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Abstract

In this thesis, we study the distribution of Farey sequences. Let ) be a posi-
tive integer. The Farey sequence Fq of order () is the set of irreducible fractions
in [0, 1] whose denominators do not exceed ). The first study characterizing the
behavior of sequences via equidistribution was carried out in the seminal paper of
Weyl. Equidistribution refers to being evenly spaced in a measure space. Equidis-
tributed sequences are particularly useful for performing numerical integration. The
notion of equidistribution does not provide information about finer statistics, such
as randomness, local clustering, and periodic structure of sequences. To study the
fine-scale statistics of a sequence, one can study the nearest neighbor gap distri-
bution, as well as v-level correlation measure. We study the equidistribution and

correlation measure for Farey sequences.

The study of the Farey sequence is of independent interest because of its role in
the Diophantine approximation, the circle method, and its connection to the Rie-
mann Hypothesis as established by the classical work of Franel and Landau. The
Farey fractions of order () have a one-to-one correspondence with visible lattice
points in the triangle with vertices (0,0), (0,Q), and (@, @) through straight lines
passing through the origin. The visible lattice points along polynomials have been
introduced and studied by Chaubey et al. Motivated by this, we introduce polyno-
mial Farey fractions as a subset of fractions a/q € [0, 1] such that the point (a, q) is
visible through polynomial curves and examine their distribution. In particular, we
study and prove that the lim sup of the pair correlation measure of the polynomial

Farey sequence is bounded. For the specific polynomial P(z) = x(z + 1), we show

vil
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that the pair correlation measure exists and establish an explicit formula for the pair
correlation function which is non-Poissonian. Further, when restricting to prime de-
nominators, the pair correlation measure is shown to be Poissonian. A sequence is
said to be Poissonian if it behaves like a random uniformly distributed sequence.
It is interesting to study the distribution of Farey fractions with denominators in
arithmetic progression, as it is closely related to the Generalized Riemann Hypoth-
esis. Moreover, we study an analog of Chebyshev’s bias question for polynomial
Farey fractions with denominators in an arithmetic progression. Chebyshev’s bias
question deals with the prime number races and states that there are more primes

of the form 4n + 3 than the primes of the form 4n + 1.

Furthermore, we study the distribution of the sequence of Farey fractions with
k-free denominators lying in an arithmetic progression, denoted by ﬁg}? We prove
that the sequence <9g,?) 0 is equidistributed by establishing an estimate for a Weyl
sum. Additionally, we establish an equivalent criterion for the Generalized Riemann
Hypothesis in terms of the distribution of fractions in ﬁgfg analogous to the classical
results of Franel and Landau. We also investigate the correlation measure of the
sequence (3552))@ and provide an explicit form for the pair correlation measure.

Another effective approach to understanding the distribution of the Farey frac-
tions is to examine their indices. We study the distribution of Farey indices by
deriving asymptotic formulas for the moments of the index function of Farey frac-

tions with B-free denominators which lie in a given arithmetic progression.
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Introduction

1.1 Farey sequence

The Farey sequence Fg of order () is an ascending sequence of fractions a/q in
the unit interval (0, 1] such that (a,¢) = 1 and 0 < a < ¢ < Q. The cardinality of
Fo is given by

Q 3Q2
N(@Q) =) _éla) =5 +0(QlogQ),

q=1

where we have used the following estimate for the average order of ¢(n).

Lemma 1.1.1 ([6], Theorem 3.7). For x > 1, we have

Z o(n) = %xQ + O (zlogz).

n<x



2 Introduction

In 1816, Farey, a geologist, published a note [37] stating the “mediant property”

of fractions: if a;/q1 < a2/q2 < as/qs are consecutive fractions in Fg, then

%:al—i-ag (11>
q2 1+ a3

Cauchy [18] proved this property in 1816 and attributed it to Farey. However, Haros
had already [52] constructed Fgg using this property in 1802. Due to this, some
mathematicians believe that the Farey sequence should be named the Haros-Farey
sequence. Farey himself acknowledged his unfamiliarity with Haros’s work, remark-
ing that “he is not acquainted, whether this curious property of fractions has been

before pointed out; or whether it may admit of any easy or general demonstration”.

If a1/q1 < a2/qo are consecutive Farey fractions in Fg, then an equivalent prop-

erty to ([L.1]) holds:
asqy — a1qa = 1. (1.2)

Using and , one can recursively construct all the elements of Fg. Vari-
ous geometric interpretations of the Farey sequence demonstrate their application in
several contexts. Ford circles [39] represent an example of this. One of the important
interpretations is via visibility. The Farey fractions are in a one-to-one correspon-
dence with visible lattice points in the triangle with vertices (0, 0), (0, @), and (Q, Q)
along straight lines passing through the origin. A point (a,b) € Z?* is called visi-
ble from the origin if there is no other point of Z? on the straight line joining the
origin and point (a,b). In various approximation problems, the Farey fractions are
often better suited than continued fractions. Hurwitz [55] used the Farey fractions
in the Diophantine approximation of real numbers by rationals. In the early 1920s,
Hardy, Ramanujan, and Littlewood initiated the circle method, making use of Farey

fractions.

It is widely known that the Farey fractions are equidistributed modulo one.
In equidistribution modulo one, we examine how the values of a sequence (x,)nen
spread out over the entire interval [0, 1]. Equidistribution tests the distribution on

fixed scales, like intervals of some fixed size.
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1.1.1 Equidistribution modulo one

The classical theory of equidistribution modulo one dates back to the early twen-
tieth century, when Weyl [98] laid its foundations in his seminal paper. The study
of equidistribution modulo one is concerned with the distribution of fractional parts

of real numbers in [0, 1].

Definition 1.1.1 (Equidistribution mod 1). A sequence (zy)nen of real numbers is

said to be equidistributed modulo 1 if, for every interval I C [0,1), we have

lim #{1<n<N|{r} €} =11l (13)

N—oo

where {x,} denotes the fractional part of x,.

An equivalent form of equidistribution modulo one in (1.3) can also be seen
in terms of characteristic function x; of I. Therefore, a sequence (z,),en of real

numbers is equidistributed modulo one if

N 1
. 1
dm St = / yi(z)dz.

The preceding statement, combined with the approximation technique, yields a char-

acterization of equidistribution in terms of averages of continuous test functions.

Theorem 1.1.1 ([69], Theorem 1.1). The sequence (x,)nen of real numbers is
equidistributed mod 1 if and only if for every real-valued continuous function f de-

fined on closed interval I =0, 1], we have

1 & 1
lim N;f({xn})— fz)dzx

Corollary 1.1.1 ([69], Corollary 1.2). The sequence (Tn)nen of real numbers is
equidistributed mod 1 if and only if for every complex-valued continuous function f

on R with period 1, we have

1S !
dm D fle) = | stayia
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In view of the preceding criteria, determining whether a sequence is equidis-
tributed modulo one amounts to verifying the above condition for all complex-valued
continuous functions. Weyl provided the most effective and widely accepted crite-
rion by proving that it suffices to verify Corollary only for the exponential

functions.

Theorem 1.1.2 (Weyl criterion). The sequence (x,)nen is equidistributed mod 1 if

and only if
| X
. s 2mihxn, — .
]\}1_1};0 N Z_; e 0 for all integers h # 0.
Proof. See [69, Theorem 2.1, p.7]. ]

We next present some examples of sequences to illustrate equidistribution modulo

one.

Example 1.1.1. Let a be an irrational number. The sequence (na)nen 1S equidis-
tributed mod 1. Indeed

N
i § e27rihno¢
N
n=1

In the last step, we used the fact that if o ¢ Q then ha ¢ Z for any integer h # 0.

Hence, by Weyl criterion, the sequence (na)nen 1S equidistributed mod 1 whenever

a € R\ Q. On the other hand, if a € Q, then the sequence (nQ)nen is not equidis-

B ‘627rihNa o 1| 1
~ N|e?miha — 1] = N|sinhal

— 0 as N — oo for all integers h # 0.

tributed mod 1. In this case

N

1 )

N E e*mihne L for some integers h # 0;
n=1

Jor example, if a = § then
|
2mihna
LS ey
N n=1
and Weyl’s criterion is not fulfilled.

While equidistribution modulo one is a qualitative asymptotic property, it does

not provide the speed of convergence in ([1.3)). It is natural to have a corresponding
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quantitative concept which applies to finite sequences (or finite truncations of infinite
sequences). To quantify the convergence in (1.3]), one defines the discrepancy of a

sequence as a measure of its deviation from equidistribution, as follows:

Definition 1.1.2 (Discrepancy, star Discrepancy). For any [a,b) € [0,1], let
A([a,b); N) =#{1 <n < N | a < {x,} < b}.

Then the discrepancy of the sequence (x,)nen is given by

Dx{(@nluer) = sup_Ruv(fa,b), (1.9
where Al B N
R, t) = | U () (15)

For any o € [0, 1], let
A([0,a); N) := A(a; N) =#{1 <n < N | {z,} < a}.

Then the star discrepancy of the sequence (x,)nen S given by

DN ((zn)nen) = OigglRNq(LO‘))a (1.6)
where Ao V)
Rn([0,)) :== Ry(a) = ‘T —al. (1.7)

The following result shows that the above two discrepancies are closely related.

Theorem 1.1.3 ([69], Theorem 1.3, p. 91). For every sequence (T, )nen in [0,1),

we have
D}kv((xn)neN) < DN((-Tn)nEN) < QDT\I((ZUn)neN)-

To establish the connection between equidistribution and discrepancy, we have

the following result.
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Theorem 1.1.4 ([69], Theorem 1.1, p. 89). The sequence (T,)nen 1S equidistributed
mod 1 if and only if limy_,oo D ((Zn)nen) = 0, or equivalently imy_,oo Dy (20 )nen) =
0.

Proof. Suppose that limy_,oo Dy ((2,)nen) = 0. This implies that

A(a; N)

— o as N — oo.
N

Hence the sequence (x,)nen is equidistributed mod 1. Conversely, suppose that
(Zn)nen is equidistributed mod 1. We choose an integer m > 2. For 0 < k <m — 1,
set [, = [%, %) Since (2, )nen is equidistributed mod 1, there exists a positive

integer Ny = Ny(m) such that for all N > Ny and for every 0 < k < m — 1, we have

L, LY (AN 1 18)
m m)~ N —m m)’ '
We now consider an arbitrary subinterval J = [#;,82) of I. Clearly, there exist

intervals J; and .J3, each being a finite union of intervals I, such that J; C J C J,
and I(J) —1(J;) < 2 and I(J;) — I(J) < 2. From (L8], we obtain for all N > Nj

1(J1) (1 - i) < A(Jj\;N) < A(‘j\}N) < A(Jf\; N) <1(Jy) (1 + i) .

m m

Consequently, we have

Since I(J) < 1, we obtain

2 A(J; N 2
—§+ <M—Z(J)<%+

—+— N 2foradl]\fzj\fo.

m?
Since the bounds in the above inequality are independent of J, it follows that
Dn((zn)nen) < 2 + 25 forall N > Ny. Moreover, the quantity 2 + 2 can be

made arbitrarily small, which completes the proof. O
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1.1.2 Farey sequence and Riemann Hypothesis

The primary interest in the distribution of Farey fractions is due to the classical
work of Franel [40] and Landau [72], who showed that the Riemann Hypothesis and
quantitative statements about the equidistribution of Farey fractions are equivalent.
In particular, Franel proved that the supremum of the real parts of the zeros of the

Riemann zeta function is the infimum of ¢ for which the following estimate holds

N(Q)
Z R?V(Q) (7)) =0 (Q_2+20) ;
=1

where v; € Fg, 1 <i < N(Q). Specifically, the Riemann Hypothesis is equivalent

to the asymptotic formula

N(Q)
Rig)(vi) =0 (Q7'*), for all € > 0. (1.9)
i=1
Landau [72] gave a similar version by proving that the Riemann Hypothesis is true

if and only if, for all € > 0,

N(Q)

Z Ry)(v:) =0 (Q%“) : (1.10)

Much effort has been made to prove the above estimates in terms of discrepancy.
The foundational result on the equidistribution of irreducible fractions between 0 and
1, interpreted in terms of frequencies of certain almost periodic functions was given
by Erdés et al. [36]. Neville [83] investigated the discrepancy of Farey fractions,
proving that Dygy(Fg) < log Q/Q. Thereafter, it was improved by Niederreiter
[84] to Dngy(Fo) =< 1/Q for all @ > 1. A closed-form formula for the discrep-
ancy was later established by Dress [32] who showed that Dyg)(Fg) = 1/Q holds
for every (). Motivated by a question of Davenport, Huxley [56] studied a gener-
alization of the result of Franel and Landau concerning the zeros of the Dirichlet
L-function. He established a connection between Farey fractions with denominators

in an arithmetic progression and the Generalized Riemann Hypothesis. In the same
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direction, the discrepancy of the Farey sequence when denominators are B-free and
lie in an arithmetic progression, as well as when the denominators are in a union of
arithmetic progressions, was studied by Alkan et al. [1l 2]. Ledoan [73] studied the
discrepancy of the Farey sequence with denominators in an arbitrary subinterval of
the unit interval [0,1]. He proved upper and lower bound for the discrepancy that
demonstrate the sequence is uniformly distributed in all subintervals of [0, 1]. In this
thesis, we study the discrepancy of Farey sequences by imposing various restrictions

on denominators and numerators.

1.1.3 Local statistics

To understand the finer (or local) distribution of a sequence, such as its random-
ness, local clustering, and periodic patterns, quantities such as nearest-neighbor
gap distribution, v-level correlation measure can be studied. For a sequence of N
numbers z1,...,xy in [0,1), these statistics measure the distribution of spacings
between x; at distance of order of the mean spacing 1/N. As the average distance
between neighboring points is 1/N. The trigonometric functions that determine the
spacing statistics of sequences have frequencies of order N | whereas equidistribution
is determined by trigonometric functions with constant frequencies. The sequences
({ne})n>1 and ({n7}),>1 are equidistributed modulo one, but their local spacing
statistics exhibit irregularities (see [90]). In this thesis, we study the correlation

measure of various sequences.

The motivation to study the correlations of sequences comes from applications
in physics, where physicists study the spectra of high energies. For instance, the
Berry-Tabor conjecture states that discrete energy spectrum of a quantum system
has Poissonian pair correlation except for certain degenerate cases [75]. For some
special quantum systems it can be shown that there exists a € R, and a sequence
of positive integers (a,)nen, such that the local distribution properties of the dis-
crete energy spectrum of the system agree with those of the sequence ({a,a})nen-
Lately, there has been a lot of interest in these notions in applications in number
theory, mathematical physics, and probability theory. It has particularly attracted
significant interest in number theory following Montgomery [80] and Hejhal’s [54]
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work on the correlations of the zeros of the Riemann zeta function, and Rudnick

and Sarnak’s [89] work on the correlations of zeros of L-functions.

Correlations measure the distribution between all pairs of elements of the se-
quence and do not depend on their ordering. Let v > 2 be an integer and let F be
a finite set of NV elements in the unit interval [0, 1]. The v-level correlation measure
S (B) of a box B C R*~! is defined as follows:

%# {(3:1, coyxy) € FY o xy distinet, (x1 —xg,..., 2,21 — X)) € %EB + Z”l} )
(1.11)
The v-level correlation measure of a sequence (F,),, for every box B C R*7!, is
given (if it exists) by
S¥(B) = lim S¥(B).

n—oo

The measure S® is called the pair correlation measure. If
S(”)(‘B) = / gu(x1, .. xy_y)day - - dxy_q, (1.12)
B

then g, is called the v-level correlation function of the sequence (F,),, and for
v = 2, it is called the pair correlation function. The v-level correlation is said to
be Poissonian if g, = 1. A sequence with a Poissonian distribution behaves like
a sequence of randomly chosen numbers in [0,1). We have come up with several

examples of explicit sequences which have Poissonian pair correlation.

To study the fine-scale statistics of the Farey sequence, Hall [44] studied the first-
level spacing distribution of Farey fractions by estimating the moments of spacings
of consecutive Farey fractions. Augustin et al. [7] studied the h-th level spacing
distribution of Farey fractions for h > 2 by showing the convergence of the sequence

of probability measures.

Boca and Zaharescu [10] studied the correlations of Farey fractions and proved

that the v-level correlation exists for all ¥ > 2. They also derived an explicit
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expression for the limiting pair correlation function of Fg, which is given by

T2\

9N =35 D dk)log -, (1.13)

and it shows strong repulsion between the elements of the sequence. The formula
in [I.13] appeared in the main term of the second moment of a large sieve matrix
[14]. The pair correlation of Farey fractions with prime denominators was studied
by Xiong and Zaharescu [100], who showed that it is Poissonian. A more general
result on the pair correlation of fractions with prime denominators is contained in
[99]. Also, Xiong and Zaharescu [I0I] studied the pair correlation of Farey fractions
with denominators coprime with B, the monotonic increasing sequence of square-

free numbers with the condition that Bg,|Bg, if Q1 < Q2. They proved that the

#(Bq)
Bq

strong repulsion if limg_,e ¢gQQ) # 0. Boca and Siskaki [I5] reproved ([1.13]) by

studying the pair correlation of Farey fractions with a coprimality condition on

= 0 and showed a

pair correlation of the sequence is Poissonian if limg_,s

denominators, using some different counting arguments. Alkan et al. [5] computed

the pair correlation measure of the sum Fg + Fg modulo one, as () — oo.

In this thesis, we study the distribution of polynomial Farey sequence and Farey
sequence with k-free denominators lying in an arithmetic progression by establishing
estimates for the discrepancy and correlation measure. The Chapter [2| of this thesis
consists of several preliminary results that we will be using in proving our main
results. In Chapter [3| we analyze the equidistribution and correlation measure of
polynomial Farey sequence. We investigate the distribution of the Farey sequence

with k-free denominators lying in an arithmetic progression in Chapter

1.1.4 Polynomial Farey sequence

The sequences studied in all the above cases involve restrictions on Farey de-
nominators. It is also natural to consider restrictions on Farey numerators. Such
restrictions make the study of the distribution of Farey sequences more challenging,

as exponential sums over Farey fractions with restrictions on the numerators become
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more delicate.

Let £k > 1 be an integer and let ¢ = (¢4, ¢x_1,...,¢1) € Z* be a fixed non-zero

vector. Let P(x) = ¢z +ce_ 12" 1+ - -+ 12 be the associated polynomial. Denote

For = {grlSaSqSQ, (P(a),q)zl}. (1.14)

If P(z) = z(x + 1) then for instance,

roo {11220

Specifically, Fg p reduces to the classical Farey sequence when P(z) = x. One may

Y

(G20 )
ot W

1
737

(SR

also consider a more general function F' : Z — Z instead of a polynomial P(z) in
(11.14]).

The motivation to define the sequence (Fg p) o comes from a geometric point
of view via visibility. Recall that the classical Farey fractions are in a one-to-one
correspondence with visible lattice points. Hence, the sequence F¢ can be viewed

in terms of visible lattice points:
Fo={a/q|1<a<q<Q; (a,q) is visible from origin}.

The study of visible lattice points in planar and convex domains, along with their
generalizations, has attracted considerable attention [§, 12], 58]. Extending this line
of investigation, Chaubey et al. [23] recently introduced the concept of polynomial

visible lattice points. It is defined as:

Definition 1.1.3. Let ¢ = (¢, Cp1, ..., 1) € Z™ be a fived vector with ¢, # 0, ¢; >
0 forall1 <i<mn, and ged(cy, cp_1,...,c1) =1, let F(c) ={y =rP(z) | r € QT},
where Pe(z) = cpa™ + ¢y 12" '+ -+ 1. A point (a,b) € N? is called F(c)-visible
if there is no other lattice point on the curve y = rP.(x) joining the origin and the

point (a,b).

The above definition describes the visibility of lattice points through polynomial
curves. Let us denote the set of all F'(¢)-visible points in N? by V(¢). The natural
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density of visible lattice points through polynomial curves is known to be one [23].
It is also well known that the natural density of the polynomial visible lattice points

1
for the curve y = ma?®, with b > 1 is equal to ————— [43]. Denote

Fov = {g |1<a<q<Q, (a,q9) =1, and (a,q) € V(c)}. (1.15)

This gives a relation between %y and the visible lattice points through poly-
nomial curves in the triangle with vertices (0,0), (0,Q), and (@, Q). It is natural
to study the distributional properties of the above sequence but it turns out to be
a difficult problem with no arithmetic description of the visibility property in this
setting. Instead, we focus on a subset of %, defined in . In particular, Fg p
is a subset of fractions that are in one-to-one correspondence with lattice points
visible through polynomial curves. We prove that the lim sup of the pair correla-
tion measure of the sequence (Fg p) o is bounded and provide an explicit formula
for the pair correlation function in the case of P(x) = xz(x + 1). We compare the
pair correlation function of (Fg, p)Q with the Poissonian and GUE distributions by
plotting their respective graphs.

We state our main results for correlation measure. Recall that

1

1
Sra.p(A) = NQP# {(71772) €Fop m#ArNn— 1€ E(O,A) +Z} :

where Ny p = #Fq.p.

Theorem 1.1.5. Let k > 2 be an integer and let P(x) = ColHCp 12" M ez €
Z[z] be a polynomial with non-zero discriminant. Then limsupg . Sr, ,(A) is

finite. Moreover, the limsupg_,., Sr, »(A) is bounded by

. 2\
lim sup Sz, (A <</ e Z h(m log< >d)\ (1.16)

Q00 1z mfp

for any A >0, where Bp =[], (1 - fP(p)), h(m) = nsdid>1nfp(dr) fp(da) and

2
p nddido=m

fr(p) =#{1<d<p:P(d)=0 (modp)}. (1.17)



1.1 FAREY SEQUENCE 13

We obtain an explicit upper bound on the pair correlation measure. The key
point of the above theorem is that, upon imposing the arithmetic restriction (P(a), q) =

1, the sequence (Fg p) 0 does not exhibit extreme clustering at small scales.

For the specific polynomial P(z) = z(z + 1), we prove that the limiting pair
correlation measure of the sequence (Fg p)g>1 exists and is non-Poissonian. We

also derive an explicit formula for the pair correlation function in this case.

Theorem 1.1.6. Let P(x) = z(x + 1) be a fixed polynomial. Then the limiting pair

correlation function of the sequence (Fg p)o>1 exists and is given by

2\
52 A? Z d2d4¢ d2 j 2 blm 10g< ,Bp)

1< <ﬂ
where
1\
bm)= Y npld)n(ds)dDGAGy [ <1+—) | (1.18)
n,0,d1,d3>1 »| dody p
nddidz=m dDG1Go

dp _dg \_4
dG1 7' DGy

and d = ged(dy, ds), D = ged(ds, dy), Gy = ged (5, %2), Gy = ged (5, %4).

Pair correlation for Farey fractions is robust under polynomial sieving, but the
arithmetic weight in the pair correlation function becomes significantly more com-
plicated. The pair correlation function shows that the sequence (Fg p)g>1 with
P(z) = z(x 4+ 1) does not behave as a randomly distributed sequence, as the pair
correlation is non-Poissonian. In particular, the deviation of the pair correlation
function from the constant function 1 shows that the sequence has strong arith-
metic structure. Consequently, the spacings between fractions are correlated, not

independent.

Remark 1.1.1. The key ideas used to prove the above results on the pair correlation
measure involve establishing a closed-form formula for the Weyl sum over Fgq p.
We also formulate a version of Poisson’s summation formula that accounts for the

additional weight in the sum of Fourier coefficients.
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Another question of significant interest is determining the values 7 > 0 for
which there are infinitely many primes p satisfying the Diophantine inequality
[lap|| < p~7€ for all € > 0, where ||¢|| denotes the distance from the nearest integer
to a real number £. All known results regarding such values of 7 are equivalent to
quantitative statements about the gaps between the Farey fractions with prime de-
nominators. Motivated by this connection, we study the pair correlation statistics of
polynomial Farey sequence whose denominators lie in certain subsets of primes. As a
consequence, by taking denominators to be Piatetski-Shapiro primes, Chen primes,
prime k-tuples, and primes with restricted digits, we establish explicit sequences

that behave like a randomly chosen sequence in (0, 1].

For each integer @, let Bg be a fixed subset of prime numbers that are less than
or equal to ). The polynomial Farey sequence of order () with prime denominators

is given by
a
= {10 Sp<Q (Pl =1 pe o)

Theorem 1.1.7. The limiting pair correlation of the sequence (Mp, p)o=1 exists

as QQ — oo and is Poissonian if and only if ZpeBQ p* = o ((#Mp,.p)?).

This shows that the spacings between any two points of the sequence (.#5,, p)g>1
behave like in a randomly distributed sequence in (0,1) when the second moment
of the denominators in By is controlled by the square of number of the fractions in

/%BQ,P-

In 1853, Chebyshev [24] remarked that, for a given modulus, the number of
prime quadratic non-residues exceeds that of prime quadratic residues. This is
called the Chebyshev’s bias phenomenon. We study the Chebyshev’s bias question
for polynomial Farey sequence with denominators in an arithmetic progression. Let
q and [ be positive integers; we denote the number of polynomial Farey fractions

with denominators in an arithmetic progression as
a
SQia.) =#{> € For|n=1 (modg)}.

We ask the following questions for Farey fractions analogous to prime number races.
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e Does there exist positive integers Qy, l1, and Iy with I; # Iy (mod ¢) such that
S(Qiq,l) > S(Qsq,12) for all @ > Qo?

e Are there arbitrarily large values of @ for which S(Q;q,l1) < S(Q;q,[2), and
arbitrarily large values of @ for which S(Q;¢q,l;) > S(Q;q,l2)? In other words,
does the function S(Q;q,l1) — S(Q;q,l2) change sign infinitely often?

In here, we address the questions listed above. Let k,J > 1 be integers and let
P(x) = cuz"+co 12" 4+ - -+cyx € Z[z] be a polynomial with non-zero discriminant

and factorization

J
P(z) = [ [ ma(z)", (1.19)
i=1
where m;(z) € Z[x] are irreducible polynomials. To state our result, we need the
following condition.

Haselgrove’s condition for Hecke L-function mod q: For all Hecke characters
X' (mod q), L(s,x") # 0 for all s € (0,1).

Theorem 1.1.8. Let g > 2,1y, 1y be positive integers such that l; # ls (mod q) and
(¢,l1l2) = 1. Let P(x) € Z[z] be as in (1.19). Assuming Haselgrove’s condition for
Hecke L-function L;(s,x’) modulo q;, the set of values of Q for which the difference
S(Q;q,l1) — S(Q;q,ls) is strictly positive and the set of values of Q) for which the
difference S(Q;q,l1) — S(Q; q,l2) is strictly negative are unbounded.

This chapter appeared in [20].

1.1.5 Farey sequence with k-free denominators

Let £ > 2 be an integer. A number n is said to be k-free if for every prime p|n,

we have p¥ { n. It is well known that the density of k-free numbers is 1/( (k). Denote

ﬂg}g = {E |1<a<qg<Q, (a,q) =1, qis k-free & ¢=0b (mod m)}, (1.20)
’ q

where m € N, b€ Z and (b,m) = 1.
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In Chapter [ we investigate the distribution of the sequence of Farey fractions
with k-free denominators lying in an arithmetic progression, denoted by L%SZ) We
prove that the sequence (ﬁé@) is equidistributed by establishing an estimate for

T/Q
Weyl sum.

Theorem 1.1.9. The Farey sequence <ﬁg’,?> 1s uniformly distributed modulo
P/ Q=1

one.

It is natural to establish the quantitative aspect of equidistribution. In order to

Z5

achieve this, we study discrepancy of the sequence ( ka)>Q>1.

Theorem 1.1.10. For all () > 1, we have

m 1
Dnrq,e,m) <ﬁé )> = 0’

where implied constants depend on m.

The coprimality condition (a, q) = 1 on fractions in the Farey sequence introduces
arithmetic constraints through the Mdbius function. By detecting this condition
using the following identity

1 ifn=1,

Sua-{ 0]

i if n>1,
the counting of Farey fractions turns into sums of p(n), which are associated to the
zeros of the Riemann zeta function. Imposing congruence constraints on Farey de-
nominators invokes Dirichlet characters, leading to twisted sums of u(n). Therefore,

the distribution of Farey fractions with congruence constraints on denominators is

connected to the distribution of the zeros of Dirichlet L-functions.

Motivated by this, we explore a new perspective on the Generalized Riemann
Hypothesis. We establish an equivalent criterion for the Generalized Riemann Hy-
pothesis in terms of the distribution of Farey fractions in ﬁg}? analogous to the
classical results of Franel and Landau. Denote ﬁg’? ={mn<m<--< ’YN(Q,k,m)}

and N'(Q, k,m) = #.7).
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Theorem 1.1.11. Let Ry Qim) (V) =
hypothesis (GRH) holds true if and only if, for all € > 0,

v — m‘ The generalized Riemann

N(Q,k,m)

> Rw@rm() = Om (Q%+€> .

Jj=1

We next prove a closed-form formula for the second moment of the displacement

of Farey fractions in 9&?

Theorem 1.1.12. Let M, (z) = > n<a  p(n)px(ng)?® and Ryqrm) () =

ng=b (ﬁlod m)

Vi~ N(Qk; ‘ for integers b,m as in . Then, we have

N(Q,k,m) Q
Z sz\f(Q,k,m)(%) m( Z Mg, (—) a2 <g>

Jj=1 q1,92<Q

% (ng<Q17Q2)) . 1) ‘

41492

Moreover, the right-hand side above is bounded by

_ . (log@)%/®
<om exp< Clloglog Q)75

Q1+, on the GRH.

) , unconditionally,

We also investigate the v-level correlations of the sequence (ﬁgz)) . In order to
investigate correlations measure, we establish a closed-form formula for the exponen-
tial sum over Farey fractions whose denominators are k-free and are in an arithmetic
progression. We then derive estimates for counting weighted lattice points. As a
result, the principal Dirichlet character yields the correlation measure. For the
non-principal characters, we provide an estimate for the character sum twisted by
a continuously differentiable function and the characteristic function for the k-free
numbers. By applying this result, the sum over non-principal characters approaches

zero as () — 00.

Our next result analyze the pair correlation measure of the sequence (ﬁg}?) .
9 Q>1
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Theorem 1.1.13. The pair correlation function of the sequence (L%%))Q exists
k) o1
and 1s given by

k) = g 2 Rlog ()

LSn< gty
for any A\ >0, where € (k,m) is as in (4.2)), and

By = Y rm@) i) ] (1_gcd<p’%d26>)

k—1
Sdydar=n » pFip+1)
(d1d26,m):1 (p,m):l
< I (1- ged(p", d19) (1.22)
. pF+ pF=t — ged(pF, dad) ) '
(pym)=1

The fact that the pair correlation function in (|1.21)) is non-Poissonian shows that
the sequence (9&"}2)@ does not behave like a randomly distributed sequence but
) 21

instead exhibits strong arithmetic correlations.

For the particular case k = 2, plotting the graph reveals a strong repulsion
near zero. Square-free numbers are closely related to prime numbers but have a
positive asymptotic density with a more even distribution. This means one can
expect a somewhat less random behavior with the pair correlation function being
non-Poissonian, whereas, for prime denominators, it is Poissonian. The results of
Chapter {4] appeared in [19] and [21].

1.2 Index of Farey fractions

Another way to investigate the distribution of the Farey sequences is by studying
the index of Farey fractions. Let v/ = Z—: <y=¢< v = Z—x be three consecutive

Farey fractions in Fg. Then, the ratio

7q/+q//7a/+alll
= q fd a

vo(7) : (1.23)
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is an integer and is called the index of the Farey fraction v in Fg. In particular, we
take vo(71) = 1, and vg(yn,) = 2Q. The index admits a geometric interpretation
in the context of visible lattice points. The index of a visible point (g, a) lying inside
or on the boundary of the triangle with vertices (0,0),(Q,0),(Q, Q) is defined as
the index of the corresponding Farey fraction a/q. In this setting, the index of
a visible point (¢,a) lying inside or on the boundary of the triangle with vertices
(0,0),(Q,0),(Q, Q) is defined as the index of the corresponding Farey fraction a/q.
When the visible lattice points in the triangle are ordered by increasing slope of
the rays emanating from the origin, the index admits a simple area interpretation:
for any three consecutive points (¢, a’), (q,a), (¢",a”), the index of (¢, a) is equal
to twice the area of the triangle with vertices (0,0), (¢/,a’), and (¢”,a”) (see [30,
p. 208-209] and [49, p. 23-37]).

The index satisfies the following property:

{2Q+1

;e <[

q

which implies that for a given Farey fraction, the corresponding index function can
2 2

only take one of the two values {—QJ or {—QJ — 1. Using this property, Hall and
q q

Shiu [46] proved closed form formulas and asymptotic formulas for the first and

second moments of the index function given by

YeEFQ

and

> ve(v) = %QQ (log 2Q — i“((22)) — %7 + 277) +0(Qlog*Q),
veFqQ

where 1 and ( are the FEuler’s constant and the Riemann zeta function, respectively.

Definition 1.2.1 (Deficiency). The deficiency §(q) is the number of fractions v €

Fo with denominator q such that vg(y) takes its lower value.
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A formula for the average of 6(v) is proved in [46] as

Q
D 6(g) = Q(2Q + 1) — N(2Q) — 2N(Q) + 1.
q=1
There has been considerable interest in the study of the index function mainly upon
imposing extra divisibility constraints on Farey denominators. Partial sums of the
Farey indices weighted according to the parity of the denominators were studied by
Hall in [45]. Alkan et al. [4] studied the moments of the index of Farey fractions with
denominators in a fixed residue class. The index of Farey fractions with square-free

denominators lying in an arithmetic progression was investigated by the authors of
[3].
In Chapter [5 we extend this line of investigation and study the distribution of

the index function. In particular, we establish asymptotic formulas for the moments

of Farey indices with B-free Farey denominators twisted by Dirichlet characters.

1.2.1 Statement of the main results

The [-th moment of the Farey indices with B-free Farey denominator in an arith-

metic progression is given by

Mis(u,m, Q)= > o) (1.24)

’Y:%E.FQ
g=u (mod m)
q is B-free
We establish asymptotic formulas for the first, second, and higher moments of the
Farey indices with B-free denominators for the following set. Let B be a set of

primes such that

1
Z—U<oof0rsomea<0, where 1/2 < 6 < 1.

o P
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In particular

1
B:{p:ZE<ooforsomea<0, where 1/2<6’<1} (1.25)

p

Theorem 1.2.1. Let m and u be fized positive integers with (m,u) = 1, and let B
be the set defined in (1.25). Then, for all large positive integers (), we have

u,m :34@2 1 B 1 - 140 (160 0)3/2
Mustonm Q) = g T (14) £1<1+p) +Oms (G002 @),

ptm

Our next objective is to derive an asymptotic formula for the second moment of

the Farey indices.

Theorem 1.2.2. For fized positive integers m,u such that (m,u) = 1, and B is a

set of primes defined in (1.25)), we have

o AQ? '(2) plogp | §~plogp
M2,B<U7m;Q>—W 277— @) Zp 1 %p 1 ,g;
ptm

() 0N 4@210g2Q 407 x(@)
<1+p) II<1+p> tome® "o 2 L@

plm x (mod m)
X#XO0
x L(1,x) H (1 — %) (1 — %) + O (Q1+9(log Q)Q) )

peEB

An asymptotic formula for the higher moments of the Farey indices is presented

in the following result.

Theorem 1.2.3. For fized positive integers m,u such that (m,u) = 1, and set B
defined in (5.3), then for Il > 3, we have

Mis(x, Q) = A(Q, 1) + E(Q, 1),



22 Introduction

) Onp(@*logQ), ifl=3,
Q.0 = { Ops (@), ifl>4

The content of this chapter appeared in [22].

1.3 Conclusion and Future Directions

In the final chapter, we conclude this thesis by discussing some ongoing work and

outlining future research directions related to the distribution of Farey sequences.



Preliminaries

In this chapter, we will recall and prove some important results that we will be
using throughout the thesis. We begin by recalling a result proved in [23] on an
estimate of the average of the counting function for integer solutions 1 < d < m of

the polynomial congruence P(d) =0 (mod m).

Proposition 2.0.1 ([23], Lemma 2.1). For a fized non-zero vector ¢ = (¢y,...,c1) €
Z", let P(x) = cpx"+cp 12" - - 412 be a polynomial with non-zero discriminant.
If fe(m) =#{1 <d <m: P(d) =0 (mod m)}, then as x — oo, we have

Z fp(m) ~ Cz(logz)’™*,

m<zx

where J > 2 is the number of distinct irreducible factors of the polynomial P(x) €
Zlx].

The above proposition can be derived by proving the absolute convergence of the

23
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Dirichlet series associated with fp(m) in the half plane R(s) > 1, together with the
existence of a pole at R(s) = 1. A Tauberian theorem [I1, Lemma 4.1] then yields

the desired conclusion.

We next state a classical result of Landau on the singularities of the Mellin

transform of a non-negative function.

Proposition 2.0.2 ([71]). Let A(z) be a real-valued function in one variable, and
A(x) does not change its sign for x > xy, where xo is a sufficiently large real num-
ber. Suppose also for some real number 5 < -y, that Mellin transform g(s) :=
[75 A(z)a " dx is analytic for R(s) > v, can be analytically continued to the real
segment (B,7]. Then g(s) represents an analytic function in the half plane R(s) > .

We also state the following result, which is an analogue of Landau’s theorem [81],

Theorem 1.7], concerning Dirichlet series with non-negative coefficients.

Proposition 2.0.3 ([8I], Lemma 15.1). Suppose that A(x) is a bounded Riemann
integrable function in any finite interval 1 < x < X, and that A(x) > 0 for all
x > Xg. Let o. denote the infimum of those o for which f;z A(x)x=%dzx < oo. Then

the function

15 analytic in the half plane o > o, but not at the point s = o.

We also state one of the fundamental property of Mobius function that we will

use throughout this thesis.

Theorem 2.0.1 ([6], Theorem 2.1). If n > 1, we have

)1 ofn=1,
Zu(d)—{o

dn if n > 1.

We make frequent use of the preceding theorem to handle the coprimality con-

dition (a,q) = 1 between the integers a and g.
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2.1 Summation formulae

We now state Perron’s formula, which represents the partial sums of a Dirichlet

series as an integral of its summatory function.

Proposition 2.1.1 ([92], Theorem 2.3, p. 219). Let F(s) := Y >, f(n)n~* be the
Dirichlet series for the arithmetic function f(n), with abscissa of convergence o,. If

a>max(0,0,), T > 1 and x > 1, then

a+iT

Z f(n 271” / F(s)%sds + R(T),

n<x i

where

e f(n)|
R(T) <z ; n|1 + T'log(xz/n)|

We also recall the well known Abel’s summation formula.

Proposition 2.1.2 ([6], Theorem 4.2). For any arithmetical function a(n) let A(z) =
Y on<ea(n), where A(z) =0 if v < 1. Assume f has a continuous derivative on the

interval [y, x], where 0 <y < x. Then we have

y<n<z

Lemma 2.1.1 ([I00], Lemma 3). Let H : R — R be a continuously differentiable
function with SuppH C (a,b) for some real numbers a and b. Then for any L > 0

ZZ:H( ) /H dx+O<||DH||OO( —a+i)>

|DH||o = sup |H'(z)].
zeR

one has

where

Let f € L'(R) be a real-valued function. The Fourier transform of f is defined
by
/ fy)e(—zy)dy, x € R.
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The Poisson summation formula [81, p. 538] is crucial in proving the correlation

measure results.

Proposition 2.1.3 (Poisson’s summation formula). Let f € L*(R) and ¥ be the

Fourier transform of f, then we have

Yo f)y =3 fm)

n=—oo m=—0oQ

2.1.1 Poisson summation formula with smooth weight

We also use a version of the Poisson summation formula as below.

Proposition 2.1.4. Let o, 5 € R, and let f be a smooth function on R such that
Supp(f) C (0,A). Then we have

an—l—a (Bn) = an— ((n—pPa),

neZ nez

where f is the Fourier transform of f.

Proof. Note that f € L'(R). We define g(x) = f(z + a)e(Bz). Clearly, g is a
smooth function and g € L'(R), since [ |g(z)|dx = [; |f(2)]dx < co. The Fourier

transform of g is given by
a<x>—/g< Je(—y dy—/fy+a e(—(z - B)y)dy
= [ 1G)et=(o = )z = @)z = Fla = Ale((z — B
We apply Proposition to g(x) = f(x + a)e(Bz). Therefore

an—i—oz (Bn) = an— ((n—B)a).

neZ nez

This completes the proof of Proposition [2.1.4] n
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2.2 Multiplicative functions

Definition 2.2.1. An arithmetic function f : N — C is said to be multiplicative
function if

f(ning) = f(n1)f(na) whenever (ny,ny) = 1.

Multiplicative functions play crucial role in forming the Euler product of Dirichlet

series.

2.3 Dirichlet characters

Definition 2.3.1. Let m be a positive integer. A function x : Z — C is said to be

a Dirichlet character modulo m if

1. x is m-periodic, that is, x(n +m) = x(n) for alln € Z;
2. x is completely multiplicative, that is, x(ning) = x(n1)x(ne) for allny,ny € Z;

3. x(n) =0 if and only if ged(n,m) > 1.

We next state the orthogonality relation of Dirichlet characters modulo m.

Proposition 2.3.1 (Orthogonality relation). Let m > 1 and a be integers such that

(a,m) =1. Then we have

R Z X(m‘z):{l ifn=a (modm),
)

» (modm 0 otherwise,

where @ is such that aa =1 (mod m).
Proof. See [0, Theorem 6.16]. ]

The orthogonality relation plays an important role in the study of numbers
in arithmetic progressions. For the arithmetic progression n = a (mod m) with

(a,m) =1, we make frequent use of the above proposition throughout this thesis.
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2.3.1 Weighted character sums

We will also need the following estimate on weighted character sums to deal
with the contribution coming from the arithmetic progression n = a (mod m) with

(a,m) =1 in the computations for correlations measure.

Lemma 2.3.1. Let R > 1, M and A be positive real numbers and let & be a positive
integer. Suppose x is a non-principal Dirichlet character modulo m and f is a
continuously differentiable function with Supp(f) C (0,A). Then for any integer

r > 1, we have

Proof. We have

> men@f (4) = X v@s () Suw= X utd)

a<R a<R d*|ad d"<Rs

(a,r)=1 (a,r)=1 qk
(seatary ) =1
d* M ged(d*, )
X (gcd(dk,5)> 2. X ( &a ) |

k
< Rgcd(kd ,0)

(a,r)=1

In the last step, we used the fact that a|bc if and only if mw. Since ¢ is k-free —

otherwise the result would follow trivially — it follows that (ﬁ;&, 7") = 1if and
only if (d,r) = 1. Therefore

> mlax(as ()

a<R
(a,r)=1

= 3 ) (%) x(@)f (W)

dF<Ré R ged(d¥ 6)
(d;)=1 .
(a,r)=1
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k C k
=) X i (i) X (MEEED) e

slr d*<R¢ Rged(dF,s)
(d;7)=1 AS TR

To estimate the inner-most sum, we apply Proposition [2.1.2]

Rged(dF 6)

> (S () Y @[ T T

1 a<lzx

aSRgcj;ZkJ) aSRgc;:{;]cclk,é)
ged(d®,8)\ M ged(dr, §)dx
x f! mA log R.
/ (M—ldksa: dFsz? Somoa 108
The above estimate in conjunction with (2.1]) gives the required result. O

2.4 Bounds for Riemann zeta function and Dirich-

let L-function

In our applications of Perron’s formula, we shall use the following estimates for

the Riemann zeta function [93].

((o+it) < < logt, 1<o0<2, (2.2)
1, o>2
and
1 logt, 1<o0<2,
B == (2.3)
(o +it) 1, o> 2.

We also use Vinogradov-Korobov zero free region (see [95] and [68]). For some fixed

constant ¢ > 0, we have

C(o +it) # 0 for 0 > 1 — c(logt)~**(loglogt)~'/3
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and

1

—— < (logt)*3(loglog )/, 1 — ¢(logt) >3(loglogt) 3 <o < 1. (2.4)
C(o +1it)

For non-principal Dirichlet characters x (mod m), we use the following bounds of
Dirichlet L-function L(s, x) (see [67] and [81])

3(1 o)

s log®t, 1/2<0<1,
Lo +it,x) <m { logt, 1<o<2, (2.5)

1, o> 2.

and
1 logt, 1<o<2,

< - 2.6
L(o +1it, x) { 1, o> 2. (2:6)
We have the following bound for T) in the Vinogradov-Korobov zero free region

[65]. For some fixed constant ¢ > 0, we have

c

(o +it) #0 for o > logm + (1Ogt)2/3(loglogt)l/3

and

1
L(o +it, x)

logt)*?(loglogt)'/®, 1 — - <o<l
< (log )™ (log log #) 7, logm + (log t)%/3(loglog t)Y/3 — 7=
(2.7)

In our investigation, we shall also make use of results on the mean value estimates

for ((s)/s and L(s,x)/s. To prove these mean value estimates, we will employ the

following mean value theorem for Dirichlet series.

Theorem 2.4.1 ([79], Theorem 6.1). For any real Ty and T', we have

/TM S (it) Pt = (T + 9—N> Z lanl2,

To

where S(s) = SN a,n~F and —1 <0 < 1.

n=1

Now we state the mean value theorem for the Riemann zeta function which can
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be derived from the above theorem.

Theorem 2.4.2 ([59], Theorem 1.11, p. 28). For 3 < o <1 fized
T
/ [((o +it)[*dt = ((20)T + O (T**7 logT) .
1

Mean value estimates of ((s)/s

Proposition 2.4.1. For a complex number s = o + it, with 1/2 < 0 < 1, we have

t
/ Mdt@oﬂ
0 lo + it]

Proof. We write

loT n+1
/ Klo+it)] / 3 / [Slo+it)] .
o |o+it| on lo + it]

gn+1 .
t
< 1+1logT max / Mdt
0<n<|logT| o + it|
1 2n+1
1+ logT — it)| dt. 2.
<ltlogl max on | ¢ (o +1t)] (2.8)
Applying the Cauchy-Schwarz inequality, we have
1 1
2n+1 2n+1 2 2n+1 2
/ ¢ (o +it)|dt < / 12dt / I (o +it)|* dt
0 0 0
Using Theorem [2.4.2 we have
2n+1
/ € (o +it) |dt < 2™, (2.9)
0
Substituting (2.9) in (2.8)), gives the required result. ]

Proposition 2.4.2. If0 < o < 1/2 is a real number, then

/ o+ O] gy « Th-o 106,
0

lo + it|
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Proof. We begin with the asymptotic formula (2.8]):

¢l +it)] Lo
== 2 dt 1+loeT — ) |dt. 2.10
/0 T < voeT _max o [ (o) (2.10)

The functional equation for Riemann zeta function is given by (see [31], p. 59)

((s) = Y(s)¢(1 = s),

where Y (s) = m*~1/2T((1 — 5)/2)/T(s/2). By Stirling’s formula

nl = v2mn (g)” <1+O (%)) ,

we have Y (0 + it) = t27°. Thus, the above identity gives
C(o+it) =0 (t%*"g(l —o+ z‘t)) . (2.11)

Employing Cauchy-Schwarz inequality and using Theorem with (2.11)), we
obtain -

/ (o 4 it)|dt < 22FT(1=),

0

Inserting the above estimate into (2.10)) gives the required result. O]

Mean value estimate of L(s, x)/s

Proposition 2.4.3. If0 < o < 1/2 is a real number, then

T .

Lo + it

/ Elo+it )y o phoroqr.
0 lo + it

Proof. The proof follows along the same lines as Proposition [2.4.2] using the func-

tional equation for the Dirichlet L-function modulo m

a

~.
[NIE

7(X)

5(1_875(): 5(57)07
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where
T 1

B _71(3—0—11) r I
&0 = (=) S(s+a) ) L(s. ).
and where a = 0 if x(—1) = 1 and a = 1 if x(—1) = —1, together with Theorem
241 O

2.5 Smooth correlation measure

In this section, we discuss a smooth version of the correlation measure, which
is a key point in establishing results on the correlation measure. Let v > 2 be an
integer and let F be a finite set of N elements in the unit interval [0, 1]. Recall that

the v-level correlation measure S J(ry )(B) of a box B C RV~ is defined as follows:

%# {(1'1, R ,:Ey) e F¥: Z; distinct, (271 —To,...,Ty_1 — :L'V) c %% + Zu—l} )
(2.12)
Let H be a smooth real-valued function on R*~! such that SuppH C (0,A;) x - - X
(0,A,_1). Define
fy)= > H{N(y+r), yeR"

rezv—1

Then the smooth v-level correlation sum is defined as

L, S
8§ =5 (2.13)

where

S = Z Jrn =21 — W)

Y1seees v €F distinct
By approximating the characteristic function of (0, A;) x -+ x (0,A,_1) with H, S¥

becomes the v-level correlation measure S ;V )(’B).

It is easy to observe that f is Z'~!-periodic function, so we write its Fourier

series expansion

Flyy =Y eelr-y).

rezv—1
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The Fourier coefficients of f is given by

c = r)e(—r - x)dr = H(N(x+m))e(—n - z)dzx
[, f@ermde= 3 [ NG e

mezZv—1

= - H(Nv)e(—n - v)dv = % /Ry_l e <—%> H(z)dx = %ﬁ (%) ’
(2.14)

where H is the Fourier transform of H. Using the fact that SuppH C (0,A1) x -+ x
(0,A,_1), the condition that 7; are distinct can be removed. Thus, by (2.13), we

have

S = Z f(’yl_’)?a"'a’}/u—l_%/)

Y1yeeey 'YVE]:
= Z cre(r-(y1 =72, Yom1 — W)
Y1s-eey ’YVGJ:

= Z cre(rim)e((ra —ri)y2) ... e((ro—1 — ro—2)Yw—1)e(rv—1v).  (2.15)

2.6 Lattice points

A Point is called a lattice point if its coordinates are integers. We state a result

for counting the lattice points in a bounded domain.

Proposition 2.6.1 ([I3], Lemma 1). Let R > 1 be a real number. Let 2 C [1, R]?

be a bounded region, and f is a continuously differentiable function on €. Then

5= oo (2] ] ) )

b)eQNZ?

+ O (|| flloo(R + length(052))) .

We also state a result for counting the lattice points in a bounded domain with

some coprimality restriction.
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Proposition 2.6.2 ([13], Lemma 2). Let R > 1 be a real number. Let Q C [1, R]?

be a bounded region, and f is a continuously differentiable function on 2. Then

Z f(a,b) = //fxydxdy+o(<”afH H H)AreaQ)logR)

O (|[flloo(R + length(092) log R)) .

2.6.1 Weighted lattice points with additional constraints

The results in this section are essential in the derivation of the v-level correlation
function and the explicit expression for the pair correlation function. We first prove
the following result on the lattice point counting, involving weight and coprimality

conditions.

Lemma 2.6.1. Let Q) C [1, R]? be a bounded region, and f be a continuously differ-

entiable function on ). For any positive integers r1 and 9, we have

Z f(a,b) 7’1,7“2 / f(z,y)dzdy + E, (2.16)
(a,b)EQNZ?
(a,r1)=1=(b,r2)
(a,b)=1
where
1 -1 1 1
o 11(-3) -
p|7"17"2 p|r1 |7‘2
and
9 )
E < ( fH + 7(rs) ‘ fH ) Area(Q) log® R+ || f||oe(7(r1) +7(72)) Rlog® R.

Proof. We begin by removing the coprimality conditions on the left-hand side of
(2.16) using Mobius summation (Theorem [2.0.1]). Therefore, we obtain

L:= > flab)= Y. flab))> ud

(a,b)eQNZ? (a,b)eQNZ?
(a,rl):1:(b,r2) (a,?"1):1:(b,7”2) dlb
(a,b)=1
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d<R (a,b)eNnz?
(a,r1)=1=(b,r2)
dla,dlb
= > oud D f(day,db)
d<R ay,b1)eLanz?
(dirir2)=1 ((il,lrl)l)ield:(l::,m)
= > o) D flday,db) > p(d) Y p(ds)
d<R (al,b1)€%QﬁZz dylay da|b1
(dv"'lr?):l d1|7"1 dglf‘g
- Y O e Y Y f@n, e
dSR d1|r1 dQ"I‘Q (a’,b’)eAﬁZ2
(d,rir2)=1

where f(a’,0') = f(ddyd’,ddsb’) and A = {(x,y): dd1 [1,R],y € dd 1, R]} We

use proposition to estimate the inner-most sum in the above identity and obtain
f(a', V) / f(x,y)dxdy

('b’)eAmZ2
o ((J2] + 2] ) Arenca) + ietr + tnainiony )

1 1 1
— dxd gl
dzdldQ/Qf(x,y) : y+o(||f||oo (7+2))
1 ||of
#0((ag [ am |3 ) ).
Inserting the above estimate into (2.17), we obtain
DI O SO oy R
d<R dylry @
(drlrg) 1
8f %
Ay
+O(||f||oo(T(7“1)+T(T2))Rlog23)

+o((
L) T e

plrirs plr1 plr2
of

vo((ra 2]+ |2] ) amoioren)

dd1

Ho) Area(9) log? R)

+ 7'(7“2
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O (| flloo(7(r1) + 7(r2))Rlog® R) .

This completes the proof of Lemma [2.6.1 O]

We next prove weighted versions of the Proposition [2.6.2] consisting of copri-
mality constraints and twisted by characteristic functions of k-free numbers. This
involves several significant modifications. In particular, we need to deal with the
extra Mobius twists in the sums and handle the extra coprimality conditions by

carefully reducing the regions using several change of variables.

Lemma 2.6.2. Let R > 1 be a real number and let 61 and 6o be k-free numbers. Let
Q C [1, R]* be a bounded region and assume that f is a continuously differentiable

function on 2. For any positive integers r1 and 9, we have

T1,72 5 75
. m(ad)pue(b2)* f(a,b) = 1—12 / / f (o y)dady+E(ry,r2),
(a,b)eQNZ?
(a,r1)=(b,r2)=(a,b)=1
(2.18)

where

Pt 2V I (1 L) T (1 0 )

plrirs plr1

(p,r2)=1
% H ( ng p 51)) H (1 . g(jd(pk7 (52) )
i . pip+1)
(pir)=1 (birir2)=1

_eed(pt,0) [ sed(phd) \
X<1 P+ 1) (1 p’“‘l(p+1)) >

and

E(r,m) <5, (

az].

’ H ) Area( Q)Rk log” R

+ R E log” R fll., (m(r1) + 7(r2)).
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Proof. We have

M= > julad)’u(b8)’ f(a,b).
(a,b)eQNZ2
(a,'rl):(b,'rg):(a,b):l

In view of the identity

=3 uld), (219)

dk|n

the above sum can be expressed as

M = > fla,b) Y pldi) D p(do)

(a,b)eQNZ? dlﬂa(51 d]2€|b52
(ale):(vaQ):(aab)zl

= 3 wdud) Y flab).

d¥<Ré; (a,b)eQNZ?
ngRég (avrl):(bvr2):(a7b):1
d¥|ady,db|bda

|b the above identity can be expressed

Using the fact that albc if and only if = PIC]

as

M = Z pu(dy) pu(dz) Z f(a,b)

d¥<Réy (a,b)eQNZ?
d5 <R3y (a,r1)=(b,r2)=(a,b)=1
¥ a, b b
gcd(dk é1) gcd(dé,éz)
= E p(dy)p(da) E g(ay,by)
d¥<Rs; (a,0)€Qay,dp)NZ?
dk<R6; ( dkay ) ( kb, )
% = 52 )=l
ged(d},61)’ ged(dh ,62)’

d¥ay d§b1 1
ged(d},81) " ged(dh,62)

_ S pu(dy) pe(ds) > glas, by), (2.20)

d¥<R61,d5<Rd> (a1,b1)€Q(ay,ap)NZ?
dk k k k
(Gl ’"1) (022 ”2):1 (al,mGdQ) 1= (bl,réi )

(ﬁ ﬁ)zl (a1,b1)=
G1’Go




2.6 LATTICE POINTS 39

where Gy = ged(df, d1), Gy = ged(ds, 03), g(ar,br) = f <%?17 %) and

Oy ={ (o) v SHLRL ye Q).

We first estimate the inner sum in the above identity. In doing so, we use Theorem

2.0.1l Therefore

MO = Z g(ay,by) = Z g(a1,br) Z 1i(d)

(alabl)EQ(dl,dz)ﬂZQ (a1,b1)€Qq,, dz)ﬂZ d| ged(a1,b1)
rydk rodk rydk rod
(a1,é722):1:<b1,é711) (al, 1G22) (b1 211)
((1171)1):1
- E w(d) g g(dag, dbs)
d<Rmin<G—kl,G—,?) (a2’b2)659(‘i1vd2)m22
kd}C dk a ridk —1—(, rodf
(d rirodyds )71 e Gy
bGiGy )T
= > p(d) > g(das,dbs) Y u(s) > pl(t)
d<Rmin G Go (a2’b2)eég(d1»d2)mzz slaz t|bz
= ak >k ridf Tzdl
s~ t5
rirpdfal G2
b= )=
= > pld) D op(s) D plt) Y hlas,by), (2.21)
ridk rodk b GFOZQ
d<Rmm(T€1 J) o) L e (a3,b3)

k
2

d 7“17‘2d1d2
7 GG

dsdbas  dtdsb
where h(as,b3) = f <SG—1f3, G—223> and

= {(m,y) D X € dek[l R], y dfdk[l R]}

We use Proposition to estimate the innermost sum in (2.21))

5 o et (]3] e

(a3 ,b3 ) ernz?

+ O (|||, (1 + length(AT)))

. G1G2 R Gl G2
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G
+0 ((_dtdg H ) Area(Q))
By invoking the above estimate into , we obtain
GG (d) pi(s)p(t) /
(m 212 a S\ dzd
g r1d2 |T2d1
(d, s ‘212‘12 ) -1
Tldk G2 ’I"Qd’f 8f 2
— — Area(Q2)log” R
+O<(T(G2)dk 5 oo+T(G1 3y rea(€) log
d"\ G r d’C G
log? i ! 0% Z2) ) 2.22
vo(rg rIfL (7 (22 G o7 (52) 5 222)
We next estimate the summation in ([2.22))

M. =Y uc(igl) Z M(Sg(t)

Gy
dsd¥

oz

d<Rmin(—k1 —2) |
1

of

=1 r1dE rodF

(d T‘1T2dlfd§) 1 | 1G22 | éll
2
1 1 1 ) max(d¥, d%)
= 1—- R 1-—=)+0 L’
Hk ( p) Hk ( p) 1;[ ( v f
e e ryrgdfdf
’ ' P aydy )=

The above estimate in conjunction with (2.20)) and (2.22) gives

1 dy) (dy)G1Go 1\ !
e ¥ G 11 ()

d¥<R61,d5<R6>

¥ d’2“ Pl G1G2
o )=l gy )=l

ko gk
4y d3 \_4
G1’Ga

7172d d
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<1 (2-3) I1 (1=3) 0 (R tog? RIAIL (7(r0) + 7(02)

p

_l’_
o
Y
7 N
N
—~
=

‘%Hw + 7 (r9) ’g—gHm) Area(Q)R% log? R)
1

—_ (1_]32)_1{[(1_]19)}:[2(1—%) /[ st vpdaay

p|rira plr1
= p(dy) p(da)G1G 1 1
x Z dk dk H 1- p H 1- D
e o e £
d d G G
(c%"‘l):(c%“):l (pr2)=1 (pr1)=1

(2.24)

X
/N
—
|
| =
SN——
L
_I_
&
=
3

k ok

dydy

P| G1Go
(p,r1m2)=1

We next estimate the summation in (2.24); let us denote it by M,, ,,. Since 0; and

09 are k-free, it follows that (g—lfl, g—%) = 1 if and only if (d;,dy) = 1; that p]g—lli if and

only if p|d;; and that p|g—]2; if and only if p|dy. Therefore the sum in (2.24) becomes

. pi(di)p(d2) Gr G 1
Mm,rz = Z dEdF H 1—-
dy,d2=1 172 ‘dlf p
k k pl ==
() ()
k k
(5.4)-
1 1\ 7!
X 1—-— 1— —
l_dlk ( p) gk ( p2>
p0722 |011022
(p,r1)=1 (pyrire)=1
'] —1 0
_ p(d1) Gy 1 1 1(d2) G
B d¥ H 1= » H 1= 2 Z dF
di=1 1 pld plds da=1 2
(d1,r1)=1 (p,r2)=1 (p,rire)=1 (d2,rod1)=1
1 1\ 7! 1
X 1—- 1-5] +0
1 ( p) 11 ( pz) (Rl—i>
P|d2 P|d2
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S o ACHE NGO

2
d1 1 pldl
(d1,r1)=1 (pyr2)=1 (pyr1m2)=1
d(pF, 6 d(pF, 6 1
<TI0 (1_M) 11 (1_%,;2)%0( )
. P p+1) p R"=%
plr
(p,’r‘17”2d1):1 (pﬂ"le):l
d(p*. s d(p”, d2) (dy)G
_ H (1_gk0_l(p,2)> H <1 ng 2) Z Ml 1
5 i+ —
(p,rire)=1 (p,r2)=1 (dy,r1)=1
1 1\ ! ged(p*, d2) -
< 11 (1—‘) 11 <1——2> 11 (1—H—’
pldy p pldy p pld1 p (p T 1)
(p,re)=1 (pyrir2)= (p,re)=1

L) o
) (- H (- )

() I () ()

k
p\Tl p
(pyr1)=1 (pyr2)=1

Inserting the above estimate into (2.24) completes the proof of Lemma [2.6.2] O

Lemma 2.6.3. Let Q C [1,R]? be a bounded region and let f be a continuously

differentiable function on Q. Then, we have

R R O RS N X5

(a,b)eQnz?
(am,b)=1

where
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and

B (HafH H H )Amm)mlog R+ || fllo R log? R.

Proof. We begin by considering the left-hand side of (2.25)) and use (2.19). We have

> m®)flab) = > fla,0)d pld)

(a,b)eQnZ2 (a,b) emZ2 d*|b
(am,b)=1 (am,b)=
=Y wd) D fla,d)
d*<R (a,d*b1)€QNZ?
(am,dFby)=1
= > uld) D fladb),  (2.26)
d*<R (a,b1)€Q1NZ2
(d,m)=1 (a,db1)=1=(b1,m)

where Q1 = {(z,y) | # € [I,R], y € &[1,R]}. We now use Theorem and

obtain

Yoo fadvh) = > fladb)d p(d)

(a,b1)€91ﬂ22 (a,bl)eﬂlmzz d’|a

(a,dby)=1=(b1,m) (a,d)=1=(b1,m) d'|by
= > ud) Z f(d'ay,d d"by)

d/gcﬁc (a2,b2)€ 4 21NZ>

(d'az,d)= 1 (d'ba,m)

= > ud) D f(day,dd"by)

d'<k (az,b2)€ 4 NZ2

(', dm)=1 (az,d)=1=(b2,m)

= Y wd) Y Sl dd )Y pls) )
d’Sdi,C (az,bg)eiﬂlrﬂ? slaz t|bo

(d dm)=1 sld tim

= > wd)Y pus)>d oty D glas,by),
dlgd% s|ld tim (a3,b3)692ﬂ22

(d',dm)=1

(2.27)
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where g(as, bs) = f(d'sas, d'd*tbs) and

o= {(w9) |0 € ILRL v e L ).

To estimate the inner-most sum in (2.27)), we use Proposition

s ot [ s ([2] 2] ) i)

(a3,b3)EQ2 ﬂZ2

+ O (llgll o, (1 + length(0)))

1 11
~(@Rdst / @ y)dudy + 0O (Hfuw (g + g))
1 |0 o
+0 ((m ‘_fH 8_5"00) Area(Qg)> .

Invoking the above estimate into (2.27) and then into (2.26)), we obtain

> e = [ a3 A 2“ DI
(a,b)eQNZ? dk<R d’<R ( ) tlm
(am,b)=1 (d’,dm):1

X // f(z,y)dzdy + O (R”i logQRllflloo)
Q

+0 <( H Hm) RY*log R Area(Q))

_Sb(m)Pufm) / [ Ho.ppdady + 0 (R 1og? Rl 1)

of
+O<(\a—x

of 1/k
+ H By HO) R'/*log R Area(f) ) .

Our next result is proved along the same lines as the proof of Proposition [2.6.1]

Lemma 2.6.4. Let Q C [1,R]? be a bounded region and let f be a continuously

differentiable function on €. For any positive integers nj,e;, A;, 1 <j<v—1, we
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have

S w00, b) = Sk ny, e, A) / / f(x,y)dedy + E,
(a,b)€QNZ2 &
(a,b)=1

e (i (bej—al;))?=1
1<j<v—1

where Z(k,nj,ej, A;) > 0 is a constant depending on k,n;,e;, A; and
0 0
E < of + 9f Area(Q)R¥+10g® R + || f ||l R+ log? R.
o ||, 0yl
Proof. The proof is similar to Lemma [2.6.2] We use

pu(n)? = pld)

dk|n
to detect the k-free numbers. OJ

Remark 2.6.1. The constant =(k,n;,e;, A;) can be viewed as natural density of the
set {(a,b) € QANZ? : (a,b) =1, up(b)® = 1, pr(nj(be; —al;))? =11 < j <v-—1}.

We assume it to be positive.
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Distribution of polynomial Farey

fractions

3.1 Introduction

Let k > 1 be an integer and let ¢ = (¢4, Cx_1,...,¢1) € Z" be a fixed non-zero

vector and P(z) = c,x” + co_12" ' + -+ - + ¢z be a polynomial. Denote
For = {gtléaéqéQ, (P(a),q):l}. (3.1)
Recall that
Foyv = {g 11<a<q¢g<Q, (a,q9) =1, and (a,q) € V(c)}.

47
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To see Fg p C Fq v, we prove the following lemma.

Lemma 3.1.1. Let Fq p be as in (3.1), and let Fo v be as in (1.15). We have

For C Fqv

Proof. We take ¢ € Fqp and choose r = 5l € QF, so that ¢ = rP(a). This
implies that the point (a, q) lies on the curve y = rP(z). Let (d/,q') € N? be such
that ¢ = rP(a’) and o’ < a. This in turn implies that P(a)|gP(a’), but since
(P(a),q) = 1, it follows that P(a)|P(a’) which is not true since a’ < a. Therefore,
(a,q) € V(c), which implies that ¢ € Fqy. The inclusion is strict because for
example, if P(z) = z(z + 1), then clearly 3 € Fov as (1,2) € V((1,1)) since

2 =1-P(1). However, 1 ¢ Fq p since ged(P(1),2) # 1. O

For certain specific polynomials and fixed @), we explicitly write the set of poly-

nomial Farey fractions. For instance, if P(x) = z(2? + 1), then

1
f5,P:{g7 71}

For P(x) = z(z + 1)(x + 2), we have

1 2
Fop—=4=21%.
5P {5757}

The cardinality of the set Fq p is given by

W Do
SHES

Y Y

W

2
NQ,P = #]:QJD = 7r[ (1 _ fl;(QP)) +0 (Q%—I—e) 7
p

where

fr(p) =#{1<d<p:P(d)=0 (modp)}.

Further, the density of Fq p is given by

T #FQ.p . _ fP(p)
dens(For) = Jim ooz <p2qy — 1l (1 2 ) '

p
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Hence, the set Fg p is dense in [0, 1]. We now explore the quantitative equidistribu-

tion and correlation measures of the sequence (Fg p) Furthermore, we construct

Q>1"
sequences that behave like a sequence of randomly chosen numbers from [0, 1] by
restricting the denominators to a subset of prime. To do so, we require a result on

the cardinality of F¢ p. Therefore, we begin by counting polynomial Farey fractions.

3.2 Counting polynomial Farey fractions

In this section, we prove an asymptotic formula for the number of polynomial
Farey fractions with denominators in an arithmetic progression. Let ¢ and [ be posi-
tive integers; we denote the number of polynomial Farey fractions with denominators

in an arithmetic progression as

S(Q:q,1) == # {% € For|n=1 (mod q)} . (3.2)

Proposition 3.2.1. Let k > 1 be an integer and let P(x) = c,x" + co 12" ' +

4z € Z[z] be a polynomial with non-zero discriminant. Let q and | be positive
integers with (q,1) = 1. If S(Q; q,1) is as in (3.2)), then

2
s@a) = & TT (1= 22 ) + 0, (1),
q ola p

where
fr(p) =#{1<d<p:P(d)=0 (modp)}.

Proof. We begin with the sum

S@e= > Y L (33)
n<Q

a<n
n=l (mod q) (P(a),n)=1

For fixed positive integers ¢, with (¢,l) = 1 using Proposition [2.3.1] the sum in
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(3.3) can be written as

DN (UD IR(OND DR

For (P(a),n) = 1, we apply Theorem and obtain

S(Q;q,1) = @ YoM x> >l

x  (mod g) n<Q a<nd\(1;‘(a
1
S TEDINR ) D) SR SR
q x (mod q) n<Q dln <n

<b(q Z x(1) an (3.4)

where K (n) = Zd‘n d
tiplicative. The Dirichlet series of nx(n)K(n) is given by

5 = i x(n)sf_fl(n) 11 <1 N <1 B fp(p)) <X(P) LX) L ))

. Note that the arithmetic function ny(n)K(n) is mul-

— P ps—l p25—2
_ 1;[ 14 (1 _ fp;p)) X(lp)p;(;;)) CLs—1y) 1;[ (1 - x(p)pJ:p(p)) |

(3.5)

which is absolutely convergent for R(s) > 2. Moreover, the product term on the
far right side is absolutely convergent for R(s) > 1. Thus, the Dirichlet series F(s)
has an analytic continuation to the half plane R(s) > 1 except for a simple pole at
s = 2 in the case of principal Dirichlet character xo,. We use Proposition [2.1.1] for
the Dirichlet series F'(s) and z = @ + 5 with some fixed o = 2 4 1/log @ to obtain

Z nx(n ! /QHT wds + R(T), (3.6)

2m ,
n<Q iT
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where .
Q" K(n)

T .
i) <7 o]

n=1 n®|log
We use the fact that K (n) < n¢ and first estimate the error term R(7). We divide
the sum into three subsums over the following ranges of n: n < Q % <n< 3

2
and n > 3Q For n < ¢ 5 and n > 39 it is clear that ‘log . Hence the

first and last subsums are O (Q°¢/ (a —2)). For values of n Satlsfylng Q <n < 3Q

the middle subsum is

1
< Q—oa—&—e < Ql—a—i—e Z - < Ql—a—i—e log Q

Q+31 _
Lan<d ’10g Qn L<n<d In =3l
Therefore,
2+€ lo
R(T) < w

To estimate the integral in (3.6]), we shift the path of integration into a rectangular
contour with line segments connecting the points a — 7T, o + T, 3/2 + € + iT', and
3/24+e—iT. We first consider the principal character yo (mod ¢). Applying Cauchy’s

residue theorem, we have

a—il plg plq
(3.7)

where [, and I3 are the integrals along the horizontal line segments connecting the
points 3/2 4+ € +iT,a+iT and 3/2 + ¢ — iT, o — iT, respectively, and I is integral
along vertical line [3/2 4 € —iT,3/2 4 € +4T|. The first term in the above identity
is due to the simple pole of the integrand at s = 2. To estimate the integrals I; and
I3, we use the standard bounds for ((s) (see [2.2)). Thus,

log T’

115 <4 7y Q°do +

3/2+e

logT [“ 2logT *log T
og /Qad - <, Q" log Q% log T
T T3/4log @  TlogQ

We use Proposition to estimate the integral I and obtain

+ e it
I2<<qQ3/2+6/ G +e+iv)

dt <, Q3*1og T.
0 |2+6+2t| 0@ &
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We next consider the case for the non-principal character xy # xo. We continue with

the same contour defined above and use the bounds in [2.5{for L(s —1, x). Therefore

log T 9 i logT [ 3 Q2 log T QR%logT
Lo ds <4 T181/216 3/2+eQ do+ T /2 @7do < T181/2161ogQ  Tlog@ '’
and T |L(1 it))|
st+e+
L < 3/2+€/ - dt <, Q¥* log T.
2 q Q 0 |% + € + Zt‘ q Q Og

Collecting all the above estimates in (3.6)) and choosing T' = @, for x = xo, we have

nngnXo(n)K(n) = %2 g (1 - %) I1 <1 _ fz;ép)) ro.r (@), (39

pla

and for x # xo, we have

>~ nx(m)K(n) = 0,0 (QFF). (3.9)

n<@Q
Inserting (3.8)) and (3.9) into (3.4) gives the required result. O

An immediate consequence of Proposition [3.2.1] is the following corollary which

is obtained upon taking ¢ = 1.

Corollary 3.2.1. Let k > 1 be an integer and let P(x) = cox®+ce 12" 14+ 41w €
Zlx] be a polynomial with non-zero discriminant. If Fg p is as in (3.1), then

2

Nor=4#Fqpr= o 1;[ (1 - fl;;(zp)) +0 (Q%Jre) ; (3.10)

3.3 Equidistribution

Our first main result concerns the quantitative equidistribution of the polynomial
Farey sequence (Fo, p)Q>1, for which we establish bounds on its discrepancy. We

denote by Dy, »(Fq,p) the discrepancy of this sequence.

Theorem 3.3.1. Let K > 2 be an integer and let ¢ = (¢xyCo—1,...,¢1) € ZF be a

fized non-zero vector and P(x) = ¢ x® + Co12" 1 4 -+ 1z be a polynomial with
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non-zero discriminant. For all Q) > 1, we have

1 1 J
6 < DNQ,P(‘FQJJ) < %7

where J is the number of distinct irreducible factors of the polynomial P(x) € Z[z]
and the implied constants depend on the polynomial P(x).

From Theorem it follows that D, ,(Fo,p) — 0as Q — oo forall a € [0, 1].
By Theorem we obtain the following corollary.

Corollary 3.3.1. Let k > 2 be an integer and let ¢ = (¢4, Cx-1,...,¢1) € Z* be a
fized non-zero vector and P(x) = c,x® + Co1" 1 4+ -+ 1z be a polynomial with
non-zero discriminant. Then the Farey sequence (Fg.p)o>1 s uniformly distributed

modulo one.

3.3.1 Proof of Theorem [3.3.1]

Let a € [0,1] be a real number. Recall that

Dio.r(Fo.p) = sup Rag o ([0, @), (3.11)

0<a<l

where

|A(a; Ng,p) — aNg pl,
(3.12)

Ry, »([0.0)) := Ry, () = ‘AW—N@P) _ a’ _ 1

NQ,P NQ,P

and

A(Oz;./\/’Q,p) = Z 1.

vEFq,pN[0,a]

We next consider the far-right side of (3.12)) to obtain

A(Oz;/\/’Q’p) — Oé./\/’Q,p = Z Z 11—« Z 1

9<Q a<aq a<q
(P(a),q)=1 (P(a),q)=1
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PP I

q<Q \ a<laqd|P(a a<q d|P(a
d\q d\q

DN DVIUDIEES WD OB

q<Q dlq a<laq d|q a<q
d|P(a) d|P(a)
DS CIDIRETS >
q<Q dlq a<aq a<q
d|P(a) d|P(a)

Since fp(d) counts the number of solutions of the polynomial congruence P(a) =0

(mod d), so using this fact in the above estimate, we have

S° 1= |2 fp(d) + O (fp(d)) and 3° 1= 2 fo(d

a<laq a<q
d|P(a) d|P(a)

Therefore, we have

Al Nop) = el = |33~ d) (| 5] fr(d) + O (fr(@) = =L fe(d)
q<Q dlq
aq aq
= % %Md) (3 +0W) fr(@) - @)
<Y S fed) <D fela). (3.13)
q<Q dlq qSQdS%

By Proposition [2.0.1 we have, as Q) — oo
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where J is the number of distinct irreducible factors of P(z). Thus, the above

estimate with (3.13]) yields

J—1
|A(o; Nog,p) — aNg,p| < Z% (log %) < Qog@Q)" > é < Q(logQ)” .

9<Q 9<Q
Therefore
1 (log @)’
Ry pla) = Nor |A(o; Ng.p) — aNg.p|l < 0 (3.14)
uniformly in a € [0, 1]. Hence,
lo 7
Di, .(Far) < ( gQQ) . (3.15)

Next, let € > 0 be arbitrarily small and we take a = 1/Q — € to obtain a lower
bound for D3, .(Fq,p). Since v > % for all v € Fg p, it follows from the definition
of A(a; Ngp) that A(1/Q — €;Ng.p) = 0. Therefore, using (3.11)) and (3.12)), we

obtain

N 1 1
DNQ,P(‘FQJD) 2 RNQ,P(a) = R./\/'Q,p (6 - E) == —€

for all e > 0. Since € > 0 is arbitrary, we have

. 1
Dy, »(Fo.r) = o (3.16)
Therefore, using (3.15)), (3.16]), and Theorem [1.1.3 we obtain

(log Q)”

1
— K Dnp p(Fop) < 0

Q

This completes the proof of Theorem |3.3.1]
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3.4 Pair correlation measure

In this section, we study the finer distribution of the sequence (Fg p)o>1 by
analyzing their pair correlation. In particular, we will prove Theorems and
1.1.6

Recall that the pair correlation function of the sequence (Fg p)g>1 is given by

1 = 2\
=)= e 3 T e, 2 s (55)

1< <B

where h(m) is as in (1.18).

Using Huxley’s [57] bound for fp(n), which states that if degP(x) = k > 2 and
P(z) has no multiple roots, then fp(l) < ), where w(l) counts the number of
distinct prime divisors of I, we obtain fp(n) < nf. Thus by (1.16), we have

gp(\) = 22&2 Sl X n(did)™™ | log (ﬂfgp) (3.17)

1<m< 22 \ n,6,d1,d2>1
Bp nddido=m

In Figure 1, we compare the plots of the pair correlation function go(\), the above
bound of the pair correlation function for the polynomial P(x) = x(z* + 1), and
the pair correlation function g(\) of the classical Farey sequence, against various
distributions: Poissonian distribution (gp, = 1), and GUE distribution (ggug). Note
that for P(x) = z(2? 4+ 1), fp(2) = 2; for other values, fp(p) =3 if p=1 (mod 4),
and fp(p) =1if p=3 (mod 4).

Outline of proof: To establish the pair correlation measure of the sequence
(Fo.p) o>1» We need to count tuples, for any positive real number A, in the following

set:

1
{(’71,72) €Fop NFEVMN — Y2 € j\/——(OaA> +Z} :
QP

Using Fourier series techniques for a smooth real-valued function H with support
contained in (0,A), we reduce the problem of counting tuples in the above set to

estimating an exponential sum over Fg p. We derive a closed-form formula for this
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1.2 4

1.0 1

0.8 +

0.6

Function value

0.4 4

— %)
0.2+ g(A)
— grlA)
—1

0.0 4 —— 1-—0.1014(sin(mA)/A)2

) 1 2 3 4 5

FIGURE 3.1: The graphs of pair correlation functions ga(A), gp(A), g(A), gro(A) =1
; 2
and goup(A) =1 — (3252)"

exponential sum. For the specific polynomial P(z) = z(z + 1), we expand the Weyl
sum using Dirichlet characters, which provides a crucial estimate for obtaining an
explicit pair correlation formula for this polynomial. Further, we use a weighted
Poisson summation formula to handle the Fourier coefficients. This weight arises
because we have a less explicit closed-form formula for exponential sums for a general
polynomial. This analysis leads us to establish a result for a lattice point counting
problem involving weight and coprimality conditions. All this, together with some
further simplifications and standard approximation arguments gives the required

result.

We first establish results that will be essential in the proofs of pair correlation

measure.

3.4.1 Exponential sum over polynomial Farey fractions

We begin by establishing results for the exponential sum over the Farey fractions

in fQ}P.

Lemma 3.4.1. Let r and x > 2 be integers and let P(z) = cox® + coqx™ 1 4+ +



58 Distribution of polynomial Farey fractions

az € Z[x] be a polynomial with non-zero discriminant. Then for any e > 0, we have

Y o)=Yl Y (q—d)

YEFQ,P q<Q <@ 1<a<d
qlr —4a P(a)=0

where e(x) = exp (2miz).

Proof. We have

ar

E e(ry) = E g e (—) :

VEFq,p <Q 1<a<q N1
(P(a),q)=1

We apply Theorem to obtain

> =2 % (%) ¥

YEFQ,P q<Q 1<a<q d|P(a)
dlq
ar ar
X Y e (T)-Tuay X (%)
<@ ¢=Qi<azq 1 i<Q  4<Q  1<a<qd q
dlg d|P(a) ~ 4 P(a)=0 (mod d)
(3.18)
We first consider the innermost sum in the above equation
> (%)

1<a<qd qd

P(a)=0 (mod d)
ar
S D VT D > )e(qd)
1<a<d d<a<2d (¢—1)d<a<qd
P(a)=0 (mod d) P(a)=0 (mod d) P(a)=0 (mod d)
qg—1 . q—1 .
d

— Z Z e (M) =9 ¢ (Q) Z e (E) . (3.19)

j=0 1<a<d gd J=0 4 1<a<d ad

P(a)E(T (mod d) P(a)ElT (mod d)

In view of the identity

ie(nl/m) — { m, - ibmll, (3.20)

— 0, otherwise,
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the first sum on the right-hand side of (3.19)) is ¢ if ¢|r and 0 otherwise. So (3.19))
in conjunction with (3.18) gives

BIRIEIED SIC) SURD DI )

F d< Q 1<a<d
Trer N q(fle P(a)=0 (mod d)
ra
SO WIS DI )
9<Q  g<@ 1<a<d q
q|r 4 P(a)=0 (mod d)
This gives the required result. [l

For the specific polynomial P(x) = z(x + 1), we can expand the Weyl sum using

Dirichlet characters.

Lemma 3.4.2. For the polynomial P(z) = z(x + 1), and r € Z, we have

2 =2 u dlzaﬁdzgcddldz) 2

veFQ,p d1<Q d2<@Q g< @8cd(dy,dg)
= dydg

qdg |r
ged(dy,dg)

w(d) _ ar
FENES Y 1 ¥ e (),
q<Q dlq x (mod d) a<q q

XF#X0 (a,9)=1

where e(z) = exp (2miz).

Proof. We have

=y T (7))
YEFQ,P a<q q
(a(a+1) a)=1

To deal with the condition (a + 1,¢) = 1, we apply Theorem and obtain

Y= X (U)X X (%) X uan

YEFQ,P q<Q a<q 9<Q a<q dala+1
(a(a+1),q)=1 (a,q)=1 da|q
ar
XS X ()
q<Q dalq a<q
(a,q)=1

a=—1 (mod d2)
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> 1) > xa) ( > S(xo0) +S(x).

x (mod d2) a<q
(a,9)=1

q<Q da Iq a<q
(a,q)—l
_ f1(do) (ﬂ) _ 11(d2) (ﬂ)
Qzl o(ds) Z “\4 ZQ ot 2\ g ;;M
B (a,q_)zl B a dilq
pi(dz) ar
= p(dy) 6( )
S o(dy) ; ' %
ar
=S S S EES ()
d1<Q q<s Q da|qdy a<q

We use (3.20)) to estimate the inner-most sum in the above identity. Therefore

Stw) = () S0 Y EE = 3wy Y EE S

d1<@ <L Q da|qdi d1<@Q da <Q qg%
qI?“ qlr, d2lqdy
pi(ds)
Y Y My,
d1<Q d2<Q gdﬁ

alr, gcd(dl dg) la

_ pi(da)d>
R O(d) ged(d, o) 2

d1<Q < Qecd(dy,dg)
- dydg

7d Ir
ged(dy,da)

In the second last step, we used the fact that ni|ngng if and only if 13-

gcd(n1 na)
For x # xo, we have
p(d) _ ar
Sy YA X W Y e ()

q<Q dlq X (mod d) a<q
XFX0 (a,9)=1
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This completes the proof of Lemma [3.4.2 O

We now turn to the proofs of Theorems [1.1.5] and [1.1.6]

3.4.2 Proof of Theorem [1.1.5|

To prove Theorem [1.1.5], we need to estimate, for any positive real number A,

the quantity

1 1
SfQ,p(A) = NQP# {(’71,72) € Fé,p TV F V2,1 — Y2 € m(O,A) +Z} ) (3-21)

as ) — oo. Let H be any continuously differentiable function with Supp H C (0, A).

For v = 2 and F = Fg, p, we use smooth analogue of correlation measure defined in

. Recall that
fly) =Y HWNgr(y+n), y R,

nez
and
Sq.p = Z f(n =)
Y1,72€FQ, P
N#Y2
2
= Z cre(r(y1 — 72)) :ZC’” Z e(ry)| (3.22)
Y1,72€FQ, P reZ YEFQ,P
reEL
where

Fly) = coelry) (3.23)

reZ

is the Fourier series expansion of f with the Fourier coefficients

C = (x)e(—rz)dx = Z H(Ng.p(x+m))e(—nz)dx

[071) meZ [071)

1 rT 1 -~ T
— /RH(NQ,pv)e(—n cv)dv = N—Q,P /Re (_N—Q,P> H(z)dx = NQ,PH (NQ,P> ,
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where H is the Fourier transform of H. By approximating the characteristic function

of (0,A) with H, AﬁSQp becomes Sz, ,(A). We employ Lemma
obtain

3.4.1{in (3.22]) to

Sor=Ye L Law) X e(ga)

d
r€Z q1<Q 4,<Q 1<a1<d; T4
qi|r —a P(a1)=0 (mod d;)

DD INICSID DI Cr )

od
©2<Q 4@ Bt
q2|7- —q2

= 3 wdpd) Y we Y

d1,d2<Q a<s 1<a1<dy
g 1<a2<dz
©2g; P(a1)=0 (mod di)

P(a2)=0 (mod dy)

aq a9
X Cp, el nq, —_— = s
; [q1,42] ( [(h QQ] (Chdl )>

3.24
qads ( )

where [q1, ¢2] is the least common multiple of ¢; and ¢o. In order to estimate the
inner-most sum, for each y > 0, we consider the function

Hy(z) = Lu (%) , zeR.

3.25
Then
= 1 =/ yz
H,(z) = H . 3.26
+(2) No.r <NQ,P> (3.26)
Since ¢, = N; H (ﬁ), using ((3.26)) the inner-most sum in ((3.24)) can be expressed
as
Zc e(n[q Q](al a2 >)
n L@ | — — —
~ [Q1,¢Z2] q1d1 q2d2
I n[ﬂh,%]) ( ( a; as ))
= H e | nlq, _——
;NQ,P ( No.p o qidi gady
77 aq a9
- Z H[Qh@](n)e <n[Q1a Q2] (_d - _d)) . (3.27)
nez q1ay q2a2
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Next, we apply Proposition to the right-hand side of the above identity. We

obtain

77 aq a9
H - _ =
% [fhm](n)e (n[Q17 QZ] (qldl q2d2)>
_ Z ( CL1[Q1,C]2] B az[Ch,C]z])
[q1,2] QIdl q2d2

_ (NQP (n+ al[th,(h] _ a2[£]1;¢]2])) ‘ (3.28)
- Ch CI2 [Q1 CI2] qidy qads

The above identity, in conjunction with (3.27)) and (3.24)), yields

So.p = Z p(ds) Z 7192 Z

d1,d2<Q < Q 1<a1<dy
1<az<d>

<2 Q P(a1)=0 (mod dy)

P(a2)=0 (mod d2)

XZ (NQP (n+a1[Q1aQQ] _QQ[CILCIQ]))
41, q2] lq1, ¢2] q1d; q2ds

neL
= Y p(dy)p(dy) > > ged(qr, 2)
dy,da<Q 1<a;<dy Q1< Q
1<a2<d2

P(a1)=0 (mod d1) q2<Q
P(a2)=0 (mod d2)

NQP ( a1lqr, g2 a2[Q1,Q2]))
H - .
> ([ql " o G20

ne”l

Take ged(q1, q2) = 9, so that g1 = ¢}0 and ¢2 = ¢4d with (¢, ¢5) = 1. Substituting

this into above equation, we arrive at the following expression

Sop =Y pld)u(dz) > oo Z

di,d2< 1<a1<d Q
Hse 1Zmsa S G55k
P(a1)=0 (mod di) <12<5fl2

P(a2)=0 (mod d)

S (W ( “_ e ))
> (Q’P 48 dod dods

ne”L

(q{,q’g)=1
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= > () Y 2, 0 2 oA <nNQP)

d1,d2<Q 1<a1<dy f<— Q@ <5, gh<s5 Q nez q1q2
1Za5<ds Seadndy  BSad ®
P(a1)=0 (mod d1) qj;;q;‘gz
P(a2)=0 (mod ds) (91,95)=1
nN P
<) > >od D Y H <,—?’5 . (3.29)
419
di,da< <ar< Q Q Q
1,420 %SZ;Sgé Smax(dl dg) qIISE’ QQSE nez
P(a1)=0 (mod dy) (47,95)=1

P(a2)=0 (mod d2)

In the second last step, we used the fact that Supp H C (0,A), since for large

a2 ai __ _Ga2 -
Q, either Ng p <q o qé&b) > A or (qiédl 4oh ) < 0. Further, for a non-zero

contribution from H, one must have 0 < 2722 < A which implies dnd;ds < 28 =
‘hQQ‘S

G\, where fp = Hp (1 — f%@). By utilizing the aforementioned 1nequahty and

taking into account the observation that

2
H (—”/,v?f) —H (”5,1’? ) +0 ( - 3+6) , (3.30)
01950 2q145 01950
the sum in (3.29)) can be expressed as

Sop< Y Sfeld)fe(d) Y. H (”B ,PC;?;)- (3.31)

2
di,do,6,n>1 (<9 < N2
ndédydo<Ea 1=4¢ (il , 2—=ddy

(41,95)=1

In order to estimate the inner sum in (3.31]), we employ Proposition [2.6.2 which
gives an asymptotic result for counting the number of lattice points with some weight

within a bounded region. We obtain

2
5 () - [ () o
Q

S

N1>F47092> 545
ged(q),95)=1

) dxdy + O (QlogQ) .
(3.32)
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nBp
2zyd

Further, we put A\ = then the double integral transforms into the following

expression

w5 (nf nf
L7 [ (o) o= 58 [ [ S
T fo / i o
_ ”2*5(;13 /w) > o) log ( - d?; Bp) A (3.33)
Thus, and (| in conjunction with ( gives

Ser <@ 3 nfeld)felds) / e g ()

d1,da,0,n>1 i fafp N2 ond.daBp
nddido<E
A
H(\) 2\
2
<L Q°pBp Z won 2108 (mﬁ )d)\ > nfe(d)fr(dy)
1<m<E) 2 n gddldd2>l
nddido=m
A
H(\) 2\
2 h 1 d\ .34
<@ [ 2 > him) o (mﬁp) | (3:34)
1§m<@

where

h(m) = E nfp(dy) fp(ds).
n8dy da>1
nddido=m

Using (3.10) and (3.34]), we conclude that

SQP H(A A
A For < / LY (mﬁp) 4

l<m< 5P

Next, we use the standard approximation argument to approximate the character-
istic function of the interval (0,A) from below and above by the smooth functions

with compact support in (0, A) and obtain

)
Srgn(A <</ = 2. him log( )d)\

m
1<m< 5P

5



66 Distribution of polynomial Farey fractions

Therefore,
li S (A)<</Al > h(m)l (QA)CM
im su = m) lo :
Q—>oop Fq,p 0 A2 N g mﬂp
Note that h(m) < oo for every m. Since 1 < m < ;—i, it follows that for every

A > 0, the sum on the right hand side in the above inequality has only finitely many
terms and so is finite. Therefore, limsupg_, ., S7, ,(A) is finite. This completes the

proof of Theorem [1.1.5]

3.4.3 Proof of Theorem [1.1.6

To prove Theorem [1.1.6, we need to estimate, for any positive real number A

and polynomial P(z) = z(z + 1), the quantity

1 1
Srop(A) = N@p# {(%,72) EFopim#ErNn—"1¢E E(O,A) +Z},

as () — oo. As in Theorem [1.1.5] we change the problem of counting the tuples
in (3.21)) into estimating the exponential sum over polynomial Farey fractions. We

have
2

SQJD:ZCT Z e(ry)| , (3.35)

rEZ YEFQ,P

where ¢, = —+—H ( —+— ) is Fourier coefficient of the Fourier series
Na.p Na.p
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and H is the Fourier transform of H. We employ Lemma in the above identity
to obtain

SQJD :ZCT Z ,u(d ) Z ’Zfs)d) Z q1 + Z ,u 1) Z X(_l)

U
ret di1<Q d2<Q n<i% A d x (mod d})
ada), @ <Q XF#X0

<X e (U || X uan X

a1<q} 1 d3<Q d4SQ

<id
(a1,q1)=1 o

/L _ —QasT
FY LYY K Y e (7 ) ,
d! |q2 X (mod df) a2<qh 2

q2<Q XFX0 (a2,q5)=1

where d = ged(dy, dy) and D = ged(ds, dy).

SQJD: Z dl d3 Z Iu 621462234 Z QIQ2Z 41d2 q2d4

dy,d3<@Q do,dy <Q d d nez
—ajaz
QZ<dQ3d4
+ Y p(dy) ) >, W=D
d1<Q hzo @ /<Qd’ 5 20 X (mod dy)
XF#X0
asqrdan
> x<a2>ch1zzne<—%) > ) 3 BT
aQSQQ nez 72 d3<Q@ ds<Q
(a2,q5)=1
wu(d _
<D e D gay 2 XD Y x(@)
g2< QD 1<Q d; \ql X (mod df) a1<q]
XFX0 (a17Q'1):1
a1Gadan M -
DICE ) IPIE T HD MR TN DRI
nez <Qd’|q1 VX (mod ) a1<q}

XF#X0 ged(a1,q)=1
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_ ar QaoT
Z X(=1) Z x(a2) Zcre (q_’ - q_’> )
a5 <Q djldh X (mod d}) as<d} re ! 2
X7X0 (a2,q5)=1

(3.36)

where [a, 0] is the least common multiple of @ and b. We estimate the sum of Fourier

coefficients in the first term on the right-hand side of the above identity using ((3.25)),
(3.26)), and Proposition m Therefore, we have

1 nJ\QgJ)
D s )y = D o oz ([M m]) ' (3.37)

neL nez d ' D d ' D

In order to estimate the other inner-most sums containing the Fourier coefficients,

we use (3.25)), (3.26)) and Proposition to obtain

ZC e (—G2Q1d2n) Z ( Q1d2n) e (_GZQ1d2n)
A NQP dN,p Ghd
= —axqidan asq1ds
:ZH% e (Z) = St (n- 0

hd
nez neZ 72

dNg.p ( azCth))
= — [n — . 3.38
Z Chdz ( q1ds ¢d (3.38)

Similarly, we have

a1qadsn D DNQ,P a1Gady
Z(Q—D)=Z H( n+ (3.39)

el 7 qods qody

and

Soe (S -2) =i (Nor (e S -2)). a0
ez 0 92 e ¢ 0

Note that ¢; < %, 72 < dg—z and Ngp ~ c¢@Q? Given that Supp H C (0,A)
such that @ > A, for sufficiently large ), we have H <CWQ’P (n — “2q1d2>> = 0,

q1dz dql

H (DNQP <n+ a1Dq25i4>) =0, and H (/\/QP <r+ o _ ‘;2)) = 0. This leads to the

qads

vanishing of the sums in - -, and (| - ) reducing (3.36) to the following
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identity:
So.p
p(d2) p(dy)dady ¢142 nNg,p
= D pld)plds) Y ton oiy 2 | Tads o
b0 hde0 P(da)p(dy)dD ot [ 2¢u] s [de 92¢u]
122
Q2<d§§4

p(dy) p(da) pu(ds) p(ds) qidy qody nNg.p
=2 9(d2)o(ds) 2 ng( i’ D )ZH<p_d—Qq;d]>

dy,d2,d3,ds<Q n<-2Q nez d > D

Sy
O3

IN A

2S5

~

Denote ged (%, %) = 9. Note that ged (%, %) = ¢ if and only if (%, %) =

0% if and only if —|q1 and 6|22 if and Only if cf |g2, where

1. Furthermore, §|%
G, = ged (5, %2) and G9 := ged (5 ) That is, we have ¢; = #1 and ¢ = j for
some ¢, ¢4 € Z. With this reduction, we have

Opu(dy) p(da) ndDG,GoNp p
Sor= 3. Z H(— P (3.41)
d1,d,d3,d1<Q o(d2)o( nez 1950dady
‘Kﬁl,d:&) (q1,95)€6

G G id2  gbd
where & := {ql < ?dld;,% < ?d%df : (?Tf’ qD2—G‘;> = 1}. We use the fact that Supp

H c (0,A) and (3.10). For a non-zero contribution from H, one must have 0 <
ndDG1GaN, . . .

W < A which implies dnd;ds < % =: %, where Bp = Hp <1 — f%@).
By utilizing the aforementioned inequality and taking into account Corollary [3.2.1],

the sum in (3.41])) becomes

Sor= 3 ouldudy Y Mdeld)

ndidz< 24 d2,ds<Q ¢(d2)P(ds)
’ (ddTQl’Ddéz)zl
ndDG G5 BpQ? s
H O(Qz" 3.42
: Z ( 1QQ5d2d4 + (Q )’ ( )
(q1,45) €61

) dQG DQGs> . d
where &, := {q,l < e gy < e <Q/17D—é2) (4, d5) = (%E) } We
next employ Lemma [2.6.1] to estimate the innermost sum on the right-hand side of
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(3-42). Denoting this sum by S, we have

oo 103 0D ()

dy

‘dDG1G2 ‘dGl p‘ DGy
5dQG2 5 d ndDG-G B Q2
3t i 1Ga2pp )
/ / ( 2wyddads ) dedy + O ((7(d2) + 7(d1))Qlog* Q) -

(3.43)

We denote the double integral in the above estimate by Z. By suitable change of

variables, we obtain

nfBp
__ .
7z By dDG GQ/ / ( > dxdy

We further put 5 ”5 L — X\ to obtain

Q*nfp /A / H(\)
— D
25d2d4d G1Gs nodydyop Jragop N2 dud)

Q*nfp /A H(\) 2\
- dDG,G 1 .
20dydy 7 Justiaase AE 0\ nddydy dX

The above estimate in conjunction with (3.42)) and (3.43)) gives

_Q*Bp p(dz)p(dy)
S0r T30@) 2 Tdoldod) , 2| IWHBIDGE:

d2,ds<Q

) T(-3) T (-5)

e dGl pchz PIaDG, Gy
A
H()\) 2\ 3
1 d\ te
8 /"5d1;i3ﬁp A2 o8 (n5d1d36P) O (Q2 >
Q’0p

_ (dy) H(\
- 2¢(2) dz,dZ4 d2d4¢ d2 (ds) / Z bm log( 5P>

+0 (@)
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QZQBP /OA g2(A)H(N)dA + O (Q%Jre) 7

where h(m) and go(\) are as defined in the statement of Theorem [1.1.6] The above
estimate with (3.10]) yields

Sq,
No

1; = /OA H(N)g2(A\)dA + O (Q—%+E) .

)

Using an appropriate approximation argument to approximate the characteristic
function of the interval (0, A) from below and from above by the smooth functions

with compact support in (0, A), we have

A
Jim 87, (4) = / (VA
—00 0

This completes the proof of Theorem [1.1.6]

3.5 Polynomial Farey fractions with prime denom-

inators

Another question of significant interest is determining the values 7 > 0 for which

there are infinitely many primes that satisfy the Diophantine inequality
llap|| < p~7* (3.44)

for all € > 0, where ||t|| denotes the distance from the nearest integer to a real
number ¢t. Vinogradov [96] was the first to determine that 7 = 1/5 is admissible and
subsequently, his result was improved by various authors [50, 51, 53, 60-H63] ©4].
The inequality in (3.44) is equivalent to the existence of a fraction with prime
denominator a/p satisfying |a — 2| < p~ 177t All the above results on 7 are
equivalent to quantitative statements on the gap between the Farey fractions with
prime denominators. Motivated by this connection, we study the pair correlation

statistics of polynomial Farey sequence with prime denominators. For each integer
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@, let By be a fixed subset of prime numbers that are less than or equal to Q). The

polynomial Farey sequence of order () with prime denominators is given by

Migr = {2 10Sp<Q (PP =L pebo). (19

A similar set as By was considered by Xiao [99], where author studied the pair

correlation of the usual Farey fractions with denominators in that set.

3.5.1 Counting polynomial Farey fractions with prime de-

nominators

We prove an asymptotic result to count the number of polynomial Farey fractions

of order () with denominators in Bg,.

Proposition 3.5.1. Let k > 1 be an integer and P(x) = ¢,z +co 12" 14+ +cw €
Z[z] be a polynomial with non-zero discriminant. If Mp, p is as in (3.45), then

Neg.p = #Mpap =Y p+ O (#Bg).

pGBQ

Proof. We begin by expressing the number of fractions in .#p, p as a summation

and then use the Mobius sum for the coprimality condition:

Noar =D, D 1—222 PP DD DEED DR

pEBg  a<p pEBq a<p d|P(a pEBg a<p pEBg a<p
(P(a),p)=1 d|p P(a)=0 (mod p)
=> p=> fr(p) =D p+O#Bg).
PEBQ pEBg pEBQ

In the last step, we applied Lagrange’s theorem [49, Chapter 7] which implies that
P(z) has at most deg(P) roots modulo p, thus fp(p) < deg(P). O
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3.5.2 Main results

Let us recall the main result of polynomial Farey sequence with prime denomi-

nators, namely Theorem [1.1.7]

Theorem 3.5.1. The limiting pair correlation of the sequence (Mp, .p)o>1 exists

as QQ — oo and is Poissonian if and only if ZpeBQ p? = o ((#AMp,.p)?).

If P(z) = x and for each @, Bg is the set of prime numbers that are less than
or equal to (), and .#( is the set of Farey fractions with prime denominators not
exceeding (), then, by the prime number theorem and a partial summation formula
using Theorem [3.5.1] we immediately deduce the following result of Xiong et al.

[T00] on the pair correlation of Farey fractions with prime denominators.

Corollary 3.5.1 ([100], Theorem 1). The limiting pair correlation of the sequence

(AMg)o>1 exists as QQ — 0o and is constant equal to 1.

Using Theorem [3.5.1] we next investigate the distribution of the fractions in
///B@ p for different choices of the set Bg.

Piatetski-Shapiro primes
Definition 3.5.1 (Piatetski-Shapiro primes). Let 1 < ¢ < 2 be a fized real number.

A prime p is said to be Piatetski-Shapiro prime if it is of the form |n¢|.

In order to count the Piatetski-Shapiro primes, we have the following asymptotic

result.

Theorem 3.5.2 ([80]). Let w.(x) denote the number of Piatetski-Shapiro primes
p < x. Then for fized c € (1,1.16), we have

Te(x) ~ as x — o0.

log x

For more details on the Piatetski-Shapiro primes, one may refer to the well-

known article of [85]. Employing Theorems [3.5.1 and [3.5.2) we derive the following

corollary.
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Corollary 3.5.2. Let ¢ € (1,1.16) be a fized real number. If B(Ql) is the set of
Piatetski-Shapiro primes not exceeding () then the limiting pair correlation of the

sequence (//l

) P) exists as () — oo and it is Poissonian.
Q "/ @>1

Chen primes

Definition 3.5.2 (Chen primes). A prime p is said to be a Chen prime if p+ 2 is

a product of at most two primes.

Theorem 3.5.3 (28], Theorem II). There exist infinitely many primes p such that

p+ h is a product of at most 2 primes, h being any even integer, and

0.67zC},

#{p < x| p+h is a product of at most two primes} > —————,
(log 2)?

where Cy, is a constant depending on h.

Corollary 3.5.3. If Bg) is the set of Chen primes less than or equal to () then the

limiting pair correlation of the sequences (///B(z) P> exists as () — oo and it s
Q /g1

Poissonian.

Prime k-tuple

Let ay,...,a; be distinct positive even integers. A prime p is said to be a prime

k-tuple if p + a1,...,p + a; are all prime. In 1922, Hardy and Littlewood [48§]

formulated the prime k-tuple conjecture, which is the following:

Conjecture 3.5.1 (Hardy-Littlewood prime k-tuple conjecture). Let aq,...,ax be
distinct integers, and let b(p) be the number of distinct residue classes (mod p)
represented by a;, 1 < i < k. If b(p) < p for every prime p, the prime k-tuple
conjecture asserts that the number of n < x such that all k numbers n+ a; are prime

for 1 < i <k is asymptotic to

where
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Assuming the Hardy-Littlewood conjecture [48], there are infinitely many prime
k-tuples. Using Theorem and assuming the Hardy-Littlewood conjecture, we

obtain the following corollary.

Corollary 3.5.4. If BS) 15 the set of prime k-tuples less than or equal to QQ, then

under the Hardy-Littlewood prime k-tuple conjecture, the limiting pair correlation of

the sequence (//l

5® P) exists as () — oo and is Poissonian.
Q "/ Q>1

Primes with restricted digits

Let ¢ be a positive integer. For any choice of D C {0,1,...,q — 1}, let

A= { Z nig' : n; €{0,1,...,q—1}\ D, kZO}
0<i<k

be a set of integers with no digit in base ¢ in the set D. A prime p € A is said to be

a prime with restricted digits. It is natural to ask whether the above set A contains

infinitely many primes. In his well-known article [78], Maynard showed that there

are infinitely many primes in the set A. In particular, he proved the following result:

Theorem 3.5.4 ([78], Theorem 1.2). Let q be sufficiently large, and let X > q. For
any choice B C {0,...,q — 1} with #B = s < ¢*3/%0 et

A:{Z nig + n; €{0,1,...,q—1}\ B, k:zO}

0<i<k
be the set of integers less than X with no digit in base q in the set B. Then we have

Xlog(g—s)/logq

< X Al =
#{p<X|pe A} Tog X

Corollary 3.5.5. Let q be a sufficiently large positive integer. For any choice of
D C{0,1,...,q— 1} with |[D| < ¢*/%, let Bg) C A be the set of primes that are
less than or equal to QQ with restricted digits. Then the limiting pair correlation of

the sequence | M ) exists as () — oo and is Poissonian.
5y.P) s
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3.5.3 Proof of Theorem [3.5.1]

In order to prove Theorem [3.5.1] we intent to estimate, for any positive real
number A, subset of primes Bg, and polynomial P(z) = ¢,z +c,_12" '+ -+,

the quantity

1
</1€3Q,P

Sttsyr(N) = (0,A) + Z} :
(3.46)

as () — oo. Let H be any continuously differentiable function with Supp H C
(0,A). Define f(y) =>_,cp H(ABop(y+ 1)), y €ER, and S =3 5 oty p f(1 —

N#EY2

Y2). Thus, for v = 2 and F = .5, p, using (2.15), we transform the problem of
estimating (3.46]) into the exponential sum over .#p, p. We obtain

1
# {(’}/1’72> = %gQ,P ‘N 7£ V2,71 — V2 S KQ’P

2

S:ZCT Z e(ry)| . (3.47)

rEZ 'YE///BQ,P

Next, we estimate the exponential sum over polynomial Farey fractions with denom-
inators in Bg. In doing so, we use Theorem [2.0.1 We have

IR SED I CI ED WD o (3D ol

'Ye///BQ,P pEBg  a<lp pEBq a<p d|P(a)
(P(a),p)=1 dlp

ar ar

=X D el )-> > el

peBg a<lp p PEBQ a<p p

P(a)=0 (mod p)

- -3 ¥ e(%). (3.48)

pEBQ pEBg a<p
plr P(a)=0 (mod p)

In the last step, we have used the following identity

" m, if m|l,
Ze nl/m) = 0 '

p— otherwise.
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Using (3.47) and - we obtain
s-YaYXnyYn-YerXny ¥ (%)-Xe

rez p1EBQ p2EBg rez p1EBg p2€Bg a<ps
pilr palr p1lr P(a)=0 (mod p2)

«S Y ¥ e(‘”)+z@z 3 (_)

p€Bg  p2€Bq a<pz rez pEBQ a<p p
p1lr P(a)=0 (mod p2) P(a)=0 (mod p)

= Z plpZZc[pl,pz]r_ Z D1 Z Z Zcplre( aplr)

p1,p2€8q reZ pP1€EBg  p2€Bg a<p2 rez
P(a)=0 (mod p2)

Ty X Tee(t)

p1€EBQ p2€Bg a<psa rez
P(a)=0  (mod p2)

+ 3 S Y (@ - @) . (3.49)

p1,p2€8q a1<p1 reZ P1 P2
az<p2
P(a1)=0 (mod p1)
P(a2)=0 (mod p2)

2

Since ¢, is a Fourier coefficient, we estimate the sum of Fourier coefficients in the
first term on the right-hand side of the above identity using Proposition [2.1.3] as in
(13.37). Therefore,

N
Zc[pl’pz]r _ Z 1 H (T BQ7P) ’

reZ reZ [p17p2] [p17p2]

The other sums of Fourier coefficients are estimated using Proposition [2.1.4] as
demonstrated in (|3.28)|)

S () (5 ()

rez

and
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Inserting the above estimates into (3.49) gives

5= 2 [ﬁl,p;]rezf(%w) 22 2

p1,p2€8Bg [pl ’ p2 p1EBg p2E€Bg a<p2
P(a)=0 (mod p2)

)

LYY ZH<=/VBQ,p (wﬂ—%)). (3.50)

p1,p2€8q a1<p1 r€Z p1 p2

P(a1)=0 (mod p1)
P(a2)=0 (mod p2)

Since Supp H C (0,A) for some A > 0. Thus, for sufficiently large @), we have
(JVBQ P (7’ +a pz)) =0. If ZpeBQ =0 ((AB,,p)?), then p* = o ((Ay,r)?)
for all p € By, this yields H <J€‘f -z (n + %)) = 0 for large (). Hence

5= 2 [Zip;ﬂéﬂ(ﬁf;f): > ()

p1,p2€B¢ p1,p2€Bg reZ p1p2

P17£P2
P1p2> N5, p/A

In the last step, we used the fact that Supp H C (0,A). We employ Lemma
to estimate the inner sum and use the fact that derivative of a smooth, compactly

supported function is compactly supported to obtain

H(x
D ST I S
Bo.P p1,p2€B8q p1,p2€BQ
P1#P2
H(z)dx
:fRe/V— Z P1p2 — ZP +Ou ((#B)?)
Bo,P
p1,p2€B8Bg PEBQ

— (1 +0(1))/RH(x)dx+OH (#50)?).

Therefore,

S (+o1)) [ H(x)dz+On (%) . (3.51)
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Suppose #Bg = m. Then, by Proposition [3.5.1, we have

Npo,p > Zpk ~ Zklogk > m?logm,

k=1 k=1

where py, is the kth prime. Thus (#Bg)* = o(A5,,p). By (3-51), we obtain

) S /
= | H(z)dx
Qo0 N, P R (@)

Using the standard approximation argument, we approximate the characteristic

function of the interval (0, A) from above and below by smooth functions with com-
pact support in (0, A), we deduce that the pair correlation function of the sequence

(Mp,,p)qg>1 is constant equal to 1 as @ — oo.

For the other direction, suppose that the pair correlation of .#5,, p is Poissonian
and on the contrary ZpeBQ p? is not o ((#4p,.p)*). In (3.50), the characteristic
function of the interval (0,A) is approximated from both above and below by the

smooth functions with compact support in (0, A), we obtain

SoarSage W= X [y, sy

Bg,P

p1,p2€B8q peB p1,p2€8Q a<pz
P17#DP2 P(a)=0 (mod p2)
A a A a
x[;; Py Y [
Bg,P b2 p1p2eBo a<po Bg,P b2

P(a)=0 (mod p2)

A
Z pip2 — Zp{t/f/;@f}

Q’ p1,p2€84Q pEBQ
mA
-2 ) ) + 0 ((#By)?),
NBg,P
p1,p2€8q a<ps @

P(a)=0 (mod p2)

where {z} is the fractional part of z. If p = o(A4p, p) for every p € By, then

: 1 AL A 2 -
limg_o0 Togr > peBy P { WgQ,p } = limg_,o0 g > pey, P # 0. 1If there exists

a p € Bg such that p is not o(435,,p), then limg_,o % X ZpeBQp {«/szAp} >
Qv

limg_ o0 (/VB;Pp{/VBQ } 7 0. Therefore, limg o Sz, p(A) # A, thus the pair

correlation is not Poissonian, which is a contradiction. This completes the proof of
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Theorem B.5.11.

3.5.4 Piatetski-Shapiro primes

In this section, we derive Corollary [3.5.2] which concerns the distribution of
polynomial Farey fractions with denominators in the set of Piatetski-Shapiro primes.

We use the following counting estimate to verify the condition

> 1P =o((#Migr)), (3.52)

pEBQ

in Theorem for the set of Piatetski-Shapiro primes.

Let ¢ € (1,1.16) be a fixed real number. Suppose 15’8) is the set of Piatetski-
Shapiro primes less than or equal to ). We use Proposition and Theorem [3.5.2
to estimate the sum on the left-hand side of (3.52)):

Y = ZP—QQZl—/Qt 1| at

(1) <t
reBy s ey p=ne]
/e 1/c Q [ 141 141
ZQQ(Q O<Q2 ))—2/ o) a
log ) log” Q 9 logt log=t
QQ+Z Q2+%
=——— +0| ——|. 3.53
(2¢+1)log @ log® @ ( )

To estimate the right-hand side of (3.52), we use Propositions [3.5.1} [2.1.2] and
Theorem [3.5.2] This yields

o= X0 (s8) = 5 0 (s85)

EB(l) pSQ
P="q p=[n]

Ql/c Ql/c Q t% t%
Q(log@ 2(ia) -/ (@*O@g—%))dt

B QH% QH—;
~ (c+1)logQ +0 <log2Q> '
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Thus the above estimate with (3.53|) gives the required result.

3.5.5 Chen primes

The goal of this section is to prove Corollary [3.5.3. To do so, using Theorem
3.5.1, we need to verify the condition for Bg ), the set of Chen primes

Y p=o ((#//159713)2) : (3.54)

(2)
pEBQ

Suppose Bg ) is the set of Chen primes not exceeding (). To prove the asymptotic

formula in (3.54)) for Chen primes, we apply Propositions|3.5.1}, [2.1.2) and Theorem
B.5.3 to obtain

Y= ) =@ ) 1—/2Q2t Soo1]

(2) <
pEBQQ p Clﬁic}))rime P Clﬁe%?)rime P Chgﬂi)rime
Q /Q t2 Q3
<@ —= -2 dt < : 3.55
Y iogq "2, Togt?™ € logQ (8.55)

and

#Mpe) p = > p+0 (#BS)> = > p+0 (#Bg))

2) p<@Q
) p Chen prime

=Q ), 1—/2Q S dt+0<#68)>>>10§—22@

p<Q p<t
p Chen prime p Chen prime

The above estimate with (3.55)) and (3.54]) completes the proof of Corollary [3.5.3]

3.5.6 Prime k-tuples

This section devoted to establish Corollary [3.5.4f Let Bg) be a set of prime

k-tuples that are less than or equal to (). We use Proposition [3.5.1] and [2.1.2] with
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the Hardy-Littlewood conjecture to derive the asymptotic formulas

o= > =@ > 1—/2Q2t S a

pEBS’) p prirzr)lgg—tuple p prirflg(lg—tuple p prinlljegli—tuple
Cng /Q th2 CkQB
=(1+o(1 -2 1+o(1 dt =(14+0(1)————,
(1+4(L) (log @Q)* 2 (1+0(1) (log @)* 1+ ))3(10g Q)

and

cQ? Q c
#M g p = > p+0 (#Bg>) = (1+0(1))(102%)k —/2 (1+0(1))ﬁdt

(3)
pGBQ

- <1+o<1>>%,

where ¢, is a positive constant depending on k. Collecting the above estimates

establishes the following estimate

Y p=o ((#%397,3)2) :

(2)
pEBQ

Thus, applying Theorem [3.5.1| completes the proof of Corollary |3.5.4]

3.5.7 Primes with restricted digits

In this section, we prove Corollary |3.5.5. Suppose Bgl ) is the set of primes that
are less than or equal to () with restricted digits. Now, employing Proposition
and Theorem [3.5.4], we have

Q Qlog(}g;q#D)
Sy [u| S a= S
peB® p<@Q p<Q 2 p<t 08 Q

Q pEA PEA pEA

log(¢—#D) Q2+ log(g—#D)

2 Q t1+ log g d log ¢
- - - t —~ T - .
/2 logt log )

(
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The right-hand side of ([3.52)) is estimated using Propositions [3.5.1] [2.1.2] and The-
orem [3.5.4]

Q
_ @\ _ @\ _
# Mg p= > p+O<#BQ ) _ZP+O<#BQ ) —QZl—/ D 1|adt
peBy) P<Q p<Q 2\ e
Q pEA pEA pEA
log(a—#D) Q jloslitn) B i
=@ log ) B /2 logt T logQ

Therefore, the above two estimates together with Theorem give the required

result.

3.6 Chebyshev’s bias for Farey fractions

In this section, we study the problem of the distribution of polynomial Farey
sequence along arithmetic progressions and bias over one from another. As a con-
sequence of Dirichlet’s prime number theorem, the prime numbers in arithmetic
progressions a + nq, with a relatively prime to g, are evenly distributed. In par-
ticular, primes are asymptotically same among the residue classes modulo ¢ that
are coprime to ¢q. It was asserted by Chebyshev that there are more primes = 3
(mod 4) than = 1 (mod 4). Littlewood [74] disproved Chebyshev’s assertion by
proving that the set of values of x for which the difference 7(x;4,3) — 7(x;4,1) is
positive is unbounded, also there exists an unbounded set of values of x for which
the difference 7(z;4,3) — m(x;4,1) is negative. Here, we study Chebyshev’s bias
question for classical and polynomial Farey fractions. Let ¢ and [ be positive inte-
gers; we denote the number of polynomial Farey fractions with denominators in an

arithmetic progression as

S(Q:q,1) == # {% € Fop|n=1 (mod q)} . (3.56)

We ask the following questions for Farey fractions analogous to prime number races.
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e Does there exist positive integers Qy, l1, and Iy with I; # Iy (mod ¢) such that
S(Qiq,l) > S(Qsq,12) for all @ > Qo?

e Are there arbitrarily large values of @ for which S(Q;q,l1) < S(Q;q,12), and
arbitrarily large values of @ for which S(Q;q,1;) > S(Q;q,12)? In other words,
does the function S(Q;q,l1) — S(Q;q, ) change sign infinitely often?

In here, we address the questions listed above. To state our results, we need the

following conditions.

Haselgrove’s condition for modulus ¢ [66, p. 309]: For all Dirichlet characters
X (mod q), L(s,x) # 0 for all s € (0,1).

Note that J. B. Rosser [87, [88] showed that no Dirichlet L-function attached to
a real character modulo ¢ < 1000 has a real zero in the strip 0 < R(s) < 1, and
Watkins [97] proved that one can take ¢ < 300000000 if we restrict the Dirichlet L-
functions to odd Dirichlet characters. For ¢|24, there are only real characters modulo

q. Therefore, Haselgrove’s condition is known to hold when modulus ¢ divides 24.

Let x,J > 1 be integers and let P(z) = ¢ " + cx_12" 1 + -+ - + 1@ € Z[z] be a

polynomial with non-zero discriminant and factorization

P(z) = Hmi(x)ei, (3.57)

where m;(x) € Z[z] are irreducible polynomials. Let K; = Q[z]|/(m;(z)) be number
fields with ring of integers Ok,. Let q; = pi'---p" C Ok, be an ideal with the
unique prime factorization such that p € p; for some j and p|g. For 1 <i < J, let
L;(s,x’) be the Hecke L-functions associated with Hecke characters x’ (mod q;) of
Ok,.

K3

Our main result for races of classical and polynomial Farey fractions is as follows.

Theorem 3.6.1. Let q > 2,14,y be positive integers such that Iy # Iy (mod q) and
(q,l113) = 1. Let P(x) € Z[z] be as in (3.57)). Assuming Haselgrove’s condition for
Hecke L-function L;(s,x’) modulo q;, the set of values of Q for which the difference
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S(Q;q,l1) — S(Q;q,ls) is strictly positive and the set of values of Q) for which the
difference S(Q; q,l1) — S(Q; q,l2) is strictly negative are unbounded.

Note that Theorem does not give any information on the frequency of
sign changes of the function S(Q;q,l;) — S(Q;q,ls), in particular the number of
sign changes within an interval. To obtain information about the frequency of sign

changes, we use the following result of Kaczorowski and Wiertelak [64, Lemma 3.1].

Lemma 3.6.1. Let f(z) be real for x > 0 and suppose that the integral

F(s) = /0 " f@)e e

converges absolutely for o > oy and has meromorphic continuation to a half-plane
o > 0 for certain 0 < og. Suppose that F(s) is not holomorphic for o > 0 but is
holomorphic on the segment (0,00 of the real axis. Then for sufficiently large T,

f(z) has in the interval (0,T] at least < logT oscillations of size x°.

Remark 3.6.1. We denote

A (Q) = S(Q; 0, 1) — S(Q; ¢, o) £ cQ>,

where ¢ 1s some positive constant and € > 0 is arbitrarily small real number. In
the definition of </ (Q), we take the exponent of Q) to be 1/2 — € in order to include
the line R(s) = 1/2 in our region enabling us to apply Lemma [3.6.1 Assuming
Haselgrove’s condition for Hecke L-function L;(s,Xx’) modulo q;, we apply Lemma
m to the function 7 (Q), and obtain a sequence {Qi}z[liglﬂ in the interval (1,7
of length logT such that sgn? (Q;) # sgne? (Qi+1) and |/ (Q;)| > Qz-lm_e. Hence,
2 (Q) has at least > log T' oscillations of size QY27 in the interval (1, T).

Moreover, we prove an {)-result for the error term in the asymptotic formula of

S(Q;q,1) in Proposition [3.2.1}

Theorem 3.6.2. Let ¢ > 2 and | be positive integers with (q,1) = 1. Let P(x) €

Z[z] be as in (3.57). If © denotes the supremum of real parts of the zeros of the
Hecke L-functions L;(s, x) modulo q;, then for any € > 0, assuming the Haselgrove’s
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condition, we have

S(Q;q,1) — %g (1 - }9) II <1 - f’;(f)) =0, (Q9),

where fp(p) is as in ((1.17)).

3.6.1 Proof of Theorem [3.6.1]

We use the approach of Knapowski and Turén [66] in proving Theorem [3.6.1]
We begin with the integral

/OO<S(Q§(]7Z1) —8(Q;q, 1) £ CQéfe)QfsfldQ, for € > 0.
1

Now, the difference can be estimated using Theorem as

S@a,h) = S(@qb)=| > 1- > 1 > 1

n<Q n<Q a<n
n=l1 (mod q) n=la (mod q) (P(a),n)=1
1 _
Ly Y ey Y ) X
q n<@Q x (mod q) n<@Q x (mod q) (P(a)gn)_l

—%) S G- ) | Y )

@)\ a0 n<Q
X Z 1.

a<n

(P(a),n)=1

We next use Theorem [2.0.1] and obtain

S(Q;q,m—S@;q,zQ):@ S Gl - 1) | 3w ZZ (d)

x (mod q) n<@Q a<n d|P(a
d|n
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- @ ( > (xh) X(ZQ))) > nx(n)K(n

x (mod g) n<Q

where K(n) =3, * d)gp . Therefore,

/1 (S(@a.l) = S(@s . ) £ Q)@ 1d0
- Y G- xw) /ﬁ 2asgXME®) o e sy

s+1 _1

The integral on the right-hand side represents the Dirichlet series > -, XWE®) o
a Mellin transform. Using (3.5)), we have

Zn<n K(n) 1 <= x(n)K(n
/ Qx(n _ZX()()

Qs—i—l s ns—l
n=1

This along with (3.58]) gives

/1 (S(Q: 0,11) — S(Q: 0, ) + cQF—)Q~1dQ

1 . _ x(p) fr(p) c
= (x(h) = x()=Ls —1,x) ] (1 - === + T
¢<Q)x (%;dq) 1;[( ) STate
1 RN S _ x()fr(p) ¢
= %@ X (mZOd q)(X(h) X(l2))=L(s — 1,x) 1;[ <1 e ) + s—L4¢
XF#X0
(3.60)

In the last step, we used the fact that xo(l1) = xo(la) = 1 for (I1l2,q) = 1. We will
apply Proposition with

2 (Q) = S(Q;0,11) — S(Q; ¢, 1) £ Q3¢
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Thus by ({3.60]), we have

- [ #@aaq

- X & sz - 1o [T (1- M2 s

x (mod q) p
X#X0

Since L(s — 1,x) is entire for non-principal Dirichlet character x (mod ¢) and
I, (1 - %) is absolutely convergent for o > 1 so, g(s) is analytic in the
half plane ¢ > 1. Let A # 0 be discriminant of P(x). The product term in the last

equation can be written as

p

Note that fp(p) is non-negative integer for all prime p. Therefore, by the binomial

theorem, we obtain

11 (1 B @)ﬁ’(p) 11 (1 _ feex(p) | fr@)(fr(p) = DX )
piA

S S 25
s p p 2p

Gl Vil (i )> -1 (1 = M) Pi(A).

fr(p)s
pIri N

where

78 -] (1 . (1 - X(p)fp(p)>1

piA b

X)) fep)(felp) =1 (=) (p®)
X < 2p2s - - psfp(@) >) '

Inserting the above identity into (3.61)) gives

I1 (1 - W) _ plq (1 ~ X(p)p]ip(@) Il (1 B xg))fp@) pa)

' (3.62)




3.6 CHEBYSHEV’S BIAS FOR FAREY FRACTIONS 89

Let us assume that P(x) is irreducible. An application of Dedekind’s theorem (see
Theorem 5.5.1, [82]) implies that for primes p { A, fp(p) is the number of prime
ideals of a ring of integers, Ok, where K = Q[z|/(P(x)). This yields

H(l‘%)f -11 11 ( ﬁ)

e P TRS B
LI (I (%)
HH <1 >;Leg%< B 2
H L+0(p™N) " 2a(n), (3.63)

Lo —1
where #5(A) = [[,a HpqucoK (1 - ﬁﬁ”) , || B || denotes the norm of a prime
IBl#p

ideal 3, and L is the Hecke L function modulo q. So, from (3.62) and (3.63)), we

have
1 (1 B X(p)z;ip(p)) :E(Sl ~ I (1 B X(p)fp(p))

S
» ) oA p

This yields

s6(q) x (mod q) £(s,x') plAa b
X7X0
< [T(1+0 ()" 2:(8)2(A) :I:S_—iﬂ. (3.64)
plA 2

Clearly 1/L(s,x’) is analytic in the half plane o > 1 for all character x” as none
of the denominators L(s,x’) have zeros in the half-plane ¢ > 1. The products on
the right-hand side run over the prime divisors of A # 0, so they are finite. The
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product terms 21 (A) and 9(A) are convergent in the half plane ¢ > 1. Thus, the
product Hp (1 — %) is absolutely convergent for ¢ > 1. Hence, the function

g(s) is analytic in the half plane o > 1.

By the Haselgrove’s condition, £(s,x’) # 0 on the real segment 0 < o < 1 so,
1/L(s,x’) defines an analytic function on the real segment 0 < o < 1. Hence, g(s)

is regular on the real segment % —e<o <1

Suppose there exists a positive constant @)y such that <7 (Q)) does not change
its sign for @) > (. Then by Proposition [2.0.2] g(s) is an analytic function in the
half plane R(s) > 1 — e. Therefore, each zero of the denominator £(s, x’) must also
be a zero of the numerator L(s — 1,x). However, it is known that all nontrivial
zeros of L(s,x’) are in the critical strip 0 < ¢ < 1. Similarly, all nontrivial zeros
of L(s — 1,x) are in the critical strip 1 < ¢ < 2. Thus, the nontrivial zeros of
the denominator £(s,x’) in cannot be canceled by the zeros of numerator
L(s —1,x). Since the zeros of L(s, x’) has a symmetry along critical line 0 = 1/2
(see [70], Section 5]). Hence, there exist zeros of the denominator L(s, x’) in in
the strip 1/2 < o < 1. Any such zero is a pole of g(s) and this by Proposition [2.0.2]
contradicts the assumption that there exists @y such that </ (Q) does not change
sign for () > Qg and thus we conclude the result for irreducible polynomials. We

next consider that P(z) is reducible with the factorization
J
P(z) = [ [ mi(a)",
i=1

where m;(x) € Z[z] are irreducible polynomials. Let A = H;Zzl A; be the discrimi-
nant of P(z), where A; # 0 is discriminant of m;(x). For primes p { A,

fr(p) = Z fmi (D),

where f,,.(p) is the number of prime ideals of a ring of integers, Ok, and K; =
Q[z]/(m;(x)), by an application of Dedekind’s Theorem (see Theorem 5.5.1, [82]).
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We follow the proof of irreducible case and the above identity to obtain

fr(p) J
IIO—X@) =TTe6 ) TTa+0 ()" 22(a),

pS

piA plA
and
XOIP@) _TT fofo -1 _x0fr)
[1( 5 < ILser o T (1 40
< [T (+0(p=) " 22(a), (3.65)
plA
where
(A) = X))
0N pfl!<1+<1 " >
(P?) fins () (fomi (p) — 1) (=1)Imi @ (pfmi @)
y <Xp gp% p T psfmf(pf)g >)

By the same argument made for irreducible case, g(s) is analytic in the half-plane
R(s) > 1 and can be analytically continued on the real segment £+ — e < o < 1.
Suppose there exists a positive constant )y such that o7 (Q)) does not change its sign
for Q > )p. In a similar manner as for the irreducible case in view of Proposition
2.0.2) we get a contradiction on the assumption that o7 (Q)) does not change the sign
for Q) > Q)p. This completes the proof of Theorem [3.6.1}

3.6.2 Proof of Theorem [3.6.2

In order to prove Theorem [3.6.2] we use Proposition [2.0.3. We denote

AQ) = -5(@ia) + 52 ] (1) Il (1- 2200 g

p
plg

where © denotes the supremum of the real parts of zeros of the Hecke L-functions

L;(s,x") modulo g;. The second term on the right-hand side of the above identity is
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the main term in the asymptotic formula of S(Q;q,!) (see Proposition [3.2.1)). For

o > 2, we consider

/1 AQ)Q*1dQ

:/1 _5<Q;q,1>+%n<1_l)n(1_f;g”)+Q@6 Q™ 1dQ

plq p pla
-1 ol _x)felp)) 1 1
ol (mzod q)X(Z)SL( 1’X>1;[ (1 P’ ) " 20(0) g (1 p)
frp)\ 1 1
leg(l_ p? )s—2+s—@+e
o, T, M-t (1- 22 - He o
x (mod gq) p
XFX0
_xolp)fr(p)\ 27" 1 _frp)) 1 1
Xl;[(l p* ) ¢(Q)g<1 p)lpg(l p >S—2+S—@+€
S, 2, Mose I () - SR T (1 )
X X;Z;;iq P plq
~ Xxo(p)fpr(p) 1 Sy 1 _ fr(p)
Xl;[(l p® >+2¢(Q)g(l p)S—QQ(l p? )
! 3.66
5—O+¢€ (3.66)

By (3.65)), we have

11 (1 - M) Zﬁﬁi(s,x’)l%,i(A) I1 <1 — M)

P P i=1 plA P
< [[(+0(p) " 22(a).
plA

Note that the second term in equation (3.66) has a pole at s = 2 due to ((s — 1),
which will be canceled by the pole of the third term at s = 2. Thus, the right-
hand side of (3.66|) is analytic in the half-plane R(s) > 1 and using the Haselgrove’s

condition for Hecke L-function, it can be analytically continued on the real segment
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(© — €, 1] with a simple pole at s = © — ¢e. This yields, floo AQ)Q°1dQ < oo for

o > O — e. Let us assume that

S(Q;q,1) @ 1T (1 - 1) 11 (1 - ff;gp)) < QO for all Q > Qo(e). (3.67)

. 2¢(q) plg p plg

Employing Proposition [2.0.3] we deduce that the integral [~ A(Q)Q *"'dQ is an-
alytic in the half plane R(s) > © — e. In view of the definition of ©, the product
I, (1 - w> has poles with R(s) > © — ¢, due to the zeros of £;(s,x’). This

leads to a contradiction, and one can deduce that the assertion (3.67) is not true.

Hence o % 1 (1 ) 1) I (l - fz;gm) = 0,(Q°7).

plg p plq

To derive the corresponding estimate for 2_, we proceed in a similar manner with

AQ) = 5@ - 50T (1= D) IT (- 252) + 0o

plg pla

and obtain

S(Q;q,1) — %H (1 — 1) II <1 — f’;gp)) = 0_(Q°°).

p
plg

This completes the proof of Theorem [3.6.2]
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with k-free denominators

Let £ > 2 be an integer. A number n is said to be k-free if for every prime p|n,

we have p¥ { n. It is well known that the density of k-free numbers is 1/¢ (k). Denote
ﬁéﬁ) = {g |1<a<qg<@Q, (a,q) =1, qis k-free & ¢g=0b (mod m)}, (4.1)

where m € N, b € Z and (b,m) = 1.

In this chapter, we prove Theorems|1.1.11} [1.1.12} [1.1.9] [1.1.10, |4.4.1], and [1.1.13]

by analyzing Weyl sums, quantitative equidistribution, and correlation measures

associated with the sequence <?C%)> . We also examine a criterion for the gen-
; >1
eralized Riemann hypothesis that is equivalent to the quantitative equidistribution

of fractions in ﬂgg

95
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4.1 Key lemmas

In this section, we state and prove several results that will be used throughout

the chapter.

4.1.1 Counting Farey fractions with k-free denominators

In this section, we establish asymptotic formula for the number of fractions in
(m)
ffcﬂ )

Proposition 4.1.1. Let m and b be positive integers. Then, we have

N(Q,k,m) = Q*C(k,m) + O,, (QQS::;) exp (—c\/log Q)) ,

where ¢ > 0 is some constant and

“thm = s 110 -3) 11 (“ﬁ) 42)

plm p
(pym)=1

Proof. We begin with expressing N (Q, k, m) in summation form

NQEm = Y mm? Y 1= Y mmPem).  (43)

n<Q asn n<Q

n=l (mod m) (a,n)=1 n=l (mod m)
Using Theorem [2.3.1] the above identity can be expressed as

N@Em) = —— 3 1) Y xm)(n)u(n)?. (4.4)

¢( )X (mod m) n<@

The Dirichlet series of x(n)@(n)us(n)? is given by

F(s)

=1

3

i x(n)g(n)px(n)?
(p)

S p25 p(k—l)s

xp—-1)  x@*)plp—1) X" (p - 1)
(2 o)
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kfl)

X
_|| 1+X(p)(p_l)1_p(k 1)(s—1)
B p* 1 X
p

sl)

_ L(s—1,x) X(P*) — x(p)p*—He=
= Tlhs —F AP 1;[ <1 + ) : (4.5)

L(ks — k, x* p(pFGe= — x(p*))

which is absolutely convergent for f(s) > 2 and has an analytic continuation to the
half-plane $(s) > 1 except for a simple pole at s = 2 when y = xo. For some fixed
a =2+ 1/log @ and the Dirichlet series F'(s), we apply Proposition

1 a+iT 1\s
Soamotmmin? =50 [ R s 0wy, @
n<Q a—i
where )
Q" P(n Q” & 1
R(T) < = — <
(T) T;na logQ+ Tnlnal‘logm

We divide the sum into three subsums over the following ranges of n: n < %, % <
n < 3Q ,and n > 3Q Forn < ¢ 5 and n > 3Q , it is clear that ‘log Ch ‘ > log%. For

values of n satlsfymg 3 <n< g the mlddle subsum is

—a 1 —a 1 —a
QT ), €@ ), o <@g,

%Q<n§% ‘log Q+n _2Q <n<% §|
Therefore,
2
1
RT) < & ;gQ (4.7)

We use the zero-free region for the Dirichlet L-functions modulo m to estimate
the integral in (4.6). We shift the line integral to the left of the line R(s) = «,

thereby replacing it by a rectangular contour with vertices a+47T and 4T, where
B=1+1/k—c/k/logT.

Principal Dirichlet character: We first consider the principal Dirichlet char-
acter x = xo. Since the integrand in (4.6)) is holomorphic on and within this contour
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except for a pole at s = 2. Thus, by Cauchy’s residue theorem, we have

1 [fotiT + Ly + 1y 1 L1\ &
1 F(S)M@:MH D IS I R Ul T o
2mi it s 2L(k, x0) ;o p) % p(pF —1)

(pym)=1
where [; and I3 are integrals along the horizontal segments [« — iT, 5 — iT| and
[B 4+ T, a + iT], respectively and I, is defined as the integral along the vertical
segment [ — i1, f+14T]. In order to estimate the integrals I,’s, we use the standard
bounds for {(s) provided in (2.2]), modulo multiplication by constant depending on

m. Therefore,

°Qole(o — 1 +iT)\do logT / -~ /
LIy <o T34 “d
bl /ﬂ o+ iT|[C(ko — k +kT)] " QT o+ | Q7do

Q*(log T')*
e

<m

Next, we estimate the integral I, using the Proposition [2.4.2]

T . T .
3 IC(B — 1 +it)] 3 IC(B —1+it)]
b @ [ ik o el [ S

Lm Q°T27P(1og T)?.

Non-principal Dirichlet character: We next consider the case for non-principal
character x (mod m). We continue with the contour defined above and use the
bounds for Dirichlet L-function provided in ({2.5)). Therefore

127 730

o °|L(o —1+iT oT

5 |o+iT|[L(ko — k + kT, x*)| T
35(2—0)
Q"T 108 / Q%o g Qa(logT)
d (logT) —=do
X 0’—|— og / <m TlogQ ,

and using the bound |L(ko — k + ikt, x*)| >, 1/logT (see (2.7)) and Proposition
2.4.3) we obtain

T|QPHL(B — 1+t
e [ JERIEG it )

TIL(B — 1 +it,x)|
. , dt <, Q°1 T/ | ’
7 |8+ it||L(kB — k + ikt, x*)| Q" log

0 | — 1+ it
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< Q°T P (log T)2.

We choose optimally

T = QZ?EZZQ exp <c\/log T).

By collecting all the above estimates, we obtain the required result. [

4.1.2 Averages of weighted Mobius function

Lemma 4.1.1. Let b € Z and d,l,m be positive integers. If Eqp(n) = up(nd)? then

for x > 1, we have

Z w(n)€ar(n)

n<x
(n,f)=1

n=b (mod m)
1 3/5 -1 o
X exp (—C%) Hp‘d <\/\£1) lef (1 — \%) ., unconditionally,
-1
1 €
z2t Hp|d (1 + ﬁ) [L (1 - \%) ; on the GRH.

<Km

Proof. 1t is easy to observe that if d is not k-free, then the result follows trivially.

Thus, we assume that d is k-free. Using Proposition (2.3.1]), we have

Z (n)€ax(n ZX Z n)p(n)ar(n).

n<x n<x
(n,0)=1 (n,0)=
n=b (mod m)

Note that &;x(n) is a multiplicative function of n. Let (ny,n2) = 1. If ninod is
k-free, then it is easy to observe that nid and nod are k-free. Conversely, suppose
that nid and nod are k-free. We need to show that ninsd is also k-free. Suppose,
for contradiction, that ninsd is not k-free; that is, there exists a prime p such
that p¥|nined. Since (ny,ms) = 1, it follows that either p*|nid or p*|nyd, which

is a contradiction. This proves that &;x(n) is a multiplicative function of n. The
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Dirichlet series of x(n)u(n)éqx(n) is given by

i x(n fdk( n) _ 11 <1_X(p)5j,k(p)>

(mi)=1 (p.dy=1 g
1 X)L = &) [, x@)) " X))\
~ L(s.x) 1;[ (1 i P (1 P ) ) IIE (1 P )
1 X)L = &) (,  x®)\ X))
- L(s.x) g (1 ! p* (1 P ) ) lpg <1 P )

In the last step, we used the fact that ;4(p) = 1 if (p,d) = 1. The Dirichlet series
F(s) is absolutely Convergent for R(s) > B, where 8 = 1—c¢/(log T)?3(loglog T')'/3.
Employing Proposition [2.1.1| for the Dirichlet series F'(s) with @ = 1+ @, we have

S

1 a+iT
> xmun)ustn) = 5 [ F(s) s+ O (RD)),

= 2mi T
(n,0)=1
where
% — 1 xlogx
R(T — . 4.8
( )<<Tnz:;na|logx/n|<< T (48)

In here, we bound the error term R(T') as in (4.7). We next move the path of
integration into a rectangular contour with line segments [a — iT, v + iT], [ +
iT, B+ 1T, [8+T,8 —iT], and [ —iT,a — iT]. For < o < «, we have

1T (1 B X(p)]é;i,k(p))‘l . g (1 ) %> 1

p|¢

and

() =1 )

pld pld

By Cauchy’s theorem, we have

1 a+iT —iT B+iT a+iT
50 F(s)—s (/ / / ) s—ds—ll—i-fg—i-fg.
T Joit S 2mi BT
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We first estimate the integrals I; and I3:

xlogT 1\ 1
nhn e T (1- ) ()
T1 -1
R VP VP

The integral I, is estimated as

I < 2" (log T T [ <1 + \/1‘91— 1) 1T (1 - %yl.

pld p|¢

3
We collect all the above estimate and take T' = exp <%> This completes
oglogx)5

the proof unconditionally. Assuming GRH, the Dirichlet series F'(s) is absolutely

convergent for (s) > 1/2. By using Perron’s formula with o = 1 + and

log z

B = % + ¢, and proceeding in a similar manner as in the unconditional case, we

obtain the proof under GRH. This completes the proof of Lemma [4.1.1} m

Lemma 4.1.2. Let b € Z, and let d,l,m be positive integers. Suppose d is k-free
and &4 (n) = px(nd)?. For x > 2, we have

Z gd’];(n) =M.a1(2) + Ok mid (x E=h exp ( @)) 7

n<z
(n,£)=1

n=b (mod m)

where ¢ 1s some positive constant and

—1
—kl lo
,/\/lm,dJ(ZL’) — E - Oglp gp Z jgdk ( z :gdk )

pld
(p,m)=1
—1
]fdk fdk L'(k, xo0)
+ lo —k———=+1o
o Z| Z ( Z ) Llk.xo) "
(pym)=1
k-1 ,
log p 1) Ea(P?)
+y+ 1-= 1y SR
;ﬂ; k’,Xo) Ig ( D g < ]z_; P’

(pym)=1



102 Distribution of Farey fractions with k-free denominators

-1

0 DT ()

(p,m)=1 (p,m)=1

Proof. We take into account Proposition to obtain

Z fd kT _ Z X Z X(n)%k(n) _
(1 (1

n=b (mod m)

The Dirichlet series of M is as follows:

Z fdknsﬂ - 11 (l_l_X(p)fd,k(p) +.__+X(Pk_1)fd,k(pk_l))

k—1
n= 1 p p p

(n.h)= (p.0)
_ Lot pp(y x0T
Lks +k, x*) pH preth)

(1 SR (1 S e

pld ple Jj=1

Note that F(s) is absolutely convergent for R(s) > 0 and it can be analytically
continued to the half-plane R(s) = 5 > —1 + % — W except for a pole at s =0
when x = xo. For some fixed a = 1/logz and the Dirichlet series F'(s), we apply

Proposition [2.1.1]

Eak (n)x(n) 1 ot z°
> M =g |, FOTds 0 RM). (19)
(n,0)=1
where
@ 1 log

x
R(T — .
(7)< T ;no‘+1|logx/n| < T

To estimate the integral on the right hand side of (4.9)), we shift the line of integral
into a rectangular contour with vertices a = ¢7" and 3 4+ ¢T". We first consider the

principal character. In this case, the integrand in (4.9) has a pole of order 2 at
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s = 0. Denote
_@L(s+1x) x(p) XN LN Gar@) (@)
Z(s) _sL(ks ) lg (1 o potl 1= phs+1) L+ Zl pi(st1)
P j=
k—1 , N\ T
Ear(P)X(P’)
X H <1 + Z pj(s—H)
p|e j=1
By Cauchy’s residue theorem, we have
1 a-+1T .Z'S 3
i ) F(s)?ds = Res;—0Z(s) + Z I;,

where I; and I3 are integrals along horizontal segments [« — T, 8 — ¢T| and [ +
iT, a+1iT], respectively and I, is the integral along vertical segment [5 —iT, 5 +iT].
The first term in the above identity is the residue of the second order pole of Z(s)
at s = 0, and is given by M,, 4;(x). We use the standard bounds for the Riemann
zeta function ((s) (see (2.2)), modulo multiplication by constants depending on d
and ¢

logT [ [° o « log T')?
I, I3 < gy o8 (/ a:“Tzda—l—/ a:"logTda) ndt (log 7 )
A 3 0 " Tlogx

We next estimate the integral I5 using Proposition [2.4.2]

T 14t L
I i d ¢ 2P logT/ |C(ﬁ rot )’dt Lin,d ¢ ZEﬁTT_B(log T)Z.

0 1B + it|

We next consider the case for the non-principal character y # xo. We continue
with the contour defined above. Using the bounds (2.5)) for the Dirichlet L-function

modulo m and Proposition [2.4.3] we obtain

log T)? ,
LTy <ome STV A I <oy P T% P (l0g T).
" Tlogx ”

2(k—1)

We collect all the above estimate and take optimally 7' = x73%=2 exp (c\/ log :c) This
completes the proof of Lemma 4.1.2] n
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Lemma 4.1.3. For x > 1, we have

Suer T (- 75) =i T+ =)

n< pln
+0 (a7,

-1
Proof. The arithmetic function y(n)? [L (1 - \/Lﬁ) is multiplicative, so its Dirich-

let series is given by

=L ()
I (-5) (opmerm)
U CANC==))
() T
1

~ C(s) pr —1
w1l <1 R R 1>)

Note that F(s) is absolutely convergent for R(s) > 1 and can be analytically con-

tinued for R(s) > + except for a simple poleat s=1. Let T >2and a =1+

log:v
We apply Proposmon “ 1| for the Dirichlet series F'(s). Therefore
) 1 -1 1 a+iT :Es
1—— — F(s)—d O (R(T 4.10
5 mo) rl[( =) mam | PeTacomm), @
n<x pln
where "
T gu(n riT¢log
R(T —
(1)< T ;nallogaﬁ/n\ T

In the last step, we estimate the error term as in (4.7). To estimate the integral in



4.1 KEY LEMMAS 105

(4.10)), we consider the rectangular contour with line segments connecting the points
B —iT,B —iT,a — 1T, and o + T, where [ = % Since the integrand has a pole at

s = 1 thus by Cauchy’s residue theorem, we have

1 a+iT k-1 _

x® x D
5 F(s)—ds = @1;[ (1 o ) +ZI], (4.11)

a—iT pz —1)(pF—1

where [; and I3 are integrals along the horizontal segments [ + iT, o + i7" and
(B —iT, a —iT], respectively, and I denotes the integral along the vertical segment

[B + T, 6 + iT] We estimate the integrals in the above equation using the bounds

in ) and (| . Therefore,

“ 2o|c(o +iT)|
1.1
1 3<<’“/ o+ iT||C (ko + ikT)]

logT
Og (/ IC(o +4T) ]a;"da—!—/ |Ca—|—zT)]:v"da>

1 T -0 « 1 T
- ogT < / T 0 de + / d) <2 ngx’ (4.12)
8 1

Next, we estimate the integral I, using Proposition [2.4.1]

T .
I, <, xﬂlogT/ M

SNt < 2T P 10g? T 4.13
o B+t g & ( )

Combining the estimates from (4.11)), (4.12)), (4.13) with the choice T' = z %= and

inserting in (4.10]) gives the required result. O

4.1.3 Weighted k-free Farey sums

(m)

We expand the Farey sums for the Farey fractions in 9@ ., using the Mobius and

the k-free Mobius function. This is helpful for the reduction and estimation of the

exponential sum for ﬁg}g

Lemma 4.1.4. Assume that f is any complez-valued function defined on the interval
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[0,1], and let ~; € 336(2",? for 1 <i < N(Q,k,m). Then, we have

s (95()

q<Q a<q

where

My(x) = Y pn)u(gn)®

n<x
gn=b (mod m)

Proof. We write

N%mm > Zf().

9=Q asq
g=b (mod m) (a,g)=1

Employing Theorem we obtain

N(Q,k,m)

> o= T m@ s (f) Sw
9<Q a<q dla
g=b (mod m) d|q
“Su) X m@r s (%)
d<Q q<Q a<q
¢=b (mod m) d|a
d|q
“Su X mar s (4) = (2) (1),
d<Q <9 a<q q<@Q a<q
qd=b (mod m)

]

Lemma 4.1.5. Let f(z) = x — |x| — 5 and M, as in Lemma|4.1.4 For any real
number u € [0, 1] lying between two successive Farey fractions 7, and ~y41 in ﬁgz),

we have

N(Q,k,m)

Z f(u‘i‘%‘):/\/(@,k,m)u—y—%,

j=1
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Proof. Employing Lemma and using the fact that

> f(ut ) = fow),

we can write
N(Q,k,m) Q 1 Q
; flu+7;) = %f(nu)]\/[n (5) = 7;2 (nu — |nu| — 5) M, <E>

= N@Q b m)u— 3 [nul M, (%) _ %

n<Q

Note that the sum on the right-hand side of the above equation counts the number
of fractions in 96%) less than or equal to u. Therefore between ~, and ~v,.; the

above sum is equal to N(Q, k,m)u — v — % O

4.2 GRH and Farey fractions

In this section, we provide proof of Theorems [1.1.11} and [1.1.12]

Recall that the Farey sequence is the set of fractions a/q in [0,1] such that
(a,q) = 1 with denominators at most ). We detect this condition using the following
identity

1 iftn=1,
Zu(d>={o

i ifn>1.

Thus, the counting of Farey fractions can be expressed in terms of sums involving
p(n). These Mobius sums are closely related to the zeros of the Riemann zeta

function. In particular, the Riemann Hypothesis holds if and only if

Z,u(n) =o0 <$%+E> for all e > 0.

n<x
This establishes a connection between the distribution of the Farey sequence and the
Riemann Hypothesis. In particular, we have the results of Franel [40] and Landau
[72] given in (1.9) and ([1.10)), respectively. For Farey sequences with denominators
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in a fixed arithmetic progression, Dirichlet characters arise naturally, leading to

twisted sum

> x(mu(n) = o (237) for all € >0,

n<z
which is equivalent to the Generalized Riemann Hypothesis. Indeed, Davenport
proposed in his problem list that analogous results to Franel and Landau should
hold for the zeros of a fixed Dirichlet L-function. Motivated with this, Huxley [50]
established analogous result to those of Farnel and Landau. Here, we extend this
line of investigation and study the analogues of the results of Franel and Landau for

the Farey fractions with k-free denominators lying in a fixed arithmetic progression.

The proof of Theorems [1.1.11] and [1.1.12] involves decomposing the weighted

sum of Merten’s function with congruence constraints in two different forms. To
establish the bounds, we employ the Dirichlet hyperbola method alongside the non-
trivial bounds for a twisted Mobius sum. We now proceed to prove Theorem [1.1.11]

4.2.1 Proof of Theorem I.1.11]

We first assume that

N(Q,k,m)

Z Bn@km)(5) = Om (Q%“) .

Jj=1

We apply Lemma with f(z) = e(z) and obtain

= (@) S (2) =

where M1(Q) = M(Q)=>. n<qg u(n). In the last step, we used the following

n=b (mod m)

Z (CL) 1, if q = 1,
(& — =
q 0, otherwise.

a<gq

identity
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We have
N(Q,k,m) N(sz:m) v v
M@= 3 = 3 (- + )

N kom)  N(Qo ko)
N(Q,k,m) v

- R m v

> ttienn 0 (g )
N(Q,k,m)

v
_|_
e ° (N(Q, k,m))
This yields
N(Q,k,m) N(Q,k,m)
M@ < > le(Bavigrm() =11 <2 Y [sinmRaquim ()]

v=1 v=1
N(Q,k,m)

lie
<27 Z RN(Q,k,m)(’Yv) < Q2+ .

v=1

Thus, GRH holds. For the converse, assume that GRH is true. We apply Lemma
with f(z) =z — |z] — 5. We have

Qf:mfuﬂwu ;}%( )Z:f<u+ ) %M( ) qu).
In here, for f(z) =z — |z] — %, we have used the fact that
Z:f (u+ ) f(qu).
We denote 1
::/0 (G(u))*du. (4.14)
Case-I: If
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Substituting in (4.14)), we have

[_/qulu ql( )quw q2<%>du

1 <Q ©2<Q
- Z My, (%) My, (g) /0 f(qu) f(gou)du. (4.15)
q1,92<Q

We now estimate the integral in the above identity. If ¢ = 1, then

/Olf(qlu du—/ f(u qlzl/fm—l—t (Ch i)dt

1 1\? 1
:(h ﬂ)f( Q1>dt ¢ (t_§) dt:TQI. (4.16)

If (¢1,92) = 1, then clearly (gam/q;) (mod 1) for m = 0,1,...,¢q; — 1 yields each

fraction j/q; exactly once. We have

_ qat 1 ! 1
/fqlu (@zu)du = / ( %)dt a1 Jo f(t)f(qzt)dt_mqlqa
(4.17)

In the last step, we have used (4.16)). Now, if ged(qi,q2) = ¢ then ¢ = gq; and
q2 = qq5, where (¢}, ¢5) = 1. Thus, we have

/fqlu q2udu—/qu1 (qqhu /fq1 (gat)dt.

Using (4.17)), we have

1 _ (ng(Qh Q2))2
12¢/ ¢4 12145

/ " flaru) flgsu)du —

Hence, the above estimate with (4.15)) gives

I= % > M, (9) M,, (9) (eed(ar, )" (4.18)

12O q1 q2 q1G2
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If GRH holds, then by employing Lemma [£.1.1 we obtain

w(@- 5 (@ M5

<@
gd=b (mod m)

The above estimate with (4.18)) yields

<o

1+2¢ (ng(qlaq2 14+2¢
<ot Yo B < ol Z(SHE > R

q1,32<Q (Q1QQ) 0@ a1,¢2<9

(q1,92)=1
(4.19)
where C' > 0 is constant depending on m.

Case-II: Next, we apply Lemma [£.1.5] which implies that between -y, and 7,41,
the value of G is given by the closed form formula G(u) = —1/2+ N(Q, k, m)u —
Therefore

N(Qk,m)

’ 2
Z /7 ( +uNka)—v> du

1 N(Q:k,m) 1\ 3
o ((%N@v’fvm*vw)

v=1 1 ;
- <71}1N(Q7 k7m) — U+ 5) )
1 N(Q,k,m) 1 3
0 v=1

3
- (RN(Q,k,m)(’y’ul)N(Qv k7m) - %) ) :

Using Ru(@ em)(0)N(Q, k,m) — & = —2 = Ry o.m) (Yn(@em) N (Q, k,m) — 5, we

see that

3

v=

1 N(Q,k,m) X
TN m ((Rmcz,k,m)m)/V@,k,mH5)
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1\3
N(Q,k,m) 1
= k R o () + —. 4.20
The above estimate with (4.19) gives
N(Q,k,m)
N(@Q,kym) Y (Ru@um(1))° < CQU™,
v=1
where C' is a constant depending on €. By the Schwarz inequality, we have
N(Qk.m) N@km) \ [N @km) 1/2
> Ryaem) < | D 1 > (By@rm(w)’
v=1 v=1 v=1
N(Q,k,m) 1/2
S N(Q7 kv m) Z (RN(Q,k,m) (va))Q S 01/2Q1/2+E'
v=1
This completes the proof of Theorem [1.1.11}]
4.2.2 Proof of Theorem [1.1.12
Employing (4.18)) and (4.20)), we have
N(Q,k,m) 1
N(Q7 k? m) (RN(Q,k,m) (711))2 + E
v=1
1 d 2
LS (@), () e
12 O G2 0142

q1,92<Q
Therefore, we obtain

N(Qik7m)

Y (Buvrm(n)’

v=1
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- 12N(5,k,m) ( 2, M (%) Mo (%) (ngEJ?quQ))Q - 1) '

q1,2<Q

This completes the proof of the first part of Theorem [1.1.12] To prove the second

part, we use the above identity and the expression

My()= Y p(n)us(ng)’

n<x
ng=b (mod m)

to obtain

N(Q,k,m)

Y (Buvrm(n)’ m > > p(dy) pi(qada)® >

v=1 1 <Q di<< 22<Q
91

q1d1=b (mod m)

(ged(q1, ¢2))” _
4192

X Yo alda)unlgeds)?

Q
d2§q2

q2d2=b (mod m)

(4.21)

Let ged(qr,q2) = d so that ¢1 = ¢{6 and ¢ = ¢46 with (¢}, ¢5) = 1. The above

identity can be expressed as

N(Q,k,m) 1 .
Z (RN(Q,k,m)(%))2 :m Z Z — (¢ d16)?
v=1 s vy 5§Qq'1SQ 5l d1<%

1

qdi16=b (mod m)

cud) =S aldu(ghda)? 1

q/

2

B%<§ d2< s

(q1,95)=1 / 2
ghd20=b (mod m)

(4.22)
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We apply Dirichlet hyperbola method to estimate the inner sum on the above iden-
tity

Si= Y é > (d)pk(qds)?

1 ¢dé=b (mod m)

q
9<y/¢ A< d<+/¢ 9<%
(¢,))=1 qdé=b (mod m) qdé=b (mod m)
(e:h)=1

</ § A</ %
(¢;)=1 qdé=b (mod m)

Employing Lemma to the inner sum in the first and last terms, and Lemma
to the inner sum in the second term of the above identity, we obtain

senf e (im0~ 55)
(4,

[} plgd ple \/ﬁ
D=1

o (TG0 5)

Inserting the above estimate into (4.22)) gives

N(Q,k,m)
2 Q* 1 (log Q/8)*/
> i) <o g 3 (~Clogig )
1 _ (logQ/6)s
o 52@ g P ( C(loglogQ/@é)
L[ (ogQ/e)
' mgg(g 6% eXp( C(loglogQ/@é)

S

<. oxp (_M>
(loglog @)
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This completes the proof unconditionally. We now estimate the sum on the right-
hand side of (4.22)) under the assumption of the GRH. Assuming GRH, we apply
Lemma [4.1.1] Therefore,

N(Q7k7m)

Ql—i—e 1 1
Z (RN(Q,k:m)(%))z <<m N(Q, k,m) Z(gue Z 1)%+e Z (qé)g+e

v=1 5<Q <Q

<<m Q_1+6-

This completes the proof of Theorem [1.1.12]

4.3 Equidistribution

The aim of this section is to establish Theorems|1.1.9 and [1.1.10| by studying the

Weyl sum over Sg" ,2 and quantitative equidistribution, respectively.

4.3.1 Weyl sum

The Weyl sums are central to various number-theoretic problems, including the
zero-free region of the Riemann zeta function, the prime number theorem, and the
Diophantine equations. The Weyl sums have been extensively studied in different
forms by various authors. Specifically, the Weyl sum over the roots of quadratic
congruences was studied in [33, B4]. The metric theory of Weyl sums appeared in
[25]. For more details and problems on the Weyl sums, one may refer to [17), 26] 27]
and references therein. In our first result, we establish an upper bound for the Weyl
sum over Farey fractions with k-free denominators in residue classes. The Weyl sum
for Farey fractions was dealt in [29, 41]. We study the Weyl sum over Farey fractions

in ﬁgg

Theorem 4.3.1. Forr € Z\ {0}, we have

S () = O, (min (Q.7%) Qexp (—c%)) ,

g7 (m)

veF
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where ¢ > 0 is some constant, € > 0 is arbitrary small real number, and e(x) = €*™*.

Proof of Theorem |4.5.1. We have

> o= X mr Y e

(m) <Q 1<a<q
V€80, g=b (mod m) (a,g)=1

By Theorem we see that

ety = > Nk(Q)QZG(%) > p(d)

(m) q<Q 1<a<q d‘ gcd(a,q)
VESQ K g=b (mod m)

SOTUNED SRS SR CY

a<Q 9<Q 1<a<q
¢=b (mod m) dla
dlq
2 ar
=2 ud) D mlad? Y e
d<Q <9 1<a<g N4

d
gd=b (mod m)

=S uld) D qumed*=> ¢ > p(d)u(gd)*.
d<Q ¢<2 9<Q <€

q
gd=b (mod m) alr gd=b (mod m)
alr

We use Lemma to estimate the inner sum above, and we find that

D elry) <m Qexp( (102?022;?/5) Zuk H( —%) o (4.23)

es(Qm,g pla

-1
If r is small with respect to ) then clearly le . (1 — \%) < 2¢@ where w(q)

counts the distinct prime divisors of ¢q. Therefore, we have

> om@?]] (1 - %) <) 2@« e,

9<Q plg qlr
qlr
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If r is large with respect to @ then using Lemma [£.1.3] we obtain

> m@)’ ] (1 - %) h <Q.

q<Q plg
qlr

Combining the above estimates with (4.23]) yields

(log Q)*/? )

> e(ry) < min (Q,r) Qexp <_CW

e

This completes the proof of Theorem {4.3.1] ]

4.3.2 Proof of Theorem [1.1.9

Employing Theorem we see that

1
ngrgo N k) z(;n) e(rv) = 0 for all integers r # 0.

YESG &

Using Theorem [1.1.2| completes the proof of Theorem [1.1.9

4.3.3 Discrepancy

In this section, we establish the quantitative aspect of equidistribution. In order

to achieve this, we study discrepancy of the sequence (19552))@%.

Proof of Theorem |1.1.10. Let € > 0 be arbitrarily small real number, and set o =
1/Q — € to obtain a lower bound for D}y <ﬁg’?> Let A(; N(Q, k,m)) be

the number of terms of the sequence (9‘5@) that do not exceed a. Since vy > %
b Q>1

for all v € 237, it follows that A(1/Q — & N(Q, k,m)) = 0. Since

Do km (f(m)> = sup R m (@),
N@rm \ Lok ) = SUP LNk ) (@)
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where

A(a; N(Q, k,
By @emy(@) = ’ (fj\/(@(i’m;ﬂ) —a

we therefore have

\ (m) _ 1 _
Dir.im) (‘gZ.Qk> > Rn(Qim) (@) = By .kim) (6 - 6) = @ - ¢

for all e > 0. Since € > 0 is arbitrary, one can thus deduce that
D Fm) s L (4.24)
N(kavm) ka - Q ' '
We next estimate the upper bound for the discrepancy. For any « € [0, 1], we write

A(a; N(Q, k,m)) — aN(Q, k,m) = Z 1 —aN(Q,k,m)

e
V<«
= 2 m@® Y l-a D om@® )L
=@ asqo q<Q a<lq
g=b (mod m) (a,g)=1 g=b (mod m) (a,9)=1

Employing Theorem we see that

A(a; N (Q, k,m)) — aN(Q, k,m)

= > om@ ) Y oud—a Y m@®) Y pd)

q<Q a<qa dla 9<Q a<q dla
g=b (mod m) d|q ¢=b (mod m) dlq
= nd) @) | Do1-ad 1
d<Q q<Q a<qa a<q
qld dla dla
S ITIND SRNIZE ) SR o)
d<Q g<9 a<qa a<q

qd=b (mod m)

=> ) > mkled)(lga) - ag)
= qd=b qg(r?lod m)
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==Y uld) D> mled)*{qa}.
a<@ q<Q
qd=b (mod m)

Next, we take the modulus of both sides. Therefore,

(A N(Q, kym)) — aN(Q k,m) = 1Y pld) Y pwlad)*{ga}

d<Q

O

q_
qd=b (mod m)

<Y om@?] D pud)pk(gd)?] . (4.25)
q<Q dg%
qd=b (mod m)

By employing Lemma [4.1.1] the above sum can be expressed as

[A(a; N(Q, k,m)) — aN(Q, k m)l

<o Sma 2T (1+

) exp (—ev/10g(Q/0)

<Q plg

im Z,uk(q)Z H ( ) Z exp ( V/1og d)
<Q pla d<Q

<<mZeXp log Z,uk 2H(1+ ) .
d<Q a<9 plg

To estimate the inner-sum, we apply Lemma and obtain
A N(Q, k,m)) — aN(Q, k,m)]
Q -1
< exp ( log ) 1+
2. d¢ (k) H (p? = )(p* — 1)

d<Q

<m Q. (4.26)

Q 1
<n E) 2= Goxp (evTond)

a<Q
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Therefore,
Rt (@) = 7 A N(Q. km)) — aN (@b m)| < 2
m\&) = 7=~ Qg y R, )) — Q& , K, N m
MEEmEE = N (@ kym) Q
uniformly in « € [0,1]. Hence
D Fom 1 4.27
N@QEm) P Qr ) Km ) (4.27)
Therefore, using (4.24]), (4.27), and Theorem [1.1.3] we obtain
1 m 1
6 Km DNQ,P(L@C(QJC)) <im @
This completes the proof of Theorem [1.1.10] O

4.4 Correlation measure

In this section, we investigate if the v-level correlations of the sequence (96(;2)
Q=1

are Poissonian or not. Our primary aim is to compute the v-level correlation mea-

sure for all v > 2. In particular, we derive Theorems 4.4.1| and [1.1.13] We begin

by deriving a closed-form formula for the exponential sum over the Farey fractions
whose denominators are k-free and lie in an arithmetic progression, which is crucial

for establishing correlation measure.

4.4.1 Exponential sum over Sgn,z

Lemma 4.4.1. Let r € Z, we have

Y oelry) =) aM, (%) , (4.28)

(m) <
’YES"Q’k qq_\rQ

where My(x) =35 a<e  p(d)p(qd)?.
gd=b (mod m)

Proof. We begin by considering the left-hand side of (4.28]) and apply Theorem
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to detect the coprimality of @ and g. Therefore, we have

ar

> = X me Y (%)

() 4<Q 1<a<q N1
(a,q)=1

180,k g=b (mod m)

D Rk Ze(%>dlz u(d)

7<Q 1<a<q ged(a,q)
g=b (mod m)

Sy X wr Y oY)

d<Q 4<Q 1<azq N1
g=b (mod m) dla
dlq
9 ar
=S ud) > mlgd)? Y e —
d<Q <9 1<azqg 1

qd=b (mod m)

=> pd) > qmled)’ =) qM, (%) '

d<Q qg% q<Q
gd=b (mod m) alr
alr

In the second last step, we have used the identity

" om, il
Ze(nl/m) = { 0,

— otherwise.

This completes the proof of result. O

4.4.2 Correlation measure

To state our results on the correlation measure, we first fix some notations and

define certain transformations. Let

- 1 1
Dpern=2(,9):0<a<y<l,y>=—"" 0 oA < b
ekA {(:E Y) <z <y Y COET) < ye; — T, nj}

C(A Kk, 1) = % We define another map 7" on R¥~! and its inverse 7! as follows:

T(l’l, e ,Il,_l) = (I‘l — X9, X2 —X3,...,Ly_2 — Ty_1, (L’l,_l), (429)
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-1
T (.171, s 7IV—1) = (xl + -+ Ty—1,T2 ++ Ty—1y-0+,Ty—2 + :L‘y—lrru—l)-

We are now ready to state our result on the v-level correlations. Recall that

S(V)(‘B) = lim 8%, (B),

Q-0 ok

where

v 1 )" . gt
8&8’2 (iB> 7./\/’(@’ k, m)# {(’717 ... 771/) € <SQ,k) . fyz dlStlnCt,

1
Ay =) € B 7
O e et T € RG }
We assume that the constant =(k,n;,e;, A;) > 0 in Remark is positive.

Theorem 4.4.1. Let k,v > 2 be integers. All v-level correlation measure of the se-
quence <ﬁgl)€> exist. For any box B C (0,A)”~!, the v-level correlation measure
Q=1

s given by

S() = plon) oplme) Y

(k1) 1<n; <C(Ak,1) 1§1A<j§(<yicl()§(’f/\i’)€71)
S SVEULR,

x Z(k,nj, e;, A;) // g,fﬁe’A(:U,y)dxdy,
Qn,e,k,A

where Z(k,nj, ej, A;) > 0 is a positive constant depending on k,n;, e;, A;,

__ 1 e
=5 1;[ <1 p(p* — 1))

and
X — T (1) (V—l)
gk,e,A(xv Y) = X © gk,e,A(xv Y), - 2 Ge,A (z,9)) -
Remark 4.4.1. Note that for the v-level correlation to be Poissonian, we must have
SW(B) = vol(B) for all boves B. Using the above expression, we observe that the

sequence (ﬁg,l) does not have Poissonian v-level correlations for allv > 2. Let
) Qx1
A > 0 be a real number such that A= > 2" Y v (v — 1)) "1 (€ (k, 1)) 732, and let

B = (0,A/2]"". Then, clearly, S¥)(B) < vol(B).
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Recall that the pair correlation function of the sequence <,§5g,?)Q exists and
’ 21
is given by
6 A
mik(A) = ——5— Fr(n)l — ),
i) = Semtgar 2 Fmlos (n%(k, m))

A
1SN <z tem

where Fj(n) is as in ((1.22]).

08 /

0.6¢ /
0.4} /

02

=022
Oro

— Gole

0.0

0.0 05 10 15 20 25 10 15 20 25 30

FIGURE 4.1: The graphs of pair correlation functions g 2(A), g2.2(A), gpo(A) = 1 and
- 2
geup(N) =1 (522

Figure 1 shows the graphs of g;2(\) and ga2(A). For comparison, we also plot
the graphs of the pair correlation functions of GUE model and Poisson case, given

respectively by
sin A

gGUE<A>=1—( o ) gr(N) = 1.

The graphs of g; 2(\) and g2 2(\) show a strong repulsion between the elements of the
sequences 3’8)2 and S’S?Q, respectively—even more robust than the repulsion among
the zeros of the Riemann zeta function. As A\ — oo, repulsion decreases, and the

distribution tends to become constant.

Outline of Proof: To establish the correlation measure of the sequence (?é?) ,
T/ Q>1

we reduce the problem of counting the tuples described in (1.11]) to estimating an
exponential sum over g;g’? This is achieved by expressing the Fourier series for

the smooth real-valued function H with support contained in 2. Furthermore, we
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rewrite the exponential sum in terms of a Mobius sum and utilize the Poisson sum-
mation formula for the coefficients of the Fourier series. Given that the support of
H is contained within 28, several changes of variables lead to establishing estimates
for weighted lattice point counting with several coprimality and k-free restrictions.
As a result, the contribution from principal Dirichlet character yields the correlation
measure, while for the non-principal character, we provide an estimate for character
sum twisted by a continuously differentiable function and the characteristic func-
tion for the k-free numbers. By applying this result, the sum over non-principal

characters approaches zero as ) — oc.

4.4.3 Proof of Theorem [4.4.1]

In order to establish the v-level correlation measure for the sequence of Farey
fractions with k-free denominators ¢ that run through a given arithmetic progression,

we need to estimate, for any positive real number A, the quantity

v _ 1 M\ g
Sggfk (A) —m# {(%7 NN ,%) € (SQk> : 7, distinct,

1
— e Yol — _ Y/
(’Yl V2, y Yv—1 ’}/I/) € N(Q, /{Z, 1)% + }

To estimate this, we build upon the ideas introduced in [16] making several nec-
essary and technical modifications on the way. We begin with smooth correlation
measure as defined in . For a smooth real valued function H on R*~! such
that Supp(H) C (0,A)""!, define

o)=Y HN@Q.kDy+r), yeR™,

rezv—1

and
Sgic = Z Forn =72, Vo1 — M) (4.30)

Yi ES(Ql)k ,distinct
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Since SuppH C (0, A), the condition ~; # ; for i # j can be removed for () large
enough that N (@, k,1) > A. Let

f)= 3 celr-y)

rezv—1

be the Fourier series expansion of f, with the Fourier coefficients

Cr = r)e(—r-x)dx = HN(Q, k. 1)(z +n))e(—r - z)dz
/[Owa()( ) > /[OJ)H (N(Q, k, 1) (= +n))e( )

nezv—1

1 -~ r
=/ HWN(Q,k, )v)e(—r-v)dv = Nk 1))1/71[-[ (N(Q, K 1)) . (4.31)

where H is the Fourier transform of H. Then by (4.30]), we have

SQV,L: Z SO =2 Y1 — W)

(1)

Y1sees 'yDGEka
= Z cre(r - (Y1 =72, Vo1 — W)
VY1seees 'yyeﬁg?k

= Z cre(rim)e((ra —ri)ye) ... e((ro—1 — ro—2)vu—1)e(r_1v,). (4.32)

For m = 1, by applying Lemma to the above identity yields

gé”’i: Z ¢ Z dl"‘duMdl(dQl)"'Mdu(c%)

T:(Tl ~~~~~ rufl)quil d1|7‘1
da|ro—r1
dy—1|rv_1—ru_2
du‘ru—l
= E d1 cee dy./\/ldl (d_) R Mdy (d—> E Cr,
1<dy,...du <Q ! v dilr
da|ra—r1

dy—1 |TV‘;.1 —Ty—2
du""l/fl
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where M, (x) = 3, -, u(n)px(gn)®. The divisibility conditions in the inner-sum of
the above identity can be expressed as

r1 = lid;
ro = l1dy + lady
Ty—1 = lldl + -+ lufldufl = ludu

for some Iy, ...,l, € Z. We denote d = (dy,...,d,) € 05 ' = [1,Q" ' nz"!
l=(l1,...,1,_1). We obtain

v) _ Q Q
Sy = Z dy---d,_ 1 Mg, (d_1> Mg, (dul)

Q
X Z Cdyly dyly+dala,.oodrly+-tdy 11,1 Z dy,Ma, (— - (4.33)

d
lezv—1 dy|ldili+4dy—1ly—1 Y

?

By using (4.31)) and Lemma [4.4.1] the two inner sums in (4.33) take the form
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We take y; = di(x; + -+ +2,1), i =1,...,v — 1 withy = (y1,...,y,_1) € R

and set

H (le)d’}’(y) ( (le) (Z_i_z_Z)’?N(Qak,l) (zyz_zyi)’

vesn (i)

Therefore, the identity in (4.34) can be expressed as follows

Z Z/ (= y)Hn @k 1)a7 (¥)dy

&,(1) lezv— 1

) N
= > > Hyv@uayaa(l):

WESS?k lezv—1

Employing the Poisson summation formula to the inner sum of the above identity
and inserting it back into (4.33]), we obtain

= X Ma () M (55) XX ven

gl lezv—1

As SuppH C (0,A)""!, we have

L. I
0 < N(Q.k 1) (d—‘ﬁ) N 1. v
Vi i

The above inequalities implies [;d;;1 — [;41d; > 1 and

N(@ K, V)(ldjin = indy)  N(Q,k, 1)

A >
djdja — didina

Therefore, for all @ > Qy(A) using above inequality we get

Q* _ @  NQKD _ QA A

didj,  N(Q k1) dydyp N(Q,k, 1) Cg(k 1) =:C(A, k, 1).
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Note that both @)/d; > 1 and @/d;+; > 1. Therefore, for all @ > Qy(A), we have
1< d% < C(A,k,1), j=1...,v— 1. Similarly, we obtain

Q _en k). (4.35)

Hence,

S= 3 3 ST () ) (s g (o))

dSD’JQfl lezv—1 1§nj SQ/dJ

X Y Hy@rias()

a/4€3 ),

QZQ/C(Avkvl)
= Z p(ny) -+ pu(n, 1) Z pr(nadh)® -+ p(ny—1dy—1)?
1<n;<C(Ak,1) 1<d;<Q/n;

x> > Hyumas (D (4.36)

BT afaesg),
4>Q/C(Ak,1)

We set Aj =ql; —ad; for j =1,...,v— 1. Consequently, /; is uniquely determined

as [; = 2itedi Thig in turn implies that

dj  dip qd; qdj1

i lj+1_Aj+adj_Aj+1+adj+1:1(ﬁ A"“>,j—1,...,y—2.
q ' djy1

dj  djq

Moreover,

lu—l a Ay—l

dy—1 q B qdufl‘

Also, d; satisfy the congruence d; = —aA; (mod ¢), j =1,...,v — 1, where 1 <
a < q such that aa =1 (mod ¢). Since SuppH C (0, A)"~!, we get

O<AM:N(Q’]€’1> (Z_J_g>

qd; d;
= N(Q, k, 1) (ﬁ— lj“) o+ N(Q, K, 1) (l”‘l —9)
T dj dj-‘rl T du—l q

< (v—7)AN.
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For Q@ > Qo(A), the above inequalities give

adi(v— A Qv — HA
LS&SRORD = N D

< (v=J7)C(A K, 1);
thus, we have 1 < Ay, ..., A, 1 < (v —1)C(A, k,1). Therefore, (4.36]) becomes

Scﬁf = Z p(ny) - p(n,-1) Z Z ,Ltk(n1d1)2 .

X ,uk(nufldufl)2 Z

a/q€FY),a>Q/C(A k1)
dj=—aA; (mod q)

% H <N(Q7 k7 1) (Al A2 AI/*Z Aufl Al/l)) .

q

dl d2 Y duf2 dufl ’ dllfl

We simplify the above expression by employing the linear transformation 7" defined
in ([£.29). Weset H = HoT, which is smooth and SuppH C (0, (v—1)A]x---x (0, A].

The above identity then becomes

S(E?Vac = Z p(ng) -+ pu(n, 1) Z Z Mk(n1d1)2 .

iy (MQED (N & Ay

, R
e q di do dy—1
a/a€3 gk
q=Q/C(Ak,1)
dj=—aA; (mod q)

We define e; = dj+jAj, j=1,...,v—1. Note that e; is an integer since d; = —aA,
(mod ¢). As dj,a, and A, are all integers, it follows that e; > 1. Moreover, using
([1.35), we obtain 1 < e; < vC(A,k,1), j=1,...,v— 1. For each value of ¢;, with
a,q, and A; fixed, we obtain a unique value of d;; in particular, d; = ge; — aA\;.
Also, with fixed e; and A; and variable a/q € S(Ql’)k, in order for d; to belong to the
set {1,...,|Q/n;]}, a and ¢ must satisfy <ge; —aA; < L We consider

Q9
n;C(A,k,1) n; "
the region

1 nt 1
Q = : <y<l1, y> J <ye; —ax; < — 3.
ek, A {(:B,y) 0<x<y< ’y_C(A,k,l)’ C(A,k,l)_yej x ]_nj}
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We next set the functions fi . a, f,gje) A defined on €2, . 1 A as follows

frealz,y)=H <fk(:,le),A(xa W), fA (@, y))

and

N(Q. k, 1)A;

NI IR 1 u—1.
y(ye; — xA;)

£ A(a,y) =

We also set @' = a and note that a'/q € Sg)k with ¢ > Q/C(A,k,1) as a/q € 387),«

Therefore

Sé;}c — Z M<n1> ce M(ny—l) Z Z fk,e,A(alv Q>

1<n; <C(Ak,1) 1A < (v=1)C(Ak,1)  (a,9)€Q c.k,A
1<e; <vC(Ak,1) (a/,9)=1,ur(q)?=1
pr(ng(gej—a’Aj))2=1

(4.37)
To estimate the inner sum in the above identity, we apply Lemma [2.6.4]
Z fk,e,A(a/,Q) = E’(kvnj7ejaAj) // fk,e,A(xay)
(a,7Q)EQQn,e,k,A QQn,e,k,A
(' ,q)=1pp(a)*=1
pk(nj(gej—a’Aj))?=1
+0 (QH% log? Q) : (4.38)

By invoking the above estimate in (4.37)), and making the change of variables (u,v) =
(Qz,Qy) in the main term of (4.38), we obtain

Sor=Q> Y. wm)-plna) Yo ke A

)

1<n;<C(Ak,1) 1<A;<(v—1)C(A k1)
1<e; <vC(Ak,1)
% Tu(r, e, A) + O (Q1+%+€ log? Q) , (4.39)
where
T(r,e, A) = / / Ges (@, y)dady, (4.40)
Qn,e,k,A

Gren(z,y) =H (ggi,A(x, Yo A, y))
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and N(Q, k1A
() kDA
9 Az, y) = L j=1,...,v—1.
e (@) Q%y(ye; — TA;)

Employing Proposition and the inequality

|1 (v) = H(w)| < | H'|ljv—w| < 2/|H"]v — wl,

we observe that (4.39)) holds true when g,(j 2 A 1s replaced by

Gk, 1A,
w; == 5 - 17...’V_ 1
gk,e,A( y) y(yej _ IA]) J

in the formula for gy .. Therefore
S =@ N ) -u(ns) Y. S(kge;A)

1<n,; <C(A,k,1) 1<A;<(v—1)C(A k1)
1<e; <vC(Ak,1)

X Tu(r,e, 8) +0 (Q 1 10g? Q) .

where Zy(r,e, A) is as in (4.40). We also note that the region can be extended to

1 1
Oporn=2(,y): 0<z<y<l,y>-—\ 0<ye, —aA; < — 5.

If (2,9) € Qnern \ Qnera, there is some j such that |ye; — zA;| < 1/n;C(A, k, 1),
which implies that

1950 A @ 9| = A (k, 1)C(A, k1) 2 Gk, 1)C(A, K, 1) = A
This in turn implies that gi.a = 0 on Qme’k’A \ Qpera. Therefore

SQVL =@’ Z p(na) - - p(ny—1) Z E(k,nj, e, Aj)
1<n,;<C(Ak,1) 1<A;<(v—1)C(Ak,1)
1<e;<vC(Ak,1)

x / / rea(@,y)drdy + O (Q”%“ log” Q) : (4.41)
Qn,e,k,A
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Using Proposition with the above formula yields

SS)
" - Z p(na) -+ - (1) Z

N(Qa kv 1) Cg(k7 ]') 1<n;<C(Ak,1) 1<A;<(v—1)C(A,k,1)
1<e; <vC(Ak,1)

<Ehmgn ) [ gestededy+0 (@705 Q)
n,e,k,A

By the standard approximation argument, we next approximate the character-
istic function xp of a box B C (0,A)”! from above and from below by H. Thus,

we have

S
m O ST ) )Y

() = ko
Q—o0 N(Q) k) 1) (g(ka 1) 1<n; <C(Ak,1) 1<A;<(v—1)C(Ak,1)

1<e; <vC(Ak,1)

X Z(k,nj, e, A;) // Gren(T,y)drdy,
Qn,e,k,A

where
x o7 (oD (v-1)
gk,e7A(x7 y) X5 © gk,e,A(‘r7 y)7 s ke A (‘Ta y) :

This completes the proof of Theorem Using similar arguments as in the above
proof, we can establish the correlation measure for the sequence <Sgr2) for m > 2.

4.4.4 Proof of Theorem [I.1.13

To prove Theorem [1.1.13] we need to estimate, for any positive real number A,

the quantity

1 ) 2
S%iﬁ(A) :W# {(71,72) S (32;13) M F Y2 — V2 €
1
@Y A )
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as () — oco. Let H be any continuously differentiable function with Supp H C (0, A).

To estimate (4.42), we consider (4.32)) with v = 2. We obtain

5(2)

Q,kzzcr Z e(rm) Z e(ry2). (4.43)

rez 71 €S<m) “{26387,3

We employ Lemma 4.4.1| into the above identity and express it as

Sg)k = Zcr Z (dr)p(ds) Z QG2 (qrdr)? i (gad)”
r€Z  d1,d2<Q th%#pS%
la1,g2]|r
q1d1=b (mod m)
q2d2=b (mod m)

= > pldy)p(dy) > @i qrdr) (q2d2) D Crfgrge)s (4:44)
di,d2<Q n<F <y reZ

q1d1=b (mod m)
q2d2=b (mod m)

where [g1, ¢o] is least common multiple of ¢; and ¢o. In order to estimate the inner-

most sum, for each y > 0 we consider the function

Hy(z )zyH(M),xeR

Then .
~ ~ Yz
H H . 4.45
)= wr (va ) )
Since ¢, = i) km) ( ), by (4.45)) and Proposition [2.1.3 we obtain

rN(Q,k,m
> o = D Higwa) (7 ):ZH[ql,qz}(T)ZZ[l H( Q% >>.

rez rez rez ez 11 ] [q1, ¢2]

(4.46)

Using the above identity into (4.44]), we obtain

SSh="Y mdud) Y eed(g, @)mlard)(gad)?

d1,d2<Q q1<Q ga< ng
qdi= =’ (mod m)
g2d2=b (mod m)
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x> H (M> . (4.47)

reZ [Ch, 92]

Let ged(q1,q2) = 9, so that ¢ = dq), ¢ = 0qy with (q},¢5) = 1. Then (4.47)

becomes

Sg)k: =)0 p(dy)p(da) Z i (qdi6)? e (ghdad)?
0sQ dy,da<§ 0\ <5 B 505

qi0d1=b (mod m)
qhdd2=b (mod m)

(41,95)=1
XZH(N\/'(Q k, m))
ez 11950
—25 Z )(d2) Z 1(01d10)° 11, (g2d20)?
0SQ dy,dp< ¥ <53 02< 50
q19d1=b (mod m)
q20d2=b (mod m)
(q1,92)=1
rN(Q, k, m))
X H . 4.48
TGZZ ( q1420 ( )

For the non-zero contribution from H, using the fact that SuppH C (0,A) and
Proposition one must have

0 < N@QEm)r (4.49)
71920
which implies A
did ———— =:C(A, k,m).
) 1027 < ‘K(k,m) C( ) ,m)

By applying the above estimate and observing that

2 2(2k—1
o (N(Q,k:,m)r) g <Q ‘K(k,m)fr) Lo, ( " 0 (3:_2)) |
120 q1G20 q1G20
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the sum in (4.48)) can be expressed as

Sg,)k = Z 5ﬂ(d1):u<d2) Z ,uk;(q1d15)2,uk(qu25)2

di,d2,6,r>1

<&’ < Q
Sdydor<C(Ak,m) N=5d 292> 54,

q19d1=b (mod m)
q20d2=b (mod m)
(q1,92)=1

2(k 2(2k—1
< H (%) (Q = 2)(logQ)2>

> > 6x(6db)X (5d2b)pn(6)* () ()

X(mod m) dy,d2,6,r>1
X' (mod m) 5d1d2r<C(A k,m)

, 26 (k,m)r
x> X)X (a2)(q1ch8) i (gadad)* H (%)
q1 %q S% 1
(q1,92)=1
2(2: 1) | 9
m (@7 (logQ)7) . (4.50)

Next, we deal with the cases of principal and non-principal characters separately.

Case-I: If x = xo and x’ = x{ then we have

SO0 = > omOPude(d) > a0 (a:da)?
5d166l11277flig€;\2]€1m) q1<§§1 42 S 532
(d1dad,m)=1 (q192,m)=1=(q1,42)
2
I (Q %(k,m)r) | s
q1q20

To estimate the inner sum in the above identity, we employ Lemma [2.6.2| which
counts the k-free lattice points with some weight and congruence constraints. Note
that, since Supp H C (0,A), for the non-zero contribution from H, one has 0 <
CRAION For0<x1< -and 0 <z, <

we obtain
1220

Q
3dz

1 < C(A, k,m) and 1 < C(A,k,m)‘

_— 4.52
I TdQQ ) - T'de ( g )

Using (4.52) and the necessary condition for the non-zero contribution of H, we get

1
< —=.

1
< — and
Q

OH OH
‘ Q 'a_xﬁ

81(

$17$2) 561,372)
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Hence

1

0

Employing Lemma with 7 = ry = m, 0, = di0, dy = dyd, and f(a,b) =
H (M)’ the inner-sum in (4.51)) is expressed as

IDH |0 <

abd
26 (k,
2. pi(q1d16)* 1k (qada)* H (M)
71920
« <531 q2<5§
(q192,m)=1,(q1,92)=
_ 6P d 8, ds0 'k |
10, Q2 / / (Q é )>d dy + O,, (( )Q1+%log2Q).

(4.53)

Using the fact that SuppH C (0, ) and applying the change of variable A = —fy?)r

the integral in (4.53]) can be expressed as

[7 [ (FE)wmer [*[* (xya))dmy

_Q*rE(k,m)
o 5 / [dQ%(km) PR d)\d

2re (k 1 H(\
_QrE(k,m) / I LT
0 5d1da% (kym) J 2E ) A2L
Q*€ (k, m)r /A H(\)

0 Sdvda(kym) A’

A
1 .
o8 <r5d1d2<5(/<;, m)) dX

The above identity with (4.51]) and (4.53) gives

SChvorxy) = SLEEI S Pl (o) P, (036, )

T2

dy,d2,0,r>1
5d1d2r<C(A,k,m)
(d1d26,m)=1
A
H()\) ( )\ ) 1+ L 2
X lo d>\+0m< 1o )
/r&dldz%(k,m) PO rédidy% (k, m) “ S
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_ 6Q*C (k,m) A H()N A
B us /n%(k m) A? log ncg(kum) d)\

1<n<C(A,k,m)

<Y rn(0)(d)a(d) Bl (6, dad) + O (@ log? Q)

dd1dor= n
(d1d26,m)=
QQ% k m / H A
F 1 —— | dA
1<n<C Ak,m)
O (@' H1082Q) | (4.54)

where

Fe(n) = > rm(0)’u(dy)p(ds) P, (drd, ds6).

odrdar=n
(d1d26,m)=1

Case-11: Suppose at least one of x or x’ is non-principal Dirichlet character.
Without loss of generality, suppose x’ is non-principal character. The case when y

is non-principal follows similarly.

S =Y OXEAD (Dm0 () Y @) ()
(e mé%mﬁ%
ddydar<C(Ak,m) (q171q2):1 5
26 (k,m)r
X pr(q1d16)? pur(qada0)* H (M)
71920

= D ox(0dab)x (5db)pn(8) () () D x(qn)puk(qudh)

bl 76?7._ &
5dlcclllmfi§(:(/\>,kl,m) NE5a;
Q*€ (k, m)r
XY X (@) pulqadad)* H (# . (4.55)
Q 41420
©2< 54,
(g2,91)=1

In order to estimate the inner sum in the above identity, we use Lemma [2.3.1] with
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f <M> =H <m> and obtain

q2 q1q20

QQCK(kJ,m)T) Q k Q
/ Ay )2 H <— <, B R T
; X (¢2) i (q2a9) " (@) 55 ) s
q2 5
(g2, q1§)d 1

and this in conjunction with (4.55)) yields
Lie
Sg,)k(x, X)) Km QT Elog Q. (4.56)

We collect the estimates from (4.54) and (4.56)) and insert them into (4.50). We

obtain
@ 6Q*C(k,m / H(A (1 A
Sok = T R(m x(n)log W Zhm) dA\
1<n<C Ak,m)
+ O, (QHW log? Q)
A
—Q¥6(k.m) [ HONana(Ndr+ 0,0 (QH+1og* Q).
0
Therefore
5(2) )
N(Qk / H(N) gmi(A)dA + O, <Q_1+E+€ log? Q) .

We next approximate the characteristic function of the interval (0, A) from below and
above by the smooth functions with compact support in (0, A), using the standard

approximation argument, to obtain

A
S(0.) = Jim 20 = [ gnain

This completes the proof of Theorem [1.1.13]



Distribution of index of Farey

sequernces

In this chapter, we study the distribution of the index function by evaluating the
moments of Farey indices with B-free Farey denominators in an arithmetic progres-
sion. Similar divisibility constraint with B-free Farey denominators in an arithmetic
progression was imposed by the authors in [I] where they obtain absolute bounds
on the discrepancy of Farey fractions with such denominators. The notion of B-free

numbers was introduced by Erdés in [35] as a generalization of square-free numbers.

Definition 5.0.1 (B-free numbers). Given an infinite set B = {by, by, -} of inte-
gers greater than 1, we say that a positive integer is B-free if it is not divisible by

any element of B.

Denote the set of all primes by P. For positive integer k > 2, B = {p* : p € P}

gives rise to k-free integers. It is known [35] that for all large enough N and some

139
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0 < ¢ < 1, the interval [N, N + N¢] contains at least one B-free number.

First, we recall the definition of the index of Farey fractions. Let 7/ = Z—: <y =

% <A = ‘;—,,,, be three consecutive Farey fractions in Fg. Then, the index of the

Farey fraction 7 is defined as

/_'_ 1 a/ + a//
47T . (5.1)
q a

vQ(7)

The I-th moment of Farey indices with B-free Farey denominator in an arithmetic

progression is given by

Myg(u,m, Q) == ) vo(v)" (5.2)
’YZ%E}—Q
g=u (mod m)
q is B-free

Here, we establish asymptotic formulas for the above sum for first, second, and

higher moments of the set

B—{pGP:Z%<oof0rsomea<6,Wherel/2<0<1}. (5.3)

p

In particular, we provide proofs for Theorems [1.2.1] [1.2.2 and [1.2.3]

5.1 General setup and outline of the proof

In this section, we will provide general setup and outline our strategy to prove

Theorems and [1.2.3l We first express the arithmetic progression in
terms of Dirichlet characters. Further, we distinguish between the cases of the first,

second, and higher moments. For fixed positive integers m and u with (m,u) = 1
and wuz = 1 (mod m), using Proposition [2.3.1] the [-th moment in (5.2) can be

written as

MZ,B(u7maQ):¢— Z vo(7)' Z x(ug)



5.1 GENERAL SETUP AND OUTLINE OF THE PROOF 141

=ﬁm) S @ Y xave)

x (mod m) 'y:%E]-—Q
ns(g)=1
1 _
=—— Y x@Mypx,Q),
qb(m) x (mod m)

where

Mis(x,Q) = > X' = D xl@) Y. v (54

Y=%€7q <Q Y=%€Fq
ps(q)=1 ms(@)=1
We express the partial sum involving index separately for [ = 1,2 and [ > 3.
First moment
(i) For [ = 1, we use the definition of index (5.1)) and the fact that ¢ > Q — ¢, since

a'/q and a/q are consecutive Farey fractions. We have

Q

> owt =2 Y =@ |G| e ida 69
1=3¢7e '=Q—q+1 dlq
ged (¢,9)=1

where €(q) is unit function. This leads to

Mis(x, Q) =2 > x(g) Y u(d) {%J - > x@él@)+1.  (5.6)

a<Q dlq <Q
ps(g)=1 ur(g)=1

We now express the inner sum in the first term of the above identity in terms of
Euler totient function. Note that the summands in the first and second terms of
(5.6)) are multiplicative. We represent their Dirichlet series via an Euler product and
employ Lemma [2.1.1] Distinguishing between principal and non-principal Dirichlet
characters, we then invoke Cauchy’s residue theorem together with the bounds of the
Riemann zeta function and Dirichlet L-function to establish the asymptotic formula
for the first moment.

Second moment

(ii) For [ = 2, we write the mean value of square of the index using deficiency.
Recall, that the index vg(7y) can take at most two values [2Q/q] or |2Q/q] — 1, and
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the deficiency §(g) is the number of Farey fractions v € F¢ with denominator ¢ such
2Q

that vg(v) = { J — 1. Moreover, it is well known that there are ¢(q) fractions in
q

Fo with denominator ¢g. This yields

1= X vat) = (o) - o) | 22| +ota) (|22] 1)

a q q
Y= q E]'—Q

—ola) | 22| - sta) 57)

and

5> vel)? = (o)~ 5(a) | 2] () (12]- 1)2

v=2cFq q q
2
— o0 22| a0 (2| 22] -1). (55)
4q q
Note that from ({5.5)) and , we get an alternate expression for d(¢q) given by
st0) = ota) (| 22] +1) ~2 X wiar | 2| - et (5.9)
dlq

Consequently from ((5.4) and (5.8)), we have

st 5 w0 (s 2] -0 (o 22] 1)

q<Q
pi(g)=1
= X,(Q) —2%(Q)+ Y x(9)d(q), (5.10)
ugé)Qzl
where
2Q |° 20
X@= X x@ow| 2] v X x| 2],
9<Q q<Q

pi(g)=1 wi(g)=1
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To estimate X, (@) and Y, (Q), we extend the range of summation from 1 < ¢ < @
to 1 < ¢ < 2@ and write

X@= ¥ oo - 5 et
uz%qz)gl C/izj (qqﬁ?
and
v@-= Y x(q)é(qﬂ%— S (@)dla).
q<2Q Q<q<2Q
up(g)=1 puB(g)=1

We express 0(¢q) in terms of the Mobius function and the Euler totient function
using . We further write the Dirichlet series as an Euler product, since the
summands are multiplicative. Using a similar approach to the first moment, we
derive the asymptotic formula for the second moment.

Higher moments

(iii) For I > 3, we use the fact that for any three consecutive Farey fractions v/ =

‘;—: <y=g<v"= Z—Z their denominators are related (see [47]) as

q = {Q;LQJ q—q. (5.11)

This together with definition (5.1)) enable us to write

g 5[50 5 (@) o))

1=5€Fq Q—9<q'<Q Q—q<q'<Q
(¢";a)=1 (¢ ,9)=1

SNC RPN

Q—q<q'<Q 9<Q Q—q<q¢'<Q
(d'9)=1 pa(@)=1 (¢,q)=1
l l l
2 2 +q _
= E ((_Q)_(_Q>+(Q Q>>+O(Ql 1).
Q—q<q¢'<Q 9 1 9

(¢',9)=1
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As a result, substituting in ([5.4)), we obtain

o T 0, X ((8)-(2)+(54)) o

q<Q Q—q<q'<Q
ps(g)=1 (¢ ,q)=1

(5.12)

The estimates for ((5.6)), (5.10)), and ((5.12)) will be handled separately in later sections.

5.2 First Moment

Proof of Theorem[1.2.1 Using (5.6), the first moment can be expressed as

Mis(e@ =2 Y (@)Y uld) [%J— S (@éla) +1 =28 — S+ 1.

q<Q d|q a<Q
ps(g)=1 p5(g)=1
(5.13)
We evaluate the first sum on the right side of (5.13)) as
-y M0y >+o(z <q>)
d<Q q<Q a<Q
dlq
NB( )=1
=Q) uld Zx O)s(q) + O (QlogQ)
d<Q 4=Q
dlq
d)x(d d
=Q) H (d)uB( : > x()us(n) + O (QlogQ) . (5.14)
<@ nS%

We first estimate the inner sum in (5.14)). Since x(n)us(n) is multiplicative, its

Dirichlet series is given by

= x(n us () X(p*) s (p®)
= 3 M) T (1 X TR )
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(e (=
X(

j;ﬂIcfv, (5.15)

pEB

having analytic continuation to the half plane R(s) > 6. Moreover, the term contain-
ing the product on the far right side of (5.15)) is bounded in any half plane R(s) > o
with o > 6. Also, there is a constant Pz > 0 such that

Hofé>§&g

peB p
ptm
Let T'> 2, a =1+ 5. We use Lemma 2.1.1, where we putx:%+%,
L (8 ) R
S1 = — ~d 27~ 2 Cds+ R(T 5.16
n 2;»« wis(n) = 5 [ S RT), (516)
and

R < I —

deT — 10g d:§

We divide the sum into three subsums over the following ranges of n: n < %, é% <
n<?’2§,andn>3Q Forn<—andn>32§, zlogi.

Hence the first and last subsums are O (1/(av — 1)). For values of n satisfying % <

l
it is clear that ‘log —

n < % the middle subsum is

Q —a 1 Q jEet 1 Q l1-a
<(3) X flos 2] (0) X pop=(i) me
qtn

-Q Q e Q
Td <n<33 <n<gg

Therefore,
Q"logQ
deT

We now consider the integral in ((5.16]), which we estimate by shifting the line of

|R(T)| < (5.17)

integration into a rectangular contour with line segments joining the point a — T,
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a+1T, 0+ T, and 8 —iT. We first consider the principle character x, modulo m.

In this case, By Cauchy’s residue theorem, we have

1 [T (843)F(s), Q ( 1) ( 1)
— ~d Y - s =2 1—= 1—=)+ ) I, 5.18
210 Joir s d ot P H P Z J ( )

plm J=1
ptm

where [; and I3 are the integrals along the horizontal segments [a — iT,0 — T
and [0 + iT, «a + iT], respectively and I is the integral over the vertical segment
[0 — T, 0 +4T)]. The first term in the right hand side is obtained from the residue of
the simple pole at s = 1, giving rise to the main term in the asymptotic formula in the
statement of Theorem m To estimate the [;’s, one finds that the bounds provided
in , for similar integrals, apply to our case as well, modulo multiplication by

constants depending on m and B. Therefore,

logQlog’ T [ Q Q° QY @
s s| <ons =i\ s ~ oo tge — g ) (5.19)
and
< /T|(%+%>9*“||c<9+z‘t>|dt<< Q / SO+,
2smE 10+ it| mENd) S, |0+t
<ms (Q/d) logT, (5.20)

where we used Lemma to estimate the zeta integral. Next, we consider the
case for a non-principle character y # yo. We continue with the rectangular contour

defined above. Using bounds for L(s, x) (see (2.5) and (2.6))), we obtain

QR%log QlogT

Q%log T
deT '

[, [3] <o 7

) |12’ <<m,B

Therefore, inserting (5.19) and (5.20) into (5.18)) and choosing T' = Q?, for x = o,

we have 0 . . 013 O
og
- OT(- I 1) r0un (T229). o

plm
ptm
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and for x # xo, we obtain

0
S11=Omps (%fcb) . (5.22)
For x = xo, invoking in gives
Si= % vl Xutd) | 2] =@ (1-2) [T (1~ ) 3 2elmgheet®
q<Q dlq d peEB p plm p d<Q d
ps(g)=1 ptm
+ 0, (Q“%gcz > ﬁ) . (5:23)
a<Q
One can write
3 Xo(d)ﬂc(l?ﬂs(d) = Xo(d)uc(;i)us(d) s <%> | (5.24)
a<Q d=1
and
ZXO(d)MC(g)uB(d) _ <1+ XO(p)M]EZQ?)MB(p) N m(p%(;f)#e(ﬁ) +>
d=1 P
_ H (1 _ Xo(p])?/;zs’(p)> _ H (1 _ %)
P p¥B
ptm
_ ! 1 L™ 1 LY 5.25
“wll(-5) T(-5) - 629
ptm
Now, using and , for the principle character x = o, we have
Q*? 1 AN 146

pEB
ptm

Likewise for x # xo, using (5.22)) in (5.14) gives

plm

S1 < O (Q1+6 log Q) .
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Next, we first examine the second sum Sy in (5.13) for x = xo. Employing the
formula ¢(n) =3, p(d)n/d, we have

S= Y ol Y MY S DS st

q<Q dlq d<Q 7<Q
ps(g)=1 dlq
= xo(d)p(d)us(d) Y xo(n)us(n)n. (5.27)
a<qQ nS%

Using partial summations on the inner sum on the far RHS ([5.27) and then applying

(5-21)), we have
5 olmustn = (2) T (1= )T (1 1) + 0 (70527

n<9 pEB plm
ptm
Q
- / Z Xo(n)ugs(n)dt.
1 n<t

Applying (5.21) again to the integrand above, we have

/g > xo(n)ps(n)dt = /2 t11

1 1

<1 - %) 11 (1 B %) + O (t'(logt)*/?) | dt

n<t II;[EB plm
(- TT(- ) - one (F25)
= 1—- H 1—=)+0np| ———777— -
2d2 ot P o p J1+0
ptm
Hence
Q 1 1 Q' (log@)*"
Z Xo(n)us(n)n = BYE H 1 - » H 1- » + O e )
n<4 peB plk

plk
(5.28)

This along with (5.24)), (5.25)) and (5.27)) yields an estimate for S, for the principal
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character yq
Q° 1 1 Xo(d)p(d)pus(d)
S =11 = 11 1= > 7
peB plm d<@
ptm
1
+ O (QHQ(IOg QP> W)
a<Q
_9@ 11 (1 + 1) B 11 (1 + 1) B + O (@ (10gQ)*?) . (5.29)
20(2) 75 p p
plm
ptm
For all other characters, an estimate is as below
So =Y x(d)u(d)ps(d) Y x(n)pus(n)n
= x(dudps(d) > D x(n)us(n)
d<Q §<9 j<n<$
1
< Q7108Q Y g s Q' log Q. (5.30)
d<Q

Inserting the estimates from (5.26), (5.29), (5.22), and (5.30) into (5.13)) proves

Theorem [L.2.11

5.3 Second Moment

]

To estimate the second moment, we need an asymptotic formula for the deficiency

sum in ((5.10)).

5.3.1 Deficiency

In this section, we discuss the average order of deficiency when the denominator

of Farey fractions is B-free.

Theorem 5.3.1. For a fized positive integer m, let x be a Dirichlet character modulo
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m and a set B of prime numbers such that ) < o0 for some o < 6, where

pEB E

1/2 <0 < 1. Then, for all large positive integers @, we have

;

O, (@7 (log Q)?) , X # Xo

_ -1 2
2 x@00) =Y 2@Tpes (145) Tl (1+3) 85 Thee
-1
1 1
Proof. Using (j5.7), we have

> @i = X waow | 2] - X war@. ey

9<Q q<Q
pi(g)=1 pi(g)=1 pn(g)=1

1 + Om,B (Q1+9<10g Q)2) y X = Xo-

We begin with estimation of the first sum on the right side of the above equation.

Non-principal Dirichlet character: For x # xq, we write

> oo 2| = 3 x| 2| Suaf

q<Q q q<Q dlq
pi(g)=1 ps(g)=1

_ N Ald) 2Q

=25 qufx(q)us(@q{ . J

= S ulanta) - sl | 22
d<@ nS%

=S s, (2). (532
d<Q

where

Uuly) = o xmusr | 2]

y
r<j
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Define A(n) = >, x(r)us(r) and

b(n) =
0, ifn > H
We have
Z%x (n) = %%umw—Amfwnmm: %%Amwm>
2%% mvwn+w2%%Amxm>wn+>>2

The sum A(n) is similar to S;; where the former sum is upto n and the latter upto
Q/d. Hence, from (5.22)), A(n) <5 n’logn and

[b(n) — b(n + 1)| < {HLJ +“({%J B Lnilp
< Lo (|Y-124])

0, (22) < Lol Qo L Qs Q)

1+0 1+6
d d s QJ d

This yields

Combining this with (5.32)), we have

> x(@)é(g) {%J <m Q' (logQ)* ) ﬁ <mp Q0 (log Q)2 (5.33)

a<Q d<Q
pi(g)=1

Inserting the above bound into (5.31)) and applying Theorem to the second

term in ((5.31]), gives the required result for the case x # xo.
Principal Dirichlet character: For xy = x;, we extend the range from 1 < ¢ < @
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to 1 < ¢ < 2@, and write

> ol |22 = 5 oo | 2] - T wls. 53

4<Q q 4<2Q 11 gizaq
ps(g)=1 ps(g)=1 ps(g)=1

From (5.29), we have
> xola)dlg) = % 11 (1 + %) h 1T (1 + }3)_1 + O, (Q“"(log Q)%> :

Q<qL2Q peB plm
ps(g)=1 ptm
(5.35)
The first sum on the right side is solved as
2Q)

> x@ole) | =2 = D xo(@)éle) Y1

q<2Q q q<2Q n<2Q

ns(g)=1 (9)=1 aln

Z > xo(@d(@us(@) = D fro(n)
n<2Q q|n n<2Q
where
on ZXO )
rln
Since fy, = Xo¢us * 1, the Dirichlet series for f,, is given by
— Sl Xof
): Z X;;i ) _ Z Z 0 ( )
n=1 n= 1
1 1\ 1 1\
e T
s p P p p

which is absolutely convergent for R(s) > 2. Moreover, the product term over primes
in B is bounded for R(s) > 14 6. Now, use Lemmal 2.1.1) with © = 2Q + %, and sum
over n < 2Q), we get

> Ffoln ! / e i)s F<8)ds + R(T), (5.36)

27rz :
n<2Q i
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where
a n
|R(T)| < — e
T ; ne lOg%’

Let a =2+ @ and using the same argument as in ((5.17)), we have

Q*log@
[R(T)] < ===

The integrand in (5.36) has a simple pole at s = 2. We deform the line integral
into a rectangular contour with vertices a & ¢7" and 1 £ ¢7. By Cauchy’s Residue

theorem, we have

1 [orT (2Q + 1)’ F(s) 2Q + 1) 1\ RN
o (HT( 2) dSI%H(l—F—) H<1+—) +) 1,

peEB p plm

ptm

where the first term of right side is due to the residue of simple pole at the point
s = 2 and Iy, I, and I3 are the integrals along the lines [« —iT', 1 —iT, [1 —iT, 14T,
and [1 + 4T, a + T, respectively.

Estimation of I; and I3: Using , we have

o1 (20 + 1o — 1 +4T o
TARTAE . / 12Q+5) I N <5 10g T / QT ) do
i lo 4T 1
< (Q*+ QT/?)log T log(QT /)
m,B T .

Estimation of I5: Since ((s — 1) < T(=0)/2 logT if 1 < o <2, we have

dt < pmp QT*(logT)>.

L <o / (2Q + ) |Ic(it)
) 11+ it]

Collecting all estimates and choosing T' = Q?%/3, we get

> fon) =20°]] (1 + ]1))_1 11 (1 + %) B + O (Q*3(log Q)?) . (5.37)

n<2Q ];feB plm
m

We get the required result for x( by inserting (5.37) and ([5.35]) in ([5.34)). ]
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5.3.2 Proof of Theorem 1.2.2

To find the second moment, we first expand the terms X, (@) and Y, (Q) in
(5.10)). Since [2Q)/s] =1 when @ < s < 2Q), we extend the range from 1 < s < @
to 1 < s < 2@ and we have

5@= Y o2 = T xws @J ~ Y @6l

q<Q q<2Q Q<q2Q
ps(g)=1 ps(g)=1 up(g)=1
= 3 wao 2] (|22] 1) - T w22
q<2Q L4 q q<2Q q
pi(g)=1 ps(g)=1
- > x(@)e(9)
Q<q<2Q
pp(g)=1
2 Y MO S S o] 2] - S vt
20 1 a0 4<2Q 11 g2
ps(g)=1 qln us(g)=1 p(g)=1
9
2 Y i) - ¥ e 2| - ¥ xaoto), (5.38)
n<2Q <20 q Q<q<2Q
ps(g)=1 us(g)=1
where

From (5.5)) and (5.7)), we have

d(q) = ¢(q) {@J —T(q)

~ 4(0 {%J 2 Y utd) | 2]+ ota) - et

—ola) (| 2] +1) -2 S uta| 2| - et (5.10)
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Next, we consider the expression Y, (Q). The equation (5.40) and the well known
estimate Y, _, 7(q)/q < (log Q)? leads to

2 2 2
V(@)= Y @) {—QJ Q QJ ) 2 Y Moo {QJ
q<Q q q q<Q q
wi(g)=1 ps(a)=
+ O (Q(log Q)Q)
= Y @6l {@J Q@J +1)—2 S (@)
q<2Q q q Q<q<2Q
us(g)=1 HB() 1
Log Y X0 { J+2Q s X999 4 6 (n0g %)
q<2Q Q<q<2Q
us(q)=1 ps(q)=
2 Y MDY s T el 20 X MO S
<Q b 20 Q<q=2Q 4<Q n<2Q
ps(g)=1 qln pi(g)=1 ps(g)=1 qln
+2Q Y X@o) L (105 0)?)
Q<q<2Q
(@)=
Y Q-2 Y ) +20 Y X0
n<2Q Q<q<2Q Q<q<20
s (q)=1 s ()=
+ 0 (Q(log Q)?) . (5.41)
From , , and , we have
Mos(0.Q) =2 3 20— n)in(n) — 3 x<q>¢<q>{@J+3 S x(@)ol)
n<2Q 4<2Q q Q<q<2Q
us(q) 1 wi(g)=1
Lag Y MOAD) s 0 (Q(og Q)?)
Q<q<2Q q<Q
ps(q)= us(g)=1
=2M; — My + 3M;3 — 4QM, + M5 + O (Q(log Q)?) . (5.42)

One can obtain Ms5 from Theorem |5.3.1] - Estimation of M, is in and (| -

for non-principal and principal Dirichlet characters, respectively.
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Case (i): For x # xo, from ([5.30]), we have
Ms < Q" 1og Q, (5.43)

and

s<2 s d Q < 2Q
e B fnst
1
K Q'M0gQ Y =5 <mp Q"log Q. (5.44)
d<2Q

Case (ii): For x = xo, from (5.29)

_3;622 1 - 1 - 140, 3/2
=B T (143) T(145) +One (@ os@), (549

peB plm
ptm

and using , , and , we obtain
1\ 1\ 5
M, = % I1 (1 + —> I1 <1 + ]3) + Omg (Qe(log Q)a) . (5.46)

peEB p plm
ptm

We are left to estimate M;. For this we observe that

= 2
My =) max (TQ - 1,0) nhy(n),
n=1

where h,(n) is in ((5.42)). Using the well known formula

1 a+1i00 I‘S+1

— ds = —1,0 >0 5.47
27T'l r—ioo 5(8"‘1) &) maX(x Y )7 x Y ( )

we write

oLy [ e ()Y

2mi = Joine S(s+1) \ n*

The Dirichlet series of h,(n) is absolutely convergent on the line R(s) = 2 and is
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H(s) = Z fix (1) = ((s) Z x(n)o(n)us(n)  ((s)L(s,x)

n=1 n® nst1 _L(S—FLX)
I1(5 ) () (-32)

This yields

Mo L/:Jrioo (2Q)*'¢(s)L(s,x) H (1 _ @) (1 _ @) B ds.  (5.48)

270 Jamiso S(s+1)L(s +1,X) p* ptt

Non-principal Dirichlet character: For y # xo, the above integrand has simple
poles at points s = 0 and s = 1, so we shift the path of integration from 2 — T’
to 2 4+ T into a contour that contains the horizontal line segments from 2 — 71" to
0 — T, and from 0 + T to 2 + 1" and the vertical line segments from 6 — T to
0 4+ T, and from 2 — iT to 2 4+ ¢1. By Cauchy’s residue theorem, we have
L/}HOO (2Q)5T1¢(s)L(s, x) H ( B M) (1 - @) -1 .
270 Jo_ioo S(s+ 1)L(s+1,x) ok ps pstl

pEB

where the first term is the residue of the integrand at s=1, I; and I5 are the integrals
along the vertical segments (2 — ico,2 — ¢T] and [2 4 iT, 2 4 ic0), respectively, I
and I, are the integrals along the horizontal axis [2 —it, 8 —iT'] and [0 + 1,2+ T,
respectively, and I3 is the integral over the vertical segment [0 — T, 0 + iT.
Estimation of [; and I5: Since |((s)| < 1 and |L(s, x) < 1 uniformly on R(s) = 2,
we obtain

< (3 Q?

|]1|7 |I5| <Km,B t_th <m,B ?

T

Estimation of I and Iy: Since |L(o + iT, x)| >n @ (see (2.6)) and using ({2.2)
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and ([2.5]), we have

2 0.1 . .
Q7 ¢(o +4T)||L(o + 4T, x)|

L, | L] <mp lo T/ , :

1Bl | < log T | o+ iT||o + 1 + 7]

logT)® [* logT)® [?
<<m,B ;:;ngze/ Qa+ld0_+ (Og ) / Q0+1d0_
0 1

108 T2
Q?logQ(log T)°>  Q°log Q(log T')°
<<m,B 1274896 + T2 :
T~ 108

Estimation of I3: Since |L(0 4 iT, x)| >m @ (see (2.6))) and using (2.2), (2.5), we

have

TUCO + it)||L(O + it, )|
I " 1+01 T/ ‘C( )
[fs] <omp @ log o 0 rit][l 0+

_ T 1+6 1 T)5
17555 (log T)° / ! dt Q" UogT)"
< Q (log T) o |0+ dt||1+ 6 +it] .8 TR

Collecting all estimates in (5.49) and putting 7' = Q?, we obtain

Ml:wn( _@)( _M>_l+om78(g), (5.50)

2
L(2,x) p p
Principal Dirichlet character: For xy = xo, (5.48) yields

g [ () (k)

pEB
ptm

T2 ()

Take a = 2. We deform the path of integration as defined for x # xo. Denote

0 e L (3) () T0-3) (-5)

peB plm
ptm
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By Cauchy’s residue theorem, we have

1 (2o 5
— Z(s)ds = Ress—1Z(s) + ZIj, (5.51)
j=1

270 Jo—ioo

where I;’s are same as in non-principal Dirichlet character case above. The residue

of the second order pole at s =1 of Z(s) is given by

2Q° 2 3 plogp pIng
Resg—17(s) =—— | log2Q) — —=—+2
Mm
<[]+ H
peBer p+1

Estimation of I; and I5: Since |((s)| < 1 uniformly on R(s) = 2, we obtain

3 3
1], | Is] <m,s Q —5dt Kmp ¢
T T

Estimation of Iy and I,: Since |[((o 4 iT)| >, @ (see (2.3)) and using (2.2]), we

have

2 Q7 ¢(o +4T)?
s |o+iT||o +1+iT]

logT - logT o
< 58 [ @t + VLT [

Q?logQ(logT)® @3 log Q(logT)?
T1+0 T T2

|12, | 14] K log T

<<mB

Estimation of I3: Using ({2.2]), we have

[SCRXD]
0+ it|[1 + 6 + it]

T
L) <o Q' log T /
0

T 1 Q1+9(IO T)3
40 (log T)? ———dt x \%81)
<<m,B Q ( 0og ) /0 (9 + t)1+9 <<m73 To
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Collecting all estimates in (5.51]) and putting 7' = Q?, we obtain

200 (2 1 1
M, =29 logZQ_C()__Jr +Zp0gp ZPng

¢(2) ¢(2) peB
xH(l—l— ) lH(H%)_lJrom,B(Q). (5.52)
e o

Collecting all estimates from Theorem |5.3.1], (5.33)), (5.43)), (5.44), and (5.50)), we
obtain the statement of Theorem for non-principal character. For y = xo, the
result follows from collecting estimates from Theorem [5.3.1} (5.37)), (5.45)), (5.46]),

and (5:52).

5.4 Higher Moments

Proof of Theorem[1.2.3. From (5.12)), we have

M@= o) 3 (( ) (?) (¢ q')l>+O<QH>

q<Q Q—q<q'<Q
ps(g)=1 (¢',9)=1
2Q
= > xl@ > (—) NOEDS
q< Q—q<q'<Q q 9<Q Q—q<q'<Q
ps(g)=1 (¢ ,9)=1 us(g)=1 (¢,9)=1
+¢\'" 20\ - _

’ ((Qqq) ‘<7Q)>+O(@l ) =SS +0(@7).

(5.53)

We begin with the first term on the right side of ([5.53)) as

S, = QlQl X(lq) Z Z _ 2lQl Z Z p(d

q<Q q Q—q9<q'<Q d|(¢',q9) q<Q dlq
p(g)=1 ps(g)=1
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_ 9! (ZX pi5(q Zu +Om,s(%))

dlq
2lQl Z p(d Z x(q + Oms (Ql—l)
- d\q
— X(D)p(d)ps(d) ~ x(n)p(n)
— QlQle:; X Mdl KB nzzl o B (Ql 1)
-1 -1
_2'Q'L(I—1,x) — x(»") — x(")u(n) -1
O
Y H<Z <pl—1>n) (Z Tk ) +Ons (@)
(5.54)
For the second sum, observe that
N l
Sol =1 > xl@) > ((Q+q) —(@>)
q<Q Q—q<qd'<Q q q
ps(g)=1 (¢"\9)=1
Q+d\  [2Q)
x| E (5D
9<Q  |Q—g<q'<Q 4 q
pe(@)=1| (¢',9)=1
I _ AV -1
233 (2Q) (ZQJFQ) <<ZQz—z
9<Q Q—g<q'<Q ? q<Q
<<{ Q%logQ, ifl =3, (5.55)
Q- ifl >4

Inserting ([5.54) and ([5.55)) in (5.53]), we obtain the required result. O
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Conclusion and Future directions

In this section, we conclude with a discussion of ongoing work and future research
directions. The aim of this thesis is to study the distribution of Farey sequences
with various restrictions on denominators and numerators. In future work, we are
also interested in studying the distribution of Farey sequences whose denominators
and numerators lie in a sparse set. For instance, the sequence of Farey fractions

with prime denominators, as the set of primes is sparse, has Poissonian distribution.

163



164 Conclusion and Future directions

6.1 Ongoing work

Let g > 2 and m be fixed positive integers with (m,g — 1) = 1. If n € N then

representing n in the number system to base g:

n:Zaj(n)gj, 0<a;<g-1, a, > 1.
=0

We denote

aj(n)g’, 0<a;<g—1, a, > 1| U(n):s}

=
=
I
—
3
I
<
I S
o

and
A(r,m) = {n: Zaj(n)gj, 0<a;<g—1 a,>1|0(n)=r (mod m)},
=0

where r € Z, 0 < s < (g—1)(v+1), and

Numerous authors [38, 42 [76], [77, O] have investigated various arithmetical ques-
tions - such as properties of divisibility, distribution in arithmetic progressions, Weyl
sums, character sums, etc concerning the sets A(s) and A(r,m). We define the sets
of Farey fractions whose denominators are positive integers with a fixed digit sum
and which lie in an arithmetic progression, denoted by Fg a(s) and Fg a(rm), respec-

tively, as follows:

a
FQ,A(S):{Ezlgagqng (G,Q)Zl, q€A<S)}

and
]:Q,A(r,m) - {g 1 SQSQS Qv (a7q) = 17 qGA(r,m)}.

In this project with Igor Shparlinski, we are working on the distribution of Farey
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fractions with digital restrictions, namely Fg a(s) and Fg a¢m). In particular, we
want to study the quantitative equidistribution and pair correlation measure of the
sequences (.7:@, A(S)) 0 and (.7:@7 A(,«,m)) o Furthermore, we want to explore whether
these sequences behave like a uniformly random sequence or exhibit non-Poissonian
behavior. To achieve this, we need to study the Weyl sums over Fg 4(s) and Fo, a(rm)
and establish an asymptotic formula for weighted visible lattice points with digital

restrictions, which are of independent interest.

6.2 Future directions

In Chapter [3] we studied the distribution of the polynomial Farey sequence
(F Q,P)Q, which is defined by

}—Q,p:{gzlgagqgQ, (P(a),q)zl},

where P(x) € Z[z]. We proved that the lim sup of the pair correlation measure
of this sequence is bounded, and for the specific polynomial P(z) = z(z + 1), we
showed that the pair correlation measure exists and established an explicit formula

for the pair correlation function, which is non-Poissonian.

Furthermore, we are interested in investigating the pair correlation measure of
the polynomial Farey sequence (Fg p) o for polynomials P(z) € Z[z] of degree > 3.
It is then natural to have an explicit formula for the corresponding pair correlation
function. For such polynomials, the problem presents several analytic difficulties,

since the exponential sum over Fg p becomes more delicate.

Let g > 2 be a fixed integer. For any choice of D C {0,1,...,9 — 1}, let

A= {n = Z ai(n)g’ = a;(n) €D, v> 0}
0<i<v

be the set of positive integers with restricted g-ary digits. Shparlinski, together with

Banks [10] and with Banks and Conflitti [9], as well as numerous other authors, has

considered various arithmetical questions concerning integers whose g-ary digits are
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restricted. We define the set of Farey fractions whose denominators and numerators

are restricted g-ary digits as follows:
a
fQ,A:{EﬂSGSQSQy <a7Q):17 CL,(IGA}-

It would be interesting to analyze the distribution of Farey fractions with de-
nominators and numerators are restricted g-ary digits. In particular, our aim is to

study the equidistribution and pair correlation measure of the sequence (Fg 4) o

Let us recall the definition of the index of Farey fractions. Let v/ = Z—: <y =

e < v = Z—Z be three consecutive Farey fractions in Fg. Then the index of the

Farey fraction v is defined as

B q/+q// a/ _l_a//
fd q = 4 .

vo(7)

In [3], the authors studied the moments of the index of Farey fractions, and in [3]
this was done for Farey fractions with square-free denominators. In Chapter [5, we
investigate the moments of the index of Farey fractions with B-free denominators
that lie in a fixed arithmetic progression. The case of k-free denominators will

appear in a forthcoming paper.
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