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Abstract 

An autoencoder is an artificial neural network used for learning efficient codings. The aim of 

an autoencoder is to learn a representation of data, which can then be used for better 

classification or any such application. Recently, the autoencoder is being used for learning 

generative models of data. 

Usually the Euclidean distance (l2-norm) is used as data fidelity constraint for training the 

autoencoder. The Euclidean distance is optimal when the noise is Normally distributed but 

not so in the presence of outliers. 

In inverse problems like impulse denoising and de-aliasing, the noise/artifact is sparse but 

large. Hence a more robust data fidelity cost function is desired. So we use the lp-norm asit  

makes the problem robust to outliers.Both linear and non-linear activation functions are used 

at the output end of autoencoder. The linear problem is solved using alternating minimization 

and Iterative Reweighted Least Squares (IRLS). The non-linear formulation is solved using 

split-Bregman technique. Experimental results show that our proposed method yields 

considerably better results for impulse denoising and de-aliasing compared to previous 

formulations.  

Also,stacked linear autoencoder gives a representation for images which significantly 

improves the results for classification problem even using simple classification techniqueslike 

KNN or SVM. This performs much better than complex methods like deep belief networks or 

non-linear autoencoders.  

Yet another application of this robust autoencoder is for inverse problems like signal 

recovery, especially for sparse signals. This produces results almost at par with compressed 

sensing techniques like Basis Pursuit, Lasso or Iterative Soft-thresholding and is also much 

faster.   
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Chapter-1 

Introduction 

1.1 Background 

An autoencoder is an unsupervised neural network setting the target values to be equal to the 

inputs. Here, the encoder maps the input to a latent space, and the decoder maps the latent 

representation to the data. 

 

Fig. 1.1 Autoencoder 

In signal processing terminology, we can say that an autoencoderlearns the analysis and the 

synthesis weights by minimizing the errorbetween the input (training samples / corrupted 

training samples) and the output(training samples). When corrupted training samples are 

given as input, it is called denoising autoencoder. A stacked autoencoder has more than one 

hidden layers and is trained by agreedy layerwise approach. 

The error is calculated as l2-norm and it is perhaps the most widely used data fidelity 

constraint in signal processing and machine learning. It arises from the Gaussian / Normal 

assumption of the distribution which fits a large class of problems in practice. But the 

practical reason behind popularity of the l2-norm stems from the fact that it is easy to solve; it 

is smooth and convex and has a closed form solution (for linear problems).The l2-norm 

minimization works when the deviations are small – approximately Normally distributed; but 

fail when there are large outliers.In statistics there is a large body of literature on robust 

estimation. The Huber function [1] has been in use for more than half a century in this 

respect. The Huber function is an approximation of the more recent absolute distance based 
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measures (l1-norm). Recent studies in robust estimation prefer minimizing the l1-norm instead 

of the Huber function [2]-[4]. The l1-norm does not bloat the distance between the estimate 

and the outliers and hence is robust. The problem with minimizing the l1-norm is 

computational. However, over the years various techniques have been developed. The earliest 

known method is based on Simplex [5]; Iterative Reweighted Least Squares [6] used to be 

another simple yet approximate technique. Other approaches include descent based method 

introduced by [7] and Maximum Likelihood approach [8].  

1.2 Inverse Problems 

A linear inverse problem is expressed in the following form:  

y Ax  (1) 

If the system is orthogonal, solving (1) is trivial. One just requires applying the transpose of

A  to both sides of (1). If A is square (and full rank), one can solve (1) by finding the inverse 

of (1) or via Gaussian elimination.  

In most practical problems, the system is not determined (square); it is either overdetermined 

or underdetermined. For the overdetermined case, there is no solution to (1) – but it is 

possible to find an approximate solution by minimizing the following least squares problem –  

 
2

2
ˆ min

x
x y Ax   (2)  

The solution to (2)turns out to be the pseudo-inverse of A .  

 † †x̂ A y A Ax   (3) 

For the underdetermined case, there are infinitely many solutions. To search for a plausible 

solution, one needs some prior knowledge.For example, in the simplestcase one may be 

interested in the minimum energy solution, i.e. 

 2
2ˆ min

x
x x  such that y Ax  (4) 

 This has a closed form solution – 

  
1

ˆ T Tx A AA y


  (5) 

In recent years, after the advent of compressed sensing, researchers have become interested in 

sparse solutions of underdetermined systems. Such problems are ideally solved by 

minimizing the l0-norm. 
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0

ˆ min
x

x x  such that y Ax  (6) 

It is well known that solving (6) is an NP hard problem. There are two approaches to bypass 

this – a) greedy solution, b) relaxation of NP hard l0-norm to nearest convex surrogate l1-

norm. Both are non-linear inversion techniques. They do not have analytic solutions and need 

to be solved iteratively.  

Solving an inverse problem by l1-norm or l0-norm or lp-norm are ‘designed’ inversion 

techniques. In this work instead of ‘designing’ such inversions, we propose to ‘learn’ the 

inversion. More specifically we learn the inversion using autoencoder.  

1.2.1 Impulse Denoising 

We look into two inverse problems. The first one is the simple denoising problem. This is 

expressed as 

 0x x n   (7) 

where n is the noise.  

If the noise is Gaussian, the solution can be recovered by least squares minimization. For 

sparse / impulse noise, one needs to minimize the more robust l1-norm. 

 0 1
ˆ min

x
x x x   (8) 

1.2.2 De-aliasing 

The second problem we are interested in the de-aliasing problem. This arises in magnetic 

resonance imaging (MRI). In MRI, the data is acquired in the Fourier space. To accelerate the 

scan, the Fourier space is sub-sampled. This is expressed as, 

 y RFx  (9) 

where F  is the Fourier transform, R is the sub-sampling operator, y is the collected data and 

x is the image. 

If the Fourier space is fully sampled, inversion is straightforward. But for the said scenario a 

straightforward application of inverse FFT (after zero-filling the unsampled locations) would 

lead to aliasing (10). 

 ˆ H Tx F R y  (10) 
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The aliasing artifacts are shown in Fig.1.2: 

 
Fig. 1.2 (a) Original (b) Reconstruction from Variable Density Random Sampling (c) Reconstruction from Periodic 

Undersampling 

Clearly the aliasing artifacts appear as outliers not as Gaussian noise. Compressed Sensing 

(CS) [9] formulates the inversion as an optimization problem of the following form, 

 
0

min
x

Wx  subject to y RFx  (11) 

where W is the wavelet transform.  

This is an NP hard problem. It can be solved using greedy algorithms like Orthogonal 

Matching Pursuit (OMP) or by relaxing the NP hard l0-norm to its nearest convex surrogate 

the l1-norm.Our aim is to recover the de-aliased MRI, from this aliased one, as quick as 

possible. 

1.3 Aim of the Thesis 

In this work, we propose a generalized lp-norm autoencoder, where the value of p can be 

adjusted to best fit the error in corrupt and clean signals.lp-norm fidelity is robust to outliers. 

Neither impulse noise nor aliasing artifacts are Normally distributed. Hence, they cannot be 

solved using least squares. For impulse denoising, one needs to solve (6) and for de-aliasing, 

compressed sensing (CS) is employed. Both (6) and CS are non-linear recovery techniques. 

Instead of designing the inversion formulation as an optimization problem, we will learn the 

inversion operation using autoencoders. However the standard autoencoder formulation 

(discussed in the next section) uses an l2-norm data fidelity term; this is not optimal for the 

said scenarios. Since the noise / artifact appear as outliers we need to robust version of 

autoencoder, i.e. we need to migrate to a robust l1-norm data fidelity term instead of the 

standard Euclidean cost function. 
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We use a simple Iterative Re-weighted Least Squares (IRLS) based technique to solve the lp-

norm minimization problem for autoencoders with linear activation function.We also have 

solved non-linear case using split-Bregman technique and soft thresholding. 

We test both our proposed formulationof autoencoder for classification as well. The features 

generated by our robust autoencoder are used as input to simple classification algorithms like 

KNN, SVM, etc. We found that even with such simple classifiers, our features give 

significant improvement in classification accuracy over deep autoencoder or DBN. 

This work contributes to the body of machine learning and signal processing in two different 

aspects. First, this is the only work that introduces robust autoencoders. Second, there is 

hardly any work on solving inverse problems using autoencoders; most studies use 

autoencoders for learning features to be used in classification problems. This would be one of 

the foremost studies that show how autoencoders can ‘learn’ to solve inverse problems. 

1.4 Organization of the Thesis 

This thesis is organized as follows: 

 Chapter-2 presents the literary survey on the basics of autoencoders, theirvariations 

and its connection to the dictionary learning. 

 Chapter-3 proposes formulation and algorithm for linear autoencoder. 

 Chapter-4 proposes formulation and algorithm for non-linear autoencoder. 

 Chapter-5 explains the experimental setup, datasets used and gives results and 

comparisons of proposed method against the existing ones. 

 Chapter-6concludes this thesis by summarizing the contribution of the work and 

research done. 
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Chapter-2 

Literature Review 

2.1 Autoencoders 

An autoencoder consists of two parts – the encoder maps the input to a latent space, and the 

decoder maps the latent representation to the data [10, 11]. For a given input vector (including 

the bias term) x, the latent space is expressed as:  

 h Wx  (12) 

Here the rows of W are the link weights from all the input nodes to the corresponding latent 

node. The mapping can be linear [12], but in most cases it is non-linear. Usually a sigmoid 

function is used, leading to:  

  h Wx  (13) 

The sigmoid function shrinks the input (from the real space) to values between 0 and 1. Other 

non-linear activation functions (like tanh) can be used as well.  

The decoder portion reverse maps the latent variables to the data space. 

  'x W Wx  (14) 

Since the data space is assumed to be the space of real numbers, there is no sigmoidal 

function here.  

During training, the problem is to learn the encoding and decoding weights –W and 'W . In 

terms of signalprocessing lingo, W is the analysis operator and W is the synthesis operator. 

These are learnt by minimizing the l2- norm data fidelity constraint: 

  
2

, '
arg min '

F
W W

X W WX  (15) 

Here 1    NxX x    consists all the training sampled stacked as columns. The problem 

(15) is clearly non-convex. But can be solved by gradient descent techniques since the 

sigmoid function is smooth and continuously differentiable. 

Denoising autoencoders [12, 13] are a variant of the basic autoencoder where the input 

consists of noisy samples and the output consists of clean samples. Here the encoder and 

decoder are learnt to denoise noisy input samples.  
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Fig. 2.1 Stacked Autoencoder 

There are several extensions to the basic autoencoder architecture. Stacked / Deep 

autoencoders [14] have multiple hidden layers (see Fig. 2.1). The corresponding cost function 

is expressed as follows: 

    

   

1 1 1 1

2

,..., , ' ,..., '

1 2

1 2 1

arg min (

   ' '... ' (

   ..

)

.

L L
F

W W W W

L

L L

X g f X

where g W W W f X

and f W W W X



  

 

 







 (16) 

Solving the complete problem in(16) is computationally challenging. The weights are usually 

learned in a greedy fashion – one layer at a time [15], i.e. the outermost weights (layer 1) are 

first learnt. The features (product of the learned weights multiplied with the input) are used to 

learn the second and deeper layers. 

Stacked denoising autoencoders [13] are a variant of the basic autoencoder where the input 

consists of noisy samples and the output consists of clean samples. They too have multiple 

hidden layers which are learnt in a greedy fashion as explained above. 

Another variation for the basic autoencoder is to regularize it, i.e.  

 
 

2
arg min ( ) ( , )

F
W s

X g f X R W X   (17) 

The regularization can be a simple Tikhonov regularization – however that is not used in 

practice. It can be a sparsity promoting term [16] or a weight decay term (Frobenius norm of 

the Jacobian) as used in the contractive autoencoder [17]. The regularization term is usually 

chosen so that they are differentiable and hence minimized using gradient descent techniques. 
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2.2 Connection to Dictionary Learning 

The KSVD [18] popularized dictionary learning in signal processing and machine learning. It 

has been used in almost every perceivable image processing scenario. The original KSVD 

formulation learns a dictionary that can represent the training data in a sparse fashion. The 

model is SX D Z where X is the data, SD  is the learnt dictionary and Z  is the sparse 

coefficients.In general dictionary learning can be expressed as, 

 
2

1,
min

s
s FD Z

X D Z Z   (18) 

The problem (18) is solved by alternately updating DS (dictionary / codebook) and Z (sparse 

code).  

This is the so called synthesis prior formulation where the task is to find a dictionary that will 

synthesize / generate signals from sparse coefficients. There is an alternate co-sparse analysis 

prior dictionary learning paradigm [19] where the goal is to learn a dictionary such that when 

it is applied on the data the resulting coefficient is sparse.The model is ˆ
AD X Z . The 

corresponding learning problem is framed as: 

 
2

ˆ 1,

ˆ ˆmin
A

A
FD X

X X D X   (19) 

The autoencoder learns the analysis and the synthesis dictionaries simultaneously. The 

learning technique for a single layer autoencoder is (20); we repeat it for the sake of 

convenience. 

  
2

, '
arg min '

F
W W

X W WX  (20) 

It does not specifically look for a sparse solution (hence there is no sparsity promoting term). 

For the linear activation function, it is the same as jointly learning the analysis and the 

synthesis dictionaries. 
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Chapter-3 

Linear Robust Autoencoder 

We do not change the autoencoder architecture. We only change the data fidelity constraint 

from l2-norm to lp-norm. Several studies [20, 21] have indicated that despite the non-linearity 

defining the relationship, hidden layerneurons essentially function in the linear region. 

Following the analysis and results reported in these works, we model our autoencoder using 

simple linear mapping; this reduces the computational costs considerably. For a single layer 

autoencoder this results in solution to the following problem for finding the weights. 

 
, '

arg min '
p

p
W W

X W WX  (21) 

It is possible to solve this problem using sophisticated techniques like variable splitting and 

Augmented Lagrangian (split Bregman), but this would introduce several hyper-parameters 

which need to be tuned. Empirically tuning these for large scale machine learning problems is 

cumbersome and time consuming. Therefore, we adopt a simple Iterative Reweighted Least 

Squares (IRLS) based technique to solve the lp-minimization problem (10). 

3.1 Linear Inverse Problem: lp-norm Data Fidelity 

IRLS is a popular technique in sparse recovery [22]. It has been used to solve linear inverse 

problems of the form: 

 y Ax    (22) 

where y is observation, A is the measurement operator, x is the solution and η is some non-

Gaussian noise.  

The task is to solve the following lp-minimization problem: 

 arg min
p

p
x

y Ax  (23) 

In IRLS, the lp-norm is substituted by a weighted l2-norm. 

 

 

2

1
2

2

   , 
p

i i

p p

i p
i

w v

v v Wv

whe d age ir W w









 (24) 

For solving (23), the IRLS formulation is: 
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2

2

1
2

arg

   ( )

min ( )

p

i i i

x
W y Ax

where w y Ax


 



 (25) 

The solution progresses iteratively. In the first iteration W=Identity. In the subsequent 

iterations, W is updated based on the previous solution (x). At convergence, (25) is the same 

as (23); the IRLS reaches the desired solution asymptotically.  

The IRLS technique has been also used profusely for sparse recovery problems [23, 24] 

where the demand was to minimize the following: 

        arg min
p

p
x

such thatx y Ax  (26) 

3.2 lp-norm to weighted l2-norm Autoencoder 

Here the objective function is replaced by the weightedl2-norm and is solved iteratively. A 

formal derivation for the IRLS is given in [24] for solving sparse recovery.  

In this work, we recast the lp-norm autoencoder as a reweighted least squares problem, i.e. 

 2

, ' , '
arg min ' arg min ( ' )

p

p F
W W W W

X W WX D X W WX    (27) 

where  
1

2'
p

i i
X W WXd



 , D is a matrix defined by di at every point i and  implies 

element-wise product. 

In every outer loop, the matrix D is computed based on the values of W, W’. The inner loop 

solves the weighted least squares problem. In the following sub-section we will outline the 

derivation for solving (27). 

3.3 Solving weighted l2-norm Autoencoder 

In this section, we derive the algorithm to solve (27). We repeat it for the sake of 

convenience: 

 2

, '
arg min ( ' )

F
W W

D X W WX  (28) 

This can be also expressed as, 

 
 

2

, '

2

, '

arg min '

arg mi  ' , n

T T T T T

FW W

T T T T

FW W

D X X W W

Y YW W D XY 



 

 (29) 
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Now we employ a Majorization Minimization (MM) technique [25] to simplify the 

expression. 

 
Fig. 3.1 Majorization Minimization [25] 

We can simplifyevery iteration of (29)using MM. Let, 

 
2

      ', T

F

Twhere Z WJ Y WY Z    (30) 

For this minimization, Gkis chosen to be, 

  
2

( )( )
T T

k k kF
G Y YZ Z Z aI Y Y Z Z       (31) 

where a is the maximum eigenvalue of the matrix YYT-this ensures that the second term is 

positive definite and hence Gkis indeed a majorizer of J. 
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2

1
   ( ).

(

2

2( )

( 2 )

)

T T
k k kF

TT T T T T
k k

T T T T T T T
k k k

T T

T
k k

T T T
k k

G Y YZ Z Z aI Y Y Z Z

Y Y Y YZ Z Y YZ Z Z aI Y Y Z Z

Y Y Z aI Y Y Z Y Y Z aI Y Y Z aZ Z

a B Z Z Z C

whe B Z Y Y YZ
a

C Y Y Z aI Y Y Z

re

     

      

      

  

  

  

 

Using the identity
2

2T T T

F
B Z B B B Z Z Z    , one can write, 

 
2 T

k F
G a B Z aB B C     (32) 

Therefore, minimizing (32)is the same as minimizing the following, 

 
2

k F
G B Z   (33) 

since the other terms are devoid of Z.  

Substituting Z back in (33), we reach the following optimization problem, 

 

 

2

, '

1
   ( ( ' )

arg mi

)

n 'T T

FW

T T

W

T

kk
B W W Y Y Y W W

B W W

wh
a

ere   



 (34) 

Solving (34)is straightforward – it is a matrix factorization problem. We solve it using 

alternating least squares.  

In very iteration (say k) 

 
2

1arg min 'T T
k k FW

W B W W    (35) 

 
2

'
' arg min 'T T
k k FW

W B W W   (36) 
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The full algorithm for solving the lpAutoencoder can be succinctly represented in a few steps 

    1 1

2

1

  

  

           (    )

            :   

1
            :   ' '

               :   arg min '

          

:

     ' :  

T T

T T

k k

T T
k k FW

D Identity

Outer loop

Inner loop say k

Define Y D X

Compute B W W Y Y Y W W
a

Solv

Initia

e W W B W W

Solve W W

lize

 







  

 

 

2

'

1
2

' arg min '

           

               '

     

T T
k k FW

p

i i

B W W

repeat inner loop

Compute D from d X W WX

repeat outer loop
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Chapter-4 

Non-linear Robust Autoencoder 

In the previous section, we focussed on the autoencoder with linear activation function. In 

this section we solve the denoising autoencoder with non-linear activation function like 

sigmoid or tanh. Below is the formulation we intend to solve: 

 
, '

arg min ' ( ')
p

p
W W

X W WX  (37) 

where 'X  is the corrupted set of training samples. 

This is a non-smooth problem; therefore the age-old backpropagation algorithm will not work 

directly. We substitute Z= ' ( ')X W WX , converting the equation (37)to (38) by split 

Bregman technique as explained in the following sub-section: 

   2

, , '

arg min ' ( ')
p

p F
Z W W

Z Z X W WX B      (38) 

whereB is the Bregman’s constant. 

4.1 Brief overview of split Bregman technique 

Here we briefly review the spilt Bregman technique. Bregman distance forms the basis for 

formulation of thesealgorithms. For a convex function :E X R , where u,vbelongs toX and 

pbelongs to the set of sub gradient of the function, Bregman distanceis given by [32] 

 ( , ) ( ) ( ) ,p
ED u v E u E v p u v     (39) 

Consider the objective function given in (40) where Փ(u) and H(u)are convex and H is 

differentiable. 

 
1

min ( ) ( )u H u   (40) 

Split Bregman technique focuses on decomposing a complex optimization problem (with 

multiple norm terms) such that theyform different sub problems which can be solved more 

easily thanthe original composite objective function[33]. Rewriting (40) by lettingd=Փ(u) we 

get, 

 1
min ( )

      ( )
u

d H u

subjec tt o d u 


 (41) 
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The unconstrained equivalent of (41) is obtained by adding apenalization function to the 

problem as in (42). 

 
2

1 2
min ( ) ( )

2u
d H u d u


    (42) 

Equation (42) can be solved as follows: 

 

 

21

2

21

1 2

1 1 1

min ( ) ( )
2

min ( )
2

( )

k k

u

k k

d

k k k k

u H u d u b

d d d u b

b b u d









  

   

   

   

 (43) 

Since H(u) is smooth and differentiable everywhere, update for u can be solved analytically. 

Solution for d is nothing but the solution for synthesis prior formulation and is obtained 

directly by shrinkage (soft thresholding) operator. Last step is the update of Bregman 

variable. 

Use of split Bregman technique aids in faster convergence and lower recovery errors, as no 

cooling of regularization parameter is required and thus optimal values of regularization 

parameters for each of the sub problem can be set [33]. 

4.2 Solving non-linear lp-norm autoencoder 

Now we solve equation (38) using soft-thresholding and alternating least squares.  

First we solve(38) for Z. Rearranging terms in (38), we get, 

   2
arg min ' ( ')

p

p F
Z

Z X B W WX Z       

 
1

( ' ( '), )
2

p
Z softTH X B W WX p Z





     (44) 

 ( , ) : ( ) max(0, )soft x T sign x x T      

Now, for W’ and W, we just need to solve second term of (38). 

  2

, '
arg min ( ) ' ( ')

F
W W

X B Z W WX    (45) 

Putting Y X B Z   and R = ( ')WX , we get 

  2

',
arg min '

F
W R

Y W R  (46) 
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This turns out to be a tractable problem that can be solved using alternating minimization. 

  2

'
' arg min '

F
W

W Y W R   (47) 

  2
arg min '

F
R

R Y W R   (48) 

From, R = ( ')WX , we get W = 1( ) / 'R X  . 

The complete algorithm can be succinctly represented as follows: 
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Chapter-5 

Experiments and Results 

5.1 Inverse Problems 

5.1.1 Dataset 

We show the denoising and de-aliasing performance on the CIFAR-10 dataset. The 50,000 

training images were used to learn the autoencoder and the remaining 10,000 test images 

were used for testing denoising/de-aliasing performance. The color images were converted to 

grayscale and the pixel values were normalized between 0 and 1. The sample gray images are 

shown in the figure below. 

 

Fig. 5.1 Cifar-10 Dataset 
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Some of the sample noisy and aliased images are as shown below 

 

Fig. 5.2(a) Original Image, (b) 10% Impulse Noise, (c) 15% Impulse Noise, (d) Randomly Aliased Image 

 

Fig. 5.3(a) Original Image, (b) 10% Impulse Noise, (c) 15% Impulse Noise, (d) Randomly Aliased Image 

5.1.2 Experimental Setup 

We polluted the Cifar-10 images with 10% and 15% impulse noise as shown in fig. 5.2 and 

5.3. The aliased images are made by randomly sub-sampling the image by 50% in the Fourier 

space - a realistic sampling scenario in MRI reconstruction.The sub-sampled positions are 

zero-filled and reconstructed by applying inverse FFT.All the images are 32x32 pixels in size, 

which are converted to vectors of length 1024. So net, we have two sets of 50,000 such 

vectors; one clean and one corrupted. These are used for training the robust autoencoder; 

corrupted ones being the input and the clean ones being the output. We tried experiments with 

512 and 768 hidden nodes in the first layer. We haven’t gone any deeper as in neural network 

literature, that a single hidden layer can approximate arbitrary functions [26].Going deeper 

does not help in functional approximation capacity; going deeper with greedy learning is a 

trick to prevent over-fitting; when the number of training samples are limited learning too 

many parameters cause over-fitting – in such a case instead of learning a large number of 
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nodes in the hidden layer, one goes deeper and learns greedily; so that in each layer relatively 

smaller number of parameters need to be learned. 

The value of pand number of hidden nodes is a variable parameter and is chosen as per the 

optimality of the result. 

5.1.3 Results and Comparison 

We compare the results with the standard denoising autoencoder (DAE) [13] and with the 

sparse denoising autoencoder (SDAE) [16]. Comparison was also carried out with a CS 

technique, Spectral Projected Gradient for l1 minimization (SPGL1) [27], used for basis 

pursuit denoising. The non-linear robust autoencoder was compared against non-linear deep 

autoencoder [28]. 

All the prior studies were based on minimizing the l2- norm; and reported results in terms of 

mean squared error (MSE). Quiet obviously the MSE was low. However, it is well known in 

image processing literature that MSE is not a useful metric for quality assessment. One can 

progressively blur the image and improve MSE; yielding a high MSE but poor quality image. 

Peak Signal to Noise Ratio (PSNR) has been more popular conventionally; in recent years the 

commonly used metric has been Structural Similarity Index (SSIM) [29]; SSIM is by far the 

most well-known metric for image quality assessment and reflects the quality assessment of 

the human visual system. In this work, we will report the results in terms of PSNR and SSIM. 

The results show that our method yields significantly superior results compared to other 

autoencoders and state-of-the art compressed sensing based methods. 

Table 5.1.1 Linear AE Results 

Dataset 
DAE SDAE SPGL1 Robust Linear AE 

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM 
10% 
noise 

22.6486 0.6713 22.3000 0.6600 33.1729 0.97082 23.2323 0.6951 

15% 
noise 

22.8295 0.6842 22.251 0.6806 30.8216 0.9530 23.5031 0.7109 

50% 
sub-
sampled 
aliasing 

20.6218 0.5775 20.2935 0.7084 19.2538 0.6632 22.6276 0.7445 

 

Here the number of hidden nodes for denoising is 512 and for de-aliasing it is 768. 
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Table 5.1.2 Non-Linear AE Results 

Dataset 
Deep Non-linear AE SPGL1 Robust Non-Linear AE 
PSNR SSIM PSNR SSIM PSNR SSIM 

10% 
noise 

23.8313 0.7509 33.1729 0.97082 39.3837 0.9903 

15% 
noise 

23.5916 0.7379 30.8216 0.9530 37.5349 0.9868 

50% 
sub-
sampled 
aliasing 

20.7273 0.5898 19.2538 0.6632 23.3575 0.7674 

 

Here the number of hidden nodes is 768 in all cases. Also value of p is taken to be 1 for all 

above results. Also tanh is used as the non-linear activation function. 

Below are some images displaying the denoising and de-aliasing on Cifar-10 dataset:  

 

 

Fig. 5.4 10% Impulse Denoising Results 
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Fig. 5.5 10% Impulse Denoising Results 

 

 

Fig. 5.6 15% Impulse Denoising Results 
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Fig. 5.7 15% Impulse Denoising Results 

 

 

Fig. 5.8 De-aliasing Results 
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Fig. 5.9 De-aliasing Results 

5.1.4 Sparse Recovery 

A sparse signal x can be recovered from the underdetermined system y Ax using robust 

denoising autoencoder trained with ' T Tx A y A Ax   (i.e. poor man’s inverse) as input and x  

as output. For training the autoencoder, 5000 samples of randomly generated signal x of 

length 100 with 5% sparsity were taken and for testing, 1000 samples were used.  

Below is the comparison of accuracy and run-time for recovery of sparse signal x  using 

trained autoencoder and SPGL1. 

Table 5.1.3 Sparse recovery Results 

Technique Error Run-Time (s) 
Robust Autoencoder 1.7x10-2 0.005 
SPGL1 2.7x10-5 30 

Even the time taken for training this autoencoder was about 17 seconds. This can be very 

useful for real time signal recovery in image guided surgery where there is a need for de-

alising MRI signals instantly. 
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5.2 Classification Problem 

5.2.1 Dataset 

We carried our experiments on several benchmarks datasets. The first one is MNIST dataset 

which consists of 28x28 images of handwritten digits ranging from 0 to 9. The dataset has 

60,000 images for training and 10,000 images for testing. No pre-processing has been done 

on this dataset.  

The other datasets are variations of MNIST, which are more challenging primarily because 

they have fewer training samples (10,000) and larger number of test samples (50,000).  

1. basic (smaller subset of MNIST)  

2. basic-rot (smaller subset with random rotations)  

3. bg-rand (smaller subset with uniformly distributed noise in background)  

4. bg-img (smaller subset with random image background)  

5. bg-img-rot (smaller subset with random image background plus rotation)  

Samples for each of the datasets are shown in Fig. 5.10. 

 

Fig. 5.10 Top to bottom; basic, basic-rot, bg-rand, bg-img, bgimg-erand 
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5.2.2 Linear vs. Non-linear Autoencoder 

We saw that at least for the benchmark datasets used in these experiments, the simple linear 

(Identity) activation function yields better classification accuracy than their non-linear 

(sigmoid) counterpart. 

Linear autoencoder: 
2

',
min '

FW W
X W WX  

Non-linear autoencoder: 
2

',
min ' ( )

FW W
X W WX  

The autoencoder architectures remain same otherwise; both (linear and non-linear) are three 

layer architectures with 392-196-98 hidden nodes. The implementation of the non-linear 

autoencoder is from [28]. The representation from the deepest layer is used for classification. 

We employ two non-parametric classifiers – KNN and Sparse Representation based 

Classification (SRC) [30]. We want to test the representation / feature extraction capability of 

the linear and non-linear autoencoders; this is best done using simple non-parametric 

classifiers. Parametric classifiers like Neural Network and SVM may be fine-tunedto yield 

better results, but in such a case it is difficult to gauge if the improvement in results is owing 

to the feature extraction or owing to the fine tuning. 

The results (Table 5.2.1) show that the linear one always yields better results. The 

improvement is small when the number of training samples is larger (MNIST) but for the 

more challenging datasets, the linear autoencoder improves by a large margin. 

 

Table 5.2.1 Linear vs. Non-linear Autoencoder 

Datasets 
KNN SRC 

Linear Non-Linear Linear Non-Linear 
MNIST 97.33 96.11 98.33 97.29 
Basic 95.25 94.86 96.91 96.43 
basic-rot 84.83 80.71 90.04 84.29 
bg-img 77.16 70.97 84.14 76.94 
bg-rand 86.42 81.11 91.03 85.49 
bg-img-rot 52.21 44.60 62.46 62.46 

 

We show that with linear autoencoder, the implementation is significantly more efficient than 

the non-linear one – it is about an order of magnitude (10 times) faster. The training times are 

shown in Table 5.2.2. Both the linear and non-linear stacked autoencoders were run till 
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convergence. For comparison the training time of a deep belief network is also shown. The 

experiments were run on a PC running on Intel i7 3.1 GHz on 16 GB RAM. The OS is 

Windows 7 64 bit. The environment is Matlab 2012a. 

Table 4.2.2Training time 

Algorithm Run Time (s) 
Linear SAE 13113 
Non-Linear SAE 120408 
DBN 30071 

 

5.2.3 Results for Robust Autoencoder 

Since we have established that the linear autoencoder indeed yields better results for 

classification,  we will use it in the rest of the paper. We show that by using the lp-

autoencoder, we can improve upon the standard linear autoencoder (l2-norm). The number of 

nodes remains as before. The value of p is varied to obtain the best result. Below is the graph 

for change in accuracy over different values of p: 

 

Fig. 5.11 Effect of variation of p 

For the sake of comparison we also employ the deep belief network (DBN) for feature 

extraction; the implementation for the same is available at [31]. We choose to use two non-

parametric classifiers KNN (Table 5.2.3); Sparse Representation based Classifier (SRC) 

(Table 5.2.4) and a parametric classifier – SVM with RBF kernel (Table 5.2.5). The SVM 

was tuned to yield the best results for proposed lp-autoencoder, SAE and DBN. 
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Table 5.2.3Classification with KNN (K=1) 

Datasets 
KNN 

Proposed SAE DBN 
MNIST 97.44 97.33 97.05 
Basic 95.44 95.25 95.37 
basic-rot 85.51 84.83 84.71 
bg-rand 87.66 86.42 86.36 
bg-img 77.73 77.16 77.16 
bg-img-rot 52.95 52.21 50.47 

 

Table 5.2.4Classification with SRC 

Datasets 
SRC 

Proposed SAE DBN 
MNIST 98.36 98.33 88.43 
Basic  97.16 96.91 87.49 
basic-rot 90.54 90.04 79.47 
bg-rand 85.29 84.14 79.67 
bg-img 92.28 91.03 75.09 
bg-img-rot 63.82 62.46 49.68 

 

Table 5.2.5Classification with SVM 

Datasets 
SVM 

Proposed SAE DBN 
MNIST 98.64 97.05 88.44 
Basic 97.26 95.21 90.31 
basic-rot 90.06 89.83 76.59 
bg-rand 86.08 85.34 78.59 
bg-img 92.12 84.99 75.22 
bg-img-rot 62.02 59.14 48.53 

 

The results show that the proposed lp-autoencoder always yields the best results (except for 

KNN on the small and simple MNIST basic dataset).  

We have also compared the results of our proposed approach with the stacked denoising 

autoencoder (SDAE) [16] and the deep belief network (DBN) from [31]; here the SDAE and 

DBN are fine-tuned with neural network classifier. These are quite sophisticated techniques. 

Table 5.2.6 shows that even our proposed method yields better results than these highly tuned 

techniques in most cases. 
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Table 5.2.6 Comparison with SDAE and DBN 

Dataset 
Proposed SDAE 

[16] 
DBN [31] 

KNN SRC SVM 
MNIST 97.44 98.36 98.64 98.72 98.76 
basic 95.44  97.16 97.26 97.16 96.89 
basic-rot 85.51 90.54 90.06 90.47 89.70 
bg-rand 87.66 85.29 86.08 83.32 83.69 
bg-img 77.73 92.28 92.12 89.70 93.27 
bg-img-rot 52.95 63.82 62.02 56.24 52.61 
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Chapter-6 

Conclusion 

In this work we make a fundamental change to the basic autoencoder cost function. Instead of 

using the popular Euclidean norm to learn the encoding and decoding weights, we propose 

employing the lp-norm. Small values of p (less than 1) make the autoencoder more robust to 

outliers. 

Minimizing the lp-norm is more involved compared to the l2-norm. Here we follow the 

iterative reweighted least squares (IRLS) approach to solve lp-autoencoder cost function. This 

basically requires solving a series of weighted l2-autoencoder problems. We also use split 

Bregman and alternating least squares to solve the non-linear formulation of the autoencoder. 

We carry out experiments on classification and denoising. For classification, we employ a 

stacked 3 layer architecture. The representation from the deepest layer is used for 

classification. Three classifiers (KNN, SRC andSVM) were tested upon. In all three cases the 

proposed method yields the best results compared to the standard l2-autoencoder and the deep 

belief network (DBN).  

For denoising, single layer architecture is used and it is seen that non-linear activation 

function yields better results than linear one. We show that when the noise is sparse but large 

(impulse noise) our proposed method outperforms the denoising autoencoder (l2-norm), 

sparse denoising autoencoder, deep non-linear autoencoder and CS technique. Also 

outstanding results were obtained in de-aliasing an image, subsampled at 50% in Fourier 

space. For sparse recovery, accuracy could not be better than CS techniques but it was 

significantly faster. 

This is the first work that shows how autoencoders can ‘learn’ to solve inverse problems. We 

solve generic inverse problems; as an example we solve the problem of denoising and de-

aliasing. But this autoencoder can be made to ‘learn’ any inverse problem in general.  
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