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Abstract
Self-organized systems are known to be characterized with inherent complexity and hence are
difficult to control. This complexity arises out of subtle interconnections among its subunits.
Graph theory has emerged as a relevant paradigm for modeling and characterization of such
complex systems, as well as for finding means of their control. Using the concept of
controllability from control systems, one can identify ‘driver nodes’ that could be used to gain
control of the system through external inputs. In this thesis, we used controllability analysis for
investigating the control mechanisms of three networks: Airport Network of India, C. elegans
Neuornal Network, and Yeast Gene Regulatory Network. All of these systems contain an
underlying directional network that is essential for their efficient functioning. For Airport
Network of India, we constructed weighted directed graphs, representing transportation channels
across India in 2004 and 2016. Apart from studying evolution of network topology for this air
transportation network, we also examined its efficiency. We find that controllability analysis can
identify set of nodes critical for its efficiency as well as those acting as its bottlenecks. Further,
we studied the neuronal network of C. elegans to identify set of minimal edges (synapses) that
can switch its mode of control (from centralized to distributed and vice versa). Finally, we
investigated the gene regulatory network of yeast to identify its driver and non-driver genes, and
to probe their association with biological essentiality, pathways and dug targets. Our studies of
these networked systems provide interesting insight into their efficiency, mode of control and
biological correlates of driver nodes. We believe that apart from adding to our understanding of
these complex systems, our work provides insightful directions for their control.
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1.

Introduction

1.1 Networks
Networks play an important role in a wide range of systems
of social, technological and biological origin. Complex
networks model can be used to represent a variety of such
interconnected real-world systems. A network can be
represented a set of relationships (edges) among discrete
entities (nodes) as shown in Figure 1.1. Depending on the
context the edges could contain information of direction if
interaction or their strength. For example, one could describe
the Internet as a network of computers or other devices that
are linked with physical connections. An abstract entity such
as World Wide Web could be represented with web pages as
nodes and hyperlinks as edges connecting them in a directed
manner. Other examples include social networks of Figure 1.1 An interconnected system
acquaintances/friends, networks of publications linked by represented as a network of
citations, transportation networks, biological networks such as interconnected nodes.
metabolic networks, gene regulatory network and protein
interaction networks etc. Graph theory has been extensively used for investigating networked
systems for their characterization as well as for finding ways of their control.
Real world networks have been reported to have small world nature by virtue of high
clustering. Unlike random graphs, these graph have a thick tailed connectivity distribution
with presence of hubs. Also, many networks are characterized with modular and hierarchical
architecture. Many of these systems are expected to be have efficient communication channels
by virtue of their evolution, and some are required to be designed to be efficient. Global and
local efficiency measures are expected to capture the notion efficient information exchange in
networks at different levels [1]. Beyond modeling and analysis of the architecture of realworld systems, recently they are being studied from control systems perspective to find ways
of driving them into desired states.
In this thesis, we apply these approaches in networks from different domains where control
has a distinct interpretation and application. We investigated following networks for their
control mechanisms: an air transportation network, a neuronal network and a gene regulatory
network. We studied their topological properties, efficiency, and performed structural
controllability analysis to identify critical nodes through which one can control the state of
these networks.

1.2 Structural Controllability
We approximate real world systems to a linear time-invariant system [2] whose dynamics
could be represented as follows:

dx(t )
 Ax (t )  Bu(t )
(1)
dt (t )
Here, the vector x(t )  x1 (t ),...., xn (t )) T captures the state of a system of N nodes at time t.
The N  N matrix describes network’s wiring diagram and the values in the matrix represent
the link strength, say traffic on the link or intensity of gene regulations. The matrix B
represents input matrix ( M  N ) of driver nodes that are used to drive the state of the system.
The whole system can be controlled using the time-dependent input vector
1

u(t )  u1 (t ),....,u n (t )) T imposed by the controller, where in general the same signal u i (t ) can
drive multiple nodes to achieve full control of the system. The number of driver nodes that are
needed to achieve the control of the system is denoted by N D . Control of driver nodes via
external inputs is enough achieve the desired state of the systems. The system is said to be
controllable if it can be driven from any initial state to any desired final state in finite time,
which is possible if and only if the N  NM controllability matrix

C  ( B, AB, A 2 B,....., A N 1 B)

(2)

has full rank i.e.

rank(C )  N

(3)

This represents the mathematical condition for controllability, and is called Kalman’s
controllability rank condition [3]. A brute force search requires us to compute the rank of C
N 1
takes 2
distinct combinations, which is computationally expensive. We used the maximum
matching algorithm to find the number of inputs or driver nodes needed to achieve full control
of the system [4]. This strategy helps us to overcome our inherently incomplete knowledge of
links weights and provides a means to obtain the unmatched nodes as driver nodes. With this
algorithm, driver nodes can now be found in O( N 1/ 2 L) steps [5], where L is number of links.

1.3 Description of problem
With this premise, we investigated following networks to ask relevant questions for their
modeling and control.
1. Airport Network of India (ANI)- We constructed the Airport Network of India, a
network representation of India’s aviation infrastructure. To study the evolution of this
network over a decade, we constructed ANI-2004 and ANI-2016, and investigated its
topological features such as characteristics path length, degree distribution, degree
correlation and clustering coefficient. We also computed their local and global
efficiency. Further, using structural controllability we identified their driver nodes and
investigated their role in the control of the network.
2. C. elegans- Among biological systems, we studied the neuronal network of C.
elegans. Apart from studying its topology, we studied efficiency of communication of
this network. Further, we studied the mode of control (centralized versus distributed)
of this neuronal network in the absence and presence of pharyngeal neurons. Finally,
we investigated the role of synapses in switching the control mode of this network.
3. Yeast- The other biological network that we studied was gene regulatory network of
the yeast. We identified driver and non-driver genes in this network by structurally
controllability analysis. Further, we performed control profile characterization of
driver and non-driver nodes based on gene essentiality, involvement in biological
pathways and for being targeted by drugs.
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2.

Methods

Networked systems are observed in a wide array of contexts such as social, transportation and
biological systems. Complex networks analysis deals with application of graph theory for
topological analysis as well as characterization of such interconnected systems.
2.1

Network properties

Degree- Degree of a node is defined as the number of nodes it is directly connected to. Degree
of node i is:
N

ki   aij

(1)

j 1

In directed network, in-degree and out-degree of a node is defined as number of incoming and
outgoing links.
Shortest Path Length-Shortest path is minimum distance between node i and node j . It is
defined as,
N
1
L (2)

N ( N  1) i , j 1 ij
i j
2
where Lij is shortest path length from node i to j .

L

Degree Distribution- Degree Distribution for a graph, denoted by P(k ) , and is defined to be
the fraction of nodes in the graph with a degree k . Thus degree distribution can be calculated
as:

P(k ) 

| {v \ d (v)  k} |
(3)
N

where d (v) is the degree of node v and N is the number of nodes in the graph.
Clustering Coefficient- Clustering coefficient ( Ci ) of a node is the number of links shared by
its neighboring nodes to the maximum number of links possible between them. In other words,
Ci is the probability that two nodes are linked to each other given that they both are connected
to i . The average clustering coefficient is defined as,

1
C 
N

N

C
i 1

i

(4)

where Ci  unweighted clustering coefficient of node i .
Clustering coefficient captures the local cohesiveness of a node. Unweighted Average
clustering coefficient ( C ) measures the global density of interconnected nodes in the network.
But this does not include the flow of information of the link, so this may not provide the
correct information about the network. The clustering coefficient is redefined which includes
the weight associated to a link [6],

ciw 

wij  wih
1
aij aih a jh

si (k i  1) j ,h
2

(5)

Average Degree Connectivity- The average degree connectivity is the average nearest
neighbor degree of nodes with degree k and defined as,
3

N

k nn,i   a ij k j

(6)

j 1

For a weighted network the weighted average nearest neighbor’s degree [6] could be defined
as,

k nnw ,i 

1
si

N

a w k
ij

j 1

ij

j

(7)

2.2
Efficiency- The efficiency tells us how one can reach from one airport to another both
quickly and economically. The efficiency  ij in the communication between vertices i and j
can then be defined to be inversely proportional to the shortest distance Lij :  ij  1 / Lij i, j
[1]. When there is no path in the graph between i and j , Lij   and, consistently,  ij  0 .
The average efficiency of G can be defined as

E (G ) 



i  jG

 ij

N ( N  1)



1
1
(8)

N ( N  1) i  jG Lij

The efficiency E (G) is between [0, 1]. E =1 when there is an edge between each couple of
vertices, real networks can reach a high value of E .
Using this formalism, one can define the small-world behavior with a single measure

E

to

indicate both the local and the global behavior, rather than using two different variables L and
C . The above equation E (G) is the global efficiency of G and therefore refer to it as E G .
Since is also defined for disconnected graph we can characterize the local properties of G
by evaluating for each vertex i the efficiency of Gi , the sub-graph of the neighbors of i . We
define the local efficiency as the average efficiency of the local sub-graphs,
1
(9)
E ( L) 
iG E (Gi )
N
This quantity plays a role similar to the clustering coefficient C . Since i  Gi , the local
efficiency E (L) is referred to as E L reveals how much the system is fault tolerant, thus it
shows how efficient the communication is between the first neighbors of i when it is
removed. The definition of small world can now be rephrased and generalized in terms of the
information flow: small-world networks have high E G and E L , i.e., they are very efficient
in global and local communication. This definition is valid both for unweighted and for
weighted graphs, and can also be applied to disconnected and/or non-sparse graphs.
2.3
Structural Controllability
According to the control theory, a dynamical system is controllable if, with suitable choices of
inputs, it can be driven from any initial state to final state in finite time [3][7]. The number of
inputs or driver nodes needed to maintain full control over the network is referred to as
minimum driver node set (MDNS), which can be determined using “maximum matching
algorithm”. We implement Hopcroft-Karp Algorithm for maximum matching. Hopcroft-Karp
algorithm takes an input as a bipartite graph and outputs a maximum matching, M. Maximum
matching is a set of edges with a property that do not share end points. The unmatched nodes
are designated as driver nodes [8]. This algorithm runs in O(| E | | V | ) time where V, E is set
of vertices and edges of the Graph. Based on their controllability profile, nodes are categorized
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into critical, redundant and ordinary. The Critical and Ordinary nodes belong to Driver nodes
class, whereas redundant nodes are identified as Non Driver nodes.
Hopcroft-Karp Algorithm:
/* U and V are partition of Graph G and NULL is a special null vertex */
procedure BFS :
1: for each node u in U
2:
if pair_U[u] == NULL:
3:
Dist[u] = 0
4:
Enqueue (Q, u)
5:
else:
6:
Dist[u] = ∞
7: Dist [NULL] = ∞
8: while Empty (Q) == False
9:
u = Dequeue (Q)
10: if Dist[u] < Dist [NULL]:
11:
for each v in Adj[u]:
12:
if Dist [Pair_V[v]] == ∞
13:
Dist [Pair_V[v] = Dist[u]+1
14:
Enqueue (Q, Pair_V[v])
15: return Dist [NULL]! = ∞
procedure DFS (u):
1: if u! = NULL
2:
for each v in Adj[u]
3:
if Dist [Pair_V[v]] == Dist[u] + 1
4:
if DFS (Pair_V[v]) == TRUE
5:
Pair_V[v] = u
6:
Pair_U[u] = v
7:
Return TRUE
8:
Dist[u] = ∞
9:
return FALSE
10: return TRUE
procedure Hopcroft-Karp :
1: for each u in U
2:
Pair_U[u] = NULL
3: for each v in V
4:
Pair_V[v] = NULL
5: matching = 0
6: while BFS () == true
7:
for each u in U
8:
If Pair_U[u] == NULL
9:
If DFS (u) == TRUE
10:
matching_list.append (u)
11:
matching=matching+1
12: return matching, matching_list
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The classification of nodes based on controllability profile is done in two different ways:
Type-1 and Type-2.
1. Type-1 Analysis
Type-1 analysis is done on the basis of node deletion experiments [8]. A node is said to be
critical if its removal increase the number of driver nodes in the network. On the other hand,
removal of a redundant node leads to decrease in number of driver nodes. The nodes when
removed do not affect the number of driver nodes are called as ordinary nodes.
Procedure Type1:
1: M =Hopcroft-Karp ( )
2: N D = N - M
3: for each node v in edges (U+V):
4:
delete v
M =Hopcroft-Karp ( )
5:
N Dnew = N - M
6:
7:
8:
9:
10:
11:
12:
13:

if ( N Dnew < N D ):
critical.append ( v )
else if ( N Dnew > N D ):
redundant.append ( v )
else if ( N Dnew > N D ):
ordinary.append ( v )
return critical, redundant, ordinary

2. Type-2 Analysis
In Type-2 analysis, the number of driver nodes N D (=size of MDNS) remains same but the
MDNS is not unique. Hence, an unbiased sampling strategy was implemented to identify set
of driver nodes [9]. A node is said to be critical if it consistently belongs to the driver node
sets (MDNS), i.e. one need to always control such a node. A node is critical if and only if it
has zero in-degree, i.e. kin =0. A redundant node is never a part of driver node sets; thus one
never needs to control it. Ordinary nodes are part of driver node sets (MDNS) inconsistently.
/* MDS= [[] for _ range (number of nodes))
Procedure Type2:
1: for each source node
2:
N D =Hopcroft-Karp ()
3:
MDS.append ( N D )
4: if node in all MDS:
5:
critical.append (node)
6: else if node in some MDS:
7:
ordinary.append (node)
8: else if node never in MDS:
9:
redundant.append (node)
10: return critical, redundant, ordinary

6

Z-score Statistics- To find the significance of genes, in terms of their under-representation or
over-representation, we computed Z-score statistics. Z-score is also known as standard score
and is defined as:

Z  score 

xi  
s

Where, xi are data values, is  sample mean, and s is sample standard deviation.
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3. Airport Network of India
The Airport Network of India (ANI) represents the aviation infrastructure of India and is
critical connectivity across this large country. Beyond the weighted network analysis reported
for ANI a decade back, we created network models for the year 2004 as well as 2016, and
studied the evolution of topology of this important network. Going further we also used
notions of local and global efficiency to enumerate the quality of connectivity in this network.
Importantly, using the idea of structural controllability we identified driver nodes in these
networks, and probed for their role in the network efficiency.

3.1 Airport Network of India (ANI)
The Airport Network of India (ANI-2004 and ANI-2016) comprises of airports and flight
connectivity among them. The data of flight timetables was obtained from EXCEL's Timetable
for air services within India (as on 12th January 2004) and Directorate of General Civil
Aviation (DGCA) (http://www.dgca.nic.in/, as on 30 October 2016) respectively. The data of
ANI-2004 includes domestic services provided by following air-travel service providers:
Indian Airlines, Alliance Air, Jet Airways, Air Sahara, Air Deccan, Jagson, Druk Air, Air
India, Bangladesh Biman, Royal Nepal and Srilankan Airlines. ANI-2016 consists of domestic
air services provided by following service providers: Go Air, Jet Airways, Indigo, Alliance
Air, Air India, Jetlite, SpiceJet, Air Costa, Air Asia, Air Carnival, True Jet, and Vistara. Please
note that in the last decade some of the airports were taken out of operation, some new ones
were introduced, and some are back in action after being temporarily out of action.
Unweighted ANI
The ‘unweighted ANI-2004 and ANI-2016’ are directed networks with N= 79 and 77 nodes
(airports), and with 442 and 613 directed links (flights going from one airport to another),
respectively. It is represented by a binary adjacency matrix, A[ N  N ] , whose elements aij
take value 1 if there is a flight by any service provider from airport i to airport j on any day of
the week and 0 otherwise. The asymmetric adjacency matrix A was used to find properties
(in-degrees, out-degrees, and shortest paths) which are sensitive to the direction. Topological
properties such as degrees, degree-correlations, clustering coefficients, were also calculated.
Weighted ANI

To include the information about the amount of traffic flowing on the networks, the
‘weighted ANI’ was defined by considering the strengths of the links in terms of
number of flights per week. It is represented by a weight matrix W , where each
element wij stands for total number of flights per week from airport i to airport j . The
weighted matrix W was used to analyze weighted properties of networks such as
strength, clustering coefficient and degree-correlations.
3.2 Results
3.2.1

Network Analysis for ‘unweighted’ ANI

Shortest Path Analysis
ANI-2004 and ANI-2016 are treated as directed network to measure 6162 and 5852 distinct
shortest paths representing node-to-node routes. Shortest path analysis is intended to give us
an idea about the ease of travel in the network. We found the average shortest path length of
ANI-2004 and ANI-2016 to be L=2.2593 and 2.004, which were comparable to that of a -
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comparable random network Lrand  ln N / ln  K  =2.493 and 2.040 of same size and
average degree. The shortest path analysis provides information about relative connectedness
of two cities. Since 2004, the frequency of cities connected directly or with one stop has
increased from 442 and 3741 to 613 and 4046, respectively (Figure 3.1 and Table 3.1) whereas
the number of routes with two hops has decreased. This indicates improvements in ease of
travel in this network. Figure 1 shows the distribution of shortest path for ANI-2004 and ANI2016.

Figure 3.1 Comparison of shortest path distributions for ANI-2016 and ANI-2004

Shortest path No. of Paths

1
2
3
4

2016
613
4046
1173
20

Percentage of
flight routes
2016
2004
9.95
7.17
65.66
60.71
19.04
31.12
0.32
0.98

2004
442
3741
1918
61

No. of flights

0
1
2
3

Table 3.1 Comparison of Shortest paths in ANI-2016 and ANI-2004.

Degree Distribution
Degree is defined as one of the measures of centrality of a node in the network. Degree
symbolizes the importance of a node in the network, the larger the degree, the more important
it is. The distribution of degrees in a network is an important feature which reflects the
topology of the network. It may shed light on the process by which the network has come into
existence.
The connectivity topology of transportation networks are known to play a major role in their
function. Consistent with other air transportation networks [10][11] and topology reported
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earlier [12], the degree distribution of ANI-2016 and ANI-2004 shows a scale free nature,
indicating a departure from random connectivity and presence of hubs (Figure 3.2).

Figure 3.2 Degree distribution for ANI-2016 and ANI-2004

3.2.2 Network Analysis for weighted ANI
After including the information of number of flights per week on every route, we have
weighted networks corresponding to ANI-2004 and ANI-2016. We find that the distribution
of weights was thick tailed, indicating that certain routes dominate with their carrying
capacity (Figure 3.3). While the nature has remained same, in 2016 the maximum strength of
route has both increased in capacity as well as frequency compared to 2004.

10

Figure 3.3 Distribution of weights in ANI-2016 and ANI-2004.

Centrality in weighted ANI
We analyzed the weighted ANI, by considering the flow of information (traffic) on the
topology of the network. We found that the ANI has a very good correlation of degree and
strength, suggesting that the airports tend to have capacity (total number of flights operating
from an airport) that proportionate to the number of flights operating from it.

11

Figure 3.4 Strength is proportional to degree in both ANI-2016 and ANI-2004

Clustering Coefficient
The average clustering coefficient of ANI-2004 and ANI-2016 was found to be C=0.657 and
0.637, respectively, which is an order of magnitude higher than that of the comparable
random network C rand  K  / N = 0.1093 and 0.0731. Along with a small characteristic
path length, it indicates that ANI is a small-world network. World-wide airport network as
well as that of China have also been found to be small-world networks [13]. Real-world
networks often tend to acquire modularity, which contributes to efficiency of communication
over the network. Measuring clustering coefficient with increasing degree is used to assess
the nature of modularity in a graph. Figure 3.5 depicts the trend for ANI-2016 and ANI-2004.
The weighted clustering coefficient for ANI-2016 was higher than ANI-2004 suggesting that
ease of travel has improved in last decade.

12

Figure 3.5 Clustering Coefficient of (a) unweighted (b) weighted ANI-2016 and ANI-2004

Degree Correlations
Another aspect of topology is known to be critical for percolation of infrastructure and
robustness of the network against failures [12][14][15]. Interestingly, unlike the world-wide
airport network, the ANI-2016 and ANI-2004 does not show presence of ‘rich club’ and
hence assortative mixing (Figure 3.6).

Figure 3.6 Degree Correlations for (a) unweighted (b) weighted ANI-2016 and ANI-2004
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While these properties confirm the small world architecture of ANI-2016 and ANI-2004, with
high clustering, small characteristic path length, modularity, there is a need for enumeration
network property in order to seek for nodes important for maintaining its efficiency.

3.2.3 Efficiency
Given the importance of aviation infrastructure in the modern world, there is need for
appropriate measure of efficiency of the network and finding ways modulating the same.
Given the modular nature of ANI-2016 and ANI-2004, it is clear that any measure of
efficiency needs to account for the ability to facilitate transportation on local as well as global
level. We implemented local and global efficiency measures suggested by Latora and
Marchiori to investigate this transportation network [1]. We found that ANI-2016 and ANI2004 have local efficiency of ( E L ) 0.931 and 0.936, respectively, and global efficiency of (

EG ) 0.522 and 0.482, respectively. As depicted in Table 1, the efficiency measure doesn’t
change much even when the flight directions are accounted for, as the graph is almost
symmetric. This suggests an inclination towards achieving better ease of transport on local
levels and compromise on the ability to commute across the network on global scale.
N
Undirected 77
Directed
77
Undirected 79
ANI-2004
Directed
79
Table 3.2 Global and Local efficiency of
networks.
ANI-2016

M

EG

EL

324
0.5223
0.931
613
0.5181
0.924
228
0.482
0.936
442
0.483
0.933
ANI-2016 and ANI-2004 for undirected and directed

3.2.4 Controllability Analysis of ANI-2016 and ANI-2004
Structural controllability analysis views the network as a system represented in a multidimensional space with its dynamical state [4]. This dynamical state could be enumerated in
terms of number of flights being operated at a given point of time, traffic congestion or any
other measure indicative of efficiency. Clearly, the state space of the airport network would
have desirable regions with high efficiency and undesirable states with low efficiency.
Control systems approach to transportation network analysis provides a way to obtain driver
nodes that are important for driving the state of the network. Such driver nodes could be
potentially leveraged to drive the state of the network into desirable states. With the aim of
modeling the air transportation network and finding ways for controlling its efficiency, we
implemented control systems analysis to characterize the nodes (airports) for their role in
driving the state of the network.
A network could have small number of driver nodes indicating centralized and easy way of
its control or have large number of driver nodes suggesting difficulty in access to its control
mechanisms. Presence of large number of driver nodes than anticipated from their random
controls are indicators of subtleties in control of real-world complex networks and the
difficulty in their control as they it would require mediation through large number of driver
nodes [4]. While the set of driver nodes identified can change, the number of driver nodes
itself remains invariant. The nodes were classified as critical, redundant and ordinary
depending on they were consistently found to be in driver nodes, inconsistently found in
driver nodes set or were never found in driver nodes set, respectively. We found that no node
in ANI-2016 and ANI-2004 is critical. It had 32, 29 redundant nodes and 45, 50 ordinary
nodes for ANI-2016 and ANI-2004, respectively.
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To assess the role of nodes thus classified based on controllability analysis; we further
measured the impact on efficiency of the network after deleting redundant and ordinary
nodes. Figure 3.7 depicts the results for redundant nodes. We found that deleting redundant
nodes affects the network efficiency drastically. The local efficiency fell from 0.9310 to
0.0185 (Figure 3.7(a)) in ANI-2016 whereas the global efficiency fell from 0.5223 to 0.1619
(Figure 3.7(b)). Observations from ANI-2004 were also consistent in ANI-2004. Random
control experiments conducted to assess the impact of deletion of equivalent number of
randomly selected nodes suggests that the observed impact of deletion of redundant nodes on
network efficiency is significant and not expected if the nodes were chosen randomly.

Figure 3.7 Deletion of redundant nodes (cities which take participation in forming driver set) from
ANI-2016 and ANI-2004. (a) Global efficiency of network with deletion of redundant and random
nodes.
(b) Local efficiency of network with redundant node failure and same number of random
node deletion.

Interestingly, the impact of deletion of ordinary nodes was contrasting to that observed with
redundant nodes (Figure 3.8). We found that deleting ordinary nodes hardly affects the local
efficiency (A change from 0.9310 to 0.9149) (Figure 3.8(a)). Interestingly, comparable
number of randomly chosen nodes had a more severe impact on the network, suggesting that
ordinary nodes are efficiency bottlenecks. Global efficiency surprisingly improves in the
absence of the ordinary nodes (A change from 0.5223 to 0.6205), consistently highlighting
that their presence is a hindrance for efficiency (Figure 11(b)) and ordinary nodes are
bottlenecks. These results were found to consistent between 2004 and 2016.
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Figure 3.8 Deletion of ordinary nodes (cities which do not participate in minimum driver set) from
ANI-2016 and ANI-2004. (a) Effect on Global efficiency of network with deletion of ordinary nodes
and comparison with same number of random nodes from the network. (b) Local efficiency
increases with ordinary node failure.

Year
2016
2004
2016
2004

EG

EG

rand

EL

Redundant node deletion
0.019
0.411
0.055
0.363
Ordinary node deletion
0.621
0.372
0.577
0.272

EL

rand

0.162
0.315

0.821
0.843

0.915
0.931

0.372
0.713

Table 3.3 Global and Local Efficiency of ANI-2016 and ANI-2004 (and their random controls)
when redundant and ordinary nodes were deleted.

These results point to the relevance of structural controllability analysis for identification of
nodes critical for improving the efficiency as well as those that act as bottlenecks. We suggest
that such data-driven analysis of airport connectivity be used to suggest alterations in flight
routes, frequency and connectivity pattern so as to achieve enhanced efficiency of the
network.
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4.

C. elegans Neuronal Network

A dynamical system is said to be controllable if it can be driven from any initial state to a desired
final state within finite amount of time [8]. Such control could be achieved by providing external
inputs through a set of nodes known as ‘driver nodes’. For a linear time-invariant systems, we
can find the ‘minimum number of driver nodes set’ (MDS), representing number of nodes
through which we can yield control over the network. Nodes are classified into critical ( nc )
redundant ( nr ) and intermittent ( ni ), if it is part of all, none and some MDS, respectively (Type2 analysis). Critical and Intermittent nodes are classified as driver nodes ( nc + ni ) and the
redundant nodes as non-driver nodes ( nr ). Based on the number of driver nodes in the network, it
may be classified as having a ‘centralized control’ or a ‘distributed control’. In the centralized
mode, one can achieve control over the network through a small fraction of driver nodes. On the
other hand in distributed mode, one may need to control a large fraction of nodes in the network
to achieve full control over the system.
An interesting question then is, whether it is possible to switch the control mode of a network?
We are interested in finding small perturbations that could switch the distributed control into
centralized one, and vice versa. In the case of C. elegans neuronal network, we find that indeed
perturbations achievable through biological mechanisms can switch its control mode.
In earlier studies of network controllability it has been reported that, in networks with a small
average degrees (  k  ) and identical degree distributions nc and nr are primarily determined
by the degree distributions of the network. However, beyond a critical threshold ( k c ) of average
degree, n r shows a bimodal nature. This implies that the networked system can exists in two
distinct states with a centralized control mode (small nr ) or a distributed control mode (large nr
). Such bimodality control feature is reported in both random as well as scale free networks.
Further it has been suggested that the control mode of a network can be captured by comparing
the number of redundant nodes before and after perturbations ( n r and nrT ). The network is
adjudged to be having centralized control mode in case nr  nr  nrT  0 ; and as the one with
distributed control if n r  0 .
We implemented an algorithm for reversing the edges in the C. elegans neuronal network to
probe its control architecture. While edge reversal is not exactly identical to synaptic plasticity, it
attempts to mimic plasticity in synapses that could alter its controllability. We identified edges
that are potentially important for the switch of control mode in this network.

4.1 Methodology
We constructed the C. elegans neuronal network (CeNN) which represents the synaptic
connectivity among neurons as a network of nodes and edges. CeNN comprises of 277 nodes
(neurons) and 2105 edges (synaptic connections). First, we studied topological features of CeNN:
shortest path analysis, degree distribution, clustering coefficient and degree correlations.
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Further we designed an algorithm for identification of key edges that are critical for control mode
of the network, through edge reversal studies. Identification of such edges could be done by brute
force method employing combinatorial reversal of edges. In this strategy, we started with ‘single
edge reversal’ and for every configuration obtained the change in number of redundant nodes,
which is indicative of control mode. Further we repeated this analysis for higher order
combinations, all the way up to reversing all the edges in the network. This strategy is
computationally intensive and impractical as the complexity grows as O(2n) with the size of the
network. Hence, we devised a heuristic algorithm in which at every step, for a given number of
edges reversed, we identify the best set and move on to the next level from that thread. This
algorithms for this both of these strategies are described below.
Brute Force Algorithm:
/*G is graph n and m are no of nodes, i keep track of taking an
edge at a time*/
procedure CHANGECONTROLMODE_BRUTFORCE
1: i = 0
2: REPEAT:
i = i + 1
for each edge e <- (u,v) in Combination(m,i)
Remove e from G
Add (v,u) in G
= get_redundant_nodes_by_controllability(G)
edge_list[i].append(e)

nr

nr_list[i].append( nr )
UNTIL (i<number of edges(m))
Heuristic Algorithm:
/*G is graph */
procedure CHANGECONTROLMODE
1: Calculate nr

nr

of the original network G

= get_redundant_nodes_by_controllability(G)

2: i <- 0
3: REPEAT:
IF(length(edges_reversed)!=0):
Reverse all edges which are in edges_reversed list
ELSE:
for each edge e <- (u,v) from edges of the graph:
Remove e from G
Add (v,u) in G

nr

= get_redundant_nodes_by_controllability(G)

nr

prime

= nr

IF ( nr

prime

> max_nr):
prime

max_nr = nr
edge_max = e
edges[i] = edge_max
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nr_max[i] = max_nr
i <- i+1
UNTIL (  r  nr  nrT <0) or
centralized or distributed.

4.2

(  r  nr  nrT

>0)

if

network

is

Results

4.2.1 Topological analysis
Shortest Path Analysis
We computed the shortest paths in CeNN to study compactness of the network. The characteristic
path length of this network is 3.433. Figure 4.1 depicts the distribution of shortest paths. Most
neuronal pairs are separated by three synapses with an exponentially decrease in path length,
indicative of the efficiency of communication channels.

Figure 4.1 Distribution of shortest paths in CeNN.

Clustering Coefficient
Further, we measured the clustering of neurons by computing their triangle formations. Small
world networks are characterized with a small characteristic path length comparable to their
random controls and with a comparatively higher clustering coefficient. The CeNN was found to
have a clustering coefficient of 0.29, far higher than expected to be present in a network with
randomized synaptic connections (0.027). CeNN has a small world topology.
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Figure 4.2 The clustering coefficients of neurons in CeNN versus their connectivity.

Degree Distribution
We analyzed degree distribution of C.elegans network, which is an important feature reflecting
its topology. Figure 2 shows that CeNN is a scale-free network with a power law degree
distribution. It reflects presence of hub neurons with high extent of connectivity.

Figure 4.3 Degree Distribution of CeNN
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Degree Correlations
An assortative network may have tendency of rich-rich nodes’ connections. On the other hand a
disassortative network has rich nodes primarily connecting to poor nodes. A random network is
expected to have no such trends. To find the nature degree correlations in CeNN, we plotted the
relationship between degree of each neuron with the average degree of its neighboring neurons
(Figure 4.4). Most biological networks have been reported to have disassortative. For CeNN we
find presence of no explicit trend.

Figure 4.4 Degree Correlations

4.2.2

Efficiency

Global efficiency EG is the efficiency of parallel system, where all nodes exchange packets of
information among neurons concurrently. Local Efficiency EL explains how much the system is
fault tolerant. EG and EL of C.elegans network is 0.268 and 0.433, respectively. This shows
that C .elegans has 43% fault tolerance but 26% of the nodes can exchange information
concurrently.

4.2.3


Control profile

Type-1 Controllability Analysis (Node Deletion)

Having characterized the C.elegans into critical, redundant and ordinary after applying
controllability theory, we observed that the number of critical, redundant and ordinary neurons is
25, 34 and 218 respectively. We performed node deletion studies and compared the same with
random sampling. We have found that critical and ordinary neurons are important to maintain
global efficiency. Redundant neurons were found to be bottlenecks, which when deleted increases
21

the global efficiency. But in case of local efficiency only ordinary neurons are important, as their
deletion leads to decrease in fault tolerance.

Figure 4.5 Effect on efficiency— Type-1 Node Analysis (node deletion)



Type-2 Controllability Analysis

Using Type-2 analysis, we observed that the number of critical, redundant and ordinary neurons
is 21, 211 and 45 respectively. For knowing their relevance in the network, we performed node
deletion studies and compared with random controls. We found that critical and ordinary neurons
act as bottlenecks. Whereas, in the absence of redundant the global efficiency was found to
decrease. For local efficiency, the redundant were found to be important since their deletion led to
decrease in fault tolerance.
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Figure 4.6 Effect on efficiency— Type-2 Node Analysis



Type-1 Controllability Analysis (Edge Deletion)

Continuing with the Type-1 controllability analysis for node deletions, we performed edge
deletion studies to identify edges whose presence is critical for the control of CeNN. Critical,
redundant and ordinary edges were identified which when deleted lead to increase, decrease and
no change in driver nodes, respectively. We found such 25, 371 and 1709 edges that were critical,
redundant and ordinary, respectively. Incidentally none of these category edges/synapses were
found to be important towards global efficiency, when compared to random deletions, with
ordinary edges showing a sign of bottlenecks (Figure 4.7). Consistently, even the local efficiency
seems to be unaffected by the presence of these edges, barring the ordinary edges that show as
major bottlenecks.

Figure 4.7 Effect on efficiency— Type-1 Node Analysis (edge deletion)
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4.3

Bimodality

Further, to find the control mode of the network of C.elegans neuronal network, we have
considered two forms of CeNN: (CeNN-1) Somatic as well as pharyngeal neurons comprising of
297 neurons and 2359 synaptic connections, and (CeNN-2) Containing only somatic neurons with
277 neurons and 2105 synaptic connections. Using maximum matching algorithm we found the
number of driver neurons for each of these networks. CeNN-1 had 49 driver neurons, whereas
CeNN-2 had 34. We obtained critical neurons that are always part of MDS, ordinary neurons that
are inconsistently part of MDS, and redundant neurons which were never part of MDS. We found
that the complete network CeNN-1 is dominated with 214 redundant neurons, the rest divided
into 2 critical and 80 ordinary nodes. On the other hand, when the network is devoid of
pharyngeal neurons (CeNN-2), it was found to be dominated by ordinary nodes (211), with 21
critical and 45 redundant nodes. This implies that while CeNN-1 has smaller number of driver
neurons (critical + ordinary), the CeNN-2 has large number of nodes in driver category. We
found that in CeNN-1 and CeNN-2 network the critical, redundant, ordinary nodes are 2, 214, 80
and 21, 45 and 211 respectively.
The nature of control of a network could be assessed by comparing the number of redundant
(non-driver) nodes before and after reversing all the edges, to compute nr  nr  nrT . The
value of n r for CeNN-1 and CeNN-2 was observed to be 0.19 and 0.76, respectively. After
reversing every edge these values get altered ( nrT ) to 0.72 and 0.20, respectively. A network with

n r > 0 is said to have a centralized control; otherwise it has distributed mode of control. Thus,
the CeNN-1 was adjudged to have distributed control mode, and CeNN-2 to be having a
centralized control mode. We suggest that the presence of pharyngeal neurons switches the nature
of control.
Further, edge reversal studies were conducted to identify minimal set of edges that are critical for
switching the control mode of the network. The brute force algorithm was too inefficient in this
task. Hence, the heuristic algorithm (described in Methods section) was implemented. From the
minimum edge set, thus obtained, we observed that to switch CeNN-1 from its distributed control
mode to a centralized mode, one needs to reverse 14 edges which leads to n r =0.06. On the
other hand to switch the centralized control mode of CeNN-2 into a distributed mode, one needs
to reverse as many as 1132 edges leading to n r =-0.14.
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5. Gene Regulatory Network of Yeast
Yeast (Saccharomyces cerevisiae) is one of the most intensively studied eukaryotic model
organism. We studied the Gene Regulatory Network (GRN) that represents transcriptional
processes in yeast. These mechanisms involve transcription factors binding to the promoters of
genes in a coordinated manner, giving rise to orchestration of cellular processes. We studied
controllability of YGN in an effort to identify and characterize the ‘driver genes’ that are critical
for achieving driving the state of this network into a desired state. It is easier to control a network
when the ‘number of driver nodes’ ( N D ) is less. The nodes in this network were characterized
into critical, redundant, and ordinary based on Type-1 and Type-2 controllability analysis [8]. We
label critical and ordinary nodes as drivers, as they can used to control the state of the network,
whereas redundant nodes were labeled as non-driver nodes. We further characterized driver and
driver genes from yeast GRN based on their biological essentiality, biological pathways, and
based on they being targets of drugs.

5.1

Materials

5.1.1 Gene Regulatory Network of yeast
We obtained the data of gene regulatory network of Saccharomyces cerevisiae from an earlier
study by Luscombe et al. [16]. This yeast GRN comprised of 7074 interactions (edges) among
3459 genes (nodes). Among these genes 142 were Transcription Factors (TFs) which regulate
rest of the genes as well as TFs. Thus the nature of regulatory mechanisms in the GRN could be
divided into two parts: TFs regulate TFs and TFs regulate target genes. The data of drugs that
target yeast genes were obtained from NetworRx [17]. NetwoRx (available from
(http://ophid.utoronto.ca/networx/) is one of the most comprehensive resources of drug-target
interactions. It integrates data from various resources such as Ericson [18], Hillenmeyer hom
[19], Hillenmeyer het [20], Parsons [21]. Of these resources, we used Hillenmeyer het [22]
containing 318 drugs targeting 2416 genes, as this dataset was the largest set of data of drugs and
their targets in Yeast. The strength of drug-target interaction is reflected by the p-value that was
computed using z-score statistics.

5.1.2 Biological characterization of Yeast genes
Following biological characterizations were used for the yeast genes: biological essentiality,
biological pathways, and drug targets.


Essentiality- Essential genes are those important for the function and survival of the
organism. We obtained the data of gene essentiality from OGEE: Online GEne
Essentiality (http://ogee.medgenius.info/browse/) [23]. This database contains
information of essential genes from eukaryotic and prokaryotic organisms. It classifies
genes into essential, non essential and conditional. Conditional refers to genes that are
essential or non essential depending on specific conditions. Driver and Non-Driver nodes
in Yeast GRN were further profiled based on gene essentiality to infer their association
with controllability. The number of essential, non essential genes and conditional are 554,
2444, 25, respectively.



Biological pathways- Classically genes are classified based on their role in various
biological processes/mechanisms. We obtained the expression data for genes connecting
them to various pathways viz. Cell Cycle, Sporulation, Diauxic Effect, DNA Damage and
Stress Response [16]. The ‘Cell Cycle’ is an event leading to its division to produce two
daughter cells. ‘Sporulation’ is the process by which yeasts undergo meiosis resulting in
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daughter cells with half the number of chromosomes. ‘Diauxic Effect’ refers to process of
switching of metabolic pathway in yeast as per availability of substrate. ‘DNA Damage’
refers to any alteration in the chemical structure of the DNA, such as a missing base in
the backbone or break in the DNA strand. ‘Stress’ refers to unusual conditions for the
organism, such as high pH, high temperature, oxidative stress etc. The number of genes
which involves in these biological pathways i.e. Cell Cycle, Sporulation, Diauxic Shift,
DNA Damage and Stress response are 278, 293, 1036, 1006, 474.


Drug target association- We obtained drugs genes association from NetwoRx. This
resource contains information about drug gene associations from various resources. Of
these, we considered data from Hillenmeyer het [20]. This dataset contains 318 drugs
targeting 2416 yeast genes. Since one drug can target multiple genes, the data comprises
of 177443 drug-target interaction entries. We studied the role of driver genes in
controlling the yeast GRN by characterizing driver and non-driver based on them being
targeted by drugs.

5.2 Results

5.2.1 Control Profile of gene Essentiality
The minimal set of genes which are critical to support cellular life and whose functions may be
considered to be the foundation of life are called essential genes. Those are not critical for the
cellular survival, are called non essential genes.
 Type-1 Controllability Analysis
Biological essentiality among driver genes
Having characterized the Yeast GRN for its controllability with driver and non-driver genes, we
investigated their association with essentiality. We compared the number of essential genes
among drivers and compared them with random sampling (Figure 5.1(a)). The Z-score reflects
the over- or under-representation as compared to the random situation. We observed that nonessential genes were significantly over represented ( Z  score  4.36 ) among driver genes.
On the contrary, essential genes were significantly under represented ( Z  score  2.83 ). This
implies that removal of essential genes is expected to lead to increase of number of driver genes.
So, the absence of essential genes will make it harder to control the state of the yeast GRN. On
the other hand, removal of non-essential genes is not expected to do the same.
Biological essentiality among non-driver genes
We further analyzed the association of essentiality with non-driver genes, which when deleted are
known to decrease the ‘number of driver genes’ in the resultant network. We observed that non
essential genes were significantly underrepresented ( Z  score  4.59 ), whereas essential
genes were significantly over represented ( Z  score  2.88 ) among non driver genes (Figure
5.1(b)). Thus in case of non-driver genes, deletion of essential genes led to increase in number of
driver genes.
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Figure 5.1 Association of (a) Driver genes (b) Non-Driver genes identified using Type-1 Analysis with
Essential/Non Essential genes.

 Type-2 Controllability Analysis
Biological essentiality among driver genes
We further analyzed the association of biological essentiality of genes with drivers that were
obtained using Type-2 controllability analysis. We observed that non-essential genes were
significantly under represented ( Z  score  2.56 ) among driver nodes whereas essential
genes were marginally over represented ( Z  score  1.192 ) (Figure 5.2(a)). This implies that
non-essential genes tend to be not part of genes critical for driving the state of the network. On
the other hand the non-essential genes were correlated with driver genes.
Biological essentiality among non-driver genes
We observed that essential as well as non essential genes were only marginally under and overrepresented among non-driver genes, respectively (Figure 5.2(b)). Thus the non-driver genes do
not show clear association with gene essentiality.
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Figure 5.2 Gene essentiality did not show clear association with (a) Driver genes (b) Non-Driver
genes identified using Type-2 Analysis.

5.2.2 Control Profile of Biological Pathways
Starting with the data of genes in yeast GRN, after addressing ambiguities, we obtained a total of
1866 genes that were involved in various biological pathways such as cell cycle (278),
sporulation (293), Diauxic shift (1036), DNA Damage (1006), Stress response (474).
 Type-1 Controllability Analysis
Characterization of driver genes for association with biological pathways
We investigated association of various biological pathways with driver and non-driver genes
obtained using Type-1 analysis. We found that the genes involved in ‘Stress response’ pathways
were significantly under-represented among driver genes ( Z  score  3.08 ) (Figure 5.3(a)).
This implies that removal of stress response genes would lead to increase in ‘number of driver
genes’ in the resultant network, suggesting their contribution towards specifying nature of control
of yeast GRN.
Characterization of non-driver genes for association with biological pathways
We further investigated the association of non-driver genes across biological pathways.
Interestingly, genes belonging to ‘Stress response’ were presented with significantly higher
numbers than expected by chance in the non-driver genes ( Z  score  2.45 ) (Figure 5.3(b)).
This implies that the genes involved in stress response are critical for driving the state of GRN.
Hence, removal of these genes leads to decrease in number of driver nodes.
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Figure 5.3 Stress response genes in yeast showed strong negative and positive association with (a)
Driver and (b) Non-Driver genes, identified with Type-1 analysis, respectively.

 Type-2 Controllability Analysis
Characterization of driver genes for association with biological pathways
Among genes characterized as drivers, using Type-2 controllability analysis, we observed that the
genes involved in sporulation pathway and Diauxic effect were significantly under-represented
with Z  score of  3.347 and  2.404 , respectively (Figure 5.4(a)). This suggests that the
genes involved in these pathways are potentially not critical for driving the state of network,

Figure 5.4 (a) Among the drivers, identified with Type 2 analysis, genes from Sporulation and
Diauxtic pathways were found to be under represented. (b) Whereas, among the non-driver genes,
these pathways were over represented.
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Characterization of non-driver genes for association with biological pathways
Among non-driver genes, Sporulation pathway genes were found to be significantly over
represented
( Z  score  2.906 ). Whereas, the genes involved in Diauxic effect were
found in numbers marginally higher than expected by chance ( Z  score  1.997 ) (Figure
5.4(b)). These results highlight the role of these pathways towards the control of the gene
regulatory network of yeast.

5.2.3 Control Profile of Yeast GRN with drugs

Figure 5.5 Distribution of drugs for different p-values.

After characterizing driver and non-driver nodes for their biologically relevant features, we
investigated the control profile of drug targets of yeast. This is expected to provide us insights
into how drugs targeted against yeast potentially control its molecular network. We obtained the
data of drugs along with their significance (p-values) as depicted in Figure 5.5. These data
comprise of 318 drugs that regulate the yeast mechanisms through 2416 targets. We found that
most of these drugs are presented with p-values in the range of 0-0.002, as shown in Figure 3.
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Hence we focused in the range of p-value=0.00 to 0.002. Out of 2416 genes, 79 were drivers
targeted by 306 unique drugs and 2337 genes were non-drivers targeted by 316 drugs (p-value ≤
0.05). When we compared number of unique genes targeting driver genes vis-à-vis non-driver
genes, we found that the former (3.87) is higher than the latter (0.13) at p-value ≤ 0.05. This trend
persists for stricter p-values with driver nodes characterized with more number of unique drugs
than the bon-drivers.
We analyzed drug associations among essential and non essential genes, and found that for less
significant p-values, non-essential genes were preferentially targeted by drugs. But for more
stringent cut-offs, we observed that essential genes were preferentially targeted by drugs because
reflected in the ratio of number of drugs targeting non-essential versus essential genes (Figure
5.6).

Figure 5.6 Ratio of unique drugs targeting and number of essential/non-essential genes, with increasing drug
efficacy.

To assess the relevance of the observation shown in Figure 5.6, we computed the numbers expected
by chance. We found that the observed ‘preferential targeting of essential genes’ can’t be due to
chance (Figure 5.7). Hence we conclude that the essential genes, which are important for survival
of yeast, are used as points of control by the drugs that are developed against them.

31

Figure 5.7 (Random Control) Ratio of unique drugs targeting and number of essential and non-essential genes.

Characterization of drug targets based on Type-1 Analysis
Further, we probed for association of drug targets with nodes identified from controllability
analysis.
Specifically, we found association of drugs with driver genes and non-driver genes. We observed

Figure 5.8 Ratio of unique drugs targeting and number of driver/non driver genes (Type-1 Analysis)
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that drugs preferentially target driver genes as compared to non-driver genes regardless of their
efficacy (p-values). This implies that driver genes are critical for controlling the state of the
network. We also compared it to random control (Figure 5.9).

Figure 5.9 (Random Control)Ratio of unique drugs targeting per Driver and non-Driver genes.



Drugs association in Type-2 Analysis

We further analyzed the drug gene association with driver for Type-2 Analysis. We observed that
non-driver genes compared to driver genes are preferentially targeted by drugs regardless their
efficacy (p-values) (Figure 5.10). Figure 5.11 depicts the random control studies.
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Figure 5.10 Ratio of unique drugs targeting driver and non driver genes in Type-1 Analysis

Figure 5.11 (Random Control) Ratio of unique drugs targeting driver and non driver genes in
Type-1 Analysis
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