑
δ≤ Q

max(d1,d2)

δ
∑

q′1≤
Q
δd1

q′2≤
Q
δd2

(q′1,q
′
2)=1

×
∑
n∈Z

H

(
NQ,P

(
n

q′1q
′
2δ

+
a1

q′1δd1
− a2

q′2δd2

))
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=
∑

d1,d2≤Q

µ(d1)µ(d2)
∑

1≤a1≤d1
1≤a2≤d2

P (a1)≡0 (mod d1)
P (a2)≡0 (mod d2)

∑
δ≤ Q

max(d1,d2)

δ
∑

q′1≤
Q
δd1

, q′2≤
Q
δd2

a1
q′1d1

=
a2

q′2d2
(q′1,q

′
2)=1

∑
n∈Z

H

(
nNQ,P

q′1q
′
2δ

)

≪
∑

d1,d2≤Q

∑
1≤a1≤d1
1≤a2≤d2

P (a1)≡0 (mod d1)
P (a2)≡0 (mod d2)

∑
δ≤ Q

max(d1,d2)

δ
∑

q′1≤
Q
δd1

, q′2≤
Q
δd2

(q′1,q
′
2)=1

∑
n∈Z

H

(
nNQ,P

q′1q
′
2δ

)
. (3.29)

In the second last step, we used the fact that Supp H ⊂ (0,Λ), since for large

Q, either NQ,P

(
a1

q′1δd1
− a2

q′2δd2

)
> Λ or

(
a1

q′1δd1
− a2

q′2δd2

)
≤ 0. Further, for a non-zero

contribution from H, one must have 0 <
nNQ,P

q′1q
′
2δ

< Λ which implies δnd1d2 < 2Λ
βP

=:

CΛ, where βP =
∏

p

(
1− fP (p)

p2

)
. By utilizing the aforementioned inequality and

taking into account the observation that

H

(
nNQ,P

q′1q
′
2δ

)
= H

(
nβPQ

2

2q′1q
′
2δ

)
+O

(
n

q′1q
′
2δ
Q

3
2
+ϵ

)
, (3.30)

the sum in (3.29) can be expressed as

SQ,P ≪
∑

d1,d2,δ,n≥1
nδd1d2<CΛ

δfP (d1)fP (d2)
∑

q′1≤
Q
δd1

, q′2≤
Q
δd2

(q′1,q
′
2)=1

H

(
nβPQ

2

2q′1q
′
2δ

)
. (3.31)

In order to estimate the inner sum in (3.31), we employ Proposition 2.6.2, which

gives an asymptotic result for counting the number of lattice points with some weight

within a bounded region. We obtain

∑
q′1≤

Q
δd1

,q′2≤
Q
δd2

gcd(q′1,q
′
2)=1

H

(
nβPQ

2

2q′1q
′
2δ

)
=

6

π2

∫ Q
δd2

0

∫ Q
δd1

0

H

(
nβPQ

2

2xyδ

)
dxdy +O(Q logQ)

=
6Q2

π2

∫ 1
δd2

0

∫ 1
δd1

0

H

(
nβP

2xyδ

)
dxdy +O(Q logQ) .

(3.32)
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Further, we put λ = nβP

2xyδ
, then the double integral transforms into the following

expression

∫ 1
δd2

0

∫ 1
δd1

0

H

(
nβP

2xyδ

)
dxdy =

nβP

2δ

∫ 1
δd1

0

∫ Λ

nd2βP
2x

H(λ)

xλ2
dλdx

=
nβP

2δ

∫ Λ

δnd1d2βP
2

∫ 1
δd1

nd2βP
2λ

H(λ)

xλ2
dxdλ

=
nβP

2δ

∫ Λ

δnd1d2βP
2

H(λ)

λ2
log

(
2λ

δnd1d2βP

)
dλ. (3.33)

Thus, (3.32) and (3.33) in conjunction with (3.31) gives

SQ,P ≪ Q2βP

∑
d1,d2,δ,n≥1
nδd1d2<CΛ

nfP (d1)fP (d2)

∫ Λ

δnd1d2βP
2

H(λ)

λ2
log

(
2λ

δnd1d2βP

)
dλ

≪ Q2βP

∑
1≤m<CΛ

∫ Λ

mβP
2

H(λ)

λ2
log

(
2λ

mβP

)
dλ

∑
n,δ,d1,d2≥1
nδd1d2=m

nfP (d1)fP (d2)

≪ Q2βP

∫ Λ

0

H(λ)

λ2

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
dλ, (3.34)

where

h(m) :=
∑

n,δ,d1,d2≥1
nδd1d2=m

nfP (d1)fP (d2).

Using (3.10) and (3.34), we conclude that

SQ,P

#FQ,P

≪
∫ Λ

0

H(λ)

λ2

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
dλ.

Next, we use the standard approximation argument to approximate the character-

istic function of the interval (0,Λ) from below and above by the smooth functions

with compact support in (0,Λ) and obtain

SFQ,P
(Λ) ≪

∫ Λ

0

1

λ2

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
dλ.
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Therefore,

lim sup
Q→∞

SFQ,P
(Λ) ≪

∫ Λ

0

1

λ2

∑
1≤m< 2λ

βP

h(m) log

(
2λ

mβP

)
dλ.

Note that h(m) < ∞ for every m. Since 1 ≤ m < 2λ
βP

, it follows that for every

Λ > 0, the sum on the right hand side in the above inequality has only finitely many

terms and so is finite. Therefore, lim supQ→∞ SFQ,P
(Λ) is finite. This completes the

proof of Theorem 1.1.5.

3.4.3 Proof of Theorem 1.1.6

To prove Theorem 1.1.6, we need to estimate, for any positive real number Λ

and polynomial P (x) = x(x+ 1), the quantity

SFQ,P
(Λ) =

1

NQ,P

#

{
(γ1, γ2) ∈ F2

Q,P : γ1 ̸= γ2, γ1 − γ2 ∈
1

NQ,P

(0,Λ) + Z
}
,

as Q → ∞. As in Theorem 1.1.5, we change the problem of counting the tuples

in (3.21) into estimating the exponential sum over polynomial Farey fractions. We

have

SQ,P =
∑
r∈Z

cr

∣∣∣∣∣∣
∑

γ∈FQ,P

e(rγ)

∣∣∣∣∣∣
2

, (3.35)

where cr =
1

NQ,P
Ĥ
(

r
NQ,P

)
is Fourier coefficient of the Fourier series

f(y) =
∑
r∈Z

cre(ry)
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and Ĥ is the Fourier transform of H. We employ Lemma 3.4.2 in the above identity

to obtain

SQ,P =
∑
r∈Z

cr


∑
d1≤Q

µ(d1)
∑
d2≤Q

µ(d2)d2
dϕ(d2)

∑
q1≤ dQ

d1d2
q1d2
d

|r

q1 +
∑
d′1|q′1
q′1≤Q

µ(d′1)

ϕ(d′1)

∑
χ (mod d′1)

χ̸=χ0

χ̄(−1)

×
∑
a1≤q′1

(a1,q′1)=1

χ(a1)e

(
a1r

q′1

)

∑
d3≤Q

µ(d3)
∑
d4≤Q

µ(d4)d4
Dϕ(d4)

∑
q2≤ QD

d3d4
q2d4
D

|r

q2

+
∑
d′2|q′2
q′2≤Q

µ(d′2)

ϕ(d′2)

∑
χ (mod d′2)

χ̸=χ0

χ̄(−1)
∑
a2≤q′2

(a2,q′2)=1

χ(a2)e

(
−a2r

q′2

) ,

where d = gcd(d1, d2) and D = gcd(d3, d4).

SQ,P =
∑

d1,d3≤Q

µ(d1)µ(d3)
∑

d2,d4≤Q

µ(d2)µ(d4)d2d4
ϕ(d2)ϕ(d4)dD

∑
q1≤ Qd

d1d2

q2≤ QD
d3d4

q1q2
∑
n∈Z

c[ q1d2d
,
q2d4
D ]n

+
∑
d1≤Q

µ(d1)
∑
d2≤Q

µ(d2)d2
dϕ(d2)

∑
q1≤ Qd

d1d2

q1
∑
q′2≤Q

∑
d′2|q′2

µ(d′2)

ϕ(d′2)

∑
χ (mod d′2)

χ̸=χ0

χ̄(−1)

×
∑
a2≤q′2

(a2,q′2)=1

χ(a2)
∑
n∈Z

c q1d2n
d

e

(
−a2q1d2n

q′2d

)
+
∑
d3≤Q

µ(d3)
∑
d4≤Q

µ(d4)d4
ϕ(d4)D

×
∑

q2≤ QD
d3d4

q2
∑
q′1≤Q

∑
d′1|q′1

µ(d′1)

ϕ(d′1)

∑
χ (mod d′1)

χ̸=χ0

χ̄(−1)
∑
a1≤q′1

(a1,q′1)=1

χ(a1)

×
∑
n∈Z

c q2d4n
D

e

(
a1q2d4n

q′1D

)
+
∑
q′1≤Q

∑
d′1|q′1

µ(d′1)

ϕ(d′1)

∑
χ (mod d′1)

χ̸=χ0

χ̄(−1)
∑
a1≤q′1

gcd(a1,q′1)=1

χ(a1)
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×
∑
q′2≤Q

∑
d′2|q′2

µ(d′2)

ϕ(d′2)

∑
χ (mod d′2)

χ̸=χ0

χ̄(−1)
∑
a2≤q′2

(a2,q′2)=1

χ(a2)
∑
r∈Z

cre

(
a1r

q′1
− a2r

q′2

)
,

(3.36)

where [a, b] is the least common multiple of a and b. We estimate the sum of Fourier

coefficients in the first term on the right-hand side of the above identity using (3.25),

(3.26), and Proposition 2.1.3. Therefore, we have

∑
n∈Z

c[ q1d2d
,
q2d4
D ]n =

∑
n∈Z

1[
q1d2
d
, q2d4

D

]H ( nNQ,P[
q1d2
d
, q2d4

D

]) . (3.37)

In order to estimate the other inner-most sums containing the Fourier coefficients,

we use (3.25), (3.26) and Proposition 2.1.4 to obtain

∑
n∈Z

c q1d2n
d

e

(
−a2q1d2n

q′2d

)
=
∑
n∈Z

1

NQ,P

Ĥ

(
q1d2n

dNQ,P

)
e

(
−a2q1d2n

q′2d

)
=
∑
n∈Z

Ĥ q1d2
d

(n) e

(
−a2q1d2n

q′2d

)
=
∑
n∈Z

H q1d2
d

(
n− a2q1d2

q′2d

)
=
∑
n∈Z

d

q1d2
H

(
dNQ,P

q1d2

(
n− a2q1d2

q′2d

))
. (3.38)

Similarly, we have

∑
n∈Z

c q2d4n
D

e

(
a1q2d4n

q′1D

)
=
∑
n∈Z

D

q2d4
H

(
DNQ,P

q2d4

(
n+

a1q2d4
q′1D

))
(3.39)

and ∑
r∈Z

cre

(
a1r

q′1
− a2r

q′2

)
=
∑
r∈Z

H

(
NQ,P

(
r +

a1
q′1

− a2
q′2

))
. (3.40)

Note that q1 ≤ dQ
d1d2

, q2 ≤ DQ
d3d4

and NQ,P ∼ cQ2. Given that Supp H ⊂ (0,Λ)

such that Q > Λ, for sufficiently large Q, we have H
(

dNQ,P

q1d2

(
n− a2q1d2

dq′2

))
= 0,

H
(

DNQ,P

q2d4

(
n+ a1q2d4

Dq′1

))
= 0, and H

(
NQ,P

(
r + a1

q′1
− a2

q′2

))
= 0. This leads to the

vanishing of the sums in (3.38), (3.39), and (3.40) reducing (3.36) to the following
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identity:

SQ,P

=
∑

d1,d3≤Q

µ(d1)µ(d3)
∑

d2,d4≤Q

µ(d2)µ(d4)d2d4
ϕ(d2)ϕ(d4)dD

∑
q1≤ Qd

d1d2

q2≤ DQ
d3d4

q1q2[
q1d2
d
, q2d4

D

]∑
n∈Z

H

(
nNQ,P[
q1d2
d
, q2d4

D

])

=
∑

d1,d2,d3,d4≤Q

µ(d1)µ(d2)µ(d3)µ(d4)

ϕ(d2)ϕ(d4)

∑
q1≤ dQ

d1d2

q2≤ DQ
d3d4

gcd

(
q1d2
d

,
q2d4
D

)∑
n∈Z

H

(
nNQ,P[
q1d2
d
, q2d4

D

]) .

Denote gcd
(
q1d2
d
, q2d4

D

)
= δ. Note that gcd

(
q1d2
d
, q2d4

D

)
= δ if and only if

(
q1d2
dδ

, q2d4
Dδ

)
=

1. Furthermore, δ| q1d2
d

if and only if δ
G1
|q1 and δ| q2d4

D
if and only if δ

G2
|q2, where

G1 := gcd
(
δ, d2

d

)
and G2 := gcd

(
δ, d4

D

)
. That is, we have q1 =

q′1δ

G1
and q2 =

q′2δ

G2
for

some q′1, q
′
2 ∈ Z. With this reduction, we have

SQ,P =
∑

d1,d2,d3,d4≤Q

δ≤ Q
max(d1,d3)

δµ(d1)µ(d2)µ(d3)µ(d4)

ϕ(d2)ϕ(d4)

∑
n∈Z

(q′1,q
′
2)∈S

H

(
ndDG1G2NQ,P

q′1q
′
2δd2d4

)
, (3.41)

where S :=
{
q′1 ≤

QdG1

δd1d2
, q′2 ≤

DQG2

δd3d4
:
(

q′1d2
dG1

,
q′2d4
DG2

)
= 1
}
. We use the fact that Supp

H ⊂ (0,Λ) and (3.10). For a non-zero contribution from H, one must have 0 <
ndDG1G2NQ,P

q′1q
′
2δd2d4

< Λ which implies δnd1d3 < 2Λ
βP

=: CΛ, where βP =
∏

p

(
1− fP (p)

p2

)
.

By utilizing the aforementioned inequality and taking into account Corollary 3.2.1,

the sum in (3.41) becomes

SQ,P =
∑

δnd1d3<
2Λ
βP

δµ(d1)µ(d3)
∑

d2,d4≤Q(
d2
dG1

,
d4

DG2

)
=1

µ(d2)µ(d4)

ϕ(d2)ϕ(d4)

×
∑

(q′1,q
′
2)∈S1

H

(
ndDG1G2βPQ

2

2q′1q
′
2δd2d4

)
+O

(
Q

3
2
+ϵ
)
, (3.42)

where S1 :=
{
q′1 ≤

dQG1

δd1d2
, q′2 ≤

DQG2

δd3d4
:
(
q′1,

d4
DG2

)
= (q′1, q

′
2) =

(
q′2,

d2
dG1

)
= 1
}
. We

next employ Lemma 2.6.1 to estimate the innermost sum on the right-hand side of
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(3.42). Denoting this sum by S(1), we have

S(1) =
1

ζ(2)

∏
p| d2d4

dDG1G2

(
1− 1

p2

)−1 ∏
p| d2

dG1

(
1− 1

p

) ∏
p| d4

DG2

(
1− 1

p

)

×
∫ DQG2

δd3d4

0

∫ dQG1
δd1d2

0

H

(
ndDG1G2βPQ

2

2xyδd2d4

)
dxdy +O

(
(τ(d2) + τ(d4))Q log2Q

)
.

(3.43)

We denote the double integral in the above estimate by I. By suitable change of

variables, we obtain

I =
Q2

d2d4
dDG1G2

∫ 1
δd3

0

∫ 1
δd1

0

H

(
nβP

2δxy

)
dxdy.

We further put nβP

2δxy
= λ to obtain

I =
Q2nβP

2δd2d4
dDG1G2

∫ Λ

nδd1d3βP
2

∫ 1
δd1

nd3βP
2λ

H(λ)

λ2x
dxdλ

=
Q2nβP

2δd2d4
dDG1G2

∫ Λ

nδd1d3βP
2

H(λ)

λ2
log

(
2λ

nδd1d3βP

)
dλ.

The above estimate in conjunction with (3.42) and (3.43) gives

SQ,P =
Q2βP

2ζ(2)

∑
d2,d4≤Q

µ(d2)µ(d4)

d2d4ϕ(d2)ϕ(d4)

∑
δ,n,d1,d3≥1

δnd1d3<
2Λ
βP(

d2
dG1

,
d4

DG2

)
=1

nµ(d1)µ(d3)dDG1G2

×
∏
p| d2

dG1

(
1− 1

p

) ∏
p| d4

DG2

(
1− 1

p

) ∏
p| d2d4

dDG1G2

(
1− 1

p2

)−1

×
∫ Λ

nδd1d3βP
2

H(λ)

λ2
log

(
2λ

nδd1d3βP

)
dλ+O

(
Q

3
2
+ϵ
)

=
Q2βP

2ζ(2)

∞∑
d2,d4=1

µ(d2)µ(d4)

d2d4ϕ(d2)ϕ(d4)

∫ Λ

0

H(λ)

λ2

∑
m< 2λ

βP

h(m) log

(
2λ

mβP

)
dλ

+O
(
Q

3
2
+ϵ
)
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=
Q2βP

2

∫ Λ

0

g2(λ)H(λ)dλ+O
(
Q

3
2
+ϵ
)
,

where h(m) and g2(λ) are as defined in the statement of Theorem 1.1.6. The above

estimate with (3.10) yields

SQ,P

NQ,P

=

∫ Λ

0

H(λ)g2(λ)dλ+O
(
Q− 1

2
+ϵ
)
.

Using an appropriate approximation argument to approximate the characteristic

function of the interval (0,Λ) from below and from above by the smooth functions

with compact support in (0,Λ), we have

lim
Q→∞

SFQ,P
(Λ) =

∫ Λ

0

g2(λ)dλ.

This completes the proof of Theorem 1.1.6.

3.5 Polynomial Farey fractions with prime denom-

inators

Another question of significant interest is determining the values τ > 0 for which

there are infinitely many primes that satisfy the Diophantine inequality

||αp|| < p−τ+ϵ (3.44)

for all ϵ > 0, where ||t|| denotes the distance from the nearest integer to a real

number t. Vinogradov [96] was the first to determine that τ = 1/5 is admissible and

subsequently, his result was improved by various authors [50, 51, 53, 60–63, 94].

The inequality in (3.44) is equivalent to the existence of a fraction with prime

denominator a/p satisfying |α − a
p
| < p−1−τ+ϵ. All the above results on τ are

equivalent to quantitative statements on the gap between the Farey fractions with

prime denominators. Motivated by this connection, we study the pair correlation

statistics of polynomial Farey sequence with prime denominators. For each integer
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Q, let BQ be a fixed subset of prime numbers that are less than or equal to Q. The

polynomial Farey sequence of order Q with prime denominators is given by

MBQ,P :=

{
a

p
: 1 ≤ a ≤ p ≤ Q, (P (a), p) = 1, p ∈ BQ

}
. (3.45)

A similar set as BQ was considered by Xiao [99], where author studied the pair

correlation of the usual Farey fractions with denominators in that set.

3.5.1 Counting polynomial Farey fractions with prime de-

nominators

We prove an asymptotic result to count the number of polynomial Farey fractions

of order Q with denominators in BQ.

Proposition 3.5.1. Let κ ≥ 1 be an integer and P (x) = cκx
κ+cκ−1x

κ−1+· · ·+c1x ∈
Z[x] be a polynomial with non-zero discriminant. If MBQ,P is as in (3.45), then

NBQ,P = #MBQ,P =
∑
p∈BQ

p+O(#BQ) .

Proof. We begin by expressing the number of fractions in MBQ,P as a summation

and then use the Möbius sum for the coprimality condition:

NBQ,P =
∑
p∈BQ

∑
a≤p

(P (a),p)=1

1 =
∑
p∈BQ

∑
a≤p

∑
d|P (a)
d|p

µ(d) =
∑
p∈BQ

∑
a≤p

1−
∑
p∈BQ

∑
a≤p

P (a)≡0 (mod p)

1

=
∑
p∈BQ

p−
∑
p∈BQ

fP (p) =
∑
p∈BQ

p+O(#BQ) .

In the last step, we applied Lagrange’s theorem [49, Chapter 7] which implies that

P (x) has at most deg(P ) roots modulo p, thus fP (p) ≤ deg(P ).



3.5 Polynomial Farey fractions with prime denominators 73

3.5.2 Main results

Let us recall the main result of polynomial Farey sequence with prime denomi-

nators, namely Theorem 1.1.7.

Theorem 3.5.1. The limiting pair correlation of the sequence (MBQ,P )Q≥1 exists

as Q → ∞ and is Poissonian if and only if
∑

p∈BQ
p2 = o

(
(#MBQ,P )

2
)
.

If P (x) = x and for each Q, BQ is the set of prime numbers that are less than

or equal to Q, and MQ is the set of Farey fractions with prime denominators not

exceeding Q, then, by the prime number theorem and a partial summation formula

using Theorem 3.5.1, we immediately deduce the following result of Xiong et al.

[100] on the pair correlation of Farey fractions with prime denominators.

Corollary 3.5.1 ([100], Theorem 1). The limiting pair correlation of the sequence

(MQ)Q≥1 exists as Q → ∞ and is constant equal to 1.

Using Theorem 3.5.1, we next investigate the distribution of the fractions in

MBQ,P for different choices of the set BQ.

Piatetski-Shapiro primes

Definition 3.5.1 (Piatetski-Shapiro primes). Let 1 < c < 2 be a fixed real number.

A prime p is said to be Piatetski-Shapiro prime if it is of the form ⌊nc⌋.

In order to count the Piatetski-Shapiro primes, we have the following asymptotic

result.

Theorem 3.5.2 ([86]). Let πc(x) denote the number of Piatetski-Shapiro primes

p ≤ x. Then for fixed c ∈ (1, 1.16), we have

πc(x) ∼
x1/c

log x
as x → ∞.

For more details on the Piatetski-Shapiro primes, one may refer to the well-

known article of [85]. Employing Theorems 3.5.1 and 3.5.2, we derive the following

corollary.
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Corollary 3.5.2. Let c ∈ (1, 1.16) be a fixed real number. If B(1)
Q is the set of

Piatetski-Shapiro primes not exceeding Q then the limiting pair correlation of the

sequence
(
MB(1)

Q ,P

)
Q≥1

exists as Q → ∞ and it is Poissonian.

Chen primes

Definition 3.5.2 (Chen primes). A prime p is said to be a Chen prime if p+ 2 is

a product of at most two primes.

Theorem 3.5.3 ([28], Theorem II). There exist infinitely many primes p such that

p+ h is a product of at most 2 primes, h being any even integer, and

#{p ≤ x | p+ h is a product of at most two primes} ≥ 0.67xCh

(log x)2
,

where Ch is a constant depending on h.

Corollary 3.5.3. If B(2)
Q is the set of Chen primes less than or equal to Q then the

limiting pair correlation of the sequences
(
MB(2)

Q ,P

)
Q≥1

exists as Q → ∞ and it is

Poissonian.

Prime k-tuple

Let a1, . . . , ak be distinct positive even integers. A prime p is said to be a prime

k-tuple if p + a1, . . . , p + ak are all prime. In 1922, Hardy and Littlewood [48]

formulated the prime k-tuple conjecture, which is the following:

Conjecture 3.5.1 (Hardy-Littlewood prime k-tuple conjecture). Let a1, . . . , ak be

distinct integers, and let b(p) be the number of distinct residue classes (mod p)

represented by ai, 1 ≤ i ≤ k. If b(p) < p for every prime p, the prime k-tuple

conjecture asserts that the number of n ≤ x such that all k numbers n+ai are prime

for 1 ≤ i ≤ k is asymptotic to

S(a1, . . . , ak)
x

(log x)k
,

where

S(a1, . . . , ak) =
∏
p

(
1− b(p)

p

)(
1− 1

k

)−k
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Assuming the Hardy-Littlewood conjecture [48], there are infinitely many prime

k-tuples. Using Theorem 3.5.1 and assuming the Hardy-Littlewood conjecture, we

obtain the following corollary.

Corollary 3.5.4. If B(3)
Q is the set of prime k-tuples less than or equal to Q, then

under the Hardy-Littlewood prime k-tuple conjecture, the limiting pair correlation of

the sequence
(
MB(3)

Q ,P

)
Q≥1

exists as Q → ∞ and is Poissonian.

Primes with restricted digits

Let q be a positive integer. For any choice of D ⊆ {0, 1, . . . , q − 1}, let

A =

{∑
0≤i≤k

niq
i : ni ∈ {0, 1, . . . , q − 1} \ D, k ≥ 0

}

be a set of integers with no digit in base q in the set D. A prime p ∈ A is said to be

a prime with restricted digits. It is natural to ask whether the above set A contains

infinitely many primes. In his well-known article [78], Maynard showed that there

are infinitely many primes in the set A. In particular, he proved the following result:

Theorem 3.5.4 ([78], Theorem 1.2). Let q be sufficiently large, and let X ≥ q. For

any choice B ⊂ {0, . . . , q − 1} with #B = s ≤ q23/80, let

A =

{∑
0≤i≤k

niq
i : ni ∈ {0, 1, . . . , q − 1} \B, k ≥ 0

}

be the set of integers less than X with no digit in base q in the set B. Then we have

#{p ≤ X | p ∈ A} ≍ X log(q−s)/ log q

logX
.

Corollary 3.5.5. Let q be a sufficiently large positive integer. For any choice of

D ⊆ {0, 1, . . . , q − 1} with |D| ≤ q23/80, let B(4)
Q ⊂ A be the set of primes that are

less than or equal to Q with restricted digits. Then the limiting pair correlation of

the sequence
(
MB(4)

Q ,P

)
Q≥1

exists as Q → ∞ and is Poissonian.
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3.5.3 Proof of Theorem 3.5.1

In order to prove Theorem 3.5.1, we intent to estimate, for any positive real

number Λ, subset of primes BQ, and polynomial P (x) = cκx
κ+ cκ−1x

κ−1+ · · ·+ c1x,

the quantity

SMBQ,P
(Λ) =

1

NBQ,P

#

{
(γ1, γ2) ∈ M 2

BQ,P : γ1 ̸= γ2, γ1 − γ2 ∈
1

NBQ,P

(0,Λ) + Z
}
,

(3.46)

as Q → ∞. Let H be any continuously differentiable function with Supp H ⊂
(0,Λ). Define f(y) =

∑
n∈Z H(NBQ,P (y + n)), y ∈ R, and S =

∑
γ1,γ2∈MBQ,P

γ1 ̸=γ2

f(γ1 −

γ2). Thus, for ν = 2 and F = MBQ,P , using (2.15), we transform the problem of

estimating (3.46) into the exponential sum over MBQ,P . We obtain

S =
∑
r∈Z

cr

∣∣∣∣∣∣
∑

γ∈MBQ,P

e(rγ)

∣∣∣∣∣∣
2

. (3.47)

Next, we estimate the exponential sum over polynomial Farey fractions with denom-

inators in BQ. In doing so, we use Theorem 2.0.1. We have

∑
γ∈MBQ,P

e(rγ) =
∑
p∈BQ

∑
a≤p

(P (a),p)=1

e

(
ar

p

)
=
∑
p∈BQ

∑
a≤p

e

(
ar

p

) ∑
d|P (a)
d|p

µ(d)

=
∑
p∈BQ

∑
a≤p

e

(
ar

p

)
−
∑
p∈BQ

∑
a≤p

P (a)≡0 (mod p)

e

(
ar

p

)

=
∑
p∈BQ

p|r

p−
∑
p∈BQ

∑
a≤p

P (a)≡0 (mod p)

e

(
ar

p

)
. (3.48)

In the last step, we have used the following identity

m∑
n=1

e(nl/m) =

{
m, if m|l,
0, otherwise.
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Using (3.47) and (3.48), we obtain

S =
∑
r∈Z

cr
∑

p1∈BQ

p1|r

p1
∑

p2∈BQ

p2|r

p2 −
∑
r∈Z

cr
∑

p1∈BQ

p1|r

p1
∑

p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

e

(
−ar

p2

)
−
∑
r∈Z

cr

×
∑

p1∈BQ

p1|r

p1
∑

p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

e

(
ar

p2

)
+
∑
r∈Z

cr

∣∣∣∣∣∣∣∣
∑
p∈BQ

∑
a≤p

P (a)≡0 (mod p)

e

(
ar

p

)∣∣∣∣∣∣∣∣
2

=
∑

p1,p2∈BQ

p1p2
∑
r∈Z

c[p1,p2]r −
∑

p1∈BQ

p1
∑

p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

∑
r∈Z

cp1re

(
−ap1r

p2

)

−
∑

p1∈BQ

p1
∑

p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

∑
r∈Z

cp1re

(
ap1r

p2

)

+
∑

p1,p2∈BQ

∑
a1≤p1
a2≤p2

P (a1)≡0 (mod p1)
P (a2)≡0 (mod p2)

∑
r∈Z

cre

(
a1r

p1
− a2r

p2

)
. (3.49)

Since cr is a Fourier coefficient, we estimate the sum of Fourier coefficients in the

first term on the right-hand side of the above identity using Proposition 2.1.3 as in

(3.37). Therefore,

∑
r∈Z

c[p1,p2]r =
∑
r∈Z

1

[p1, p2]
H

(
rNBQ,P

[p1, p2]

)
,

The other sums of Fourier coefficients are estimated using Proposition 2.1.4 as

demonstrated in (3.28)

∑
r∈Z

cp1re

(
±ap1r

p2

)
=
∑
r∈Z

1

p1
H

(
NBQ,P

p1

(
n± ap1

p2

))

and ∑
r∈Z

cre

(
a1r

p1
− a2r

p2

)
=
∑
r∈Z

H

(
NBQ,P

(
r +

a1
p1

− a2
p2

))
.
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Inserting the above estimates into (3.49) gives

S =
∑

p1,p2∈BQ

p1p2
[p1, p2]

∑
r∈Z

H

(
rNBQ,P

[p1, p2]

)
−
∑

p1∈BQ

∑
p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

×
∑
r∈Z

(
H

(
NBQ,P

p1

(
n− ap1

p2

))
H

(
NBQ,P

p1

(
n+

ap1
p2

)))
+

∑
p1,p2∈BQ

∑
a1≤p1
a2≤p2

P (a1)≡0 (mod p1)
P (a2)≡0 (mod p2)

∑
r∈Z

H

(
NBQ,P

(
r +

a1
p1

− a2
p2

))
. (3.50)

Since Supp H ⊂ (0,Λ) for some Λ > 0. Thus, for sufficiently large Q, we have

H
(
NBQ,P

(
r + a1

p1
− a2

p2

))
= 0. If

∑
p∈BQ

p2 = o
(
(NBQ,P )

2
)
, then p2 = o

(
(NBQ,P )

2
)

for all p ∈ BQ, this yields H
(

NBQ,P

p1

(
n± ap1

p2

))
= 0 for large Q. Hence

S =
∑

p1,p2∈BQ

p1p2
[p1, p2]

∑
r∈Z

H

(
rNBQ,P

[p1, p2]

)
=

∑
p1,p2∈BQ

p1 ̸=p2
p1p2>NBQ,P /Λ

∑
r∈Z

H

(
rNBQ,P

p1p2

)
.

In the last step, we used the fact that Supp H ⊂ (0,Λ). We employ Lemma 2.1.1

to estimate the inner sum and use the fact that derivative of a smooth, compactly

supported function is compactly supported to obtain

S =

∫
R H(x)dx

NBQ,P

∑
p1,p2∈BQ

p1 ̸=p2

p1p2 +OH

 ∑
p1,p2∈BQ

1



=

∫
R H(x)dx

NBQ,P

 ∑
p1,p2∈BQ

p1p2 −
∑
p∈BQ

p2

+OH

(
(#BQ)

2
)

= NBQ,P (1 + o(1))

∫
R
H(x)dx+OH

(
(#BQ)

2
)
.

Therefore,
S

NBQ,P

= (1 + o(1))

∫
R
H(x)dx+OH

(
(#BQ)

2

NBQ,P

)
. (3.51)
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Suppose #BQ = m. Then, by Proposition 3.5.1, we have

NBQ,P ≫
m∑
k=1

pk ∼
m∑
k=1

k log k ≫ m2 logm,

where pk is the kth prime. Thus (#BQ)
2 = o(NBQ,P ). By (3.51), we obtain

lim
Q→∞

S
NBQ,P

=

∫
R
H(x)dx.

Using the standard approximation argument, we approximate the characteristic

function of the interval (0,Λ) from above and below by smooth functions with com-

pact support in (0,Λ), we deduce that the pair correlation function of the sequence

(MBQ,P )Q≥1 is constant equal to 1 as Q → ∞.

For the other direction, suppose that the pair correlation of MBQ,P is Poissonian

and on the contrary
∑

p∈BQ
p2 is not o

(
(#MBQ,P )

2
)
. In (3.50), the characteristic

function of the interval (0,Λ) is approximated from both above and below by the

smooth functions with compact support in (0,Λ), we obtain

NBQ,PSMBQ,P
(Λ) =

∑
p1,p2∈BQ

p1 ̸=p2

[
p1p2Λ

NBQ,P

]
+
∑
p∈BQ

p

[
pΛ

NBQ,P

]
−

∑
p1,p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

×
[

p1Λ

NBQ,P

+
ap1
p2

]
−

∑
p1,p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

[
p1Λ

NBQ,P

− ap1
p2

]

=
Λ

NBQ,P

∑
p1,p2∈BQ

p1p2 −
∑
p∈BQ

p

{
pΛ

NBQ,P

}
− 2

∑
p1,p2∈BQ

∑
a≤p2

P (a)≡0 (mod p2)

p1Λ

NBQ,P

+O
(
(#BQ)

2
)
,

where {x} is the fractional part of x. If p = o(NBQ,P ) for every p ∈ BQ, then

limQ→∞
1

NBQ,P

∑
p∈BQ

p
{

pΛ
NBQ,P

}
= limQ→∞

Λ
(NBQ,P )2

∑
p∈BQ

p2 ̸= 0. If there exists

a p ∈ BQ such that p is not o(NBQ,P ), then limQ→∞
1

NBQ,P
×
∑

p∈BQ
p
{

pΛ
NBQ,P

}
≥

limQ→∞
1

NBQ,P
p
{

pΛ
NBQ,P

}
̸= 0. Therefore, limQ→∞ SMBQ,P

(Λ) ̸= Λ, thus the pair

correlation is not Poissonian, which is a contradiction. This completes the proof of
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Theorem 3.5.1.

3.5.4 Piatetski-Shapiro primes

In this section, we derive Corollary 3.5.2, which concerns the distribution of

polynomial Farey fractions with denominators in the set of Piatetski-Shapiro primes.

We use the following counting estimate to verify the condition

∑
p∈BQ

p2 = o
(
(#MBQ,P )

2
)
, (3.52)

in Theorem 3.5.1 for the set of Piatetski-Shapiro primes.

Let c ∈ (1, 1.16) be a fixed real number. Suppose B(1)
Q is the set of Piatetski-

Shapiro primes less than or equal to Q. We use Proposition 2.1.2 and Theorem 3.5.2

to estimate the sum on the left-hand side of (3.52):

∑
p∈B(1)

Q

p2 =
∑
p≤Q

p=⌊nc⌋

p2 = Q2
∑
p≤Q

p=⌊nc⌋

1−
∫ Q

2

2t

 ∑
p≤t

p=⌊nc⌋

1

 dt

= Q2

(
Q1/c

logQ
+O

(
Q1/c

log2Q

))
− 2

∫ Q

2

(
t1+

1
c

log t
+O

(
t1+

1
c

log2 t

))
dt

=
Q2+ 1

c

(2c+ 1) logQ
+O

(
Q2+ 1

c

log2Q

)
. (3.53)

To estimate the right-hand side of (3.52), we use Propositions 3.5.1, 2.1.2, and

Theorem 3.5.2. This yields

#MB(1)
Q ,P

=
∑

p∈B(1)
Q

p+O
(
#B(1)

Q

)
=
∑
p≤Q

p=⌊nc⌋

p+O
(
#B(1)

Q

)

= Q

(
Q1/c

logQ
+O

(
Q1/c

log2Q

))
−
∫ Q

2

(
t
1
c

log t
+O

(
t
1
c

log2 t

))
dt

=
Q1+ 1

c

(c+ 1) logQ
+O

(
Q1+ 1

c

log2Q

)
.
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Thus the above estimate with (3.53) gives the required result.

3.5.5 Chen primes

The goal of this section is to prove Corollary 3.5.3. To do so, using Theorem

3.5.1, we need to verify the condition for B(2)
Q , the set of Chen primes

∑
p∈B(2)

Q

p2 = o
(
(#MB(2)

Q ,P
)2
)
. (3.54)

Suppose B(2)
Q is the set of Chen primes not exceeding Q. To prove the asymptotic

formula in (3.54) for Chen primes, we apply Propositions 3.5.1, 2.1.2, and Theorem

3.5.3 to obtain

∑
p∈B(2)

Q

p2 =
∑
p≤Q

p Chen prime

p2 = Q2
∑
p≤Q

p Chen prime

1−
∫ Q

2

2t

 ∑
p≤t

p Chen prime

1

 dt

≪ Q2 · Q

logQ
− 2

∫ Q

2

t2

(log t)2
dt ≪ Q3

logQ
, (3.55)

and

#MB(2)
Q ,P

=
∑

p∈B(2)
Q

p+O
(
#B(2)

Q

)
=

∑
p≤Q

p Chen prime

p+O
(
#B(2)

Q

)

= Q
∑
p≤Q

p Chen prime

1−
∫ Q

2

 ∑
p≤t

p Chen prime

1

 dt+O
(
#B(2)

Q

)
≫ Q2

log2Q
.

The above estimate with (3.55) and (3.54) completes the proof of Corollary 3.5.3.

3.5.6 Prime k-tuples

This section devoted to establish Corollary 3.5.4. Let B(3)
Q be a set of prime

k-tuples that are less than or equal to Q. We use Proposition 3.5.1 and 2.1.2 with
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the Hardy-Littlewood conjecture to derive the asymptotic formulas

∑
p∈B(3)

Q

p2 =
∑
p≤Q

p prime k-tuple

p2 = Q2
∑
p≤Q

p prime k-tuple

1−
∫ Q

2

2t

 ∑
p≤t

p prime k-tuple

1

 dt

= (1 + o(1))
ckQ

3

(logQ)k
− 2

∫ Q

2

(1 + o(1))
ckt

2

(logQ)k
dt = (1 + o(1))

ckQ
3

3(logQ)k
,

and

#MB(3)
Q ,P

=
∑

p∈B(3)
Q

p+O
(
#B(3)

Q

)
= (1 + o(1))

ckQ
2

(logQ)k
−
∫ Q

2

(1 + o(1))
ckt

(logQ)k
dt

= (1 + o(1))
ckQ

2

2(logQ)k
,

where ck is a positive constant depending on k. Collecting the above estimates

establishes the following estimate

∑
p∈B(2)

Q

p2 = o
(
(#MB(2)

Q ,P
)2
)
.

Thus, applying Theorem 3.5.1 completes the proof of Corollary 3.5.4.

3.5.7 Primes with restricted digits

In this section, we prove Corollary 3.5.5. Suppose B(4)
Q is the set of primes that

are less than or equal to Q with restricted digits. Now, employing Proposition 2.1.2

and Theorem 3.5.4, we have

∑
p∈B(4)

Q

p2 =
∑
p≤Q
p∈A

p2 = Q2
∑
p≤Q
p∈A

1−
∫ Q

2

2t

∑
p≤t
p∈A

1

 dt ≍ Q2 · Q
log(q−#D)

log q

logQ

− 2

∫ Q

2

t1+
log(q−#D)

log q

log t
dt ≍ Q2+

log(q−#D)
log q

logQ
.
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The right-hand side of (3.52) is estimated using Propositions 3.5.1, 2.1.2, and The-

orem 3.5.4

#MB(4)
Q ,P

=
∑

p∈B(4)
Q

p+O
(
#B(4)

Q

)
=
∑
p≤Q
p∈A

p+O
(
#B(4)

Q

)
= Q

∑
p≤Q
p∈A

1−
∫ Q

2

∑
p≤t
p∈A

1

 dt

≍ Q · Q
log(q−#D)

log q

logQ
−
∫ Q

2

t
log(q−#D)

log q

log t
dt ≍ Q1+

log(q−#D)
log q

logQ
.

Therefore, the above two estimates together with Theorem 3.5.1 give the required

result.

3.6 Chebyshev’s bias for Farey fractions

In this section, we study the problem of the distribution of polynomial Farey

sequence along arithmetic progressions and bias over one from another. As a con-

sequence of Dirichlet’s prime number theorem, the prime numbers in arithmetic

progressions a + nq, with a relatively prime to q, are evenly distributed. In par-

ticular, primes are asymptotically same among the residue classes modulo q that

are coprime to q. It was asserted by Chebyshev that there are more primes ≡ 3

(mod 4) than ≡ 1 (mod 4). Littlewood [74] disproved Chebyshev’s assertion by

proving that the set of values of x for which the difference π(x; 4, 3) − π(x; 4, 1) is

positive is unbounded, also there exists an unbounded set of values of x for which

the difference π(x; 4, 3) − π(x; 4, 1) is negative. Here, we study Chebyshev’s bias

question for classical and polynomial Farey fractions. Let q and l be positive inte-

gers; we denote the number of polynomial Farey fractions with denominators in an

arithmetic progression as

S(Q; q, l) := #
{a
n
∈ FQ,P | n ≡ l (mod q)

}
. (3.56)

We ask the following questions for Farey fractions analogous to prime number races.
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• Does there exist positive integers Q0, l1, and l2 with l1 ̸≡ l2 (mod q) such that

S(Q; q, l1) > S(Q; q, l2) for all Q > Q0?

• Are there arbitrarily large values of Q for which S(Q; q, l1) < S(Q; q, l2), and

arbitrarily large values of Q for which S(Q; q, l1) > S(Q; q, l2)? In other words,

does the function S(Q; q, l1)− S(Q; q, l2) change sign infinitely often?

In here, we address the questions listed above. To state our results, we need the

following conditions.

Haselgrove’s condition for modulus q [66, p. 309]: For all Dirichlet characters

χ (mod q), L(s, χ) ̸= 0 for all s ∈ (0, 1).

Note that J. B. Rosser [87, 88] showed that no Dirichlet L-function attached to

a real character modulo q ≤ 1000 has a real zero in the strip 0 < ℜ(s) < 1, and

Watkins [97] proved that one can take q ≤ 300000000 if we restrict the Dirichlet L-

functions to odd Dirichlet characters. For q|24, there are only real characters modulo

q. Therefore, Haselgrove’s condition is known to hold when modulus q divides 24.

Let κ, J ≥ 1 be integers and let P (x) = cκx
κ + cκ−1x

κ−1 + · · ·+ c1x ∈ Z[x] be a

polynomial with non-zero discriminant and factorization

P (x) =
J∏

i=1

mi(x)
ei , (3.57)

where mi(x) ∈ Z[x] are irreducible polynomials. Let Ki = Q[x]/(mi(x)) be number

fields with ring of integers OKi
. Let qi = pe11 · · · perr ⊂ OKi

be an ideal with the

unique prime factorization such that p ∈ pj for some j and p|q. For 1 ≤ i ≤ J , let

Li(s, χ
′) be the Hecke L-functions associated with Hecke characters χ′ (mod qi) of

OKi
.

Our main result for races of classical and polynomial Farey fractions is as follows.

Theorem 3.6.1. Let q ≥ 2, l1, l2 be positive integers such that l1 ̸≡ l2 (mod q) and

(q, l1l2) = 1. Let P (x) ∈ Z[x] be as in (3.57). Assuming Haselgrove’s condition for

Hecke L-function Li(s, χ
′) modulo qi, the set of values of Q for which the difference
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S(Q; q, l1) − S(Q; q, l2) is strictly positive and the set of values of Q for which the

difference S(Q; q, l1)− S(Q; q, l2) is strictly negative are unbounded.

Note that Theorem 3.6.1 does not give any information on the frequency of

sign changes of the function S(Q; q, l1) − S(Q; q, l2), in particular the number of

sign changes within an interval. To obtain information about the frequency of sign

changes, we use the following result of Kaczorowski and Wiertelak [64, Lemma 3.1].

Lemma 3.6.1. Let f(x) be real for x > 0 and suppose that the integral

F (s) =

∫ ∞

0

f(x)x−s−1dx

converges absolutely for σ > σ0 and has meromorphic continuation to a half-plane

σ > θ for certain θ < σ0. Suppose that F (s) is not holomorphic for σ > θ but is

holomorphic on the segment (θ, σ0] of the real axis. Then for sufficiently large T ,

f(x) has in the interval (0, T ] at least ≪ log T oscillations of size xθ.

Remark 3.6.1. We denote

A (Q) := S(Q; q, l1)− S(Q; q, l2)± cQ
1
2
−ϵ,

where c is some positive constant and ϵ > 0 is arbitrarily small real number. In

the definition of A (Q), we take the exponent of Q to be 1/2− ϵ in order to include

the line ℜ(s) = 1/2 in our region enabling us to apply Lemma 3.6.1. Assuming

Haselgrove’s condition for Hecke L-function Li(s, χ
′) modulo qi, we apply Lemma

3.6.1 to the function A (Q), and obtain a sequence {Qi}[log T ]
i=1 in the interval (1, T ]

of length log T such that sgnA (Qi) ̸= sgnA (Qi+1) and |A (Qi)| > Q
1/2−ϵ
i . Hence,

A (Q) has at least ≫ log T oscillations of size Q1/2−ϵ, in the interval (1, T ].

Moreover, we prove an Ω-result for the error term in the asymptotic formula of

S(Q; q, l) in Proposition 3.2.1.

Theorem 3.6.2. Let q ≥ 2 and l be positive integers with (q, l) = 1. Let P (x) ∈
Z[x] be as in (3.57). If Θ denotes the supremum of real parts of the zeros of the

Hecke L-functions Li(s, χ) modulo qi, then for any ϵ > 0, assuming the Haselgrove’s
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condition, we have

S(Q; q, l)− Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
= Ω±(Q

Θ−ϵ),

where fP (p) is as in (1.17).

3.6.1 Proof of Theorem 3.6.1

We use the approach of Knapowski and Turán [66] in proving Theorem 3.6.1.

We begin with the integral∫ ∞

1

(S(Q; q, l1)− S(Q; q, l2)± cQ
1
2
−ϵ)Q−s−1dQ, for ϵ > 0.

Now, the difference can be estimated using Theorem 2.3.1 as

S(Q; q, l1)− S(Q; q, l2) =

 ∑
n≤Q

n≡l1 (mod q)

1−
∑
n≤Q

n≡l2 (mod q)

1

 ∑
a≤n

(P (a),n)=1

1

=
1

ϕ(q)

∑
n≤Q

∑
χ (mod q)

χ(nl̄1)−
∑
n≤Q

∑
χ (mod q)

χ(nl̄2)

 ∑
a≤n

(P (a),n)=1

1

=
1

ϕ(q)

 ∑
χ (mod q)

(χ̄(l1)− χ̄(l2))

∑
n≤Q

χ(n)

×
∑
a≤n

(P (a),n)=1

1.

We next use Theorem 2.0.1 and obtain

S(Q; q, l1)− S(Q; q, l2) =
1

ϕ(q)

 ∑
χ (mod q)

(χ̄(l1)− χ̄(l2))

∑
n≤Q

χ(n)
∑
a≤n

∑
d|P (a)
d|n

µ(d)
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=
1

ϕ(q)

 ∑
χ (mod q)

(χ̄(l1)− χ̄(l2))

∑
n≤Q

nχ(n)K(n),

where K(n) =
∑

d|n
µ(d)fP (d)

d
. Therefore,∫ ∞

1

(S(Q; q, l1)− S(Q; q, l2)± cQ
1
2
−ϵ)Q−s−1dQ

=
1

ϕ(q)

∑
χ (mod q)

(χ̄(l1)− χ̄(l2))

∫ ∞

1

∑
n≤Q nχ(n)K(n)

Qs+1
dQ± c

s− 1
2
+ ϵ

. (3.58)

The integral on the right-hand side represents the Dirichlet series
∑∞

n=1
χ(n)K(n)

ns−1 as

a Mellin transform. Using (3.5), we have

∫ ∞

1

∑
n≤Q nχ(n)K(n)

Qs+1
dQ =

1

s

∞∑
n=1

χ(n)K(n)

ns−1

=
1

s

∏
p

(
1 +

(
1 +

fP (p)

p

)(
χ(p)

p
+

χ(p2)

p2
+ · · ·

))
=

L(s− 1, χ)

s

∏
p

(
1− χ(p)fP (p)

ps

)
, for σ > 2. (3.59)

This along with (3.58) gives∫ ∞

1

(S(Q; q, l1)− S(Q; q, l2)± cQ
1
2
−ϵ)Q−s−1dQ

=
1

ϕ(q)

∑
χ (mod q)

(χ̄(l1)− χ̄(l2))
1

s
L(s− 1, χ)

∏
p

(
1− χ(p)fP (p)

ps

)
± c

s− 1
2
+ ϵ

=
1

ϕ(q)

∑
χ (mod q)

χ̸=χ0

(χ̄(l1)− χ̄(l2))
1

s
L(s− 1, χ)

∏
p

(
1− χ(p)fP (p)

ps

)
± c

s− 1
2
+ ϵ

.

(3.60)

In the last step, we used the fact that χ̄0(l1) = χ̄0(l2) = 1 for (l1l2, q) = 1. We will

apply Proposition 2.0.2 with

A (Q) = S(Q; q, l1)− S(Q; q, l2)± cQ
1
2
−ϵ.
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Thus by (3.60), we have

g(s) =

∫ ∞

1

A (Q)Q−s−1dQ

=
1

sϕ(q)

∑
χ (mod q)

χ̸=χ0

(χ̄(l1)− χ̄(l2))L(s− 1, χ)
∏
p

(
1− χ(p)fP (p)

ps

)
± c

s− 1
2
+ ϵ

.

Since L(s − 1, χ) is entire for non-principal Dirichlet character χ (mod q) and∏
p

(
1− χ(p)fP (p)

ps

)
is absolutely convergent for σ > 1 so, g(s) is analytic in the

half plane σ > 1. Let ∆ ̸= 0 be discriminant of P (x). The product term in the last

equation can be written as

∏
p

(
1− χ(p)fP (p)

ps

)
=
∏
p|∆

(
1− χ(p)fP (p)

ps

)∏
p∤∆

(
1− χ(p)fP (p)

ps

)
(3.61)

Note that fP (p) is non-negative integer for all prime p. Therefore, by the binomial

theorem, we obtain

∏
p∤∆

(
1− χ(p)

ps

)fP (p)

=
∏
p∤∆

(
1− fP (p)χ(p)

ps
+

fP (p)(fP (p)− 1)χ(p2)

2p2s
+ · · ·

+
(−1)fP (p)χ(pfP (p))

pfP (p)s

)
=
∏
p∤∆

(
1− χ(p)fP (p)

ps

)
P1(∆).

where

P1(∆) =
∏
p∤∆

(
1 +

(
1− χ(p)fP (p)

ps

)−1

×
(
χ(p2)fP (p)(fP (p)− 1)

2p2s
+ · · ·+ (−1)fP (p)χ(pfP (p))

psfP (p)

))
.

Inserting the above identity into (3.61) gives

∏
p

(
1− χ(p)fP (p)

ps

)
=
∏
p|∆

(
1− χ(p)fP (p)

ps

)∏
p∤∆

(
1− χ(p)

ps

)fP (p)

P1(∆)−1

(3.62)
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Let us assume that P (x) is irreducible. An application of Dedekind’s theorem (see

Theorem 5.5.1, [82]) implies that for primes p ∤ ∆, fP (p) is the number of prime

ideals of a ring of integers, OK , where K = Q[x]/(P (x)). This yields

∏
p∤∆

(
1− χ(p)

ps

)fP (p)

=
∏
p∤∆

∏
p∈P⊂OK
∥P∥=p

(
1− χ′(P)

∥ P ∥s

)

=
∏
p∤∆

∏
p∈P⊂OK

(
1− χ′(P)

∥ P ∥s

)∏
p∤∆

∏
p∈P⊂OK
∥P∦=p

(
1− χ′(P)

∥ P ∥s

)−1

=
∏
p

∏
p∈P⊂OK

(
1− χ′(P)

∥ P ∥s

)∏
p|∆

∏
p∈P⊂OK

(
1− χ′(P)

∥ P ∥s

)−1

P2(∆)

=
1

L(s, χ′)

∏
p|∆

(
1 + O

(
|p−s|

))−1
P2(∆), (3.63)

where P2(∆) =
∏

p∤∆
∏

p∈P⊂OK
∥P∦=p

(
1− χ′(P)

∥P∥s

)−1

, ∥ P ∥ denotes the norm of a prime

ideal P, and L is the Hecke L-function modulo q. So, from (3.62) and (3.63), we

have

∏
p

(
1− χ(p)fP (p)

ps

)
=

1

L(s, χ′)

∏
p|∆

(
1− χ(p)fP (p)

ps

)
×
∏
p|∆

(
1 + O

(
|p−s|

))−1
P1(∆)−1P2(∆).

This yields

g(s) =
1

sϕ(q)

∑
χ (mod q)

χ̸=χ0

(χ̄(l1)− χ̄(l2))
L(s− 1, χ)

L(s, χ′)

∏
p|∆

(
1− χ(p)fP (p)

ps

)

×
∏
p|∆

(
1 + O

(
|p−s|

))−1
P1(∆)P2(∆)± c

s− 1
2
+ ϵ

. (3.64)

Clearly 1/L(s, χ′) is analytic in the half plane σ ≥ 1 for all character χ′ as none

of the denominators L(s, χ′) have zeros in the half-plane σ ≥ 1. The products on

the right-hand side run over the prime divisors of ∆ ̸= 0, so they are finite. The
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product terms P1(∆) and P2(∆) are convergent in the half plane σ > 1
2
. Thus, the

product
∏

p

(
1− χ(p)fP (p)

ps

)
is absolutely convergent for σ ≥ 1. Hence, the function

g(s) is analytic in the half plane σ ≥ 1.

By the Haselgrove’s condition, L(s, χ′) ̸= 0 on the real segment 0 < σ < 1 so,

1/L(s, χ′) defines an analytic function on the real segment 0 < σ < 1. Hence, g(s)

is regular on the real segment 1
2
− ϵ < σ < 1.

Suppose there exists a positive constant Q0 such that A (Q) does not change

its sign for Q > Q0. Then by Proposition 2.0.2, g(s) is an analytic function in the

half plane ℜ(s) > 1
2
− ϵ. Therefore, each zero of the denominator L(s, χ′) must also

be a zero of the numerator L(s − 1, χ). However, it is known that all nontrivial

zeros of L(s, χ′) are in the critical strip 0 < σ < 1. Similarly, all nontrivial zeros

of L(s − 1, χ) are in the critical strip 1 < σ < 2. Thus, the nontrivial zeros of

the denominator L(s, χ′) in (3.64) cannot be canceled by the zeros of numerator

L(s − 1, χ). Since the zeros of L(s, χ′) has a symmetry along critical line σ = 1/2

(see [70, Section 5]). Hence, there exist zeros of the denominator L(s, χ′) in (3.64) in

the strip 1/2 ≤ σ < 1. Any such zero is a pole of g(s) and this by Proposition 2.0.2,

contradicts the assumption that there exists Q0 such that A (Q) does not change

sign for Q > Q0 and thus we conclude the result for irreducible polynomials. We

next consider that P (x) is reducible with the factorization

P (x) =
J∏

i=1

mi(x)
ei ,

where mi(x) ∈ Z[x] are irreducible polynomials. Let ∆ =
∏J

i=1 ∆i be the discrimi-

nant of P (x), where ∆i ̸= 0 is discriminant of mi(x). For primes p ∤ ∆,

fP (p) =
J∑

i=1

fmi
(p),

where fmi
(p) is the number of prime ideals of a ring of integers, OKi

and Ki =

Q[x]/(mi(x)), by an application of Dedekind’s Theorem (see Theorem 5.5.1, [82]).
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We follow the proof of irreducible case and the above identity to obtain

∏
p∤∆

(
1− χ(p)

ps

)fP (p)

=
J∏

i=1

Li(s, χ
′)−1

∏
p|∆

(
1 + O

(
|p−s|

))−1
P2(∆)J ,

and

∏
p

(
1− χ(p)fP (p)

ps

)
=

J∏
i=1

Li(s, χ
′)−1P1,i(∆)

∏
p|∆

(
1− χ(p)fP (p)

ps

)
×
∏
p|∆

(
1 + O

(
|p−s|

))−1
P2(∆)J , (3.65)

where

P1,i(∆) =
∏
p∤∆

(
1 +

(
1− χ(p)fmi

(p)

ps

)−1

×
(
χ(p2)fmi

(p)(fmi
(p)− 1)

2p2s
+ · · ·+ (−1)fmi (p)χ(pfmi (p))

psfmi (p)

))
.

By the same argument made for irreducible case, g(s) is analytic in the half-plane

ℜ(s) ≥ 1 and can be analytically continued on the real segment 1
2
− ϵ < σ < 1.

Suppose there exists a positive constant Q0 such that A (Q) does not change its sign

for Q > Q0. In a similar manner as for the irreducible case in view of Proposition

2.0.2, we get a contradiction on the assumption that A (Q) does not change the sign

for Q > Q0. This completes the proof of Theorem 3.6.1.

3.6.2 Proof of Theorem 3.6.2

In order to prove Theorem 3.6.2, we use Proposition 2.0.3. We denote

A(Q) = −S(Q; q, l) +
Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
+QΘ−ϵ,

where Θ denotes the supremum of the real parts of zeros of the Hecke L-functions

Li(s, χ
′) modulo qi. The second term on the right-hand side of the above identity is
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the main term in the asymptotic formula of S(Q; q, l) (see Proposition 3.2.1). For

σ > 2, we consider∫ ∞

1

A(Q)Q−s−1dQ

=

∫ ∞

1

−S(Q; q, l) +
Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
+QΘ−ϵ

Q−s−1dQ

=
−1

ϕ(q)

∑
χ (mod q)

χ̄(l)
1

s
L(s− 1, χ)

∏
p

(
1− χ(p)fP (p)

ps

)
+

1

2ϕ(q)

∏
p|q

(
1− 1

p

)

×
∏
p∤q

(
1− fP (p)

p2

)
1

s− 2
+

1

s−Θ+ ϵ

=
−1

sϕ(q)

∑
χ (mod q)

χ̸=χ0

χ̄(l1)L(s− 1, χ)
∏
p

(
1− χ(p)fP (p)

ps

)
− L(s− 1, χ0)

sϕ(q)

×
∏
p

(
1− χ0(p)fP (p)

ps

)
− 2−1

ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p

)
1

s− 2
+

1

s−Θ+ ϵ

=
−1

sϕ(q)

∑
χ (mod q)

χ̸=χ0

χ̄(l)L(s− 1, χ)
∏
p

(
1− χ(p)fP (p)

ps

)
− ζ(s− 1)

sϕ(q)

∏
p|q

(
1− 1

ps−1

)

×
∏
p

(
1− χ0(p)fP (p)

ps

)
+

1

2ϕ(q)

∏
p|q

(
1− 1

p

)
1

s− 2

∏
p∤q

(
1− fP (p)

p2

)
+

1

s−Θ+ ϵ
. (3.66)

By (3.65), we have

∏
p

(
1− χ(p)fP (p)

ps

)
=

J∏
i=1

Li(s, χ
′)−1P1,i(∆)

∏
p|∆

(
1− χ(p)fP (p)

ps

)
×
∏
p|∆

(
1 + O

(
|p−s|

))−1
P2(∆)J .

Note that the second term in equation (3.66) has a pole at s = 2 due to ζ(s − 1),

which will be canceled by the pole of the third term at s = 2. Thus, the right-

hand side of (3.66) is analytic in the half-plane ℜ(s) > 1 and using the Haselgrove’s

condition for Hecke L-function, it can be analytically continued on the real segment



3.6 Chebyshev’s bias for Farey fractions 93

(Θ− ϵ, 1] with a simple pole at s = Θ− ϵ. This yields,
∫∞
1

A(Q)Q−σ−1dQ < ∞ for

σ > Θ− ϵ. Let us assume that

S(Q; q, l)− Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
< QΘ−ϵ for all Q > Q0(ϵ). (3.67)

Employing Proposition 2.0.3, we deduce that the integral
∫∞
1

A(Q)Q−s−1dQ is an-

alytic in the half plane ℜ(s) > Θ − ϵ. In view of the definition of Θ, the product∏
p

(
1− χ(p)fP (p)

ps

)
has poles with ℜ(s) > Θ − ϵ, due to the zeros of Li(s, χ

′). This

leads to a contradiction, and one can deduce that the assertion (3.67) is not true.

Hence

S(Q; q, l)− Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
= Ω+(Q

Θ−ϵ).

To derive the corresponding estimate for Ω−, we proceed in a similar manner with

A(Q) = S(Q; q, l)− Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
+QΘ−ϵ,

and obtain

S(Q; q, l)− Q2

2ϕ(q)

∏
p|q

(
1− 1

p

)∏
p∤q

(
1− fP (p)

p2

)
= Ω−(Q

Θ−ϵ).

This completes the proof of Theorem 3.6.2.
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4
Distribution of Farey fractions

with k-free denominators

Let k ≥ 2 be an integer. A number n is said to be k-free if for every prime p|n,
we have pk ∤ n. It is well known that the density of k-free numbers is 1/ζ(k). Denote

F (m)
Q,k :=

{
a

q
| 1 ≤ a ≤ q ≤ Q, (a, q) = 1, q is k-free & q ≡ b (mod m)

}
, (4.1)

where m ∈ N, b ∈ Z and (b,m) = 1.

In this chapter, we prove Theorems 1.1.11, 1.1.12, 1.1.9, 1.1.10, 4.4.1, and 1.1.13

by analyzing Weyl sums, quantitative equidistribution, and correlation measures

associated with the sequence
(
F (m)

Q,k

)
Q≥1

. We also examine a criterion for the gen-

eralized Riemann hypothesis that is equivalent to the quantitative equidistribution

of fractions in F (m)
Q,k .

95
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4.1 Key lemmas

In this section, we state and prove several results that will be used throughout

the chapter.

4.1.1 Counting Farey fractions with k-free denominators

In this section, we establish asymptotic formula for the number of fractions in

F (m)
Q,k .

Proposition 4.1.1. Let m and b be positive integers. Then, we have

N (Q, k,m) = Q2C (k,m) + Om

(
Q

2(2k−1)
3k−2 exp

(
−c
√
logQ

))
,

where c > 0 is some constant and

C (k,m) =
1

2ϕ(m)L(k, χ0)

∏
p|m

(
1− 1

p

) ∏
p

(p,m)=1

(
1− pk−1 − 1

p(pk − 1)

)
. (4.2)

Proof. We begin with expressing N (Q, k,m) in summation form

N (Q, k,m) =
∑
n≤Q

n≡l (mod m)

µk(n)
2
∑
a≤n

(a,n)=1

1 =
∑
n≤Q

n≡l (mod m)

µk(n)
2ϕ(n). (4.3)

Using Theorem 2.3.1, the above identity can be expressed as

N (Q, k,m) =
1

ϕ(m)

∑
χ (mod m)

χ̄(b)
∑
n≤Q

χ(n)ϕ(n)µk(n)
2. (4.4)

The Dirichlet series of χ(n)ϕ(n)µk(n)
2 is given by

F (s) =
∞∑
n=1

χ(n)ϕ(n)µk(n)
2

ns

=
∏
p

(
1 +

χ(p)(p− 1)

ps
+

χ(p2)p(p− 1)

p2s
+ · · ·+ χ(pk−1)pk−1(p− 1)

p(k−1)s

)
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=
∏
p

1 +
χ(p)(p− 1)

ps
·
1− χ(pk−1)

p(k−1)(s−1)

1− χ(p)

p(s−1)


=

L(s− 1, χ)

L(ks− k, χk)

∏
p

(
1 +

χ(pk)− χ(p)p(k−1)(s−1)

p(pk(s−1) − χ(pk))

)
, (4.5)

which is absolutely convergent for ℜ(s) > 2 and has an analytic continuation to the

half-plane ℜ(s) > 1 except for a simple pole at s = 2 when χ = χ0. For some fixed

α = 2 + 1/ logQ and the Dirichlet series F (s), we apply Proposition 2.1.1

∑
n≤Q

χ(n)ϕ(n)µk(n)
2 =

1

2πi

∫ α+iT

α−iT

F (s)
(Q+ 1

2
)s

s
ds+O(R(T )) , (4.6)

where

R(T ) ≪ Qα

T

∞∑
n=1

ϕ(n)

nα

∣∣∣log Q+ 1
2

n

∣∣∣ ≪ Qα

T

∞∑
n=1

1

nα−1

∣∣∣log Q+ 1
2

n

∣∣∣ .
We divide the sum into three subsums over the following ranges of n: n ≤ Q

2
, Q

2
<

n < 3Q
2
, and n ≥ 3Q

2
. For n ≤ Q

2
and n ≥ 3Q

2
, it is clear that

∣∣∣log Q+ 1
2

n

∣∣∣ ≥ log 3
2
. For

values of n satisfying Q
2
< n < 3Q

2
the middle subsum is

≪ Q1−α
∑

−Q
2

<n≤Q
2

1∣∣∣log Q+ 1
2

Q+n

∣∣∣ ≪ Q2−α
∑

−Q
2

<n≤Q
2

1

|n− 1
2
|
≪ Q2−α logQ.

Therefore,

R(T ) ≪ Q2 logQ

T
. (4.7)

We use the zero-free region for the Dirichlet L-functions modulo m to estimate

the integral in (4.6). We shift the line integral to the left of the line ℜ(s) = α,

thereby replacing it by a rectangular contour with vertices α± iT and β± iT , where

β = 1 + 1/k − c/k
√
log T .

Principal Dirichlet character: We first consider the principal Dirichlet char-

acter χ = χ0. Since the integrand in (4.6) is holomorphic on and within this contour
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except for a pole at s = 2. Thus, by Cauchy’s residue theorem, we have

1

2πi

∫ α+iT

α−iT

F (s)
(Q+ 1

2
)s

s
ds =

(Q+ 1
2
)2

2L(k, χ0)

∏
p|m

(
1− 1

p

) ∏
p

(p,m)=1

(
1− pk−1 − 1

p(pk − 1)

)
+

3∑
j=1

Ij,

where I1 and I3 are integrals along the horizontal segments [α − iT, β − iT ] and

[β + iT, α + iT ], respectively and I2 is defined as the integral along the vertical

segment [β− iT, β+ iT ]. In order to estimate the integrals Ij’s, we use the standard

bounds for ζ(s) provided in (2.2), modulo multiplication by constant depending on

m. Therefore,

I1, I3 ≪m

∫ α

β

Qσ|ζ(σ − 1 + iT )|dσ
|σ + iT ||ζ(kσ − k + ikT )|

≪m
(log T )2

T

(∫ 2

β

QσT 1−σ
2 dσ +

∫ α

2

Qσdσ

)
≪m

Q2(log T )2

T
.

Next, we estimate the integral I2 using the Proposition 2.4.2.

I2 ≪m Qβ

∫ T

0

|ζ(β − 1 + it)|
|β + it||ζ(kβ − k + ikt)|

dt ≪m Qβ log T

∫ T

0

|ζ(β − 1 + it)|
|β + it|

dt

≪m QβT
3
2
−β(log T )2.

Non-principal Dirichlet character: We next consider the case for non-principal

character χ (mod m). We continue with the contour defined above and use the

bounds for Dirichlet L-function provided in (2.5). Therefore

I1, I3 ≪m

∫ α

β

Qσ|L(σ − 1 + iT, χ)|
|σ + iT ||L(kσ − k + ikT, χk)|

dσ ≪m log T

(
(log T )3

∫ 3
2

β

QσT
127−73σ

108

T

× dσ + (log T )3
∫ 2

3
2

QσT
35(2−σ)

108

T
dσ +

∫ α

2

Qσ log T

T
dσ

)
≪m

Qα(log T )2

T logQ
,

and using the bound |L(kσ − k + ikt, χk)| ≫m 1/ log T (see (2.7)) and Proposition

2.4.3, we obtain

I2 ≪m

∫ T

−T

|Qβ+it||L(β − 1 + it, χ)|
|β + it||L(kβ − k + ikt, χk)|

dt ≪m Qβ log T

∫ T

0

|L(β − 1 + it, χ)|
|β − 1 + it|

dt
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≪m QβT
3
2
−β(log T )2.

We choose optimally

T = Q
2(k−1)
3k−2 exp

(
c
√
log T

)
.

By collecting all the above estimates, we obtain the required result.

4.1.2 Averages of weighted Möbius function

Lemma 4.1.1. Let b ∈ Z and d, l,m be positive integers. If ξd,k(n) = µk(nd)
2 then

for x ≥ 1, we have

∑
n≤x

(n,ℓ)=1
n≡b (mod m)

µ(n)ξd,k(n)

≪m

 x exp
(
−c (log x)3/5

(log log x)1/5

)∏
p|d

( √
p

√
p−1

)∏
p|ℓ

(
1− 1√

p

)−1

, unconditionally,

x
1
2
+ϵ
∏

p|d

(
1 + 1√

p−1

)∏
p|ℓ

(
1− 1√

p

)−1

, on the GRH.

Proof. It is easy to observe that if d is not k-free, then the result follows trivially.

Thus, we assume that d is k-free. Using Proposition (2.3.1), we have

∑
n≤x

(n,ℓ)=1
n≡b (mod m)

µ(n)ξd,k(n) =
1

ϕ(m)

∑
χ

χ(b̄)
∑
n≤x

(n,ℓ)=1

χ(n)µ(n)ξd,k(n).

Note that ξd,k(n) is a multiplicative function of n. Let (n1, n2) = 1. If n1n2d is

k-free, then it is easy to observe that n1d and n2d are k-free. Conversely, suppose

that n1d and n2d are k-free. We need to show that n1n2d is also k-free. Suppose,

for contradiction, that n1n2d is not k-free; that is, there exists a prime p such

that pk|n1n2d. Since (n1, n2) = 1, it follows that either pk|n1d or pk|n2d, which

is a contradiction. This proves that ξd,k(n) is a multiplicative function of n. The
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Dirichlet series of χ(n)µ(n)ξd,k(n) is given by

F (s) =
∞∑
n=1

(n,ℓ)=1

χ(n)µ(n)ξd,k(n)

ns
=
∏
p

(p,ℓ)=1

(
1− χ(p)ξd,k(p)

ps

)

=
1

L(s, χ)

∏
p

(
1 +

χ(p)(1− ξd,k(p))

ps

(
1− χ(p)

ps

)−1
)∏

p|ℓ

(
1− χ(p)ξd,k(p)

ps

)−1

=
1

L(s, χ)

∏
p|d

(
1 +

χ(p)(1− ξd,k(p))

ps

(
1− χ(p)

ps

)−1
)∏

p|ℓ

(
1− χ(p)ξd,k(p)

ps

)−1

.

In the last step, we used the fact that ξd,k(p) = 1 if (p, d) = 1. The Dirichlet series

F (s) is absolutely convergent for ℜ(s) ≥ β, where β = 1− c/(log T )2/3(log log T )1/3.

Employing Proposition 2.1.1 for the Dirichlet series F (s) with α = 1+ 1
log x

, we have

∑
n≤x

(n,ℓ)=1

χ(n)µ(n)ξd,k(n) =
1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds+O(R(T )) ,

where

R(T ) ≪ xα

T

∞∑
n=1

1

nα| log x/n|
≪ x log x

T
. (4.8)

In here, we bound the error term R(T ) as in (4.7). We next move the path of

integration into a rectangular contour with line segments [α − iT, α + iT ], [α +

iT, β + iT ], [β + iT, β − iT ], and [β − iT, α− iT ]. For β ≤ σ ≤ α, we have∣∣∣∣∣∣
∏
p|ℓ

(
1− χ(p)ξd,k(p)

ps

)−1

∣∣∣∣∣∣ ≤
∏
p|ℓ

(
1− 1

√
p

)−1

and ∣∣∣∣∣∣
∏
p|d

(
1 +

χ(p)(1− ξd,k(p))

ps − χ(p)

)∣∣∣∣∣∣ ≤
∏
p|d

(
1 +

1
√
p− 1

)
.

By Cauchy’s theorem, we have

1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds =

1

2πi

(∫ β−iT

α−iT

+

∫ β+iT

β−iT

+

∫ α+iT

β+iT

)
F (s)

xs

s
ds := I1 + I2 + I3.
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We first estimate the integrals I1 and I3:

I1, I3 ≪m
x log T

T log x

∏
p|ℓ

(
1− 1

√
p

)−1∏
p|d

(
1 +

1
√
p− 1

)
.

The integral I2 is estimated as

I2 ≪m xβ(log T )2
∏
p|d

(
1 +

1
√
p− 1

)∏
p|ℓ

(
1− 1

√
p

)−1

.

We collect all the above estimate and take T = exp

(
c(log x)

3
5

(log log x)
1
5

)
. This completes

the proof unconditionally. Assuming GRH, the Dirichlet series F (s) is absolutely

convergent for ℜ(s) > 1/2. By using Perron’s formula with α = 1 + 1
log x

and

β = 1
2
+ ϵ, and proceeding in a similar manner as in the unconditional case, we

obtain the proof under GRH. This completes the proof of Lemma 4.1.1.

Lemma 4.1.2. Let b ∈ Z, and let d, l,m be positive integers. Suppose d is k-free

and ξd,k(n) = µk(nd)
2. For x ≥ 2, we have

∑
n≤x

(n,ℓ)=1
n≡b (mod m)

ξd,k(n)

n
=Mm,d,l(x) + Ok,m,l,d

(
x

−2(k−1)
3k−2 exp

(
−c
√
log x

))
,

where c is some positive constant and

Mm,d,l(x) =

 ∑
p|d

(p,m)=1

−k log p

pk − 1
+

log p

p− 1
− log p

k−1∑
j=1

jξd,k(p
j)

pj

(
1 +

k−1∑
j=1

ξd,k(p
j)

pj

)−1


+ log p
∑
p|ℓ

(p,m)=1

k−1∑
j=1

jξd,k(p
j)

pj

(
1 +

k−1∑
j=1

ξd,k(p
j)

pj

)−1

− k
L′(k, χ0)

L(k, χ0)
+ log x

+ γ +
∑
p|m

log p

p− 1

 1

L(k, χ0)

∏
p|m

(
1− 1

p

) ∏
p|d

(p,m)=1

(
1 +

k−1∑
j=1

ξd,k(p
j)

pj

)
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×
∏
p|d

(p,m)=1

(
1− 1

pk

)−1(
1− 1

p

) ∏
p|ℓ

(p,m)=1

(
1 +

k−1∑
j=1

ξd,k(p
j)

pj

)−1

.

Proof. We take into account Proposition 2.3.1 to obtain

∑
n≤x

(n,ℓ)=1
n≡b (mod m)

ξd,k(n)

n
=

1

ϕ(m)

∑
χ

χ(b̄)
∑
n≤x

(n,ℓ)=1

χ(n)ξd,k(n)

n
.

The Dirichlet series of
χ(n)ξd,k(n)

n
is as follows:

F (s) =
∞∑
n=1

(n,l)=1

ξd,k(n)χ(n)

ns+1
=
∏
p

(p,l)=1

(
1 +

χ(p)ξd,k(p)

p
+ · · ·+ χ(pk−1)ξd,k(p

k−1)

pk−1

)

=
L(s+ 1, χ)

L(ks+ k, χk)

∏
p|d

(
1− χ(p)

ps+1

)(
1− χ(pk)

pk(s+1)

)−1

×
∏
p|d

(
1 +

k−1∑
j=1

ξd,k(p
j)χ(pj)

pj(s+1)

)∏
p|ℓ

(
1 +

k−1∑
j=1

ξd,k(p
j)χ(pj)

pj(s+1)

)−1

.

Note that F (s) is absolutely convergent for ℜ(s) > 0 and it can be analytically

continued to the half-plane ℜ(s) = β > −1 + 1
k
− c

k
√
log T

except for a pole at s = 0

when χ = χ0. For some fixed α = 1/ log x and the Dirichlet series F (s), we apply

Proposition 2.1.1

∑
n≤x

(n,ℓ)=1

ξd,k(n)χ(n)

n
=

1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds+O(R(T )) , (4.9)

where

R(T ) ≪ xα

T

∞∑
n=1

1

nα+1| log x/n|
≪ log x

T
.

To estimate the integral on the right hand side of (4.9), we shift the line of integral

into a rectangular contour with vertices α ± iT and β ± iT . We first consider the

principal character. In this case, the integrand in (4.9) has a pole of order 2 at
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s = 0. Denote

Z(s) =
xsL(s+ 1, χ)

sL(ks+ k, χk)

∏
p|d

(
1− χ(p)

ps+1

)(
1− χ(pk)

pk(s+1)

)−1
(
1 +

k−1∑
j=1

ξd,k(p
j)χ(pj)

pj(s+1)

)

×
∏
p|ℓ

(
1 +

k−1∑
j=1

ξd,k(p
j)χ(pj)

pj(s+1)

)−1

.

By Cauchy’s residue theorem, we have

1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds = Ress=0Z(s) +

3∑
i=1

Ii,

where I1 and I3 are integrals along horizontal segments [α − iT, β − iT ] and [β +

iT, α+ iT ], respectively and I2 is the integral along vertical segment [β− iT, β+ iT ].

The first term in the above identity is the residue of the second order pole of Z(s)

at s = 0, and is given by Mm,d,l(x). We use the standard bounds for the Riemann

zeta function ζ(s) (see (2.2)), modulo multiplication by constants depending on d

and ℓ

I1, I3 ≪m,d,ℓ
log T

T

(∫ 0

β

xσT
−σ
2 dσ +

∫ α

0

xσ log Tdσ

)
≪m,d,ℓ

(log T )2

T log x
.

We next estimate the integral I2 using Proposition 2.4.2.

I2 ≪m,d,ℓ x
β log T

∫ T

0

|ζ(β + 1 + it)|
|β + it|

dt ≪m,d,ℓ x
βT

−1
2
−β(log T )2.

We next consider the case for the non-principal character χ ̸= χ0. We continue

with the contour defined above. Using the bounds (2.5) for the Dirichlet L-function

modulo m and Proposition 2.4.3, we obtain

I1, I3 ≪m,d,ℓ
(log T )2

T log x
and I2 ≪m,d,ℓ x

βT
−1
2
−β(log T )2.

We collect all the above estimate and take optimally T = x
2(k−1)
3k−2 exp

(
c
√
log x

)
. This

completes the proof of Lemma 4.1.2.
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Lemma 4.1.3. For x ≥ 1, we have

∑
n≤x

µk(n)
2
∏
p|n

(
1− 1

√
p

)−1

=
x

ζ(k)

∏
p

(
1 +

pk−1 − 1

(
√
p− 1)(pk − 1)

)
+O

(
x

k
3k−2

+ϵ
)
.

Proof. The arithmetic function µk(n)
2
∏

p|n

(
1− 1√

p

)−1

is multiplicative, so its Dirich-

let series is given by

F (s) =
∞∑
n=1

µk(n)
2

ns

∏
p|n

(
1− 1

p
1
2

)−1

=
∏
p

(
1 +

(
1− 1

√
p

)−1(
1 +

1

ps
+

1

p2s
+ · · ·+ 1

p(k−1)s

))

=
∏
p

(
1 +

(
1− 1

√
p

)−1
(

1− 1
p(k−1)s

ps(1− p−s)

))

=
∏
p

(
1− 1

ps

)−1∏
p

(
1− 1

ps
+

√
p

√
p− 1

1− 1
p(k−1)s

ps

)

=
ζ(s)

ζ(ks)

∏
p

(
1− 1

pks

)−1(
1− 1

pks
+

1

(
√
p− 1)ps

− 1

(
√
p− 1)pks

)
=

ζ(s)

ζ(ks)

∏
p

(
1 +

p(k−1)s − 1

(
√
p− 1)(pks − 1)

)
.

Note that F (s) is absolutely convergent for ℜ(s) > 1 and can be analytically con-

tinued for ℜ(s) > 1
k
except for a simple pole at s = 1. Let T ≥ 2 and α = 1 + 1

log x
.

We apply Proposition 2.1.1 for the Dirichlet series F (s). Therefore

∑
n≤x

µk(q)
2
∏
p|n

(
1− 1

√
p

)−1

=
1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds+O(R(T )) , (4.10)

where

R(T ) ≪ xα

T

∞∑
n=1

2ω(n)

nα| log x/n|
≪ x1+ϵ log x

T
.

In the last step, we estimate the error term as in (4.7). To estimate the integral in
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(4.10), we consider the rectangular contour with line segments connecting the points

β − iT, β − iT, α− iT , and α+ iT , where β = 1
k
. Since the integrand has a pole at

s = 1 thus by Cauchy’s residue theorem, we have

1

2πi

∫ α+iT

α−iT

F (s)
xs

s
ds =

x

ζ(k)

∏
p

(
1 +

pk−1 − 1

(p
1
2 − 1)(pk − 1)

)
+

3∑
j=1

Ij, (4.11)

where I1 and I3 are integrals along the horizontal segments [β + iT, α + iT ] and

[β − iT, α− iT ], respectively, and I2 denotes the integral along the vertical segment

[β + iT, β + iT ]. We estimate the integrals in the above equation using the bounds

in (2.2) and (2.4). Therefore,

I1, I3 ≪k

∫ α

β

xσ|ζ(σ + iT )|
|σ + iT ||ζ(kσ + ikT )|

dσ

≪k
log T

T

(∫ 1

β

|ζ(σ + iT )|xσdσ +

∫ α

1

|ζ(σ + iT )|xσdσ

)
≪k

log2 T

T

(∫ 1

β

T
1−σ
2 xσdσ +

∫ α

1

xσdσ

)
≪k

x log2 T

T log x
. (4.12)

Next, we estimate the integral I2 using Proposition 2.4.1.

I2 ≪k x
β log T

∫ T

0

|ζ(β + it)|
|β + it|

dt ≪k x
βT

1
2
−β log2 T. (4.13)

Combining the estimates from (4.11), (4.12), (4.13) with the choice T = x
2(k−1)
3k−2 and

inserting in (4.10) gives the required result.

4.1.3 Weighted k-free Farey sums

We expand the Farey sums for the Farey fractions in F (m)
Q,k using the Möbius and

the k-free Möbius function. This is helpful for the reduction and estimation of the

exponential sum for F (m)
Q,k .

Lemma 4.1.4. Assume that f is any complex-valued function defined on the interval
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[0, 1], and let γi ∈ F (m)
Q,k for 1 ≤ i ≤ N (Q, k,m). Then, we have

N (Q,k,m)∑
j=1

f(γj) =
∑
q≤Q

Mq

(
Q

q

)∑
a≤q

f

(
a

q

)
,

where

Mq(x) =
∑
n≤x

qn≡b (mod m)

µ(n)µk(qn)
2.

Proof. We write

N (Q,k,m)∑
j=1

f(γj) =
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑
a≤q

(a,q)=1

f

(
a

q

)
.

Employing Theorem 2.0.1, we obtain

N (Q,k,m)∑
j=1

f(γj) =
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑
a≤q

f

(
a

q

)∑
d|a
d|q

µ(d)

=
∑
d≤Q

µ(d)
∑
q≤Q

q≡b (mod m)
d|q

µk(q)
2
∑
a≤q
d|a

f

(
a

q

)

=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2
∑
a≤q

f

(
a

q

)
=
∑
q≤Q

Mq

(
Q

q

)∑
a≤q

f

(
a

q

)
.

Lemma 4.1.5. Let f(x) = x − ⌊x⌋ − 1
2
and Mn as in Lemma 4.1.4. For any real

number u ∈ [0, 1] lying between two successive Farey fractions γv and γv+1 in F (m)
Q,k ,

we have

N (Q,k,m)∑
j=1

f(u+ γj) = N (Q, k,m)u− v − 1

2
.
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Proof. Employing Lemma 4.1.4 and using the fact that

∑
a≤n

f
(
u+

a

n

)
= f(nu),

we can write

N (Q,k,m)∑
j=1

f(u+ γj) =
∑
n≤Q

f(nu)Mn

(
Q

n

)
=
∑
n≤Q

(
nu− ⌊nu⌋ − 1

2

)
Mn

(
Q

n

)
= N (Q, k,m)u−

∑
n≤Q

⌊nu⌋Mn

(
Q

n

)
− 1

2
.

Note that the sum on the right-hand side of the above equation counts the number

of fractions in F (m)
Q,k less than or equal to u. Therefore between γv and γv+1 the

above sum is equal to N (Q, k,m)u− v − 1
2
.

4.2 GRH and Farey fractions

In this section, we provide proof of Theorems 1.1.11 and 1.1.12.

Recall that the Farey sequence is the set of fractions a/q in [0, 1] such that

(a, q) = 1 with denominators at most Q. We detect this condition using the following

identity ∑
d|n

µ(d) =

{
1 if n = 1,

0 if n > 1.

Thus, the counting of Farey fractions can be expressed in terms of sums involving

µ(n). These Möbius sums are closely related to the zeros of the Riemann zeta

function. In particular, the Riemann Hypothesis holds if and only if

∑
n≤x

µ(n) = o
(
x

1
2
+ϵ
)

for all ϵ > 0.

This establishes a connection between the distribution of the Farey sequence and the

Riemann Hypothesis. In particular, we have the results of Franel [40] and Landau

[72] given in (1.9) and (1.10), respectively. For Farey sequences with denominators
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in a fixed arithmetic progression, Dirichlet characters arise naturally, leading to

twisted sum ∑
n≤x

χ(n)µ(n) = o
(
x

1
2
+ϵ
)

for all ϵ > 0,

which is equivalent to the Generalized Riemann Hypothesis. Indeed, Davenport

proposed in his problem list that analogous results to Franel and Landau should

hold for the zeros of a fixed Dirichlet L-function. Motivated with this, Huxley [56]

established analogous result to those of Farnel and Landau. Here, we extend this

line of investigation and study the analogues of the results of Franel and Landau for

the Farey fractions with k-free denominators lying in a fixed arithmetic progression.

The proof of Theorems 1.1.11 and 1.1.12 involves decomposing the weighted

sum of Merten’s function with congruence constraints in two different forms. To

establish the bounds, we employ the Dirichlet hyperbola method alongside the non-

trivial bounds for a twisted Möbius sum. We now proceed to prove Theorem 1.1.11.

4.2.1 Proof of Theorem 1.1.11

We first assume that

N (Q,k,m)∑
j=1

RN (Q,k,m)(γj) = Om

(
Q

1
2
+ϵ
)
.

We apply Lemma 4.1.4 with f(x) = e(x) and obtain

N (Q,k,m)∑
v=1

e(γv) =
∑
q≤Q

Mq

(
Q

q

)∑
a≤q

e

(
a

q

)
= M1(Q),

where M1(Q) = M(Q) =
∑

n≤Q
n≡b (mod m)

µ(n). In the last step, we used the following

identity ∑
a≤q

e

(
a

q

)
=

{
1, if q = 1,

0, otherwise.
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We have

M(Q) =

N (Q,k,m)∑
v=1

e(γv) =

N (Q,k,m)∑
v=1

e

(
γv −

v

N (Q, k,m)
+

v

N (Q, k,m)

)

=

N (Q,k,m)∑
v=1

e(RN (Q,k,m)(γv))e

(
v

N (Q, k,m)

)

=

N (Q,k,m)∑
v=1

e

(
v

N (Q, k,m)

)
(e(RN (Q,k,m)(γv))− 1)

+

N (Q,k,m)∑
v=1

e

(
v

N (Q, k,m)

)
.

This yields

|M(Q)| ≤
N (Q,k,m)∑

v=1

|e(RN (Q,k,m)(γv))− 1| ≤ 2

N (Q,k,m)∑
v=1

| sinπRN (Q,k,m)(γv)|

≤ 2π

N (Q,k,m)∑
v=1

RN (Q,k,m)(γv) ≪m Q
1
2
+ϵ.

Thus, GRH holds. For the converse, assume that GRH is true. We apply Lemma

4.1.4 with f(x) = x− ⌊x⌋ − 1
2
. We have

G(u) =

N (Q,k,m)∑
v=1

f(u+ γv) =
∑
q≤Q

Mq

(
Q

q

)∑
a≤q

f

(
u+

a

q

)
=
∑
q≤Q

Mq

(
Q

q

)
f(qu).

In here, for f(x) = x− ⌊x⌋ − 1
2
, we have used the fact that

∑
a≤q

f

(
u+

a

q

)
= f(qu).

We denote

I :=

∫ 1

0

(G(u))2du. (4.14)

Case-I: If

G(u) =
∑
q≤Q

Mq

(
Q

q

)
f(qu).



110 Distribution of Farey fractions with k-free denominators

Substituting in (4.14), we have

I =

∫ 1

0

∑
q1≤Q

f(q1u)Mq1

(
Q

q1

) ∑
q2≤Q

f(q2u)Mq2

(
Q

q2

)
du

=
∑

q1,q2≤Q

Mq1

(
Q

q1

)
Mq2

(
Q

q2

)∫ 1

0

f(q1u)f(q2u)du. (4.15)

We now estimate the integral in the above identity. If q2 = 1, then

∫ 1

0

f(q1u)f(u)du =

∫ q1

0

f(u)f(q−1
1 u)du =

1

q1

q1−1∑
m=0

∫ 1

0

f(m+ t)f

(
m

q1
+

t

q1

)
dt

=
1

q1

∫ 1

0

f(t)f

(
q1 ·

t

q1

)
dt =

1

q1

∫ 1

0

(
t− 1

2

)2

dt =
1

12q1
. (4.16)

If (q1, q2) = 1, then clearly (q2m/q1) (mod 1) for m = 0, 1, . . . , q1 − 1 yields each

fraction j/q1 exactly once. We have∫ 1

0

f(q1u)f(q2u)du =
1

q1

∫ 1

0

f(t)f

(
q1 ·

q2t

q1

)
dt =

1

q1

∫ 1

0

f(t)f (q2t) dt =
1

12q1q2
.

(4.17)

In the last step, we have used (4.16). Now, if gcd(q1, q2) = q then q1 = qq′1 and

q2 = qq′2, where (q′1, q
′
2) = 1. Thus, we have∫ 1

0

f(q1u)f(q2u)du =

∫ 1

0

f(qq′1u)f(qq
′
2u)du =

1

q

∫ q

0

f(q′1t)f(q
′
2t)dt.

Using (4.17), we have∫ 1

0

f(q1u)f(q2u)du =
1

12q′1q
′
2

=
(gcd(q1, q2))

2

12q1q2
.

Hence, the above estimate with (4.15) gives

I =
1

12

∑
q1,q2≤Q

Mq1

(
Q

q1

)
Mq2

(
Q

q2

)
(gcd(q1, q2))

2

q1q2
. (4.18)
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If GRH holds, then by employing Lemma 4.1.1, we obtain

Mq

(
Q

q

)
=

∑
d≤Q

q

qd≡b (mod m)

µ(d)µk(qd)
2 ≪m

(
Q

q

) 1
2
+ϵ∏

p|q

(
1 +

1
√
p− 1

)
.

The above estimate with (4.18) yields

I ≤ CQ1+2ϵ
∑

q1,q2≤Q

(gcd(q1, q2))
2

(q1q2)
3
2
+ϵ

≤ CQ1+2ϵ
∑
δ≤Q

1

δ1+ϵ

∑
q1,q2≤Q

δ
(q1,q2)=1

1

(q1q2)
3
2
+ϵ

≤ CQ1+2ϵ,

(4.19)

where C > 0 is constant depending on m.

Case-II: Next, we apply Lemma 4.1.5, which implies that between γv and γv+1,

the value of G is given by the closed form formula G(u) = −1/2+N (Q, k,m)u− v.

Therefore

I =

N (Q,k,m)∑
v=1

∫ γv

γv−1

(
1

2
+ uN (Q, k,m)− v

)2

du

=
1

3N (Q, k,m)

N (Q,k,m)∑
v=1

((
γvN (Q, k,m)− v +

1

2

)3

−
(
γv−1N (Q, k,m)− v +

1

2

)3
)

=
1

3N (Q, k,m)

N (Q,k,m)∑
v=1

((
RN (Q,k,m)(γv)N(Q, k,m) +

1

2

)3

−
(
RN (Q,k,m)(γv−1)N (Q, k,m)− 1

2

)3
)
.

Using RN (Q,k,m)(γ0)N (Q, k,m)− 1
2
= −1

2
= RN (Q,k,m)(γN (Q,k,m))N (Q, k,m)− 1

2
, we

see that

I =
1

3N (Q, k,m)

N (Q,k,m)∑
v=1

((
RN (Q,k,m)(γv)N (Q, k,m) +

1

2

)3
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−
(
RN (Q,k,m)(γv)N (Q, k,m)− 1

2

)3
)

=N (Q, k,m)

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 +

1

12
. (4.20)

The above estimate with (4.19) gives

N (Q, k,m)

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 < CQ1+2ϵ,

where C is a constant depending on ϵ. By the Schwarz inequality, we have

N (Q,k,m)∑
v=1

RN (Q,k,m)(γv) ≤

N (Q,k,m)∑
v=1

1

1/2N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2

1/2

≤

N (Q, k,m)

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2

1/2

≤ C1/2Q1/2+ϵ.

This completes the proof of Theorem 1.1.11.

4.2.2 Proof of Theorem 1.1.12

Employing (4.18) and (4.20), we have

N (Q, k,m)

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 +

1

12

=
1

12

∑
q1,q2≤Q

Mq1

(
Q

q1

)
Mq2

(
Q

q2

)
(gcd(q1, q2))

2

q1q2
.

Therefore, we obtain

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2
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=
1

12N (Q, k,m)

( ∑
q1,q2≤Q

Mq1

(
Q

q1

)
Mq2

(
Q

q2

)
(gcd(q1, q2))

2

q1q2
− 1

)
.

This completes the proof of the first part of Theorem 1.1.12. To prove the second

part, we use the above identity and the expression

Mq (x) =
∑
n≤x

nq≡b (mod m)

µ(n)µk(nq)
2

to obtain

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 =

1

12N (Q, k,m)

∑
q1≤Q

∑
d1≤ Q

q1
q1d1≡b (mod m)

µ(d1)µk(q1d1)
2
∑
q2≤Q

×
∑
d2≤ Q

q2
q2d2≡b (mod m)

µ(d2)µk(q2d2)
2 (gcd(q1, q2))

2

q1q2
− 1

 .

(4.21)

Let gcd(q1, q2) = δ so that q1 = q′1δ and q2 = q′2δ with (q′1, q
′
2) = 1. The above

identity can be expressed as

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 =

1

12N (Q, k,m)


∑
δ≤Q

∑
q′1≤

Q
δ

1

q′1

∑
d1≤ Q

q′1δ
q′1d1δ≡b (mod m)

µk(q
′
1d1δ)

2

× µ(d1)
∑
q′2≤

Q
δ

(q′1,q
′
2)=1

1

q′2

∑
d2≤ Q

q′2δ
q′2d2δ≡b (mod m)

µ(d2)µk(q
′
2d2δ)

2 − 1

 .

(4.22)
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We apply Dirichlet hyperbola method to estimate the inner sum on the above iden-

tity

S :=
∑
q≤Q

δ
(q,l)=1

1

q

∑
d≤ Q

qδ

qdδ≡b (mod m)

µ(d)µk(qdδ)
2

=
∑

q≤
√

Q
δ

(q,l)=1

1

q

∑
d≤ Q

qδ

qdδ≡b (mod m)

µ(d)µk(qdδ)
2 +

∑
d≤
√

Q
δ

µ(d)
∑
q≤ Q

dδ
qdδ≡b (mod m)

(q,l)=1

µk(qdδ)
2

q

−
∑

q≤
√

Q
δ

(q,l)=1

1

q

∑
d≤
√

Q
δ

qdδ≡b (mod m)

µ(d)µk(qdδ)
2.

Employing Lemma 4.1.1 to the inner sum in the first and last terms, and Lemma

4.1.2 to the inner sum in the second term of the above identity, we obtain

S ≪m
Q

δ

∑
q≤
√

Q
δ

(q,l)=1

1

q2
exp

(
−c

(logQ/qδ)3/5

(log logQ/qδ)1/5

)∏
p|qδ

( √
p

√
p− 1

)∏
p|ℓ

(
1− 1

√
p

)−1

≪m
Q

δ
exp

(
−c

(logQ/δ)3/5

(log logQ/δ)1/5

)∏
p|δ

( √
p

√
p− 1

)∏
p|ℓ

(
1− 1

√
p

)−1

.

Inserting the above estimate into (4.22) gives

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 ≪m

Q2

N (Q, k,m)

∑
δ≤Q

1

δ2−ϵ
exp

(
−c

(logQ/δ)3/5

(log logQ/δ)1/5

)

≪m

∑
δ≤

√
Q

1

δ2−ϵ
exp

(
−c

(logQ/δ)
3
5

(log logQ/δ)
1
5

)

+
∑

√
Q<δ≤Q

1

δ2−ϵ
exp

(
−c

(logQ/δ)
3
5

(log logQ/δ)
1
5

)

≪m exp

(
−c

(logQ)
3
5

(log logQ)
1
5

)
.
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This completes the proof unconditionally. We now estimate the sum on the right-

hand side of (4.22) under the assumption of the GRH. Assuming GRH, we apply

Lemma 4.1.1. Therefore,

N (Q,k,m)∑
v=1

(RN (Q,k,m)(γv))
2 ≪m

Q1+ϵ

N (Q, k,m)

∑
δ≤Q

1

δ1+ϵ

∑
q′1≤

Q
δ

1

(q′1)
3
2
+ϵ

∑
q′2≤

Q
δ

1

(q′2)
3
2
+ϵ

≪m Q−1+ϵ.

This completes the proof of Theorem 1.1.12.

4.3 Equidistribution

The aim of this section is to establish Theorems 1.1.9 and 1.1.10 by studying the

Weyl sum over F
(m)
Q,k and quantitative equidistribution, respectively.

4.3.1 Weyl sum

The Weyl sums are central to various number-theoretic problems, including the

zero-free region of the Riemann zeta function, the prime number theorem, and the

Diophantine equations. The Weyl sums have been extensively studied in different

forms by various authors. Specifically, the Weyl sum over the roots of quadratic

congruences was studied in [33, 34]. The metric theory of Weyl sums appeared in

[25]. For more details and problems on the Weyl sums, one may refer to [17, 26, 27]

and references therein. In our first result, we establish an upper bound for the Weyl

sum over Farey fractions with k-free denominators in residue classes. The Weyl sum

for Farey fractions was dealt in [29, 41]. We study the Weyl sum over Farey fractions

in F (m)
Q,k .

Theorem 4.3.1. For r ∈ Z \ {0}, we have

∑
γ∈F

(m)
Q,k

e (rγ) = Om

(
min (Q, rϵ)Q exp

(
−c

(logQ)3/5

(log logQ)1/5

))
,
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where c > 0 is some constant, ϵ > 0 is arbitrary small real number, and e(x) = e2πix.

Proof of Theorem 4.3.1. We have

∑
γ∈F(m)

Q,k

e(rγ) =
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑

1≤a≤q
(a,q)=1

e

(
ar

q

)

By Theorem 2.0.1, we see that

∑
γ∈F(m)

Q,k

e(rγ) =
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑

1≤a≤q

e

(
ar

q

) ∑
d| gcd(a,q)

µ(d)

=
∑
d≤Q

µ(d)
∑
q≤Q

q≡b (mod m)
d|q

µk(q)
2
∑

1≤a≤q
d|a

e

(
ar

q

)

=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2
∑

1≤a≤q

e

(
ar

q

)

=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

q|r

qµk(qd)
2 =

∑
q≤Q
q|r

q
∑
d≤Q

q

qd≡b (mod m)

µ(d)µk(qd)
2.

We use Lemma 4.1.1 to estimate the inner sum above, and we find that

∑
γ∈F(m)

Q,k

e(rγ) ≪m Q exp

(
−c

(logQ)3/5

(log logQ)1/5

)∑
q≤Q
q|r

µk(q)
2
∏
p|q

(
1− 1

√
p

)−1

. (4.23)

If r is small with respect to Q then clearly
∏

p|q

(
1− 1√

p

)−1

≤ 2ω(q), where ω(q)

counts the distinct prime divisors of q. Therefore, we have

∑
q≤Q
q|r

µk(q)
2
∏
p|q

(
1− 1

√
p

)−1

≪
∑
q|r

2ω(q) ≪ rϵ.
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If r is large with respect to Q then using Lemma 4.1.3, we obtain

∑
q≤Q
q|r

µk(q)
2
∏
p|q

(
1− 1

√
p

)−1

≪ Q.

Combining the above estimates with (4.23) yields

∑
γ∈F(m)

Q,k

e(rγ) ≪m min (Q, rϵ)Q exp

(
−c

(logQ)3/5

(log logQ)1/5

)
.

This completes the proof of Theorem 4.3.1.

4.3.2 Proof of Theorem 1.1.9

Employing Theorem 4.3.1, we see that

lim
Q→∞

1

N (Q, k,m)

∑
γ∈F(m)

Q,k

e(rγ) = 0 for all integers r ̸= 0.

Using Theorem 1.1.2 completes the proof of Theorem 1.1.9.

4.3.3 Discrepancy

In this section, we establish the quantitative aspect of equidistribution. In order

to achieve this, we study discrepancy of the sequence
(
F (m)

Q,k

)
Q≥1

.

Proof of Theorem 1.1.10. Let ϵ > 0 be arbitrarily small real number, and set α =

1/Q − ϵ to obtain a lower bound for D∗
N (Q,k,m)

(
F (m)

Q,k

)
. Let A(α;N (Q, k,m)) be

the number of terms of the sequence
(
F (m)

Q,k

)
Q≥1

that do not exceed α. Since γ ≥ 1
Q

for all γ ∈ F (m)
Q,k , it follows that A(1/Q− ϵ;N (Q, k,m)) = 0. Since

D∗
N (Q,k,m)

(
F (m)

Q,k

)
= sup

0≤α≤1
RN (Q,k,m)(α),
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where

RN (Q,k,m)(α) =

∣∣∣∣A(α;N (Q, k,m))

N (Q, k,m)
− α

∣∣∣∣ ,
we therefore have

D∗
N (Q,k,m)

(
F (m)

Q,k

)
≥ RN (Q,k,m)(α) = RN (Q,k,m)

(
1

Q
− ϵ

)
=

1

Q
− ϵ

for all ϵ > 0. Since ϵ > 0 is arbitrary, one can thus deduce that

D∗
N (Q,k,m)

(
F (m)

Q,k

)
≥ 1

Q
. (4.24)

We next estimate the upper bound for the discrepancy. For any α ∈ [0, 1], we write

A(α;N (Q, k,m))− αN (Q, k,m) =
∑

γ∈F
(m)
Q,k

γ≤α

1− αN (Q, k,m)

=
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑
a≤qα
(a,q)=1

1− α
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑
a≤q

(a,q)=1

1.

Employing Theorem 2.0.1, we see that

A(α;N (Q, k,m))− αN (Q, k,m)

=
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑
a≤qα

∑
d|a
d|q

µ(d)− α
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑
a≤q

∑
d|a
d|q

µ(d)

=
∑
d≤Q

µ(d)
∑
q≤Q
q|d

µk(q)
2

∑
a≤qα
d|a

1− α
∑
a≤q
d|a

1


=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2

(∑
a≤qα

1− α
∑
a≤q

1

)

=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2(⌊qα⌋ − αq)
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= −
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2{qα}.

Next, we take the modulus of both sides. Therefore,

|A(α;N (Q, k,m))− αN (Q, k,m)| =

∣∣∣∣∣∣∣∣∣
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2{qα}

∣∣∣∣∣∣∣∣∣
≪
∑
q≤Q

µk(q)
2

∣∣∣∣∣∣∣∣∣
∑
d≤Q

q

qd≡b (mod m)

µ(d)µk(qd)
2

∣∣∣∣∣∣∣∣∣ . (4.25)

By employing Lemma 4.1.1, the above sum can be expressed as

|A(α;N (Q, k,m))− αN (Q, k,m)|

≪m

∑
q≤Q

µk(q)
2Q

q

∏
p|q

(
1 +

1
√
p− 1

)
exp (−c

√
log(Q/q))

≪m

∑
q≤Q

µk(q)
2
∏
p|q

(
1 +

1
√
p− 1

)∑
d≤Q

q

exp (−c
√

log d)

≪m

∑
d≤Q

exp (−c
√

log d)
∑
q≤Q

d

µk(q)
2
∏
p|q

(
1 +

1
√
p− 1

)
.

To estimate the inner-sum, we apply Lemma 4.1.3 and obtain

|A(α;N (Q, k,m))− αN (Q, k,m)|

≪m

∑
d≤Q

exp (−c
√

log d)
Q

dζ(k)

∏
p

(
1 +

pk−1 − 1

(p
1
2 − 1)(pk − 1)

)

≪m
Q

ζ(k)

∑
d≤Q

1

d exp (c
√
log d)

≪m Q. (4.26)
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Therefore,

RN (Q,k,m)(α) =
1

N (Q, k,m)
|A(α;N (Q, k,m))− αN (Q, k,m)| ≪m

1

Q
,

uniformly in α ∈ [0, 1]. Hence

D∗
N (Q,k,m)

(
F (m)

Q,k

)
≪m

1

Q
. (4.27)

Therefore, using (4.24), (4.27), and Theorem 1.1.3, we obtain

1

Q
≪m DNQ,P

(F (m)
Q,k ) ≪m

1

Q
.

This completes the proof of Theorem 1.1.10.

4.4 Correlation measure

In this section, we investigate if the ν-level correlations of the sequence
(
F (m)

Q,k

)
Q≥1

are Poissonian or not. Our primary aim is to compute the ν-level correlation mea-

sure for all ν ≥ 2. In particular, we derive Theorems 4.4.1 and 1.1.13. We begin

by deriving a closed-form formula for the exponential sum over the Farey fractions

whose denominators are k-free and lie in an arithmetic progression, which is crucial

for establishing correlation measure.

4.4.1 Exponential sum over F
(m)
Q,k

Lemma 4.4.1. Let r ∈ Z, we have

∑
γ∈F(m)

Q,k

e(rγ) =
∑
q≤Q
q|r

qMq

(
Q

q

)
, (4.28)

where Mq(x) =
∑

d≤x
qd≡b (mod m)

µ(d)µk(qd)
2.

Proof. We begin by considering the left-hand side of (4.28) and apply Theorem 2.0.1
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to detect the coprimality of a and q. Therefore, we have

∑
γ∈F(m)

Q,k

e(rγ) =
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑

1≤a≤q
(a,q)=1

e

(
ar

q

)

=
∑
q≤Q

q≡b (mod m)

µk(q)
2
∑

1≤a≤q

e

(
ar

q

) ∑
d| gcd(a,q)

µ(d)

=
∑
d≤Q

µ(d)
∑
q≤Q

q≡b (mod m)
d|q

µk(q)
2
∑

1≤a≤q
d|a

e

(
ar

q

)

=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

µk(qd)
2
∑

1≤a≤q

e

(
ar

q

)

=
∑
d≤Q

µ(d)
∑
q≤Q

d
qd≡b (mod m)

q|r

qµk(qd)
2 =

∑
q≤Q
q|r

qMq

(
Q

q

)
.

In the second last step, we have used the identity

m∑
n=1

e(nl/m) =

{
m, if m|l,
0, otherwise.

This completes the proof of result.

4.4.2 Correlation measure

To state our results on the correlation measure, we first fix some notations and

define certain transformations. Let

Ω̃n,e,k,∆ =

{
(x, y) : 0 < x ≤ y ≤ 1, y ≥ 1

C(Λ, k, 1)
, 0 < yej − x∆j ≤

1

nj

}
.

C(Λ, k, 1) = Λ
C (k,1)

. We define another map T on Rν−1 and its inverse T−1 as follows:

T (x1, . . . , xν−1) = (x1 − x2, x2 − x3, . . . , xν−2 − xν−1, xν−1), (4.29)
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T−1(x1, . . . , xν−1) = (x1 + · · ·+ xν−1, x2 + · · ·+ xν−1, . . . , xν−2 + xν−1, xν−1).

We are now ready to state our result on the ν-level correlations. Recall that

S(ν)(B) = lim
Q→∞

Sν

F
(m)
Q,k

(B),

where

Sν

F
(m)
Q,k

(B) =
1

N (Q, k,m)
#
{
(γ1, . . . , γν) ∈

(
F
(m)
Q,k

)ν
: γi distinct,

(γ1 − γ2, . . . , γν−1 − γν) ∈
1

N (Q, k,m)
B+ Zν−1

}
.

We assume that the constant Ξ(k, nj, ej,∆j) > 0 in Remark 2.6.1 is positive.

Theorem 4.4.1. Let k, ν ≥ 2 be integers. All ν-level correlation measure of the se-

quence
(
F (1)

Q,k

)
Q≥1

exist. For any box B ⊂ (0,Λ)ν−1, the ν-level correlation measure

is given by

S(ν)(B) =
1

C (k, 1)

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

× Ξ(k, nj, ej,∆j)

∫∫
Ω̃n,e,k,∆

gχk,e,∆(x, y)dxdy,

where Ξ(k, nj, ej,∆j) > 0 is a positive constant depending on k, nj, ej,∆j,

C (k, 1) =
1

2L(k, χ0)

∏
p

(
1− pk−1 − 1

p(pk − 1)

)

and

gχk,e,∆(x, y) = χB ◦ T
(
g
(1)
k,e,∆(x, y), . . . , g

(ν−1)
k,e,∆ (x, y)

)
.

Remark 4.4.1. Note that for the ν-level correlation to be Poissonian, we must have

S(ν)(B) = vol(B) for all boxes B. Using the above expression, we observe that the

sequence
(
F (1)

Q,k

)
Q≥1

does not have Poissonian ν-level correlations for all ν ≥ 2. Let

Λ > 0 be a real number such that Λ−2ν+1 > 2ν−1(ν(ν − 1))ν−1(C (k, 1))−3ν+2, and let

B = (0,Λ/2]ν−1. Then, clearly, S(ν)(B) < vol(B).
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Recall that the pair correlation function of the sequence
(
F (m)

Q,k

)
Q≥1

exists and

is given by

gm,k(λ) =
6

λ2π2ϕ2(m)

∑
1≤n< λ

C(k,m)

Fk(n) log

(
λ

nC (k,m)

)
,

where Fk(n) is as in (1.22).

Figure 4.1: The graphs of pair correlation functions g1,2(λ), g2,2(λ), gPo(λ) ≡ 1 and

gGUE(λ) = 1−
(
sinπλ
πλ

)2
.

Figure 1 shows the graphs of g1,2(λ) and g2,2(λ). For comparison, we also plot

the graphs of the pair correlation functions of GUE model and Poisson case, given

respectively by

gGUE(λ) = 1−
(
sin πλ

πλ

)2

, gPo(λ) = 1.

The graphs of g1,2(λ) and g2,2(λ) show a strong repulsion between the elements of the

sequences F
(1)
Q,2 and F

(2)
Q,2, respectively–even more robust than the repulsion among

the zeros of the Riemann zeta function. As λ → ∞, repulsion decreases, and the

distribution tends to become constant.

Outline of Proof: To establish the correlation measure of the sequence
(
F (m)

Q,k

)
Q≥1

,

we reduce the problem of counting the tuples described in (1.11) to estimating an

exponential sum over F (m)
Q,k . This is achieved by expressing the Fourier series for

the smooth real-valued function H with support contained in B. Furthermore, we
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rewrite the exponential sum in terms of a Möbius sum and utilize the Poisson sum-

mation formula for the coefficients of the Fourier series. Given that the support of

H is contained within B, several changes of variables lead to establishing estimates

for weighted lattice point counting with several coprimality and k-free restrictions.

As a result, the contribution from principal Dirichlet character yields the correlation

measure, while for the non-principal character, we provide an estimate for character

sum twisted by a continuously differentiable function and the characteristic func-

tion for the k-free numbers. By applying this result, the sum over non-principal

characters approaches zero as Q → ∞.

4.4.3 Proof of Theorem 4.4.1

In order to establish the ν-level correlation measure for the sequence of Farey

fractions with k-free denominators q that run through a given arithmetic progression,

we need to estimate, for any positive real number Λ, the quantity

Sν

F
(1)
Q,k

(Λ) =
1

N (Q, k, 1)
#
{
(γ1, . . . , γν) ∈

(
F
(1)
Q,k

)ν
: γi distinct,

(γ1 − γ2, . . . , γν−1 − γν) ∈
1

N (Q, k, 1)
B+ Zν−1

}
.

To estimate this, we build upon the ideas introduced in [16] making several nec-

essary and technical modifications on the way. We begin with smooth correlation

measure as defined in (2.15). For a smooth real valued function H on Rν−1 such

that Supp(H) ⊂ (0,Λ)ν−1, define

f(y) =
∑

r∈Zν−1

H(N (Q, k, 1)(y + r)), y ∈ Rν−1,

and

S
(ν)
Q,k =

∑
γi∈F

(1)
Q,k,distinct

f(γ1 − γ2, . . . , γν−1 − γν). (4.30)
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Since SuppH ⊂ (0,Λ), the condition γi ̸= γj for i ̸= j can be removed for Q large

enough that N (Q, k, 1) > Λ. Let

f(y) =
∑

r∈Zν−1

cre(r · y)

be the Fourier series expansion of f , with the Fourier coefficients

cr =

∫
[0,1)ν−1

f(x)e(−r · x)dx =
∑

n∈Zν−1

∫
[0,1)ν−1

H(N (Q, k, 1)(x+ n))e(−r · x)dx

=

∫
Rν−1

H(N (Q, k, 1)v)e(−r · v)dv =
1

(N (Q, k, 1))ν−1
Ĥ

(
r

N (Q, k, 1)

)
, (4.31)

where Ĥ is the Fourier transform of H. Then by (4.30), we have

S
(ν)
Q,k =

∑
γ1,...,γν∈F(1)

Q,k

f(γ1 − γ2, . . . , γν−1 − γν)

=
∑

γ1,...,γν∈F(1)
Q,k

r1,...,rν−1∈Z

cre(r · (γ1 − γ2, . . . , γν−1 − γν))

=
∑

γ1,...,γν∈F(1)
Q,k

r1,...,rν−1∈Z

cre(r1γ1)e((r2 − r1)γ2) . . . e((rν−1 − rν−2)γν−1)e(rν−1γν). (4.32)

For m = 1, by applying Lemma 4.4.1 to the above identity yields

S
(ν)
Q,k =

∑
r=(r1,...,rν−1)∈Zν−1

cr
∑
d1|r1

d2|r2−r1
...

dν−1|rν−1−rν−2

dν |rν−1

d1 · · · dνMd1

(
Q

d1

)
· · ·Mdν

(
Q

dν

)

=
∑

1≤d1,...,dν≤Q

d1 · · · dνMd1

(
Q

d1

)
· · ·Mdν

(
Q

dν

) ∑
d1|r1

d2|r2−r1
...

dν−1|rν−1−rν−2

dν |rν−1

cr,
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where Mq(x) =
∑

n≤x µ(n)µk(qn)
2. The divisibility conditions in the inner-sum of

the above identity can be expressed as

r1 = l1d1

r2 = l1d1 + l2d2

· · ·

rν−1 = l1d1 + · · ·+ lν−1dν−1 = lνdν

for some l1, . . . , lν ∈ Z. We denote d = (d1, . . . , dν−1) ∈ □ν−1
Q := [1, Q]ν−1 ∩ Zν−1,

l = (l1, . . . , lν−1). We obtain

S
(ν)
Q,k =

∑
d∈□ν−1

Q

d1 · · · dν−1Md1

(
Q

d1

)
· · ·Mdν−1

(
Q

dν−1

)

×
∑

l∈Zν−1

cd1l1,d1l1+d2l2,...,d1l1+···+dν−1lν−1

∑
dν |d1l1+···+dν−1lν−1

dνMdν

(
Q

dν

)
. (4.33)

By using (4.31) and Lemma 4.4.1, the two inner sums in (4.33) take the form

∑
l∈Zν−1

γ∈F(1)
Q,k

cd1l1,d1l1+d2l2,...,d1l1+···+dν−1lν−1e(−γd · l)

=
∑

l∈Zν−1

γ∈F(1)
Q,k

∫
Rν−1

e

(
−γ

ν−1∑
i=1

dili −
ν−1∑
j=1

xj(d1l1 + · · ·+ djlj)

)
H(N (Q, k, 1)x)dx

=
∑

l∈Zν−1

γ∈F(1)
Q,k

∫
Rν−1

e

(
−

ν−1∑
i=1

dili(xi + · · ·+ xν−1 + γ)

)
H(N (Q, k, 1)x)dx

=
∑

l∈Zν−1

γ∈F(1)
Q,k

∫
Rν−1

× e

(
−

ν−1∑
i=1

dili(xi + · · ·+ xν−1)

)
H(N (Q, k, 1)(x1, . . . , xν−2, xν−1 − γ))dx. (4.34)
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We take yi = di(xi + · · · + xν−1), i = 1, . . . , ν − 1 with y = (y1, . . . , yν−1) ∈ Rν−1

and set

HN (Q,k,1);d,γ(y) =H

(
N (Q, k, 1)

(
y1
d1

− y2
d2

)
, . . . ,N (Q, k, 1)

(
yν−2

dν−2

− yν−1

dν−1

)
,

N (Q, k, 1)

(
yν−1

dν−1

− γ

))
.

Therefore, the identity in (4.34) can be expressed as follows

1

d1 · · · dν−1

∑
γ∈F(1)

Q,k

∑
l∈Zν−1

∫
Rν−1

e(−l · y)HN (Q,k,1);d,γ(y)dy

=
1

d1 · · · dν−1

∑
γ∈F(1)

Q,k

∑
l∈Zν−1

ĤN (Q,k,1);d,γ(l).

Employing the Poisson summation formula to the inner sum of the above identity

and inserting it back into (4.33), we obtain

S
(ν)
Q,k =

∑
d≤□ν−1

Q

Md1

(
Q

d1

)
· · ·Mdν−1

(
Q

dν−1

) ∑
γ∈F(1)

Q,k

∑
l∈Zν−1

HN (Q,k,1);d,γ(l).

As SuppH ⊂ (0,Λ)ν−1, we have

0 < N (Q, k, 1)

(
lj
dj

− lj+1

dj+1

)
< Λ′, j = 1, . . . , ν − 2.

The above inequalities implies ljdj+1 − lj+1dj ≥ 1 and

Λ >
N (Q, k, 1)(ljdj+1 − lj+1dj)

djdj+1

≥ N (Q, k, 1)

djdj+1

.

Therefore, for all Q ≥ Q0(Λ) using above inequality we get

Q2

djdj+1

=
Q2

N (Q, k, 1)
· N (Q, k, 1)

djdj+1

<
Q2Λ

N (Q, k, 1)
<

Λ

C (k, 1)
=: C(Λ, k, 1).
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Note that both Q/dj ≥ 1 and Q/dj+1 ≥ 1. Therefore, for all Q ≥ Q0(Λ), we have

1 ≤ Q
dj

≤ C(Λ, k, 1), j = 1 . . . , ν − 1. Similarly, we obtain

Q

q
≤ C(Λ, k, 1). (4.35)

Hence,

S
(ν)
Q,k =

∑
d≤□ν−1

Q

∑
l∈Zν−1

∑
1≤nj≤Q/dj

(µ(n1) · · ·µ(nν−1))(µk(n1d1)
2 · · ·µk(nν−1dν−1)

2)

×
∑

a/q∈F(1)
Q,k

q≥Q/C(Λ,k,1)

HN (Q,k,1);d,γ(l)

=
∑

1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤dj≤Q/nj

µk(n1d1)
2 · · ·µk(nν−1dν−1)

2

×
∑

l∈Zν−1

∑
a/q∈F(1)

Q,k

q≥Q/C(Λ,k,1)

HN (Q,k,1);d,γ(l). (4.36)

We set ∆j = qlj − adj for j = 1, . . . , ν − 1. Consequently, lj is uniquely determined

as lj =
∆j+adj

q
. This in turn implies that

lj
dj

− lj+1

dj+1

=
∆j + adj

qdj
− ∆j+1 + adj+1

qdj+1

=
1

q

(
∆j

dj
− ∆j+1

dj+1

)
, j = 1, . . . , ν − 2.

Moreover,
lν−1

dν−1

− a

q
=

∆ν−1

qdν−1

.

Also, dj satisfy the congruence dj ≡ −ā∆j (mod q), j = 1, . . . , ν − 1, where 1 ≤
ā ≤ q such that aā = 1 (mod q). Since SuppH ⊂ (0,Λ)ν−1, we get

0 <
N (Q, k, 1)∆j

qdj
= N (Q, k, 1)

(
lj
dj

− a

q

)
= N (Q, k, 1)

(
lj
dj

− lj+1

dj+1

)
+ · · ·+N (Q, k, 1)

(
lν−1

dν−1

− a

q

)
< (ν − j)Λ′.
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For Q ≥ Q0(Λ), the above inequalities give

1 ≤ ∆j ≤
qdj(ν − j)Λ

N (Q, k, 1)
≤ Q2(ν − j)Λ

N (Q, k, 1)
≤ (ν − j)C(Λ, k, 1);

thus, we have 1 ≤ ∆1, . . . ,∆ν−1 ≤ (ν − 1)C(Λ, k, 1). Therefore, (4.36) becomes

S
(ν)
Q,k =

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)

∑
1≤dj≤Q/nj

µk(n1d1)
2 · · ·

× µk(nν−1dν−1)
2

∑
a/q∈F(1)

Q,k,q≥Q/C(Λ,k,1)
dj≡−ā∆j (mod q)

×H

(
N (Q, k, 1)

q

(
∆1

d1
− ∆2

d2
, . . . ,

∆ν−2

dν−2

− ∆ν−1

dν−1

,
∆ν−1

dν−1

))
.

We simplify the above expression by employing the linear transformation T defined

in (4.29). We set H̃ = H◦T , which is smooth and SuppH̃ ⊂ (0, (ν−1)Λ]×· · ·×(0,Λ].

The above identity then becomes

S
(ν)
Q,k =

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)

∑
1≤dj≤Q/nj

µk(n1d1)
2 · · ·

× µk(nν−1dν−1)
2

∑
a/q∈F(1)

Q,k

q≥Q/C(Λ,k,1)
dj≡−ā∆j (mod q)

H̃

(
N (Q, k, 1)

q

(
∆1

d1
,
∆2

d2
, . . . ,

∆ν−1

dν−1

))
.

We define ej =
dj+ā∆j

q
, j = 1, . . . , ν − 1. Note that ej is an integer since dj ≡ −ā∆j

(mod q). As dj, ā, and ∆j are all integers, it follows that ej ≥ 1. Moreover, using

(4.35), we obtain 1 ≤ ej ≤ νC(Λ, k, 1), j = 1, . . . , ν − 1. For each value of ej, with

a, q, and ∆j fixed, we obtain a unique value of dj; in particular, dj = qej − ā∆j.

Also, with fixed ej and ∆j and variable a/q ∈ F
(1)
Q,k, in order for dj to belong to the

set {1, . . . , ⌊Q/nj⌋}, a and q must satisfy Q
njC(Λ,k,1) ≤ qej − ā∆j ≤ Q

nj
. We consider

the region

Ωn,e,k,∆ =

{
(x, y) : 0 < x ≤ y ≤ 1, y ≥ 1

C(Λ, k, 1)
,

n−1
j

C(Λ, k, 1)
≤ yej − x∆j ≤

1

nj

}
.
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We next set the functions fk,e,∆, f
(j)
k,e,∆ defined on Ωn,e,k,∆ as follows

fk,e,∆(x, y) = H̃
(
f
(1)
k,e,∆(x, y), . . . , f

(ν−1)
k,e,∆ (x, y)

)
and

f
(j)
k,e,∆(x, y) =

N (Q, k, 1)∆j

y(yej − x∆j)
, j = 1, . . . , ν − 1.

We also set a′ = ā and note that a′/q ∈ F
(1)
Q,k with q ≥ Q/C(Λ, k, 1) as a/q ∈ F

(1)
Q,k.

Therefore

S
(ν)
Q,k =

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

∑
(a′,q)∈QΩn,e,k,∆

(a′,q)=1,µk(q)
2=1

µk(nj(qej−a′∆j))
2=1

fk,e,∆(a
′, q).

(4.37)

To estimate the inner sum in the above identity, we apply Lemma 2.6.4

∑
(a′,q)∈QΩn,e,k,∆

(a′,q)=1µk(q)
2=1

µk(nj(qej−a′∆j))
2=1

fk,e,∆(a
′, q) = Ξ(k, nj, ej,∆j)

∫∫
QΩn,e,k,∆

fk,e,∆(x, y)

+ O
(
Q1+ 1

k log2Q
)
. (4.38)

By invoking the above estimate in (4.37), and making the change of variables (u, v) =

(Qx,Qy) in the main term of (4.38), we obtain

S
(ν)
Q,k =Q2

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

Ξ(k, nj, ej,∆j)

× Ik(r, e,∆) + O
(
Q1+ 1

k
+ϵ log2Q

)
, (4.39)

where

Ik(r, e,∆) =

∫∫
Ωn,e,k,∆

gk,e,∆(x, y)dxdy, (4.40)

gk,e,∆(x, y) = H̃
(
g
(1)
k,e,∆(x, y), . . . , g

(ν−1)
k,e,∆ (x, y)

)
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and

g
(j)
k,e,∆(x, y) =

N (Q, k, 1)∆j

Q2y(yej − x∆j)
, j = 1, . . . , ν − 1.

Employing Proposition 4.1.1 and the inequality

|H̃(v)− H̃(w)| ≤ ∥H̃ ′∥|v − w| ≤ 2∥H ′∥|v − w|,

we observe that (4.39) holds true when g
(j)
k,e,∆ is replaced by

g
(j)
k,e,∆(x, y) =

C (k, 1)∆j

y(yej − x∆j)
, j = 1, . . . , ν − 1

in the formula for gk,e,∆. Therefore

S
(ν)
Q,k =Q2

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

Ξ(k, nj, ej,∆j)

× Ik(r, e,∆) + O
(
Q1+ 1

k
+ϵ log2Q

)
,

where Ik(r, e,∆) is as in (4.40). We also note that the region can be extended to

Ω̃n,e,k,∆ =

{
(x, y) : 0 < x ≤ y ≤ 1, y ≥ 1

C(Λ, k, 1)
, 0 < yej − x∆j ≤

1

nj

}
.

If (x, y) ∈ Ω̃n,e,k,∆ \ Ωn,e,k,∆, there is some j such that |yej − x∆j| < 1/njC(Λ, k, 1),
which implies that

|g(j)k,e,∆(x, y)| ≥ nj∆jC (k, 1)C(Λ, k, 1) ≥ C (k, 1)C(Λ, k, 1) = Λ.

This in turn implies that gk,e,∆ = 0 on Ω̃n,e,k,∆ \ Ωn,e,k,∆. Therefore

S
(ν)
Q,k = Q2

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

Ξ(k, nj, ej,∆j)

×
∫∫

Ω̃n,e,k,∆

gk,e,∆(x, y)dxdy +O
(
Q1+ 1

k
+ϵ log2Q

)
. (4.41)
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Using Proposition 4.1.1 with the above formula yields

S
(ν)
Q,k

N (Q, k, 1)
=

1

C (k, 1)

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

× Ξ(k, nj, ej,∆j)

∫∫
Ω̃n,e,k,∆

gk,e,∆(x, y)dxdy +O
(
Q−1+ 1

k
+ϵ log2Q

)
.

By the standard approximation argument, we next approximate the character-

istic function χB of a box B ⊂ (0,Λ)ν−1 from above and from below by H. Thus,

we have

Sν(B) = lim
Q→∞

S
(ν)
Q,k

N (Q, k, 1)
=

1

C (k, 1)

∑
1≤nj≤C(Λ,k,1)

µ(n1) · · ·µ(nν−1)
∑

1≤∆j≤(ν−1)C(Λ,k,1)
1≤ej≤νC(Λ,k,1)

× Ξ(k, nj, ej,∆j)

∫∫
Ω̃n,e,k,∆

gχk,e,∆(x, y)dxdy,

where

gχk,e,∆(x, y) = χB ◦ T
(
g
(1)
k,e,∆(x, y), . . . , g

(ν−1)
k,e,∆ (x, y)

)
.

This completes the proof of Theorem 4.4.1. Using similar arguments as in the above

proof, we can establish the correlation measure for the sequence
(
F
(m)
Q,k

)
for m ≥ 2.

4.4.4 Proof of Theorem 1.1.13

To prove Theorem 1.1.13, we need to estimate, for any positive real number Λ,

the quantity

S
(2)

F
(m)
Q,k

(Λ) =
1

N (Q, k,m)
#

{
(γ1, γ2) ∈

(
F
(m)
Q,k

)2
: γ1 ̸= γ2, γ1 − γ2 ∈

1

N (Q, k,m)
(0,Λ) + Z

}
, (4.42)
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as Q → ∞. Let H be any continuously differentiable function with Supp H ⊂ (0,Λ).

To estimate (4.42), we consider (4.32) with ν = 2. We obtain

S
(2)
Q,k =

∑
r∈Z

cr
∑

γ1∈F(m)
Q,k

e(rγ1)
∑

γ2∈F(m)
Q,k

e(rγ2). (4.43)

We employ Lemma 4.4.1 into the above identity and express it as

S
(2)
Q,k =

∑
r∈Z

cr
∑

d1,d2≤Q

µ(d1)µ(d2)
∑

q1≤ Q
d1

,q2≤ Q
d2

[q1,q2]|r
q1d1≡b (mod m)
q2d2≡b (mod m)

q1q2µk(q1d1)
2µk(q2d2)

2

=
∑

d1,d2≤Q

µ(d1)µ(d2)
∑

q1≤ Q
d1

,q2≤ Q
d2

q1d1≡b (mod m)
q2d2≡b (mod m)

q1q2µk(q1d1)
2µk(q2d2)

2
∑
r∈Z

cr[q1,q2], (4.44)

where [q1, q2] is least common multiple of q1 and q2. In order to estimate the inner-

most sum, for each y > 0 we consider the function

Hy(x) =
1

y
H

(
xN (Q, k,m)

y

)
, x ∈ R.

Then

Ĥy(z) =
1

N (Q, k,m)
Ĥ

(
yz

N (Q, k,m)

)
. (4.45)

Since cr =
1

(N (Q,k,m))
Ĥ
(

r
N (Q,k,m)

)
, by (4.45) and Proposition 2.1.3, we obtain

∑
r∈Z

c[q1,q2]r =
∑
r∈Z

Ĥ[q1,q2](r) =
∑
r∈Z

H[q1,q2](r) =
∑
r∈Z

1

[q1, q2]
H

(
rN (Q, k,m)

[q1, q2]

)
.

(4.46)

Using the above identity into (4.44), we obtain

S
(2)
Q,k =

∑
d1,d2≤Q

µ(d1)µ(d2)
∑

q1≤ Q
d1

,q2≤ Q
d2

q1d1≡b (mod m)
q2d2≡b (mod m)

gcd(q1, q2)µk(q1d1)
2µk(q2d2)

2
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×
∑
r∈Z

H

(
rN (Q, k,m)

[q1, q2]

)
. (4.47)

Let gcd(q1, q2) = δ, so that q1 = δq′1, q1 = δq′1 with (q′1, q
′
2) = 1. Then (4.47)

becomes

S
(2)
Q,k =

∑
δ≤Q

δ
∑

d1,d2≤Q
δ

µ(d1)µ(d2)
∑

q′1≤
Q
δd1

,q′2≤
Q
δd2

q′1δd1≡b (mod m)
q′2δd2≡b (mod m)

(q′1,q
′
2)=1

µk(q
′
1d1δ)

2µk(q
′
2d2δ)

2

×
∑
r∈Z

H

(
rN (Q, k,m)

q′1q
′
2δ

)
=
∑
δ≤Q

δ
∑

d1,d2≤Q
δ

µ(d1)µ(d2)
∑

q1≤ Q
δd1

,q2≤ Q
δd2

q1δd1≡b (mod m)
q2δd2≡b (mod m)

(q1,q2)=1

µk(q1d1δ)
2µk(q2d2δ)

2

×
∑
r∈Z

H

(
rN (Q, k,m)

q1q2δ

)
. (4.48)

For the non-zero contribution from H, using the fact that SuppH ⊂ (0,Λ) and

Proposition 4.1.1, one must have

0 <
N (Q, k,m)r

q1q2δ
< Λ, (4.49)

which implies

δd1d2r <
Λ

C (k,m)
=: C(Λ, k,m).

By applying the above estimate and observing that

H

(
N (Q, k,m)r

q1q2δ

)
= H

(
Q2C (k,m)r

q1q2δ

)
+Om

(
r

q1q2δ
Q

2(2k−1)
3k−2

)
,
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the sum in (4.48) can be expressed as

S
(2)
Q,k =

∑
d1,d2,δ,r≥1

δd1d2r<C(Λ,k,m)

δµ(d1)µ(d2)
∑

q1≤ Q
δd1

,q2≤ Q
δd2

q1δd1≡b (mod m)
q2δd2≡b (mod m)

(q1,q2)=1

µk(q1d1δ)
2µk(q2d2δ)

2

×H

(
Q2C (k,m)r

q1q2δ

)
+Om

(
Q

2(2k−1)
3k−2 (logQ)2

)
=

1

ϕ2(m)

∑
χ(mod m)
χ′(mod m)

∑
d1,d2,δ,r≥1

δd1d2r<C(Λ,k,m)

δχ(δd1b̄)χ
′(δd2b̄)µk(δ)

2µ(d1)µ(d2)

×
∑

q1≤ Q
δd1

,q2≤ Q
δd2

(q1,q2)=1

χ(q1)χ
′(q2)µk(q1d1δ)

2µk(q2d2δ)
2H

(
Q2C (k,m)r

q1q2δ

)

+Om

(
Q

2(2k−1)
3k−2 (logQ)2

)
. (4.50)

Next, we deal with the cases of principal and non-principal characters separately.

Case-I: If χ = χ0 and χ′ = χ′
0 then we have

S
(2)
Q,k(χ0, χ

′
0) =

∑
d1,d2,δ,r≥1

δd1d2r<C(Λ,k,m)
(d1d2δ,m)=1

δµk(δ)
2µ(d1)µ(d2)

∑
q1≤ Q

δd1
,q2≤ Q

δd2
(q1q2,m)=1=(q1,q2)

µk(q1d1δ)
2µk(q2d2δ)

2

×H

(
Q2C (k,m)r

q1q2δ

)
. (4.51)

To estimate the inner sum in the above identity, we employ Lemma 2.6.2 which

counts the k-free lattice points with some weight and congruence constraints. Note

that, since Supp H ⊂ (0,Λ), for the non-zero contribution from H, one has 0 <
Q2C (k,m)r

x1x2δ
< Λ. For 0 < x1 ≤ Q

δd1
and 0 < x2 ≤ Q

δd2
, we obtain

1

x1

≤ C(Λ, k,m)

rd2Q
and

1

x2

≤ C(Λ, k,m)

rd1Q
. (4.52)

Using (4.52) and the necessary condition for the non-zero contribution of H, we get∣∣∣∣∂H∂x1

(x1, x2)

∣∣∣∣≪ 1

Q
and

∣∣∣∣∂H∂x2

(x1, x2)

∣∣∣∣≪ 1

Q
.
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Hence

∥DH∥∞ ≪ 1

Q
.

Employing Lemma 2.6.2 with r1 = r2 = m, δ1 = d1δ, δ2 = d2δ, and f(a, b) =

H
(

Q2C (k,m)r
abδ

)
, the inner-sum in (4.51) is expressed as

∑
q1≤ Q

δd1
,q2≤ Q

δd2
(q1q2,m)=1,(q1,q2)=1

µk(q1d1δ)
2µk(q2d2δ)

2H

(
Q2C (k,m)r

q1q2δ

)

=
6P k

m,m(d1δ, d2δ)

π2

∫ Q
δd1

0

∫ Q
δd2

0

H

(
Q2C (k,m)r

xyδ

)
dxdy +Om

(
τ(m)Q1+ 1

k log2Q
)
.

(4.53)

Using the fact that SuppH ⊂ (0, λ) and applying the change of variable λ = C (k,m)r
xyδ

the integral in (4.53) can be expressed as

∫ Q
δd1

0

∫ Q
δd2

0

H

(
Q2C (k,m)r

xyδ

)
dxdy =Q2

∫ 1
δd1

0

∫ 1
δd2

0

H

(
C (k,m)r

xyδ

)
dxdy

=
Q2rC (k,m)

δ

∫ 1
δd1

0

∫ Λ

rd2C(k,m)
x

H(λ)

λ2x
dλdx

=
Q2rC (k,m)

δ

∫ Λ

rδd1d2C (k,m)

∫ 1
βd1

rd2C(k,m)
λ

H(λ)

λ2x
dxdλ

=
Q2C (k,m)r

δ

∫ Λ

rδd1d2C (k,m)

H(λ)

λ2

× log

(
λ

rδd1d2C (k,m)

)
dλ.

The above identity with (4.51) and (4.53) gives

S
(2)
Q,k(χ0, χ

′
0) =

6Q2C (k,m)

π2

∑
d1,d2,δ,r≥1

δd1d2r<C(Λ,k,m)
(d1d2δ,m)=1

rµk(δ)
2µ(d1)µ(d2)P

k
m,m(d1δ, d2δ)

×
∫ Λ

rδd1d2C (k,m)

H(λ)

λ2
log

(
λ

rδd1d2C (k,m)

)
dλ+Om

(
Q1+ 1

k log2Q
)
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=
6Q2C (k,m)

π2

∑
1≤n<C(Λ,k,m)

∫ Λ

nC (k,m)

H(λ)

λ2
log

(
λ

nC (k,m)

)
dλ

×
∑

δd1d2r=n
(d1d2δ,m)=1

rµk(δ)
2µ(d1)µ(d2)P

k
m,m(d1δ, d2δ) + Om

(
Q1+ 1

k log2Q
)

=
6Q2C (k,m)

π2

∫ Λ

0

H(λ)

λ2

∑
1≤n<C(Λ,k,m)

Fk(n) log

(
λ

nC (k,m)

)
dλ

+Om

(
Q1+ 1

k log2Q
)
, (4.54)

where

Fk(n) =
∑

δd1d2r=n
(d1d2δ,m)=1

rµk(δ)
2µ(d1)µ(d2)P

k
m,m(d1δ, d2δ).

Case-II: Suppose at least one of χ or χ′ is non-principal Dirichlet character.

Without loss of generality, suppose χ′ is non-principal character. The case when χ

is non-principal follows similarly.

S
(2)
Q,k(χ, χ

′) =
∑

d1,d2,δ,r≥1
δd1d2r<C(Λ,k,m)

δχ(δd1b̄)χ
′(δd2b̄)µk(δ)

2µ(d1)µ(d2)
∑

q1≤ Q
δd1

,q2≤ Q
δd2

(q1,q2)=1

χ(q1)χ
′(q2)

× µk(q1d1δ)
2µk(q2d2δ)

2H

(
Q2C (k,m)r

q1q2δ

)
=

∑
d1,d2,δ,r≥1

δd1d2r<C(Λ,k,m)

δχ(δd1b̄)χ
′(δd2b̄)µk(δ)

2µ(d1)µ(d2)
∑

q1≤ Q
δd1

χ(q1)µk(q1d1δ)
2

×
∑

q2≤ Q
δd2

(q2,q1)=1

χ′(q2)µk(q2d2δ)
2H

(
Q2C (k,m)r

q1q2δ

)
. (4.55)

In order to estimate the inner sum in the above identity, we use Lemma 2.3.1 with
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f
(

M
q2

)
= H

(
Q2C (k,m)r

q1q2δ

)
and obtain

∑
q2≤ Q

δd2
(q2,q1)=1

χ′(q2)µk(q2d2δ)
2H

(
Q2C (k,m)r

q1q2δ

)
≪m τ(q1)

(
Q

δd2

) 1
k

log
Q

δd2
,

and this in conjunction with (4.55) yields

S
(2)
Q,k(χ, χ

′) ≪m Q1+ 1
k
+ϵ logQ. (4.56)

We collect the estimates from (4.54) and (4.56) and insert them into (4.50). We

obtain

S
(2)
Q,k =

6Q2C (k,m)

π2ϕ2(m)

∫ Λ

0

H(λ)

λ2

∑
1≤n<C(Λ,k,m)

Fk(n) log

(
λ

nC (k,m)

)
dλ

+Om

(
Q1+ 1

k
+ϵ log2Q

)
=Q2C (k,m)

∫ Λ

0

H(λ)gm,k(λ)dλ+Om

(
Q1+ 1

k
+ϵ log2Q

)
.

Therefore

S
(2)
Q,k

N (Q, k)
=

∫ Λ

0

H(λ)gm,k(λ)dλ+Om

(
Q−1+ 1

k
+ϵ log2Q

)
.

We next approximate the characteristic function of the interval (0,Λ) from below and

above by the smooth functions with compact support in (0,Λ), using the standard

approximation argument, to obtain

S2((0,Λ)) = lim
Q→∞

S
(2)

F
(m)
Q,k

(Λ) =

∫ Λ

0

gm,k(λ)dλ.

This completes the proof of Theorem 1.1.13.



5
Distribution of index of Farey

sequences

In this chapter, we study the distribution of the index function by evaluating the

moments of Farey indices with B-free Farey denominators in an arithmetic progres-

sion. Similar divisibility constraint with B-free Farey denominators in an arithmetic

progression was imposed by the authors in [1] where they obtain absolute bounds

on the discrepancy of Farey fractions with such denominators. The notion of B-free
numbers was introduced by Erdős in [35] as a generalization of square-free numbers.

Definition 5.0.1 (B-free numbers). Given an infinite set B = {b1, b2, · · · } of inte-

gers greater than 1, we say that a positive integer is B-free if it is not divisible by

any element of B.

Denote the set of all primes by P . For positive integer k ≥ 2, B = {pk : p ∈ P}
gives rise to k-free integers. It is known [35] that for all large enough N and some

139
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0 < c < 1, the interval [N,N +N c] contains at least one B-free number.

First, we recall the definition of the index of Farey fractions. Let γ′ = a′

q′
< γ =

a
q
< γ′′ = a′′

q′′
be three consecutive Farey fractions in FQ. Then, the index of the

Farey fraction γ is defined as

νQ(γ) =
q′ + q′′

q
=

a′ + a′′

a
. (5.1)

The l-th moment of Farey indices with B-free Farey denominator in an arithmetic

progression is given by

Ml,B(u,m,Q) :=
∑

γ=a
q
∈FQ

q≡u (mod m)
q is B-free

νQ(γ)
l. (5.2)

Here, we establish asymptotic formulas for the above sum for first, second, and

higher moments of the set

B =

{
p ∈ P :

∑
p

1

pσ
< ∞ for some σ < θ, where 1/2 < θ < 1

}
. (5.3)

In particular, we provide proofs for Theorems 1.2.1, 1.2.2, and 1.2.3.

5.1 General setup and outline of the proof

In this section, we will provide general setup and outline our strategy to prove

Theorems 1.2.1, 1.2.2, and 1.2.3. We first express the arithmetic progression in

terms of Dirichlet characters. Further, we distinguish between the cases of the first,

second, and higher moments. For fixed positive integers m and u with (m,u) = 1

and uū ≡ 1 (mod m), using Proposition 2.3.1, the l-th moment in (5.2) can be

written as

Ml,B(u,m,Q) =
1

ϕ(m)

∑
γ=a

q
∈FQ

µB(q)=1

νQ(γ)
l

∑
χ (mod m)

χ(ūq)
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=
1

ϕ(m)

∑
χ (mod m)

χ(ū)
∑

γ=a
q
∈FQ

µB(q)=1

χ(q)νQ(γ)
l

=
1

ϕ(m)

∑
χ (mod m)

χ(ū)Ml,B(χ,Q),

where

Ml,B(χ,Q) :=
∑

γ=a
q
∈FQ

µB(q)=1

χ(s)νQ(γ)
l =

∑
q≤Q

µB(q)=1

χ(q)
∑

γ=a
q
∈FQ

νQ(γ)
l. (5.4)

We express the partial sum involving index separately for l = 1, 2 and l ≥ 3.

First moment

(i) For l = 1, we use the definition of index (5.1) and the fact that q′ > Q− q, since

a′/q′ and a/q are consecutive Farey fractions. We have

∑
γ=a

q
∈FQ

νQ(γ) =
2

q

Q∑
q′=Q−q+1
gcd (q′,q)=1

q′ = 2
∑
d|q

µ(d)

⌊
Q

d

⌋
− ϕ(q) + ϵ(q), (5.5)

where ϵ(q) is unit function. This leads to

M1,B(χ,Q) = 2
∑
q≤Q

µB(q)=1

χ(q)
∑
d|q

µ(d)

⌊
Q

d

⌋
−

∑
q≤Q

µB(q)=1

χ(q)ϕ(q) + 1. (5.6)

We now express the inner sum in the first term of the above identity in terms of

Euler totient function. Note that the summands in the first and second terms of

(5.6) are multiplicative. We represent their Dirichlet series via an Euler product and

employ Lemma 2.1.1. Distinguishing between principal and non-principal Dirichlet

characters, we then invoke Cauchy’s residue theorem together with the bounds of the

Riemann zeta function and Dirichlet L-function to establish the asymptotic formula

for the first moment.

Second moment

(ii) For l = 2, we write the mean value of square of the index using deficiency.

Recall, that the index νQ(γ) can take at most two values ⌊2Q/q⌋ or ⌊2Q/q⌋−1, and
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the deficiency δ(q) is the number of Farey fractions γ ∈ FQ with denominator q such

that νQ(γ) =

⌊
2Q

q

⌋
− 1. Moreover, it is well known that there are ϕ(q) fractions in

FQ with denominator q. This yields

T (q) :=
∑

γ=a
q
∈FQ

νQ(γ) = (ϕ(q)− δ(q))

⌊
2Q

q

⌋
+ δ(q)

(⌊
2Q

q

⌋
− 1

)

= ϕ(q)

⌊
2Q

q

⌋
− δ(q), (5.7)

and

∑
γ=a

q
∈FQ

νQ(γ)
2 = (ϕ(q)− δ(q))

⌊
2Q

q

⌋2
+ δ(q)

(⌊
2Q

q

⌋
− 1

)2

= ϕ(q)

⌊
2Q

q

⌋2
− δ(q)

(
2

⌊
2Q

q

⌋
− 1

)
. (5.8)

Note that from (5.5) and (5.7), we get an alternate expression for δ(q) given by

δ(q) = ϕ(q)

(⌊
2Q

q

⌋
+ 1

)
− 2

∑
d|q

µ(d)

⌊
Q

d

⌋
− ϵ(q). (5.9)

Consequently from (5.4) and (5.8), we have

M2,B(χ,Q) =
∑
q≤Q

µB(q)=1

χ(q)

(
ϕ(q)

⌊
2Q

q

⌋2
− δ(q)

(
2

⌊
2Q

q

⌋
− 1

))

= Xχ(Q)− 2Yχ(Q) +
∑
q≤Q

µB(q)=1

χ(q)δ(q), (5.10)

where

Xχ(Q) :=
∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋2
, Yχ(Q) :=

∑
q≤Q

µB(q)=1

χ(q)δ(q)

⌊
2Q

q

⌋
.
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To estimate Xχ(Q) and Yχ(Q), we extend the range of summation from 1 ≤ q ≤ Q

to 1 ≤ q ≤ 2Q and write

Xχ(Q) =
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋2
−

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q),

and

Yχ(Q) =
∑
q≤2Q

µB(q)=1

χ(q)δ(q)

⌊
2Q

q

⌋
−

∑
Q<q≤2Q
µB(q)=1

χ(q)δ(q).

We express δ(q) in terms of the Möbius function and the Euler totient function

using (5.9). We further write the Dirichlet series as an Euler product, since the

summands are multiplicative. Using a similar approach to the first moment, we

derive the asymptotic formula for the second moment.

Higher moments

(iii) For l ≥ 3, we use the fact that for any three consecutive Farey fractions γ′ =
a′

q′
< γ = a

q
< γ′′ = a′′

q′′
their denominators are related (see [47]) as

q′′ =

⌊
Q+ q′

q

⌋
q − q′. (5.11)

This together with definition (5.1) enable us to write

∑
γ=a

q
∈FQ

νQ(γ)
l =

∑
Q−q<q′<Q
(q′,q)=1

⌊
Q+ q′

q

⌋l
=

∑
Q−q<q′<Q
(q′,q)=1

((
Q+ q′

q

)l

+O

((
Q+ q′

q

)l−1
))

=
∑

Q−q<q′<Q
(q′,q)=1

(
Q+ q′

q

)l

+O

 ∑
q≤Q

µB(q)=1

∑
Q−q<q′<Q
(q′,q)=1

(
Q+ q′

q

)l−1


=

∑
Q−q<q′<Q
(q′,q)=1

((
2Q

q

)l

−
(
2Q

q

)l

+

(
Q+ q′

q

)l
)

+O
(
Ql−1

)
.
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As a result, substituting in (5.4), we obtain

Ml,B(χ,Q) =
∑
q≤Q

µB(q)=1

χ(q)
∑

Q−q<q′<Q
(q′,q)=1

((
2Q

q

)l

−
(
2Q

q

)l

+

(
Q+ q′

q

)l
)

+O
(
Ql−1

)
.

(5.12)

The estimates for (5.6), (5.10), and (5.12) will be handled separately in later sections.

5.2 First Moment

Proof of Theorem 1.2.1. Using (5.6), the first moment can be expressed as

M1,B(χ,Q) = 2
∑
q≤Q

µB(q)=1

χ(q)
∑
d|q

µ(d)

⌊
Q

d

⌋
−

∑
q≤Q

µB(q)=1

χ(q)ϕ(q) + 1 = 2S1 − S2 + 1.

(5.13)

We evaluate the first sum on the right side of (5.13) as

S1 = Q
∑
d≤Q

µ(d)

d

∑
q≤Q
d|q

µB(q)=1

χ(q) + O

(∑
q≤Q

τ(q)

)

= Q
∑
d≤Q

µ(d)

d

∑
q≤Q
d|q

χ(q)µB(q) + O (QlogQ)

= Q
∑
d≤Q

µ(d)χ(d)µB(d)

d

∑
n≤Q

d

χ(n)µB(n) + O (QlogQ) . (5.14)

We first estimate the inner sum in (5.14). Since χ(n)µB(n) is multiplicative, its

Dirichlet series is given by

F (s) =
∞∑
n=1

χ(n)µB(n)

ns
=
∏
p

(
1 +

χ(p)µB(p)

ps
+

χ(p2)µB(p
2)

p2s
+ · · ·

)
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=
∏
p̸∈B

(
1 +

χ(p)

ps
+

χ(p2)

p2s
+ · · ·

)
=
∏
p̸∈B

(
1

1− χ(p)
ps

)

= L(s, χ)
∏
p∈B

(
1− χ(p)

ps

)
, (5.15)

having analytic continuation to the half plane ℜ(s) > θ. Moreover, the term contain-

ing the product on the far right side of (5.15) is bounded in any half plane ℜ(s) > σ

with σ > θ. Also, there is a constant Pk,B > 0 such that∣∣∣∣∣∣∣∣
∏
p∈B
p∤m

(
1− 1

ps

)∣∣∣∣∣∣∣∣ ≤ Pk,B.

Let T ≥ 2, α = 1 + 1
logQ

. We use Lemma 2.1.1, where we put x = Q
d
+ 1

2
,

S11 :=
∑
n≤Q

d

χ(n)µB(n) =
1

2πi

∫ α+iT

α−iT

(
Q
d
+ 1

2

)s
F (s)

s
ds+R(T ), (5.16)

and

|R(T )| ≪ Qα

dαT

∞∑
n=1

n−α∣∣∣log Q
d
+ 1

2

n

∣∣∣ .
We divide the sum into three subsums over the following ranges of n: n ≤ Q

2d
, Q

2d
<

n < 3Q
2d
, and n ≥ 3Q

2d
. For n ≤ Q

2d
and n ≥ 3Q

2d
, it is clear that

∣∣∣log Q
d
+ 1

2

n

∣∣∣ ≥ log 3
2
.

Hence the first and last subsums are O (1/(α− 1)). For values of n satisfying Q
2d

<

n < 3Q
2d

the middle subsum is

≪
(
Q

d

)−α ∑
−Q
2d

<n≤ Q
2d

1∣∣∣log Q
d
+ 1

2
Q
d
+n

∣∣∣ ≪
(
Q

d

)1−α ∑
−Q
2d

<n≤ Q
2d

1

|n− 1
2
|
≪
(
Q

d

)1−α

logQ.

Therefore,

|R(T )| ≪ QαlogQ

dαT
. (5.17)

We now consider the integral in (5.16), which we estimate by shifting the line of

integration into a rectangular contour with line segments joining the point α − iT ,
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α+ iT , θ + iT, and θ − iT . We first consider the principle character χ0 modulo m.

In this case, By Cauchy’s residue theorem, we have

1

2πi

∫ α+iT

α−iT

(
Q
d
+ 1

2

)s
F (s)

s
ds =

Q

d

∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)
+

3∑
j=1

Ij, (5.18)

where I1 and I3 are the integrals along the horizontal segments [α − iT, θ − iT ]

and [θ + iT, α + iT ], respectively and I2 is the integral over the vertical segment

[θ− iT, θ+ iT ]. The first term in the right hand side is obtained from the residue of

the simple pole at s = 1, giving rise to the main term in the asymptotic formula in the

statement of Theorem 1.2.1. To estimate the Ij’s, one finds that the bounds provided

in (2.2), for similar integrals, apply to our case as well, modulo multiplication by

constants depending on m and B. Therefore,

|I1|, |I3| ≪m,B
logQ log2 T

dαT 1/2

(
Q

dT 1/2
− Qθ

dθT θ/2
+

Qα

dα
− Q

d

)
, (5.19)

and

|I2| ≪m,B

∫ T

−T

|
(
Q
d
+ 1

2

)θ+it ||ζ(θ + it)|
|θ + it|

dt ≪m,B

(
Q

d

)θ ∫ T

0

|ζ(θ + it)|
|θ + it|

dt

≪m,B (Q/d)θlogT, (5.20)

where we used Lemma 2.4.1 to estimate the zeta integral. Next, we consider the

case for a non-principle character χ ̸= χ0. We continue with the rectangular contour

defined above. Using bounds for L(s, χ) (see (2.5) and (2.6)), we obtain

|I1|, |I3| ≪m,B
Qα logQ log T

dαT
; |I2| ≪m,B

Qθ log T

dθ
.

Therefore, inserting (5.19) and (5.20) into (5.18) and choosing T = Q2, for χ = χ0,

we have

S11 =
Q

d

∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)
+Om,B

(
Qθ logQ

dθ

)
, (5.21)
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and for χ ̸= χ0, we obtain

S11 = Om,B

(
Qθ logQ)

dθ

)
. (5.22)

For χ = χ0, invoking (5.21) in (5.14) gives

S1 =
∑
q≤Q

µB(q)=1

χ0(q)
∑
d|q

µ(d)

⌊
Q

d

⌋
= Q2

∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)∑
d≤Q

χ0(d)µ(d)µB(d)

d2

+Om,B

(
Q1+θlogQ

∑
d≤Q

1

d1+θ

)
. (5.23)

One can write

∑
d≤Q

χ0(d)µ(d)µB(d)

d2
=

∞∑
d=1

χ0(d)µ(d)µB(d)

d2
+Om,B

(
1

Q

)
, (5.24)

and

∞∑
d=1

χ0(d)µ(d)µB(d)

d2
=
∏
p

(
1 +

χ0(p)µ(p)µB(p)

p2
+

χ0(p
2)µ(p2)µB(p

2)

p4
+ · · ·

)
=
∏
p

(
1− χ0(p)µB(p)

p2

)
=
∏
p̸∈B
p∤m

(
1− 1

p2

)

=
1

ζ(2)

∏
p∈B
p∤m

(
1− 1

p2

)−1∏
p|m

(
1− 1

p2

)−1

. (5.25)

Now, using (5.23) and (5.25), for the principle character χ = χ0, we have

S1 =
Q2

ζ(2)

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B
(
Q1+θ logQ

)
. (5.26)

Likewise for χ ̸= χ0, using (5.22) in (5.14) gives

S1 ≪ Om,B
(
Q1+θ logQ

)
.
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Next, we first examine the second sum S2 in (5.13) for χ = χ0. Employing the

formula ϕ(n) =
∑

d|n µ(d)n/d, we have

S2 =
∑
q≤Q

µB(q)=1

χ0(q)
∑
d|q

µ(d)q

d
=
∑
d≤Q

µ(d)

d

∑
q≤Q
d|q

χ0(q)µB(q)q

=
∑
d≤Q

χ0(d)µ(d)µB(d)
∑
n≤Q

d

χ0(n)µB(n)n. (5.27)

Using partial summations on the inner sum on the far RHS (5.27) and then applying

(5.21), we have

∑
n≤Q

d

χ0(n)µB(n)n =

(
Q

d

)2∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)
+Om,B

(
Q1+θ(logQ)3/2

d1+θ

)

−
∫ Q

d

1

∑
n≤t

χ0(n)µB(n)dt.

Applying (5.21) again to the integrand above, we have

∫ Q
d

1

∑
n≤t

χ0(n)µB(n)dt =

∫ Q
d

1

t
∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)
+Om,B

(
tθ(log t)3/2

) dt

=
Q2

2d2

∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)
+Om,B

(
Q1+θ(logQ)3/2

d1+θ

)
.

Hence

∑
n≤Q

d

χ0(n)µB(n)n =
Q2

2d2

∏
p∈B
p̸| k

(
1− 1

p

)∏
p|k

(
1− 1

p

)
+Om,B

(
Q1+θ(logQ)3/2

d1+θ

)
.

(5.28)

This along with (5.24), (5.25) and (5.27) yields an estimate for S2 for the principal



5.3 Second Moment 149

character χ0

S2 =
Q2

2

∏
p∈B
p∤m

(
1− 1

p

)∏
p|m

(
1− 1

p

)∑
d≤Q

χ0(d)µ(d)µB(d)

d2

+Om,B

(
Q1+θ(logQ)3/2

∑
d≤Q

1

d1+θ

)

=
Q2

2ζ(2)

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B
(
Q1+θ(logQ)3/2

)
. (5.29)

For all other characters, an estimate is as below

S2 =
∑
d≤Q

χ(d)µ(d)µB(d)
∑
n≤Q

d

χ(n)µB(n)n

=
∑
d≤Q

χ(d)µ(d)µB(d)
∑
j≤Q

d

∑
j≤n≤Q

d

χ(n)µB(n)

≪m,B Q1+θ logQ
∑
d≤Q

1

d1+θ
≪m,B Q1+θ logQ. (5.30)

Inserting the estimates from (5.26), (5.29), (5.22), and (5.30) into (5.13) proves

Theorem 1.2.1.

5.3 Second Moment

To estimate the second moment, we need an asymptotic formula for the deficiency

sum in (5.10).

5.3.1 Deficiency

In this section, we discuss the average order of deficiency when the denominator

of Farey fractions is B-free.

Theorem 5.3.1. For a fixed positive integer m, let χ be a Dirichlet character modulo
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m and a set B of prime numbers such that
∑

p∈B
1

pσ
< ∞ for some σ < θ, where

1/2 < θ < 1. Then, for all large positive integers Q, we have

∑
q≤Q

µB(q)=1

χ(q)δ(q) =



Om,B
(
Q1+θ(logQ)2

)
, χ ̸= χ0

2Q2
∏

p∈B
p∤m

(
1 + 1

p

)−1∏
p|m

(
1 + 1

p

)−1

− 3Q2

ζ(2)

∏
p∈B
p∤m

×
(
1 + 1

p

)−1∏
p|m

(
1 + 1

p

)−1

+Om,B
(
Q1+θ(logQ)2

)
, χ = χ0.

Proof. Using (5.7), we have

∑
q≤Q

µB(q)=1

χ(q)δ(q) =
∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋
−

∑
q≤Q

µB(q)=1

χ(q)T (q). (5.31)

We begin with estimation of the first sum on the right side of the above equation.

Non-principal Dirichlet character: For χ ̸= χ0, we write

∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋
=

∑
q≤Q

µB(q)=1

χ(q)

⌊
2Q

q

⌋∑
d|q

µ(d)
q

d

=
∑
d≤Q

µ(d)

d

∑
q≤Q
d|q

χ(q)µB(q)q

⌊
2Q

q

⌋

=
∑
d≤Q

χ(d)µ(d)µB(d)
∑
n≤Q

d

χ(n)µB(n)n

⌊
2Q

nd

⌋

=
∑
d≤Q

χ(d)µ(d)µB(d)Uχ

(
2Q

d

)
, (5.32)

where

Uχ(y) =
∑
r≤ y

2

χ(r)µB(r)r
⌊y
r

⌋
.
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Define A(n) =
∑

r≤n χ(r)µB(r) and

b(n) =


n
⌊y
n

⌋
, if n ≤

⌊y
2

⌋
,

0, if n >
⌊y
2

⌋
.

We have

Uχ(y) =
∑

n≤⌊ y
2⌋

χ(n)µB(n)b(n) =
∑

n≤⌊ y
2⌋
(A(n)− A(n− 1))b(n) =

∑
n≤⌊ y

2⌋
A(n)b(n)

−
∑

n≤⌊ y
2⌋−1

A(n)b(n+ 1) =
∑

n≤⌊ y
2⌋

A(n)(b(n)− b(n+ 1)).

The sum A(n) is similar to S11 where the former sum is upto n and the latter upto

Q/d. Hence, from (5.22), A(n) ≪k,B nθ log n and

|b(n)− b(n+ 1)| ≤
⌊

y

n+ 1

⌋
+ n

(⌊y
n

⌋
−
⌊

y

n+ 1

⌋)
≤ y

n+ 1
+ n

(⌊y
n

⌋
−
⌊

y

n+ 1

⌋)
.

This yields

Uχ

(
2Q

d

)
≪k,B

Q1+θ logQ

d1+θ

∑
n≤⌊Q

d ⌋

1

n
≪k,B

Q1+θ(logQ)2

d1+θ
.

Combining this with (5.32), we have

∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋
≪m,B Q1+θ(logQ)2

∑
d≤Q

1

d1+θ
≪m,B Q1+θ(logQ)2. (5.33)

Inserting the above bound into (5.31) and applying Theorem 1.2.1 to the second

term in (5.31), gives the required result for the case χ ̸= χ0.

Principal Dirichlet character: For χ = χ0, we extend the range from 1 ≤ q ≤ Q
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to 1 ≤ q ≤ 2Q, and write

∑
q≤Q

µB(q)=1

χ0(q)ϕ(q)

[
2Q

q

⌋
=

∑
q≤2Q

µB(q)=1

χ0(q)ϕ(q)

⌊
2Q

q

⌋
−

∑
Q<q≤2Q
µB(q)=1

χ0(q)ϕ(q). (5.34)

From (5.29), we have

∑
Q<q≤2Q
µB(q)=1

χ0(q)ϕ(q) =
3Q2

2ζ(2)

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B

(
Q1+θ(logQ)

3
2

)
.

(5.35)

The first sum on the right side is solved as

∑
q≤2Q

µB(q)=1

χ0(q)ϕ(q)

⌊
2Q

q

⌋
=

∑
q≤2Q

µB(q)=1

χ0(q)ϕ(q)
∑
n≤2Q
q|n

1

=
∑
n≤2Q

∑
q|n

χ0(q)ϕ(q)µB(q) =
∑
n≤2Q

fχ0(n),

where

fχ0(n) :=
∑
r|n

χ0(r)ϕ(r)µB(r).

Since fχ0 = χ0ϕµB ∗ 1, the Dirichlet series for fχ0 is given by

F (s) =
∞∑
n=1

fχ0(n)

ns
=

(
∞∑
n=1

1

ns

)(
∞∑
n=1

χ0(n)ϕ(n)µB(n)

ns

)

= ζ(s− 1)
∏
p∈B
p∤m

(
1− 1

ps−1

)(
1− 1

ps

)−1∏
p|m

(
1− 1

ps−1

)(
1− 1

ps

)−1

.

which is absolutely convergent for ℜ(s) > 2. Moreover, the product term over primes

in B is bounded for ℜ(s) > 1+ θ. Now, use Lemma 2.1.1 with x = 2Q+ 1
3
, and sum

over n ≤ 2Q, we get

∑
n≤2Q

fχ0(n) =
1

2πi

∫ α+iT

α−iT

(
2Q+ 1

3

)s
F (s)

s
ds+R(T ), (5.36)
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where

|R(T )| ≪ Qα

T

∞∑
n=1

n

nα

∣∣∣log2Q+ 1
3

n

∣∣∣ .
Let α = 2 + 1

logQ
and using the same argument as in (5.17), we have

|R(T )| ≪ Q2logQ

T
.

The integrand in (5.36) has a simple pole at s = 2. We deform the line integral

into a rectangular contour with vertices α ± iT and 1 ± iT. By Cauchy’s Residue

theorem, we have

1

2πi

∫ α+iT

α−iT

(
2Q+ 1

3

)s
F (s)

s
ds =

(
2Q+ 1

3

)2
2

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+
3∑

j=1

Ij,

where the first term of right side is due to the residue of simple pole at the point

s = 2 and I1, I2, and I3 are the integrals along the lines [α−iT, 1−iT ], [1−iT, 1+iT ],

and [1 + iT, α+ iT ], respectively.

Estimation of I1 and I3: Using (2.2), we have

|I1|, |I3| ≪m,B

∫ α

1

|
(
2Q+ 1

3

)σ+iT ||ζ(σ − 1 + iT )|
|σ + iT |

dσ ≪m,B log T

∫ α

1

(QT−1/2)σdσ

≪m,B
(Q2 +QT 1/2) log T log(QT−1/2)

T
.

Estimation of I2: Since ζ(s− 1) ≪ T (1−σ)/2 log T if 1 ≤ σ ≤ 2, we have

|I2| ≪m,B

∫ T

−T

|(2Q+ 1
3
)1+it||ζ(it)|

|1 + it|
dt ≪m,B QT 1/2(log T )2.

Collecting all estimates and choosing T = Q2/3, we get

∑
n≤2Q

fχ0(n) = 2Q2
∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B
(
Q4/3(logQ)2

)
. (5.37)

We get the required result for χ0 by inserting (5.37) and (5.35) in (5.34).



154 Distribution of index of Farey sequences

5.3.2 Proof of Theorem 1.2.2

To find the second moment, we first expand the terms Xχ(Q) and Yχ(Q) in

(5.10). Since ⌊2Q/s⌋ = 1 when Q < s ≤ 2Q, we extend the range from 1 ≤ s ≤ Q

to 1 ≤ s ≤ 2Q and we have

Xχ(Q) =
∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋2
=

∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋2
−

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

=
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋(⌊
2Q

q

⌋
+ 1

)
−

∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋

−
∑

Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

= 2
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

q

∑
n≤2Q
q|n

n−
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋
−

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

=2
∑
n≤2Q

nhχ(n)−
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋
−

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q), (5.38)

where

hχ(n) =
∑
q|n

χ(q)ϕ(q)µB(q)

q
. (5.39)

From (5.5) and (5.7), we have

δ(q) = ϕ(q)

⌊
2Q

q

⌋
− T (q)

= ϕ(q)

⌊
2Q

q

⌋
− 2

∑
d|q

µ(d)

⌊
Q

d

⌋
+ ϕ(q)− ϵ(q)

= ϕ(q)

(⌊
2Q

q

⌋
+ 1

)
− 2

∑
d|q

µ(d)

⌊
Q

d

⌋
− ϵ(q). (5.40)
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Next, we consider the expression Yχ(Q). The equation (5.40) and the well known

estimate
∑

q≤Q τ(q)/q ≪ (logQ)2 leads to

Yχ(Q) =
∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋(⌊
2Q

q

⌋
+ 1

)
− 2Q

∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

q

⌊
2Q

q

⌋

+O
(
Q(logQ)2

)
=
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋(⌊
2Q

q

⌋
+ 1

)
− 2

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

− 2Q
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

q

⌊
2Q

q

⌋
+ 2Q

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

q
+O

(
Q(logQ)2

)

=2
∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

q

∑
n≤2Q
q|n

n− 2
∑

Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)− 2Q
∑
q≤Q

µB(q)=1

χ(q)ϕ(q)

q

∑
n≤2Q
q|n

1

+ 2Q
∑

Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

q
+O

(
Q(logQ)2

)

=2
∑
n≤2Q

(n−Q)hχ(n)− 2
∑

Q<q≤2Q
µB(q)=1

χ(q)ϕ(q) + 2Q
∑

Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

q

+O
(
Q(logQ)2

)
. (5.41)

From (5.10), (5.38), and (5.41), we have

M2,B(χ,Q) =2
∑
n≤2Q

(2Q− n)hχ(n)−
∑
q≤2Q

µB(q)=1

χ(q)ϕ(q)

⌊
2Q

q

⌋
+ 3

∑
Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

− 4Q
∑

Q<q≤2Q
µB(q)=1

χ(q)ϕ(q)

q
+

∑
q≤Q

µB(q)=1

χ(q)δ(q) + O
(
Q(logQ)2

)
=2M1 −M2 + 3M3 − 4QM4 +M5 +O

(
Q(logQ)2

)
. (5.42)

One can obtain M5 from Theorem 5.3.1. Estimation of M2 is in (5.33) and (5.37)

for non-principal and principal Dirichlet characters, respectively.
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Case (i): For χ ̸= χ0, from (5.30), we have

M3 ≪ Q1+θ logQ, (5.43)

and

M4 =
∑

Q<s≤2Q
µB(s)=1

χ(s)

s

∑
d|s

µ(d)s

d
=
∑
d≤2Q

χ(d)µ(d)µB(d)

d

∑
Q
d
<n≤ 2Q

d

χ(n)µB(n)

≪m,B Qθ logQ
∑
d≤2Q

1

d1+θ
≪m,B Qθ logQ. (5.44)

Case (ii): For χ = χ0, from (5.29)

M3 =
3Q2

2ζ(2)

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B
(
Q1+θ(logQ)3/2

)
, (5.45)

and using (5.21), (5.24), and (5.25), we obtain

M4 =
Q

ζ(2)

∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B

(
Qθ(logQ)

3
2

)
. (5.46)

We are left to estimate M1. For this we observe that

M1 =
∞∑
n=1

max

(
2Q

n
− 1, 0

)
nhχ(n),

where hχ(n) is in (5.42). Using the well known formula

1

2πi

∫ α+i∞

α−i∞

xs+1

s(s+ 1)
ds = max(x− 1, 0), x > 0, (5.47)

we write

M1 =
1

2πi

∞∑
n=1

∫ α+i∞

α−i∞

(2Q)s+1

s(s+ 1)

(
hχ(n)

ns

)
ds.

The Dirichlet series of hχ(n) is absolutely convergent on the line ℜ(s) = 2 and is
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given by

H(s) =
∞∑
n=1

hχ(n)

ns
= ζ(s)

∞∑
n=1

χ(n)ϕ(n)µB(n)

ns+1
=

ζ(s)L(s, χ)

L(s+ 1, χ)

×
∏
p∈B

(
∞∑
n=0

χ(pn)ϕ(pn)

pns+n

)−1

=
ζ(s)L(s, χ)

L(s+ 1, χ)

∏
p∈B

(
1− χ(p)

ps

)(
1− χ(p)

ps+1

)−1

.

This yields

M1 =
1

2πi

∫ α+i∞

α−i∞

(2Q)s+1ζ(s)L(s, χ)

s(s+ 1)L(s+ 1, χ)

∏
p∈B

(
1− χ(p)

ps

)(
1− χ(p)

ps+1

)−1

ds. (5.48)

Non-principal Dirichlet character: For χ ̸= χ0, the above integrand has simple

poles at points s = 0 and s = 1, so we shift the path of integration from 2 − iT

to 2 + iT into a contour that contains the horizontal line segments from 2 − iT to

θ − iT , and from θ + iT to 2 + iT and the vertical line segments from θ − iT to

θ + iT, and from 2− iT to 2 + iT . By Cauchy’s residue theorem, we have

1

2πi

∫ 2+i∞

2−i∞

(2Q)s+1ζ(s)L(s, χ)

s(s+ 1)L(s+ 1, χ)

∏
p∈B

(
1− χ(p)

ps

)(
1− χ(p)

ps+1

)−1

ds

=
2Q2L(1, χ)

L(2, χ)

∏
p∈B

(
1− χ(p)

p

)(
1− χ(p)

p2

)−1

+
5∑

j=1

Ij, (5.49)

where the first term is the residue of the integrand at s=1, I1 and I5 are the integrals

along the vertical segments (2 − i∞, 2 − iT ] and [2 + iT, 2 + i∞), respectively, I2

and I4 are the integrals along the horizontal axis [2− it, θ− iT ] and [θ+ iT, 2+ iT ],

respectively, and I3 is the integral over the vertical segment [θ − iT, θ + iT ].

Estimation of I1 and I5: Since |ζ(s)| ≪ 1 and |L(s, χ) ≪m 1 uniformly on ℜ(s) = 2,

we obtain

|I1|, |I5| ≪m,B

∫ ∞

T

Q3

t2
dt ≪m,B

Q3

T
.

Estimation of I2 and I4: Since |L(σ + iT, χ)| ≫m
1

log T
(see (2.6)) and using (2.2)
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and (2.5), we have

|I2|, |I4| ≪m,B log T

∫ 2

θ

Qσ+1|ζ(σ + iT )||L(σ + iT, χ)|
|σ + iT ||σ + 1 + iT |

dσ

≪m,B
(log T )5

T
127+89θ

108

∫ 1

θ

Qσ+1dσ +
(log T )3

T 2

∫ 2

1

Qσ+1dσ

≪m,B
Q2 logQ(log T )5

T
127+89θ

108

+
Q3 logQ(log T )3

T 2
.

Estimation of I3: Since |L(θ+ iT, χ)| ≫m
1

log T
(see (2.6)) and using (2.2), (2.5), we

have

|I3| ≪m,B Q1+θ log T

∫ T

0

|ζ(θ + it)||L(θ + it, χ)|
|θ + it||1 + θ + it|

dt

≪m,B Q1+θT
89(1−θ)

108 (log T )5
∫ T

0

1

|θ + it||1 + θ + it|
dt ≪m,B

Q1+θ(log T )5

T
19+89θ

108

.

Collecting all estimates in (5.49) and putting T = Q2, we obtain

M1 =
2Q2L(1, χ)

L(2, χ)

∏
p∈B

(
1− χ(p)

p

)(
1− χ(p)

p2

)−1

+Om,B (Q) . (5.50)

Principal Dirichlet character: For χ = χ0, (5.48) yields

M1 =
1

2πi

∫ α+i∞

α−i∞

(2Q)s+1ζ(s)2

s(s+ 1)ζ(s+ 1)

∏
p∈B
p∤m

(
1− 1

ps

)(
1− 1

ps+1

)−1

×
∏
p|m

(
1− 1

ps

)(
1− 1

ps+1

)−1

ds.

Take α = 2. We deform the path of integration as defined for χ ̸= χ0. Denote

Z(s) :=
(2Q)s+1ζ2(s)

s(s+ 1)ζ(s+ 1)

∏
p∈B
p∤m

(
1− 1

ps

)(
1− 1

ps+1

)−1∏
p|m

(
1− 1

ps

)(
1− 1

ps+1

)−1

,
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By Cauchy’s residue theorem, we have

1

2πi

∫ 2+i∞

2−i∞
Z(s)ds = Ress=1Z(s) +

5∑
j=1

Ij, (5.51)

where Ij’s are same as in non-principal Dirichlet character case above. The residue

of the second order pole at s = 1 of Z(s) is given by

Ress=1Z(s) =
2Q2

ζ(2)

log 2Q− ζ ′(2)

ζ(2)
− 3

2
+ 2γ +

∑
p∈B
p∤m

p log p

p2 − 1
+
∑
p|m

p log p

p2 − 1


×
∏
p∈B
p∤m

p

p+ 1

∏
p|m

p

p+ 1
.

Estimation of I1 and I5: Since |ζ(s)| ≪ 1 uniformly on ℜ(s) = 2, we obtain

|I1|, |I5| ≪m,B

∫ ∞

T

Q3

t2
dt ≪m,B

Q3

T
.

Estimation of I2 and I4: Since |ζ(σ + iT )| ≫m
1

log T
(see (2.3)) and using (2.2), we

have

|I2|, |I4| ≪m,B log T

∫ 2

θ

Qσ+1|ζ(σ + iT )|2

|σ + iT ||σ + 1 + iT |
dσ

≪m,B
(log T )3

T 1+θ

∫ 1

θ

Qσ+1dσ +
(log T )3

T 2

∫ 2

1

Qσ+1dσ

≪m,B
Q2 logQ(log T )3

T 1+θ
+

Q3 logQ(log T )3

T 2
.

Estimation of I3: Using (2.2), we have

|I3| ≪m,B Q1+θ log T

∫ T

0

|ζ2(θ + it)|
|θ + it||1 + θ + it|

dt

≪m,B Q1+θ (log T )3
∫ T

0

1

(θ + t)1+θ
dt ≪m,B

Q1+θ(log T )3

T θ
.
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Collecting all estimates in (5.51) and putting T = Q2, we obtain

M1 =
2Q2

ζ(2)

log 2Q− ζ ′(2)

ζ(2)
− 3

2
+ 2γ +

∑
p∈B
p∤m

p log p

p2 − 1
+
∑
p|m

p log p

p2 − 1


×
∏
p∈B
p∤m

(
1 +

1

p

)−1∏
p|m

(
1 +

1

p

)−1

+Om,B (Q) . (5.52)

Collecting all estimates from Theorem 5.3.1, (5.33), (5.43), (5.44), and (5.50), we

obtain the statement of Theorem 1.2.2 for non-principal character. For χ = χ0, the

result follows from collecting estimates from Theorem 5.3.1, (5.37), (5.45), (5.46),

and (5.52).

5.4 Higher Moments

Proof of Theorem 1.2.3. From (5.12), we have

Ml,B(χ,Q) =
∑
q≤Q

µB(q)=1

χ(q)
∑

Q−q<q′<Q
(q′,q)=1

((
2Q

q

)l

−
(
2Q

q

)l

+

(
Q+ q′

q

)l
)

+O
(
Ql−1

)

=
∑
q≤Q

µB(q)=1

χ(q)
∑

Q−q<q′<Q
(q′,q)=1

(
2Q

q

)l

+
∑
q≤Q

µB(q)=1

χ(q)
∑

Q−q<q′<Q
(q′,q)=1

×

((
Q+ q′

q

)l

−
(
2Q

q

)l
)

+O
(
Ql−1

)
= S1 + S2 +O

(
Ql−1

)
.

(5.53)

We begin with the first term on the right side of (5.53) as

S1 = 2lQl
∑
q≤Q

µB(q)=1

χ(q)

ql

∑
Q−q<q′<Q

∑
d|(q′,q)

µ(d) = 2lQl
∑
q≤Q

µB(q)=1

χ(q)

ql

∑
d|q

µ(d)q

d
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= 2lQl

 ∞∑
q=1

χ(q)µB(q)

ql

∑
d|q

µ(d)q

d
+Om,B

(
1

Q

)
= 2lQl

∞∑
d=1

µ(d)

d

∞∑
q=1
d|q

χ(q)µB(q)

ql−1
+Om,B

(
Ql−1

)

= 2lQl

∞∑
d=1

χ(d)µ(d)µB(d)

dl

∞∑
n=1

χ(n)µ(n)

nl−1
+Om,B

(
Ql−1

)
=

2lQlL(l − 1, χ)

L(l, χ)

∏
p∈B

(
∞∑
n=0

χ(pn)

(pl−1)n

)−1( ∞∑
n=0

χ(pn)µ(n)

(pl)n

)−1

+Om,B
(
Ql−1

)
.

(5.54)

For the second sum, observe that

|S2| =

∣∣∣∣∣∣∣∣
∑
q≤Q

µB(q)=1

χ(q)
∑

Q−q<q′<Q
(q′,q)=1

((
Q+ q′

q

)l

−
(
2Q

q

)l
)∣∣∣∣∣∣∣∣

≤
∑
q≤Q

µB(q)=1

∣∣∣∣∣∣∣∣
∑

Q−q<q′<Q
(q′,q)=1

((
Q+ q′

q

)l

−
(
2Q

q

)l
)∣∣∣∣∣∣∣∣

≤
∑
q≤Q

∑
Q−q<q′<Q

(2Q)l − (Q+ q′)l

ql
≪
∑
q≤Q

Ql−1

ql−2

≪

{
Q2 logQ, if l = 3,

Ql−1, if l ≥ 4.
(5.55)

Inserting (5.54) and (5.55) in (5.53), we obtain the required result.
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6
Conclusion and Future directions

In this section, we conclude with a discussion of ongoing work and future research

directions. The aim of this thesis is to study the distribution of Farey sequences

with various restrictions on denominators and numerators. In future work, we are

also interested in studying the distribution of Farey sequences whose denominators

and numerators lie in a sparse set. For instance, the sequence of Farey fractions

with prime denominators, as the set of primes is sparse, has Poissonian distribution.
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6.1 Ongoing work

Let g ≥ 2 and m be fixed positive integers with (m, g − 1) = 1. If n ∈ N then

representing n in the number system to base g:

n =
v∑

j=0

aj(n)g
j, 0 ≤ aj ≤ g − 1, av ≥ 1.

We denote

A(s) =

{
n =

v∑
j=0

aj(n)g
j, 0 ≤ aj ≤ g − 1, av ≥ 1 | σ(n) = s

}

and

A(r,m) =

{
n =

v∑
j=0

aj(n)g
j, 0 ≤ aj ≤ g − 1, av ≥ 1 | σ(n) ≡ r (mod m)

}
,

where r ∈ Z, 0 ≤ s ≤ (g − 1)(v + 1), and

σ(n) =
v∑

j=0

aj(n).

Numerous authors [38, 42, 76, 77, 91] have investigated various arithmetical ques-

tions - such as properties of divisibility, distribution in arithmetic progressions, Weyl

sums, character sums, etc concerning the sets A(s) and A(r,m). We define the sets

of Farey fractions whose denominators are positive integers with a fixed digit sum

and which lie in an arithmetic progression, denoted by FQ,A(s) and FQ,A(r,m), respec-

tively, as follows:

FQ,A(s) =

{
a

q
: 1 ≤ a ≤ q ≤ Q, (a, q) = 1, q ∈ A(s)

}
and

FQ,A(r,m) =

{
a

q
: 1 ≤ a ≤ q ≤ Q, (a, q) = 1, q ∈ A(r,m)

}
.

In this project with Igor Shparlinski, we are working on the distribution of Farey
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fractions with digital restrictions, namely FQ,A(s) and FQ,A(r,m). In particular, we

want to study the quantitative equidistribution and pair correlation measure of the

sequences
(
FQ,A(s)

)
Q
and

(
FQ,A(r,m)

)
Q
. Furthermore, we want to explore whether

these sequences behave like a uniformly random sequence or exhibit non-Poissonian

behavior. To achieve this, we need to study the Weyl sums over FQ,A(s) and FQ,A(r,m)

and establish an asymptotic formula for weighted visible lattice points with digital

restrictions, which are of independent interest.

6.2 Future directions

In Chapter 3, we studied the distribution of the polynomial Farey sequence

(FQ,P )Q, which is defined by

FQ,P =

{
a

q
: 1 ≤ a ≤ q ≤ Q, (P (a), q) = 1

}
,

where P (x) ∈ Z[x]. We proved that the lim sup of the pair correlation measure

of this sequence is bounded, and for the specific polynomial P (x) = x(x + 1), we

showed that the pair correlation measure exists and established an explicit formula

for the pair correlation function, which is non-Poissonian.

Furthermore, we are interested in investigating the pair correlation measure of

the polynomial Farey sequence (FQ,P )Q for polynomials P (x) ∈ Z[x] of degree ≥ 3.

It is then natural to have an explicit formula for the corresponding pair correlation

function. For such polynomials, the problem presents several analytic difficulties,

since the exponential sum over FQ,P becomes more delicate.

Let g ≥ 2 be a fixed integer. For any choice of D ⊂ {0, 1, . . . , g − 1}, let

A =

{
n =

∑
0≤i≤v

ai(n)g
i : ai(n) ∈ D, v ≥ 0

}

be the set of positive integers with restricted g-ary digits. Shparlinski, together with

Banks [10] and with Banks and Conflitti [9], as well as numerous other authors, has

considered various arithmetical questions concerning integers whose g-ary digits are
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restricted. We define the set of Farey fractions whose denominators and numerators

are restricted g-ary digits as follows:

FQ,A =

{
a

q
: 1 ≤ a ≤ q ≤ Q, (a, q) = 1, a, q ∈ A

}
.

It would be interesting to analyze the distribution of Farey fractions with de-

nominators and numerators are restricted g-ary digits. In particular, our aim is to

study the equidistribution and pair correlation measure of the sequence (FQ,A)Q.

Let us recall the definition of the index of Farey fractions. Let γ′ = a′

q′
< γ =

a
q
< γ′′ = a′′

q′′
be three consecutive Farey fractions in FQ. Then the index of the

Farey fraction γ is defined as

νQ(γ) =
q′ + q′′

q
=

a′ + a′′

a
.

In [3], the authors studied the moments of the index of Farey fractions, and in [3]

this was done for Farey fractions with square-free denominators. In Chapter 5, we

investigate the moments of the index of Farey fractions with B-free denominators

that lie in a fixed arithmetic progression. The case of k-free denominators will

appear in a forthcoming paper.
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[29] P. Codecà and A. Perelli. On the uniform distribution (mod 1) of the Farey

fractions and lp spaces. Math. Ann., 279(3):413–422, 1988.

[30] H. S. M. Coxeter. Introduction to geometry. John Wiley & Sons, Inc., New

York-London, 1961.

[31] H. Davenport. On some infinite series involving arithmetical functions (ii).

The Quarterly Journal of Mathematics, (1):313–320, 1937.
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