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Abstract

and has been one of the fundamental pillars of modern electrical engineering. Given the

ubiquity of electrical and electronic devices at all power levels, from micro- to giga-watts in
our everyday world, the importance of a provably correct and accurate finite element discretization
of Maxwell’s equations is both theoretically useful and practically relevant. In our work, we
demonstrate such a structure-preserving higher-order numerical discretization for Maxwell’s
equations. Our work shows how modern finite elements, incorporating ideas from differential
geometry and algebraic topology, can be used in conjunction with higher-order time discretization
schemes and provide for highly accurate energy-conserving schemes.

COMPUTATIONAL electromagnetics involves the numerical solution of Maxwell’s equations

In our work, we study a system of Maxwell’s equations that describes the time evolution of
electromagnetic fields with an additional electric scalar variable to make the system amenable to
a compatible, mixed finite element spatial discretization. We demonstrate stability and energy
conservation for the variational formulation of this Maxwell’s system. We discuss two implicit,
energy conserving schemes for its temporal discretization: the classical Crank-Nicolson scheme
and an implicit leapfrog scheme. We show discrete stability and discrete energy conservation for
the semi-discretization using these two time integration methods. We complete our discussion
by showing that the error for the full discretization of the Maxwell’s system with each of the two
implicit time discretization schemes and with spatial discretization through a conforming sequence
of de Rham finite element spaces converges quadratically in the step size of the time discretization
and as an appropriate polynomial power of the mesh parameter in accordance with the choice
of approximating polynomial spaces. Our results for the Crank-Nicolson method are generally
well known but have not been demonstrated for this Maxwell’s system. Our implicit leapfrog
scheme is a new method to the best of our knowledge, and we provide a complete error analysis
for it. Moreover, we show computational results to validate our theoretical claims using linear and
quadratic Whitney forms for the finite element discretization for a model problem each in two and
three spatial dimensions.

We then propose two energy conserving fourth-order time discretizations of the same three-field
formulation of Maxwell’s equations in conjunction with a spatial discretization using higher-order
and compatible de Rham finite element spaces. Toward this end, we delineate two broad classes
of strategies for general higher-order time discretizations which we term spatial and temporal
strategies. We provide a description of these two strategies and develop fourth-order time accurate
schemes in the context of our Maxwell’s system. Moreover, our description can be used to prescribe
similar fourth- or even higher-order time-integration methods for any linear (or quasi-linear)
system of time-dependent partial differential equations. Our organizing principle in our proposed
two strategies is to Taylor expand the unknown solution in time by assuming sufficient regularity.
Then, in the spatial strategy, we use Maxwell’s equations themselves to replace the fourth-order
time derivatives in an appropriately truncated Taylor expansion with corresponding higher-order
spatial derivatives. On the other hand, in the temporal strategy, we simply use higher-order finite
difference schemes for the various higher-order time derivative terms in the truncated Taylor
approximation. In both cases, we then defer to a standard finite element exterior calculus manner
of compatible discretization for the spatial component of the Maxwell’s solution.

Finally, we generalize our proposed time discretization scheme using spatial strategy to an arbitrarily
higher (even) order implicit leapfrog scheme for time discretization of our Maxwell’s system. We
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use this in conjunction with an arbitrarily higher-order and compatible discretization using finite
element spaces that form a de Rham complex. We prove stability, demonstrate energy conservation,
and characterize the asymptotic convergence of the error for the time semidiscretization as well as
for the full spatial and temporal discretization of this Maxwell’s system.

Code Availability: Python code for all examples in this thesis to generate the various pieces output
including tables and figures are available at the following GitHub archive:

https://github.com/archanal80897/PhD_thesis.


https://github.com/archana180897/PhD_thesis
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

Maxwell’s equations are a set of coupled partial differential equations (PDEs) that describe the
relationship between electric fields, magnetic fields, electric charges, and currents. They are
widely used in electrical, power, and communication engineering for designing electrical machines,
understanding field behavior, and analyzing electromagnetic wave propagation. Additionally,
these equations are applied in electronics and electromagnetics to study components such as
capacitors and inductors, electromagnetic interference and field distribution, and this enables
accurate design and efficient operation of modern electrical systems. Mathematically, Maxwell’s
equations form a well-structured system of linear hyperbolic partial differential equations. Among
the different classes of linear PDEs, hyperbolic equations help model wave propagation with finite
speeds and admit a unique solution for a well-posed initial value problem. Moreover, being linear
and hyperbolic, their solutions can help provide physical insights for time-domain electromagnetic
simulations and communication engineering applications.

In the field of computational electromagnetics, researchers have long been satisfied with using
lower-order time discretization methods and more generally even, numerical PDE solutions have
often relied predominantly on lower-order time-integration schemes. The era of lower-order time
schemes has been essentially due to computational considerations coupled with an engineering
principle of a refinement in computations without resorting to higher-order methods. However, in
the current era of scientific machine learning, there is in fact a demand for higher-order accurate
schemes which may enable also long-time simulations, and this necessitates requiring to study
and characterise higher-order time-integration methods necessary. Higher-order computations
have often been prohibitively expensive on CPU like computational architectures due to high
computational cost and their limited parallelism. In contrast, GPU computing, with its massive
parallel processing capability, does make solutions using higher-order methods more feasible
and subsequently allow for investigations into making them more efficient as well. As a concrete
example, an “absurdly” higher-order variant of the classical Runge-Kutta scheme, of the order
1000, has indeed been used in the solution of Burger’s equation for the purpose of training a neural
network in one of the earliest works in Physics-informed neural networks [RPK19].



1.2 Notes on Literature and State of the Art

Computational solution schemes for Maxwell’s equations has an exceedingly rich history and
we will not be able to do justice to the vast compendium of available literature and its various
contributors. Nevertheless, we wish to highlight some of the important ones and certainly this
is biased as well as limited by our depth of knowledge of the history. The field of computational
electromagnetics probably had its first big break with the development of the finite difference time
domain (FDTD) scheme in [Yee66] which led to further developments later on in mimetic finite
difference schemes for Maxwell’s equations [HHS99; Bos01; LMS14; Adl+21]. Posing Maxwell’s
equations in the language of differential forms [Des81], and a combinatorial and geometric
discretization of exterior calculus as discrete exterior calculus (DEC) [Hir03] has led to a plethora of
methods for Maxwell’s equations such as direct geometric discretizations popularized by [Ton01a;
Ton01b; Ton02], and solutions of Maxwell’s equations using DEC by [Rdb14; RMR15; CC17; SP18;
Zha-+23] to illustrate a few. Then there are time domain finite element methods for the solution
of Maxwell’s equations in various transient and time harmonic formulations. One can begin
tracing their history from works by [Néd78; Ned80; Néd86] which introduced in the context of
computational electromagnetics what we now refer to as Whitney forms. Then there are several
contribution by Monk such as [Mon92a; Mon92b; MM95], his book [Mon03] and the tutorial-
style article [CM12] which have provided analyses for finite element methods for time domain
Maxwell’s equations. Bossavit’s popularization of the “rationale for using Whitney elements” in
computational electromagnetism through his various works over the decades [Bos88b; Bos88a;
Bos90; Bos92], via his book [Bos98a] as well as his insights on the discretization of electromagnetism
posed via calculus on manifolds [Bos91; Bos98b; Bos10] have inspired several newer generations of
researchers in the field including our own foray into this enterprise. We wish to also point to the
various works by Hiptmair [Hip99; Hip02; Hip15], works by Christiansen works such as [Chr09],
and many other broad finite element exterior calculus works such as [RB09a; RB09b; CMO11; BR14;
CR16]. All of these provide foundations on which our work in this thesis stands on. We finally
wish to also point out that error analysis for a full discretization of Maxwell’s equations using
finite elements in space and finite difference methods in time are still incomplete and prior to our
work in this thesis, were only clarified for the very simple backward Euler implicit scheme for time
differencing as in [AA19].

1.3 Finite Element Method for Linear PDEs

The finite element method is a powerful numerical technique used to approximate solutions to
a wide range of engineering and scientific problems involving partial differential equations and
complex geometries. The finite element method has its roots in the 1950s when engineers began
using it to solve complex problems in elasticity and structural mechanics. Since then, the spectrum
of applications has continuously increased, and today it is fairly diverse. The finite element method
has indeed evolved over the years to become one of the most widely used numerical techniques for
solving complex engineering problems described by partial differential equations. Its success is
attributed to the rigorous mathematical framework developed over the past decades, enabling error
analysis and understanding of different finite element methods. The concept of approximating
solutions of differential equations through a discrete algorithm, often referred to as a “black
box”, is a fundamental to the usage of the finite element method especially by the engineering



community. In such a typical understanding, a discretization of a problem domain is performed
using elemental subdomains which are connected to form a mesh, and computations are performed
using such a mesh. The elemental domains can be simplicial or polyhedral but generally restricted
to be convex polytopes, and any curvatures in the domain are then suitably approximated using
piecewise linear segments. The interpolation capability of finite elements and proper mathematical
modelling are crucial for achieving accurate results and maintaining properties like continuity,
stability, and consistency. The finite element method relies on functional analysis tools, such
as Hilbert and Banach spaces, Sobolev spaces, and various mathematical theorems, to establish
the mathematical foundations and ensure the validity of the approximations. The approach of
using weak formulations in the continuous domain, which involves test functions and variational
formulations, ensures that the strong and weak forms are equivalent at the continuous level. The
use of weak formulations allows for greater flexibility in handling various boundary conditions
and simplifying the treatment of complicated geometries. The finite element method has become a
mature and essential tool in computational science, offering a systematic way to solve a wide array
of differential equations and analyze complex systems.

Finite element theory especially its presentation under the unified finite element exterior calculus
is already now standard and well described in many works such as [Arn18; BS08; EG21a; EG21b;
EG21c]. Here, in this section and the next chapter, we aim to present a simplified version of the
theory and clarified with ample pictorial illustrations for an enhanced understanding. We intend
our presentation to help complement the more rigorous textbook descriptions. We discuss finite
element method on Poisson’s Equation in two dimensions (2d) and three dimensions (3d) with
various boundary conditions in a detailed way in Section 2.1, and this will serve as an introduction
to the finite element method. In that section, we explain the finite element techniques for the
numerical solution of two-dimensional partial differential equations. The fundamental idea behind
doing so is to first transform the boundary value issue into a variational equation, and then
look for an approximate solution to this equation in the space of continuous piecewise linear
functions. The differential equation under discussion is first rewritten as a variational equation
for the process of deriving a finite element approach. In our example, the variational formulation
is set up by taking inner products with so-called test functions. Then, we recast the equation in
the variational form by suitably employing the generalized Stokes’ theorem, that is, integration by
parts, to move second-order derivatives to first-order ones. This allows for the spaces of solutions
to therefore be expanded and we can seek an approximation, for example, in the space of piecewise
continuous linear functions. We concentrate on linear second-order elliptic equations using the
Poisson equation as our primary model and our outlined numerical approaches can then be readily
adopted for other problems. In our approach, we have tried to clearly explain the fundamental
ideas such as approximation using piecewise polynomial spaces and the variational formulation.
We encapsulate these steps to devise a finite element method in a flowchart in Figure 1.1, and we
elaborate on this with the help of the following example. Consider the 1D Poisson’s equation with
homogeneous Dirichlet boundary conditions:
2
_du fonQ=[0,1], w®@Q)=0. (1.1)
dx?

First we write the variational formulation corresponding to strong PDE Equation (1.1) and so we
have, for all choices of a test function v from a suitable choice of a function space that makes sense,



1
r 2
- —Qv dx = J fv dx,
J  dx2
0 0
1 1 1
— [ —@v dx = | - d—uv +J d_u@ dx, (using integration b rts)
) dx2 B dx dxdx § HIegTation by patts
0 0
; L
dudv du [ o1
(:)u aad —avo—ffvdx , veHY(O0,1).
0 0

Now, we need to choose a appropriate function space that makes the problem well posed, and for
the Dirichlet boundary conditions we seeku e V = HL([0,1]). We will then pick a finite-dimensional

subspace Vi, C V. Finally, we will use a basis, say, {$; ?Sg Vi of Vi, that results into a linear system:
do; do; l
2l uyl =] fd;].

Strong form PDE

Variational formulation

Make a appropriate choice
for function space that
makes problem stable

Choose a finite dimensional
subspace of the solution space

Form a linear system

Ficure 1.1: Finite Element Solution Workflow

In the case of 2d and 3d problems, we can solve the scalar Laplacian with Dirichlet or Neumann
boundary conditions via both standard formulation and mixed formulation whereas vector Laplacians



can be reliably and stably solved using finite elements only via a mixed formulation. By mixed
finite element formulation we mean a method which converts a system of second-order PDEs
into a system involving only first-order PDEs, and potentially with some additional equality-type
constraints. These methods involve using different finite element spaces for the various variables
and a Lagrange multipliers approach to enforce constraints, leading to a system of constrained
linear system of equations. One of the challenges in mixed finite element methods is selecting
appropriate finite element spaces to ensure convergence and accuracy. Not all combinations of
spaces will lead to reliable approximations, and the choice of spaces may be influenced by the
specific problem being solved, the PDE being approximated, and the constraints involved. This
involves analyzing stability, coercivity, and consistency conditions to guarantee convergence of the
numerical solution to the true solution of the underlying PDE.

1.3.1 Weak Derivatives

Classical differentiation requires a function to be sufficiently smooth, which is often too restrictive
for many problems arising in analysis and partial differential equations. Weak derivatives provide
a generalized notion of differentiation that allows less regular functions to be studied while
preserving many of the essential properties of classical derivatives.

Let QO C R™ be an open set and let D(Q) = CZ(Q) denote the space of infinitely differentiable
functions with compact support in Q. Observe that D(Q) is a vector space and that if ¢ € D(Q),

o

then P € D(Q) for each i = 1,...,n. A multi-index is an n-tuple « = (x1, x2,..., &) of
non—neg}ative integers. The order of « is defined by

|| = o1 + 0 + ... oty

For a sufficiently smooth function u, we write

poae () (2 (o)
0x1 oxa| T\ 0xn axf‘laxg‘Z...ax;‘in'

A measurable function f : ) — Ris said to be locally integrable if f [f] dx < oo for every compact set
K
K C Q. The space of all locally integrable functions on () is denoted by Llloc(Q), where integrability

is understood in the Lebesgue sense.

Letu e Llloc(Q). We say that u admits a weak derivative corresponding to the multi-index « if there
exists a function uy € Llloc(Q) such that

J uD%$dx = (-1)/« J ugddx Yo € D(Q).

Q Q

The function u is called the weak derivative of u corresponding to o and is denoted by D *u.
The above integrals are well-defined since u and u are locally integrable and every test function
¢ € D(Q) has compact support. Moreover, weak derivatives are unique upto equality almost
everywhere.



A function u is said to be weakly differentiable if all its first-order weak derivatives exist.

As an illustration, consider the case n = 1 with Q = (0, 2), and define

x, 0<x<1 1, 0<x<1
u(x) = and v(x) =
1, 1<x<?2 0, 1<x<2

We claim that v is the weak derivative of u. To verify this, let ¢ € 9(0,2). Then

2 1 2

J u(x)¢’(x)dx = J x ¢’(x) dx + J ¢’(x) dx.

0 0

Using integration by parts on the first integral and the Fundamental Theorem of Calculus on the
second, we obtain

2 1
j w0 ¢ () dx = [x (T} - J P00 dx + [HOITE
0 0

Since ¢ has compact support in (0,2), we have ¢(0) = ¢(2) = 0. Therefore,

2 1 2
J u(x) d’(x)dx = — J d(x)dx = — J v(x) d(x) dx.
0 0 0
Hence,
2 2
[ w0 o= - [ v w ax,
0 0

for all ¢ € D(0,2), which shows that v = D™ in the weak sense.

This example illustrates that weak derivatives may exist even when a function is not classically dif-
ferentiable everywhere. In particular, weak differentiation allows functions with mild singularities
or discontinuities in their classical derivatives to be treated within a unified analytical framework.

Remark 1.1. Throughout this thesis, we primarily work with classical (strong) derivatives in order to
simplify the presentation. Nevertheless, the results and arquments developed in the subsequent chapters
extend naturally to the corresponding weak formulations by replacing classical derivatives with the
appropriate weak derivatives.

1.3.2 Stability Theorem for Mixed Formulation

In this section we discuss about the stability and well-posedness of the mixed formulation of PDEs,
first we introduce some notations that is used throughout this section. The space V¥ € W¥* denotes
either of the vector spaces of scalar functions or vector fields, and the space $* denotes the space of
harmonics. The operator d denotes either of the operators grad, curl, or —div from vector calculus
and then L*u = dd*u + d*du. The * in a superscript denotes the adjoint of the vector space or the



operator as appropriate.
Domain of L* = {1 e VF N V¥ | du e V&, du e V&), (1.2)

where V¥ and V** are the domain spaces of d and d* respectively. In order to formulate a problem
which is solvable for any f € W*, we use the orthogonal projection Ps of WX onto $*. We can
formulate the following strong form of the Hodge Laplace equation, which is well-posed.

Strong formulation: If u is a solution to the problem: given f € W¥, find u € D(L¥) such that
Lu="f-Pgf, ulH" (1.3)
We will consider two kinds of weak formulation of the above problem.

Primal weak formulation: This is also known as standard weak formulation and it directly corre-
sponds to the strong form. For the above problem we can represent it as:
Given f € WK, find u € V¥ N V¥ such that u L § and

(du, dv> + <d*u, d*v) = <f - ng,\)), vevknvk, (1.4)

Mixed weak formulation: For this weak formulation of above problem we introduce two new
variables o = d*u € V¥ ! and p =Pyfe %, so the above problem is formulated as:
Given f € WK, find 0 € V*1 and u € V¥ such that

(0,7) = (u, dr)
<d0‘,\)> + (du, dv> + <p,v>

(wq)

Unlike the other two formulations, the mixed weak formulation does not treat the operators d
and d* symmetrically. Only the operator d appears in this formulation, the terms involving d* are
done away with using the integration-by-parts formula. Despite their different appearances, for a
so-called sufficiently regular solution, the three formulations are equivalent. We now state some
theorems regarding the well-posedness of these problem formulations.

0, Te€ Vk_l,
0, veVk (1.5)
0, qe Hk.

Theorem 1.2 (Equivalence of formulations, [Arn18]). Let f € W¥. An element u € W* solves
the strong formulation of the abstract Hodge Laplace problem if and only if it solves the primal weak
formulation. Moreover, in this case, if we set 0 = d*wand p = Pgf, then the triple (0,1, p) solves the
mixed weak formulation. Finally, if some (o, u,p) solves the mixed weak formulation, then u solves the
other two formulations of the problem, and o = d*u, p = Pgf.

Theorem 1.3 (Well-posedness of Mixed Formulation, [Arn18]). For each f € WX there exists a
unique solution uw € D(L®) such that w L $* and Lu = f — P f. Moreover

Il + lldull + [[d"wll + [ldd™ull + [[d"dul] + [Ipll < clIf]]. (1.6)

The constant c entering this estimate depends only on the constant cp entering the Poincaré inequality.



Theorem 1.4 (Bilinear form inf-sup Satisfaction, [Arn18]). The bilinear form B defined by
B(o,u,p;T,v,q) = <0‘, T> — (u, dT> — <d0‘,v> — (du, dv> — <p,v> — (u, q>, (1.7)
satisfies the inf-sup condition

y:= inf sup _Bwy (1.8)

02weX guyex [WIx[IY[IX

with 'y bounded below by a constant depending only on the Poincaré constant cp.

1.3.3 A Priori Error Analysis
In this section, we introduce error estimates for the mixed method. In the numerical analysis
of differential equations, error estimates are obtained from the stability and consistency of the
discretization scheme.The following theorem gives the resulting error estimates in which the spaces
V¥ and $* are the same spaces defined as in previous section.
Theorem 1.5 (Basic error estimate for the mixed method, [Arn18]). Assume that the complex
k-1 4k 4yt

Vi — V> Vi
is a finite dimensional subcomplex of

Vel 4k 94 ke

which admits a V-bounded cochain projection T Let (o,u,p) € V*1 x V* x §* solve the Hodge
Laplace problem (37) and let (0n, un, pr) € VI X VE X §¥ solve the discrete problem

<0'h, T> — (uh, dT> =0, TE€ V]}i_l, (1.9)
<dcrh,v> + (duh, dv) + <ph,v> =0, ve V}]i, (1.10)
(un,q) =0, qeHr. (1.11)

Then

lo=onlly +llu=unllv +Ip ~pall < C| inf flo=ly + inf Ju=vily

’CEVh_ vth

+ inf [[p=qllv +u inf [Pmau—vilv|, (112)

qeVvy VeV

where
w=py = sup ||(I-7)r] (1.13)

renk
lIrll=1




and the constant C depends only on cp and ||7t]fl||.

Now for the rates of error approximations we have the following table below for 3d in which we
provide the rates of approximation for the choices of the various finite dimensional polynomial
subspaces.

Vﬁ_l V]]i o u
P.NH!  P.NH(curl) r+1 r
P N H(curl) P, NH(div) T T
P. N H(div) P.NL? oo

1.3.4 Adjoints: A Finite Dimensional Vector Space Discussion

Suppose T : U — V is a linear map between finite dimensional vector spaces U and V. Let <-, '>u
be the inner product on U and (-, '>v be the inner product on V. Then for any u € U,v € V, we can
write (T(u),v)v € R. The adjoint of T is a linear map T* : V — U such that

(Tw),v), = (v, T'V) , uelveV.

For instance, if U = R™ and V = R™, then T can be realized as a matrix A € R™™ using the
standard basis and the adjoint T* simply as AT the transpose of A. This can be readily seen as the
following and by using the standard inner product on Euclidean spaces:

(u,Tv)=(Auv), = 3 iU Vi = 2D ayuyv
- i

j J

By comparing terms of the above sum we get aj; = aji, and further it implies A* = AT. This
notion can also be extended for infinite-dimensional vector spaces. Let us consider this via the
example of grad : Scalar functions — Vector fields which is a linear map. It turns out for
grad u of a scalar function u to be well defined, we need the function space of scalar functions
to be [2(Q), that is L2 functions on the domain Q € R™. Thus, grad : H}(Q) — [L?(Q)]™ and
u € HY(Q)which implies that f u? dx < oo which in turn means that gradu € [L2(Q)]™ and
Q
finally J(grad u) - (gradw) dx < oo. The space of [>-vector fields [L?(Q)]™ is simply one in which
Q

every component of a vector field is a L2-function. Now, the adjoint of grad : L?(Q) — [L2(Q)]™,

by definition grad” (adjoint of grad) satisfies:

(gradu, T>[L2(Q)]n = (u, grad’ T>H1(Q) = J gradu-tdx = J u - grad’ T dx.
Q Q
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To determine grad®, we use integration by parts. We know that for Q € R™(open), u € H(Q),v €
[L2(Q)]™ satisfies:

J(gradu) vdQ = - J u(div-v) dQ + J u(v-A)dr, '=90Q,
o) Q r

where 11 is unit normal to 0Q). Comparing with what we have, we get:

Jgradu-’tdx :Ju-grad*T dx,

Q Q

== - J u(divt) dx + J u(v-A)dr = J u - grad’ T dx, (By integration by parts)
Q r Q

- —Ju(diVT) dx + Ju(v-ﬁ) dar = Ju-grad*'tdx.
Q r Q

If Iu(ﬂc -f) dI' = 0 either (i) w = 0 on 9Q or (ii)) T- i = 0 on 0Q. This will ensure Iu(ﬂc -f) dr
r r

vanishes and (ii) means that T on the boundary is tangential to the boundary 0Q. Choosing
(i) w = 0 on 9Q) is much easier! For grad to be well defined and have a well defined adjoint,
pick that subset of L2(dQ) such that their value on 9Q is zero. We gently redefine the domain
of grad, therefore grad : V — [L2(Q)]", where V = {u € HY(Q) | u = 0 on 0Q}. Further
by choice, gradu € [L%(Q)]™. In one dimensions (1d), u € 12,1/ € [2 &= u € H!, similarly,
V = {u e H(Q) | w=0on dQ}, and it is then denoted by H(Q). Thus, grad : HY(Q) — [L2(Q)]™
has a adjoint and its adjoint is simply — div. This can be written as:

(grad u, T> = (u, div T> VueHY(Q), Te [L2(Q)]™

Now, going back to the FEM problem and using Equations (1.3) to (1.5), we can write our problem
as:

Strong form PDE: 0 — gradu =0,

Weak form PDE: <0‘ — gradu, T> =0,

Adjoint argument: <O‘, T> - <grad u, T> =0 = <cr, T> - <u, div T> =0.

Now, it is enough for u € H}(Q) and T € [L2(Q)]™.

1.3.5 Coercivity of Bilinear Form

Let a(-,-) be a bilinear form then a(-, -) is coercive if a(u, 1) > o|[u|> V wand « > 0 is coercivity
constant. If u is in a finite dimensional vector space, a(:, -) has a matrix representation, call it A, then
a(u,v) would be viAuW. Coercivity in a finite dimensional setting then means; ulAu > au"Wu,

where W would be a SPD matrix. Then the [ norm [[u|;> = W =1 and u'Au > au'u >
T

0 <= Rayleigh Quotient :=

—— = o > 0. Further, the minimum eigenvalue is strictly

u'u
nonzero: “well-separated” from zero. For the Standard formulation, FEM coercivity would provide
existence and uniqueness of discrete solution, whereas for the Mixed formulation, the bilinear
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form will not be coercive. The existence and uniqueness of the discrete problem will generalize to
singular values of the matrix being non-zero. This is captured in what'’s called the inf-sup theorem
sometimes also called LBB inf-sup theorem. To tie things up, o € [L*(Q)]¢ and 1 € H}(Q) will not
satisfy discrete inf-sup, it turns out that o € H(div, Q), i.e., cisa L2 vector field and its divergence
is a [ function:

JO‘-O‘<OO and J(div 0)? < o0,
Q

and u € L2(Q) will yield a stable finite dimensional inf-sup condition. What this means is that we
don’t move the “— div” away from o in the variational formulation
o = grad u, V.F 0,T) = (grad u,T),
{ —divgo = f, = { ?—di>v G%) = <f,v§
o, T> = <u,—div T>,
—div cr,v> = <f,v>,
{ o, T> + (u, div T> =0,
é—div cr,v) = <f,v>.
Fix function spaces: u,v € [2(Q); o, T € H(div, Q).
Discrete spaces: finite dimensional subspaces of these function spaces.

4

— Seek (u, 0) such that: Y(T,v)

Y(t,v)

1.3.6 The Function Spaces

Our setup is like that we consider our domain O € R™ with boundary 0Q) = I'p +I'v (MTp NIy = 0),
where I'p denotes Dirichlet and 'y denotes Neumann boundaries, and following are the definitions
of function spaces:

L2(Q) == {u| Juzdx < oo},
Q
HY(Q) == {u e L2(Q) | J [Vull*dx < o},
Q

HY(Q) := {u e H(Q) | ulon =0} (3Q =Tp),
HY(Q) := {u e L%(Q) | All partial derivatives up to order r are in LZ(Q)},
[L2Q)]" == {ueR" |u € 1X(Q),i=1,...,n},

= {ueR”| Ju-udx< oo},
Q
H(div; Q) := {u € [L2(Q)]™ | div u e Lz(O_)},

H(div; Q) := {u € H(div; Q) | u-n=0on09Q, nisa unit normal on E)Q},
H(cur; Q) := {u € [L2(Q)|™ | curl u e [LZ(Q)]“}, (n > 3), where

X Uy z
0o 0
curl u = det I @ Ak
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0
If n = 2, curlu is obtained by setting u, = 0 and P is taken to be 0 for u, and u,. Thus,inn =2,

for u = u, X +uy{,

oy ox
. . . A . . ou,  Ouy
This is taken to be a scalar function by dropping the 2. Comparing it with divu = < F By’

s
curlu is the divergence of the vector field u rotated by 5 counterclockwise.

EN .

That is, rotation matrix is [0 l for 90° counterclockwise.

1 0

Remark 1.6. 1. All the function spaces listed above are infinite dimensional ones.

2. For 12(Q), HY(Q), ... H"(Q) finite dimensional subspaces are appropriate polynomial spaces.

3. There are infinitely many basis choices but some are named bases and are used more commonly.

1.3.7 H(div; Q) and its Finite Dimensional Subspaces: Lowest Order

H(div; Q) := {u € [L2(Q)]™ | div u e Lz(Q_)}.

Note that this is an infinite dimensional vector space consisting of vector fields which are
geometrically vectors at each point in Q. Let V(Q) € H(div; Q) be a finite dimensional subspace of
H(div; Q). In analogy as with functions, a finite dimensional subspace would consist of polynomial
vector fields. That is each component of the vector field is a polynomial on Q. For example,

1. Constant vector fields:

up
V@) ={u=|:||weRi=1...,n}
Un
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Thus, dim VO(Q) =n.
2. Linear vector fields:
up +viXg

Vl(Q):{u: : ui,vieR,izl,...,n}

Thus, dim V}(Q) = 2n.

Note that this is already a big simplification! A general linear vector field on O € R™ would really
be: ) )
u? +u%x1 + u%xz +...+ u?xn

0 1 2 n
u2+u2x1+u2xz+...+u2xn

W +ulxg +ulxo + ..+ ultxy

The dimension of this space is: n(n+1), so for n=2, this is: 2-3 = 6.

Finite dimensional subspace of H(div; () on a 2-simplex

1. lowest-order case: Constant vector fields:
Voa) ={u= lgl |a,beR}; dim VO(a) =2 2

To simplify, we could have:

Vi

VO(a) = {u= m |laeR}; dimV(a)=1. vo

2. Linear vector fields and variations:

(a)
aj; + bix

1 — —
V(A)_{u_ az + boy

| ai, by, ap, by € R}; dimvl(A) =4.

A basis maybe fixed(that is coefficients determined) by demanding the basis values at
vertices of A and the barycenter(for example) as specified, that is, let {1, d2, b3, P4} be
a basis for V!(a) then we'll say that:

} ifi=j
L .. vi+wva+v 1 of .
d)i(vj) = o 1) = 1/2131 ¢4(%) = llll ¢4(Vi) = lol s L= 1/2/3-
o ....,.
0| ifi#)
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(b) i .
1 _ _ a+ bx . . 1 _
Via) = {u= c + byl |a,b,ceR};  dimVi(a) =3.
(c) i .
Via) = fu= a-+bx |a,b,ceR}; dimVi(a)=3
|a+cy| T ! ’

The space in (b) has a special name Raviart-Thomas basis of lowest-order. It is denoted
by RTo(RTp). And we equivalently write it as:

RT, = [PO]“@xPn = { g +1% ¢ | a,b,ce R} (m=2); dimRT, = 3.
Now, we will put some light on the geometrical interpretation of V2
RTy(2) and its basis on the triangle A with vertices {vo, v1,v2}. o s
1

Let {d1, ¢2, d3} be as basis corresponding to the edges {eo, e1, €2} el e
of A respectively as depicted in the figure on the right. The basis

is defined as f ¢i - t = 835, where t is the tangential component. Vi

€; 0

For instance, for basis ¢(, we have:

J\q)O't:l/ Jd)O't:O/ J¢0't:0/
(=) €] €2

and ¢o will look like as in the figure on the left.

Linearly falls off

A%l
On edge ey, it will looks like as: Vo M

(The pictures here are technically for Whitney basis Wy. The Whitney basis is a 90°

counterclockwise rotation of the RT( basis.)

3. Whitney basis for finite dimensional subspace of H(div):

Wo(a) = 90°/g rotation{ 8 + ; c ‘ a,b,ce€ R},
or
= span{do, 1, d2}.

Remark 1.7. The space Wy is a subspace of all linear vector fields.

We shall write {¢o, d1, d2} using barycentric functions {Ag, A1, A2} and will denote it as
{Wo1, W2, Wiz} as represented in the table below:
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Associated with edge | Basis | Expression in terms of {Ag, A1, A2}
€0 W()1 7\0V7\1 - 7\1 V?\o
€1 W()z 7\0V7\2 — 7\2V?\0
(9] W12 7\1V7\2 - 7\2V7\1

We can verify its defining property for Wy;:

JWOl'tZ1,’JW01"E=0,'JW01-’£=0
(1) (] (5]

Note that f Wp -t = J(AOVM — A1VAg) - te,, where VA is a constant vector of magnitude

equal to the altitude h1 and in the direction of this altitude. This altitude is perpendicular to
edge vo, vy, i.e., VA1 L te,. Thus, f Wo1 - te; =0. Likewise, VAg L te, and thus,

€1

j Wo1 - te, = J()\oV?\l - )\1V7\0) “te, = 0.

We shall leave the verification of f W1 - te, = 1 for the reader. We'll need computations like

Jd)i'd)j

This would be the “Mass Matrix” for these vector basis functions.

the following:

1.3.8 Degrees of Freedom

A finite element space [Arn18] is a determined by the specification of a triangulation 71, and for
each element T € 7y, a finite-dimensional space of scalar- or vector-valued polynomials ¥ on
T, and a basis of the dual space $’ denoted, say, ~ = {oy,...,0n}. The dual space basis o; are
functionals and are usually called the degrees of freedom. That L is a basis of ’ is precisely the
classical unisolvence condition, and it furnishes a unique dual basis {¢;} of  with oi(¢pj) = di;.
For elements of finite element spaces forming a de Rham complex, the degrees of freedom can
take the form of moments over the faces of T. Thus, the pairing oi(¢;) can be vertex evaluations
together with moments of the function on the higher-dimensional faces for the H!-conforming
Lagrange elements; moments of tangential traces on edges and, in three dimensions, on faces,
together with interior moments, for the H(curl)-conforming Nédélec elements; moments of normal
traces on the facets (edges in two dimensions, faces in three) together with interior moments for
the H(div)-conforming Raviart-Thomas elements; and interior moments alone for [> discontinuous
Galerkin elements. Not every lower-dimensional face carries degrees of freedom at every order:
the moments on higher-dimensional faces appear only once the polynomial degree is sufficiently
large. We illustrate these in Figures 2.18 and 2.23 in the Chapter 2 for the linear, quadratic, and
cubic cases in two and three dimensions. The assignment of each o; to a subsimplex encodes the
inter-element continuity which may be full continuity, or tangential or normal- trace continuity
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as required in the conforming global space. The degrees of freedom also underlie the canonical
interpolation operators of the interpolation theory and, through them, the commuting-diagram
properties of the corresponding discrete de Rham complex.

Having served this purpose in the definition of a finite element space as originally envisioned
by [Cia02] , in our view and an approach that we adopt, the degrees of freedom themselves play
a comparatively quieter role in the remainder of this thesis. Throughout, we simply regard the
discrete solution as an element of the polynomial subspace Vi, € P(Q) (where Q is the domain
of the problem). Therefore, we simply choose to write the unknown solution field, whether a
scalar function or a vector field, as un = }_; ¢j @; in its appropriate basis. We use the variational
formulation as posed directly on V4, to determine the coefficients c¢;. The dual functionals are never
evaluated in the analysis or in the implementation; they act implicitly, through the identification
¢; = 0j(un) and, in the assembly through the association of each degree of freedom with a
subsimplex of the mesh. This supplies the so-called local-to-global numbering by which coefficients
on shared faces are identified across element boundaries. This identification is what enforces, in
the assembled global space, the continuity of tangential traces for the Whitney elements and of the
normal traces for the Raviart-Thomas elements across inter-element boundaries. In our point of
view, therefore, the degrees of freedom serve to complete the definition of the finite element by
fixing the dimension of the space, establishing unisolvence, and guaranteeing the conformity of the
assembled global space. We have adopted this perpsective thoughout in this work and the actual
theoretical developments and computations take place simply on the primal finite-dimensional
vector space spanned by the polynomial basis. We emphasize that this is a matter of our preference
and taste rather than substance and the dual perspective is indeed essential where it is genuinely
needed, for example, in the construction of interpolants and the approximation theory built on
those. Thus, apart from this description and the examples of the degrees of freedom in Chapter 2,
we largely omit them from our further discussions.

1.4 Maxwell’s Equations

1.4.1 Introduction to Maxwell’s Equations

Maxwell’s Equations describe the behavior of four electromagnetic quantities which are expressed
by vector-valued functions of space Q C R?® and time 7 C R. These quantities are the electric
and magnetic flux densities D,B : Q x 7 — R3 and the electric and magnetic field strengths
E,H:Qx7 — R3 depending on the electric charge density p : Q X T~ — R and electric current
density J : QX T — R3 which are assumed to be continuous.
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Name Equation
Gauss’s law V-D(r,t) = p(r, t)
Gauss’s law for magnetism V-B(r,t)=0
0
Maxwell-Faraday’s law VX E(r,t) = —aB(r, t)
R 0
Maxwell-Ampere’s law VxH(r,t) =]J(r,t)+ aD(r, t)

1.4.2 Computational Solution of Maxwell’s equations

Computational electromagnetics entails numerical solution of Maxwell’s equations and has been
one of the foundational pillars of modern electrical engineering. Given the ubiquity of electrical
and electronic devices at all power levels, from microwatts to gigawatts in our everyday world,
the importance of a provably correct yet accurate finite element discretization of this PDE cannot
be understated. In this work, we demonstrate higher-order, structure preserving FEM for the
solution of problems modeled using Maxwell’s equations. Our model problems include eigenvalue
problems and circuit coupled problems. Our demonstration shows how these modern finite
elements, incorporating ideas from differential geometry and algebraic topology, can lead to
preservation of both mathematical and physical structures such as, for example, exactly divergence
free discrete solutions, discrete preservation of topological invariants, and discrete spectra free of
spurious modes.

The whole set of Maxwell’s equations has only sometimes been subjected to finite element analysis
without being rewritten in some fashion. The goal is to reduce the complexity or expense of the
numerical approach, or to modify the equations to the specific application at hand. In light of
these assumptions, we now consider the following set of two coupled PDEs obtained by a suitable
combination of the four equations which represent Maxwell’s equations. [Rdb14] [Che20]

a_p+V.gE=fpin.QX(O,T],

ot
oE
Vp+sa—VXH:fE in Q x (0, T], (1.14a)
oH
hae +VXE=frinQx(0,T],

where Q C R?/R3 is a domain with Lipschitz boundary dQ and with the following homogeneous

boundary conditions :
p=0,Exn=0,H-n=00n03Q x(0,T], (1.14b)

where n is the unit outward normal to 0Q, and with the following initial conditions :
p(x,0) = po(x), E(x,0) = Eg(x), and H(x, 0) = Ho(x) for x € Q. (1.14¢)

In these equations, E(x, t) and H(x, t) denote the electric and magnetic fields , respectively, and
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p(x, t) is a physically fictitious term that is related to the time varying divergence of the electric
field. We refer to all variables without the x and t descriptors when this is clear to avoid clutter.
The additional electric variable facilitates a mixed formulation for the Maxwell’s equations in the
sense of finite element exterior calculus (FEEC) and allows for a direct approximation of V - ¢E. The
boundary conditions correspond to a perfectly electric conductor at the boundary and this is usually
a good abstraction for the study of Maxwell’s equations. This formulation was first introduced in
[APZ13] and further used in [AHZ17; Adl+21], and the authors there attribute it to Douglas Arnold
who is one of the authors of several works in FEEC [AFW10; Arn18]. We slightly generalize their
(p, E, H) formulation to allow for arbitrary right hand side functions f,, (x, t), fe(x, t) and fy(x, t) as
shown in Equation (1.14a). Clearly, if V- eE = 0, then with po(x) = 0, f, = 0, fg = J(x, t) (Which s the
current density) and fy = 0, we recover the more standard form of the Maxwell’s equations. In our
setup, we assume that t € [0, T] for some finite maximum time T. The material parameters ¢ (electric
permittivity) and p (magnetic permeability) are assumed to be time independent and positive
bounded piecewise constant functions, that is, there exist positive constants: €min, €max, Hmin, Hmax
satisfying 0 < emin < €(X) < €max < 00 and 0 < Pmin < K(X) < Hmax < oo for all x € Q. Although
this minor technical condition is necessary, for all intents and purposes, we treat these physical
parameters as simply constants in our work here. These constants can then be taken to be either the
inverse of the minimum or maximum values as appropriate in all our proofs if these parameters
are spatially varying. Finally, we shall assume that the initial conditions provided satisfy:

V- (¢Ep) = po, and V - (uHp) = 0in Q,

to be consistent with our motivation for introducing p in conjunction with E, and because magnetic
tields are divergence free due to there being no magnetic charges.

The variational formulation for Equation (1.14a) with boundary conditions in Equation (1.14b) is
given by: find (p,E,H) € 101171((2) X He (curl; Q) x lilu(div; Q) such that:

op _ . . e
(a—‘t’,p) —(¢E, V) = (fp,B), PeH Q) (1.15a)
(V. E) + (¢35 F) ~ (HVxE) = (e E),  E € Flo(eur;Q), (1.15b)
(u%ﬂ) + (VX EH), = {fi, H), HeH.(div;Q), (1.15¢)

for t € (0, T] with initial conditions as in Equation (1.14c).

1.4.3 Time Discretization

We perform a time discretization using the 8-method which reduces to the explicit, first-order
forward Euler scheme for 0 = 0, the implicit, first-order backward Euler scheme for 0 = 1, and the
implicit, second-order Crank-Nicolson scheme for the choice of 6 = 1/2. The last scheme has a
further advantage of being energy conserving. We provide the equations for each of these schemes
below and diagrammatic depiction of the computation at times indexed by N starting from the
initial condition. In each of these depictions, the time dependence of a variable at a time index
i € N on the variables in the previous time index i — 1 € N is shown. Note that for the explicit
scheme, the dependence of E(i) or H(i) at time index i is strictly only on variables in the previous
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time index E(i — 1) and H(i — 1). On the contrary, for the implicit schemes, the variables at time
index i are dependent on other variables at the same time index i necessitating the solution of these
variables at that time using a linear (in these instances) or nonlinear (more generally) solvers.

0-Method

For a given PDE of the form

ov
LAY =f, 1.1
5t T (1.16)

for some operator A, the time discretization is given as follows:

1

E(vm“ — V™) + OAV™H 4 (1 - 0)AV™ = 0F ™! 4 (1 - 0)f™. (1.17)
Forward-Euler: 0 =0
Given: Computed
pn+1 _ pn o N I
Y +V-E"=Af
At iy >< >< ><
En+1 —En
Vp“+eT—quH“:fg, S
n —_ n
VXE™+ HA—t = f].
Backward-Euler: 0 =1
Given: Computed:
pn _ pn—l € » Pt p? [P ——
— +V.E"=fD
= ) | I T
EM — En—l
Vpn+€T_ HVXHTL :fgl [L‘() El E2 ES I
HY = | T
VXE“+H At :fﬁ- 7O H1 2 3 — .
Crank-Nicolson: 0 = 5
pm —pn 1 ( n e 1) 1 ( 1)
_ V-E V-E =
At 2 * > :
1 E™ —En 1 1 1
E(VP“+VP“‘1) te——— " 3M (VxH“+V><H“ 1) = E(f“+f“ 1),
H* —-H™1 1
%(VXE“+VXEn_1)+u A E(fn+fn 1).
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Given: Computed:

[)“ [)1 ])2 P

>]I>I]

E(J El E2 Ed

>][>[>

H(l Hl H2 H'%

3

1.5 de Rham Finite Elements

We present here bare minimum basics needed for a ready reference and discussion of the various
theorems and results in our work. We are indebted to those foundations and have tried to
liberally borrow their overall proof methodologies and general proof strategies for presenting our
contributions here.

We begin by first stating the various Hilbert spaces that we shall use as our function spaces in this
work. To begin to do so, we first state that the inner product on our Hilbert space (U, <-, ->OC) is
weighted in the following way: for any u,v € U and a positive real number «, <u,v> o = <ocu,v>.
Consequently, for the same positive real number we have that [[u||? := <u, u)(x. Next, we note
that we do not distinguish between scalar- and vector-valued points or functions by their typeface
and leave it to the context to make it clear as we find this choice visually friendly. Therefore,
instead of x € Rorx € R™, d = 2,3, we simply write x € Q) and likewise f may represent either a
scalar- or vector-valued function. Consequently, we also do not distinguish in notation function
spaces defined over regular (or smooth) scalar or vector functions and simply use C"(Q) where
1 is the regularity to denote such functions. Thus, L%(Q) can mean the space of either scalar- or
vector-valued functions with a bounded [?> norm. With these reading provisos, for a positive
number « we denote by [ the set of functions which have a bounded [ norm ||-||. We next
define for our purposes the various function spaces which we need in our work here.

HL L (Q)={uel?,(Q)|Vuel?, (Q)},

AL, (Q) ={ueHl ,(Q)|u=00n23Q)}
He(cur; Q) == {u e [2(Q) | Vxu e [2(Q)},
He(curl; Q) = {u € He(cur; Q) [uxn =0 on 3Q},
Hu(div; Q) == {u e L3,(Q) | V- u € L3 (Q)},

H, (div; Q) == {fu € Hy(div; Q) |u-n =00n30Q}.

1.5.1 de Rham Complex and Approximation using Polynomials

To begin with, we abstract objects and operators of vector calculus, namely, scalar functions and
vector fields, and the operators — divergence, gradient and curl — and the scalar and vector Laplacian
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operators using the de Rham complex. The de Rham complex is an algebraic representation of these
objects and the corresponding linear operators as an exact sequence. The sequence is shown below
in R? and R3, respectively.

R2 ) grad rl
: Scalar functions —(d—) Vector fields = Density functions.
—div rot
R3: grad url div
. Scalar functions ———> Vector fields T——— Vector fields = Density functions.
—div curl —grad

In this diagram, the scalar functions and vector fields are defined on some region Q C R?/R3.
Between the function spaces of such scalar functions and vector fields on Q, there are linear
mappings between successive spaces which are differential operators. Exactness of such a sequence
means that composition of two of these operators is identically zero, and this encapsulates the
vector identities, namely, curl grad = 0 and div curl = 0. We can also write the de Rham complex
with function space notations as follows:

de Rham complex with function space notations:

( ) — X ( ) — X ( ) -— ( )/
—div cur —gra

where C®(R3) and x*(R?) are the smooth scalar function spaces and vector field spaces in R?
respectively. The difference here is that all the adjoints require boundary conditions. In a Galerkin
FEM, the first step is a weak or variational formulation of the PDE, and we can therefore write
a functional analysis version of the above de Rham complex both with boundary and without
boundary conditions which we depict below next.

2 . o rot o —div
R Boundary de Rham complex: HY(Q) — Fi(div, Q) — 12(Q).
curl gra
R? Standard de Rham complex : HY(Q) _grad, H(curl, Q) _curl 12(Q).
—div rot
o rad curl —div
R3 Boundary de Rham complex: F1(Q) S, Fi(curl, Q) —— K(div, Q) —— 14(Q).
—div curl gra
rad curl —div
R3 Standard de Rham complex : HY(Q) g_) H(curl, Q) —>1 H(div, Q) —= L*(Q).
—aiwv cur gra

We shall use a discretization of the Poisson’s equation with appropriate boundary conditions that
make the problem well posed using one of these de Rham complexes. In particular, we shall
work with finite-dimensional, higher-order polynomial subspaces of the functions spaces of scalar
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functions and vector fields. Such discretized de Rham complexes expressed using polynomial
spaces is given by:

R? Finite dimensional boundary de Rham complex:

. rot . —di
P;(Q) Q) === P+(Q) N v, 0) :: P=(Q) N 12(Q).

cur gra

R? Finite dimensional standard de Rham complex:

grad curl
P(Q)NHY(Q) —)‘T P-(Q) NH(curl, Q) — P-(Q)NL3(Q).

ro

R3 Finite dimensional boundary de Rham complex:

o rad o curl R —div
P-(0) N Q) g? P;(Q) N Fi(curl, Q) == (@) N, 0) = £;(Q)N1XQ)
—div cur. gra

R3 Finite dimensional standard de Rham complex:

grad curl —div
P-(Q)NHY Q) —— P;(Q)NH(curl, Q) —— P;(Q)NH(div, Q) ——= P;(Q)NL3(Q).
—div curl grad

The following two tables summarizes the finite dimensional subspaces of the de Rham complexes
and their basis.

Boundary de Rham Complex in R3:

Function Finite Dimensional _
Space Subspace Basis
W = H(Q) Wh Lagrange of order r
T = lil(curl; Q) Th Raviart-Thomas on edges of order r + 1
Y = H(div; Q) In Raviart-Thomas on faces of order r + 1
V=1%20Q) Vh Discontinuous Galerkin of order r

Standard de Rham Complex in R3:

Function Finite Dimensional i
Space Subspace Basis
vV =HY(Q) Vh Lagrange of order r
2 = H(curl; Q) Ih Whitney vector fields on edges of order r + 1
7 = H(div; Q) Th Whitney vector fields on faces of order r + 1
W =12(Q) Wh Discontinuous Galerkin of order r

where r > 0Ois the order of basis. The basis are related in the de Rham and boundary de Rham
complexes since the spaces k and n — k are isomorphic in the simplicial complex.
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Boundary conditions | Homogeneous equations
Neumann Vu-i=0
Magnetic u-n=0,Vxuxn=_0

Electric uxni=0V-u=0
Dirichlet u=20

where 1 is outward unit normal to 0Q).

1.5.2 Finite Elements that form a de Rham Complex

We refer to [AFW06; AFW10; Arn18] for conforming finite element spaces forming a de Rham
complex as also to [CMO11; CR16] for various details pertaining to the construction of finite
element systems, the Whitney forms basis, and the canonical and smoothed projection operators.
We wish to simply summarize what we need by stating the following two commuting diagrams
of de Rham complexes of the function spaces and their discretizations in R? and R3. We wish to
note that P, denotes the degree r Whitney forms which may then be interpreted to mean scalar
Lagrange basis or vector Nedelec or Raviart-Thomas elements, or discontinuous Galerkin basis
elements. Also, in these diagrams ITy, represents the appropriate canonical or smoothed projection
and their approximability results are presented in [see AFW06, Theorems 5.3, 5.6]. For our later
analysis however, we shall use only the smoothed projection operators.

rot . —div
H,(div, Q)

curl grad

AL (Q) (o)

ﬂZ

1
m h

0
I h

h

HL,(Q) _rot | Fl(div,Q) —div  12(Q)
NPHQ) “cd NPr(Q) “grad NPr(Q)

o1 grad curl . —div )
Hs_l(Q) — H(curl, Q) —/— H,(div, Q) L“(Q)
—div curl grad
m M m m

HL,(Q) _grad  F(curl, Q) _curl H(div,Q) _=div  1%Q)
NP(Q) “qv NP(Q) curl . NPH(Q) grad Pr(Q)

1.6 Closing Set of Preliminaries

1.6.1 Algebraic Identities and Inequalities

In the following, we shall take u, v to be in a Hilbert space (U, (-, -)«) for a fixed positive scalar «,
and a and b to be nonnegative real numbers.
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Triangle ||u + V||« < |[ufla + V]| «-

Cauchy-Schwarz <u,v>(x < g1Vl « for a nonnegative scalar (3.
Polarization identity 2(u—v,u)_ = [[ul3 +[u-v[3 - V%

Polarization inequality 2<u,v>(x < B7Hul% + BlIvI|% for a nonnegative scalar f3.

a+b

Arithmetic mean-geometric mean (AM-GM) Vab < — (a+ b)2 <2 (a2 + bz).

1.6.2 Gronwall-OulLang Inequalities

A recurring theme in the various proofs for establishment of stability and error convergence for
time discretization of the Maxwell’s system is Gronwall’s inequality. We state below the versions of
it most pertinent to our usage in both the smooth and discrete settings. We wish to also note the
relation of Gronwall’s inequality in the smooth setting to the inequality in [Ou-57], and therefore
we refer to these results in our work here together as Gronwall-OuLang inequality.

Lemma 1.8 (OuLang, [Ou-57]). Let wand f be real-valued nonnegative continuous functions defined

forall t > 0. If:
t

u?(t) < 2 + ZJ f(s)u(s)ds forall t > 0,
0
where ¢ > 0 is a constant, then:

t
u(t) <c+ J f(s)ds forall t > 0.
0

Lemma 1.9 (Gronwall, [QV94, Lemma 1.4.1]). Let f € L}(to, T) be a nonnegative function, g and
u be continuous functions on [to, T]. If u satisfies:

u(t) < g(t) + J f(s)u(s)ds forall t € [to, T],

to

then:
t t

u(t) < g(t) + J f(s)g(s) exp J f(t)dt | forall t € [to, T].

to S
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Moreover, if g is nondecreasing, then:

t

u(t) < g(t)exp I f(t)dt | forall t € [to, T].

to

Lemma 1.10 (Discrete Gronwall , [AA19, Lemma 2]). Let > 0, go = 0and (an,), (bn), (cn) and
(‘Yn) be sequences of nonnegative numbers such that:

N N
an +San < 6Z(vnan+cn)+goforallN =0,1,....
n=0 n=0

Assuming that v, 5 < 1 for all n and setting oy, = (1 —yn8) ™}, for all N > 0 we have that:

N N N
an +6an < (6ch + go)exp (SZGnyn).
n=0 n=0 n=0
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Chapter 2

Implementation of de Rham Finite Elements
in 2d and 3d for Linear PDEs

2.1 Finite Element Method in 2d and 3d for Linear PDEs

In this chapter, we discuss various aspects pertaining to computations with the finite element
method (FEM) for a de Rham sequence of finite element spaces. Throughout the chapter, we shall
use the Poisson’s equation, in both 2d and 3d, and for both the scalar and vector Laplacian, as
our model problems. We also discuss the numerical solution using various kinds of boundary
conditions. We believe that this chapter will help serve as a tutorial-style overview for using the
finite element method beyond what is generally discussed in the various standard textbooks such
as [BS08; LT09; BBF13; LB13; Arnl8; EG21a; EG21b; EG21c]. This chapter should complement
anyone trying to read from any of these sources with our own attempt to clearly explain some of
these implementation details.

2.1.1 Boundary Conditions

We wish to remark that in a boundary de Rham complex, the function spaces are endowed with
boundary conditions in the function spaces themselves. We typically assume that the differential
operators that extend rightward in these complexes are all strong but all our notions readily extend
also to the case when they are, on the other hand, only weakly defined. The operators in these
diagrams that map leftward are formal adjoints in case of the standard de Rham complex but actual
adjoints with the appropriate boundary conditions in case of the boundary de Rham complex. As
an example, thus the adjoint grad” is indeed — div in both cases but for the boundary complex,
the boundary conditions are actually used by setting the integral term on the boundary to 0 in
the definition of this adjointness. Likewise, curl” = curl. We wish to reiterate that these boundary
conditions in the boundary de Rham complex are those which make the corresponding Poisson
problem well defined.

Natural and Essential Boundary Conditions

We explain the difference between natural and essential boundary conditions by giving an example
of 1d Poisson’s equation with non-homogeneous Dirichlet boundary condition. Consider the
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following 1d model problem:

d’u
v fonQ=10,1], wx=0)=go wx=1)=g. (2.1)

The variational formulation for the above problem is given by: find u € H!([0, 1]) such that

2
(-5 = (), veR o),

1 ;1

dudv du 1

S & + [—avlo = I fvdx, veH(0,1]).

0

After choosing an appropriate function space that makes this problem well posed, say V, we pick a
finite-dimensional subspace Vi, € V with dimension N + 1 and a basis {d)i}]iil which results into
the following linear system:
r dbs ddj
o dx dx

[ui] =

o

Natural Boundary Conditions: Natural boundary conditions are then not satisfied exactly, that
is, by requiring it to be so in the function space but only in a “weak” sense through its
appearance in a boundary term in the variational formulation. For instance, for the above
example we have:

V =HYQ) = {u e L(Q)| 3—2 € L2(Q)}.

The boundary term of the variational formulation will look like below for the “natural
boundary conditions” case:

du | dul’ 1
la"lo l lalo Pl

N
B dén ddo B "
=un dx |, V] 21 — Wo dx |, \Y (because u= é ulcbl)
g dO8| g d0
N Tax 1 1750 4x 1 go-

Essential Boundary Conditions: Essential boundary conditions are pointwise satisfied by func-
tions or the vector fields through requiring them to be so in the definition of the function
space itself. For instance, for the above example we have:

V = HY(Q) = {ue [X(Q)|grad u € [L2(Q)]? and u|oq = 0}.
And for the essential boundary case, in the boundary term we set:

u =¢go and un=g.
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And thus the linear system is given by:

1 0 0 0 o ] 9
[b1d0 [ b1 [br1dna1 [ d1dn w [ t1
[on-1bo [dnaidr oo [ dncadnar [ dnaadn| [un-t| [ fona
| 0 0 0 1 Itu~ | L gn

Homogenous and Nonhomogenous Boundary Conditions

A boundary condition is said to be homogenous if the boundary data vanishes on the boundary
of the given domain, otherwise it is called a non-homogenous boundary condition. The following
tables provide a summary of these various classification of the boundary conditions in the context
of the various function spaces that we have used in the different de Rham complexes.

Function Essential Function Natural

Space Boundary conditions Space Boundary conditions

HY(Q) Dirichlet HY(Q) Neumann
H(curl; Q) Electric H(curl; Q) Magnetic
H(div; Q) Magnetic H(div; Q) Electric

2(Q) Neumann L2(Q) Dirichlet

2.2 FEMin 2d

For the 2d case, we first consider the scalar Laplacian using the standard formulation, and the

Poisson’s equation in Cartesian coordinates is given by:

N %u
oy

2
—divgradu = - (a_u

~ (2.2)

) =f on [0,1] xX[0,1],

u|aQ =0.

We consider Dirichlet boundary conditions here and our domain Q) is unit square which can be
discretized as in Figure 2.1. If Ny is the number of vertices in a given triangulation of the unit
square, then looking ahead, in the discretized problem, u € RNo. The comparison of linear 1d and
2d Lagrange basis we have shown in Table 2.1. We can define these basis ¢ s in terms of barycentric

coordinates as well. The barycentric coordinates of v = (;) with respect to vo, vi, v2 are {Ag, A1, Az}
Thus, we can have the value of these A;’s in terms of triangle vertices as represented in Figure 2.2.
Each A; : R2 — R is defined by Aq (S) = Ai(x,y), and each ¢; = A; where ¢; are linear Lagrange

basis on this triangle. Pictorially in 1d we can represent it as in Figure 2.4.
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Ficure 2.1: Unit square (left) and an illustration of its discretization (right).

1D 2D
No=2 No=3
Vi
Simplex Xt Xi+l Vi )
TNy
k
0 d)vi
v-O
1 " ]
b1 1
Vi
O d)\)j
) Xi Xi+1
Basis 1 Ovi Vj
Pit1 1
0
Xi Xit1
0
OVi \)j

TabLE 2.1: Comparison of 1d and 2d Lagrange basis

And this can be carried over to 2d as global view under which whole mesh is considered as in
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7\0\)0 + 7\1\)1 + 7\2\22 = .

|

AoXo + A1X1 + Axxp =X, V2 = (x2,Y2)

AoYo + A1y1 + A2y2 =,

A+A+A=1.
I vo = (X0, Yo) vi = (ay)
X0 X1 X2 7\0

X
Yo Y1 Yzf [M]| =1y
1 1 1 | Ao 1

Ficure 2.2: Illustration of barycentric coordinates in term of triangle’s coordinates

0----
Xi-1 Xq Xi+1

Ficure 2.3: Linear basis for node x;.

Figure 2.5 and elemental view which is considered over a particular simplex of the mesh as in
Figure 2.6.

Thus, J didj and f VoiVe; = ZJ d)iecl)lfa and J Vc])fVcb]? since ¢ = > A°.
Q €t )

Q t

—_—

Globally

Locally

Now we make matrices arrangement first locally and then globally. For instance, we can pick two
triangles from a mesh having a common vertex and have them arranged locally as in Figure 2.7
which are 3 X 3 symmetric matrices. Next we insert these local matrices into global matrix as we
are doing in Figure 2.8 which is a Ng X Ng symmetric matrix where Ny is the number of vertices in
the mesh. Similarly we can assemble the global right hand side vector b € RN? from elementwise
right hand side vectors b¢ € R3.

We can also express quadratic Lagrange basis in terms of barycentric functions and these basis
are ¢o = Ao(2Ag — 1), &1 = 4AoA1, P2 = A1(2A1 — 1). At x4, A9 = 1 which implies ¢g = 1, similarly at

. + .
M,?\o =5 gives ¢p = 0 and at xi41,A¢p = 0 gives ¢g = 0. Pictorially we have represented

these basis in Figure 2.9.

These higher-order basis can in general be written as a combination of terms involving barycentric
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Xq Xi+1

¢;(1at xi;0 elsewhere)

Ficure 2.5: Global view of 2d linear Lagrange basis.

functions of the form: 7\(‘)‘?\}’ for some a > 0,b > 0, technically, it will look like: }_ oqAS i7\}”.
iel
Generalizing to 2d, a general polynomial basis for scalar functions on a simplex is going to be of

the form: 7\6‘?\}’7\5 for some a > 0,b > 0,c > 0. If {A\g, A1, A2} are the barycentric functions on the

2-simplex, then the gradient of V(ASAPAS) is going to be of the form:

VAAGAPAS) = aA$TIAPAS VA + BASAP TIAS VA + cAJAPAS VA, (2.3)
To be precise, a basis for degree p polynomials on the simplex would look like:
b= oNATA,
i€]

where a; > 0,bj > 0,¢5 > 0 with 0 < a; + bj + ¢j < p. Thus, at the core of V; will be gradients of
the form as in Equation (2.3), at the heart of Equation (2.3) are {VAq, VA1, VA2 }. Therefore, for the
linear case and triangle A = {vg, v1, 2}, the basis for P1(A) = {do, $1, 2} and the basis functions
are indeed the barycentric functions themselves i.e. ¢g = Ag, $1 = A1, 2 = A2, which can be
represented as shown in Figure 2.10.

We can also have quadratic Lagrange basis on a triangle given by: {A{(2A; — 1),4AiA5},1,j =



32

X{ Xy

Ao

Ao A2 Xy
X Xk

Ficure 2.6: Elemental view of 2d Lagrange basis.

l: local index  g: global index OxiL
g Xi Xj Xk
1 0 1 2 . )
xi 0 [00 01 02] X
x; 1110 11 12 Xj
xk 2120 21 22
g Xi Xk Xy Xi
1 0 1 2 2
xi 0 J00O 01 02
xk 1 [10 11 12]
x¢ 2 [20 21 22 0 1
Xk Xt

Ficure 2.7: Local arrangement of basis in matrix form

0,1,2 and dim($»(2)) = 6, where $»(2) is the space of polynomials (quadratic) on a trian-
gle and {(bj}?:o is a basis for Py(A) ie., {do : AN — 1), b1 : AMQ2AL —1),d2 : A2(2A; —
1), b3+ 4NoA1, by 4A1A2, d5 1 4AxA0}. We can also compute gradients of these quadratic basis
functions as follows:

Vo = V(Ao(2A0 - 1)),
= V?\()(Z)\o - 1) + 7\0(2V7\0),
= V7\0(27\0 -1+ 27\0),
= (@o—1) Vg .

Scalar function vector

Similarly, Vd)l = (4)\1 —1)V7\1, Vd)z = (4)\2 —1)V7\2. And Vd)g = V(47\0)\1) = 4V?\07\1 +4)\0V7\1, Vd)4 =
4V A + 4N VA, Vd)5 = 4VAgAy + 4NV As.

For quadratic case, the global stiffness matrix S, € RMNotNUX(No+N1) and the load vector (the
right-hand side vector) b € R(MNo+tN1) where Ny and N; are the number of vertices and edges,
respectively, in a given triangulation (also referred to as the mesh) of Q3. On the other hand, the
elemental stiffness matrix S € R®*® and the elemental load vector b, € R®. Hence, the solu-
tion vector u € RMNo+*N1)_ These can be represented locally and globally for quadratic case as follows:



Xk

x:k 22+ 00
x:i 02 + 20
Xe
.

Xi

20+ 02

00 + 22

Xe ... Xj

FiGure 2.8: Global arrangement of basis in matrix form

b1

Xi+1

1

X Xi+1

Ficure 2.9: Elemental view of quadratic Lagrange basis in 1d.

! ¢
0
1
Oe
Xi Xi+1
0
xXi
Global Index
Edges: ey = [vo, v1] 0
0 1
e1 = [vo, 2] 1
0 4
er = [v1, v2] 4
1 4
Global u
0
: u on vertices
No-—-1
0
: u on midpoints of edges
i Ny -1

i (N0+N1)X1

v, Local Element

() €1
Vo €0 Vi

Local u

vertices vy, Vi, V2

midpoints on edges ey, €1, €2

16x1
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1
1
1 \% \%
0 0
0 0
Vo A% OVO %1 OVO V1
1 1=0 1 i=1 1 1i=2
(AMO(w):{O 1 (s)h(m:{o 0o (cnz(vi)={0 o1
Ficure 2.10: Lagrange linear basis in 2d on a triang]e.
Local Stiffness: Global Stiffness:
0 1 4 0 1 4
uVO uvl uVZ uel) u‘—l uCZ _ .
0wy, No{ Vertex-Vertex Vertex-Edge
1 wuy,
4 u,,
0 ue,
1 ue, Ny Edge-Vertex Edge-Edge
4 uez L —— ———
No Ny

Here, “Vertex-Vertex” denotes the inner product of basis corresponding to the vertices of mesh with
themselves, similarly “Edge-Edge” denotes the inner product of basis corresponding to the edges
of mesh with themselves. And “Vertex-Edge” denotes the inner product of basis corresponding
to the vertices of mesh with basis corresponding to the edges of mesh, whereas “Edge-Vertex”
denotes its transpose. Now, we can perform mixed formulation for the following problem:

02 02
—divgradu = — (a—XLzL + a&) =f on [0,1] x[0,1], (2.4)
u|aQ =0.
Its first order form is given as:
o=gradu ‘ _
—diVG:f}OnQ’an_o’ (2.5)

then we perform weak formulation and finite element formulation and seek (u, o) such that:

[ ofeted = s e =0 vomemoan,

where function spaces are 1, v € [%(Q), o, T € H(div, Q) and Iy, C H(div, Q), Vi, C 1%(Q) are finite
dimensional subspaces of these function spaces. Then the resulting finite dimensional problem has
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matrix form: find (o, u) such that:

Seo Sot| o] _

S10 Suf|u
where Syo denotes 00" block of the stiffness matrix, and consists of the inner product of basis for
T, So1 and S1g denotes 01" and 10" block of the stiffness matrix respectively, and consists of
the inner product of divergence of basis for X}, with basis for Vi, and S11 denotes 11" block of

the stiffness matrix, and consists of the inner product of basis for V. These basis are defined as
follows for R?:

0
o ”

Order H(l)(Q) basis H(curl; Q) basis
Linear Ai Wij = 7\1V?\j - 7\)' V)\i
Quadratic || 4AiAj, Ai(2A; — 1)
Edgeij 7\1Wij, ?\j Wij
Trianglei]-k AkWij/ 7\)' Wik

Some of them are illustrated in Figures 2.11 to 2.15 and 2.17 which we have adapted from [Scr+25].

FARVANRRN

FiGure 2.11: Linear Lagrange Basis in 2d adapted from [Scr+25].

4 . -

/ > 7

A ey ::\
117 sy BN
11114 paess 7 | Y

Ficure 2.12: Linear Whitney Vector Fields in 2d adapted from [Scr+25].

N

X D .

NN ARNX

R R AXNN tifz
D AR oo
C—— €« « ~ R e

Ficure 2.13: Linear Raviart-Thomas Fields in 2d adapted from [Scr+25].

Above we have seen that how can we arrange local stiffness matrix into global stiffness matrix
corresponding to quadratic Lagrange basis, now we discuss how can we arrange those corresponding
to quadratic Whitney basis. Note that for a particular triangle we have 8 bases in total (2 per edge
and 2 corresponding to triangle itself), so size of local mass matrix is 8 X 8 and global mass matrix
is of size 2N7 + 2Nj.
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Ficure 2.14: Quadratic Lagrange Basis in 2d corresponding to a vertex (left) and
corresponding to an edge (right) adapted from [Scr+25].

-

*
A
4

1

“Er vy oy

e

v ~ > 7

< Y ¥Y ¥~
v oY >

> X a

3
i«ff
x X
<A~T PO S VIE VIRV k% ff
Ficure 2.15: Quadratic Whitney Vector Fields in 2d corresponding to an edge (leftmost
two) and corresponding to triangle (rightmost two) adapted from [Scr+25]. Similarly,
we can refer and elaborate for the remaining edges of the triangle.

Ny

Local Global
2Ny 2N,

2Ny
ffbid)j

8x8 2N>

2N14+2No2x2N1+2N>

We can arrange our global matrix in the following two ways:

1. One option is to first list all first-basis followed by all second-basis associated with the edges;
then list all first-basis followed by all second-basis associated with the triangles.

2. Second option is to list the first basis followed by the second basis for each edge, and repeat
this process for all edges; then we apply the same procedure to the triangles.

We will use second way to build the global matrix and addition
of local entries happens at common edges. Now to make things
a bit simpler and clear, we consider a small mesh consisting of
two triangles having a common edge like the way represented
in the figure on the right. Since we are using second option,
so we start with the edge basis (first and then second for each
edge) of T1 and then similarly for T2 and for the common edge
‘e’ we need to add its particular local entries at its global index.
Then we put the triangle basis again first for T1 and then for Addition happens

T2 in the increasing order. at common edges
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4 7
- v 7

v Kk >
LI Y < < < f—)‘ X
4 > 4y AR or ¥ ’/7—),. N
1> a2 vy A A A A 4 ﬂ)—»i fffk
v > > Y L AT T Y>> T Py AATATT 1

Ficure 2.16: Quadratic Raviart-Thomas Fields in 2d corresponding to an edge (leftmost
two) and corresponding to triangle (rightmost two) adapted from [Scr+25]. Similarly,
we can show for the remaining edges of the triangle.

4 ¥

. fk 175

Ay 4 < < < f,)‘ }

A4 > Ay [ 7‘/7_)\ N
1> x v g A A A A 4 7'2—*” ff’t«\
y > >V e AT Yy > T Py A ATAZF 4

Ficure 2.17: Quadratic Raviart-Thomas Fields in 2d corresponding to an edge (leftmost
two) and corresponding to triangle (rightmost two) adapted from [Scr+25]. Similarly,
we can show for the remaining edges of the triangle.

2 45 3
01234567 01234567
[ 1| — 23 01— Y[ '
0 01 1

NGl W IN -k O

NONUlk WD - O

Note that both local mass matrices are dense matrices of size 8 X 8 consisting of entries <c|)i, d)j> for
1,j=0,...,7. These local mass matrices have to be assembled into a global matrix and globally,
there are 5 edges and 2 triangles in the mesh. Since each edge has two bases associated with it

and each triangle has two bases associated with it, so thereare 5-2 + 2-2 =14 bases in total.
—— ——

(edges)  (triangles)
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Hence, global mass matrix looks like:

0123456789|10111213

— — o (@)

(68} N N —_
—— —N—————
O 00 IO Ul W N — O

N
(O8]

N O N O
—_
N

Indices 0,1: Associated with edge
Indices 2,3: Associated with edge

{01}; contribution only from red triangle,

{
Indices 4,5: Associated with edge |

{

{

01)

02}; contribution only from red triangle,

12}; contribution only from red triangle and blue triangle,
3}; contribution only from blue triangle.

3}; contribution only from blue triangle.

Indices 6,7: Associated with edge {1
Indices 8,9: Associated with edge {2

I
More generally, Index I: Associated with edge b|, so total indices corresponding to edge are

{0,1,...,2N1 —2,2N — 1}. Indices 10, 11, 12, 13 all denoted bases associated with triangles. There
will contribution from only one triangle for each of these; so total indices corresponding to edge
are {0,1,...,2N2 —2,2N;, — 1}. Hence in total, we have 2N + 2N, quadratic Whitney basis in total.

2.3 FEMin 3d

In this part, we create finite element techniques for the numerical resolution of three-dimensional
partial differential equations by following the same footsteps two-dimensional partial differential
equations. Similar to above as in 2d, first we use barycentric functions to define the basis which
precisely represented in below table:
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Order Hé(Q) basis H(curl; Q) basis H(div; Q) basis
7\1V)\j XVAx — AjVAiXV)\k
Linear Ai Wij = }\iVAj _}\jmi Wijk = +7\kV?\i><V?\j
Quadratic 4AiA;, Ai(2A1 = 1)
Edgeij }\iWij/ 7\)' Wij
Triangleijk Akwijz }\j Wik Aiwijk/ }\j Wijk/ )\kWijk
Tetrahedronijkl 7\1Wij ks )\kWijl/ 7\j Wﬂd

Some of them are illustrated in Figures 2.19 to 2.22 which we have adapted from [Scr+25].

For a given mesh of the domain Q C R3, let Ng be number of vertices, N; be number of edges, N
be number of triangles and N3 be number of tetrahedrons. Let 'T” be the particular tetrahedron in

the mesh, then it can be represented as in the figure below.
V3
T T
0
Vo V2
0
Vi

Here v; denotes vertices for i = 0,1, 2,3, ey; denotes edges fori =0,1,2, j =1,2,3, i <j and tiji
are trianglesfori =0,1, j = 1,2, k= 2,3, i <j < k. Now we discuss some different problems in 3d
for this domain for natural and essential boundary conditions. This demonstration involves four
classifications for both set of boundary conditions consisting of Dirichlet, Neumann, magnetic,
and electric boundary conditions. We provide mixed formulation, variational formulation and
construction of linear system with a visual of it for each problem. Using the variational formulation,
all of these boundary conditions for the corresponding problems are all natural.

€03

2.3.1 Natural Boundary Conditions

Dirichlet Boundary Conditions

—divgradu = fonQ C R3, (2.7a)
u = gon 0Q. (2.7b)

HY(Q) 229 H(curl, Q) <L | H(div, Q) =& 12(Q)
—div ur grad

curl
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In the context of finite element exterior calculus, this Dirichlet boundary value problem is solved
using a mixed formulation .

o=gradu,—divo="fonQ,
u=gonoQ.

Variational Formulation: Seek (u, o) such that:
<cr, T> — <grad u, T> =0,
—<diV 0,\)) = <f,v>.

for all (T,v) in appropriate function spaces. After taking proper adjoints and using Integration by
parts we have following final version for above set of equations:

—(0,7) + (gradu,t) =0, (2.10a)
<O‘, gradv) = (f,v). (2.10b)
Linear System:
—Mz S| |o| |0
s 5]l e

where My, = [(FW4, FW;)], Sp3 = [(div FW4, ¢5)], and b = (f, d1)].
FW’s are Whitney basis corresponding to faces of tetrahedron, and ¢;’s are Discontinuous Galerkin

basis for the finite dimensional polynomial subspaces of vector fields H (div, Q) and density
functions L2 (Q), respectively. For linear case, My, € RN2xN2 g 0 e RN2XN3 and b € RN3*L: which
can be arranged locally as:

torz toiz tos tizz T
to12 to12
Me = tos ge — tois
2= 237
023 023

ti23 t123
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For quadratic case, My, € R3N2P3Na3N2#3Ns G, ¢ RIN2H3NXANs and b € R*NXL; which can be
arranged locally as:

to12 to13 tozs ti23 T

— —_—— — — — T
012 012 012 012 | 012
0 r 0123
| 0
tozq 1 | ¢ 1
5 | 012
0 | 2
0
toz| 1 | ¢ 1
5 | 013
2
0 | 0
MS, = tosq 1 | S5 = il 1
2 |
2
0 | 0
tizq 1 | ¢ 1
5 | 123
2
| —_— —_— —_— —_—
N - - - ;
0 |
T{1 | N,
2 |
Neumann Boundary Conditions
—divgradu=fon Q C R3, (2.12a)
gradu-n =hon 0Q. (2.12b)
u L $ harmonics (basis: constant functions) for well posedness. (2.12¢)
HI(Q) 225 grad > Heurl, Q) _curl, - H(div, 0) — * 12(Q)

Neumann boundary value problem for the scalar Laplacian is implemented via the standard
formulation .
Variational formulation: Seek u such that for allv € V:

{ <—div gradu,v) = (f,v), R { (gradu, gradv> = (f,v),
ul$. uls$.

& SB[ o

where Sy = [<grad Ai, grad A; >], C= [<5§, 7\i>], and b = [(f, 7\i>]- Ai’s are Lagrange basis for the finite
dimensional polynomial subspace of functions H! (Q). For linear case, Soo € RNoXNo € e RNox1

Linear system:
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and b € RNoXL; which can be arranged locally as:

Vo Vi1 V2 V3
Vo
e _ V1
SOO_ v
2
V3

For quadratic case, Sgg € RNotN1*No*Ni: ywhich can be arranged locally as:

Vo Vi V2 V3 €1 €02 €p3 €12 €13 €23
vo [ ]
Vi
V2
V3

St = en
€02
€03
€12
€13
€23 L

Magnetic Boundary Conditions

curl curlu — graddivu = fon Q, (2.14a)
u-n=mp, curluXn = my on 0Q), (2.14b)
u L $ harmonic vector fields for well-posedness. (2.14¢)

HY(Q) 224 H(curl, Q) <L H(div, Q) =2 12(Q)
“div grad

curl

Mixed Formulation: Seek (u, o) such that:

o=—-divu,
grad o + curl curlu = f,
ul$.

Variational Formulation: Seek (u, 0) such that:
<O',T> - (—divu,T> =0,

(grad o,v) + (curlcurlu, v) = (f,v),
ul$.
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for all (T,v) in appropriate function spaces. After taking proper adjoints and using Integration by
parts we have following final version for above set of equations:

—(G, T> + <u, grad T) =0,
(grad 0,\)) + (curl u, curlv> = (f,v),

u L 9.
Linear System:
—Moo 501 T o 0
sT s, © =|b 2.18
o U uf = (2.18)
C 01]1|A 0

where Mg = [(7\1, ?\j>],801 = [<grad Ai, EW,-)],SH = [(curl EW;, curl EW)->], C=

[(h, EW;)], and b = [(f, EW;)].

EW,’s are Whitney basis corresponding to edges of tetrahedron and Ai’s are Lagrange basis
for the finite dimensional subspaces of H (curl, Q) and H! (Q), respectively. For linear case,
Mgo € RNoxNo §o € RNoxN1 g1, ¢ RNiXN1 ¢ ¢ RN1X1and b € RNX1; which can be arranged
locally as:

Vo Vi V2 V3 €01 €02 €03 €12 €13 €23
Vo Vo
e _ V1 e _ V1
Moo T v S01 -
2 V2
V3 V3

€1 €2 €p3 €12 €13 €23

e | ]

€02

e _ €03
311_ e
€13

€3 |

For quadratic case, MOO I RN0+N1XN0+N1,801 € RNO+N1X2N1+2N2, Sll c R2N1+2N2X2N1+2N2’
C € R2N1#2NoxXl and p € R2N1#2N2XLs wwhich can be arranged locally as:

Vo Vi V2 V2 €01 €02 €p3 €12 €13 €23
vo [ ]
Vi
V2
V3

Mo = e
€02
€03
€12
€13
623 L
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€01 €2 €3 €12 el3 e torz tois  tos  tizs
—— - ——_— S ——
01 01 01 01 01 01 01 01 01 01
vo [ ]
V1
V2
V3
sg= —|[-———— - —-— —— _— - = -
€01
€02
€03
e12
€13
€3 L
€01 €2 €3 e;p  e;3 e torz  tois  tos  tizs
P —— ——_— e —— ——

01 01 01 01 01 01 01 01 01 01

€01

€02

€12

€13

e __
S11 -
€23

o

o

@
e e N —N——— ——
—_ OO RO RO RO RO RO

to12

to13

[
o
]
W

——
_0 = O = O = O

o+
—
N
(68

Electric Boundary Conditions

curl curlu — graddivu = fon Q, (2.19a)
uxXn=eq, divu = e; on 0Q), (2.19b)
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u L $ harmonic vector fields for well-posedness. (2.19¢)

H1(Q) 229 H(curl, Q) - _curl, - H(div, Q) <72 —— = 12(Q)

—div

Mixed Formulation: Seek (u, o) such that:

o = curlu,
—graddivu +curl o = f,
ul$.

Variational Formulation: Seek (u, 0) such that:

(0,7) - (curlu, ) =0,
<—grad divu,v) + <cur1 G,v> = (f,v),
ulL$.

for all (t,v) in appropriate function spaces. After taking proper adjoints and using Integration by
parts we have following final version for above set of equations:

—(cr, T> + <u, curl T> =0,
(curl 0,v> + <diV u, divv) = <f,v>,

ul$.
Linear System:
-Mi11 Spo cT o 0
T —
S,  Sm ul=1b (2.23)
C 0][r] |0
where M11 = [(EW;, EW;)], S12 = [(curl EW;, FW;)], S11 = [(div FW;, div FW;)], C = [(h, FW;)],

and b = [<f, FW1>].
EW;’s are Whitney basis corresponding to edges of tetrahedron, and FW;’s are Whitney basis
corresponding to faces of tetrahedron for their respective function spaces. For linear case,
My € RNXN1 G, e RNiXN2 g, ¢ RN2XN2 ¢ ¢ RN2X1 and b € RN2X!; which can be arranged
locally as:
€01 €02 €03 €12 €13 €23
eon [ ]
€2

e _ €03
Mll -

€13
€23 |
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toiz  toiz  tos  tizs

€01 tor2  tois  toxs  tizs
€02 to12
ge — € ge — toi3
12 2~
e 023
€13 t123
€23

For quadratic case, M; € R2N1#2N2x2N1#2N2 g, ¢ R2N1#2N2>X3N2#3Ns g, ¢
R3N2#3Nax3N2#3N; ¢ ¢ RIN2#3NaX1 and b € R3N2#3NaX1: which can be arranged locally as:

€01 €02 €3 e €13 €23 torz  tois  toxz  tios
—_— = = N N T N

01 01 01 01 01 01 01 01 01 01

€01

€02

o
o
@

€12

€13

e _
Mll_

—_ O PO RO RO RO RO

€23

—_——

to12

to13

to23

t123

—— N
_O =)k O = O = O



to12

tois

toos

ti23

e N TN

012 012 012 012

— = /= /=

{0
€01 1
{0
€2 q
0
€03 { 1
{0
€12 1
c {0
13
S¢é = 1
12 0
€23 { 1
0
to12 { 1
0
to13 { 1
0
tozs3 { 1
0
ti23 { 1
to12
012
0 T
tornq 1
2
0
toizy 1
2
0
S5, = tozy 1
2
0
tizq 1
2
0
T4 1
2

to13

012

tozs3

012

012
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2.3.2 Essential Boundary Conditions

Dirichlet Boundary Conditions

—divgradu=fon Q C RS, (2.24a)
u=gonoQ. (2.24b)

FLQ) 224 Fi(curl, Q) | b fi(div, Q) =4% ﬂ 12(Q)
u

“div

In the context of finite element exterior calculus, this Dirichlet boundary value problem is solved
using a mixed formulation.

o=gradu,—divo =fon(Q,
u=gonoQ.

Variational Formulation: Seek (i, o) such that:
<cr, T> - <gradu, T> =0,
—<div cr,v) = <f,v>.

for all (T,v) in appropriate function spaces. After taking proper adjoints and using Integration by
parts we have following final version for above set of equations:

—<O', T) + <grad u, T) =0, (2.27a)
<O', gradv) = (f,v). (2.27b)
Linear System:
—Moo 301 o _ 0
5wl o2

where Moo = [(Ai, A5)], So1 = [{(A1, div EW;)], and b = [{f, EW;)].
A{’s are Lagrange basis and EW;’s are Whitney basis corresponding to edges of tetrahedron for the

finite dimensional polynomial subspace of functions H! (Q) and H (curl, Q) respectively. For linear
case, Mgg € RNoxNo G5, e RNoxN1 ‘and b € RN1*1; which can be arranged locally as:

Vo Vi V2 V3 €p1 €02 €p3 €12 €13 €23
Vo Vo
e _ V1 e _ V1
Moo_ v 501_
2 V2

V3 V3
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For quadratic case, Mgy € RNotNiXNotN1 g ¢ RNoTNiX2N1#2N2 and p € R2N1+2N2x1,

be arranged locally as:

Vo Vi V2 W2 €01 €02 €03
vo [
Vi
V2
V3

MGo = en
€02
€03
€12
€13
€23 L

€01 €02 €03 €12 €13 €23
— = = =

01 01 01 01 01 01
vo [
Vi
V2
V3

01~
€01
€02
€03
€12
€13
€3 L

Neumann Boundary Conditions

~divgradu = fon Q c RS,
gradu-n =hon 0Q,

€12 €13 €23

torz  tois  toxz  tios
—_— = =

01 01 01 01

u L $ harmonics (basis: constant functions) for well posedness.

—diy

FLQ) 224 Fi(curl, Q) <L | Fi(div, Q) =& 12(Q)
—div g

curl

rad

which can

(2.29a)
(2.29b)

(2.29¢)

Neumann boundary value problem for the scalar Laplacian is implemented via the standard

formulation .
Variational formulation: Seek u such that:

{ <—divgradu,v> = <f,v>, R { (gradu,
ulsn.

gradv> = <f,v>,
ulL$n.
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Linear system:
Sy CT b
& SIRI- 0 =

where Sy, = [<grad FRT;, grad FRT; >], C= [(i), FRT;L>], and b = [<f, FRT;L)].

FRT;’s are Raviart-Thomas basis corresponding to faces of tetrahedron for the finite dimensional
polynomial subspaces of vector fields H (div, Q). For linear case, Sy; € RN>*N2 € ¢ RN2X1 and
b € RN2X1; which can be arranged locally as:

torz toiz tos tizs
to12
ge = tos
27 ¢
023

ti23

For quadratic case, Sy € R3N2#3Nax3N2#3Ns ¢ ¢ RIN243Nax1 gnd p e R3N2#3NsX1; which can be
arranged locally as:

to12 to13 to2s3 ti23 T
— — — — —
012 012 012 012 | 012
07T |
topq 1 |
2 |
0 |
toizq 1 |
2 |
0 |
S5, = tosy 1 |
2 |
0 |
t123 1 |
2 |
|
----=-=--=-=-, - -
0 |
T< 1 |
2 |
Magnetic Boundary Conditions
curl curlu — graddivu = fon Q, (2.31a)
u-n=mp, curluXn =my on 0Q), (2.31b)

u L $ harmonic vector fields for well-posedness. (2.31¢)
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FY(Q) 229 | Fi(curl, Q) 2. _curl, H(dlv )ﬂ 12(Q)
i gra

—div

Mixed Formulation: Seek (u, o) such that:

o = curlu,
—graddivu + curl o = f,
ul$.

Variational Formulation: Seek (u, 0) such that:

(0,7) = (curlu, ) =0,
<—grad divu,v) + (curl G,V> = (f,v),
ul .

for all (t,v) in appropriate function spaces. After taking proper adjoints and using Integration by
parts we have following final version for above set of equations:

—(G, T> + <u, curl T> =0, (2.34a)
(curl O‘,V> + <div u, divv) = (f,v), (2.34b)
ul$. (2.34¢)
Linear System:
M S r||C 0
S,  S» ul =1|b (2.35)
C 0f[A 0

where My = [(EW;, EW;)], S12 = [{curl EW;, FRT; )], S22 = [(div FW4, div FRT;)], C = [(h, FRT;)],
and b = [(f, FRT;)].
EW;’s are Whitney basis corresponding to edges of tetrahedron, and FRT;’s are Raviart-Thomas
basis corresponding to faces of tetrahedron for their respective function spaces. For linear case,
My € RNXN1 G, e RNiXN2 G, ¢ RN2XN2 ¢ ¢ RN2X! "and b € RN2X!; which can be arranged
locally as:
€01 €p2 €03 €12 €13 €23
€01
€02

e _ €03
Mll -

€12

€13

€23 |

torz tois toxs tizs

€o1 ] torz toiz toxz tizs
eo2 toi2
e _ €03 e _ to3
312 = e12 °n = to2s
e13 t123
€23 L
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For quadratic case, My; € R2N1#2N2X2N1#2N2 g, ¢ R2N1#2N2>X3N2#3N5 g, ¢

R3N2#3N3x3N2+3Ns ¢ ¢ R3IN2#3NsXL and b e R3N2+3NsXL. yhich can be arranged locally as:

€01 €2 €3 €12 €13 €23 torz  tois  tos  tizs
—_— = = —_— = =

01 01 01 01 01 01 01 01 01 01

€01

o©
o
N

€03

€12

€13

1~

o
N
W
—_ O RO RO RO RO kO

—— e ———

to12

to13

tozs3

_0 = O = O = O

ti23
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t123

to13

to23
— /= /=

012 012 012 012

to12

O O O O O O v
——— N — e — N — e — —

— N (a0 N [s9} O
= =) = — i [\
Q (V) (V) ) ) )
Il
oS
wn

O O O — O
S—_——

to12
to13
to23
t123

O AN O AN O AN O — N
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Electric Boundary Conditions

curl curlu — graddivu = fon Q, (2.36a)
uxn=ep, divu =ep on 0Q, (2.36b)
u L $ harmonic vector fields for well-posedness. (2.36¢)

Q) 229 Pi(curl, Q) <4 Fi(div, Q) =2 12(0)
“div grad

curl

Mixed Formulation: Seek (u, o) such that:

o=—divu,
grad o + curl curlu = f,
ul$.

Variational Formulation: Seek (i, o) such that:
<0‘,T> - <—diVLL,T> =0,

<grad G,v> + <curl curl u,v) = <f,v>,
ul$.

for all (T,v) in appropriate function spaces. After taking proper adjoints and using Integration by
parts we have following final version for above set of equations:

—(0,7) + (u,gradt) =0, (2.39a)
<grad G,v> + <curl u, curlv> = <f,v>, (2.39b)
ul $. (2.39¢)
Linear System:
Moo Sov 7| |o]| |0
T _

Siy  Su u| =1|b (2.40)

C 0f|[A 0

where Mg = [(7\1, ?\j>], So1 = [<grad AL, EW,-)],SH = [(curl EW;, curl EWj>], C=
[(h,EW;)], and b = [(f, EW;)].
EW,’s are Whitney basis corresponding to edges of tetrahedron and Ai’s are Lagrange basis

for the finite dimensional subspaces of A (curl, Q) and At (Q), respectively. For linear case,
Mgo € RNoxNo g0 € RNoxN1 g1, ¢ RNiXN1 ¢ ¢ RN1X1and b € RNX1; which can be arranged
locally as:

Vo Vi V2 V3 €01 €02 €p3 €12 €13 €23
Vo Vo
e _ V1 e _ V1
Moo_ v 501_
2 V2

V3 V3



€01 €02 €p3 €12 €13 €23

e | ]

€02

e — €03
511_ e
€13

€23

For quadratic case, Mgy € RN0*NIXNo+N1 g0 ¢ RNo+NDAN1#2N2 g1 e RIN1+2N2x2N142Ny)
C e R2N1#2N2X1 and b € R2N1+2N2XLs which can be arranged locally as:

Vo Vi V2 W2 €01 €02 €3 €12 ez €3
Vo
V1
V2
V3
MGy = en
€02
€03
e12
€13
€3 L )
eor €2 €3 ez €3 e tor2  tois  toes  tizs
— o — o — —— —— —— ——_—— —— ——
01 01 01 01 01 01 01 01 01 01
vo [ T
V1
\%
V3
Sg = - - — - - - — S -
€01
€02
€03
€12
€13
ex L J
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€01 €02 €03 e €13 €23 torz  tois  tozs  tizs
—_— = = —_— =/

01 01 01 01 01 01 01 01 01 01
€01 - -
€02
€03
€12

€13

1~

_,OoO RO RO RO RO RO

o

N

W
N

to12

-+
o
=
(O8]

tozs3

ti23

_0 = O = O = O

2.4 Implementation of Boundary conditions

Standard Triangle: First we discuss implementation of b
boundary conditions on a standard triangle say {i,j, k}, "
where i = (0,0,0),j = (1,0,0), k = (0,1,0) as repre- (0,1,0)
sented in the figure on the right hand side. Let Wi; and X
Wijx denotes quadratic Whitney bases corresponding
to edge{ij} and face {ijk} respectively, and A;’s denote g
the Lagrange basis or barycentric functions. (0,0, 0% ](1, 0,0)
Normal Trace: First, we find the normal trace of Wjji on face {ijk} of standard triangle as
follows:
1] 1 0
Ai=1-x-y, Aj=x, Ak =y. = VA; = |-1|, VA; = |0], VA = |1].
0 0 0
0 0 0
=>V7\]-><V)\k: O,—V?\ixW\k: O,V}\iXVA]— 0f.
1 1 1
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Since the value of normal component is fiiji = = Z, thus Wijic-fiijx = Ai+Aj+Ax) = 1,

—_ O O

1
and, hence f Wijk - flijr = |Aagjkl | = 5 for this standard triangle |.
Aijk
Tangential Trace: Now we compute the tangential trace of Wi; on edge {ij} of the same
standard triangle as follows:

1 -1 1-y
Wij:}\iVAj—AjVAi:(l—X—y) Of —x|-1f = X
0 0 0
1
Since the value of tangential component is ’Acij = |0] = %, thus Wj; - ’Eij =1 -y, which
0
R x=1
implies f Wij -ty = f (1 =y)ly=0,2=0 dx = 1 (= 1 for this standard triangle edge).
eij x=0

Not the Standard Triangle: Next we will discuss the 1 3
boundary conditions implementation on a regular tri- (5’ 7)
angle, say {i,j, k}, wherei=(0,0,0),j=(1,0,0), k = k

1 V3

,0] as represented in the figure on the right

272 .
hand side. Again Wj;, Wijx, Ai denote the same basis i )
respectively. (0,0) (1,0)

Normal Trace of Wjji on Face {ijk}: Here we also first find the normal trace of Wi;i on face
{ijk} of regular triangle as follows:

-1 1 0
Ap = Tox——1 A Y =2 VA L A Ll v 2
{ = 1lX——=, Aj=X——F—, Ak = —=Y — i= | "= =1 k=1"—"F1I-

0 0 0

0 0 0

- V)\j X VA = 2 | —VA;{ X VA = 2 |/ VA; X V)\j =12
V3 V3 V3

0 2

1 3 V3

| Wi A =

Agjk

Al =

Sl
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Tangential Trace of W;i; on Edge {ij}: Then we compute the tangential trace of Wj; on edge
{ij} of the same regular triangle as follows:

1 1 1—iy
- V3
9) LIl 1 Y%

WP e

y 1
Wij = AiVAj = A VA = [1-x— =] [-——| - [x -
oo )

1
Since the value of tangential component is ’Eij = |0] =X, thus Wj; - ‘Eij ly=0,2=0 = 1, which
0

implies f Wij - tijly=0,2=0 = 1.

€ij

2.5 Interpolation of Computed Solution on a Triangle T

Let u be the computed solution on the edges of a triangle with respect to quadratic Whitney basis,
then the size of uis (2Ng + 2N1) X 1 since there are two quadratic basis for every edge and two
quadratic basis for every triangle.

Now we will interpolate of won T, so on T we need ut of size
8 x 1 extracted from u. Then for some point x € T, we have:

V2 T
8
upT = E uT,i¢i(x). — Append to u_arrows
i=1
For visualization, we shall use x in barycentric coordinates as vy

111 v
33'3)

(VO + v + Vz)

Compute barycenter as and append to u_bases.

This is for quadratic case. For linear case, we can directly extract from pydec:
pydec.simplex_quivers(sc, u)

Additionally, note that computed solution u is N1 X 1 since the linear basis are corresponding to
edges only (one on each edge). And the interpolant of computed solution on T is given by:

3
upt = ) uridi(x).

i=1
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2.6 L2 Error Computation

In this section, we discuss the computation of L? error. Let ua be the analytical solution and 1
be the piecewise polynomial solution, then on each triangle T € 77, the discrete solution can be
written as:

n
upt = wil (0 = ) uridri®), x=(xy),
i=1
where n is the number of local basis per triangle, 1t ; are the coefficients obtained from the linear

system, and ¢7,; are the local basis functions. Let N be the total number of global basis functions
over the triangulation 7.

Now we can define L2 error to be
en = [[ur —uall = (ul —UA, Ul —uA>,

where u; is the interpolated computed solution, w4 is the analytical solution, and depending on 12
norm inner product will be appropriately different for scalar and vector case. The error ey, is the
only piecewise definition as uy is piecewise globally. To get a single number for the triangulation
7", we should compute the L2 norm of this en(x) as follows:

(en(x), en(x))?,

len()ll12

- JmI(x)—uA(x))zdx ,
|7

1
2

- | X [t -uatoiax|

hTe‘i’ T

For a given 7', e, € R and we need to compute the error on each T € 7 using quadrature, so we
have:

er = J(u(x) —un(x))’dx e R
T
We will use the numerical quadrature for computing the integrals as in [XG10]. The global L2-error

is defined to be the inner product <u1 —Ua, U — uA>, where uj is the interpolated computed

solution and ua is the analytical solution. [[ul[{2y, is the rotation for global [2-error of u =
1

2
(ZT€¢ ||u||2L2,T) , where

sz/T = J(U«I,T —ua) - (Ut —ua).

T

[[ull
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Evaluate this at quadrature points, say there are r in count, then )
we have

T
upT = ) uti dr
i=1

where ut ; are the coefficients extracted from the linear system
solution.

2.7 Solving Mixed Poisson with Non-trivial Kernel for Laplacian
Operator

We solve our problem on domain Q where Q c R¢,d = 2,3. So consider the Laplacian problem:
Au="fon(Q,

where A can be scalar or vector Laplacian.

¢ If O has multiple (mp) connected components, the scalar Laplacian A has a mg dimensional
kernel.

¢ If O has my holes in it, the vector Laplacian A; has a m; dimensional kernel.

Lets first discuss how the dimensions of the homology groups Hy reflect the topology of a domain
with the help of some examples. In particular, Hy measures connected components, so for a
connected space, dimHy = 1. The dimension of H; counts independent loops that cannot be
continuously contracted to a point, while dim H; counts enclosed two-dimensional cavities. The
following table Table 2.2 illustrate these examples in R? and R3.

The elements of the kernel (for A or A1) are called harmonics (harmonic functions or vector fields).
We shall denote harmonics by §). Similar to linear algebra, if in solving Ax = b, A is singular (or has
a kernel that is nontrivial), we can solve for x by being orthogonal to ker A. That is the problem
can be made well posed: Find x such that Ax = b and x L ker A. Likewise, the Poisson equation
can be made well posed by solving:

Au = f such that u L 5.
Mixed formulation will also have the same condition for well posedness:

div u
f

such thatu L

o
{ —grad o + curl curl u

which gives the following linear system

=So0 —So1| |o 0
= h thatu L
S50 [i] = o] st

Let hy, hy, ... h;, be the basis for p-dimensional ).
= ulh,ulhy ...ulh,p.
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® O

D2 (1,0,0) Annulus (1, 1, 0) Pair of Pants (1, 2, 0)

Torus (1, 2, 0) Solid Torus (1, 1, 0) Tyre Tube (1,2, 1)
N
‘ ‘
$%2(1,0,1) $3(1,0,0,0) Tennis Ball (1, 0, 1, 0)

TabLE 2.2: Homology examples in R? and R3

u,h1 =0
uwhy) =0 | | |
= Set of p equations: ) .= ul |y hy ... h,| =0.
: | |
(whp) = 0

u"H=0. & H™u=0.

Thus, our linear system is now a constrained one:

51/

can solve this by posing it as a constrained optimization problem because solving

[gl such that H'w = 0.

1
Ax=b & min E(XTAx—be).
X



62

So, solving Ax = b such that Cx = d is then:
mxin %(XTA x —x'b) such that Cx = d
This can be solved using Lagrange multipliers and we can write the Lagrangian as:
L(x) = %(XTA X —x"b) +AT(Cx — d),ifC € RP*™ A € RP,d € RP

VL=0 = Ax+C'A=b

% 0 — Cx = d } Necessary Conditions for Optimality

= [¢ IR/

If we solve this bigger linear system, our x would satisfy the constraint Cx = d.

2.7.1 Vector Laplacian with Magnetic Boundary Conditions on an Annulus

Consider the vector Laplacian:
Ay = —grad -div +curl - curl .

Let Q be a 2-dimensional annulus, then Q is a bounded

domain with one topological hole, therefore dim ker Aq

=1 and this is the same as dim H; (1-homology) =1 = Q

1 (1-Betti). Moreover by Lefschetz-Poincare duality, the

tirst homology and cohomology groups are isomorphic,

i, ” Hy =~ H! (1-cohomology). Thus, there is a 1-

dimensional space of nontrivial harmonic vector fields.

These harmonic vector fields belong to the kernel of A; and will have to be have the same boundary
conditions as for Aju = f. In particular, they satisfy the homogeneous boundary conditions:

u-n=0, curluxn =0,
where n denotes the outward unit normal vector to 0Q).

Theorem 2.1. w is harmonic & Aju=0 < divu=0 and curlu=0.

Proof. (&) Trivial.

divu=0 = -grad-divu=0

culu=0 = curl-curlu=0 }: Au = 0.

(=) AMu=0 = (Aju,u) ={0,u)=0.
e <— grad divu, u> + <curl curlu, u> =0.
= (div u, div u> + <curl u, curl u> = (. (via adjoints)
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And this is why the boundary conditions for harmonic vector fields have to be the same.

= ||divul| + || curlu|| =
— divu=0& curlu=0.

On the annulus, the harmonic vector fields have the following for basis:
§ = 0. in polar coordinates

For polar coordinates:

2,.2_ 2
x:rcose} X“+y =7

Yy =rsin0 tan@z%
For vector fields: F(x,y) = f1(x, y)x + f2(x,y)§ = F(r,0) = f1(r, 0)X + f2(r, 0)§.
0 0 A A
Now, % = a(rcos 0)F + %(rcos 0)0 = X =cosOF—rsin0d 6.
Likewise, j = sin® # + rcos 0 6.
N X| _|cos® -—rsinB| |
| ~ |sin® rcos6 | |6
Jacobian of
(x,y) = (r,6)

R? — R?
Our harmonic on the annulus is thus:
h(x,y) =
X| _|cos® —sinB|| T . Pl [ cos® sinBf|%
U] " [sin©® cosO ||rO 0| ~ |-sin® cosB| ||
Orthogonal matrix Inverse is transpose
A in 0 0
Therefore, 10 = —sin 0 % + cos 0 { ( 0= —SH: X+ COTS Q) and = cos 0 X +sin 0 §.
X
= h(xy) = Q -
\/X2+y (\/X2+y V2 +y?
= h(x, X+
(xy) = x2+y2 X2+ y

Now for mixed Poisson, the interpolated solution is

perpendicular to the harmonic function, ie., u; L

h(x,y) <u1,h> = 0. On a triangle T, for linear )
case we can write ur = ugWp1 + uiWop + upyWis.

<u1,h> =0 = u0<W01,h> +u1<W02, h> +u2<W12, h> = Uy G2l
0.
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= [(Wor,h) (W2, h) (Wiz, h)] 32 =0.
uz
U
Extending to whole mesh of Q, C™u =0, where u = Ltl and C = [(Cbi, h>], Moreover, its
Uy E.dges

computation is similar to RHS computation.

[S] lal = [gl such that {CTu = 0}

0
u
T 1
Nox1 N1x1
We solve the bigger linear system:
(N0+N1)Xl
0ff|o 0
> Cl| fu]| = [b].
[0 CT] o ||A] [0

T T
Ix(Ng+Nq) 1x1
If S is (Ng + Np) X (Ng + Ny), the above matrix S is (Ng + N1 + 1) x (Ng + N + 1) and

u= X[No : Nog + Nl].

2.7.2 Vector Poisson Problem on Solid Torus

Let Q be a solid torus in R, thus Q = D? x S! i.e. it is solid
of revolution obtained by revolving a unit 2-disc of radius T
about a unit circle of radius R. The vector poisson problem on
Q) is defined as:

Aiu=f = VXVxu-VV-u=fonQ,

suchthatu-A =0and VXuxfi = 0on 0Q), with u L harmonic
vector fields := §). We will consider the coordinate system
{r,0, ¢}. The embedding of this torus in R? is then given by

x=(R+rcosB)cosdp, y=(R+rcosb) sind, z=rsin6
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and in which the orthonormal basis for 1-forms is {#, 16, (R + r cos 8) ).

(-R+2+y2)? +22)

T =
x = (R+1cos0)cosd :
y = (R+rcosf)sing p = 0 = tan™ | ————=
z = rsin® —R+ V2 +y?
b = tan! (2)
X
. . 0x,. O0Xa 0x R . A . ~ .. N
Consider X = —7T + —6 + —¢ = cosBcospf — rsin0OcoshO — (R + rcos0)sindpd. Similarly, § =

or o
cos 0 sin ¢F — rsm@smd)ﬁ + (R + rcos 0) cos (bd) and 2 = sin 0% + 1 cos 0.

A

X [cosO cosd —rsin6 cos P —(R+71cos0) sing] [T
= |§| =|cosO sind -—rsin® sindp (R+rcosO)cosd ||0],

2] sin © TCOs 6 0 0

(%]  [cos® cosdp —sin® cosdp -—sing ?
= || =|[cosB sind —sinb sind cosP 10 ,

H sin 0 cos 6 0 (R + 7 cos 0)d

Orthogonal Matrix
? cosB cosd cosO sind sinOf [k

= 10 =|-sin® cosp -—sinO sind cosB| ||,

[(R+71cos 0)d —sin¢ cos b 0 2

~ 1 ~

= f = cosOcosPX + cosOsindy + sin6z,0 = = (—sin B cos px — sinOsin ¢y + cos0z), and ¢ =

1
RTrcos) (=sin ¢X + cos ¢{j) . Now we can solve the problem by following these steps:

Mixed Formulation: V- u = o,
VXxVxu-Vo=H.

Variational Formulation: —<Vcr <\)(;I><§ ivv I;’;?\; g’ <f,v>. } = —<V0,;§G <>V ><<LLLL Vvl>v> g < > }\7’ T, V.
—<c7, T> —(u V’t)

Matrix Form: —(VU,V> (V xu, V x V>

0
ANk
Spaces: 0, T € HY(Q); u,v € H(curl; Q).
Finite dimensional subspaces: L}, C HY(Q); Vi, € H(curl; Q).

Basis for these subspaces:
T = 1: Linear

Zh: {Ai} on each vertex i of Tet {0,1, 2, 3},

Vh: {dij} on each edge ij of Tet {0, 1,2, 3],
where ¢i; = A{VA; — A; VA is the Whitney basis.

r = 2: Quadratic
Zh: {Ai(2A1 — 1),4A;A5} on each vertex pairs {i,j} of Tet {0,1, 2,3},
Vi: {Aidij, Ajdij} on each edge ij of Tet {0,1,2,3},
{Axdij, Ajdir} on each face ijk of Tet {0, 1,2, 3}.
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_ _ 7110 0
SOTO Sof (o _ |9 such that u L basis for § = 5 ¢ ul = |(b].
_301 511 u b A 0

Linear System: [ c 0

Spo: Inner product between basis for Iy,

OnaTetT: Vertices 4 x4 4%x6
r=1: SO(),T is4d x4 Ed —6—4_ _6_6_
T =2: Soo.1 is 10 x 10 ges X X
On a mesh, S is:
r=1: Ng X Np
r=2: (No + Nl) X (No + Nl)
So1: Inner product between gradients of basis for X1, and basis for Vi,
OnaTetT:
r=1: SOl,T is4 X6
rT=2: SOl,T is 10 x 20
On a mesh, Sy is:
r=1: Ng X Nq
r=2 (No + Nl) X (2N1 + 2N2)
Gradients of basis for X,:
r=1: {VAi}
r=2 {V(?\i(2?\i - 1)), V(4}\i?\j)} = {V}\i(Z)\i - 1) + 2A;: VA4, 4V7\i?\]’ + 4}\iV?\]’}
S11: Inner product between curl of the basis for Vi,
OnaTetT: Edges [12x 12| 12x 8
r=1: Sll,T iIS6X6 P _8 _12_ _8_8_
T =2: S117is 20 X 20 aces L oX X
20%20

On a mesh, Sq7 is:
r=1: Ny X N;
r=2 (2N1 + 2N2) X (2N1 + 2N2)
Curl of ¢i; and higher-order basis are computed before.

Global Stiffness Matrix size is:
r=1: (N0+N1)X(N0+N1)
=2 ((Ng+ N1p)+ (2N7 +2N3)) X ((Ng + N1) + (2N1 + 2N3))
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2.7.3 Vector Laplacian Poisson with Electric Boundary Conditions on 3d An-
nulus

R2: Annulus R3: Solid Annulus

N>

Has a void inside

Q : Solid Annulus := Annulus xS' (S xI) [B2=1 & dimHy(Q,R) =1]
AMu=f = VXVXxu-VV-u=fonQ,

such that u x i = 0 and V- u = 0 on 0Q) with u L harmonic vector fields := §). We can use spherical
coordinates {r, 0, ¢} for embedding and solution. For R; < r < R,0 < 0 < 27,0 < ¢ < 7, the embedding of
this sphere in R? is then given by

x=1cos0 sind, y=rsind sind, z=rcos ¢,

and in which the orthonormal basis for 1-forms is {#, rsin ¢ 8, rp}. We will consider the coordinate system

T = X2 +y2+22
x = Tcos6 sin 0 = tan-! (E)
y = rsin0 singp ; = X

z = rcos b = tan_l(\/XZ +yz)
z

0 0xX s 0%, A N
Consider k¥ = a—:f‘+ %9 + £d> = cosO sind f—71sin® sind 0 +rcosd® cosd ¢. Similarly, § =

sin® sing 7 +rcosO sind O+ 1 sind cosdp ¢, and 2 =cos P # —rsind §.

] [cos6 sind —rsin® sind rcosO cosd] [F
= || =|[sinB sinp 7rcosO sind rsinO cosd||0],
Z cos d 0 —rsin ¢ )
(%]  [cos6 sing —sin® cos6 cosd i
= || =[sin® sinp cosO sinO cosd| |rsind O],
Z cos d 0 —sind rd
Orthogonal Matrix
? cos0 sing sin® sind cos¢ | (X
= |rsind 0| = —sin 6 cos 6 0 Ul.
T &) cosO cosd sin® cosd —sind| |z
N . a . . A . A 1 A s A
= £ =cosO sinp X+sinb sinp{+cosd 2,0 = — (—sin® X +cosO {), and

Tsin ¢
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~ 1
b= = (cos® cosd X +sin® cosd § —sin 2)
Mixed Formulation: (u & o are vector fields)
V-u=o,

VXxVxu-Vo=H.
<0‘,T>—<VXLL,T>:O, —<U,T>+<u,V><T>:O,
(Vxovy=(W-uv) = (£v). [ (Vxov)+(V-u,V-v) = (f,v),
with (Integration by parts and B.C.s) &= (Operator Adjoints)

Matrix Form: | ,2{& 0 (wVx1) | [ < ff)v>}.

(VX cr,v> <V-u,V-v>
Spaces: o, T € lil(curl; Q); u,ve ]il(div; Q)., where

Variational Formulation: } VT,V

H(curl; Q) = {u € [L3(Q)]®| curlu € [L2(Q)]® & u-n = 00ndQ},

H(div; Q) = {u € [L3(Q)]®| divu € [X(Q) & divulso = 0}.
Finite dimensional subspaces: L}, C lil(curl; Q); V. C lil(div; Q).

Basis for these subspaces:
H(curl; Q): “Whitney” Vector Fields (Dimension: N1 = # Edges)

Wij = 7\1V?\j - 7\j V?\i on Edge l]
H(div; Q): “Nedelec” Vector Fields (Dimension: N, = # Faces)

Wijk = )\1V7\j X VA — )\j VAL X VA + A VA X V)\j on Face ijk.

o 0
. —S()() —501 (0} 0 . S CT
L System: = h thatu L B f - u| = |b]l.
inear System [—Sgl 511] [u] [b] such that u asis for [C 0 ] ! ;
Stiffness Matrix:
Linear:
OnaTetT:
N1 N2 SooT:6x6 (6Edges)  Swolei, ] = [ We, - W,
Ny Soo So1 T
Sg = N R So,T:6x4 (Edges x Faces) Soi[e, fj] = [ VX We, - We,
N> 551 S T

Sll,T 14 x4 (4 Faces) Sll[fi,fj] = f V- WfiV . ij
T

RHS.: b= [fo ] , fn € RN2 where fr[i] = [ f(x,y,2) - Wy, .
h T

Quadratic:
2N1 + 2Ny  3Nj +3N3 OnaTetT:

2N1 + 2Ny Soo So1 SOO,T :20x20 (2x6 Edges + 2 X 4 Faces)
Sg= R So1,7:20%x 15 (2x 6 Edges + 2 x 4 Faces) x

3N, + 3Nj3 Sgl S11 (3 x 4 Faces + 3 x 1 Tet)

S11,7:15%x 15 (3 x4 Faces + 3 x 1 Tet)
RHS.: b= fo ] , fh S R3N2+3N3 where fh[l] = ff(xl U/Z) : Wfi'
h T
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2.8 Approximability

We want to check if:
Smooth Quantity
(Scalar Function / Vector Field)
Integrate against _ ) Difference in| Over a sequence
the base {Dlscrete Quantity [2-norm of meshes
Piecewise Interpolation I | _ ‘
on each Tet nterpolate Quantity

Error slope: If uq is an analytical vector field and uy, is the discretization, then we can say:

n
Up = E E withi,T| =uT,

Te® =1
(All tetrahedra)

en=lhua - unll = | [ ((i ui,Tdni,T) —ua)2 | .

Tex T \\i=1

Expect to see:

log en

Slope depends on approximatingVer basis

logh
A Problem!
2
a
W01 = }\()VA1 - Alv}\O' bl € Cl c b
Take u = Wyy. ¢
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a
Let’s discretize u on the triangle {0,1,2}. Let |b| be the coefficients in the discretization of u.
c
a 1
What we expect: |b| = |0
c 0
a
The way we’re computing |b | is as follows:
c

a=J@A%QJwiRwM@%c=J@N%ﬁ

T T T

Now, mass matrix M = [j(wij,wkl)] ,i<j<k<l i,jk1€{0,1,2},
T 3x3

a b c

Wor, Wi Woi, Woo Wo1, W12
Wo2, Wi Woo, Wo2)  (Wo2, W12
Wiz, Wor Wiz, W Wi, Wi

Vector field f: For each edge E of the mesh, we want to compute

fL[E] = J f-tg; te : Unit tangent along E,
E

where f(x,y, z) is a vector field.

Vj
[Tt (%5, Y5,2))
E E
E(t) =v; + t(v)' —Vi), t e [0, 1] o (v], _Vi)
. e T el
Points on edge E (Xi,Yi, zi)
g(t) = f(E(t)) - te
vi,vj = sc[1].simplices|[E]
Python:
e_vector = Vertices[v_i] — Vertices[V_j]
t_E — (e_vector/np.linalg .norm(e_vector))
g(t) lambda t: np.dot(f(v_i + t * e_vector), t_E)

f_h[E] = scipy.integrate.quad(g,0,1)

n

L2 projection: Given f, we want to approximate f in some basis {bi}ly,

n
froi= ) fipi=Pf, fi €R,

i=1

is an approximation of f. Then we want to check that as h — 0, ||f — f,|| — 0. Essentially, we want
to compute L?-projection of f into the space spanned by {¢i},. So, computing the L?-projection is the
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following problem: min||f — " fidil| 2. This is like solving: Ax ~ b

n
L(f1,...Tn) = ||[f — Z fid)i”sz, where ||u||{2 = (u,u) = J u?dx.
i= Q

L:= Jl (f - i fid)i) : (f - i ficl)i) dx,

i=1

= (f,f) - <f/Z fi, bi) — <Z fidi, ) + (Z fidi, Z fidi).
i=1 i=1 i=1 i=1
= L= < > <f ZI 1 fi d) > < i= 1 fid)ir f> + <Z{l:1 fiq)i/ Z{L:l f1¢1>

Sincemin L. = ﬁ =0, so we have
i
6L

<¢l/ ]=1f cb)> <d)l,f>\v’1= 1, , M.

Thus, we have:

(dn,Zf by) = (b1, f)
<¢Z,Zf bj) = (o, f)

dmZ fids) = (dn, f)

U

Mf=Db, bj = [{b;,f)], f=1[f] (because J bi Z fjd; = Z (i, ;)
j=1 j=1

Scalar function Approximability: Given f, a scalar function we want to check:
[[f = fn|| — O0as h — 0.

Case 1: Linear basis
We want to find {fi}?:ol, ny = number of linear basis such that:

o
frn=Prf=) fidi
i=1

_2<¢1/f> <¢1f j= 1fj ¢J’> + <Z;n:1 fiq)i/¢i> = _2<¢i' f> + 2("”/2?:1 f; ¢J’> =
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Previously, when we need to find f;, we just did f; = f(vi),i =1,... ,n9, where v; is the ith vertex. But
now, instead we shall find {f;}*, by solving:

Mscalar f — 6’

linear

T T

noXng nox1l mox1

where Mlsl‘felg is the mass matrix of linear basis for scalar functions, and f = [fy,f, ..., an]T, b=

[Bj], Ej = (f, bj > Once we obtain f, we can check
? .
f; =f(vj), j=1,..., M.

Case 2: Quadpratic basis
In this case, we simply use the quadratic basis: {(1)1}11\':01 and solve:

scalar ) .F - '6’ NO — no + nl
quadratic
NyxNg Ngx1 Ngx1 # Vertices # Edges

We now need to check,

? (Vi +V]'

fj;f(\)j),jzl,...,no and fjif 5 ),j:n0+1,...,no+n1.

Vector function Approximability: Given F, a vector field we want to check:
[F=Fn|]| — 0ash — 0.

Case 1: Linear basis

We want to find {Fi}?:ll, ni = number of linear basis such that:

4
Fro=PF=) Fowjner,

i=1
Thus, setup will looks alike:
M¥Vhlmey F= g/
mear
T T 1
T XMnq nyxl mnqx1

where Mflcnaelji is the mass matrix of linear basis for Whitney vector fields,

F=[F,F2...,Fnl", B=1[B;], B :JF-q)j.
Q

We need to check B; a Integral of tangential component of F over the i'" edge of the mesh.

Case 2: Quadpratic basis
Similar to above cases, we need to solve:

Whltne}f N1 = 2T11 + 2T12.
quadratic

T T

N{xNq Nix1 Nqx1 #Edges  # Faces

F-B,
11
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2.9 Some Notes on Computations with Maxwell’s Equations

1. On Q = [0,1]%, consider the following set of equations:

OE
E+e— —-VXH="Fg,
(0 €at E

oH
H+HE+VXE:fH'

We'llset 0 =1,u =1, e =1, and take our analytical solutions to be:

0 ' 0
E(x,t) = [cos2m(x —t)|, H(x, t) = [—sin27mt(x — t)].
sin 27t(x — t) | cos2m(x —t)
SE 0 0 ] 0 0
fe=E+ pra VXH = |cos2m(x —t)| — 27t |—sin27t(x — t)| + 271 | —sin27(x — t)| = [cos27(x — t)|,
sin 27t(x — t) cos 2m(x — t) | cos27t(x — t) sin 27t(x — t)
oM 0 0 0 0
fy = H+E+V><E = |—sin27m(x — t)[-27t |- cos 27t(x — t) | +27 [— cos27(x — t) | = |—sin27(x — t)] .
cos27t(x — t) —sin27t(x — t) —sin27t(x — t) cos 27t(x — t)
Boundary conditions are:
0 0 y
E(x,t) = |[cos2m(x —t)|, H(x,t) = [—sin27nt(x — t)],
sin 27t(x — t) cos27t(x — t)
0 0

V X E(x,t) = =21t |cos2m(x — t)|, V X H(x,t) = 27t | sin27m(x — t)

sin 27t(x — t) —cos2m(x — t) z

Boundaries are:

x=0n=-X% = H-n=0,E-n=0,

0 [0
VX H(x,t) =2m|[-sin2mtt|, VX E(x,t) = =27 | cos2mt
| — cos 27t | | —sin 27t |

x=Ln=% = H-n=0,E-n=0,

0 [0
VX H(x,t) =2 |—sin2mt|, VX E(x,t) = =27 | cos2mt
| — cos 27t | | —sin 27t |

y=0n=-J = H-n=sin2n(x—t), E-n =—cos2n(x —t),
VX H(x,t)#0, VXE(x,t)#0.

y=1,2z=0, z=1are similar.

E H
Basis Edge Elements Face Elements
B.Cs
(Homogeneous) Exmn=0; divE=0 H-n=0; curlHxn =20

Forus(on0Q) Exn#0;divE=0 H-n#0;, curlHxn#0
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= OE - - -
(o, BE) +(e— E) - (VxHE) = (feE)
Variational formulation is given by: a?j
(M) + (WS F) + (VXE ) = (1, ).
Time discretizations are:
Backward Euler:
(0B )+ (e BN By (i) = (re, E)
]A 7 7 7
n+l u n+1 — o
(H™1, H) + (u H) + (VX E™T, H) (fu, H).

At

_ { ~((o+ 57 ) EMLE) + (HM, VX E)
(

1 1
VxEP )+ (14 ) H )

—(fg, E) - ( E“ E),
(fu, Hy + (AtH“,H>.

Then we can form the linear system as:

€ €
(0' + E) M11 512 En+l B <fE/ E> ——MllEn
T Hn+H | <fH > + M H™ )
312 (1 + A_t) Moo ’ At 22
Forward Euler:
En+1 —En
e = fg(t")—oEM+V x HM,
Hn+ét_ H™
p——— = (") - HY -V xE™,

With variational formulation it gives:

(EVLEY = (B E) + 2N(fe(t), E) — o(E™, E) + (H™, V X E)),
(H™UR) = (HY )+ f((fH(t“),l:D — (H™, F1) + (VX E™, ).
e - (1 _ oé) (E%B) + 2L,V X E) + (re1m), ),
(HYL,H) = (1 - E) (H™, H) + —( (VX E™ H) + (fru(t™), H)).
M11En+l = (1 - 0'% M11En + —(S12Hn + bn)
_—
MpyH™! = (1 - %) MoH™ + —( SLEM+bn),

where My; € RN1XN1 My, € RN2XN2 55 ¢ RNixXN2) bl € RMN: and bl € RNz, Rearranging
the linear solver,

(@) M11bT = (S;oH™ +b7),
En+1 (1 _ Gﬁ) EM + gbn
€
(b) MblY = (=SLE™+b]Y),

H™ = (1——)H“ AtBﬂ.
u u
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dE,
dt

Initial conditions are E? = [0, cos2mx, sin27x], =fq, a=xvy,z f=][02m7sin2m(x —

t), —2mcos 2mt(x — t)]. And
t
J dEq
dt
0
where if

a=x:Ex(t)-Ex(0)=[1];=0 = Ex(t) =0,

t
dt=Jfa dt,
0

t
a=y:Ey(t)-Ey0) = f27(sin27t(x —t) —cos2m(x — t)|; = Ey(t) = Ey(0) = cos 2m(x —
0
t) — cos 27,
t

a=z:E,(t)-E,(0) = f—27ccos 27(x — t) — sin 27t(x — t)|(§ = E,(t) — E;(0) = sin27(x —
0
t) — sin 27tx.

2. OnQ=1[0,13,

oE

— —VXH=-j
ot )
oH

— +VXE=0.
Hot

We'll set 1 =1, € = 1, and take analytical solutions to be:

ot [T CosTX sinTty sin7z —SsIN7X COSTTY COSTIZ
E(x,t) = — | sin7x cosmy sinmz |, H(x,t) = e ' |- cosmx sinmy cosmz|,
s .
0 2cosTx cos Ty Ssin Tz

1 cosTx sinTy sin7z

j(x,t) = —e7t | = + 37| [-sin7mx cosmy sinmz|.
T

0

Boundary conditions on E are given by:

And boundary conditions on H are given by:

+ — H-A=0,

e x=0,x=1:1

e y=0,y=1:A==

oHo:OOH:
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T~
m
Q
H-
m
~
|
~
<
X
&
rmh
~—
Il
~
N
m
Y

Variational formulation is given by: SH . ~
<ua—t,H> + (VX E, H)

Time discretization which we will discuss here is only:

Il
<

e Backward Euler:

n+l _ gn

| | = -
(e BV~ (VXH™LE) = (5F),
Hn+1_Hn

(e F1) + (VX E™ ) 0.

_ _imﬂ,ﬁ) +(H™1L,VXE) = —(—,E)- i(m@,
(VXEML )+ (WL R) - = = (H™ F).
Linear system looks alike:
—iMn St [Enﬂ] -8 - AitMHE“
S, A—Hthz Hr A_Hthan .

3. After introducing pressure variable p, we have

op
— +V-E=f
ot L
oE
Vp+e— —uVxH-=1F
1% €6t H E/
oH
— +VXE="fh.
Hat H

We can follow the similar steps for this version as well like the previous ones.

2.10 Computational Results in R? and R?

2.10.1 Poisson’s Equation

Scalar Poisson (R?): We demonstrate results on a mesh of the 2d unit square for Dirichlet and Neumann
boundary conditions. On unit square we consider

Example 2.1: u = x(x — 1)y(y — 1) for Dirichlet boundary conditions, and

Example 2.2: u = cos mx cos 7ty for Neumann boundary conditions and thus o = grad u = —7(sin 7tx cos TyX+
cos x sin Tty {)).

We provide plots of the computed solutions with linear and quadratic basis and analytical solutions
as well in order to provide a visible comparison of accuracy of computed solutions for both examples
as represented in Figures 2.24 and 2.26. Moreover we also provide error plots for both examples and
are shown in Figures 2.25 and 2.27.
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Vector Poisson (R?): We demonstrate results on a mesh of the 2d unit square and 2d annulus for Magnetic
and only on a mesh of the 2d unit square for Electric boundary conditions. For Magnetic boundary
conditions, on unit square we consider

Example 2.3: u = (x(1 = x)y(1 —y))?> —y-1%+x1-xy(l-y)?>+x+17, so 0 = rotu =
(—*Y*(1 = %)*(2y = 2) +x*y*(1 — y)*(2x - 2) = 2¢%y(1 = (1 - y)* + 2xy*(1 - x)*(1 ~ y)*) + 2, and
Example 2.4: u = siny X + sin7x {J, so again ¢ = rotu = 7t(cos tx — cos 7y),

and on annulus, we take

Example 2.5: u =1cos 0, so 0 = rotu = sin 6.

For Electric boundary conditions, on unit square we consider

Example 2.6: 1 = (x(1 = x)y(l —y)? +x+ 1%+ x(1 = x)ydl -y)?>+y+19, so 0 = divu =
2 — (=1 +x)x(=1 +y)? = 2(=1 + x)x(=1 + y)y + 2(=1 + x)*x(=1 + y)?y? + 2(=1 + x)x*(-1 + y)?y?, and
Example 2.7: u = sinmtx X + sinmy 4, gives 0 = div u = 7(cos 7tx + cos Ty).

We provide plots of the computed solutions with linear and quadratic basis and analytical solutions
as well in order to provide a visible comparison of accuracy of computed solutions for both examples
as represented in Figures 2.28, 2.30, 2.32, 2.34 and 2.36. Moreover we also provide error plots for both
examples and are shown in Figures 2.29,2.31, 2.33, 2.35 and 2.37.

Vector Poisson (R%): We demonstrate results on two meshes of the 3d unit cube for Magnetic and Electric
boundary conditions, we will use coarser mesh for quadratic basis and finer mesh for linear basis. We
provide plots of the computed solutions with linear and quadratic basis and two views for each case of

Example 2.8: u = (x(1 — x)y(1 —y)z(1 — 2))*> (& +§ + £) + 0.01y & for Electric boundary conditions, and

Example 2.9: u = (sin7tx + 0.01y) X + sin 7ty § + sin 7ty Z for Magnetic boundary conditions.

We represent solutions in Figures 2.38 and 2.41. Moreover we also provide error plots for both values
of u with both boundary conditions which are shown in Figures 2.39, 2.40, 2.42 and 2.43.

2.10.2 Eigenvalue Problem

Here we discuss the results for the resonant cavity problem as discussed in [AAG97]. For the rectangular box
Q = [0, an] X [0, brt] X [0, c7r], the analytical solutions have the form:

kKix1 oz koxo - Kk3x3
N1COS——SINn—=sin—;

e(x) = nzsink”‘lcoskzb"zsin]”CX3 , kieZ* (2.41)

a
. K
nasin~tLsin=22cos 22

kix o:.0 koxo
a c

and all eigenvalues are positive and have the form:

2 2 2
A = (%) N (%) . (%) L Kk + kaks + kiks > 0.

If k1koks > 0 then there are two linearly independent eigenmodes of the form Equation (2.41) corresponding
to one k triplet. If one of the k; is zero then there is only one such function given by n; = 6;. Notice that this
argument does not take into account that different k triplets may yield the same eigenvalue. For instance,
consider the following problem in which we seek the eigenvalues A and eigenmodes u for:
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Example 2.10: curl curlu = Au on the cubical region Q = [0, 7]* with boundary conditions u X n = 0 on 3Q,
where n is the outward unit normal vector on the boundary of the problem region.

Table 2.3 shows the first 30 eigenvalues for this problem, and its computation using two different tetrahedral
meshes of this region. Mesh 1 is “coarse” and consists of 50 vertices and 560 tetrahedra for this region; mesh
2 is “refined”, and consists of 7690 vertices and 36745 tetrahedra. The vector fields are approximated using
spaces of piecewise linear and piecewise quadratic vector fields. As can be seen, no spurious eigenvalues
are computed. Furthermore, the computations using the quadratic basis are already quite accurate even
on the coarser mesh 1. This demonstrates the superiority of this structure preserving, higher-order FEM
discretization for the resonant cavity problem.

Exact Linear
Eigenvalue Mesh 2

Quadratic
Mesh 1 Mesh 2

1.9967
2.9845
2.9857
4.9868
4.9874
4.9886
4.9889
4.9903
4.9920
5.9584
5.9614
5.9624
5.9714
5.9740
5.9770

A UIUIUITUTUTUTW W INDNDN

Quadratic Exact Linear
Mesh 1 Mesh 2 Eigenvalue Mesh 2
2.0002 2.0000 6 7.9886
2.0003 2.0000 6 7.9895
2.0004 2.0000 8 8.0037
3.0017 3.0000 8 8.9580
3.0018 3.0000 8 8.9601
49941 5.0000 9 8.9686
4.9946 5.0000 9 8.9778
4.9958 5.0000 9 8.9975
5.0038 5.0000 9 9.0004
5.0046 5.0000 9 9.9198
5.0080 5.0000 9 9.9291
6.0087 6.0000 10 9.9361
6.0118 6.0000 10 9.9600
6.0129 6.0000 10 9.9619
6.0249 6.0000 10 9.9679

6.0277 6.0000
6.0310 6.0000
8.0184 8.0001
8.0379 8.0001
8.0624 8.0002
8.9673 9.0001
8.9951 9.0001
9.0104 9.0001
9.0215 9.0002
9.0253 9.0002
9.0267 9.0003
10.0179 10.0005
10.0308 10.0005
10.0367 10.0005
10.0750 10.0005

TabLE 2.3: Comparison of computed eigenvalues, using linear basis over mesh 2 and
quadratic basis over mesh 1 and mesh 2, with exact eigenvalues corresponding to

Example 2.10.

2.10.3 Maxwell’s Equation and its Discretizations

We solve for the the Maxwell’s equations on a unit square Q = [0, 1]® with a tetrahedral discretization
consisting of 560 tetrahedra, 1312 faces, 966 edges and 215 vertices, for a time range of [0, 0.1].

Example 2.11: We choose an analytical solution given by:

-t

E=%
Tt

— cos(7tx) sin(7ty) sin(7tz)
sin(7tx) cos(7ty) sin(7tz)

0

, H:e't[

— sin(7tx) cos(my) cos(7z)
— cos(7tx) sin(7ry) cos(7z)
2 cos(7tx) cos(my) sin(7tz)

], f, =0, (2.42)

and with fg and fy being deduced from the analytical solution. We verify the energy conservation property
of Crank Nicolson as in the Table 2.4. We present our computed solutions at a final time in Figure 2.44.
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t=0 t=003 t=006 t=0.09 t=01

Analytical E| 2 0.159  0.154 0.150 0.145 0.144
Computed E;2 (Linear) 0.147 0.141 0.137 0.133 0.133
Computed E;2 (Quadratic) 0.159  0.154 0.150 0.145 0.144
Analytical Hy2 0.866  0.840 0.816 0.791 0.784

Computed H;2 (Linear) 0.830 0.807 0.785 0.765 0.758
Computed Hy2 (Quadratic) 0.865  0.840 0.815 0.791 0.783

TaBLE 2.4: Energy conservation of Crank Nicolson for Example 2.11.

n=2
k=0 k=1 k=2
H . (Q) N P (Q) H.(div,Q) N Py () L2(Q) N Py ()
r=1
\/LA
3x(1xV)=3 3x(1xE)=3 Ix(1IxF)=1
H,(Q) NPy (Q) H_(div,Q) N Py () L2(Q) N Py (Q)
r=2

3Ix(IxV)+3x(I1xE)=6 3x(2xE)+1x(2xF)=8 1x(3xF)=3

o

H () N P;(Q) H.(div,Q) N P; (Q) L2(Q) NP5 ()

r—aPpr—< /\
N /X%

S S

pVAVAIIA

3Ix(1xV)+3x(2xE)

F1x(1x F) =10 3x(BxE)+1x(6xF)=15 1x(6xF)=6

FiGURE 2.18: The degrees of freedom for various rt'-order de Rham basis elements in
two dimensions. Here, V denotes the degrees of freedom attach to the vertices, E to
the edges, and F to the face of a 2-simplex in a 2d mesh. The figures are reproduced
from [AL14].
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Ficure 2.19: Linear Whitney Vector Fields in 3d adapted from [Scr+25].
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Ficure 2.20: Linear Raviart-Thomas Fields in 3d adapted from [Scr+25].
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Ficure 2.21: Quadratic Whitney Vector Fields in 3d corresponding to an edge (leftmost
two) and corresponding to a triangle (rightmost two) adapted from [Scr+25]. Similarly,
we can show for the remaining edges and faces of the tetrahedron.
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Ficure 2.22: Quadratic Raviart-Thomas Fields in 3d corresponding to a triangle (leftmost
two) and corresponding to tetrahedron (rightmost two) adapted from [Scr+25]. Similarly,
we can show for the remaining faces of the tetrahedron.
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n=3
k=0 k=1 k=2 k=
H () NP7 (Q) H.(cur, Q) N P (Q) H,(div,Q) N Py () L2(Q) N Py (Q)
r=1
dx(1xV)=4 6x(1xE)=6 dx (I1xF)=4 Ix(1xT)=1
H () NPy (Q) He(curl, Q) N P; (Q) H,(div, Q) N P; (Q) L2() N Py (Q)
r=2
dx(IxV)+6x(1xE)=10 6x(2xXE)+4x(2xF)=20 4x@BxF)+1x3xT)=15 1x(4xT)=4
H . (Q) NP5 (Q) H.(curl, Q) NP3 (Q) H,(div,Q) N Py () L2(Q) NP7 (Q)
r=3
4XJ(FI4XX‘8:§)X:(22; E) 6XJ(F31XX?3):;)X:(64; F) i (6x F)+1x(12xT) =36 1x(10xT) =10
Ficure 2.23: The degrees of freedom for various rh-order de Rham basis elements in
three dimensions. Here, V denotes the degrees of freedom attach to the vertices, E to
the edges, F to the faces, and T to the tetra of a 3-simplex in a 3d mesh. The figures are
reproduced from [AL14].
Analytical Solution u Computed Solution u using

Linear Basis Quadratic Basis

0.06 R

0.05 0.05
0.04 0.04
0.03 0.03
0.02 0.02
0.01 0.01

0.00

Ficure 2.24: Scalar Poisson with Dirichlet boundary conditions: Plots of Example 2.1
on unit square using linear and quadratic basis.



82

1074 .

1075 4

1076 4

10—7 .

10—8 .

109 4

—e— L? Error (Linear)
—e— L2 Error (Quadratic)

3

1072 10-1

Ficure 2.25: Scalar Poisson with Dirichlet boundary conditions: Error plots of
Example 2.1 on unit square using linear and quadratic basis.

Analytical Solution u

RO
o
RSN

-0.25

-0.50

-0.75

Computed Solution

Linear Basis

-0.25

XS DN

u using

Quadratic Basis

0.75

0.50

0.25

0.00

-0.25

N e
A2 & _ N _
S )
% AN
"‘ WSS -0.75 "4 s 2 -0.75

RN

Computed Solution

Linear Basis

PREAN

o using

Quadratic Basis

FiGURE 2.26: Scalar Poisson with Neumann boundary conditions: Plots of Example
2.2 on unit square using linear and quadratic basis.
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—e— L2 Error (Linear) 10-14 @ Linear L2 Error
—e— L? Error (Quadratic) —e— Quadratic L2 Error
1072 4
1 1072 5 !
10—3 4
103 4
10—4 4
10—4 4
2 2
1075 L : 1 :
2x1072 3x10724x1072 6x 1072 10~ 2x1072 3x10724x1072 6 x 1072 10~
Ficure 2.27: Scalar Poisson with Neumann boundary conditions: Error plots of
Example 2.2 on unit square using linear and quadratic basis (left) and for o = grad u
using linear and quadratic basis (right).
Analytical Solution u Computed Solution w using

Linear Basis

Analytical Solution o Computed Solution o using

Linear Basis Quadratic Basis

2.010 2.010
2.005 2.005
2.000 2.000
1.995 1.995
1.990 1.990

Ficure 2.28: Vector Poisson with Magnetic boundary conditions: Plots of Example 2.3
on unit square using linear and quadratic basis.

2.010

2.005

2.000

1.995

1.990
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—e— L2 Error (Quadratic) i —e— Quadratic L2 Error
1072 B
/ 1075 /
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./ 1 -~ 2
1 L
1076
1073
1077
. _
./ 1.5 10-8 3
1 — 1
2x1072  3x10724x1072 107! 2x1072  3x10724x1072  6x 1072 10-1

Ficure 2.29: Vector Poisson with Magnetic boundary conditions: Error plots of
Example 2.3 on unit square using linear and quadratic basis (left) and for o = rotu
using linear and quadratic basis (right).

Analytical Solution u
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Analytical Solution o

2
4
-6
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Computed Solution w using

Linear Basis
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Quadratic Basis
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Computed Solution o using

Linear Basis

-6

Quadratic Basis

Ficure 2.30: Vector Poisson with Magnetic boundary conditions: Plots of Example 2.4
on unit square using linear and quadratic basis.
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—e— L2 Error (Linear) 107% 4 _g Linear L2 Error
—e— L? Error (Quadratic) —e— Quadratic L2 Error
10—3 B
10—2 4
1 1074 4 1
1073 4
10—3 p
1076 4
15 3
3 . 10-7 L :
2x1072 3x10724x 1072 6x 1072 10-1 2x1072 3x10724x1072 6x 1072 101
Ficure 2.31: Vector Poisson with Magnetic boundary conditions: Error plots of
Example 2.4 on unit square using linear and quadratic basis (left) and for o = rotu
using linear and quadratic basis.
Analytical Solution u Computed Solution u using
inear Basis uadratic Basis
L B dratic B
\M" ity \‘; N '\"" Sty
N L e AN g T NNy g
\{;‘ SRR, , \\d SRR AR KA
[ Lz SR A XY Lz
== e =3 e =3 e
e Vel = Z o = ESaal
= == = == = =
(Z SN~ [, ARNR 21 AN
///'/;%T _ ‘\\\\\~\ ///‘)’;/;.«‘;7,“‘\\\‘\~\ /‘/"/'I;“;‘,v‘,‘\\\ \~\
A IO A NN A NN
14“ “‘\\}\ /4“‘ t,‘\\}\ 'f““.f:"‘\\,\}\
Analytical Solution o Computed Solution o using
inear Basis uadratic Basis
L B dratic B
P 0.75 & 0.75 0.75
y 0.50 0:50 050
0.25 0.25 025
0.00 0.00 0.00
-0.25 -0.25 -0.25
-0.50 -0-50 -0.50
-0.75 -075 -0.75
-1.00

FiGure 2.32: Vector Poisson with Magnetic boundary conditions: Plots of Example 2.5

on annulus using linear and quadratic basis.
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10—1 4

1072 A

—e— L2 Error (Linear) 102 4 —e— Linear L2 Error
—e— L2 Error (Quadratic) —e— Quadratic L2 Error
1073 4
1 1074 4 1
10—5 4
15 3
1 1
10~ 2x1071 3x10714x107! 6x10°1 10~ 2x1071 3x10714x10! 6x1071

Ficure 2.33: Vector Poisson with Magnetic boundary conditions: Error plots of
Example 2.5 on annulus using linear and quadratic basis (left) and for o = rotu using
linear and quadratic basis (right).
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FiGure 2.34: Vector Poisson with Electric boundary conditions: Plots of Example 2.6
on unit square using linear and quadratic basis.
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dratic L2 Error

3

2x1072 3x10724x1072 6x1072 10!

2x1072 3x10724x 1072 6x 1072

Ficure 2.35: Vector Poisson with Electric boundary conditions: Error plots of Example
2.6 on unit square using linear and quadratic basis (left) and for o = divu using linear

and quadratic basis (right).
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Computed Solution o using
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FiGure 2.36: Vector Poisson with Electric boundary conditions: Plots of Example 2.7

on unit square using linear and quadratic basis.
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Ficure 2.37: Vector Poisson with Electric boundary conditions: Error plots of Example
2.7 on unit square using linear and quadratic basis (left) and o = divu using linear and
quadratic basis (right).
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[sometric View using Linear Basis X-View using Linear Basis

v %;/w
- - S ‘;- 1.«(

Isometric View using Quadratic Basis

Ficure 2.38: Vector Poisson with Electric boundary conditions: Isometric View (left)
and X-View (right) of plots of Example 2.8 on unit cube using linear basis over finer
mesh and using quadratic basis over coarser mesh.
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10-3 1 —@— L2 Error (Linear) —e— Linear L2 Error
—e— L2 Error (Quadratic) —e— Quadratic L? Error
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2x1071 3x10714x107?! 6x1071 10° 2x1071 3x10714x107! 6x1071 10°

Ficure 2.39: Vector Poisson with Electric boundary conditions: Error plots of Example
2.8 on unit square using linear and quadratic basis (left) and o = curl u using linear
and quadratic basis (right).
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Ficure 2.40: Vector Poisson with Magnetic boundary conditions: Error plots of
Example 2.8 on unit square using linear and quadratic basis (left) and o = curlu using
linear and quadratic basis (right).
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Isometric View using Linear Basis Z-View using Linear Basis

R e e\

e Sy,

Isometric View using Quadratic Basis Z-View using Quadratic Basis

FiGure 2.41: Vector Poisson with Magnetic boundary conditions: Isometric View (left)
and Z-View (right) of plots of Example 2.9 on unit cube using linear basis over finer
mesh and using quadratic basis over coarser mesh.
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FiGUure 2.42: Vector Poisson with Magnetic boundary conditions: Error plots of
Example 2.9 on unit square using linear and quadratic basis (left) and o = curl u using
linear and quadratic basis (right).
—e— L2 Error (Linear) —e— Linear L2 Error
—e— L2 Error (Quadratic) —e— Quadratic L2 Error
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1 - 1 T
2x107! 3x10714x107! 6x1071 100 2x107t 3x10714x 107! 6x 107! 100

Ficure 2.43: Vector Poisson with Electric boundary conditions: Error plots of Example
2.9 on unit square using linear and quadratic basis (left) and o = curl u using linear
and quadratic basis (right).
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Analytical F at t = 0.1 Computed Linear E at t = 0.1 Computed Quadratic E at t = 0.1

Analytical H at t = 0.1 Computed Linear H at t = 0.1 Computed Quadratic H at t = 0.1

Ficure 2.44: Maxwell’s Equation using Crank Nicolson: Plots of Example 2.11 on unit
cube using linear and quadratic basis for spatial discretization and Crank Nicolson for
temporal discretization.
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Chapter 3

Energy Conserving and Second-order Time
Implicit Mixed Finite Element Discretizations
of Maxwell’s Equations

3.1 Introduction

Consider the following set of Maxwell’s equations

d
a_‘t’+v-eE:fpinQ><(0,T],

oE
Vp+£a—V><H:fE in Q x (0, T], (3.1a)

oH
u¥+V><E =Ty in Q x(0,T],
where Q ¢ R%/R3 is a domain with Lipschitz boundary 9Q and with the following homogeneous boundary

conditions :
p=0Exn=0,H-n=00n0Q x(0,T], (3.1b)

where n is the unit outward normal to 0Q), and with the following initial conditions :
p(x,0) = po(x), E(x,0) = Eg(x), and H(x, 0) = Hy(x) for x € Q. (3.1¢)

In these equations, E(x, t) and H(x, t) denote the electric and magnetic fields , respectively, and p(x, t) is
a physically fictitious term that is related to the time varying divergence of the electric field. We refer to
all variables without the x and t descriptors when this is clear to avoid clutter. The additional electric
variable facilitates a mixed formulation for the Maxwell’s equations in the sense of finite element exterior
calculus (FEEC) and allows for a direct approximation of V - ¢éE. The boundary conditions correspond to a
perfectly electric conductor at the boundary and this is usually a good abstraction for the study of Maxwell’s
equations. This formulation was first introduced in [APZ13] and further used in [AHZ17; AdI+21], and the
authors there attribute it to Douglas Arnold who is one of the authors of several works in FEEC [AFW10;
Arn18]. We slightly generalize their (p, E, H) formulation to allow for arbitrary right hand side functions
fp(x, 1), fe(x, t) and f1(x, t) as shown in Equation (3.1a). Clearly, if V - ¢éE = 0, then with po(x) =0, f, =0,
fe = J(x,t) (which is the current density) and f1 = 0, we recover the more standard form of the Maxwell’s
equations. In our setup, we assume that t € [0, T] for some finite maximum time T. The material parameters
¢ (electric permittivity) and p (magnetic permeability) are assumed to be time independent and positive
bounded piecewise constant functions, that is, there exist positive constants: €min, Emax, lmin, Hmax Satisfying
0 < €min < €(X) < €max < 0 and 0 < pmin < H(X) < Pmax < o0 for all x € Q. Although this minor technical
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condition is necessary, for all intents and purposes, we treat these physical parameters as simply constants
in our work here. These constants can then be taken to be either the inverse of the minimum or maximum
values as appropriate in all our proofs if these parameters are spatially varying. Finally, we shall assume
that the initial conditions provided satisfy:

V- (eEp) = po, and V- (uHp) = 0in Q,

to be consistent with our motivation for introducing p in conjunction with E, and because magnetic fields
are divergence free due to there being no magnetic charges.

The variational formulation for Equation (3.1a) with boundary conditions in Equation (3.1b) is given by:
find (p,E,H) € lilif1 (Q) x lile(curl; Q) x lilu(div; Q) such that:

op . _ P
(52.5) = (£ VP) = (p,F), P eHLL(Q), (3.2a)
(Vp,E) + (30 B) — (H VX E) = (e, B),  E e Feleurt; ), (3.2b)
(SR + (VX EF), = (0, A, Fie Ay(div; Q), (3.20)

for t € (0, T] with initial conditions as in Equation (3.1c). For this problem, we shall use the following two
time discretizations .

Crank-Nicolson scheme: Find (p(t™), E(t™), H(t™)) € lillf1 Q) x H ¢(curl; Q) x lilu(div; Q) such that:

_ -1
(P 5 - (S (e ) V) = (5 (4 ) ), (3.3a)
— —En-1 _ - —
(%v (P +pm1) By + (2 Afn JE) - (% (H™+ 1),V E) = (% (fr+f) B, G3)
— -1 _ ~ ~
(e R + (W x (B4 B R = (5 + 1) ), (3.30)

forall p € lilifl(Q), Ee lilg_(curl; Q) and H e lilu(div; Q), and with uniform discretization of [0, T] as
t" :=nAt,n=0,1,...,N for some At > 0 being the fixed time step size such that NAt = T.

Implicit leapfrog scheme: Find (p(t™+1/2), E(t™+1/2), H(t™)) € lili_1 (Q) x He (curl; Q) x lilu(div; Q) such that:

1 1
T1+§ .

(a2 = GG (e et vh) = (5.5), G.42)
N +1 rn-l — ~
(39 (7 +9E) B (e By = (G (e W) VX E) = (E), Gab)
+1 _ . — ~
<M_Hn At H—n,H> + (%V X (ET”% + E“_%) H) = <fTI—Ll+%’H>’ (3.40)

forallp € }311_1 (Q), EeH ¢(curl; Q) and He ]ilu(div; Q), and with two uniform staggered discretizations

of [0, T]: for the variables p and E as tts = (m+1/2)At,n =0,1,...,N -1 for some At > 0 being the
fixed time step size such that NAt = T, and for the variable H as t™ := nAt, n =0,1,...,N. Clearly, our
method is inspired by the classical (but explicit) leapfrog scheme, and we obtain p, E at half time indices
and H at integer time indices. We propose this semi discretization by evaluating all inner product terms in
Equations (3.2a) to (3.2¢c) for p and E at t™ and for H at t"*2. To bootstrap this scheme using the given initial
values at t = 0 as in Equation (3.1c), we shall use the following discretization for the first half time step for p
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and E, and for the first time step for H:

{ At/§0’~>__< (E2+E0) Vp) = (fp.P), (3.52)
2(5¥ (P +90) B + (5522 B) = (5 (0 H0) V) = (), 35t
<MH1A—tH0 ) + <1VX(E2+EO) Fi) = (£, F1). (3.5¢)

In all the time discretizations shown in Equations (3.3a) to (3.3c), (3.4a) to (3.4c) and (3.5a) to (3.5¢), we use a
superscript on our variables of interest to denote their values at the time corresponding to this time index,
for example, p™ = p(t™, x) and so on.

3.2 Stability of Variational Formulation

We first demonstrate the existence and uniqueness of the solution to the variational formulation of the
Maxwell’s system as presented in Equations (3.2a) to (3.2¢), To do so, we have the following energy estimate
for it.

Theorem 3.1 (Energy Estimate). Let f, € L'[0,T] x Lifl(Q), fe € LY(0,T; Li,l(Q)), and fy €
LY0,T; Li ,(Q)). Then the solution (p,E,H) of Equations (3.2a) to (3.2c) with initial conditions as in

Equation (3.1c) and assuming sufficient regularity with p € C1(0, T; Foli_l (Q)), E € CH0, T; He(curl; Q)), and
H e C1(0o, T;lilu(div; Q)) satisfies:

Iplle— + IIElle + IHIl, < \/g[llpolle—l +[[Eolle + [[Holl

+ ||fp||L1(0,T;L§_1(Q)) + ”fE”Ll(O,T;Li_l(Q)) + ”fH”Ll(O,T;Li_l )|

Proof. Since Equations (3.2a) to (3.2c) are true for all p € lili_1 (Q), E € He(cur; Q), H € lilu(div; Q), we
choose p = s‘lp,E = E and H = H which then yields the following set of equations:

0
(32.67'p) = (¢E,Ve'p) = (e 7'p),
oE

(Vp,E) + (sa,E> —(H,V xE) = (fg,E),
(S H) + (VX E,H) = (1, H).

Adding these together and using the properties of the inner product, we obtain:

(P, + (90 ) + (S HY = (€ 7'p) + (e E) + (i, H). (3.6)

Now consider that: 4 4
PG = (e pop) = 2(— e”'p).
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Similarly, we also have:

d oE d oH

—IE|? = 2(e—, E —IHIA = 2(u—y, H).

IElle = 2(e5 B), and IR, = 2¢ur, H)
Using these in Equation (3.6) and the Cauchy-Schwarz inequality, we get:

1d
e lIPIZ + HEI + IHIE] = (i, e7'p) + (e, 26 + (),

2dt
< lIfplle-tliplle=r + lIfellc-1lElle + [ITrll - [H]] -

Integrating both sides of this inequality from 0 to t for any t € (0, T], we next get:

IpI2-0 + NENZ + IIHIE < lipoll-, + 1ol + lIHoll
t

+ ZJ (Ifpller + Ifeller + 1wl ) \/Ilpllifl + [IEIIZ + [IHII% ds.
0

Then using the Gronwall-OuLang inequality as described in Lemma 1.8, this results in:

t

\/IIPIIQ + [IEIIZ + IIHIIE < \/Ilpollifl + [[Eoll? + IHoll% +J (Ifplle=s + [Ifell = + [1frll 1) ds,
0

for any t € (0, T]. Finally, using the equivalence of 1- and 2-norms, we obtain our result:

lIplle—r + IIElle + IH]l. < Vg[llpollg—l +[[Eolle + IHollx

Ffplliomez @y + Ifellome ) + “fHHI_l(O,T;I_i_l(Q))]’ O

Corollary 3.2 (Energy Conservation). If the forcing functions in Equation (3.1a) of the Maxwell’s equations
are all zero, that is, f,, = 0 and fg = fy = 0 and with initial conditions as in Equation (3.1c) then:

2 2 2 2 2 2
lIpllZ + ENE + IR = lipollg- + IEolle + IHoll5,

Remark 3.3 (Uniqueness of Solution). As a result of Theorem 3.1, and by a standard argument, for example
[Eval0, Theorem 5, Section 2.4, Chapter 2], the solution to the variational formulation of the Maxwell’s equations
in Equations (3.2a) to (3.2c) with initial conditions as in Equation (3.1c) has a unique solution.

Remark 3.4 (Improved Energy Estimate ). Our proof for Theorem 3.1 is a bit more involved than the
straightforward similar proof in [APZ13, Proposition 3.2] in that we arrive at it using Gronwall’s inequality as
in Lemma 1.9. One advantage of doing so though is that we can establish a precise energy conservation for the
case when initial conditions alone drive the evolution unlike Adler and coauthors.

3.3 Time Discretization Stability

For each of our time discretization schemes, we next show that these semidiscretizations in time yield stable
methods and we provide error estimates which show that these schemes are quadratically convergent in
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each of their chosen sufficiently small but fixed time step.

3.3.1 Crank-Nicolson Scheme

Theorem 3.5 (Discrete Energy Estimate ). For the semidiscretization using the Crank-Nicolson scheme as
given in Equations (3.3a) to (3.3c), for any fixed time step At > O sufficiently small, there exists a positive
bounded constant C independent of At such that:

™ et + IENJle + IHN] < C.

Proof. Since Equations (3.3a) to (3.3¢c) are true for all p € H! L(Q), E € He(cur; Q), H € lilu(div; Q), using
— — £
p=2Ate7! (pm+p™l), E=2At (E™ + E™Y) and H = 2At (H™ + H™!) in them, we obtain the following:
2<pn _ pn—ll 8_1 (pn + pn—1)> _ At<En + E“‘l,V (pn + pn—l)> — At(fg + fg—1, €—1 (pn + pn—1)>’
AV (p"+p™) BN + BV 4 2(e (B - BN BT 4 ENT) - AY(HT + HYL Y x (B + BN
= At(fg + ff7LEM + EMY),

2 (H® = HY ) HY 4+ H1) o ARV (™ + B Y + ) = A+ £ Y+ H ),
Adding these equations together and using the properties of inner product, we get:
2 (<£—1 (pn _pn—l) ,pn + pn—1> + <£ (En _ En—l) ,En + En—1>
(e (HY = YT 1 1)) = At (a7 (p™ + ™)
HFE L ENHEMD) + (AL H + H“‘1>) . (37)

Using the Cauchy-Schwarz, AM-GM, and Triangle inequalities for the first term on the right hand side of
the above expression, we derive the following inequality:

(e (P o)) < U + 3 e lp™ + e,
1 _ -
<5 (I + 7R+ e + IR ),
<R+ IR + o™ IR + o™
Similarly in Equation (3.7), for the second and third terms on the right hand side, we have:

(£ £ BN BN <RI + IR+ E2 + ™2,

-1 -1 2 -1)2 2 -1y2
(PR + A H™ - H D) IR+ IR+ T+ I
Incorporating these inequalities into Equation (3.7), we obtain:
2 -1y2 2 -1y2 2 -1)2
Z[IIP“IIﬂ =™ IS+ B = IR + TR = [IH

2 -12 2 -112 2 -12
< AP + IR+ ™2 + M1 + s, +
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B2+ ENTHIE + I+ I+ I+ IIH“‘lllﬁ]~

Next, summing over n = 1 to N and using the initial conditions as in Equation (3.1c), we have that:

N
2[ NI + HENIE + IHNIE] < At 37 2 (IR + I + IH R

n=0

IR + IR+ IERIEA) | +2[ipoll2y + E0l + IHol2],

which in turn provides us with the following estimate:

N
N 12 N2 N 12 2 2 2
NI+ IENIZ + IHNIE < At Y [ + IE™ 2 + IH I
n=0

N
+ ALY (IR + NI + IR | + [Ipol + B + IIHoli3.

n=0
Now, we are ready to apply the discrete Gronwall inequality as in Lemma 1.10. To do so, we set 6 := At,
9o := lpoll2-, +I1Eoll2 + 1Mol an = Ip™ 2, + M2 + IHP I, b= 0, e o= IR, + IFRI2, + IR,
and v, := 1. Note that for the condition Yy, < 1 to hold, we need to have At < 1/2 and therefore we have
that o, = (1 - At)_l. Then, we get:

N
2 2 2 2 2 2
At (IR + I+ IR ) + lpol + B0l + ol

n=0

N2 N2 N2
P ™Il + IETIE + [THTIG <

exp

7

N
ALY (1-At)T
n=0

N
< |t > (I + IR + IR ) + Ipol-s + ol + IHoll2 | exp @T + 1),

n=0
where the second inequality is obtained using that (N + 1)At = T + At < T + 1/2. We now estimate the term:

N
> A (Il + IR+ IR ),

n=0

which is a lower sum approximation of the integral:

)
[ (et i+ el s,
0

and which in turn is equal to:

2
T2
L20,T/12_, ()

2

+ [Ifell RO T, (@)

2
||fp||[_2(0l-|—;]_2£71(o_)) + ||fH||
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and hence is bounded. Set this bound to be a positive constant M. By using the equivalence of 1- and

2-norms, and C = \/3(1\/[ + ||p0||i_1 + ||Eoll? + ||H0||ﬁ) exp(2T + 1), we obtain our desired result:

N N N
P lle-s + IE e + [IHT I < C. O

Corollary 3.6 (discrete energy conservation). If the forcing functions in Equation (3.1a) are all zero, that is,
fp = 0and fg = fy = 0 then:

N2 N2 N2 2 2 2
Pl + BTG + [IHT L = llpollZ= + [[EollE + [Holl.-

Remark 3.7. In both Theorem 3.5 and Corollary 3.6, the time index N can be replaced by any n € [1, N] thereby
making these to be discrete analogues of Theorem 3.1 and Corollary 3.2, respectively. Moreover, an argument
similar to that in Remark 3.3 would show that the solution for the Crank-Nicolson semidiscretization is also
unique.

Theorem 3.8 (discrete error estimate). For the semidiscretization using the Crank-Nicolson scheme as given
in Equations (3.3a) to (3.3¢), for the solution (p, E, H) of Equations (3.2a) to (3.2c) with initial conditions as in
Equation (3.1c) and assuming sufficient regularity with p € C3(0,T; lilif1 (Q)), E€ C3(0,T; lilg(curl; Q)), and
H e C3(0, T; H,.(div; Q)), and for the time step At sufficiently small, there exists a positive bounded constant C
independent of At such that:

llepller +lleg lle +lleflln < C[(A? + lleplle + lleRlle + lled 1], (3.8)

where ey :=p(t™) —p™, ep = E(t™) - E™ and e} = H(t™) — H™ are the errors in the time semidiscretization
of p, E and H, respectively and at the indicated time indices.

Proof. Using the Taylor remainder theorem , and expressing p(t) about t = t"~1/2, we have that:

p(0) = p(tnh) + 2y - by + Lond)

n—§2 _ <273
A (t—t"2) j(tzs)ap()ds

t 2

which when evaluated at t = t™ and t = t™ ! provides us with:

1 1 1 no_ T1—§ 2 n_ <273
p(t") = p(enh) + By —endy 4 TP o) 2T j“ Rk

ot3

—Lnh) —5(s)ds,

ot?

t“‘i

_ 1 a 1 B 1 62 1 .tT'L—l _tn—z 2 tT‘L 1 -5 263
p(e ) = (e )4 Lyt -y SRy (S h [ Z B,

1
t"2



101

Subtracting the second of these equations from the first, we get:
RN P [ =R % (tﬂ 152 9%

(Pt - pe 1) = ey - o >+j L (s)as - P (syas,

2 t

n,,

which then when cast into the form of the inner product term from the semidiscretization of the variational
formulation leads to:

ny _ n-1 1, ~ =
<p(t ) A]::(t )/5> _ <aa_i(t“_§),p> + %(R{,‘,P%

and in which we have defined that:

tn
_ 1 -1 20%p 20%p
Ry = — I (" —s) ﬁ(s)ds + | " —s) ﬁ(s)ds .
tn-1 tn—%

Similarly, for E and H, we have the following inner product terms from the variational formulation:

E(t") — E(t™” 1) ~

B) = (3 (" 1), B) + 2 (eRE, ),

(e At
n n-1
WMD) 5y - ey, /) + Ly, 1),

and in each of which we have defined that:

n. 1 n-1_ n 3E
RE = At (t (s)ds+ (t - ?(s)ds ,
tn-1 tn—i
1 1 20H v
n ._ n— n
R} = At J‘ (t e —(s)ds + J‘(t - at3 (s)ds .
tn-t tn—%

Using these terms in Equations (3.2a) to (3.2c) at time t = t"=2 and with the definition that:

f(t™) + f(t™1
PRI (U R o)
2
where f is any of f},, fg or fi, and wielding the Taylor remainder theorem to also write:

wth) Ful)
2 T Tw

u(tn_%) =

for u being p, E or H, and with the definition that:
l

J (t" —s) (s)ds J(t“ 1 s) e (s)ds ,

n—— tn- 1
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leads to the following set of equations:

ny _ n-1
PR 5y e (B + @), VF) = 503 + 7 4R +V1B), G90)

E(t™) —E(t™) =

%(v (p(tn) + p(tn_l)) JE) + (e = E) - %(H(t”) +HEY ), V X E)

. i _
- E(fg + 71+ eRE + VI - VX 1T, E), (3.9b)

H(t™) — H(t™ ! 1 0
w ()At( ) §<fg+fg—l+uRg+erg,H). (3.9¢)

Subtracting the equations defining the Crank-Nicolson semidiscretization as in Equations (3.3a) to (3.3¢)
from Equations (3.9a) to (3.9c) leads us to:

JF) + 2 (Vx (B + B ) H) =

ep en 1
<—A >——<£(TE‘+6E ) Vp)— (R +eV-TE,P),
Loy (en s+ ent) By o (eSE ST )~ Len 4 enl v E) < Lern 4 vin oy ot B
§< ep +ep ) E)+ (e At >_§<6H+6H PV X >_§<5E+ Ty = VX1, E),
1
el —ey ~ 1 o=y 1 —
(e ) 5 (V¢ (e e 7)) = 5 (uRYy +V x 2, ).
Now, in this set of weak formulation equations for the errors, we choose the test functions to be p =
2Ate™! (ep + ept), E = 2At (ef + ef ') and H = 2At (]}, + e];™"). Next, by following essentially the same
sequence of steps as in Theorem 3.5, we obtain the estimate for these error terms to be:

2 =12 2 =12 2 1
2 [llep I = lep Mo + e 12 = Neg M1z + ey I — llef 1]
< At[llep 2o+ llep™ 125 + legll? + leg™ 12 + ey lIf, + llefy 113 ]
2 2 2 2 2 -1 -1 2 1 -1
+ At [IRDIZ. + IRENE + IRFIE + IVIR I + 1V 12 12 + e T IV X g g +e IV x TiylI%] -

Now, summing over n = 1 to N, using the initial conditions as in Equation (3.1c), and the positivity of all the
right hand side terms, we have that:

N
N2 N2 N 12 2 2 2 2 2 2
p oo +lleg lIE +lleglli < AtZ [epllZ. + llegllZ + el lI%] + AtZ IRDIZ . + IREIZ + IR
= n=0
VISP + IV rRIZ + e 0 IV XrRIE + et IV r IR ] + [llep P2 + e 117 + [ledy 1] -

lle

Next to apply the discrete Gronwall inequality as in Lemma 1.10, we choose & := At, go := ||e}) ||i71 +led |2 +
led 1%, an = llep >, + lleRlIZ + llefillf, b =0, cn = (IR, + IRENZ + IRF IS + IVrp 112, + IV - 2112 +
1|V x rEH% +e |V x rmlz ,and yn := 1. Now the required condition y,6 < 1 holds with At < 1/2

and oy, = (1 — At)"L. Therefore, using that (N + 1)At = T + At < T + 1/2, we get that:

N N
leN I, + eI + e} I < [AtZ(|R“||2_1+||R“||2+||R I+ IV 2 + 19 - g2

re TV X2 + s‘lu‘1IIV><r’Qlllu) + (1912 + 1212 + N1ely 2] [ exp 2T +1). (3.10)
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Now, we need to obtain bounding estimates for each of the Taylor remainder terms and to do so, we first
consider the first remainder term corresponding to p and argue as follows:

1 ,0%p 2
RM?., = Jt“l sds+Jt“— s)ds|| ,
IRBIIE- a0 ( ——=(s) ( t3() .
" "
t'ﬂ.
1 J 63p 2 . -1
< (t" — s> —=(s)ds|| , (usingt™!<t™)
(At)z 1 at3 -1 g
tn-
t tn 63 2
< —t" 4dsJ ‘_p S ds, (by Cauchy-Schwarz
(At)z pas |55 ds oy Cauchy )
(At)
at3 S
tn-1

and now summing both sides over n = 0 to N, we have that:

A (]|0® Av?||o%p |
ZIIR“IIE <Ly j TP as=GL |20 . 1)
ot M M2 12, ()
Similarly, for the remaining Taylor remainder terms, we have that:
At)®||93E
3 IRPE < % . , (312)
n=0 Bz m2(0)
3 31112
O3H
ZHR %< |55 ,
ot 20,712 (02))
At 2vp
annna < Q)P ) , 613
ot 20T, (Q))
At 2(V-B)|]
va i < SO P0D , (3.14)
ot 2o miza)
At 2(VxE)|
ZIIVX g < LU ETXE) , (3.15)
o o)
N 2 2
S IV xR < (Alg alkdy .
e ot lleomiza)

By substituting all these Taylor remainder term estimates into Equation (3.10), we obtain:

2 a3H 2

ot3

%E|]P
3

(ap)*

N||2
5

llep

2 N2
St lle I + el <

o

L2(0,T;L2_;(Q) L2(0,T;LE(Q) LZ(o,T;Li(Q»)



104

L @v* (12 p) P N [cEaa] s R LaCEaaT |
12 at2 LZ(OIT;Li_l(Q)) atz L2(0,T;I_%(Q)) at2 LZ(O,T;L%(Q))
L allerev x P
e | S + (eI + el 12 + el 1) [ exp @T +1).
L2(0,T;L2(Q))

By our assumption on the regularity of p, E and H, there exists a positive bounded constant M such that:

1 (||| e[ *H|P 1 (|[8%(vp)|]
HIEE t3e FYE) D) 2
Wlzor @) 1 leemiza) 19 leemiza) ot iz, )
2V -E)|P (v x B)|? 2V x H) |
JEem i el .
vl ) v ez t 12(0,T;12(Q))
Thus, we have that:

N2 N2 NIR2 < & 2 2 2
llep I + leg 112 +llefy I}, < C [(At* + ey l12y + e lIZ + ey lIR]

where C = exp(2T + 1) max{M, 1}. Finally using the equivalence of 1- and 2-norms, our desired result
follows with C = 2\/8 O

3.3.2 Implicit Leapfrog Scheme

Theorem 3.9 (Discrete Energy Estimate ). For the semidiscretization using the implicit leapfrog scheme as
given in Equations (3.4a) to (3.4c) and (3.5a) to (3.5¢), for any time step At sufficiently small, there exists a
positive bounded constant C independent of At such that:

N-1 N-1 N
lp™ "2l + T2l + [[HT ]| < C.

Proof. Since Equations (3.4a) to (3.4c) are true for all p € }ilif1 (Q), Ee He (curl; Q), He lilu(div; Q), using
P = 24t (p“+% +pn—%), E = 24t (E“+% + E“—%) and H = 2At (H™! + H") in them, we obtain the

following:
2<p“+% - p“_%, et (p“+% + p“_%)> - At(E“J"% +EVL,V (‘p“+% + p“_%)>
= 2At(f], e (p“+% + p“_%)>,
At(V (p“+% + p“—%) JEME 4 EME) 4+2(e (E“+% - E“—%) JEME 4B
- At((H“” + H“) VX (E“+% + En-%)) = 2AL(fI,E™E 4 ENE),
2(p (HM1 = HY ) HYT 4+ HY) o+ AWV x (B B3] HYT 4 ) = DAL(FY? HML 4 Hm),
Adding these equations together and using properties of the inner product, we get:

2<£—1 (pn+% _ pn—%) ,pn+% +pn—%> + 2<€ (En+% _ En—%) ’En+% + En—%>
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+ 2<|.l (HTH—l _ HTL) ,HTL+1 + HTL)
= A (2, e (pred e prod)) o Bt En ) 4 TORERTLI H™)).

Using the same arguments as in Theorem 3.5, we have the following estimates for the right hand side terms
of this equation:

- -1 2 12 -2
2t e (pm 4 pnR)) < IARIEL +2 (I + e, )
21 B4 V) < IRIRL + 2 (JIEMHIE + E 2,
n+} 1 n+3io 152 2
2(FE HMH T ) < R IR+ 2 (TR )
Using these inequalities into the previous expression, and summing over n = 1 to N — 1 leads us to:
N-312 312 N-312 312 N2 112
P2l = Mlp2 Ml + 20 = [E2 e + IHT I = IR,
-1 ) N-2
2 2 472 3112 3112 112
<Aty (IR + IR+ I 202 | + 28t 3 ™ 3, + IE™ 32 + 1)
n=1 -
N-3112 3112 N-3112 3112 N2 112
+ A PN HI P31 + HENTHZ + B3 + IHN I + IR |

Now, p%, EZ and H! satisfy Equations (3.5a) to (3.5c), and so using p = 2Ate ™! (p% + po), E = 2At (E% + EO)

and H = 4At (H! + H%) and repeating the arguments presented above leads us to the following estimate:
1 1
21120 = IpCI2 + NE2IE = NEONE + IR - HOI, < At [IlfO [ e IIf [ ]
1 1
+ A [IPAR + IO + NER + VI + IIHTES + IO
Adding these last two inequalities, we get:

~1 __
Ip™72I2. + IENT2IE + IHNIE < [IP°I2- + HECNE + IHOI ]

N-1 N-2
A (12 + A2 + 2R | + 280 37 [Ipme b2, + 2 + e 2
n=0

-5112 2 N-12 2 N 12 2
+ AN HIZ + IpOI2 + TENTHR V2 + [HNIE + RO

which in turn leads to:

-1 - 1+ At
PN, + IEN22 + [HN < 1= At P12+ ECIZ + IHOIE ]
N-1 N-1
2At +12 +12 +12 At 2 2 n+3 0
e 3 AR+ IE AR R 2 3 IR+ IR+ R
n=0 n=0
. . . . At
In order to apply the discrete Gronwall inequality as in Lemma 1.10, we choose & = T Ay 90

1+ At
1-At

1 1
(012, + IECIZ + IR, |, @ = p™ AR, + HER I M, b= 0, e s= IR + I, +
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1
||fE+2 ”i _,,and vy, := 2. Note that for the condition Y6 < 1 to hold, we need to have At < 1/3 and thus we

oAt 7
geton =[1- T-Atl - Then for At < 1/6, we have that:

N-1,2 N-12 N (12
e 2015 + BT 2] + [IHT L

N-1
At 2 ) nel o 1+ At ) - -
<[1_At;(llf3||£-l+Ilf{:}||5-1+||fH2||u_1) o (P12 + TEI + MO |
mn=
N-1 -1
2At
2(1-
a2 ( 1—At)
n=0
[6At

1 7
2o 3 (IR + AR + PR ) + 5 (P02 + ECN + IHOI) | exp (4T,

n=0

exp

7

N-

H

where the second inequality is obtained by using that NAt = T. We conclude by using a similar argument

as in the end of Theorem 3.5 by setting M := ||, ||L2(OT @) + ”fE”LZ(O T (0) + ||1‘H||L2(O T, L2 (@) and

using C = \/6 [M + ||p()||i1 + ||Eoll2 + ||H0||ﬁ] exp(4T), we obtain our desired result:

-1 -1
™2l et + IENT2 e + [HN | < C. O

Corollary 3.10 (Discrete Energy Conservation ). If the forcing functions in Equation (3.1a) are all zero, that
is, fp, = Oand fg = fy = 0, then:

_1 -1
PN 7212, + IENT2IZ + M = lpoll2-, + IEolI? + [IHoll%.

Remark 3.11. Like Remark 3.7, the time indices in Theorem 3.9 and Corollary 3.10, can correspond to any time
in (0, T). Again, uniqueness of the semidiscretization solution follows from Remark 3.3.

Theorem 3.12 (Discrete Error Estimate ). For the semidiscretization using the implicit leapfrog scheme as
given in Equations (3.4a) to (3.4c), and (3.5a) to (3.5¢), for the solution (p, E, H) of Equations (3.2a) to (3.2¢c)
with initial conditions as in Equation (3.1c) and assuming sufficient regularity with p € C3(0,T; Foli_l (Q)),
E € C3(0, T; He(curl; Q)), and H € C3(0, T;]ilu(div; Q)), and for the time step At sufficiently small, there
exists a positive bounded constant C independent of At such that:

N-1
lep Zllet + lleg 2||e+||€H||u C[(AtY + lledllcr + lleR e + llefll] ,

1
where e;wz = p(t’”%) - p“+7 eE = E(t“+%) — E™*2 and ep, = H(t™) — H™ are the errors in the time
semidiscretization of p, E and H, respectively and at the indicated time indices.

Proof. Using the Taylor remainder theorem, and expressing p(t) about t = t™, we have that:

_ S)Z aSP

2 at3( s)ds,

n)2
p(t) = p(t") + Z—It)(t“)(t—t“) +— (t“)(t ) J (t
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which when evaluated at t = t"+2 and t = t""z yields:
1

. tn+2
n+iy _ n a_p nym+E _on az_p n (tmL7 _tn)Z (tn+2 _5)2 aBP
() = p(em) + SRt -+ SR [ S e,
tn
1
"2
1
n-1y _ n a_p nyyM-3 _ n n (tn_7 _tn)Z (tn_7 _3)2 a3p
) = pa) + Ly -+ SP e S [ 8 )
tTl

Subtracting these two equations, and using the result in the inner product term from the semidiscretization

of the variational formulation leads to:

EED P 5 (5 4 (ke 7,

in which we have defined that:

T1+1

(t“_i _ 8)2 a3p (tn+2 _ 8)2
R J e — ()d+ —at3()ds.
t“‘i
Similarly, for E and H, we have the following:
E(t“+z) E(t““) oE = =
LE) = (e—(t"),E RY,E
(e ) = (e ("), B) + (eRY,E),
HE™ ) — H(t™) ~ OH 1, ~ 1 =
(u ( )At ( ),H> = <M¥(tn+2),H> + <[,LRE+2,H>,
and in each of which we have defined that:
n+id
t ( n-1 )2 aBE tee (tn+ )2 63E
1 th72 -5 2 -5
RTF} = E T (S)ds+ \[ T ( )dS ’
a1 o
.t 2

n+l
vt 2 aSH e (tn+1 )2 a3H

+1 1 [ (t"—s) s

RT;IZ.:E 5 F(s)d+JT —(s)ds| .

t el

t 2

Using these terms in the weak formulation as in Equations (3.2a) to (3.2¢c) at time t = t™ for p and E terms

and at time t = t"*7 for H and with the definition that:

t2) 4 u(t 2 f(E™F1) + (L7
f(tn) = LL( 2)2u’( 2), fH(tn+%):: H( )2 H( )’

where f is either of f,, or fg, and using the Taylor remainder theorem again with:

u(t™) futh) L () = B+ HEY) v
H 4

t™) = - =
u(t™) : 49 .
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where u is either of p or E, and in which we have defined that:

l

1 o
J (t”+' s)—(s)ds— J (t“'z —s)—(s)ds ,
nl
"2
tn+1 ) tn+% »
nel 1 o O%H O2H
T = 5 I (- S)W(s)ds - (t" - s)w(s)ds ,
1 tn

2

and then subtracting the implicit leapfrog semidiscretization as in Equations (3.4a) to (3.4c) leads us to the
following set of equations:

-1
n+— n-j

(o) L (e el ) VR = (Rp eV ),

1 n+j n-3\ ¥ €2+% 62_% T L) i T n n n+y =
E(V(ep +ep ),E>+<£A—t,E> 2<eH +eH,VxE>=<eRE+Vrp—V><rH ,E),
N iy s Lows (e 4 €™ ) D) (uR™ 4 vxrn T
(u e F) + 5 (Vx (e 2 +ep ) H) = (R + VxR, ),

Likewise, for the semidiscrete approximation of the initial system as in Equations (3.5a) to (3.5¢), we obtain
for their errors the following system of equations:

(B ) Lo (eh b)) = (3R + 57409

1,00} —ed 1 - 1
2(V(e+eh) By + (e At/ZE,E>—§<eL+e?4,VXE>=<2R0+2Vr ~Vxrl,E),

;eH,ﬁ) + %(V X (eé + e%) JH) = (uRél + %V x 19, H),

and we define the initial remainder terms as follows:

1
t2
1 (tO - s)2 ?u (t2 =572 °
0o ._ -
Ru= 7 at3( S)ds + J atB( |
%
] .

1 0_¢)2p3 t! — )2 9%H
R | [ S5 S as+ [ S50 was)
At 2 ot3 2 ot3

t0 t%
3 )
t2 t4
1
= 5 (tz — s) (s)ds - J(to - S) (S)ds ,

0



109

I NI—

j( th - S)—(S)ds — J(to - s) (s)ds )

Now by choosing appropriate test functions for these two systems of equations as in Theorem 3.8 and by
repeating the arguments for summing over n = 1to N — 1, we get:

1+At

N-1L N-1
llep 21150 +lleg 2112+ llefilly < 7= [lepliee + lleglle + llediIi] +

z
-

At
1-At

n=0

n+ n+ n+l
[2 (Hep 120+ llef 212 + ey ) + (IR + IREI + IREy 11

1 - 1 - n+l
HIVERIE + VI + eIV xR + eV xR ) .
Applying the discrete Gronwall inequality similar to Theorem 3.9, we obtain the estimate:

N-1

N-3 2 N-3 12 N2 6At 2 2 n+o 2 2
llep M50 +lleg “lIc + lleylly < 5 (||RE||£71 +IRENE + IRy PG + IVrplli + [IV-TEll

n=0

el Vx4 el 1||V><rn+2|| ) exp (4T).

= (NI, + Q12 + lleby 2

Now, for the Taylor remainder terms on the right hand side of this equation, using arguments similar to that
in Theorem 3.8, we can obtain the following inequalities:

N-1 3 2
YRy, < S|P
-1 < 7
=0 Ple 20 6t3 LZ(OrT?I—i,ﬁ—O-))
N-1 2
Y Rz < AU
e X 7
s 20 {198 I2(0,112(0))
N-1 2
”Rn+%”2 - (A1) || 9%H
=" 20 198 |20 1200
N-1 3
Z”Vrnnz < (At) aZ (Vp)
Pllet = yg ot2 2 ’
— 120, T;L2 ()
N-1 2
||V . Tn||2 < (At)B aZ(V : E)
Elle = "yg ot2 ’
=0 L2(0,T;L2(Q))
o gz o OOV XE)|P
”V X TEHE < 48 atz ’
o 120, T;12(Q))
o e - ARV xH)|?
IV x il < T > .
0 ot 2o 112(0))

As a result, we can finally obtain:
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N-1 5 N-3 12 N2
llep *llcs +lleg *MIE + lley Il

2

< i(At)4 a3_p a3_E ’ ag)_H ’
50 W llorrz,) 198 leeriza) 19 leerza)
2 2 2
4 (Ap* 0% (Vp) N 0*(V-E) felp? 0*(V x E)
40 ot2 LZ(O,T;Lii] (Q)) ot2 L2(0,T;L2(Q)) ot? 12(0,T;L2(Q))

RV x H)|]?
-1,.-1

+ J——
©H ot2

7
+ §(||€%||25_1 + 112112 + 1€, 117) | exp (4T).
L2(0,T13(Q)

Finally, using the regularity assumptions for p, E and H, and 1- and 2-norm equivalence, we obtain the
required result:

N-3 N-3 N 2
lep *lle-t +lleg 2lle + llefilln < C (A + lled ]l + llelle + lledy Il ] - O

3.4 Error Estimates for Full Discretization

We now present the error analysis for the full discretization of the Maxwell’s equations using finite elements
and with our two time integration methods .

3.4.1 Crank-Nicolson Scheme

For the Crank-Nicolson scheme as in Equations (3.3a) to (3.3c), using a de Rham sequence of finite dimensional
subspaces of the corresponding function spaces for the spatial discretization of (p™, E™, H™), we obtain the
fﬁllowing discrete problem: find (pj,, Elr, HY) € Up X Vi, X Wy, C lil;1 (Q) x lilg(curl; Q) x Hy(div; Q) such
that:

Ph PR e 1
~ -1 ~\ _ -1 _~
(Ft—B) - (5 (B ERY) V) = (5 (f + 170) B (3.19a)
1 n n-1y ¥ EE_EE_l T 1 n n-1 T 1 n n-1} F
GV (Pr+pp) B) + (e ) - G(HE+HR) VX E) = (G (ren) E) Ga%D)
1 N = HY —H ! 1 N =
(GVx (ER+ERT) ) + (=B ) = (5 (1 ) ). (3.19)
for all (T),E, ﬁ) € Up X Vi X Wy, and forn = 1,...,N given (p%, E(})v H%) € Up X Vi X Wy. Let ﬂ% :

li{ifl(Q) —> Uy, ﬂ%t : ]ile(curl; Q) — Vyp and ﬂ%l : lilu(div; Q) — Wy, denote the respective smoothed L2
projection operators as in the sense of [Sch08; Chr07] and a detailed discussion is available in [AFWO06].
We wish to note that in the classical setup, the approximation results similar in flavour to the smoothed
projection operator in case of scalar functions would be the Bramble-Hilbert lemma as in, for example [BS08,
Lemma 4.3.8], for vector fields in H(curl) as in [EG21a, Theorem 16.10], and for H(div) vector fields as
in [EG21a, Theorem 17.5]. However, these results do not apply in our case either because they require
stronger conditions and then provide a higher approximation order than in the case of smoothed projection
in Bramble-Hilbert or a weaker rate of convergence for H(div) fields. Finally, for the initial conditions , we
simply set:

p) =TT} po, EY, =TT} Eo, and H). := TT3 Ho, (3.19d)
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for purposes of our analysis but computational obtain these using the L? projections of the analytical
solutions. Now, we define the error for p, E and H at time nAt under the full discretization as:

Bh =pth) —pp =n" - nR, (3.20)
e =E(")-Ep =("- (321)
ef, =H(")-H} =& - &7, (3.22)

and in which we have the following definitions for the newly introduced terms:

=p(t™) —Thp(t™),  nft=pp —Tp(t™), (3.23)
M= E(EY) - TTLERY), O = ER - T ERM), (3.24)
= H(t™) - T HE™), & = H* - TTLH™). (3.25)

With this, we can now state and prove our theorem for convergence of errors in the full discretization of the
system of Maxwell’s equations using the Crank-Nicolson scheme.

Theorem 3.13 (Full Error Estimate). Let p € C3(0,T; Foli_l(Q)), E € C30,T;H(curl; Q)), and

H e C3(0, T;loﬂu(div; Q)) be the solution to the variational formulation of the Maxwell’s equations as in
Equations (3.2a) to (3.2c), and let (p}y, ET, HY) be the solution of the fully discretized Maxwell’s equations using
the Crank-Nicolson scheme as in Equations (3.19a) to (3.19c¢). If the time step At > 0 and mesh parameter h > 0
are sufficiently small, then there exists a positive bounded constant C independent of both At and h such that the
following error estimate holds:

llepyllet +lleg, lle + lleqy, llu < C [(At? + T +h(At)*],

where the finite element subspaces Uy, Vy, and Wh, are each spanned by their respective Whitney form basis of
polynomial order v > 1.

Remark 3.14 (Sufficient Regularity ). The approximation error bounds in [AFW06, Theorem 5.6] for the
smoothed projection operators are for provided for projections from spaces of smooth differential forms onto
polynomial subspaces. Since we rely on these estimates for bounding the full error of our discrete solution,
therefore we require sufficient reqularity of the solution in the variational posing of the Maxwell system in
Equations (3.2a) to (3.2c). The sufficiency will depend on the polynomial subspaces being used. For degree v
polynomial subspaces, these can be taken to be lili_1 (Q)NH™(Q) for the scalar field and He (curl; Q)N [H"(Q)]¢

or lzlu(div; Q) N [H"(Q)]¢ for the vector fields where d = 2,3 as the case may be, and [H"(Q)]¢ denotes
component wise H"(Q) vector fields.

Proof. First, we shall subtract the set of equations for the full discretization as in Equations (3.19a) to (3.19¢)
from Equations (3.9a) to (3.9¢), and then use the error terms in Equations (3.20) to (3.22) and thereby obtain:

el _en—l . 1 N 1 _
(e ) - (e (e, + i) VP) = 3(Rp + €V B),
1 ef, et = 1 1 =
SV (ep, + Vepr!) By + (e B) — (e, + el VX E) = S(eRE + ViR - VXl ),

_<vX(en +ep ) )+ .~ i, F) = (uRE +V x 7, )
2 En Eh 4 p‘ At 7 2 }J» H E’ .
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Next, using the values of the error terms ey , egh and e;‘lh as in Equations (3.20) to (3.22) in the above
equations, we get:

n—l) _

At

n"-n nr-npt) 1 . o) o 1, L
<( (% ~ i ),p>—§(s(cn+cn e (crr ) VB) = SRy + eV 1 B),

1 N . N . _ (Cn_cn—l) _ (Cn_cn—l) _
E(V(n +1n 1)—V(nh+nh 1),E>+<s At h h ,E)

_ %((gn +&M) - (g4 En!), VXE) = %(eRTE‘ +VIn -V xR E),

an_an—l _ (z_'n En 1
(g L Ve (04 7)o (@4 7)) = 0+ k)

Since these equations are true for all (p,E,H) € Uy X Vi, X Wy, we choose p = —2Ate™! (M +np),
E = —2At (G + Cﬁ‘l) and H = —2At (& + E,T}t‘l) and using the fact that VU, € Vi and V X V;, € W), we
obtain:

27 (g —npt) e 20 (G - ) e Y+ 2t (e - ) e e
=27 (=) g e 20 (= ) g T 2 (Eh - a0 e e
AR =V r e (7 + 0] 7))+ AR—eRE —Vrf VX, G+ ) + AR — VX, ER +ER).

(3.26)

Consider that ™! (n™ —n™™1) = ¢ (I-T1%) (p(t™) — p(t™!)) by Equation (3.23). Using the Taylor theorem
with remainder as in Theorem 3.8, applying the Cauchy-Schwarz, AM-GM, and Triangle inequalities, we
have the following resulting inequality:

_ _ _1
(e l(n“ n" ) e +npETh) = Ate 1(1—170) a]z(t“ ), +ntt)

At _
+7<€1(I_ﬂ%) ,ﬂh+ﬂh >

At 2
< =
2

(I- ”?1) (t“_f) TMIRR [+ 24t Iy 2., + Inj: 1IIZ]

5‘1 €

Similarly, using Equations (3.24) and (3.25) for the error terms for E and H, we obtain:

2 2

_1 _
)Xt M jR? +2At[||c;:||% Ll 1||%],

e(cm =) e < —[
>

£

(1-TR)RE +2At[||a;1ui + ||a;:-1||ﬁ].

2
OH
nﬁ)T(tn—%) +
u

wlem-em) ep v e <

i

Using these inequalities for 1, ¢ and & in Equation (3.26), we thus obtain the following estimate:

[Iln [ 1y ot (Y e[y 1II§+|IEL‘IIi—IIEE‘1IIﬁ]

2 2

+

&=

2
+|[(T-TT} )RR

€

oE .1
([=TH) 5= (E"72)

ap 1 2
r[O n—s
W)

e-1

ﬂ(}’l)Rg

€
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2

+|(I= rfz)—(t"_f) T =TEORE + IRIZ + IRENZ + IRF T + VIR, + 1V - 1112
n

-1,-1 2, 1,1 2 2 12 2 12 2 1
+e p T [[VXTEllL +e IIerEIIH+3(|InL‘II A IR IGRIE + NG + HER I + IER I )]

Summing fromn =1 to N, we get:

op P
0\YF (in—5
M3 2|

2 2 2
Inp il + GRS + ER T

N
MNP+ NI+ IEN TS < 3at )
n=0

2

N
+ At Z
n=0

2
oH 1
2 1

(I- ”h)ﬁ(tn 2)

2 2

+

€

2
oE 1
b )—(t"2)|| +
h’" ot .

TR

T ORE

+{|(I = TT2)RY

€ 0

2 2 2 2 2, -1 -1 2, -1 -1 2
+ RGN + IRENE + IRE L + Vgl + IV-rglle + e IV Xl + e u IV XTIl

i

IR+ NGNE + HER I |-

We next apply the discrete Gronwall inequality by setting & = At, go = ||n$1||27l + ||C0 ||2 + ||<EO ||2
0 _1 -1
= IIHL‘IIZ_l+||CE||2+|I<E“|I2,bn- 0,cn = [I(I-T19) p(t” 2)||2_1+||(I TRIRD 2, +I(1-TT} ) (tn 5)|2+
[I(1=TT)RE(IZ + I(T-TT3 ) (t“_f)ll2 +[(T=TI)RR I +|IRBII§_1+|IRE||%+||Rﬁ||ﬁ+||VTEII§_1+||V-T’E‘||%+

TV x24T -1||v X112, and yn := 3, and with oy, = (1 — 3At)"". Note that for the condition
yné <1to hold we that At < 1/3, and using that (N + 1)At =T + At < T + 1/6 for At < 1/6, we get:

N 2 2 2
0 _1 OE, 1
IR + N2 + IEN I < At Y [la-TR)Zoas) MIRG 1+H<I—ﬂi>a<tn :)
n=0 [ £~ £
2 OH ) 2 2
HC=TORE |+ | (I=TT) = ()| + I=TEORE -+ IR + IREIE + IRFIE + (VR + 1V - g 11
£ 1 i

F e VxR + eV xraui] + (IR + IERIE + NERIIE] | exp (6T +1).

Using our estimates for the Taylor remainders from Equations (3.11) and (3.14) for these terms on the right
hand side of the above inequality, we further get that:

N 2 2 2
(Ap)* °E o0°H
Aty [IRBIZ +IREI + IRRI| < <= =5 - 5 :
n=0 L2(0,T;L2_, (@) L2(0,T;L2(Q)) L2(0,T;L2(Q))
and that:
N 2
4 - (At)* []|9 (Vp)
Aty [IVERIRL + IV 212+ Y xR + e Y < < >
. 12 2 |20 102
n=0 L (O/T/La_l (Q))
(v -B)|P 2V x B) P 2V x H)|I?
+ % + 8_1|.l_1 % + 5_1 H_l % .
ot* iz m2(0)) ot iz 112(0) ot 2o m12(0))
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Now, for p € lili_l(Q), E € He(cur; Q) and H € lilu(div; Q), there exists positive bounded constants Cy p,
Co,p, C1E, C2E, C1,H, and Cy K such that we have the following error bounds for the 12 projections:

0 op, 1
1-T19)—= h'|| = (t""2 I-TIORY| < Cpph'|[RT]
”( h) ot Cl,p ‘ at( ) 5—1, ( h) P . CZ,p ‘ P o
OoE oE
”(I—ﬂ%g—(t“-%) < Cren’|| == )|, (I-TIORE|| < Coeh’[RE
£ € &
2 T oH 2\pn T|lpn
(I—ﬂh) < Cnh (I_ﬂh)RH < Cynh RAIl -
m n
Set Cp := max{Cip, C2,p, C1,E, C2.€, C1,1, C2, 11 }. We therefore have that:
N 2 2 2
0 _1 oE 1 OH, 1
sy ||a-many +H(I—n;>a<t“ h + '(I—ﬂ@ﬁ(tn b |,
n=0 € € H
N 2
op . oH
< Coh?™ y At|||==(t (e t ,
Syt Y LS ]
n=0 i
T 5 )
< cohhj H—p(tn-%) ‘—(t“'i)
ot -
0
e |2 2 ‘E)E 2 oH|]?
= 0 —_— - . 7
ot LZ(O,T;L;](Q)) ot 12[0,T|xL2(Q) ot L2[0, T]xL2(Q)
and likewise for the L? projection of the remainder terms:
N
At (@=TEORRE + |l = THORE + (X = TR |,
n=0 et e W
< Coh?" Zm [ R3 N2 () + IRE iz o + IR (Q)]
n=0
o (A [[[3p P %I PH|P
< Coh'—=|>53 33 33 :
5 ot 20T, (Q)) Ot flizporixiz) I OF llezjo 1ixi2(a)

Now, we take ph Y nPo, EO IT%IEO, and H(})l = ﬂ%l Hop, and note that there exists positive bounded constants
M1, M, and M3 such that:

2 2 2
0 oE oH
_p =+ ||— + || < Ml/
ot LZ(O,T;Li_l(Q)) ot L2[0, T]xL2(Q) ot L2[0, TIxL2(Q)
3p| O3E | B3H|]
g — <My,
ot LZ(O,T;Li_l (Q)) ot L2[0, TIXL2(Q) ot 2[0, TIXLZ(Q)
2 2
9 (Vp) 2B N
o2 ot iz

L2(0,TiL2_, (Q))
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2V x B)|I?
ot2

2V x H)|P

+ £
ot2

eyt 171 < Ms.

L2(0, T;L2(Q)) L2(0,T;L%(Q))

Consequently, we have the following estimate:
NN 122+ IGNIE + IEN I < C[RT +h (A0 + (Av)*],

where C = max{CoMj, CoM>/5, M /5, M3/12} exp(6T + 1) which then using the equivalence between 1-
and 2-norms gives us that:

Iy e + 1R e + IER T < C1 [R7 + R7(AY* + (A1),

where Cq = 2\/6 . Also, there are positive bounded constants 6;, E; and a such that:

Nl = 1T =TPEN e < CGRIPE2 () = NNt < CohT,
Q)
KN e = A =TEDEEM)Ie - < GhTIEE)ll20) = IVl < CahT,
IEN N = NA=TROHE N, < CahTIHEY20) = 1EN I < Cah,
H

in which C, = E;||p(tN)||Lz_l(Q), Cs = allE(tN)HL%(Q) and C4 = GHH(tN)HLi(Q) are all bounded positive
constants due to Theorem 3.5. Finally, this provides us with our desired result by choosing C = C1+C+C3+Cy:

N,h N,h N N N _ N N N
llep: et + lleg ™Mle + ey e = N =ni e + 1EN = Ylle +1EN = €N Il

< C[(A)? +h" +h'(At)?]. O

3.4.2 Implicit Leapfrog Scheme

For the implicitleapfrog scheme as in Equations (3.4a) to (3.4c), using a de Rham sequence of finite dimensional
subspaces of the corresponding function spaces for the spatial discretization of (p”+% Ents, H™*1), we obtain

the following discrete problem: find (ph+2, EnJr2 H"“) € Up X Vi Xx Wy, C H1 L X He (curl; Q) x Hu(dlv Q)
such that:

Pn+% - Pn_% £ n+l n-1
() - (5 (BN HER ) VB) = (F), (3.27a)
At 2
1 1 noly AR o I 1 - _
(37 (p;‘ Fpp ?) E) + (e E) - <E (Hp*1+ HE) VX E) = (7 E), (3.27b)
Hn+1 HM _ 1
h h n+i n+i
(u—e e F) + ( SV (BN +Ep ) m) = (72, 1), (3.27¢)
for all (5,E ﬁ) € Up X Vh X Wy, and forn € { 1,. —1}. The n = 0 bootstrapping as in Equations (3.5a)

to (3.5¢) leads to the discrete problem: find (p2 E2 H1 n) € Un X Vi X Wy C H1 | X He (curl; Q) x ﬁlu(div; Q)
such that:

<phAt/zh P) - ‘< (E}% + E?L) ,VP) = (12, D), (3.284)
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1
1 . EE _ EO _ _ N
it (p%‘ ’ pg‘) B+ (e Zt/2h'E> - <% (th + H%) ,VXE) = (fL,E), (3.28b)
HL - HO . B L
(0 )+ i(v « (Eé +ED) A = (12, 1), (3.280)

for all (p, E, ﬁ) € Up X Vi X W), given (p%, E%, H%) € Up X Vi X Wh.

Using the same projection operators 10, T} and T[%L for p, E, and H, respectively as described in Section 3.4.1
we again set
p? =TI po, E® =TT} Eg and HY := T2 Hy. (3.28d)

Similarly, we define the errors for p, E and H here as follows:

1 1 3
epn? =P —pp T =t o (3.29)
er, T E() - ET% =" - CT%, (3.30)
e =HEM -HE =g -gr, (3.31)

and in which we have the following definitions for the newly introduced terms:

1 1
NI = (1) —TRp(E™),  mp Y=y 2 - TOp(tY), (3.32)
1 1
CVE=E(EV) S TEY), ) =By TR, (3:33)
EM = H(t™) — TR H({M), gV =HP} - TILHEM). (3.34)

Theorem 3.15 (Full Error Estimate). Let p € C3(0,T; Foli_l(Q)), E e C30,T;H(curl; Q)), and
H e C3(0, T;lilu(div; Q)) be the solution to the variational formulation of the Maxwell’s equations as in

Equations (3.2a) to (3.2¢), and let (pr%, En+% , HIY*1) be the solution of the fully discretized Maxwell’s equations
using the implicit leapfrog scheme as in Equations (3.27a) to (3.27c) and (3.28a) to (3.28c). If the fixed time step
At > 0 and the mesh parameter h > 0 are sufficiently small, then there exists a positive bounded constant C
independent of both At and h such that the following error estimate holds:

N-1 N-1
llepy, *llet + lleg, *lle + llegy, Ilu < C [(At)* + h™ + h"(At?],

where the finite element subspaces Uy, Vv, and Wh, are each spanned by their respective Whitney form basis of
polynomial order v > 1.

Proof. As with all our proofs for theorems corresponding to the implicit leapfrog scheme, our proof here
will mimic that for Theorem 3.13 mutatis mutandis. Nevertheless, we shall describe it to some detail next.

We start from the variational formulation for the error terms n, ¢, &, and their discrete analogues:

1 1 n+i n-1
( — P) -5 (e ((cm% + cn—%) - ( M cfz)),vg) = (RN + ¢V 17, 5),

Cn+% — Cn_% _ C“+% _ Cﬂ—% N
( )At( - - )fE>
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(e e en) - (g - ) VX E) = (eRp ViR - r L E),

T R fy Lo (oot (e ) = v ).

Now, using appropriate test functions similar to their choice as in the proof of Theorem 3.13, the exactness of
the discrete de Rham sequence of finite element spaces, Equations (3.32) to (3.34) Taylor’s theorem with
remainder, Cauchy-Schwarz, AM-GM, and Triangle inequalities, we obtain the following estimates:

2
e-1

n+i 2 n-1 2
22, + Iy, 2||£_1],

2
1 -1 0
2(e”! (n“% —n“‘%) My 2y 2 < At ﬂ%)a—fz(t“) MIRY
&

+ 4At

1 + n— 1 1 aE 2 1 2
2e (- ), G T ) < M3 M| +{|1- MR
n+l n-1
N | el P Tl ]
2
2<u(a““—a“) g+ EM) < At ﬂi) (t“z) +||(I- ﬂi)R‘“z ]
98

+4At

12 2
NER™ I + ||5,Tﬁ||p]~

Similarly, we will have an estimate for the errors for the initial p%, E? and H!. Combining these estimates
and invoking the necessary arguments as in the proof of Theorem 3.13, we arrive at the following inequality:

N-1 N-1 1+ 3At
Iy 2+ 012 HE + HENIE < g | Il + 11, ||2+||a°||2]
N-1 2 2
6At n+ n+ At
+ 22 + 22+ n+12 I=TT tn + I_r[() R™
1_3&[0 I 22+ 12+ HERTIR | + = 3At (1-119) %2 |- TRORG
n=
OF 2 2 . 2 2
ni)a(tn) +|(I= ”%L)RTEL nﬁ)ﬁ(fwz) + |[(T— ]_[%L)Rrwz
€ € u o

2 2 40 2 2 . -1 -1 2, -1 -1 n+3 0
+IRp s +IRENE + IRy P + IVrp Il + IV-rglle + e u VX TElle + €7 p ||V><TH2||H]-

Now, applying the discrete Gronwall inequality with At < 1/18, we get that:

N-7 12 N-32 6At v 0,9P /\n ? 0\pn ?
My 12+ G 2+ IER IR ?Z M) ]|+ ][RR}
n= el el
OF 2 2 2 . 2
=TS + [T -TH)RE (1—rr2>—<t“+z> o L
€ € p B
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2 2 n+i 0 2 2, -1 -1 2, -1 -1 n+i o0
H RGN + IRENE + IRy 2l + IV llE + IV rElle + e VX gl + €70 ||V><TH2||H)

7
+ 2 (IS + 12 + IERI ) | exp (12T)

Using appropriate estimates for the right hand side terms in this equation as in the proof of Theorem 3.13,

0

and by setting poh =TT, Po, E% = ﬂiEo, and H% = IT%L]ZI, we finally obtain our required result:

N-3 N-3 N N-l  N-3% Nl N-3 N _ N
llep,, *lle-r +lleg, *lle + ey, llw=1m""2 =y e + 1772 =G0 P lle +1ET = &
< C[(At)* + h" + h"(AY)?] . O

3.4.3 Nonhomogeneous Boundary Conditions

We wish to close our theoretical discussion by reiterating that we have shown all our stability and error
estimates for the homogenous boundary conditions as in Equation (3.1b) for the system of Maxwell’s
equations in Equation (3.1a). However, standard arguments can be used if these boundary conditions are
nonhomogeneous and all our proofs can be suitably updated to obtain essentially the same stability and
error convergence results for the full discretization using both time integration schemes.

However, an important caveat needs to be stated with regard to Corollary 3.2 and, therefore, also Corollaries 3.6
and 3.10. A nonhomogeneous time varying boundary condition can also act as a source of energy and drive
time evolution of the pressure, electric and magnetic fields even when all right hand side forcing functions
are zero in Equation (3.1a). Thus, some additional technical qualifications are necessary to warrant energy
conservation for such cases, as otherwise, the energy can be time-varying and periodic. We do not know
what this precise technical quantification is and leave it to future work, and we do not need it here for our
results.

3.4.4 Discussion

In summary, our main theorems in this chapter are Theorem 3.13 and Theorem 3.15. They each state
that the Maxwell’s equations posed variationally as in Equations (3.2a) to (3.2¢c) can be correctly solved by
the Crank-Nicolson method or our newly defined implicit leapfrog method, respectively, in conjunction
with mixed finite elements forming a de Rham sequence. They are correct in the sense that, as we have
demonstrated, the L2 error of the finite element solution computed using an appropriate choice of basis
from the polynomial de Rham sequence with either of our considered time discretization schemes converges
to zero in the limit of both the spatial mesh parameter and time step going to a zero limit. The two methods
are both advantageous in that they are implicit and require no Courant-Friedrichs—-Lewy (CFL) condition
limiting the time step size in terms of the spatial mesh parameter for a given discretization of the domain Q.

Our two main tools in obtaining these error estimates are the discrete Gronwall’s inequality 1.10 for
obtaining the temporal estimate and the smoothed projection operator providing the bounds for the spatial
error [AFW10, Theorem 5.9]. The latter only provides L? error estimates for the projection assuming
sufficient elliptic regularity. In this chapter, we have fixed our spatial choices to be vector calculus analogues
of the HAX(Q) spaces of smooth differential k-forms resulting in our choices of ﬁi_l (Q), He(curl, Q) and
lzlu(div, Q) with sufficient regularity. A crucial outcome of our analysis with the smoothed projection

operators are that the L? errors in the solution only provide a convergence rate of r for the choice of degree
T polynomial vector subspaces. A higher convergence order of r + 1 is in particular not available in the
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approximation theory for the scalar functions. Our numerical evidence in the next section also corroborates
this explanation.

Our main results are themselves built on the temporal discretization results in Section 3.3. Here too, we have
been able to demonstrate that the L2 error of the time discretized variational formulation of the Maxwell’s
equations is convergent under the assumption that the initial conditions have zero error in their spatial
prescription. For us, this means that the initial conditions have the same elliptic regularity as the solutions,
and it appears that our techniques do not allow us to provide a graph norm or energy norm estimate for these
errors, for instance, as in [HR90; HS07] for a Crank-Nicolson finite element solution of the Navier-Stokes
equation in two or three spatial dimensions. This is in contrast with the solution of the Poisson problem
which does allow for such a ready generalization and one which is very well known [Arn18].

3.5 Numerical Results

We now present some empirical validation for our theoretical results for two model problems each on the
unit square in R? in Examples 1 and 2, and and on the unit cube R?® in Examples 3 and 4. Both our problem
domains are discretely realized as simplicial meshes. Our unit square has 1903 vertices and 3600 triangles
while the unit cube has 215 vertices and 560 tetrahedra. We performed all our computational experiments
with linear and quadratic finite element spaces of Whitney forms but only provide plots of solutions for the
quadratic case in R? and for both choices in R3. For all our example problems, we provide the analytical
solutions for p, E and H, the physical parameters € and p, and the initial and final times Tynin and Tax,
respectively. For all these problems, At = 0.01. All our boundary conditions are essentially applied in our
computations and the initial conditions are discretely obtained through L? projections of the analytical
solutions at t = 0. All integrals in our computations are obtained using sufficiently high degree quadrature,
and all linear systems are solved with a sparse direct solver . Our experiments are performed using code
written in Python with the standard scientific Python stack consisting of NumPy, SciPy and Matplotlib, and
also in part thanks to some utility support using the library PyDEC [BH12].

All our problem regions are simply connected domains, that is, with trivial relative homologies in all
dimensions. Our successive examples are, in spirit, an attempt to provide an “anti-ablation”-like study, that
is, we change only one aspect of the problem while holding others fixed. We have performed computations
with other general analytical functions in two and three dimensions as well and on domains with nontrivial
1- or 1- and 2-homologies as the case may be in RZ and R?, respectively, but we do not present any of those
here. We believe that our presented examples suffice for our purposes of illustration of feasibility and
validation of our theory.

Our last problems in Example 3.5 and Example 3.6 is a pointer towards a slight generalization of the system
of Maxwell’s equations as in Equations (3.1a) to (3.1c) the underpinnings and analysis of which we have not
addressed here.

Example 3.1: This problem consists of Maxwell’s equations posed on a unit square in R? with analytical
solutions, material parameters, initial and final times as shown below:

sin 7ty cos 7t

Sin 71 CoS 7T t] ,  H = (cosmy — cosmx)sint,

p:(), E:[

e=1, pu=1 Tain=0, Thnax =2

The boundary conditions for this problem are homogeneous for p and E. H here also has a zero boundary
condition since the analytical functions shown here are all technically the vector calculus realizations of
differential k-forms in R2. Therefore, for the 2-form H, in particular, the boundary condition is the pullback
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of this 2-form under the inclusion of the boundary into the domain and is thus vacuously zero. The results
of computations performed using quadratic Whitney elements as bases for each of the finite element spaces
and with the two time discretizations are shown in Figures 3.1 and 3.2 and Tables 3.1 and 3.2. We note
that the homogenous boundary conditions are all imposed essentially by incorporating them into the finite
element spaces. We also performed computations using the backward Euler time discretization but only
provide a plot of its energy as in Figure 3.9.

Example 3.2: This problem is posed in R> on a unit cube and analytical solutions, material parameters, initial
and final times as below:

sin 7ty sin 7tz cos 7t sin 7tx(cos 71z — cos 7ry) sin 7t
p=0, E=|sinmxsinmizcosmt|, H = |sinmy(cosmx —cosnz)sinmt|,
sin 7tx sin 7ty cos 7t sin 7tz(cos 7ty — cos 7rx) sin 7tt

€=2, u=1 Tain=0, Tnax =2

Like in Example 3.1, the boundary conditions are homogeneous for p, E and H and are essentially imposed.
The results of computations performed using linear and quadratic Whitney elements and with our two time
discretizations are shown in Figures 3.3 and 3.4 and Section 3.5. The energy computations are summarized
in Figure 3.10.

Example 3.3: The problem here consists of nonhomogeneous boundary conditions for p and E, and
homogeneous for H with analytical solutions, material parameters, initial and final times as shown below:

p = (cos 7tx + cos y) sin 7tt,

sin7t(V2t — x — y) — sin 7tx cos 7t .
E = . H=-V2 2t—x—1),
— sin7(V2t — x —y) — sin 7y cos 7t V2sinm(¥2t - x ~y)

e=1 p=1, Tmin =0, Tmax =2.
All boundary conditions for this finite element discretization are again imposed in an essential manner
by incorporating them into the appropriate function spaces. The results of computations performed with

quadratic Whitney elements are shown in Figures 3.5 and 3.6 and Section 3.5, and the energies are visually
summarized in Figure 3.9.
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Er, (Linear)

Hy, (Constant)

IE — Enlle, En € PT N ]ils(div)
h h

IH=Hnllp, Hh e Py NLE
h h

t h 5 1 h 3 T
0.24 3.08 x1072 1.54 x1072 7.68 x10™% 2.83 x10~2 1.41 x10~2 7.10 x1073
At 0.48 8.80 x10™3 4.88 x107™3 3.10 x10™® 4.04 x10~2 2.01 x10~2 1.00 x1072
0.84 3.65x1072 1.82 x1072 9.21 x10~3 2.10 X102 1.09 x10~2 6.10 x1073
1 4.12x1072 2.05x1072 1.02x1072 9.92 x10™% 6.24 x10~3 4.88 x1073
0.24 3.03x1072 1.50 x1072 7.48 x10~3 2.80 X102 1.39 X102 6.91 x1073
At 048 7.31x107% 355x107° 1.75x107>  4.01 1072 1.99 1072 9.93 x1073
2 0.84 3.60 %1072 1.80 x1072 8.96 x10™® 2.03 x10~2 1.01 x10~2 5.04 x1073
1 4.12x1072 2.04x1072 1.02x1072 7.32x107% 3.51 x10~% 1.95 x1073
0.24 3.02x1072 1.49 x1072 7.44 x10~% 2.79 x10~2 1.38 X102 6.84 x1073
At 048 6.63x107° 3.03x107° 1.36 x107>  4.01 x1072 1.99 x107% 1.99 x1072
4 0.84 3.61 x1072 1.79 x1072 8.91 x10™3 2.01 x1072 9.88 X107 4.89 x1073
1 4.10x1072 2.04 x1072 1.01 x1072  6.65 x10™3 2.75x1073 1.26 x1073

En (Quadratic) Hy, (Linear)

IE = Enlle, En € P; N He(div) IH = Hp|l,, Hn € PgﬂLﬁ

t h 3 b h 7 Y
0.24 9.91 x10™* 6.97 x10™* 6.78 x10™* 856 x10~* 7.40 x10~* 7.23 x10~*
At 0.48 9.55 x10™% 1.98 x10™3 1.98 x10™2 1.99 x10~> 2.68 x10~* 1.39 x10~*
0.84 3.07 x1073 1.68 X107 1.67 x10™® 1.80 x10™3 3.04 x10~3 3.03 x1073
1 4.13x1073 1.83x107% 4.19 x10™° 7.14 x10™* 4.12 x107% 4.12 x1073
0.24 580 x10~% 224 x10™* 1.73x10™* 6.98 x10~* 2.45 x10~* 1.86 x10~*
At 048 547x107* 498 x107* 4.95x107*  9.50 x10™* 2.37 x10™* 6.63 x10™°
2 0.84 7.70 x10™* 4.47 x107* 4.20x10™* 9.10 x10~* 7.70 x10~* 7.61 x10~*
1 720x107% 1.79 x10™* 4.51 x10~° 1.06 x10~% 1.03 x10~% 1.03 x1073
0.24 536 x10™% 1.46 x10™% 544 x10™° 6.75 x10~* 1.73 x107* 6.14 x10~°
At 048 2.63x107* 1.37x107* 1.25x10™*  9.50 x10™* 2.35 x10™* 5.90 x107°
4 084 645x%x107* 191 x107* 1.12x10™* 5.35x107% 2.27 x10™* 1.93 x10~*
1 7.25x107% 1.80 x10™* 4.51 x10™° 3.44 x10~* 2.65 x10~* 2.59 x10~*

TasLe 3.1: The L2 errors in the solution for the problem in Example 3.1 using the
Crank Nicolson time discretization for linear and quadratic spatial discretizations of
E and H. Note that in the mixed formulation of this Maxwell’s system, the choice of
approximating E by piecewise linear (respectively, quadratic) polynomial vector field
basis in H(curl) requires that H be then approximated using piecewise constant (linear)

discontinuous Galerkin basis in L2 in the two dimensional case for stability .
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En (Linear)
IE = Enlle, En € Py N He(div)
h h

Hp, (Constant)
IH—Hullp, Hh e Py N LS
h h

t h 2 h t h 1 o
0.22 3.22x1072 1.60 x1072 7.96 x10™3 0.24 558 x1072 5.00 X102 4.84 x1072
At 046 8.76 x1073 4.57 x10™3 2.81 x10™> 0.48 4.06 x1072 2.09 X102 1.17 x1072
0.82 350 %1072 1.74 x1072 8.82 %103 0.84 6.09 x10~2 5.80 x10~2 5.72 x1072
098 4.10 x1072 2.04 x10~2 1.02 x1072 1 6.78%x1072 6.72 x1072 6.70 x1072
0.23 3.11x1072 1.54 x1072 7.63 x1073 0.24 3.66 x1072 2.73 x1072 2.44 x1072
At 047 7.31x107° 3.40x107° 1.62x107> 048 4.02x107% 2.00 X102 1.02 x102
2 0.83 353 %1072 1.76 x1072 876 x10™> 0.84 3.48 x1072 2.98 x10~2 2.85 x1072
099 4.11 x1072 2.03 x10~2 1.01 x1072 1 3.35x%x1072 3.27 x1072 3.25 x1072
0.235 3.06 x1072 1.51 x1072 7.52 x10™% 0.24 3.02 x1072 1.80 x1072 1.35 x1072
At 0475 6.86x107° 3.03x107° 1.31x107° 0.48 4.01 1072 1.99 1072 9.94 x107°
4 0.835 3581072 1.77 x1072 8.82 %1073 0.84 2.45x1072 1.71 x1072 1.48 x1072
0.995 4.09 x1072 2.04 x1072 1.01 x1072 1 1.74x1072 1.63x1072 1.60 x1072
Et, (Quadratic) Hp (Linear)
IE—Enlle, En € Pgﬂﬁs(diV) IH = Hnllw, HhePgﬂLi
t n 3 4 t  h 3 B
022 7.43 x10™* 5.67 x107* 5.40 x10™%* 0.24 4.78 x1072 4.78 X102 4.78 x1072
At 046 1.84 x107% 1.82 %1072 1.82x103 0.48 6.22 x10~2% 6.15 x10~2 6.14 x1073
0.82 1.89 x1073 1.79 x10™3 1.78 X103 0.84 5.69 x1072 5.69 x1072 5.69 x1072
098 7.64 x107* 3.15 x107* 2.61 x107* 1 6.68%x1072 6.68 x1072 6.68 x1072
023 5.79 x107* 2.10 x10™* 1.55 x107% 0.24 2.34 x1072 2.34 X102 2.34 x1072
At 047 533x107* 479 x107* 476 x10™*  0.48 2.68 X107 2.52 x107> 2.51 x107°
2 0.83 7.67 x10™* 4.60 x10™* 4.35 x10™* 0.84 2.80 x1072 2.80 x10~2 2.80 x1072
099 7.20 x10™* 1.82 x10~* 5.54 x10~° 1 324x1072 3.24 x1072 3.24 x1072
0.235 542 x107* 1.47 x107* 529 x10™°> 0.24 1.16 x1072 1.16 x1072 1.16 x1072
At 0475 270 x107* 1.35x107* 122x10™* 048 1.47x107° 1.14x107> 1.12 x107°
4 0.835 6.41x107* 191 x107* 1.14 x10™* 0.84 1.39 x1072 1.39 x1072 1.39 x1072
0.995 7.24x10™* 1.79 x10™* 454 x10™° 1 1.60 %1072 1.60 x1072 1.60 x1072

TasLe 3.2: The L2 errors in the solution for the problem in Example 3.1 using the
Implicit Leapfrog time discretization for linear and quadratic spatial discretizations of
E and H. Note that in the mixed formulation of this Maxwell’s system, the choice of
approximating E by piecewise linear (respectively, quadratic) polynomial vector field
basis in H(curl) requires that H be then approximated using piecewise constant (linear)
discontinuous Galerkin basis in L? in the two dimensional case for stability.
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Er, (Linear)

Hpy, (Linear)

IE = Enlle, En € P{ N Fe(curl) IH = Hullw, Hi € P70 L (div)

t h h h h h h

2 4 2 4
0.24 3.53 x107! 2.46 x107! 1.14 x107! 4.86 x10™! 2.53 x10~! 1.27 x107!
At 048 127 x107! 9.54 x1072 4.11 x1072 6.99 x10~! 3.59 x10~! 1.75 x107!
0.84 4.61 x1071 2.80 x107! 1.32x107! 3.44 x107! 2.08 x10~! 9.74 x1072
1 498 x107! 3.09 x107! 1.49 x107! 1.56 x10~! 1.42 x10~! 5.81 x1072
0.24 3.53 x1071 2.45x107! 1.14 x107! 4.86 x10™! 2.54 x10~! 1.27 x107!
At 048 127 x107! 9.36 x1072 3.98 x1072  7.00 x10~! 3.60 x10~' 1.75 x107!
2 0.84 4.61x1071 280 %107t 1.33x1071 343 %1071 2.08 x107! 9.76 x1072
1 496x107! 3.06 x1071 148 x1071 1.59 x10! 1.44 x107! 5.73 x1072
0.24 353 %1071 244 x107! 1.14 x107! 4.86 x107! 2.54 x107! 1.27 x107!
At 048 127 x107! 9.30 x1072 3.96 x1072  7.00 x10~! 3.60 x10~! 1.76 x10~!
4 0.84 4.61x1071 2.80x107! 1.32x1071 343 x107! 2.09 x10~! 9.83 x1072
1 496 x107! 3.05 x107! 1.48 x107! 1.60 x10™! 1.45 x10~! 5.69 x1072

TastLe 3.3: The L2 errors in the solution for the problem in Example 3.2 using the Crank
Nicolson time discretization for linear spatial discretizations of E and H. Note that in the
mixed formulation of this Maxwell’s system, the choice of approximating E by piecewise
linear polynomial vector field basis in H(curl) requires that H be then approximated
using piecewise linear vector field basis in H(div) in the three dimensional case for
stability.
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En (Linear)

Hp (Linear)

IE = Enlle, En € Py N He(curl) IH = Hull,, Hi € PY N F(div)
t h h h t h h n
0.22 3.67 x107! 256 1071 1.19x1071 024 4.88 x107! 2.64 x10™1 1.42 x107!
At 046 1.48x1071 1.04 x10™! 4.43x1072 0.48 6.95x107! 3.58 x10~! 1.75 x107!
0.82 4.44 x107! 2.70x1071 1.27 x1071  0.84 3.49 x107! 2.30 x10™! 1.24 x107!
0.98 5.02x107! 3.10 x10™! 1.49 x107! 1 1.41x107' 1.92 %107 1.12 x1071
0.23 3.60 x107! 250 x107! 1.17x107! 0.24 4.87 x107! 2.58 x107! 1.31 x107!
Ar 047 137 x107! 9.83x1072 4.15x1072 0.48 6.98 x10~! 3.59 x10~! 1.75 x107!
2 0.83 453x1071 2.76 x107! 1.30 x107!  0.84 3.44 x1071 2.17 x107! 1.06 x1071
0.99 4.99 x107! 3.07 x107! 1.48 x1071 1 148 107! 1.65x107! 7.85 x1072
0.235 3.57 x107! 247 x107! 1.16 x107! 0.24 4.86 x10~! 2.55 x10~! 1.28 x1071
At 0475 1.32x107' 9.53 x107% 4.04 x1072 0.48 7.00 x10~! 3.60 x10~! 1.75 x107!
4 0.835 457 x107! 2.78 x107! 1.31 x107'  0.84 3.43 x10°! 2.12 x107! 1.01 x107!
0.995 4.97 x10~! 3.05 x10~! 1.48 x107! 1 154 x107' 1.54 x107! 6.57 x1072

TasLe 3.4: The L2 errors in the solution for the problem in Example 3.2 using the Implicit
Leapfrog time discretization for linear spatial discretizations of E and H. Note that in the
mixed formulation of this Maxwell’s system, the choice of approximating E by piecewise
linear polynomial vector field basis in H(curl) requires that H be then approximated
using piecewise linear vector field basis in H(div) in the three dimensional case for

stability.
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Example 3.4: Our next example is on the unit cube in R? with analytical solutions, material parameters,

initial and final times as below:
p = (cos 7x + cos Try) sin 7tt,

sin 7(V2t — x — y) — sin 7x cos 7t 0
E=|-sinm(V2t —x —y) —sinmy cosmt|, H= 0 ,
0 —\/Esinﬂ(\/it -x-Y)

e=1, u=1 Tain=0, Tnax =2

Similar to Example 3.2, the boundary conditions for p and E are nonhomogeneous everywhere on the
boundary while for H it is nonhomogeneous in some parts of the boundary. The computational results are
shown in Figures 3.7, 3.8 and 3.10 and Tables 3.7 and 3.8.
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Example 3.5: Our next example is on the unit square in R? with analytical solutions, material parameters,
initial and final times as below:
P = (cosx + cosy)sint,

sin7(V2t — x — y) — sinx cos t
—sin7(V2t —x —y) —siny cos t|’

e=1, p=1, Tnin=0, Tnax=3.14.

E= Hz—ﬁsinn(\/it—x—y),

The computational results are shown in Figures 3.11, 3.12 and 3.15.

Example 3.6: Our final example is on the unit cube in R3 with analytical solutions, material parameters,
initial and final times as below:

sinysinzcost sinx(cosz — cosy)sint
p=0, E=|sinxsinzcost|, H = |siny(cosx—cosz)sint|,
sinxsinycost sinz(cosy — cosx)sint

€=2, pu=1, Thnin=0, Tmnax=3.

The computational results are shown in Figures 3.13 to 3.15.

3.5.1 Discussion

For all problems in our examples, the right hand side functions for the stated analytical solutions are all zero
in Equation (3.1a). We can readily obtain the analytical energies (||p||i_1 + B2 + ||H||fL) for each of these
problems by integration as:

Example 3.1 | Example 3.2 | Example 3.3 | Example 3.4 | Example 3.5 | Example 3.6
Energy at time t 1 ; 3 3 3+ &4(t) ; + Ex(t)
E1(t) = —% sin2 + (2sin1 +sin2)sin’t, &x(t) = 2 sin?2 cos 2t + ; sin2(sin 1sin? t — cos? t).

Consequently, the energies of the discrete solutions computed using the Crank-Nicolson and implicit leapfrog
schemes are indeed conserved for the various problems in Examples 1 to 4 and as can be seen in Figures 3.9
and 3.10. For a numerical check on the consistency of our computations we verify that for each of the four
examples, the backward Euler time discretization is dissipative .

With respect to the choice of higher-order finite elements, indeed choosing quadratic Whitney finite elements
does lead to a better approximation for the various solutions py;, Ejt and H[ at the appropriate time indices
and this is also evident from the solution plots which we have discussed. However, this effect is more
pronounced in R3, and therefore we provide the linear and quadratic spatial discretization solutions in
Figures 3.3, 3.4, 3.7 and 3.8.

Finally, in Tables 3.9 and 3.10, we provide some numerical validation for Theorems 3.13 and 3.15. We fix a
quadratic choice of basis for Examples 3 and 4, and study the behavior of the full error over a sequence of
refined meshes and for refined time steps. In particular, for our two dimensional triangulation of the unit
square, we choose a sequence of Delaunay meshes with their mesh parameters (for example, the longest
edge length) being h, h/2 and h/4 with h = 0.1. These correspond to meshes with number of vertices
and triangles to be (502,900), (1903, 3600) and (7405, 14400), respectively. Likewise, in three dimensions,
we use a sequence of three Delaunay triangulations of the unit cube with the number of vertices and
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tetrahedra being, respectively, (50, 68), (215,560) and (1181,4561). The coarsest tetrahedral mesh has a mesh
parameter of h ~ 1.0. We set the initial time step to be At = 0.04. Next, we compute the ratio of the error
||epNh||€-1 + ||eTE\’h |e + ||eEh || at the time step corresponding to T = 1 for (h, At) to the error for (h/2, At/2).
For the quadratic basis, this ratio should be approximately 4 computed using that the error is approximately
h? + At? + h?At2. The two tables then present this ratio for various solution schemes for Examples 3 and
4 using the Crank-Nicolson and implicit leapfrog methods. The computed ratios are in broad agreement
with the theoretical expectation given our rather coarse computational estimates. Finite element folklore
would require asymptotic estimates to be reliable with around a million degrees of freedom, and our basic
computations are quite some away from this requirement. Nevertheless, they add some credibility to our
theory and we leave more intensive computational validation to future work.

h h h h

2 4 2 4
4t 350 3.86 4t 217 1.35
4L 320 335 4L 197 056
&L 3.08 3.10 &t 228 224

TaBLE 3.9: The ratio of the error || eyh o1+ eyh I|e+]| e];‘lh ||, as in Theorems 3.13 and 3.15
computed at (h, At) to the error at (h/2,At/2) for the two dimensional problem in
Example 3.3. Left: The ratios for Crank-Nicolson discretization using quadratic spatial
basis. Right: The ratios for implicit leapfrog discretization using quadratic spatial basis.

h h h  h

2 4 2 4
4t 3.07 3.19 4t 223 206
4t 3.08 3.19 &t 266 222

TasLE 3.10: The ratio of the error ||epNh||£_1 + ||eTE\'h||5 + ||eEh||H as in Theorems 3.13
and 3.15 computed at (h, At) to the error at (h/2,At/2) for the three dimensional
problem in Example 3.4. Left: The ratios for Crank-Nicolson discretization using
quadratic spatial basis. Right: The ratios for implicit leapfrog discretization using
quadratic spatial basis.
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Ficure 3.1: Quadratic finite elements, Crank-Nicolson: Plots of solutions at dif-
ferent time steps for the problem described in Example 3.1 of Section 3.5 using the
Crank-Nicolson time integration and quadratic Whitney forms as basis for the finite
dimensional finite element spaces. The solutions for p are not shown due to them being

identically equal to 0. The computed solutions for E and H visually match with the
analytical solutions near identically.
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Ficure 3.2: Quadratic finite elements, implicit leapfrog: Plots of solutions at different
time steps for the problem described in Example 3.1 of Section 3.5 using the implicit
leapfrog scheme and quadratic Whitney forms as basis for the finite element spaces.
The computed solutions for E and H match with the analytical solutions near identically.
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Ficure 3.3: Linear and Quadratic finite elements, Crank-Nicolson: Plots of solutions
at different time steps for the problem described in Example 3.2 of Section 3.5 using
the Crank-Nicolson time integration, and with both linear and quadratic Whitney
forms as basis for the finite dimensional finite element spaces. The solutions computed
for E and H using the quadratic elements match with the analytical solutions near
identically while those computed with the linear elements have a somewhat pronounced
approximation error.
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Ficure 3.4: Linear and Quadratic finite elements, implicit leapfrog: Plots of solutions
at different time steps for the problem described in Example 3.2 of Section 3.5 using the
implicit leapfrog time integration, and with both linear and quadratic Whitney forms
as basis for the finite element spaces. The solutions computed for E and H using the
quadratic elements match with the analytical solutions near identically while those
computed with the linear elements have a perceptible approximation error.
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Ficure 3.5: Quadratic finite elements, Crank-Nicolson: Plots of solutions at different
time steps for the problem described in Example 3.3 of Section 3.5 using the Crank-
Nicolson time integration and quadratic Whitney forms as basis for the finite element
spaces. The computed solutions for p, E and H match with the analytical solutions near
identically.
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FiGure 3.6: Quadratic finite elements, implicit leapfrog: Plots of solutions at different
time steps for the problem described in Example 3.3 of Section 3.5 using the implicit
leapfrog time integration and quadratic Whitney forms. The computed solutions for p,
E and H match with the analytical solutions near identically.
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Ficure 3.7: Linear and Quadratic finite elements, Crank-Nicolson: Plots of solutions
at different time steps for the problem described in Example 3.4 of Section 3.5 using
the Crank-Nicolson time integration, and with linear and quadratic Whitney forms.
The solutions computed for E and H using the quadratic elements match with the
analytical solutions near identically while those computed with the linear elements
have a perceptible approximation error.
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Ficure 3.8: Linear and Quadratic finite elements, implicit leapfrog: Plots of solutions
at different time steps for the problem described in Example 3.4 of Section 3.5 using the
implicit leapfrog time integration with linear and quadratic Whitney basis. The solutions
computed for E and H using the quadratic elements match with the analytical solutions
near identically while some approximation errors are evident for the computations
with the linear basis.
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Ficure 3.9: Energy Conservation for Examples 1 (left) and 3 (right): Energy is conserved
for both Crank-Nicolson and implicit leapfrog time integration schemes with both
linear and quadratic finite elements for the experiments whose solutions are shown
in Figures 3.1, 3.2, 3.5 and 3.6. For contrast, we also show the energy decay using the
stable but dissipative backward Euler time integration scheme for both these problems.
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Ficure 3.10: Energy Conservation for Examples 2 (left) and 4 (right): The discrete energy
conservation for both Crank-Nicolson and implicit leapfrog time integration schemes
in R3 are numerically more robust with quadratic finite elements for the experiments
whose solutions are shown in Figures 3.3, 3.4, 3.7 and 3.8. For contrast, we again
show the energy decay for backward Euler time integration scheme with both linear
and quadratic finite elements. But, we also empirically validate that computational
errors in our second-order accurate in time implicit methods are useful vis-a-vis energy
conservation only by also using second-order accurate in space finite elements.
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Ficure 3.11: Quadratic finite elements, Crank-Nicolson: Plots of solutions at different
time steps for the problem described in Example 3.5 of Section 3.5 using the Crank-
Nicolson time integration and quadratic Whitney forms as basis for the finite element
spaces. The computed solutions for p, E and H match with the analytical solutions near
identically.
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Ficure 3.12: Quadratic finite elements, implicit leapfrog: Plots of solutions at different
time steps for the problem described in Example 3.5 of Section 3.5 using the implicit
leapfrog time integration and quadratic Whitney forms. The computed solutions for p,
E and H match with the analytical solutions near identically.
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Ficure 3.13: Quadratic finite elements, Crank-Nicolson: Plots of solutions at different
time steps for the problem described in Example 3.6 of Section 3.5 using the Crank-
Nicolson time integration and quadratic Whitney forms as basis for the finite element
spaces. The computed solutions for p, E and H match with the analytical solutions near

identically.
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N

Linear Hat t = 1.4800

Quadratic H at t = 1.4800
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Linear Hat t = 2.2200
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Analytical E at t = 2.9950

Linear E at t = 2.9950

Quadratic E at t = 2.9950

Analytical H at t = 3.0000

Linear H at t = 3.0000

Quadratic H at t = 3.0000

Ficure 3.14: Quadratic finite elements, implicit leapfrog: Plots of solutions at different
time steps for the problem described in Example 3.6 of Section 3.5 using the implicit
leapfrog time integration and quadratic Whitney forms. The computed solutions for p,
E and H match with the analytical solutions near identically.
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Ficure 3.15: Energy Tracking for Examples 5 (left) and 6 (right): The discrete energy
for these problems is time varying but bounded. Both Crank-Nicolson and implicit
leapfrog time integration schemes in R? (left) and R3 (right) are able to discretely exactly
track this varying energy but the backward Euler scheme for Example 3.5 is dissipative.
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Chapter 4

Two Frameworks and their Fourth-order
Implicit Schemes for Time Discretization of
Maxwell’s Equations

4,1 Introduction

In this chapter, we provide fourth-order implicit time discretizations of Maxwell’s equations in a three-field
formulation. Our original intent was to develop an arbitrary-order time discretization for this Maxwell’s
system in conjunction with a compatible spatial discretization of the field variables using finite element
exterior calculus (FEEC) [Arn18]. However, our attempt at extending an earlier work [AK25] from its
second-order accurate time discretization to merely a fourth-order accurate one led us to through not simply
a complicated set of analysis which we believe warrants its own description that we provide hereto, but also
that it helped us categorize into two classes a recipe for development of such methods. Our prescriptions
therein then helped us methodically concoct these two energy conserving and implicit fourth-order in time
discretization of the three-field Maxwell’s system. We term these two methodologies as being a spatial or
a temporal strategy. In our chapter here, we describe these two frameworks, provide the corresponding
fourth-order time discretization schemes they yield, carry out their respective error analyses for both time
semi-discretization and for the full error alongside a FEEC discretization of the spatial solution.

The inspirations for our two frameworks derive from [Fah09] for the spatial strategy and [BTT18] for the
temporal strategy. Our main idea in writing out a fourth-order time discretization is rather straightforward:
express the time component of the solution for each of the field variables in the Maxwell’s system using a
Taylor expansion (with the assumption that it is sufficiently regular) around a generic discretized time, and
then use the Taylor series for deriving a higher-order and suitably truncated discretization of the first-order
time derivatives in the Maxwell’s equations. This requires a meaningful way to approximate each of the
higher-order time derivatives in the Taylor expansion and our alternatives are to:

1. either use the Maxwell’s equations themselves repeatedly to switch all these time derivatives to
higher-order spatial derivatives, or

2. directly discretize the higher-order time derivative terms,

in the Taylor approximation of the solution. This can be enjoined with a spatial discretization by way of, as
we carry out here, finite element methods to arrive at a numerical solution for the Maxwell’s equations.
An earlier work [AK25] already provides two flavors of second-order time implicit discretization that is
also energy conserving and we seek their corresponding fourth-order generalizations here. [Fah09] set
out to provide a strategy for such a solution scheme in the context of discontinuous Galerkin methods by



148

transforming the higher-order time derivatives to higher-order spatial derivatives. This idea is superficially
similar to arbitrary-order non-oscillatory solutions for the advection schemes [MTTO01]. Several of Toro’s
works stem from this viewpoint, however, the similarity ends merely at this idea of recasting time derivative
into spatial derivatives. On the other hand, we merely carry forward Fahs’s particularly simple ansatz, in
itself originally credited to [YouO1] by Fahs, to its logical conclusion. This paves the way for our spatial
strategy discretization that we so name because the temporal higher-order derivatives are replaced by spatial
ones. On the other hand, Britt and coauthors in [BTT18] provide us with our idea for the temporal strategy,
namely, that we just replace the higher-order time derivatives in a truncated Taylor approximation with
suitably appropriate order finite differencing schemes. Again, using this principle, we can massage out
a fourth-order time discretization that is implicit and with an energy conservation. Our underlying idea
also somewhat superficially resembles or reminds one of the Cauchy-Kowalewskaya procedure which is a
higher-order numerical technique in the context of generalized Riemann problems; see, for example, [MB20].
The similarity here is that we also transform a single time derivative in a higher-order time derivative term
first by a spatial derivative from Maxwell’s equation. We then diverge in our formalism by factoring the
spatial derivatives through the time differentiations (given their mutual independence), and in temporal
strategy finally approximate these using suitably higher-order finite difference schemes.

Our main contribution in this chapter is outlining and analyzing these two different energy conserving and
fourth-order in time discretizations of the three-field formulation of the Maxwell’s equations, showing that
our proposed schemes are stable and converging in time at the correct rate of four as well as analyzing its
convergence in conjunction with a compatible FEEC discretization of this Maxwell’s system.

The organization of the rest of this chapter is as follows. In the remainder of this introductory section,
we provide a brief overview of the three-field formulation of the Maxwell’s equations, the two proposed
schemes, a compressed and just necessary background on some of the analysis tools we use, and a formal
description of the two frameworks which we have categorized for deriving such higher-order schemes.
Sections 4.2 and 4.3 provide the detailed stability and error analysis of our two proposed schemes. Finally,
in Section 4.4, we provide some validating numerical computations using our two schemes along with a
discussion and future outlook.

4.1.1 Three-field Formulation of Maxwell’s Equations

We again consider the three-field (p, E, H)-formulation of the Maxwell’s equations which is as follows:

P L v.eE=o,
ot
OoE .
Vp+£a—VxH:0, in Qx(0,T], (4.1a)
oH
4 VXE=
Hat+ X 0,

where Q c R?/R3 is a domain with Lipschitz boundary 9Q, and T > 0. We use the following homogeneous
boundary conditions:
p=0Exn=0,H-n=00n0Q x(0,T], (4.1b)

where n is the unit outward normal to 0Q), and with the following initial conditions:
p(x,0) = po(x), E(x,0) = Eg(x), and H(x,0) = Hp(x) for x € Q, (4.1¢)

Furthermore, the initial conditions are required to satisfy V- (eEg) = pg and V- (uHp) = 01in Q for consistency
with the time evolution. This formulation has already been studied in earlier works such as [APZ13; AHZ17;
Adl+21], and in particular we are continuing with the development of, and by suitably generalizing, the
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schemes for it and their analysis as in [AK25]. Consequently, all of our background in this chapter is already
well stated in [AK25] and we only provide here some essential details. As an example, we wish to restate
here again that the homogeneous boundary conditions is merely for simplicity of our analysis and all our
results can be extended to the non homogeneous case in a standard manner. We also wish to add that it
is possible to extend our method and analysis to nonzero right-hand side functions in Equation (4.1a) but
doing so will further complicate the analysis without providing any meaningful additional insight beyond
what we state in this chapter and prove for the zero right-hand side functions. A nonzero right-hand side
for the Maxwell’s system can be discretized using our principles in a straightforward manner.

The variational formulation for Equations (4.1a) to (4.1c) is as following: for t € (0, T], find (p(t), E(t), H(t)) €
li{if1 (Q) x }ilg(curl; Q) x ]ilu(div; Q) such that:

op — . -~ o
(32.7) - (£ VP) =0, PeHl, (), (4.22)
(V. E) + (90 ) = (H,VxE) =0, E e Ficfeurl; ), (4.2b)
(p%—T,ﬁ) +{VXEH), =0, HeHyu(div;Q), (4.2¢)

The stability and uniqueness of solution for this variational formulation can be found in [AK25, Theorem 3.1,
Remark 3.1]. As with the description therein, here too we assume that the solution (p, E, H) to the variational
formulation has sufficient regularity.

With this brief background, we present below our two fourth-order time implicit discretizations. We denote
the first scheme as LF; and it is derived using our spatial strategy. LF, is a generalization of the second-order
time implicit LF, scheme of [AK25, Equations 1.4(a)—(c)]. We label our second scheme as TS4 and it is
derived using our temporal strategy. TS, should be reminiscent of a fourth-order Crank Nicolson scheme,
for example, as in [BTT18, Equation 6].

To specify these schemes, we again fix some notation. We consider time [0, T] to be uniformly discretized
with a timestep At > 0. Then, t™ := nAt or D = (n+1/2)Atforn=0,1,...,N where NAt ~ T. We also
set u™ := u(x, t™) (and likewise for u“+%) for x € ) where u = {p, E, H} as appropriate.

LF4; scheme

Find (p(t™*1/2), E(t™*1/2), H(t")) € H! ,(Q) x Hc (curl; Q) x H,(div; O) such that:

1

+1__n-1 2
PP 2Atpn ~,P) - (% (Em% +E“—%),V5) + —Alg (%VV- (E“+% +E“—%),V5) =0, (4.3a)
1 1 1y = A1 1 1 - (SRS I L R
Grlrtormt) B - S5 Ge et o). vv B (EE

1 = At? )1 =
~ (5 (H1 4+ 1Y) VX E) = S (Sule IV x Vx (™1 + HY) VX E) =0, (43b)

Hn+l —H" ~ 1 1 1 .
(u—— ) + (5 V x (B 4 E7E) )
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At? 1 ~
+ (5 X (E“+% + E“—%) LV XVxH)=0, (43
forallp € li{;l(Q), EecH ¢(curl; Q) and He ]ilu(div; Q). In order to bootstrap the computations from the
given initial conditions, we will use the following restricted version of the scheme for the first half time step
for p and E, and for the first time step for H:

1 _ _ 1 - 1 A 2 —~
<p;t/§o,p> _ EG (E% + Eo) V) + 2 %(%vv : (E% + EO) ,Vp) =0, (4.4a)

~ 1 At2,1_/ 1 Ei—Fy ~
_<—V(p2 +p0),E>—§-E<§V(pz +p0),VV E)+ (e At/20’ )
1 — 1 A2 1 .
~ (5 (H'+Ho) VX E) = - T (07 VX Vx (H + Ho ),V X E) =0, (44b)
H'-Hy ~, 1,1 _
(v H) E(§V><(E%+EO) m)
1 A2 1 _
+§-E(§s‘1u‘1Vx(E%+E0),V><V><H>:O. (4.4¢)

TS, scheme

Find (p(t™*1/2), E(t™*1/2), H(t")) € H! ,(Q) x Hc (curl; Q) x H,(div; O) such that:

pn+1 _ pn 1 1
(7 = P) ~g(EMT +4E+EL, VD) =0, (4-52)
1 n+1 n n—l) T L =
5V (p * ‘1“’ ) B ey ] F) (4.5b)
(VX (H™ 4 4H™ + 1) E) =0,
+1 _pyn-1 _ _
<u%ﬁ) + %(v x (™14 4B + EV) F) = 0. (4.5¢)

forallp € lili_1 (Q), Eell ¢(curl; Q) and He li{u(div; Q). Note that this scheme requires no bootstrapping
and computations can begin from the provided initial conditions.

4.1.2 Two Strategies for Higher-Order Time Derivatives

We explain our strategies for obtaining a higher-order time discretization by using the following model
problem. Let u : Q x [0,T] — R belonging to an appropriate function space (for example, u €
He(curl; Q; 12(0, T)) N C=(Q, (0, T))) be the solution of the following partial differential equation (PDE):

ou

3t =Vxu onQx][0,T]. (4.6)
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We assume a uniform discretization of [0, T] as specified earlier too and let t™ := nAt,n =0,1,..., N where
NAt ~ T for some suitable choice of a fixed time step parameter At > 0. We now Taylor expand the solution

around t™ to obtain:

n+l _ un—l Atz aSu
2At 6 otd

where u™ := u(x, t™) for x € Q and O is the standard Bachmann-Landau notation. Then, our two strategies

can be explained as follows.

u

ou, , n
= S+ (™) + O(AtY),

Spatial Strategy: In the above Taylor series, we transform the higher-order time derivatives into

’u

higher-order spatial derivatives using the PDE itself. Thus, in our example, — = VXV XV Xu, and
so we now set up our spatially derived scheme to be a discretization of the following resultant PDE:

n+l _ un—l At2

u — n, =" n
AL =Vxu™+ 6V><V><V><u,

and we use carefully use FEEC principles for discretizing the spatial solution.

Temporal Strategy: In the temporal strategy, we first replace a single time derivative in all of the
higher-order partial time derivatives using the PDE, and then discretize all remaining time derivatives
using suitably higher-order finite difference schemes. The finite difference schemes for each of the time
derivatives are so chosen as to not worsen the fourth-order accuracy in our time discretization. Thus,
in our example, we replace one of the third-order time partial derivatives using Equation (4.6), and the
resulting second-order time partial derivative is discretized by a second-order accurate finite difference
approximation. In general, we will have more time derivatives and each of them will potentially require

u o%u (u“*l —2u™ +un!

a differen finite difference scheme. Thus, we obtain — = VX — ~ V X AC ,and

ot3 ot?
set up our discrete scheme to be the following;:

=Vxu"+ —Vx
2At w 6 At2

LLn+1 _ un—l Atz uTL+1 —2u" + un—l )

In both our above strategies, the spatial component of the solution is discretized using a compatible and a
suitably higher-order discretization using the de Rham finite element spaces as in FEEC. Applying these
principles to our Maxwell’s system in Equation (4.1a) leads us, respectively, to Equations (4.3a) to (4.3¢c) and
Equations (4.5a) to (4.5¢) as our proposed fourth-order time discretization schemes.

4.2 Characterization of LF; Scheme

4.2.1 Time Discretization Stability

For our implicit LF, time discretization scheme as in Equations (4.3a) to (4.3c) with bootstrapping using
Equations (4.4a) to (4.4c), we now show that the semidiscretization in time yields a stable method. We also
provide the error analysis to show its fourth-order convergence in time in terms of a sufficiently small time
step At > 0. For the LF4 scheme, we define the discrete energy at time t™ to be the following;:

1 1
E™ = PN 2L + IEN T2 + (HN R (4.7)
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Theorem 4.1 (Discrete Energy Conservation). For the semidiscretization using the LFy scheme as given in
Equations (4.3a) to (4.3c) and (4.4a) to (4.4c), for any fixed time step At > O sufficiently small, we have that:

_1 _1
E™ = [lp™N 212 + NENT2I2 + [IHNIZ = [Ipoll>-, + IEollZ + IHoll?, =: &°.
Proof. Since Equations (4.3a) to (4.3c) are true for all p € lili_l (Q), E € He(curl; Q), H € Iilu(div; Q), using

P = 2Ate7! (p“+% +p“‘%), E = 2At (E“Jr% - E“‘%) and H = 2At (H™! + H") in them, we obtain the

following:

2<pn+% _pn—zl 8_1 (pn+% + pn—%)> _ At<En+% + En—%’v (.pn+% + pn—%)>

3
+ %(vv- (Enrh e End) v (prtd v pnd)) =,
1 _1 1 _1, A 1 _1 1 _1
AV (preh e prad) B d gy - So(v (prth i) vy (B g Eneh))
+2<£ (En+% _ETL_%)’ETH'% +ETL—%> _At<(Hn+1 +H“),V>< (ETH.% +En_%)>
At3 -1.-1 n+l1 n n+l n-1
- 5wt VxVx(H +H ),Vx(E P 4E z)):o,

2(p (MM = HM ) HY T+ HR) o AV x (B Enod) 1t )

A, n+3 n-% n+l n
+§(e n VX(E 2+ E 2),V><V><(H +H )):O.

Adding these equations together and using properties of the inner product, we get that:
-1 (. n+i n-1 n+l n-1 n+i n-1 n+l n-1
2(8 (p I-p 2),p I4p 2>+2<£(E 2-E 2),E 24+ E 2)
20 (MM = 1Y) HY T 4 1) =0,

Summing over n = 1 to N — 1 leads us to:

-1 1 -1 1

PN =212 = P2 12y + IIENT2 1 = I[E2[I2 + IHN IS — HIE = 0.
Now, p%, EZ and H! satisfy Equations (4.4a) to (4.4c), and so using p = 2Ate™ (p%7 + po), E = 2At (E% + EO)
and H = 4At (H! + H?) and repeating the previous arguments leads us to the following estimate:
1 1

2120 = 112 + NE2IE = NECNE + [IHY — KON, = 0.

Adding these previous two equations, we get that:

N-1,12 N-12 N2 2 2 2
N 7212+ NEN2]Z + IHNE = [1p°)12 + IIEC)IZ + (IHOJE3. m
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Theorem 4.2 (Discrete Error Estimate). For the semidiscretization using the LF4 scheme as in Equations (4.3a)
to (4.3c), and (4.4a) to (4.4c), for the solution (p, €, H) of the variationally posed Maxwell’s system as in
Equations (4.2a) to (4.2c) with initial conditions as in Equation (4.1c), assuming sufficient reqularity with
p e C(0,T; lilif1 (Q)), E € C3(0, T; He (curl; Q)), and H € C3(0, T; H,,(div; Q)), and for a time step At > 0
sufficiently small, there exists a positive bounded constant C independent of At such that:

N-3 N-3 N 4
llep *lle-r +lleg *lle +lleplle < C [(At) +lled e + e lle + led, Il

1 1
where e;+2 = p(t“+%) - p“+%, eTsz = E(t”+%) E*2 and ey, = H(t™) — H™ are the errors in the time
semidiscretization of p, E and H, respectively.

Proof. Using the Taylor remainder theorem, and expressing p(t) about t = t™, we have that:

op (t- t“)2 (t- t“)3
— n roan _n n n
p(t) = p(t™) + (M)t -t )+ (t ) —— at3(t ) ———
n\4 _ <4 A5
at4(tn)<t t) f(t s) ap( s,
which when evaluated at t = t™*2 and t = t""z yields:
n+— n\2 n+ n)\3
7+ = p(e) + (e - ) g T (DU gy (W00
ot ot3
]
n+3 n\4 n+i _ <4 A5
6t4(tn)(t - t) J(t ) ap()ds

(tn — _ tn)Z a3p
BETE

e = p) + eyt -y T2 55"

1

n_,

(tn—— _ tn)4 (tn 2 _ 3)4 aSP
- f 3P (s)as.

64p

t o)

Subtracting these two equations, and using the result in the inner product term from the semidiscretization
of the variational formulation leads to:

pt™s) —p(t™ 2) ~ _ 0P AP p
(e B) = (SH(™), ) + (SR, B) + (RY D),
in which we have defined that:
n+l
L (n )4 65 t 2(tn+ )4 aS

1 th2 — s p 2-35 p
R = — - - .
P T A J 1 gp Mdst J 51 gp Vs

n-1 tn
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Similarly, for E and H, we have the following:

n+iy _ n-1 2 3E
(N By = (S B+ S (S, ) + (eRE ),

n+ly _ n 2 O°H 41
IRy = By, H>+A—t<u L), B+ el R,

and in each of which we have defined that:

‘rl+l

At
gn+l
11 (" —s)* s)4 65 - )t a5H
RT1+2 - " —s) .
H At J ()d + J T ()ds
" 2

Using these terms in the weak formulation as in Equations (4.2a) to (4.2c) at time t = t™ for p and E terms,
and at time t = s for H and using the Taylor remainder theorem again with:

u(t™I) Futh) HE™) + HE™) el

1
u(th) = 5 -1 H{E™2) = 5 ~ Ty
w4 ut™ ) A2 9%u
u(t) = 2 ~ 5 et 2w
n+1 n 2 32
He ) = HE™ ) + H(t™) A9 H( “+%)—r“+%,
2 8 o2 2H

where u is either of p or E, and in which we have defined that:

J (2 —s) (s)ds— J (t“‘f—s) (s)ds )

t -2
il 3
P I(t”” s) (s)ds— J (t“—s) (s)ds,
tTl+2 s 3 tn—§ -5 3 a4
Tzu:_ I (™2 —s)° ) I ("2 -s)° 6t4()ds'
1
e 1 )3 a4H tn+2( n )3 a4H
nel 1 ("t —s th —s
hiemg| | T G- | e
tn

n+

t

NI—=

Using these, we obtain the following:
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() —p(t™2) e , R
(B %) - (5 (B h) + E@)), V)
t2

Esv -VV-11'e,P), (48a)

AT gy E(t™3) + E(t"2)), VP) = (RM + eV - 1
+f<§ * VP) = (Rp +eV 17 —

(29 (pem )+ panh), B = ALy (pamhy + pan ), v9 - )

N <6E(t“+z) - E(t“_i)

JE) - <§ (H(t“”) + H(t“)) ,V XE)

At
A1 n+l n T
- S (5ue VxVx(H(t )+ H(t )),VxE)
Tl+l 2 -1 .1 n+s =
= (eRE+ V13, VXl -0 Ay . Vi, — i e VxVxerle,E> (4.8b)

< H(tn+1) _ H(tn)

A + (%v x (E@h) + E@h), )

At
Atz 1 -1 -1 1 _1 -~
+ (5w Vx(E(t“+z)+E(t“ 2)),V><V><H>
n+ 2 At2 _1 _1
= (uR, T+ VX1l + — VXVxXVxre, H). (48c)

12°

Then, subtracting these from each of their respective LF; scheme equations as in Equations (4.3a) to (4.3¢c)
leads us to the following set of equations:
1

n+— en—z ) 5

<ep%,5>—%<s (eTEH% +eTE1_7),Vp>+A2—Z<£VV ( a: +e ),Vﬁ)

At?
= <Rg+£V-r2E—

&V VYT P),

1 A2 M ene

1 -1\ = 1 _1 ~ e —-e —
§<V(eg+2_’_e;1 2)/E>_g<V(en+2+en 2),VV'E>+<S¥,E>

;(eﬁ“ +ef, VXE) - A2—4(u—15—1v XV x ( n+l g eH) V xE)

n+l  At? At? 1 -1 n+i =
= (eRE +VIg, =V Xy — 12vv Vi, — ke VXVXVXTlHZ,E>
en+1_en _ 1 1N
(uw,m Z(Vx( +2+e“ 2)’H>
At2 1 _
+i( -1 ‘1V><( nr 2+eTEL 2),V><V><H)

1 At? ~
= <“R:l+2 +V X+ ﬁs_lp_lv XVXVXTl, H).
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Likewise, for the semidiscrete approximation of the initial system as in Equations (4.4a) to (4.4c), we obtain
for their errors the following system of equations:

1

e — e 1 1 At? 1
P~ % ~ 0 0\ vi
( AL ,p>—Z<a (eé+e ) Vp>+19—2<£VV (eé+eE),Vp>
1.0 ¢ 0 At? 0 =
= <§Rp - EV 'TZ,E - QEV -VV. rl,E’p>’
1
1 Iooo) 7y AP b0 = = = 1,1 o T
2V (ei+eb) B) - To5(V (R +eb) VY- E)+ (e B alehr e VX E)
AP 1 0 ¥
—¥<|.,L € VXVX(eH+eH),E>
_ /€50 L 1o 0 3 At 10 A -1 T
—<§RE+§Vr2,p—V><r22/H %vv vlp—Eu € VXVXVXrlH,E>,
el —eV _ 1 — 2 1 _
p—H +1 Vx(e2+el),H +A—t el V(e +e2),VxVxH
At 4 ECE 192 £
1 A2 ~
<;,LR 2er2E+%£ 1p 1VXVXVXT(1)/E,H>,

and here we define the initial remainder terms to be as follows:

1
2
1 (t% = s)* 2%u (t' —s) 65
R = — ,
wWEAL) T oISt T o )ds
0 1
L t4
[ 1
1 t"z 0 )4 65 (tl )4 aSH
1 1 t'—s -s
RE = | [ S S s+ O (spas|.
At|) ~ 24 ot 24 ot
0 1
t2
[ 1 1
t2 4
1
T(l),u =5 (t2 - s) (s)ds - J(to - s) (s)ds ,
X

N\r—l

1 1
=y j(tl -9 X 9as - j(t“ 92 M9,
1
t2
[ 1 1
0 1 ¢ (t% —s)30%u (t% —s)3 o%u
TZ,LL = E Tw(S)dS — J Tm(S)dS ’
1 0
_t4
[ 1
v 3 14 L 0 3 94H
1 1 0*H tV —
2oL (t! ) TH s ( S) I 6)ds
2H "2 ot4 ot4

-+
NI=
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Now, in this set of weak formulation equations for the errors, we choose the test functions to be p =

1 ~
2Ate™! (e;1+2 +e ) E = 2At ( Ty er ) and H = 2At (e} + e]i™!). Next, by following essentially the

same sequence of steps as in Theorem 4.1, we obtain the estimate for these error terms to be:
lle +2||2 IICn"II2 +llep e - IIen"||2+||e““||2 — llefyll}
€p P -1 E E Hilk
n+g o n-3 .2 n+g o n-3 .2 12 2
< At llep IR + llep 2R+ lleg FIZ + llep I + eI + eyl
2 2 n+y 0 2 2 -1, 2
+At[IIRBIIE_1 +HIIRENE + IRy Pl A IVrg Ml + IV -3 lle + e IV Xrgelle

At?
111

1
+e PPV X VX VX2 + e B3|V x VX V xr?ij“ﬁ)] .

+ mn
e WV xR o (IVV VI IR+ 19 9V o 2

Summing over n = 1 to N — 1, we get:

N-3 12 32 N-3 12 32 N2 12 N-3 2 32
lep 212 — Hep Iy + lleg 212 = e 12 + NI — lleh I < At llep 212, + lleg 12,
Nl . N-2
2112 2112 N 112 12 n+s2 n+j 2 1112
Hllep H 2 + lleE I + eN I + ek ] + 28t 3 [llep ™12, +lleg IR + eI
n=1
N-1 1
2 2 n+32 2 2 -1, -1 2
+AtZ[||R;||5_1+||Rg||€+||RH2||u+||w;tp||£_1+||v.r;tE||5+s WV X T |12
n=1
= n+d o At n o2 2
re IV xR 144:(||vv VI P + V-9V 17 |2

Fe BV X VX VX rl |2 + 672 3||V><V><V><r“+2|| )]

Similarly, for the initial Equations (4.4a) to (4.4c) which bootstrap our computations, by choosing test
1 —~ 1 ~
functions to be p = 2Ate™! (efj + eop), E = 2At (e?E + e%) and H = 4At (elH + e%), we obtain:

1 1
2112 012 2112 02 12 02
le2 I, = NeQ I, + NeZl? — el + ek, 1% — e, I
1 1
2112 2 2112 2 12 2
< Ot |lleg 20 + eGP, + e 12 + lled I + llel I + el 12 |
1
2 2 2 112 2 2 -1, -1 2
+ At IR, + IRLIZ + IRE I + V33 12 + 1V 72 12 + &7 IV e |12

- 1 At
+ely 1||V><r22/H||%L T

1
+ePp VX VX VX L2+ e2u3 VX VXV erH”i)] .

(19 Va9 2 + 1V -9V 10 )2

’

By next adding the previous two equations, using the initial conditions as in Equation (4.1c), and the
positivity of the right hand side terms in the resulting equation, we get that:

1+ At
2||2 2||2 — Il

+ ||e + X
ey R + eI < T8

012 012 0 2
lep epllis + llegll + lley, Il ] +

n+3 o n+3 0 12 2 2 n+3 0
[2(||e IR lleg I ey IR ) + (IRRIZ + IRENZ + IR, 11

n=0
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2 2, -1 -1 2, -1 -1 n+so0
HIVIR I A IV el + e n T IV Xelle + e ||V><T2,H2||u)

At4 n o2 2
+ o (IV9 - Vi 2 17 - VY - )2

Fe BV X VX VX rl |2 + 672 3||V><V><V><r“*2|| )]

Applying the discrete Gronwall inequality 1.10, we obtain the following estimate:

N-

6At 2 2 n+30
—Z (IRBI, + IREIZ + IR

N-1 5 N-3 12 N2
llep *lIcs +lleg 2lIe + lleylli < G

n=0

2 2, -1 -1 2, -1 -1 n+j
Ve I + IV g lle + e u T IV Xrgelle + e IV X, F I
At4

+ o (||vv VIR P+ IV - VY T I 4 €273V X VX V x|

exp (4T).

n+l 7
+ WYXV VTR D)+ 2 (leD I + el + llel 1)

Now, we need to obtain bounding estimates for each of the Taylor remainder terms and to do so, we first
consider the first remainder term corresponding to p and argue as follows:

n-;
nj2 1 n-1 n 5]9 ?
RGN = Q42AC (t" —9)* (S)dS + (t 35 ~=(s)ds K
tn-1 tn—z ©
1 0° ’ o
< (24)th J (t" - tE (S)dS X (USII’Ig ! < ‘tn)

tn-1

1 tm 8 _p
S (24)2 (At)z J ) dsj H (S)

tn 1
7 tn
At
(2429 j

tn—l

ds, (by Cauchy-Schwarz)

aS
at5

ds.

Summing both sides over n = 0 to N, we have that:

a7 (0%, P AT [|o%p |
Zn “||2_1\—2J 20 o= g5 .
(24) at -1 (24) . 9 at Lz(OIT;Li_l (Q))
Similarly, for the other Taylor remainder terms, we get that:
IREIE < A a5E ?
290108 iz maza)
O°H|I°

4

L2(0,T;L3(Q))

Z“ n+2 AV
I < (24)2-9| ot5
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N-1 2
S v I < 2 20P)
-1 X 7
o EIERE] T T e
- 2
DR R GRS
e 7
’ 27-720] ottt a2

AV |04V x E)|?
2
Z”VXTEE”Ff < 27 .72 ot

7

L2(0,T;L3(Q))

7 4V H 2
S gl <
27-72 ot 12(0,T;12 (Q))

N

N-1
At?||32(VV -V
SV IR < G <TP> ,
"= L20,TiL2, (Q)
h) 3014200 . v . B |12
I\ ARA AT CAVRAARLY |
ot L2(0,T;L3(Q))
N-1 )
AB||02(Vx VXV XE
Y IV X VRV x| < AL TV XY XV xE) ’
n=0 ’ 48 ot L2(0T,12(Q))
N-1 5 ) )
ZI|V><V><V><r“+2||2<A_t a(VXVEVXH) '
e 0 ot L20,T,L2(Q)

Finally, using the regularity assumptions for p, E and H, and 1- and 2-norm equivalence, we obtain our
required result:

N-1 4
llep 2||£‘1+||e 2||e+||eH||u ClAt* + lleplle— + lleXlle + lledy Il ] - O

4.2.2 Error Estimate for Full Discretization

We now present the error analysis for the full discretization of the three-field formulation of the Maxwell’s
equations using a compatible sequence of arbitrary-order de Rham finite elements in conjunction with the
implicit LF4 time integration method. To do so, first we let m, ﬂ%l and ﬂ]21 denote the respective smoothed 12
projection operators. That is, let ﬂ% : lill_l(Q) — Uy, ﬂ%t : lilg(curl; Q) — Vpand H%L : lilu(div; Q) — Whp
denote these smoothed 12 projection operators. Details of these operators is now standard and can be found
in many places such as [Sch08; Chr07], [BS08, Lemma 4.3.8], [AFW06, Theorem 5.3], and [EG21a, Lemma
11.9, Corollary 11.11, Theorem 16.10, Theorem 17.5].

We now define the errors for p, E and H at time (n + 1/2)At or nAt under the full discretization to be the
following and this is essentially identical to the sequence of analysis for the full error as in [AK25, Section 5]
for the method described in that work. So, we have that:

1 1 1
ep:z — p(tn+2) P n+2 _n]:"'z, (4.9)
+1 1 1
’E‘:Z = E(t™2) — = (Mo (4.10)

el = H(t") - Hn =& -, (4.11)
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and in which we now have the following definitions for the newly introduced terms:

1
W= p(U ) T, i = pi (e, (412)
1
OV = () S TILE(H), P = BN ILE@n ), (4.13)
g = H(t™) - TR H(E™), g = H - TIEHE™). (4.14)

For the LF; scheme as in Equations (4.3a) to (4.3¢c), using a de Rham sequence of finite dimensional subspaces
of the corresponding function spaces for the spatial discretization of (p“+%, En+2, H™*1), we obtain the

1 1 o . .
following discrete problem: find (p;wz, E;L+2, HL‘“) € Up X Vi X Wy, C Hifl X He(curl; Q) X H, (div; Q)
such that:

1
Tl+2 n-—s

_ 2
(P ) - G E e ) R v (B e R o s
1 1
1 L oally = A1 SEIE e
<§v(p;+2+ph z),E>_§<2v(pg+2+ ) UV E)+ (e R " F)
_<%(Hg+l+Hn) V xE) - Alg (; KTV X Vx (HR +HY), VX E) =0, (415b)

Atz 1 -1 _1 TL+2 =~
+ S (e WV x (B + En )VxVxH):o, (4.15¢)
for all (p, E, ﬁ) € U XVp XWy,n=1,..., N— 1 The n = 0 bootstrapping as in Equations (4.4a) to (4.4c) leads

also to the following discrete problem find (ph, F_2 H1 ) € Up X Vi X Wy C H | X A ¢(curl; Q) x ﬁlu(div; Q)
such that:

pZ-p? 1 1 1 AP e 3 ~
D3 (E ) g G (Eem) o e
1
1,11 0) _ 1Al (2 ) B -Fn ¢
2<2v(ph+ph By =5 S5V (pa+Ph) VY E)+ (e N JE)
2
—<%(H%L+H%),VXE>—}1'Al—;<%VXVX(H1+H0) VXE) 0, (4.16b)
Hl_HO 2
S e (e ) St ove e
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for all (p, E, ﬁ) € Up X Vi X Wy, given (ph, E0 ,HO 1) € Un X Vi X Wy, For the initial conditions, we set:

pY =Tpo, EY =TT} Eg and HY :=TT2 Ho. (4.16d)

With this setup, we now state and prove our theorem for the convergence of errors in the full discretization
of our system of Maxwell’s equations using LF; and arbitrary-order de Rham finite elements.

Theorem 4.3 (Full Error Estimate). Let p € C°(0,T; lilifl(Q)), E € C5(0, T;He(curl; Q)), and H €
C(0,T; ]ilu(diV‘Q)) be the solution to the variational formulation of the Maxwell’s equations as in Equa-

tions (4.2a) to (4.2c) assuming sufficient reqularity, and let (pn+% En+%, HM*1) be the solution of the fully
discretized Maxwell’s equations using the LF4 scheme as in Equations (4.15a) to (4.15c) and (4.16a) to (4.16d).
If the time step At > 0 and the mesh parameter h > 0 are sufficiently small, then there exists a positive bounded
constant C independent of both At and h such that the following error estimate holds:

||eph ||£71 + ||e 2||e + ||eH |l.<C [At4 +h' +hrAt4]

where the finite element subspaces Uy, Vv, and Wh, are each spanned by their respective Whitney form basis of
polynomial order v > 1.

Proof. First, we shall subtract the set of equations for the full discretization as in Equations (4.15a) to (4.15¢)
from Equations (4.8a) to (4.8c), and then use the error terms in Equations (4.9) to (4.11) and thereby obtain:

1
T1.+2 n-j 2

— 1 1 1 At n-1 —
<—ph At Ph P) - §<8 (eE+2 + eEhz) Vp) + E(avv ( n+3 +eEh2),Vp>

2

t —_
—eV-VV. r{‘,E,p>,

:<RE—EV~r2E— 5

1 n+1 n-1\ = At? n+3 n-1 = e T CE =
E(V(phu 2),15) % (V(ph2+eph2),VV-E>+<s—h - F)
1 n+1 noy E Atz -1 —1V \v4 n+l1 V E
2<6Hh+eHh' X >—E(p eV x x(H +efy ), VXE)
Tl.+ A Atz -1 -1 1 —~
:<5R7€+Vr2p—Vx Ty = 12VV V“p—ﬁu € VxVxerlH,E>,
eﬁ”—eﬁ 1
= TL+ n— o
(umt e ) (0 (e e ) )
At2 -1 _1 n-— ! =
+g<e Vx( 2+eE 2),VxVxH)
+3 AP eyl no
= (uR}, + VXTIl — e M VXV xVxrig, H).
Next, using the values of the error terms e} en and eﬁh as in Equations (4.9) to (4.11) in the above

Pr’
equations, we get:

B BT (et et (@) )
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2

+ AZ—Z<£VV ((C“Jr% + Cn—%) _ (CLH% i C;‘—%)) ,V5>
2

At _
= <RB - eV T]21,E - Esv -VV. r?IE,p>,

SV ([t ennt) - (nf% +n2_%)) ,VV-E)
+ <5 (Cn+_ - Cn_E)A_t(C 2 C ),E> — %(((Enﬂ n E,n) _ (EEH _ EE)),VXE>

A ety v x ((a““+é“) (& -p)) VB
2

1 At =~
:(sRTE‘+Vr2p—V><r;,:2— = Ay vnp—ﬁu—le—WxVxVXrl;Z,E)

<H(E“+l - E,n)A_t(aRﬂ - EE)/ﬁ) + %(VX ((CTH% + Cn_%) (Cth2 N C 1)) ,ﬁ>
AR ey (et e ) - (g ) v )

2

At
= (uR}, 2+V><r2E+

ey ! -l
& WV XV X VX H).

— 1 _1
Since these equations are true for all (p,E, H) € Un X Vi, X Wy, we choose p = —2Ate! (n2+2 +nn 2),

~ 1 _1 ~
E =24t (" + ¢ ) and F = ~2At (£ + £1) and using the fact that VUp, € Vi, and V x Vi, € Wh,

we obtain:
_1 1 _1
2(e” (nﬁ+2 M ) e 2>+2<8( g 2),CE+2+CE 2)
1 1
s2u (e -gpt) e+ =2<s-1( REE ) PUNERE N

+2(e (M3 - v, Oy 2 (a“ a“—l) JEN 4 £

At? b, n-d
+2At(—Rp + V- 1] + Esv -VV Tl e’ (nfz +11E 2))

2 At? 1 1 -1
TV VI, e TVXVXV X1 G+ )
2

+2At(—eRY = VI + VX7 “+2 +

At
+2AH—pR™? - VXTI + =

B e VX VXV XTI, Er + 607, (4.17)

nty n“_%) =1 (I-) (p(t“+%) - p(tn_%)) by Equation (4.12). Using the Taylor
theorem with remainder as in Theorem 4.2, applying the Cauchy-Schwarz, AM-GM, and Triangle inequalities,
we have the following resulting inequality:

Consider that ¢! (n

1 -1 0
2(e”! (n”% - n”‘%) M2y 2) =24 (I - ng) (a—z(t“)
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A2 Pp \ sl nl
+— , 2 + 2
24 at3(t“)) R

+2AHe! (1 —ng) R M2 4 7%)

2 2
op Att 0%p
I-T10)—=(t™ I- t"
C=Mge )|+ a1 -M5E]
2 1
MRy +6At[||n;‘+2||2 Iy 2||§_1]‘
-
Similarly, using Equations (4.13) and (4.14) for the error terms for E and H, we obtain:
2 4 3
n+l n-s n+2 n—% < At ]—[l oE tn At I— ]—[ 0°E n
2 (- h) g D <A D) Rl (el )g
2 _1
H|(T - TTRE +6At[||ch+2||2 +llc, 2||%],
€
2 2
At4 B®H, .1
2 (TL+1_ n), n+1+ ny < At n+ I—ﬂ2 2
2
- miori | e+ e |
s

Using these inequalities for 1, ¢ and £ in Equation (4.17), we thus obtain the following estimate:

n-— -1
[||nh+2||2 =y, 2||2_1 +||Ch+2||2 —IICE 2||§+||£L‘“||i—|l£ﬁlli <
2
p P At4 a3p n 0\ypm
At|[|[(T-TTY) — [-TT1 t + I[-TIY)R
[( R i erie] (L ) (-TRRY
2 2
At4 0’E 1
ﬂh)—(t“) + || W t“) +[T=TTRE
£
2 2
At4 o°H 1 +1
<1—ﬂﬁ> (t“* |+ G| TS e 2R
v p

+8(Imp 2. + Inp 2, + IIC“II2 +IGRTHIE + NERIE + NERTIR) + IRBIZ., + IREII2

n+j 2 2 2 -1, -1 2 1 .-1 2
FIREEZ 4 VIR 2, 4 1V I + eV x|+ e 0 xer 2 |2

At4

* T (||vv VIR 2+ IV - VYV a2 + e Pu3 IV X VXV xrpe |2

1
+ePUB VX VXV X1y ] ||i) ]

Summing fromn =1to N -1, we get:
N1 NI N-1
I e 0 eI < 3t

+AtZ

n+ n+
[ 2||2_1 +11¢y, 2||2 + II£“II2]

2 2

At?
(24)2

%p
ot3

2
(I-T19)—(t") _1+ ng)Rg

’(I et o)

A
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At 2 )
(I - ”1 )_(tn__) + > ( ) (tn) (I _ ]_[%I)RTEI + ( n%[) (tn+2)
e (24) i )
Att 3H P 2
WS ¢ TRR] IR < IREI + IR R Ve R
n|2 -1l no|2 l -1 n+i oo At4 )
IV rTelle + e n VXl +e IV xr 2l ey (“VV Vrypllea

HIV UV D2+ e BBV X Vi V|2 + e 33 |[V x VX ¥ xrn+2||2)]

1 1
712 312 12
gl + ICR 1l + IIEHIIH}

Likewise, for the semidiscrete approximation of the initial system as in Equations (4.4a) to (4.4c), we obtain
for their errors the following system of equations:

1
€€ — 1, [} At? ! -
(phT/zph P) - —(s (6125 eEh) Vp) + @<5VV ( eg, + e%h) ,Vp)

1., ¢ 0 At? 0 ~
= (3R 3V e gV VWV e p),
1
3,0
1 1 = At? 1 }23 B
Z<V( e ) E) 192<V(e§’h ) VY E) +( hAt/z = E)
L,a 0 VxE A, 1y % v x (el 0\ E
_§<6H +e}y,,VXE) o (WY XV (e, +ey, ), )
— €50 1 0 3 A 0 A 1 ~
(ER +5V1g VX - %vv le—ﬁu £ VxVxerlH,E>,
e, ~Chy | 1 b oo LA 3,0 =
(uT,H> —(Vx( 2 +eEh),H>+19—2<e mn Vx(eEh+eEh),VxVxH>

2

11 At =
= (uRZ + 2V><r2E+ VX VX VX  H),

9%

Then, following the same sequence of steps for the initial time step and furthermore adding the resulting
equation to the inequality for the general case, we arrive at the following:

N-1 N-1 1+4At
Iy 2125+ 1G22+ IENT < T IIn?LII?;_l+||C%||€+|I£%I|i]
N-1 N-1 2
SAt TL+ 2 TL+— 2 1112 At 0 a'p
+ 2 + 2E + IE0 + [T )—(t"
1_4AtZ gy 212 1G22 + e 1_4AtZ_ ( h)at( |
At 2
+ [— tm [—TY)RY -1t tn
1) ( h)at3( ) +|( rRD B +|( ) ( )
At? O%E 2 OH 1
+ - ~(t" TR + [[(1 -T2 )=—(t"*2
01y ( h) ) E HWRE E ( W) at( ) .
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2 2

At

N Calll
(247

ot3

T‘L+2

+
n

2 2 n+l o
+IRp IS + IRENE + IRy Il
n

(1-T2) (" 2)| +[[(1- TR,

-1 1 n+i
IV 20 IV Tl + e IV el + e IV ey I

At4

+ o (||vv VIR P+ IV - VY rB I 4 €273V X VXV xre |2

1
+e BV X VXV Xy, ||i) ]
Applying the discrete Gronwall inequality 1.10 with At < 1/24, we get that:
N-
6At
5 Z
=0

+ (I- ﬂ%t)—(t“)

2
N-1 N-1 0 63
I+ 1 HE + 1N -y« a-mos ‘”(t“)

2 2 2

la-m )a3E<t“>

+||T=THIRG + |- THRY

£7

o-rm s

fat

3 2
H(I - ﬂﬁ)a H(t“+z>

n+i
I-TER, 2 +IRpIZ, + IREI2

i

w
n+ _ _ n+
+1IRy 2||2 +|IVT{fplli_1 +||V'r’1‘,glli+£ Tu 1||V><T{f1:_||% +e! 1||V><r 2||2

Attt

* 1 (”VV VI 2+ IV - VV 0 2 + e 2u [V X VXV xrp e |12

_ +1 7
Fe BT XXV xR ))+5(Iln%||§_1+||C°h||%+IIE°hIIi) exp (16).

Using our estimates for the Taylor remainders from Theorem 4.2 for these terms on the right hand side of
the above inequality, we further get that:

N
Aty IR+ IREI + RG]
n=0

O5H|[?

5E|P
o5 |l20 1200 |

s

a5p
otd

< A8

L2(0, ;L2 () L2(0,T;L3(Q)

and that:

N
1 1 n+1
At E [IIVrzplli_l IV rRell + e IV Rl + e T IV Xy 21
n=0

At4
v o (||vv VIR P+ IV OV 2 4 €23V XV x V|2
ot (vp)|

N ERUAL) 2
ot?

1
+e‘3u‘3||VxVxerT,:2||2u)] < At o

L2012, ()

3V x H) |
ott

L2(0,T;L2(Q))

04(V X E) 2
-1 -1 -1 -1
“+ £ || - —+ £ Il

ot4

L2(0,T;L3(Q)) L2(0, T;L3(Q2))
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32 (VV - Vp)|P 2v.vv.-p)|?
L2V -vp) L|@@-vv-E)

ot oz, o) ot? L2(0,T,12(Q2))
2 2
4 e ?(VxVXVXE) e ?(Vx VXV xXH) '
ot? 120, T:L2(Q) ot? 120, T1L2,(0))

Now, for p € lilifl (Q), E€ lilg_(curl; Q)and H € lilu(div; Q), there exists positive bounded constants Cy,p,

C2p, C3.p, C1E, Coe, C3E, C1,H, Co,H, and C3 1y such that we have the following error bounds for the 12
projections:

ap
[-T1 t“ < Ciph" tn
H( ) ~ 1,]3 at ) 571,
a3
0 n 1%
“(I—ﬂh)—3(t) < Cyph” at3,(“) ,
H(I—ﬂl)—(t”) < Cyeh’ a—(t“)
t
a3E 3E
[T t)|| < Coeh'||l—
H( h) ) 2,E 13
OH
H(I_ﬂi) (tn+2) < Cy,ph" a—(tmé) ,
n t p
I1- ]—[2 tn+2 <C hr n+
H( ) ( ) 2,H at3( )
8
’(I—HOh)Rg < Gaph'|RB{
el el
”(1—1111)12;} < Caeh'||RE|l ,
£ £
1
H(I IT%L)RMZ < Cauh'|[R}
i n

Set Cp = max{CLp, CZ,‘p/ C3,p, Cie, Coe, C3E, CoH, Con, C3,H}- We therefore have that:

N-1 2
JOF
AtY |la-m ) (t“) + (I—ﬂlh)a—t(t“) ‘(I—Hﬁ) (t )
n=0 i
N-1 2 2 2
0p . -1 oH, 1
< Coh?™ Y} At |||==(t"2 — ("2
oh®T Y At [l=(E"2) ) TR ]
n=0 > 38
¢ 0 1 2 1 2
< C0h2TJ H—p(tn—z) + H| | at
J ot - .
o lap P oF | oH |
= Coh?" ||| == +||= — ,
Ol riz ) 10tIeT2) 10t leoTiw)
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- 0 a3P 1 2\ °H i ’
n n n+s
ALY (=TS 5 (t ) il )at3(t )| + '(I—ﬂh) 5 ()
n=0 H
N-1 2 2 2
0%p PE, a3H
Coh™ > At |||l t" 4as.
0 o) N FTE) ) . FIEA
n=0 K
H1ee S AP a3H ?
< Cohzrj p(t“) ) (tn+2)
ot "
0
3112 3 (12 3 2
E H
= conr || 22 ot CML ,
Ot 2oz ) 10 lleerizay 119 lieeriza)

and likewise for the L? projection of the remainder terms:

N

ALY

n=0

(I-T0)RY (I-TTORE| +|[(I- TR

1
+§ ]
s
n

N
41
< o 3~ At[IRR 2 o) *+ IRE ez + IR iz o |

n=0

+
1

£7 €

O5H |
otd

o5E|]?
M

2
o

< Coh?™Atd
0 otd

L2(0,T;L2_,(Q) L2(0,T;L2(Q)) L2(0,T;L2(Q)) .
Now, we take p(})1 = ﬂ%po, E(})1 = W}IEO, and H(})L = ﬂiHO, and note that there exists positive bounded constants
M1, M3, M3 and My such that:
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R(VxVxVxH)|

+ €
ot2

T < M.
L2(0,T;L3(0)




168

Consequently, we have the following estimate:
N-1 N-1 ~
Iy 212+ G, PR +IER IR < C R + WA + A°],

where C =2 max{CoMj, CoMa, CoM3, M3, My} exp(16T) which then using the equivalence between 1- and
2-norms gives us that:

N-1 N-1
Iny, 2l + 101G, 2lle + 1ER I < C1 [hT + h7 At + At?],
where C; = 2\/6 . Also, there are positive bounded constants 6, a and a such that:

-1 -1 =~ -1 -1
N2l = 1A= TR)PEAN )]s < CRTIPAN 22 (o) = NN 72l < ConT,

_1 _1 =~ r _1 _1
N2 e = 1A -TTDEAN2) e < GRIEEN D)2 = V72l < 3T,
IEN I = 1A =TROHEN I, < CRTIHE 2 = N < CahT,

in which C, = 6§||p(tN—%)||L2_1(Q), Cs = GlIE(tN"2)[l2(q) and Cy = E;||H(tN)||Lﬁ () are all bounded
positive constants due to Theorem 4.1. Finally, this provides us with our desired result by choosing
C=C1+Cr+C3+Cy

N-1 N-1 N N-1 N-1 N-1 N-1
lepy, “lle-t + lleg, “lle + lleyy, [ =172 =y *llea + 11772 =G Fle

+IEN = & Ml

< C[(AD*+h" + hT At . O

4.3 Characterization of TS, Scheme

4.3.1 Time Discretization Stability

For our implicit TS4 scheme as in Equations (4.5a) to (4.5¢), just like for LF, in Section 4.2, we can show that
it is stable and converges with the correct fourth-order of approximation in time. The analysis here is merely
an appropriate update of the theorems and their proofs in Section 4.2. However, for the TS scheme, we
define the discrete energy at time t™ to be the following and it is motivated by its desired conservation:

EM = ||pn+1 +pn”i_l + 2<pn+1’pn>£71 + ”En+1 + ETL”% + 2<E'rL+1/En>E
1 2 1
+ [[H™ 4+ HY )2+ 2(H™ ,H“)u. (4.18)

In addition, we require as assumption on the inner products which we state as a hypothesis next and we are
motivated by our computational experiments to assert this.

Assumption 4.4 (Positivity of Inner products). The various (-, ~>(X for o = g7t

all t € [0, T] for the Maxwell’s solution.

, € and p are all positive for

Theorem 4.5 (Discrete Energy Conservation). For the semidiscretization using the TSy scheme as given in
Equations (4.5a) to (4.5¢) and with Assumption 4.4, for any fixed time step At > 0 sufficiently small, the energy
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| E™ is conserved, that is, E™ = E L forn=1,..., N - 1.

Proof. Since Equations (4.5a) to (4.5¢c) are true for all p € }ilif] (Q), Ee lile(curl; Q), He lilu(div; Q), using
P =2At (p™1 +4p™ +p™1), E = 2At (E™! + 4E™ + E™Y) and H = 2At (H™! + 4H™ + H™1) in them and
adding the resultant equations using properties of the inner product, we obtain:
<£—1 (pn+1 _ pn—l) pn+l + 4pn + pn—1> + <£ (En+l _ En—l) En+1 +4E™ + En—1>
(e (HYT = ) R g 4 1T = 0.

Consider next that:

<€—1 (pn+1 _pn—l) ,pn+1 + 4pn + pn—1>

— <€—1 (pn+1 +pn _pn _ pn—l) ’pn+1 +pn + pn +pn—l> + 2<€—1 (pn+1 _ pn—l) ,pn>

— <€—1 (pn+1 +pn) ’pn—o—l +pn> _ <8_1 (pn +pn—1) ’pn +pn—1>

+ 2<£—1pn+1’pn> _ 2<£—1pn,pn—1>
- -1 - _1\-1
=™+ Pl +2(p™ ") =l eI - 2(p™ P )

So, we have the following:

<€—1 (pn+1 pn—l)’pn+l ipn pn—1>
_ -1 11— _1\-1
”.pn+1 pn||£1 2<pn+1"pn>E “_pn pn 1||£1 2<pn’pn l>£ .

We can similarly have the corresponding expressions for E and H. Using these various expressions in the
first equation in our proof, we get that:

Ip™ !+ p™ e +2(p™, p™) L = ™ + P e = 2(p™ P )
+[EM Mo+ 2(EMLEN) — [IEM +ENY - 2(EN EMTY),

+H™ 4+ HY [+ 2(H™M L H™) = IHY + HY Y] = 2(HY HY ) =0,

which yields the desired result:

”pn+1 +pn”£7] _i_2<p'r1+1’pn>£_1 + ||En+1 +En||€ +2<En+1,En>£+
||Hn+1 + HTL”u +2<Hn+1,Hn>u — ”pn _i_pn—lns_1 +2<pn,pn—1>871+
JE™ + E™ e +2(E™ EMTN) 4+ [H™ + HM )|, + 2<H“,H“‘1>H. O

Theorem 4.6 (Discrete Error Estimate). For the semidiscretization TSy as given in Equations (4.5a) to (4.5¢),
for the solution (p, E, H) of the variationally posed Maxwell’s system as in Equations (4.2a) to (4.2c) with
initial conditions as in Equation (4.1c), with Assumption 4.4 and sufficient regularity p € C>(0, T; lili_1 (Q)),
E e C%0,T; lile(curl; Q)), and H € C3(0,T; Folu(div; Q)), and for the time step At > 0 sufficiently small, there
exists a positive bounded constant C independent of At such that:
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N-1 N- N-1
llep et + lleg ™ lle + llefy ™ il

4
C [(At) +lleplle-r + lleglle + 1l + llepller + lleglle + ”elHHu] :

where ey == p(t™) —p™, = E(t™) — E™ and e}, := H(t™) — H™ are the errors in the time semidiscretization
ofp, E and H, respectzvely

Proof. Using the Taylor remainder theorem, and expressing u(t) about t = t™ for u = {p,E,H} and
n=1,...,N—1, we have that:

ou (t- t“)2 (t- t“)3
— n Sramy s _gn n n
u(®) = ut”) + e -1+ T P O
t— t“ 4 t—s)?0%u
¢ Oy (L0 j L0 s
which when evaluated at t = t"*! and t = t™! yields:
ou a (tn+1 tn)Z (tn+1 tn)3
n+ly _ n nyyn+l n n
W) =) + SHE T - e+ S o Sy )
n+1
tn+1 tn 4 tn+1 4 aS
at4 tn)( ) J ( S) ( )ds,
n-1y _ n Ty en-1 _an n n
w(tn ) = uen) + Rt - o) + S I S,
tn—l
T d ! 24 ! +J ( 24 : g 8)ds.
tTl

Subtracting the previous two equations and using the result in the variational formulation as in Equa-
tions (4.2a) to (4.2c) leads to the following:

u(tn+1) u(tn 1) _ At? 3w

A g = (SR, D + TG )T + (R,

in which we have defined that:

0, n=0,

tn+1

RE J (tn 1_8)4 85 ()d N J> (tn+1 8)4

()ds , n=1,...,N-1,

2At otd

tn-1

for u = {p,E,H}. Again, using the Taylor remainder theorem, and expressing u(t) about t = t™ for
u={p,E H} withn=0,1,...,N -1, and evaluating this at t = tm*land t = tn1 yields:

2 L) )T
ot 2 at

)

u(tn+1) _ u(tn) + Zt (tn)(tn+1 tn) +
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tn+1

n+1 3 a4
+J—(t - 3" du 2 (s)ds,
tT\.

azu(tn) (tn—l _ tn)z N @(tn) (tn—l _ tn)3
0t? 2 ot3 6
tn- 1

J* (tn 1_ )3 a4 ( )ds

W) = u(em) + &

ST )

Adding these two last equations, and using the result again in the variational formulation as in Equations (4.2a)
to (4.2c) leads to:

u(t™h) —2u(tn) + u(t™ 1) _ 2
( W) = (57 ()W) + (W),
At?
in which we have again defined that:
0, n=0,
n ( n-1 )3 tn+1( n+l1 )3
Tu = t -3 t —s B
At2 I 54 (s)ds +J at4()ds , n=1,...,N-1,

tn-1

for u = p, E or H. Using these terms in the weak formulation as in Equations (4.2a) to (4.2c) and evaluating
att=t"forp, E,and Hwithn=1,...,N -1, we are led to:

(e—lp(tnﬂ)zgf(tn_l),ﬁ) - %(E(t“”) FAE(™) + E(™), V) = (TRE + A?Zv ), (419)
1 . o . _ E tn+1 —E tn—l —
eV (p(tn D) +4p(t") +plt 1)) )+ (e )2At 8 (4.19b)
) .
—%(v X (HE™1) + 4H(E™) + HEM) ) = (eRP + A% (Vi =V xT), E),
H@E™ ) —H{t™) = 1 n+l n n-1y)
SHY + (VX [EE™) +4E(t™) + E(t™ ) ) ,H
2At )+ 5 ( ) ) (4.19¢)

t2 ~
= <HRT}}l + TV X TTEL, H>
Then, subtracting the TS; scheme equations as in Equations (4.5a) to (4.5¢) leads us to the following set of

equations:
e e n+l n-1 y= i, AP
(a ,p>——< +4ep +ep ,Vp>:< Rp +—V rE,p>

2At 6

n+l1 n-1

1 1\ = e e ~ 1 N =
g(V(eg+1+4e;+eB 1),E>+< %, >_6<VX( el +elt 1),E>

= (eRT + A?t (Vrp =V xr1]) ,E>,
ik TR o At? ~
(T ame —H 6<VX( £ Hdep g 1)IH)=(uR{i+?erg,H>,

Now, in this set of weak formulation equations for the errors, we choose the test functions to be p =
2At (e{,l+1 +4el + eg‘l), E = 2At (eTE“rl +4ef + eTE‘_l) and H = 2At (e‘lrrl +4del + eﬁ_l). Next, by following
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essentially the same sequence of steps as in Theorem 4.5, we obtain the estimates for these error terms to be:

lep™ +epllen +2(ep™ ep) o —llep +ep e —2(ep, ep™ ) o + llet™ +etlle

+2(ep ef), —llef +ep e —2(ef ep ™), + el +ell +2(efi o)

At?
~llefy + eyl — 2(efy ey ), = 24t <‘1R“+?V e, ent! +delt +en )+

n Atz n n n+1 n-1
(sRE+?(Vrp—V><rH) +4ep +ep ")

+(uR}, + Atszr“ et +4el + e )
MR 6 €H H ™ €H

Applying the Cauchy-Schwarz, triangle and AM-GM inequalities appropriately on right-hand side terms,
and using that ||a +b]|?> = ||a||? + ||b]|> + 2<a, b) for the left-hand side terms of the above equation, we obtain:

lep 2, + llepl2, +4(ep™ e} oo — eI = lep I = 4dep, ep ™)
IR + Bl + 4 e, — P~ e — 4{ep ep ).
e IR + llef I+ 4(ep L, e ), = eRlI% = llefi % — 4(efy, e 1),

112 2 112 112 2 =172

< 3At[llep™ 2. + llepl2y + ey 12 + leg Iz + leg Iz + lleg ™11z
112 2 1 2 2 2
Hlef IR + eIy + e I3 ] + 18t [IRFIZ, + IRENZ + IRYIIR

At?

45 (IVrp 2+ 1V -2 + e -1(||er2||%+||era||i))].

Summing over n = 1 to N — 2 on both sides, we get:

N-1j2 N-22 N-1 N-2 12 2 1
lep =M 12 + llepy 2112 +4(ep e >5 = llepllz = 11ed I —4(ep, €))

p
N-12 -2112 N-2 192 2 1 N-12 N-22
+||€E ||£+||€E ” +4< eE >—||eE||£—||e%||£—4<eE,e%>£+||eH ”u+|leH ||p
N-1
N- N -2 2 2 2 2 2
+4(eN 7 eN ), — lleh Il — ledIs - 4(ety €y), < 9At D [llepll, +llefl2 + llefy i3]
n=0
N-2
+18At Y[R, + IREIZ + IRFIZ
n=1
At4 n2 2, -1, -1 n2 n 2
IV + Ve I2 4+ 7wt (VxR 12 + IV el ) )| -

Since <-, ) 5 are non-negative for o« = {e71, &, u}, thus using the Cauchy-Schwarz inequality we obtain that:

N- N- N-
D2+ e + 1T < 3 (lleb 2 + e I2 + el I + e 2, + llek ]I
N-1 N-1
+llel ) + 188t D [llep I + e 2 + llefy 2] + 18A¢t 3~ [IRRIZ, + IRE I
n=0 n=0
Att

2 2 2 -1 —1 2 2
HIRE IR + S (Ve + 17722 + & (||er2||g+||erm|u))].

36

Applying the discrete Gronwall inequality 1.10 similarly as in Theorem 4.2, we obtain the estimate:
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llep 112

St lleR MR+ lley TR

e +lley 3 (Ileoplli_l + 1R lI? + ey 15 + llep 2 + lleg lIZ

N-1
+llel I ) + 188t Y [IRRIE. + IRFIE + IRFI

n=0

At 1
S (VIR 1V v 22 + 7 (VX2 + |V xrmli))] exp (36T).

Now, we need to obtain bounding estimates for each of the Taylor remainder terms. So with u = {p, E, H}
andn =0,1,...,N -1, we argue as following:

tn gn+l
Ou ou 2
2 _ -1 _ ) +1 _ )4
RS = || 7 9 g @as e [ @ -9t T
gn-1 tn
n+1 n+1
«— L I (s — t™1)8ds J (s)
(48)2 (At)° ot
tn-1 gn-1
(using t"1 < t“Jr1 and Cauchy-Schwarz)
n+1
2 u |
=52 | |[3E )| 9
tn—l &

and now summing both sides over n = 0 to N — 1, we have that:

T

ZIIR“II 507 |
0

Similarly, for any operator ® acting on u belonging to an appropriate function space on Q, using the
Cauchy-Schwarz and Chebyshev inequalities, we have that:

aS
o5

%u s
otd

2
ds = 2 ZAV||—
N 81

Lz(o,T;L%c(mf

N-1 3 Miiag 3(| 44 2
3 oz < A2 [[2ew) _ AT 0Y(®(w)
2 RN 52| att |20z

foru={p,E,H}andn =0,1,...,N — 1. Finally, using the regularity assumptions for p, E and H, and 1- and
2-norm equivalences, we obtain the required result:

N-1 N-1 N-1 4
llep "l +lleg " lle +lley " llu < C [(At) +lleplle-r + llelle + led I

1 1 1
Hleplle +lleglle + lleyll] . O

4.3.2 Error Estimate for Full Discretization

The full error analysis of the three-field Maxwell’s systems with arbitrary-order de Rham finite elements in
conjunction with TSy is nearly identical to that for the LF, case in Section 4.2. Like earlier, we again define
the errors for p, E and H at time nAt under the full discretization as the following;:

ep, =Pt") —pp =n"-ny, (4.20)
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ep =E(Y) -EF = -G, (4.21)
el = H(t™) —HY = g™ — £, (4.22)

and in which we again have the following definitions for the above newly introduced terms:

nt=pth) MY, mf =R - TP, (4.23)
¢" = E(E™) - TTLE(), oL = ER - T E(E™), (4.24)
EN = HE™) - TEHEY), & = HE - TR H(). (*1.2)

For the TS4 scheme as in Equations (4.5a) to (4.5¢), using a de Rham sequence of finite dimensional subspaces
of the corresponding function spaces for the spatial discretization of (p™, E™, H™), we obtain the following
discrete problem: find (p},, Elr, H) € Up X Vi, X W), C lilif1 X lile(curl; Q) x lilu(div; Q) such that:

n+l _ . n-1

~ 1 —
(TP ) - et 4+ VD) =0, (4260
1 _ En+l _ En—l .
- V(p“Jrl +4p“+p”_1),E +(e—— N F
=(V(rh R B e ) (4.26b)

1 —

—(Vx (HR + 4 + HE ) E) = 0,
1 -1

<HHE+ B HLL

2At

for all (p, E, ﬁ) €Up X Vi xWy,n=1,...,N—1. As earlier, we again have the same L2 smoothed projection

operators, namely, ﬂ% : ]zll_l (Q) — Uy, H%L : ]ile(curl; Q) — Vp and ﬂi : lilu(div; Q) — W4, and for the

initial conditions, we simply again set:

1 —
)+ (Vo (B +4ER + ERTY) H) = 0. (4.260)

u?l = ﬂﬁuo and u}t = ﬂ]}jul, foru = {p,E, H} and k = 0,1 or 2 respectively . (4.26d)

With this setup, we now state and prove our theorem for the convergence of the errors in the full discretization
of our system of Maxwell’s equations using TS, and arbitrary-order de Rham finite elements.

Theorem 4.7 (Full Error Estimate). Let p € C3(0,T; lili,l(().)), E € C5(0, T; He(cur; Q)), and H €

C3(0, T; H,(div; Q)) be the solution to the variational formulation of the Maxwell’s equations as in Equa-
tions (4.2a) to (4.2c) with sufficient regularity, and let (p:, E]', HT) be the solution of the fully discretized
Maxwell’s equations using TS4 scheme as in Equations (4.16d) and (4.26a) to (4.26¢). With Assumption 4.4, if
the time step At > 0 and the mesh parameter h > 0 are sufficiently small, then there exists a positive bounded
constant C independent of both At and h such that the following error estimate holds:

N-1 N-1 N-1 4 4
HeN e + lleR e + el < C [At* + 17 +hrAtt],

where the finite element subspaces Uy, Vi, and Wh, are each spanned by their respective Whitney form basis of
polynomial order v > 1.

Proof. First, we shall subtract the set of equations for the full discretization as in Equations (4.26a) to (4.26c)
from Equations (4.19a) to (4.19¢c), and then use the error terms in Equations (4.20) to (4.22) and thereby

obtain: . .
entl _ en- 1 At?
-1°Pn Ph  ~ 1 -1 v\ _ /-1 ~
<£ 2At 'p>_g<62: +4eTF}h +€Eh ,Vp> - <€ Rg_'_ 6 V'Tg’p>’
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n+1 n-1
1

(V (ept e, +epl) B+ (e —tEh,E>

1 - A2 =
o (Vx (et el +el) E) = (eRE+ = (ViR -V xay) E),

en+1_ n-1 _ 1 _
(p—HhZAtH“,H)+6<V><( e +4el +ep ),H):(uRﬁ+

Next, using the values of the error terms e}
equations, we get:

At? ~
TV X TTEL, H>
A egh and e;‘lh as in Equations (4.20) to (4.22) in the above

<£_1 (nn+1 _ nn—l) (T]T}l+1 n{lx—l) ~>

DAL P

1 _ At? _
- 6((&““ 40+ C”‘l) (C“” +AG + C{L“l) ,Vp) = (e7IRY + %V TR D),

1 —
—(V (n“” +4n" +n" ) \Y (n{t” +4n] + n{l‘_l) , E)

6
(Cn+1 _ Cn—l) _ (CLH—l _ C'{lx—l) _
2At E)
1 —
_ 6<(£n+l +4£n + En—l) (£n+l +4£T}t + &Ll—l) ,V % E>

+ (e

2 —~
= (sRTEl + ATt (Vr;‘ -Vxry) ,E),

(£n+1 _ En—l) _ (£n+1 _ an—l) _
(u 2At - - H)
2 ~

1 . At
(Vo (440 + 07 ) =V (G ad + ) ) = (R + SV g ).

Since these equations are true for all (p, E H) € Up X Vi, X Wy, we choose p = —2At ( n+l g dnp + n{t‘l),
E = —2At (CL‘“ +A + 1) and H = —2At (EL‘“ +AEN + £ 1) and using the fact that VUp € Vi and
V X Vi, € W4, we obtain that:

< (HRH ﬂﬁ_ ) n{lu—l +4T]£ +n'}rll—1> + <£ (CLH—l _ CLL—l) Cn+1 _}_4&;1 + C'{IL—1>
+ <u(£{l1+l _ E’T}t_l) £n+1 +4E’R + E'LL_l> — <£—1 (nn+1 n ) ﬂﬁ“ +4nLL +nLL—1>
+ <£ (Cn+l _ Cn—l) Cn+1 +4—Cn + Cn_l> + <u(£n+l _ E,n_l) an+l +4£Thl' + aE—1>

At?
+2At[( s‘lR“+TV 2t it

At2
+ (—eRD + Tt (Ve =V x ), Gt + 400 + 2

+ (—pR}, + V XTE, Et 48 L (4.27)

6

Consider now that ™! (n™*! — 1) = 71 (I-T1Y) (p(t™*!) — p(t™~1)) by Equation (4.23). Using the Taylor
theorem with remainder as in Theorem 4.6, applying the Cauchy-Schwarz, AM-GM, and triangle inequalities,
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we have the following inequality:

0
<€—l (nn+l _ nn—l) n+1 + 4nh +T'|T}t_1> = 2At<€_1 (I - ”(})L) (a_]z(tn)

LAP Op
6 ot3(tn)

1
+2AL(e! (1 — o ) Rn,n;‘+2 +

),n{t“ +4nt Pt

1
1
Ny, °)

<18At[( ﬂ%) (t“)

e-1

Attt

t 3 +

2
5‘1]

Similarly, using Equations (4.24) and (4.25) for the full error terms for E and H, we obtain the following:

(I- ”?1) (t“)

(I-TT)RY

+ 3At

112 2 -12
IR, + ||n;t||€_1 Ty ||£_1].

2 °E

ot3

4
(e (c““ - c“—1) L A+ Y < 18At[ + A—t (t“)

(I- ﬂi)—(t“)

(I-T)=—

2
+|(I-TT} )RR

+ 3At[|lCL‘”II% + Iz + IICL“llli],
£

2 o%H

ot3

(n (E“H - En_l) EMT +4Er + £ < 18At[ (I-T17 )—(tn) At4 I-T) = (tn)
r5n nton

2
+|(I=TT2)RY

+ 3At[||£}}“|li +IERIE + II(i}}‘llli]-
i

Using these inequalities for 1, ¢ and & in Equation (4.27), we thus obtain the following estimate:

gt 2 g+ 40 nm e = g2 = g 12 = 46 e + G + R 2
&€

+ 40, e = IGRIE = G IR = 44T, G e + IERHIR + IERIITE + 4CER™, &b — NERTIE — NIER I

n ¢n-1 0 ap n ? 1 oE n 2 2 oH n 2
—4(En, & < 18At (I—ﬂh)a(t ) + (I—ﬂh)a(t )N+ (I_”h)ﬁ(t )
e~ € o

At4 3 d’E 3H
‘(I—ﬂ%) p(t“) M= <t“> M55 (t“)
2 2 2
MR} MORE| + 1= TR}, +||R:;||§_1+||R2||%+||Rﬁ||i
el € i
B (I, 19 eI+ e (19 2 + 1 o))
36 1 E E H

12 2 -112 12 2 -1)12
+6At [y 12+ Il + Iy 2L + G HIE + Gz + eIz

HIERTIE + NERTE +IIERTMIR] -

Summing from n = 1 to N - 2 and using the Cauchy-Schwarz inequality along with non-negativity of inner
products <~, .>oc for o« = {e71, ¢, u}, we have that:
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N2+ HEN T + EN T <3 (||n%||2_1 + I + R + |In%1||2_1 IR + ||a;||2)

N-1
+ 18At Z

op
(I—W?L)a(t )

H(I - ”11) (t“)

”(I - ”ﬁ) (t“)

At a3 2°E o%H 2
+ = (|| —ﬂ%) p(t“) (I—W%L) (t“) (I—ﬂi) (t“) +|[(T-TID)RY
5—1
2 2 At4
+[T=TTORE[ + || =TTORY [ + IR, + [IREIIZ + [IRP I + e (IIVr“||2_1+IIV (s
€ o

e W (IV X aRI2 + 1V x 2

+ 18AtZ [P + NG + NErIE] -

n=0

Now, applying the discrete Gronwall inequality 1.10 with At < 1/24, we get that:

N- N-
Inn 2+ NG HE + eI

3 (||n‘;||i_1 U2+ ELI + I 2, + NIk + ||a11||i)

+18AtZ ng) (t“) n;) (t“) ”(I—Hﬁ) (t“)
At4 aSP n 1 n 2 n 0\ypn :
(I-TTp, Pt ) ﬂh) (t ) (I—ﬂh) (t ) RS
.
2 2 At 4
TTORE|l +{[(T=TTORY|[ + IRp 12, + IREIZ + IRF I + (IIVr“||2_1+|IV Rz
€ B

pely! (||v X T[12 + |V x rgnﬁ)) ] exp (36T).

Using our estimates for the Taylor remainders from Theorem 4.2 for the terms on the right-hand side of the
above inequality, we further get that:

N-1
18At ) [||R{;||§,1 +IREIZ + IIRﬁllﬁ] <
n=0

s, ol [ o o
? 08 Iz mz ) 198 o mzay 119 llzo iz
and that:
AP o 2 2 1, -1 2 2
S IV 0V e (1Y xR + 1Y x|
n=0
_ A8 |4 (Vp) 2 N RAAL) 2
= 504 ||| "o o @) I lleeriza)
*V xE)|P *(V x H)|I*
+€_1H_1 ( 1( ) + ( - ) .
ot iz 1200 ot iz 112(0))
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Now, for p € lili_l(Q), E € He(curl; Q) and H € lzlu(div; Q), there exists positive bounded constants Cy,,,,
Cow, C3 for u = {p, E, H} such that we have the following error bounds for the L2 projections:

0
< CLu|| 50 (") < Coht”

where k =0,1,2and « = {e7!,¢,u}, respectively. Set Cp := max {Cy,., Cou, C3u}. We therefore have

H(I - rfk)—(t“) —(t“)

(@- ﬂk) (t“)

I-TIRY| < C3ph"|[RY

7
X

X

ue{p,E,H}
that:
N-1 a‘p 2
0 n 1 n 2 n
18At ) “(I—ﬂh)a(t ) ‘(I—ﬂ )—(t ) m )—(t )
n=0
<18c0h2fZAt p(t“) ‘—(t“) ‘—(t“) ]
n=0
T
2 2 2
op oH
< 18Coh?" =" — " t
scon” [ || e
0 28
2 2 2
d OF oH
= 18Coh?" ‘—p +][<= L ,
Ol miz ) N10tIeTz) 19t leorizw)
N
At O%H
—_— I-11Y t™)||  + |[(1-TT tm I -T2 tm
5 ZOH( h)(w( > (1- > = > (1-TH) 55 (") ]
N-1 [ 2 2
3% 3E a3H
< Coh?™ ) At tn t At <1
oh?r Y Pl . ) pret ) ( )
n=0 L
¢ [110° 2 a3E 2 a3H 2
< coh? | [IE2 @ ) S| |at
J (Il .
0
3%p | %P *H|*
= o | |55 30 S /
W lzomiz @y 10 llerize) 198 lleeriio)
and likewise for the L2 projection of the remainder terms:
N-1
18AtZ“(I—ﬂ%)RE + [T =T)RE| + [|(1 - T12)RD ]
n=0 el e i
N-1
< Coh® 3~ At[IRRllz o+ IRE Nz + IRz 0|
n=0
5. (|2 5t |2 512
< Teoh At a—‘; a—E a_1: .
? W llzomz, @) 108 leeriza) 198 Nk
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Now, we take ugl = ﬂlfluo, and u%l = ﬂ‘flul,for k =0, 1,2 respectively, for u = {p, E, H}, and we note that
there exists a positive bounded constant M such that:

8 (‘ a_p 2 ‘ﬁ 2 ‘E 2 ) . a:},_p 2
Mtlizoriz, @y I19leeriza) 19t leerze) 108 leere «)
O o°H|P 8 ([2% | O°E|f
0t Iz 20y N O Nz, m12(00)) 9( 0 |2 m2 ) 119l iz
aS_HZ )+L( o) + —64(V'E)2
0 llagraziay) S04\ O lizoriz @y | lizoriz)
ety MV x E)|] L2t xh 2 )) M
ot iz 200 ott 2o Tz

Consequently, we have the following estimate:
IR+ NG + IENTHIA < C [R27 + R At® + A%,
where C = M exp(36T) which then using the equivalence between 1- and 2-norms gives us that:

IR " e+ IEE T e + 1EN I < Cr [RT + A + ALY,

where Cq = V3C. Also, there are positive bounded constants 6, FCvg and a such that:

Nl = IA=TPEN D < GRIPEN DIz ) = NN e < G,
N e = = THOEEN e < GRTIIEE D2y = 18 < G,
1EN T = 1A= TRHEN D < CRTIHEN D) = 1EV I < G,

in which C, = E;||p(tN-1)||L2_1(Q), Cs = GlIE(N)l 2(q) and Cy = EZHH(tN‘])llL%l (o) are all bounded

positive constants due to Theorem 4.5. Finally, this provides us with our desired result by choosing
C=C1+Cr+C3+Cy

llepy e +lleg, e + eyl = N = e + 1N = g e + 1ENT = €17,

h
< C[(AD*+h" +hrAt?]. O

4.4 Numerical Results

We now present two validating computational examples in R?.

Example 4.1: This problem consists of the Maxwell’s system being posed on a unit square in R? with the
analytical solution, material parameters, initial and final times as below:

sin 7ty cos it

Sin 7Tx COS 7T t] ,  H=(cosmy — cosmx) sin 7,

p:O, E:[

e=1, n= 1, Twin=0, Thax=1
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The computational results of solving this problem with the choices LF4 and TS, in conjunction with linear or
quadratic FEEC basis are all shown in Figures 4.1 to 4.4.

Example 4.2: This problem is also on the unit square in R? with p # 0, and with non homogeneous boundary
conditions for both p and E and homogeneous boundary conditions for H.

p = (cos Ttx + cos ry) sin 7tt,

sin7t(V2t — x — y) — sin 7tx cos 7t ,
E= , H=-V2 2t —x — ),
— sin (2t — x —y) — sin 7y cos 7t V2sinm(V2t - x~y)

e=1, n= 1, Twin=0, Thax=1

The computational results of solving this problem with the choices LF4 and TS, in conjunction with linear or
quadratic FEEC basis are all shown in Figures 4.5 to 4.8.

In the end, we wish to conclude by summarizing that we have outlined two different strategies for the
fourth-order time discretization of the three-field formulation of Maxwell’s equations that have resulted in
two implicit time integration schemes which we have demonstrated to be energy conserving and convergent.
We further generalize this to arbitrary-order schemes for the spatial strategy in the Chapter 5 and leave the
precise characterization of a plethora of such higher-order schemes arising from the temporal strategy to a
future work.
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Ficure 4.1: Linear finite elements with LF,: Plots of solutions at different time steps for
the problem described in Example 4.1 of Section 4.4 using the LF,; and linear Whitney
forms as basis for the FEEC spaces. The solutions for p are not shown due to them
being identically equal to 0. The computed solutions for E and H visually match with

the analytical solutions nearly identically.
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FiGure 4.2: Quadratic finite elements with LF,: Plots of solutions at different time
steps for Example 4.1 of Section 4.4 using LF4 and quadratic Whitney forms as basis for
the FEEC spaces. The solutions for p are not shown due to them being identically equal
to 0. The computed solutions for E and H visually match with the analytical solutions
nearly identically.
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FiGure 4.3: Linear finite elements with TSy: Plots of solutions at different time steps
for Example 4.1 of Section 4.4 using TS4 and linear Whitney forms for the FEEC spaces.

The solutions for p are again not shown due to them being identically 0.
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FEEC spaces.
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Plots of solutions at different time steps

for Example 4.2 of Section 4.4 using the LF,; and linear Whitney forms in FEEC. The
computed solutions for p, E and H visually match with the analytical solutions nearly

identically.
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Plots of solutions at different time steps

for Example 4.2 of Section 4.4 using the LF; and quadratic Whitney forms in FEEC. The
computed solutions for p, E and H visually match with the analytical solutions nearly
identically.
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for Example 4.2 of Section 4.4 using the TS, and linear Whitney forms in FEEC. The
computed solutions for p, E and H again visually match with the analytical solutions

nearly identically.
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Plots of solutions at different time steps

for Example 4.2 of Section 4.4 using the TS4 and quadratic Whitney forms in FEEC.
The computed solutions for p, E and H yet again visually match with the analytical
solutions nearly identically.
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Chapter 5

An Arbitrarily Higher-Order Time Implicit
Scheme for Maxwell’s Equations

5.1 Introduction

5.1.1 Three-field Formulation of Maxwell’s Equations

We again begin by providing the three field (p, E, H) formulation of the Maxwell’s equations as below for
quick reference:

P L v.eE=o,
ot
oE .
Vp+€a—VXH:0, anX(O/T]/ (513)
oH
— +VXE=
“at+ X 0,

where Q ¢ R?/R? is a domain with Lipschitz boundary 9Q, and T > 0. We use the following homogeneous
boundary conditions:
p=0Exn=0,H-n=00n0Q x(0,T], (5.1b)

where n is the unit outward normal to Q). We wish to state that the homogeneous boundary conditions are
merely for convenience and all of our work can be extended to non homogeneous boundary conditions in a
very standard way. Finally, we use the following initial conditions:

p(x,0) = po(x), E(x,0) = Ep(x), and H(x,0) = Hp(x) for x € Q, (5.10)

and in which for the sake of consistency as to why p was introduced, the initial conditions are required to
also satisfy V - (¢Ep) = po while physics provides for V - (uHp) = 0 in Q. Given this setup, we also wish to
add that it is possible to extend our method and analysis to nonzero right hand sides in Equation (5.1a) but
it makes the already complicated analysis quite rather unwieldy and also requires more hypotheses on these
forcing functions. As a tradeoff, we realized that this sort of absolute generalization does not lend itself to
gaining any meaningful insights beyond what we can already derive from our work. Therefore, while it
is possible to work with a specific instance of a higher-order scheme with forcing functions, we leave this
altogether out of our discussion.

We next cast Equations (5.1a) to (5.1c) into the following variational formulation: for t € (0, T], find
(p(t), E(t), H(t)) € lili_1 (Q) X He (curl; Q) x Iilu(div; Q) such that:

op . o
(32,5) - (£ VP) =0, PehL (), (5.2a)



190

(Vp,E) + ( E) (H,VXE)=0, Ee€H(cul;Q), (5.2b)

aH ~ ~ o ..
<pﬁ,H> +(VXEH), =0, HeHyu(div;Q), (5.2¢)
For the sake of analysis, we require that the solutions (p, E, H) have sufficient regularity. Given this
background about our system on Maxwell’s equations, we next state our higher-order discretization, which
we are generalizing using the spatial strategy as discussed in Section 4.1.2 of Chapter 4. We first provide an

illustrative example for the sixth-order scheme, and then we provide the full generality for the Rt"-order
scheme.

5.1.2 Warmup Example: LFs Scheme

Find (p(t™*1/2), E(t™*1/2), H(t™)) € ﬂi_l (Q) X H, (curl; Q) x lilu(div; Q) such that:

1

nl _ -t A2 ¢
(p—zmp 2,p>—(§(E“+%+E“—%),V‘ﬁ)+ 12<2vv (E“+%+E“—%),V‘ﬁ)
4
1A2to< (VV-)? (E“+%+E“-%),v5>=o, (5.3a)

_ 2
G (o) B = G GV (o709 9 B GV (7))

E: —Ev: o~ 1 ~ At 1 ~
+(s%,lﬁ>—(§ (H“+1+H“) VXE)- - <2p‘1e‘1VxVx(H“+1+H“) VXE)
At T 5 n+l | pn =
- S5 (FH 22 (VX VX (HY + 1Y) VX E) =0, (5.3b)
HH —HY — 1 ~  At? 1 ~
(o F) + (5V x (B 4 ) )+ S (e TV x (M 4 EvE) v x v x )
At 1 -2 -2 n+l n-1 21
+ (57 VX(E P4E 2),(V><V><) H)y=0, (5.30)

forallp € lill_l(Q), EeH ¢(curl; Q) and He lilu(div; Q). In this description, (VV-)2 stands for the operator

(VV - VV.) and likewise (V x Vx)? denotes (V X V x V x V). In order to bootstrap the computations, we
will use the following scheme for the first half time step for p and E, and for the first time step for H:

1
Pz—pPo ~ 1l,e(_1 1 At? e 1 —
oz P =35 (E+80) B)+ 5 7 GV (E“EO)'W
1
_§m< (VV) (Ez +EO) Vp> 0, (5.4a)
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1,1 1 - 1 At?,1 1 - 1 At*)1 )=
2V (PH 4w B) = g TGV [0+ 0) VY E) b 55 55 (F o) (VVE)
EZ_EO 1 1 g 1 At2 1 1 -1 1 ~
e )= (5 (H'+Ho) VX E) = - T (507167 x Vx (H! + Ho ), V X E)
1 Att)1 w262 2( 1 ) T\ =
T 120( e 2 (VxVx)*(H'+Hg), VXE) =0, (5.4b)

Hl—Hy ~ 1,1 — 1 A2 1 _
(b= O,H)+§(EV><(E%+E0),H)+§.—12 Ee‘lp‘1Vx(E%+E0),VxV><H>
1 Ath 1 .
+ 3 (5t —zu—ZVx(E%+E0),(V><Vx)2H)=o. (5.4¢)

We now rewrite LFg using some additional notation with summations as next. This is so as to make it easier
to then state the arbitrarily higher-order scheme LFg.

5.1.3 LFs Scheme in a Sum Notation

Find (p(t™*1/2), E(t"*1/2), H(t™)) € 13@_1 (Q) x He (curl; Q) x lilu(div; Q) such that:

ptI—p _ 3 1 1
(—F— ,p)—(E(E“Jrz L ET 2),v5>
6 -1 2 -1- Zkh
k
+Z Z Cu,f(a)( (vv )m1 (E’”% +E“—%),V‘5> -0, (5.5a)
a=1  kq=1
a—1
6 g_l_zkb
7—1 b=1 a
1 n+i n-1\ ¥ 1 n+i Z
(3 (P2 +pm) E) - > Cuf@(V (Pt + ) (VVia T E)
a=1 ko=
ETH—% = n+1 n
=) = (5 (0™ +H"),V < E)
6 -1 g_l Zk[’ a a
X 1 -2 knm 2 Km n+1 n T
+Z kZl Cr,f(a)(~ 1)m1 "(5(he) T (V x Vi (H +H ),VxE) -0, (55b)
Hn+1 —H" ~ 1 el a1\ =
o H) + (57 x (B Enh) )

61[1%
512 0 5 a a

=Y ) Cuf- 1)m =t (%(su)_mzﬂ % (En+% + En—%) (V% Vx)mZ=1 o H) =0, (5.5¢)

a=1 kq=1
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forallp € ]ili_l(Q), E € He(curl; Q) and H € lilu(div; Q). The bootstrapping equations using the initial
values at t = 0 are:

1
2-po — 1 —~
a5 (e v ) P

At/2 2\2
6 g_l_ufkb
2_1 b=1 C ¢ i K
m 1 ~
+ Z a—klf(a)<—(vv.)m=1 (Ei +E0),Vp> =0, (5.6a)
23 km+l 2
a=1 ka: m=1 "
a-1
6_q 3-1-2 ko
1.1 7_1 b=1 C 1 ik
1 = k 1
§<§V (pz +po) JE) - Z n—]f(0)<zv (pz +p0) (VY- E)

E2 — EO ~ 1 —_
(5P (5 (H' +Ho), VX E)
a—1
AN C S ke 1 - Kk 3k _
+ Y -1y (5(he) 27 (VX Vi (Hl +HO),V><E) -0, (5.6b)
C(=1 k = 2 Z km
a 2 m=1
H'-Hy -, 1 1 ~
(v ,H)+§<—V><(E2+EO) i)
a-1
6_1_
2Tt frag fu .
- Y @D () VX (E% +E0),(V><V><)m=1 H)y=0, (5.60)
1 koo 25 Km+tl 2
a 2 m=1
where .
a 25 ko
1\ (at\2L 1 1
=l | == ||+ , = = . 6d
F(a) (lc;l (ZkC)!) ( 2 ) C ((2k1)! 2k + 1)!) (5.6d)

We can now state our LFr scheme and we do so by appropriately generalizing from the sixth-order in the
LF¢ expressions as in Equations (5.5a) to (5.5¢) and (5.6a) to (5.6¢) to Rth-order.

5.1.4 The LFg Scheme

Find (p(t™*1/2), E(t™*1/2), H(t")) € H! ,(Q) X Hc (curl; Q) x H,(div; O) such that:

=B (e e ). )
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a-1
2 1-Yx
R_q12 — *b a
2 b=1 € > Km n+l ol .
+ Z Cklf(a)<§(VV-)m:1 (E 2+E z) ,Vp)y=0, (57a)
a=1  kq=1

R %12]‘5’

-— a

1 1 3 1 ! 1 > km~
<§V (PM% ) Z Z Ck]f(a)<§V (PM% +p" ;),(VV')‘“:l E)
a=1  kq=1
En+2 - En_% el 1 n+1 n T
5~ (5 (H +H"), VX E)
- Roq- Zkh
+ Z Z Crof(a)(= 1)m 5 ( (we) =" (VxVx)m 5 (H“” + H“),Vxﬁ) -0, (5.7b)
a=1 kq=1
Hn+1 —H™ ~ 1 1 1 .
pe—— H) + (5V x (B Enh) )
R 2 -1- Z kp
- Sk 1 -1k Sk
—Z > Cuf@EDs T (Sew w TV x (E“+% +E“—%),(vax)m=l H)=0, (570)

a=1  ke=1

forall p € lili_1 (Q), Eell ¢(curl; Q) and He lilu(div; Q) with bootstrapping using the given initial values at
t = 0 for the first half time step for p and E, and for the first time step for H:

7 — 1 1 —
<pAt/§0'p> 25 (£ + E0). V)

£y Y (v

(E% + Eo) ,VP) =0, (5.8a)
a=1 ko=l A2 S ktl

2 m=1
a—1
R %‘1_ ko
1,1/ 1 oo Ci S km~
LAVt ep) B-Y Y S i@(aV (p +po) (V) T E)
" szzzlkmﬂ
1
EF—Ey = 1/ _
+<€T/2,E>—<§ (H +H0),VXE>
a-1
b E > K 5k _
+ S M s(a)(- 1)m1 <(p.e) (VX V)T (H1+HO),V><E)=0, (5.8b)
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- > Sl a1y " %(su)_mz—l "y % (E% + EO) LV x vy H)=0, (5.80)

where f(a) and Cy, are defined to be same as in (5.6d)

5.1.5 Organization

In Section 5.3, we prove the energy conservation of LFg, and analyze and characterize the asymptotic
convergence of the semidiscretization error for the Maxwell’s system as well as the error for the full
discretization of this system in conjunction with compatible finite elements as drawn from finite element
exterior calculus [Arn18]. In Section 5.4, we provide some computational examples and end with a brief
summary of this chapter.

5.2 Characterization of Implicit LFs Scheme

For our implicit LFe time discretization scheme, we next show that this semidiscretization in time yields
stable methods and we provide error estimates which show that this scheme is correspondingly convergent
in each of its chosen sufficiently small but fixed time step.

5.2.1 Time Discretization Stability

Theorem 5.1 (Discrete Energy Estimate). For the semidiscretization using the LFe scheme as given in
Equations (5.3a) to (5.3¢) and (5.4a) to (5.4c), for any time step At sufficiently small, there exists a positive
bounded constant C independent of At such that:

N . N-1,2 N-1,2 N2 2 2 2 _.
EN = [lpN 2|2 + IENT2Z + IHNIE = [lpoll>-, + [Eoll? + Holl%, =: &°.

Proof. Since Equations (5.3a) to (5.3c) are true for all p € }ilif1 (Q), Ee lilg(curl; Q), He lilu(div; Q), using
P = 2Ate™! (p“+% +p“_%), E = 2At (E“Jr% + E“_%) and H = 2At (H™*! + H™) in them, we obtain the
following:

2<_pn+7 _ Pn_§, 8_1 (pn+% + pn—%)> _ At<En+% + En—%lv (pn+% + pn—%)>

5
+ S (VY- (BB ) v (prrd e pnd)) - f%((vv.)2 (Bt +Ev3), v (2 +pnd)) =0,
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3
At(V (pn+% + pn—%) ,En+% + En—%> _ %(V (pn+% + pn—%) ,VV . (ETH'% + En—%))

(v (p“+% + p“—%) L (VV-)? (E“+% + E“—%)> +2(e (E“+% - E“—%) JEME 4N

At
=AM+ HR) Vo (B 4 ) - S (e TV Vo (HY e H ), Vo (B0 B )

(u2e72(V x V) (H“+1 + H“) ,V x (ET”% + E“‘%)) =0,

N At
120

A
120

2(p (MM = M) MY+ HR) o AV x (B Enod) 1t )

At3 -1 -1 n+i n-1 n+1 n
+ﬁ<s m Vx(E 2+E 2),V><V><(H +H ))

5 1 1 2 1
+ (e VX(E“+2+E“ 2),(V><V><) (H“+ +H“)>:O.

Using the symmetry of the inner product and adding the above equations, we next obtain:
2(5_1 (p“+% - p“_%) ,p“+% +p“_%> +2(e (E“+% - En_%) JEMI 4 E“_%>
20 (MM = 1Y) HY T 4 1) =0,
Summing over n = 1 to N — 1 leads us to:
PN 22— lp2 07+ HENTZIE  EX2 + IHNI ~ I = 0

Now, p%, EZ and H! satisfy Equations (5.4a) to (5.4c), and so using p = 2Ate ™! (p%7 + po), E = 2At (E% + EO)
and H = 4At (H! + H?) there and repeating the arguments presented above leads us to the following estimate:
1 1
21120 = 112, + NEZIE = NEPNE + IR — IHOIE, = 0
Adding these last two equalities, we get:

N-12 N-112 N |12 2 2 2
PN 7212 + NEN2]2 + IHN I = [1p°)12-, + [EO)I2 + IHO)%,

Theorem 5.2 (Discrete Error Estimate). For the semidiscretization using the LF¢ scheme as given in
Equations (5.3a) to (5.3c), and (5.4a) to (5.4c), for the solution (p,E, H) of Equations (5.2a) to (5.2¢c)
with initial conditions as in Equation (5.1c) and assuming sufficient regularity with p € C’(0,T; lilifl (Q)),
E e C7(0,T; ]ila(curl; 0)), and H € C7(0,T; ]ilu(div; Q)), and for the time step At sufficiently small, there
exists a positive bounded constant C independent of At such that:

N-3 N-3 N 6
lep *lle-t+lleg 2lle + llefilln < C{(AY° + lled ]l -1 + llelle + lledy Il ],

1 1
where eg+2 = p(t“+%) - p“’r%, eTE1+2 = E(t“*é) — E™? and ey, = H(t™) — H™ are the errors in the time

semidiscretization of p, E and H, respectively and at the indicated time indices.
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Proof. Using the Taylor remainder theorem up to 7'", and expressing p(t) about t = t™, we have that:

oy 0P o N t“)2 N t“)3 (= t“)4
p(t) = p(t HE(t (t—t )+ (t ) ——— (t ) —— at4(t )—

(t— t“)6 I (t— s)6 a7p TP (g)as,

at3

(t— t“)5

(t“) (t“)

at5 at6

which when evaluated at t = t™*z and t = t""Z yields:

n+% _ n ap n n+% n n (tn+_ _tn)Z aSP o (tn+2 tn)3
p(en+h) = pen) + Famyend o) ¢ TR EZ I Ty (2
a4p " (tn+— tn)4 o (tn+2 —tn)S " (tn+2 tn)6 (tn+2 _ 5)6 a7p
fout) T at5( ) 6t6(t) 720 J v Bds
1 1 n-5 _ 4mn\2 3 n-s _ )3
) = ple) + Lyt - gy SRy Fp ) (072 07
'rL—_n4 n—_n5 nz_n6 n_inz_ 6 7
R TN 1 Gl . JOS G f et JAPR

Subtracting these two equations, and using the result in the inner product term from the semidiscretization
of the variational formulation leads to:
pt™3) —p(™ 2) ~ _ 0P n A Op in At* %
= t
( P) = (5P + S (GE ()P + 1555455

At 22, 5) + RLB),

in which we have defined that:

T‘Hrl

J (tn- z—s)6a7p(s)d N J (t“+2—s)6a7p()ds .

Similarly, for E and H, we have the following:

E(t™2) — E(t"2) = N At a3E o A E N
(e A B = (e (t ), E) + 7 (e, E)+ Too0 et ), E) + (R}, E),
HE™ ) — H(t™) el At3 a3H (el At (e
( A D) = (u (t 7), H) + S (hgz ("), H) + 500 H ats( ), H)

1 -
- <uR*,;+2, H),
and in each of which we have defined that:

(t“‘i —s)° 67E (t“+2 —-5)°0’E
J BRI A j

0 at7( s)ds|,

h.**
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tn+1

720

S Sds+ S (8)ds| -

J (t“— s)° a7H

1
"2

Using these terms in the weak formulation as in Equations (5.2a) to (5.2c) at time t = t™ for p and E terms,
and at time t = t™*2 for H and using the Taylor remainder theorem again with:

w(t™7) + u(th2)

H(t™1) + H(t™ 1
u(th) = 5 —, HEYE) = ( )2 (t) i
u(tn+%) + u(tn_%) Atz 62 1 H(tn+1) + H(tn) Atz az n+l
) = th) -1t H(t"*2) = n+ 3
M 2 8 atz( )7 HET) 2 8 atZ( ) =T
1 -1
R B i) BIF-NGL TR LY SO
2 8 o2 384 ot4 3u
My RO HOY  ACPH AR e
2 8 ot2 384 ptt T3, 7
where u is either of p or E, and in which we have defined that:
h.+]
2
T J (t“+' - s)—(s)ds - J (t“‘z - s)—(s)ds ,
th
n+l n+1
TL+ +1
2 = J (t" atz (S)ds - J (t" - 5) 302 (S)dS ,
tn+ 364 "2 —5)3 d%u
J( = J(ZS)a()ds,
o 1 344 o 3 N4
n+i L 1 (tn+ _ S) o%H (tn S) O4H
TZ'HZ = E J TW(S)dS - J\ T ( )d ,
n+l tn
t 2
tn+ 586 "2 —5)° 9w
( S) j( 28)a()dS,
at6 at6
1
tn+1( o )5 561 3 ( o )5 5614
n+i 1 t —s)°0°H _ th —g 2°H
T3H T 5 I o0 a6 (s)ds J‘ 50 2% (s)ds|,
tTL

n+

t

Nl—=

we obtain:
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Tl+% _ n—% 1 1 - 2
<P(t )Atp(t ),5>_<£ (E(tn+z)+E(tn—z)),vp) At ( (E(t“+z)+E(tn‘z)) 7)
120( (VV-)? (E(t“+2)+E(t“_7)) VP) = (Rgﬂv-rgE—%sv-vv-rgE f eV - (VY- 17, ),

(5.9a)

1 1 1) = AP 1 1 _1 =
<§V (p(t”+2) +p(t" 2))/E> - §<§V (P(tn+2) +p(t" 2)),VV : E>
At 1 ) EE™2) - B8 = 1 =
+ (s (p(t“+2)+p(tn z)) (VV-2E) + (e - ,E)—(E(H(t + )+H(t“)),V><E>
A1 1 At )1 w22 1 =
- S (5ue VXVX(H(t”+)+H(t“)) V x E> T (FH 22 (VX V) (H(t”+)+H(t“)),V><E>
_ n n n+j; T At? le-ly wVx V TH'2
—<€RE+VT3IP—VXT3,H - VV Vzp—fu 13 XVXVXr,
At4 A ) _2 2 N+
E(VV) vt p—mu VX(VXVX) T2H2,E> 59b
H(tn+1) _ H(t“)
JH) + {2V (E ) + (1 )
(u A H) + ( x (E(™2) + E(t""2)), H)
At 1 -1 -1 1 _1 -~
+E<§e " Vx(E(t“+2)+E(t“ 2)),V><V><H>
120( ¢ ‘ZVX(E(t“+2)+E(t“ z)) (V x Vx)? H)
1 At? Att
:(pRﬁ“+er§E+§e‘lu‘1VxVxer;E+120 W2 (VX VX)PV x i, H). (5.9¢)

Then subtracting the LFs scheme expressions as in Equations (5.3a) to (5.3c) leads us to the following set of
equations:

1 _1
eg+2 _e]le o 1 n+l n- At? n+l -
() — 5 (e (e ep ) V) + o (eVV - (ef P ey ),vp)
At 1 4 v At? At _
——<£(VV-)2 (eTE1+2 +eTE1 2), p> = <RQ+£V-r;E——£V-VV-TE‘E — eV (VV)? e, P >,
120 12 120
1 1y = At? 1 At ~
%(v(e?u b ) B =SV (e ey ) VWV -E) + 120(v(e“+2+e ),(VV-)2E>
et e 1 At2
+ (e £ AT £ ,E)—2< “+1+eH,V><E>—ﬁ@‘ls‘leVx( “+1+eH) VxE)
At —2 -2 n+1 \Vi T\ _ no oyt \V/ “+2 t AVAVAR V2SS
120( € (VXVX) (eH +eH) ><E>—<£R +Vry, =V Xy — 1V,
A At* At L,
—les WxVXVxr, 2+E(VV)V —EHZEZVX(VXVX) 1H,E>
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entl—en _ 4 1 S~ A2 1 _1 ~
<u%,H>+§<VX(eE+2+eE 2),H> 24( _1u_1VX(€E+2 +ep 2),V><V><H>
At L, n+y | n-j 2T\ _ 3 > 44 n
+m<£ mn Vx(eE +ep ),(VxVx) H) = (R}, + VX1l + == € WVXVXV Xy
+m£ (VX VX)*V x 1], H).

Likewise, for the semidiscrete approximation of the initial system as in Equations (5.4a) to (5.4c), we obtain
for their errors the following system of equations:

1

el — el 1 1 At? 1 At? 3
P~ % — 0 0) v= 2 0) v=
(—At/2 ,p>—1<5(eé+eE),Vp>+19—2<£VV ( é+eE),Vp>—7680<e(VV-) (e;+eE),Vp)
1., . A At _
<2Rp 2V e~ 5e Y VY- 3840€V (V)1 ., ),
1
1 oo\ my AP I..0 = At 3,0 2% ef —ep ~
Z(V(eé+ep),E>—@<V(e§+ep),VV~E>+7680<V(e§,+ep),(vv-) )+ (e A JE)
1 AP, = At 2(1 , .0\ F
2<eH+eH,V><E) 6(p £ VxVx(eH+eH) E)—m(p £2 (VX Vx) (eH+eH),E>
1 1 AR At2 1Al
_ (Epo 0 10 -1,-1
—<§RE+§VT3,p—VXT§,H % —VV. VZP_EH € VXVXVszH 3840(VV) V
4 1 —~
1A9;0H_25_ZVX(VXVX) 20 E),
el, —el 1 1 ~ At2? 1 —
H " CH 10 -1, -1 1, .0
(pT,H>+Z(Vx(e§+eE),H)+@(e n Vx(e§+eE),VxVxH)
7680<£_2 ‘ZVx(ef___ %) (V x Vx)? H)z(uR2 +2V><r +¥s‘1u‘1VxVxerg,E
At! 22
+ 3510° (V x Vx)? erlE,H),

and for which we define the initial remainder terms as follows:

»JB\H
N\»—l

RS = — J(to_:)d‘aS (s)ds +I (t__;)4 O s,

1
t4

¢!

Nb—'

1 1 tO _ 4 65 tl A aSH
Rl L [@-s LIPS i L
At 24 otd 24 otd
t0 1
t2
1 1
t2 t4
1 2
T(l),u =5 (t2 - s) (s)ds - J(tO - s) (s)ds ,

10

-+
N,
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R 2 % 2
11 . .9°H o .0°H
riH =5 J(t - S)W(s)ds - j(t - s)m(s)ds ,
1 10
_tZ
= i
tz( ! )2 o*u (10 — 5)3 3*u
1 t2 —s -
0 ._
DuF 5l T e ()d_JT T (s)ds|,
i v
[ 1
B A 0 3 9%H
1 1 t - 0*H t7 —
e n | [ T g [ L8 5) o (s)ds|,
, 2 6 ot ot
2
%
1 t2 — 5 a6 tO 5 a6
Tg == (2 s) J( ) —(s)ds]|,
A2 C 120 at6 0té
&
- 4
1 1| [ (t!—s)0°H (" - sﬁaﬂﬂ
2 ——— N N 7
T J 120 o 4~ J 0 o V98|
d o

Now, in this set of weak formulation equations for the errors, we choose the test functions to be p =
1 -

2Ate™! (eg T2 e ) E = 2At ( n+3 + e ) and H = 2At (eﬁ + e{}l_l). Next, by following essentially the

same sequence of steps as in Theorem 5.1, we obtain the estimate for these error terms to be:

+ 2 Tl——
llep Il

n+ n-1
o1~ llep 2||2

2 2 12 2 n+j n-3 2
“l _1+||€E —lleg 2z +lle™ 15 = Nlef Il < [|| ep 15 = llep 2%

n+j3 2 2 112 2 2 2 n+sy 2 2
+leg 2N —lleg 2|| +llefy " I —||€ﬁ||u] +At[IIREII S HIRENE IRy M+ Vg, Il

1 - + At?
HIV e 2+ e T IV xR 12 4 e 1||V><rn 2||2 1 (Ilvv VIR I + V- VV 1|2
3 -3 2, .-3,-3 n+3 0 At® 2
+e PV XV XV TR [2 4 e ||V><V><V><r2,H2||H)+14400(||(VV) Vi IR

IV - (VIR T P + e P00V X V2V x| + 70 5||V><(V><V><)2r“+2|| )]

Now, summing over n =1to N — 1, we get

N-3 12 2 N-3 12 32 N (12 12 N-3 12 32 N-3 12
e IR, — legll®-y + llep *I2 ~ et 12 + leN I — lleh 12 < At [llep ™2, = llep IR, +lley I
N-1 N-1
2 2 2 n+3 2 n+32 112 2 2
e I+ NI~ llehI] +2at 3 [llep ™12, + llef 12 + ey 2 | + A¢ 3 [IRRIZ., + IR
n=1 n=1

n+o 2 2, —1,.-1 2, -1 -1 n+j o
+IR, I AV I + IV e lle + e u T IV Xrgelle + e IV X
At4
144

+e 3||V><V><V><rn+2||2)

(||vv Vg 2 + IV - VY a2 + e 2u [V X VX Ve 12

At8
14400

(V9P g I, + 1V - (V9 e 2



201

+e UV X VX2V X 1|12 + e 7507V x (V x V><)2r“+2||2 )]

1 —_~
Similarly, for the case of initial equations, choosing test functions to be p = 2Ate! (ef, + e%), E =
1 —
2At (eé + e%) and H = 4At (e%{ + e%), we get

1 1
2 2 2 2 12 02 312 012 312 2
lepllca —lle IIEJ+|IeE||£—||6E||£+||€H||u—||eH||u<At[lleéll o = llep it + lleglle = llegll

€
1
+lep I = lled, 1% ] +At[|lR0||2_1 + IRYIIZ + IRZ, 11, + ||VT(3),p||2_1 HIV e l2 + et IV xS L3
11 o, At 2 4 g 3y? 2
+e T ||VX?3,H||u i1 (||VV Vrzpll L+]|V-VV. r2E|| +¢ IVXVXVXT, |l
At
-3 2 2.0 2
WY )V ) IR + 1 (VYR IR + 19 (VY2 2
PPV X VX2V XD IR+ e SV X (V x V)P I )]

Adding the previous two equations and using the initial conditions as in Equation (5.1c), and the positivity
of all the right-hand side terms, we have that

_1 1+ At
2 2
llep *II2 1+|IeE 2|| +leN I <

N-
0112 2 2
g ISR+ 11ER 2 + e, 2]

+

[ (Hlep 112,
n=
+1
+llep 2||2 +IIG“HIIZ) (IIR“||2_1+||RTE‘||%+|IRﬁ 22+ Vs 12 + IV T3E||2 + eIV x Ty 1?
1 — +1 At? 3 _

e W )R + T (VY VI IR + IV 9V g 4+ i ) )V xR
-3 -3 n+z2 At® n o2 2. n o2
+e BBV XV XV XT ||) e (||(vv-) VI P+ IV (V92 e |12

+e UV X VX2V X 1|12 + e 7507V x (V x V)P 1) n 2|| )]
Applying the discrete Gronwall inequality, we obtain the estimate

6AL N-

2 2 N4y 0
?Z (IR, + IRE I + IR 212,

n=0

N-3 12 N-3 12 N2
llep *NT- +lleg *ls + eyl

+ Vg 2L + IV R lE + 67
At4 2 no2 ., .-3,-3 no2
+ o (||vv VIR IR + IV VY rfe I + e Pu IV X VX ¥ xrge |

A8
+e73 ‘3||V><V><V><r 2||2)

2 2 2
Tl USAR R d NATCAR

_ 1 n+i
T [N e [ s AV el |

FEPUT(V X VXPY X+ e ‘5||V><(V><Vx)2rn+2||2))

7
+ = (1D, + g1 + llel IR, ) | exp (4T)
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Now, we need to obtain bounding estimates for each of the Taylor remainder terms and to do so, we first
consider the first remainder term corresponding to p and argue as follows:

1 £ 7p 2
R“Z_:—ItTLl sds+Jt“— s)ds||
IRp Il 7207 At7 ( () ( 7 B
t t"
tT\.
1 37 2
S ———— J (t" - 5)6—5(s)ds , (using t™! < t™)
(720)% (At) 1 ot -
tn-
t n

1 _ 12 a7_p ?
< 7207 o1 J_ (s —t™) dsil'at7 (s) ~

_(apt o7
~ (720)%-13 J
tn

o
and now summing both sides over n = 0 to N, we have that:

ds, (by Cauchy-Schwarz)
1

ds,

N 2
St < il 58 ae- el
— ) LZ((),T;L;1 (Q))
Similarly, for the remaining Taylor remainder terms, we have that:
Ryl < A0 JE ,
(720)% - 13| 0t” [l 20, 1,12(0))
NZ_lnRﬁ%ni Lo L
(7202 - 13| 7 || 207,12, (2))

At |18 (v
Z”VT ”2_1 < ( ) ( P)
€ 211 . 28800 ot

V4
L2(0,T;L%_, (Q))
€
N-1

2
oo T PO ks

4

n=0
N-1

2
3 IV sl < A XE)
S/E € 211 . 28800 at6 LZ(O,T;L%(Q))

7

n=0

7

n A 95V x H)|[?
Z”VXT +2||2 < ( ) ( )
H 7 211.28800 oté

L2(0,T;L3(Q))

N-1 2
Z”VV RvASy ”2 < (At)7 a4 (Vv ' Vp)
2plet = 7.7 ott ’
- L2(0,T;L2_,(Q))
N-1 2
V.UV 2 < (At) ||9%(V - VV - E)
D_IV-VVrill < | ’
e ' 12(0,T;L2(Q))
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N-1 . . )
At
Z||VXVXVX1‘2E|| 2(7 ;2 a(VXvZVxE) ,
=0 ot L20,TiL2(0)
N-1 . . )
A
Z”VXVXVX e < 18| TV X VXV XD ,
27.72 ot o T2()
_ 2 2
v 2 2 (av?|° ((VV-) VP) 2
SV < S _ ,
n=0 t LZ(O’T;Li—l (Q))
2
ZIIV (VY2 < (At) *(V- (VV)’E)
otz 12(0,T;L2(Q2)
Py Z(VXVXZVxE)z
D VIV x 1T |2 < (At) \ )
1,E at2 2 2 ,
= L2(0,T;L2(Q)
2 2
Nzl||VX(VXV><)2rn+2”2 (At)3 0 (VX(VXVX) H) 2
n=0 48 at2 LZ(O,T;LEL(Q))

Finally, using the regularity assumptions for p, E and H, and 1- and 2-norm equivalence, we obtain the
required result:

N-1 N-1 N
llep et +lleg *lle +lleNllu < C{AY° +llehller + leRlle + lled ] - 0

5.2.2 Error Estimate for Full Discretization

We now present the error analysis for the full discretization of the three-field formulation of the Maxwell’s
equations using a compatible sequence of arbitrary-order simplicial de Rham finite elements in conjunction
with the LFg scheme. To do so, first we let TT, ﬂi and ﬂi denote the respective smoothed L? projection
operators, that is, let ﬂ% : ﬁli_l (Q) — Uy, T[]l1 : H ¢(curl; Q) — V4, and ﬂ%l : Iilu(div; Q) — Wy, The
details about these operators has become somewhat standardized, and expositions be found in many articles
such as [Sch08; Chr07; AFW06; Arn18; EG21a]. We also refer to the earlier works in [AK25; AK26] for more
specific details as it pertains to the (p, E, H) Maxwell’s system.

Given this brief background about these smoothed L2 projection operators, we now define the errors for p, E
and H at time (n + 1/2)At or nAt under the full discretization to be the following:

n 1 1
e = p(t™) - p‘”z SRREEE N (5.10)
“+2 _ n+ +3 _ on+l _ n+y
eg, ” = E(t 7) - =", (5.11)
el = HE™) - H{; =g, (5.12)

and in which we have the following definitions for the newly introduced terms:

1 1
=P ) —Mp(t™*7),  mp = pp " - T p(e" ), (5.13)

n
n+2 _ En+2

= B SR, (] MLE™ ), (514
£ = HE™) — TRHE), Er = HE - TRHED. G-15)

n+

Nl—



204

For the LF4 scheme as in Equations (5.3a) to (5.3¢), using a de Rham sequence of finite dimensional subspaces
of the corresponding function spaces for the spatial discretization of (p“+%, E“+%, H™*1), we obtain the

l o o o
following discrete problem: find (anr2 2, HR“) € Un X Vi X Wy C Hi_l X He(curl; Q) x Hy(div; Q)
such that:

1

n+i n-s ’
P "~ Pn ~ £ n+i n-1 At” ¢ n+i n-1
( AL 'p>_<§ (Eh THE, 2)'V5>+f<ivv'(Eh THE, 2)'V5>
At* e +
- S (5 VP (ERTE+ER ), VB) =0, (B16a)
1 ( ntl  nly = A2 1_( nil  n-l ~ At*,1_ [ ntl nol )=
<§V(ph >y py 2),E>—E<§V(ph >y py 2),VV~E>+E(§V(ph g 2),(Vv-) E)
1 1
EL P -Er 2 o 1 AR 1
(et B) - (5 (M 4 HR) VX E) = S (G TV X Vx (R 4 )V X E)
A1, 2 (1ymtl | yn z
- S (G (VX V) (Hh +Hh),V><E>=O, (5.16b)
Hn+1_Hn _ 1 1 1 _ At2 1 ~
h n+ n -1 _1 TL+
(e F) + GV x (B2 4B 2) )+ T (5w x (B0 + B ) V x V x H)

At

1
120 <

nel ol ~
2,72y ( e 2) (VX Vx)PH) =0, (5.16)
forall (5,E ﬁ) € UpXVpXWh,and forn € {1,. N —1}. Usingn = 0 for bootstrapping as in Equations (5.4a)

to (5.4¢) leads to the discrete problem: find (ph, E2 H1 n) € Un X Vi X Wy, C H1 | X lils(curl; Q) x lilu(div; Q)
such that:

2
<ph uf ~>__( (Eé+E%),V5>+1 At( - (€ +EL), VF)

a2 P 8
1 At4 3 2 1 0 —~
- 55 s (5 (VV) (2 +E%), VB) =0, (17)
113 o\= 1 A2 1 /1 =, 1 Attt 11 2F
2V (Pt ph) B -5 T GV (Pt ph) YV B) ¢ 55 5 (Y [Pr R (V9E)
1
E2-E) _ 1 ~ 1 A1 -
h h 1 0 -1_-1 1 0
+ (e G ,E)—(E(Hh+Hh),VxE>—Z-E<§p ¢ VxVx(Hh+Hh),VxE>
1 At 1, -
o S (SH T (VX V)P (H;+H0h),V><E) -0, (5.17b)
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Mo Sy, L } — 1 A1 N
n b 0 eyt 0
<PL AL 1H> §<§VX(E}21+Eh)’H>+§' 12( VX(E2+E ) VXVXH>
S | O) et
T3 120< VX(E +E) ), (VX Vx)*H) =0. (5.17¢)

for all (5, E,H) € Un X Vi, x Wy, given (p), E), HY) € Up X Vi Xx Wy Let TI9 : H! (Q) — Uy, T} :

H ¢(curl; Q) — V4, and ﬂ%l : lilu(div; Q) — W}, denote the respective smoothed 12 projection operators
as in the sense of [Sch08; Chr07] and a detailed discussion is available in [BS08, Lemma 4.3.8] [AFWO06,
Theorem 5.3] [EG21a, Lemma 11.9, Corollary 11.11, Theorem 16.10, Theorem 17.5]. For the initial conditions,
we set

pY =Tpo, EY =TT} Eg and HY, :=TT? Ho. (5.17d)

With this, we can now state our theorem for convergence of error in the full discretization of the system
of Maxwell’s equations using LF¢ and R-order polynomial Whitney basis finite elements for the various
function spaces.

Theorem 5.3 (Full Error Estimate). Let p € C7(0,T; lili_l(Q)), E € C7(0,T; He(curl; Q)), and H €
C7(0, T; H,(div; Q)) be the solution to the variational formulation of the Maxwell’s equations as in Equa-

tions (5.2a) to (5.2c), and let (ph+2, F_TLJr2 ,HY*Y) be the solution of the fully discretized Maxwell’s equations
using the LF¢ scheme as in Equations (5.16a) to (5.16¢) and (5.17a) to (5.17c¢). If the fixed time step At > 0 and
the mesh parameter h > 0 are sufficiently small, then there exists a positive bounded constant C independent of
both At and h such that the following error estimate holds:

N-1 N-1
lepy, lle-t + lleg, *lle + llefy, e < C[(AD° + h" + h'(AY)°],

where the finite element subspaces Uy, Vy, and Wh, are each spanned by their respective Whitney form basis of
polynomial order v > 1.

Proof. First, we shall subtract the set of equations for the full discretization as in Equations (5.16a) to (5.16¢)
from Equations (5.9a) to (5.9¢), and then use the error terms in Equations (5.10) to (5.12) and thereby obtain:

1 1
n+3 n-3
e, 2 —e, 2 1 2

At
(P B) = 5 (e (e +ep?) VB) + (VY- (eft + e, F) VF)

_ At A _
120( (VO (e el ),vp):(R;Hv-rgE—Esv-vv-rZ oV (VY B),

1 ~  At? ~
Z(V(eph +ep ) E) = SV ennt +ep. ) VY- E)+ T (V (e + e, ?) L (VW)
n+% n—% )
Eh B Eh E n+l1 \V4 E _ At -1 —1V \V/ n+1 V E
+<5T E) - (eH +ejy ,VXE) ﬂ<“ e VX Vx (e +efy |, VXE)
At ~ At?
—ﬁ<u_2£_2(VXVX)2( ﬁ”+€Hh) V><E>:<5R“+Vr3p VXT “+2—Evv.w;
At? 1 n+l 2.2 T
_12“ VxVxer2 +120(VV)V P_ﬁ” £72V x (V x Vx)? rlH,E>,



eT]}l:l - eT]}lh T n+i 1 =~ AtZ 1 1 n+l n-1 —~
(uT,H> (Vx ( Prep 2),H) + ﬂ<€_ wlv x (eEh2 + eEhZ),VxVx H)
At4 -2 2 T‘L+§ T‘L—E 27 _ 2 Atz -1 n
+m<s -V x (eEh +eg, ),(VxVx) H) = (uR +V><r3E+ 12 ) VXVXVXTye
At = 5 —~
+ ﬁs (VX V)"V X1i, H).
Next, using the values of the error terms ey, , en and eﬁh as in Equations (5.10) to (5.12) in the above
equations, we get:
n+% _ n—l) ( n+s3 n—%)
<(n n Th ~ ~Th ~> B 1< oy o) - Cn+% N Cn—% V~>
At AU no o)) NP
At? L _
(e ([t et - (@7 7)) V)
At

~ ot VY’ (R (CT% " CE_%)) /VP)

— n n
= (Rp + £V~r3,E -

2 Att .
EaV~VV~rEE+12 eV - (VV-)? e, P >,

1 1 Ly = At?
SV ([t et = () B = GH(v (et ) = () e 7)) vv )

n+i _ on-1 n+3
Att 1 _1 n+l n-1 2= (C 2-¢ 2) B (C C )
+E<V((n“+2 +n" 2)—(nh P+, 2)),(VV-) E>+<£ At ,E>
1 ~  At? ~
R ) -8 - S () -] 7o)
At? ~ 1
- S (W (VR VR (et ) - (a““ &),V XE) = (eRp + ViE, - Vxr)
Atz At 2 -1 -1 n+3 A -2.-2 "t
—Evv.v@p—ﬁu £ VxVxererulzo(W) Viip ~ ot V x (V x Vx)? rle,E>
£n+1 _ En _ £n+1 _ an _ 1 1 —
<H( )At( h h),H>+§<VX((Cn+%+Cn_%) (Ch+2 +C )),H>
A 2 1 ~
+i(e—1u—1v>< ((c‘“% +C“‘%) (Ch+2 + 0 )),VxVxH>
4 1 _1 —_
+ m<€—2u—2v X ((C“+% + C“—%) - (C;”Z + 0 2)) ,(V X Vx)? H)
2 Atz -1 n At? -2 -2 2 n o9
= (uR}; + VXT3 + = 3¢ Iy VXVXVX"M*'@E W2 (VX VX)*V x 11, H).

- 1 _1
Since these equations are true for all (p,E, H) € Up X Vi, X Wy, we choose p = —2Ate™! (n2+2 +nn 2),

E = —2At (Ch+2 + C ) and H = —2At (E,{L‘ + E,{L“l) and using the fact that VUy, € Vi, and V X Vi, € Wy,
we obtain:

2 =) e 2t (- ) e 2 (g - ) g e
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=2(e7! (n“+% —n“_%) ,nT}?% +n1;_%> +2(¢ (Cn+% - Cn") Ch+2 + Ch 2) +2(u (5” - 5n_1) JEN+ EE_1>

At? th
+20H-R} — eV i + TeV VYl 120£V (Ve e (ﬂh . )>+2At<—aRg—Vrgp
n+1 A A -1 T1+1 At
+VXry )+ E?VVNQ; 12us VXVXVXr,,* 12O(VV)V
o 29 3 (Vx V212, (Y 4 Ty Joak(— R“+2 VXl
T )T G h B T3E
AP ! At L, = n, gn-l
e M VXVXV X1 08 M (VXVX)VXHDE +&h ), (6.18)

Consider that ™! (n“+% - n“‘%) = ¢! (I - ﬂ%) (p(t“““%) — p(t“‘%)) by Equation (5.13). Using the Taylor
theorem with remainder as in Theorem 5.2, applying the Cauchy-Schwarz, AM-GM, and Triangle inequalities,
we have the following resulting inequality:
1 -1
2(e! (nn+% _ nn—%) A7) 2 A (1 - )

% ny 4 BETP ny | AU T ) ek, ey
24 o3 1920 3t5 a h

1 _1
+2AL(e! (1 - ﬂ%) R 2 42

2 4 3 2
(-mgee)| (if)z -]
8 5 2

+ 8At

n+ n—
R+ i 2||§_1].

Similarly, using Equations (5.14) and (5.15) for the error terms for E and H, we obtain:

2

Att d3E

n+i n-1 n+j; n-j; n n
2(8 (C *2 _C Z)ICh 2+Ch 2>< (I_nllq_) (t ) (24)2 (I )at3 (t )
At8 a5E P _—
+ 5207 (I- h) tm) E TTL)RE g]
Y Tl T ]
" " 2 OH 2 , At PH, .,
2p(ent - en) e+ ) < A= TR) R + ol - TR T o )
AtS a5H P 5 onadf
+W (I- ) (t 2) u+ (I-TIDR,, J
+8AL|IETIZ + NERIZ |-

Using these inequalities for 1, ¢ and & in Equation (5.18), we thus obtain the following estimate:



208

2
n+ n+ -1 0
2l R =l I+ e IR = eI + g — e IR (-1 L)
571
At 3p | AtS »p | 2 GISN(
+ = la- R e] tn 10 )R S ¢
(24)2 (1-Th) at3( ) (1920)2 (1-T1) at5( ) wRp - Rt .
At O’ AtS 2 OH . .1 |
+ [-TT! t I-TTHRY| + [|(I-T12)=—(t"*2
e et U IRt (U T ) #|a-mory| +a-m)Feerh)
At BH At8 O°H nad|P
+ 1117 + I-11? s — TRy, 2|+ IRD?, + |IR®|2
o it (1920)2< DS >u (= TRRT| IR +IREIE
+1 o 1 At?
+ IR 2||ﬁ+||vTj;p||28_l+||v-r;;E||?;+e TV x e |2 + el 1||V><r“+2||2 144 (llvv VeI
HIV IV e P+ e Pu VXV Vg |2 + e 2u VX VX V X1 ||i)
At8
+ 2o (IOVV P VIR I 4 IV (VTP A 2 + e iV V02 Ve 2
+
+e 5||V><(V><V><)2fn 2IIZ) +10(IMp P + IR 2 + G2 + G 7 + NER I + NER I )]

Then following the same steps for the initial time step and summing up fromn = 0 to N — 1 further with the
discrete Gronwall inequality with At < 1/30, we get that:

N_% 2 CN_% 2 A p I ]—I'O ap tT\. 2 ]—[0 a3p n
[ ) (T PR AN ?ZO (I=TR)Z )] |+ -5 (t)
o5 2 OF 2 3E
—T p(t“) e (1-TIO)RD M) +||a-Th) 5 t“)
g1 ot € ot 13
a5E 2 OH 2 O3H 2
M55 (t“) FA-TDRE + [0 =T2) 2|+ [[(1-T2) S (12)
h’/™E h h
. ot " ot3 "
2
<1—ﬂ2)aSH<t“+) Pla-T2)RM D RR 2, IREIR + IREAR 4 v |2
h h plle-t Elle H llu 3plle-t
o o

Tl.+2 ”2 At4
144

+e VX VX Vel |2 + 67 3||V><V><V><rn+2|| )

2 41y 2 41yl 2
+ ||V r3E|| +¢ ||VXT3E|| +¢ ||V><r (llVV Vr;pll L+|IV-VV. 1"2E||2

2
A (IR,

HIV - (VY rT I + e U BV X V)PPV X |12+ 2072V X (V X V)P r“+2 112 ) )

7
= (ImQI2 + N2 + eI ) | exp 20T).

Using our estimates for the Taylor remainders from Theorem 5.2 for these terms on the right hand side of
the above inequality, we further get that:

O7H ||

O7E|P ]
oH ,
Ot 20,712 (02))

4

67p

N
Aty [IRBIZ, + IREIZ + IREIE | < (an™2(| =2
n=0

L2(0,T;L2_, () L2(0,T;L3(Q)
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and that:
A At4
2 2 -1, -1 2 1, .-1 n+j 2 2
AtZO[nvfgtpns_l+||v-r;E||g+a WY Xl + TV X I + T (VY- Vg IR
n=

1
HIV VYT 2+ e Pu3 VX VX VX rle 2 + e Pu B[V Vi V xry 2 ||i)

Atd L
+ 12200 (||(VV) Vil 2o IV - (V212 4+ ePu (Y X V)PV X |2
26 (Vp)|[* (V- E)I?
RNV (VxR | < a2 || SR iy aCA2)
ot L2(0,T;L2_ () ot L2(0,T;L2(Q))

0V x B)|I*
0té

OV x H) |

L2V vp) 2
0té

+ €
ott

-1 H_l + E_l u—l

L2(0,T;L2(Q))

*V-VvV- )|
_+_ e ——

L2(0,T;L3(Q))

RV xVxVxD|

L2012, ()

-3, -3
+e7u
ott i,z (0 ot* 20T12(0)
2 )2
s e[ P XV XV xH) 2 N 0 ((W) Vp) 2
ot 120, T;L2(Q)) ot

LZ(O,T;Li_l (Q))
22 (V L (VV-)? E) 2
0t2

22 ((VXVX)ZVXE) 2
+ £_5u_5H

ot?

L2(0,T;L2(Q)) L2(0,T;L2(Q))

22 (V X (V X V)2 H) 2

-5 -5
H ot?

+ €

L2(0,T;L3(Q))

Next, for p € lili_l(Q), E e ljlg(curl; O)and H € ljlp(div; Q), there exists positive bounded constants Cy ,,
Cop, C3p, Cap, Cre, C2E, C3E, Cak, CiH, Con, C3 1, and Cyy such that we have the following error
bounds for the L? projections:

op %p a3p
I- tm < h'|—(t" (T = t" < h" t" K
H( ML < Cuph | | A[a-mogEen| | < 5|
0.0° 0°
H(I - h 5 E(t“) < C3ph” p(t“) '(I —]'I(}’L)R{;L < Cyph'||RT|
£ el
oE a3E 0°E
[-TT! % in < Cpeh'|| -] L [T-T)—= M| < C, hr—t“
0°E 0°E
(I—ﬂ%l)—S(t“) < Caeh'||—= M) , (I—H%L)RE < Cyph”|RE
ot ot . . .
oH oH °H °H
H(I - ”i)—(tm%) < Cy,nh" m (tn+2) AT ”i) (tn+2) < Couh' e (tn+ )
o v B B
0°H 9°H
H(I - ”%L) (tn+2) C3,Hhr (tn+ N ||(T= ”i)RMZ < Cgph’ Rn+2
o n 1

Set Cp = max{Cl,p, CZ,p/ C3,p, C4,p/ Cl,E/ CZ,E; CsE, C4,F_, Cl,H/ C2,H; CsH, C4,H}. We therefore have that:
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P op . |P 2E |P oH .1 |P
0 n 1 n 2 n+s5
Ar) [1-TI)= (™) M5 ()| + ‘(I—”h)a(t :)
n=0 € € [
N-1 2 2 2
e 3E, OH, .1
< Coh?™ )} At T thT2 —(t"2
s B e e o
n=0 € € H
T
2 2
d aH
<C0h2*J Ha— '—(t“‘i) 1) }dt
0 ¢ H
. lop P (R oH|]?
= Coh™ ||l5- = v ,
Mtz riz @y N10tIeT2@) 19t leerizo)
N-1 2
03 o°H
ary [a=T0)3 p(t“) + - ﬂl) (t“) Mh)5E ) ]
n=0 H
N-1 2 2 2
*p 63E 63H
< Coh?™ Y} At |||—@™ s
oh™T ) At|[l=S ()| + | S5 + || S5 (1)
n=0 e e o
F[1e? S X
E
< COhZTJ p(tn) — ) (tn+2)
J .1 ||ot . .
= Coh®" a?’_p ’ 63_E ’ E)?’_H ’
Wl m2 ) 198 lhaemizay 198 o rizio)

5 5
(a-m)SP "(t“) (I—ﬂba E(t“) <1—ﬂi> H gt

N-1
At
n=0

|

N-1

2 2
0°E oM
<C hZ'r t (" tn+
oer 3 ||| | SEan] | ]
n=0 € W
T
2 2
o°F 0°H
< C hz” tn tm tn+2
o [ (|52 +[SEen] |5 >u
0
s p |l E|] H|I”
0l ) 108 llmiza) 119 lleriz)

and likewise for the 12 projection of the remainder terms:

N
At (=R + |- THORE( + (1 - nﬁ)R“Z )
_ el €
n=0 u8
N

< Coh?" 3~ At [IRFll2 o + IREllzcy *+ IR i3]

n=0
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2 2 2

o’H
ot”

o’E
ot”

o

< Coh?"(At)® =7

L2012, (Q) L2(0,T;L2(Q)) L2(0,T;L%(Q))
Now, we take p% = ﬂ%po, E% = ﬂ}lEo, and H(})L = H%LHO, and note that there exists positive bounded constants

Mi, My, M3, M4 and M5 such that:

’ L20,TL3(Q)
p | O%E | *H|?

—E +53 sl evey < My,
WMo mz ) 10T leeri2) 1198 N riia)

? %E |I° OH|[*
o5 lloe Floe
Plizore ) 198 lzemize) 11O lhxemio)

2 7E | o7H|?
— + +

vore @) 10 leeriza) 197 leeriza)

OF 2

ot

oH
ot

op

< My,
ot !

2 2
L2(0,T,-L§_1(Q)) ’ L2(0,T;L2(Q)) ‘

< Mg,

< My,

2 2 2

0* (Vp)
ott

04(V-E)
ot4

2

04(V X E)
ot4

+
L2(0,T;L2, (Q))
0*(V x H)
ot4

4oty

L2(0,T;L2(Q))
9% (VV - Vp)
ot2

L2(0,T;L2(QQ))

9%(V-VV-E)
ot2

2 2

+e iyt +

L2(0,T;L3(Q))

02(VxVxVXE)
ot?

+
L20,T;L2_(Q)

02(Vx VxVxH)
ot2

L2(0,T;L3(Q))
2 2
4oty 4oty
L2(0,T;L3(Q))

< M.
L2(0,T;L3(Q))

Consequently, we have the following estimate:
N-3 2 N-312 N2 < & [R2T 4 2T (Af)12 12
Iy 120+ 16, 212 +IEVIE < C [T +h2T (A2 + (A2,

where C =2 max{CoM;j, CoMp, CoM3, CoMy, My, M5} exp(20T), which then with the equivalence between
1- and 2-norms gives us that:

N-1 N-1
Iy 2llesr + 11, 2lle + 1ER Nl < C1 [RT +RT(AD° + (AL)°],
where Cq = 2\/6 . Also, there are positive bounded constants E;, 6; and 6; such that:
_1 _1 — _1 _1
N2l = 1A= TN 2)][ -1 < Coh"[Ip(t™ z)lll_i_l(_()_) = |nN72]l < CoRT,
_1 _1 ~ _1 _1
N2 e = (T =TTDEAN )]l < GRIEEN )l12(q) = IIKN72]le < Csh,

IEN = IA-TRIHEY [ < GRIHE) o) = IEN], < Can,

in which C, = FC;Hp(tN_%)Hinl(Q), Cs = FC;||E(tN_%)||L%(Q) and C4 = FCZHH(tN)HLi(Q) are all bounded

positive constants due to Theorem 5.1. Finally, this provides us with our desired result by choosing
C=C1+C+C3+Cy

N-1 N-1 N Nl N-3 N-1 _ N-3 N _ N
lepy, “lle-t +lleg, “lle + llep, e = IIn™72 =my Pl +1C772 = G P lle #1167 = &Il
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C [(At)° + h" + h"(At)?].

5.3 Characterization of Implicit LFr Scheme
5.3.1 Time Discretization Stability

Theorem 5.4 (Discrete Energy Estimate). For the semidiscretization using the LFr scheme as given in
Equations (5.7a) to (5.7c) and (5.8a) to (5.8¢), and for any fixed time step At > 0 sufficiently small, we have that:

N N-12 N-1,2 N2 2 2 2 _.
= lpN 722, + NENT2|2 + IHNIS, = llpoll?-, + [Eoll? + [Holl}, = &°

Proof. Since Equations (5.7a) to (5.7¢) are true for all p € }ill [(Q), E € He(cur; Q), H € lilu(div; Q), using
P = 2Ate™! (p“+2 +pnT2 ) E = 2At (E“+2 +E"2 ) and H = 2At (H™! + H"), we obtain:

2<pn+% _pn—zl 8_1 (pn+% + pn—%)> _ At<En+% + En—%lv (pn+% + pn—%)>

-1-5 k
R12 []Z]b a

> m
+ AtZ > Cuf@(vvia " (e Entd) v (preh e pnod)) <,
a=1  kg=1
AUV (p“+% + p“—%) JEME 4 )

R a-1
g $1-T

_ At Z Z Cklf(a) ( n+g o pm ) , (VV.)mi:l Km (En+% + E”‘%))

=1 ke=1

+2(e (E“+2 EVE) BN 4 BN - Ar((HM )V (B 4 EE))

R
- F-1-3 ko

+AtZ 2 Cuil)- 1)‘“ <(H€) = (V><V><)m1 (Hn+1+H“),Vx(E“+%+E“‘%)>

a=1  ke=1

2(p (H™1 = HY) H 4 H) o+ ALV (E“+% + BN HM )

kg £-1- Z Ko
—AtZ Z Cr, f(a)(— 1)“*1 ((su) 5y % (E“+2 L EN z) (V><V><)m1 o (H“+1 +H“)>
a=1 kq=1

=0.
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Using the symmetry of the inner product and adding the above equations, we next obtain:
g Yy y P g q
2 [(E_l (pn+% _pn—%) ’pn+% +pn—%> + <£ (En+% _ En—%) ’En+% + En—%)
+<|.l (HTL+1 _ HTL) ,HTL+1 + Hn)] =0.
1 _1 1 _1
= Ip™ 2P, = Ip™ 21 + IE™M 212 = JIE™2 12 + HM2 — [[H™M1% = 0
Summing over n = 1 to N — 1 results into:
_1 1 _1 1
PN =212 = lpZ 125 + IEN"2Z )12 = [[E2)12 + [[HN)% - [HY2, =0

Now, p%, EZ and H! satisfy Equations (5.8a) to (5.8c), and so using p = 2Ate ™! (p%7 + po), E = 2At (E% + EO)
and H = 4At (H' + H?) and repeating the arguments leads us to the following estimate:
1 1
212 = lp° 2 + IE2IE = IECI + IHYI = IHOIE = 0,
from which we then get that:

_1 _1
IpNT212 ., + IENTZIZ + [HMNI = Ip° 12 + NECIR + RO

Theorem 5.5 (Discrete Error Estimate). For the semidiscretization using the LFr scheme as in Equations (5.7a)
to (5.7c), and (5.8a) to (5.8¢), for the solution (p, €, H) of Equations (5.2a) to (5.2c) with initial conditions as in
Equation (5.1c), assuming sufficient regularity with p € CRT1(0, T; lzli,l (Q)), E € CR*(0, T; He (curl; Q)),
and H € CRT1(0, T; H,,(div; Q)), and for a time step At > 0 sufficiently small, there exists a positive bounded
constant C independent of At such that:

N-1 N-1 R
lep e+ lleg 2lle + llefllu < C[AH7 + lledller + llellle + el

1 1
where eg+2 = p(t“+%) - p’”%, eTE1+2 = E(t‘”%) E*2 and ep, = H(t™) — H™ are the errors in the time
semidiscretization of p, E and H, respectively.

Proof. Using the Taylor remainder theorem upto (R + 1)-order, and expressing p(t) about t = t™, we have
that:
op (t- t“)2 (t—tmR! (t— t“)R
= p(t" M) (¢ — " tn n n
b0 = p(e7) + (et 1)+ SR e S P atR( )
t—s)R OR*p
[l T
which when evaluated at t = t™*2 and t = t""z yields:
At 0 1 At? 92 1 AtR-19R-1p
PE™E) = (™) + S oD (t™) + 5 o =D () + . — TP
2 ot 20 22 ot (R 1)! 2 ot
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1

D+ [Eog P (s)ds,
Rl 2R OtR R! OtR+1
1 At dp 1 At29%p 1 AtR-19R-1p
tn _ tn tn T Fin _ tn
p( 2) Pt - 2 at( )+ 21 22 at2( )+ (R—1)! 2R-1 atR—l( )
1 AtR aR o (tn—— S)R aR+1 4
R o ) R are O

Subtracting these two equations, and using the result in the inner product term from the semidiscretization
of the variational formulation leads to:

(tn+2) (tn 2) ~ R AtZk aZk+1 -
(F—F me i (S () D) + (R P),

in which we have defined that:

n+1

tn 1
(tn_i _ S)R aR+1 (tn+2 S)R aR+1
J [ ot R+1 (S)ds + tR+1

(s)ds .

Similarly, for E and H, we have the following:

R

E(t“+2) E(t“—i) ~ A2k aZk+1E _ _
t"), E) + (eRTE

H(tn+l) _ H(tn) . 7_ 1 AtZk aZk+1H
<u -5
2k + 1)

1, ~ +1 ~
i o (e (7)) + Ry ),

and in each of which we have defined that:

n+1

. 1 (tn_i _ S)R OR+IE (tn+ S)R OR+1E
RE = At J R! OtR+1 (s)ds + J dtR+1 (s)ds|,
2 n+l
RTH_% _ 1 2 (tn _ S)R aR+1H t (tn+1 _ S)R aR+1H
HOT AL ' Y (s)ds + SR (s)ds| .
1
tn+§

Again using the Taylor remainder theorem upto S™-order for 2 < S < R, for S taken to be even, we have that:

51
P —p(t"n) g 1 Ak 3%p
( n =y ( (

2101 22F gk (b VP2 (TSP,
=0
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1 n-iy _ 3-1 =
(ECM ZEQT) & Z(l A TE () By 4 (el ),

At 2k)! 22k T g2k S/2,E’
HEE™ - HI 1 AR QRH _

and in each of which we have defined that:

1

_ 1 J (tn—— S)S—l asp(s)d N J (tn+2 —S)S -1 asp(s)ds

~

T ==
S/2zp " 2 -1 atS -1 atS

n+1

1 (tn—— S)S—l aS (tn+2 _ S)S -1 aSE
T?/Z,E = 20 J —1)! otS (s)ds + J —1)! otS (s)ds

~

n+

1 1 tn — S—1aSH tn+1 S-1 aSH
e " ) (s)ds + J ( s) (s)ds

TsipH T 3 (S—1)! ot —)r otS

tn+1

(S

t™ 2

Using these terms in the weak formulation as in Equations (5.2a) to (5.2c) at time t = t™ for p and E terms,

and at time t = t™*% for H, we obtain:

<p(‘tn 7) — p(tn_f)’5> _ <f (E(t“““%) + E(tn_%)) y Vﬁ)

At
_1 2 -1- Zkh
+Z S Cufa) SV, )& (e + B ), )
=1 kq=1
= (R} +¢eV-1y Cy, f(a)eV - (VV)ml T ,P), (5.19)
a-1
R %_1_ ko
1 +1 _1) = fily = 1 W1 1 5 K~
GV (peh+peH) B =Y 3 Cui@(zV (perh +ph)), (vvoia " E)
a=1 ka=1
E(t™) —E(t™2) = 1/ n =
T (e - ,E)—(E(H(t 1y 4 H(t )),VxE)
R -1 2 -1- Zkb a a a

2 km -2 km 2 km -
+Z S Cuf@-nm " G F w05 (e s ne), v xE)

a=l  kq=1
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7G

-1- Zkh
2
R

> Km
eRY + VTt Pt Ci,f(a)| e (VV- )m1 vt
vl T 3 e o
- a= m=1
Z km - Z km i km 1 _~
— (=Dt (ue) mm VX (VX Vx)mat p 2 ,E), (5.19b)
(R/z— b km),H
m=1
H(tn+1) H(tn) 1 1 1 ~
(u = )+ (59 % (E(t“+2) +E( z)),H)
R 1 bz kb a a a
> Km - km > Km ~
- Z S Cuf@ED (e Y x (B + E) (VX V) )
a=1 ka=1
= (uR } 4V X TRioE

Rlzlzkb

C 1m1 S5 x v Y HY. (5.
+; kZl (@)= ) "(ew) (VX ><) Xr(m ikm) H). (5.190)

m=1

Then subtracting the LFr scheme expressions as in Equations (5.7a) to (5.7c) leads us to the following set of
equations:

b=1 -
2> Km 1 _1 .
£ Y Cuf@(5VyE T (e v el ?),VE)
a=1 ko=
B_l g_l_ailkh a
2 Z _
(R“+£V rR/ZE Z Z Ci, f(a)eV - (VV:)m=1 T ,p),
S (122 k)
a-1
R %_1_ ko
1 n+l n-1\ = pily o + 3
GV (e +en ) B =Y Y Cuf@(zV (ep ey ) (Vv T E)
a=l k=1
T\,+% T‘L—E

e —e — 1 ~
et B G (e ) V)

Rlzlzkb

a

o -3 kn 5 K -
+Z S Cuila- 1)m1 (%(us) Y X VX (T,;+1+eH) V xE)

=1 kq=1
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B_l g_]_ail kh u
el 2 b=1 $
<£Rn + VrR/Zp VXr R/ZZH Z Ck1 f(a) £ (VV-)m:1 v i
a=1  kq=1 (R/Z— Z:I km),P
i Km - i km i Km 1 .
= (<17 (pe) TV (VX V)i T E),
(R/Z— > km),H
m=1
eﬁ” —e ~ 1 1\~
i e BT I
R_1]§ -1- Z Kp ] )
2
1 -2 km 1 _1 S Km ~
- Z Z Ck1f(a)( 1)”‘ 1 <§(£p_) m=1 'V X (eg+2 + eg 2) , (VX Vx)m=1 H>
a=l  kq=1

<uRn . JrV><rR/2E

Rlzlzkb

+; kZ—l Cr, f(a)(— 1)m1 (gu)ml (VxVx)ml er(m ikm) ,H).

m=1

Likewise, for the semidiscrete approximation of the initial system as in Equations (5.8a) to (5.8c), we obtain
for their errors the following system of equations:

1

e;—e 1,6/ 1
P~ €po ~
{ AL/2 P53 (e'zi * eEO) /VP)
R_g %—1—0‘_1 Ko )
2 b=
Ck £ Z Km 1 .
+ Z a—lf(a)<§(vv‘)‘“=l (6125 + eEg) ,VP)
- zzmzz1 K+l
R a-1
Ry 512 ke .
Y Y E )
+=V.r - f(a)eV - (VV-)m=1 r N D),
< 2 2 e a=1 ka=1 2 ) km+l (R/Z— > km) E
a m=1 m=1
a-1
£-1 %—1—[121 ke a
1,1_(1 ~ 3 " Cx 1_/1 > K~
S5V (eg +ep0),E)— I (LAY (eg +ep0),(vv-)m:1 £)
a=1  ke=1 22 Kmtl
a 2 m=1
1
el —eg, ~ 1 -
E 0 1
+ <£T/2'E> - <§ (eH + eHO) ,V % E>
R %—1—afkb
7_1 = Ck 1 - i Km i Km 1 _~
+ > (o) (- 1)m 2 (o) T (Vv (e +eny ), VX E)

a=l  kq=1 szzzlkm
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N
|
Ja
N|R
|
—_
|
o a
LML
~
f=2

|
~
N| o™
~
mo
+
N
<
=
O
<
N
e}
<
X
7 NI
Z
N

o=l kool 2y kp+l

m=1
Ske -3
= (=Dm=1 (pe) m=
% —~
er + eEO) ,H>
§_1 b=1 a a

— _ 2y km+l
a=1 kq=1 = m

C >
—5_f(a)[ e (VY-

a

km Z k
V X (VX Vx)m=1

Km
V19

1
= <uR2 + ZVXTR/ZE
a-1
R1-Y x
X172 bgl ° C i - B i . i .
+ Z —_— u fla)(=1)m=1  (ep) ™1 (VX Vx)m=t  Vx19

— _ 2 Y km+l
a=1 kq=1 = m

and for which we define the initial remainder terms as follows:

1
t2
1 (tO S)R aR+1 r (t% _ S)R aR+1p
0 ._
Rp o E J R! otR+1 (S)ds + J R! JtR+1 (S)dS ’
%
2
1 (tO )R OR+1E r (‘t% _ S)R QR+1E
0 ._
RE o Et J R! otR+1 (S)dS + J R! JtR+1 (S)ds ’
i
t%
1 . 1 (tO S)R oR+IH (tl S)R oR+1IH
Rlz_l = E J\ R! tR+1 ( )d J\ tR+1 ( )dS ’
o3
o J
0 1| [(@=9)10% (5)ds + (t2 - )51 95p Ll
S/Z,P . 2 (S 1)_' ats (S 1)' ats 7
0 t%
1 1
0 _ 51 aS 21 s1as
0 = 1 _J _(t —s) —E(S)ds +J (t2 —s) E(s)ds
S/2E " 2 (S—=1)! ots (S-1) otS ’
0 t%
1
t2 tl
T N N Gt GSH(S)dS L[ =9 aSH(S)dS
10 1
t2

|

a

D (e 7 x (ed 4 e, ) (Vx50 )

R/Z— Z km|,E

m=1
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for 2 < S < R with S even. Now, in this set of weak formulation equations for the errors, we choose the
1 —
test functions to be p = 2Ate™ (e;1+2 +e ) E = 2At ( My e ) and H = 2At (e}, + e}y ™!). Next, by

following essentially the same sequence of steps as in Theorem 5.4, we obtain the estimate for these error
terms to be:

TL+ 2 n—— 2 ‘rl+ 2 n-— 2 1112 2 TL+l 2 ‘rl.—l 2
llep 2112 = llep M. + lleg IIE = lleg 2|| + ey I — el <At[||e s+ llep I

n+j 2 n-j 2 112 2 2 2 n+; 2
Hleg I+ lleg 2IE + lley ™ IIL + lleqyll ]+At[||R“|| S IREIE + IR I+ 1Vrg o L 125

2
HIV-rR el + e HIVXR, pllE + e 1||V><rR,2H||
R_ 1__1 Zkb a a
2
+ Z CLH@?| (VY= Ve P+ [V Ve e
a=l  kq=1 (R/Z— Z_lkm),p (R/z— Z_lkm),E
—(2 i Km+1) i Km
Hew)  mt o [(VxVx)ma Vet 12
(R/Z— 5 km),E
m=1
~2 3 kmt1) 5 K nal
Hue) w1V X (VX V) r(+2 . 1%
R/2- Y km),H
m=1
Now, summing over n = 1 to N — 1, we get that:
N—-2 32 N-3 12 32 N (12 12 N-312 32 N-3 12
lep N5 —llepllsey +lleg *lIe = lleglle + el — llep Ml < At|llen 2112 + lleplls, +leg Il
N-2 N-1
1
2112 N (12 12 n+s3 2 n+i 2 1112 2 2
e 2+ NI + el ] + 28t 3 [llep 12 + lleg ™12 + llefy ]+AtZ[||Rg||£,1+||R2||£
n=1 n=1
n+j 2 2 2 -1 2 -1 2
HIR, 2+ IV g p i + IV v g e llE + e nT IV TR I + IIerR/2H||
%—l §_1_§1kh a a
Ny 3 K Y K
2 2 - 2 - 2
+ > G IVVysE Ve P+ VeV e 2
a=1  kq=1 (R/Z— zlkm)/p (R/Z— zlkm),E
—2 3 km+1) 5 K
+ep) == [(VXVx)m=t -V xr?t |12
(R/Z— 5 km),E
m=1
~2 3 Knt1) 5 K nal
+(ue) w1 IV % (V x Vx)m=1 r(” . 1%
R/2- 3 km),H
m=1

1 ~
Similarly, for the case of the initial equations, choosing test functions to be p = 2Ate™! (ef3 + eop), E =

1 —~
2At (eé + e%) and H = 4At (e}, + ¢, ), we get that:

1 1
llepl?- = llepllz + lleglF - IIe%II2 +llerIif = llep i

2 2 2 2 2 2 2 2 2
< At lleglZy + eQIy + llef I + el + lleh 12 + el I | + Ac IR I, + IRLIE + IR I
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2 2 4 1yl T 2

VI 2+ IV 1 12 4 T 9 X0, IR+ e I g, I
-1

3_1§—1—[’Zkb

N

5 kn
+ > @V TR
a=1 k.=1 2 Z km+1 (R/Z_ Z km)/p
¢ 4 m=1 m=1
“2 3 kn+D) 5 kn
m=1 [[(V X VX)m=1

5 K
HIV- (VY 0 1 + (ep)
R/2- Y km),E

m=1

vV x 1Y N
(R/z— S km),E

m=1

2
I

a a
2 3 K1)

Z kvm
+(ue) IV X (VX Vx)m=t

1
12

2
. Il
(R/Z— Z—1 km),H

Adding the previous two equations and using the initial conditions as in Equation (5.1c) and positivity of all
the right-hand side terms, we have that

1+ At
IIep 2||2_1+||eE 2||2+|| eNlle < ——

o LB+ el 2 + eI +
N-1
At

o D [2(hep TR e R ey )+(||R“||2_1+||R“||2+||Rn e

n=0

2 2 1 2 -1 2
+ VTR japlles F IV TR ellc + € WV X TR, IS + IV X1 ||
R -1 2 -1- Zkb

R/Z H
S kn 5 K
+Z SoierfiomE T e enE T
= kq=1 (R/Z— Z_l km),P (R/Z— S km),E
Z S K
P x v Y e . |12
(R/Z— 5 km),E

m=1

Hew o

23 km+1) 3

Y Km
+(ue) [V X (VX Vx)m=1

1
n+3

2
. [
R/2- 3 km),H

T
( m=1
Applying the discrete Gronwall inequality similar to Theorem 5.4, we obtain the estimate

N-
—_ N_l A +l
lep 212+ lleg 2112+ lleN 12 ?Z(mgui_mnkgniﬂmﬁ dI
n=0
TR P 171 12+ e i I e I+ e Y xR
E—1 g_l_ui Ko a a
< = 3 K 3 K )
+ D 1 [CA 0 R 2 R G A A L N |
e (R/Z— ;1km),p (R/Z— ;lkm),E
2 kmtl) 5 K
+(epn) m= (VX VX)m=t VX1

o 12
(R/Z— > km),E

m=1
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23 km+l) S K ol
Hue) T VX (Ve e R
(R/Z— S km),H

m=1

7
= (1512 + R 12 + el 12) [ exp (4T).

Now, we need to obtain bounding estimates for each of the Taylor remainder terms and to do so, we first
consider the first remainder term corresponding to p and argue as follows:

1 R+ 2
IRFI., = —— J(t“_l - )R (s)ds + J(t“ (s)ds )
pllg-1 (R!At)2 JtR+1 JtR+1 .-
gn-1 tn_j
tTl
1 L ORHp 2
<m0 R sing e <o)
) tnfl N
A aR+1 2
(s —t")*Rds J (s) ds, (by Cauchy-Schwarz)
| f OtR+1
(R! At) 2
(AR . OR+1p (S) L
~ (RN2(2R+1) ) || 9tR+1 ’
!

and now summing both sides over n = 0 to N, we have that:

N 2

S iR, < A0 j
PRet = (RI2(2R + 1)

n=0

Similarly, for the remaining Taylor remainder terms, we have that:

aR+l 2

(At)ZR—l
(RDZ2R + 1)

aR+1p

atR+1

tR+1 ds -

O (@)

jRp < AU O E
S RZER+ D) 377 [ 20m200y)
NZI nedy P < (AP ||aRIH|1?
- (RIZ@R+ 1) 9657 || 2 7,02 0
Nzlnwgvz,p)ni-l S MO | ,
2s—-1)|| ot

L2012 ,(Q)

S— 2
ledD(rS/zE)ll @O~ )19 (O(E)

T 22-128 — 1)1 otS L20T12(Q))

2

S—
ZIICD(rn+2 2 < (A>T ||aS(@(H))

S/2,H 225-12s —1)t)|  otS L2(0,T;Li(ﬂ))’

for 2 < S < R, S even, and in which @ is taken to be an operator (for example, V X Vx or VV-) acting on
objects taken to be from a correspondingly appropriate function space on Q. Finally, using the regularity
assumptions for p, E and H, and 1- and 2-norm equivalence, we obtain the required result:

N-1 N-1
lep *lle +lleg *lle +llepll < CADT + llepllcr + lleglle + llegll] - 0
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5.3.2 Error Estimate for Full Discretization

We now present the error analysis for the full discretization of the three-field formulation of the Maxwell’s
equations using a compatible sequence of arbitrary-order simplicial de Rham finite elements in conjunction
with the LFr scheme. To do so, first we let ﬂ%, ﬂ%l and ﬂ%t denote the respective smoothed L? projection
operators, that is, let ﬂ% : lzli_l (Q) — Up, W%L : H (curl; Q) — Vi, and ”%1 : lilu(div; Q) — Wi asin5.2.2
for LFs scheme. Given this brief background about these smoothed L2 projection operators, we now define
the errors for p, E and H at time (n + 1/2)At or nAt under the full discretization to be the following and
this is essentially a generalization of the analysis for the full error as in [AK25, Section 5.2] for LF,, [AK26,
Section 2.2] for LF,, and 5.2.2 for LF¢. So, we have that:

1
e = p(t™h) —pr =t (5.20)
1
E:z S At T i I A CE“, (5.21)
el =HEY)-H  =gh -, (5.22)

and in which we now have the following definitions for the newly introduced terms:

1

s ) S TR, = plt o mpentd), (5:23)
O = B S TE), = T ST Ee), (5:24)
EM = HE™) - TIAH™), g = HE - TR HE™). (5.25)

For the LFr scheme as in Equations (5.7a) to (5.7¢), using a de Rham sequence of finite dimensional subspaces
of the corresponding function spaces for the spatial discretization of (p™*2,E™*z, H™1), we obtain the

l o o o
following discrete problem: find (anrz S H’ﬁ“) € Un X Vi X Wy C H1€_1 X He(curl; Q) x Hy(div; Q)
such that:

pn+% pn—§ ) )
h “Pr _ £ n+s5 -5 —~
<A—t’p>_<§(Eh P+ Ey Z)rVP>
R_p 51 ailkb .
< = £ 2 Km n+l n-1 —~
+Y Y Cuf@(5 (Vv (Eh o 2),Vp> -0, (5.26a)
a=1  ke=1
a-1
R B1-Y ke .
1 Ll =y = n
2 2 2
(GV(pn"2 +pn 7)) - peR CIE| ) (V¥ E)
a=1 kq=1
1 1
h h 1
+ (et B) - (5 (MR + H), V X E)

Rlzlzkb

- i km Z m —_~
4 Z > Cuia- 1)m 1 (%(ue) =V X V) (Hg+1 4 Hg) ,VXE)=0, (5.26b)
=1 kq=1
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Hn+1 Hn 1 W1 1 s
h n n—
(e F) + 5V x (B2 + E12) )
_1 2 -1- Z Ko . .
Km -> k 1 > Km ~
— Z Z Cre, H(a)(~ 1)m 1 <%(£u) VX (E“+2 + EE 2) ,(VxVx)m=t H) =0, (5.26c)
= kq=1

forall (p, E, ﬁ) € U XV XWhy,and forn € {1, N —1}. Using n = 0 for bootstrapping as in Equations (5.8a)

to (5.8¢) leads to the discrete problem: find (ph, E2 H! n) € Un X Vi X Wy C H1 L X H ¢(curl; Q) x Hu(dlv Q)
such that:

Pl -pl _ } -
(PhE B - 55 (4 + B )

122_1]; -1- Zkb
) Z = f(“)< (VV: )“‘l (Ei+E%),V5) =0, (5.27a)

i

R 1-Yx
LA 1 oy o o =5 1, S kn~
SV ) - Y i@V (e +h) (7 T E)
a=l  kg=1 22 L km+tl
1
EE_EO
h h 1 0
e N JE) (Z(Hh+H ) V X E)
a=1
3-1 %—1—{;11% C 2
+Z Z akl fla)(=Dm=t (= (pe) m=t (VX Vx)mt (H1+H°) VXE)=0, (5.27b)
a=1 Ka= Zmzzlkm
HI —HO _ 1
(n— et ) + 4 v (B +E) )
a=1
R1-Yx
. bglb Cx 5 km 1 -3 kn 1 5 K —
=YY i@ (e VX (B +ES ) (VX Vxia T H) =0, (5.270)

a=1 ka=1 22 mZ:1 Km+1
for all (5, E,H) € Un X Vi, x Wy, given (p), E), HY) € Up X Vi x Wi, Let T : H! (Q) — Uy, T} :
H¢(curl; Q) — V} and ﬂﬁ : Hu(div; Q) — W}, denote the respective smoothed 12 projection operators

as in the sense of [Sch08; Chr07] and a detailed discussion is available in [BS08, Lemma 4.3.8] [AFWO06,
Theorem 5.3] [EG21a, Lemma 11.9, Corollary 11.11, Theorem 16.10, Theorem 17.5]. For the initial conditions,
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we set:

pl =Tpy, E) =T E, and HY =T12Hy. (5.27d)

With this, we can now state our theorem for convergence of error in the full discretization of the system
of Maxwell’s equations using LFg and R™'-order polynomial Whitney basis finite elements for the various
function spaces.

Theorem 5.6 (Full Error Estimate). Let p € CR*1(0,T; lili,l(ﬂ))/ E € CRY(0, T; He(curl; Q)), and
H e CR*L(0,T; ]ilu(diV' Q)) be the solution to the variational formulation of the Maxwell’s equations as in

Equations (5.2a) to (5.2¢), and let (anr2 En+% , HE“) be the solution of the fully discretized Maxwell’s equations
using the LFr scheme as in Equations (5.26a) to (5.26¢) and (5.27a) to (5.27d). If the time step At > 0 and the
mesh parameter h > 0 are both sufficiently small, then there exists a positive bounded constant C independent of
both At and h such that the following error estimate holds:

lep, : lle-1 + IIe I+ lleq, e < C[(ADR +h" + h'(AY*],

where the finite element subspaces Un, Vi, and Wh, are each spanned by their respective Whitney form basis of
polynomial order v > 1.

Proof. First, we shall subtract the set of equations for the full discretization as in Equations (5.26a) to (5.26¢)
from Equations (5.19a) to (5.19¢c), and then use the error terms in Equations (5.20) to (5.22) and thereby
obtain:

n+i n-1

I c I €[ n+l n-1 —
< > At . ’p>_<§ (eEh2+eEh2)’Vp>
R -1- ;k"
Km 1 _1 N
+Z > Cuf@(5 V- = (err? +er. ), VP)
a=1 kq=1
R % -1- Zkb
7_1
= (Ry +eV-Th e = Z Z Claf(@)ev - (V¥ )ml T(R/z Sk )E,5>,
a=1  kq=1 e )
B-l_a_lkb
1 1 1 1t e 1 -1 i k
(37 (e§:7 +e§;f),E>— S Cklf(a)<2V(eph +e ),(vv.)m=1 )
a=1 Ka=
en+% B en—% .
E E = 1 =
+<e#,E>_<2( el +epy, ) VXE)

+Z Z Cresfi(a)(= 1)m1 ( (o) = (VxVx)ml "‘( TS ) V xE)

a=1  ke=1
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B_l g_l_a—l kh u
ol 2 b=1 e
= (eRE+ VIR, ~ VX =D ) Cuf@le(VV)s "V
a=1  kq=1 (R/Z— Z:I km),P
i Km - i Km i Km 1 _
= (<17 (pe) TV (VX V)i T E),
(R/Z— > km),H
m=1
eT]}|+1 _ T]}l 1 . )
11 n+s n-—s ~
(p—t H) + (57 (eEhz +eEh2),H>
gy $-E . u
1 - n+i > Km ~
2 S a0 E e 5 (e el ) w0 )
= kq=1
= (uR}, : +VXTR e
L -1- Z ke
+ Z Z Cklf(a)( 1)m 1 (ep.) m= 1 (V X Vx)m 1 V T . ,ﬁ>
a=1 ka=1 (R/z Zlkm)

Next, using the values of the error terms ey, , e and e} as in Equations (5.20) to (5.22) in the above
h h
equations, we get:

nel on1\ [+l ned
<(n - Z)At(nhz - 2),5 (5 (et h) - () ve)
i :
£ Y Cut@Eovn T (et d) - (ot e o)), )
a=1 kq=1
3-1 %—1—: A o
<R +eV- rR/ZE 2 kaZ: Ci,f(a@)eV - (VV-)m=1 1“T(R/2—élkm),l:_,5>,
35 0 @
5 L Zkh )
—Z 5 Cuf@(2 (! + ) = (i) (ovg= )

a=1 kqa=1

(e =) = (- )
At

B =G (et - (50 -g2)) D)

+ (e
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—1 2 -1- Zkh a a a
Z km ]_ - Z km Z km —_
+ Z Z Claf(@(-1) (5 (ue) w0 " (Vx Vi (71 + &) = (en71 - £)), V < E)
a=1 ka=1
g dE :
<5R“ + VTR/Z -V X TEEH — Z Cy, f(a)] e (VV-)mZ=1 o vrt N
a=1  kq=1 (R/Z—né1 km)m
- (—1)mz-1k'"(ua)_mz-1k'"w(VxVx)mz-lk“‘rE”/% : ) JE),
R/2—- km |, H
m=1
an+1 _ En _ an+1 _ En _ 1 _
<u( )At( h h),H> 4 <§VX ((Cn+% + Cn—%) (Ch+2 + C )),H>
R 15 -1- Z:kb
- Z Z Craf(a)(— 1)m e
=1 kq=1
((%(w)_“‘z‘lkmv X ((Cm% + C”_%) (Ch+2 + O 1)) (V% V><)mz=1km H) | = (1R Y1 yx TR
B2 §-1- Z kp
+ C =k S5V s v TV x JH).
; kzl K f(a)(= ) ew) ) r(m ilkm) )

- 1 _1
Since these equations are true for all (p, E,H) € Up X Vi X Wy, we choose p = —2Ate! (n2+2 +1, 2),

— 1 _1 ~
E = —2At (CEJFZ + CE 2) and H = —2At (&7 + 6‘}1‘1) and using the fact that VU, € Vi, and V X Vi, € Wy

and so on, we obtain that:

2 (anF - ) o +nh e (e e (e - g e e

TL+§

=27 (e E - ) e w2ge (¢ ) g e g g (e - e e e e

- B-1- Zkb
1 -1
+2At(~R — eV - TR/2E+Z Z Ci, f(a)eV - (VV- )m1 R et (nﬁ” +1y, 2))
i (R/Z—nélkm),E

a

121_1]; -1- Zkb
> Km
+ 2At(=eR} — VIR, +VXTR/2H+Z Z Crf(@|e (v "
a=1 ka=1 (R/Z > km)

m=1

a

a km _ km a
- (—1)mz=1 (ue) mZ=1 VX (Vx V><)mz=1

Km n4l
-

(R/Z— 5 km),H

m=1

NI ot

+
+2AH(—pR 2 =V XTR 5 ¢
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R_1]§ -1- Zkb
2

- Z Ci f(a)(— 1)m1 " (ew) (vxvx)ml er( e el ERTY. (5.28)

a=1  ke=1 R/2= 3 km

m=1

Consider that ¢! (n'”% - n“_%) = (I-T1Y) (p(t“+%) — p(tn_%)) by Equation (5.23). Using the Taylor
theorem with remainder as in Theorem 5.5, applying the Cauchy-Schwarz, AM-GM, and triangle inequalities,

we have the following inequality:

el | ne 0 g ae 02k+lp n+l
- n+sx n— 2 —_ T\- 2
2(e (n 5 2) Ay 2 0A(e ( ﬂh) > G D o gt R ML !
k=0

1
ol
+1, %)

1
+2AL(e! (1 - ) R,

< At
[z T

2

0. 0%Hp
(I-TT}) dt2k+1 (t )

+[|(1-TT)RY + (R +2)At

n+30 n-72
Iy 212+ Iy, lesl]-
[

Similarly, using Equations (5.24) and (5.25) for the error terms for E and H, we obtain that:

A2k 92k+1E 2

21
+l n-s +2 ; —l
2<€(Cn 2 -( ) Ch +Ch ) < t[Z(sz’_l); 22k
k=0

=T e Jt2k+1 (t )

1 _1
H%JR;; +(R+2)At ||c;1*2||2 +len 2||%},

€

92k+1py 2

(I—ﬂ%l) dt2k+1 (t G )

X1
n n n n 1
2<H(E7 +1 _ E, )/E’h+1 + Evh> < At[z —(2k+ 1)|_22k
k=0

2

u

T‘L+2

+H|(T=TT2)Ry,

+(R+ Z)At[lléﬁﬂllfL + IIEL‘IIﬁ]-
u

Using these inequalities for 1, ¢ and & in Equation (5.28), and summing from n = 1 to N — 1, we get that:

N-1

N-1
I 212, + e ||2+||a§||i<(R+4>AtZ
n=0

n+j 2 n+j 2 2
g 2 1P+ 16 2%+ IER] ]

R

2 2 5
Atk 62k+1p Q2KHIE
+At - tTl + I_]—[l T‘L——
) aZk+1H P . 2 ) 2 . 5
+H|(T=TT3) v )| |+ (T=TRORG|  + ([(T=TT)RE|| +||(I=TT)RY
H [ £ "
+ - - —_ —
FIRBIE + IR + IR IRIVIR 1P + 19 -1 I e IV v I + e 9
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R a-1
g 51-2 ke
b=1

2 S Kk 5 ke
+ I e (o N TOAS = 4 N (L [\ YA A S L B N -
a=1 k=1 (R/Z— ):_lkm),p (R/Z— Z_lkm),E
_(2 i km+1) i km
Hew) w0 (VxVx)mat Vx| |12
(R/Z— 5 km),E
m=1
) z 3 K ntl r

1 1
Hpe) I X (VX V) I+ IGE2 + g Ii2]

(R/Z— 5 km),H

m=1

Likewise, for the semidiscrete approximation of the initial system as in Equations (5.8a) to (5.8c), following
the same steps as for general one, we obtain for their errors the following inequality:

1 1 R+4) 1 1
2 2 12 ( 2 2 2 2 12 2
Imallea +GallE + 11E NG < > At InE 12+ IS0+ NCEIE + HC T + IERIIE + NELI
2 2 2 -1
+At[IIR%IIS_1+|IR%IIE+|IR Il +||\7TR/2 IS + 1V TMEII2 ||\7><TR/2EII2

R12lzkb ) a

C 5> k
k m
1||v><rR/2H||2+Z D @[V W( . )ni_l

= kq=1 42 Z Km+1 R/Z—Tré1 km |,p
3 K - Z 5 K
+|V - (VV')‘“ oY a 12 + (ep) ||(V><V><)m=1 VXt a 12
(R/z 5 km),E (R/z— 5 km),E
m=1 m=1
S5 Kntl) S km 1
+(ne)  m=1 IV X (VX Vx)m=t 17 |12 [||ﬂh||2_1 + ||C0 2 + ||5,0 Ik ] .

(R/Z— 5 km),H

m=1

Adding the last two inequalities, we arrive at the following resulting inequality:

N-3 2 N-3 2 N2
Iy 25+ 11G, 2l + &L T <

14 R N-1
(R+4)At n+ +
2 IR+ QR + NI | + | = | 3 [ IR + 1 IR + e+
1- At 1- 2" ZAt]n0
2 2
N-1T ¥-1 b 2
At 1 At4k 0 aZk+1 1 aZk+1E o
R+4 Z[Z((zm 1)!) 2% (‘(I_ﬂh)aﬂﬁl N+ O ) e )
1_TAt n=0 [ k=0 €
2 oZr1H 1 ? 0 ? 1 ? 2 \pN+3 2 2
=T ZSmeg ()] |+ (L= TRG MORE| + (| =T2)RY | + IR + [RE)12
i g1 € T
+
+ IR}, 2||2 + VTR0 2 1V 1Ry eI+ e IV X TR, NI +e 1||V><TR/2H||2
K—1§_1_ik" a o
2 b=1 > km S Km )
+ > @IV e 2+ V- (VY e 12
a=l  kq=1 (R/Z— glkm),p (R/Z— ;lkm)E
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+(ep) v vgem vk 12
(R/z_ 5 km),E
m=1
-2 Z
+(ue) ||V><(V><V><)

We now apply the discrete Gronwall inequality with At <

3R+ to get that:

-1 2 a4k 2k+1 2
N-1 o N-1 9 A At 07" Pn
Iy 2+ 12 HE + HENTE < | =5 ZO Z (2k+1), i (|- T G )
Q2K+1E 2 azk+1H : 2 2 2
+|(I-TT}) < @) +||a-113) veTa @) |+ TO)RY o+ (I-TT} )R
£ 08 [ I3
2
+1 +
= TEORYZ + RDIZ, + IR + IRYy 22+ IVER 5 I+ 191 (12 + e 0 9 g, I
88
_1 2 -1- Z ko a
-1 2 C2 2 2 km n 2
s VI +Z Z CLA@ [ I(VVyma " ver 2
a= ka=1 (R/Z— Zf1 km)m
5 K “2 Y km+l) S
HIV-(VV)mt T 12+ (ew) == (VX Vx)m=t VXt I3
(R/Z— S km),E (R/Z— > km),E
m=1 m=1
-2 f Km+1 3

> Km
+(ue) [V X (VX Vx)m=1

TL+l 2

IR

(R/Z—Z km),H
m=1

7
+ 2 (IR + 2 + R )

exp (2(R+4)T).
Using our estimates for the Taylor remainders from Theorem 5.5 for these terms on the right-hand side of
the above inequality, we further get that

N

1 AR+p 2 ORHIE ]2
Aty [IRBIR +IRE + IRY 21| < (ae?® + |5
nZ:O Plle € H otR+1 LZ(O,T;Li_l(Q)) OtR+1

12(0,T;L3(Q))

| S
12(0,T;L2(Q))

R, S even, { > 0, and @ to be an appropriate operator acting on functions from
correspondingly appropriate function spaces on Q) (as in the proof of Theorem 5.5), we have that

aR+lH 2
6tR+1

Now, for 2 < S

1
ALY (B (o6, IR+ (e 06T, eI + (we) 062 IR |
n=0

229

>
= rn+z . ”i ]
(R/Z— > km),H
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aS(0(H))|
ot 207,12 2(Q))

03 ((E)|]
otsS

+ (pe)™

L2(0,T;L3(Q))

2
9% (@ (p))
ot o1z ()

< (AR + (ue)™

Next, for p € H! (Q), Ee H e(curl; Q) and H € lilu(div; Q), there exists positive bounded constants Cop,
R
Coe, Cor, Cmp, CimE, CiH, for 0 < m < = — 1 such that we have the following error bounds for the L2

projections:
62111+1p aZm+1.p
0 0
H(I — TRy B < Coph'|[RY K (I-T1,) S (t™) < Cppph' t2m+1( “) ,
& € £
aZm+1E aZm+1E
1 n 1 n
H(I - ﬂh)RlTEl < CO,E]’LT RE|l - (I- ﬂh) Smil (t) < Cm,]:_]’fr Smi (t)
€ € £ €
41 +1 aZm+1H 1 aZm+1H 1
H(I R < Conh™|RY | (1-T?) o t"*2)|| < Cpnh” Yo (A7)
n u u u
Set Cp := max{Coyp, Co,e, Co, H,O<m2>é/2{Cmp, Cm, Cm,1}}. We therefore have that:
m
N [3- 2 Apak o 02K+p . azk+1E
n
| 4k R APV P | h 3 ok+1
SIHAETE \a S| fo-m e
n=0 | k=0
92k+11y 12
M)~ (1"2)
2k+1
otek+ "
e N_lA 31 1 2 Atk |02k N OHE |7 (92K e 2
s +0 Z t 1 ik 2k+1 (t ) + S ) o (12
— - Rk+D! 2 ot ot . |l ot "
1T aZk+1 2 Q2K+1E 2 |la2x+1H 12
2 41
< Coh™ Z at2k+1( ") Py S || + d12k+1 (t™2)
k=0 £ H
e 31 aZk+1p 2 Q2K+ |12 2K+ |I?
-0 Z Jt2k+1 5 Jt2k+1 Jt2k+1
k=0 L2(0,T;L2_ () L2(0,T;L3(Q)) L2(0,T;L4(Q))
and likewise for the L% projection of the remainder terms:
N
TL+
AtY (@ -TI)RY + (I- TR + [|(1-T12)R""2 ]
n=0 e € H

N
+1
< Coh?" 3 At [IRRl () + IRE N2 + IR iz |

n=0
2 2 2
< COhZT(At)ZR aR+1p ’ aR+1E ’ aR+1H
Ot oz ) 19 o T2 0tR [l 20

<R
We next set ph =179 nPo, ‘E0 =TTt 1 Eo, and H0 = TT2 + Ho, and note that for 0 < —,2< S <R, S even,
{ > 0, and for @ to be an appropriate operator (as before), there exists pos1t1ve bounded constants M, and
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Mg such that:

aZm+lp 2 2m+E 2 92m+1p2m+1 2 M
_— -~ X mys
o™ 2o 2y I10P™ iz r200)) ot 120, ;LA (Q)
£ 1 H
2 2 2
0% (@(p)) _¢||2® (®(E)) _e[|9%(@(H))
— + (ug) —s + (|,L€) YT < MS;
ot ot 12(0,T;L2(Q)) ot L2(0,T;L2(Q))

L2012, ()

Consequently, we have the following estimate:
N-3 2 N-7 12 N2 < Eh2T 4 W27 (Af)2R 2R
Iy 212+ G, 212 + IER IR < C [T +n2T (AR + (A)*],

,2 < S <R, S even and then with the

N| 7

where C = 2max{CoM,, Mm, Ms} exp(2(R + 4)T) for 0 < m <

equivalence between 1- and 2-norms we get that:
N_% N_% N T T R R
Iny, 2l + 111G, 2lle + 1ER e < C1 [RT + RT(AYR + (ADR],
where C1 = 2\/6 . Also, there are positive bounded constants 6, a and a such that:

-1 -1 =~ -1 -1
N2l = 1A= T)PEAN )= < CRTIPAN 22 (o) = NN 2]l < ConT,

IEN"2 e = 1A-TTDEAN D)l < GRIIEEN )12y = N2 < CahT,
N = N =TRHEM) e < GRIIHE2) = &N < Cah,

in which C, = 6§||p(tN—%)||Lz_1(Q), Cs = GalIE(tN"2)[l2(q) and Cy = a||H(tN)||L%L(Q) are all bounded
positive constants due to Theorem 5.4. Finally, this provides us with our desired result by choosing
C=C1+Cr+C3+Cy

N-1 N-1 N N-1 _N-3 N-1 _ N-3 N _ N
lepy, “lle-t +lleg, “lle +llep, e = In772 =my Pl #0772 = G Zlle #1167 = &Ml

< Cl(AYR+h"+h"(ADR]. O

5.4 Numerical Results

We present two examples in R? as stated below, and demonstrate their numerical solution using LFe in
conjunction with linear and quadratic Whitney simplicial finite elements on a triangulation of Q. Our
examples are both specified on the domain Q which is a unit square in R?> and we compute the solution for
time t € [0, 1].

Example 5.1: We consider the problem on Q) with analytical solutions, and material parameters as below.

sin 7ty cos it

Sin 70 cOS 7T t] ,  H=(cosmy — cosmx) sin 7,

p:O, E:[

e=1, pn=1

The results of solving this problem with LFg, and with linear and quadratic Whitney basis are shown in
Figures 5.1 and 5.2, respectively.
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Example 5.2: This problem is also on Q but with p # 0. The boundary conditions for p and E are
nonhomogeneous, and they are homogeneous for H. The analytical solutions and the material paramaters
are as below.

p = (cos Ttx + cos ry) sin 7tt,

sin7t(V2t — x — y) — sin 7tx cos 7t

E= ’
—sin7(V2t — x — y) — sin 7y cos 7t

H= —\/Esinﬂ(\/it -X-y),

e=1, pu=1

The results of solving this problem with LFs, and with linear and quadratic Whitney basis are shown in
Figures 5.3 and 5.4, respectively.

We wish to conclude by stating that we have delineated an arbitrarily higher (even) order time discretization
scheme LFy for the (p, E, H) Maxwell’s systems in R? and R3. The LFg scheme is implicit and uses two
staggered time grids, and therefore is in the category of leapfrog schemes. We have analysed LF in the full
generality in conjunction with compatible and arbitrary-order de Rham finite elements spanned by Whitney
basis. In doing so, we have also demonstrated its energy conservation and the rate of convergence of its
error in terms of the time step At, mesh parameter h, time order R, and spatial polynomial order r. Our
chapter is thus comprehensive in both defining a generalized scheme and performing its error analysis.
We hope that as future work our method can be extended to other instances of this Maxwell’s system as it
applies to, for example, scattering and reflection problems, and other similar interesting real-world problems
in computational electromagnetics. We also hope that our work would be beneficial for the paradigm of
scientific machine learning especially Physics-informed neural networks for Maxwell’s equations.
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Ficure 5.1: Linear finite elements with LF;: Plots of solutions (EE_l/ 2 HJY) at different

times for Example 5.1 of Section 5.4 using LF¢ and linear Whitney forms for the FEEC
spaces. The solutions for p are not shown due to them being identically 0. We also
show projections of the analytical solutions to the linear Whitney forms spaces at these
time steps for a visual comparison.
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FiGure 5.2: Quadratic finite elements with LFs: Plots of solutions (Eﬁ_l/ 2 HPY) at
different times for Example 5.1 of Section 5.4 using LF¢ and quadratic Whitney forms
in FEEC. The solutions for p are again not shown due to them being identically 0. We
also show projections of the analytical solutions to the quadratic Whitney forms spaces
at these time steps for a visual comparison.
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different times for Example 5.2 of Section 5.4 using the LF¢s and linear Whitney forms in
FEEC. We also show projections of the analytical solutions to the linear Whitney forms
spaces at these time steps for a visual comparison.
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Ficure 5.4: Quadratic finite elements with LF¢: Plots of solutions (pg_l/ 2, E]}:_l/ 2, H}Y)
at different times for Example 5.2 of Section 5.4 using the LFs and quadratic Whitney
forms in FEEC. We also show projections of the analytical solutions to the quadratic

Whitney forms spaces at these time steps for a visual comparison.
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Chapter 6

Summary and Future Directions

6.1 Summary

1. Our work in this thesis focuses on higher-order discretizations of Maxwell’s equations in both space
and time. We begin with a brief introduction including an overview of the recent literature following
which we present the finite element method for linear PDEs with their stability analysis. We also
introduce Maxwell’s equations with basic time discretization techniques, de Rham finite element
spaces and several fundamental inequalities that are used throughout this work.

2. Subsequently, we discuss in detail the implementation of higher-order finite element discretization
using the de Rham sequence of finite element spaces for two- and three-dimensional Poisson’s
equations and for various boundary conditions. Our discussion here includes also some notes on
the interpolation of solutions and computation of L? errors. We also have a brief discussion on the
non-trivial kernel problems and present computational results on Poisson’s problems, eigenvalue
problem, and basic discretizations of Maxwell’s equations.

3. We then study two second-order in time discretizations for Maxwell’s equations: the classical Crank-
Nicolson and our proposed implicit leapfrog scheme. For both schemes, we establish stability results
and estimates for discrete energy, semi-discrete in time, and full errors.

4. Following this, we introduce two fourth-order in time discretizations for Maxwell’s equations: LFy
scheme or the fourth-order leapfrog scheme, and TS, scheme or the fourth-order temporal scheme.
These schemes are developed using two different strategies which we term as the spatial strategy
and the temporal strategy, respectively. These strategies also provide a generalization framework for
the classical second-order Crank-Nicolson scheme and our proposed second-order implicit leapfrog
scheme. We provide a comprehensive analysis of stability, discrete energy conservation, and error
estimates for each of these schemes.

5. Motivated by these developments, we generalize the LF4 scheme to an arbitrary, even order in time,
method leading to the LFg scheme (an R order leapfrog scheme), where R is an arbitrary even integer.
We establish again the stability of this general scheme and its energy conservation, and also provide
error estimates for this scheme. For clarity and illustration, we explicitly present in this context the
various proofs for the sixth-order version of the scheme to make the generalized proofs more readily
accessible.

6. In the presentation of all our schemes, we complement the various theoretical analysis with ample
computational results on model problems with known exact solutions, in both 2d and 3d for the
second-order schemes and only in 2d for the remaining higher-order schemes. Thereby, we validate
our various error analysis with concrete numerical solutions as well.
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6.2 Future Directions

In this work, we have tried to comprehensively address some aspects of energy conserving, higher-order
discretizations for a system of Maxwell’s equations to be used in conjunction with higher-order de Rham
finite elements. Nevertheless, there are many interesting problems stemming from our work which we
simply could not get to work on, and we believe that these offshoot problems are not only useful to pursue
further but can also help clarify the applicability of our developed methods and their analysis. Some of our
proposed problems are related to further development of our methods, in particular, the time strategy that
we have proposed, and others pertain to the application of our methods for other kinds of electromagnetics
problems. We also list some other numerical aspects that we simply could not concern ourselves with in
this work. We hope that this list of questions will provide valuable directions for further research and
development of our thesis.

1. Non-trivial homology and higher-order harmonic fields. We have already presented some foundational
computations on domains with non-trivial homology in Section 2.7. A natural next step, therefore, is
to extend the entire framework developed in this thesis to such domains with non-trivial topology. As
a minor related work here, we also believe that there can be further computational developments for
obtaining a higher-order harmonic vector field using the Hodge isomorphism as in [Hir+23].

Proposed Direction: Perform necessary computations to approximate a harmonic vector field using
higher-order polynomial spaces. Extend the analysis for our higher-order time discretization schemes
to include the problems on domains with non-trivial homology.

2. Solution of Maxwell’s equations with electric circuit coupling. A field-circuit coupled problem consists
of Maxwell’s equations being driven by an electrical circuit and is an example of multiphysics coupling.
It brings together many of our theoretical and computational underpinnings to such a multiphysics
setup. An abstract representation for such an electromagnetic fields-electric circuit coupled problem
is shown in Figure 6.1. As can be seen, this problem has electric and magnetic boundary conditions in
different parts of the boundary of the domain. The circuit elements introduce holes and voids, and
any computational solution will have to account for the harmonic vector fields being in the kernel of
the vector Laplacian. As an example, [[HO21], such computations are discussed for the lowest-order
finite element spatial approximation, and in a descriptive manner without precise error analysis. We
can now do better and consider higher-order time and spatial discretizations for this problem.

Ficure 6.1: Figure taken from [HO21]

Proposed Direction: Obtain computational results for the solution of the Maxwell’s equation using
higher-order finite element and time discretizations for the circuit coupled problems by also considering
that the harmonic vector fields are also approximated using higher-order polynomial spaces. Provide
necessary error analysis for these higher-order computations, and also demonstrate on some standard
electrical engineering benchmark problems, for example, as in [Duf+14].
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3. Scattering and other similar problems. This proposal is a relatively straightforward application of
our developments to a different class of electromagnetic problems, namely, scattering or reflection of
incident fields. The following set of equations models a simplified scattering problem and in these
equations, the subscript “inc” is used for incident fields and the subscript “sca” for scattered fields
where a source is usually emitting such electromagnetic radiation.

0
—(pmc + Psca) +V- (Einc + Esca) = fp/
ot

a(Einc + Esca) _
ot

0
Ha(Hinc + Hsca) +V x (Einc + Esca) =fH.

V(Pinc + psca) +€ uV x (Hinc + Hsca) = fg,

apsca
. +V - Egqa="°
% +V - Bine =0, ot sca = Tps
Esca
JF; Vpsea + € — UV X Heey = f,
VPinc + € a‘tnc — 1V X Hine = 0, Psca " sca = TE
Hsca
. +V X Eeeqg =Ty
u% +V X Eine = 0. ot s

The scattering problem models many real-world usage of engineering electromagnetics, for example,
mobile phones communicating with a mobile tower, or radar tracking of objects such as flights, rockets,
or even cars and humans on roads. In principles, the domains for such problems are open with the
scattered fields allowed to radiate to infinity. In practice, however, one uses absorbing boundary
conditions (ABCs) on some suitable restriction to a compact domain. The governing equation for
ABCs is the following;:

L(w) = Rx)VXVXu+ ax)uy — B(x)VV-u=0.

Consequently, this problem readily lends itself to application of our developments.

Proposed Direction: Compute a higher-order solution of the radiating electromagnetic fields due to a
source excitation in conjunction with higher-order energy conserving temporal discretizations. Also,
provide arbitrarily higher-order model for the ABCs which can then be consistently used with our
discretizations.

4. Arbitrarily higher-order temporal discretization TSg. In Chapter 4, we have proposed the temporal
strategy as one of our frameworks for obtaining higher-order time discretizations. However, this
strategy allows for a multitude of schemes for larger orders, and in particular, it is not easy to write
down a generalized analysis for an arbitrary order R. We leave this to a future study to explore as well
as clearly elucidate the analysis for the combinatorial explosion of such schemes of order R.

Proposed Direction: Organize and perform the analysis for an arbitrary temporal discretization strategy
scheme TSg.

5. Linear solvers Our final proposal is a related problem to the higher order discretizations in this work. In
all our validating numerical computations, we have “black boxed” the linear solver using direct and
iterative solvers as and when we needed them. For example, LF; computations in this work required
us to switch using iterative solvers from a sparse direct solver. We leave this structured study of the
problem of devising appropriate linear solvers including preconditioners, and multigrid-like methods
to a future work.
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Proposed Direction: Formulate sparse direct and iterative solvers and investigate appropriate precondi-
tioners including both of the algebraic and geometric multigrid variety as necessary. Furthermore,
devise such solvers to be amenable to parallel computations on general-purpose parallel processors.
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Appendix A

Curl and Divergence of Arbitrary Whitney
basis

Suppose, for instance, we need to compute the curl and divergence for quadratic Whitney basis corresponding
to the edges of a triangle which are given by:

Woi_o = M(MoVA1 = M VAg) = AJVA1 — AgA1 VAg.
We start with the computation of curl of this Whitney basis, so consider
= VX Wi =Vx(AVA1 — AgA1VAg),

= V?\% X VA — V(}\o)\l) X VA, (USil’lg V(}\iV)\j) = VA X V?\j)
=2A0VAg X VA1 — (}\QV7\1 + 7\1V?\0) X VAp.

To simplify, in general, we can compute the value of V x (ASAPASVA,) and use it for particular values. So,
consider
VASAPAS) = VOADAPAS + ASV(APAS),
(AASTIVAQ)APAS) + ATAPV(AS) + ASV(AD)),
aAdTIAPAS VAQ + DASAPTIAS VAL + cAGAPAS IV,

Thus, we have:

VX (ASATASVAL) = VAASATAS) X VA,
= (AASTIAPASVAG + DASAPTIAS VAL + cASAPASTIVAL) X V.

Next, consider the linear Whitney basis on faces(triangles) of tetrahedron which are given by:
(I)ijk = 7\id7\j A dAx — )\j dA; A dA + AkdA; A d)\j, V3

where A = X (cross product). So, we have the basis as:

Woi2 = AoVAL X VAy = A1VAg X VAz + A2VAg X VA4,

Wo1z = AgVAL X VA3 = A1VAg X VA3 + A3VAg X VA, Vo Vo
W2z = AgVA2 X VA3 = AaVAg X VA3 + A3VAg X VA, 4

Wi23 = A1VA2 X VA3 = AaVA1 X VA3 + A3VA1 X VA,. V1
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We will now compute the curl of these Whitney basis Wik, where
Wijk = AiVA; X VA = A VAL X VAL + A VA X VAL

In general, we compute V X (7\37\}’ AS 7\3‘,;1 VAs X VA¢) . We will use the following identity to compute the value
—_— ——
A B
of this curl:
VX(AXB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B.

First consider A(V - B) = ASAPASAL)(V - VA,) = 0,because

07172773
dlo ¢ ) )
V-VA{ =V dll,t = —dl(),t + _dll,t + _dlz,t =0.
Al ox oy 0z

Similarly, (B - V)A = 0. Then B(V - A) = VA{(V - (ASAPASASLVA,)), where
ASAPASAS dlo s
V- ASAPASASVA) =V - Agxixgxg dlis |,
ASATASAS dlys

0 b d 0 b d 0 b d
= dlos5—(APASAD) + dlys s (ASATASAS) + dlas - (ASATASAS),
a 92

oA oA
= dlys [a ASTIAPASAS = 1 b ASAPTIASAS =T 4 ¢ AGAPASTIAG ™

3 Ox 3 0x
s
0x

oA
+dly [a ASTIAPASAL =2 4 b AGAPTIASAS L

b d-
+d ASAPASAS Sy

2

oA
+c Agx}’xg—lxga—; +d ASAPASAS %

+dlys |a Ag—lx}’xgxd—z

oA oA oA
b-1 davM byc-14d Y2 b d-1Y/3
+b ?\51)\1 A§A3 E +c ?\(‘)1)\1 ?\§ )\3 E +d ?\(‘)1)\1 A§A3 E] ,

0. 3. 0,
and (A - V)B = |(ASAPASALVA,) - (ai Mk a—zk)) VAe = (V- ASAPASAD)VA. So, V X (ASAPASALVA, x

VAr) = =VA(V - (?\61?\}’ }\‘2:}\3dV)\s)) - (V- (Ag%}’A‘Z’Ag))V?\t. Now we compute divergence of above Whitney
basis, i.e.,
V- Wijk =V- (7\1V7\j X VA — }‘j VAL X VA + A VAL X V?\j).
0
Consider V - (}\1V7\]’ X V?\k) = (V X }\iV?\j) - VAy —W }\1V7\]’ = (V X )\iV?\j) - VA
More generally,

V- ASAPASAS VA X VAL) = V X (ASAPASASVA) - VA) — Mﬁg\gmgxgws,
= VX (ASAPASASVA) - VAY),
= (A TIAPASAL VA + DASA VAsAd VA,
+ ASAPASTIALVA, + AASALASALY TVVA) X VAG) - VA,
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Appendix B

Curl and Divergence of Arbitrary
Raviart-Thomas basis

Similar to Whitney basis, we can compute curl and divergence for Raviart-Thomas basis which are defined
as:
RTi)' = ()\iv}\j - }\)' VAi)rotated = O\iV)\j)rotated - O\j VAi)rotated-

Again starting with the computation of curl of RT;s, consider as follows:

_a)xbac
curl((k{j)\}’)\gvxt)mtmd) =V. [ AgAT A dh,t] )

ASADAS dlot
% v 2
~ d d d
- o dy oz|’
“ASAPASdLy e ASAPASdlpe O
= |dlg, (axg—lexg% + b)\gx}"l)\g% + cAgA}’A§—1%)

A oA
+ dlye (axg—lx}v\‘?—o + b)\gx}’—lxga—yl

oA
byc-1 2 IS
oy + CASADAS —)]z

dy

or RTij = ()\iV)\)" - )\j V)\i)ro’tated-
= VXRTyj =V X (AiVAj)rotated = V X (Aj VA )rotated, Where

dlp ;
V X ()\iv}\i Jrotated = V X (7\i [dl(l],]'] ) ’
J Irotated

=V X (}\1 [_dh.’j )/

dlo,;
. —dly _ —dly;
=AV X dlo,; + VA; X dlo,; ,
N—————
I
0
_ . _dll,j
= VA X dlo,; ]

Therefore, V X RT;; = VA; X

—d;] oy o [dls
dlo’j] V}\)x[ ]
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Similarly, we can compute the divergence of Whitney basis as follows:

div RTij = diV((}\iV)\j)rotated) - diV(O\jVAi)rotated)/

o[ A
_dw[haj] dw[’h‘ai]'

OA; 0A{ oA
(b)6x+a]6y) ( Y ox

So, in general we can compute:

dV(ATAS VA roted) = V- ((A;;A}’A; [3{0]) ) ,
Lt]/ rotated
aybyc
=V [ A)E)A}Llh)lzd%h’t] /
0/ M2 00t
Mo
2 dx

= —dly¢ (a?\(‘;‘lkf?\c— + DAGAD™

oA oA
+ dloy (axg—lx}’)\C—O + bASAP A 2L

Zay

oA
NS + eAGADAST!

2 dx

Zay

aybyc-1
+ CASAPAS

W) )

ox
8
0

i)
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Appendix C

Example Symbolic Computations

We discuss some example computations on 2d torus, 2d and 3d annulus.

C.1 Solid Torus

We try explaining the conversion of coordinates with the help of an example. For this, let analytical solution
tobeu=(r—19)’r * =u,f wherer=025R=1,h=¢ = u-h=0. And
o=divu=V-(uf+ueb+ ud,(f)),

our (1 cos 6 19ug sin 0 1 O,
=— |-t —— |t = - ug + ,
or T 00 R+rcosH R+1cosO 0¢

T R+71cos0 (because ug = 0 = uy)

Il
0

B T (r—10)Cos O
=(r ro)[éh" 219 + — ]

0 100 A 1 0
= graddivu=grado = R Y o

or 106 +R+rc056@(R+rcose)¢'

T (r—10)COs O
=||4r-2 - ="
(r o+ R+ 1rcos6 )
F(r—10) 4+(2r—ro)(R+rcosE))cos9—r(r—ro)cose s
(R + 1 cos 0)?
+1 (r—ro)T(T_TO) (—sin®) (R+1cosB) —r (r—1p)cosO (—rsin6 8.
T (R + 1 cos 0)2
$ 4] é
r(R+r1cos6) R+rcosB T
curlu = 9 9 0 =0, (becauseug =0=1g)
or 00 0P
Ur T Ug (R + 1 cos O)ug,

— curlcurlu =0.

= f=curlcurlu - graddivu = —grad divu,
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r(r—ro)cose) (o) (4+ (Zr—ro)(R+Tcose)cose—r(T—rg)cose)]?

= — ||4r =219 +
[(T 10 R+ 1cos0 (R+ rcos0)?

fy
T (r—1g) (—sin®) (R+rcosO) —r (r—19)cosO (—rsin6 B
(R + T cos 0)2 '

-1 [(T—fo)
T

fo
In Cartesian coordinates,
w=(r—19)*r (cosOcosd & +cosB sind § +sin 6 2,

1

h=p= —
¢ (R+rcosB)

(—sind X +cosd 7,

r(r —19) cos 0

=(r- 4r — 219 +
o = (r=To) |4r = 2ro R+ rcos@

f=1 (cosOcosd X+ cosO sind j+sinb 2) + fg (—sinO cosd & —sinO sind § + cos O 2).

C.2 2d Annulus

We solve this problem using Polar coordinates instead of Cartesian ones.
Take u = (r—11)*(r —19)’F+ 0 0, where 1 and 77 are radii of inner and outer circles respectively.
——

Uy Uo
For computing f = curl curl u — grad div u:
10 10
divu=——(r-uy) + ——(ug) = =——(r-uy). (because ug = 0)
T OoT T 00 T oT

512 — 3(r1 + 10)T + T170].

(r— rl)T(r - rg)[

— o= 2P =

U, isa
function of r
e N
. 0 (109 . 10 (10 n
More generally, grad(divu) = 3 (;a(r . ur)) T+ =38 (;a(r . ur))e,
Il
0
0 (10 .
= or ;a( r)) T,

Z_(uT 10u, azur)?

Ty 2

and curlu = é 0 é =0 = curlcurlu =0.
or 00 0z
u 0 0

= f=-graddivu = (—————

Here, u, = (r —11)*(r — 19)?,
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aalr =2(r —1)(r = 1o)[2r = (v1 + 10)],
0ty =8(r—11)(r —10) + 2(r — 11)% + 2(r — 10)?,
or?
— 5= |2 Tl)igr S g(f —11)(T = 10)(21 = (11 + 10)) = (B(r — T1)(r — T0) + 2(r = 11)* + 2(r — 10)* | T,
£
And h = 6.

Now in terms of Cartesian coordinates,
A sin®, cosO .
X+

h=0=- T T Y
u= (r — T‘1)2(T — T0)2 = ((T‘ — ‘[‘1)2(1‘ - ro)z)(COSB X +sin 0 Q),
f=1f %=1 (cos® X +sinb {).

Check:u-h=0.

27t 2
ro=1m1m=2 = u-hszu-hdr(rde)zo.
01

C.3 3d Annulus

We discuss conversion of coordinates with the help of an example, so take analytical solution to be
u = (r—=Ry)*(r—Ryp)? # = u,, where R; = 1,R, = 2.
Uy

. = 2(1‘ - Rl)(T - Rz)z + 2(1‘ - Rl)z(r - Rz).

We will use:

oF . 1 oF~ 10F .
VE= o T rsngoe’ Tro0?
V.o :—zg(rzfr) N rsilmb%(fe) N ﬁ%(fd, sin ¢),
$ R b
12 sin ¢ T rsin ¢
Vxf=| 0 d d
or 20 Er

f rsin ¢pfg e

&—Lr(r—lzzuzr—(Rsz)

7

Therefore, divu = li(Tzur) =2(r—=Ry)(r=Rp)
12 0T

A

7

2
R{R
— graddivu =2 [9r2 —10(R; + R —=2) r + 4R;Ry + 2(Ry + Ry)? — (%)

and o = curlu =0,
— curlcurlu =0,

= f =curlcurlu - graddivu = —grad divu,

A

Rle)z

=2 [9# —10(R; + R = 2) T+ 4R1Ry + 2(Ry + Rp)? — ( -

fy
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In Cartesian coordinates,
w=(r—Ry)*(r—Ry)? (cosB sind & +sinO sind { + cos b 2),

h=sind f=sind (cosd sind X +sinO sind § +cos ¢ 2),
o=0,
f =1 (cosO sind X +sin0 sind § + cos b 2).

2sin ¢ cosd

Note that divh = 0 # 0 but both should be zero, so we can’t take this h and
sin ¢

12

#0and curlh =

T
not h =

2
t as well as it has non-zero curl. Similarly, we can’t take h = f as curlh = O but divh = - # 0.

A

¥ . .
Therefore, we take h = — asits both curl and divergence are zero. Also, note that u-n # 0, so we need to
T

multiply by cos ¢ in u,.
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Appendix D

Arrangement of Mass Matrix using Cubic
Lagrange basis

We demonstrate the arrangement of mass matrix using cubic Lagrange
basis. Let {Ag, A1, A2} be the barycentric functions of the triangle T
represented on the right h, then we have:

M=1l-x-y, M=x,=y.

And the cubic Lagrange basis are given by:

1
¢ Corresponding to vertices: E?\i(37\i —1)(BA{—=2),fori=0,1,2.

9 9
e Corresponding to edges: E?\i(3?\i — 1)A;, and E)\i(3?\j — 1)A;, for
1,j=0,1,21<j.

¢ Corresponding to triangle: 27A;AjAy, for i,j,k =0,1,2,i <j < k.

Using the barycentric coordinates values we can convert these cubic Lagrange basis in terms of cartesian
coordinates as follows:

1 9 27 27 11 9 11
Wy = 57\0(37\0 -1)(BN -2) = —§x3 - ?xzy + 9% - ?mf + 18xy — SX- §y3 +9y? - Yt 1,

1 1
Wi = M(BA = D3N = 2) = 5x(9% = 9x +2),

1 1
Wa = S2(3% — 1)BAa - 2) = 5y(9y -9y +2),

Ws = g?\o(37\0 DA = ;x(3x2 +6xy — 5x + 3y% — 5y + 2),

9 9
Wy = 57\0(37\1 - 1))\1 = EX(—?)XZ - 3xy+4x+y-— 1),

Ws = 27\0(37\0 — DAy = ;y(3x2 +6xy — 5x + 3y2 — 5y +2),

9 9
We = E)\o(?})\z -1 = Ey(—?:xy +Xx - 3y2 +4y—1),

9 9
Wy = 57\1(37\1 - DAy = EXU(3X -1),
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9 9
Wg = E)\1(37\2 - 1)7\2 = Exy(?)y - 1),

Wy = 27 oA 1A = 27xy(—x -y+ 1),

Mass matrix corresponding to T can be represented as:

[(Wo, W) (Wo,W1)  (Wo,W,) ... (W, We)]
Wi, Wy Wi, W, Wi, Wa) ... (W, Wy
My = W,, Wy W,, Wq Wor,Wh) ... (W, Wy ,
[(Wo, Wo)  (Wo, W1) (Wo,Wa) ... (W, Wo)]

where <Wi,W]~> = JWi - W; ds. Since <Wi, W]-) = <W]~,Wi>, thus Mt is symmetric.
T

Now we will discuss the global computation of mass
matrix on a unit square divided into two triangles

as shown in the right.
0,13 10,1
Global —  Local T
{0,1,2} — {0,1,2}
{321} — {0,1,2} To
0,0 1,0
We will compute all the entries of M1, and M, first ( )0 1 (1.0)
we will start with Ty, and
11—y
(Wi, W) = J Wi -Wjds = J J Wi(x,y) - Wj(x,y) dxdy.
To 0 0

Thus, considering symmetricity of My, we have the following values of the entries of M,:

19
o <W0, W0> = % =~ 00056548,

19
(W1, Wi) = o5 = 0.0056548,

o (W, Wy) = ~ 0.0056548,

3360

9
(W3, W) = — = 0040179,

9
(W, Wy) = g ~ 0040179,

9
(Ws, Ws) = 57 ~ 0040179,

9
(We, We) = 37 ~ 0040179,

9
(Wy, W) = 57 ~ 0040179,
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* (Ws,Ws) =

* (Wo,Wo) =

o <W0,w1> =

* (Wo,W2) = (W, Wo) =

o (Wo, W3

d <W0/ W4

)
)
. (Wows)
. (Wo, W) =
. (Wo W)
. (Wo W)
. (Wo,Ws)

© (Wi, W) =

Il

. (W1,W3> =

o (Wl,W4> =

(Wi, Ws) = (W5, Wi) =

o <W1,W6> =

. (Wi, W) =

o (Wi, W) = (Wg, Wi) ~ 0,

(Wi, W) =

o <W2, w3> =

. <W2, W4> =

o <W2, w5> =

. <W2, W6> =

9
o7 ~ 0-040179,
81
— ~0.14464
5e0 ~ 1446
11
(Wi, W) = = ~ 0.000818452,
11
T3az0 ~ 0-000818452,
(W3, W) = % ~ 0.00133929,
(Wi, Wp) ~ 0,
3
(Ws, W) = 5oq0 ~ 0-00133929,
(We, Wo) ~
9
(W7, Wy) = Tago ~ 0:00200893,
9
(Ws, W) = Tago ~ 0:00200893,
3
(Wo, W) = Tiog ~ 0-00267857,
11
(Wa, W) = T3az0 ~ 0:000818452,
(W3, W) ~ 0,
3
(Wa, Wi) = o7 ~ 0.00133929,
2~ 0.00200893
4480 '
(We, W) = Tago ~ 0:00200893,
(W7, W) = oq0 ~ 0:00133929,
(Wo, Wy) = Tiog ~ 0-00267857,
(W3, Ws) = Tago ~ 0:00200893,
9
(Wi, W) = Tago ~ 0:00200893,
<W5/ W2> ~ O/
— 3 ~
(We, Wa) = 5oq0 ~ 0-00133929,
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. <W2,W7> = <W7,W2> ~

o (W, Ws) = (W, W,) =
o (W, Wo) = (Wo, W,) =

o (W3, Wy) = (Wy, W3) =

o (W3, Ws) = (W5, W3) =

. <W3,W6> <W6,W3> =
o (W3, W7) = (Wy, W;) =

o (W3, Ws) = (Ws, W3)

o (W3, Wo) = (Wo,W3) =

(WL W5) = (Ws, W) =
(W WG) = (We W)
o (W W) = (W5, W) =
o (WL We) = (W, W) =

o (Wi, Wo) = (Wo, Wy) =

* (W5, W) = (We, Ws) =
* (W5, Wr) = (Wy, Ws) =
* (W5 Ws) = (Ws, W5) =
* (W5 Wo) = (Wo, Ws) =

o (We, Wy) = (W7, We) =

o (We, Ws) = (Ws, We) =

27
o (We, Wo) = (Wo, We) = ——

o (W7, Ws) = (Ws, Wy) =

0,

3
210~ 0.00133929,

3

Tiog ~ 000267857,

_2 00140625
640 ’

2~ 0.020089

448 ’

_ 2 . 0010045
896 ’

9
~398 ~ —0.010045,

9

= ——— = —0.004017861,

2240

~ 0.012054,

_81 ~ —0.010045,

9
= — 5o ~ ~0.004017861,
9 . 0.020089
448 ’
_ 2 0010045
896 ’

27
210~ 0.012054,

9
~ 5 ~ ~0.0140625,
_2 & —0.004017861
2240 ’
_ D 0010045,
89
27
Soo ~ 0.012054,
_ 2~ 0010045
896 ’
< 0.020089
448 ’
~ 0.012054,

2240

9
——— ~ —0.014062
10 0.0140625,
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27
o (W7, Wo) = (Wo, W) = g0 ~ 0012054,

27
o (Ws, Wo) = (Wo, Wg) = oq0 ~ 0-012054.

Similarly, we can compute the entries of M1,. Now we will arrange the local entries into the global matrix
Mg as follows:
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Appendix E

Approximating a Function using
Raviart-Thomas Basis to Check Requirement
of Edge Parities in Integrals

We discuss the approximation of a function using Raviart-Thomas basis in order to check the requirement of
edge parities in the integral computations.

0,13 2(1,1)

Tl T()

T

15%5

(0,0) g 1 (1,0)

Our goal is to find the coefficients on all edges so that f can be represented using the 5 RT basis for which we
follow the following steps:

1. Setup basis for RT(Raviart-Thomas) from reference triangle.
2. Obtain RT basis for each triangle in coordinates.
O There are six in total.
3. Let us compute the mass matrix the 3 X 3 mass matrices by hand.
4. Obtain the global mass matrix.

5. Obtain the inner product (f, d>i> for both Ty and Ty; itis 3 x 1.
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RTp1 =

RTp2 =

RT2 =

(RTo1, RTo1) = |
(RTo, RTor ) = |
(RToz, RTo2) = |

(RTi, RTor ) = | _
(RTi2, RT2) = | _

(RTiz, RTi2) = |

Now for f = x+1
y+1
x+1

(f,RTo1) = [ yt1

(x3,Y3)
(1,1)
»i
— X2 —X1 X3 —X1 X n X1
[yz—yl y3—y1] [y] [yl]’
A x b
_[ 1], (o
=lo 1|ly| " |o|
“ (I 1
detA o 1 (0/ 0) (1/ 0)
(Xllyl) (XZIUZ)
[—(x-0)+1]  [—x+1
-y-0+1] |-y+1}]’
[—(x-0)+1] [-x+1
~w-0+0] | —y |’
-(x=-0)| _ —x]
-y-0]| |-y
RTo1, RTon RTo1, RTo2 RTo1, RTy2
MT@ = | (RTyp, RTp1 RTop, RTpo RTop, RTi2) | — Symmetric
RTi2, RTor RTi2, RTp2 RTi2, RTq2
[—x+1| [—x+1] _+F ) ) 1
y+1 . 41| _gof(l—x) +(1-y)-dy dX—g,
[x+1] [—x+1] +7%
. = 1-%x)2%-y(1-y)dydx=0,
|y ||y H( > —y(1-y)dy
[—x +1] [-x+1 L 1
. = 1-x)2+y2dydx=-,
y Ly Ofof( PHy?dydx= -
x| [-x+1 Lx
= —x(1-%x)—-y(l-y)dydx =--,
Y N M (1-%)-y(l-y)dy
1 1x
T S [ x1 = + 2 dy dx =0,
—Y] -y 00
_Xi _X 1X 2 2
=|[x*+y“dydx =
SR e
01 02 12
1 1
01 | = 0o --
3 1 6
M= 02 |0 3 0
1
12 -2 0 =
3

—-x +1
-y+1

/

[

2
1—x2+1—y2dydx:§,
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x+1] [—x+1] ¢
<f,RT02>=f 1 y =Jf1—x2—y(1+y)dydx:0,
00
x+1] [—x] ¢
(f,RTi2) = [ 11| |y = [[—x(1+x) -yl +y)dy dx =-=.
00
2_
01 | =
3
fr,= 02 [0 |-
5
12 |—=
6.
! T-x+2x| [1+x
MTouO:fTo = U = _02 - fapprox.: [1_y+2y = _1+U =
T (x3,Y3) (x2,Y2)
0,1) (1,1
[XZ-M X3-xl} H M 2 !
T= + ,
Y2—Yr Ys—yif Y Y1
A X b
_[1o]fx] . Jo
1 1|y o
“ 0
detA =1 (0,0)
(x1,Y1)
[-x-0+0] | —x
RTor = ~(y-0)+1|  |[-y+1]’
[-x=0)+1]  [x+1
Rloz = ~(y-0)+1|  |[-y+1]|’
_ [—(x - 0) _ [—x
RTip = —(y—0) = |yl

RTo1, RTo1 RTo1, RTo2 RTo1, RT12
]\/lT1 = RToz, RT()l RT()Q, RTOZ RToz, RT12 — Symmetric
RTi2, RTor RTi2, RTp2 RTi2, RTq2

x| [ x| I 1
(RTo1, RTor) = | |y 41| |-y +1] =0J£x2+(1—y)2 dy dx = 2,
Rl RTo) = [ | 1] 2 12 [ foxti=9+ (1 —yP dy dx=0
(RToz, 01>_I_—y+1_ __y+1_—0f£ x(1—x y) dydx =0,

[—x+1] [—x+1] ¢ 1
(RToo RToo) = [1| L q| |y aa| = [ [0+ (A -yP dyde=7,

[ 11

ol -x | _ 2 3 _

(Rle,RT(n)—f |y [—y+1 —({){x y(1-y)dydx =0,




-X —-x+1 o 1
(RT12,RT02>=I[_y]' —y+1 g)[ —x(1-x) -yl - y)dgo'lx_—g
X —X il 2 2 1

RT- ,RT = = + d d = —.
<12 12>I[][_y ({){XUUX3
01 02 12
1
01 |- O 0
6 1 1
MTl_ 02 0 g —6 .
1 1
210 -= =
6
Now for f = X+1,
y+1
[x +1] t
= . — —_ 2 =
<f,RT01>—f_y+1_ —y+1 ({i —-x(1+x)+1-y*dydx =0,
(x+1] [—x+1] _¢r, ) 2
(f,RToz>—f»y+1‘- g+ _({£1—x tl-ydydx=7,
[x +1] [—x e 5
(ERTiz) = [ 41| | y] =] 0+~ y(ry) dy de= 2.
01 [0
2
le— 02 5 .
5
12 [—=
6
0 1—-x+2x 1+x
Mnu =fr, = w = _12 = fapprox.=[1_y+2y = 1+y =
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Global:

2
013 1,1)
T
To
0,0 1,0
( )o 1( )
019 0202 03
0101 % 0 0
11
02
027 [ 0 4z O
1
M = 0302 0 0 3
1
1212 -z 0 0
1
281, | 0 0 -

01 — 01 01 -—02
02—02 02—03
12— 12 12— 23

2312
0 o [ 2]
01 -
3
0 0207 {0+0
2
1 and f = 03,2 3|
° 1212 | -2
| :
1 2312 [ —%
3 |

But this won’t work as the common edge has 0 coefficient in local solutions. So, we take following mesh:

TQZ

(1,1)

(1,0)

0,1} 3
T
x+y=1
To
0,0
( )0 :
T= [Xz—X1 X3—X1] [X] n [Xl]
Y2-Y1 Ys—yi [y y1|’
A X b
{1 0)]x + 0
10 1)y o
detA=1
[—(x-0)+0] [ —x
-(y-0)+1 |y +1)
-x=0)+1| [—x+1
-(y-0+0] 7| ~y |
—(x=0) _ —x]
-y-0)| [-y]’

To
T
15x5

(x3,Y3)

0,1

(Standard Triangle)

0 g

(0,0) (1,0)
(Xllyl) (X2/y2)
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RTo1, RTor RTo1, RTo2 RTo1, RTq2
MTO = | (RTyp, RTp1 RTop, RTpo RTp, RTi2) | — Symmetric
RTi2, RToq RTi2, RTp2 RTi2, RTq2

—_
®

—X —X

] L1 .
_ _ 2 a2 _ 1z
(RTo1, RTor) —f |y 1] |-y +1] —Of g X%+ (1 —y)* dy dx 3
>_ 17 [ _ 11-—x 1
(RToz, RTor) =f :: . —yil =f f —x(1-%x)—y(1-y)dydx = &
| 0 0
[ 1 T ] 11-x
(RToz, RToz) = | _:jl ‘ _:jl =] [ A=x?+y*dy dx=%,
! 100
[ 1 1x
o lx - | _ 2 B
(RT12, RTo1) —f ENET ({gx y(l-y)dydx =0,
[ 11-x
(RTi, RToz) = | x| =[ [(1-x?+y?dydx=0,
B 00
<RT12,RT12> = f E—x— . E_X] = Il 1IXX2 +y2 dy dx = -.
7Yl 7Y 50
01 02 12
01 % —% 0
1 1
Mt, = -~ Z .
To 02 c 3 (1)
12 |1 0 0 3
Now for f = x+1 ,
+1
[x+1] | —x T1zx 1
(f,RTo1) = | 1| [y =£ ({ X(1+x) +1-y2dydx =,
(x+1] [-x+1] ' 1
<f,RT02>=J_y+1_'_ y =£ (f) 1—x2—y(1+y)dydx=6,
[x +1] [—x L1=x 1
(f,RTi2) = | y+1] _—y] =0f of —x(1+x)—y(l+y)dydx= —5
01 %
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We need to multiply with edge parities to basis which is 1 if edge is oriented according to lexicographic
order else is —1.
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